Chapter 3

A Short Course in Difference Methods

Computation will cure what ails you.
— Clifford Truesdell, The Computer, Ruin of Science and Threat
to Mankind, 1980/1982

Although front tracking can be thought of as a numerical method, and has indeed
been shown to be excellent for one-dimensional conservation laws, it is not part of
the standard repertoire of numerical methods for conservation laws. Traditionally,
difference methods have been central to the development of the theory of conserva-
tion laws, and the study of such methods is very important in applications.

This chapter is intended to give a brief introduction to difference methods for
conservation laws. The emphasis throughout will be on methods and general results
rather than on particular examples. Although difference methods and the concepts
we discuss can be formulated for systems, we will exclusively concentrate on scalar
equations. This is partly because we want to keep this chapter introductory, and
partly due to the lack of general results for difference methods applied to systems
of conservation laws.

3.1 Conservative Methods

We are interested in numerical methods for the scalar conservation law in one
dimension. (We will study multidimensional problems in Chapter 4.) Thus we con-
sider

u, + fu)y =0, Uli—o = Uo. 3.D

A difference method is created by replacing the derivatives by finite differences,
e.g.,

Au  Af(u)
At Ax

0. (3.2)
Here At and Ax are small positive numbers. We shall use the notation

n . . n o__ n n n
ujwu(]Ax,nAt) and u —<u_K,...,uj,...,uK),
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96 3 A Short Course in Difference Methods

where u’} now is our numerical approximation to the solution u of (3.1) at the point
(jAx,nAt). Normally, since we are interested in the initial value problem (3.1),
we know the initial approximation

u), —K<j<K,

and we want to use (3.2) to calculate u” for n € N. We will not say much about
boundary conditions in this book. Often one assumes that the initial data is periodic,
ie.,

0 _ .0 :
U_gy; =Ugy;, for0=<j <2K,

which gives u” ;. ; = uj ;. Another commonly used device is to assume that
d, f(u) = 0 at the boundary of the computational domain. For a numerical scheme
this means that

f (u"_K_j) = f(u"gx) and f (u}ﬂ-) = f (ug) forj>0.
For nonlinear equations, explicit methods are most common. These can be written
't =G ", u") 3.3)

for some function G. We see that u"*! can depend on the previous [ + 1 ap-
proximations u”", ..., u™!. The simplest methods are those with / = 0, where
u"t! = G(u"), and we shall restrict ourselves to such methods in this presenta-
tion.

< Example 3.1 (A nonconservative method)
Consider Burgers’s equation written in nonconservative form (writing uu, instead
of (%))

u; +uu, =0.

" > (0, a natural discretization of this

Based on the linear transport equation, if u

would be
+1 _ n n n n
u;’ = uj — Auj (u/-—uj_1>, (3.4)

with A = At¢/Ax. Since it is based on the nonconservative formulation, we do not
automatically have conservation of u. Indeed,

AxZu?“ = Ax Zu;’ - )LAXZU; (u;’ - u;?_l),
J J J
=AY w3 () = () + (- ))
J J
= Ax Zu;’ - %)LAx Z (u;’ - u;_l)z.
J J
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Fig. 3.1 a The entropy solution; b the scheme (3.4); ¢ the scheme (3.5)

This in itself might not seem so bad, since it may happen that Ax y (u;? — u;’_l)2
vanishes as Ax — 0. However, let us examine what happens in a specific case. Let
the initial data be given by

1 0<x<1,
Mo(x)=§ -7

0 otherwise.

The entropy solution to Burgers’s equation consists of a rarefaction wave, centered
at x = 0, and a shock with left value ¥ = 1 and right value u = 0, starting from
x = 1 and moving to the right with speed 1/2. At t = 2 the rarefaction wave will
catch up with the shock. Thus at # = 2 the entropy solution reads

2 0<x<2,
24()6,2):{2 =Y=

0 otherwise.

We use u? = uo(j Ax) as initial data for the scheme. Then we have that for every

j such that j Ax > 1, u;? = Qforalln > 0. So if NAt = 2, then ujN = 0, and
clearly uj.v % u(jAx,2) for 1 < jAx < 2. This method simply fails to “detect”
the moving shock.

We might think that the situation would be better if we used a (second-order)
approximation to u, instead, resulting in the scheme

1 A
1 n n n n n
ujt = ) (“j+1 + ”/—1) oW (“j+1 - “j—l) : (3-5)

In practice, this scheme computes something that moves to the right, but the rar-
efaction part of the solution is not well approximated. In Fig. 3.1 we show how
these two nonconservative schemes work on this example. Henceforth, we will not
discuss nonconservative schemes. &

We call a difference method conservative if it can be written in the form

Wt =t A (F () = F (). GO)

where
At

Ax’
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The function F is referred to as the numerical flux. For brevity, we shall often use
the notation

Gi(u)=G (“J’—l—pv“-v”jJrq)’
Fiiipu) = F (”j—pv“"“jw)’

so that (3.6) reads

M;’H =G;W") = uj — A (Fj120") — Fj_y0(u™)) . 3.7

The above equation has a nice formal explanation. Set x; = jAx and x; 1, =
X; + Ax/2for j € Z. Likewise, set t, = nAt forn € Ny = {0} U N. Define the
interval /; = [x;_1/2, Xj+1/2) and the cell Ij?’ = I; x [ty, t,+1). If we integrate the
conservation law

u; + f(u)x =0

over the cell 1 j", we obtain

/u(x,t,H_l)dx = /u(x,l,,)dx
L 1

Iny1 Iny1

+</ f(u(x/+1/2’t))dt_/f(u(xj_l/g,t))dt),

tn tn

Now defining u;? as the average of u(x,t,) in 1;, i.e.,

1
u;? = A—x/u(x,t,,) dx,
I

we obtain the exact expression

In+t1 Int1

1
u;”rl:u;?—)t(A—t/f(u(xj+1/2,t))dt—Ait/f(u(xj_l/z,l))dt).

ty Iy

Comparing this with (3.7), we see that it is reasonable that the numerical flux F; 1/,
approximates the average flux through the line segment x;_ 1/ X [t,,, #,41]. Thus

In41
1
Fij1p") ~ A7 / Ju(xjqip2,1))dt.
I
With this interpretation of F' , , = Fji ,2(u"), equation (3.7) states that the

change in the amount of u inside the “volume” /; equals (approximately) the influx
minus the outflux. Methods that can be written on the form (3.7) are often called
finite volume methods.

If u(x,t,) is the piecewise constant function

u(x,t,) = uj forx € I,
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we can solve the conservation law exactly for 0 < ¢t — ¢, < Ax/(2max, | f'(u)]).
This is true because the initial data is a series of Riemann problems, whose solu-
tions will not interact in this short time interval. We also see that f(u(x;11/2,1)) is
independent of t,. and depends only on u} and u; ;. So if we set v = w(x/1) to be
the entropy solution to

n
. 0,
vt Sy =0, v(x.0) =TT

u;?H x>0,

then

F}n+1/2 = f(w(0)). (3.8)

This method is called the Godunov method. In general, it is well defined (see Exer-
cise 3.5) for

At max | f'(u)| < Ax. (3.9

This last condition is called the Courant-Friedrichs—Lewy (CFL) condition.
If f'(u) = 0 for all u, then v(0) = u/, and the Godunov method simplifies to

Wt =t = (fe) - fa_y). (3.10)

This is called the upwind method.
Conservative methods have the property that [ u dx is conserved, since

© K
Z u;ﬂrle - Z uiAx — At (F1?+1/2 - FfK—1/2> :
j== /=

If we set u? equal to the average of u over the jth grid cell, i.e.,

1
0 _
Mj = A—X/M()(X)dx,
Ij

and for the moment assume that FfK_l/z = FI’}H/Z, then

/u”(x) dx = /uo(x) dx. (3.11)
A conservative method is said to be consistent if

F(c,...,c) = f(c), (3.12)

and in addition, we demand that F be Lipschitz continuous in all its variables, that
is,

q
|F(Clj_[,,...,6lj+q) — F(bj_[,,...,qu_q)i f L Z iaj-i-i _bj+i . (313)

i=—p

for some constant L.
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< Example 3.2 (Some conservative methods)
We have already seen that the Godunov method (and in particular the upwind
method) is an example of a conservative finite volume method.

Another prominent examples is the Lax—Friedrichs scheme, usually written

n+l 1

7 =5 (e ) = (1 () =7 () G

This can be written in conservative form by defining

Fap =53 (4 =) 5 (4 () + £ (4.0)).

Some methods, so-called rwo-step methods, use iterates of the flux function. One
such method is the Richtmyer two-step Lax—Wendroff scheme:

o= f (% (u7+1 + u;?) - % (f (u;?H) _f (u/») . (3.15)

Another two-step method is the MacCormack scheme:

- %< Pt =2 () 1 () + 1 (u;)). 616

The Lax—Friedrichs and Godunov schemes are both of first order in the sense that
the local truncation error is of order one. (We shall return to this concept below.)
On the other hand, both the Lax—Wendroff and MacCormack methods are of sec-
ond order. In general, higher-order methods are good for smooth solutions, but they
also produce solutions that oscillate in the vicinity of discontinuities. See Sect. 3.2.
Lower-order methods have “enough diffusion” to prevent oscillations. Therefore,
one often uses hybrid methods. These methods usually consist of a linear combina-
tion of a lower- and a higher-order method. The numerical flux is then given by

an+1/2 = 9j+1/2(“n)FLn,j+1/z + (1 - 9j+1/2(“n)) anl.j+1/2s (3.17)

where Fy denotes a lower-order numerical flux, and Fy a higher-order numerical
flux. The function 6; 1/, is close to zero where u" is smooth, and close to one
near discontinuities. Needless to say, choosing appropriate 6’s is a discipline in
its own right. We have implemented a method (called flux/im in Fig. 3.2) that is
a combination of the (second-order) MacCormack method and the (first-order) Lax—
Friedrichs scheme, and this scheme is compared with the “pure” methods in this
figure. We somewhat arbitrarily used

1

Orip=1—-——F7"—
1+ ‘D+D_u7

)

where D are the forward and backward divided differences,

Uj1 —Uj
Ax

)

Diuj =+
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so that D, D_ is an approximation to the second derivative of u with respect to x,
namely

Uji1 —2uj +uj

D+D_uj = Ax2

Another approach is to try to generalize Godunov’s method by replacing the piece-
wise constant data u” by a smoother function. The simplest such replacement is
by a piecewise linear function. To obtain a proper generalization, one should then
solve a generalized “Riemann problem” with linear initial data to the left and right.
While this is difficult to do exactly, one can use approximations instead. One such
approximation leads to the following method:

n

1 1
Fj+1/2 = E (gj +gj+1) — ﬁA“‘j'

Here Aju} = :l:(u;’jEl — u;’) = Ax D}, and

1
_ +1/2 -
8j —f(u;'l )+ﬁuj,
where
i; = minmod (A_u;-’, A+u;) ,
n A .
wy =~ A (“7) i,
and

minmod(a, b) := % (sign (@) + sign (b)) min{|a|, |b|}.

This method is labeled slopelim in the figures. Now we show how these methods
perform on two test examples. In both examples the flux function is given by (see
Exercise 2.1)
= —_——. 3.18
u? 4+ (1 —u)? ©-15)
The example is motivated by applications in oil recovery, where one often encoun-
ters flux functions that have a shape similar to that of f, that is, f* > 0 and
f”(u) = 0 at a single point u. The model is called the Buckley—Leverett equation.
The first example uses initial data

1 forx <0,
Uup(x) = - (3.19)
0 {0 for x > 0.

In Fig. 3.2 we show the computed solution at time ¢ = 1 for all methods, using 30
grid points in the interval [-0.1, 1.6],and Ax = 1.7/29, At = 0.5Ax. The second
example uses initial data

1 forx e|0,1],

0 otherwise,

uo(x) = % (3.20)
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Lax—Friedrichs method Upwind method

u(z,1) u(z,1)

0 02 04 06 08 1 12 14 16 0 02 04 06 08 1 12 1.4 16

Lax—Wendroff method MacCormack method

09 u(w,1) 1 oo o - u(x,1)
0sf

07k

061

0 02 04 06 08 1 12 14 16 0 02 04 06 08 1 12 14 16

Fluxlim method Slopelim method

0 02 04 06 08 1 12 14 16 0 02 04 06 08 1 12 14 16

Fig. 3.2 Computed solutions at time ¢ = 1 for flux function (3.18) and initial data (3.19)

and 30 grid points in the interval [—0.1,2.6], Ax = 2.7/29, At = 0.5Ax. In
Fig. 3.3 we also show a reference solution computed by the upwind method using
500 grid points. The most notable feature of the plots in Fig. 3.3 is the solutions
computed by the second-order methods. We shall show that if a sequence of so-
Iutions produced by a consistent conservative method converges, then the limit is
a weak solution. The exact solution to both these problems can be calculated by the
method of characteristics. &
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Lax—Friedrichs method Upwind method

u(z,1)

Lax—Wendroff method MacCormack method

sk uw(z,1) | sl u(x,1)
o7t 1 ot

06F 4 06

Fig. 3.3 Computed solutions at time ¢ = 1 for flux function (3.18) and initial data (3.20)

The local truncation error of a numerical method L ; is defined as
1
La(x) = A (S(ADu — Sy (At)u) (x), (3.21)

where S(¢) is the solution operator associated with (3.1), that is, u = S(¢)u, de-
notes the solution at time ¢, and Sy (¢) is the solution operator associated with the
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numerical method, i.e.,

Sn(ADu(x) = u(x) = A (Fj1/2(u) — Fj_12(u)) .

Assuming that we have a smooth solution of the conservation law, allowing us to
expand all relevant quantities in Taylor series, we say that the method is of kth order
if

|Lai(x)] = O (AL¥)

as At — 0. To compute L A, (x) one uses a Taylor expansion of the exact solution
u(x,t) near x. We know that ¥ may have discontinuities, so it does not necessar-
ily have a Taylor expansion. Therefore, the concept of truncation error is formal.
However, if u(x, t) is smooth near (x, t), then one would expect that a higher-order
method would approximate u better than a lower-order method near (x, ¢).

<> Example 3.3 (Local truncation error)
Consider the upwind method. Then

Sn(Anu(x) = u(x) - ﬁ—; (f(u(x)) = fu(x — Ax))).

