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Preface

In practical applications that range from outer space to the deep oceans, engineering
structures such as aircraft, rockets, automobiles, turbines, architectures, vessels, and
submarines often work in complex environments and can be subjected to various
dynamic loads, which can lead to the vibratory behaviors of the structures. In all
these applications, the engineering structures may fail and collapse because of
material fatigue resulting from vibrations. Many calamitous incidents have shown
the destructive nature of vibrations. For instance, the main span of the famous
Tacoma Narrows Bridge suffered severe forced resonance and collapsed in 1940
due to the fact that the wind provided an external periodic frequency that matched
one of the natural structural frequencies of the bridge. Furthermore, noise generated
by vibrations always causes annoyance, discomfort, and loss of efficiency to human
beings. Therefore, it is of particular importance to understand the structural
vibrations and reduce them through proper design to ensure a reliable, safe, and
lasting structural performance. An important step in the vibration design of an
engineering structure is the evaluation of its vibration modal characteristics, such as
natural frequencies and mode shapes. This modal information plays a key role in
the design and vibration suppression of the structure when subjected to dynamics
excitations. In engineering applications, a variety of possible boundary restraining
cases may be encountered for a structure. In recent decades, the ability of predicting
the vibration characteristics of structures with general boundary conditions is of
prime interest to engineers and designers and is the mutual concern of researchers in
this field as well.

Beams, plates, and shells are basic structural elements of most engineering
structures and machines. A thorough understanding of their vibration characteristics
is of great significance for engineers to predict the vibrations of the whole structures
and design suitable structures with low vibration and noise radiation characteristics.
There exists many books, papers, and research reports on the vibration analysis of
beams, plates, and shells. In 1969, Prof. A.W. Leissa published the excellent
monograph Vibration of Plates, in which theoretical and experimental results of
approximately 500 research papers and reports were presented. And in 1973, he
organized and summarized approximately 1,000 references in the field of shell
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vibrations and published another famous monograph entitled Vibration of Shells.
New survey shows that the literature on the vibrations of beams, plates, and shells
has expanded rapidly since then. Based on the Google Scholar search tool, the
numbers of article related to the following keywords from 1973 up to 2014 are:
315,000 items for “vibration & beam,” 416,000 items for “vibration & plates,” and
101,000 items for “vibration & shell.” This clearly reveals the importance of the
vibration analysis of beams, plates, and shells.

Undeniably, significant advances in the vibration analysis of beams, plates, and
shells have been achieved over the past four decades. Many accurate and efficient
computational methods have also been developed, such as the Ritz method, dif-
ferential quadrature method (DQM), Galerkin method, wave propagation approach,
multiquadric radial basis function method (MRBFM), meshless method, finite
element method (FEM), discrete singular convolution approach (DSC), etc.
Furthermore, a large variety of classical and modern theories have been proposed
by researchers, such as the classical structure theories (CSTs), the first-order shear
deformation theories (FSDTs), and the higher order shear deformation theories
(HSDTs).

However, after the review of the literature in this subject, it appears that most
of the books deal with a technique that is only suitable for a particular type of
classical boundary conditions (i.e., simply supported supports, clamped boundaries,
free edges, shear-diaphragm restrains and their combinations), which typically
requires constant modifications of the solution procedures and corresponding
computation codes to adapt to different boundary cases. This will result in very
tedious calculations and be easily inundated with various boundary conditions in
practical applications since the boundary conditions of a beam, plate, or shell may
not always be classical in nature, a variety of possible boundary restraining cases,
including classical boundary conditions, elastic restraints, and their combinations
may be encountered. In addition, with the development of new industries and
modern processes, laminated beams, plates, and shells composed of composite
laminas are extensively used in many fields of modern engineering practices such as
space vehicles, civil constructions, and deep-sea engineering equipments to satisfy
special functional requirements due to their outstanding bending rigidity, high
strength-weight and stiffness-weight ratios, excellent vibration characteristics, and
good fatigue properties. The vibration results of laminated beams, plates, and shells
are far from complete. It is necessary and of great significance to develop a unified,
efficient, and accurate method which is capable of universally dealing with lami-
nated beams, plates, and shells with general boundary conditions. Furthermore, a
systematic, comprehensive, and up-to-date monograph which contains vibration
results of isotropic and laminated beams, plates, and shells with various lamination
schemes and general boundary conditions would be highly desirable and useful for
the senior undergraduate and postgraduate students, teachers, engineers, and indi-
vidual researchers in this field.

In view of these apparent voids, the present monograph presents an endeavor to
complement the vibration analysis of laminated beams, plates, and shells. The title,
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Structural Vibration: A Uniform Accurate Solution for Laminated Beams, Plates
and Shells with General Boundary Conditions, illustrates the main aim of this book,
namely:

(1) To develop an accurate semi-analytical method which is capable of dealing with
the vibrations of laminated beams, plates, and shells with arbitrary lamination
schemes and general boundary conditions including classical boundaries, elastic
supports and their combinations, aiming to provide a unified and reasonable
accurate alternative to other analytical and numerical techniques.

(2) To provide a summary of known results of laminated beams, plates, and shells
with various lamination schemes and general boundary conditions, which may
serve as benchmark solutions for the future research in this field.

The book is organized into eight chapters. Fundamental equations of laminated
shells in the framework of classical shell theory and shear deformation shell theory
are derived in detail, including the kinematic relations, stress–strain relations and
stress resultants, energy functions, governing equations, and boundary conditions.
The corresponding fundamental equations of laminated beams and plates are spe-
cialized from the shell ones. Following the fundamental equations, a unified
modified Fourier series method is developed. Then both strong and weak form
solution procedures are realized and established by combining the fundamental
equations and the modified Fourier series method. Finally, numerous vibration
results are presented for isotropic, orthotropic, and laminated beams, plates, and
shells with various geometry and material parameters, different lamination schemes
and different boundary conditions including the classical boundaries, elastic ones,
and their combinations. Summarizing, the work is arranged as follows:

The theories of linear vibration of laminated beams, plates, and shells are well
established. In this regard, Chap. 1 introduces the fundamental equations of lami-
nated beams, plates, and shells in the framework of classical shell theory and the
first-order shear deformation shell theory without proofs.

Chapter 2 presents a modified Fourier series method which is capable of dealing
with vibrations of laminated beams, plates, and shells with general boundary
conditions. In the modified Fourier series method, each displacement of a laminated
beam, plate, or shell, regardless of boundary conditions, is invariantly expressed as
a new form of trigonometric series expansions in which several supplementary
terms are introduced to ensure and accelerate the convergence of the series
expansion. Then one can seek the solutions either in strong form solution procedure
or the weak form one. These two solution procedures are fully illustrated in this
chapter.

Chapters 3–8 deal with laminated beams, plates, and cylindrical, conical,
spherical and shallow shells, respectively. In each chapter, corresponding funda-
mental equations in the framework of classical and shear deformation theories for
the general dynamic analysis are developed first, which can be useful for potential
readers. Following the fundamental equations, numerous free vibration results are
presented for various configurations including different boundary conditions, lam-
inated sequences, and geometry and material properties.
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Chapter 1
Fundamental Equations of Laminated
Beams, Plates and Shells

Beams, plates and shells are named according to their size or/and shape features.
Shells have all the features of plates except an additional one-curvature (Leissa
1969, 1973). Therefore, the plates, on the other hand, can be viewed as special
cases of shells having no curvature. Beams are one-dimensional counterparts of
plates (straight beams) or shells (curved beams) with one dimension relatively
greater in comparison to the other two dimensions. This chapter introduces the
fundamental equations (including kinematic relations, stress-strain relations and
stress resultants, energy functions, governing equations and boundary conditions)
of laminated shells in the framework of the classical shell theory (CST) and the
shear deformation shell theory (SDST) without proofs due to the fact that they have
been well established. The corresponding equations of laminated beams and plates
are specialized from the shell ones.

1.1 Three-Dimensional Elasticity Theory in Curvilinear
Coordinates

Consider a three-dimensional (3D) shell segment with total thickness h as shown in
Fig. 1.1, a 3D orthogonal coordinate system (α, β and z) located on the middle
surface is used to describe the geometry dimensions and deformations of the shell,
in which co-ordinates along the meridional, circumferential and normal directions
are represented by α, β and z, respectively. Rα and Rβ are the mean radii of curvature
in the α and β directions on the middle surface (z = 0). U, V and W separately
indicate the displacement variations of the shell in the α, β and z directions. The
strain-displacement relations of the three-dimensional theory of elasticity in
orthogonal curvilinear coordinate system are (Leissa 1973; Soedel 2004; Carrera
et al. 2011):
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where the quantities A and B are the Lamé parameters of the shell. They are deter-
mined by the shell characteristics and the selected orthogonal coordinate system. The
detail definitions of them are given in Sect. 1.4. The lengths in the α and β directions
of the shell segment at distance dz from the shell middle surface are (see Fig. 1.1):

z




RR

W

U V

dz

zds
zds

Reference surface

Fig. 1.1 Notations in shell
coordinate system (α, β and z)
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The above equations contain the fundamental strain-displacement relations of a 3D
body in curvilinear coordinate system. They are specialized to those of CST and
FSDT by introducing several assumptions and simplifications.

1.2 Fundamental Equations of Thin Laminated Shells

According to Eq. (1.1), it can be seen that the 3D strain-displacement equations of a
shell are rather complicated when written in curvilinear coordinate system. Typi-
cally, researchers simplify the 3D shell equations into the 2D ones by making
certain assumptions to eliminate the coordinate in the thickness direction. Based on
different assumptions and simplifications, various sub-category classical theories of
thin shells were developed, such as the Reissner-Naghdi’s linear shell theory,
Donner-Mushtari’s theory, Flügge’s theory, Sanders’ theory and Goldenveizer-
Novozhilov’s theory, etc. In this book, we focus on shells composed of arbitrary
numbers of composite layers which are bonded together rigidly. When the total
thickness of a laminated shell is less than 0.05 of the wavelength of the deformation
mode or radius of curvature, the classical theories of thin shells originally devel-
oped for single-layered isotropic shells can be readily extended to the laminated
ones. Leissa (1973) showed that most thin shell theories yield similar results. In this
section, the fundamental equations of the Reissner-Naghdi’s linear shell theory are
extended to thin laminated shells due to that it offers the simplest, the most accurate
and consistent equations for laminated thin shells (Qatu 2004).

1.2.1 Kinematic Relations

In the classical theory of thin shells, the four assumptions made by Love (1944) are
universally accepted to be valid for a first approximation shell theory (Rao 2007):

1. The thickness of the shell is small compared with the other dimensions.
2. Strains and displacements are sufficiently small so that the quantities of second-

and higher-order magnitude in the strain-displacement relations may be
neglected in comparison with the first-order terms.

3. The transverse normal stress is small compared with the other normal stress
components and may be neglected.

4. Normals to the undeformed middle surface remain straight and normal to the
deformed middle surface and suffer no extension.
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The first assumption defines that the shell is thin enough so that the deepness
terms z/Rα and z/Rβ can be neglected compared to unity in the strain-displacement
relations (i.e., z/Rα ≪ 1 and z/Rβ ≪ 1). The second assumption ensures that the
differential equations will be linear. The fourth assumption is also known as
Kirchhoff’s hypothesis. This assumption leads to zero transverse shear strains and
zero transverse normal strain (caz ¼ 0; cbz ¼ 0 and ez ¼ 0). Taking these assump-
tions into consideration, the 3D strain-displacement relations of shells in orthogonal
curvilinear coordinate system can be reduced to those of 2D classical thin shells as:

ea ¼ 1
A
@U
@a

þ V
AB

@A
@b

þ W
Ra

eb ¼ U
AB

@B
@a

þ 1
B
@V
@b

þ W
Rb

cab ¼ A
B

@

@b
U
A

� �
þ B
A

@

@a
V
B

� � ð1:3a–cÞ

According to the Kirchhoff hypothesis, the displacement variations in the α, β
and z directions are restricted to the following linear relationships (Leissa 1973):

Uða; b; zÞ ¼ uða; bÞ þ z/aða; bÞ
Vða; b; zÞ ¼ vða; bÞ þ z/bða; bÞ
Wða; b; zÞ ¼ wða; bÞ

ð1:4Þ

where u, v and w are the displacement components on the middle surface in the α, β
and z directions. ϕα, ϕβ represent the rotations of transverse normal respect to β- and
α-axes, respectively. They are determined by substituting Eq. (1.4) into Eq. (1.1e, f)
and letting caz ¼ 0; cbz ¼ 0; i.e.:

/a ¼
u
Ra

� 1
A
@w
@a

/b ¼ v
Rb

� 1
B
@w
@b

ð1:5Þ

Substituting Eqs. (1.4) and (1.5) into Eq. (1.3), the strain-displacement relations
of thin shells can be rewritten as:

ea ¼ e0a þ zva
eb ¼ e0b þ zvb

cab ¼ c0ab þ zvab

ð1:6Þ

where e0a, e
0
b and c

0
ab denote the normal and shear strains in the middle surface. χα, χβ

and χαβ are the corresponding curvature and twist changes. They are written in
terms of shell displacements u, v and w as:
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AB
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@/b
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� /a

AB
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@b

þ 1
B
@/a

@b
� /b

AB
@B
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ð1:7Þ

Equation (1.7) constitutes the strain-displacement relations of a thin shell in
curvilinear coordinates.

1.2.2 Stress-Strain Relations and Stress Resultants

With the development of new industries and modern processes, composite materials
are extensively used in many fields of modern engineering practices such as aircraft
and spacecraft, civil constructions and deep-ocean engineering to satisfy special
functional requirements due to their outstanding bending rigidity, high strength-
weight and stiffness-weight ratios, excellent vibration characteristics and good
fatigue properties. For instance, more than 20 % of the A380’s airframe is composite
materials.

Typically, composite materials are made of reinforcement material distributed in
matrix material. There commonly exist three types of composite materials (Reddy
2003; Ye 2003): (1) fiber composites, in which the reinforcements are in the form of
fibers. The fibers can be continuous or discontinuous, unidirectional, bidirectional,
woven or randomly distributed; (2) particle composites, which are composed of
macro size particles of reinforcement in a matrix of another, such as concrete;
(3) laminated composites, which consist of layers of various materials, including
composites of the first two types. As for many other kinds of composite structures,
beams, plates and shells composed of arbitrary numbers of unidirectional fiber
reinforced layers with different fiber orientations (see Fig. 1.2) are most frequently
used in the engineering applications and are the mutual concern of researchers in
this field as well. In such cases, by appropriately orientating the fibers in each
lamina of the structure, desired strength and stiffness parameters can be achieved.
As a consequence, this book is devoted to the vibration analysis of laminated
beams, plates and shells made of this type of laminated composite.
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In this section we primarily study the stress-strain relations of a unidirectional
fiber reinforced layer, which is the basic building block of a composite laminated
structure. A unidirectional fiber reinforced layer can be treated as an orthotropic
material whose material symmetry planes are parallel and transverse to the fiber
direction (Reddy 2003). See Fig. 1.3, suppose the laminated shell is constructed by
N unidirectional fiber-reinforced layers which are bonded together rigidly. The
principal coordinates of the composite material in the kth layer are denoted by 1, 2
and 3, in which the coordinate axes 1 and 2 are taken to be parallel and transverse to
the fiber orientation. The 3 axis is parallel to the normal direction of the shell. The
angle between the material axis 1 (or 2) and the α axis (or β) is denoted by ϑk and Zk+1
and Zk are the distances from the top surface and the bottom surface of the layer to
the referenced middle surface, respectively. Thus, according to generalized Hooke’s
law, the corresponding stress-strain relations in the kth layer of the laminated shell
can be written as:

ra
rb
sab

8<
:

9=
;

k

¼
Qk

11 Qk
12 Qk

16

Qk
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22 Qk
26
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26 Qk
66

2
64

3
75 ea

eb
cab

8<
:
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;

k

ð1:8Þ
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Fig. 1.2 A laminated shell
made up of composite layers
with different fiber
orientations
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where σα and σβ are the normal stresses in the α, β directions, respectively. ταβ
represents the corresponding shear stress. The constants Qk

ij (i, j = 1, 2 and 6) are
elastic stiffness coefficients of the layer which are found from following equations:

Qk
11 Qk

12 Qk
16

Qk
12 Qk

22 Qk
26

Qk
16 Qk

26 Qk
66

2
64

3
75 ¼ T

Qk
11 Qk

12 0
Qk

12 Qk
22 0

0 0 Qk
66

2
4

3
5TT ð1:9Þ

where superscriptT represents the transposition operator. Thematerial constantsQk
ij(i,

j = 1, 2 and 6) are defined in terms of the material properties of the orthotropic layer:

Qk
11 ¼

E1

1� l12l21

Qk
12 ¼

l12E2

1� l12l21

Qk
22 ¼

E2

1� l12l21
Qk

66 ¼ G12

ð1:10Þ
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Fig. 1.3 Lamination, geometry and material coordinate systems of a laminated shell
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E1 and E2 are moduli of elasticity of the unidirectional fiber-reinforced material in the
1 and 2 directions, respectively. μ12 is the major Poisson’s ratio. The other Poisson’s
ratio μ21 is determined by equation μ12E2 = μ21E1 and G12 is shear modulus.
An isotropic shell model can be obtained by letting E1 = E2, G12 = E1/(2 + 2μ12).
The material parameters of the unidirectional fiber-reinforced material can be
determined experimentally using an appropriate test specimen made up the material.
The values of the material parameters for several materials are given in Table 1.1
(Reddy 2003). T is the transformation matrix which represents the relation of the
principal material coordinate system (1, 2, 3) of the kth layer with respect to the shell
coordinate system (α, β, z). It is defined as:

T ¼
cos2 #k sin2 #k �2 sin#k cos#k

sin2 #k cos2 #k 2 sin#k cos#k

sin#k cos#k � sin#k cos #k cos2 #k � sin2 #k

2
4

3
5 ð1:11Þ

Performing the matrix multiplication in Eq. (1.9), the elastic stiffness coefficients

constants Qk
ij can be written as:
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66
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cos2 #k sin2 #k

ð1:12Þ

Table 1.1 Values of the material parameters for several materials (Reddy 2003)

Material E1 E2 E3 μ12 μ13 μ23 G12 G13 G23

Aluminum 73.1 73.1 73.1 0.33 0.33 0.33 23.3 23.3 23.3

Copper 124.1 124.1 124.1 0.33 0.33 0.33 44.1 44.1 44.1

Steel 206.8 206.8 206.8 0.29 0.29 0.29 77.5 77.5 77.5

Gr.-Ep (As) 137.9 9.0 9.0 0.3 0.3 0.49 7.1 7.1 6.2

Gr.-Ep (T) 131.0 10.3 10.3 0.22 0.22 0.49 6.9 6.2 6.2

Gr.-Ep (1) 53.8 17.9 17.9 0.25 0.25 0.34 9.0 9.0 3.4

Gr.-Ep (2) 38.6 8.3 9.0 0.26 0.26 0.34 4.1 4.1 3.4

Br.-Ep 206.8 20.7 20.7 0.3 0.25 0.25 6.9 6.9 4.1

Moduli are in GPa; Gr.-Ep (AS) = graphite-epoxy (AS13501); Gr.-Ep (T) = graphite-epoxy (T300/
934); GI.-Ep = glass-epoxy; Br.-Ep = boron-epoxy
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The force and moment resultants of thin laminated shells are obtained by
carrying the integration of stresses over the cross-section, from layer to layer:
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sab
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4
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5zdz ð1:13Þ

Performing the matrix integration in Eq. (1.13), the force and moment resultants can
be defined in terms of the middle surface strains and curvature changes as:
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where Nα, Nβ and Nαβ are the normal and shear force resultants and Mα, Mβ and Mαβ

denote the bending and twisting moment resultants. Aij, Bij, and Dij are the stiffness
coefficients arising from the piecewise integration over the shell thickness:

Aij ¼
XN
k¼1

Qk
ijðzkþ1 � zkÞ

Bij ¼ 1
2

XN
k¼1

Qk
ij z

2
kþ1 � z2k

� �

Dij ¼ 1
3

XN
k¼1

Qk
ij z

3
kþ1 � z3k

� �
ð1:15Þ

Notably, when a thin shell is laminated symmetrically with respect to its middle
surface, the constants Bij equal to zero. This will sufficiently reduce the complexity
of the stress-strain relations, energy functions, governing equations and boundary
conditions of the shell.

1.2.3 Energy Functions

The energy functions are very convenient in deriving the governing equations and
boundary conditions of a structure. In addition, they are important in searching
approximate solutions of practical problems. The strain energy (Us) of a thin
laminated shell during vibration can be defined in terms of the middle surface
strains and curvature changes and stress resultants as:
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Us ¼ 1
2

Z
a

Z
b

Nae0a þ Nbe0b þ Nabc0ab
þMava þMbvb þMabvab

� 	
ABdadb ð1:16Þ

Substituting Eq. (1.7) into Eq. (1.16), the above equation can be rewritten as:
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The kinetic energy (T) of the shell is written as:

T ¼ 1
2

Z
a

Z
b

I0
@u
@t

� �2

þ @v
@t

� �2

þ @w
@t

� �2
( )

ABdadb ð1:18Þ

where the inertia terms are:

I0 ¼
XN
k¼1

Zzkþ1

zk

qkdz ð1:19Þ

in which ρk represents the mass of the kth layer per unit area. The external work
(We) can be expressed as:

We ¼
Z
a

Z
b

qauþ qbvþ qzw
� 


ABdadb ð1:20Þ

where qα, qβ and qz denote the external loads in the α, β and z directions,
respectively.

Laminated shells with a variety of possible boundary conditions, such as free
edges, shear-diaphragm restraints, simply-supported supports, clamped boundaries,
elastic constraints and their combinations can be encountered in practice. Since the
main focus of this book is to complement the vibration studies of composite
laminated structures with general boundary conditions, in order to satisfy the
request, at each of the four boundaries of a laminated shell, the general boundary
conditions are implemented by using the artificial spring boundary technique in
which three groups of linear springs (ku, kv, kw) and one group of rotational springs
(Kw) which are distributed uniformly along the boundary are introduced to
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separately simulate the given or typical boundary conditions expressed in the form
of axial force resultant, tangential force resultant, transverse force resultant, and the
flexural moment resultant, see Fig. 1.4. The stiffness of the boundary springs can
take any value from zero to infinity to better model many real-world restraint
conditions. For instance, the clamped boundary conditions are essentially obtained
by setting the spring stiffness substantially larger than the bending rigidity of the
involved shell. Specifically, symbols kuw, k

v
w, k

w
w and Kw

w (ψ = α0, β0, α1 and β1) are
used to indicate the stiffness (per unit length, unless otherwise stated, N/m and
N/rad are utilized as the units of the stiffness about the linear springs and rotational
springs, respectively) of the boundary springs at the boundaries α = 0, β = 0, α = Lα
and β = Lβ, respectively (Lα and Lβ represent the lengths of the shell in the α and β
directions, respectively). Therefore, the deformation strain energy about the
boundary springs (Usp) can be defined as:

Usp ¼ 1
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The energy functions presented here will be applied to derive the governing
equations and boundary conditions of thin laminated shells in the next section.

1.2.4 Governing Equations and Boundary Conditions

Hamilton’s principle is a generalized principle of the principle of virtual displacement
to dynamics of systems. It is very convenient in deriving the governing equations and
boundary conditions of a structure and is covered in many textbooks (Reddy 2002).

z

α β

ku

kvKw

kw
u

v

w

Fig. 1.4 Notations of
artificial spring boundary
technique of a thin laminated
shell
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The present section is devoted to the application of Hamilton’s principle in finding the
compatible set of governing equations and boundary conditions of a thin laminated
shell with general boundary conditions.

The Lagrangian functional (L) of a thin laminated shell can be expressed in terms
of strain energy, kinetic energy and external work as (Qatu 2004; Reddy 2002):

L ¼ T � Us � Usp þWe ð1:22Þ

Hamilton’s principle states that the actual displacements of a structure actually go
through from instant 0 to instant t; out of many possible paths, is that which
achieves an extremum of the line integral of the Lagrangian functional (Qatu 2004),
namely:

d
Z t

0

T � Us � Usp þWe
� �

dt ¼ 0 ð1:23Þ

Substituting Eqs. (1.17)–(1.21) into Eq. (1.23) and applying the Hamilton’s
principle yields:
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Substituting Eq. (1.5) into Eq. (1.24) and integrating by parts to relieve the virtual
displacements δu, δv and δw, such as:
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Proceeding with all terms of Eq. (1.24) in this fashion and letting
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 �
dvjLb � Nb þ Mb

Rb
� kvb0v


 �
dvj0

þ Qb þ @Mab

A@a þ kwb1w

 �

dwjLb � Qb þ @Mab

A@a � kwb0w

 �

dwj0
þ �Mb þ Kw

b1
@w
B@b


 �
@dw
B@b jLb � �Mb � Kw

b0
@w
B@b


 �
@dw
B@b j0

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
Adadt

¼ 0 ð1:27Þ

Since the virtual displacements δu, δv and δw are arbitrary, Eq. (1.27) can be
satisfied only is the coefficients of the virtual displacements are zero. Thus, the
governing equations of thin laminated shells are:

@ BNað Þ
@a

þ @ ANab

� �
@b

þ Nab
@A
@b

� Nb
@B
@a

þ ABQa

Ra
þ ABqa ¼ ABI0

@2u
@t2

@ BNab
� �
@a

þ @ ANb
� �
@b

þ Nab
@B
@a

� Na
@A
@b

þ ABQb

Rb
þ ABqb ¼ ABI0

@2v
@t2

� AB
Na

Ra
þ Nb

Rb

� �
þ @ BQað Þ

@a
þ @ðAQbÞ

@b
þ ABqz ¼ ABI0

@2w
@t2

ð1:28a–cÞ
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and the following boundary conditions are obtained for thin shells for α = constant
(α = 0 and α = Lα):

a ¼ 0 :

Na þ Ma
Ra

� kua0u ¼ 0

Nab þ Mab

Rb
� kva0v ¼ 0

Qa þ @Mab

B@b � kwa0w ¼ 0

�Ma � Kw
a0

@w
A@a ¼ 0

8>>>><
>>>>:

a ¼ La :

Na þ Ma
Ra

þ kua1u ¼ 0

Nab þ Mab

Rb
þ kva1v ¼ 0

Qa þ @Mab

B@b þ kwa1w ¼ 0

�Ma þ Kw
a1

@w
A@a ¼ 0

8>>>><
>>>>:

ð1:29Þ

Similarly equations can be obtained for β = constant (β = 0 and β = Lβ):

b ¼ 0 :

Nab þ Mab

Ra
� kub0u ¼ 0

Nb þ Mb

Rb
� kvb0v ¼ 0

Qb þ @Mab

A@a � kwb0w ¼ 0
�Mb � Kw

b0
@w
B@b ¼ 0

8>>>><
>>>>:

b ¼ Lb :

Nab þ Mab

Ra
þ kub1u ¼ 0

Nb þ Mb

Rb
þ kvb1v ¼ 0

Qb þ @Mab

A@a þ kwb1w ¼ 0
�Mb þ Kw

b1
@w
B@b ¼ 0

8>>>><
>>>>:

ð1:30Þ

Alternately, the governing equations and boundary conditions of thin laminated
shells can be derived by physical arguments, namely, by taking a differential
element of the shell and requiring the sum of the external and internal forces and
moments in the α, β and z directions to be zero.

For general thin shells and unsymmetrically laminated thin plates, each
boundary can exist four possible combinations for each classical boundary condi-
tion (free, simply-supported, and clamped) (Qatu 2004). For example, at each
boundary of α = constant, the possible combinations for each classical boundary
condition are given in Table 1.2, similar classifications can be obtained for
boundaries β = constant.

It is obvious that there exists a huge number of possible combinations of
boundary conditions for a thin laminated shell, particularly when the shells are
open. In the open literature, it appears that most of the studies have mostly dealt
with a technique that is only suitable for a particular type of boundary conditions
(i.e., F, SD, S, C and their combinations) which typically require constant modi-
fications of the solution procedures to adapt to different boundary cases. Therefore,
the use of the existing solution procedures will result in very tedious calculations
and be easily inundated with various boundary conditions in practical applications.
By using the artificial spring boundary technique, the stiffness of the boundary
springs can take any value from zero to infinity to better model many real-world
restraint conditions. Taking edge α = 0 for example, the F (completely free),
S (simply-supported), SD (shear-diaphragm) and C (completely clamped) boundary
conditions which are widely encountered in the engineering applications and are of
particular interest can be readily realized by assigning the stiffness of the boundary
springs at proper values as follows:
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F: kua0 ¼ kva0 ¼ kwa0 ¼ Kw
a0 ¼ 0

SD: kva0 ¼ kwa0 ¼ 107D; kua0 ¼ Kw
a0 ¼ 0

S: kua0 ¼ kva0 ¼ kwa0 ¼ 107D; Kw
a0 ¼ 0

C: kua0 ¼ kva0 ¼ kwa0 ¼ Kw
a0 ¼ 107D

ð1:31Þ

where D = E1h
3/12(1 − μ12μ21) is the flexural stiffness of the shell. The appro-

priateness of defining these types of boundary conditions in terms of boundary
spring components had been proved by several researches (Jin et al. 2013a; Ye et al.
2013, 2014c).

Equations (1.3a–c)–(1.31) describe the fundamental equations of thin laminated
shells in the framework of classical thin shell theory. It is applicable for thin
isotropic and laminated composite shells with general boundary conditions. These
equations will be specialized later for laminated beams.

1.3 Fundamental Equations of Thick Laminated Shells

In the previous section, the fundamental equations of thin laminated shells have
been derived according to Love’s assumptions. When the shell thickness is less than
1/50 of the wave length of the deformation mode and/or radius of curvature, the thin

Table 1.2 Possible classical
boundary conditions for thin
shell at each boundary of
α = constant

Boundary
type

Conditions

Free boundary conditions

F Na þ Ma
Ra

¼ Nab þ Mab

Rb
¼ Qa þ @Mab

B@b ¼ Ma ¼ 0

F2 u ¼ Nab þ Mab

Rb
¼ Qa þ @Mab

B@b ¼ Ma ¼ 0

F3 Na þ Ma
Ra

¼ v ¼ Qa þ @Mab

B@b ¼ Ma ¼ 0

F4 u ¼ v ¼ Qa þ @Mab

B@b ¼ Ma ¼ 0

Simply supported boundary conditions

S u ¼ v ¼ w ¼ Ma ¼ 0

SD Na þ Ma
Ra

¼ v ¼ w ¼ Ma ¼ 0

S3 u ¼ Nab þ Mab

Rb
¼ w ¼ Ma ¼ 0

S4 Na þ Ma
Ra

¼ Nab þ Mab

Rb
¼ w ¼ Ma ¼ 0

Clamped boundary conditions

C u ¼ v ¼ w ¼ @w
A@a ¼ 0

C2 Na þ Ma
Ra

¼ v ¼ w ¼ @w
A@a ¼ 0

C3 u ¼ Nab þ Mab

Rb
¼ w ¼ @w

A@a ¼ 0

C4 Na þ Ma
Ra

¼ Nab þ Mab

Rb
¼ w ¼ @w

A@a ¼ 0
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shell theory is generally acceptable (Qatu 2004). Although sufficiently accurate
vibration results for thin shells can be achieved using the thin shell theory with
appropriate solution procedures, however, it is inadequate for the vibration analysis
of laminated shells which are rather thick or when they are made from materials
with a high degree of anisotropic. Love’s first assumption assumed that the
thickness of the shell is small compared with the other dimensions, the deepness
terms z/Rα and z/Rβ are less important and they can be neglected in the thin shell
theory. In such case, symmetric stress resultants are obtained, namely Nαβ = Nβα,
Mαβ = Mβα. This is not true for the shells that are not spherical. Love’s fourth
assumption was that normals to the undeformed middle surface remain straight and
normal to the deformed middle surface and suffer no extension. The shear defor-
mation is taken to be zero. This assumption allowed us to obtain ϕα and ϕβ as
functions of the displacement components u, v and w. For thick shells, shear
deformation can no longer be neglected and normal to the undeformed middle
surface is no longer normal to the deformed middle surface, the shear deformation
and rotary inertia effects become significant in thick and deep shells. In such case,
this assumption should be relaxed by including transverse shear strains in the theory
for shells with higher thickness ratios or when they are made from materials with a
high degree of anisotropic.

In the shear deformation shell theories, the middle surface displacements of a
shell can be expanded in terms of shell thickness of a first or a higher order. In the
case of first order expansion, the theories are referred to as first-order shear
deformation theories (Qatu 2004). Under the remaining assumptions and restric-
tions as in the thin laminated shell theory, fundamental equations of laminated
shells in the framework of the first-order shear deformation shell theory in which
both the shear deformation and the rotary inertia effects as well as the deepness
terms z/Rα and z/Rβ are considered are derived in this section.

1.3.1 Kinematic Relations

Assuming that normals to the undeformed middle surface remain straight but not
normal to the deformed middle surface, the displacement field in the shell space
can be expressed in terms of the middle surface displacements and rotation
components as:

Uða; b; zÞ ¼ uða; bÞ þ z/aða; bÞ
Vða; b; zÞ ¼ vða; bÞ þ z/bða; bÞ
Wða; b; zÞ ¼ wða; bÞ

ð1:32Þ

where u, v and w are the displacement components at the middle surface in the α, β
and z directions. ϕα and ϕβ represent the rotations of transverse normal respect to
β- and α-axes, respectively, see Fig. 1.1. It should be pointed out that, unlike those
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of the classical thin shell theories, ϕα and ϕβ are not functions of u, v and w, they are
treated as independent variables. The third of Eq. (1.32) yields εz = ∂w/∂z = 0.
Substituting Eq. (1.32) into Eq. (1.1), the strains at any point in the shells can be
defined in terms of middle surface strains and curvature changes as:

ea ¼ 1
1þ z=Rað Þ e0a þ zva

� �
eb ¼ 1

1þ z=Rb
� � e0b þ zvb


 �
cab ¼ 1

1þ z=Rað Þ c0ab þ zvab

 �

þ 1
1þ z=Rb
� � c0ba þ zvba


 �

caz ¼
c0az

1þ z=Rað Þ
cbz ¼

c0bz
1þ z=Rb
� �

ð1:33Þ

where e0a, e
0
b, c

0
ab and c0ba denote the normal and shear strains in the reference

surface. va; vb; vab and vba are the curvature and twist changes; c0az and c0bz represent
the transverse shear strains. The middle surface strains and curvature changes are:

e0a ¼
1
A
@u
@a

þ v
AB

@A
@b

þ w
Ra

; va ¼
1
A
@/a

@a
þ /b

AB
@A
@b

e0b ¼ 1
B
@v
@b

þ u
AB

@B
@a

þ w
Rb

; vb ¼
1
B

@/b

@b
þ /a

AB
@B
@a

c0ab ¼ 1
A @a

� u
AB

@A
@b

; vab ¼ 1
A

@/b

@a
� /a

AB
@A
@b

c0ba ¼
1
B
@u
@b

� v
AB

@B
@a

; vba ¼
1
B
@/a

@b
� /b

AB @a

c0az ¼
1
A
@w
@a

� u
Ra

þ /a

c0bz ¼
1
B
@w
@b

� v
Rb

þ /b

ð1:34Þ

The above equations constitute the fundamental strain-displacement relations of a
thick 2D shell in curvilinear coordinates.

1.3.2 Stress-Strain Relations and Stress Resultants

According to the generalized Hooke’s law, the corresponding stress-strain relations
in the kth layer of thick laminated shell can be written as (see, Fig. 1.3):
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ra
rb
sbz
saz
sab

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

k

¼

Qk
11 Qk

12 0 0 Qk
16

Qk
12 Qk

22 0 0 Qk
26

0 0 Qk
44 Qk

45 0
0 0 Qk

45 Qk
55 0

Qk
16 Qk

26 0 0 Qk
66

2
6666664

3
7777775

ea
eb
cbz
caz
cab

8>>>><
>>>>:

9>>>>=
>>>>;

k

ð1:35Þ

where σα and σβ represent the normal stresses in the α, β directions, ταβ, ταz and τβz
are the corresponding shear stress components. The elastic stiffness coefficients Qk

ij

(i, j = 1, 2, 4, 5 and 6) are defined by following equation:

Qk
11 Qk

12 0 0 Qk
16

Qk
12 Qk

22 0 0 Qk
26

0 0 Qk
44 Qk

45 0
0 0 Qk

45 Qk
55 0

Qk
16 Qk

26 0 0 Qk
66

2
6666664

3
7777775
¼ T

Qk
11 Qk

12 0 0 0
Qk

12 Qk
22 0 0 0

0 0 Qk
44 0 0

0 0 0 Qk
55 0

0 0 0 0 Qk
66

2
66664

3
77775TT ð1:36Þ

where superscript T represents the transposition operator. The material elastic
stiffness coefficients Qk

ij of the kth layer are written in terms of the material prop-
erties of the layer:

Qk
11 ¼

E1

1� l12l21
; Qk

44 ¼ G23

Qk
12 ¼

l12E2

1� l12l21
; Qk

55 ¼ G13

Qk
22 ¼

E2

1� l12l21
; Qk

66 ¼ G12

ð1:37Þ

where E1 and E2 are moduli of elasticity of the unidirectional fiber-reinforced
material in the 1 and 2 directions, respectively. μ12 is the major Poisson’s ratio. The
Poisson’s ratio μ21 are determined by equation μ12E2 = μ21E1. G12, G13 and G23 are
shear moduli. It should be noted that by letting E1 = E2, G12 = G13 = G23 = E1/
(2 + 2μ12), the present analysis can be readily used to analyze isotropic thick shells.
T is the transformation matrix:

T ¼

cos2 #k sin2 #k 0 0 �2 sin#k cos#k

sin2 #k cos2 #k 0 0 2 sin#k cos#k

0 0 cos#k sin#k 0
0 0 � sin#k cos#k 0
sin#k cos#k � sin#k cos #k 0 0 cos2 #k � sin2 #k

2
66664

3
77775 ð1:38Þ

where ϑk is the included angle between the principal direction of the layer and the
α-axis. Performing the matrix multiplication in Eq. (1.36), the elastic stiffness

coefficients constants Qk
ij (i, j = 1, 2, 4, 5 and 6) can be written as:
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Qk
11 ¼ Qk

11 cos
4 #k þ 2Qk

12 þ 4Qk
66

� �
cos2 #k sin2 #k þ Qk

22 sin
4 #k

Qk
12 ¼ Qk

11 þ Qk
22 � 4Qk

66

� �
cos2 #k sin2 #k þ Qk

12 cos4 #k þ sin4 #k
� �

Qk
16 ¼ Qk

11 � Qk
12 � 2Qk

66

� �
cos3 #k sin#k þ Qk

12 � Qk
22 þ 2Qk

66

� �
cos#k sin3 #k

Qk
22 ¼ Qk

11 sin
4 #k þ Qk

22 cos
4 #k þ 2Qk

12 þ 4Qk
66

� �
cos2 #k sin2 #k

Qk
26 ¼ Qk

11 � Qk
12 � 2Qk

66

� �
cos#k sin3 #k þ Qk

12 � Qk
22 þ 2Qk

66

� �
cos3 #k sin#k

Qk
66 ¼ Qk

66ðcos4 #k þ sin4 #kÞ þ Qk
11 � 2Qk

12 þ Qk
22 � 2Qk

66

� �
cos2 #k sin2 #k

Qk
44 ¼ Qk

44 cos
2 #k þ Qk

55 sin
2 #k

Qk
45 ¼ Qk

55 � Qk
44

� �
cos#k sin#k

Qk
55 ¼ Qk

55 cos
2 #k þ Qk

44 sin
2 #k

ð1:39Þ

The force and moment resultants of laminated thick shells can be obtained by
carrying the integration of stresses over the cross-section, from layer to layer (see
Eq. (1.2), Figs. 1.5 and 1.6):

Na

Nab

Qa

2
4

3
5 ¼ Rh=2

�h=2

ra
sab
saz

2
4

3
5 1þ z

Rb


 �
dz;

Ma

Mab

� �
¼ Rh=2

�h=2

ra
sab

� �
1þ z

Rb


 �
zdz

Nb

Nba

Qb

2
4

3
5 ¼ Rh=2

�h=2

rb
sba
sbz

2
4

3
5 1þ z

Ra


 �
dz;

Mb

Mba

� �
¼ Rh=2

�h=2

rb
sba

� �
1þ z

Ra


 �
zdz

ð1:40Þ

where Nα, Nβ, Nαβ and Nβα are the normal and shear force resultants and Mα, Mβ,
Mαβ and Mβα denote the bending and twisting moment resultants. Qα and Qβ are the
transverse shear force resultants. It should be stressed that although ταβ equal to τβα
from the symmetry of the stress tensor, it is obvious form Eq. (1.40) that when the

α
β

ο

Q
Q dα

α α
α

∂+
∂

N
N dβ

β β
β

∂
+

∂

Q
Q dβ

β β
β

∂
+

∂

N
N dβα

βα β
β

∂
+

∂
N

N dαβ
αβ α

α
∂

+
∂N

N dα
α α

α
∂+
∂

Nα

Qα

Nαβ

Nβα
Nβ

Qβ

Fig. 1.5 Notations of force resultants in shell coordinate system (Qatu 2004)
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shells are not spherical, the shear force resultants Nαβ and Nβα are not equal.
Similarly, the twisting moment resultants Mαβ and Mβα are not equal too. In
addition, for rectangular plates, z/Rα = z/Rβ = 0 automatically satisfied, these force
and moment resultants will be equal. Performing the integration operation in
Eq. (1.40), the force and moment resultants can be written in terms of the middle
surface strains and curvature changes as:

Na

Nb

Nab

Nba

Ma

Mb

Mab

Mba

2
66666666664

3
77777777775
¼

A11 A12 A16 A16

A12 A22 A26 A26

A16 A26 A66 A66

A16 A26 A66 A66

B11 B12 B16 B16

B12 B22 B26 B26

B16 B26 B66 B66

B16 B26 B66 B66

B11 B12 B16 B16

B12 B22 B26 B26

B16 B26 B66 B66

B16 B26 B66 B66

D11 D12 D16 D16

D12 D22 D26 D26

D16 D26 D66 D66

D16 D26 D66 D66

2
666666666664

3
777777777775

e0a
e0b
c0ab
c0ba
va
vb
vab
vba

2
666666666664

3
777777777775

ð1:41Þ

Qb

Qa

� �
¼ A44 A45

A45 A55

� �
c0bz
c0az

� �
ð1:42Þ

The stiffness coefficients Aij, Bij and Dij are defined as follows:

Aij ¼
PN
k¼1

Qk
ijðzkþ1 � zkÞ; ði; j ¼ 1; 2; 6Þ

Aij ¼ Ks
PN
k¼1

Qk
ijðzkþ1 � zkÞ; ði; j ¼ 4; 5Þ

Bij ¼ 1
2

PN
k¼1

Qk
ij z

2
kþ1 � z2k

� �
; ði; j ¼ 1; 2; 4; 5; 6Þ

Dij ¼ 1
3

PN
k¼1

Qk
ij z

3
kþ1 � z3k

� �
; ði; j ¼ 1; 2; 4; 5; 6Þ

ð1:43Þ
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Fig. 1.6 Notations of moment resultants in shell coordinate system
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in which Ks is the shear correction factor, typically taken at 5/6. The shear cor-
rection factor is computed to make sure that the strain energy due to the transverse
shear stresses in Eq. (1.42) equals the strain energy due to the true transverse shear
stresses predicted by the 3D elasticity theory. Since the shear correction factor for a
laminated composite shell depends on the shell parameters, such as lamination
schemes, degree of orthotropic and material properties, boundary and loading
conditions, it is still an unsolved issue to determinate the true value of shear correct

factor (Reddy 2003). The stiffness coefficients Aij, Bij, Dij, Aij, Bij and Dij are
defined as follows:

Aij ¼
XN
k¼1

Qk
ij
Ra

Rb
zkþ1 � zkð Þ þ Ra � R2

a

Rb

� �
ln

Ra þ zkþ1

Ra þ zk

� �� �
; ði; j ¼ 1; 2; 6Þ

Aij ¼ Ks

XN
k¼1

Qk
ij
Ra

Rb
zkþ1 � zkð Þ þ Ra � R2

a

Rb

� �
ln

Ra þ zkþ1

Ra þ zk

� �� �
; ði; j ¼ 4; 5Þ

Bij ¼
XN
k¼1

Qk
ij

Ra � R2
a

Rb


 �
zkþ1 � zkð Þ þ Ra

2Rb
z2kþ1 � z2k
� �

þ R3
a

Rb
� R2

a


 �
ln Raþzkþ1

Raþzk


 �
2
64

3
75

Dij ¼
XN
k¼1

Qk
ij

R3
a

Rb
� R2

a


 �
zkþ1 � zkð Þ þ Ra

2 � R2
a

2Rb


 �
z2kþ1 � z2k
� �

þ Ra
3Rb

z3kþ1 � z3k
� �þ R3

a � R4
a

Rb


 �
ln Raþzkþ1

Raþzk


 �
2
64

3
75

ð1:44Þ

Aij ¼
XN
k¼1

Qk
ij

Rb

Ra
zkþ1 � zkð Þ þ Rb �

R2
b

Ra

 !
ln

Rb þ zkþ1

Rb þ zk

� �" #
; ði; j ¼ 1; 2; 6Þ

Aij ¼ Ks

XN
k¼1

Qk
ij

Rb

Ra
zkþ1 � zkð Þ þ Rb �

R2
b

Ra

 !
ln

Rb þ zkþ1

Rb þ zk

� �" #
; ði; j ¼ 4; 5Þ

Bij ¼
XN
k¼1

Qk
ij

Rb � R2
b

Ra


 �
zkþ1 � zkð Þ þ Rb

2Ra
z2kþ1 � z2k
� �

þ R3
b

Ra
� R2

b


 �
ln Rbþzkþ1

Rbþzk


 �
2
64

3
75

Dij ¼
XN
k¼1

Qk
ij

R3
b

Ra
� R2

b


 �
zkþ1 � zkð Þ þ Rb

2 � R2
b

2Ra


 �
z2kþ1 � z2k
� �

þ Rb

3Ra
z3kþ1 � z3k
� �þ R3

b �
R4
b

Ra


 �
ln Rbþzkþ1

Rbþzk


 �
2
64

3
75

ð1:45Þ

The above equations include the effects of deepness terms z/Rα and z/Rβ, thus
creates much complexities in carrying out the integration and the corresponding
programming. When the SDST is applied to thin and slightly thick shells, the z/Rα

and z/Rβ terms can be neglected (Qu et al. 2013a; Jin et al. 2013b, 2014a; Ye et al.
2014a, b). In such case, Eqs. (1.41) and (1.42) is degenerated as:
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A16 A26 A66 A66
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ð1:46Þ

Qb

Qa

� �
¼ A44 A45

A45 A55

� �
c0bz
c0az

� �
ð1:47Þ

In addition, for thick spherical shell (Rα = Rβ) and flat plates (Rα = Rβ = ∞), their
stress resultants to middle surface strain-curvature change relations are in the same
form as Eqs. (1.46) and (1.47).

1.3.3 Energy Functions

The strain energy (Us) of thick laminated shells during vibration can be defined in
terms of the shell strains and corresponding stresses as:

Us ¼ 1
2

Z
a

Z
b

Zh=2
�h=2

raea þ rbeb
þsabcab þ sazcaz
þsbzcbz

8<
:

9=
; 1þ z

Ra

� �
1þ z

Rb

� �
ABdzdbda ð1:48Þ

Substituting Eq. (1.40) into Eq. (1.48), the strain energy (Us) function of the thick
shells can be written in terms of the middle surface strains, curvature changes and
the stress resultants as:

Us ¼ 1
2

Z
a

Z
b

Nae0a þ Nbe0b þ Nabc0ab þ Nbac0ba
þMava þMbvb þMabvab
þMbavba þ Qac0az þ Qbc0bz

8<
:

9=
;ABdbda ð1:49Þ

Substituting Eq. (1.34) into Eq. (1.49), the strain energy of thick laminated shells
can be rewritten as:
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Us ¼ 1
2

Z
a

Z
b

Na B @u
@a þ v @A

@b þ ABw
Ra


 �
þNb A @v

@b þ u @B
@a þ ABw

Rb


 �
þNab B @v

@a � u @A
@b


 �
þ Nba A @u

@b � v @B
@a


 �
þMa B @/a

@a þ /b
@A
@b


 �
þMb A

@/b

@b þ /a
@B
@a


 �
þMab B

@/b

@a � /a
@A
@b


 �
þMba A @/a

@b � /b
@B
@a


 �
þQa B @w

@a � ABu
Ra

þ AB/a


 �
þQb A @w

@b � ABv
Rb

þ AB/b


 �

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

dbda ð1:50Þ

The kinetic energy (T) of the shell is written as:

T ¼
Z
a

Z
b

Zh=2
�h=2

qz
2

@u
@t þ z @/a

@t


 �2
þ @v

@t þ z
@/b

@t


 �2
þ @w

@t

� �2

8>>>><
>>>>:

9>>>>=
>>>>;

1þ z
Ra

� �
1þ z

Rb

� �
ABdzdbda

¼ 1
2

Z
a

Z
b

I0 @u
@t

� �2þI0 @v
@t

� �2þI0 @w
@t

� �2
þ2I1 @u

@t
@/a
@t þ 2I1 @v

@t
@/b

@t

þI2
@/a
@t


 �2
þI2

@/b

@t


 �2

8>>><
>>>:

9>>>=
>>>;
ABdbda ð1:51Þ

where the inertia terms are:

I0 ¼ I0 þ I1
Ra

þ I1
Rb

þ I2
RaRb

I1 ¼ I1 þ I2
Ra

þ I2
Rb

þ I3
RaRb

I2 ¼ I2 þ I3
Ra

þ I3
Rb

þ I4
RaRb

½I0; I1; I2; I3; I4� ¼
XN
k¼1

Zzkþ1

zk

qk½1; z; z2; z3; z4�dz

ð1:52Þ

in which ρk is the mass of the kth layer per unit surface area. The external work is
(We) expressed as:
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We ¼
Z
a

Z
b

qauþ qbvþ qzwþ ma/a þ mb/b

� 

ABdadb ð1:53Þ

where qα, qβ and qz denote the external loads. mα and mβ are the external couples in
the middle surface of the shell.

