
Chapter 22
RBFNN-Based Path Following Adaptive
Control for Underactuated Surface Vessels

Wei Meng and Chen Guo

Abstract A robust adaptive control strategy is developed to force an underactuated
surface vessel to follow a reference path at a desired speed with the unknown
parameters, despite the presence of environmental disturbances induced by wave,
wind, and ocean current. The proposed controller is designed by using RBF neural
networks and the backstepping techniques. The proposed control system allows for
both low- and high-speed applications since linear and nonlinear damping terms
were considered in the control design. Numerical simulation results are provided to
demonstrate the effectiveness of the proposed controller design and the accuracy of
stability analysis.

Keywords Underactuated surface vessels � Path following �RBF neural networks �
Adaptive control

22.1 Introduction

Robust path following is an issue of vital practical importance to the ship industry.
For the path following problem, the main challenge is that most ships are usually
equipped with one or two main propellers for surge motion control, and rudders for
yaw motion control of the ship. There are no side thrusters, so the sway axis is not
actuated. This configuration is mostly used in the marine vehicles [1]. Meanwhile,
another challenge of path following issue is the inherent nonlinearity of the ship
dynamics and kinematics with the uncertain parameters and unstructured
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uncertainties including external disturbances and measurement noise, etc. To
overcome these challenges, many different nonlinear design methodologies have
been introduced to the underactuated ships. By applying the Lyapunov’s direct
method, two constructive tracking solutions were developed in Jiang [2]. In [3–5],
the controllers were designed to force an underactuated surface vessel to follow a
predefined path. The stability analysis was investigated relying on the Lyapunov’s
direct method. A robust adaptive control scheme was proposed for point-to-point
navigation of underactuated ships by using a general backstepping technique [6]. In
[7], a simple control law was presented by using the novel backstepping and
feedback dominance. Furthermore, the control design was verified using a model
ship in a tank. By using intelligent control, Liu proposed a stable adaptive neural
network algorithm for the path following of underactuated ship with parameters
uncertainties and disturbances [8].

Motivated by these recent developments in path following of underactuated
surface vessels, this paper presents an adaptive RBF neural networks control law.
The stability analysis is performed based on the Lyapunov theory. The proposed
controller can guarantee that all signals of the underactuated system are bounded.
Numerical simulations are provided to validate the effectiveness of the proposed
path following controller.

22.2 Problem Statements

Consider the path following problem of an underactuated surface vessel. Generally,
for path following, the vessel is moving in the horizontal plane, the heave, roll, and
pitch are normally neglected. The mathematical model of the underactuated surface
vessel moving in three degrees of freedom can be described as [9]:

_x ¼ u cosw� v sinw

_y ¼ u sinwþ v cosw
_w ¼ r

_u ¼ fu u; v; rð Þ þ su=m11 þ bu=m11

_v ¼ fvðu; v; rÞ þ bv=m22

_r ¼ frðu; v; rÞ þ sr=m33 þ br=m33

8>>>>>>>>><
>>>>>>>>>:

ð22:1Þ

with fu ¼ m22vr=m11 � duu=m11 �
P3

i¼2 dui uj ji�1u=m11, fv ¼ �m11ur=m22 � dvv=m22

�P3
i¼2 dvi vj ji�1v=m22, fr ¼ m11 � m22ð Þuv=m33 � drr=m33 �

P3
i¼2 dri rj ji�1r=m33;

bu; bv; br½ �T¼ R wð ÞT bx; by; bw
� �T

; R wð Þ ¼
cosw � sinw 0
sinw cosw 0
0 0 1

2
4

3
5:
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where x, y, andw are the surge displacement, sway displacement, and the yaw angle in
the earth fixed frame, and u, v, and r are the velocities in surge, sway, and yaw,
respectively. The constant parametersmjj [ 0, 1� j� 3, denote the ship’s inertia and
addedmass effects. The positive terms du, dv, dr, dui, dvi, and dri, i ¼ 2; 3, are given by
the hydrodynamic damping in surge, sway, and yaw. su and sr denote the available

control inputs, respectively, the surge force and the yaw moment. b ¼ bx; by; bw
� �T

denote the low frequency interference in the earth fixed frame, _b ¼ 0.
We now define the path following errors in a frame attached to the path as

follows [8]:

xe; ye;weð ÞT¼ RT wð Þ x� xd; y� yd ;w� wdð ÞT ; ð22:2Þ

where wd represents the desired yaw angle and was defined as wd ¼
arctan y0d sð Þ�x0d sð Þ� �

, x0d ¼ @xd=@s, y0d ¼ @yd=@s; xd and yd denote the desired dis-
placement in path of the vessel.