We verify that the upwind method is of first order:

Lar) = o (vt + A0 = (. 0) 4+ L (£ (1) = fux = Ax. 1))
2

1( + At +(A +
= —|u u u cee—U
At ! &

25000 — F) — (A0 flw) — 3 (AD ) +-+-))

1 (At)2 AtAx
—ut+f(u)x+E( ) Uy — )
Ax

= 5 Qun = f)e) + 0 ((Ar)).

f)e+ )

Since u is a smooth solution of (3.1), we find that

2
Uy = ((f,(“)) ux)xs
and inserting this into the previous equation, we obtain

At 9

LA[ = ﬁa(

Flu) (Af () — 1 uy) + 0 ((Ar)?). (3.22)
Hence, the upwind method is of first order. This means that Godunov’s scheme
is also of first order. Similarly, computations based on the Lax—Friedrichs scheme
yield

At 9

Lo = 7355

ASf'w)* = 1) uy) + 0 (Ar). (3.23)
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Consequently, the Lax—Friedrichs scheme is indeed of first order. From the above
computations it also emerges that the Lax—Friedrichs scheme is second-order accu-
rate when applied to the equation (see Exercise 3.6)

At

U + f(u)x = 212

(1= Af'))*)uy), - (3.24)
This is called the model equation for the Lax—Friedrichs scheme. In order for this
to be well posed, the coefficient of u,, on the right-hand side must be nonnegative,
that is,

[Af ()] < 1. (3.25)

This is a stability restriction on A, and it is the Courant—Friedrichs-Lewy (CFL)
condition that we encountered in (3.9); see also (1.50).
The model equation for the upwind method is

i+ S0 = 51 (7100 (1= A7 () ), (3.26)

In order for this equation to be well posed, we must have f'(¥) > 0 and
Af'(u) < 1. <&

From the above examples, we see that first-order methods have model equations
with a diffusive term. Similarly, one finds that second-order methods have model
equations with a dispersive right-hand side. Therefore, the oscillations observed in
the computations were to be expected.

From now on we let the function u o, be defined by

upa(x,t) = u;?, for (x,t) € ij’. (3.27)
Observe that
/MA,(x,t)dx = AxZu;’, fort, <t <tyy1.
R J

We briefly mentioned in Example 3.2 the fact that if u, converges, then the limit
is a weak solution. Precisely, we have the well-known Lax—Wendroff theorem.

Theorem 3.4 (Lax—Wendroff theorem) Ler ua; be computed from a conserva-
tive and consistent method. Assume that T.V., (ua;) is uniformly bounded in At.
Consider a subsequence u p;, such that Aty — 0, and assume that u »;, converges
in LllOC as Aty — 0. Then the limit is a weak solution to (3.1).

Proof The proof uses summation by parts. Let ¢(x, ¢) be a test function. For sim-
plicity we write ¢ = ¢(x;.1,). By the definition of u}’“,

At N oo
> Z ¢ (”7“ —“7) =—3 Z a (F/"H/f F,»”_1/2),
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where we choose T = N At such that ¢ = 0 for ¢+ > T. After a summation by
parts we get

A N o)
_;Z > (¢7—1‘<"7)FJ+1/2 0.

oo

A J 01— ¢}
sary 3 (P50 )y 3 (B2 s
n=0j=—o00

o]

= —Ax Z @ (Xj,O) M?. (328)

Jj=—00
This almost looks like a Riemann sum for the weak formulation of (3.1). Thus

[e¢]

Ax Z o (x;.0) uj —>/<p(x,0)u0(x)dx
0

j=—00

as Ax — 0, and

T oo

n—1
AtAxZ Z ((p/ Y )u —>//g0,(x Hu(x,t)dx dt

n=1 j=—o00 0 —oo

as Ax, At — 0.
Since

AfAXZ Z ((p’ - g[)’)f(u")—>//<px(x D f(u(x.0)dxdr (3.29)

n=0j=—o00 0 —oo

as Ax, At — 0, it remains to show that
AtAx Z Z |Fls = 10| (3.30)
n=0j=—o0

tends to zero as At — 0 in order to conclude that the limit is a weak solution. Using
consistency, (3.12), we find that (3.30) equals

AtAxZ Z )F( Uj_pre-- J+q) F(u;’,...,u;)

n=0j=—o0

9
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which by the Lipschitz continuity of F is less than

N 00 q
AAXLY 3 Dt~

n=0j=—0c0k=—p

IA

N 00
%(q(q + 1)+ p(p+ 1))AIAXLY Y ‘u;?ﬂ - u;?)

n=0j=—o0

IA

(q2 + pz)Ax LT.V.(upa) T,

where L is the Lipschitz constant of F. Using the uniform boundedness of the total
variation of u  ,, we infer that (3.30) is small for small Ax, and the limit is a weak
solution. O

We proved in Theorem 2.15 that the solution of a scalar conservation law in one
dimension possesses several properties. The corresponding properties for conserva-
tive and consistent numerical schemes read as follows:

Definition 3.5 Let u, be computed from a conservative and consistent method.

(i) A method is said to be fotal variation bounded (TVB), or total variation sta-
ble," if the total variation of u" is uniformly bounded, independently of Ax
and At.

(i) Assume that u( has finite total variation. We say that a numerical method is
total variation diminishing (TVD) if T.V. (u”“) <T.V.(u") forall n € N.

(iii) A method is called monotonicity preserving if the initial data being monotone
implies that 4" is monotone for all n € N.

(iv) Assume that uy € L'(R). Let va, be another solution with initial data vy €
L'(R). A numerical method is called L'-contractive if

[ac (@) = var @l = [ar(0) = var O)

for all + > 0. Alternatively, we can of course write this as
n+l _ n+l
Dot = ‘ <>
J J

(v) A method is said to be monotone if for initial data u° and v°, we have

ut — v

i ik n € Np.

<Y,

G JEL = vt <!

J ]’

j€Z,neN.

The above notions are strongly interrelated, as the next theorem shows.

Theorem 3.6 For conservative and consistent methods the following hold:

(1) Assume initial data to be integrable. In that case, every monotone method is
L'-contractive.

(i) Every L'-contractive method is TVD.

(iii) Every TVD method is monotonicity preserving.

! This definition is slightly different from the standard definition of T.V. stable methods.
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Proof (i) We apply the Crandall-Tartar lemma, Lemma 2.13, with 2 = R, and
D equal to the set of all functions in L' that are piecewise constant on the grid I;,

j € Z, and we define T (u°) = u”". Since the method is conservative (cf. (3.11)),
we have that

Zu;? = Zu?, or /T(uo)dx =/u”dx =/u0dx.
J J
Lemma 2.13 immediately implies that (for ¢ € [t,, #,+1))

< AxZ)ujo-—vjo.)
J

= [luar(0) —var(0)|l:-

n n
Vi — Y

”uAt(l) — 'UA[(Z)”LI = AXx Z
J

(i) Assume now that the method is L'-contractive, i.e.,
ntl _

> =2
J J -

J J

u't — vt

u J J

Let v" be the numerical solution with initial data

0_,0
v = U

Then by the translation invariance induced by (3.6), we have v!' = u! | for all n.

i+1
Furthermore,
n+1\ __
T.V. (uj ) = Z
J
<>
J

W v’7+1‘

J J

n+1 n+1
Ul —u; )— E
J

=TV (u]).

n n
Uiy —v;

(>iii) Consider now a TVD method, and assume that we have monotone initial data.
Since T.V. (u°) is finite by assumption, the limits

u; = lim u? and ug = lim u?
j——00 j—o00
exist. Then T.V. (u®) = |ug —uy|. If u' were not monotone, then T.V. (u') >
lug —ur| = T.V. (u°), which is a contradiction. a

‘We can summarize the above theorem as follows:
monotone = L'-contractive = TVD = monotonicity preserving.

Monotonicity is relatively easy to check for explicit methods, e.g., by calculating
the partial derivatives dG/du’ in (3.3).
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<> Example 3.7 (Lax-Friedrichs scheme) W
Recall from Example 3.2 that the Lax—Friedrichs scheme is given by —

=3 () =3 (7 () = (1))

Computing partial derivatives, we obtain, assuming the flux function f to be con-
tinuously differentiable,

(I=Af'(up))/2 fork =j+1,
= YA+ Af"(up)/2 fork=j—1,
0 otherwise,

n+1
Buj

n
ouj,

and hence we see that the Lax—Friedrichs scheme is monotone as long as the CFL
condition

Alffw] =1
is fulfilled. See also Exercise 3.7. &
Theorem 3.8 Fix T > 0. Assume that f is Lipschitz continuous. Let ug € L'(R)

have bounded variation. Assume that u a, is computed with a method that is con-
servative, consistent, total variation bounded, and uniformly bounded, that is,

T.V.(ua:) <M and up|loo <M

where M is independent of Ax and At.
Then {ua;(t)} has a subsequence that converges for all t € [0,T] to a weak
solution u(t) in L} (R). Furthermore, the limit is in C ([0, T]; L] .(R)).

loc
Proof We intend to apply Theorem A.11. It remains to show that

b
/|um(x,t) —Up(x,8)] dx <Clt —s| +v(At), as At -0, s,t€]0,T],

a

for some nonnegative continuous function v with v(0) = 0.
The Lipschitz continuity of the flux function implies, for fixed Az,

WH_“nZA‘ﬁHm_Eﬂm‘
= A |FQE o) = FQO_ i)
SAL(MJP uj_ pl)"’ +‘1+q_u7+‘1—1‘>’
from which we conclude that
ltar (b)) —ar (o)l = Y [ —ul | Ax

J
<L(p+q+ DT.V.(u") At
<L(p+q+1)MAz,
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where L is the Lipschitz constant of F'. More generally,

luar(tm) —uac(- )l < L(p+ g+ )M |n —m| At
:L(p+Q+1)M|tn_tm|~

Now let 71, 7, € [0, T], and choose 71,7, € {nAt | 0 < n < T/At} such that
Ofrj—fj < Atforj =1,2.
By construction ua;(7;) = ua; (fj), and hence

luarCotp) —ua(-, )
< JluarGor) —uar (i) 0+ JJuac-0) —ua(- 0|
+ Juar(- ) —up (- w) |
<(p+q+1DLM|iH—0)|
<(P4+qg+DLM|t;—n| + O(Ar).

Observe that this estimate is uniform in 7y, 7, € [0, T']. We conclude that
up, — uin C([0,TJ; Ll([a,b]))

for a sequence At — 0. The Lax—Wendroff theorem then says that this limit is
a weak solution. O

At this point, the reader should review the concept of a Kruzkov entropy condi-
tion; see Sect. 2.1. A function u is a Kruzkov entropy solution of

ur+ fu),y =0
if it satisfies
nw); +q) <0 (3.31)
in the sense of distributions, where
n(w) = [u—k|, qu)=sign@u—k)(f@) - f(k)),

forall k € R.

The analogue of the KruZzkov entropy pair for difference schemes reads as fol-
lows. We still employ n(u) = |u — k|. Write

aVvb=max{a,b} and a Ab = min{a,b},

and observe the trivial identity

la—bl=avb—aAnb.
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Then we define the numerical entropy flux Q by

Qjt12() = Fji1p vV k) = Fip1pu Ak), (3.32)
or more explicitly,
Q(uj_p,...,uj+q) = F(u/-_p \/k,...,u/-+q \/k) —F(uj_pAk,...,uj+q /\k)
Note that Q is consistent with the KruZkov entropy flux, i.e.,

Q(c,....c) =sign(c —k) (f(c) = f(k)).

Returning to monotone difference schemes, we have the following result.

Theorem 3.9 Fix T > 0. Assume that f is Lipschitz continuous. Let uy € L'(R)
have bounded variation. Assume that u a; is computed with a method that is con-
servative, consistent, and monotone.

For every sequence At — 0, the family {Mmk (l)} converges in LIIOC(R) to

the KruzZkov entropy solution u(t) for all t € [0, T). Furthermore, the limit is in
C ([0, T]; Lj (R)).
Proof Consider a sequence Af; — 0. Theorem 3.8 allows us to conclude that
U, has a subsequence that converges in C([0, T']; L'([a, b])) to a weak solution.
It remains to show that the limit satisfies a discrete Kruzkov form. First we find,
using (3.7) and (3.32), that

Gu" vk)y—Gu" Ak) = |u" — k| — A( et~ }’_1/2).
Using that M;’H = G;(u"), cf. (3.3), and the consistency of the scheme, see (3.12),
which implies k = G(k,...,k) = G(k), we conclude from the monotonicity of

the scheme that

G, v k) =GV Gk)=G;u") vk,
—G; (" AK) = —(G;(u") A G(K)) = — (G, (") A K).

Therefore,

u;”’l —k’ —

uj — k‘ +MQf 12— Q1) 0. (3.33)

Applying the technique used in proving the Lax—Wendroff theorem to (3.33) shows
that the limit u satisfies

// (I — K| g +sign (u — k) (£) — () x) dixdit

—i—/|u0—k|(p(x,0)dx—/(|u—k|(p)|,=7dx >0,
R R

for every nonnegative test function ¢ € Cj°(R x [0, T']) and for every k € R.
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Suppose there is another subsequence for which u s, does not converge to the
entropy solution. Then by the above argument, this subsequence has another sub-
sequence for which the limit is the unique entropy solution. The uniqueness of the
limit gives a contradiction, and we conclude that for all sequences Az, — 0, the
sequence {u a;, (t)} converges to the unique entropy solution u(z). O

Note that the above theorem offers a constructive proof of the existence of weak
entropy solutions to scalar conservation laws. The fact that monotone schemes con-
verge to the entropy solution provides an alternative to the front-tracking method
discussed in Chapt. 2.

Now we shall examine the local truncation error of a general conservative, con-
sistent, and monotone method. Since this can be written

n+l _ o~ 0y — n n
u;t = Giu)=¢G (uj_p_l,...,uj+q>
=u" — " no)— " "
=uj )L(F (uj_p,...,u/+q) F(uj_p_l,...,u/+q_l)>,
we write

G =G(ag,...,0p1q41) and F = F(ay,...,0Qpq4+1)-

We assume that F', and hence G, is three times continuously differentiable with
respect to all arguments, and write the derivatives with respect to the ith argument
as

0;G(ag, ..., 0prg+1) and  0; F(oq, ..., Qp1g41).
We set 9; F = 0if i = 0. Throughout this calculation, we assume that the j th slot
of G contains u}, so that G(a, ..., %p+g+1) = u; — A(--+). By consistency we
have that

Gu,...,u)y=u and Fu,...,u) = f(u).

Using this, we find that

p+q+1
> 0iF(u.....u) = f'(u). (3.34)
i=1
0,G=20,; —A(0;1F—0,F), (3.35)
and
B,6 = A (021, F — B, F). (3.36)
Therefore,
pt+q+1 ptq+1

Y Gu....u)y= Y ;=1 (3.37)
i=0 i=0
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Furthermore,
p+q+1 p+q+1
Y= NG .w)y= " [(— ),
i=0 i=0
—AG =)@t F(u,....u) —0; F(u,...,u))]
pHq+1
==A Y ((G+1D=i)0iFu.....u)
i=0
= —Af"(u). (3.38)
We also find that
p+q+1
> =k, G ... )
i,k=0
p+q+1
=AY =k (0 Flu.....u) =07 Flu.....u))
i,k=0
ptq+l
=2 (G+D—=(+1) =G —k)?) 0} Fu.....u)
i,k=0
—0. (3.39)

Having established this, we now let ¥ = u(x,?) be a smooth solution of the con-
servation law (3.1). We are interested in applying G to u(x, t), i.e., in calculating

Gulx—(p+ DAx,t)...,u(x,t),....u(x + gAx,t)).

