Chapter 11
Stabilization of Stochastic RNNs
with Stochastic Delays

The research in Chaps. 4-10 is focused on the qualitative analysis of complex neural
networks with delays. It is well known that the qualitative analysis of nonlinear
dynamical systems is the foundation of controlling the systems. Therefore, in this
chapter controller design problem will be studied for a class of stochastic Cohen-
Grossberg neural networks with mode-dependent mixed time delays and Markovian
switching, in which the neural dynamical networks will be stabilized. The contents
in this chapter are from the research result in [1].

11.1 Introduction

In recent decades, neural networks have been successfully applied to various fields
such as optimization, image processing, and associative memory design. In such
application, it is important to know the stability properties of the designed neural
network, these properties include asymptotic stability and exponential stability. How-
ever, time delays inevitably exist in neural networks due to various reasons [2]. The
existence of time delay may lead to some complex dynamic behaviors such as oscilla-
tion, divergence, chaos, instability, or other poor performance of the neural networks.
Since neural networks usually have a spatial extent, there is a distribution of propa-
gation delays over a period of time. In these circumstances, the signal propagation
is not instantaneous and cannot be modeled with discrete-time delays [3]. A more
appropriate way is to incorporate discrete and continuously distributed time delays
in the neural network model [2, 4]. Stability analysis for neural networks with delays
has attracted more and more interests in recent years, for example, see [5-21] and
references therein.

On the other hand, the stabilization issue has been an important focus of research
in the control fields, and several feedback stabilizing control design approaches
have been proposed (see [7, 22-25]). Some interesting results [6, 26-35] on the
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stabilization of a wide range and different types of neural networks have been reported
in the literature. For a class of discrete-time dynamic neural networks, reference [29]
proposes two methods, namely, the gradient projection and the minimum distance
projection to investigate the stabilization. For a class of dynamic neural network sys-
tems, a global robust stabilizing controller with unknown nonlinearities is developed
in [6] via Lyapunov stability and inverse optimality. For a class of linearly coupled
stochastic neural networks, some results are derived in [31] on the design of the mini-
mum number of controllers for the pinning stabilization, which are expressed in terms
of strict linear matrix inequality (LMI). For a class of neutral neural networks with
varying delays, a novel criterion is obtained in [28] for the global stabilization using
the Razumikhin’s method. For a class of so-called standard neural network mod-
els with time delays, a few stabilization criteria are presented [30] which are based
on the Lyapunov—Krasovskii stability theory and the LMI approach. For a class of
impulsive high-order Hopfield-type neural networks with time-varying delays, some
stabilization criteria are reported in [26] by employing the Lyapunov—Razumikhin
technique. Very recently, for a class of neural networks with various activation func-
tions and time-varying continuously distributed delays, LMI-based delay-dependent
conditions are obtained in [27] for the global exponential stabilization. Despite some
good progress on the stability analysis of delayed neural networks with various acti-
vation functions [36-38], the stabilization issue has not been fully explored in the
existing studies.

Although the stabilization problem for some kinds of neural networks with or
without time delays is investigated by some authors, there has been no literature
reported on the stabilization of stochastic Cohen-Grossberg neural networks with
both Markovian jumping parameters and mixed mode-dependent time delays. As
well known, mode-dependent time delays are of practical significance since the
signal may switch between different modes and also propagate in a distributed way
during a certain time period with the presence of an amount of parallel pathways
[24]. The purpose of this chapter is to make an attempt to deal with the control
problem for a class of stochastic neural networks with mode-dependent delays [1].
By introducing a new Lyapunov—Krasovskii functional that accounts for the mode-
dependent mixed delays, stochastic analysis is conducted in order to derive delay-
dependent criteria for the exponential stabilization problem. The feedback stabilizing
controller is designed to satisfy some exponential stability constraints on the closed-
loop poles. The stabilization criteria are obtained in terms of LMI and hence the gain
control matrix is easily determined by numerical MATLABs LMI Control Toolbox.
Three numerical examples are carried out to demonstrate the feasibility of our delay-
dependent stabilization criteria.

Throughout this chapter, the shorthand col{M, M>, ..., M;} denotes a column
matrix with the matrices My, M, ..., M;. (.{2, F AFt}>o0, 73) denotes a complete
probability space with a filtration {F;};>0 satisfying the usual conditions, i.e.,
the filtration is right continuous and contains all P-null sets. £;0([—h, 0], R™)
denotes the family of all Fy-measurable C ([—A, 0]; R")-valued random variables
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§ = {80 : —h < 0 < 0} such that sup_,_p- E|§(0)|” < oo, where [E{-}
stands for the mathematical expectation operator with respect to the given probability
measure P.

11.2 Problem Formulation and Preliminaries

We consider the following stochastic neural network with both feedback control law
and Markovian jumping parameters described by

dx(t) = — alx (), nz)[ﬁ(X(t), n) — Ay f(x ()
— B fx( —7(,n)))

t

—C(ne) g(x(s))ds — D(ne)u(t, 77:)}1!
t—vu(t,ne)

+ [E1 ()x (1) + Ex(n)x(r — 7(t, 1¢))