Assumption 22.1 The parameters of underactuated surface vessels such as mjj, du,
dv, dr, dui, dvi, and dri, 1� j� 3, i ¼ 2; 3, are known.

Assumption 22.2 The reference path is regular, xd , _xd , €xd , yd , _yd , €yd , _wd and €wd are
all bounded.

Control objective: Under Assumptions 22.1 and 22.2, the objective of this paper is
to seek the adaptive control laws su and sr that force the vessel from the initial
position and orientation to follow a reference path X.

22.3 Control Design

In this section, we develop an adaptive control law for underactuated surface
vessels (22.1) with uncertain dynamics.

From (22.2), we have

_xe ¼ u� ud cos weð Þ þ rye
_ye ¼ vþ ud sin weð Þ � rxe
_we ¼ r � rd

8><
>: ð22:3Þ

where ud ¼ �ud _s, �ud ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x02d sð Þ þ y02d sð Þp

, rd ¼ x02d sð Þy002d sð Þ�x002d sð Þy02d sð Þ
x02d sð Þþy02d sð Þ _s.

We define

ue ¼ u� au; �we ¼ we � awe
ð22:4Þ
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where au and awe
are virtual controls of u and we. Substituting (22.4) into (22.3)

results in

_xe ¼ au þ ue � ud cos weð Þ þ D1 þ rye
_ye ¼ vþ ud sin weð Þ þ D2 � rxe

�
ð22:5Þ

where D1 ¼ �ud cos �we

� �� 1
� �

cos awe

� �� sin �we

� ��
sin awe

� �Þ;D2 ¼ ud sin �we

� �
cos awe

� � þ cos �we

� �� 1
� �

sin awe

� �
.

We choose the virtual control au as

au ¼ �k1xe þ ud cos awe

� � ð22:6Þ

where k1 [ 0. The derivative of the path parameter s satisfies

_s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2d0 þ k2ye þ vdð Þ2

q 	
�ud ð22:7Þ

where k2 [ 0, vd is the filter of v, ve ¼ v� vd . From (22.7), we have

ud ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2d0 þ k2ye þ vdð Þ2

q
ð22:8Þ

We choose the virtual control awe
as

awe
¼ � arctan k2ye þ vdð Þ=ud0ð Þ ð22:9Þ

Substituting (22.6), (22.7), and (22.9) into (22.5), we have

_xe ¼ �k1xe þ ue þ D1 þ rye
_ye ¼ �k2ye þ ve þ D2 � rxe

�
ð22:10Þ

And substituting (22.9) into (22.6), we have

au ¼ �k1xe þ ud0 ð22:11Þ

The time derivative of (22.4) using (22.3) and (22.9) can be derived as

_�we ¼ r � rd þ k2 �k2ye � rxe þ D2 þ veð Þ þ _vd½ �ud0 � k2ye þ vdð Þ _ud0f g�u2d
ð22:12Þ
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We define the re as

re ¼ r � ar ð22:13Þ

Substituting (22.13) into (22.12), we have

_�we ¼ �k3�we þ fxre þ k2ud0ve
�
u2d ð22:14Þ

where k3 [ 0, fx ¼ 1� k2xeud0
�
u2d .

Differentiating ve, and substituting (22.1) into it, we have

ve ¼ gv � _vd ð22:15Þ

where gv ¼ fvðu; v; rÞ þ bv=m22.
According to the approximation property of NNs, the smooth function gv can be

approximated by RBF neural networks as follows

gv ¼ WT
v r gð Þ þ ev ð22:16Þ

where Wv is the idea weight matrix, ev is the approximation error, evj j � evM ,
g ¼ x; y;w; u; v; r½ �T .