Setu; =u(x+ (i —(p+1))Ax,t)fori =0,..., p + ¢ + 1. Then we find that

G(u(),...,up+q+1)
pt+q+1
= G(u/-,. ..,uj) + Z 8,‘G(uj', .. .,M/') (ui —uj)
i=0
1 pt+q+1
+5 > 076 uy) (i —up) (ue —uj) + O (AXY)
ik=0
p+q+1
=u(x.0) +u (x.)Ax Y (i — )G, ... u))
i=0
1 pHq+1
+ Euxx(x,t)sz Z @ —j)zaiG(u/-,...,uj)
i=0
1 pt+q+1
+ Eui(x,z)sz 3=k =) Gy. .. up) + O (Ax?)
ik=0
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p+q+1
[NY X7 | =u(x,t) +u,(x,t)Ax Z (i —7)0iGuj, ... uj)
i=0
1 p+q+1
+5Ax2 ; G — ) [0:Guy. ... upur(x,0)],
1 ptq+l1
—Eszuﬁ(x,t) DG =)= = k=) 07,Guy.....uj)
ik
+ 0 (Ax?).

Next we observe, since 8f’kG = 07 ;G and using (3.39), that

0= (i —k)2G =D (i — j)— (k- j))*G
ik ik

=Y (G —j) =26 = )k = jNFG + Y (k—j) oG

ik ik

=2) (=)~ ~ Dk~ j)F,GC.
ik

Consequently, the penultimate term in the Taylor expansion of G above is zero, and
we have that

Gulx—(p+ DAx,1t),...,u(x +qgAx,t)) =u(x,t) — At f(u(x,t))y

2
+ ATX Xi:(i — ) 0:Gu(x, 1), ..., u(x.))uyl, + O (Ax) . (3.40)

Since u is a smooth solution of (3.1), we have already established that

At? , 2 3
U+ AL = ulrn) = At f () + = [(f (u)) u] +0(ar).

Hence, we compute the local truncation error as

A ptq+1
Lai=-25 [( > = )0G....) —xz(f’(u»z) ux]

i=1
At

= -7 Bau,], + O (AF%). (3.41)

Thus if B > 0, then the method is of first order. What we have done so far is valid
for every conservative and consistent method where the numerical flux function is
three times continuously differentiable. Next, we use that ;G > 0, so that /9;G
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is well defined. This means that

ptq+1

ALl = | Y = )G, u)
i=0
pH+q+1

= Y li—jlIVoiGu.... . w)VoGu, ... u).
i=0

Using the Cauchy—Schwarz inequality and (3.37), we find that

ptq+l p+q+l

3 -G u) Y G ... u)
i=0 i=0

p+q+1

> = j)%G ... u).

i=0

22 (1 w)

IA

Thus, B(u) > 0. Furthermore, the inequality is strict if more than one term in the
sum on the right-hand side is different from zero. If 9;G(u, . ..,u) = 0 except for
i = k for some k, then G(uo, ..., Upyq+1) = Uy by (3.37). Hence the scheme is
a linear translation, and by consistency, f(u) = cu, where ¢ = (j —k)A. Therefore,
monotone methods for nonlinear conservation laws are at most first-order accurate.
This is indeed their main drawback. To recapitulate, we have proved the following
theorem:

Theorem 3.10 Assume that the numerical flux F is three times continuously dif-
ferentiable, and that the corresponding scheme is monotone. Then the method is at
most first-order accurate.

3.2 Higher-Order Schemes

We want to derive a second-order difference approximation to the solution of a con-
servation law

u; + f(u)x =0.

In order to derive scheme that is second-order accurate, the local truncation error
must be third-order accurate. For a smooth solution we have

2
u(x,t + At) = u(x,t) + Atu,(x,t) + ATtu,,(x, )+ 0 (At3)
2
= (1)~ AL fu(e D)~ S fute D) + 0 (A7)
2

—u— AL f(u), + AT’ (f') f)x), + O (AF).
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For a difference scheme we have Ax = O (At), so if the resulting scheme is of
second order, the difference approximation to f(u), must be second-order accu-
rate, and the approximation to (f’ f;)x can be first-order accurate. We can use the
following (where we write Dy(g(x)) = (g(x + Ax) — g(x — Ax))/(2Ax)) rela-
tions:

J@x, 1) = Do f(u(x,1) + O (Ax?)
+ Ax, 1)) — — Ax,t
_ flulx +Ax );Axf(u(x x.1)) Lo (axY),

1)) f (. 1)) = Aix(f/@(ﬁﬁ,,)) S+ Ax, 1)~ fu(x.1))

2 Ax
, Ax fu(x,t))— f(u(x—Ax,1))
=1 (ulx=51)) A
+ 0 (Ax?),
, Ax Fu(x £ Ax, 1)) — f(u(x,t)) )
+ —t = O(A .
y (u(x 2 )) u(x = Ax,t) —u(x,t) + ( " )
This leads to the scheme
A A2
n+1 n n n n n
it =uj = ( a1~ fj—l) iy (”/2+1/2A+”j - "f—l/zA—”;’) - (342
where
At " " AL f]
A=—, fI'=fW), Arvi=F@ie1—v), Vg2 = !

.
Ax A+ u g

The scheme (3.42) is called the Lax—Wendroff scheme, and by construction it is
of second order. We can see that it is conservative with a two-point numerical flux
function given by Fj 1/, = F(u;,u;4), where

F(u,v) = % (f) + fu) = 2>, v)(v—u)), v(u,v)= W
< Example 3.11
We test this second-order scheme on the equation
Uy +u, =0
with two sets of periodic initial data
1 x€[0.3,0.7],

1 — a2 2 =
u (x,0) =sin“(rx), u-(x,0) 0 xe [0, 1] \ [0'37 0_7]’

and u? extended periodically. By periodicity, we know that u’(x, k) = u'(x, 0) for
k € N.In Fig. 3.4 we have plotted the numerical solution at # = 3 with initial data
u' and u? and Ax = 1/30. Note that for the smooth solution the method gives very
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Fig. 3.4 a The numerical solution with initial values u'. b The numerical solution with initial
value u%. We use Ax = 1/30

accurate results, and the errors are indeed of second order. For the discontinuous
solution, the errors seem large, and we also see the prominent oscillations trailing
the discontinuity. <&

For simplicity we will for the moment assume that f’ > 0, so that the upwind
method is monotone (and hence TVD). If f is not monotone, then the upwind flux
below should be replaced by a numerical flux giving a monotone method.

The Lax—Wendroff numerical flux function can be rearranged to read

. o )
Flyip = F@) = 3o (Avjgrp = 1) Ay

= upwind 4 second-order correction.

We would like to modify the Lax—Wendroff method so that it is locally of second or-
der where the solution is smooth, and first order and monotone near discontinuities.
Hence, we would like to turn off the second-order correction near discontinuities.
One way of doing this is to observe that the oscillations occur near discontinuities
(this is the Gibbs phenomenon), and use oscillations as an indicator of when the
second-order term should be turned off. As an important side effect, this is likely to
make the resulting method TVD.

To this end let r; (whose exact form will be specified later) be some “indicator
of oscillations” near x;. We assume that if there are oscillations, then r; < 0. Let
¢(r) be a continuous function that is zero if r < 0.

Now we modify the numerical flux for the Lax—Wendroff method to read

n n 1 n
Fiip =1 = 300)vj+1 (Avjpija—1) Ayl (3.43)
If we set

1
Q12 = Evj+1/2(1 —Avjt1)2), (3.44)
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the modified scheme reads
Wit =l —AA_fI = AA- ((p(rj)oej+1/2A+u;?>
= M;-l — )ij_l/zA_u;’ —AA_ ((p(rj)aj+1/2A+u;’)

. A (<P(rj)0€j+1/2A+M?> .,
:u/- —A,(Uj_l/z-i-k A_u;? )A_uj

n n
= u/- —Aj_l/zA_u/-,

where we have defined

4 AA_ (<P(Vj)aj+1/zA+“f)
j-1/2 =Vj-12 + A -
At this point the following lemma is convenient.
Lemma 3.12 (Harten’s lemma) Let v; be given by

v =up = AjipAouj + BjvpAiuy,

where Aiuj = :I:(ujil — Mj).

(i) If Aj+1y2 and Bj )5 are nonnegative for all j, and Aj 15 + Bj 10 < 1 for
all j, then

T.V.(v) <T.V.(u).

(ii) If Aj11/2 and Bj ) are nonnegative for all j, and Aj_i;» + Bj11/2
all j, then

IA

1 for

n}cinuk <v; <maxui, jE€Z.
k
Proof (i) We have

Ayvy =ujp —u; — AjnpAqu; + BispAiu;g
+ Ajo1pA-uj = BjipAiu;
= (1= Aj12= Bj1p) Ayuj + Aj1p Aty + BjyspAiuj s,

Hence

DolAvu =Y (1= Ajern = Bisip) [Agu]
j J

DA [Acug| + Y Brisa [Agujsp

J J
= |8
J
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(i) We may write

v = Aj_ipuj_ip+ (1= Aj_10— Bjr12u; + Bjyiauj41,
from which the statement follows. O

Returning to the scheme (3.43), we introduce

1
%j+1/2 = FVj+1/2 (1= Avj412).

Hence, we get the scheme

W =g =2 (S - A)
- l(ﬁﬂ(rj)“jJrl/zAwL“; - €0(’j—1)“j—1/2A—”?>
= u;? — )wj_l/zA_u;’ —AA_ ((p(rj)aj+1/2A+u7)

) A (otpapa)]
= uj -2 Vi—1/2 + A_u;’ A_uj

— g _ 9. n
—Mj Aj_l/zA_u/-.

We want to choose ¢ and r such that we can use the above lemma, with B; {/, = 0,
to conclude that the scheme is TVD. Note that A max, f'(u) < 1 by the CFL
condition and thus ;11> > 0 and Aetj 12 < 1.

We define

onA_u;
r = =122l (3.45)
ajr1/281u;

To see that this can be used as an “indicator of oscillations,” note that since we have
assumed that /' > 0, we have vj41/2 = 0 for all j, and by the CFL condition,
Avjiip < 1forall j. Hence i1/ = Svj11/2(1 — Avj11/2) > 0 for all j. We
say that “oscillations” are present at x; if #; is a local maximum or minimum. If so,
then sign (A_u;) # sign (A+u;), and consequently, r; < 0. We also calculate

A (‘P(’j)“j+1/2A+“f)

n
A_uj

1
= A (‘/’(Vj)aj+1/zA+M? _¢(rj—1)aj—1/2A—u7>
-]

=aj_i) (wirj) - €0(rj—1)) )

J

Hence

o(rj+1)
Ajq12= A(Vj+1/z + Olj+1/2( IR <P(Vj)>)-
Tj+1
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Let us assume that

max ;@, <p(r)} <2, or 0 < ¢(r) < max{0, min{2r,2}}. (3.46)

If this assumption holds, then

< 2 forall r and s.

‘@—w(ﬂ
j

This means that

Ajria <A (vip1y2 +20511)
=2 (vir12 Vi (1= Avi0))
=4 (2Vj+1/2 - )sz-f-l/Z)

=1—(1—=Avj1p)’
<1

For the other bound,

Ajia = A (Vg2 = 205 4102)
= A (vis12 = Vir12(1 = Avj11)2))
2
= (Avj41/2)” 2 0.

Summing up, we have proved the following result.

Lemma 3.13 Assume f' > 0. Let r; be defined by (3.45), and assume A > 0
is such that the CFL condition A max,, f'(u) < 1 holds. Assume further that the
function ¢ is such that ¢(r) vanishes for r < 0 and satisfies (3.46). Then the finite
volume scheme with numerical flux function (3.43) is TVD.

If we choose ¢(r) = r, we get another scheme, called the Beam—Warming (BW)
scheme. The Beam—Warming scheme is also of second order, but not TVD. The
Lax—Wendroff (LW) scheme is obtained by choosing ¢(r) = 1.

If (for the moment) we do not care about TVD, we can define a family of second-
order schemes by linear interpolation between the Beam—Warming and the Lax—
Wendroff schemes. This interpolation can be done locally, meaning that we choose
@ as

@(r) = (1 —0(r)eLw(r) + 0(r)gsw(r).
The scheme reads

with = uf = AN [+ AA_@(r))ey 112 A (3.47)
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If now u;’ = u(x;,t,) is the exact solution, then we can calculate

Wit =u; = AASf; + AA(((1 = 0(r) 4 00r)ry) &) 41728 4 uy)
= (1=00)) (uj = AA_f; + AA_ (@) 412841;))
+0(ry) () — AA_fj + 2D (rj041284u)))
+ Aaj_i)2 (r/-_l — 1) A_u;A_0(r;).

This means that

ulxj.t + At) = ”;H = (1—-6(rj)) (“LW truncation error”)
+ 6(r;) (“BW truncation error”)
+Aaj iz (rio—1) Au; A_6(ry).

1

If I = O (Ar?), then the combination of the LW and the BW schemes is of second
order. By the CFL condition, 0 < Ac;_;/, < 1. Furthermore, since u is an exact
smooth solution, oj 1 12A u ~ Ax f'(u)(1 — Af’(u))u,, or more precisely

Ay
Ajt+1/2 A

Y= (= AL ) |

X

+0 (Ax?).

X=Xj+1/2
Recall the definition of r;, equation (3.45), and set h(x) = f'(u(x,7))(1 —
Af (u(x,t)))uy,(x,t). With this notation we get
@12 (rjr = DA | = [A (@10 A4u)|
= Ax }h(xj_l/z) —h(xj_32) + O (Ax2)|
< Ax? max |h'(x)| + O (Ax?).
X,t

Therefore, to show that I = O (Ar?), it suffices to show that A_f;, = O (At).
Since 6 is a smooth function with values in [0, 1], we get

|A_O(r))| = |6(r)) — O(rj-1)|

< Clrj —rj]

< |YmpAuy  #3pAu
T lepBiuy oAl
_ | B2+ O(AX) Bz + 0 (AXY)

hivi2+ O (Ax?)  hj_is+ O (AX?)

1y = hjsiahjsn + O (Ax?)
hjti2hj_12+ O (Ax2)

-c Axmaxy) [h'(x)| + O (Ax?)

a hjs1p2hj—ay2 + O (Ax?)

— 0 (A1).




122 3 A Short Course in Difference Methods

Fig. 3.5 The graph of the A i S o
limiter must lie in both the R—
TVD region and the second-
order region. The graph 2
shown is a possible limiter

o(r)

1
1 7

Thus we have shown that if 6 is a Lipschitz continuous function, the resulting
scheme is of second order.

Returning to ¢, we have shown that the scheme (3.47) is of second order if ¢ is
Lipschitz continuous and

min{l,r} < ¢(r) < max{l,r}. (3.48)

If ¢ satisfies both (3.46) and (3.48), then the resulting scheme (3.47) is TVD, and
second-order accurate away from local extrema. The scheme also produces a con-
vergent sequence of approximations, and the limit is a weak solution (prove this!).