+ E3(ne) f(x(@)) + Es(ne) f(x(t — 7(2,11)))

t

+ Es(n) g(x(S))dS}dw(t), (1L.1)

t—v(t,n)

where x(r) = [x1(¢),...,x,(t)]" denotes the neuron state at time f, u(f) €
L>([0, s), R™), Vs > 0, is the control input vector of the neural networks, c(x (), 1;)
= diag{aj (x; (1), 1), . .., an(x, (¢), ;) } denotes the amplification function, 3(x(¢),
n) = diag{B;j(x;j(#), ), ..., Bu(x,(t),n:)} denotes the appropriately behaved
function such that the solution of the model given in (11.1) remains bounded,
and f(x(1)) = [f1(x1(0). ... faxa (I, g(x(5)) = [g1(x1(5)). - .., g (xa(s)]”
denote the activation functions. f(x(t — 7(¢t,n,))) = [f1(x1(t — 7, 7))y -+, [n
Con(t =7, 0 < 7@t ) < TOp) < 7,0 < 0t ) < 0p) <0 (J =
1,...,n) are bounded and unknown delays. The matrices A(1;), B(1n:), C(n;) €
R™"™ D(n;) € R™™ are the connection weight matrix, the discretely delayed
connection weight matrix, the distributively delayed connection weight matrix and
the control input weights, respectively. E;(n,)(j = 1,2,...,5) is known real
constant matrix with appropriate dimension, w(z) is a one-dimensional Brownian
motion defined on complete probability space (.Q, F AF >0, 73) with E{dw(?)} =
0, E{[dw(t)]z} = dt. {n; = n(t),t > 0} is a homogeneous, finite-state Markov-
ian process with right continuous trajectories and taking values in finite set p =
{1, 2, ..., N} with given probability space (.Q F AFt}>o0, P) and the initial model
no. It is assumed that the initial condition of neural network (11.1) has the form
x(1) = @) for t € [—w,0], where (1) = [p1(t), ..., en()]T, function
wj®)(j = 1,2,...,n) is continuous, w = max{7, v}. Let X = [m;]; je, denote
the transition rate matrix with given probability:
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mj6 +0(0), i #Jj,

P(iys = jlme = 1) = [Wii5+0(5)+1 i=j

where § > 0, limg_, o+ ”T(S) = 0 and 7;; is the transition rate from mode i to mode
J satistying m;; > O fori # j with 7; = — Zyzl i) Tijs Iy J € -

For convenience, each possible value of 7, is denoted by i (i € ) in the sequel.
Then we have

ai(x(1)) = ax(@), n), Bi(x(@)) = Bx@), ne),
Ai = A(y), Bi = B(ny), Ci = C(ny),

D; = D(ny), 7i(t) = 7(¢,mr), vi(t) = v, n),
Ei=EMm),l=1,...,5.

In the following, we need the following definitions, assumptions, and lemmas.

Definition 11.1 ([24, 27]) Givenr > 0, and any initial condition ¢ € E%_-O([—w, 0],
R™) withu(¢, ;) = 0. The zero solution of system (11.1) is said to be r-exponentially
stable in the mean square, if there exists a positive scalar M such that any solution
x(t, p) of the system satisfies the following inequality,

Ellx(t, 9)II> <M sup Ellg(s)’e™", Vi =0.

—w=<s<0

Definition 11.2 ([24, 27]) Given r > 0. The system (11.1) is said to be r-
exponentially stabilizable in the mean square, if there is a feedback control law
u(t,n;) = U(n)x(t), such that the following closed-loop system

dx(t) = — a(x(@), nt)[ﬁ(x(f), n) — A f(x (1)
— BM) f(x@ —7(t, 1))

t

— C(nr) ( )g(x(s))ds - D(m)ﬁ(mmn]dt
t—u(t,n

+ |:E1(77,)x(t) + Ex(n)x(t — 7(t, 1))

+ E3(no) f(x(0)) + E4(no) f (x (¢ — 7(2, 1))

t

+ Es(m:) g(X(S))dS]dw(t),

t—v(t,n)
x(1) =), te[-w,0]
is r-exponentially stable.

Assumption 11.3 ([8]) Each «j;(-) is a continuous function and satisfies a;; >
;i () > >0,j=12,...,n,i=1,2,...,N.
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Here, we denote o; = mini <<n{a;}, & = maxi<;<n{a;} for simplicity.

Assumption 11.4 Each function 3;;(-) is locally Lipschitz continuous, 3;;(0) = 0
and there exist constants 3;; > ﬁﬁ > 0 such that

5% = Bi(s)s = fis?,
foranys e R, j=1,2,...,n,i = 1,2,_...,N. ~
For simplicity, we denote I1; = diag{31;, ..., Oni}, I} = diag{é“, ol ﬁm.}.

Assumption 11.5 For j = 1,2,...,n, f;(0) = g;(0) = 0. Furthermore, there
exist constants 0 g;’, wj_, ZZ’; such that 0; < Q;_, wj_ < 7,/1;“ and

Q__f]()

J K

g;(s)
S

<97,

<of, Vj <

foranys e R, j=1,2,...,n

Remark 11.6 As pointed out in [24], the constants g;, g}r, 1/)]._, 1/)7 in Assumption
11.5 are allowed to be positive, negative, or zero. Then, those previously used Lip-
schitz conditions are just the special cases of Assumption 11.5. Hence, the activation
functions can be of more general descriptions than those earlier forms.

For notational simplicity, we denote

) :diag{gf‘,g;, ..,gn}
E:diag{gl_,gz_ ..,Qn},
diag[ +Ql ng—gz,“"gn—;gf{],

=diag {7 vf, ¥ vd .. 0l

YT+ T Wy oy Yy U
e .