Using the artificial spring boundary technique similar to that described earlier,
the general boundary conditions of a laminated thick shell are implemented by
introducing three groups of translational springs (ku, kv and kw) and two groups of
rotational springs (Kα and Kβ) which are distributed uniformly along the boundary
at each shell boundary (see Fig. 1.7). Therefore, arbitrary boundary conditions of
the shell can be generated by assigning the translational springs and rotational
springs at proper rigidities. Specifically, symbols kuw, k

v
w, k

w
w , K

a
w and Kb

w (ψ = α0, β0,
α1 and β1) are used to indicate the rigidities (per unit length) of the boundary
springs at the boundaries of α = 0, β = 0, α = Lα and β = Lβ, respectively. Therefore,
the deformation strain energy about the boundary springs (Usp) is defined as:

Usp ¼ 1
2

Z
b

kua0u
2 þ kva0v

2 þ kwa0w
2 þ Ka

a0/
2
a þ Kb

a0/
2
b

h i
a¼0

þ kua1u
2 þ kva1v

2 þ kwa1w
2 þ Ka

a1/
2
a þ Kb

a1/
2
b

h i
a¼La

8><
>:

9>=
>;Bdb

þ 1
2

Z
a

kub0u
2 þ kvb0v

2 þ kwb0w
2 þ Ka

b0/
2
a þ Kb

b0/
2
b

h i
b¼0

þ kub1u
2 þ kvb1v

2 þ kwb1w
2 þ Ka

b1/
2
a þ Kb

b1/
2
b

h i
b¼Lb

8><
>:

9>=
>;Ada ð1:54Þ

The energy expressions presented here will be used to derive the governing
equations and boundary conditions of thick laminated shells in the next section by
applying Hamilton’s principle as described earlier.

z

α  β
kv

ku

kw

Kβ

Kα

u
v

w

Fig. 1.7 Notations of artificial spring boundary technique for thick laminated shells
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1.3.4 Governing Equations and Boundary Conditions

The Lagrangian functional (L) of thick laminated shells can be expressed in terms
of strain energy, kinetic energy and external work as:

L ¼ T � Us � Usp þWe ð1:55Þ

Substituting Eqs. (1.50), (1.51), (1.53) and (1.54) into Eq. (1.55) and applying the
Hamilton’s principle

d
Z t

0

T � Us � Usp þWe
� �

dt ¼ 0 ð1:56Þ

yields

Z t

0

Z
a

Z
b

I0 @u
@t

@du
@t þ @v

@t
@dv
@t þ @w

@t
@dw
@t

� �
þI2

@/a
@t

@d/a
@t þ @/b

@t
@d/b

@t


 �
þI1 @u

@t
@d/a
@t þ @du

@t
@/a
@t þ @v

@t
@d/b

@t þ @dv
@t

@/b

@t


 �
þqaduþ qbdvþ qzdwþ mad/a þ mbd/b

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
ABdadbdt

¼
Z t

0

Z
a

Z
b

Na B @du
@a þ dv @A

@b þ ABdw
Ra


 �
þNb A @dv

@b þ du @B
@a þ ABdw

Rb


 �
þNab B @dv

@a � du @A
@b


 �
þ Nba A @du

@b � dv @B
@a


 �
þMa B @d/a

@a þ d/b
@A
@b


 �
þMb A

@d/b

@b þ d/a
@B
@a


 �
þMab B

@d/b

@a � d/a
@A
@b


 �
þMba A @d/a

@b � d/b
@B
@a


 �
þQa B @dw

@a � AB
Ra
duþ ABd/a


 �
þQb A @dw

@b � AB
Rb
dvþ ABd/b


 �

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>;

dadbdt

þ
Z t

0

Z
b

kua0uduþ kva0vdvþ kwa0wdwþ Ka
a0/ad/a þ Kb

a0/bd/b


 �
a¼0

þ kua1uduþ kva1vdvþ kwa1wdwþ Ka
a1/ad/a þ Kb

a1/bd/b


 �
a¼La

8><
>:

9>=
>;Bdbdt

þ
Z t

0

Z
a

kub0uduþ kvb0vdvþ kwb0wdwþ Ka
b0/ad/a þ Kb

b0/bd/b


 �
b¼0

þ kub1uduþ kvb1vdvþ kwb1wdwþ Ka
b1/ad/a þ Kb

b1/bd/b


 �
b¼Lb

8><
>:

9>=
>;Adadt

ð1:57Þ
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Integrating by parts to relieve the virtual displacements du; dv; dw; d/ and d/b such
as:

Z t

0

@u
@t

@du
@t

dt ¼ @u
@t

dujt0 �
Z t

0

@2u
@t2

du

� �
dt

Z
a

Z
b

BNa
@du
@a

dadb ¼
Z
b

BNadujLa0 �
Z
a

@ BNað Þ
@a

duda

8<
:

9=
;db

Z
a

Z
b

BMa
@d/a

@a
dadb ¼

Z
b

BMad/ajLa0 �
Z
a

@ BMað Þ
@a

d/ada

8<
:

9=
;db ð1:58Þ

Proceeding with all terms of Eq. (1.57) in this fashion, we get the following
governing equations:

@ BNað Þ
@a

þ Nab
@A
@b

� Nb
@B
@a

þ @ ANba
� �
@b

þ ABQa

Ra
þ ABqa

¼ AB I0
@2u
@t2

þ I1
@2/a

@t2

� �
@ BNab
� �
@a

� Na
@A
@b

þ Nba
@B
@a

þ @ ANb
� �
@b

þ ABQb

Rb
þ ABqb

¼ AB I0
@2v
@t2

þ I1
@2/b

2

� �

� AB
Na

Ra
þ Nb

Rb

� �
þ @ BQað Þ

@a
þ @ AQb

� �
@b

þ ABqz ¼ AB I0
@2w
@t2

� �
@ BMað Þ

@a
þMab

@A
@b

�Mb
@a

þ @ AMba
� �
@b

� ABQa þ ABma

¼ AB I1
@2u
@t2

þ I2
@2/a

@t2

� �
@ BMab
� �
@a

�Ma
@A
@b

þMba
@B
@a

þ @ AMb
� �
@b

� ABQb þ ABmb

¼ AB I1
@2v
@t2

þ I2
@2/b

@t2

� �

ð1:59Þ
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On each boundary of α = constant, five boundary equations are obtained:

a ¼ 0 :

Na � kua0u ¼ 0
Nab � kva0v ¼ 0
Qa � kwa0w ¼ 0
Ma � Ka

a0/a ¼ 0
Mab � Kb

a0/b ¼ 0

8>>>><
>>>>:

a ¼ La :

Na þ kua1u ¼ 0
Nab þ kva1v ¼ 0
Qa þ kwa1w ¼ 0
Ma þ Ka

a1/a ¼ 0
Mab þ Kb

a1/b ¼ 0

8>>>><
>>>>:

ð1:60Þ

Similarly, for boundaries β = 0 and β = Lβ, the corresponding boundary conditions
are:

b ¼ 0 :

Nba � kub0u ¼ 0
Nb � kvb0v ¼ 0
Qb � kwb0w ¼ 0
Mba � Ka

b0/a ¼ 0

Mb � Kb
b0/b ¼ 0

8>>>><
>>>>:

b ¼ Lb:

Nba þ kub1u ¼ 0
Nb þ kvb1v ¼ 0
Qb þ kwb1w ¼ 0
Mba þ Ka

b1/a ¼ 0

Mb þ Kb
b1/b ¼ 0

8>>>><
>>>>:

ð1:61Þ

For general thick shells and unsymmetrically laminated thick plates, each
boundary can exist eight possible combinations for each of the classical boundary
conditions (free, simple supported, clamped (Qatu 2004)). For example, at each
boundary of α = constant, the 24 possible classical boundary conditions are given in
Table 1.3, similar classifications can be obtained for boundaries β = constant.

In the engineering applications, the F (completely free), S (simply supported),
SD (shear diaphragm supported) and C (completely clamped) boundary conditions
are widely encountered and are of particular interest. Using the artificial spring
boundary technique as described earlier, the stiffness of the boundary springs can
take any value from zero to infinity to better model many real-world restraint
conditions. Taking edge α = 0 for example, the corresponding spring stiffness for
the mentioned classical boundary conditions can be defined in terms of boundary
spring rigidities as:

F: kua0 ¼ kva0 ¼ kwa0 ¼ Ka
a0 ¼ Kb

a0 ¼ 0

SD: kva0 ¼ kwa0 ¼ Kb
a0 ¼ 107D; kua0 ¼ Ka

a0 ¼ 0

S: kua0 ¼ kva0 ¼ kwa0 ¼ Kb
a0 ¼ 107D; Ka

a0 ¼ 0

C: kua0 ¼ kva0 ¼ kwa0 ¼ Ka
a0 ¼ Kb

a0 ¼ 107D

ð1:62aÞ

The appropriateness of defining these types of boundary conditions in terms of
boundary spring components had been proved by several researches (Jin et al.
2013b, 2014a; Su et al. 2014a, b, c; Ye et al. 2014a, b).

Equations (1.32)–(1.62a) describe the first-order shear deformation theory for
2D thick laminated shells. It is applicable for isotropic and laminated composite
thick shells (the shell thickness is less than 1/10 of the wave length of the
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deformation mode and/or radii of curvature) with general boundary conditions. This
theory will be specialized later for laminated beams, plates and various closed and
open shells (Chaps. 3–8).

1.4 Lamé Parameters for Plates and Shells

The fundamental equations of laminated shells presented in previous sections can
be readily specialized to some of the frequently encountered structural elements
such as flat plates, cylindrical shells, conical shells, spherical shells and shallow
shells by substituting their Lamé parameters into the equations. Lamé parameters
for plates and shells are considered in this section.

Table 1.3 Possible classical
boundary conditions for thick
shell at each boundary of
α = constant

Boundary type Conditions

Free boundary conditions

F Nα = Nαβ = Qα = Mα = Mαβ = 0

F2 u = Nαβ = Qα = Mα = Mαβ = 0

F3 Nα = v = Qα = Mα = Mαβ = 0

F4 u = v = Qα = Mα = Mαβ = 0

F5 Nα = Nαβ = Qα = Mα = ϕβ = 0

F6 u = Nαβ = Qα = Mα = ϕβ = 0

F7 Nα = v = Qα = Mα = ϕβ = 0

F8 u = v = Qα = Mα = ϕβ = 0

Simply supported boundary conditions

S u = v = w = Mα = ϕβ = 0

SD Nα = v = w = Mα = ϕβ = 0

S3 u = Nαβ = w = Mα = ϕβ = 0

S4 Nα = Nαβ = w = Mα = ϕβ = 0

S5 u = v = w = Mα = Mαβ = 0

S6 Nα = v = w = Mα = Mαβ = 0

S7 u = Nαβ = w = Mα = Mαβ = 0

S8 Nα = Nαβ = w = Mα = Mαβ = 0

Clamped boundary conditions

C u = v = w = ϕα = ϕβ = 0

C2 Nα = v = w = ϕα = ϕβ = 0

C3 u = Nαβ = w = ϕα = ϕβ = 0

C4 Nα = Nαβ = w = ϕα = ϕβ = 0

C5 u = v = w = ϕα = Mαβ = 0

C6 Nα = v = w = ϕα = Mαβ = 0

C7 u = Nαβ = w = ϕα = Mαβ = 0

C8 Nα = Nαβ = w = ϕα = Mαβ = 0
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In the global Cartesian coordinate system (X, Y, Z), the point vector of a point
P (α, β, 0) in the middle surface of a shell, r, can be written in terms of orthogonal
shell coordinates α and β as (see Fig. 1.8):

r ¼ r(a; b) ð1:63Þ

and in the global Cartesian coordinate system (X, Y, Z), the coordinates can be
written as functions of α and β as:

X ¼ X(a; b) Y ¼ Y(a; b) Z ¼ Z(a; b) ð1:64Þ

Therefore, the point vector r can be rewritten as:

r ¼ X(a; b)iþ Y(a; b)jþ Z(a; b)k ð1:65Þ

where i, j and k represent the unit vectors along the X, Y and Z coordinates,
respectively. The incensement of the vector r in moving from point P (α, β , 0) to
point Q (α + dα, β + dβ, 0) is defined as:

dr ¼ @r
@a

daþ @r
@b

db ð1:66Þ
Thus, the square of the distance ds between point (α, β, 0) and point (α + dα, β + dβ,
0) on the middle surface is:

dsð Þ2¼ dr � dr ¼ @r
@a

� @r
@a

da2 þ 2
@r
@a

� @r
@b

dadbþ @r
@b

� @r
@b

db2 ð1:67Þ

α
β

P Q

r

r+dr

dr

ds

i

j
k

Y

X

Z

n

r,α

r,β

Fig. 1.8 Coordinate systems
of the shell’s middle surface

30 1 Fundamental Equations of Laminated Beams …



Letting

A2¼ @r
@a

� @r
@a

¼ @r
@a

����
����
2

; B2¼ @r
@b

� @r
@b

¼ @r
@b

����
����
2

ð1:68Þ

and considering the coordinates α and β are orthogonal, so that

@r
@a

� @r
@b

¼0; dsð Þ2¼ A2da2 þ B2db2 ð1:69Þ

where A and B are the so called Lamé parameters. Equation (1.67) can be rewritten
as:

dsð Þ2¼ ds21 þ ds22; ds1 ¼ Ada; ds2 ¼ Bdb ð1:70Þ

It can be seen that the Lamé parameters relate a change in the arc length in the
middle surface to the changes in the curvilinear coordinates of the shell.

In engineering practices, the rectangular plates, sectorial plates, cylindrical
shells, conical shells and spherical shells are the most commonly used structural
elements. The Lamé parameters of these structural elements are given below.

(a) Rectangular plates

Let α = x and β = y as shown in Fig. 1.9. i, j and k denote the unit vectors along the
x, y and z coordinates. Any point P in the middle surface of the rectangular plate is
defined by the vector

r ¼ xiþ yj ð1:71Þ
Thus, the Lamé parameters of rectangular plates can be obtained as

@r
@a

¼ @r
@x

¼ i A ¼ @r
@a

����
���� ¼ ij j ¼ 1

@r
@b

¼ @r
@y

¼ j B ¼ @r
@b

����
���� ¼ jj j ¼ 1

ð1:72Þ

i

j

y

x

z

k

P

Fig. 1.9 Rectangular plates
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(b) Sectorial (annular or circular) plates

Let α = r and β = θ as shown in Fig. 1.10. i and j denote the unit vectors along the
x and y coordinates. Any point P in the middle surface of the sectorial plate is
defined by the vector

r ¼ r cos h � iþ r sin h � j ð1:73Þ

Thus, the Lamé parameters of sectorial plates can be obtained as

@r
@a

¼ @r
@r

¼ cos h � iþ sin h � j

A ¼ @r
@r

����
���� ¼ cos h � iþ sin h � jj j ¼ 1

ð1:74Þ

@r
@b

¼ @r
@h

¼ �r sin h � iþ r cos h � j

B ¼ @r
@h

����
���� ¼ �r sin h � iþ r cos h � jj j ¼ r

ð1:75Þ

(c) Cylindrical shells

Let α = x and β = θ, where α is parallel to the axis of revolution and β is in the
circumferential direction as shown in Fig. 1.11. R is the radius of the middle surface
of the cylindrical shell and i, j and k represent the unit vectors along the Cartesian
coordinate system (x, y, z). Any point P in the middle surface of the cylindrical shell
is defined by the vector

r ¼ xiþ R cos h � jþ R sin h � k ð1:76Þ

x

y

i

j

P

θ
r

Fig. 1.10 Sectorial plates
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Thus, the Lamé parameters of cylindrical shells can be obtained as

@r
@a

¼ @r
@x

¼ i A ¼ @r
@a

����
���� ¼ ij j ¼ 1

@r
@b

¼ @r
@h

¼ �R sin h � jþ R cos h � k

B ¼ @r
@b

����
���� ¼ �R sin h � jþ R cos h � kj j ¼ R

ð1:77Þ

(d) Conical shells

Let α = x and β = θ. Figure 1.12 shows the geometry and the coordinate system
(x, θ, z) for the middle surface of conical shells, in which x is measured along the
generator of the cone starting at the vertex, θ is in the circumferential direction and
z is perpendicular to the middle surface. φ is the semi-vertex angle of the conical
shell and R0 denotes the middle surface radius of the conical shell at its small edge.
i, j and k represent the unit vectors along the Cartesian coordinate system (X, Y, Z).
Any point P in the middle surface of the conical shell can be defined by the vector

r ¼ x cosuiþ x sinu cos h � jþ x sinu sin h � k ð1:78Þ
Thus, the Lamé parameters of the conical shell can be obtained as

@r
@a

¼ @r
@x

¼ cosuiþ sinu cos h � jþ sinu sin h � k

A ¼ @r
@a

����
���� ¼ cosuiþ sinu cos h � jþ sinu sin h � kj j ¼ 1

ð1:79Þ
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Fig. 1.11 Cylindrical shells
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@r
@b

¼ @r
@h

¼ �x sinu sin h � jþ x sinu cos h � k

B ¼ @r
@b

����
���� ¼ �x sinu sin h � jþ x sinu cos h � kj j ¼ x sinu

ð1:80Þ

(e) Spherical shells

Let α = φ and β = θ, where φ and θ are taken in the meridional and circumferential
directions of the spherical shell, respectively, see Fig. 1.13. i, j and k represent the
unit vectors along the Cartesian coordinate system (x, y, z). R denotes the radius of
the middle surface of the spherical shell. Any point P in the middle surface of the
spherical shell is defined by the vector

P

θ

i

j
k

x

z

Y

XZ

ϕ

R0

Fig. 1.12 Conical shells

y

x

j

k

i θ

z

P
φ

R

Fig. 1.13 Spherical shells
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r ¼ R cos/iþ R sin/ cos h � jþ R sin/ sin h � k ð1:81Þ

Thus, the Lamé parameters of spherical shells can be obtained as

@r
@a

¼ @r
@/

¼ �R sin/iþ R cos/ cos h � jþ R cos/ sin h � k

A ¼ @r
@a

����
���� ¼ �R sin/iþ R cos/ cos h � jþ R cos/ sin h � kj j ¼ R

ð1:82Þ

@r
@b

¼ @r
@h

¼ �R sin/ sin h � jþ R sin/ cos h � k

B ¼ @r
@b

����
���� ¼ �R sin/ sin h � jþ R sin/ cos h � kj j ¼ R sin/

ð1:83Þ
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Chapter 2
Modified Fourier Series and Rayleigh-Ritz
Method

Although the governing equations and associated boundary equations for laminated
beams, plates and shells presented in Chap. 1 show the possibility of seeking their
exact solutions of vibration, however, it is commonly believed that very few exact
solutions are possible for plate and shell vibration problems. For instance, an exact
solution is available only for rectangular plates which are simply supported along,
at least, one pair of opposite edges, and one has to resort to an approximate solution
for other boundary conditions (Zhang and Li 2009). It is important for engineering
applications to have available approaches that give accurate solutions for cases that
cannot be solved accurately.

In recent decades, many accurate and efficient experimental and computational
methods have been developed for the vibration analysis of laminated beams, plates
and shells, such as the scaled down models and similitude theory, Ritz method,
differential quadrature method (DQM), Galerkin method, wave propagation
approach, multiquadric radial basis function method, meshless method, finite ele-
ment method (FEM), discrete singular convolution approach (DSC), etc. It should
be stressed that most of these methods were applied firstly to isotropic structures,
and were subsequently extended to study the dynamic behaviors of the anisotropic
and laminated composite ones. However, it appears that most of the existing
methods are only suitable for a particular type of boundary conditions which typ-
ically require constant modifications of the solution procedures to adapt to different
boundary cases. Therefore, the use of the existing solution procedures will result in
very tedious calculations and be easily inundated with various boundary conditions
in practical applications due to the fact that the boundary conditions of a beam,
plate or shell may not always be classical in nature, a variety of possible boundary
restraining cases, including classical boundary conditions, elastic restraints and
their combinations can be encountered in practice. For example, even just con-
sidering the four simplest classical boundary conditions (i.e., F, SD, S and C), one
should realize that there can constitute 256 combinations of different boundary
conditions for a thin shell (four edges) or unsymmetrically laminated thin plate.
Furthermore, the possible combinations of classical boundary conditions of a
general thick open shell or unsymmetrically laminated thick plate can be as many as
331,776 types. The finite element method (FEM) has dominated engineering
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computations since its invention and its application has expanded to a variety of
engineering fields. The FEM overcomes the difficulties in dealing with various
boundary conditions, however, there still exist some drawbacks due to its mesh-
based interpolation. For instance, it suffers heavily from mesh distortion in large
deformation and intensive remeshing requirements in dealing with the structures
with complex geometries and discontinuities. In addition, the computational
demands increase with structural and material complexity and with analysis fre-
quency range (Price et al. 1998; Liew et al. 2011). It is necessary and of great
significance to develop a unified, efficient and accurate method which is capable of
universally dealing with laminated beams, plates and shells with general boundary
conditions.

The present chapter deals with a unified modified Fourier series method which is
capable of universally dealing with laminated beams, plates and shells with general
boundary conditions. The accurate modified Fourier series solutions of isotropic,
anisotropic and laminated beams, plates and shells can be obtained by using both
strong and weak form solution procedures as described in the following sections.

2.1 Modified Fourier Series

For vibration problems of beams, plates and shells, the admissible functions are
often expressed in the form of Fourier series expansions because of their orthog-
onality and completeness, as well as their excellent stability in numerical calcula-
tions. Furthermore, vibrations are naturally expressible as waves, which are
normally described by Fourier series (Li 2000). However, the conventional Fourier
series expression will generally has a convergence problem along the boundary
edges except for a few simple boundary conditions, thus limiting the applications of
Fourier series to only a few ideal boundary conditions. Mathematically, when the
displacements of a shell (2D) are periodically extended as standard Fourier series
onto the entire α–β surface, discontinuities potentially exist in original displace-
ments and their derivatives at the edges. In such case, the Fourier series expansions
cannot be differentiated term-by-term, and thus the solution may not converge or
converge slowly. Recognizing the fact that the convergence rate for the Fourier
series expansion of a periodic function is directly related to its smoothness, Li
(2000, 2002) proposed a modified Fourier series method for the vibration analysis
of isotropic Euler Bernoulli beams with general elastic boundary conditions.

In this book, this method is further developed and extended to the vibration
analysis of laminated composite beams, plates and shells with general boundary
conditions and arbitrary lamination schemes, aiming to provide a unified and rea-
sonable accurate alternative to other analytical and numerical techniques. The
method will be briefly explained in this section for the completeness of the book.
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2.1.1 Traditional Fourier Series Solutions

To fully illustrate the basic idea of the modified Fourier series method, we consider
the longitude and transverse vibrations of a classical straight beam with length L,
uniform thickness h and width b as shown in Fig. 2.1. The two-dimensional rect-
angular coordinate system (x, z) is used to describe the geometry dimensions and
deformations of the beam, in which co-ordinates along the axial and thickness
directions are represented by x and z, respectively.

Letting α = x, A = 1, according to Eqs. (1.7), (1.14) and (1.28), the governing
equations for free vibration of a generally laminated composite beam are obtained
as:

A11
@2u
@x2

� B11
@3w
@x3

¼ �x2I0u

B11
@3u
@x3

� D11
@4w
@x4

¼ �x2I0w

ð2:1a; bÞ

where ω represent the natural frequencies of the beam. Suppose the classical beam
considered here is made from isotropic materials, therefore, the B11 terms become
zero. In such case, the longitude and transverse vibrations of the beam are
decoupled. Subsequently, Eq. (2.1) is rewritten as:

A11
@2u
@x2

¼ �x2I0u

D11
@4w
@x4

¼ x2I0w

ð2:2a; bÞ

The solution of Eq. (2.2) is often desired to be expanded in the form of either
Fourier sine series or Fourier cosine series. Take the transverse vibration problem
for example (Eq. 2.2b), mathematically, the displacement w(x) can be expanded as
Fourier series only contains the cosine terms by making the even extension of w
(x) from the interval [0, L] onto the interval [−L, 0], as shown in Fig. 2.2 (Xu 2011):

z (w)

x (u)

L

h

b

Fig. 2.1 Notations of a classical straight beam
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wðxÞ ¼
X1
m¼0

Am cos kmx 0� x� L ð2:3Þ

where Am are the expansion coefficients, λm = mπ/L. According to Eq. (2.2b), it
is obvious that the transverse displacement w(x) is required to have up to the
fourth-derivative (w′′′′(x)). The Fourier cosine series is able to correctly converge to
w(x) at any point over [0, L]. However, its first-derivative w′(x) and third- derivative
w′′′(x) are odd functions over [−L, L] leading to a jump at end locations (see
Fig. 2.2). Thus, their Fourier series expansions (sine series) will accordingly have a
convergence problem due to the discontinuity at end points. Moreover, the dis-
placement function w(x) of the beam given in Eq. (2.3) may not be differentiated
term-by-term. The reasons are given below (Tolstov 1976):

Theorem 1 Let f(x) be a continuous function defined on [0, L] with an absolutely
integrable derivative, and let f(x) be expanded in Fourier sine series

f ðxÞ ¼
X1
m¼1

am sin kmx; 0\x\L ðkm ¼ mp=LÞ ð2:4Þ

then

f 0ðxÞ ¼ f ðLÞ � f ð0Þ
L

þ
X1
m¼1

2
L
½ð�1Þmf ðLÞ � f ð0Þ� þ amkm

� �
cos kmx ð2:5Þ

Apparently, when f(L) = f(0) = 0,

f 0ðxÞ ¼
X1
m¼1

amkm cos kmx ð2:6Þ

The theorem reveals that a sine series can be differentiated term-by-term only if f
(L) = f(0) = 0.

L L

'( )w x

( )w x
o x

Fig. 2.2 An illustration of the
possible discontinuities of the
displacement at the ends
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Theorem 2 Let f(x) be a continuous function defined on [0, L] with an absolutely
integrable derivative, and let f(x) be expanded in Fourier cosine series

f ðxÞ ¼
X1
m¼0

bm cos kmx; 0\x\L ðkm ¼ mp=LÞ ð2:7Þ

then

f 0ðxÞ ¼ �
X1
m¼1

bmkm sin kmx ð2:8Þ

The theorem reveals that a cosine series can always be differentiated term-by-term.

Theorem 3 Let f(x) be a continuous function of period 2L, which has n derivatives,
where n−1 derivatives are continuous and the mth derivative is absolutely inte-
grable (the mth derivative may not exist at certain points). Then, the Fourier series
of all m derivatives can be obtained by term-by-term differentiation of the Fourier
series of f(x), where all the series, except possibly the last, converge to the cor-
responding derivatives. Moreover, the Fourier coefficients of the function f(x) sat-
isfy the relations

lim
n!1 amk

n
m ¼ lim

n!1 bmk
n
m ¼ 0 ð2:9Þ

With these in mind, for the cases when the beam is elastically supported, we have

w0ðxÞ ¼ �
X1
m¼1

kmAm sin kmx; 0\x\L ð2:10Þ

w00ðxÞ ¼ w0ðLÞ � w0ð0Þ
L

þ
X1
m¼1

2
L
½ð�1Þmw0ðLÞ � w0ð0Þ� � Amk

2
m

� �
cos kmx; 0� x� L

ð2:11Þ

w000ðxÞ ¼ �
X1
m¼1

2
L
½ð�1Þmw0ðLÞ � w0ð0Þ�km � Amk

3
m

� �
sin kmx; 0\x\L ð2:12Þ

w0000ðxÞ ¼ w000ðLÞ � w000ð0Þ
L

þ
X1
m¼1

2
L ½ð�1Þmw000ðLÞ � w000ð0Þ�
� 2

L ½ð�1Þmw0ðLÞ � w0ð0Þ�k2m þ Amk
4
m

 !
cos kmx; 0� x� L

ð2:13Þ
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and the Fourier coefficient Am satisfies

lim
m!1Amkm ¼ 0 ð2:14Þ

Combining Eqs. (2.2b) and (2.13) results in

D11
w000ðLÞ � w000ð0Þ

L
þ
X1
m¼1

2D11

L
½ð�1Þmw000ðLÞ � w000ð0Þ�

� �
cos kmx

þ
X1
m¼1

2D11

L
½ð�1Þmw0ðLÞ � w0ð0Þ�k2m

�

þ D11k
4
m � x2I0

� �
Am

�
cos kmx ¼ x2I0

ð2:15Þ

Obviously, it is a big challenge to obtain the natural frequencies and determine
the expansion coefficients from Eq. (2.15).

Alternatively, one may prefer to expand the beam displacement w(x) in the form
of Fourier sine series. In such case

wðxÞ ¼
X1
m¼1

Am sin kmx; 0\x\L ð2:16Þ

Then

w0ðxÞ ¼ wðLÞ � wð0Þ
L

þ
X1
m¼1

2
L
½ð�1ÞmwðLÞ � wð0Þ� þ Amkm

� �
cos kmx; 0� x� L

ð2:17Þ

w00ðxÞ ¼ �
X1
m¼1

2
L
½ð�1ÞmwðLÞ � wð0Þ�km þ Amk

2
m

� �
sin kmx; 0\x\L ð2:18Þ

w000ðxÞ ¼ w00ðLÞ � w00ð0Þ
L

þ
X1
m¼1

2
L ½ð�1Þmw00ðLÞ � w00ð0Þ�
� 2

L ½ð�1ÞmwðLÞ � wð0Þ�k2m � Amk
3
m

 !
cos kmx; 0� x� L

ð2:19Þ

w0000ðxÞ ¼ �
X1
m¼1

2
L ½ð�1Þmw00ðLÞ � w00ð0Þ�km
� 2

L ½ð�1ÞmwðLÞ � wð0Þ�k3m � Amk
4
m

� �
sin kmx; 0\x\L

ð2:20Þ
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and the Fourier coefficient Am satisfies

lim
m!1Am ¼ 0 ð2:21Þ

Combining Eqs. (2.2b) and (2.20) results in

½ð�1Þmw00ðLÞ � w00ð0Þ�km � ½ð�1ÞmwðLÞ
� wð0Þ�k3m ¼ AmL

2D11
x2I0 � D11k

4
m

� � ð2:22Þ

and

Am ¼ 2D11km
L D11k

4
m � x2I

� �
0

½ð�1Þmw00ðLÞ � w00ð0Þ�
�½ð�1ÞmwðLÞ � wð0Þ�k2mm

� �
ð2:23Þ

Mathematically, the natural frequencies are simply obtained by requiring the
determinant of the coefficient matrix to vanish (Wang and Lin 1996). Such a
procedure involves solving a non-linear equation, which may not always be an easy
job numerically (Li 2000).

In conclusion, a beam with simply supported boundary conditions, the Fourier
sine series can be used to determine the vibrations of the beam readily due to the
fact that all the required derivatives of the displacement function can be directly
obtained from the Fourier sine series through term-by-term differentiation. For other
boundary conditions, however, a Fourier series tends to become slow converged, if
it converges at all, and its derivatives may not be so easily obtained (Li 2000). In
order to overcome these difficulties and satisfy the general boundary conditions, a
modified Fourier series method was proposed by Li (2000), in which several
supplementary terms are introduced into the Fourier series expansion to remove any
potential discontinuities of the original displacements and their derivatives
throughout the entire solution domain including the boundaries and then to effec-
tively enhance the convergence of the results. This modified Fourier series method
is briefly illustrated in following section.

2.1.2 One-Dimensional Modified Fourier Series Solutions

Unlike in the traditional Fourier methods, the transverse displacement w(x) of the
beam is expanded into a standard Fourier cosine series plus an sufficiently smooth
auxiliary polynomial function defined over [0, L] as:

wðxÞ ¼ WðxÞ þ PðxÞ; and WðxÞ ¼
X1
m¼0

Am cos kmx ð2:24Þ
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where Am are the expansion coefficients, λm =mπ/L. The sufficiently smooth auxiliary
polynomial function P(x) is selected to remove all the discontinuities potentially
associated with the first-order and third-order derivatives at the boundaries. By setting

P0ð0Þ ¼ w0ð0Þ ¼ 110 P0ðLÞ ¼ w0ðLÞ ¼ 111
P000ð0Þ ¼ w000ð0Þ ¼ 130 P000ðLÞ ¼ w000ðLÞ ¼ 131

ð2:25Þ

Such requirements can be readily satisfied by choosing simple polynomials as
follows (Zhang and Li 2009; Du 2009):

PðxÞ ¼
P1ðxÞ
P2ðxÞ
P3ðxÞ
P4ðxÞ

2
664

3
775
T 110

111
130
131

2
664

3
775 ð2:26aÞ

and

P1ðxÞ
P2ðxÞ
P3ðxÞ
P4ðxÞ

2
664

3
775 ¼

9L
4p sinðpx2LÞ � L

12p sinð3px2L Þ� 9L
4p cosðpx2LÞ � L

12p cosð3px2L Þ
L3
p3 sinðpx2LÞ � L3

3p3 sinð3px2L Þ
� L3

p3 cosðpx2LÞ � L3
3p3 cosð3px2L Þ

2
6664

3
7775 ð2:26bÞ

It should be pointed out that in actual calculation, the boundary values ζ10, ζ11,
ζ30 and ζ31 can be treated as undetermined coefficient associated with the auxiliary
polynomial function and solved in a strong form solution procedures or a weak
form one such as Ritz method. It is easy to verify that

P0ð0Þ ¼

1

0

0

0

2
6664
3
7775
T 110

111
130
131

2
6664

3
7775 P0ðLÞ ¼

0

1

0

0

2
6664
3
7775
T 110

111
130
131

2
6664

3
7775

P000ð0Þ ¼

0

0

1

0

2
6664
3
7775
T 110

111
130
131

2
6664

3
7775 P000ðLÞ ¼

0

0

0

1

2
6664
3
7775
T 110

111
130
131

2
6664

3
7775

ð2:27Þ

so that

W 0ð0Þ ¼ W 0ðLÞ ¼ 0 W 000ð0Þ ¼ W 000ðLÞ ¼ 0 ð2:28Þ

Essentially, W(x) represents a residual beam displacement which is continuous
over [0, L] and has zero-slopes at the both ends as shown in Fig. 2.3. Apparently,
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the cosine series representation of W(x) is able to converge correctly to the function
itself and its first derivative at every point (including the boundaries) on the beam.
Analogously, discontinuities potentially associated with the third-order derivative
can be removed as well. In addition, the residual beam displacement W(x) has at
least three continuous derivatives, then all the required differentiations can be
simply carried out term-by-term basically. In such case, we have

w0ðxÞ ¼ �
X1
m¼1

kmAm sin kmxþ P0ðxÞ ð2:29Þ

w00ðxÞ ¼ �
X1
m¼1

Amk
2
m cos kmxþ P00ðxÞ ð2:30Þ

w000ðxÞ ¼
X1
m¼1

Amk
3
m sin kmxþ P000ðxÞ ð2:31Þ

w0000ðxÞ ¼
X1
m¼1

Amk
4
m cos kmxþ P0000ðxÞ ð2:32Þ

and the Fourier coefficient Am satisfies

lim
m!1Amk

4
m ¼ 0 ð2:33Þ

Comparing Eq. (2.33) with (2.21), it can be found that the modified Fourier
series solution converges at a much faster speed. It should be stressed that the form
of auxiliary polynomial function given in Eq. (2.26a, b) should be understood as a
continuous function that satisfies Eq. (2.25), its form is not a concern with respect to
the convergence of the series solution (Li 2004). Actually, any function satisfies

L

L

'( )W x

( )w x

o x

( )W x

Fig. 2.3 An illustration of the
modified Fourier method
(Xu 2010)
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Eq. (2.25) such as polynomials and trigonometric functions can be used. Com-
bining Eqs. (2.2b) and (2.32) obtains

X1
m¼1

Amk
4
m cos kmxþ P0000ðxÞ ¼ x2I0

D11

X1
m¼0

Am cos kmxþ PðxÞ
 !

ð2:34Þ

In order to derive the constraint equations for the unknown Fourier coefficients,
the auxiliary polynomial function P(x) and its four-order derivative P′′′′(x) in
Eq. (2.32) are expanded into Fourier cosine series, namely

PðxÞ ¼
X1
m¼0

Bm cos kmx

P0000ðxÞ ¼
X1
m¼0

Cm cos kmx

ð2:35Þ

where

Bm ¼
R L
0 PðxÞ cos kmxdxR L
0 cos kmxð Þ2dx

Cm ¼
R L
0 P0000ðxÞ cos kmxdxR L

0 cos kmxð Þ2dx

ð2:36Þ

Substituting Eq. (2.35) into Eq. (2.34), we have

C0 þ
X1
m¼1

Amk
4
m þ Cm

� �
cos kmx ¼

X1
m¼0

qDx
2 Am þ Bmð Þ cos kmx ð2:37Þ

where ρD = I0/D11, Therefore

C0 � qDx
2 A0 þ B0ð Þ ¼ 0

Amk
4
m þ Cm � qDx

2 Am þ Bmð Þ ¼ 0 m ¼ 1; 2; . . .
ð2:38Þ

According to Eq. (1.29), the general boundary conditions for the beam can be
written as

kwx0wð0Þ ¼ D11w
000ð0Þ kwx1wðLÞ ¼ �D11w

000ðLÞ
Kw
x0w

0ð0Þ ¼ D11w
00ð0Þ Kw

x1w
0ðLÞ ¼ �D11w

00ðLÞ ð2:39Þ
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Substituting Eq. (2.24) into Eq. (2.39) the boundary conditions of the beam can be
rewritten as

kwx0
X1
m¼0

Am þ Pð0Þ
 !

¼ D11P
000ð0Þ

kwx1
X1
m¼0

ð�1ÞmAm þ PðLÞ
 !

¼ �D11P
000ðLÞ

Kw
x0P

0ð0Þ ¼ D11

X1
m¼0

�k2mAm þ P00ð0Þ
 !

Kw
x1P

0ðLÞ ¼ �D11

X1
m¼0

ð�1Þmþ1k2mAm þ P00ðLÞ
 !

ð2:40Þ

The natural frequencies and mode shapes of the beam can now be easily
determined by solving Eq. (2.38) with boundary condition equations Eq. (2.40), the
more detail solution procedure will be given in Sect. 2.2.

Alternatively, the transverse displacement of the beam can also be expanded into
a modified Fourier sine series. In that case, the auxiliary polynomial function P(x) is
selected to remove all the discontinuities potentially associated with the original
displacement and its second-order derivative at the boundaries. Namely, the
transverse displacement w(x) of the beam should be expanded into a standard
Fourier sine series plus a sufficiently smooth auxiliary polynomial function defined
over [0, L] as:

wðxÞ ¼ WðxÞ þ PðxÞ; where WðxÞ ¼
X1
m¼0

Am sin kmx ð2:41Þ

and

Pð0Þ ¼ wð0Þ ¼ 100 PðLÞ ¼ wðLÞ ¼ 101
P00ð0Þ ¼ w00ð0Þ ¼ 120 P00ðLÞ ¼ w00ðLÞ ¼ 121

ð2:42Þ

Similarly, Eqs. (2.17)–(2.20) can be rewritten as

w0ðxÞ ¼
X1
m¼1

Amkm cos kmxþ P0ðxÞ ð2:43Þ

w00ðxÞ ¼ �
X1
m¼1

Amk
2
m sin kmxþ P00ðxÞ ð2:44Þ
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w000ðxÞ ¼ �
X1
m¼1

Amk
3
m cos kmxþ P000ðxÞ ð2:45Þ

w0000ðxÞ ¼
X1
m¼1

Amk
4
m sin kmxþ P0000ðxÞ ð2:46Þ

The solution procedure is the same as those of the modified Fourier cosine series.

2.1.3 Two-Dimensional Modified Fourier Series Solutions

Using the modified Fourier series technique, in the manner similar to that described
earlier, two-dimensional modified Fourier series solutions for laminated plates and
shells are presented in this section. For the sake of completeness, we consider the
free vibration analysis of a moderately thick. Generally laminated rectangular plate
(where a and b denote its length and width) with general boundary conditions (see
Fig. 2.4), the solution procedure is given step-by-step as follows.

Substituting α = x, β = y, A = B = 1 and Rα = Rβ = ∞ into Eq. (1.59), the
governing equations of the plate are written as:

@Nx

@x
þ @Nyx

@y
¼ �x2 I0uþ I1/xð Þ

@Nxy

@x
þ @Ny

@y
¼ �x2 I0vþ I1/y

� �
@Qx

@x
þ @Qy

@y
¼� x2I0w

@Mx

@x
þ @Myx

@y
� Qx¼� x2 I1uþ I2/xð Þ

@Mxy

@x
þ @My

@y
� Qy¼� x2 I1vþ I2/b

� �

ð2:47a–eÞ

x

y

z
w

v

u
a

b

Fig. 2.4 A generally
laminated moderately thick
rectangular plate
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Similarly, substituting α = x, β = y, A = B = 1 and Rα = Rβ = ∞ into Eqs. (1.34),
(1.46) and (1.47) and then substituting these three equations into Eq. (2.47) yields

L11 L12 L13 L14 L15
L21 L22 L23 L24 L25
L31 L32 L33 L34 L35
L41 L42 L43 L44 L45
L51 L52 L53 L54 L55

2
66664

3
77775� x2

M11 0 0 M14 0
0 M22 0 0 M25

0 0 M33 0 0
M41 0 0 M44 0
0 M52 0 0 M55

2
66664

3
77775

0
BBBB@

1
CCCCA

u
v
w
/x
/y

2
66664

3
77775 ¼

0
0
0
0
0

2
66664

3
77775 ð2:48Þ

where the coefficients of the linear operator L(Lij = Lji, Mij = Mji) are given below:

L11 ¼ A11
@2

@x2
þ 2A16

@2

@x@y
þ A66

@2

@y2

L12 ¼ A16
@2

@x2
þ A12 þ A66ð Þ @2

@x@y
þ A26

@2

@y2

L13 ¼ 0 L23 ¼ 0

L14 ¼ B11
@2

@x2
þ 2B16

@2

@x@y
þ B66

@2

@y2

L15 ¼ B16
@2

@x2
þ ðB12 þ B66Þ @2

@x@y
þ B26

@2

@y2

L22 ¼ A66
@2

@x2
þ 2A26

@2

@x@y
þ A22

@2

@y2

L24 ¼ B16
@2

@x2
þ ðB12 þ B66Þ @2

@x@y
þ B26

@2

@y2

L25 ¼ B66
@2

@x2
þ 2B26

@2

@x@y
þ B22

@2

@y2

L33 ¼ �A55
@2

@x2
� 2A45

@2

@x@y
� A44

@2

@y2

L34 ¼ �A55
@

@x
� A45

@

@y

L35 ¼ �A45
@

@x
� A44

@

@y

L44 ¼ D11
@2

@x2
þ 2D16

@2

@x@y
þ D66

@2

@y2
� A55

L45 ¼ D16
@2

@x2
þ D12 þ D66ð Þ @2

@x@y
þ D26

@2

@y2
� A45

L55 ¼ D66
@2

@x2
þ 2D26

@2

@x@y
þ D22

@2

@y2
� A44

M11 ¼ M22 ¼ M33 ¼ �I0
M14 ¼ M25 ¼ �I1
M44 ¼ M55 ¼ �I2

ð2:49Þ
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and the general boundary conditions of the plate are:

x ¼ 0 :

Nx ¼ kux0u

Nxy ¼ kvx0v

Qx ¼ kwx0w

Mx ¼ Kx
x0/x

Mxy ¼ Ky
x0/y

8>>>>>><
>>>>>>:

x ¼ a :

Nx ¼ �kux1u

Nxy ¼ �kvx1v

Qx ¼ �kwx1w

Mx ¼ �Kx
x1/x

Mxy ¼ �Ky
x1/y

8>>>>>><
>>>>>>:

y ¼ 0 :

Nyx ¼ kuy0u

Ny ¼ kvy0v

Qy ¼ kwy0w

Myx ¼ Kx
y0/x

My ¼ Ky
y0/y

8>>>>>>><
>>>>>>>:

y ¼ b :

Nyx ¼ �kuy1u

Ny ¼ �kvy1v

Qy ¼ �kwy1w

Myx ¼ �Kx
y1/x

My ¼ �Ky
y1/y

8>>>>>>><
>>>>>>>:

ð2:50Þ

Taking the plate displacement component u(x, y) for example, it can be
expanded into a standard double Fourier cosine series plus two sufficiently smooth
auxiliary polynomial functions defined over [0, a] × [0, b] as

uðx; yÞ ¼ Uðx; yÞ þ Pxðx; yÞ þ Pyðx; yÞ ð2:51aÞ

and

Uðx; yÞ ¼
X1
m¼0

X1
n¼0

Amn cos kmx cos kny ð2:51bÞ

whereAmn are the expansion coefficients. λm =mπ/a and λn = nπ/b.Px(x, y) andPy(x, y)
denote the auxiliary polynomial functions introduced to ensure and accelerate the
convergence of the series expansion of the displacement u(x, y). According
to Eq. (2.49), it is obvious that each of the displacements and rotation components of
the plate is required to have up to the second derivatives. Therefore, the auxiliary
polynomial functions Px(x, y) and Py(x, y) are selected to remove all the disconti-
nuities potentially associated with the first-order derivatives at the boundaries.
By setting

@Pxð0; yÞ
@x

¼ @uð0; yÞ
@x

¼ nx0ðyÞ
@Pxða; yÞ

@x
¼ @uða; yÞ

@x
¼ nx1ðyÞ

@Pyðx; 0Þ
@y

¼ @uðx; 0Þ
@y

¼ ny0ðxÞ
@Pyðx; bÞ

@y
¼ @uðx; bÞ

@y
¼ ny1ðxÞ

ð2:52Þ
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where ξx0(y), ξx1(y), ξy0(x) and ξy1(x) are the unknown boundary derivatives at
boundaries x = 0, x = a, y = 0 and y = b, respectively. They can be expanded in the
form of Fourier cosine series as

nx0ðyÞ ¼
X1
n¼0

a1n cos kny

nx1ðyÞ ¼
X1
n¼0

a2n cos kny

ny0ðxÞ ¼
X1
m¼0

b1m cos kmx

ny1ðxÞ ¼
X1
m¼0

b2m cos kmx

ð2:53Þ

where a1n, a2n, b1m and b2m are the expansion coefficients. The requirements of
Eq. (2.52) can be readily satisfied by choosing the auxiliary polynomial functions
Px(x, y) and Py(x, y) as follows (Du 2009):

Pxðx; yÞ ¼ P1ðxÞ
P2ðxÞ
� �T

nx0ðyÞ
nx1ðyÞ
� �

;
P1ðxÞ
P2ðxÞ
� �

¼ x x=a� 1ð Þ2
x2 x=a� 1ð Þ=a
� �

ð2:54aÞ

and

Pyðx; yÞ ¼ P1ðyÞ
P2ðyÞ
� �T ny0ðxÞ

ny1ðxÞ
� �

;
P1ðyÞ
P2ðyÞ
� �

¼ y y=b� 1ð Þ2
y2 y=b� 1ð Þ=b
� �

ð2:54bÞ

It is easy to verify that

@Pxð0; yÞ
@x

¼ 1

0

� �T nx0ðyÞ
nx1ðyÞ

� �

@Pxða; yÞ
@x

¼ 0

1

� �T nx0ðyÞ
nx1ðyÞ

� �

@Pyðx; 0Þ
@y

¼ 1

0

� �T ny0ðxÞ
ny1ðxÞ
� �

@Pyðx; bÞ
@y

¼ 0

1

� �T ny0ðxÞ
ny1ðxÞ
� �

ð2:55Þ

so that

@Uð0; yÞ
@x

¼ @Uða; yÞ
@x

¼ 0

@Uðx; 0Þ
@y

¼ @Uðx; bÞ
@y

¼ 0
ð2:56Þ
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Essentially, U(x, y) represents a residual plate displacement which is continuous
over [0, a] × [0, b] and has zero-slopes at the four boundaries. Apparently, the
cosine series representation of U(x, y) is able to converge correctly to the function
itself and its first derivative at every point on the plate. Moreover, all the required
differentiations of the residual plate displacement U(x, y) can be simply carried out
term-by-term. Thus, the plate displacement function of component u(x, y) can be
rewritten as

uðx; yÞ ¼
X1
m¼0

X1
n¼0

Amn cos kmx cos knyþ
X2
l¼1

X1
n¼0

alnPlðxÞ cos kny

þ
X2
l¼1

X1
m¼0

blmPlðyÞ cos kmx
ð2:57Þ

Similarly, the other displacements and rotation components of the plate can be
expanded as the two-dimensional modified Fourier series as

vðx; yÞ ¼
X1
m¼0

X1
n¼0

Bmn cos kmx cos knyþ
X2
l¼0

X1
n¼0

clnPlðxÞ cos kny

þ
X2
l¼0

X1
m¼0

dlmPlðyÞ cos kmx

wðx; yÞ ¼
X1
m¼0

X1
n¼0

Cmn cos kmx cos knyþ
X2
l¼0

X1
n¼0

elnPlðxÞ cos kny

þ
X2
l¼0

X1
m¼0

flmPlðyÞ cos kmx

/xðx; yÞ ¼
X1
m¼0

X1
n¼0

Dmn cos kmx cos knyþ
X2
l¼0

X1
n¼0

glnPlðxÞ cos kny

þ
X2
l¼0

X1
m¼0

hlmPlðyÞ cos kmx

/yðx; yÞ ¼
X1
m¼0

X1
n¼0

Emn cos kmx cos knyþ
X2
l¼0

X1
n¼0

ilnPlðxÞ cos kny

þ
X2
l¼0

X1
m¼0

jlmPlðyÞ cos kmx

ð2:58Þ

where Bmn, Cmn, Dmn and Emn are the standard Fourier series expansion coefficients.
cln, dlm, eln, flm gln, hlm, iln and jlm are the corresponding supplement coefficients.
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2.2 Strong Form Solution Procedure

With the modified Fourier series, vibration of isotropic, anisotropic and laminated
beams, plates and shells can be obtained by using the strong form solution pro-
cedures as described below. Taking the previously studied laminated rectangular
plate for example, the solution procedure is given step-by-step as follows.