The function ¢ is called a limiter; a list of popular limiters follows. It is clear
that the graph of a limiter must lie in the shaded region in Fig. 3.5.

@(r) = max {0, min {r, 1}}, minmod

¢(r) = max {0, min {2r, 1} ,min {r,2}}, superbee,

o(r) = |’1”|-:‘r’”’ van Leer
2
o(r) = ;+—4;r2, van Albada

¢(r) = max {0, min{r, B}}, 1 < B <2, Chakarvarthy & Osher

In Fig. 3.6 we show the approximate solutions to

1 xel0,3, 0.7,

U +u, =0, u(x,0) =
0 xe][0,1]\]0,3,0.7],

and for x ¢ [0, 1] we extend u(x, Q) periodically. The figure shows approximate
solutions at = 0 as well as the exact solution. To the left we see that both the Lax—
Wendroff and the Beam—Warming schemes have pronounced oscillations, but the
linear combination of the two schemes, in this case using the van Leer limiter, does
not. This solution is also superior to the solution found by the upwind method. Since
these methods limit the contribution of the higher-order numerical flux function,
they are often called flux-limiter methods.
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a Upwind b Lax-Wendroff

Cc Beam-Warming d
: ———e— — : :

Fig. 3.6 The approximate solutions found by the upwind method (a), the Lax—Wendroff method
(b), the Beam—Warming method (c), and the TVD method using the van Leer limiter (d). All
computations used Ax = 1/30

Semidiscrete Higher-Order Methods

Let us now consider semidiscrete higher-order methods, where we do not (initially)
discretize time, only space. Based on the finite volume approach, such methods can
be written

, 1
wj (1) = = (Fjs12— Fi—1)2) . (3.49)

where u; (7) is some approximation to the average of u in the cell (x;_i/2, X;j41/2].
If the right-hand side of the above is a second-order approximation to — f(u), for
smooth functions u(x), then the method is said to be second-order accurate. To get
second-order accuracy in time as well, one could use a second-order Runge—Kutta
method to integrate (3.49) numerically. One such example is Heun’s method:

W} =u = A (Fjrip—Fjo1p),

A - A
’ uj == (Fj412= Fjo12) = ) (Fps1/2 = Fjo1a)
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The simplest way of achieving second-order accuracy is by choosing

Ujypl + U
Fiap=f (%) (3.50)

This, however, gives a nonviable method if we combine it with a first-order Euler
method in time. This combination is not stable?. To see this, set f(u) = u. With
the Euler method it gives

A
u;?"'l — u;? — E (uj+1 —uj_l).

Making the ansarz u} = ju,e” 2~ (here i = +/—1) yields
MKn+1 = HUn (1 +iAsin(Ax)).

Therefore, |in+1] = |ftn] v/ 1 + A2sin?(Ax), or
lital = [0l (1 + A% sin*(Ax))""?.

This is unconditionally unstable. Also using the second-order Heun’s method with
(3.50) gives an unstable method (see Exercise 3.8). Thus the choice (3.50) is of
second order, but useless.

In order to overcome this, we define values to the left and right of a cell edge
uf,,,anduf ) by

L
Ujiip =Uj+ EA—MJ"
1

R frd + —— .
Uiy = U, 2A+uj.

(3.51)

Then we can use any two-point monotone first-order numerical flux F(u, v) to de-
fine a second-order approximation

fux)), = i (F (”fﬂ/z’ ”f+1/2) —-F (”,’L—l/z’ ”f—l/z» +0 (sz)-
(3.52)

Even if we use Heun’s method for time integration, the extrapolation values (3.51)
do not give a TVD method. This is to be expected, since the method is for-
mally second-order accurate. We illustrate this in Fig. 3.7 for the linear equation
u; + u, = 0 with smooth and discontinuous initial values. We used the upwind
first-order numerical flux F(u,v) = f(u) = u. From Fig. 3.7 we see that for
smooth initial data, the approximation is “reasonably close” to the correct function,
whereas for discontinuous initial data, the approximation bears little relation to the
exact solution.

2 Often called von Neumann stability.
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—6— second order —6— second order
- — -exact - — - exact

u(z,1)

Fig. 3.7 Using the extrapolation (3.51). a u(x, 1) with smooth initial data. b u(x, 1) with discon-
tinuous intitial data

These results suggest that the method will be improved if we use some kind of
limiter to define the extrapolated values u jLJ'rRl /2 To this end, set ¢; = ¢(r;), where
r;j is to be defined, and redefine the extrapolations as

L 1
Ui i =Uj + E%'A—“jf

1
R
Uj_1jp = Uj — 5‘!’/‘A+uj~

(3.53)

For simplicity, we now assume that f’ > 0, and that the numerical flux function is
the upwind flux, i.e., F (4, v) = f(u). In this case the resulting scheme is

u;?“ =uj -2 (f(u,'L+1/2) - f(“jL—l/Z)) :

We aim to define r; and find conditions on ¢ such that the above scheme is TVD but
retains the formal second order away from oscillations. In order to use Lemma 3.12,
we rewrite the scheme as

L
nl oy m )LMA_M’?

uj J A_u" J’

where we have used a first-order Euler method for the integration in time. This will
of course destroy the formal second-order accuracy, but it is convenient for analysis.

With .
A_fuyy )
Aj_1p = PR Vi
A_u"
J
the scheme will be TVD if 0 < A4;_;,» < 1. Dropping the superscript n, we calcu-
late

Cui e Ay —u = e A u;
Ajry = Af (i) LT 2B 0N Aju. 29 J
=%

) (= 1 1 A_M'_l
=21 () ((1 + 5%') - i‘ﬂf—lﬁ) ’
—J
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where 1; is some value between ujL_l/2 and ujL+1/2. If we now choose

A+Mj
rp=-——",
A_uj

this can be rewritten as

j—1

We now demand that the scheme satisfy the CFL condition
, 1
Amax f'(u) < 7

Inthiscase 0 < A;_j/» < 1if

1 .
0< (1 ~5 (% —<p(r,-))) <2,

which can be rewritten

This is the case if
0 < ¢(r) <min{2r,2},

which gives the same TVD-region as for the flux-limiter schemes; see Fig. 3.5.

The scheme with ¢(r) = 1 is not TVD, but of second order, and the choice
¢(r) = r gives the (useless) second-order scheme with numerical flux (3.50). It
follows as before that every smooth (in ) convex combination of these two schemes
will also be of second order. Therefore, we get the same second-order region as in
Fig. 3.5. Hence we have the same choice of limiter functions as before. Each choice
will give a formally second-order scheme away from local extrema. This method is
called MUSCL (monotone upstream centered scheme for conservation laws).

If Fig. 3.8 we show how the above schemes perform on the model equation
U, + u, = 0 with smooth and discontinuous initial data. The MUSCL method does
not perform as well as the flux limiter method, but a clear difference can be seen
between the first-order upstream method and the high-resolution methods (MUSCL
and flux limiter). For both the high-resolution methods, the computations in Fig. 3.8
use the van Leer limiter. The perceptive reader may have noticed that the flux-limiter
method is further from the exact solution than the methods shown in Fig. 3.6. This
is because we choose to use the same timestep for all the methods, this being limited
by the MUSCL method. Thus, the upwind and flux limiter methods will also have
atime step Az < AAx, with A = 0.49.
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a Smooth initial data b , Discontinuous initial data
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Fig. 3.8 A comparison of the first-order monotone upstream method and high-resolution methods
for smooth (a) and discontinuous initial data (b)

3.3 Error Estimates

Let others bring order to chaos. I would bring chaos to order instead.
— Kurt Vonnegut, Breakfast of Champions (1973)

The concept of local error estimates is based on formal computations, and such
estimates indicate how the method performs in regions where the solution is smooth.
Since the convergence of the methods discussed was in L', it is reasonable to ask
how far the approximated solution is from the true solution in this space.

In this section we will consider functions u that are maps ¢ — u(¢) from [0, co)
to L} .N BV (R) such that the one-sided limits u(¢+) exist in L] , and for definite-
ness we assume that this map is right continuous. Furthermore, we assume that

[e@lloo = 14(O0)]lo.  T.V.(u(r)) = T.V. (u(0)).

We denote this class of functions by K. From Theorem 2.15 we know that solutions
of scalar conservation laws are in the class XK.
It is convenient to introduce moduli of continuity in time (see Appendix A)

vi(u,0) = sup ||u(t + 1) —u@)||, o>0,

rl= (3.54)
v(u,0) = sup v;(u,0).
0<t<T
From Theorem 2.15 we have that
v(u,0) < o] |l fllLipT.V. (uo) (3.55)

for weak solutions of conservation laws.
Now let u(x, ) be any function in K, not necessarily a solution of (3.1). In order
to measure how far u is from being a solution of (3.1) we insert u in the Kruzkov
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form (cf. (2.23))

T
A, k) = //au “ Ky + qQu.K)py) dx ds (3.56)
0

—/|u(x,T)—k|¢(x,T)dx+/|u0(x)—k|¢(x,0)dx.

If u is a solution, then A7 > O for all constants k and all nonnegative test functions
¢. We shall now use the special test function

R(x,x",5,8") = wgy (s — 5 )we (x — X),

where

w.(x) = éa) (f)

&

and w(x) is an even C *° function satisfying
0<w=<1, wkx)=0 forl|x|>1, /a)(x)dx =1.

Let v(x’, s") be the unique weak solution of (3.1), and define

T
Agey(u,0) = //AT (u.2(-.x', .5, v(x', ")) dx'ds’.
0

The comparison result reads as follows.

Theorem 3.14 (Kuznetsov’s lemma) Let u(-,t) be a function in X, and v a so-
lution of (3.1). If0 < &9 < T and e > 0, then

lu(-. T=) = v(-. Ty < o = volliw) + T-V. (o) (2 + &0l f [ILip)
+v(u, &) — A, (U, v), (3.57)

where uy = u(-,0) and vy = v(-,0).
Proof We use special properties of the test function §2, namely that

(@x,x',5,8) =2, x,5,5) = 2(x,x',s',s) = 2(x',x,5,5) (3.58)
and

2, =-Qv, and 2, =—2,. (3.59)



3.3 Error Estimates 129

Using (3.58) and (3.59), we find that

T
Agey(U,0) = —Ag gy (v, 1) — 0, x" s, T)(Ju(x.T) —v(x',s)|
i

+ (", T) —u(x,s)|) dx dx'ds

T
+ // 2(x,x',5,0)(|vo(x") — u(x,s)]
0
+ Juo(x) — v(x', )| ) dx dx"ds
=—Ag,(v,u) — A + B.
Since v is a weak solution, A, ., (v, u) > 0, and hence
A<B—A(u,v).

Therefore, we would like to obtain a lower bound on A and an upper bound on
B, the lower bound on A involving ||u(T) — v(T)||;: and the upper bound on B
involving ||uo — vgl|,:1. We start with the lower bound on A.

Let p. be defined by
0:(u,v) = // we(x — x') Ju(x) —v(x")| dx dx’. (3.60)
Then
T

A= /a)e()(T =) (pe(u(T), v(s)) + pe(u(s). v(T))) ds.

0

Now by a use of the triangle inequality,

u(x, T) —v(x', s)|| + [u(x,s) —v(x', T)]
> u(x, T) —v(x, T)| + [u(x, T) —v(x,T)|
—wx, T)— v, T)| —|ulx,T) —u(x,s)|
— &, T) —v', )| —|vx,T)—v(x',T)|.

Hence

Pe((T), v(5)) + pe(u(s), v(T)) = 2Mu(T) = v(T)ll L1 = 2p:(v(T), v(T))
= u(T) =u@)lzr = [v(T) = v($)]11-

Regarding the upper estimate on B, we similarly have that

T
B = / 00y (5) [P a0 0(s)) + pa(u(s). v0)] ds.
0
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and we also obtain
(o, v(5)) + pe(u(s), vo) < 2|[ug — voll 11 + 2p: (v, vo)
+ luo —u(s)l|r + lvo — v(s) |-

Since v is a solution, it satisfies the TVD property, and hence

P (o(T), v(T)) = / / () [0(x + 2.T) — v(x.T)| dz dx

< /a)e(z) sup (/ lv(x +2z,T) —v(x,T)| dx) dz

|z]<e
—&

= |8|/a)8(z)T.V. (v(T)) dz < |g| T.V. (vp),

using (A.10). By the properties of w,
T T
/a)g(T —s)ds = /ws(s) ds = %
0 0
Applying (3.55), we obtain (recall that &g < T')
T
[ 0um = u@) = o)l ds

0
T

< / (T — 5) (T — )| f 1L T-V. (1) ds

0
1
< 580||f”LipT-V- (vo)
and
; 1
[ w000 = vl ds = Se0l £ TV o).
0
Similarly,
; 1
/a)go(T —)|u(T) —u(s)|| ds < Ev (u, &)
0
and

T

1
/weo(s)ﬂuo —u(s)||pds < Ev (u, ).
0

If we collect all the above bounds, we should obtain the statement of the theorem.
O
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Observe that in the special case that u is a solution of the conservation law (3.1),
we know that A, (u,v) > 0, and hence we obtain, as &,g9 — 0, the familiar
stability result

(-, T) = vC, Tl < lluo = voll -

We shall now show in three cases how Kuznetsov’s lemma can be used to give
estimates on how fast a method converges to the entropy solution of (3.1).

<> Example 3.15 (The smoothing method)

While not a proper numerical method, the smoothing method provides an ex-
ample of how the result of Kuznetsov may be used. The smoothing method is
a (semi)numerical method approximating the solution of (3.1) as follows: Let
ws(x) be a standard mollifier with support in [—§,4], and let 7, = nAt. Set
u® = ug * wg. For 0 < ¢ < At define u' to be the solution of (3.1) with
initial data u®. If Az is small enough, u' remains differentiable for 1 < At.
In the interval [(n — 1)At,nAt), we define u” to be the solution of (3.1), with
u" (x,(n — 1)At) = u"~'(-,t,—) * ws. The advantage of doing this is that u" will
remain differentiable in x for all times, and the solution in the strips [¢,,#,,1) can
be found by, e.g., the method of characteristics. To show that u” is differentiable,
we calculate

e (x ta1)| = '/Mﬁ_l(y,tn_l)wa(x —y)dy

< T.V. (uo) .