F, =diag [

Lemma 11.7 (Jensen integral inequality, see [39]) For any constant matrix M > 0,
any scalars a and b with a < b, and a vector function x(t) : [a, b] — R such that
the integrals concerned are well defined, then the following inequality holds

b b b
</ X(S)ds,M/ X(S)dS> = (b—a)/ X($)T Mx(s)ds,

where <A, B> = AT B denotes the inner product.
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Lemma 1_1.8 Assume that v, i, Y, 9 are real scalars such that v <l,v+pu<4,
and 9 < V. Let ¥ : R — (9, V) be a real function. Then for any nonnegative scalars
a, b, the following inequality holds

a b
I =70 9 —9@)
1
< — max{—va — ub, —pa — vb}. (11.2)
J—v MO, —
Proof Without loss of generality, we assume that v < p. First consider the case that
a < b. It is easy to see that max{—va — ub, —pa — vb} = —ua — vb. Therefore,
we have

(9(t) = 0) (9 = 0®)) (—pa — vb)

+ (0= 9)[(D—9®) a+ (@) — V) b]
= (0 = 90) [0+ (u— DY — ()] a

+ (00 = 9) [ =) (9 = 00) + (V) = 9)] b
= {(0=90) [0+ (n— DY — @]

+ (0@ =9 [(1 =) (§ = 90) + (1) — V) ]} a
=Z|v+w @O -0-9) +E-v—w (@ -9)’]
>0.

That is

——— max{—va — ub, —pua — vb
g { pb, — 1

1
=— (—pa —vbh
79_19( Iz )

a b
> — — = .
90 -9  9—-90)

Similarly, we can also conclude that the inequality (11.2) holds for a > b. Now, the
proof of Lemma 11.8 is completed.

Remark 11.9 If we set v = 1, p = 3, then we get Lemma 3 of [40] from Lemma
11.8. Thus, based on Lemma 11.8, we can get some conditions of exponential stabi-
lization problem with less conservativeness.
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11.3 Stabilization Result

As is well known, for stochastic systems, 1t6’s formula plays an important role in the
stability analysis of stochastic systems and we cite some related results here [41].
Consider a general stochastic system

dx(t) = f(x(t),t,m)dt + g(x(t), t, n)dw(t) (11.3)

ont > fo with initial value x(fo) = xo € R", where f : R" x RT x p — R"
and g : R” x RT x p — R Let C>!(R" x RT, RT) denote the family of all
nonnegative functions V (x, ¢, i) on R” x R™ which are continuously differentiable
in ¢ and twice differentiable in x. Let £ be the weak infinitesimal generator of the
random process {x(t), n(t)};>o along the system (11.3) (see [24, 42, 43]), i.e.,

o
£V (. 1,i) = lim = sup[E{V(xtJr(s, £ 8,1+ O)|x (),

n() =i} — Vi, t, () = i)],

then, by the generalized It6’s formula, one can get

t
EV(x,t,i) =EV(xg, o, 1) —HE/ £V (x(s), s, i)ds.

4]

Theorem 11.10 Given r > 0. For any given scalars 7; > 0, v; > 0, Ulf < 1, con-
sidering the system (11.1) satisfying Assumptions 11.3—11.5 and 7;(t) < 7/, 0; (1) <
vl, the system (11.1) is globally r-exponentially stabilized if there exist symmet-
ric positive definite matrices P; € R™", symmetric nonnegative definite matri-
ces Qji, Ri, M;, 81,Z; (j = 1,...,4,1 = 1,...,9), positive diagonal matrices
Gi,U;, T;, Wi, H, K, and real matrices X; satisfying the following inequalities
@G=1,...,N)

N
ijQ,j <8, 1=1,273,4, (11.4)
j=1
N
zijj < Ss, (11.5)
j=1
N
ijzj < Se. (11.6)
j=l
N
> mbiR; < 7, (11.7)

j=1
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N
D miTiZj < S, (11.8)
j=1

N
> miQaj < So, (11.9)
j=1
S
4 & } <0, (11.10)
T
} <0, (11.11)

where

§21i §22i $24i §27i
* .Q3i .Q5i 0
* * ~Q6i .Qg,' ’
* * * .Qg,'

N
|

~ 2 ~ 2
2 =— =1"0u1, 2; =—-=3"047,
Ti Ti

E=[Ey Ey E3i E4 0 E5; 00000017,

=2
j— T _ _ ~
Zi =S+ 7Sy +7iZi + Zi,

Zi=o '[P+ HUITL - I}) + K(Z - D),
with

$211; $212i $213i $214i $215i £16i
* $20; 0 $224; 0 O
¥ ox $233; $2340 0 $236
% * 9441' 0 0 ’
* * *k *k .Q55,' 0
* * * *  $266i

£y =
2 =[00 A; B 0 C;1"G],

1_ _ _
2y = =28, °Gi+ . 3784+ T Qui + 750 .

2180 0 214 215 0

0 $£27; 0 $22pi §22¢i

| $23s O $234 1 0 0
$24=1"0" 0 Qul|l "= o0 o |’

0 0 0 0 0

0 0 264 0 0
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and

@si =G| Dol 0 —1],

$288i 0 $284i 00
6 =| * 299 0 |, Q¢ =|089 |,
* % Quui 0 0

$29; = diag{2ppi, $2cci}s
1=[0-10000007001],
3=[-110000000070],

1
211 =—=2PT; + Q1; + 03 — ;Q4i
1

+

-

1

J

i
M =

~.
Il
<

$212i = — Qui»

M=

’ u e 2
20 =—10-7)01 +Z7szTlej - %Qzu —TiFy,

j=1
213 =PA; + Ui F, — ITHA; — YKA;,
$233i = Q2 — U; + KA; + A,»TK + 78,
$214; = PiB; — I;HB; — Y KB;,
$22i = —Ti k2, $234i = KB;,