Let Ŵv be the estimations of the weights Wv, ĝv is the estimation of the gv, and
can be defined as

ĝv ¼ ŴT
v r gð Þ ð22:17Þ

In order to stabilize the ve, the _vd can be chosen as

_ve ¼ ŴT
v r gð Þ � k6ve � k2ud0�we

�
u2d þ ev ð22:18Þ

The time derivative of (22.4) can be derived

_ue ¼ gu þ su=m11 � _au ð22:19Þ

with gu ¼ fuðu; v; rÞ þ bu=m11, _au ¼ @au
@xe

_xe þ @au
@ud0

_ud0.

The smooth function gu can also be approximated by RBF neural networks as
follows

gu ¼ WT
u r gð Þ þ eu ð22:20Þ

where Wu is the idea weight matrix, eu is the approximation error, evj j � evM ,
g ¼ x; y;w; u; v; r½ �T .

Let Ŵu be the estimations of the weights Wu, ĝu is the estimation of the gu, and
can be defined as

22 RBFNN-Based Path Following Adaptive Control 207



ĝu ¼ ŴT
u r gð Þ ð22:21Þ

The time derivative of (22.13) can be derived as

_re ¼ gr þ sr=m33 � _ar ð22:22Þ

where gr ¼ frðu; v; rÞ þ br
�
m33 þ _̂gv.

The smooth function gu can be approximated by RBF neural networks as follows

gr ¼ WT
r r gð Þ þ er ð22:23Þ

where Wr is the idea weight matrix, er is the approximation error, erj j � erM ,
g ¼ x; y;w; u; v; r½ �T .

Let Ŵr be the estimations of the weights Wr, ĝr is the estimation of the gr, and
can be defined as

ĝr ¼ ŴT
r r gð Þ ð22:24Þ

From (22.19) and (22.22), the adaptive NNs surge control law su and the yaw
moment control law sr can be presented as

su ¼ m11 �ĝu � k4ue þ _auð Þ; k4 [ 0 ð22:25Þ

sr ¼ m33 �ĝr � k5re þ _ar � fx�we

� �
; k5 [ 0 ð22:26Þ

The adaptive laws are given by

_̂Wu ¼ Cu r gð Þue � kuŴu
� � ð22:27Þ

_̂Wv ¼ Cv r gð Þve � kvŴv
� � ð22:28Þ

_̂Wr ¼ Cr r gð Þre � krŴr
� � ð22:29Þ

where Cu ¼ CT
u [ 0, Cv ¼ CT

v [ 0, Cr ¼ CT
r [ 0 are constant design parameters.

22.4 Stability Analysis

Theorem 22.1 Assume that the Assumptions 1–2 hold, the adaptive NNs surge
control law su and the yaw moment control law sr are derived as in (22.25) and
(22.26), and adaptation laws are given by (22.27–22.29), the control objective of
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path following for underactuated surface vessels in the presence of uncertain
parameters and unstructured uncertainties is solved, and the systems (22.1) are
asymptotic stability.

Proof From (22.29) and (22.30), we have

_Z1 ¼ f1 Z1; Z2ð Þ
_Z2 ¼ f2 Z2ð Þ

(
; ð22:30Þ

with Z1 ¼ xe; ye½ �T , Z2 ¼ �we; ue; ve; re; ~Wu; ~Wv; ~Wr
� �T

f1 ¼ �k1xe þ ue þ D1 þ rye;�k2ye þ ve þ D2 � rxe½ �T ;
f2 ¼ �k3�we þ fxre þ k2ud0ve

�
u2d; ~W

T
u r gð Þ � k4ue þ eu;

�
~WT
v r gð Þ

� k6ve � k2ud0�we

�
u2d þ ev; ~W

T
r r gð Þ � k5re � fx�we þ er;

�Cu r gð Þue � ruŴu
� �

;�Cv r gð Þve � rvŴv
� �

;�Cr r gð Þre � rrŴr
� ��T

:

To investigate stability of this subsystem, we consider the following Lyapunov
function:

V1 ¼ 1
2
�w2
e þ

1
2
u2e þ

1
2
r2e þ

1
2
~WT
u C

�1
u

~Wu þ 1
2
~WT
v C

�1
v

~Wv þ 1
2
~WT
r C

�1
r

~Wr; ð22:31Þ

Differentiating (22.32) along with (22.27–22.30), we have

_V1 � � k3�w
2
e � k4u

2
e � k5r

2
e � k6v

2
e þ ru ~W

T
u Ŵu þ rv ~W

T
v Ŵv þ rr ~W

T
r Ŵr

þ ueeu þ veev þ reer
ð22:32Þ

The (22.33) can be described as

_V1 � � k3�w
2
e � k4 � 1

4


 �
u2e � k5 � 1

4


 �
v2e � k6 � 1

4


 �
r2e

� 1
2
ru ~Wu

�� ��2� 1
2
rv ~Wv

�� ��2
� 1
2
rr ~Wr

�� ��2þe2u þ e2v þ e2r þ
1
2
ru Wuk k2þ 1

2
rv Wvk k2þ 1

2
rr Wrk k2

� � lV1 þ q

ð22:33Þ

with

l :¼ min 2k3; 2 k4 � 1
4

� �
; 2 k5 � 1

4

� �
; 2 k6 � 1

4

� �
;min ru

kmaxðC�1
u Þ


 �
;min rv

kmaxðC�1
v Þ


 �
;

n
min rr

kmaxðC�1
r Þ


 �g, q :¼ e2u þ e2v þ e2r þ ru
2 Wuk k2þ rv

2 Wvk k2þ rr
2 Wrk k2
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Let U ¼ q
l, the (22.34) can be rewritten as

0�VðtÞ�Uþ Vð0Þ � U½ �e�lt ð22:34Þ

Hence, all signals of the closed-loop system are uniformly ultimately bounded.
The path following errors will converge to a small neighborhood of zero, and can be
adjusted by the design parameters k3; k4; k5; k6;ru; rv; rr.

22.5 Numerical Simulations

In this section, some numerical simulations are provided to demonstrate the
effectiveness of the proposed control laws and the accuracy of stability analysis. In
this paper, we use a monohull ship with the length of 38 m, mass of 118� 103 kg,
the numerical values of the vessel are adapted from [6].

In the simulation, the reference path is generated by a virtual ship as follows:

_xd ¼ ud cosðwdÞ � vd sinðwdÞ
_yd ¼ ud sinðwdÞ þ vd cosðwdÞ
_wd ¼ rd

_vd ¼ � m11

m22
udrd � d22

m22
vd �

X3
i¼2

dvi
m22

vdj ji�1vd

8>>>>>>><
>>>>>>>:

In the simulation we select ud ¼ 5, rd ¼ 0:015; the control parameters selected
for the simulation are: k1 ¼ 15, k2 ¼ 7:5, k3 ¼ 12, k4 ¼ 10, k5 ¼ 10, k6 ¼ 10,
Cu ¼ 10, Cv ¼ 30, Cr ¼ 0:5, ru ¼ rv ¼ rr ¼ 0:01,

The initial conditions are chosen as:

xð0Þ; yð0Þ;wð0Þ; uð0Þ; vð0Þ; rð0Þ½ � ¼ �100; 0; 0; 0; 0; 0½ �:

The simulation results of ship path following control are plotted in Figs. 22.1 and
22.2. Figure 22.1 shows the position and the orientation of the vessel in the xy
plane, and the control inputs su and sr are plotted. The path following position
errors are plotted in Fig. 22.2. It can be seen from these figures that all the signals of
the closed-loop system are bounded. From Fig. 22.2, the path following position
errors xe; ye, the velocity errors ue, re, and the orientation error we converge to zero
while the sway motion error ve converges to a small value, since the reference path
is generated by a virtual ship, the sway velocity error is always a constant value.
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22.6 Conclusions

In this paper, we present an adaptive RBF neural networks scheme for path fol-
lowing of underactuated surface vessels with uncertain parameters and unstructured
uncertainties including exogenous disturbances and measurement noise, etc. The
proposed controller is designed by using RBF neural networks and the backstepping
techniques. It is noted that the proposed control system allows for both low- and
high-speed applications since linear and nonlinear damping terms were considered in
the control design. The stability analysis is performed based on the Lyapunov theory.
The effectiveness of the designed controller is also validated by the numerical
simulations. Based on the ideas of this paper, the future work will consider the
rudder saturation and rate limits.
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Fig. 22.2 Position, orientation, and velocity errors of the vessel
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Fig. 22.1 Position and orientation and the inputs of the vessel
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