1
< gT.V. (" (ty—1)) 5

Let u(¢) = max, |uy(x,?)|. Using that u is a classical solution of (3.1), we find by
differentiating (3.1) with respect to x that

uxt + f,(u)uxx + f”(u)ui = 0'
Write
p(t) = uy(xo(2),1),

where x((¢) is the location of the maximum of |u,|. Then

/’L/([) = uxx(x()([)v [)x(/)([) + uxt(XO(t)f t)
< (0(1), 1) = = f" () (ux (x0(1), 1))
<cu(t)?,

since Uy, = 0 at an extremum of u,.. Thus

W) < (@), 3.61)
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where ¢ = || f”|| - The idea is now that (3.61) has a blowup at some finite time, and
we choose At less than this time. We shall be needing a precise relation between
At and § and must therefore investigate (3.61) further. Solving (3.61) we obtain

I (tn) T.V. (MO)
M(t) - 1— cu (tn) (l — ln) = §—cT.V. (1/[()) At '
So if
At < 0 (3.62)
cT.V. (up)’ .

the method is well defined. Choosing At = §/(2¢T.V. (ug)) will do.
Since u is an exact solution in the strips [¢,,#,+1), we have

Int1

/ (I — k| 0 + g, K)py) dx di

In

[ () = K9 0) = . 12) = K| 9 x.41)) d = 0

Summing these inequalities and setting k = v(y, s), where v is an exact solution of
(3.1), we obtain

N-1
Ar( 20050 2 = Y [ @) (o) = 00725)
n=0
— [u(x, ;=) = v(r.5)| ) dx,

where we use the test function §2(x, y,t,5) = w,,(f —s)w.(x — ). Integrating this
over y and s, and letting &, tend to zero, we get

N—-1
hslgl—l{)lf Ag,e(] (u7 U) = — Xz:o (pe(u(ln +)v U(ln)) - pa(u(tn _)s v(tn))) .

Using this in Kuznetsov’s lemma, and letting ¢9 — 0, we obtain

lu(T) —v(T)l, < [Juo —u||, + 28 T.V. (uo) (3.63)

N-1

+ D (Pety4), v(tn) — pe(ty=), V(1))

n=0

where we have used that lim,,_,o v; (1, &9) = 0, which holds because u is a solution
of the conservation law in each strip [¢,, ,,+1)-
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To obtain a more explicit bound on the difference of ¥ and v, we investigate
Pe(ws * u,v) — p(u, v), where p, is defined by (3.60),

ptu s 0n0) =) = [[f 016 = o) (1utx 452~ 000

|zt

—Jux) = ()| ) dx dy dz

_ %// (@e(x = ) — 0 (x + 82 — ) 0(2)

lz|=1

X (Ju(x +6z) —v(y)| — |u(x) —v(y)]) dxdydz,

which follows after writing [f/ = 1 [/ +3 /J/ and making the substitution x +>
Xx — 8z, z > —z in one of these integrals. Therefore,

1
o w3, 0) = i) < 5 // 0u(y + 82) — w.(7)|

lz|=1

X w(z)|u(x 4+ 8z) —u(x)| dxdydz
< %T.V. (we) T.V. (u) 82

52
< T.V. (ll) ;,

by the triangle inequality and a further substitution y — x — y. Since N = T/At¢,
the last term in (3.63) is less than

2
NT.V. (uo)% < (T.V. (up))* 2ch,

using (3.62). Furthermore, we have that
Huo — ”0”1 < 8T.V. (uyp) .

Letting K = T.V. (up) ¢, we find that
KTs
lu(T) —v(T)|l; <2T.V.(uo) |6+ ¢+ — |’
using (3.63). Minimizing with respect to &, we find that

[u(T) = v(T)||, < 2T.V. (o) (§ + 2K T$). (3.64)

So, we have shown that the smoothing method is of order % in the smoothing coef-
ficient §. <&
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< Example 3.16 (The method of vanishing viscosity)
Another (semi)numerical method for (3.1) is the method of vanishing viscosity.
Here we approximate the solution of (3.1) by the solution of

u + f (), =0uy, >0, (3.65)
using the same initial data. Let u® denote the solution of (3.65). Due to the dissi-
pative term on the right-hand side, the solution of (3.65) remains a classical (twice
differentiable) solution for all # > 0. Furthermore, the solution operator for (3.65)
is TVD. Hence a numerical method for (3.65) will (presumably) not experience the
same difficulties as a numerical method for (3.1). If (1, ¢) is a convex entropy pair,

we have, using the differentiability of the solution, that

() + q)x = 81 W = 8 (N)x — 1" 7).

Multiplying by a nonnegative test function ¢ and integrating by parts, we get

[ e + e axar =5 [ no.g.axa,

where we have used the convexity of 1. Applying this with n = |u5 - u| andg =
F(u®,u), we can bound lim,, o A, ., (4%, u) as follows:

T
- O ul(x,t) —u(y,t
~lim AE’SO(MS,M)SS/// do(x = y) | Aple.t) ZuG O] 4o
£0—0 ox ox
0

T
580///‘3%(5;—”‘

<2T.V. (%) Tg

§
Ju 8(;"”' dx dy dt

8
<2TT.V. (uo) -.
I

Now letting &9 — 0 in (3.57), we obtain

2738

HuS(T) —u(T) ||1 < msin (28 + T) T.V. (ug) = 2T.V. (uyp) JTS.

So the method of vanishing viscosity also has order % <&

<> Example 3.17 (Monotone schemes)
We will here show that monotone schemes converge in L' to the solution of (3.1)
at a rate of (At)'/2. In particular, this applies to the Lax—Friedrichs scheme.

Let ua,; be defined by (3.27), where u}’ is defined by (3.6), that is,

n+1 n n n
Wit =y — A <Fj+1/z - Fj—1/2> ; (3.66)
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where Fj+1/2 =F (u ooul ,>, for a scheme that is assumed to be mono-

j—p’ jt+pr
tone; cf. Definition 3.5. In the following we use the notation

7

nj =

n
ujk

: qyzf(u;vk)—f(u;Ak).
We find that

N—1 N+1/21n41

—Ar(uar. ¢ k) = ZZ[ / (1 h:(x.) + g b (x,5)) ds dx

~1/2 In
Xj+1/2 Xjy1/2
—Z / n?¢(x,0)dx+z / nY ¢(x.T)dx
I xili x5l
N_1 Vit
=—Z[Z / B, tr11) = $(x.1,)) dx
j n=0 S
Xj+1/2 Xj41/2
+ / 70 (x,0) dx — / Y p(x, T) dx
Xj-1/2 Xj-1/2
N—1 Tt
+ /q;(¢(xj+1/275)—¢(Xj—1/2,s)) ds:|
n=0 tn
N— Xj+1/2
=ZZ( - / $(x. ty 1) dx
j n=0
—-1/2

Ing1

+ (47 —4q;-1) / d(xj-1/2,5) ds)

tn
by a summation by parts. Recall that we define the numerical entropy flux by

Ol 1= Fl_, Nk, ool V) — FUul_, Ak, AK).

Monotonicity of the scheme implies, cf. (3.33), that
'77“ M+ MQj 1, — Q1) 0.

For a nonnegative test function ¢ we obtain

N—1 Xj+1/2
Al 6.0 = 303 (M@ p= ) [ bt d
J n=0 .
Xj—1/2

Iny1

+(q] —4qj-1) f P(x;.5) ds)

In
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N— Xj+1/2
= Z Z[ (( j+l/2) - (97—1 - Q}’-1/2>> / d(x,tyy1) dx
jon=0 Xj-1/2
Int1 Xj+1/2
+ @ - [owmp9ds=1 [ oenx)]
In Xj—1/2
Xj+3/2 Xj+1/2
—}jii(gﬁm a) /¢@aﬂm»—/¢@aHMx
Xj+1/2 —1/2
Int1 Xj+1/2
+ (4}1 - ‘1}1_1) (/ d(xj_1/2.8)ds — A / G (X, ty1) dx)}
In Xj—1/2
N— Xj+1/2
2:2:[(Qhﬂz—ﬂ)(/ﬂwx+Am%+o—¢u¢Hon
Jo =0 Xj-1/2
Int1 Xj+1/2
+ (an _qf—l)(/ d)(xj—l/Zss)ds_A / ¢(xstn+l)dx)i|-
In Xj—1/2
We also have that
p/
97 = 00| <1 flip D [a =
m=—p
and
4 =] = 1 M o =
which implies that
N-1 V4
—Aruand k) < [ fllp Y Z[( W — u;?))
j n=0 m=—p
Xj+1/2
[ 10+ Ax ) — gt dx
Xj—1/2
+ |uj — u;?_l)
Int1 Xj+1

<| [ #tsapoas=i [ pena |
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Next, we subtract ¢ (x;_1/2, t,+1) from the integrand in each of the latter two inte-
grals. Since At = AAx, the extra terms cancel, and we obtain

—ArQuard. k) < 11 f i Z%}[( i s =) (3.67)
i n=0

m=—p

Xj+1/2
[ 66+ Ax ) = 9t dx
Xj-1/2
In41
+ |u;_u;‘l—l\(/|¢(xj—1/Zst)_¢(xj—1/21tn+1)| dt

In
Xj+1/2

+4 / | (x, tus1) — P (xj—1/2, Lus1)| dx):|.
Xj—1/2

Let v = v(y,s) denote the unique entropy solution of (3.1), and let k = v(y, s).
Then

T
_Aao.a(u’v) = - AT (u’v(y’s)’a)é‘o(' _S)a)é‘(' —X)) dy ds.
/]

Thus to estimate —A,, (1, v) we must integrate the terms on the right-hand side of
(3.67) in (y, s). To this end,

T Xj+1/2
// / ey (a1 — ) 065 + Ax — y) — wp(x — )| dx dy ds
0 R Xxj_iy2
Xj+1/2
- / / j0:(x + Ax — ) — @, (x — y)| dx dy
R xj_12

< Ax? lwe| gy
2Ax?

=
e

Recalling that A = At/Ax, we get

r N—1 V4
[ [171 EX[( 5 it
0 R j n=0 m=—p
Xj+1/2
x A / [p(x + Ax,tyy1) — P (x, ty1)| dx dy ds
Xj—1/2
N-1 )
1 / / n n 2AXx
= ||f||Lip§(P(P —-D+p(p'-1) ZZ uf —uj_l) ; A
n=0 j
A
= CTTX- (3.68)
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‘We also have that

In+1

T
/ / / 0e(Xj172 = ) |0 — ) — ey (tns1 —9)| di dy ds
0 R &

T thy1
=//|a)€0(t—s)—w80(tn+1—s)| dt ds

0 I

i1 lny1 T
< /’a)go(r—s)| dsdrdt

ot 0

C At?
< .

€0

Therefore,

T N1
O/R/ufnupjzg

Ing1

M? — u;’_l‘ / M)(Xj_l/z,l) — ¢(Xj_1/2,ln+1)| dt dy ds

tn

N-1 2
CAt
< i 2 [ = 30
j n=0
At
<CT—. (3.69)
€0
Similarly,
T Int1
// /a),go(t,,ﬂ—s)\ws(x—y)—a)e(xj_l/z—y)| dxdyds
0 R 1
i1 X
<[ [ [lwic-nidvazax
Iy Xj—1/2 R
CAxAt
< bl
.
and therefore
N—1 T Xj+1/2
XX [ [ =i [ o6t =605 0] dxavs
Jon=0p g Xj—1/2
e C AxAt
= 1 lhip 20 D g =l |2 .
j n=0
At
<CT—. (3.70)

€0
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Collecting the estimates (3.68)—(3.70), we obtain

Ax At) ’ 3.71)

_Aé‘(].é‘(us v) E CT (_ + -
& &0

where the constant C depends only on f, F, and |ug|z,. Regarding the term
v(u, &), we have that ¢ > u,(x, -) is “almost” L' Lipschitz continuous, so

v(Uuas, &0) < C (max {g9, At} + At).

The entropy solution v is of uniformly bounded variation in x for each 7. Therefore,
we conclude that

luarC-, T) = v Tl < fluac(-,0) = vol;

At A
+CT(max{80,At}+gO+g+__|__x).
€0 &

Choosing

Xj+1/2

Ui = A vo(y) dy,

Xj—1/2

(=]

we have that ||ua,(-,0) — vol|; < Ax |vg|gy. Then we can choose ¢ = +/ Ax and
g9 = ~/ At to find that

lua: (-, T)—v(-, T, < C~VAL, (3.72)
where C depends on 7', |vg|gy, f,and F. &

If one uses Kuznetsov’s lemma to estimate the error of a scheme, one must
estimate the modulus of continuity v, (4, g9) and the term A,,, (u,v). In other
words, one must obtain regularity estimates on the approximation u. Therefore,
this approach gives a posteriori error estimates, and perhaps the proper use for this
approach should be in adaptive methods, in which it would provide error control
and govern mesh refinement. However, despite this weakness, Kuznetsov’s theory
is still actively used.

3.4 A Priori Error Estimates

We shall now describe an application of a variation of Kuznetsov’s approach in
which we obtain an error estimate for the method of vanishing viscosity without
using the regularity properties of the viscous approximation. Of course, this appli-
cation only motivates the approach, since regularity of the solutions of parabolic
equations is not difficult to obtain elsewhere. Nevertheless, it is interesting in its
own right, since many difference methods have (3.73) as their model equation. We
first state the result.
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Theorem 3.18 Let v(x,t) be a solution of (3.1) with initial value vy, and let u
solve the equation

u, + f(u)x = (S(M)ux)x ’ M(X,O) = uo()C), (373)

in the classical sense, with §(u) > 0. Then

[u(T) = (D)l ry = 2ll10 = voll1wy + 4T-V. (v0) v8T|S]],,.

where
I8, = sup 8 (w(x—.1), v(x+.1))
tel0,7T]
xeR
and

b
§(a,b) = ﬁ/&(c) de.

This result is not surprising, and in some sense is weaker than the correspond-
ing result found using Kuznetsov’s lemma. The new element here is that the proof
does not rely on any smoothness properties of the function u, and is therefore also
considerably more complicated than the proof using Kuznetsov’s lemma.

Proof The proof consists in choosing new A’s, and using a special form of the test
function ¢. Let @™ be defined as

1
5 for|x| <1,
w®(x) =42 el =

0 otherwise.

We will consider a family of smooth functions @ such that o — @*°. To keep the

notation simple we will not add another parameter to the functions w, but rather
write @ — »® when we approach the limit. Let

<p(x,y,t,s) = a)e(x - y)wso(t _S)
with w, (x) = (1/a) w(x /@) as usual. In this notation,

1/(2e) for|x| <e,

w”(x) =
¢ 0 otherwise.

In the following we will use the entropy pair

n(.k) =[u—k| and g(u k) =sign(@u —k)(f(u)— f(k))
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and except where explicitly stated, we always let u = u(y, s) and v = v(x,¢). Let
ne(u, k) and g, (u, k) be smooth approximations to 1 and ¢ such that

Te() = 1(s) as0 >0, go(u.k) = / 0z —K)(f(2) — f(K)) dz.