N
Q4 = =T — (1 = 1) 02 + Zﬁiﬁj 02,
j=1
1_)2
215 =WiFy, $255, = —W; + Ui R; + 755 + 087,
216 =P,C; — ITHC; — YKC;,

/

Ui
R;,

236 =KCi, 266 = —

Uj

Qi3 =(P — XK + H)D; DT + M,

1
238 =KD; D], $283; = —2M;, $220; = ;Q4i,
l

mijp; Pj+7(S1+ S3) — UiFi — Wi F3

mja; [P+ 2H(IT; — ) + 2K (5 — X)),

341
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N
1 _ o
$299; = — %Qm’ — Q3 + Z;WijTjQ3ja
J:
14 =T1H+ XK, $234 = A,»TH — K,
Q44i =Bl H, 264, =CI'H, 2s,; = D;DI'H,

1
Quai = —2H, £21pi = ;Q4i,
1

1 1
$20pi = — — Q4i, Sppi =—=—04 — Z;,
Ti Ti

1 1 1
$22ci = = Q4i, 29¢i = ——=Q4is 2cei = —— Q4i — Zi,
Ti Ti Ti

andfr,-j = max{7r,-j, 0}, Mi = MiXi,

|, =i
PP e, j#i

Furthermore, the feedback stabilizing control law is defined by u;(t) = DiTX,-x(t).

Proof From Assumption 11.3, we know that the amplification function «;(x(¢))
is nonlinear and satisfies «; (x(#))a; (x(t)) < 641.21. Following the way in [15],
pre- and postmultiplying the left-hand sides of inequalities (11.10) and (11.11) by
diag{/ I I I I I «a;j(x(¢)) I I I I I}, respectively, it follows that

Q2i+2: &
[ ! Z]<a (11.12)
2+ 92 7
[ < 7. ] <0, (11.13)
where
o Qlt 921 941
2; = * 931 -QSl )
* % 26
with

22 =[00A; B 0 Ci1" i (x(1))G],
=2

_ _ 7 )

23 =7;04i — (G; + G,T) + ?S4 + 789,

§5i=GiOéi(x(t))|:D,-DiT 0 —1 oo].
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Forany j =1,2,...,n, from Assumption 11.5 we obtain that

(£e) = o7 0) (160 = 0 2,0) =0,
(9050 = w7 x;0) (905500 = w7 x,0) <0,

343

Therefore, the following matrix inequalities hold for any positive diagonal matrices

Ui, T;, Wi,

[ x(@) ] [—UiFl U,-FZH: x(t) ]>>0
| f@) || Uil =U; || f&x@) ||~

—_——

| f(x@ — 7 (1)) F, T || fx(—T())
[ x(t) ] |:—WiF3 W,ﬂ][ x(t) }>>0
Lg(x @) || WiFy —W; || gx@) ] —

Denoting

—

() == 0Bix(@®) + A f(x(@) + B f(x(t — 7 (1))

t
e / g(x(s))ds + Dyui (1),
t—vj(t)

Vi (1) = a; (x ()i (1),

oi(t) = Ejx(t) + Exx(t — 7;(t)) + E3; f (x(1))
t

+ E4i f(x(r — 7i(1))) + Esi / g(x(s))ds,

1 (1)
then system (11.1) can be rewritten as
dx(t) = ¥; (t)dt + o; (t)dw(2).
Define the following Lyapunov—Krasovskii functional:
6
Vg, i) =D Vi, 1),
I=1

where

n xj(®
Vi, 1) = D 2pji /0 ds

o @ji(s)

BEIAG) } [—TiF1TinM x(t —7i(1) }>>0

(11.14)

(11.15)

(11.16)

(11.17)

(11.18)
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n
+ > 2h
j=1

xj (1) ﬁji(s) - éjis
! /0 @;ji(s)

50 fi(5) = o)

* Z / a;ji(s)

t
Vai (s 1) =/ (x(s), Q1ix(s)) ds
t—T7; (1)
t
+ / | O, 0u e ds
1—T1i (t

t
+ / (x(5), Q3ix(s)) ds
=7

0 t
veen=[ [ (0550, Qi () s
5 Jit

0 t
+ / / (g(x()), Rig(x(s))) dsdd
—v;i (1) Jr+0
0 t
+ / / (0:(5). Zioi(s)) dsdo,
—7; Jt+0

0 t
Vai (x¢, 1) =/ { (x(9). (S1 + S3)x(s))
—7Jt+0
+ (f(x(5)), S2.f (x(s))) }dsdb,

0 0 pt
Vsi (x¢, 1) =/ _/e / . (¥; (s), S419; (s)) dsdAdf
-7 1+
0 0 ,t
+/ / / (g(x(s)), Ssg(x(s))) dsdAdd
—0JO Jr+ A
0 0 pt
+/ / / (0i(5), Seoi(s)) dsddO,
—7J0 Jt4+X

0 t
Vot = [ [ {ax(o0). Srateco) dsds
—v Jit+
0 t
+/ / {(0i(s), Sgoi(s))
—7 Jt+0
+ (0; (5), Sov; (s)) }dsdo,

with P; = diag{pi;, p2i,---, pni}, H = diag{hy, ho, ..., h,}, K = diag{ky,
ko, ..., kn}.
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For any n(t) =i € g, it can be shown that