In the actual calculations, all the five infinite modified Fourier series expressions
given in Eqs. (2.57) and (2.58) need to be truncated as finite series to obtain the
results with acceptable accuracy due to the limited speed, the capacity and the
numerical accuracy of computers. Unless otherwise stressed, the involving terms in
all the plate displacements and rotation components are uniformly taken as m ∈ [0,
M] and n ∈ [0, N]. Thus, the modified Fourier series expressions presented in
Eqs. (2.57) and (2.58) can be rewritten in the matrix form as:

uðx; yÞ ¼ HxyAþHxaþHyb

vðx; yÞ ¼ HxyBþHxcþHyd

wðx; yÞ ¼ HxyCþHxeþHyf

/xðx; yÞ ¼ HxyDþHxgþHyh

/yðx; yÞ ¼ HxyEþHxiþHyj

ð2:59Þ

where

Hxy ¼ cos k0x cos k0y; . . .; cos kmx cos kny½ ; . . .; cos kMx cos kNy�
Hx ¼ ½P1ðxÞ cos k0y; . . .;PlðxÞ cos kny; . . .;P2ðxÞ cos kNy�
Hy ¼ ½P1ðyÞ cos k0x; . . .;PlðyÞ cos kmx; . . .;P2ðyÞ cos kMx�

ð2:60Þ

and

A ¼ A00; . . .;Amn; . . .;AMN½ �T a ¼ a10; . . .; aln; . . .; a2N½ �T

b ¼ b10; . . .; blm; . . .; b2M½ �T

B ¼ B00; . . .;Bmn; . . .;BMN½ �T c ¼ c10; . . .; cln; . . .; c2N½ �T

d ¼ d10; . . .; dlm; . . .; d2M½ �T

C ¼ C00; . . .;Cmn; . . .;CMN½ �T e ¼ e10; . . .; eln; . . .; e2N½ �T

f ¼ f10; . . .; flm; . . .; f2M½ �T

D ¼ D00; . . .;Dmn; . . .;DMN½ �T g ¼ g10; . . .; gln; . . .; g2N½ �T

h ¼ h10; . . .; hlm; . . .; h2M½ �T
E ¼ E00; . . .;Emn; . . .;EMN½ �T i ¼ i10; . . .; iln; . . .; i2N½ �T

j ¼ j10; . . .; jlm; . . .; j2M½ �T

ð2:61Þ
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Superscript T represents the transposition operator. Substituting Eq. (2.59) into
Eq. (2.48) results in

LxyCxy þ LxCx þ LyCy � x2 MxyCxy þMxCx þMyCy
� � ¼ 0 ð2:62Þ

where

Li¼

L11Hi L12Hi L13Hi L14Hi L15Hi

L21Hi L22Hi L23Hi L24Hi L25Hi

L31Hi L32Hi L33Hi L34Hi L35Hi

L41Hi L42Hi L43Hi L44Hi L45Hi

L51Hi L52Hi L53Hi L54Hi L55Hi

2
66664

3
77775; ði ¼ xy; x; yÞ ð2:63Þ

Mi¼

M11Hi 0 0 M14Hi 0
0 M22Hi 0 0 M25Hi

0 0 M33Hi 0 0
M41Hi 0 0 M44Hi 0
0 M52Hi 0 0 M55Hi

2
66664

3
77775; ði ¼ xy; x; yÞ ð2:64Þ

Cxy¼

A
B
C
D
E

2
66664

3
77775; Cx¼

a
c
e
g
i

2
66664

3
77775; Cy¼

b
d
f
h
j

2
66664

3
77775 ð2:65Þ

In the same way, substituting Eq. (2.59) into Eq. (2.50), the general boundary
conditions of the plate can be rewritten as

x ¼ 0 : Lx0
xyCxy þ Lx0

x Cx þ Lx0
y Cy ¼ 0

x ¼ a : Lx1
xyCxy þ Lx1

x Cx þ Lx1
y Cy ¼ 0

ð2:66aÞ

y ¼ 0 : Ly0
xyCxy þ Ly0

x Cx þ Ly0
y Cy ¼ 0

y ¼ b : Ly1
xyCxy þ Ly1

x Cx þ Ly1
y Cy ¼ 0

ð2:66bÞ

in which

L j
i ¼

L j
11Hi L j

12Hi L j
13Hi L j

14Hi L j
15Hi

L j
21Hi L j

22Hi L j
23Hi L j

24Hi L j
25Hi

L j
31Hi L j

32Hi L j
33Hi L j

34Hi L j
35Hi

L j
41Hi L j

42Hi L j
43Hi L j

44Hi L j
45Hi

L j
25Hi L j

52Hi L j
53Hi L j

54Hi L j
55Hi

2
666664

3
777775;

i ¼ xy; x; y
j ¼ x0; x1;

y0; y1

0
@

1
A ð2:67Þ
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the coefficients of the linear operator in Eq. (2.67) are given below:

Lx011 ¼ A11
@
@x þ A16

@
@y � kux0; Lx012 ¼ A12

@
@y þ A16

@
@x

Lx013 ¼ Lx031 ¼ Lx043 ¼ 0; Lx014 ¼ B11
@
@x þ B16

@
@y ¼ Lx041

Lx015 ¼ B12
@
@y þ B16

@
@x ; Lx021 ¼ A16

@
@x þ A66

@
@y

Lx022 ¼ A26
@
@y þ A66

@
@x � kvx0; Lx023 ¼ Lx032 ¼ Lx053 ¼ 0

Lx024 ¼ B16
@
@x þ B66

@
@y ; Lx025 ¼ B26

@
@y þ B66

@
@x ¼ Lx052

Lx033 ¼ A45
@
@y þ A55

@
@x � kwx0; Lx034 ¼ A55; Lx035 ¼ A45

Lx042 ¼ B12
@
@y þ B16

@
@x ; Lx044 ¼ D11

@
@x þ D16

@
@y � Kx

x0

Lx045 ¼ D12
@
@y þ D16

@
@x ; Lx051 ¼ B16

@
@x þ B66

@
@y

Lx054 ¼ D16
@
@x þ D66

@
@y ; Lx055 ¼ D26

@
@y þ D66

@
@x � Ky

x0

ð2:68Þ

and

Ly011 ¼ A16
@
@x þ A66

@
@y � kuy0; Ly012 ¼ A26

@
@y þ A66

@
@x

Ly013 ¼ Ly031 ¼ Ly043 ¼ 0; Ly014 ¼ B16
@
@x þ B66

@
@y ¼ Ly041

Ly015 ¼ B26
@
@y þ B66

@
@x ; Ly021 ¼ A12

@
@x þ A26

@
@y

Ly022 ¼ A22
@
@y þ A26

@
@x � kvy0; Ly023 ¼ Ly032 ¼ Ly053 ¼ 0

Ly024 ¼ B12
@
@x þ B26

@
@y ; Ly025 ¼ B22

@
@y þ B26

@
@x ¼ Ly052

Ly033 ¼ A44
@
@y þ A45

@
@x � kwy0; Ly034 ¼ A45; Ly035 ¼ A44

Ly042 ¼ B26
@
@y þ B66

@
@x ; Ly044 ¼ D16

@
@x þ D66

@
@y � Kx

y0

Ly045 ¼ D26
@
@y þ D66

@
@x ; Ly051 ¼ B12

@
@x þ B26

@
@y

Ly054 ¼ D12
@
@x þ D26

@
@y ; Ly055 ¼ D22

@
@y þ D26

@
@x � Ky

y0

ð2:69Þ

And for j = x1 and j = y1, we have:

Lx1ij ¼ Lx0ij ; ði 6¼ jÞ; Ly1ij ¼ Ly0ij ; ði 6¼ jÞ
Lx111 ¼ A11

@
@x þ A16

@
@y þ kux1; Ly111 ¼ A16

@
@x þ A66

@
@y þ kuy1

Lx122 ¼ A26
@
@y þ A66

@
@x þ kvx1; Ly122 ¼ A22

@
@y þ A26

@
@x þ kvy1

Lx133 ¼ A45
@
@y þ A55

@
@x þ kwx1; Ly133 ¼ A44

@
@y þ A45

@
@x þ kwy1

Lx144 ¼ D11
@
@x þ D16

@
@y þ Kx

x1; Ly144 ¼ D16
@
@x þ D66

@
@y þ Kx

y1

Lx155 ¼ D26
@
@y þ D66

@
@x þ Ky

x1; Ly155 ¼ D22
@
@y þ D26

@
@x þ Ky

y1

ð2:70Þ

In order to derive the constraint equations for the unknown Fourier coefficients,
all the sine terms, the auxiliary polynomial functions and their derivatives in
Eqs. (2.62) and (2.66a, b) will be expanded into Fourier cosine series. Letting

Cxy ¼ cos k0x cos k0y; . . .; cos kmx cos kny½ ; . . .; cos kMx cos kNy�T

Cx ¼ cos k0x; . . .; cos kmx½ ; . . .; cos kMx�T
Cy ¼ cos k0y; . . .; cos knx½ ; . . .; cos kNy�T

ð2:71Þ
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Multiplying Eq. (2.62) with Cxy in the left side and integrating it from 0 to a and
0 to b separately with respect to x and y obtains

LxyCxy þ Lx Ly

� 	 Cx

Cy

� �
� x2 MxyCxy þ Mx My

� 	 Cx

Cy

� �� �
¼ 0 ð2:72Þ

where

Lxy ¼
R a
0

R b
0 CxyLxydydx; Mxy ¼

R a
0

R b
0 CxyMxydydx

Lx ¼
R a
0

R b
0 CxyLxdydx; Mx ¼

R a
0

R b
0 CxyMxdydx

Ly ¼
R a
0

R b
0 CxyLydydx; My ¼

R a
0

R b
0 CxyMydydx

ð2:73Þ

Similarly, multiplying Eq. (2.66a) with Cy in the left side then integrating it from
0 to b with respect to y, and multiplying Eq. (2.66b) with Cx in the left side then
integrating it from 0 to a with respect to x, we have

x ¼ 0 : L
x0
xyCxy þ L

x0
x Cx þ L

x0
y Cy ¼ 0

x ¼ a : L
x1
xyCxy þ L

x1
x Cx þ L

x1
y Cy ¼ 0

ð2:74aÞ

y ¼ 0 : L
y0
xyCxy þ L

y0
x Cx þ L

y0
y Cy ¼ 0

y ¼ b : L
y1
xyCxy þ L

y1
x Cx þ L

y1
y Cy ¼ 0

ð2:74bÞ

where

L
x0
xy ¼

R b
0 CyLx0

xydy; L
x1
xy ¼

R b
0 CyLx1

xydy

L
x0
x ¼ R b0 CyLx0

x dy; L
x1
x ¼ R b0 CyLx1

x dy

L
x0
y ¼ R b0 CyLx0

y dy; L
x1
y ¼ R b0 CyLx1

y dy

ð2:75aÞ

L
y0
xy ¼

R a
0 CxLy0

xydx; L
y1
xy ¼

R a
0 CxLy1

xydx

L
y0
x ¼ R a0 CxLy0

x dx; L
y1
x ¼ R a0 CxLy1

x dx

L
y0
y ¼ R a0 CxLy0

y dx; L
y1
y ¼ R a0 CxLy1

y dx

ð2:75aÞ

Thus, Eq. (2.74a, b) can be rewritten as

Cx

Cx

� �
¼�

L
x0
x L

x0
y

L
x1
x L

x1
y

L
y0
x L

y0
y

L
y1
x L

y1
y

2
66664

3
77775

�1
L
x0
xy

L
x1
xy

L
y0
xy

L
y1
xy

2
66664

3
77775Cxy ð2:76Þ

Finally, combine Eqs. (2.72) and (2.76) results in
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K�x2M
� �

Cxy ¼ 0 ð2:77Þ

where K is the stiffness matrix for the plate, and M is the mass matrix. They are
defined as

K ¼ Lxy � Lx Ly

� 	 L
x0
x L

x0
y

L
x1
x L

x1
y

L
y0
x L

y0
y

L
y1
x L

y1
y

2
66664

3
77775

�1
L
x0
xy

L
x1
xy

L
y0
xy

L
y1
xy

2
66664

3
77775 ð2:78aÞ

M ¼Mxy � Mx My

� 	 L
x0
x L

x0
y

L
x1
x L

x1
y

L
y0
x L

y0
y

L
y1
x L

y1
y

2
66664

3
77775

�1
L
x0
xy

L
x1
xy

L
y0
xy

L
y1
xy

2
66664

3
77775 ð2:78bÞ

Mathematically, Eq. (2.77) represents a generalized eigenvalue problem from
which all the natural frequencies and modes of the plate can be determined easily by
solving the standard characteristic equation. Once the coefficient eigenvector Γxy is
determined for a given frequency, the corresponding supplement coefficient
eigenvectors Γx and Γy can be obtained. Then the displacements and rotation com-
ponents of the plate can be determined by substituting these coefficients into
Eqs. (2.57) and (2.58). Thus, the corresponding mode shape of the plate can be
directly constructed from the determined displacement functions. Although
Eq. (2.77) represents the free vibration of laminated rectangular plates, by summing
the loading vectorF on the right side of Eq. (2.77), thus, the characteristic equation for
the forced vibration is readily obtained. Similarly, the present formulation can be
readily applied to static analysis of laminated plates with general boundary conditions
by letting ω = 0 and summing the loading vector F on the right side of Eq. (2.77).

Although the modified Fourier series solution procedure derived herein is focused
on rectangular plates, it can readily be used for other laminated structures, such as
beams, cylindrical shells, conical shells, spherical shells and shallow shell, etc. The
method described in this section is believed to include twomain advantages: first, it is a
general method which can be used to determinate the static, bending, free and forced
vibration behaviors of laminated pates with arbitrary boundary conditions accurately;
second, the proposed method offers an easy analysis operation for the entire restraining
conditions and the change of boundary conditions from one case to another is as easy
as changing structure parameters without the need of making any change to the
solution procedure or modifying the basic functions as often required in other methods.

Instead of seeking a solution in strong form solution procedure as described in
the previous paragraphs, all the expansion coefficients can be treated equally and
independently as the generalized coordinates and solved directly from the weak
form solution procedure such as Rayleigh–Ritz technique, which is the focus of the
next section.
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2.3 Rayleigh-Ritz Method (Weak Form Solution
Procedure)

In a variety of vibration problems, exact solutions always unable to be obtained, in
such cases, one has to employ approximate method. In this regard, many methods
exist. Among them, the minimization of energy approaches such as the Rayleigh-
Ritz method, the variational integral method and the Galerkin method are widely
used in the vibration analysis of continuous systems due to the reliability of their
results and efficiency in modeling and solution procedure. In this section, we focus
on the Rayleigh-Ritz method. The modified Fourier series version of Rayleigh-Ritz
method is presented as follows.

In the Rayleigh-Ritz method, a displacement field associated with undetermined
coefficients is assumed firstly. The displacement field is then substituted into the
Lagrangian energy functional (i.e., Π = T − U + W). Then the undetermined
coefficients in the displacement field are determined by finding the stationary value
of the energy functional, namely, minimizing the total expression of the Lagrangian
energy function by taking its derivatives with respect to the undetermined coeffi-
cients and making them equal to zero. Finally, a series of equations related to
corresponding coefficients can be achieved and summed up in matrix form as a
standard characteristic equation. And the desired frequencies and modes of the
structure can be determined easily by solving the standard characteristic equation
(Qatu 2004; Reddy 2002).

The constructing of appropriate admissible displacement field is of crucial
importance in the Rayleigh–Ritz procedure because the accuracy of the solution
will usually depend upon how well the actual displacement can be faithfully rep-
resented by it. For vibration analysis of laminated beams, plates and shells, the
admissible displacement field is often expressed in terms of beam functions under
the same boundary conditions. Thus, a specially customized set of beam functions
is required for each type of boundary conditions. As a result, the use of the existing
solution procedures will result in very tedious calculations and be easily inundated
with various boundary conditions because even only considering the classical
(homogeneous) cases, one will have a total of hundreds of different combinations.
Instead of the beam functions, one may also use other forms of admissible functions
such as orthogonal polynomials. However, the higher order polynomials tend to
become numerically unstable due to the computer round-off errors. This numerical
difficulty can be avoided by expressing the displacement functions in the form of a
Fourier series expansion because Fourier functions constitute a complete set and
exhibit an excellent numerical stability. However, the conventional Fourier series
expression will generally have a convergence problem along the boundary edges
and cannot be differentiated term-by-term except for a few simple boundary con-
ditions (see Sect. 2.1.1). These difficulties can be overcame by using the modified
Fourier series. A weak form solution procedure which combining the modified
Fourier series and the Rayleigh-Ritz method is given below step-by-step.

58 2 Modified Fourier Series and Rayleigh-Ritz Method



Taking the previous studied moderately thick laminated rectangular plate
(Fig. 2.4) for example, letting

Gu ¼ A; a; b½ �T
Gv ¼ B; c; d½ �T
Gw ¼ C; e; f½ �T
Gx ¼ D; g; h½ �T

Gy ¼ E; i; j½ �T
H ¼ ½Hxy;Hx;Hy�

ð2:79Þ

where Hxy, Hx, Hy, A to E and a to j are presented in Eqs. (2.60) and (2.61).
Therefore, the displacement expressions of the plate can be rewritten in the vector
form as:

uðx; yÞ ¼ HGu

vðx; yÞ ¼ HGv

wðx; yÞ ¼ HGw

/xðx; yÞ ¼ HGx

/yðx; yÞ ¼ HGy

ð2:80Þ

For free vibration analysis, the Lagrangian energy functional (L) of the plate can
be simplified and written in terms of the strain energy and kinetic energy functions
as:

L ¼ T � Us � Usp ð2:81Þ

According to Eqs. (1.50), (1.51) and (1.54). The kinetic energy and strain energy
functions of the laminated plate are:

T ¼ x2

2

Z
x

Z
y

I0u2 þ 2I1u/x þ I2/
2
x

þI0v2 þ 2I1v/y þ I2/
2
y þ I0w2


 �
dxdy ð2:82Þ

Usp ¼ 1
2

Z b

0

½kux0u2 þ kvx0v
2 þ kwx0w

2 þ Kx
x0/

2
x þ Ky

x0/
2
y �x¼0

þ½kux1u2 þ kvx1v
2 þ kwx1w

2 þ Kx
x1/

2
x þ Ky

x1/
2
y �x¼a

( )
dy

þ 1
2

Z a

0

½kuy0u2 þ kvy0v
2 þ kwy0w

2 þ Kx
y0/

2
x þ Ky
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2
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þ½kuy1u2 þ kvy1v
2 þ kwy1w

2 þ Kx
y1/

2
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y1/
2
y �y¼b

( )
dx

ð2:83Þ
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Substituting the displacement expressions of the plate (Eqs. 2.57 and 2.58) into
the Lagrangian energy functional (Eq. 2.81) and minimizing the total expression of
the Lagrangian energy functional by taking its derivatives with respect to each of
the undetermined coefficients and making them equal to zero

@L
@Nmn

¼ 0; and
N ¼ A;B;C;D;E
m ¼ 0; 1; . . .M; n ¼ 0; 1; . . .N



@L
@Wln

¼ 0; and
W ¼ a; c; e; g; i
l ¼ 1; 2; n ¼ 0; 1; . . .N



@L
@!lm

¼ 0; and
! ¼ b; d; f ; h; j
l ¼ 1; 2; m ¼ 0; 1; . . .M


 ð2:85Þ

a total of 5*(M + 1)*(N + 1) + 10*(M + N + 2) equations can be obtained. They are
summed up in a matrix form as:

K�x2M
� �

G ¼ 0 ð2:86Þ

where K is the stiffness matrix of the plate, and M is the mass matrix. Both of them
are symmetric matrices and they can be expressed as

K ¼

Kuu Kuv Kuw Kux Kuy

KT
uv Kvv Kvw Kvx Kvy

KT
uw KT

vw Kww Kwx Kwy

KT
ux KT

vx KT
wx Kxx Kxy

KT
uy KT

vy KT
wy KT

xy Kyy

2
66664

3
77775 ð2:87aÞ
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M ¼

Muu 0 0 Mux 0
0 Mvv 0 0 Mvy

0 0 Mww 0 0
MT

ux 0 0 Mxx 0
0 MT

vy 0 0 Myy

2
66664

3
77775 ð2:87bÞ

The superscript T represents the transposition operator. The explicit forms of
submatrices in the stiffness matrix K and mass matrix M are listed as follows
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G is a column vector which contains, in an appropriate order, the unknown
expansion coefficients that appear in the series expansions, namely:

G = [Gu;Gv;Gw;Gx;Gy�T ð2:89Þ

where Gu, Gv, Gw, Gx and Gy are given in Eq. (2.79). Obviously, the natural
frequencies and eigenvectors can be easily obtained by solving a standard matrix
eigenproblem. Once the coefficient eigenvector G is determined for a given fre-
quency, the displacements of the plate can be determined by substituting the
coefficients into Eqs. (2.57) and (2.58).

The modified Fourier series solution procedure derived herein is focused on
rectangular plates, it can readily be used for other laminated structures, such as
beams, cylindrical shells, conical shells, spherical shells and shallow shell, see
Chaps. 3–8.
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Chapter 3
Straight and Curved Beams

Beams, plates and shells are commonly utilized in engineering applications, and
they are named according to their size or/and shape characteristics and different
theories have been developed to study their structural behaviors. A beam is typi-
cally described as a structural component having one dimension relatively greater
than the other dimensions. Specially, a beam can be referred to as a rod or bar when
subjected to tension, a column when subjected to compression and a shaft when
subjected to torsional loads (Qatu 2004). Beams are one of the most fundamental
structural elements. Almost every machine contains one or more beam components,
such as bridges, steel framed structures and building frames. In addition, many
structures can be modeled at a preliminary level as beams. For example, spring
boards, supports of a wind power generation can be treated as cantilever beams, and
a span of an overhead viaduct or bridge can be viewed as a simply supported beam.
In recent decades, laminated beams made from advanced composite materials are
extensively used in many engineering applications where higher strength to weight
ratio is desired, such as aircraft structures, space vehicles, turbo-machines, deep-sea
equipment and other industrial applications. Researches on the vibration and
dynamic analyses of laminated composite beams have been increasing rapidly in
recent decades. A paper which reviewed most of the researches done in years
(1989–2012) on the vibration analysis of composite beams by Hajianmaleki and
Qatu (2013) showed that research articles on the subject during period 2000–2012
are more than twice than those of 1989–2000. Due to the great importance, this
chapter considers the vibration of laminated beams in the framework of classical
thin beam theory (CBT) and shear deformation beam theory (SDBT).

Beams can be straight or curved. Both straight and curved beams are considered
in this chapter. Generally, a straight beam can be considered as a degenerated curved
beam with infinite radius of curvature (zero curvature). This chapter is concerned
with the development of the fundamental equations of laminated curved beams
according to the CBT and SDBT. Equations for the straight beams can be derived by
setting curvatures to zero in those of curved beams. Strain-displacement relations,
force and moment resultants, energy functions, governing equations and boundary
conditions are derived and shown for both theories. Natural frequencies and mode
shapes are presented for straight and curved beams with different boundary

© Science Press, Beijing and Springer-Verlag Berlin Heidelberg 2015
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conditions, lamination schemes and geometry parameters in both strong and weak
forms of the proposed modified Fourier series method. The effects of boundary
conditions, geometry parameters and material properties are studied as well.

3.1 Fundamental Equations of Thin Laminated Beams

Fundamental equations of laminated thin beams are presented in this section in the
framework of classical beam theory. As shown in Fig. 3.1, a laminated curved beam
with uniform thickness h, width b is selected as the model. The beam is charac-
terized by its middle surface, in which R represents the mean radius of the beam and
θ0 denotes the included angle of the curved beam. To describe the beam clearly, we
introduce the following coordinate system: the α-coordinate is taken along the
length of the beam, and β- and z-coordinates are taken along the width and the
thickness directions, respectively. u, v and w separately indicate the middle surface
displacement variations of the beam in the α, β and z directions. It should be
stressed that this chapter addresses vibrations of laminated beams in their plane of
curvature, therefore, the fundamental equations derived for thin deep shells can be
specialized to those for curved beams by further assuming that the displacement v is
identical with zero and the displacements u and w along the coordinate system are
only functions of the α- and z-coordinates.

3.1.1 Kinematic Relations

Letting α = θ, the Lamé parameters of laminated curved beams can be obtained as
A = R. Introducing the Lamé parameters into Eq. (1.7), the middle surface strain and
curvature change of thin beams are:

R

z

θ
θ0

α
zMiddle surface

Layer k

h

Zk

Zk+1

b

Fig. 3.1 Laminated curved beams
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e0h ¼
@u
R@h

þ w
R

vh ¼
@u

R2@h
� @2w

R2@h2
ð3:1Þ

According to the thin beam assumption, the strain at an arbitrary point in the kth
layer of thin laminated beams can be defined as:

eh ¼ e0h þ zvh ð3:2Þ

where Zk < z < Zk+1. Zk+1 and Zk denote the distances from the top surface and the
bottom surface of the layer to the referenced middle surface, respectively.

3.1.2 Stress-Strain Relations and Stress Resultants

Suppose the laminated thin beam is composed of N composite layers which are
bonded together rigidly. And the angle between the principal direction of the
composite material in kth layer and the α axis is denoted by ϑk. According to
Hooke’s law, the corresponding stress-strain relations in the kth layer of the beam
can be written as:

rhf gk¼ Qk
11 ehf gk ð3:3Þ

where σθ is the normal stress in the θ direction. The constant Qk
11 is the elastic

stiffness coefficient of this layer, which is found from following equations:

Qk
11 ¼ Qk

11 cos
4 #k

Qk
11 ¼

E1

1� l12l21

ð3:4Þ

where E1 is modulus of elasticity of the composite material in the principal
direction. μ12 and μ21 are the Poisson’s ratios. The subscript (11) in Eqs. (3.3) and
(3.4) can be omitted but is maintained here for the direct use and comparison with
the thin shell equations presented in Chap. 1. By carrying the integration of the
normal stress over the cross-section results in

Nh ¼ b
Zh=2

�h=2

radz Mh ¼ b
Zh=2

�h=2

razdz ð3:5Þ
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where Nθ is the force resultant and Mθ is the moment resultant. The force and
moment resultant relations to the strains in the middle surface and curvature change
are defined as

Nh

Mh

� �
¼ A11 B11

B11 D11

� �
e0h
vh

� �
ð3:6Þ

where A11, B11, and D11 are the stiffness coefficients arising from the piecewise
integration over the beam thickness:

A11 ¼ b
PN
k¼1

Qk
11ðzkþ1 � zkÞ

B11 ¼ b
2

PN
k¼1

Qk
11 z2kþ1 � z2k
� �

D11 ¼ b
3

PN
k¼1

Qk
11 z3kþ1 � z3k
� �

ð3:7Þ

Notably, when the beam is laminated symmetrically with respect to its middle
surface, the constants Bij equal to zero. The above equations are valid for cylindrical
bending of beams (Qatu 2004).

3.1.3 Energy Functions

The strain energy (Us) of a thin beam during vibration is defined in terms of the
middle surface strains and stress resultants as:

Us ¼ 1
2

Z
h

Nhe
0
h þMhvh

� �
Rdh ð3:8Þ

Substituting Eqs. (3.1) and (3.6) into Eq. (3.8), the strain energy of the beam can be
rewritten in terms of the displacements as:

Us ¼ 1
2

Z
h

A11
@u
R@h

þ w
R

� 	2

þD11
@u

R2@h
� @2w

R2@h2

� 	2

þ2B11
@u

R2@h
� @2w

R2@h2

� 	
@u
R@h

þ w
R

� 	
8>>><
>>>:

9>>>=
>>>;
Rdh ð3:9Þ
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The kinetic energy (T) of the beam is written as:

T ¼ 1
2

Z
h

I0
@u
@t

� 	2

þ @w
@t

� 	2
( )

Rdh ð3:10Þ

where the inertia term are:

I0 ¼ b
XN
k¼1

Zzkþ1

zk

qkdz ð3:11Þ

ρk is the mass of the kth layer per unit middle surface area. The external work is
expressed as:

We ¼
Z
h

qhuþ qzwf gRdh ð3:12Þ

where qθ and qz are the external loads in the θ and z directions, respectively.
As described earlier, the general boundary conditions of a beam are implemented

by using the artificial spring boundary technique, in which each end of the beam is
assumed to be restrained by two groups of linear springs (ku and kw) and one group
of rotational springs (Kw) to simulate the given or typical boundary conditions
expressed in the form of boundary forces and the flexural moments, respectively
(see Fig. 3.2). Specifically, symbols kuw; k

w
w andK

w
w (ψ = θ0 and θ1) are used to

indicate the stiffness of the boundary springs at the boundaries θ = 0 and θ = θ0,
respectively. Therefore, the deformation strain energy (Usp) stored in the boundary
springs can be written as:

Usp ¼ 1
2

kuh0u
2 þ kwh0w

2 þ Kw
h0 @w=R@hð Þ2

h i
h¼0

þ kuh1u
2 þ kwh1w

2 þ Kw
h1 @w=R@hð Þ2

h i
h¼h0

8<
:

9=
; ð3:13Þ

z
α

Middle surface

1
wkθ0

wkθ

1
ukθ

1
wKθ

0
wKθ

0
ukθ

Fig. 3.2 Boundary conditions of thin laminated beams
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3.1.4 Governing Equations and Boundary Conditions

The governing equations and boundary conditions of thin laminated beams can be
obtained by specializing the governing equations of thin shells to those of thin
laminated beams (i.e. substituting α = θ, A = R, B = 1 and Rα = R into Eq. (1.28) and
deleting all the terms with respect to β). According to Eq. (1.28), the governing
equations are:

@Nh

R@h
þ Qh

R
þ qh ¼ I0

@2u
@t2

�Nh

R
þ @Qh

R@h
þ qz ¼ I0

@2w
@t2

ð3:14Þ

where

Qh ¼ @Mh

R@h
ð3:15Þ

And the general boundary conditions of thin laminated beams are

h ¼ 0 :
Nh þ Mh

R � kuh0u ¼ 0
Qh � kwh0w ¼ 0
�Mh � Kw

h0
@w
R@h ¼ 0

8<
: h ¼ h0 :

Nh þ Mh
R þ kuh1u ¼ 0

Qh þ kwh1w ¼ 0
�Mh þ Kw

h1
@w
R@h ¼ 0

8<
: ð3:16Þ

Alternately, the governing equations and boundary conditions of the considered
beam can be obtained by applying Hamilton’s principle in the same manner as
following describe. The Lagrangian function (L) of thin laminated beams can be
expressed in terms of strain energy, kinetic energy and external work as:

L ¼ T � Us � Usp þWe ð3:17Þ

Substituting Eqs. (3.9), (3.10), (3.12) and (3.13) into Eq. (3.17) and applying
Hamilton’s principle:

d
Z t

0

T � Us � Usp þWe
� �

dt ¼ 0 ð3:18Þ

yields:
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 �
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 �
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� �
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>>>:
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>>>;
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ð3:19Þ

Integrating by parts to relieve the virtual displacements δu and δw, we have
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Z t
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 �
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 �
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9>>>>>>>>=
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ð3:20Þ

Since the virtual displacements δu and δw are arbitrary, the Eq. (3.20) can be
satisfied only is the coefficients of the virtual displacements are zero. Thus, the
governing equations and boundary conditions of thin laminated beams are obtained,
which is the same as those presented in Eqs. (3.14) and (3.16). For general curved
beams and asymmetrically laminated straight beams, each boundary can exist two
possible combinations for each type of classical boundary conditions (free, simply-
supported, and clamped). At each boundary of θ = constant, the possible combi-
nations for each classical boundary condition are given in Table 3.1.

By using the artificial spring boundary technique, taking edge θ = 0 for example,
the F, S (simply-supported), SD (shear-diaphragm) and C (completely clamped)
boundary conditions which are of particular interest can be readily realized by
assigning the stiffness of the boundary springs at proper values as follows:
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F : kuh0 ¼ kwh0 ¼ Kw
h0 ¼ 0

SD : kwh0 ¼ 107D; kuh0 ¼ Kw
h0 ¼ 0

S : kuh0 ¼ kwh0 ¼ 107D; Kw
h0 ¼ 0

C : kuh0 ¼ kwh0 ¼ Kw
h0 ¼ 107D

ð3:21Þ

where D = E1h
3/12(1 − μ12μ21) is the flexural stiffness of the beam.

Figure 3.3 shows the variations of the fundamental frequency parameters ΔΩ
(where ΔΩ is defined as the difference of the fundamental frequency to that of the
elastic restraint parameter Γ = 10−3, namely, ΔΩ = f (Γ) − f (10−3D)) versus restraint
parameter Γ of a steel (E = 210 GPa, μ = 0.3, ρ = 7800 kg/m3) thin curved beam
with different geometry parameters. The beam is clamped at boundary θ = θ0 and
elastically supported at boundary θ = 0 (i.e., kuh0 ¼ kwh0 ¼ Kw

h0 ¼ CD). According to
Fig. 3.3, we can see that the change of the restraint parameter Γ has little effect on

Table 3.1 Possible classical
boundary conditions for thin
laminated curved beams

Boundary type Conditions

Free boundary conditions

F Nh þ Mh
Rh

¼ Qh ¼ Mh ¼ 0

F2 u ¼ Qh ¼ Mh ¼ 0

Simply supported boundary conditions

S u = w = Mθ = 0

SD Nh þ Mh
Rh

¼ w ¼ Mh ¼ 0

Clamped boundary conditions

C u ¼ w ¼ @w
R@h ¼ 0

C2 Nh þ Mh
Rh

¼ w ¼ @w
R@h ¼ 0
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Fig. 3.3 Variation of fundamental frequency parameter ΔΩ versus elastic restraint parameters Γ
for a thin beam (R = 1) with different geometry parameters (a) θ0 = π/4; (b) h/R = 0.02
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frequency parameter ΔΩ when it is smaller than 100. However, when it is increased
from 100 to 105, the frequency parameters increase rapidly. Then, the frequency
parameters approach their utmost and remain unchanged when Γ approaches
infinity. In such a case, the beam can be deemed as clamped in both ends. In
conclusion, by assigning the stiffness of the boundary springs at 107D, the com-
pletely clamped boundary conditions of a beam can be realized.

3.2 Fundamental Equations of Thick Laminated Beams

In the CBT, the effects of shear deformation and rotary inertia are neglected. It is
only applicable for thin beams. For beams with higher thickness ratios, the
assumption that normals to the undeformed middle surface remain straight and
normal to the deformed middle surface and suffer no extension of the classical beam
theory should be relaxed and both shear deformation and rotary inertia effects
should be included in the calculation. In this section, fundamental equations of
laminated beams in the framework of shear deformation beam theory are developed
and the deepness term (1 + z/Rα) is considered in the formulation.

3.2.1 Kinematic Relations

Assuming that normals to the undeformed middle surface remain straight but not
normal to the deformed middle surface, the displacement field in the beam space can
be expressed in terms of middle surface displacements and rotation component as:

Uðh; zÞ ¼ uðhÞ þ z/hðhÞ; Wðh; zÞ ¼ wðhÞ ð3:22Þ

where u and w are the displacements at the middle surface in the θ and z directions.
ϕθ represents the rotation of transverse normal, see Fig. 3.1. Letting α = θ, A = R and
Rα = R and specializing Eqs. (1.33) and (1.34) to those of beams, the normal and
shear strains at any point of the beam space can be defined in terms of middle
surface strains and curvature change as:

eh ¼ 1
1þ z=Rð Þ e0h þ zvh

� �
chz ¼

1
1þ z=Rð Þ c

0
hz

ð3:23Þ

where e0h and c0hz denote the normal and shear strains in the reference surface. χθ is
the curvature change. They are defined in terms of the middle surface displacements
and rotation component as:
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e0h ¼
@u
R@h

þ w
R
; vh ¼

@/h

R@h

c0hz ¼
@w
R@h

� u
R
þ /h

ð3:24Þ

3.2.2 Stress-Strain Relations and Stress Resultants

According to Hooke’s law, the corresponding stress-strain relations in the kth layer
of thick laminated curved beams can be written as:

rh
shz


 �
k
¼ Qk

11 0
0 Qk

55

" #
eh
chz


 �
k

ð3:25Þ

where σθ represents the normal stress, τθz is the shear stress. The elastic stiffness

coefficients Qk
ii (i = 1, 5) are defined by following equations:

Qk
11 ¼ Qk

11 cos
4 #k and Qk

11 ¼
E1

1� l12l21

Qk
55¼Qk

55 cos
2 #k and Qk

55¼G13

ð3:26Þ

where E1 is the modulus of elasticity of the composite material in the principal
direction. μ12 and μ21 are the Poisson’s ratios. G13 is the shear modulus. ϑk rep-
resents the included angle between the principal direction of the layer and the
θ-axis. By carrying the integration of the normal stress over the cross-section, the
force and moment resultants can be obtained:

Nh

Qh

� �
¼ b

Zh=2
�h=2

rh
shz

� �
dz Mh ¼ b

Zh=2
�h=2

rhzdz ð3:27Þ

where Qθ represents the transverse shear force resultant. Performing the integration
operation in Eq. (3.27), the force and moment resultants can be written in terms of
the middle surface strains and curvature change as:

Nh
Mh

Qh

2
4

3
5 ¼

A11 B11

B11 D11

0
0

0 0 A55

2
4

3
5 e0h

vh

c0hz

2
64

3
75 ð3:28Þ
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The stiffness coefficients A11, A55, B11 and D11 are defined as follows:

A11 ¼ Rb
XN
k¼1

Qk
11 ln

Rþ zkþ1

Rþ zk

� 	

A55 ¼ KsRb
XN
k¼1

Qk
55 ln

Rþ zkþ1

Rþ zk

� 	

B11 ¼ Rb
XN
k¼1

Qk
11 zkþ1 � zkð Þ � R ln

Rþ zkþ1

Rþ zk

� 	� �

D11 ¼ Rb
XN
k¼1

Qk
11

1
2

z2kþ1 � z2k
� �� 2R zkþ1 � zkð Þ þ R2 ln

Rþ zkþ1

Rþ zk

� 	� �
ð3:29Þ

in which Ks is the shear correction factor, typically taken at 5/6 (Qatu 2004; Reddy
2003).

3.2.3 Energy Functions

The strain energy (Us) of thick laminated curved beams during vibration can be
defined as

Us ¼ 1
2

Z
h

Nhe
0
h þMhvh þ Qhc

0
hz

� �
Rdh ð3:30Þ

Substituting Eqs. (3.24) and (3.28) into Eq. (3.30), the strain energy function of
thick curved beams can be rewritten as:

Us ¼ 1
2

Z
h

A11
@u
R@h

þ w
R

� 	2

þ2B11
@/h

R@h
@u
R@h

þ w
R

� 	

þD11
@/h

R@h

� 	2

þA55
@w
R@h

� u
R
þ /h

� 	2

8>>><
>>>:

9>>>=
>>>;
Rdh ð3:31Þ

The corresponding kinetic energy (T) function of the beams is written as:

T ¼ 1
2

Z
h

I0
@u
@t

� 	2

þ2I1
@u
@t

@/h

@t
þ I2

@/h

@t

� 	2

þI0
@w
@t

� 	2
( )

Rdh ð3:32Þ
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where the inertia terms are defined as:

I0¼I0 þ I1
R

I1¼I1 þ I2
R

I2¼I2 þ I3
R

½I0; I1; I2; I3� ¼ b
XN
k¼1

Zzkþ1

zk

qk½1; z; z2; z3�dz

ð3:33Þ

in which ρk is the mass of the k’th layer per unit middle surface area. The external
work is expressed as:

We ¼
Z
h

qhuþ qzwþ mh/hf gRdh ð3:34Þ

where qθ and qz denote the external loads. mθ is the external couples in the middle
surface of the beam. Using the artificial spring boundary technique similar to that
described earlier, symbols kuw; k

w
w andK

h
w (ψ = θ0 and θ1) are used to indicate the

rigidities (per unit length) of the boundary springs at the boundaries θ = 0 and
θ = θ0, respectively, see Fig. 3.4. Therefore, the deformation strain energy (Usp)
stored in the boundary springs during vibration can be defined as:

Usp ¼ 1
2

kuh0u
2 þ kwh0w

2 þ Kh
h0/

2
h

� 

h¼0þ kuh1u

2 þ kwh1w
2 þ Kh

h1/
2
h

� 

h¼h0

n o
ð3:35Þ

3.2.4 Governing Equations and Boundary Conditions

Specializing the governing equations and boundary conditions of the thick shell
(Eq. 1.59) to those of thick beams, we have

@Nh

R@h
þ Qh

R
þ qh ¼ I0

@2u
@t2

þ I1
@2/h

@t2

�Nh

R
þ @Qh

R@h
þ qz ¼ I0

@2w
@t2

@Mh

R@h
� Qh þ mh ¼ I1

@2u
@t2

þ I2
@2/h

@t2

ð3:36Þ
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Similarly, according to Eq. (1.60), the general boundary conditions of thick laminated
curved beams are written as:

h ¼ 0 :

Nh � kuh0u ¼ 0

Qh � kwh0w ¼ 0

Mh � Kh
h0/h ¼ 0

8><
>: ; h ¼ h0 :

Nh þ kuh1u ¼ 0

Qh þ kwh1w ¼ 0

Mh þ Kh
h1/h ¼ 0

8><
>: ð3:37Þ

Alternately, the governing equations and boundary conditions for the thick
beams can be obtained by applying Hamilton’s principle in the same manner as
described in Sect. 3.1.4.

For thick curved beams or unsymmetrically laminated straight beams, each
boundary exits two possible combinations for each classical boundary condition. At
each boundary, the possible combinations for each classical boundary condition are
given in Table 3.2.

In the framework of artificial spring boundary technique, taking edge θ = 0 for
example, the frequently encountered boundary conditions F, S, SD and C can be
readily realized by assigning the stiffness of the boundary springs at proper values
as follows:

z
α

Middle surface

0Kθ
θ

0
ukθ 0

wkθ 1
wkθ 1Kθ

θ

1
ukθ

Fig. 3.4 Boundary conditions of a thick laminated beam

Table 3.2 Possible classical
boundary conditions for thick
curved beams

Boundary type Conditions

Free boundary conditions

F Nh ¼ Qh ¼ Mh ¼ 0

F2 u ¼ Qh ¼ Mh ¼ 0

Simply supported boundary conditions

S u ¼ w ¼ Mh ¼ 0

SD Nh ¼ w ¼ Mh ¼ 0

Clamped boundary conditions

C u ¼ w ¼ /h ¼ 0

C2 Nh ¼ w ¼ /h ¼ 0
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F : kuh0 ¼ kwh0 ¼ Kh
h0 ¼ 0

SD : kwh0 ¼ 107D; kuh0 ¼ Kh
h0 ¼ 0

S : kuh0 ¼ kwh0 ¼ 107D; Kh
h0 ¼ 0

C : kuh0 ¼ kwh0 ¼ Kh
h0 ¼ 107D

ð3:38Þ

3.3 Solution Procedures

With above fundamental equations and modified Fourier series method developed
in Chap. 2, both strong and weak form solution procedures of laminated beams with
general boundary conditions are presented in this section. To fully illustrate the
modified Fourier series solution procedure, we only consider the free vibration
analysis of laminated beams with general boundary conditions based on the SDBT.
For other beam theories, the corresponding solution procedures can be obtained in
the same manner.

Combining Eqs. (3.24), (3.28) and (3.36), it is obvious that the displacements
and rotation components of thick laminated curved beams are required to have up to
the second derivative. Therefore, regardless of boundary conditions, each dis-
placements and rotation component of a laminated beam can be expanded as a one-
dimensional modified Fourier series as

uðhÞ ¼
XM
m¼0

Am cos kmhþ a1P1ðhÞ þ a2P2ðhÞ

wðhÞ ¼
XM
m¼0

Bm cos kmhþ b1P1ðhÞ þ b2P2ðhÞ

/hðhÞ ¼
XM
m¼0

Cm cos kmhþ c1P1ðhÞ þ c2P2ðhÞ

ð3:39Þ

where λm = mπ/θ0. P1(θ) and P2(θ) denote the auxiliary polynomial functions
introduced to remove all the discontinuities potentially associated with the first-
order derivatives at the boundaries then ensure and accelerate the convergence of
the series expansion of the beam displacements and rotation component. M is the
truncation number. Am, Bm and Cm are the expansion coefficients of standard cosine
Fourier series. a1, a2, b1, b2, c1 and c2 represent the corresponding expansion
coefficients of auxiliary functions P1(θ) and P2(θ). These two auxiliary functions
are defined as

P1ðhÞ ¼ h
h
h0

� 1
� 	2

P2ðhÞ ¼ h2

h0

h
h0

� 1
� 	

ð3:40Þ
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It should be stressed that in the CBT cases, the displacements of a laminated beam
are required to have up to the fourth-order derivatives. In such case, the following
four auxiliary polynomial functions are introduced to remove all the discontinuities
potentially associated with the first-order and third-order derivatives at the
boundaries (Jin et al. 2013a).

P1ðhÞ ¼ 9h0
4p

sinð ph
2h0

Þ � h0
12p

sinð3ph
2h0

Þ

P2ðhÞ ¼ � 9h0
4p

cosð ph
2h0

Þ � h0
12p

cosð3ph
2h0

Þ

P3ðhÞ ¼ h30
p3

sinð ph
2h0

Þ � h30
3p3

sinð3ph
2h0

Þ

P4ðhÞ ¼ � h30
p3

cosð ph
2h0

Þ � h30
3p3

cosð3ph
2h0

Þ

ð3:41Þ

3.3.1 Strong Form Solution Procedure

Substituting Eqs. (3.24) and (3.28) into Eq. (3.36) the governing equations of
laminated curved beams including shear deformation and rotary inertia effects can
be rewritten as:

L11 L12 L13
L21 L22 L23
L31 L32 L33

2
4

3
5� x2

M11 0 M13

0 M22 0
M31 0 M33

2
4

3
5

0
@

1
A u

w
/h

2
4

3
5 ¼

0
0
0

2
4

3
5 ð3:42Þ

where the coefficients of the linear operator (Mij = Mji) are given below:

L11 ¼ A11

R2

@2

@h2
� A55

R2 ; L12 ¼ A11

R2

@

@h
þ A55

R2

@

@h

L13 ¼ B11

R2

@2

@h2
þ A55

R
; L21 ¼ �A11

R2

@

@h
� A55

R2

@

@h

L22 ¼ �A11

R2 þ A55

R2

@2

@h2
; L23 ¼ �B11

R2

@

@h
þ A55

R
@

@h

L31 ¼ B11

R2

@2

@h2
þ A55

R
; L32 ¼ B11

R2

@

@h
� A55

R
@

@h

L33 ¼ D11

R2

@2

@h2
� A55; M11 ¼ M22 ¼ �I0

M13 ¼ M31 ¼ �I1; M33 ¼ �I2

ð3:43Þ
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Rewriting the modified Fourier series expressions (Eq. 3.39) in the matrix form as:

uðhÞ ¼ HscAþHaf a

wðhÞ ¼ HscBþHafb

/hðhÞ ¼ HscCþHaf c

ð3:44Þ

where

Hsc ¼ cos k0h; . . .; cos kmh½ ; . . .; cos kMh�
Haf ¼ ½P1ðhÞ;P2ðhÞ�
A ¼ A0; . . .;Am; . . .;AM½ �T a ¼ a1; a2½ �T

B ¼ B0; . . .;Bm; . . .;BM½ �T b ¼ b1; b2½ �T

C ¼ C0; . . .;Cm; . . .;CM½ �T c ¼ c1; c2½ �T

ð3:45Þ

where superscript T represents the transposition operator. Substituting Eq. (3.44)
into Eq. (3.42) results in

Lsc

A
B
C

2
4

3
5þ Laf

a
b
c

2
4

3
5� x2 Msc

A
B
C

2
4

3
5þMaf

a
b
c

2
4

3
5

0
@

1
A ¼ 0 ð3:46Þ

where

Li¼
L11Hi L12Hi L13Hi

L21Hi L22Hi L23Hi

L31Hi L32Hi L33Hi

2
64

3
75ði ¼ sc; af Þ

Mi¼
M11Hi 0 M13Hi

0 M22Hi 0

M31Hi 0 M33Hi

2
64

3
75ði ¼ sc; af Þ

ð3:47Þ

Similarly, substituting Eq. (3.44) into Eq. (3.37), the boundary conditions of
thick laminated curved beams can be rewritten as
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Lh0
sc

Lh1
sc

� � A
B
C

2
4

3
5þ Lh0

af

Lh1
af

" # a
b
c

2
4

3
5 ¼ 0 ð3:48Þ

where

Lh0
i ¼

A11

R
@Hi

@h
� kuh0Hi

A11

R
Hi

B11

R
@Hi

@h

�A55

R
Hi

A55

R
@Hi

@h
� kwh0Hi A55Hi

B11

R
@Hi

@h
B11

R
Hi

D11

R
@Hi

@h
� Kh

h0Hi

2
6666664

3
7777775
h¼0

ði ¼ sc; af Þ

Lh1
i ¼

A11

R
@Hi

@h
þ kuh1Hi

A11

R
Hi

B11

R
@Hi

@h

�A55

R
Hi

A55

R
@Hi

@h
þ kwh1Hi A55Hi

B11

R
@Hi

@h
B11

R
Hi

D11

R
@Hi

@h
þ Kh

h1Hi

2
6666664

3
7777775
h¼h0

ði ¼ sc; af Þ

ð3:49Þ

Thus, the relation between the expansion coefficients of standard cosine Fourier
series (A, B and C) and those of corresponding auxiliary functions (a, b and c) can
be determined by the following equation:

a
b
c

2
4

3
5 ¼ � Lh0

af

Lh1
af

" #�1
Lh0
sc

Lh1
sc

� � A
B
C

2
4

3
5 ð3:50Þ

In order to derive the constraint equations for the unknown expansion coeffi-
cients, all the sine terms, the auxiliary polynomial functions and their derivatives in
Eq. (3.46) are expanded into Fourier cosine series then collecting the similar terms,
i.e., multiplying Eq. (3.46) with He in the left side and integrating it from 0 to θ0
with respect to θ, we have

Lsc

A
B
C

2
4

3
5þ Laf

a
b
c

2
4

3
5� x2 Msc

A
B
C

2
4

3
5þMaf

a
b
c

2
4

3
5

0
@

1
A ¼ 0 ð3:51Þ
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where

Lsc ¼
Zh0
0

HeLscdh

Laf ¼
Zh0
0

HeLaf dh

Msc ¼
Zh0
0

HeMscdh

Maf ¼
Zh0
0

HeMaf dh

He ¼ HT
sc ¼ cos k0h; . . .; cos kmh½ ; . . .; cos kMh�T

ð3:52Þ

Finally, combining Eqs. (3.50) and (3.51) results in

K�x2M
� �

A B C½ �T¼ 0 ð3:53Þ

where K is the stiffness matrix and M is the mass matrix. They are defined as

K ¼ Lsc � Laf

Lh0
af

Lh1
af

" #�1
Lh0
sc

Lh1
sc

" #

M ¼ Msc �Maf

Lh0
af

Lh1
af

" #�1
Lh0
sc

Lh1
sc

" # ð3:54Þ

Thus, the natural frequencies and modes of the beams under consideration can be
determined easily by solving the standard characteristic equation.