For a test function ¢ define

T
A%, k) = / / W, = k) (g + ), = (o), ) @ dy ds
0

(which is clearly zero because of (3.73)) and

T
AL, (u,v) = //A‘}(u,v(x,t))dxdt.
0

Note that since u satisfies (3.73), A7 = 0 for every v. We now split A7, into two
parts. Writing (cf. (2.15))

(us+ S ()x — (BQuy), ), (u — k)
= n(u —k)s + (S @) — f(k)n, (u — k)uy — ($)uy)ym, (u — k)
= 1o (U — k)5 + qo (u, k) uty — (8(u)uy), 1), (u — k)
= 0o (U — )y + qo (u, k), — S0 (u — K)y)y + 1 (u — k)S(u) ()
= 0o (u — k)y + (qo (u. k) = )15 (u — k)y)y + 0" (u — k)8 () (uy),

we may introduce

AS(u,v) = /T//T/n;;(u—v)a’(u) (u,)’ ¢ dy ds dx dt,
0 0

T T
A36.0) = [ [ [ [ (mte =)+ (@0 0) = s60m e =), ) o v ds dx
0 0

such that AZ, = A] + Af. Note that if §(x) > 0, we always have A] > 0, and

£,80
hence A§ < 0. Then we have that

Ay :=limsup AJ < 0.

o—0
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To estimate A,, we integrate by parts:

T T
Ax(u.v) = (=110t = V)5 — qQu.V)py + V(. v)gy,) dy ds dx di
fjif

+/T// nw(T) —v)g|s=r dy dx dt —/T// Nt — v)pls—o dy dx dt
0 0

B /T//T/ (1 = V)i + Fu,v)gx = V(u, v)gyy) dy ds dx di
0" 0

A T
+0/// ﬂ(u(T)—v)<P|s=Tdydxdt—0/// n(ug — v)@|s—o dy dx dt,

V(u,v) = /S(S)n’(s —v)ds.

where

Now define (the “dual of A,”)

AS = —/T//T/ (n(u —v)@, + q(u, v)gx — V(u,v)¢y,) dy ds dx dt
0" 0

—/T// nu—v(T))e )ZZ dxdyds.
0

Then we can write

Ao =45+ /T | ) =)l dy axar
0

o
- /T // (o — V)¢)ls—o dy dx di
: ;
+/T// (n(u—v(T))ga)hZT dxdyds
: ;
- /T // (1t — v0)@)le—o dx dy dis
:
s

= —A; + .
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We will need later that

D= A+ A, < AL (3.74)
Let
t
§2:,(t) = /a)go(s) ds
0
and

) = ) = vl = [ ntutr.n) = vix.) d.
To continue estimating, we need the following proposition.

Proposition 3.19
T T

P = $2,(T)e(T) — $25,(T)e(0) + /wso(T —n)e(r) dt —/wso(t)e(t)dt
0 0
- 4‘980(T) (80||f||Lip + 8) T.V. (vo) .

Proof (of Proposition 3.19) We start by estimating @;. First note that

nu(y,T)—v(x, 1) = u(y,T) —v(x,1)]
> u(y, T)—v(y,T)|
— . T)—v(y,0)| = [v(y,1) —v(x,1)]
nu(y,T)—v(y,T))
— . T)—v(y,0)| —[v(y,1) —v(x,1)|.

Thus

® > /T | 101y = v Tl dy ax s
0

—/T//|v<y,r>—v(y,r>|<p|sﬂ dy dx di
0

—/T//|v(y,l)—v(x,t)|(p|s=7dydxdl
0

> §2¢,(T)e(T) — 2¢,(T) (g0l f llLip + &) T.V. (vo) .

Here we have used that v is an exact solution. The estimate for @, is similar, yield-
ing

@y > —£2:,(T)e(0) — 2:(T) (eoll f llip + &) T.V. (vo) -
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To estimate @3 we proceed in the same manner:

nw(y,s) —v(x, T)) = nu(y,s) —v(y,s)) — [v(y.s) —v(x,s)]
—|v(x,s) —v(x,T)|.

This gives

T

Py > / ey (T = 1)e(t) dt — 22y (T) (eoll flip + &) T-V. (v0)
0

while by the same reasoning, the estimate for @, reads

T

Dy > — / we, (e (t) dt — 2.,(T) (Il f lipgo + €) T.V. (vo) .
0

The proof of Proposition 3.19 is complete. a
To proceed further, we shall need the following Gronwall-type lemma:

Lemma 3.20 Let 0 be a nonnegative function that satisfies

T T

22(0)6() +/ *(x —1)0(1) di < C 22(x) +/w§;(;)9(z)dz, (3.75)

0 0

forall t € [0, T] and some constant C. Then
0(r) <2C.
Proof (of Lemma 3.20) 1f T < &g, then for ¢ € [0,7], o (1) = o (v —1) =

1/(2¢&¢). In this case (3.75) immediately simplifies to 6(¢) < < C.
For t > ¢y, we can write (3.75) as

f(r)y<C + 5 / () — o (t —1)) 0(1)dt.

()

Fort € [0, &9] we have 0(¢) < C, and this implies

R m()/ w(1) ~ o (@~ 1) dr | <2C.

This concludes the proof of the lemma. O
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Now we can continue the estimate of e(7').

Proposition 3.21 We have that

AX(u,v
e(T) <2e(0) + 8 (s + &l fllLip) T-V. (vo) + 2 lim wp—lg—l
=0 o] $2e50 (1)

Proof (of Proposition 3.21) Starting with the inequality (3.74), using the estimate
for @ from Proposition 3.19, we have, after passing to the limit @ — @, that

L T
25 (Te(T) + /w;’g’(T—t)e(t)dt < 22°(1)e(0) + /w;’g’(t)e(t)dt
0 0
+4822(1) (e + &0l £ llLip) T-V. (vo)

. A3 (u,v)
+ 22(T) lim  sup —2—>.
00 Tese® o) $25(1)

We apply Lemma 3.20 with

. A3 (u, v)
C =4(s+eoll fllLip) T.V. (vo) + lim_ sup —=——= 4 ¢(0)
W= epo.7) $25°(F)
to complete the proof. a
To finish the proof of the theorem, it remains only to estimate
. A3 (u,v)
im  sup ———.
=0 o) $2(1)
We will use the following inequality:
vt
V(u,vt) =V (u,v- 1
( ) ( ) < / 8(s) ds. (3.76)
vt —v~ vt —v=J

v

Since v is an entropy solution to (3.1), we have that

T T
Aj < —//// V(u,v)py, dy ds dx dt. (3.77)
00

Since v is of bounded variation, it suffices to study the case that v is differentiable
except on a countable number of curves x = x(¢). We shall bound A3 in the case
that we have one such curve; the generalization to more than one is straightforward.
Integrating (3.77) by parts, we obtain

T
MS//W&ﬂ@w, (3.78)
0
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where ¥ is given by

T x()
Y(y,s) = ( V(u,v)y vypy dx
[
V o0
+ % [v] @y lx=x() +/ V(u,v), vy dx) dr.

x(1)

As before, [a] denotes the jump in a, i.e., [a] = a(x(¢)+,t) — a(x(¢)—, ). Using
(3.76), we obtain

T x(t)

wol =h8ll [ ([ oo dx
0

—00

(3.79)

+ |[[U]“ i(/]y|x=x(t)| +/ |Ux| |(/7yi dx) dt.
x(1)

Let D be given by

T

D(x,t) =//’g0y’ dy ds.

0

A simple calculation shows that

&

T T
.=+ [oyt-9ds [0l dy =2 [o,6-5ds
0 0

Consequently,

T | T T
/supD(x,t)dt < E//wao(t—s)dsdt
o 0 0

T

2
=2 [ = ne.0d
0

_rem
&

Inserting this in (3.79), and the result in (3.78), we find that

2
A, v.T) < ST TV (o) 8], 2(T).
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Summing up, we have now shown that

4
e(T) < 2e(0) + 8 (¢ + &oll f lLip) T.V. (vo) + JTTV. (vo) 181,
We can set g to zero, and minimize over &, obtaining

[e(T) = v(T) |1 = 2[luo = vollpr + 4T.V. (vo) v8T[|5]l,,.
The theorem is proved. |

The main idea behind this approach to getting a priori error estimates is to choose
the “Kuznetsov-type” form A, ., such that

Agey(u,v) =0

for every function v, and then write A, ., as the sum of a nonnegative and a nonpos-
itive part. Given a numerical scheme, the task is then to prove a discrete analogue
of the previous theorem.

3.5 Measure-Valued Solutions

You try so hard, but you don’t understand . . .
— Bob Dylan, Ballad of a Thin Man (1965)

Monotone methods are at most first-order accurate. Consequently, one must work
harder to show that higher-order methods converge to the entropy solution. While
this is possible in one space dimension, i.e., in the above setting, it is much more dif-
ficult in several space dimensions. One useful tool to aid the analysis of higher-order
methods is the concept of measure-valued solutions. This is a rather complicated
concept, which requires a solid background in analysis beyond this book. There-
fore, the presentation in this section is brief, and is intended to give the reader a first
flavor, and an idea of what this method can accomplish.

The Young Measure

Consider a sequence {u,}, that is uniformly bounded in L*°(R x [0, 00)). This
is typically the result of a numerical method, where one has L*> bounds, but no
uniform bounds on the total variation. Passing to a subsequence, we can still infer
that the weak-star limit

Uy — U,

exists, which means that for all ¢ € L'(R x [0, 00)),

//u,,godxdt —>//u<pdxdt,
2 2
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with 2 = R X [0, 00). In order to show that the limit u is a weak solution to the
conservation law, we must study

// (unpr + f(un)py) dx dt.
Q

The first term in this equation has a limit ff u@; dx dt, but the second term is more
complicated, as the next example shows.

<> Example 3.22
Let u, = sin(nx) and f(u) = u?, and ¢ a smooth function in L'(R). Then

C
< — —>0asn — oo.
n

‘/sin(nx)fp(x) dx

< % '/cos(nx)go’(x) dx

On the other hand, f(u,) = sin*(nx) = (1 — cos(2nx))/2, and hence a similar
estimate shows that

=

C
— —>0asn — 0.
n

[ = Soeras

Thus we conclude that
* * 1
wy 0. flu) > 5 #0= /(). o

The Young measure is one method for studying the weak limits of nonlinear
functions of a weak-star convergent sequence.
In order to define it, we first define the function
1 0<A<u,
xAu)=q-1 u<1<0, (3.80)

0 otherwise.

It is easily verified that for every differentiable function f,

[ rrooxanar= s~ 10, (3381)
Furthermore, let g(14) be a function such that
u=[enar  sene@) = lgl <1 (3:82)
R
Define m(A) by
A

m(i) = / (1(6.u) — g(£)) dE.

—00
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Then lim)_, _, m(A) = 0, and

Jim m(}) = /x(s,w—g@)ds:u—u ~ 0.

Furthermore, by (3.82), we have that m is nondecreasing in the interval (—oo, u)
and nonincreasing in the interval (u, c0). Hence m(A) is nonnegative. For every
twice differentiable convex function S(A) we have

/ S'(0) (zeu) — g(A) di = — / S"(Mm(3) di <0.
R R

Thus, for a strictly convex function S, the function y (-, ) is the unique minimizer
of the problem: Find g € L'(R) such that (3.82) holds and

/ S'Mgh)da is minimized. (3.83)
R

If {un},ey C L*°(82) is uniformly bounded, then {y(-,u,)},cny C LR x £2)
is also uniformly bounded. Thus it has (modulo subsequences) a weak-star limit,
which we call f(A, x,t). The next lemma gives some properties of this limit.

Lemma 3.23 Let f(A, x,t) denote the weak-star limit of y(A,u,). Then f is in
L*®(R x £2) and satisfies

ff(k,x,t)dk = u(x,1) (3.84)
R
for almost all (x,t). Furthermore,
|f(A,x,t)| =sign(A) f(A,x,1), (3.85)
a
g/ x. 1) =8() —van (). (3.86)

where §(A) is the Dirac measure, and vy ;)(A) is a nonnegative measure in (A, x,t)
such that

/V(X,,)(A) dAr =1 (3.87)

R

for almost all (x,t).

Remark 3.24 The derivative in (3.86) is to be interpreted in the distributional sense,
i.e., (3.86) means that

d
—/f(k,x,t)go/()t)d)t:/ﬁf(k,x,t)w(k)dk
R R

= / (60 = v () (1) dA,

R
for all ¢ € Cj°(R).
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Proof The first equality, (3.84) follows from the observation

un(x,l):/)((k,un(x,t))dk.

R

To prove (3.85) we choose a test function of the form ¢(x, #)1 (1), where the ¥ has
support in (0, co) and ¢ > 0. By definition of the weak-star limit,

///f(A,x,t)lﬁ()L)<p(x,t)d)tdxdt
2 R
= lim XA u, (e, NV V)e(x,t)dArdx dt = 0.
I

Thus f > 0 for A > 0, and one similarly shows that f <0if A <0.
To prove (3.86), by Remark 3.24 we have that for all test functions ¢ (A, x, t),

///%X(A,u,,)go(k,x,l)dkdxdt
2 R

:—///X(k,un)%go(l,x,l)dldxdt
2 R

:// (0(0,x,1) — p(uy, x,1)) dx dt
2

:///(8(A)<p(k,x,t)—5un(k)g0(k,x,l)) d)dx dt,
2 R

where §,,, is the Dirac mass centered at u,,. Thus we define

l)n,(x.t)(k) = Sun (A),

so that

0
X Aun(x. 1)) = 8() = v ey (A).

The measure v, (. ;) is a probability measure in the first variable, in the sense that it
is nonnegative and has unit total mass. Thus we have that there exists a nonnegative
measure v, ;) such that

/ ety DY (R) dA - / V) van (A dA,
R

R

for all continuous functions ¥ . In order to conclude, we must prove (3.87). Choose
a test function of the form v (1)@(x, 1), where ¥ has compact support and ¥ = 1
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for [A| < ||un| - Then

0=—///)(()L,u,,)W’(A)¢(x,t)dAdxdt
2 R

_ é/(1 —R/u,,,(x,,)(x)dx)w(x,t) dx d1
ﬁé/(l—R/v(x,t)()t)d)t)go(x,t)dx dt asn — oo.

Thus (3.87) holds. O

* .
If now u,, — u in L*°, then we have

u,,(x,t):/)(()t,u,,(x,t))d)t—>/f()k,x,t)d)k = u(x,1).
R

R

Similarly, for every function S(u) with S’ bounded and S(0) = 0,

S(uy) = / S W) (st d2. = / SV en(A) dA.

R R

Therefore, if S(x, r) denotes the weak-star limit of S (u,), then

S(x,t) = / S'A) f,x,t)dA = / S )ven(A) dA. (3.88)

R R

The limit measure v(y ;) is called the Young measure associated with the sequence
{u,}. If S is strictly convex, then using (3.83), we obtain

S(x,1) = /S’(x)f(x,x,z)dx < /S’(A)X(A,u)dk = S(u),

R R

with equality if and only if f(A,x,7) = y(A,u(x,?)). Hence, u,, — u strongly, if
and only if v ) (A) = 8, (R).
We have proved the following theorem:

Theorem 3.25 (Young’s theorem) Let {u,} be a sequence of functions from §2 =
R x [0, 00) with values in [—K, K]. Then there exists a family of probability mea-
sures {v(x.t)()t)} (r)e2 depending weak-star measurably on (x,t), such that for
every continuously differentiable function S:[—K, K] — R with S’ bounded and
S(0) = 0, we have

S(uy) L Sin L>®(2) asn — oo,
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where
S(x,t) = / S(A)dvi () fora.e. (x,t) € L2,
R

and where the exceptional set possibly depends on S. Furthermore,
supp vy C [—K, K] fora.e. (x,t) € £2.