. 1 n N
= AIerS+ ZE Z Z(Z[T"HA +o(A)]pji + Pji)

j=1 \i=1

xXj(t+4) s
X / v ds
0 DusimiA + o(A)]oyi(s) + ai(s)

-xj(t) s
x|

Qji (S)

_ Z . Z zp][ /Xj (1)

Qji (s)

1 ORI
+ lim —IE 2 —/ ds
A0+ Z pﬂ[ 0 @;ji(s)

Xj(t+4) s
+/ N ds
0 Dimimi A + o(M)]ai(s) + ajis)

N x/(t)s a;i(s i (s
zzﬂ'zl 2/ le i () — pjicyi( )]ds
0

=1 j=1 aj(s)
2 (4 (1), Pix(t)) + trace <U,~(t), o (x(0) Pio (t)>, (11.19)

+
" X0 Bii(s) — B,
£ 2h; / ——ds
0

a;ji(s)

1 n xj 0 Bji(s) — B.s
= lim —F 1> 2h; [—/ —ds
A0+ A 0 i

Qji (s)

N /x/(’+A) Zl T A+ 0(A)]B(s) + ﬂjl(s)
0 Zl 1[7TZIA =+ O(A)]Oé][(S) + a]z(s)
/Xj(t+A) S mud + o(M]Bys + B
0

7 ds
Dumilmi A + o(A)]oyi(s) + ai(s)
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1 xj(t) ﬁji(s) — é..S
= lim —E Zzh,-[—/ — T gs
A0+ A ; 0 ii

Qji (s)

N /WM) SN [T A + o(A)]1Bi(s)
0 SV [T A + o(M)]aji(s) + is)
/xj<r+A> SLilmaA +o(M)1B,s
0 SN [maA 4 o(A)]aji(s) + aji(s)

xj(t+4) Bii(s) = B
+/ i — ds
0 D= mi A + o(M)]aji(s) + aji(s)
N n /xj(t) [Bji(s) — ﬁjis] [ci(s) — au(s)] .
j s

=> " m Y 2h,
=1 j=1

+2 (@), H (Bi(x(1)) — Iix()))
+ trace (6 (1), o (<O HUT; = Tai(0)). (11.20)

Z /x](f) fj(S)_Qj S =85,
A
@;ji(s)
i Z": /x](f) [£i() — o} ][Oéﬁ(s)—aﬂ(s)]d
_ S
= —

02 (s)

ds

ds

g (s)

+2( (l), K (f(x() — Zx(1)))
+ trace (1), o ((O)K (£ = D)), (11.21)

where ;' (x(1)) = diag {al_il(xl(t)), a;il(xn(t))}.
According to the definition of p;; and Assumptions 11.3—11.5 we have that

xj(t)
zmzzpﬂ/ (S)ds < <x(t) Zmpll P,x(z)> (11.22)
=1 =1 Yji =1
xj () soyi(s)
— Qi 2pji/ ds
S [
n X0
< —mi 2p~/
”/.Z:% " Jo a;ji(s)
N
< <x(t), Zﬁug{lPix(t)>, (11.23)

=1
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xj () 6]1(5)

ZTMZ / ajl(s) ds
< Z’/_mZQ.hj/
=1 j=I 0

xj(t) ﬂj,(s) - éjisd
— s

;ji(s)
N
< <x(r>, Hmeg;l(Hi - mx<t>>, (11.24)
xj @ [Bii(s) — ﬁ_is]ozﬂ(s)
— Zﬂ'llz / az(;) ds
xj (1) /le(s)
< —Ty Z / aﬂ(s) ds
= <X(l), Hzﬁilgi_l(ni - Fz‘)x(t)>, (11.25)

=1

xj () fJ(S)
thz / ajl(s)
< zmz i/

xj (1) fj (s) —

a]l(s)
< <x(t), K meg{l(i - 2)x(r)>, (11.26)
=1
x50 [ fi(s) = o) sJau(s)

—zmz i a@ ds

x50 fi(s) — o7
< - Z / " ® i’ T ) (s
< <x(t), K Zﬁﬂgi—l(z‘ — 2)x(t)>. (11.27)

Using the well-known It0’s differential formula [41, 44], we obtain

£V (e, 1) <2(i(0), Pix(t) + H[Bi (x(0) — Lix(D)] + K (f(x(0) — Zx(®)))
+ trace(o; (1), o ' (x)[Pi +H(IT; — I}) + K (£ — £)]oi (1))
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miupy (x(@), Prx (1))

M=

+
l

—

M=

+ 7_r,-1<x(t), o7 '[P+2H x(IT; — I) + 2K (5 — )|x@)),

=1

(11.28)
EVoi(xe, 1) = (x(1), Qrix (@) + (f (x(1)), Q2i f(x(1)))
— (A =7 (x(t = (1)), Quix(t — 7 (1))
+ (f(x(t =7 (1)), Qai f(x(t — 7 (1)))) }
+ (x(@), Q3ix(1)) — (x(t —7i), Q3ix(t — 7))

—i—Zﬂ'U[/t o x(s), Qljx(s))ds
1

t
‘|'/ ()(f(x(s)%szf(x(s)))ds+/ )
t—7; (¢t

=T

(x(s), Q3jx(s)) ds:|

N
+ Dm0 (x(t = 7i(1), Quix(t — 7 (1))
j=1

+ (fx(t = 7:(0))), Q2i f (x(t = 1 (1))) ]