3.3.2 Weak Form Solution Procedure
(Rayleigh-Ritz Procedure)

Instead of seeking a solution in strong form as described in Sect. 3.3.1, all the
expansion coefficients can be treated equally and independently as the generalized
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coordinates and solved directly from the Rayleigh–Ritz technique, which is the
focus of the current section.

For free vibration analysis, the Lagrangian energy functional (L) of beams can be
defined in terms of the strain energy and kinetic energy functions as:

L ¼ T � Us � Usp ð3:55Þ

Substituting Eqs. (3.31), (3.32) (3.35) and (3.39) into Eq. (3.55) and taking its
derivatives with respect to each of the undetermined coefficients and making them
equal to zero

@L
@N

¼ 0 and
N ¼ Am;Bm;Cm

m ¼ 0; 1; 2; . . .M



@L
@W

¼ 0 and W ¼ a1; a2; b1; b2; c1; c2

ð3:56Þ

a total of 3*(M + 3) equations can be obtained and they can be summed up in a
matrix form as:

K�x2M
� �

G ¼ 0 ð3:57Þ

where K is the stiffness matrix for the beam, and M is the mass matrix. They are
defined as

K ¼
Kuu Kuw Kuh

KT
uw Kww Kwh

KT
uh KT

wh Khh

2
64

3
75

M ¼
Muu 0 Muh

0 Mww 0

MT
uh 0 Mhh

2
64

3
75

ð3:58Þ

The explicit forms of submatrices Kij and Mij in the stiffness and mass matrices are
listed in follow
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Kuu ¼
Zh0
0

A11

R
@HT

@h
@H
@h

þ A55

R
HTH


 �
dhþ kuh0H

TH h¼0j þ kuh1H
TH h¼h0j

Kuw ¼
Zh0
0

A11

R
@HT

@h
H� A55

R
HT @H

@h


 �
dh

Kuh ¼
Zh0
0

B11

R
@HT

@h
@H
@h

� A55HTH

 �

dh

Kww ¼
Zh0
0

A11

R
HTHþ A55

R
@HT

@h
@H
@h


 �
dhþ kwh0H

TH h¼0j þ kwh1H
TH h¼h0j

Kwh ¼
Zh0
0

B11

R
HT @H

@h
þ A55

@HT

@h
H


 �
dh

Khh ¼
Zh0
0

D11

R
@HT

@h
@H
@h

þ A55RHTH

 �

dhþ Kh
h0H

TH h¼0j þ Ku
h1H

TH h¼h0j

Muu ¼ Mww ¼
Zh0
0

I0RHTHdh

Muh ¼
Zh0
0

I1RHTHdh

Mhh ¼
Zh0
0

I2RHTHdh

ð3:59Þ

where

H ¼ Hsc Haf½ � ¼ cos k0h; . . .; cos kmh½ ; . . .; cos kMh;P1ðhÞ;P2ðhÞ� ð3:60Þ

G is a column vector which contains, in an appropriate order, the unknown
expansion coefficients:

G = A a B b C c½ �T ð3:61Þ

Obviously, the vibration results can now be easily obtained by solving a standard
matrix eigenproblem.
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3.4 Laminated Beams with General Boundary Conditions

Vibration results of laminated straight and curved beams with general boundary
conditions are given in this section. The isotropic beams are treated as special cases
of laminated beams in the presentation. Natural frequencies and mode shapes for
straight and curved beams with different boundary conditions, lamination schemes
and geometry parameters are presented using both strong form and weak form
solution procedures. The convergence of the solutions is studied and the effects of
shear deformation and rotary inertia, deepness term (1 + z/R) and beam parameters
(boundary conditions, lamination schemes, geometry parameters and material
properties) are investigated as well.

For the sake of simplicity, character strings CBTw, CBTs, SDBTw and SDBTs

are introduced to represent the beam theories and methods used in the calculation
(where subscripts w and s denote weak form and strong form solution procedures,
respectively). In addition, a two-letter string is applied to indicate the end conditions
of a beam, such as C-F denotes a beam with C and F boundary conditions at the
boundaries θ = 0 and θ = θ0, respectively. Unless otherwise stated, the natural
frequencies of the considered beams are expressed in the non-dimensional
parameters as X ¼ xL2h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12q=E1h2

p
and the material properties of the beams are

given as: μ12 = 0.25, G13 = 0.5E2 (where Lθ represents the span length of a curved
beam, i.e., Lθ = Rθ0).

3.4.1 Convergence Studies and Result Verification

Table 3.3 shows the convergence studies made for the first six natural frequencies
(Hz) of a moderately thick, two-layered laminated ([0°/90°]) curved beam with
completely free (F-F) and clamped (C-C) boundary conditions. The geometry and
material constants of the beam are given as: R = 1 m, θ0 = 1, h/R = 0.1,
E2 = 10 GPa, E1/E2 = 10, μ12 = 0.27, G13 = 5.5 GPa, ρ = 1,700 kg/m3. Both the
SDBTw and SDBTs solutions for truncation schemes M = 8, 9, 14, 15 are included
in studies. It is obvious that the modified Fourier series solution has an excellent
convergence, and is sufficiently accurate even when only a small number of terms
are included in the series expressions. In addition, from the table, we can see that
the SDBTw solutions converge faster than the SDBTs ones. Unless otherwise stated,
the truncation number (M) of the displacement expressions will be uniformly
selected as M = 15 in the following calculation and the weak form solution pro-
cedure will be adopted in the calculation.

In Table 3.4, comparisons of the frequency parameters Ω for a two-layered,
unsymmetrically laminated ([90°/0°]) curved beam with SD-SD boundary condi-
tions are presented. The geometric properties of the layers of the beam are the same
as those used in Table 3.3 except that the thickness-to-length ratio is given as
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h/Lθ = 0.01, 0.02, 0.05, 0.1 and 0.2 and the elementally material parameters of the
layers are: E1/E2 = 15. From the table, we can see that the present solutions agree
very well with exact solutions published by Qatu (1993). The differences between
the two results are very small, and do not exceed 0.27 % for the worst case. To
further prove the validity of the present method, Table 3.5 lists comparisons of the
frequency parameters Ω for a two-layered, unsymmetrically laminated ([90°/0°])
curved beam with various boundary conditions. The layers of the beam are thought

Table 3.3 Convergence of the first six natural frequencies (Hz) for a [0°/90°] laminated curved
beam with F-F and C-C boundary conditions (R = 1 m, θ0 = 1, h/R = 0.1)

Boundary
conditions

M Mode number

1 2 3 4 5 6

F-F SDBTw

8 123.88 314.88 549.83 813.20 895.85 1099.3

9 123.88 314.84 549.78 812.30 895.63 1098.3

14 123.88 314.81 549.63 811.86 895.58 1096.5

15 123.88 314.81 549.63 811.84 895.57 1096.5

SDBTs

8 124.60 316.99 553.41 821.66 897.25 1109.4

9 124.59 316.20 552.42 817.25 896.32 1106.3

14 124.01 315.15 550.23 813.00 895.80 1098.0

15 124.01 315.09 550.11 812.80 895.72 1097.7

C-C SDBTw

8 262.54 279.29 514.27 723.46 894.04 990.46

9 262.53 279.27 514.07 723.31 893.95 987.46

14 262.52 279.21 513.96 722.71 893.93 986.40

15 262.52 279.21 513.95 722.71 893.93 986.34

SDBTs

8 262.84 280.27 517.05 729.92 895.50 1005.6

9 262.74 279.86 516.23 727.91 894.55 996.79

14 262.57 279.36 514.43 723.68 894.11 988.60

15 262.56 279.33 514.34 723.58 894.04 987.94

Table 3.4 Comparison of the frequency parameters Ω for a [90°/0°] laminated curved beam with
SD-SD boundary conditions (R = 1 m, θ0 = 1)

h/Lθ Qatu (1993) SDBTw

1 2 3 1 2 3

0.01 4.0094 18.000 41.286 4.0179 18.042 41.388

0.02 3.9885 17.839 40.681 3.9969 17.878 40.770

0.05 3.9109 17.089 37.667 3.9190 17.124 37.738

0.10 3.7419 15.329 31.300 3.7496 15.357 31.349

0.20 3.3312 11.808 21.481 3.3387 11.833 21.523
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to be of equal thickness and made from material with following properties:
h/Lθ = 0.01, R/Lθ = 2, E1/E2 = 15. The Ritz solutions obtained by Qatu and
Elsharkawy (1993) by using the classical beam theory are selected as the bench-
mark solutions. A consistent agreement between the present results and the refer-
ential data is seen from the table. Furthermore, comparing the sixth frequencies of
the beam, we can see that the CBT solutions are less accurate in the higher modes.
The maximum difference (in the sixth frequency parameters) between the SDBTw

and CBTw solutions can be 1.67 % for the worst case.

3.4.2 Effects of Shear Deformation and Rotary Inertia

In this section, effects of the shear deformation and rotary inertia which are neglected
in the CBT will be investigated. Shear deformation was first applied in the analysis
of beams by Timoshenko (1921). This effect is higher in composite materials since
the longitudinal to shear modulus ratio is much higher in composites than metallic
materials (Hajianmaleki and Qatu 2012b). Figures 3.5 and 3.6 show the differences
between the lowest three frequency parametersΩ obtained by CBTw and SDBTw for
an isotropic curved beam and a two-layered, [0°/90°] laminated curved beam with
different boundary conditions and thickness-to-span length ratios, respectively. Both
F-F and C-C boundary conditions are shown in each figure. The geometric and
material constants of the layers of the two beams are: R/Lθ = 1, E1/E2 = 1(Fig. 3.5)

Table 3.5 Comparison of the frequency parameters Ω for a [90°/0°] laminated curved beam with
different boundary conditions (h/Lθ = 0.01, R/Lθ = 2, E1/E2 = 15)

B.C. Theory Mode number

1 2 3 4 5

S-S Qatu and Elsharkawy
(1993)

18.434 37.935 74.549 99.888 143.10

SDBTw 18.448 37.910 74.303 99.435 142.01

CBTw 18.473 38.009 74.703 99.905 142.85

SD-SD Qatu and Elsharkawy
(1993)

4.5173 18.593 42.050 74.884 117.92

SDBTw 4.5249 18.606 42.009 74.632 116.37

CBTw 4.5268 18.631 42.137 75.037 117.32

C-C Qatu and Elsharkawy
(1993)

29.015 51.348 94.637 111.64 149.21

SDBTw 28.973 51.167 93.982 111.02 147.71

CBTw 29.076 51.436 94.833 111.35 149.17

C2-C2 Qatu and Elsharkawy
(1993)

10.445 29.145 57.291 94.837 144.65

SDBTw 10.255 29.028 56.995 94.103 140.25

CBTw 10.467 29.205 57.406 95.008 141.98
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and E1/E2 = 15 (Fig. 3.6). The thickness-to-span length ratio h/Lθ is varied from
0.001 to 0.2, corresponding to very thin to thick beams. From the figures, we can see
that the effects of the shear deformation and rotary inertia increase as the orthotropy
ratio (E1/E2) increases. Furthermore, when the thickness-to-span length ratio h/Lθ is
less than 0.02, the maximum difference between the frequency parameters Ω
obtained by CBTw and SDBTw is less than 4 %. However, when the thickness-to-
span length ratio h/Lθ is equal to 0.1, this difference can be as many as 11.5 % for the
isotropic curved beam and 32.3 % for the [0°/90°] laminated one. As expected, it can
be seen that the difference between the CBTw and SDBTw solutions increases with
thickness-to-span length ratio increases. Figure 3.6 also shows that the maximum
difference between these two results can be as many as 50.4 % for a thickness-to-
length ratio of 0.2. In such case, the CBTw results are utterly inaccurate. This
investigation shows that the CBT only applicable for thin beams. For beams with
higher thickness ratios, both shear deformation and rotary inertia effects should be
included in the calculation. These results can be used in establishing the limits of
classical shell and plate theories as well.
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Fig. 3.5 Differences between the lowest three frequency parameters Ω obtained by CBTw and
SDBTw for an isotropic curved beam (R/Lθ = 1, E1/E2 = 1)
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3.4.3 Effects of the Deepness Term (1 + z/R)

Considering Eq. (3.23), the deepness term (1 + z/R) introduces curvature com-
plexity in the kinematic relations. When the thickness of the beam, h, is small
compared to its radius of curvature R, i.e., h/R < <1 and |z/R| < <1, then deepness
term (1 + z/R) approximately equals to 1. In such case, the shear deformation
shallow beam theories (SDSBT) can be obtained from the general SDBT (Khdeir
and Reddy 1997; Qatu 1992). Qatu (2004) pointed out that this term should not be
neglected in the analysis especially when the span length-to-radius ratio is more
than 1/2. In this section, effects of the deepness term (1 + z/R) will be investigated.

Neglecting the deepness term and including the effects of shear deformation and
rotary inertia, the normal and shear strains at any point of a beam can be rewritten as:
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Fig. 3.6 Differences between the lowest three frequency parameters Ω obtained by CBTw and
SDBTw for a [0°/90°] laminated curved beam (R/Lθ = 1, E1/E2 = 15)
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eh ¼ e0h þ zvh chz ¼ c0hz ð3:62Þ

where the normal and shear strains in the reference surface (e0h and c
0
hz) and the

curvature change (χθ) are given as in Eq. (3.24). Thus, the corresponding stress-
strain relations in the kth layer of a laminated beam can be written as:

rh
shz


 �
k
¼ Qk

11 0
0 Qk

55

" #
eh
chz


 �
k

ð3:63Þ

By carrying the integration of the stresses over the cross-section, the force and
moment resultants (Nθ, Qθ and Mθ) become:

Nh

Mh

Qh

2
4

3
5 ¼

A11 B11 0
B11 D11 0
0 0 A55

2
4

3
5 e0h

vh
chz

2
4

3
5 ð3:64Þ

The stiffness coefficients A11, B11 andD11 are given in Eq. (3.7) and A55 is defined as:

A55 ¼ Ksb
XN
k¼1

Qk
11ðzkþ1 � zkÞ ð3:65Þ

where Ks is the shear correction factor, typically taken at 5/6.
Substituting Eq. (3.64) into the energy functions of the beams (see, Sect. 3.2.3)

and applying the Ritz solution procedure in the similar manner described before
(see, Sect. 3.3.2), the vibration solutions of laminated beams in the framework of
SDSBT can be obtained (represent by SDSBTw). It should be stressed that the
inertia terms of the beam in the SDSBT are defined as:

I0¼I0
I1¼I1
I2¼I2

½I0; I1; I2� ¼ b
XN
k¼1

Zzkþ1

zk

qk½1; z; z2�dz

ð3:66Þ

Figures 3.7and 3.8 show the differences between the lowest three non-dimen-
sional frequency parameters Ω obtained by SDBTw and SDSBTw for a two layered,
unsymmetrically laminated [0°/90°] curved beam and an isotropic curved beam
with different span length-to-radius and thickness-to-radius ratios, respectively. The
‘difference’ is defined as: difference = (SDSBTw − SDBTw)/SDBTw*100 %. The
geometric and material constants of the layers of the beam are: R = 1, E1/E2 = 1 or
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15 (laminated). The beams are assumed to be C-F supported. Two span length-to-
radius ratios, i.e., Lθ/R = 0.5 and 5, corresponding to shallow and deep curved
beams are shown in each figure. The thickness-to-radius ratio h/R is varied from
0.001 to 0.1. As expected, the effects of the deepness term increase as the thickness-
to-radius ratio increases. The included angle θ0 of the curved beam is the span
length-to-radius ratio. This means that the span length-to-radius ratio of 5 indicates
a very deep curved beam with an included angle of 286.48°, which are more than
three quarters of the closed circle. In this case, the difference between the frequency
parameters Ω obtained by SDSBTw and SDBTw is very small and the maximum
difference is less than 0.41 % for the worst case. In addition, it is clear from the
figures that the effects of the deepness term vary with mode number and span
length-to-radius ratio and orthotropy ratio (E1/E2). In the case of span length-to-
radius ratio Lθ/R = 5, the SDBTw results are generally higher than those of
SDSBTw. These results can be used in establishing the limits of shell theories and
shell equations.
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Fig. 3.7 Differences between the lowest three frequency parameters Ω obtained by SDBTw and
SDSBTw for a [0°/90°] laminated curved beam (R = 1, E1/E2 = 15)
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3.4.4 Isotropic and Laminated Beams with General
Boundary Conditions

In this section, isotropic and laminated beams with various boundary conditions
including the classical restraints and the elastic ones will be studied. Only the free
vibration solutions (natural frequencies and mode shapes) based on SDBT and
weak form solution procedure are considered in this section.

Table 3.6 shows the frequency parameters Ω obtained for a two-layered, [0°/90°]
laminated curved beam with different thickness-to-radius ratios and various clas-
sical boundary conditions. The geometry and material parameters used in the study
are: R = 1, θ0 = 2π/3, E1/E2 = 15. And the thickness-to-radius ratios performed in
the study are h/R = 0.01, 0.05 and 0.1, corresponding to thin to moderately thick
curved beams. The first observation is that the frequency parameters for curved
beams with F-SD boundary conditions (no constraints on the in-plane displace-
ment) are higher than those of curved beam with F-S boundary conditions.
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The second observation is that the fundamental frequency parameter of the beam
increases with thickness-to-radius ratio increases when subjected to F-F, F-S, F-SD,
S-S and SD-SD boundary conditions. In other cases, the beam frequency param-
eters decrease with thickness-to-radius ratio increases. In Fig. 3.9, the lowest two
mode shapes for the beam with thickness-to-radius ratio h/R = 0.05 are presented
for S-S, S-C and C-C boundary conditions, respectively. These mode shapes are
determined by substituting the related eigenvectors into the assumed displacement
expansions.

Table 3.7 studies the effects of the orthotropy ratio (E1/E2) on the frequency
parameters Ω for a two-layered, [0°/90°] laminated curved beam with different
boundary conditions. The geometry parameters used in the investigation are: R = 1,
θ0 = 2π/3, h/R = 0.05. Four different orthotropy ratios considered in the investi-
gation are: E1/E2 = 1, 10, 20 and 40. From the table, we can see that the increment
in the orthotropy ratio results in decreases of the frequency parameters.

Since the effects of both shear deformation and rotary inertia and the deepness
term are included in the SDBT, therefore, it can be applied to predict vibration
characteristics of moderately thick curved beams with arbitrary included angles.
Table 3.8 shows the frequency parameters Ω obtained for a two-layered, [0°/90°]
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Fig. 3.9 The lowest three mode shapes for a moderately thick (h/R = 0.05), [0°/90°] laminated
curved beam with different boundary conditions (R = 1, θ0 = 2π/3)
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laminated curved beam with different included angles and various combinations of
classical boundary conditions. The geometry and material parameters of the beam
are assumed to be: R = 1, h/R = 0.05, E1/E2 = 15. It can be seen from the table that
in all the boundary condition cases, all the frequency parameters of the beam
decrease with included angle increases. It may be attributed to the stiffness of the
curved beam reduces when the included angle increases. In order to enhance our
understanding of the effects of the included angle, Fig. 3.10 presents the lowest two
mode shapes of the beam with F-C boundary conditions. From the figure, we can
see that the influence of the included angle on the mode shapes of the beam varies
with mode sequence.
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Fig. 3.10 The lowest two mode shapes for a [0°/90°] laminated curved beam with F-C boundary
conditions and different included angles (R = 1, h/R = 0.05)
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Then, influence of the radius-to-span length ratio (R/Lθ) on the frequencies of a
[0°/90°] laminated curved beam (E1/E2 = 15) is investigated. The beam is made
from composite layers with following geometry constants: Lθ = 1, h/Lθ = 0.05.
Figure 3.11 shows variations of the lowest three frequency parameters Ω versus the
radius-to-span length ratio for the beam with S-S and C-C boundary conditions.
Increasing the radius-to-span length ratio from 0.2 (very deep curved beam) to 10
(shallow curved beam), the effects of the radius-to-span length ratio are very large
for the frequency parameters. We can see clearly that the frequency parameter trace
of the fundamental modes climb up and then decline, and reach its crest around
R/Lθ = 2. The same tendency can be seen in the second and third modes as well
while the second and third ones reach their crests around R/Lθ = 1 and R/Lθ = 0.8.
The similar characteristics can be found in the right subfigure. When the radius-
to-span length ratio is increased from 10 to 100, increasing the radius-to-span length
ratio has very limited influence on the frequency parameters due to the curved beam
is very shallow and its vibration behaviors approximate to a straight beam.

Finally, Table 3.9 shows the first three frequency parameters Ω for a [−45°/45°]
laminated curved beam (Lθ = 1, h/Lθ = 0.05, E1/E2 = 15) with different radius-to-
span length ratios and elastic boundary conditions. The radius-to-span length ratios
included in the calculation are 1/π, 4/π and ∞. The radius-to-span length ratio of
1/π and 4/π correspond to curved beam with an included angle of π and π/4,
respectively. The last radius-to-span length ratio of ∞ corresponds to a straight
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Fig. 3.11 Variation of frequency parametersΩ versus radius-to-span length ratio (R/Lθ) for a [0°/90]
laminated curved beam with S-S and C-C boundary conditions (h/Lθ = 0.05)
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beam. The beam is simply-supported at the edge of θ = 0 and elastically restrained
at the other edge (S-Elastic). Table 3.10 shows similar studies for the C-Elastic
boundary conditions. The tables show that increasing the axial restrained rigidity
has very limited effects on the straight beam. It is attributed to the lower frequency
parameters of a straight beam are dominated by its transverse vibration.

In conclusion, vibration of isotropic and laminated straight and curved beams is
studied in this chapter. The effects of shear deformation and rotary inertia, deepness
term (1 + z/R) and other beam parameters are clearly outlined. It is shown that the
difference (for the lowest three frequency parameters) between the CBT and SDBT
solutions increases with thickness-to-length ratio increases. For a laminated curved
beam (R/Lθ = 1, E1/E2 = 15, [0°/90°] lamination scheme) with thickness-to-length
ratios of 0.05, 0.1, 0.15 and 0.2, the maximum differences can be as many as 8.8,
32.3, 42 and 50.4 % for the worst case, respectively. The effects of the deepness
term (1 + z/R) on the frequency parameters is very small, the maximum difference
between the frequency parameters Ω obtained by SDSBT (neglect the deepness
term) and SDBT is less than 0.41 % for the worse case of a curved beam of span
length-to-radius ratio Lθ/R = 5 and thickness-to-radius ratio h/R = 0.1. A variety of

Table 3.9 The first three frequency parameters Ω for a [−45°/45°] laminated curved beam with
different radius-to-span length ratios and S-Elastic boundary conditions (Lθ = 1, h/Lθ = 0.05)

R/Lθ Γ kuh1¼C; kwh1¼107D;Kh
h1¼0 kuh1¼0; kwh1¼107D;Kh

h1¼C

1 2 3 1 2 3

1/π 10−1D 0.4465 12.851 36.277 0.6846 12.974 36.380

100D 1.4104 12.863 36.280 1.8096 13.816 37.125

101D 4.4087 12.992 36.314 2.8424 15.779 39.292

102D 10.805 16.473 36.709 3.0734 16.507 40.291

103D 11.828 32.677 49.626 3.0996 16.600 40.426

104D 11.887 34.153 64.561 3.1022 16.610 40.440

4/π 10−1D 4.6699 20.169 43.834 4.7857 20.328 43.957

100D 4.7105 20.169 43.835 5.4645 21.404 44.860

101D 5.0975 20.169 43.844 6.5092 23.900 47.523

102D 7.8777 20.170 43.932 6.7873 24.804 48.738

103D 17.166 20.189 44.503 6.8198 24.918 48.902

104D 20.147 25.119 45.374 6.8231 24.929 48.918

∞ (straight) 10−1D 5.4235 20.949 44.711 5.5870 21.101 44.843

100D 5.4235 20.949 44.711 6.5033 22.146 45.818

101D 5.4235 20.949 44.711 7.8962 24.625 48.748

102D 5.4234 20.949 44.711 8.2619 25.535 50.111

103D 5.4236 20.949 44.711 8.3044 25.649 50.295

104D 5.4234 20.949 44.711 8.3087 25.661 50.314

3.4 Laminated Beams with General Boundary Conditions 97



new vibration results including frequencies and mode shapes for straight and curved
laminated beams with classical and elastic restraints as well as different geometric
and material parameters are given, which may serve as benchmark solutions for the
future researches.

Table 3.10 The first three frequency parameters Ω for a [−45°/45°] laminated curved beam with
different radius-to-span length ratios and C-Elastic boundary conditions (Lθ = 1, h/Lθ = 0.05)

R/Lθ Spring
rigidity

kuh1¼C; kwh1¼107D;Kh
h1¼0 kuh1¼0; kwh1¼107D;Kh

h1¼C

1 2 3 1 2 3

1/π 10−1D 3.0784 17.040 40.988 3.0752 17.181 41.080

100D 3.3805 17.045 40.991 3.2670 18.139 41.756

101D 5.5452 17.094 41.022 3.5970 20.410 43.784

102D 13.775 18.337 41.374 3.6929 21.272 44.749

103D 16.321 35.923 51.778 3.7044 21.382 44.882

104D 16.397 38.427 69.273 3.7055 21.394 44.895

4/π 10−1D 7.5129 24.694 48.910 7.6416 24.848 49.019

100D 7.5373 24.694 48.912 8.4238 25.915 49.821

101D 7.7754 24.695 48.929 9.7649 28.553 52.224

102D 9.7491 24.703 49.084 10.149 29.564 53.331

103D 17.734 24.797 49.989 10.195 29.693 53.480

104D 23.782 26.081 51.044 10.200 29.706 53.495

∞
(straight)

10−1D 8.3092 25.662 50.316 8.4796 25.807 50.442

100D 8.3092 25.662 50.316 9.4924 26.822 51.368

101D 8.3092 25.662 50.316 11.219 29.395 54.250

102D 8.3092 25.662 50.316 11.710 30.398 55.641

103D 8.3092 25.662 50.316 11.768 30.526 55.832

104D 8.3092 25.662 50.316 11.774 30.539 55.851
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Chapter 4
Plates

Plates are one of the most fundamental structural elements which are widely used in
a variety of engineering applications. A plate can be defined as a solid body
bounded by two parallel flat surfaces having two dimensions relatively greater than
the other one (thickness). It can also be viewed as a special case of shells with zero
curvature (infinite radii of curvature). The vibration of plates is an old topic and a
lot of books, papers and reports have already been published in the past decades. In
1969, A.W. Leissa published an excellent monograph titled Vibration of Plates, in
which theoretical and experimental results of approximately 500 research papers
and reports were presented. Most 90 % of this book considers the homogeneous
thin plates. A plate is typically considered to be thin when the ratio of its thickness
to representative lateral dimension is less than 1/20 (Leissa 1969; Qatu 2004).
As pointed by Leissa (Liew et al. 1998), the classical thin plate theory (CPT)
permits one to obtain a fundamental frequency with good accuracy. However, the
higher frequencies of a plate with thickness ratio of 1/20, determined by thin plate
theory, will not be accurate. It will be somewhat too high. The inaccuracies can be
largely eliminated by use of the shear deformation plate theories (SDPTs) for they
include both shear deformation and rotary inertia due to rotations. Liew et al. (1998)
presented a book deal with thick isotropic plates using the p-version Ritz method.

Plates can be rectangular, circular, annular, sectorial, elliptical, triangular, trap-
ezoidal and of other shapes. Chakraverty (2009) analyzed vibrations of plates of
various shapes and classical boundary conditions by using the boundary charac-
teristic orthogonal polynomials with the Ritz method. The homogeneous thin plates
are the subject of Chakraverty’s work as well. With the development of new
industries and modern processes, laminated plates composed of composite laminas
are extensively used in many fields of modern engineering practices such as space
vehicles, civil constructions and deep-sea engineering equipments. Laminated
plates are treated by various studies and books. The development of research on this
subject has been well documented in several monographs respectively by Qatu
(2004), Reddy (2003), Carrera et al. (2011), Ye (2003), and review or survey
articles (Carrera 2002, 2003; Liew et al. 2011).
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This chapter considers vibrations of laminated plates with various shapes and
general boundary conditions. The fundamental equations of shells in the framework
of CST and SDST described in Chap. 1 will be specialized to those of plates by
setting the curvatures to zero. We will begin with the fundamental equations of
rectangular plates, followed by vibration results of laminated rectangular plates with
general boundary conditions. Strain-displacement relations, force and moment
resultants, energy functions, governing equations and boundary conditions are
derived and shown for both theories. On the basis of SDPT, numerous natural
frequencies and mode shapes are presented for laminated rectangular plates with
different boundary conditions, lamination schemes and geometry parameters by
using the modified Fourier series and weak form solution procedure (see, Chap. 2)
because previous studies showed that convergence of solutions with weak form
solution procedure is faster (Table 3.3). Effects of boundary conditions, geometry
parameters and material properties are studied as well. Vibration of sectorial,
annular and circular plates will then be treated in the later sections of this chapter.

4.1 Fundamental Equations of Thin Laminated
Rectangular Plates

As shown in Fig. 4.1, a rectangular laminated plate with length a, width b and total
thickness of h is selected as the analysis model. To describe the plate clearly, we
introduce the following coordinate system: the x-coordinate is taken along the
length of the plate, and y- and z-coordinates are taken along the width and the
thickness directions, respectively. The middle surface displacements of the plate in
the x, y and z directions are denoted by u, v and w, respectively. The laminated
rectangular plate is assumed to be composed of NL composite layers. Consider the
laminated rectangular plate and its rectangular coordinate system in Fig. 4.1, the
coordinates, characteristics of the Lamé parameters and radii of curvatures are:
α = x, β = y, A = 1, B = 1, Rα = ∞, Rβ = ∞.

Fundamental equations of thin laminated rectangular plates are presented in this
section by substituting their geometry parameters into those of general thin lami-
nated shell equations.

4.1.1 Kinematic Relations

Based on the assumptions of Kirchhoff, the displacement field of thin rectangular
plates is restricted to the following linear relationships (see Fig. 4.2, Reddy (2003)):
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Uðx; y; zÞ ¼ uðx; yÞ � z
@wðx; yÞ

@x

Vðx; y; zÞ ¼ vðx; yÞ � z
@wðx; yÞ

@y

Wðx; y; zÞ ¼ wðx; yÞ

ð4:1Þ

where u, v and w are the middle surface displacements. Letting α = x, β = y, A = B=1
and Rα = Rβ = ∞, the strain-displacement relations of rectangular plates can be
obtained from Eqs. (1.6) and (1.7) as

ex ¼ e0x þ zvx
ey ¼ e0y þ zvy

cxy ¼ c0xy þ zvxy

ð4:2Þ

x

y

z

Middle surface

k' th layer

w

v
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Fig. 4.1 Laminated rectangular plates
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where

e0x ¼
@u
@x

; vx ¼ � @2w
@x2

e0y ¼
@v
@y

; vy ¼ � @2w
@y2

c0xy ¼
@v
@x

þ @u
@y

; vxy ¼ �2
@2w
@x@y

ð4:3Þ

4.1.2 Stress-Strain Relations and Stress Resultants

According to Hooke’s law, the corresponding stresses in the k′th layer of the plate
are written as:

rx
ry
syz
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;

k
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22 Qk
26
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26 Qk
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3
75 ex

ey
cxy

8<
:

9=
;

k

ð4:4Þ

The lamina stiffness coefficients Qk
ij(i, j = 1, 2, 6) can be written as in Eq. (1.9).

Then, the force and moment resultants are obtained by carrying the integration of
stresses over the cross-section:
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Fig. 4.2 Undeformed and deformed geometries of an edge of a plate under the Kirchhoff
assumption (Reddy 2003)
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Nx Ny Nxy½ � ¼
Zh=2

�h=2

rx ry sxy½ �dz

Mx My Mxy½ � ¼
Zh=2

�h=2

rx ry sxy½ �zdz

ð4:5Þ

Performing the integration operation in Eq. (4.5) yields
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ð4:6Þ

where Nx, Ny and Nxy are the normal and shear force resultants and Mx, My, Mxy

denote the bending and twisting moment resultants. Aij, Bij, and Dij are the stiffness
coefficients arising from the piecewise integration over the plate thickness, they can
be written as in Eq. (1.15).

In comparing to homogeneous thin plates, there exist some fundamental dif-
ferences in the equations of generally thin laminated plates. The most important
difference is that the transverse vibration is coupled with in-plane vibration for
generally laminated plates. When a laminated plate is symmetrically laminated with
respect to the middle surface, the constants Bij equal to zero and the in-plane
vibration is then decoupled from the transverse vibration, which will sufficiently
reduce the complexity of the stress-strain relations, energy functions, governing
equations and boundary condition equations of the plate.

4.1.3 Energy Functions

The strain energy (Us) of thin laminated rectangular plates during vibration can be
written as:

Us ¼ 1
2

Za

0

Zb

0

Nxe0x þ Nye0y þ Nxyc0xy
þMxvx þMyvy þMxyvxy

� �
dxdy ð4:7Þ

Substituting Eqs. (4.3) and (4.6) into Eq. (4.7), the strain energy of the thin
laminated plates can be rewritten in terms of displacements as:

4.1 Fundamental Equations of Thin Laminated Rectangular Plates 103

http://dx.doi.org/10.1007/978-3-662-46364-2_1


Us ¼ 1
2

Za

0

Zb

0

A11
@u
@x

� �2

þ2A12
@v
@y

� �
@u
@x

� �
þ 2A16

@v
@x

þ @u
@y

� �
@u
@x

� �

þA22
@v
@y

� �2

þ2A26
@v
@x

þ @u
@y

� �
@v
@y

� �
þ A66

@v
@x

þ @u
@y

� �2

8>>><
>>>:

9>>>=
>>>;
dydx

�
Za

0

Zb

0

B11
@2w
@x2

� �
@u
@x

� �
þ B12

@2w
@y2

� �
@u
@x

� �
þ 2B16

@2w
@x@y

� �
@u
@x

� �

þB12
@2w
@x2

� �
@v
@y

� �
þ B22

@2w
@y2

� �
@v
@y

� �
þ 2B26

@2w
@x@y

� �
@v
@y

� �

þ B16
@2w
@x2

� �
þ B26

@2w
@y2

� �
þ 2B66

@2w
@x@y

� �� �
@v
@x

þ @u
@y

� �

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
dydx

þ 1
2

Za

0

Zb

0

D11
@2w
@x2

� �2

þ2D12
@2w
@y2

� �
@2w
@x2

� �
þ 4D16

@2w
@x@y

� �
@2w
@x2

� �

þD22
@2w
@y2

� �2

þ4D26
@2w
@x@y

� �
@2w
@y2

� �
þ 4D66

@2w
@x@y

� �2

8>>><
>>>:

9>>>=
>>>;
dydx

ð4:8Þ

The corresponding kinetic energy (T) is:

T ¼ 1
2

Za

0

Zb

0

I0
@u
@t

� �2

þ @v
@t

� �2

þ @w
@t

� �2
( )

dxdy ð4:9Þ

where the inertia term I0 is given as in Eq. (1.19). The external work (We) is
expressed as:

We ¼
Za

0

Zb

0

qxuþ qyvþ qzw
� �

dxdy ð4:10Þ

where qx, qy and qz are the external loads in the x, y and z directions, respectively.
As described in Sect. 1.2.3, the general boundary conditions of a plate are

implemented by using the artificial spring boundary technique. Specifically, sym-
bols kuw; k

v
w; k

w
w and Kw

w (ψ = x0, y0, x1 and y1) are used to indicate the stiffness of
the boundary springs at the boundaries x = 0, y = 0, x = a and y = b, respectively.
Therefore, the deformation strain energy about the boundary springs (Usp) is
defined as (Fig. 4.3):
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Usp ¼ 1
2

Zb

0

kux0u
2 þ kvx0v

2 þ kwx0w
2 þ Kw

x0 @w=@xð Þ� 	
x¼0j

þ kux1u
2 þ kvx1v

2 þ kwx1w
2 þ Kw

x1 @w=@xð Þ� 	
x¼aj

( )
dy

þ 1
2

Za

0

kuy0u
2 þ kvy0v

2 þ kwy0w
2 þ Kw

y0 @w=@yð Þ
h i

y¼0




þ kuy1u

2 þ kvy1v
2 þ kwy1w

2 þ Kw
y1 @w=@yð Þ

h i
y¼b




8><
>:

9>=
>;dx

ð4:11Þ

4.1.4 Governing Equations and Boundary Conditions

The governing equations and boundary conditions of thin rectangular plates can be
obtained by specializing those of thin shells or applying the Hamilton’s principle in
the same manner as described in Sect. 1.2.4. Substituting α = x, β = y, A = B = 1 and
Rα = Rβ = ∞ into Eq. (1.28) yields following governing equations:

@Nx

@x
þ @Nxy

@y
þ qx ¼ I0

@2u
@t2

@Nxy

@x
þ @Ny

@y
þ qy ¼ I0

@2v
@t2

@2Mx

@x2
þ 2

@2Mxy

@x@y
þ @2My

@y2
þ qz ¼ I0

@2w
@t2

ð4:12Þ

Middle surface

k'th layer

z(w)

x(u)
y(v)

kv

Kw

ku

kw

Fig. 4.3 Boundary
conditions of thin laminated
rectangular plates
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The corresponding boundary conditions of thin laminated plates at boundaries of
x = constant are:

x ¼ 0 :

Nx � kux0u ¼ 0

Nxy � kvx0v ¼ 0

Qx þ @Mxy

@y � kwx0w ¼ 0

�Mx � Kw
x0

@w
@x ¼ 0

8>>>>><
>>>>>:

x ¼ a :

Nx þ kux1u ¼ 0

Nxy þ kvx1v ¼ 0

Qx þ @Mxy

@y þ kwx1w ¼ 0

�Mx þ Kw
x1

@w
@x ¼ 0

8>>>>><
>>>>>:

ð4:13Þ

Similarly, for boundaries y = 0 and y = b, the boundary conditions are obtained as:

y ¼ 0 :

Nxy � kuy0u ¼ 0

Ny � kvy0v ¼ 0

Qy þ @Mxy

@x � kwy0w ¼ 0

�My � Kw
y0

@w
@y ¼ 0

8>>>>><
>>>>>:

y ¼ b :

Nxy þ kuy1u ¼ 0

Ny þ kvy1v ¼ 0

Qy þ @Mxy

@x þ kwy1w ¼ 0

�My þ Kw
y1

@w
@y ¼ 0

8>>>>><
>>>>>:

ð4:14Þ

For generally laminated thin plates, each boundary can exist 12 possible classical
boundary conditions. Taking boundaries x = constant for example, the possible
combinations for each classical boundary condition are given in Table 4.1.

Table 4.1 Possible classical
boundary conditions for
generally laminated thin
rectangular plates at each
boundary of x = constant

Boundary type Conditions

Free boundary conditions

F
Nx ¼ Nxy ¼ Qx þ @Mxy

@y
¼ Mx ¼ 0

F2
u ¼ Nxy ¼ Qx þ @Mxy

@y
¼ Mx ¼ 0

F3
Nx ¼ v ¼ Qx þ @Mxy

@y
¼ Mx ¼ 0

F4
u ¼ v ¼ Qx þ @Mxy

@y
¼ Mx ¼ 0

Simply supported boundary conditions

S u = v = w = Mx = 0

SD Nx = v = w = Mx = 0

S3 u = Nxy = w = Mx = 0

S4 Nx = Nxy = w = Mx = 0

Clamped boundary conditions

C
u ¼ v ¼ w ¼ @w

@x
¼ 0

C2
Nx ¼ v ¼ w ¼ @w

@x
¼ 0

C3
u ¼ Nxy ¼ w ¼ @w

@x
¼ 0

C4
Nx ¼ Nxy ¼ w ¼ @w

@x
¼ 0
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In the framework of artificial spring boundary technique, taking edge x = 0 for
example, the frequently encountered boundary conditions F, SD, S and C can be
readily realized by assigning the stiffness of the boundary springs at proper values
as follows:

F: kux0 ¼ kvx0 ¼ kwx0 ¼ Kw
x0 ¼ 0

SD: kvx0 ¼ kwx0 ¼ 107D; kux0 ¼ Kw
x0 ¼ 0

S: kux0 ¼ kvx0 ¼ kwx0 ¼ 107D; Kw
x0 ¼ 0

C: kux0 ¼ kvx0 ¼ kwx0 ¼ Kw
x0 ¼ 107D

ð4:15Þ

where D = E1h
3/12(1−μ12 μ21) is the flexural stiffness of the plate.

4.2 Fundamental Equations of Thick Laminated
Rectangular Plates

This section presents fundamental equations that can be used for thick laminated
plates. The treatment that follows is a specialization of shear deformation shell
theory (SDST) to laminated plates. For thick plates, the Kirchhoff hypothesis is
relaxed by assuming that normals to the undeformed middle surface remain straight
but do not normal to the deformed middle surface, see Fig. 4.4 (Reddy 2003). The
following equations are referred to as shear deformation plate theory (SDPT).

−

z

y

x

y

z

w

v

−
yφ

yzγ

Fig. 4.4 Undeformed and deformed geometries of an edge of a plate including shear deformation
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4.2.1 Kinematic Relations

Based on the plate model presented in Fig. 4.1 and the assumptions of the first-order
shear deformation theory, the displacement field of thick laminated rectangular
plates is of the form

Uðx; y; zÞ ¼ uðx; yÞ þ z/x

Vðx; y; zÞ ¼ vðx; yÞ þ z/y

Wðx; y; zÞ ¼ wðx; yÞ
ð4:16Þ

where u, v and w are the middle surface displacements of the plate in the x, y and
z directions, respectively; ϕx and ϕy represent the transverse normal rotations of the
reference surface respect to the y and x axes. Specializing Eqs. (1.33) and (1.34) to
those of plates, the normal and shear strains at any point of the plate space can be
defined in terms of the middle surface strains and curvature changes as:

ex ¼ e0x þ zvx; cxz ¼ c0xz
ey ¼ e0y þ zvy; cyz ¼ c0yz

cxy ¼ c0xy þ zvxy

ð4:17Þ

where c0xz and c0yz indicate the transverse shear strains, it is assumed to be constant
through the thickness. The middle surface strains and curvature changes are written
in terms of middle surface displacements and rotation components as:

e0x ¼
@u
@x

; vx ¼
@/x

@x

e0y ¼
@v
@y

; vy ¼
@/y

@y

c0xy ¼
@v
@x

þ @u
@y

; vxy ¼
@/x

@y
þ @/y

@x

c0xz ¼
@w
@x

þ /x

c0yz ¼
@w
@y

þ /y

ð4:18Þ

4.2.2 Stress-Strain Relations and Stress Resultants

According to Eq. (1.35), the corresponding stress-strain relations in the layer k of a
thick laminated rectangular plate are:

108 4 Plates

http://dx.doi.org/10.1007/978-3-662-46364-2_1
http://dx.doi.org/10.1007/978-3-662-46364-2_1
http://dx.doi.org/10.1007/978-3-662-46364-2_1


rx
ry
syz
sxz
sxy

8>>>><
>>>>:

9>>>>=
>>>>;

k

¼

Qk
11 Qk

12 0 0 Qk
16

Qk
12 Qk

22 0 0 Qk
26

0 0 Qk
44 Qk

45 0
0 0 Qk

45 Qk
55 0

Qk
16 Qk

26 0 0 Qk
66

2
6666664

3
7777775

ex
ey
cyz
cxz
cxy

8>>>><
>>>>:

9>>>>=
>>>>;

k

ð4:19Þ

The force and moment resultants are obtained by integrating the stresses over the
plate thickness

Nx Ny Nxy Qx Qy½ � ¼
Zh=2

�h=2

rx ry sxy sxz syz½ �dz

Mx My Mxy½ � ¼
Zh=2

�h=2

rx ry sxy½ �zdz

ð4:20Þ

where Qy and Qx are the transverse shear force resultants. Carrying out the inte-
gration over the thickness, from layer to layer, yields

Nx

Ny

Nxy

Mx

My

Mxy

2
6666664

3
7777775
¼

A11 A12 A16

A12 A22 A26

A16 A26 A66

B11 B12 B16

B12 B22 B26

B16 B26 B66
B11 B12 B16

B12 B22 B26

B16 B26 B66

D11 D12 D16

D12 D22 D26

D16 D26 D66

2
666664

3
777775

e0x
e0y
c0xy
vx
vy
vxy

2
6666664

3
7777775

ð4:21Þ

Qy

Qx

� �
¼ A44 A45

A45 A55

� �
c0yz
c0xz

� �
ð4:22Þ

The stiffness coefficients Aij, Bij and Dij are defined as in Eq. (1.43). When a thick
rectangular plate is symmetrically laminated with respect to the middle surface, the
constants Bij equal to zero, however, the in-plane vibration will not be decoupled
from the bending vibration due to the shear deformation.

4.2.3 Energy Functions

The strain energy (Us) of thick laminated rectangular plates during vibration can be
defined in terms of the middle surface strains and curvature changes and stress
resultants as
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Us ¼ 1
2

Za

0

Zb

0

Nxe0x þ Nye0y þ Nxye0xy þMxvx
þMyvy þMxyvxy þ Qycyz þ Qxcxz

� �
dydx ð4:23Þ

Substituting Eqs. (4.18) and (4.21) into Eq. (4.23), the strain energy of the
laminated plate can be expressed in terms of displacements (u, v, w) and rotation
components (ϕx, ϕy) as in Eq. (2.84).