We also have that u, — u strongly in L] (2) if and only if vy (X)) = Sueny(A).

loc

< Example 3.26
Let us compute the Young measure associated with the sequence {sin(nx)}. In this
case the weak limit of y (A, sin(nx)) will be independent of x. If A > 0, then

b

/)(()k, sin(nx))dx =

a

meas {x € [a,b] | sin(nx) > A}
b—a ’

and similarly, if A < 0, then

b

/)(()k, sin(nx))dx =

a

_ meas {x € [a,b]|sin(nx) < A}
b—a ’

We have y (A, sin(nx)) A f (1), where

2(Z—sin"'(d))  0<A<I,
) =5-1-2G +sin”'(}) -1=2=0,

0 otherwise.

This can be rewritten |

1

709 = 1 (gsien ) = 1sin” ')
b/

Thus from (3.86),

1
'(A) =8(A) —ve(A) = 8() — x1.(V) ——.
f () =8(R) —ve(A) ()X[l,l]()nm

and we see that

X1y (*)
() = A
B e ¢

Theorem 3.25 is indeed the main reason why measure-valued solutions are easier
to obtain than weak solutions, since for every bounded sequence of approximations
to a solution of a conservation law we can associate (at least) one probability mea-
sure v, ;) representing the weak-star limits of the sequence. Thus we avoid having
to show that the method is TVD stable and use Helly’s theorem to be able to work
with the limit of the sequence. The measures associated with weakly convergent
sequences are frequently called Young measures.
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Intuitively, when we are in the situation that we have no knowledge of eventual
oscillations in u, as ¢ — 0, the Young measure v, ;)(E) can be thought of as the
probability that the “limit” at the point (x, ¢) takes a value in the set E. To be a bit
more precise, define

(A t)(E) meas{(y s) | [x=y|,lt—s]| <r and wu.(y,s)e E}

Then for small r, v(r 9 (E) is the probability that u® takes values in E near x. It can
be shown that

o =l

see [10].

Measure-Valued Solutions

Now we can define measure-valued solutions. We use the notation
G- 8) = [ 8 ).
R

A probability measure v, ;) is a measure-valued solution to (3.1) if

(V(x.t)’ld)t + (V(x,t)’ f))b =0

in the distributional sense, where Id is the identity map, Id(1) = A. As with weak
solutions, we call a measure-valued solution compatible with the entropy pair (7, ¢)
(recall that ¢’ = ' f7) if

(v m), + {ven.q), <0 (3.89)

in the distributional sense. If (3.89) holds for all convex 7, we call v(, ;) a measure-
valued entropy solution. Clearly, weak entropy solutions are also measure-valued
solutions, as we can see by setting

Vix,p) = Su(x.t)

for a weak entropy solution u. But measure-valued solutions are more general than
weak solutions, since for every two measure-valued solutions vy ;) and pi( s and
6 € [0, 1], the convex combination

OV + (1 =) (3.90)

is also a measure-valued solution. It is not clear, however, what are the initial
data satisfied by the measure-valued solution defined by (3.90). We would like our
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measure-valued solutions initially to be Dirac masses, i.€., V(x0) = 8uy(x). Con-
cretely, we shall assume the following:

T 4

1

1T1r¢r01T / / (v, [1d —ug(x)|) dx dt = 0 3.91)
0 -4

for every A. For every Young measure v, ;) we have the following lemma.

Lemma 3.27 Let v(, ;) be a Young measure with supp v(, ;) C [—K, K], and let w,
be a standard mollifier in x and t. Then:

(i) there exists a Young measure vfx.t) defined by
<v(€x,t)’ g> = (V(x.t), g) * W

(3.92)
= // we(x — Y)we(t — 5) (V5. &) dy ds.

(i) Forall (x,t) € R x [0, T] there exist bounded measures 0, "'fx.z) and 0; vfxit),
defined by ' '

(0:9csy-8) = 01 (v 8).

(8); V(EXJ)y g> == ax <V(8XJ)7 g> .

Proof Clearly, the right-hand side of (3.92) is a bounded linear functional on
Co(R), the set of compactly supported continuous functions, and hence the
Riesz representation theorem guarantees the existence of v¢ . To show that
||V(£x,z)||M(R) = 1, where M(R) is the set of all Radon measures, we let {V,}
be a sequence of test functions such that

(3.93)

(viery. ¥u) > 1, asn — oo.
Then for all 1 > « > 0 we can find an N such that

(V(x,t)v wn) > 1 — K,

for n > N. Thus, for such n,
<V(EX’[)7 ¢n> Z 1 —K,

and therefore [[v(, | m®) > 1. The opposite inequality is immediate, since

(600 ¥)] = [0 v)

for all test functions . Therefore, v(gx.t) is a probability measure. Similarly, the
existence of axug” ) and d ,vfxqt) follows by the Riesz representation theorem. Since
V(x,ry is bounded, the boundedness of 3«%”(8,”) and 8,1)(6)(’[) follows for each fixed
e> 0. O

Now that we have established the existence of the “smooth approximation” to
a Young measure, we can use this to prove the following lemma.
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Lemma 3.28 Assume that f is a Lipschitz continuous function and that vy ;(A)
and o(x 1 (0) are measure-valued solutions with support in [—K, K|. Then

3 (Vi) ® 0y [A — i) 4 35 (Vi) ® 0y g (A, 1)) <0, (3.94)
in the distributional sense, where
q(A, ) =sign(A — ) (f(A) = f(n).
and v(x 1y ® 0(x 1) denotes the product measure dvy ndo( ; on R x R.

Proof If v(sm) and o, are defined by (3.92), and ¢ € Cs°(R x [0,T7]), then we

have that

/[ (Vs 8) 3y (¢ % @,) dx dt = // <v(€”), g> 3, dx dt

Rx[0,T] Rx[0,7]

=— // <8tv(£x.t), g>g0 dxdt,

Rx[0.T]
and similarly,
[ bengocwronavac=— [ (i, 6)paxar
Rx[0,7] Rx[0,T]

and analogous identities also hold for oy, ;). Therefore,

(0006000012 = pl) + (.05, 4 O ) < 0 (3.95)

(00007012 = ul) + (820000 p) < 0. (396)

Next, we observe that for every continuous function g,

9 <v(£-x.t) ® (,(qut),g()t,,u)> B /8; (ﬂ!g(ku)dv(gx.t)(k) Ao (1)
R

+ / 9, (m/g(l,u) do( (1) | dvi,,(A)

R
= <8tvfx,t)’ g()h M)> do—(ax.t)(l‘l“)
R
+/<at‘7(€x.t)’g()"ﬂ)> dviy (4),

R
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and an analogous equality holds for

0 <v(€x,t) ® 01 84, M)> ’

Therefore, we find that

// [{vir) @02 1= l) e + (vl ) @02, 000 ) @(.1) | dx e

Rx[0,T]
__ // ( / (0052012 — l) + (02 g1 ) do (1)) dix di
Rx[0.7] R
_ // ( / (0,02 12 = 1l) + (0202, a3 ) AVl (3)) @ dx dt
) Oﬂjax[o,r] R

for every nonnegative test function ¢. Now we would like to conclude the proof by
sending &) and ¢, to zero. Consider the second term:

JE62 — // <V(E;,z) ®O-(£)?.t)’q(k’ﬂ)>¢"(x’l) dx dt
Rx[0,T]

e

Rx[0,T]
X W, (X — y)we, (t —$)px(x,t)dy dsdx dt.

Since

/ // <o§;,,), q(r, u)) V() @e, (X — V), (t — )@ (x, 1) dy ds
= [ (oG] vt < o0

for almost all (x,¢) as &g — 0, we can use the Lebesgue dominated convergence
theorem to conclude that

lim 759% = // (wx.t) ® afﬁ,mq(k,u))%(x,t) dxdt.

&1—>0
Rx[0,7T]

We can apply this argument once more for ¢,, obtaining

lim lim /%% = // (Vi) ® 0y, (A, ) px(x. 1) dx dt. (3.97)

e—>0e1—0
Rx[0,T]
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Similarly, we obtain

lim lim // <v(8)‘c’t) ® 0 |A = /L|>(p,(x, t)dx dt

g—>0¢e;—0
Rx[0,7]
(3.98)
= // (U(x.t)®U(XJ),M—/L|)(/),()€,Z)dxdl.
Rx[0,7]
This concludes the proof of the lemma. O

Let {u.} and {v,} be the sequences associated with v(, ; and oy, ), respectively,
and assume that for ¢t < T, the support of u.(-,?) and v.(-,?) is contained in
a finite interval /. Then both u,(-,#) and v, (-, ) are in L' (R) uniformly in &. This
means that both

(Voo [A]) and (o, [A])

are in L'(R) for almost all ¢. Using this observation and the preceding lemma,
Lemma 3.28, we can continue. Define a smooth approximation to the characteristic
function of [, £;] by

t

¢:(1) = / (w:(s — 1) — we(s — 1)) ds,

0

where 1, > t; > 0 and w, is the usual mollifier. Also define

1 for |x| < n,
¥a(x) = §2(1—x/(@2n)) forn < |x| < 2n,
0 otherwise,

and set ¥, = ¥, * w:(x). Hence

o(x,1) = Pe(D)Yen(x)

is an admissible test function. Furthermore, \1//;"| < 1/n, and ¢.(¢) tends to the
characteristic function of the interval [¢1, #;] as ¢ — 0. Therefore,

—lim // [(v(x,;) ® O(x.1) A — M|)‘Pt

e—0
Rx[0,T]

+ (V) ® 0(x). g (A, M))%—] dxdt <0.

Set

A1) = [ (V) ® Oey | — ) Y () v,
R
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: § ;t jé Z : Using this definition, we find that

15}
Ap(ty) — Ap(ty) < //(V(X,t) ® O(xa). |A — pl) 1W,, (x)| dx dt. (3.99)

The right-hand side of this is bounded by

1 i (e P sy + Nt b)) = O

as n — 00. Since v, ;) and o(, ;) are probability measures, for almost all 7, the set

X | (v 1) # 1and o). 1) # 1

has zero Lebesgue measure. Therefore, for almost all ¢,

An(0) < / (Vey ® Ogeare |2 — wo(¥)] + 1t — ()]} dx

R
= [ G 2= o)l i + [ (ot 11 = wa(])
R R

Integrating (3.99) with respect to #; from O to T, then dividing by 7" and sending T
to 0, using (3.91), and finally sending n — oo, we find that

// A —p| dveyydony =0, for(x,t) ¢ E, (3.100)
RxR

where the Lebesgue measure of the (exceptional) set E is zero. Suppose now that
for (x,1) ¢ E thereis a A in the support of v(, ;) and a ji in the support of o, ;) and
A # ji. Then we can find positive functions g and 4 such that

0<g=<I1, 0=<h<l,

and
A € supp(g), v € supp(h), supp(g) Nsupp(h) = 9.
Furthermore,
(vien). &) >0 and (oG, h) > 0.
Thus

0< ff gh() dvess) does,

RxR
A
g( ) (“)‘//M ] dvies doisy = 0.

RxR

< sup

This contradiction shows that both v(, ;) and o, are unit point measures with
support at a common point. Precisely, we have proved the following theorem:
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Theorem 3.29 Let uy € L'(R) N L®(R).

(i) Suppose that vy ;) is a measure-valued entropy solution to the conservation
law

u,+ f(u)y =0
such that v, satisfies the initial condition (3.91), and that (v ;. |A|) is in
L>([0, T); L'(R)). Then there exists a function u € L°([0,T]; L'(R)) N
L*®(R x [0, T]) such that

Vx.r) = Ou(x), Sfor almost all (x,1).

(ii) Assume that o(y ) is (another) measure-valued entropy solution satisfying the
same regularity assumptions as vy ;). Then

Vixs) = O(cs) = Su(xp), Jfor almostall (x,t).
In order to avoid checking (3.91) directly, we can use the following lemma.

Lemma 3.30 Let v(, ;) be a probability measure, and assume that for all test func-
tions ¢(x) we have

lim l//(1)(“),Id)<p(x) dxdt = /uo(x)q)(x) dx, (3.101)
0

=0t T

and that for all nonnegative ¢(x) and for at least one strictly convex continuous
function n,

=0+ T

1 T
lim sup — (viery. m)@(x) dxdt < | n(uo(x)) p(x) dx. (3.102)
i /

Then (3.91) holds.

Proof We shall prove

A
lim l//(v(m),(Id—uo(x))+)dxdt:0, (3.103)

from which the desired result will follow from (3.101) and the identity

A —uo(x)| = 2(A — uo(x)) " — (A — up(x)),

where a™ = max{a, 0} denotes the positive part of a. To get started, we write 7/,
for the right-hand derivative of 7. It exists by virtue of the convexity of 1; moreover,

nA) = n) + 1. (A —y)
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for all A. Whenever ¢ > 0, write

)= 10 +&) —nly)

{(y.e =7 (y).

Since 7 is strictly convex, {(y, €) > 0, and this quantity is an increasing function of
. In particular, if A > y 4+ ¢, then {(y,A — y) > {(y,¢), or

nA) > () + 1. (MA =) + &y, e)(A —y).

In every case, then,

n() > 1(y) + 0L (MA = y) + (. (A - " —e). (3.104)

On the other hand, whenever y < A < y + ¢, then {(y,A — y) > &(y,¢), so

nA) <n(y) +n.(MA —y) +ei(y.e) (y=A<y+o. (3.105)

Let us now assume that ¢ > 0 is such that
e(x) £0=y <up(x) <y-+e. (3.106)

We use (3.104) on the left-hand side and (3.105) on the right-hand side of (3.102),
and get

1 T
limsup — / / (Ve [n() + 7 (»)Ad —y)
0 R

=0+ T
+ ¢ e)(Ad—y)" —¢)])e(x) dx dt
< / [00) + 1, () ((xo) — ) + ££(7. £)]p(x) dix.

R

Here, thanks to (3.101) and the fact that v(, ;) is a probability measure, all the terms
not involving ¢(y, €) cancel, and then we can divide by ¢(y, ¢) # 0 to arrive at

lim sup l//(v(x,,),(Id—y)Jr)fp(x) dxdt < 28/<p(x) dx.
0 R

=0+ T
R

Now, remembering (3.106), we see that whenever ¢(x) # 0 we have (A — y)* <
(A —ug(x))™ + &, so the above implies

. 1 .
limsup — (s (Id=uo(x)) Ne(x)dx dt <3e | ¢(x)dx
0/11!. /

=0+ T
R

whenever (3.106) holds.
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It remains only to divide up the common support [—M, M] of all the measures
V(x,), Writing y; = —M +iefori =0,1,...,N — 1, where ¢ = 2M/N . Let ¢;
be the characteristic function of [—A4, A] N ug Y([vi.yi + ¢€)), and add together the
above inequalities, one for each 7, to arrive at

T A A
1
limsup — / /(v(”), (I1d —uo(x))+)<p(x) dxdt < 3€/<p(x) dx.
T—> T
o 0 -4 —A
Since ¢ can be made arbitrarily small, (3.103) follows, and the proof is complete.
O
Remark 3.31 We cannot conclude that?
1
111(1)1Jr ?//O)(x,t)s [1d —uo(x)|) dx dt =0 (3.107)
0 R

from the present assumptions. Here is an example to show this.