N
+ D i (et — 7, Qaix(t — 7)) (11.29)

j=1
t
£V3i(xr, 1) =7; (Ui (1), Q4i0i (1)) —/ (0i(s), Q4i0i(s)) ds
1—T;
t
+ vi (1) (g(x(©)), Rig(x(1))) —/ ()(g(X(t)), Rig(x(1)))ds
—v;(t

t
+ 5 {010, Zioi (1)) — / (01(0), Zioi (1)) ds
l—7_'l'

t
+Z7TIJ [/_T /+0(19i(5), 04j0;(s))dsdf

+ / / (9(x(9)), Rjg(x(s)))dsdd
—v;i(t) Jt+0
0 t

+/ / (ai(s),zjaj(s))dsde}
_'Fl +9

t
+Z7r,, [T, / (0:(), Qurti(s)) d
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t

+v;(?) ()(g(X(S)), Rjg(x(s)))ds
t—v;i(t

t
+ﬂ'/ (Ui(s),chri(s))ds] (11.30)
1—7;
EVai(xe, 1) =7 (x (@), (S1 + S3)x(@)) + 7 (f (x(2)), S2.f (x(2)))

t
—/ A (), (S1 4 83)x(s)) + (f(x(5)), S2.f (x(s)))} ds,
—7
(11.31)

)
£Vsi(xi, 1) ——{(19 (1), S49: (1)) + (0 (1), Se0i (1)) }

_/ (¥i (s), S40; (s)) dsdb
-7 Jt+60
-2

0 t
+—(g(X(t)) S59(x(1))) // e(g(x(s)),Ssg(X(s)))dsdH
—v J i+

—// (0i(s), Seoi(s)) dsdd, (11.32)
—7 Jt4+0

t
£Vei (xr, 1) =0 (g(x (1)), S79(x(1))) —/ {g9(x(9)), S79(x(5))) ds
t—v
+ 7 (0i (1), S30i (1)) + 7 (Vi (1), Sovi (1))

t
/ (gi(s), Sgoi(s)) ds—/ (9;(s), So;(s))ds. (11.33)
t—T

Based on Assumption 11.4, we obtain that
—xT WP (x(1)) < —xT ()P Tix(1). (11.34)

From Lemma 11.7, it follows that

t
- / (9(x(5)), Rig(x(s))) ds
t—=;(t)

t t
< —_i< / g(x(s))ds. R, / g(x(s))ds>. (11.35)
Ui t—v;i (1) t—v; (1)

For simplicity, we denote

t—T1i (1) t
§1i(f)=/ ;i (s)ds, €2i(t)=/ ¥; (s)ds.
t t—7i (1)

-7
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When 0 < 73 (t) < 7, from Lemma 11.8 with v = 1, 4 = 3, one can obtain that

1
- / (9:(5), Qi (s)) ds
t

7

t—7; (1)
__ / (9 (5), Qa9 (s)) ds
1

—Ti

t
- / (i (s), Qi (s)) ds
t

=i (1)

1 1
<- F—rosy (1 (1), Qaic1i (1)) — o (€2 (1), Q4ix2i (1))

1
< = max { — {s1:(1), Quis1i (1)) — 3 (i (1), Qais2i (1)),

Ti
— 3 (q1i (), Qui1i (1) — (<2 (1), Qai2i (1)) }. (11.36)

Obviously, from Lemma 11.7, inequality (11.36) holds when 7; (¢) = O or 7; (¢) =
7;. Therefore, inequality (11.36) holds for any r with 0 < 7;(¢) < 7.
On the other hand, by the Leibniz-Newton formula, we get

t t
x(t) — x(t — (1)) — / i (s)ds —/ oi(s)dw(s) = 0, (11.37)
t

t—7i (1) —7i (1)

=7 —Ti

t—7i (1) r—7; (1)
x(t —71i () —x(t —T;) —/ ¥; (s)ds —/ ;i (s)dw(s) = 0. (11.38)
t

Itis easy to see that the following equality holds for any positive diagonal matrices
G with compatible dimensions

0=-2(G;¥;i (1), ¥i (1) — i (x ()i (1)) . (11.39)
Considering that the feedback stabilizing control law being defined by u;(t) =

DiT X;x(t),if wedenote y; (t) = X;x(t), then for any symmetric nonnegative definite
matrices M;, we have

0=—2(Miy;(t), yi(t) — X;x(®)) (i =1,2,...,N). (11.40)

Noticing that the following equality holds
t t—7;(t)
[ @ zaeys == [ 0o, Zow)ds
—T; t—T;

t
—/ (oi(s), Zioi(s)) ds. (11.41)
t

=i (1)
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From [14], we have

t
E[/ (01(5), z,-a,-(s>>ds]
t—Ti(t)

t
]E ;i (s)dw(s), Z; / o,»(s)dw(s)>, (11.42)
t—7; (1)

t 7i (1)

t 7i (1)
IE[ (o (s), Zio,-(s))ds]

t—7i
1= (1) 1= (1)
IE oi(s)dw(s), Z; / o; (s)dw(s)>. (11.43)
=7
By (11.4)—(11.9) and (11.14)—(11.43), we obtain
dE[V (x(t),1t,i)]
dt
< E max {(Q (). (2i + 2 + EYZiE)G0)), (G (0). (2i + 2 + ETZiE) ¢ (t))},
(11.44)
where
G(t) = CO][X(I) x(t —7i(1) fx(@))
13
Jx@—=7i(1)) gx(1)) ()g(X(S))dS
r1—v;(t

Oi(@) yi(t) x(t —7) Bi(x(1))

t t—i (1)
/ i (s)dw(s) / i (s)dw(s)].
t—7; (1) =7

Next, we prove that the error system is exponentially stable in mean square.
For convenience, we define