The corresponding kinetic energy (T) function is:

T ¼ 1
2

Za

0

Zb

0

I0
@u
@t

� �2

þ2I1
@u
@t

@/x

@t
þ I2

@/x

@t

� �2

þI0
@v
@t

� �2

þ2I1
@v
@t

@/y

@t
þ I2

@/y

@t

� �2

þI0
@w
@t

� �2

8>>><
>>>:

9>>>=
>>>;
dydx ð4:24Þ

The inertia terms are written as in Eq. (1.52). Assuming the distributed external
forces qx, qy and qz are in the x, y and z directions, respectively and mx and my

represent the external couples in the middle surface, thus, the work done by the
external forces and moments is

We ¼
Za

0

Zb

0

qxuþ qyvþ qzwþ mx/x þ my/y

� �
dydx ð4:25Þ

Using the artificial spring boundary technique similar to that described earlier,
symbols kuw; k

v
w; k

w
w;K

x
w and Ky

w (ψ = x0, y0, x1 and y1) are used to indicate the
rigidities (per unit length) of the boundary springs at the boundaries x = 0, y = 0,
x = a and y = b, respectively, see Fig. 4.5. Therefore, the deformation strain energy
(Usp) stored in the boundary springs during vibration is defined as:

Middle surface

k'th layer

z(w)

x(u)
y(v)

Kx

ku

kw

kv

Ky

Fig. 4.5 Boundary
conditions of a thick
laminated rectangular plate
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Usp ¼ 1
2

Zb

0

kux0u
2 þ kvx0v

2 þ kwx0w
2 þ Kx

x0/
2
x þ Ky

x0/
2
y

h i
x¼0j

þ kux1u
2 þ kvx1v

2 þ kwx1w
2 þ Kx

x1/
2
x þ Ky

x1/
2
y

h i
x¼aj

8><
>:

9>=
>;dy

þ 1
2

Za

0

kuy0u
2 þ kvy0v

2 þ kwy0w
2 þ Kx

y0/
2
x þ Ky

y0/
2
y

h i
y¼0




þ kuy1u

2 þ kvy1v
2 þ kwy1w

2 þ Kx
y0/

2
x þ Ky

y0/
2
y

h i
y¼b




8><
>:

9>=
>;dx

ð4:26Þ

4.2.4 Governing Equations and Boundary Conditions

Specializing the governing equations and boundary conditions of thick general
shells (Eq. (1.59)) to those of thick rectangular plates, we have

@Nx

@x
þ @Nxy

@y
þ qx ¼ I0

@2u
@t2

þ I1
@2/x

@t2

@Nxy

@x
þ @Ny

@y
þ qy ¼ I0

@2v
@t2

þ I1
@2/y

@t2

@Qx

@x
þ @Qy

@y
þ qz ¼ I0

@2w
@t2

@Mx

@x
þ @Mxy

@y
� Qx þ mx ¼ I1

@2u
@t2

þ I2
@2/x

@t2

@Mxy

@x
þ @My

@y
� Qy þ my ¼ I1

@2v
@t2

þ I2
@2/y

@t2

ð4:27Þ

Substituting Eqs. (4.17), (4.18), (4.21) and (4.22) into above equations, the
governing equations can be written in terms of displacements. These equations are
proved useful when exact solutions are desired. These equations can be written as

L11 L12 L13 L14 L15
L21 L22 L23 L24 L25
L31 L32 L33 L34 L35
L41 L42 L43 L44 L45
L51 L52 L53 L54 L55

2
66664

3
77775� x2

M11

0
0
M41

0

0
M22

0
0
M52

0
0
M33

0
0

M14

0
0
M44

0

0
M25

0
0
M55

2
66664

3
77775

0
BBBB@

1
CCCCA

u
v
w
/x
/y

2
66664

3
77775 ¼

�px
�py
�pz
�mx

�my

2
66664

3
77775

ð4:28Þ

The coefficients of the linear operator Lij and Mij are given as in Eq. (2.49). The
general boundary conditions of the plate are:
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x¼0 :

Nx � kux0u ¼ 0

Nxy � kvx0v ¼ 0

Qx � kwx0w ¼ 0

Mx � Kx
x0/x ¼ 0

Mxy � Ky
x0/y ¼ 0

8>>>>>><
>>>>>>:

x¼a :

Nx þ kux1u ¼ 0

Nxy þ kvx1v ¼ 0

Qx þ kwx1w ¼ 0

Mx þ Kx
x1/x ¼ 0

Mxy þ Ky
x1/y ¼ 0

8>>>>>><
>>>>>>:

y¼0 :

Nxy � kuy0u ¼ 0

Ny � kvy0v ¼ 0

Qy � kwy0w ¼ 0

Mxy � Kx
y0/x ¼ 0

My � Ky
y0/y ¼ 0

8>>>>>><
>>>>>>:

y¼b :

Nxy þ kuy1u ¼ 0

Ny þ kvy1v ¼ 0

Qy þ kwy1w ¼ 0

Mxy þ Kx
y1/x ¼ 0

My þ Ky
y1/y ¼ 0

8>>>>>><
>>>>>>:

ð4:29Þ

The classification of the classical boundary conditions shown in Table 1.3 for
thick laminated shells is applicable for plates. Taking boundaries x = constant for
example, the possible combinations for each classical boundary conditions are
given in Table 4.2.

Similarly, in the framework of artificial spring boundary technique, the afore-
mentioned classical boundary conditions can be readily realized by assigning the
stiffness of the boundary springs at proper values. Taking edge x = 0 for example, the
frequently encountered boundary conditions F, SD (shear-diaphragm), S (simply-
supported) and C can be defined in terms of boundary spring rigidities as follows:

F: kux0 ¼ kvx0 ¼ kwx0 ¼ Kx
x0 ¼ Ky

x0 ¼ 0

SD: kvx0 ¼ kwx0 ¼ Ky
x0 ¼ 107D; kux0 ¼ Kx

x0 ¼ 0

S: kux0 ¼ kvx0 ¼ kwx0 ¼ Ky
x0 ¼ 107D; Kx

x0 ¼ 0

C: kux0 ¼ kvx0 ¼ kwx0 ¼ Kx
x0 ¼ Ky

x0 ¼ 107D

ð4:30Þ

where D = E1h
3/12(1-μ12μ21) is the flexural stiffness of the plate. Figure 4.6 (Ye et al.

2014a) shows the variations of the first three frequency parameters ΔΩ versus
restraint parameters Γλ (λ = u, v, w, x and y) of a [0°/90°/0°] laminated plate (a/b = 1,
h/a = 0.1, E1/E2 = 40, μ12 = 0.25, G12 = 0.6E2, G13 = 0.6E2 and G23 = 0.5E2), where
ΔΩ is defined as the difference of the frequency parameter X ¼ xb2=p2

ffiffiffiffiffiffiffiffiffiffiffi
qh=D

p
to

that of the elastic restraint parameter Γλ = 10−1, namely, ΔΩ = Ω (Γλ) − Ω (10−1D).
The plates under consideration are completely free at boundaries y = 0, y = b, and
completely clamped at boundary x = 0, while at edge x = a, the plates are elastically
supported by only one group of spring components with stiffness assigned as
Γ × D. According to Fig. 4.6, we can see that when the restraint parameter Γ is
increased from 100 to 105, the frequency parameters increase rapidly and approach
their utmost. Then they remain unchanged when Γ approaches infinity. In such a
case, the plate can be deemed as clamped in both ends. Thus, by assigning the
stiffness of the entire boundary springs at 107D, the completely clamped boundary
conditions of a plate can be realized.
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4.3 Vibration of Laminated Rectangular Plates

In this section, we consider free vibration laminated rectangular plates with general
boundary conditions. The homogeneous rectangular plates are treated as a special
case of the laminated ones in the study. Only solutions in the framework of SDPT
are considered in this section. Natural frequencies and mode shapes for thin and
thick laminated rectangular plates with different boundary conditions, lamination
schemes and geometry parameters are presented. For the sake of simplicity, a four-
letter string is employed to represent the boundary condition of a plate, such as
FCSSD identify a rectangular plate with edges x = 0, y = 0, x = a, y = b having F, C,
S and SD boundary conditions, respectively.

Combining Eqs. (2.49) and (4.28), it is obvious that the displacements and
rotation components of laminated rectangular plates in the framework of SDPT are

Table 4.2 Possible classical
boundary conditions for thick
rectangular plates at each
boundary of x = constant

Boundary type Conditions

Free boundary conditions

F Nx = Nxy = Qx = Mx = Mxy = 0

F2 u = Nxy = Qx = Mx = Mxy = 0

F3 Nx = v = Qx = Mx = Mxy = 0

F4 u = v = Qx = Mx = Mxy = 0

F5 Nx = Nxy = Qx = Mx = ϕy = 0

F6 u = Nxy = Qx = Mx = ϕy = 0

F7 Nx = v = Qx = Mx = ϕy = 0

F8 u = v = Qx = Mx = ϕy = 0

Simply supported boundary conditions

S u = v = w = Mx = ϕy = 0

SD Nx = v = w = Mx = ϕy = 0

S3 u = Nxy = w = Mx = ϕy = 0

S4 Nx = Nxy = w = Mx = ϕy = 0

S5 u = v = w = Mx = Mxy = 0

S6 Nx = v = w = Mx = Mxy = 0

S7 u = Nxy = w = Mx = Mxy = 0

S8 Nx = Nxy = w = Mx = Mxy = 0

Clamped boundary conditions

C u = v = w = ϕx = ϕy = 0

C2 Nx = v = w = ϕx = ϕy = 0

C3 u = Nxy = w = ϕx = ϕy = 0

C4 Nx = Nxy = w = ϕx = ϕy = 0

C5 u = v = w = ϕx = Mxy = 0

C6 Nx = v = w = ϕx = Mxy = 0

C7 u = Nxy = w = ϕx = Mxy = 0

C8 Nx = Nxy = w = ϕx = Mxy = 0
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required to have up to the second derivatives. Therefore, regardless of boundary
conditions, each displacement and rotation component of a laminated plate is
expanded as a two-dimensional modified Fourier series as:
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Fig. 4.6 Variation of the frequency parameters ΔΩ versus the elastic restraint parameters Γλ for a
three-layered, [0°/90°/0°] rectangular plate
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uðx; yÞ ¼
XM
m¼0

XN
n¼0

Amn cos kmx cosknyþ
X2
l¼1

XN
n¼0

alnPlðxÞ cos kny

þ
X2
l¼1

XM
m¼0

blmPlðyÞ cos kmx

vðx; yÞ ¼
XM
m¼0

XN
n¼0

Bmn cos kmx cosknyþ
X2
l¼1

XN
n¼0

clnPlðxÞ cos kny

þ
X2
l¼1

XM
m¼0

dlmPlðyÞ cos kmx

wðx; yÞ ¼
XM
m¼0

XN
n¼0

Cmn cos kmx cosknyþ
X2
l¼1

XN
n¼0

elnPlðxÞ cos kny

þ
X2
l¼1

XM
m¼0

flmPlðyÞ cos kmx

/xðx; yÞ ¼
XM
m¼0

XN
n¼0

Dmn cos kmx cos knyþ
X2
l¼1

XN
n¼0

glnPlðxÞ cos kny

þ
X2
l¼1

XM
m¼0

hlmPlðyÞ cos kmx

/yðx; yÞ ¼
XM
m¼0

XN
n¼0

Emn cos kmx cos knyþ
X2
l¼1

XN
n¼0

ilnPlðxÞ cos kny

þ
X2
l¼1

XM
m¼0

jlmPlðyÞ cos kmx

ð4:31Þ

where λm = mπ/a and λn = nπ/b. Amn, Bmn, Cmn, Dmn and Emn are expansion
coefficients of the standard cosine Fourier series. aln, blm, cln, dlm, eln, flm gln, hlm, iln
and jlm are the corresponding supplement coefficients.M and N denote the truncation
numbers with respect to variables x and y, respectively. Pl (x) and Pl (y) denote the
auxiliary polynomial functions introduced to remove all the discontinuities poten-
tially associated with the first-order derivatives at the boundaries. These auxiliary
functions are defined as

P1ðxÞ ¼ x
x
a
� 1

� �2
P2ðxÞ ¼ x2

a
x
a
� 1

� �
ð4:32Þ

P1ðyÞ ¼ y
y
b
� 1

� �2
P2ðyÞ ¼ y2

b
y
b
� 1

� �
ð4:33Þ

The solutions of laminated rectangular plates under consideration can be sought
in the strong form solution procedure as described in Sect. 2.1.2. Alternately, all the
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expansion coefficients in Eq. (4.31) can be treated equally and independently as the
generalized coordinates and solved directly from the Rayleigh–Ritz technique in a
fashion similar to that done in Sect. 2.2. Table 3.3 shows that the solutions obtained
by the weak form solution procedure (i.e., Ritz technique) converge faster than
those of strong form solution procedure, therefore, the weak form solution proce-
dure will be adopted in the following calculation. Unless otherwise stated, the
natural frequencies of the considered plates are expressed in the non-dimensional
parameters as X ¼ xa2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q=E2h2

p
and the material properties of the layers are given

as: E2 = 10 GPa, E1/E2 = open, μ12 = 0.25, G12 = 0.6E2, G13 = 0.6E2, G23 = 0.5E2

and ρ = 1,450 kg/m3.

4.3.1 Convergence Studies and Result Verification

A moderately thick, symmetrically laminated rectangular plate with completely free
boundary condition has been selected to demonstrate the convergence and accuracy
of the current method. The material properties and geometrical dimensions of the
plate are given as follows: a/b = 3/2, h/a = 0.1, E1/E2 = 20, μ12 = 0.25, G12 = 0.5E2,
G13 = 0.5E2 and G23 = 0.33E2. In Table 4.3 (Ye et al. 2014a), the first six frequency
parameters X ¼ xa2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q=E1h2

p
for the plate with [30°/−30°/−30°/30°] lamination

scheme are examined. Results without considering the supplementary terms in the
admissible functions are also included in the table. The table shows the proposed
method has fast convergence behavior. The maximum discrepancy in the worst case
between the 11 × 11 truncated configuration and the 13 × 13 one is less than
0.0013 %. In order to check the model, the present results are also compared with

Table 4.3 Comparison and convergence of the first six frequency parameters X ¼ xa2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q=E1h2

p
for a completely free, [30°/−30°/−30°/30°] laminated rectangular plate (a/b = 3/2, h/a = 0.1)

Methods M × N Mode number

1 2 3 4 5 6

Present 11 × 11 2.3449 2.8767 4.9502 5.1610 5.6962 8.4310

12 × 12 2.3449 2.8767 4.9502 5.1610 5.6962 8.4310

13 × 13 2.3449 2.8767 4.9502 5.1610 5.6962 8.4310

Present * 11 × 11 0.7499 1.0034 2.2191 2.8797 3.7857 4.2837

12 × 12 0.7141 0.9565 2.1952 2.7305 3.7630 4.2406

13 × 13 0.7051 0.9472 2.1472 2.6935 3.6792 4.1875

Frederiksen
(1995)

16 × 16 2.3223 2.8745 4.9152 5.0674 5.6589 8.2288

18 × 18 2.3223 2.8745 4.9152 5.0674 5.6589 8.2288

Messina and Soldatos
(1999a)

2.3251 2.8777 4.9458 5.0910 5.6871 8.3580

Present* Results without considering the supplementary terms in Eq. (4.31)
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data published by Frederiksen (1995) who used Ritz method, Messina and Soldatos
(1999a) based on HSDT formulation. From the table, one can see that the present
solutions agree very well with the referential results.

To further validate the accuracy and reliability of current solutions, Table 4.4
(Ye et al. 2014a) shows the comparison of the first six frequency parameters X ¼
xb2=p2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q=E2h2

p
of a thick, [45°/−45°/45°/−45°/45°] laminated plate which was

studied by Karami et al. (2006), Liew et al. (2005) and Wang (1997). The material
properties and geometrical dimensions used in the investigation are: a/b = 1,
h/a = 0.1, E1/E2 = 40. The SSSS and CCCC boundary conditions are performed in
the comparison. It is observed that the comparison is very good. The discrepancies
are negligible and the worst one is less than 1.83 %.

4.3.2 Laminated Rectangular Plates with Arbitrary Classical
Boundary Conditions

The excellent agreement between the current solutions and those provided by other
researchers observed from Tables 4.3 and 4.4 indicate that the proposed method is
sufficiently accurate to deal with laminated rectangular plates with arbitrary
boundary conditions. It also verified that the definition of the four types of classical
boundaries in Eq. (4.30) is appropriate. In this section, laminated rectangular plates
with various boundary conditions including the classical restraints and the elastic
ones will be studied.

In Table 4.5, the first four non-dimension frequency parameters Ω of a two-
layered, angle-ply [45°/−45°] laminated square plate (E1/E2 = 40) subjected to five
possible combinations of boundary conditions are presented. Four different thick-
ness-length ratios, i.e. h/a = 0.01, 0.05, 0.1 and 0.15, corresponding to thin to thick

Table 4.4 Comparison of the frequency parameters X ¼ xb2=p2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q=E2h2

p
for a thick, [45°/−45°/

45°/−45°/45°] laminated plate (a/b = 1, h/a = 0.1, E1/E2 = 40)

Boundary
conditions

Method Mode number

1 2 3 4 5 6

SSSS Present 1.8803 3.3763 3.6923 4.9665 5.4801 5.5985

Karami et al. (2006) 1.8788 3.3776 3.6921 4.9680 5.4834 5.6000

Wang (1997) 1.8792 3.3776 3.6924 4.9682 5.4835 5.6002

Liew et al. (2005) 1.8466 3.3774 3.6425 4.9661 5.4348 5.5187

CCCC Present 2.2855 3.7363 3.9792 5.1777 5.6966 5.8416

Karami et al. (2006) 2.2857 3.7392 3.9813 5.1799 5.7019 5.8454

Wang (1997) 2.2857 3.7392 3.9813 5.1800 5.7019 5.8455

Liew et al. (2005) 2.2785 3.7383 3.9583 5.1836 5.6808 5.8066
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plates are performed in the calculation. It can be seen from the table that the
augmentation of the thickness-length ratio leads to the decrease of the frequency
parameters. Then let us consider moderately thick (h/a = 0.05), [0°/90°] and [0°/
90°/0°] laminated rectangular (b/a = 2) plates with various anisotropic degrees. In
Table 4.6, the first three frequency parameters Ω for the plates with four types of
boundary conditions and five different anisotropic degrees, i.e. E1/E2 = 1, 5, 10, 20
and 40 are listed, respectively. It can be seen from the table that the frequency
parameters increase in general as the anisotropic ratio increases.

In a composite lamina, fibers are the principal load carrying members (Reddy
2003). By appropriately arranging the fiber directions in the layers of a laminated
plate, special functional requirements can be satisfied. The influence of fiber ori-
entations on the vibration characteristics of composite laminated plates is investi-
gated. In Fig. 4.7 (Ye et al. 2014a), variation of the lowest four frequency
parameters Ω of a three-layered, [0°/ϑ/0°] composite plate with CFFF and CFCF
boundary conditions against the fiber direction angle ϑ are depicted, respectively.
The geometric and material properties of the layers of the plate are: a/b = 1,

Table 4.5 The first four frequency parameters Ω for a [45°/−45°] laminated square plate with
various boundary conditions and thickness–length ratios

h/a Mode number Boundary conditions

FFFF FSFS FCFC SSSS CCCC

0.01 1 7.9118 6.2094 12.320 18.457 23.325

2 11.467 12.849 17.489 37.712 46.788

3 14.782 21.385 31.281 37.712 46.788

4 24.979 28.160 34.054 63.436 73.851

5 24.979 32.609 41.532 64.007 80.563

0.05 1 7.8140 6.0044 11.703 17.628 21.405

2 10.964 12.234 16.111 34.803 41.031

3 14.391 20.220 27.942 34.803 41.031

4 22.971 26.027 30.872 56.213 61.328

5 22.971 29.825 36.684 56.379 67.024

0.10 1 7.5763 5.6488 10.480 15.621 17.910

2 10.176 11.216 13.871 28.893 31.961

3 13.515 18.065 23.029 28.893 31.961

4 19.946 22.357 25.207 43.258 44.986

5 19.946 25.281 29.347 44.388 48.908

0.15 1 7.2469 5.2481 9.1388 13.451 14.794

2 9.3174 10.121 11.816 23.591 25.081

3 12.437 15.834 19.078 23.591 25.081

4 17.088 18.897 20.312 33.556 34.211

5 17.088 21.168 23.548 35.125 37.055
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h/a = 0.1, E1/E2 = 40. Many interesting characteristics can be observed from the
figures. Firstly, all the figures are symmetrical about ϑ = 90°. From Fig. 4.7a, we
can see that there is little variation in the 1st and 2nd mode frequency parameters
when ϑ is increased from 0 to 90°. However, for the 3rd mode, the frequency
parameter traces climb up and then decline, and may reach its crest around ϑ = 75°.
Figure 4.7b shows that the 1st and 2nd mode frequency parameters of the plate have
decreased slightly with the fiber direction angle ϑ increased (from 0 to 90°). And
there is little variation in frequency parameters of the 3rd modes. Comparing with
the lowest three modes, the 4th mode frequency curves in all subfigures have more
significant changes which also climb up and then decline.

The effects of the fiber direction angle on frequency parameters and mode shapes
of single-layered composite rectangular plates are further reported. In Tables 4.7
and 4.8, the lowest three frequency parameters Ω of a single-layered composite
rectangular plate with various boundary conditions and fiber directions are pre-
sented. The aspect ratio is chosen to be b/a = 2/3. The thickness-to-width ratio
h/b = 0.1 is used in the calculation. The fiber direction angle ϑ is varied from 0° to
90° with an increment of 15°. It can be noticed that increasing ϑ from 0° to 90°

Table 4.6 The first three frequency parameters Ω for [0°/90°] and [0°/90°/0°] laminated
rectangular plates with various anisotropic degrees (b/a = 2, h/a = 0.05)

Boundary
conditions

E1/
E2

[0°/90°] [0°/90°/0°]

1 2 3 1 2 3

FFFF 1 1.6186 2.4368 4.4783 1.6186 2.4363 4.4779

5 2.2796 2.4714 5.4939 1.7283 2.4512 4.7494

10 2.4895 2.6649 5.6947 1.8618 2.4598 5.1119

20 2.5122 3.2378 6.0173 2.1036 2.4729 5.4672

40 2.5380 4.1190 6.5613 2.4927 2.5179 5.6761

SDSDSDSD 1 3.8245 6.2386 10.007 3.8244 6.2378 10.005

5 4.7235 7.2379 11.887 6.7027 8.3403 11.545

10 5.3177 7.9484 13.174 9.0302 10.352 13.267

20 6.2521 9.1169 15.236 12.270 13.351 16.049

40 7.7320 11.025 18.515 16.547 17.487 20.152

SSSS 1 3.8837 6.3851 10.207 3.8839 6.3851 10.206

5 5.4240 7.9582 12.629 6.7356 8.4471 11.711

10 6.7036 9.2081 14.405 9.0538 10.435 13.407

20 8.5373 11.043 17.090 12.287 13.413 16.158

40 11.135 13.755 21.157 16.559 17.530 20.232

CCCC 1 7.3712 9.7520 13.697 7.3733 9.7535 13.697

5 9.6590 12.147 16.906 13.969 15.344 18.173

10 11.049 13.668 18.954 18.547 19.622 22.041

20 13.112 15.991 22.086 23.992 24.886 27.090

40 16.171 19.520 26.832 29.592 30.499 32.762
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increases the fundamental frequency parameters for plates with FSDSDSD, FCCC
and FFFC boundary conditions. For the plates with orthotropy ratio E1/E2 = 25 and
FFSDSD or FFFSD boundary conditions, when ϑ is varied from 0° to 45°, the
fundamental frequency parameters increased as well. However, increasing the fiber
direction angles from 45° to 90° decreases these frequency parameters. Further-
more, it can be seen from the table that the frequency parameters increase in general
as the orthotropy ratio increases. Contour plots of the mode shapes for the plate
with CCCC, FCCC and FFCC boundary conditions and orthotropy ratio E1/E2 = 25
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Fig. 4.7 Variation of the frequency parameters Ω versus the fiber direction angle ϑ for a [0°/ϑ/0°]
laminated plate with different boundary conditions: a CFFF; b CFCF
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are given in Figs. 4.8, 4.9 and 4.10, respectively. From Figs. 4.8 and 4.10, we can
see that the node lines (i.e., lines with zero displacements) of the second modes are
paralleled to the fiber orientation.

Figure 4.11 shows the lowest three frequency parameters Ω and mode shapes for
a FFFF, single-layered square composite plate with different fiber direction angles.
The plate is assumed to be thin (h/a = 0.01) and made of material with orthotropy
ratio E1/E2 = 25. Since the plate symmetrize about the line x = y, the frequency
parameters for the plate with ϑ = 0°, 15° and 30° are the same as those with fiber
direction angles ϑ = 90°, 75° and 60°, respectively. Similarly, mode shapes for
ϑ = 0°, 15° and 30° are similar to those given for ϑ = 90°, 75° and 60°. In addition,
it can be observed that the increment of the fiber direction angle from 0° to 45°
results in increases of the lowest two frequency parameters of the plate.

Table 4.7 The first three frequency parameters Ω for a single-layered rectangular plate with
various boundary conditions and fiber direction angles (b/a = 2/3, h/b = 0.1)

ϑ Mode E1/E2 = 5 E1/E2 = 25

FSDSDSD FFSDSD FFFSD FSDSDSD FFSDSD FFFSD

0° 1 7.1214 1.8181 3.5800 7.1137 1.8435 3.5894

2 15.243 10.782 9.8028 18.251 11.130 9.7959

3 18.251 11.359 14.387 23.004 20.706 14.450

15° 1 7.4299 1.7988 3.8005 8.0005 1.9288 4.2139

2 15.531 9.8858 10.017 20.939 10.880 10.023

3 19.368 12.610 13.413 22.275 20.818 14.875

30° 1 8.2871 1.8809 4.1752 9.7757 2.1294 5.0365

2 15.979 8.8869 10.716 21.598 9.8323 11.117

3 21.867 14.214 12.576 27.293 20.197 15.100

45° 1 9.7045 1.9282 4.2298 12.792 2.2254 4.9192

2 16.202 8.0423 10.768 21.975 8.6321 11.569

3 23.053 16.088 13.950 30.772 18.577 18.381

60° 1 11.627 1.8796 3.9882 17.759 2.0992 4.3109

2 16.507 7.4340 10.219 24.223 7.8529 10.792

3 21.324 16.829 16.952 24.768 17.493 21.032

75° 1 13.407 1.7920 3.7406 20.110 1.8774 3.8508

2 17.030 7.0324 9.7324 23.942 7.2353 9.9781

3 19.144 16.453 19.485 26.949 16.736 20.346

90° 1 14.131 1.7831 3.6445 18.251 1.7886 3.6870

2 17.333 6.9315 9.5416 27.073 6.9836 9.6477

3 18.251 16.318 19.854 28.512 16.368 19.985
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4.3.3 Laminated Rectangular Plates with Elastic Boundary
Conditions

In order to prove the validity of the present method for the free vibration analysis of
laminated plates with elastic boundary conditions, Table 4.9 shows the comparison
of the first five frequency parameters X ¼ xb2=p2

ffiffiffiffiffiffiffiffiffiffiffi
qh=D

p
for [0°/90°/0°…]9

laminated plates with edges elastically restrained against rotation and translation
(i.e. at edges x = 0 and a: Nx = 0, Nxy = 0, kw = Γ*D22/b

3, Kx = Γ*D22/b,Mxy = 0 and
at edges y = 0 and b: Nxy = 0, Ny = 0, kw = Γ*D22/a

3, Mxy = 0, Ky = Γ*D22/a). The
material constants and geometry parameters of the considered plates are: a/b = 1,
E1/E2 = 40. The theoretical results reported by Liew et al. (1997) by using Pb2-Ritz
method and Karami et al. (2006) based on DQM are included in the table. The
results for thin (h/a = 0.001) and moderately thick plates (h/a = 0.2) with two
different values of stiffness of elastic edges are found and are shown in the com-
parison. It is obvious that the proposed modified Fourier solution is sufficient to
yield the solutions in good agreements with those of Pb2-Ritz method and DQM.

Table 4.8 The first three frequency parameters Ω for a single-layered rectangular plate with
various boundary conditions and fiber direction angles (b/a = 2/3, h/b = 0.1)

ϑ Mode E1/E2 = 5 E1/E2 = 25

FCCC FFCC FFFC FCCC FFCC FFFC

0° 1 14.643 4.1554 2.2781 15.20202 5.9673 2.2701

2 22.421 14.664 4.8398 30.26969 15.835 4.8543

3 36.706 15.571 13.701 36.83315 25.755 13.704

15° 1 15.083 4.5393 2.3376 16.05186 6.9774 2.3549

2 22.761 14.194 5.0506 30.07846 16.832 5.3525

3 37.749 16.991 13.868 39.00083 26.250 14.089

30° 1 16.606 4.8977 2.5768 19.28065 7.5381 2.8620

2 23.696 13.336 5.5623 30.81169 17.481 6.6963

3 37.543 19.019 13.278 45.52704 27.112 15.349

45° 1 19.407 5.2668 3.0716 25.0631 8.4171 3.9445

2 25.138 12.410 6.0661 33.3452 16.559 8.3679

3 36.231 21.782 12.658 44.98416 28.239 15.340

60° 1 23.010 5.6496 3.7998 31.95584 9.6762 5.5627

2 27.055 11.613 6.3853 37.2734 15.532 9.7606

3 35.664 22.128 12.250 44.64113 25.914 15.519

75° 1 26.273 5.8850 4.6070 38.42538 10.791 8.0540

2 28.954 10.957 6.5741 40.75042 14.863 10.835

3 35.693 20.858 11.783 45.28074 23.461 15.109

90° 1 27.580 5.6969 5.0260 41.36358 10.730 10.436

2 29.797 10.453 6.6394 42.27473 13.663 11.169

3 35.804 20.259 11.530 45.79356 21.932 14.438
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In the last example in this section, vibration frequencies of composite laminated
plates with some types of elastic restraints will be presented. Although we can
obtain accurate solutions for composite laminated plates with arbitrary uniform and
un-uniform elastic restraints, in this work, we choose three typical uniform elastic
restraint conditions that are defined as follows (at x = 0):

E1: the normal direction is elastically restrained (u ≠ 0, Nxy = Qx = Mx = Mxy = 0).
E2: the transverse direction is elastically restrained (w ≠ 0, Nx = Nxy =

Mx = Mxy = 0).
E3: the rotation is elastically restrained (ϕx ≠ 0, Nx = Nxy = Qx = Mxy = 0).

Table 4.10 shows the lowest three frequency parameters Ω of laminated plates
(E1/E2 = 20, a/b = 3/2) with different lamination schemes and thickness ratios. Two
different lamination schemes, i.e. [0°/90°] and [0°/90°/0°], corresponding to sym-
metrically and unsymmetrically laminated plates are performed in the calculation.
The thickness ratios used are h/a = 0.01, 0.05 and 0.1. The plates under consid-
eration are clamped at the edge of y = b, free at edges y = 0, x = a and with E1

boundary conditions at the edge of x = 0 (E1FFC). The table shows that increasing

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

=0°

3rd2nd1st

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

=30°

3rd2nd1st

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

=60°

3rd2nd1st

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

=90°

3rd2nd1st

Fig. 4.8 Mode shapes for CCCC, single-layered rectangular plates (b/a = 2/3, h/b = 0.1,
E1/E2 = 25)
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the normal restrained rigidity has very limited effects on the frequency parameters
of both symmetrically and unsymmetrically laminated plates. When the normal
restrained rigidity is varied from 10−1*D to 104*D, the maximum increment in the
table are less than 1.83 % for all cases. It may be attributed to the lower frequency
parameters of a laminated plate with lower thickness ratios are dominated by the
transverse vibration. The further observation from the table is that the effects for the
[0°/90°] plate are larger than the [0°/90°/0°] one.

Tables 4.11 and 4.12 show similar studies for the E2FFC and E3FFC boundary
conditions, respectively. Table 4.11 reveals that the transverse restrained rigidity
has a large effect on the frequency parameters of both [0°/90°] and [0°/90°/0°]
laminated plates, especially the second mode. When the transverse restrained
rigidity is varied from 10−1*D to 104*D, the increments of the second mode can be
292.62, 286.48 and 263.75 % for the [0°/90°/0°] plate with thickness ratios of 0.01,
0.05 and 0.1, respectively. Table 4.12 shows that the rotation restrained rigidity has
very limited effects on the fundamental frequency parameters of the plates, with the
maximum increment less than 0.02 % in all cases when the rotation restrained
rigidity is varied from 10−1*D to 104*D. However, for the second mode, increasing
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Fig. 4.9 Mode shapes for FCCC, single-layered rectangular plates (b/a = 2/3, h/b = 0.1,
E1/E2 = 25)
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the rotation restrained rigidity from 10−1*D to 104*D increases the frequency
parameters by almost 8 and 50 % in each plate configuration. From these tables, it is
obvious that the effects of elastic restraint rigidity on the frequency parameters of
composite laminated plates varies with mode sequences, lamination schemes and
spring components. These results may serve as benchmark solutions for further
researchers.

4.3.4 Laminated Rectangular Plates with Internal Line
Supports

In the engineering practices, laminated plates are often restrained by internal line
supports to reduce the magnitude of dynamic and static stresses and displacements
of the structure or satisfy special architectural and functional requirements. The
study of the vibrations of laminated plates with internal line supports is an
important aspect in the successful applications of these structures. Thus, in this part,
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Fig. 4.10 Mode shapes for FFCC, single-layered rectangular plates (b/a = 2/3, h/b = 0.1,
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the present method is applied to investigate the free vibration behaviors of lami-
nated rectangular plates with internal line supports and arbitrary boundary condi-
tions. As shown in Fig. 4.12, a laminated rectangular plate restrained by arbitrary
internal line supports is considered. xi and yj represent the position of the ith and jth
line supports along the y- and x-axes, respectively. The displacement fields in the
position of the line support satisfy w (xi, y) = 0 and w (x, yj) = 0 (Cheung and Zhou
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Fig. 4.11 Frequency parameters Ω and mode shapes for FFFF, thin single-layered square plates
(h/a = 0.01, E1/E2 = 25)
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2001a, b). This condition can be readily obtained by introducing a group of
continuously distributed linear springs at the location of each line support and
setting the stiffness of these springs equal to infinite (which is represented by a very
large number, 107*D). Thus, the potential energy (Pils) stored in these springs is:

Pils ¼ 1
2

Zb

0

XNi

i¼1

kixiwðxi; yÞ2
( )

dyþ 1
2

Za

0

XMj

j¼1

k j
yjwðx; yjÞ2

( )
dx ð4:34Þ

where Ni and Mj are the amount of line supports in the y and x directions. kixi, k
j
yj

denote the corresponding line supported springs distributed at x = xi and y = yj. By
adding the potential energy Pils functions in the Lagrangian energy functional and
applying the weak form solution procedure, the characteristic equation for a plate
with arbitrary boundary conditions and internal line supports is readily obtained.
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Table 4.9 Comparison of the frequency parameters X ¼ xb2=p2
ffiffiffiffiffiffiffiffiffiffiffi
qh=D

p
for a [0°/90°/0°…] 9

laminated plate with edges elastically restrained against rotation and translation (a/b = 1,
E1/E2 = 40)

Γ h/a Method Mode number

1 2 3 4 5

102 0.001 Present 1.8096 2.5703 2.7234 3.3061 4.6721

Karami et al. (2006) 1.8095 2.5703 2.7234 3.3061 4.6721

Liew et al. (1997) 1.8096 2.5703 2.7234 3.3061 4.6721

0.2 Present 1.1236 1.7134 1.7635 2.1909 2.5323

Karami et al. (2006) 1.1236 1.7134 1.7636 2.1909 2.5323

Liew et al. (1997) 1.1236 1.7134 1.7636 2.1909 2.5323

108 0.001 Present 3.9126 7.0767 9.0087 10.878 12.743

Karami et al. (2006) 3.9126 7.0767 9.0087 10.878 12.743

Liew et al. (1997) 3.9126 7.0743 9.0088 10.878 12.744

0.2 Present 1.3177 2.0543 2.1064 2.6346 2.9945

Karami et al. (2006) 1.3177 2.0543 2.1064 2.6346 2.9946

Liew et al. (1997) 1.3177 2.0543 2.1064 2.6346 2.9945

Table 4.10 The first three frequency parameters Ω for laminated rectangular plates with E1FFC
boundary conditions and different thickness ratios (E1/E2 = 20, a/b = 3/2)

h/a kux0=D [0°/90°] [0°/90°/0°]

1 2 3 1 2 3

0.01 10−1 4.6013 6.5918 16.506 2.9838 5.5004 18.670

100 4.6013 6.5920 16.507 2.9838 5.5004 18.670

101 4.6013 6.5939 16.512 2.9838 5.5004 18.670

102 4.6013 6.6070 16.554 2.9838 5.5004 18.670

103 4.6014 6.6536 16.707 2.9838 5.5004 18.670

104 4.6014 6.6846 16.809 2.9838 5.5004 18.670

0.05 10−1 4.5518 6.4066 15.935 2.9686 5.3613 18.045

100 4.5518 6.4124 15.954 2.9686 5.3613 18.047

101 4.5518 6.4356 16.012 2.9686 5.3613 18.045

102 4.5518 6.4874 16.165 2.9686 5.3613 18.048

103 4.5518 6.5046 16.197 2.9686 5.3613 18.048

104 4.5518 6.5158 16.205 2.9686 5.3613 18.044

0.10 10−1 4.4076 6.0284 14.736 2.9232 5.1045 16.449

100 4.4076 6.0435 14.795 2.9232 5.1045 16.449

101 4.4076 6.0917 14.812 2.9232 5.1045 16.449

102 4.4076 6.1232 14.693 2.9232 5.1045 16.449

103 4.4076 6.1250 14.827 2.9232 5.1045 16.449

104 4.4076 6.1250 14.825 2.9232 5.1045 16.449
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In order to prove the validity of the present method in dealing with vibration of
laminated composite plate with internal line supports, Table 4.13 presents the
comparison of the first nine frequency parameters X ¼ xab

ffiffiffiffiffiffiffiffiffiffiffi
qh=D

p
for a square

cross-ply [0°/90°] laminated plate with a central line support in each direction. The
material used is graphite-epoxy with the following proprieties: E1/E2 = 40,
μ12 = 0.25, G12 = 0.5E2,G13 = 0.5E2, G23 = 0.2E2. Three different classical boundary
conditions, i.e. FFFF, SDSDSDSD and CCCC are considered in the comparison.
The benchmark solutions provided by Cheung and Zhou (2001a) based on CPT are
referenced. From the table a consistent agreement of present results and referential
date is seen. The discrepancy is very small and does not exceeds 0.52 % for the worst
case although different trial functions are used in the literature. In addition, the table
shows that the line supports increase the frequencies of the plate.

Influence of the locations of line supports on the frequency parameters of a three-
layered, cross-ply [0°/90°/0°] plate is investigated as well. The plate is assumed to be
thick (h/b = 0.2) and with similar material parameters as those used in Table 4.13.
For the sake of brevity, only a line support along y direction (x1) is considered in the
analysis. In Fig. 4.13, variations of the lowest three mode frequency parameters
X ¼ xab

ffiffiffiffiffiffiffiffiffiffiffi
qh=D

p
of the considered plate with high length–width ratio (a/b = 5)

Table 4.11 The first three frequency parameters Ω for laminated rectangular plates with E2FFC
boundary conditions and different thickness ratios (E1/E2 = 20, a/b = 3/2)

h/a kwx0=D [0°/90°] [0°/90°/0°]

1 2 3 1 2 3

0.01 10−1 4.8727 7.5360 17.057 3.3908 6.7176 18.785

100 5.1045 10.714 21.873 3.7219 12.806 19.279

101 5.1603 12.039 29.342 3.8062 19.314 19.938

102 5.1724 12.198 29.386 3.8233 19.632 20.806

103 5.1751 12.217 29.393 3.8268 19.652 20.911

104 5.1760 12.221 29.395 3.8280 19.657 20.922

0.05 10−1 4.8173 7.3853 16.448 3.3651 6.5993 18.162

100 5.0194 10.468 21.285 3.6688 12.578 18.618

101 5.0688 11.701 27.306 3.7430 18.529 19.135

102 5.0781 11.841 27.343 3.7574 18.869 19.801

103 5.0848 11.816 27.346 3.7626 18.893 19.889

104 5.0820 11.846 27.353 3.7635 18.906 19.893

0.10 10−1 4.6552 7.0274 15.301 3.3015 6.3737 16.568

100 4.8229 9.9146 17.015 3.5636 11.976 16.810

101 4.8608 10.922 17.018 3.6276 16.595 16.808

102 4.8681 11.037 17.018 3.6370 16.810 17.028

103 4.8690 11.051 17.013 3.6387 16.809 17.054

104 4.8695 11.045 17.019 3.6354 16.810 17.051
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against the line support location parameter x1/a are depicted. Six types of edge
conditions used in the investigation are: F–S, S–F, S–S, C–C, F–C and C–F. It is
obvious that the frequency parameters of the plate are significantly affected by the
position of the line support, and this effect can vary with the boundary conditions.
And for different modes, the effects of line support location are quite different. For
the sake of completeness, the similar studies for the considered plate with lower

Table 4.12 The first three frequency parameters Ω for laminated rectangular plates with E3FFC
boundary conditions and different thickness ratios (E1/E2 = 20, a/b = 3/2)

h/a Kx
x0=D [0°/90°] [0°/90°/0°]

1 2 3 1 2 3

0.01 10−1 4.6014 6.8477 17.434 2.9838 5.9550 18.671

100 4.6014 7.2371 19.370 2.9840 7.5831 18.675

101 4.6014 7.3529 20.096 2.9842 8.7787 18.678

102 4.6014 7.3669 20.188 2.9843 8.9800 18.679

103 4.6014 7.3682 20.197 2.9843 9.0014 18.679

104 4.6014 7.3684 20.198 2.9843 9.0037 18.679

0.05 10−1 4.5518 6.6726 16.843 2.9687 5.8207 18.047

100 4.5518 7.0598 18.688 2.9690 7.4238 18.048

101 4.5518 7.1817 19.364 2.9691 8.5934 18.054

102 4.5518 7.1886 19.444 2.9692 8.7857 18.055

103 4.5518 7.1878 19.495 2.9692 8.8088 18.056

104 4.5518 7.2143 19.457 2.9692 8.8104 18.054

0.10 10−1 4.4076 6.3041 15.549 2.9233 5.5674 16.450

100 4.4077 6.6868 17.012 2.9235 7.1204 16.453

101 4.4078 6.7927 17.019 2.9238 8.1643 16.455

102 4.4078 6.8034 17.018 2.9238 8.3348 16.456

103 4.4078 6.8054 17.018 2.9239 8.3503 16.456

104 4.4078 6.8064 17.018 2.9239 8.3667 16.456

y

x x
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z
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Fig. 4.12 Schematic diagram of laminated rectangular plates with arbitrary internal line supports
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length-width ratio (a/b = 1) are presented in Fig. 4.14. Comparing Figs. 4.13 with
4.14, we can see that the influence of the line support location on the frequency
parameters vary with length-width ratios and boundary conditions.

4.4 Fundamental Equations of Laminated Sectorial,
Annular and Circular Plates

The sectorial, annular and circular plates are plates of circular peripheries. They are
used quite often in aerospace crafts, naval vessels, civil constructions and other
fields of modern technology. When dealing with these plates, it is expedient to use
polar coordinate system in the formulation. Sectorial, annular and circular plates
made of isotropic materials have received considerable attention in the literature.
When compared with the amount of information available for isotropic sectorial,
annular and circular plates, studies reported on the vibration analysis of orthotropic
and laminated sectorial, annular and circular plates are very limited. This can be due
to the difficulty in constructing such plates. There commonly exist two types of
orthotropic sectorial, annular and circular plates. The first type is to actually con-
struct the plates with rectangular orthotropy and then cut the plates in sectorial,
annular or circular shapes. On the other hand, one can also construct circular plates
that the material principle directions take a circular shape around the center of the
plates, thus results in polar orthotropy, and then cut the plates in sectorial, annular
or circular shapes with desired geometry dimensions. The section deals with
vibration of laminated sectorial, annular and circular plates made of layers having

Table 4.13 Comparison of the first five frequency parameters X ¼ xab
ffiffiffiffiffiffiffiffiffiffiffi
qh=D

p
for a square,

[0°/90°] laminated plate with a central line support in each direction (h/a = 0.001)

Boundary
conditions

Method Mode number

1 2 3 4 5

FFFF Present 2.636 6.569 6.569 9.005 26.046

Cheung and Zhou
(2001a)

2.631 6.572 6.572 9.006 26.067

Error (%) 0.19 0.05 0.05 0.01 0.08

SDSDSDSD Present 24.438 31.348 31.383 37.078 68.539

Cheung and Zhou
(2001a)

24.440 31.333 31.333 36.989 68.549SDSDSDSD

Error (%) 0.01 0.05 0.16 0.24 0.01

CCCC Present 36.971 45.505 45.563 52.703 87.040

Cheung and Zhou
(2001a)

37.002 45.528 45.528 52.695 87.499

Error (%) 0.08 0.05 0.08 0.02 0.52
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polar orthotropy (i.e., lamination angle of 0° or 90°). The corresponding isotropic
ones are considered as well.

Annular and circular plates can be treated as special cases of sectorial plates with
circumferential direction of full circle (2π). As shown in Fig. 4.15, a general
laminated sectorial plate of circumferential direction θ0, constant thickness h, inner
radius R0 and outer radius R1 is selected as the analysis model. Polar coordinate
system (r, θ and z) located at the middle surface of the plate is used for plate
coordinates, in which z is parallel to the thickness direction. The middle surface
displacements of the plate in the r, θ and z directions are denoted by u, v and w,
respectively. The laminated sectorial plate is assumed to be composed of NL layers
of polar orthotropic laminae.

Consider the sectorial plate in Fig. 4.15 and its polar coordinate system. The
following geometry parameters can be applied to the shell equations derived in
Chap. 1 to obtain those of sectorial, annular and circular plates.
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Fig. 4.13 Variation of the frequency parameters X ¼ xab
ffiffiffiffiffiffiffiffiffiffiffi
qh=D

p
versus the line support

locations for a long (a/b = 5), [0°/90°/0°] laminated plate with a y direction internal line support
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Fig. 4.14 Variation of the frequency parameters X ¼ xab
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Fig. 4.15 Geometry and
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laminated sectorial plates with
polar orthotropy
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a ¼ r; b ¼ h; A ¼ 1; B ¼ r; Ra ¼ 1; Rb ¼ 1 ð4:35Þ

We will first derive the fundamental equations for the thin plates (neglecting
shear deformation and rotary inertia), followed by the thick ones. For the sake of
brevity, the annular and circular plates will be treated as the special cases of
sectorial plates in the following formulation.

4.4.1 Fundamental Equations of Thin Laminated Sectorial,
Annular and Circular Plates

Substituting Eq. (4.35) into Eq. (1.7), the middle surface strains, curvature and twist
changes of a sectorial plate can be written as:

e0r ¼
@u
@r

; vr ¼ � @2w
@r2

e0h ¼
@v
r@h

þ u
r
; vh ¼ � @2w

r2@h2
� @w
r@r

c0rh ¼
@v
@r

þ @u
r@h

� v
r
; vrh ¼ �2

@2w
r@r@h

þ @w
2r2@h

ð4:36Þ

Thus, the strain-displacement relations for an arbitrary point in the plate space
can be defined as:

er ¼ e0r þ zvr
eh ¼ e0h þ zvh
crh ¼ c0rh þ zvrh

ð4:37Þ

Considering Hooke’s law, the corresponding stresses in the plate space are:

rr

rh

srh

8><
>:

9>=
>;

k

¼
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11 Qk
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Qk
12 Qk

22 Qk
26

Qk
16 Qk

26 Qk
66

2
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3
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er

eh

crh

8><
>:

9>=
>;

k

ð4:38Þ

The lamina stiffness coefficients Qk
ij (i, j = 1, 2, 6) are given in Eq. (1.12). By

carrying the integration of stresses over the cross-section, the force and moment
resultants can be obtained in terms of the middle surface strains and curvature
changes as
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2
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c0rh
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vh
vrh

2
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3
7777775

ð4:39Þ

where Nr, Nθ and Nrθ are the normal and shear force resultants and Mr, Mθ, Mrθ

denote the bending and twisting moment resultants. Aij, Bij, and Dij are the stiffness
coefficients arising from the piecewise integration over the plate thickness direction,
they can be written as in Eq. (1.15).

Substituting Eq. (4.35) into Eqs. (1.16), (1.17), (1.19) and (1.21), the energy
functions of a sectorial plate with general boundary conditions can be obtained.

Us ¼ 1
2

Z
r

Z
h

Nre0r þ Nhe0h þ Nrhc0rh
þMrvr þMhvh þMrhvrh

� �
rdrdh ð4:40aÞ

T ¼ 1
2

Z
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Z
h

I0 @u=@tð Þ2þ @v=@tð Þ2þ @w=@tð Þ2
n o

rdrdh ð4:40bÞ
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Z
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Z
h

qruþ qhvþ qzwf grdrdh ð4:40cÞ
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Z
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where Us and T are the stain and kinetic energy functions. We represents external
work done by the external loads, in which qr, qθ and qz denote the external loads in
the r, θ and z directions, respectively. Usp is boundary spring deformation energy
function introduced by the artificial spring boundary technique (see Sect. 1.2.3 and
Fig. 4.16).

Specializing Eqs. (1.33) and (1.34) to those of sectorial plates results in
following governing equations
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where

Qr ¼ @ rMrð Þ
r@r

þ @ Mrhð Þ
r@h

�Mh

r

Qh ¼ @ Mhð Þ
r@h

þ @ rMrhð Þ
r@r

þMrh

r

ð4:42Þ

For a sectorial plate symmetrically laminated with respect to the middle surface,
the first two governing equations are decoupled from the third one, i.e., the in-plane
vibration (u, v) will be decoupled from the bending vibration (w). The corre-
sponding boundary conditions of thin laminated sectorial plates are:

r ¼ R0:

Nr � kur0u ¼ 0

Nrh � kvr0v ¼ 0

Qr þ @Mrh

r@h
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8>>>>>>><
>>>>>>>:
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Fig. 4.16 Boundary conditions of a thin laminated sectorial plate
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4.4.2 Fundamental Equations of Thick Laminated Sectorial,
Annular and Circular Plates

Fundamental equations of thick sectorial plates are obtained by directly substituting
Eq. (4.35) into those of thick laminated shells given in Sect. 1.3.

In the framework of first-order shear deformation plate theory, the displacement
field in an arbitrary point of a thick laminated sectorial plate is expressed in terms of
middle surface displacements and rotation components as:

Uðr; h; zÞ ¼ uðr; hÞ þ z/rðr; hÞ
Vðr; h; zÞ ¼ vðr; hÞ þ z/hðr; hÞ
Wðr; h; zÞ ¼ wðr; hÞ

ð4:44Þ

where ϕr and ϕθ represent the rotations of transverse normal respect to θ and
r directions. Thus, the corresponding strains at this point are defined in terms of
middle surface strains, curvature and twist changes as

er ¼ e0r þ zvr; crz ¼ c0rz
eh ¼ e0h þ zvh; chz ¼ c0hz
crh ¼ c0rh þ zvrh

ð4:45Þ

where the middle surface strains and curvature and twist changes are written as:
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r
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c0hz ¼
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þ /h

ð4:46Þ

According to Eqs. (1.46) and (1.47), the force and moment resultant equations of
thick sectorial plates become:
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Substituting Eq. (4.35) into Eqs. (1.49), (1.51), (1.53) and (1.54) yields the
energy functions of a sectorial plate including shear deformation and rotary inertia:
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where Us, T and We are the stain energy, kinetic energy and external work func-
tions. Usp represents boundary spring deformation energy function introduced by
the artificial spring boundary technique (see Sect. 1.3.3 and Fig. 4.17).