Let v(x ) = My(xs), Where g = %(8_,3 +8p) and y is a continuous, nonnegative
function with y(x,0) = 0. Let ug(x) = 0 and n(y) = y>.

Then (3.101) holds trivially, and (3.102) becomes

1 T
lim sup —//)/(x,t)zfp(x)dxdt =0,
0 R

=0+ T

which is also true due to the stated assumptions on y.
The desired conclusion (3.107), however, is now

=0+ T

1 T
lim sup —//)/(x,t)dxdt =0.
0 R
But the simple choice

y(x,1) = te" @’

yields

1
lim sup —//y(x,t) dxdt = Jr.
=04+ T
0 R
We shall now describe a framework that allows one to prove convergence of
a sequence of approximations without proving that the method is TV stable. Un-
fortunately, the application of this method to concrete examples, while not very

3 Where the integral over the compact interval [—A, A] in (3.91) has been replaced by an integral
over the entire real line.
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difficult, involves quite large calculations, and will be omitted here. Readers are
encouraged to try their hands at it themselves.

We give one application of these concepts. The setting is as follows. Let u” be
computed from a conservative and consistent scheme, and assume uniform bound-
edness of u”. Young’s theorem states that there exists a family of probability mea-

sures V(v such that g(u") A (v(x.r), &) for Lipschitz continuous functions g. We
assume that the CFL condition, A sup,, | f/(#)| < 1, is satisfied. The next theorem
states conditions, strictly weaker than TVD, for which we prove that the limit mea-
sure V(y ) is a measure-valued solution of the scalar conservation law.

Theorem 3.32 Let uy € L'(R) N L®(R). Assume that the sequence {u"} is the
result of a conservative, consistent method, and define u ; as in (3.27). Assume that
U, is uniformly bounded in L*°(R x[0, T]), T = nAt. Let At, — 0 be a sequence
such that uay, X u, and let v(y ;) be the Young measure associated with u,,, and
assume that uj'? satisfies the estimate

N
B3 Y )u;?H — u;" At < C(T), (3.108)

n=0 j

for some B € [0,1) and some constant C(T'). Then vy ) is a measure-valued solu-
tion to (3.1).

Furthermore, let (1, q) be a strictly convex entropy pair, and let Q be a numer-
ical entropy flux consistent with q. Write 1} = n(u}’) and Q7+1/2 = Q)41
Assume that

1 1
Ar (’7/‘+ - ’77) T Ay (Q7+1/2 - Q7_1/2> < R} (3.109)

foralln and j, where R} satisfies,

N
Al}%;;% RIAXAL =0 (3.110)

for all nonnegative ¢ € CO1 where ¢} = ©(j Ax,nAt). Then v,y is a measure-
valued solution compatible with (1, q), and the initial data is assumed in the sense
of (3.101), (3.102). If (3.109) and (3.110) hold for all entropy pairs (1, q), then
V(x,1) is a measure-valued entropy solution to (3.1).

Remark 3.33 For B = 0, (3.108) is the standard TV estimate, while for 8 > 0,
(3.108) is genuinely weaker than a TV estimate.

Proof We start by proving the first statement in the theorem, assuming (3.108).
As before, we obtain (3.28) by rearranging. For simplicity, we now write Fj" g =
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F(u"); 1172, f]' = f(u}), and observe that F/', ) = f7 +( " f,n)’getting

[ (esinie) + rusypgp) dxa

3.111)
—ZD+¢1< Tep— 1) A1 Ax.

Here we use the notation

uae =uj for (x,1) € [[Ax,(j + DAX) x [nAt,(n + 1) A1),

and

1
t _ +1 n
Dioj =+ (w," wj),

D.gj = Alx (¢,+1 <p}’)-

The first term on the left-hand side in (3.111) reads

/[uA,Di¢;7 dxdt = //(v(x,,),ld)q), dxdt+// (uar — (vxa). 1d)) @ dx dt

The third term on the right-hand side of (3.112) clearly tends to zero as At goes to
zero. Furthermore, by definition of the Young measure v, ;), the second term tends
to zero as well. Thus the left-hand side of (3.112) approaches [[ (v(x ), Id)g, dx dt.

One can use a similar argument for the second term on the left-hand side of
(3.111) to show that the (whole) left-hand side of (3.111) tends to

// (v 1) @r + (vicsy, f)ex) dx dt (3.113)

as At — 0. We now study the right-hand side of (3.111). Mimicking the proof of
the Lax—Wendroff theorem, we have

n n n n
‘F/H/z—f/ ‘— ”/+k—“j‘~

Therefore,

ZD+% (Flro— f7) ArAx

N
= Cllglip(p + 4+ DD D |uhy —u)| Arax
n=0 j

< Cllollup(p + g + 1(AX)'F, (3.114)
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using the assumption (3.108). Thus the right-hand side of (3.114), and hence also
of (3.111), tends to zero. Since the left-hand side of (3.111) tends to (3.113), we
conclude that v(, ;) is a measure-valued solution. Using similar calculations, and
(3.110), one shows that v, ;) is also an entropy measure-valued solution.

It remains to show consistency with the initial condition, i.e., (3.101) and (3.102).
Let ¢(x) be a test function, and we use the notation ¢(j Ax) = ¢;. From the
definition of u;“, after a summation by parts, we have that

> g (Wt —ut) Ax = ArY D FLL pD g Ax £ 0 (1) A,
J J
since u’; is bounded. Recall that ¢ = o(x), we get
prj (u7 — u?) Ax
J

Lett#; = n At and f, = nyAt. Then (3.115) yields

1 2
(12 + 1 —ny) At 2.2 (“7 _”?) AxAl

n=nj j

<0 (Q)nAt. (3.115)

<0 (),

which implies that the Young measure v, ;) satisfies

/(p(x)(v(x,,),ld) dx dt —/(p(x)uo(x) dx

31

<O (). (3.116)
h—1

We let t{ — 0 and set £, = 7 in (3.116), obtaining

1 T
;//go(x) (Ve 1d) dx dt—/(p(x)uo(x) dx| <0(1)r, (3.117)
0

which proves (3.101). Now for (3.102). We have that there exists a strictly convex
entropy 71 for which (3.109) holds. Now let ¢(x) be a nonnegative test function.
Using (3.109), and proceeding as before, we obtain

> (n}? - n})) 9 Ax

n
<OMnAt+Y Y Rig;AtAx.
J I=0 j

Using this estimate and the assumption on R;, (3.110), we can use the same argu-
ments as in proving (3.117) to prove (3.102). The proof of the theorem is complete.
O

A trivial application of this approach is found by considering monotone schemes.
Here we have seen that (3.108) holds for 8 = 0, and (3.109) for R}’ = 0. The the-
orem then gives the convergence of these schemes without using Helly’s theorem.
However, in this case the application does not give the existence of a solution, since
we must have this in order to use DiPerna’s theorem. The main usefulness of the
method is for schemes in several space dimensions, where TV bounds are more
difficult to obtain.
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3.6 Notes

The Lax-Friedrichs scheme was introduced by Lax in 1954; see [124]. Godunov
discussed what has later become the Godunov scheme in 1959 as a method to study
gas dynamics; see [80]. The CFL condition was introduced in the seminal paper
[50]; see also [57].

The Lax—Wendroff theorem, Theorem 3.4, was first proved in [128]. Theo-
rem 3.8 was proved by Oleinik in her fundamental paper [145]; see also [169].
Several of the key results concerning monotone schemes are due to Crandall and
Majda [53], [52]. Theorem 3.10 is due to Harten, Hyman, and Lax; see [84].
Harten’s lemma, Lemma 3.12, can be found in [83]. See also [148].

The error analysis is based on the fundamental analysis by Kuznetsov, [119],
where one also can find a short discussion of the examples we have analyzed,
namely the smoothing method, the method of vanishing viscosity, as well as mono-
tone schemes. Our presentation of the a priori estimates follows the approach due
to Cockburn and Gremaud; see [44] and [45], where also applications to numerical
methods are given.

The concept of measure-valued solutions is due to DiPerna, and the key results
can be found in [62], while Lemma 3.30 is to be found in [61]. Our presentation
of the Young measure follows the exposition of Perthame, [150]. For further infor-
mation regarding the functional-analytic framework, see, e.g., [34] and references
therein. The proof of Lemma 3.30 and Remark 3.31 are due to H. Hanche-Olsen.
Our presentation of the uniqueness of measure-valued solutions, Theorem 3.29, is
taken mainly from Szepessy, [173]. Theorem 3.32 is due to Coquel and LeFloch,
[48]; see also [49], where several extensions are discussed. For numerical schemes
that satisfy the criteria in Theorem 3.32, see [49] and [65].

3.7 Exercises

3.1 Consider the difference scheme (3.4). Show that if u° is given by

10 — 0 forj <O,
/ 1 forj >0,

then " = u® for all n, thus indicating the solution u(x,#) = x[0.0). Deter-
mine the weak entropy solution.

3.2 Show that the Lax—Wendroff and the MacCormack methods are of second
order.

3.3 The Engquist-Osher (or generalized upwind) method, see [63], is a conserva-
tive difference scheme with a numerical flux defined as follows:

Fiipu) = £ (uj,uj41).  where

FEOwu,v) = /max{f/(s),O} ds +/min{f/(s),0} ds + £(0).
0 0




166

34

3.5

3.6
3.7

3.8
39

3.10

3 A Short Course in Difference Methods

(a) Show that this method is consistent and monotone.
(b) Find the order of the scheme.
(c) Show that the Engquist-Osher flux fE© can be written

7o) = 3 | S0+ 0= [ 176 ds

(d) If f(u) = u?/2, show that the numerical flux can be written
1
O, v) = 3 (max{u, 0}* + min{v, 0}%).

Generalize this simple expression to the case that f”(u) # 0 and
limpy|—oo | f(1)] = o0.

Why does the method

== o7 (f () = £ (1))

not give a viable difference scheme?

In the derivation of the Godunov scheme it is assumed that A max,, | f/(u)| <
%Ax, yet it is stated that the method is well defined if the CFL condition
Armax, | f'(u)| < Ax is satisfied; see (3.9). Please explain.

Show that (3.24) is the model equation for the Lax—Friedrichs scheme.

Show that the Lax—Friedrichs scheme is monotone also in the case that the
flux function is assumed only to be Lipschitz continuous.

Show that Heun’s method is unstable.

We study a nonconservative method for Burgers’s equation. Assume that u? €
[0, 1] for all j. Then the characteristic speed is nonnegative, and we define

W =t = (u; _ u7_1) . n>0, (3.118)

where A = Af/Ax.

(a) Show that this yields a monotone method, provided that a CFL condition
holds.
(b) Show that this method is consistent and determine the truncation error.

Assume that f’(u) > 0 and that f” (1) > 2¢ > 0 for all u in the range of uy.
We use the upwind method to generate approximate solutions to

ur+ fu)y =0, u(x,0) =up(x); (3.119)
i.e., we set
wt == A (f) = fag).
Set
L
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(a) Show that
v}’*l — (1 - Af/(u;?_l)) vl + AL W )v)

At

2

where 71> is between u; and u;_,.

(b) Next, assume inductively that

1
v <

. forall j,
I =t 2ear

and set 0" = max{max; vy, 0}. Then show that
An+1 An AnN2
" <" —cAr (")

(c) Use this to show that

ﬁO

ﬁn < —
14+ 0%nAt
(d) Show that this implies that

50

u' —ul < Ax(i — j)—,
! ;= ( J)l—l—f)oant

fori > j.
(e) Let u be the entropy solution of (3.119), and assume that

0 < maxuy(x) = M < oco.
X

Show that for almost every x, y, and ¢ we have that

u(x,t) —uy,0n _ M
x—y T 1+ cMt’

167

(7 ()" + 77 (1)),

(3.120)

This is the Oleinik entropy condition for convex scalar conservation laws.

3.11 Assume that f is as in the previous exercise, and that u, is periodic with

period p.

(a) Use uniqueness of the entropy solution to (3.119) to show that the entropy

solution u(x, t) is also periodic in x with period p.

(b) Then use the Oleinik entropy condition (3.120) to deduce that

Mp
supu(x,t) —infu(x,t) < ———.
upu(, f) —infulx. 1) = {==4m

Thus lim;_, o u(x, ) = u for some constant .
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(¢) Use conservation to show that
P
_ 1
u=— | up(x)dx.
b 0

Let u,:[0,1) — [—1, 1] be defined as

w2 )1 X ERK/20. Gk 2m),
=1 x e[k + 1)/2n, 2k +2)/2n),

fork =0,...,n—1,

for n € N. Find the weak limit of u,, as n — oo, and the associated Young
measure.

We shall consider a scalar conservation law with a “fractal” function as the
initial data. Define the set of piecewise linear functions

D ={¢p(x) =Ax + B | x € [a,b], A, B € R},

and the map

2D(x —a) + ¢(a) forx €la,a+ L/3],
F(¢) ={—-D(x —a) +¢(a) forx €la+ L/3,a+2L/3],
2D(x —b) + ¢(b) forx ela+2L/3,b],
for¢p € D, where L = b —a and D = (¢(b) — ¢(a))/L. For a nonnegative
integer k introduce y;x as the characteristic function of the interval [;; =

[j/3%, (j+1)/3],j =0,...,3" —1. We define functions {v; } recursively
as follows. Let

0 forx <0,

X for0 <x <1,
vo(x) = 11 forl <x <2,

3—x for2<x<3,

0 for3 < x.

Assume that v; x is linear on [ ; and let

3k—1
Ve =Y Vjkkjk- (3.121)

j==3

and define the next function vy, by

3k+1_y 3k+2_1
Vet = Y Fu)Xik = Y Viks1Xjkt1- (3.122)
j=0 j=0

In the left part of Fig. 3.9 we show the effect of the map F, and on the right
we show vs(x) (which is piecewise linear on 3¢ = 729 segments).
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Fig. 3.9 a The construction of F(¢) from ¢. b vs(x)

(@)

(b)
(©)

(d)

Show that the sequence {vx };., is a Cauchy sequence in the supremum
norm, and hence we can define a continuous function v by setting

v(x) = lim v (x).
k—o0
Show that v is not of bounded variation, and determine the total variation

of vy.
Show that

v(j/3%) = ve(j/35),
for all integers j = 0,...,3**!, k e N.

Assume that f is a C! function on [0, 1] with 0 < f’(u) < 1. We are
interested in solving the conservation law

ur+ fu)e =0, up(x) = v(x).

To this end we shall use the upwind scheme defined by (3.10), with At =
Ax = 1/3% and

u? = v(j Ax).

Show that u s, (x, ¢) converges to an entropy solution of the conservation
law above.
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