>\p = min{)\min(Pi)},
iep
Am = I_Igg{)\min(_ﬁi — 21— ETZ;E), Mnin(—2; — 2 — ETZ;6)).
1
From (11.12) and (11.13) and the well-known Schur complements, it can be easily

seen that \y; > 0. Furthermore, from (11.44) we have that

dE[V (x(2),t,10)]

m < = AuENGOI* < =AuEllx @) (11.45)
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Similar to [45], from (11.18) and the definition of 9J; (¢), there exist positive scalars
€1 and &7 such that

t
E[V (x(0), 1, )] < 61E||<(t)II2+€zE/ {x ()]s,
-

Ti

To prove the mean square exponential stability, we modify the Lyapunov function
candidate (11.18) as V(x(r),t,i) = "V (x(t),t,i), where r is chosen such that
r(er + ’7_'528r%) < A\y.

Then, we have B

E[V (x(1), 1, )] = ApEllx @),

Furthermore, by the Dynkin’s formula [14], for any n(¢) =i € p,t > 0, we
obtain that

13
E[V (x(2), 1, )] =E[V (x(0), 0, n(0))] + E/ e [rV(x(s), s, i) + £V (x(s),s,i)]ds
0

t
<(e1+7) sup Elx®|* +rer / ¢"El|x(s)||*ds
0

—w=<s<0

t s t
—l—rszE/ e”/ ||x(9)||2d9ds—/\M/ e 1x(s)||*ds.
0 S—T 0

By changing the integration sequence, we get

t Ky
/ e’ / l|x(6)]|>d6ds
0 S—T

0 0+7 t 0+7
5/ e”/ ||x(9)||2dsd0+/ e”/ [|x(0)|[>dsd6
-7 0 0 0

0 , ! -
<[ O+Per D@20 + 7 / ¢ O+ 1x(0)]12d0
= 0

-7

_ t
s%e”[ sup ||x<s>||2+/e“9||x(0>||2d0].
0

—w<s<0

Therefore we have

Ellx()])* <ee™™ sup |lx(s)|],

—w<s<0

or

1
lim sup — log(E||x(1)]|?) < —r,
t—00 t

where € = /\;1(61 + Teg + ritese’ ).
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Consequently, we prove that the error system (11.1) is exponentially stable in mean
square. So the system (11.1) is r-exponentially stabilizable in the mean square. This
ends the proof.

Remark 11.11 The Lyapunov functional (11.18) of this chapter fully uses the infor-
mation about the amplification function and the mode-dependent time-varying
delays, but [15, 20] only use the information about delays when constructing their
Lyapunov functionals. Therefore the Lyapunov functional is more general than those
in [15, 20], and the stability criteria in this chapter may be less conservativeness.

Remark 11.12 When one of the time-varying delays 7;(¢) is not differentiable or
unknown, the result in Theorem 11.10 is no longer applicable. For this case, by
setting Q1; = Q2; = 01in Theorem 11.10, one can obtain a result of the mean square
exponential stability of system (11.1).

If there are no stochastic disturbances, thatis E;(n,) =0 (j = 1,...,5), then
the neural network (11.1) is simplified to

x(t) = —alx(1), nz)[ﬂ(X(t), ne) — A f(x () — B(ne) f(x(t = 7(t, 1))

t

—Cn) g(x(s))ds — D(nult, 770} (11.46)

t—v(t,nr)

For system (11.46), by setting Z; = S¢ = Sg = 0 in Theorem 11.10 and deleting
ftin(t) o; (s)dw(s), ftt:%"(t) oi(s)dw(s) from (;(¢), we can get the following result
of the mean square exponential stability.

Corollary 11.13 Given r > 0. For any given scalars 7; > 0, v; > 0, Ulf < 1, con-
sidering the system (11.46) satisfying Assumptions 11.3—11.5 and 7; (t) < Tl-/, v (1) <
Ul{ , the system (11.46) is globally r-exponentially stabilizable if there exist symmet-
ric positive definite matrices P; € R™", symmetric nonnegative definite matri-
ces Qii, Ri, Mi, S I =1,...,4,1 = 1,...,5,7,9), positive diagonal matrices
G;,U;, T;, W;, H, K, and real matrices X; such that (11.4), (11.5), (11.7), (11.9)
and the following inequalities hold,

‘Qi + .éi QijI
— =~ | <0, 11.47
[ ¢ 7, ( )
“Qi + .Qi QijI
= =~ | <0, 11.48
[ ¢ 7. ( )
where
$21; $2; $24
2, =| *x $23 25 |,

* % $2¢;
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v

2 T 2 2 T
2 =—=1" 047, 2; =—=J" 04,
Ti Ti
I=[0-1000000170],

J=[-1100000000],
C=[FEy Ey E3 E4 0 E5; 0000],

i =1,..., N, and other parameters are defined in Theorem 11.10. Furthermore,
the feedback stabilizing control law is defined by u;(t) = Dl.T Xix(t).

11.4 Ilustrative Examples

In this section, we provide three numerical examples to demonstrate the feasibility
of our delay-dependent stabilization criteria.