The governing equations and boundary conditions for thick laminated sectorial
plates are obtained by substituting Eq. (4.35) into Eqs. (1.59), (1.60) and (1.61).
The governing equations are

Kr
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kw

kv
Kθ 

r

z

R0R1

Fig. 4.17 Boundary conditions of a thick laminated sectorial plate
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And the corresponding boundary conditions are

r ¼ R0 :

Nr � kur0u ¼ 0

Nrh � kvr0v ¼ 0

Qr � kwr0w ¼ 0

Mr � Kr
r0/r ¼ 0

Mrh � Kh
r0/h ¼ 0

8>>>>>><
>>>>>>:
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4.5 Vibration of Laminated Sectorial, Annular
and Circular Plates

4.5.1 Vibration of Laminated Annular and Circular Plates

In this section, we consider free vibration of homogeneous and laminated annular
and circular plates with general boundary conditions. The homogeneous circular
plates are treated as special cases of the laminated ones in the studies. Only solu-
tions considering effects of shear deformation are given in this section. The weak
form solution procedure is adopted in the calculations.

There are two boundaries in an annular plate, in this work a two-letter character
is employed to represent the boundary condition of an annular plate, such as FC
identifies the plate with inner edge free and outer edge clamped. Unless otherwise
stated, the natural frequencies of the considered plates are expressed in the non-
dimensional parameters as X ¼ xR1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qh=D11

p
. Unless otherwise stated, material
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properties of the layers of laminated annular and circular plates under consideration
are given as: E2 = 10 GPa, E1/E2 = open, μ12 = 0.25, G12 = 0.6E2, G13 = 0.6E2,
G23 = 0.5E2 and ρ = 1,500 kg/m3 (subscript 1 and 2 represent the principle
directions of the material and they are paralleled to r and θ directions, respectively).

Considering the circumferential symmetry of annular and circular plates, each
displacement and rotation component of a laminated annular or circular plate is
expanded as a modified Fourier series in the following form:

uðr; hÞ ¼
XM
m¼0

XN
n¼0

Amn cos kmr cos nhþ
X2
l¼1

XN
n¼0

alnPlðrÞ cos nh

vðr; hÞ ¼
XM
m¼0

XN
n¼0

Bmn cos kmr sin nhþ
X2
l¼1

XN
n¼0

blnPlðrÞ sin nh

wðr; hÞ ¼
XM
m¼0

XN
n¼0

Cmn cos kmr cos nhþ
X2
l¼1

XN
n¼0

clnPlðrÞ cos nh

/rðr; hÞ ¼
XM
m¼0

XN
n¼0

Dmn cos kmr cos nhþ
X2
l¼1

XN
n¼0

dlnPlðrÞ cos nh

/hðr; hÞ ¼
XM
m¼0

XN
n¼0

Emn cos kmr sin nhþ
X2
l¼1

XN
n¼0

elnPlðrÞ sin nh

ð4:52Þ

where λm = mπ/ΔR, (ΔR = R1−R0). n represents the circumferential wave number of
the corresponding mode. It should be noted that n is non-negative integer. Inter-
changing of sin nθ and cos nθ in Eq. (4.52), another set of free vibration modes
(anti-symmetric modes) can be obtained. Pl (r) denote the auxiliary polynomial
functions introduced to remove all the discontinuities potentially associated with the
first-order derivatives at the boundaries. These auxiliary functions are in the same
forms as those of Eq. (4.33). Note that the modified Fourier series presented in
Eq. (4.52) are complete series defined over the domain [0, ΔR]. Therefore, linear
transformations for coordinates from r ∈ [R0, R1] to [0, ΔR] need to be introduced
for the practical programming and computing.

In Table 4.14 (Jin et al. 2014a), the first six frequencies (Hz) of a single-layered,
moderately thick composite annular plate with completely free boundary conditions
and different truncated configurations are chosen to demonstrate the convergence of
the current method. Considering the circumferential symmetry of the annular plate,
the expression terms with respect to θ in displacements and rotation components
automatically satisfy the governing equations and boundary conditions. Thus, the
convergence only needs to be checked in the axial direction (r). The geometric and
material constants of the plate are: E1/E2 = 15, R0 = 1 m, R1 = 3 m, h = 0.1 m. In all
the following computations, the zero frequencies corresponding to the rigid body
modes were omitted from the results. The table shows the present solutions has fast
convergence behavior.
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To validate the accuracy and reliability of current solutions, comparison of the
fundamental frequency parameters Ω for a composite laminated annular plate
(R0/R1 = 0.5) when the outer edge is clamped and the inner edge is either clamped,
simply supported or free is presented in Table 4.15 (Jin et al. 2014a), in which four

Table 4.14 Convergence of the first six frequencies (Hz) of a single-layered composite annular
plate with FF boundary conditions

M × N Mode number

1 2 3 4 5 6

11 × 10 7.2421 11.244 18.650 28.423 33.407 51.069

12 × 10 7.2417 11.244 18.649 28.417 33.405 51.067

13 × 10 7.2415 11.244 18.649 28.415 33.405 51.067

14 × 10 7.2414 11.244 18.648 28.413 33.404 51.066

15 × 10 7.2414 11.244 18.648 28.413 33.404 51.066

Table 4.15 Comparison of the fundamental frequency parameters Ω for composite laminated
annular plates with different boundary conditions and lamination schemes (R0/R1 = 0.5)

B.C. Method h/R1 Lamination schemes

[I] [II] [I/II/I/II] [I/II/II/I]

CC Lin and Tseng (1998) 0.10 84.977 66.057 75.706 79.226

0.05 102.62 82.416 92.216 98.656

0.02 110.04 89.776 99.272 107.37

0.01 111.24 91.002 100.43 108.83

Present 0.10 87.134 68.693 78.711 81.861

0.05 103.58 83.591 94.013 99.876

0.02 110.19 89.928 100.22 107.58

0.01 111.21 90.960 101.22 108.81

SC Lin and Tseng (1998) 0.10 76.596 54.319 65.559 71.644

0.05 88.679 63.002 75.585 84.914

0.02 93.307 66.337 79.362 90.250

0.01 94.033 66.860 79.987 91.102

Present 0.10 77.603 55.899 67.959 73.015

0.05 89.256 63.675 77.562 85.670

0.02 93.571 66.549 80.997 90.541

0.01 94.189 66.994 81.528 91.265

FC Lin and Tseng (1998) 0.10 37.329 20.636 30.173 35.010

0.05 41.246 21.851 32.847 39.320

0.02 42.591 22.233 33.737 40.850

0.01 42.794 22.290 33.870 41.084

Present 0.10 38.150 20.936 30.979 35.896

0.05 41.582 21.995 33.371 39.689

0.02 42.728 22.323 34.151 40.993

0.01 42.899 22.371 34.267 41.190
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different thickness-radius ratios are included, i.e., h/R1 = 0.1, 0.05, 0.02 and 0.01,
corresponding to thick to thin laminated annular plates. Four types of lamination
schemes included in the comparison are: [I], [II], [I/II/I/II] and [I/II /II/I], where I
and II represent two kinds of composite laminate, their material properties are given
as: for material I: E2/E1 = 50, G12 = 0.6613E1, G13 = G23 = 0.5511E1, μ12 = 0.006;
for material II: E2/E1 = 5, G12 = 0.35E1, G13 = G23 = 0.292E1, μ12 = 0.06. By
comparing, we can find that the discrepancies between present results and solutions
reported by Lin and Tseng (1998) based on an eight node isoparametric finite
element method are acceptable. The discrepancy in the results may be attributed to
different solution approaches are used in the literature. The table also shows that
natural frequencies are influenced by stacking sequence, the order of the magnitude
of the fundamental frequencies for the four different lamination schemes being
[I] > [I/II/II/I] > [I/II/I/II] > [II].

For a circular plate, there is only one boundary. Table 4.16 shows the lowest
three frequency parameters Ω for a [0°/90°] laminated circular plate with different
boundary conditions and thickness-to-outer radius ratios (h/R1). The F, S and C
boundary conditions, two orthotropy ratio E1/E2 = 1 and 25, and thickness-to-outer
radius ratios of 0.01, 0.05 and 0.1 are used. As seen in the table, the frequency
parameters for the circular plate with E1/E2 = 25 are smaller than those of E1/E2 = 1.
And the frequency parameters decrease with the thickness-to-outer radius ratio
increases. The corresponding contour mode shapes for the plate with orthotropy
ratio E1/E2 = 25 and thickness-to-outer radius ratios h/R1 = 0.05 are given in
Fig. 4.18. As seen in the figure, the mode shapes for S boundary conditions are
similar to those of C boundary conditions.

Table 4.17 presents the first three frequency parameters Ω of a [0°/90°] lami-
nated annular plate with different boundary conditions and various inner-to-outer

Table 4.16 Frequency parameters Ω of a [0°/90°] laminated circular plate with different boundary
conditions (R1 = 1)

h/R1 Mode E1/E2 = 1 (isotropic) E1/E2 = 15

F S C F S C

0.01 1 6.0186 4.8598 10.21379 3.4024 3.8685 8.8441

2 8.8888 14.596 22.087 6.8133 8.3294 13.555

3 13.747 27.196 36.53708 7.8292 15.542 21.015

4 21.634 29.650 39.74355 11.828 24.076 30.300

0.05 1 5.9897 4.8524 10.16563 3.3735 3.8493 8.6463

2 8.8615 14.525 21.86786 6.7621 8.2339 13.184

3 13.631 26.945 35.95093 7.7342 15.230 20.229

4 21.431 29.366 39.10696 11.630 23.360 28.832

0.1 1 5.9332 4.8295 10.01998 3.3116 3.7898 8.0874

2 8.7785 14.311 21.22982 6.6109 7.9643 12.215

3 13.387 26.221 34.32761 7.4922 14.397 18.329

4 20.906 28.539 37.32406 11.107 21.526 25.448
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radius ratios (R0/R1). The considered plate is assumed to be made of composite
layers with following parameters: R1 = 1, h/ΔR = 0.05, E1/E2 = 15. Four inner-to-
outer radius ratios, i.e., R0/R1 = 0.2, 0.4, 0.6 and 0.8 and six sets of boundary
conditions, i.e., FF, FS, FC, SS, SC and CC are studied. From the table, we can see
that frequency parameters for the plate with FC, SS, SC and CC boundary condi-
tions increase with inner-to-outer radius ratio increases. However, for FF boundary
conditions, the maximum fundamental, second and third frequency parameters
occur at inner-to-outer radius ratios of 0.2, 0.6 and 0.8, respectively and for FS
boundary conditions, the minimum fundamental, second and third frequency
parameters separately occur at inner-to-outer radius ratios of 0.2, 0.4 and 0.8,
respectively. In order to enhance our understanding of the effects of the inner-to-
outer radius ratios on vibrations of annular plates, the lowest three mode shapes for
the laminated annular plate with FC boundary conditions are given in Fig. 4.19.
Due to the circumferential symmetry of the annular plate, the mode shapes are
symmetrical as well. These figures also show that mode shapes are influenced by

-1 -0.5 0 0.5 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

-1 -0.5 0 0.5 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

-1 -0.5 0 0.5 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

F

3rd1st 2nd

-

-1 -0.5 0 0.5 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

-1 -0.5 0 0.5 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

-1 -0.5 0 0.5 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

S

3rd1st 2nd

+

+

+

- - -+

-1 -0.5 0 0.5 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

-1 -0.5 0 0.5 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

-1 -0.5 0 0.5 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

C

3rd1st 2nd

+ +

-

-

- + -

Fig. 4.18 Mode shapes for a [0°/90°] laminated circular plate with different boundary conditions
(h/R1 = 0.05, E1/E2 = 15)
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inner radius. Figure 4.20 shows the lowest three mode shapes for the laminated
annular plate (R0/R1 = 0.4) with CF and FC boundary conditions. It can be seen that
the mode shapes of the plate in these two cases are quite different although the plate
is camped at one boundary and free at the other boundary.

4.5.2 Vibration of Laminated Sectorial Plates

In this section, we consider free vibration of laminated sectorial plates with general
boundary conditions. Similar to the studies performed earlier for laminated annular
and circular plates, the results given in this section are obtained by using the shear
deformation plate theory (SDPT) and weak form solution procedure. Only plates
having polar orthotropy will be studied.

For a general sectorial plate, there exist four boundaries, i.e., r = R0, r = R1, θ = 0
and θ = θ0. For the sake of brevity, a four-letter character is employed to represent the
boundary condition of a sectorial plate, such as FCSC identifies the plate with
F, C, S and C boundary conditions at boundaries r = R0, θ = 0, r = R1 and θ = θ0,
respectively. In addition, unless otherwise stated, the non-dimensional frequency
parameter X ¼ xR1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qh=D11

p
is used and material properties of the layers of lami-

nated sectorial plates under consideration are given as: E2 = 10 GPa,
E1/E2 = open, μ12 = 0.25,G12 = 0.6E2,G13 = 0.6E2,G23 = 0.5E2 and ρ = 1,500 kg/m3.

For a circular or annular plate, the assumed 2D displacement field can be
reduced to a quasi 1D problem through Fourier decomposition of the circumfer-
ential wave motion. However, for a general sectorial plate, the assumption of whole
periodic wave numbers in the circumferential direction is inappropriate, and thus, a

Table 4.17 The first three frequency parameters Ω of a [0°/90°] laminated annular plate with
different boundary conditions (R1 = 1, h/ΔR = 0.05, E1/E2 = 15)

R0/R1 Mode Boundary conditions

FF FS FC SS SC CC

0.2 1 3.1899 3.5483 9.3364 14.912 20.177 23.162

2 5.4501 7.7562 12.451 15.777 20.824 24.238

3 7.7137 14.481 19.806 17.211 22.320 24.421

0.4 1 2.8314 4.0587 12.171 25.444 32.994 40.389

2 5.6991 6.9513 12.853 25.519 33.033 40.637

3 7.4366 13.351 18.527 26.532 33.932 40.768

0.6 1 2.4299 5.4710 20.153 55.144 69.808 88.976

2 6.7767 7.5738 20.301 55.323 69.963 89.035

3 7.1894 12.736 22.748 56.113 70.660 89.392

0.8 1 2.0330 9.8049 64.064 215.18 268.65 351.93

2 5.8389 12.098 64.184 215.40 268.85 352.06

3 11.255 17.545 65.209 216.10 269.49 352.47
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set of complete two-dimensional analysis is required and resort must be made to a
full two-dimensional solution scheme. Therefore, each displacement and rotation
component of the laminated sectorial plates is expanded as a two-dimensional
modified Fourier series as:

uðr; hÞ ¼
XM
m¼0

XN
n¼0

Amn cos kmr cos knhþ
X2
l¼1

XN
n¼0

alnPlðrÞ cos knh

þ
X2
l¼1

XM
m¼0

blmPlðhÞ cos kmr

vðr; hÞ ¼
XM
m¼0

XN
n¼0

Bmn cos kmr cos knhþ
X2
l¼1

XN
n¼0

clnPlðrÞ cos knh

þ
X2
l¼1

XM
m¼0

dlmPlðhÞ cos kmr

wðr; hÞ ¼
XM
m¼0

XN
n¼0

Cmn cos kmr cos knhþ
X2
l¼1

XN
n¼0

elnPlðrÞ cos knh

þ
X2
l¼1

XM
m¼0

flmPlðhÞ cos kmr

/rðr; hÞ ¼
XM
m¼0

XN
n¼0

Dmn cos kmr cosknhþ
X2
l¼1

XN
n¼0

glnPlðrÞ cos knh

þ
X2
l¼1

XM
m¼0

hlmPlðhÞ cos kmr

/hðr; hÞ ¼
XM
m¼0

XN
n¼0

Emn cos kmr cosknhþ
X2
l¼1

XN
n¼0

ilnPlðrÞ cos knh

þ
X2
l¼1

XM
m¼0

jlmPlðhÞ cos kmr

ð4:53Þ

where λm = mπ/ΔR and λn = nπ/θ0. Pl (r) and Pl (θ) denote the auxiliary polynomial
functions introduced to remove all the discontinuities potentially associated with the
first-order derivatives at the boundaries. These auxiliary functions are in the same
form as those of Eq. (4.33). Similarly, linear transformations for coordinates from
r ∈ [R0, R1] to [0, ΔR] need to be introduced for the practical programming and
computing.

Table 4.18 shows a convergence and comparison study of the lowest six natural
frequencies (Hz) for an isotropic (E = 210 GPa, μ = 0.3 and ρ = 7,800 kg/m3)
sectorial plate with FFFF and CCCC boundary conditions. The sectorial plate
having inner radius R0 = 0.5 m, outer radius R1 = 1 m, thickness h = 0.01 m and
circumferential dimension θ0 = π. The present results are compared with those of
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FEM analysis (ANSYS with element type of SHELL63 and element size of
0.01 m). As can be seen from Table 4.18, the frequencies have converged mono-
tonically up to four significant figures as the truncation numbers increase. The table
also shows good agreements in the comparison.
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Fig. 4.19 Mode shapes for a [0°/90°] laminated annular plate with FC boundary conditions
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Fig. 4.20 Mode shapes for a [0°/90°] laminated annular plate (R0/R1 = 0.4) with CF and FC
boundary conditions

Table 4.18 Convergence and comparison of frequencies (Hz) for an isotropic sectorial plate with
FFFF and CCCC boundary conditions (R0 = 0.5 m, R1/R0 = 2, h/R0 = 0.02, θ0 = π, E = 210 GPa,
μ = 0.3 and ρ = 7,800 kg/m3)

Boundary
conditions

M × N Mode number

1 2 3 4 5 6

FFFF 15 × 15 17.775 18.739 38.540 42.003 69.740 71.841

15 × 16 17.760 18.738 38.537 41.999 69.706 71.838

15 × 17 17.757 18.736 38.537 41.990 69.699 71.833

15 × 18 17.747 18.735 38.535 41.988 69.683 71.831

16 × 18 17.742 18.733 38.524 41.983 69.677 71.810

17 × 18 17.739 18.730 38.520 41.982 69.675 71.807

18 × 18 17.735 18.728 38.510 41.979 69.670 71.790

ANSYS 17.744 18.729 38.677 42.006 69.741 72.094

CCCC 15 × 15 225.33 234.63 251.37 276.82 311.91 357.42

15 × 16 225.33 234.62 251.32 276.67 311.73 356.71

15 × 17 225.33 234.60 251.27 276.59 311.47 356.47

15 × 18 225.32 234.59 251.24 276.51 311.36 356.08

16 × 18 225.31 234.57 251.23 276.49 311.34 356.06

17 × 18 225.31 234.57 251.22 276.48 311.33 356.06

18 × 18 225.30 234.56 251.21 276.47 311.32 356.05

ANSYS 225.97 235.24 251.88 277.09 311.76 356.24
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Table 4.19 The first five frequency parameters Ω of a [0°/90°] laminated sectorial plate with
different boundary conditions (R0 = 0.5 m, R1/R0 = 2, θ0 = π, E1/E2 = 15)

h/ΔR Mode Boundary conditions

FFFF SSSS CCCC FCFC CFCF FSFS

0.01 1 3.9802 36.096 59.994 2.0332 59.062 2.6844

2 4.7963 37.086 60.694 5.1950 59.126 7.2936

3 8.3330 39.772 62.835 10.284 60.041 9.6338

4 10.548 44.802 67.063 10.993 61.283 13.394

5 14.906 52.593 73.970 17.032 64.075 16.789

0.05 1 3.9119 36.015 57.657 2.0275 56.796 2.6443

2 4.7635 36.981 58.354 5.1583 56.856 7.2195

3 8.2257 39.587 60.436 10.177 57.697 9.5120

4 10.460 44.442 64.528 10.863 58.893 13.241

5 14.652 51.929 71.121 16.809 61.577 16.524

0.10 1 3.8324 34.360 51.823 2.0151 51.149 2.6109

2 4.7117 35.297 52.512 5.0908 51.204 7.1182

3 8.0639 37.800 54.508 9.9678 51.872 9.3185

4 10.292 42.399 58.366 10.579 53.000 12.974

5 14.162 49.357 64.439 16.332 55.494 15.953
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Fig. 4.21 Mode shapes for a [0°/90°] laminated sectorial plate (R0/R1 = 0.5, h/ΔR = 0.05) with
various boundary conditions
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The effects of thickness ratio (h/ΔR) on the frequency parameters of sectorial
plates are studied by the following example. Table 4.19 shows the lowest five
frequency parameters Ω for a [0°/90°] laminated sectorial plate with different
boundary conditions and various thickness ratios h/ΔR. The sectorial plate is
assume to be made of polar orthotropic layer of orthotropy ratio E1/E2 = 15. Three
types of thickness ratios, i.e., h/ΔR = 0.01, 0.05 and 0.1, corresponding to thin to
moderately thick sectorial plates are considered in the investigation. From the table,
we can see that the frequency parameters of the plate in all cases decrease with the
thickness ratio h/ΔR increases. Despite this, it should be noted that, the natural
frequencies of the plate increase with the thickness ratio h/ΔR increases due to the
fact that the stiffness of the plate get larger. The corresponding contour mode shapes
for the plate with thickness ratio h/ΔR = 0.05 are given in Fig. 4.21 as well. As seen
in the figure, the mode shapes for the SSSS boundary conditions are similar to those
for boundary conditions of CCCC. Due to the symmetry in the boundary conditions
and geometry, the corresponding mode shapes of the plate are symmetrical as well.

The effects of circumferential dimension (i.e., circumferential included angle θ0)
on the frequency parameters of sectorial plates are also investigated. Table 4.20
shows the lowest five frequency parameters Ω for a [0°/90°] laminated sectorial
plate with different boundary conditions and circumferential dimensions. The
geometry and material parameters of the considered sectorial plate are similar to
those used in Table 4.20 except that the current plate having a thickness-to-inner
radius ratio h/ΔR = 0.1. From the table, we can see that the fundamental frequency
parameter of the plate having CFFF boundary conditions increases with circum-
ferential included angle θ0 increases while for the plate with CCCF boundary
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Fig. 4.21 (continued)
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conditions, the minimum fundamental frequency parameter occurs at θ0 = 3π/4. In
other cases, the frequency parameters decrease with circumferential included angle
θ0 increases. This may be attributed to the stiffness of the sectorial plate reduce with
circumferential included angle θ0 increases.

For a solid sectorial plate, there exist only three boundaries, i.e., r = R1, θ = 0 and
θ = θ0. The results on this subject are very limited in the open literature. The lowest
three frequency parameters and contour plots of the corresponding mode shapes for
a [0°/90°] laminated solid sectorial plate are given in Fig. 4.22. The orthotropy ratio
is chosen to be E1/E2 = 15. The thickness ratio h/R1 = 0.05 is used in the calcu-
lation. The circumferential included angle θ0 is varied from π/2 (90°) to 3π/2 (270°)
by a step of π/4 (45°). The solid laminated sectorial is completely clamped (C) at
boundary r = R1 and completely free (F) at the other two boundaries. It is noticed
that vary θ0 from π/2 to 3π/2 increases the fundamental frequency parameter of the
plate. For the second mode, it can be found that the minimum frequency parameter
occurs at θ0 = 5π/4. Considering the third mode, it is observed that increasing θ0
from π/2 to 3π/2 decreases the value of the frequency parameter. In addition, the
mode shapes in all the subfigures are symmetrical about geometric center line. It is
attributed to the symmetry in the boundary conditions and geometry of the plate.
The similar observations can be seen in Figs. 4.18, 4.19, 4.20 and 4.21 as well.

In conclusion, vibration of laminated plates is studied in this chapter, including
the rectangular, circular, annular and sectorial plates. A variety of vibration results
including frequencies and mode shapes for laminated plates with classical and

Table 4.20 The first five frequency parameters Ω of a [0°/90°] laminated sectorial plate with
different boundary conditions and circumferential dimensions (R0 = 0.5 m, R1/R0 = 2, h/R0 = 0.1,
E1/E2 = 15)

θ0 Mode Boundary conditions

FFFC FFCC FCCC CFFF CCFF CCCF

π/4 1 6.3800 18.779 56.096 7.4494 10.329 52.191

2 15.500 57.237 86.414 10.749 29.959 69.542

3 30.226 61.331 108.72 32.499 51.239 115.45

4 43.421 94.202 149.20 33.550 69.149 123.79

5 58.385 114.59 151.39 48.868 75.023 137.53

3π/4 1 0.8700 12.794 17.871 7.9348 8.0795 51.175

2 2.5360 18.789 27.405 8.0873 9.2724 52.190

3 6.1158 28.739 41.720 9.3391 12.500 54.578

4 9.4626 42.736 58.147 13.085 19.445 60.033

5 10.027 56.919 61.123 20.115 29.359 69.307

5π/4 1 0.3527 12.685 15.313 7.9946 8.0151 51.179

2 0.8757 15.430 17.926 8.0296 8.7689 51.749

3 2.5561 18.667 23.342 8.7377 9.2431 52.120

4 4.6200 24.160 30.564 8.9771 10.502 53.205

5 4.9623 31.311 39.131 10.708 13.310 55.254
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elastic boundary conditions are presented for different geometric and material
parameters and lamination schemes, which may serve as benchmark solution for
future researches. It is found that due to the symmetry in the boundary conditions
and geometry, mode shapes of the annular and circular plates are symmetrical as
well.
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Fig. 4.22 Mode shapes and frequency parameters for a [0°/90°] laminated solid sectorial plate
with various circumferential dimensions (R1 = 1, h/R1 = 0.05, E1/E2 = 15)
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Chapter 5
Cylindrical Shells

Cylindrical shells are the simplest case of shells of revolution. A cylindrical shell is
formed by revolving a straight line (generator) around an axis that is paralleled to
the line itself. The surface obtained from the revolution of the generator defined the
cylindrical shell’s middle surface. Cylindrical shells may have different geometrical
shapes determined by the revolution routes and circumferential included angles. By
appropriately selecting the revolution routes, cylindrical shells with desired cross-
sections can be produced, such as circular, elliptic, rectangular, polygon, etc. In the
literature and engineering applications, cylindrical shells with circular cross-
sections are most frequently encountered. In this type of cylindrical shells, each
point on the middle surface maintains a similar distance from the axis. The current
chapter is devoted to dealing with closed and open circular cylindrical shells.

In recent decades, composite materials have found increasing application with
the rapid development of industries because they offer advantages over conven-
tional materials. As one of the important structural components, composite lami-
nated circular cylindrical shells are widely used in various engineering applications,
such as naval vehicles aircrafts, and civil industries. The vibration analysis of them
is often required and has always been one important research subject in dynamic
behaviors and optimal design of complex composite shells. The literature on the
vibration analysis of cylindrical shells is vast. A large variety of classical and
modern theories and different computational methods have been proposed by
researchers, and extensive studies have been carried out based on these theories and
methods. There are mainly three major theories which are usually known as: the
classical shell theories (CSTs), the first-order shear deformation theories (FSDTs)
and the higher-order shear deformation theories (HSDTs). The CSTs are based on
the Kirchhoff–Love assumptions, in which transverse normal and shear deforma-
tions are neglected. Unlike thin plates, where only one theory (i.e., classical plate
theory) is agreed upon by most researchers, thin shells have a variety of sub-
category thin shell theories developed through different assumptions and simplifi-
cations, such as Reissner-Naghdi’s linear shell theory, Donner-Mushtari’s theory,
Flügge’s theory, Sanders’ theory, etc., about which detailed descriptions are
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available in the monograph by Leissa (1973). Many of the previous studies
regarding laminated cylindrical shells are based on the CSTs (for example, Jin et al.
2013a; Lam and Loy 1995a, b, 1998; Liu et al. 2012; Qu et al. 2013c; Zhang 2001,
2002).

Although sufficiently accurate vibration results for thin shells can be achieved
using the CSTs with appropriate solution procedures, they are inadequate for the
vibration analysis of composite laminated shells which are rather thick or when they
are made from materials with a high degree of anisotropic. In such cases, the effects
of transverse shear deformations must be considered. Thus, FSDTs based on
Reissner-Mindlin’s displacement assumptions were developed to take into account
the effects of transverse shear deformations. There exist considerable research
efforts devoted to the laminated cylindrical shells based on the FSDTs (such as,
Ferreira et al. 2007; Jin et al. 2013b, 2014a; Khdeir 1995; Khdeir and Reddy 1989;
Qatu 1999; Qu et al. 2013a, b; Reddy 1984; Soldatos and Messina 2001; Zenkour
1998; Zenkour and Fares 2001; Ye et al. 2014b).

Since the transverse shear strains in the conventional FSDTs are assumed to be
constant through the thickness, shear correction factors have to be incorporated to
adjust the transverse shear stiffness. To overcome the deficiency of the FSDTs and
further improve the dynamic analysis of shell structures, a number of HSDTs with
varying degree of refinements of the kinematics of deformation were developed.
Noticeably, significant contributions to the higher order shear deformation theories
of composite shells have been made recently by many researchers (Ferreira et al.
2006; Mantari et al. 2011; Pinto Correia et al. 2003; Reddy and Liu 1985; Schmidt
and Reddy 1988; Viola et al. 2012, 2013). As pointed out by Reddy (2003),
although the HSDTs are capable of solving the global dynamic problem of shells
more accurately, they introduce rather sophisticated formulations and boundary
terms that are not easily applicable or yet understood. And these theories require
more computational demanding compared to those FSDTs. Therefore, such theories
should be used only when necessary. When the main emphasis of the analysis is to
determine the vibration frequencies and mode shapes, the FSDTs may be a rec-
ommendable compromise between the solution accuracy and effort.

The development of researches on this subject has been well documented in
several monographs respectively by Carrera et al. (2011), Qatu (2004), Reddy
(2003), Ye (2003), Soedel (2004) and reviews (Carrera 2002, 2003; Liew et al.
2011; Qatu 2002a, b; Qatu et al. 2010; Toorani and Lakis 2000).

This chapter considers vibrations of laminated circular cylindrical shells with
general boundary conditions. Equations of thin (classical shell theory, CST) and
thick (shear deformation shell theory, SDST) laminated cylindrical shells are given
in the first and second sections, respectively, by specializing the corresponding
equations of the general shells (Chap. 1) to those of cylindrical shells. On the basis
of SDST, several vibration results are presented for closed laminated cylindrical
shells with different boundary conditions, lamination schemes and geometry
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parameters by using the modified Fourier series and weak form solution procedure
developed in Chap. 2 (Table 3.3 shows that convergence of solutions with weak
form solution procedure is faster than the strong form one). Effects of boundary
conditions, geometry parameters and material properties are studied as well.
Vibration of shallow and deep open laminated cylindrical shells will then be treated
in the latest section of this chapter.

Closed cylindrical shells are special cases of the open ones. Consider an open
laminated circular cylindrical shell as shown in Fig. 5.1. The length, mean radius,
total thickness and circumferential included angle of the shell are represented by L,
R, h and θ0, respectively. The middle surface of the shell where an orthogonal
coordinate system (x, θ and z) is fixed is taken as the reference surface of the shell.
The x, θ and z axes are taken in the axial, circumferential and radial directions
accordingly. The middle surface displacements of the shell in the axial, circum-
ferential and radial directions are denoted by u, v and w, respectively. The shell is
assumed to be composed of arbitrary number of liner orthotropic laminas which are
perfectly bonded together. The principal coordinates of the composite material in
each layer are denoted by 1, 2 and 3, respectively, and the angle between the
material axis and the x-axis of the shell is devoted by ϑ. The distances from the top
surface and the bottom surface of the kth layer to the referenced middle surface are
represented by Zk+1 and Zk accordingly. The partial cross-sectional view of the
cylindrical shell is given in Fig. 5.2.

Consider the cylindrical shell in Fig. 5.1 and its cylindrical coordinate system.
The coordinates, characteristics of the Lamé parameters and radii of curvatures are:

a ¼ x; b ¼ h; A ¼ 1; B ¼ R; Ra ¼ 1; Rb ¼ R ð5:1Þ

The above geometry parameters can be directly applied to the general shell equa-
tions derived in Chap. 1 to obtain those of cylindrical shells.

x
z z

L

R

o

h

θ

2π θ0−

Fig. 5.1 Geometry notations and coordinate system of open laminated circular cylindrical shells
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5.1 Fundamental Equations of Thin Laminated
Cylindrical Shells

We first derive the fundamental equations for thin laminated cylindrical shells
(neglecting shear deformation and rotary inertia), followed by the thick ones. We
will only consider laminated composite layers with cylindrical orthotropy. The
equations are formulated for the general dynamic analysis of laminated cylindrical
open shells. It can be readily applied to static (i.e., letting frequency x equal to
zero) and free vibration (i.e., neglecting the external load) analysis.

5.1.1 Kinematic Relations

Substituting Eq. (5.1) into Eq. (1.7), the middle surface strains and curvature
changes of thin cylindrical shells can be specialized from those of general shells.
They are formed in terms of middle surface displacements as:

e0x ¼ @u
@x vx ¼ � @2w

@x2

e0h ¼ @v
R@h þ w

R vh ¼ @v
R2@h � @2w

R2@h2

c0xh ¼ @v
@x þ @u

R@h vxh ¼ @v
R@x � 2 @2w

R@x@h

ð5:2Þ

where e0x , e
0
h and c0xh denote the middle surface normal and shear strains. vx; vh and

vxh are the middle surface curvature and twist changes. Thus, the strain-displace-
ment relations for an arbitrary point in the kth layer of a thin laminated cylindrical
shell can be defined as:

Middle surface

3

R+
zk+

1

R

R+
zk 2 1

x
ϑ

Fig. 5.2 Partial cross-
sectional view of laminated
circular cylindrical shells
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ex ¼ e0x þ zvx
eh ¼ e0h þ zvh
cxh ¼ c0xh þ zvxh

ð5:3Þ

where Zkþ1\z\Zk.

5.1.2 Stress-Strain Relations and Stress Resultants

The corresponding stress-strain relations in the kth layer can be obtained according
to generalized Hooke’s law as:

rx
rh
sxh

8><
>:

9>=
>;

k

¼
Qk

11 Qk
12 Qk

16

Qk
12 Qk

22 Qk
26

Qk
16 Qk

26 Qk
66

2
64

3
75 ex

eh
cxh

8<
:

9=
;

k

ð5:4Þ

where rx and rh are the normal stresses in the x and h directions, respectively. τxθ is

the corresponding shear stress. The lamina stiffness coefficients Qk
ij i; j ¼ 1; 2; 6ð Þ

represent the elastic properties of the material of the layer. They are written as in
Eq. (1.12). Integrating the stresses over the thickness or substituting Eq. (5.1) into
Eq. (1.14), the force and moment resultants of thin laminated cylindrical shells can
be obtained in a matrix form as

Nx

Nh

Nxh

Mx

Mh

Mxh

2
6666664

3
7777775
¼

A11 A12 A16 B11 B12 B16

A12 A22 A26 B12 B22 B26

A16 A26 A66 B16 B26 B66

B11 B12 B16 D11 D12 D16

B12 B22 B26 D12 D22 D26

B16 B26 B66 D16 D26 D66

2
6666664

3
7777775

e0x
e0h
c0xh
vx
vh
vxh

2
6666664

3
7777775

ð5:5Þ

where Nx, Nθ and Nxθ are the normal and shear force resultants and Mx, Mθ and Mxθ

denote the bending and twisting moment resultants. The stiffness coefficient Aij, Bij,
and Dij are given in Eq. (1.15). It should be noted that for a laminated cylindrical
shell which is symmetrically laminated with respect to the middle surface, the
constants Bij equal to zero.
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5.1.3 Energy Functions

The strain energy function for thin laminated cylindrical shells during vibration can
be written as:

Us ¼ 1
2

Z
x

Z
h

Nxe0x þ Nhe0h þ Nxhc0xh
þMxvx þMhvh þMxhvxh

� �
Rdhdx ð5:6Þ

Substituting Eqs. (5.2) and (5.5) into Eq. (5.6), the strain energy function can be
written in terms of middle surface displacements and divided to three components
Us = Uss + Usb + Usbs, where Uss, Usb and Usbs represent the stretching strain energy,
bending strain energy and bending–stretching coupling energy, respectively.

Uss ¼ 1
2

Z
x

Z
h

A11ð@u@xÞ2 þ A22
R2 ð@v

@h þ wÞ2 þ A66ð@v@x þ @u
R@hÞ2

þ 2A12
R ð@v

@h þ wÞð@u@xÞ þ 2A16ð@v@x þ @u
R@hÞð@u@xÞ

þ 2A26
R ð@v@x þ @u

R@hÞð@v
@h þ wÞ

8>>><
>>>:

9>>>=
>>>;
Rdhdx ð5:7aÞ

Usb ¼ 1
2

Z
x

Z
h

D11
@2w
@x2

� �2
� 2D12

R2
@v
@h � @2w

@h2

� �
@2w
@x2

� �
� 2D16

R

� @2w
@x2

� �
@v
@x � 2 @2w

@x@h

� �
þ D22

R4
@v
@h � @2w

@h2

� �2
þ D66

R2

� @v
@x � 2 @2w

@x@h

� �2
þ 2D26

R3
@v
@x � 2 @2w

@x@h

� �
@v
@h � @2w

@h2

� �

8>>>><
>>>>:

9>>>>=
>>>>;
Rdhdx ð5:7bÞ

Usbs ¼
Z
x

Z
h

�B11
@2w
@x2

� �
@u
@x

� �þ B12
R2

@v
@h � @2w

@h2

� �
@u
@x

� �þ B16
R

� @v
@x � 2 @2w

@x@h

� �
@u
@x

� �� B12
R

@2w
@x2

� �
@v
@h þ w
� �þ B22

R3

� @v
@h � @2w

@h2

� �
@v
@h þ w
� �þ B26

R2
@v
@x � 2 @2w

@x@h

� �
� @v

@h þ w
� �� B16

@2w
@x2

� �
@v
@x þ @u

R@h

� �þ B26
R2

� @v
@h � @2w

@h2

� �
@v
@x þ @u

R@h

� �
þ B66

R
@v
@x þ @u

R@x

� �
@v
@x � 2 @2w

@x@h

� �

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;

Rdhdx ð5:7cÞ

The corresponding kinetic energy (T) of the shells can be written as:

T ¼ 1
2

Z
x

Z
h

I0
@u
@t

� 	2

þ @v
@t

� 	2

þ @w
@t

� 	2
( )

Rdhdx ð5:8Þ
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The inertia term I0 is the same as in Eq. (1.19). Suppose qx, qθ and qz are the
external loads in the x, θ and z directions, respectively. Thus, the external work can
be expressed as:

We ¼
Z
x

Z
h

qxuþ qhvþ qzwf gRdhdx ð5:9Þ

The same as usual, the general boundary conditions of a cylindrical shell are
implemented by using the artificial spring boundary technique (see Sect. 1.2.3).
Letting symbols kuw; k

v
w; k

w
w and kww ðw ¼ x0; h0; x1 and h1Þ to indicate the stiffness

of the boundary springs at the boundaries x = 0, h ¼ 0, x = L and h ¼ h0,
respectively (see Fig. 5.3). Therefore, the deformation strain energy stored in the
boundary springs (Usp) during vibration can be defined as:

Usp ¼ 1
2

Z
h

kux0u
2 þ kvx0v

2 þ kwx0w
2 þ Kw

x0 @w=@xð Þ
 �
x¼0j

þ kux1u
2 þ kvx1v

2 þ kwx1w
2 þ Kw

x1 @w=@xð Þ
 �
x¼Lj

( )
Rdh

þ 1
2

Z
x

kuh0u
2 þ kvh0v

2 þ kwh0w
2 þ Kw

h0 @w=R@hð Þ
 �
h¼0j

þ kuh1u
2 þ kvh1v

2 þ kwh1w
2 þ Kw

h1 @w=R@hð Þ
 �
h¼h0j

( )
dx ð5:10Þ

5.1.4 Governing Equations and Boundary Conditions

The governing equations and boundary conditions of thin laminated cylindrical
shells can be obtained by specializing form the governing equations of thin general
laminated shells or applying the Hamilton’s principle in the same manner as
described in Sect. 1.2.4. Substituting Eq. (5.1) into Eq. (1.28) and then simplifying
the expressions. Thus, the governing equations of thin laminated cylindrical shells
become:

L

z(w)

x(u)

(v)

Kw

k

k

u

kw

vθ

Fig. 5.3 Boundary conditions of thin laminated cylindrical shells
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@Nx

@x
þ @Nxh

R@h
þ qx ¼ I0

@2u
@t2

@Nxh

@x
þ @Nh

R@h
þ Qh

R
þ qh ¼ I0

@2v
@t2

� Nh

R
þ @Qx

@x
þ @Qh

R@h
þ qz ¼ I0

@2w
@t2

ð5:11Þ

where Qx and Qθ are defined as

Qx ¼ @Mx

@x
þ @Mxh

R@h

Qh ¼ @Mxh

@x
þ @Mh

R@h

ð5:12Þ

Substituting Eqs. (5.2), (5.5) and (5.13) into Eq. (5.12), the governing equations
can be written in terms of middle surface displacements. These equations are
proved useful when exact solutions are desired. These equations can be written as:

L11 L12 L13
L21 L22 L23
L31 L32 L33

2
4

3
5� x2

�I0 0 0
0 �I0 0
0 0 �I0

2
4

3
5

0
@

1
A u

v
w

2
4

3
5 ¼

�px
�ph
�pz

2
4

3
5 ð5:13Þ

The coefficients of the linear operator Lij are written as

L11 ¼ A11
@2

@x2
þ 2A16

R
@2

@x@h
þ A66

R2

@2

@h2

L12 ¼ A16 þ B16

R

� 	
@2

@x2
þ A12

R
þ A66

R
þ B12 þ B66

R2

� 	
@2

@x@h

þ A26

R2 þ B26

R3

� 	
@2

@h2
¼ L21

L13 ¼ �B11
@3

@x3
� B26

R3

@3

@h3
� 3B16

R
@3

@x2@h
� B12 þ 2B66

R2

@3

@x@h2

þ A12

R
@

@x
þ A26

R2

@

@h
¼ �L31 ð5:14Þ

L22 ¼ A66 þ 2B66

R

� 	
@2

@x2
þ 2A26

R
þ 4B26

R2

� 	
@2

@x@h
þ A22

R2 þ 2B22

R3

� 	
@2

@h2

L23 ¼ � B16 þ D16

R

� 	
@3

@x3
� B22

R3 þ D22

R4

� 	
@3

@h3
� 3

B26

R2 þ D26

R3

� 	
@3

@x@h2

� B12 þ 2B66

R
þ D12 þ 2D66

R2

� 	
@3

@x2@h
þ A26

R
þ B26

R2

� 	
@

@x

þ A22

R2 þ B22

R3

� 	
@

@h
¼ �L32
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L33 ¼ 2
B12

R
@2

@x2
þ 2B26

R2

@2

@x@h
þ B22

R3

@2

@h2

� 	
� A22

R2 � 4D16

R
@4

@x3@h

� D11
@4

@x4
� 2

D12 þ 2D66

R2

� 	
@4

@x2@h2
� 4D26

R3

@4

@x@h3
� D22

R4

@4

@h4

And the general boundary conditions of thin laminated cylindrical shells are:

x ¼ 0 :

Nx � kux0u ¼ 0

Nxh þ Mxh
R � kvx0v ¼ 0

Qx þ @Mxh
R@h � kwx0w ¼ 0

�Mx � Kw
x0

@w
@x ¼ 0

8>>>><
>>>>:

x ¼ L :

Nx þ kux1u ¼ 0

Nxh þ Mxh
R þ kvx1v ¼ 0

Qx þ @Mxh
R@h þ kwx1w ¼ 0

�Mx þ Kw
x1

@w
@x ¼ 0

8>>>><
>>>>:

h ¼ 0 :

Nxh � kuh0u ¼ 0

Nh þ Mh
R � kvh0v ¼ 0

Qh þ @Mxh
@x � kwh0w ¼ 0

�Mh � Kw
h0

@w
R@h ¼ 0

8>>>><
>>>>:

h ¼ h0 :

Nxh þ kuh1u ¼ 0

Nh þ Mh
R þ kvh1v ¼ 0

Qh þ @Mxh
@x þ kwh1w ¼ 0

�Mh þ Kw
h1

@w
R@h ¼ 0

8>>>><
>>>>:

ð5:15Þ

The classification of the classical boundary conditions shown in Table 1.3 for
thin laminated general shells is applicable for thin laminated cylindrical shells.
Taking boundaries x = constant for example, the possible combinations for each
classical boundary conditions are given in Table 5.1. Similar boundary conditions
can be obtained for boundaries θ = constant.
It is obvious that there exists a huge number of possible combinations of boundary
conditions for a thin laminated cylindrical shell. In contrast to most existing
solution procedures, the artificial spring boundary technique offers a unified oper-
ation for laminated cylindrical shells with general boundary conditions. The stiff-
ness of the boundary springs can take any value from zero to infinity to better model
many real-world restraint conditions. Taking edge x = 0 for example, the widely
encountered classical boundary conditions, such as F (completely free), S (simply-
supported), SD (shear-diaphragm) and C (completely clamped) boundaries can be
readily realized by assigning the stiffness of the boundary springs as:

F: kux0 ¼ kvx0 ¼ kwx0 ¼ Kw
x0 ¼ 0

SD: kvx0 ¼ kwx0 ¼ 107D; kux0 ¼ Kw
x0 ¼ 0

S: kux0 ¼ kvx0 ¼ kwx0 ¼ 107D;Kw
x0 ¼ 0

C: kux0 ¼ kvx0 ¼ kwx0 ¼ Kw
x0 ¼ 107D

ð5:16Þ

where D = E1h
3/12(1� l12 l21) is the flexural stiffness of the cylindrical shell.
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5.2 Fundamental Equations of Thick Laminated
Cylindrical Shells

The fundamental equations of thin laminated cylindrical shells presented in pre-
vious section are applicable only when the total thickness of the shell is smaller than
1/20 of the smallest of the wave lengths and/or radii of curvature (Qatu 2004) due to
the fact that both shear deformation and rotary inertia are neglected in the formu-
lation. This section presents fundamental equations of thick laminated cylindrical
shells considering the effects of shear deformation and rotary inertia. The treatment
that follows is a specialization of the general first-order shear deformation shell
theory (SDST) given in Sect. 1.3 to those of the thick laminated cylindrical shells.

5.2.1 Kinematic Relations

On the basis of the shell model given in Fig. 5.1 and the assumptions of SDST, the
displacement field of thick laminated cylindrical shells is defined in terms of the
displacements and rotation components of the middle surface as

Uðx; h; zÞ ¼ uðx; hÞ þ z/x

Vðx; h; zÞ ¼ vðx; hÞ þ z/h

Wðx; h; zÞ ¼ wðx; hÞ
ð5:17Þ

where u, v and w are the middle surface displacements of the shell in the axial, cir-
cumferential and radial directions, respectively, and ϕx and ϕθ represent the rotations of

Table 5.1 Possible classical
boundary conditions for thin
laminated cylindrical shells at
boundaries x = constant

Boundary type Conditions

Free boundary conditions

F Nx ¼ Nxh þ Mxh
R ¼ Qx þ @Mxh

R@h ¼ Mx ¼ 0

F2 u ¼ Nxh þ Mxh
R ¼ Qx þ @Mxh

R@h ¼ Mx ¼ 0

F3 Nx ¼ v ¼ Qx þ @Mxh
R@h ¼ Mx ¼ 0

F4 u ¼ v ¼ Qx þ @Mxh
R@h ¼ Mx ¼ 0

Simply supported boundary conditions

S u ¼ v ¼ w ¼ Mx ¼ 0

SD Nx ¼ v ¼ w ¼ Mx ¼ 0

S3 u ¼ Nxh þ Mxh
R ¼ w ¼ Mx ¼ 0

S4 Nx ¼ Nxh þ Mxh
R ¼ w ¼ Mx ¼ 0

Clamped boundary conditions

C u ¼ v ¼ w ¼ @w
@x ¼ 0

C2 Nx ¼ v ¼ w ¼ @w
@x ¼ 0

C3 u ¼ Nxh þ Mxh
R ¼ w ¼ @w

@x ¼ 0

C4 Nx ¼ Nxh þ Mxh
R ¼ w ¼ @w

@x ¼ 0
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transverse normal respect to θ- and x-axes. Specializing Eqs. (1.33) and (1.34) to those
of cylindrical shells, the normal and shear strains at any point of the shell space can be
defined in terms of the middle surface strains and curvature changes as:

ex ¼ e0x þ zvx

eh ¼ 1
1þ z=Rð Þ e0h þ zvh

� �
cxh ¼ c0xh þ zvxh

� �þ 1
1þ z=Rð Þ c0hx þ zvhx

� �
cxz ¼ c0xz

chz ¼
c0hz

1þ z=Rð Þ

ð5:18Þ

where c0xz and c0hz represent the transverse shear strains. The middle surface strains
and curvature changes are defined as:

e0x ¼
@u
@x

; vx ¼
@/x

@x

e0h ¼
@v
R@h

þ w
R
; vh ¼

@/h

R@h

c0xh ¼
@v
@x

; vxh
@/h

@x

c0hx ¼
@u
R@h

; vhx ¼
@/x

R@h

c0xz ¼
@w
@x

þ /x

c0hz ¼
@w
R@h

� v
R
þ /h

ð5:19Þ

5.2.2 Stress-Strain Relations and Stress Resultants

According to Hooke’s law, the corresponding stresses in the kth layer of a thick
laminated cylindrical shell can be obtained as:

rx
rh
shz
sxz
sxh

8>>>><
>>>>:

9>>>>=
>>>>;

k

¼

Qk
11 Qk

12 0 0 Qk
16

Qk
12 Qk

22 0 0 Qk
26

0 0 Qk
44 Qk

45 0
0 0 Qk

45 Qk
55 0

Qk
16 Qk

26 0 0 Qk
66

2
6666664

3
7777775

ex
eh
chz
cxz
cxh

8>>>><
>>>>:

9>>>>=
>>>>;

k

ð5:20Þ

where τxz and τθz are the corresponding shear stress components.Qk
ij (i, j = 1, 2, 4, 5, 6)

are known as the transformation stiffness coefficients, which represent the elastic
properties of the material of the layer. They are given in Eq. (1.39). By carrying the
integration of stresses over the cross-section, the force and moment resultants can be
obtained:
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Nx

Nxh

Qx

2
4

3
5 ¼ Rh=2

�h=2

rx
sxh
sxz

2
4

3
5 1þ z

R

� �
dz;

Nh

Nhx

Qh

2
4

3
5 ¼ Rh=2

�h=2

rh
shx
shz

2
4

3
5dz

Mx

Mxh

� 

¼ Rh=2

�h=2

rx
sxh

� 

1þ z

R

� �
zdz;

Mh

Mhx

� 

¼ Rh=2

�h=2

rh
shx

� 

zdz

ð5:21Þ

It should be stressed that although τxθ equals to τθx from the symmetry of the
stress tensor, it is obvious from Eq. (5.21) that the shear force resultants Nxθ and Nθx

are not equal. Similarly, the twisting moment resultants Mxθ and Mθx are not equal
too. Carrying out the integration over the thickness, from layer to layer, yields

Nx

Nh

Nxh

Nhx

Mx

Mh

Mxh

Mhx

2
66666666664

3
77777777775
¼

A11 A12 A16 A16

A12 A22 A26 A26

A16 A26 A66 A66

A16 A26 A66 A66

B11 B12 B16 B16

B12 B22 B26 B26
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B16 B26 B66 B66

B11 B12 B16 B16

B12 B22 B26 B26

B16 B26 B66 B66

B16 B26 B66 B66

D11 D12 D16 D16

D12 D22 D26 D26

D16 D26 D66 D66

D16 D26 D66 D66

2
666666666664

3
777777777775

e0x
e0h
c0xh
c0hx
vx
vh
vxh
vhx

2
66666666664

3
77777777775

ð5:22Þ

Qh

Qx

� 

¼ A44 A45

A45 A55

� 

c0hz
c0xz

� 

ð5:23Þ

The stiffness coefficients Aij, Bij and Dij are given as in Eq. (1.43). The stiffness

coefficients Aij;Bij;Dij;Aij;Bij and Dij are defined as:

Aij ¼ Aij þ Bij=R

Bij ¼ Bij þ Dij=R

Dij ¼ Dij þ Eij=R

Aij ¼ R
XNL

k¼1

Qk
ij ln

Rþ zkþ1

Rþ zk

� 	
ði; j ¼ 1; 2; 6Þ

Aij ¼ KsR
XNL

k¼1

Qk
ij ln

Rþ zkþ1

Rþ zk

� 	
ði; j ¼ 4; 5Þ

Bij ¼ R
XNL

k¼1

Qk
ij zkþ1 � zkð Þ � R ln

Rþ zkþ1

Rþ zk

� 	� 


Dij ¼
XNL

k¼1

Qk
ij �R2 zkþ1 � zkð Þ þ R

2
z2kþ1 � z2k
� �þ R3 ln

Rþ zkþ1

Rþ zk

� 	� 


ð5:24Þ

164 5 Cylindrical Shells

http://dx.doi.org/10.1007/978-3-662-46364-2_1


where Ks is the shear correction factor. NL represents the mount of the layers. Eij are
defined as

Eij ¼ 1
4

XNL

k¼1

Qk
ij z

4
kþ1 � z4k


 �
; ði; j ¼ 1; 2; 6Þ ð5:25Þ

The above equations include the effects of the deepness term z/R, and thus create
complexities in carrying out the integration and the follow-up programming.
Figures 3.7 and 3.8 showed that the effects of the deepness term z/R on the frequency
parameters of an extremely deep, unsymmetrically laminated curved beam (θ0 = 286.
48°) with thickness-to-radius ratio h/R = 0.1 are very small and the maximum effect is
less than 0.41% for the worse case. These results can be used in establishing the limits
of shell theories and shell equations as well. When the FSDT is applied to thin and
moderately thick cylindrical shells, the deepness term z/R can be neglected (Qu et al.
2013a, b; Jin et al. 2013b, 2014a; Ye et al. 2014b), in such case, the force and moment
resultants of cylindrical shells (Eq. (5.23)) can be rewritten as:
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2
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3
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e0x
e0h
c0xh
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vx
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2
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3
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ð5:26Þ

Qh

Qx

� 

¼ A44 A45

A45 A55

� 

c0hz
c0xz

� 

ð5:27Þ

5.2.3 Energy Functions

The strain energy (Us) of laminated cylindrical shells including shear deformation
effects during vibration can be defined in terms of the middle surface strains and
curvature changes and stress resultants as

Us ¼ 1
2

Z
x

Z
h

Nxe0x þ Nhe0h þ Nxhc0xh þ Nhxc0hx þMxvx
þMhvh þMxhvxh þMhxvhx þ Qhchz þ Qxcxz

� �
Rdhdx ð5:28Þ

Substituting Eqs. (5.19), (5.22) and (5.23) into Eq. (5.28), the strain energy of the
shell can be expressed in terms of middle surface displacements (u, v, w) and
rotation components (ϕx, ϕθ).

5.2 Fundamental Equations of Thick Laminated Cylindrical Shells 165

http://dx.doi.org/10.1007/978-3-662-46364-2_3
http://dx.doi.org/10.1007/978-3-662-46364-2_3


The kinetic energy (T) of the cylindrical shells including rotary inertia is written as:

T ¼
Z
x

Z
h

Zh=2
�h=2

qk

2
@u
@t

þ z
@/x

@t

� 	2

þ @w
@t

� 	2

þ @v
@t

þ z
@/h

@t

� 	2
( )

Rþ zð Þdzdhdx

¼ 1
2

Z
x

Z
h

I0 @u
@t

� �2þ2I1 @u
@t

@/x
@t þ I2

@/x
@t

� �2
þI0 @v

@t

� �2
þ2I1 @v

@t
@/h
@t þ I2

@/h
@t

� �2
þI0 @w

@t

� �2
8><
>:

9>=
>;Rdhdx ð5:29Þ

where the inertia terms are:

I0 ¼ I0 þ I1=R

I1 ¼ I1 þ I2=R

I2 ¼ I2 þ I3=R

½I0; I1; I2; I3� ¼
XNL

k¼1

Zzkþ1

zk

qk½1; z; z2; z3�dz

ð5:30Þ

in which ρk is the mass of the kth layer per unit middle surface area. Assuming the
distributed external forces qx, qθ and qz are in the x, θ and z directions, respectively,
and mx and mθ represent the external couples in the middle surface, thus, the work
done by the external forces and moments is

We ¼
Z
x

Z
h

qxuþ qhvþ qzwþ mx/x þ mh/hf gRdhdx ð5:31Þ

Using the artificial spring boundary technique as described earlier, let kuw; k
u
w; k

w
w;

Kx
w; and Kh

wðw ¼ x0; h0; x1 and h1Þ to represent the rigidities (per unit length) of
the boundary springs at the boundaries x = 0, h ¼ 0, x = L and h ¼ h0, respectively.
Therefore, the deformation strain energy (Usp) stored in the boundary springs
during vibration is defined as (Fig. 5.4):

L

z(w)

x(u)

(v)
Kx

ku

kw

kv

K

θ

θ

Fig. 5.4 Boundary conditions of thick laminated cylindrical shells
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Usp ¼ 1
2

Z
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dx ð5:32Þ

5.2.4 Governing Equations and Boundary Conditions

The governing equations and boundary conditions of thick laminated cylindrical
shells can be obtained by substituting Eq. (5.1) into those of laminated general thick
shells (Eq. (1.59)). According to Eq. (1.59), we have

@Nx

@x
þ @Nhx

R@h
þ qx ¼ I0

@2u
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ð5:33Þ

Substituting Eqs. (5.19), (5.22) and (5.23) into above equations, the governing
equations of thick cylindrical shells can be written in terms of displacements as
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The coefficients of the linear operator Lij and Mij are given as
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According to Eqs. (1.60) and (1.61), the general boundary conditions of thick
laminated cylindrical shells are

x ¼ 0:

Nx � kux0u ¼ 0
Nxh � kvx0v ¼ 0
Qx � kwx0w ¼ 0
Mx � Kx

x0/x ¼ 0
Mxh � Kh

x0/h ¼ 0

8>>>><
>>>>:

x ¼ L:

Nx þ kux1u ¼ 0
Nxh þ kvx1v ¼ 0
Qx þ kwx1w ¼ 0
Mx þ Kx

x1/x ¼ 0
Mxh þ Kh

x1/h ¼ 0

8>>>><
>>>>:

h ¼ 0:

Nhx � kuh0u ¼ 0
Nh � kvh0v ¼ 0
Qh � kwh0w ¼ 0
Mhx � Kx

h0/x ¼ 0
Mh � Kh

h0/h ¼ 0

8>>>><
>>>>:

h ¼ h0:

Nhx þ kuh1u ¼ 0
Nh þ kvh1v ¼ 0
Qh þ kwh1w ¼ 0
Mhx þ Kx

h1/x ¼ 0
Mh þ Kh

h1/h ¼ 0

8>>>><
>>>>:

ð5:36Þ

Thick cylindrical shells can have 24 possible classical boundary conditions at each
edge. This yields a numerous combinations of boundary conditions, particular for
open cylindrical shells. Table 5.2 shows the 24 possible classical boundary con-
ditions for boundaries x = constant, similar boundary conditions can be obtained for
boundaries θ = constant (only existing in open cylindrical shells).

Classical boundary conditions can be seen as special cases of the elastic ones. By
using the artificial spring boundary technique, all the aforementioned classical
boundary conditions can be readily generated by assigning the boundary springs at
proper stiffness. Although we can obtain accurate solutions for laminated cylin-
drical shells with arbitrary classical conditions and their combinations, in this
chapter we will consider four typical boundary conditions that are frequently
encountered in practices, namely, F, SD, S and C boundary conditions. Taking edge
x = 0 for example, the corresponding spring stiffness for the four classical boundary
conditions are given below (N/m and N/rad are utilized as the units of the stiffness
about the translational springs and rotational springs, respectively):

F: kux0 ¼ kvx0 ¼ kwx0 ¼ Kx
x0 ¼ Kh

x0 ¼ 0

SD: kvx0 ¼ kwx0 ¼ Kh
x0 ¼ 107D; kux0 ¼ Kx

x0 ¼ 0

S: kux0 ¼ kvx0 ¼ kwx0 ¼ Kh
x0 ¼ 107D; Kx

x0 ¼ 0

C: kux0 ¼ kvx0 ¼ kwx0 ¼ Kx
x0 ¼ Kh

x0 ¼ 107D

ð5:37Þ

5.3 Vibration of Laminated Closed Cylindrical Shells

Thin and thick laminated closed cylindrical shells with different boundary condi-
tions, lamination schemes and geometry parameters are treated in the subsequent
analysis. Both solutions in the framework of the CST and SDST (neglecting the
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deepness term z/R, i.e., Eq. (5.26)) are presented. Natural frequencies and mode
shapes of the cylindrical shells are obtained by applying the previous developed
modified Fourier series and weak form solution procedure. For a laminated closed
cylindrical shell, there exist two boundaries, i.e., x = 0 and x = L. For the sake of
simplicity, a two-letter string is employed to represent the boundary condition of a
cylindrical shell, such as F–C indicates the shell with edges x = 0 and x = L having
F and C boundary conditions, respectively. Unless otherwise stated, the natural
frequencies of the considered shells are expressed in the non-dimensional param-
eters as X ¼ ðxL2=hÞ ffiffiffiffiffiffiffiffiffiffi

q=E2

p
and the material properties of the layers of laminated

cylindrical shells under consideration are given as: E2 = 10 GPa, E1/E2 = open,
μ12 = 0.25, G12 = 0.6 E2, G13 = G23 = 0.5 E2, ρ = 1,450 kg/m3.

Table 5.2 Possible classical
boundary conditions for thick
cylindrical shells at each
boundary of x = constant

Boundary type Conditions

Free boundary conditions

F Nx = Nxθ = Qx = Mx = Mxθ = 0

F2 u = Nxθ = Qx = Mx = Mxθ = 0

F3 Nx = v = Qx = Mx = Mxθ = 0

F4 u = v = Qx = Mx = Mxθ = 0

F5 Nx = Nxθ = Qx = Mx = ϕθ = 0

F6 u = Nxθ = Qx = Mx = ϕθ = 0

F7 Nx = v = Qx = Mx = ϕθ = 0

F8 u = v = Qx = Mx = ϕθ = 0

Simply supported boundary conditions

S u = v = w = Mx = ϕθ = 0

SD Nx = v = w = Mx = ϕθ = 0

S3 u = Nxθ = w = Mx = ϕθ = 0

S4 Nx = Nxθ = w = Mx = ϕθ = 0

S5 u = v = w = Mx = Mxθ = 0

S6 Nx = v = w = Mx = Mxθ = 0

S7 u = Nxθ = w = Mx = Mxθ = 0

S8 Nx = Nxθ = w = Mx = Mxθ = 0

Clamped boundary conditions

C u = v = w = ϕx = ϕθ = 0

C2 Nx = v = w = ϕx = ϕθ = 0

C3 u = Nxθ = w = ϕx = ϕθ = 0

C4 Nx = Nxθ = w = ϕx = ϕθ = 0

C5 u = v = w = ϕx = Mxθ = 0

C6 Nx = v = w = ϕx = Mxθ = 0

C7 u = Nxθ = w = ϕx = Mxθ = 0

C8 Nx = Nxθ = w = ϕx = Mxθ = 0
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Considering the circumferential symmetry of closed circular cylindrical shells,
the assumed 2D displacement field can be reduced to a quasi 1D problem through
Fourier decomposition of the circumferential wave motion. Thus, taking the FSDT
displacement field for example, each displacement and rotation component of a
closed circular cylindrical shell is expanded as the following form:

uðx; hÞ ¼
XM
m¼0

XN
n¼0

Amn cos kmx cos nhþ
X2
l¼1

XN
n¼0

alnPlðxÞ cos nh

vðx; hÞ ¼
XM
m¼0

XN
n¼0

Bmn cos kmx sin nhþ
X2
l¼1

XN
n¼0

blnPlðxÞ sin nh

wðx; hÞ ¼
XM
m¼0

XN
n¼0

Cmn cos kmx cos nhþ
X2
l¼1

XN
n¼0

clnPlðxÞ cos nh

/xðx; hÞ ¼
XM
m¼0

XN
n¼0

Dmn cos kmx cos nhþ
X2
l¼1

XN
n¼0

dlnPlðxÞ cos nh

/hðx; hÞ ¼
XM
m¼0

XN
n¼0

Emn cos kmx sin nhþ
X2
l¼1

XN
n¼0

elnPlðxÞ sin nh

ð5:38Þ

where km ¼ mp=L. n represents the circumferential wave number of the corre-
sponding mode. It should be note that n is a non-negative integer. Interchanging of
sin nθ and cos nθ in Eq. (5.38), another set of free vibration modes (anti-symmetric
modes) can be obtained. Amn, Bmn, Cmn, Dmn and Emn are expansion coefficients of
standard cosine Fourier series. aln, bln, cln, dln and eln are the corresponding sup-
plement coefficients.M andN denote the truncation numbers with respect to variables
x and θ, respectively. According to Eq. (5.35), it is obvious that each displacement
and rotation component in the FSDT displacement field is required to have up to the
second derivatives. Therefore, two auxiliary polynomial functions Pl (x) are intro-
duced in each displacement expression to remove all the discontinuities potentially
associated with the first-order derivatives at the boundaries. These auxiliary functions
are defined as (Ye et al. 2014a, d, e)

P1ðxÞ ¼ x
x
L
� 1

� �2
P2ðxÞ ¼ x2

L
x
L
� 1

� �
ð5:39Þ

According to Eq. (5.14), it can be seen that the displacements in the CST dis-
placement field are required to have up to the third (u and v) or fourth (w) deriva-
tives. In such case, the axial, circumferential and radial displacements of a closed
circular cylindrical shell are expanded as a 1-D modified Fourier series in which
four auxiliary polynomial functions should be introduced to remove all the dis-
continuities potentially associated with the first-order and third-order derivatives at
the boundaries:
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uðx; hÞ ¼
XM
m¼0

XN
n¼0

Amn cos kmx cos nhþ
X4
l¼1

XN
n¼0

alnPlðxÞ cos nh

vðx; hÞ ¼
XM
m¼0

XN
n¼0

Bmn cos kmx sin nhþ
X4
l¼1

XN
n¼0

blnPlðxÞ sin nh

wðx; hÞ ¼
XM
m¼0

XN
n¼0

Cmn cos kmx cos nhþ
X4
l¼1

XN
n¼0

clnPlðxÞ cos nh

ð5:40Þ

where the four auxiliary polynomial functions Pl (x) are given as (Zhang and
Li 2009)

P1ðxÞ ¼ 9L
4p

sinðpx
2L

Þ � L
12p

sinð3px
2L

Þ

P2ðxÞ ¼ � 9L
4p

cosðpx
2L

Þ � L
12p

cosð3px
2L

Þ

P3ðxÞ ¼ L3

p3
sinðpx

2L
Þ � L3

3p3
sinð3px

2L
Þ

P4ðxÞ ¼ � L3

p3
cosðpx

2L
Þ � L3

3p3
cosð3px

2L
Þ

ð5:41Þ

5.3.1 Convergence Studies and Result Verification

Considering the circumferential symmetry of the circular shells, the convergence
only needs to be checked in the axial direction (i.e., x). In Table 5.3, the first six
natural frequencies (Hz) for a two-layered, [0°/90°] laminated cylindrical shell with
six truncation schemes (i.e., M = 6, 7, 8, 9, 10, 11, N = 10) are presented. The
geometric and material constants of the shell are: R = 1 m, L/R = 5, h/R = 0.1,
E2 = 10 GPa, E1/E2 = 15, μ12 = 0.27, G12 = 0.5E2, G13 = 0.5E2, G23 = 0.2E2,
ρ = 1,700 kg/m3. The natural frequencies of the shell are calculated by MATAB on
a notebook. The configuration of the computer is: Inter Core2 Duo CPU and 2 GB
RAM. It is obviously that the modified Fourier series solution has an excellent
convergence, and is sufficient accuracy even when only a small number of terms are
included in the series expression. The maximum difference between the ‘M = 6’ and
‘M = 11’ form results for the F–F and C–C boundary conditions are less than 0.15
and 0.08 %, respectively. Furthermore, from the table, we can see that although the
series are truncated as much as 11 × 10, the computing time is less 1.53 s. In
addition, convergence of the C–C solutions is faster than the case of F–F boundary
conditions. Unless otherwise stated, the truncated number of the displacement
expressions will be uniformly selected as M = 11 in the following discussions.

To validate the accuracy and reliability of current method, the current solutions
are compared with those reported by other researchers. First, let us consider a
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three-layered, cross-ply [0°/90°/0°] cylindrical shell. The elementally material
parameters and geometric properties of the layers of the shell are given as: L/R = 5,
h/R = 0.05, E1/E2 = 25, μ12 = 0.25, G12 = 0.5E2, G13 = 0.5E2, G23 = 0.2E2.
Comparisons of the shell with two sets of classical boundary conditions (i.e., F–F
and C–C) for the first longitudinal mode (i.e., m = 1) and six different circumference
wave numbers (i.e., n = 1–5 and 10, n = 6, 8 and 9 were not considered in
referential paper) are presented in Table 5.4. From the table, we can see that the
present solutions agree very well with results obtained by Messina and Soldatos
(1999c). The differences between these two results are very small, and do not
exceed 1.63 % for the worst case. The small differences may be caused by a
different solution procedure were used by Messina and Soldatos (1999c).

Table 5.3 Convergence of the first six frequencies (Hz) for a [0°/90°] laminated cylindrical shell
with F–F and C–C boundary conditions

B.C. M Mode number Time (s)

1 2 3 4 5 6

F–F 6 3.4476 52.387 54.131 135.37 144.13 146.02 1.11

7 3.4476 52.387 54.131 135.35 144.13 146.02 1.17

8 3.4446 52.387 54.127 135.35 144.13 146.02 1.25

9 3.4446 52.387 54.127 135.34 144.13 146.02 1.35

10 3.4423 52.387 54.123 135.34 144.13 146.02 1.42

11 3.4423 52.387 54.123 135.33 144.13 146.02 1.53

C–C 6 91.565 118.86 154.66 160.87 185.97 235.66 1.10

7 91.514 118.77 154.65 160.87 185.97 235.65 1.19

8 91.514 118.77 154.65 160.80 185.94 235.54 1.25

9 91.500 118.74 154.65 160.79 185.94 235.54 1.34

10 91.501 118.74 154.65 160.77 185.93 235.52 1.42

11 91.494 118.73 154.65 160.77 185.94 235.51 1.52

Table 5.4 Comparison of the frequency parameters Ω for a [0°/90°/0°] laminated cylindrical shell
with different boundary conditions

n F–F C–C

Messina and
Soldatos (1999c)

Present Error
(%)

Messina and
Soldatos (1999c)

Present Error
(%)

1 304.13 304.16 0.01 159.31 159.44 0.08

2 26.58 26.56 −0.09 107.71 107.89 0.17

3 74.91 74.78 −0.17 108.05 108.11 0.06

4 142.93 142.51 −0.29 157.23 156.94 −0.18

5 229.74 228.70 −0.45 237.70 236.76 −0.40

7 456.60 452.69 −0.86 460.98 457.16 −0.83

10 917.18 902.24 −1.63 920.32 905.47 −1.61
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The previous example is presented as thin laminated composite cylindrical shell
with classical boundary conditions. The validity of the proposed method for
vibration analysis of thick laminated composite cylindrical shells will be proved in
following examples. In Table 5.5, the detail comparisons between results obtained
by present method and those provided by Ye (2003) with 3D elasticity theory as
well as Ich Thinh and Nguyen (2013) by the FSDT for certain cross-ply cylindrical
shells with S–S boundary conditions are presented, in which two types of lami-
nation schemes ([0°/90°/90°/0°] and [90°/0°/0°/90°]) are included. The material
parameters and geometric properties of the layers of the considered shells are
assumed to be: R = 1 m, L/R = 1, E1/E2 = 40. The comparisons are conducted for
thickness-to-radius ratios h/R = 0.1, 0.2, 0.3, respectively. The lowest three fre-
quencies of the shells, which are expressed in terms of non-dimension parameters,
X ¼ xh=p

ffiffiffiffiffiffiffiffiffiffiffiffiffi
q=G12

p
are computed. It is obvious that the current results match very

well with the referential data. The proposed solution is efficient and accurate in
predicting nature frequencies of thick laminated cylindrical shells. The differences
between the present results and those reported by Ye (2003) are bigger than those
relative to Ich Thinh and Nguyen (2013). It is attributed to different shell theories
were used in the literature.

Then, a further comparison is performed for laminated composite shells with
different boundary conditions and length-to-radius ratios. The used material con-
stants are the same as previous example. Two types of lamination schemes ([0°/90°]
and [0°/90°/0°]) and two kinds of length-to-radius ratios (i.e., L/R = 1 and 2) are
considered. The fundamental frequency parameters X ¼ ðxL2=100hÞ ffiffiffiffiffiffiffiffiffiffi

q=E2

p
for

the shells with thickness-to-radius ratio h/R = 0.2 are calculated. In Table 5.6,
comparisons between the present solutions and results reported by Khdeir et al.
(1989), Ich Thinh and Nguyen (2013) are presented, in which two sets of classical
boundary conditions i.e., S–C and C–C are considered. A good agreement can be

Table 5.5 Comparison of frequency parameters X ¼ xh=p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
q=G12

p
for two S–S supported,

cross-ply laminated cylindrical shells with different thick-radius ratios (R = 1 m, L/R = 1,
E1/E2 = 40)

h/R [0°/90°/90°/0°] [90°/0°/0°/90°]

Present Ye
(2003)

Ich Thinh and
Nguyen (2013)

Present Ye
(2003)

Ich Thinh and
Nguyen (2013)

0.1 0.0639 0.0646 0.0640 0.0533 0.0527 0.0531

0.0657 0.0663 0.0657 0.0592 0.0591 0.0591

0.0789 0.0793 0.0789 0.0710 0.0707 0.0709

0.2 0.1588 0.1638 0.1589 0.1335 0.1302 0.1333

0.1678 0.1709 0.1683 0.1528 0.1507 0.1527

0.1727 0.1752 0.1726 0.1593 0.1589 0.1592

0.3 0.2542 0.2630 0.2546 0.2275 0.2188 0.2273

0.2670 0.2729 0.2669 0.2430 0.2364 0.2428

0.2788 0.2838 0.2797 0.2701 0.2683 0.2699
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seen from the table. The small deviations in the results are caused by different
computation methods and shell theories were used in the literature.

5.3.2 Effects of Shear Deformation and Rotary Inertia

In this section, effects of the shear deformation and rotary inertia which are
neglected in the CST will be investigated. Figures 5.5 and 5.6 show the differences
between the lowest three frequency parameters Ω obtained by CST and SDST of a
short (R/L = 1), two-layered, [0°/90°] laminated cylindrical shell with different
thickness-to-radius ratios (h/R) and orthotropy ratios (E1/E2) for F–F and C–C
boundary conditions, respectively. Two orthotropy ratios, i.e., E1/E2 = 1 and 40,
corresponding to isotropic and composite shells are shown in each figure. The
thickness-to-radius ratio h/R is varied from 0.001 to 0.2, corresponding to very thin
to thick cylindrical shells. As expected, the figures show that the difference between
the CST and SDST solutions increases as h/R increases. In addition, we can see that
the effects of the shear deformation and rotary inertia increase as the orthotropy
ratio (E1/E2) increases. From Fig. 5.5, we can see that when h/R is less than 0.01,
the maximum difference between the frequency parameters Ω obtained by CST and
SDST is less than 0.21 % for the worst case. However, when h/R is equal to 0.1, the
maximum difference can be as many as 3.75 and 4.3 % for the cylindrical shell with
orthotropy ratios of E1/E2 = 1 and E1/E2 = 40, respectively. Figure 5.5 also shows
that the maximum differences between these two results can be as many as 8.12 and
10.22 % for a thickness-to-radius ratio of 0.2. Figure 3.6 shows that the maximum

Table 5.6 Comparison of the fundamental frequency parameters X ¼ ðxL2=100hÞ ffiffiffiffiffiffiffiffiffiffi
q=E2

p
of two

certain cross-ply laminated cylindrical shells with different length-radius ratios and boundary
conditions (R = 1 m, h/R = 0.2)

Lamination
schemes

Theories S–C C–C

L/R = 1 L/R = 2 L/R = 1 L/R = 2

[0°/90°] HSDT (Khdeir et al. 1989) 0.0938 0.1726 0.1085 0.1928

FSDT (Khdeir et al. 1989) 0.0893 0.1697 0.1002 0.1876

CST (Khdeir et al. 1989) 0.1152 0.1841 0.1048 0.2120

FSDT
(Ich Thinh and Nguyen 2013)

0.0823 0.1661 0.0982 0.1737

Present 0.0921 0.1639 0.0982 0.1738

[0°/90°/0°] HSDT (Khdeir et al. 1989) 0.1087 0.1972 0.1192 0.2191

FSDT (Khdeir et al. 1989) 0.1036 0.1945 0.1093 0.2129

CST (Khdeir et al. 1989) 0.1850 0.2662 0.2049 0.3338

FSDT
(Ich Thinh and Nguyen 2013)

0.1025 0.1950 0.1083 0.2083

Present 0.1028 0.1991 0.1086 0.2084
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difference between these CST and SDST results can be as many as 16.3 and 59.9 %
for the C–C cylindrical shell with orthotropy ratios of E1/E2 = 1 and E1/E2 = 40,
respectively. In such case, the CST results are utterly inaccurate.

For the sake of completeness, Figs. 5.7 and 5.8 show the similar studies for a long
(R/L = 5), [0°/90°] laminated cylindrical shell. Constantly, the effects of shear
deformation and rotary inertia increase with thickness-to-span length ratio increases.
Comparing Figs. 5.7 and 5.8 with Figs. 5.5 and 5.6, we can find that the effects of
shear deformation and rotary inertia decrease as length-to-radius ratio increases. The
maximum difference between the CST and SDST results is less than 7.5 % for the
worst case, which is only one eighth of those of cylindrical shell with length-to-
radius ratio L/R = 1. These investigations show that the CST is only applicable for
thin cylindrical shells as well as the long moderately thick ones. For cylindrical
shells with higher thickness ratios or smaller length-to-radius ratios, both shear
deformation and rotary inertia effects should be included in the calculation.
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Fig. 5.5 Differences between the lowest three frequency parameters Ω obtained by CST and
SDST for a short [0°/90°] laminated cylindrical shell with F–F boundary conditions (R/L = 1)
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5.3.3 Laminated Closed Cylindrical Shells with General
End Conditions

First, let us consider a three-layered, [0°/90°/0°] cylindrical shell with various
thickness-to-radius ratios. The material properties and geometric constants of the
layers of the shell are: E1/E2 = 15, R = 1 m, L/R = 2. In Table 5.7, the lowest four
frequency parameters Ω for the shell are presented, in which six sets of classical
boundary combinations (i.e., F–F, F–S, F–C, S–S, S–C and C–C) and five kinds of
thickness-to-radius ratios (h/R = 0.01, 0.02, 0.05, 0.1 and 0.15) are included in the
table. It can be seen from the table that the frequency parameters increase in general
as the thickness-radius ratio increases. The second observation that needs to be
made here is that the effects of thickness-to-radius ratio are much higher for the
thicker cylindrical shells than it is for the thinner ones. In addition, it is obviously
that boundary conditions have a conspicuous effect on the vibration frequencies of
the shell. Increasing the restraint stiffness always results in increment of the fre-
quency parameters.

0.001 0.005 0.01 0.05 0.1 0.15 0.2

0

5

10

15

h/R

D
iff

er
en

ce
: %

E
1
/E

2
=1 3rd mode

2nd mode

1st mode

0.001 0.005 0.01 0.05 0.1 0.15 0.2

0

10

20

30

40

50

60

h/R

D
iff

er
en

ce
: %

E
1
/E

2
=40

1st mode

2nd mode

3rd mode

Fig. 5.6 Differences between the lowest three frequency parameters Ω obtained by CST and
SDST for a short [0°/90°] laminated cylindrical shell with C–C boundary conditions (R/L = 1)
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Table 5.8 shows the lowest four frequency parameters Ω of a moderately thick
cylindrical shell with different lamination schemes for various boundary conditions.
Five lamination schemes, i.e., [0°], [90°], [0°/90°], [0°/90°/0°] and [0°/90°/0°/90°]
are studied for all aforementioned boundary conditions (see Table 5.7). The geometric
and material constants used in the study are: R = 1 m, L/R = 1, h/R = 0.1, E1/E2 = 15.
When the shell with F–F, F–S and F–C boundary conditions, the [90°] lamination
scheme yields higher frequency parameter than those of [0°], [0°/90°], [0°/90°/0°] and
[0°/90°/0°/90°] (except the fundamental mode). For other boundary conditions, the
frequency parameters of [90°] are the smallest among the five lamination schemes.
Furthermore, the [0°] lamination scheme yields significantly lower frequency
parameters than those of [0°/90°/0°]. The similar comparison results can be seen for
[0°/90°] and [0°/90°/0°/90°] lamination schemes.

The effects of length-to-radius ratio on frequency parameters are also investi-
gated. Table 5.9 shows the lowest four frequency parameters Ω for a two-layered,
unsymmetrically laminated cross-ply cylindrical shell ([0°/90°]) with various length-
to-radius ratios and different sets of boundary conditions. The shell is assumed to
be made of composite layers with following geometric and material constants:
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Fig. 5.7 Differences between the lowest three frequency parameters Ω obtained by CST and
SDST for a long [0°/90°] laminated cylindrical shell with F–F boundary conditions (R/L = 5)
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R = 1 m, h/R = 0.05, E1/E2 = 15. It is obviously that the length-to-radius ratio has a
great influence on the vibration of the shell. The frequency parameters decrease
when the length-radius ratio is increased.

The following numerical analysis is conducted to investigate the influence of
fiber orientations on the frequency parameters Ω of laminated cylindrical shells. Let
us consider a three-layered [0°/ϑ/0°] cylindrical shell with varying boundary con-
ditions. The shell is modeled as both the top and bottom layers are of uniform
principal direction which is paralleled to x-axis whilst the included angle between
the fiber orientation of the middle layer and x-axis is changed from 0° to 180° step-
by-step. In Fig. 5.9, the first three frequency parameters Ω for the shell with three
types of boundary conditions (i.e., SD–SD, S–S and C–C) are plotted, respectively.
The following geometric and material properties are used in the analysis: R = 1 m,
L/R = 2, h/R = 0.05, E1/E2 = 15. Many interesting characteristics can be observed
from the figure. The first observation is that all the figures are symmetrical about
central line (i.e., ϑ = 90°). The second observation is that the frequency parameter
traces in all cases climb up and then decline, and reach their crests around ϑ = 50°
when ϑ is increased from 0 to 90° except the second mode of SD-SD boundary
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Fig. 5.8 Differences between the lowest three frequency parameters Ω obtained by CST and
SDST for a long [0°/90°] laminated cylindrical shell with C–C boundary conditions (R/L = 5)
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conditions, in which the maximum frequency parameters occur around ϑ = 60°. In
addition, it is obvious that, the second frequency parameters almost equal to the
third ones when ϑ = 20° and the differences between the first frequency parameters
and the second ones are very small for a fiber orientation of 90°.

Figure 5.10 performs the similar study for a two-layered [0°/ϑ] cylindrical shell.
The similar characteristics observed in Fig. 5.9 can be found in this figure as well.
The different observation is that the variation tendencies of the frequency param-
eters are more complicated than those of Fig. 5.9. It may be due to the shell is
unsymmetrically laminated.

Laminated composite cylindrical shells with elastically restrained edges are
widely encountered in engineering practices. The vibration analyses of these shells
are necessary and of great significance. There are infinite types of possible com-
binations of elastic boundary conditions at the two edges of the cylindrical shells,
and it is impossible to undertake an all-encompassing survey of them. Therefore, in
this paper we choose three typical uniform elastic restraint conditions that are
defined as follows (at x = 0):

Table 5.7 Frequency parameters Ω for a [0°/90°/0°] laminated cylindrical shell with various
thickness-to-radius ratios and boundary conditions (R = 1 m, L/R = 2, E1/E2 = 15)

h/R Mode Boundary conditions

F–F F–S F–C S–S S–C C–C

0.01 1 0.6924 47.444 47.887 91.228 93.711 96.460

2 3.8252 49.853 50.482 94.879 97.010 99.436

3 5.7572 55.831 56.111 97.776 100.42 103.28

4 10.818 65.872 66.601 107.00 108.73 110.75

0.02 1 0.6913 31.185 31.833 59.048 61.749 64.919

2 3.8242 34.505 35.361 62.322 65.184 68.399

3 5.7498 38.063 38.471 64.959 67.227 70.009

4 10.812 50.185 51.009 76.562 79.194 82.038

0.05 1 0.6868 17.397 18.321 34.303 37.189 40.825

2 3.8178 20.540 21.570 34.342 37.371 40.972

3 5.7149 23.205 23.788 41.782 44.120 47.219

4 10.772 33.448 34.046 43.830 46.327 49.130

0.10 1 0.6794 11.010 12.122 22.277 25.089 28.433

2 3.7968 13.105 13.921 23.925 26.512 29.471

3 5.6384 16.769 17.456 27.431 29.741 32.624

4 10.638 21.360 21.857 34.142 35.582 37.150

0.15 1 0.6720 8.053 9.1254 17.725 19.981 22.435

2 3.7633 11.216 11.919 18.755 20.955 23.424

3 5.5395 11.945 12.638 23.400 24.722 26.135

4 10.431 20.377 20.789 25.035 26.676 28.591
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E1: The normal direction is elastically restrained (u ≠ 0, v = w = ϕx = ϕθ = 0), i.e.,
ku = Γ;

E2: The transverse direction is elastically restrained (w ≠ 0, u = v = ϕx = ϕθ = 0), i.e.,
kw = Γ;

E3: The rotation is elastically restrained (ϕx ≠ 0, u = v = w = ϕθ = 0), i.e., Kx = Γ.

Table 5.10 shows the lowest two frequency parameters Ω of a two-layered [0°/ϑ]
cylindrical shell with different restrain parameters Γ and fiber orientations. Four
different lamination schemes, i.e., ϑ = 0°, 30°, 60° and 90° are performed in the
calculation. The shell parameters used are R = 1 m, L/R = 3, h/R = 0.05, E1/E2 = 15.
The shell is clamped at the edge of x = L and with elastic boundary conditions at the
other edge. The table shows that increasing restraint rigidities in the normal and
transverse directions have very limited effects on the frequency parameters of the
shell. When the normal restrained rigidity is varied from 10−1 * D to 103 * D, the
maximum increment in the table is less than 2.49 % for all cases. The further
observation from the table is that for the shell with lamination scheme of [0°],

Table 5.8 Frequency parameters Ω for a moderately thick laminated cylindrical shell with various
lamination schemes and boundary conditions (R = 1 m, L/R = 1, h/R = 0.1, E1/E2 = 15)

Lamination
schemes

Mode Boundary conditions

F–F F–S F–C S–S S–C C–C

[0°] 1 0.1973 4.6489 6.0143 12.092 14.494 16.976

2 0.7703 5.0847 6.3089 12.366 14.746 17.220

3 1.8917 5.6701 6.8472 12.575 14.863 17.242

4 2.1636 7.0632 7.8891 13.256 15.555 17.986

[90°] 1 0.1993 5.3648 5.5490 11.244 11.865 12.571

2 2.8163 7.9426 8.0825 11.354 11.956 12.691

3 2.8341 8.1412 8.2330 15.357 15.793 16.357

4 7.5175 13.087 13.667 16.394 16.750 17.132

[0°/90°] 1 0.1993 5.7888 5.9648 11.441 12.140 13.279

2 1.3637 5.8632 5.9869 12.411 13.062 14.113

3 2.0319 8.1790 8.2594 12.558 13.185 14.199

4 3.7740 8.3929 8.5320 15.247 15.756 16.563

[0°/90°/0°] 1 0.1990 4.9791 6.3003 12.512 14.780 17.130

2 0.9487 5.5288 6.7570 12.936 15.140 17.446

3 1.9630 6.3494 7.4064 13.549 15.578 17.699

4 2.6585 8.3430 9.0301 14.484 16.444 18.538

[0°/90°/0°/90°] 1 0.1992 5.8999 6.4928 12.256 13.833 15.742

2 1.9420 6.8706 7.3300 12.748 14.224 15.985

3 2.3103 8.4126 8.7915 14.384 15.745 17.451

4 5.3078 10.520 10.806 16.692 17.654 18.795
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the effect of the rotation direction restraint rigidity is more significant. When the
rotation restraint rigidity is varied from 10−1 * D to 103 * D, the increments of the
first and second modes can be 5.57 and 4.99 %, respectively).

Table 5.11 shows similar studies for the shell with F boundary conditions at the
edge of x = L. The table reveals that the restraint rigidity at normal direction has large
effects on the frequency parameters of all the lamination schemes. When the normal
direction restraint rigidity is varied from 10−1 * D to 103 * D, the increments of these
four lamination schemes for the first and second modes can be (1,037, 1,087, 1,118,
1,103 %) and (359, 393, 654, 879 %), respectively. This table also shows that the
increments of the restraint rigidities in the transverse and rotation directions have
very limited effects on the frequency parameters of the shell, with maximum
increment less than 2.73 % in all cases when the rotation restrained rigidity is varied
from 10−1 * D to 104 * D. From the two tables, it is obvious that the effects of elastic
restraint rigidity on the frequency parameters of laminated cylindrical shells is varied
with mode sequences, lamination schemes and spring components.

Table 5.9 The lowest four frequency parameters Ω for a [0°/90°] laminated cylindrical shell with
various length-to-radius ratios and boundary conditions (R = 1 m, h/R = 0.05, E1/E2 = 15)

L/R Mode Boundary conditions

F–F F–S F–C S–S S–C C–C

1 1 0.2032 8.8400 8.9230 16.894 17.614 18.718

2 1.4017 9.9271 9.9750 17.726 18.459 19.555

3 2.1356 10.866 10.982 18.653 19.283 20.253

4 3.9373 13.394 13.428 21.924 22.558 23.462

2 1 0.6868 20.615 20.618 36.090 36.479 36.953

2 5.6072 20.664 20.676 40.438 40.710 41.043

3 6.8179 31.790 31.795 43.913 44.325 44.813

4 15.751 33.172 33.173 54.095 54.271 54.483

3 1 1.2663 29.385 29.487 58.491 58.637 58.800

2 12.617 39.266 39.324 65.558 65.780 66.026

3 14.005 48.125 48.161 77.299 77.366 77.439

4 35.441 66.797 67.810 97.770 99.680 101.60

4 1 1.8621 38.500 38.718 86.300 86.330 86.363

2 22.430 61.348 61.495 86.869 86.961 87.057

3 23.895 65.943 66.010 128.66 128.67 128.68

4 63.007 94.226 94.610 133.41 134.70 134.98

5 1 2.4535 49.307 49.581 107.98 107.99 107.99

2 35.047 72.760 73.053 120.62 120.62 120.62

3 36.550 100.78 100.84 167.63 167.65 167.70

4 98.451 127.71 127.81 172.83 173.61 174.42
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Fig. 5.9 Influence of fiber orientations on frequency parameters Ω of a three-layered [0°/ϑ/0°]
cylindrical shell
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5.3.4 Laminated Closed Cylindrical Shells with Intermediate
Ring Supports

Cylindrical shells with intermediate ring supports are widely used in engineering
practices, such as pipelines for undersea transmission cables, irrigation pipes, and
household water pipes. Without these intermediate supports, these structures may
undergo large deformation, and violent vibration due to their low stiffness, and will
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Fig. 5.10 Influence of fiber orientations on frequency parameters Ω of a two-layered [0°/ϑ]
cylindrical shell
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eventually lead to failure. The vibration analyses of these shells are necessary and
particularly important. However, cylindrical shells with intermediate supports have
received limited attention. Vibrations of laminated cylindrical shells with arbitrary
intermediate ring supports will be considered in the subsequent analysis.

As shown in Fig. 5.11, a laminated cylindrical shell restrained by arbitrary
intermediate ring supports is chosen as the analysis model. ai represents the position
of the i’th ring support along the axial direction of the shell. The displacement fields in
the position of the ring support satisfy w0 (ai, θ) = 0 (Swaddiwudhipong et al. 1995;
Zhang and Xiang 2006). This condition can be readily obtained by introducing a set
of continuously distributed linear springs at the position of each ring support to
restrict the displacement in radial direction and setting the stiffness of these springs
equal to infinite (which is represented by a very large number, 107 D). Thus, the
potential energy (Pirs) stored in the ring supported springs can be depicted as:

Pirs ¼ 1
2

Z
h

XNi

i¼1

kiwwðai; hÞ2
( )

Rdh ð5:42Þ

Table 5.10 The first two frequency parameters Ω for a two-layered [0°/ϑ] cylindrical shell with
different restrain parameters C and fiber orientations (R = 1 m, L/R = 3, h/R = 0.05, E1/E2 = 15)

ϑ C E1 − C E2 − C E3 − C

1 2 1 2 1 2

0° 10−1 × D 54.351 57.998 55.146 58.474 53.390 56.641

100 × D 54.351 57.998 55.178 58.460 53.905 57.149

101 × D 54.358 58.002 55.265 58.548 55.473 58.649

102 × D 54.418 58.037 55.808 58.988 56.256 59.370

103 × D 54.871 58.311 56.282 59.393 56.366 59.470

30° 10−1 × D 68.056 68.804 69.239 72.454 68.847 72.258

100 × D 68.057 68.805 69.257 72.582 69.142 72.550

101 × D 68.061 68.818 69.321 72.689 70.063 73.498

102 × D 68.108 68.946 69.804 73.229 70.536 74.008

103 × D 68.498 69.954 70.441 73.914 70.604 74.082

60° 10−1 × D 64.869 73.191 70.924 75.311 71.434 75.639

100 × D 64.869 73.192 70.923 75.308 71.457 75.663

101 × D 64.891 73.198 70.944 75.316 71.518 75.726

102 × D 65.077 73.251 71.095 75.431 71.544 75.752

103 × D 66.487 73.688 71.420 75.663 71.548 75.755

90° 10−1 × D 55.862 62.395 58.534 65.692 58.644 65.790

100 × D 55.863 62.396 58.535 65.693 58.687 65.850

101 × D 55.875 62.422 58.546 65.703 58.770 65.976

102 × D 56.000 62.632 58.611 65.783 58.796 66.019

103 × D 56.833 63.889 58.747 65.954 58.800 66.026
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where Ni is the amount of ring supports. kiw denotes the set of ring supported springs
distributed at x = ai. By adding the potential energy Pirs stored in the ring supported
springs in the Lagrangian energy functional and applying the weak form solution
procedure, the characteristic equation for the shell with arbitrary end conditions and
ring supports can be readily obtained.

To validate the present analysis, results for C–F isotropic cylindrical shells with
one ring support are compared with others in the literature. In Table 5.12, com-
parisons of the first three longitudinal modal (i.e., m = 1, 2, 3) non-dimensional
frequency parameters X ¼ xR

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qð1� l2Þ=Ep

of an isotropic cylindrical shell with
one (a1/L = 1/2) ring supports are presented. The lowest four circumference wave
numbers (i.e., n = 1, 2, 3, 4) are considered in the analysis. The material and
geometrical properties of the shell are given as: L/R = 50, μ = 0.3. The comparisons
are conducted for thickness ratios h/R = 0.005, 0.05, respectively. The results
reported by Swaddiwudhipong et al. (1995) are considered in the comparison.
A good agreement can be seen from the table. The small deviations in the results are
caused by different computation methods and shell theories are used in the literature.

Table 5.11 The first two frequency parameters Ω for a two-layered [0°/ϑ] cylindrical shell with
different restrain parameters C and fiber orientations (R = 1 m, L/R = 3, h/R = 0.05, E1/E2 = 15)

ϑ C E1 − F E2 − F E3 − F

1 2 1 2 1 2

0° 10−1 × D 1.8409 5.1377 27.916 30.197 27.470 29.729

100 × D 5.5480 5.8210 27.918 30.206 27.585 29.860

101 × D 8.5948 10.415 27.936 30.234 27.925 30.281

102 × D 12.470 20.970 28.021 30.381 28.090 30.506

103 × D 20.946 23.605 28.099 30.515 28.114 30.539

30° 10−1 × D 1.8409 5.2805 29.420 35.936 29.589 36.424

100 × D 5.6731 5.8208 29.422 35.937 29.622 36.470

101 × D 8.6521 11.695 29.439 35.986 29.730 36.625

102 × D 13.358 21.687 29.579 36.274 29.788 36.715

103 × D 21.870 26.044 29.755 36.636 29.796 36.728

60° 10−1 × D 1.8409 4.4993 34.774 36.036 34.893 36.107

100 × D 4.9467 5.8205 34.776 36.037 34.920 36.112

101 × D 8.1479 13.429 34.784 36.040 34.995 36.126

102 × D 14.868 21.309 34.846 36.064 35.029 36.133

103 × D 22.433 33.538 34.980 36.111 35.034 36.134

90° 10−1 × D 1.8409 3.8049 29.401 39.298 29.389 39.269

100 × D 4.3293 5.8205 29.401 39.298 29.414 39.284

101 × D 7.7880 13.965 29.404 39.299 29.466 39.313

102 × D 15.478 20.351 29.424 39.306 29.484 39.323

103 × D 22.150 37.252 29.468 39.319 29.486 39.324
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The influence of ring support location on the frequencies of a four-layered, [45°/
−45°/45°/−45°] cylindrical shell with one intermediate ring support is also inves-
tigated. The material and geometric constants of the layers of the shell are:
L/R = 10, h/R = 0.1, E1/E2 = 25, μ12 = 0.27, G12 = 0.5E2, G13 = 0.5E2, G23 = 0.2E2.
In Fig. 5.12, variations of the lowest three longitudinal model (n = 1, m = 1, 2, 3)
frequency parameters Ω of the considered cylindrical shell against the ring support
location parameter a/L are depicted. Four types of end conditions included in the
presentation are: F–C, C–F, S–S, and C–C. It is obvious that the frequency
parameters of the shell significantly affected by the location of the ring support, and
this effect varies with the end conditions. For a cylindrical shell with symmetrical
boundary conditions imposed on both ends, such as S–S and C–C boundary con-
ditions, the frequency parameter curves are symmetrical about the center line of the
figure (i.e., a/L = 0.5). For a cylindrical shell with unsymmetrical end conditions,
such as F–C and C–F boundary conditions, the frequency parameter curves are not
symmetrical about the center line of the figure. Figures 5.13 and 5.14 show the
similar studies for the second and third circumference numbers (n = 2, 3),
respectively. Comparing with Fig. 5.12, it can be seen that the influence of the ring

z

x

a1

aiFig. 5.11 Schematic diagram
of a laminated cylindrical
shell with intermediate ring
supports

Table 5.12 Comparison of frequency parameters X ¼ xR
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qð1� l2Þ=Ep

of a C–F cylindrical
shell with one (a1/L = 1/2) ring support (L/R = 50, μ = 0.3)

h/R n Swaddiwudhipong et al. (1995) Present

m = 1 m = 2 m = 3 m = 1 m = 2 m = 3

0.005 1 0.00267 0.01599 0.02268 0.00265 0.01598 0.02243

2 0.00394 0.00651 0.00847 0.00397 0.00652 0.00845

3 0.01097 0.01125 0.01155 0.01097 0.01126 0.01156

4 0.02101 0.02108 0.02114 0.02101 0.02108 0.02115

0.05 1 0.00267 0.01600 0.02269 0.00267 0.01601 0.02245

2 0.03876 0.03930 0.03975 0.03871 0.03928 0.03973

3 0.10950 0.10980 0.10990 0.10912 0.10935 0.10957

4 0.21000 0.21020 0.21040 0.20850 0.20873 0.20894
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support location varies with circumference numbers as well. In addition, the amount
of the peak values of a frequency parameter curve is in direct proportion to the
longitudinal mode number.