Example 11.14 Consider system (11.1) with N = 2,

aji(xj(t)) =0.4sin(x;(1)) + 0.8,
Bixj (1)) =7.5x(1) + 0.5 sin(x; (1))
Sfi(xj(#) =gj(x;()) = tanh(x;(#)), j=1,2,
7;(t) =0.2sin(t) + 0.2,
vi(t) =0.3sin(z) +0.3, i =1, 2,

and
[ 1 —0.01 1.1 -0.01
Ar=lo1 12 } Az:[o.l 1.2 }

(5.2 1.2 53 1.1
Br=l112 2.3] b= [1.11 2.3]

[1.20.11 1.10.12
“1=lo1 1.22] €= [0.1 1.22]
Dy =D, =0, Eyj = Ey =0.5I,
Eppn=E»p=041, Ej =Ep=0,1=3,4,5;

~08 08
N:[ 0.3 —0.3]

For this system without external controller, Fig. 11.1a shows the results of time
response of x1(¢) and x> (7).

However, if we set
4 4
D) = [2.1], D, = |:2:|
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(a)
4

x1(t)
10} x2(t) |4

_30 . . . . .
-10 0 10 20 30 40 50

Fig. 11.1 a Time response of x| (¢) and x;(#) without external controller in Example 11.14, b Time
response of x; () and x»(¢) with external controller u (), u2(¢) in Example 11.14

it is easy to see that Assumptions 11.3-11.5 are satisfied with o; = 0.4, =
12,11;, =81, =71, Y =1,Y = F = F3 =0,F, = F; = 05I, and
T=17 =04,0=10v =0.6, i =1,2. Using the Matlab LMI Toolbox, the LMIs
(11.4)—(11.11) are feasible and the feedback control is

up(t) =[—15.9876 28.4673 ]x(t),
ur(t) = [ —9.8136 17.5622 Jx(z).

The simulation of the solution is given in Fig. 11.1b for t € [—0.65, 200]. It is
clear that both x1(¢) and x;(¢) converge exponentially to zeros.

Example 11.15 Consider system (11.46) with N = 2,

62 1.2 63 1.1
Bl_[1.120.3] Bz_[l.110.3:|’
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-3}
4t
-5 1
-50 0 50 100 150 200
(b)
4
x1(t)
3 \ x2(t)
2F |
1k
ok
1t
2
3t
4t
5 . . . .
-5 0 5 10 15 20

Fig. 11.2 a Time response of x1 (¢) and x2 (¢) without external controller in Example 11.15, b Time
response of x; () and x,(r) with external controller u1 (), u>(¢) in Example 11.15

and other parameters are defined in Example 11.14.

For this system without external controller, Fig. 11.2a shows the results of time
response of x1(¢) and x> (7).

However, if weset D1 = D, =[4 0 ]T, it is easy to see that Assumptions 1-3
are satisfied. Using the Matlab LMI Toolbox, the LMIs (11.4), (11.5), (11.7), (11.9),
(11.47) and (11.48) are feasible and the feedback control is

ur(t) = [ —0.9144 — 1.20177 1x (1),
ur(t) = [ —1.0149 —0.1481 1x(1).

The simulation of the solution is given in Fig. 11.2b for t € [—0.65, 200]. It is
clear that both x1(¢) and x,(¢) converge exponentially to zeros.

Example 11.16 Consider system (11.46) with N =1,
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aj1(xj) =1, Bj1(x;@) = 8x;(1),
fi(xj(@) =gj(x;(?) = tanh(x;(t)), j=1,2,
T1(t) =8.5, wvi(t) =2.5,

and
1 —0.01 5212
Al:[o.l 1.2 } 312[1.122.3}’

120.11 ~12
“ :[0.1 1.22] b :[ 02 }

For this system, Assumptions 11.3—-11.5 are satisfied with o; = o = 1, IT;

357

=81,YX=I1,Y=F=F=0,F,=F,=05],and7 =7 = 85,0 =
v] = 2.5. It is easy to verify that Theorem 1 of [27] admits no feasible solution.
However, using the Matlab LMI Toolbox, the LMIs (11.4), (11.5), (11.7), (11.9),

(11.47) and (11.48) are feasible with the following matrices:

[ 72.4939 —13.8747]
| —13.8747 103.5930 |

01, = [ 167250 ~26.0105]
= —26.0105 88.6304 |

0, — [ 6440687 1787808
1= | 178.7808 234.9008 |’

[ 14.2369 —26.9039 ]

P =

231 =] 269039 813660 |°
04 = [ 0:3839 —0.0816
71 -0.0816 0.6447 |

R, _ [ 175:2573 ~2.4592
P —2.4592 269.3507 |

M. — | 956377 —2.9849
' | —2.9849 75.6384 |

W — [—334.3276 58.5190
1= | 58.5190 —17.4669 |’

T\ = diag{12.6571, 49.6002},
U, = diag{125.4140, 170.7878},

W, = diag{10.2844, 37.0834]},
G, = diag{9.2136, 15.5713},
H = diag{11.6382, 15.4633},
K = diag{5.1548, 8.9735},
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and accordingly the feedback control is
ur(t) =10.3810 0.2053 Jx(¢).

Based on Example 11.16, it is easy to see that the obtained results are better than
those in [27]. Hence, the proposed method is an improvement over the existing ones.

11.5 Summary

In this chapter, the problem of designing a feedback control law to exponentially
stabilize a class of stochastic Cohen-Grossberg neural networks with both Markov-
ian jumping parameters and mixed mode-dependent time delays has been studied.
The mixed time delays consist of both discrete and distributed delays. Using a
new Lyapunov—Krasovskii functional that accounts for the mode-dependent mixed
delays, a new delay-dependent condition for the global exponential stabilization has
been established in terms of linear matrix inequalities. Upon the feasibility of the
LMLI, all the control parameters can be easily computed and the design of a stabilizing
controller can be accomplished.
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