5.4 Vibration of Laminated Open Cylindrical Shells

Composite laminated open cylindrical shells have a wide range of engineering
applications, particularly in aerospace crafts, military hardware and civil con-
structions. Table 5.2 shows that thick cylindrical shells can have 24 possible
classical boundary conditions at each edge. This leads to 576 combinations of
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Fig. 5.12 Variations of frequency parameters Ω versus ring location (a/L) for a [45°/−45°]2
laminated cylindrical shell with one intermediate ring support (n = 1)
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boundary conditions when a cylindrical shell is closed. When the shells are open,
this yields a higher number of combinations of boundary conditions for such shells.

In comparing to laminated closed cylindrical shells, information available for the
vibrations of the shallow and deep open ones is very limited despite their practical
importance. The most likely reason for this lacuna lies in the analytical difficulties
involved: for a completely closed shell such as circular cylindrical, circular conical
and spherical shells, the assumed 2D displacement field can be reduced to a quasi
1D problem through Fourier decomposition of the circumferential wave motion.
However, for an open shell, the assumption of whole periodic wave numbers in the
circumferential direction is inappropriate, and thus, a set of complete two-
dimensional analysis is required and resort must be made to a full two-dimensional
solution scheme. Such a scheme will inevitably be complicated further by the
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Fig. 5.13 Variations of frequency parameters Ω versus ring location (a/L) for a [45°/−45°]2
laminated cylindrical shell with one intermediate ring support (n = 2)
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dependence of the circumferential arc length on its meridional location (Bardell
et al. 1998). This forms a major deterrent so that the analyses of open shells have
not been widely available.

In this section, we consider free vibration of laminated deep open cylindrical
shells. As was done previously for the closed cylindrical shells, only solutions in
the framework of SDST which neglecting the effects of the deepness term z/R (i.e.,
Eq. (5.26)) are considered in this section. Under the modified Fourier series
framework, regardless of boundary conditions, each displacement and rotation
component of a laminated open cylindrical shell is expanded as a two-dimensional
modified Fourier series as:
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Fig. 5.14 Variations of frequency parameters Ω versus ring location (a/L) for a [45°/−45°]2
laminated cylindrical shell with one intermediate ring support (n = 3)
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uðx; hÞ ¼
XM
m¼0

XN
n¼0

Amn cos kmx cos knhþ
X2
l¼1

XN
n¼0

alnPlðxÞ cos knh

þ
X2
l¼1

XM
m¼0

blmPlðhÞ cos kmx

vðx; hÞ ¼
XM
m¼0

XN
n¼0

Bmn cos kmx cos knhþ
X2
l¼1

XN
n¼0

clnPlðxÞ cos knh

þ
X2
l¼1

XM
m¼0

dlmPlðhÞ cos kmx

wðx; hÞ ¼
XM
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XN
n¼0

Cmn cos kmx cos knhþ
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XN
n¼0

elnPlðxÞ cos knh

þ
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XM
m¼0

flmPlðhÞ cos kmx

/xðx; hÞ ¼
XM
m¼0

XN
n¼0

Dmn cos kmx cos knhþ
X2
l¼1

XN
n¼0

glnPlðxÞ cos knh

þ
X2
l¼1

XM
m¼0

hlmPlðhÞ cos kmx

/hðx; hÞ ¼
XM
m¼0

XN
n¼0

Emn cos kmx cos knhþ
X2
l¼1

XN
n¼0

ilnPlðxÞ cos knh

þ
X2
l¼1

XM
m¼0

jlmPlðhÞ cos kmx

ð5:43Þ

where λm = mπ/L and λn = nπ/θ0. Amn, Bmn, Cmn, Dmn and Emn are expansion
coefficients of standard cosine Fourier series. aln, blm, cln, dlm, eln, flm gln, hlm, iln and
jlm are the corresponding supplement coefficients. Pl (x) and Pl (θ) denote two sets
auxiliary polynomial functions introduced to remove all the discontinuities poten-
tially associated with the first-order derivatives at the boundaries of x = 0, x = L and
θ = 0, θ = θ0, respectively. These auxiliary functions are in the similar forms as
Eq. (5.41).

For a general open cylindrical shell, there exist four boundaries, i.e., x = 0, x = L,
θ = 0 and θ = θ0. For the sake of brevity, a four-letter character is employed to
represent the boundary condition of an open cylindrical shell, such as FCSC
identifies the shell with F, C, S and C boundary conditions at boundaries x = 0,
θ = 0, x = L and θ = θ0, respectively. Unless otherwise stated, the natural fre-
quencies of the considered shells are expressed as frequency parameter as X ¼
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ðxL2=hÞ ffiffiffiffiffiffiffiffiffiffi
q=E2

p
and the material properties of the layers of open cylindrical shells

under consideration are taken as: E2 = 10 GPa, E1/E2 = open, μ12 = 0.25,
G12 = G13 = 0.5E2, G23 = 0.2E2, ρ = 1,450 kg/m3.

5.4.1 Convergence Studies and Result Verification

Table 5.13 shows the convergence and comparison studies of frequency parameters
X ¼ xL2=h

ffiffiffiffiffiffiffiffiffiffi
q=E1

p
for a four-layered, [−60°/60°/60°/−60°] open cylindrical shell

with FFFF and CCCC boundary conditions, respectively. The material and
geometry constants of the layers of the shell are: R = 2 m, L/R = 0.5, h/L = 0.01,
θ0 = 2 arcsin 0.25, E1 = 60.7 GPa, E2 = 24.8 GPa, μ12 = 0.23, G12 = G13 = G23 = 12
GPa, ρ = 1,700 kg/m3. It should be noted that the zero frequencies corresponding to
the rigid body modes were omitted from the results. Excellent convergence of
frequencies can be observed in the table. The convergence of the FFFF solutions is
faster than those of CCCC boundary conditions. Numerical results reported by
Zhao et al. (2003) by using mesh-free method and CST, Messina and Soldatos
(1999a) based on HSDT as well as Qatu and Leissa (1991) based on shallow shell

Table 5.13 Convergence and comparison of frequency parameters X ¼ xL2=h
ffiffiffiffiffiffiffiffiffiffi
q=E1

p
of a

[−60°/60°/60°/−60°] e-glass/epoxy shallow open cylindrical shell

B.C. M × N Mode number

1 2 3 4 5 6

FFFF 14 × 14 3.2450 5.5874 8.3715 11.120 12.505 15.272

15 × 15 3.2448 5.5873 8.3700 11.118 12.502 15.271

16 × 16 3.2439 5.5872 8.3694 11.117 12.500 15.271

17 × 17 3.2438 5.5871 8.3681 11.115 12.497 15.270

18 × 18 3.2430 5.5870 8.3676 11.114 12.496 15.270

Zhao et al. (2003) 3.3016 5.7328 8.5087 11.133 12.626 15.724

Messina and Soldatos
(1999a)

3.2498 5.5910 8.3873 11.137 12.533 15.328

Qatu and Leissa (1991) 3.2920 5.7416 8.5412 11.114 12.591 15.696

CCCC 14 × 14 24.510 29.276 36.634 37.998 43.387 46.288

15 × 15 24.509 29.272 36.623 37.986 43.385 46.278

16 × 16 24.505 29.255 36.619 37.975 43.384 46.270

17 × 17 24.504 29.253 36.613 37.968 43.383 46.265

18 × 18 24.502 29.243 36.610 37.962 43.382 46.261
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theory are included in Table 5.13. These comparisons show the present solutions
are in good agreement with the reference results, although different theories and
methods were employed in the literature.

To further validate the accuracy and reliability of current solution, Table 5.14
shows the comparison of frequency parameters X ¼ xL2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q=E1Rh

p
of a two-lay-

ered, cross-ply [90°/0°] open cylindrical shell subjected to SDSDSDSD boundary
conditions, with results provided by Messina and Soldatos (1999b) based on the
conjunction of Ritz method and the Love-type version of a unified shear-deform-
able shell theory. The shell parameters used in the comparison are: E2 = 25E2,
R = 1 m, L/R = 5, θ0 = 60°. The first six frequencies and four sets of thickness-
radius ratios, i.e., h/R = 0.1, 0.05, 0.02 and 0.01, corresponding to thick to thin open
cylindrical shells are performed in the comparison. It is clearly evident that the
present solutions are generally in good agreement with the reference results,
although a different shell theory is employed by Messina and Soldatos (1999b). The
differences between these two results are very small, and do not exceed 0.97 % for
the worst case.

5.4.2 Laminated Open Cylindrical Shells with General
End Conditions

Some further numerical results for laminated open cylindrical shells with different
boundary conditions and shell parameters, such as geometric properties, lamination
schemes are given in the subsequent discussions.

Table 5.14 Comparison of frequency parameters X ¼ xL2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q=E1Rh

p
of a [90°/0°] laminated

open cylindrical shell with SDSDSDSD boundary conditions (L/R = 5, θ0 = 60°)

h/R Method Mode number

1 2 3 4 5 6

0.10 Present 7.025 7.636 8.850 10.84 13.44 14.05

Messina and Soldatos (1999b) 7.025 7.702 8.932 10.94 13.57 14.05

Difference (%) 0.01 0.87 0.93 0.97 0.95 0.01

0.05 Present 5.919 8.140 9.934 11.11 14.43 18.01

Messina and Soldatos (1999b) 5.932 8.153 9.935 11.12 14.45 18.03

Difference (%) 0.21 0.15 0.01 0.10 0.13 0.13

0.02 Present 5.050 9.777 14.84 15.38 15.71 15.97

Messina and Soldatos (1999b) 5.049 9.774 14.84 15.40 15.71 16.01

Difference (%) 0.02 0.03 0.02 0.14 0.02 0.27

0.01 Present 5.724 11.04 12.29 13.03 14.64 17.63

Messina and Soldatos (1999b) 5.724 11.03 12.27 13.03 14.62 17.61

Difference (%) 0.00 0.05 0.13 0.04 0.14 0.13
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Table 5.15 gives the first four frequency parameters Ω of a three-layered, cross-
ply [0°/90°/0°] open cylindrical shell with various boundary conditions and cir-
cumferential included angles (θ0). The material properties and geometric dimen-
sions of the shell are: E2 = 15E2, R = 1 m, L/R = 2, h/R = 0.1. Five different
circumferential included angles, i.e., θ0 = π/4, π/2, 3π/4, π and 5π/4, are considered
in the calculation. These results may serve as benchmark values for future resear-
ches. It is obvious from the tables that the increase of the circumferential included
angle will results in decreases in the frequency parameters. Meanwhile, we can see
that an open shell with higher constraining rigidity will have higher vibration
frequency parameters. For the sake of enhancing our understanding of vibration
behaviors of the open cylindrical and conical shells, the first three mode shapes for
the shell with CCCC boundary conditions are present in Fig. 5.15, which is con-
structed in three-dimension views.

Table 5.16 lists the lowest four frequency parameters Ω for a two-layered, cross-
ply [0°/90°] open cylindrical shell with various boundary conditions and thickness-
to-radius ratios. The open cylindrical shell under consideration having radius

Table 5.15 Frequency parameters Ω of a three-layered, cross-ply [0°/90°/0°] open cylindrical
shell with various boundary conditions and circumferential included angles (R = 1 m, L/R = 2,
h/R = 0.1)

θ0 Mode Boundary conditions

FFFF FSFS FCFC SFSF CFCF SSSS CCCC

π/4 1 11.203 75.065 88.901 12.815 21.399 78.293 91.804

2 25.499 77.465 89.414 14.769 22.509 86.921 102.555

3 31.422 85.618 94.223 39.514 41.030 90.751 102.682

4 46.947 86.141 99.258 41.021 49.378 95.231 114.025

π/2 1 5.6344 18.757 28.875 13.570 21.848 28.754 39.274

2 11.724 25.491 32.998 16.635 23.679 45.505 54.963

3 15.825 41.360 48.575 22.320 27.634 53.806 63.642

4 27.761 42.306 49.078 37.420 40.797 62.373 72.898

3π/4 1 3.5787 7.1550 12.138 14.598 22.466 26.289 31.315

2 4.9181 18.335 21.376 15.008 22.664 26.570 34.544

3 8.3994 19.207 23.673 22.782 28.235 40.285 49.556

4 13.994 20.658 23.820 26.321 30.282 50.600 59.527

π 1 2.4902 3.1939 6.0606 14.731 22.517 23.135 29.297

2 2.6064 9.6122 12.938 14.960 22.668 25.209 30.625

3 5.4335 10.087 13.014 21.990 27.370 31.561 36.692

4 7.4475 17.262 17.967 23.496 28.851 35.752 43.198

5π4 1 1.5952 1.4971 3.3390 14.805 22.570 22.463 28.530

2 1.8119 5.5228 7.4940 14.959 22.659 23.343 28.671

3 3.8722 5.6869 7.8281 21.241 26.976 27.562 34.163

4 4.4292 11.566 13.214 23.912 28.954 31.578 35.014
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R = 1 m, length-to-radius ratio of 2 and circumferential included angel of π. Five
thickness-to-radius ratios, i.e., h/R = 0.01, 0.02, 0.05, 0.1 and 0.15 are used in the
analysis. It is interesting to see that the frequency parameters of the shell decrease
with thickness-to-radius ratio increases. Furthermore, by comparing results of the
shell with FSFS (or FCFC) boundary conditions with those of SFSF (or CFCF)
case, it is obvious that fixation on a curved boundary will results in higher fre-
quency parameters than on a straight boundary.

As the final numerical example, Table 5.17 shows the lowest five frequency
parameters Ω of a three-layered [0°/ϑ/0°] open cylindrical shell with different
boundary conditions and fiber orientations. Four different lamination schemes, i.e.,
ϑ = 0°, 30°, 60° and 90° are performed in the calculation. The shell parameters with
following material and geometry properties are used in the investigation: R = 1 m,
L/R = 2, h/R = 0.05, E1/E2 = 15. It is interesting to see that the maximum funda-
mental frequency parameters for different boundary conditions are obtained at
different fiber orientations. For FFFF, FSFS and FCFC boundary conditions, the
corresponding maximum fundamental frequency parameters occur at ϑ = 90°. These

Fig. 5.15 Mode shapes for a CCCC restrained [0°/90°/0°] laminated open cylindrical shell
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Table 5.16 Frequency parameters Ω of a two-layered, cross-ply [0°/90°] open cylindrical shell
with various boundary conditions and thickness-to-radius ratios (R = 1 m, L/R = 2, θ0 = π)

h/R Mode Boundary conditions

FFFF FSFS FCFC SFSF CFCF SSSS CCCC

0.01 1 2.7758 4.8157 9.4618 45.087 46.724 104.38 106.04

2 3.9626 14.292 20.056 45.222 46.904 105.72 106.88

3 6.5409 14.680 20.727 79.406 83.653 122.51 129.92

4 11.292 28.036 34.594 79.608 83.945 129.47 130.07

0.02 1 2.6191 4.7869 9.3262 30.237 32.685 68.450 69.976

2 3.9162 14.099 19.714 30.366 32.818 69.339 71.337

3 6.3503 14.556 20.430 55.422 61.528 85.308 92.157

4 11.239 27.486 33.621 55.517 61.688 91.626 93.121

0.05 1 2.5501 4.6945 9.1067 18.124 21.140 39.402 40.629

2 3.8715 13.446 18.767 18.410 21.505 39.478 42.805

3 6.2003 14.126 19.714 35.339 36.116 54.089 59.261

4 11.057 25.129 29.092 36.435 39.984 58.676 61.573

0.10 1 2.5060 4.5163 8.6298 12.651 15.653 24.724 27.534

2 3.8048 12.113 16.377 13.299 16.324 27.269 28.391

3 6.0116 13.250 18.066 21.833 22.930 35.093 39.281

4 10.663 19.467 19.878 27.237 28.023 42.300 46.914

0.15 1 2.4675 4.3166 8.0369 10.539 13.198 19.651 21.131

2 3.7283 10.655 13.535 11.002 13.716 20.182 22.567

3 5.8170 12.279 14.937 17.058 18.066 28.612 32.653

4 10.188 14.864 16.173 19.937 20.858 32.926 37.089

Table 5.17 Frequency parameters Ω of a three-layered, [0°/ϑ/0°] open cylindrical shell with
various boundary conditions and fiber orientations (R = 1 m, L/R = 2, h/R = 0.05)

ϑ Mode Boundary conditions

FFFF FSFS FCFC SFSF CFCF SSSS CCCC

0° 1 2.1221 2.6128 5.0303 19.047 28.564 32.137 39.663

2 2.5086 7.9443 10.978 19.186 28.650 33.589 40.141

3 5.2843 9.1689 11.820 30.775 37.686 39.470 47.388

4 6.1129 15.962 18.954 32.796 39.484 44.132 50.542

30° 1 2.1451 2.6571 5.1170 21.693 30.077 41.030 47.136

2 2.7402 8.0809 11.174 21.710 30.089 41.159 47.779

3 5.6245 9.6128 12.314 38.942 44.967 49.744 55.636

4 6.2681 16.249 19.961 40.521 46.410 50.257 57.472

60° 1 2.2825 2.9658 5.7048 20.985 29.273 39.105 45.667

2 2.8505 9.0178 12.470 21.060 29.317 40.405 46.919

3 5.6029 10.197 13.296 37.684 43.651 48.884 55.513

4 7.1056 18.165 21.597 38.109 43.870 51.548 59.705

90° 1 2.5305 3.2222 6.2084 19.347 28.270 34.420 41.995

2 2.6181 9.8038 13.573 19.611 28.430 36.452 42.414

3 5.5442 10.496 13.889 32.218 38.778 43.661 52.435

4 7.5371 19.500 22.541 36.199 42.098 51.308 57.262
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are obtained at ϑ = 30° for SFSF, CFCF, SSSS and CCCC boundary conditions. In
addition, CFCF yields the minimum fundamental frequency parameter at ϑ = 90°
while it is obtained at ϑ = 0° for other boundary conditions.
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Chapter 6
Conical Shells

Conical shells are another special type of shells of revolution. The middle surface of
a conical shell is generated by revolving a straight line (generator line) around an
axis that is not paralleled to the line itself. Conical shells can have different geo-
metrical shapes. This chapter is organizationally limited to conical shells (both the
closed shells and the open ones) having circular cross-sections. In this type of
conical shells, the generator line rotates about a fixed axis and results in a constant
vertex half-angle angle (φ) with respect to the axis. Specially, the vertex half-angle
angle may be equal to zero or 90° (π/2). In the first case, the cylindrical shells
discussed in Chap. 5 will be obtained. Thus, cylindrical shells can be viewed as a
special type of the conical shells, and conical shells have all the classifying
parameters of the cylindrical shells (Leissa 1973). For the second case, the gen-
erator line is vertical to the axis, and the special case of circular plates is obtained.

Laminated conical shells are also one of the important structural components
which are widely used in naval vessels, missiles, spacecrafts and other cutting-edge
engineering fields. The vibration analysis of them is often required and has always
been one important research subject in these fields (Civalek 2006, 2007, 2013; Lam
et al. 2002; Ng et al. 2003; Shu 1996; Tong 1993, 1994a, b; Tornabene 2011;
Viswanathan et al. 2012; Wu and Lee 2011; Wu and Wu 2000). However, com-
paring with the cylindrical shells and the circular plates, relatively little literature is
available regarding the conical shells due to the fact that the conical coordinate
system is function of the meridional direction and the equations of motion for
conical shells consist of a set of partial differential equations with variable
coefficients.

This chapter is focused on vibration analysis of laminated conical shells with
general boundary conditions. Equations of conical shells on the basis of the clas-
sical shell theory (CST) and the shear deformation shell theory (SDST) are pre-
sented in the first and second sections, respectively, by substituting the proper Lamé
parameters of conical shells in the general shell equations (see Chap. 1). Then, in
the framework of SDST, numerous vibration results of laminated closed and open
conical shells with different boundary conditions, lamination schemes and geometry
parameters are given in the third and fourth sections by using the modified Fourier
series and the weak form solution procedure.
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As shown in Fig. 6.1, a general laminated open conical shell with length L, vertex
half-angle angle φ, total thickness h, circumferential included angle θ0, small edge
radius R0 and large edge radius R1 is selected as the analysis model. The middle
surface of the conical shell where an orthogonal coordinate system (x, θ and z)
is fixed is taken as the reference surface, in which the x co-ordinate is measured
along the generator of the cone starting at the vertex and the θ and z co-ordinates are
taken in the circumferential and radial directions, respectively. The middle surface
displacements of the conical shell in the x, θ and z directions are denoted by u, v and
w, respectively. The conical shell is assumed to be composed of arbitrary number of
liner orthotropic laminas which are bonded together rigidly. The mean radius of the
conical shell at any point x along its length can be written as:

R ¼ x sinu ð6:1Þ

Considering the conical shell in Fig. 6.1 and its conical coordinate system, the
coordinates, characteristics of the Lamé parameters and radii of curvatures are:

a ¼ x; b ¼ h; A ¼ 1; B ¼ x sinu; Ra ¼ 1; Rb ¼ x tanu ð6:2Þ

6.1 Fundamental Equations of Thin Laminated
Conical Shells

Closed conical shells can be defined as a special case of open conical shells having
circumferential included angle of 2π (360°). We will first derive the fundamental
equations for thin open conical shells. The equations are formulated for the general
dynamic analysis by substituting Eq. (6.2) into the general classical shell equations
developed in Sect. 1.2. It can be readily specialized to the static and free vibration
analysis.

|
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N 2π−θ0

|

θ

j

Tθ
T3
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Fig. 6.1 Geometry notations
and coordinate system of
conical shells
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6.1.1 Kinematic Relations

Substituting Eq. (6.2) into Eq. (1.7), the middle surface strains and curvature
changes of conical shells can be specialized from those of general thin shells. They
are formed in terms of the middle surface displacements as:

e0x ¼ @u
@x vx ¼ � @2w

@x2

e0h ¼ @v
xs@h þ u

x þ w
xt vh ¼ c@v

x2s2@h � @2w
x2s2@h2

� @w
x@x

c0xh ¼ @v
@x þ @u

xs@h � v
x vxh ¼ @v

xt@x � 2v
x2t � 2@2w

xs@x@h þ 2@w
x2s@h

and s ¼ sinu c ¼ cosu t ¼ tanu

ð6:3Þ

where e0x , e
0
h and c0xh denote the normal and shear middle surface strains. χx, χθ and

χxθ are the corresponding curvature and twist changes. Then, the state of strain at an
arbitrary point in the kth layer of a laminated conical shell can be written as:

ex ¼ e0x þ zvx
eh ¼ e0h þ zvh
cxh ¼ c0xh þ zvxh

ð6:4Þ

where Zk+1<z < Zk. And Zk+1 and Zk denote the distances from the top surface and
bottom surface of the layer to the referenced middle surface, respectively.

6.1.2 Stress-Strain Relations and Stress Resultants

For laminated conical shells made of composite layers, the well-known stress-strain
relations are given as in Eq. (5.4). It should be noted that the materials considered in
this chapter are restricted to conical orthotropy. Substituting Eq. (6.2) into Eq. (1.14),
the force and moment resultants of the conical shell can be obtained in terms of the
middle surface strains and curvature changes as

Nx

Nh

Nxh

Mx

Mh

Mxh

2
666666664

3
777777775
¼

A11 A12 A16

A12 A22 A26

A16 A26 A66

B11 B12 B16

B12 B22 B26

B16 B26 B66

B11 B12 B16

B12 B22 B26

B16 B26 B66

D11 D12 D16

D12 D22 D26

D16 D26 D66

2
666666664

3
777777775

e0x
e0h
c0xh
vx
vh
vxh

2
666666664

3
777777775

ð6:5Þ

where Nx, Nθ and Nxθ are the normal and shear force resultants and Mx, Mθ and Mxθ

denote the bending and twisting moment resultants. The stiffness coefficients Aij,
Bij, and Dij are written as in Eq. (1.15).
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6.1.3 Energy Functions

The strain energy function of thin laminated conical shells during vibration can be
written in terms of the middle surface strains, curvature changes and stress resultants
as:

Us ¼ 1
2

Z
x

Z
h

Nxe0x þ Nhe0h þ Nxhc0xh
þMxvx þMhvh þMxhvxh

� �
xsdhdx ð6:6Þ

Substituting Eqs. (6.3) and (6.5) into Eq. (6.6), the strain energy functions of the
shells can be written in terms of middle surface displacements. The corresponding
kinetic energy (T) of the conical shells during vibration can be written as:

T ¼ 1
2

Z
x

Z
h

I0
@u
@t

� �2

þ @v
@t

� �2

þ @w
@t

� �2
( )

xsdhdx ð6:7Þ

where the inertia term I0 is the same as in Eq. (1.19). Suppose qx, qθ and qz are the
external loads in the x, θ and z directions, respectively. Thus, the external work can
be expressed as:

We ¼
Z
x

Z
h

qxuþ qhvþ qzwf gRdxdh ð6:8Þ

The same as usual, the general boundary conditions of a conical shell are
implemented by using the artificial spring boundary technique. Letting symbols kuw,
kvw, k

w
w and Kw

w (ψ = x0, θ0, x1 and θ1) to indicate the stiffness of the boundary springs
at the boundaries R = R0, θ = 0, R = R1 and θ = θ0, respectively, thus, the deformation
strain energy stored in the boundary springs (Usp) during vibration can be defined as:

Usp ¼ 1
2

Z
h

x kux0u
2 þ kvx0v

2 þ kwx0w
2 þ Kx

x0 @w=@xð Þ� �
R¼R0j

þx kux1u
2 þ kvx1v

2 þ kwx1w
2 þ Kx

x1 @w=@xð Þ� �
R¼R1j

( )
sdh

þ 1
2

Z
x

kuh0u
2 þ kvh0v

2 þ kwh0w
2 þ Kx

h0 @w=xs@hð Þ� �
h¼0j

þ kuh1u
2 þ kvh1v

2 þ kwh1w
2 þ Kx

h1 @w=xs@hð Þ� �
h¼h0j

( )
dx

ð6:9Þ

6.1.4 Governing Equations and Boundary Conditions

Substituting Eq. (6.2) into Eq. (1.28) and then simplifying the expressions, the
resulting governing equations for conical shells are:
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@Nx

@x
þ Nx � Nh

x
þ @Nxh

xs@h
þ qx ¼ I0

@2u
@t2

@Nxh

@x
þ @Nh

xs@h
þ 2Nxh

x
þ Qh

xt
þ qh ¼ I0

@2v
@t2

� Nh

xt
þ @Qx

@x
þ Qx

x
þ @Qh

xs@h
þ qz ¼ I0

@2w
@t2

ð6:10Þ

where Qx and Qθ are defined as

Qx ¼ @Mx

@x
þ @Mxh

xs@h
þMx �Mh

x

Qh ¼ @Mh

xs@h
þ @Mxh

@x
þ 2Mxh

x

ð6:11Þ

Substituting Eqs. (6.3), (6.5) and (6.11) into Eq. (6.10) yields the governing
equations in terms of displacements as:

L11 L12 L13
L21 L22 L23
L31 L32 L33

2
4

3
5� x2

�I0 0 0
0 �I0 0
0 0 �I0

2
4

3
5

0
@

1
A u

v
w

2
4

3
5 ¼

�px
�ph
�pz

2
4

3
5 ð6:12Þ

The coefficients of the linear operator Lij are written as
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The above equations show the level of complexity in solving the governing
equations of a general laminated conical shell. When a conical shell is laminated
symmetrically with respect to its middle surface, the constants Bij equal to zero, and,
hence the equations are much simplified. Substituting Eq. (6.2) into Eqs. (1.29) and
(1.30), the general boundary conditions of thin conical shells are:

R ¼ R0:

Nx � kux0u ¼ 0

Nxh þ cMxh
R0

� kvx0v ¼ 0

Qx þ @Mxh
R0@h

� kwx0w ¼ 0

�Mx � Kw
x0

@w
@x ¼ 0

8>>>><
>>>>:

R ¼ R1:

Nx þ kux1u ¼ 0

Nxh þ cMxh
R1

þ kvx1v ¼ 0

Qx þ @Mxh
R1@h

þ kwx1w ¼ 0

�Mx þ Kw
x1

@w
@x ¼ 0

8>>>><
>>>>:

h ¼ 0:

Nxh � kuh0u ¼ 0

Nh þ cMh
R0

� kvh0v ¼ 0

Qh þ @Mxh
@x � kwh0w ¼ 0

�Mh � Kw
h0

@w
R0@h

¼ 0

8>>>><
>>>>:

h ¼ h0:

Nxh þ kuh1u ¼ 0

Nh þ cMh
R1

þ kvh1v ¼ 0

Qh þ @Mxh
@x þ kwh1w ¼ 0

�Mh þ Kw
h1

@w
R1@h

¼ 0

8>>>><
>>>>:

ð6:14Þ

Alternately, the governing equations and boundary conditions of thin laminated
conical shells can be obtained by the Hamilton’s principle in the same manner as
described in Sect. 1.2.4.
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Thin conical shells can have up to 12 possible classical boundary conditions at
each edge. This yields a numerous combinations of boundary conditions, particular
for open conical shells. The possible combinations for each classical boundary
conditions at boundary R = R0 are given in Table 6.1. Similar boundary conditions
can be obtained for the other three boundaries (i.e., R = R1, θ = 0 and θ = θ0).

6.2 Fundamental Equations of Thick Laminated
Conical Shells

The fundamental equations of thin laminated conical shells presented in the pre-
vious section are based on the CST and are applicable only when the total thickness
of a shell is smaller than 1/20 of the smallest of the wave lengths and/or radii of
curvature (Qatu 2004) due to the fact that both shear deformation and rotary inertia
are neglected in the formulation. Fundamental equations of thick laminated conical
shells will be derived in this section. As usual, the equations that follow are a
specialization of the general first-order shear deformation shell theory (see
Sect. 1.3) to those of thick laminated conical shells.

Table 6.1 Possible classical boundary conditions for thin laminated conical shells at boundary
R = R0

Boundary type Conditions

Free boundary conditions

F Nx ¼ Nxh þ cMxh
R0

¼ Qx þ @Mxh
R0@h

¼ Mx ¼ 0

F2 u ¼ Nxh þ cMxh
R0

¼ Qx þ @Mxh
R0@h

¼ Mx ¼ 0

F3 Nx ¼ v ¼ Qx þ @Mxh
R0@h

¼ Mx ¼ 0

F4 u ¼ v ¼ Qx þ @Mxh
R0@h

¼ Mx ¼ 0

Simply supported boundary conditions

S u ¼ v ¼ w ¼ Mx ¼ 0

SD Nx ¼ v ¼ w ¼ Mx ¼ 0

S3 u ¼ Nxh þ cMxh
R0

¼ w ¼ Mx ¼ 0

S4 Nx ¼ Nxh þ cMxh
R0

¼ w ¼ Mx ¼ 0

Clamped boundary conditions

C u ¼ v ¼ w ¼ @w
@x ¼ 0

C2 Nx ¼ v ¼ w ¼ @w
@x ¼ 0

C3 u ¼ Nxh þ cMxh
R0

¼ w ¼ @w
@x ¼ 0

C4 Nx ¼ Nxh þ cMxh
R0

¼ w ¼ @w
@x ¼ 0
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6.2.1 Kinematic Relations

On the basis of the assumptions of the SDST, the displacement field of a conical
shell is expressed in terms of the middle surface displacements and rotation com-
ponents as

Uðx; h; zÞ ¼ uðx; hÞ þ z/x

Vðx; h; zÞ ¼ vðx; hÞ þ z/h

Wðx; h; zÞ ¼ wðx; hÞ
ð6:15Þ

where u, v and w are the middle surface displacements of the shell in the x, θ and
z directions, respectively, and ϕx and ϕθ represent the rotations of the transverse
normal respect to θ- and x-axes.

Specializing Eqs. (1.33) and (1.34) to those of conical shells, the normal and
shear strains at any point of the shell space can be defined as:

ex ¼ e0x þ zvx

eh ¼ 1
1þ z=Rhð Þ e0h þ zvh

� 	
cxh ¼ c0xh þ zvxh

� 	þ 1
1þ z=Rhð Þ c0hx þ zvhx

� 	
cxz ¼ c0xz

chz ¼
c0hz

1þ z=Rhð Þ

ð6:16Þ

where e0x , e
0
h, c

0
xh and c0hx are the normal and shear strains. χx, χθ, χxθ and χθx denote

the curvature and twist changes; c0xz and c0hz represent the transverse shear strains.
They are defined in terms of the middle surface displacements and rotation com-
ponents as:

e0x ¼
@u
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xs@h
þ /x

x

c0xh ¼
@v
@x

vxh ¼
@/h

@x

c0hx ¼
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� v
x

vxh ¼
@/x

xs@h
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þ /x c0hz ¼
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xs@h

� v
xt
þ /h

ð6:17Þ
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6.2.2 Stress-Strain Relations and Stress Resultants

The stress-strain relations derived earlier for the thick cylindrical shells [i.e.,
Eq. (5.20)] are applicable for the conical shells. Substituting Eq. (6.2) into (1.40),
the force and moment resultants of a thick conical shell can be obtained by fol-
lowing integration operation:

Nx

Nxh

Qx

2
4

3
5 ¼ Rh=2

�h=2

rx
sxh
sxz

2
4

3
5 1þ z

Rh


 �
dz

Nh

Nhx

Qh

2
4

3
5 ¼ Rh=2

�h=2

rh
shx
shz

2
4

3
5dz

Mx

Mxh

� 

¼ Rh=2

�h=2

rx
sxh

� 

1þ z

Rh


 �
zdz

Mh

Mhx

� 

¼ Rh=2

�h=2

rh
shx

� 

zdz

ð6:18Þ

Since the radius of curvature Rθ is a function of the x coordinate, thus, the resulting
stiffness parameters will be functions of the x coordinate. This will results in much
complexity in equations of thick conical shells. Qatu (2004) suggested taking the
average curvature of the conical shells when using these equations. Figures 3.7 and
3.8 showed that the effects of the deepness term z/R on the frequency parameters of
an extremely deep, unsymmetrically laminated curved beam (θ0 = 286.48°) with
thickness-to-radius ratio h/R = 0.1 is very small and the maximum effect is less than
0.41 % for the worse case. It is proposed here to neglect the effects of the deepness
term z/Rβ. In many prior researches, the effects of the deepness term z/Rβ are often
neglected (for example, Jin et al. 2013b, 2014a; Qu et al. 2013a, b; Ye et al. 2014b).
Neglecting the effects of the deepness term, the force and moment resultants of a
thick conical shell can be rewritten as:

Nx

Nh

Nxh

Nhx

Mx

Mh

Mxh

Mhx

2
66666666666664

3
77777777777775
¼

A11 A12 A16 A16

A12 A22 A26 A26

A16 A26 A66 A66

A16 A26 A66 A66

B11 B12 B16 B16

B12 B22 B26 B26

B16 B26 B66 B66

B16 B26 B66 B66

B11 B12 B16 B16

B12 B22 B26 B26

B16 B26 B66 B66

B16 B26 B66 B66

D11 D12 D16 D16

D12 D22 D26 D26

D16 D26 D66 D66

D16 D26 D66 D66

2
66666666666664

3
77777777777775

e0x
e0h
c0xh
c0hx
vx
vh
vxh
vhx

2
66666666666664

3
77777777777775

ð6:19aÞ

Qh

Qx

� 

¼ A44 A45

A45 A55

� 

c0hz
c0xz

" #
ð6:19bÞ

The stiffness coefficients Aij, Bij and Dij are given as in Eq. (1.43).
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6.2.3 Energy Functions

The strain energy (Us) of thick conical shells during vibration can be defined in
terms of the middle surface strains and curvature changes and stress resultants as

Us ¼ 1
2

Z
x

Z
h

Nxe0x þ Nhe0h þ Nxhc0xh þ Nhxc0hx þMxvx
þMhvh þMxhvxh þMhxvhx þ Qhchz þ Qxcxz

� �
xsdhdx ð6:20Þ

Substituting Eqs. (6.17) and (6.19a, 6.19b) into Eq. (6.20), the strain energy of the
shell can be expressed in terms of the middle surface displacements (u, v, w) and
rotation components (ϕx, ϕθ) as:

Us ¼ 1
2

Z
x

Z
h

A11
@u
@x

� 	2þ2A12
@v
xs@h þ u

x þ w
xt

� 	
@u
@x

� 	
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x

� 	
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x þ w
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xt þ /h

� 	2
þ2A45

@w
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xt þ /h

� 	
@w
@x þ /x
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@w
@x þ /x

� 	2

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
xsdhdx

þ
Z
x

Z
h
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@/x
@x


 �
@u
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@u
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� 	
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� 	
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 �
@v
@x þ @u
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x

� 	

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>;
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þ 1
2

Z
x

Z
h

D11
@/x
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 �
@/x
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and the kinetic energy (T) function can be written as:

T ¼ 1
2

Z
x

Z
h

I0 @u
@t

� 	2þ2I1 @u
@t

@/x
@t þ I2

@/x
@t


 �2
þI0 @v

@t

� 	2
þ2I1 @v

@t
@/h
@t þ I2

@/h
@t


 �2
þI0 @w

@t

� 	2
8><
>:

9>=
>;xsdhdx ð6:22Þ

where the inertia terms are given as in Eq. (1.52).
Suppose the shell is subjected to external forces qx, qθ and qz (in the x, θ and

z directions, respectively) and external couples mx and mθ (in the middle surface),
thus, the work done by the external forces and moments is written as

We ¼
Z
x

Z
h

qxuþ qhvþ qzwþ mx/x þ mh/hf gxsdhdx ð6:23Þ

Using the artificial spring boundary technique similar to that described earlier,
let kuw, k

v
w, k

w
w , K

x
w and Kh

w(ψ = x0, θ0, x1 and θ1) to represent the rigidities (per unit
length) of the boundary springs at the boundaries R = R0, θ = 0, R = R1 and θ = θ0,
respectively. Therefore, the deformation strain energy (Usp) of the boundary springs
during vibration is:

Usp ¼ 1
2

Z
h

x kux0u
2 þ kvx0v

2 þ kwx0w
2 þ Kx

x0/
2
x þ Kh

x0/
2
h

� �
R¼R0j

þx kux1u
2 þ kvx1v

2 þ kwx1w
2 þ Kx

x1/
2
x þ Kh

x1/
2
h

� �
R¼R1j

( )
xsdh

þ 1
2

Z
x

kuh0u
2 þ kvh0v

2 þ kwh0w
2 þ Kx

h0/
2
x þ Kh

h0/
2
h

� �
h¼0j

þ kuh1u
2 þ kvh1v

2 þ kwh1w
2 þ Kx

h1/
2
x þ Kh

h1/
2
h

� �
h¼h0j

( )
dx

ð6:24Þ

6.2.4 Governing Equations and Boundary Conditions

The governing equations and boundary conditions of thick laminated conical shells
can be obtained by the Hamilton’s principle in the same manner as described in
Sect. 1.2.4. Alternately, it can be specialized from those of general thick shells by
substituting Eq. (6.2) into Eq. (1.59). According to Eq. (1.59), we have (after being
divided by B = xs)
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ð6:25Þ

Substituting Eqs. (6.17) and (6.19a, 6.19b) into above equation, the governing
equations can be written in terms of displacements as

L11 L12 L13 L14 L15
L21 L22 L23 L24 L25
L31 L32 L33 L34 L35
L41 L42 L43 L44 L45
L51 L52 L53 L54 L55

2
66664

3
77775þ x2

I0 0 0 I1 0
0 I0 0 0 I1
0 0 I0 0 0
I1 0 0 I2 0
0 I1 0 0 I2

2
66664

3
77775

0
BBBB@

1
CCCCA

u
v
w
/x
/h

2
66664

3
77775 ¼

�px
�py
�pz
�mx

�mh

2
66664

3
77775 ð6:26Þ

The coefficients of the linear operator Lij are given as
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These equations are proven useful when exact solutions are desired.
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According to Eqs. (1.60) and (1.61), the general boundary conditions of thick
conical shells are:

R ¼ R0:

Nx � kux0u ¼ 0

Nxh � kvx0v ¼ 0

Qx � kwx0w ¼ 0

Mx � Kx
x0/x ¼ 0

Mxh � Kh
x0/h ¼ 0

8>>>>>>><
>>>>>>>:

R ¼ R1:

Nx þ kux1u ¼ 0

Nxh þ kvx1v ¼ 0

Qx þ kwx1w ¼ 0

Mx þ Kx
x1/x ¼ 0

Mxh þ Kh
x1/h ¼ 0

8>>>>>>><
>>>>>>>:

h ¼ 0:

Nhx � kuh0u ¼ 0

Nh � kvh0v ¼ 0
Qh � kwh0w ¼ 0

Mhx � Kx
h0/x ¼ 0

Mh � Kh
h0/h ¼ 0

8>>>>>><
>>>>>>:

h ¼ h0:

Nhx þ kuh1u ¼ 0

Nh þ kvh1v ¼ 0
Qh þ kwh1w ¼ 0

Mhx þ Kx
h1/x ¼ 0

Mh þ Kh
h1/h ¼ 0

8>>>>>><
>>>>>>:

ð6:28Þ

Thick conical shells can have up to 24 possible classical boundary conditions at
each boundary (see Table 6.2) which leads a high number of combinations of
boundary conditions. The classification of the classical boundary conditions shown
in Table 1.3 for general thick shells is applicable for thick conical shells.

Table 6.2 shows the importance of developing an accurate, robust and efficient
method which is capable of simplifying solution algorithms, reducing model input
data and universally dealing with various boundary conditions. This difficulty can
be overcome by using the artificial spring boundary technique. In this chapter,
we mainly consider four typical boundary conditions which are frequently
encountered in practices, i.e., F, SD, S and C boundary conditions. Taking edge
R = R0 for example, the corresponding spring rigidities for the four classical
boundary conditions are given as in Eq. (5.37).

6.3 Vibration of Laminated Closed Conical Shells

In this section, we consider vibrations of laminated closed conical shells. The open
ones will then be treated in the later section of this chapter. It is commonly believed
an exact solution is available only for laminated closed conical shells having cross-
ply lamination schemes and shear diaphragm boundary conditions at both ends.
Tong (1993, 1994a) obtained such solutions for thin and thick conical shells. In this
chapter, in the framework of SDST, accurate vibration solutions for laminated
conical shells with general boundary conditions, lamination schemes and different
geometry parameters will be presented by using the modified Fourier series and
weak form solution procedure. For a laminated closed conical shell, there exists two
boundaries, i.e., R = R0 and R = R1. Thus, a two-letter string is employed to denote
the boundary conditions of the shell, such as F-C identifies the shell with
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completely free and clamped boundary conditions at the edges R = R0 and R = R1,
respectively. Unless otherwise stated, the non-dimensional frequency parameter
X ¼ xR1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qh=A11

p
is used in the subsequent analysis and laminated conical shells

under consideration are assumed to be composed of composite layers having
following material properties: E2 = 10 GPa, E1/E2 = open, μ12 = 0.25,
G12 = G13 = 0.6E2, G23 = 0.5E2, ρ = 1,500 kg/m3.

Considering the circumferential symmetry of closed conical shells, each dis-
placement/rotation component of a closed conical shell is expanded as a 1-D
modified Fourier series of the following form through Fourier decomposition of the
circumferential wave motion:

Table 6.2 Possible classical boundary conditions for thick conical shells at each boundary of
R = constant

Boundary type Conditions

Free boundary conditions

F Nx ¼ Nxh ¼ Qx ¼ Mx ¼ Mxh ¼ 0

F2 u ¼ Nxh ¼ Qx ¼ Mx ¼ Mxh ¼ 0

F3 Nx ¼ v ¼ Qx ¼ Mx ¼ Mxh ¼ 0

F4 u ¼ v ¼ Qx ¼ Mx ¼ Mxh ¼ 0

F5 Nx ¼ Nxh ¼ Qx ¼ Mx ¼ /h ¼ 0

F6 u ¼ Nxh ¼ Qx ¼ Mx ¼ /h ¼ 0

F7 Nx ¼ v ¼ Qx ¼ Mx ¼ /h ¼ 0

F8 u ¼ v ¼ Qx ¼ Mx ¼ /h ¼ 0

Simply supported boundary conditions

S u ¼ v ¼ w ¼ Mx ¼ /h ¼ 0

SD Nx ¼ v ¼ w ¼ Mx ¼ /h ¼ 0

S3 u ¼ Nxh ¼ w ¼ Mx ¼ /h ¼ 0

S4 Nx ¼ Nxh ¼ w ¼ Mx ¼ /h ¼ 0

S5 u ¼ v ¼ w ¼ Mx ¼ Mxh ¼ 0

S6 Nx ¼ v ¼ w ¼ Mx ¼ Mxh ¼ 0

S7 u ¼ Nxh ¼ w ¼ Mx ¼ Mxh ¼ 0

S8 Nx ¼ Nxh ¼ w ¼ Mx ¼ Mxh ¼ 0

Clamped boundary conditions

C u ¼ v ¼ w ¼ /x ¼ /h ¼ 0

C2 Nx ¼ v ¼ w ¼ /x ¼ /h ¼ 0

C3 u ¼ Nxh ¼ w ¼ /x ¼ /h ¼ 0

C4 Nx ¼ Nxh ¼ w ¼ /x ¼ /h ¼ 0

C5 u ¼ v ¼ w ¼ /x ¼ Mxh ¼ 0

C6 Nx ¼ v ¼ w ¼ /x ¼ Mxh ¼ 0

C7 u ¼ Nxh ¼ w ¼ /x ¼ Mxh ¼ 0

C8 Nx ¼ Nxh ¼ w ¼ /x ¼ Mxh ¼ 0
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uðx; hÞ ¼
XM
m¼0

XN
n¼0

Amn cos kmx cos nhþ
X2
l¼1

XN
n¼0

alnPlðxÞ cos nh

vðx; hÞ ¼
XM
m¼0

XN
n¼0

Bmn cos kmx sin nhþ
X2
l¼1

XN
n¼0

blnPlðxÞ sin nh

wðx; hÞ ¼
XM
m¼0

XN
n¼0

Cmn cos kmx cos nhþ
X2
l¼1

XN
n¼0

clnPlðxÞ cos nh

/xðx; hÞ ¼
XM
m¼0

XN
n¼0

Dmn cos kmx cos nhþ
X2
l¼1

XN
n¼0

dlnPlðxÞ cos nh

/hðx; hÞ ¼
XM
m¼0

XN
n¼0

Emn cos kmx sin nhþ
X2
l¼1

XN
n¼0

elnPlðxÞ sin nh

ð6:29Þ

where λm = mπ/L. Similarly, n represents the circumferential wave number of the
corresponding mode. It should be note that n is a non-negative integer. Interchanging
of sin nθ and cos nθ in Eq. (6.29), another set of free vibration modes (anti-sym-
metric modes) can be obtained. It is obvious that each displacement and rotation
component in the FSDT displacement field is required to have up to the second
derivatives [see Eq. (6.27)]. Thus, two auxiliary polynomial functions Pl (x) are
introduced in each displacement expression to remove all the discontinuities
potentially associated with the first-order derivatives at the boundaries. These aux-
iliary functions are defined as in Eq. (5.39).

6.3.1 Convergence Studies and Result Verification

Table 6.3 shows the convergence study of the natural frequencies (Hz) for a single-
layered conical shell with F–F and C–C boundary conditions. The geometric
and material constants of the shell are: R0 = 1 m, L = 2 m, h = 0.1 m, φ = 45°,
E1/E2 = 15. Five truncation schemes (i.e. M = 11 − 15 and N = 10) are performed in
the study. The table shows the present solutions converge fast. The maximum
differences between the ‘11 × 10’ and ‘15 × 10’ form results for the F–F and C–C
boundary conditions are less than 0.025 and 0.004 %, respectively. In addition,
comparing with Table 5.3, we can find that the convergence of the solutions for the
cylindrical shells is better than the conical ones. Furthermore, the C–C solutions
converge faster than those of F–F boundary conditions. Unless otherwise stated, the
truncated number of the displacement expressions will be uniformly selected as
M = 15 in the following discussions.

To further validate the accuracy and reliability of current method, the current
solutions are compared with those reported by other researchers by the subsequent
numerical examples. Table 6.4 lists the comparison of the fundamental dimen-
sionless frequencies Ω for cross-ply conical shells with different boundary
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conditions and thickness-to-large edge radius ratios (h/R1). Two types of lamination
schemes, i.e., [0°/90°] and [0°/90°]10, are examined. The SD–SD and C–C boundary
conditions are considered in the comparisons. The thickness-to-large edge radius
ratio h/R1 is varied from 0.01 to 0.09 by a step of 0.02, corresponding to thin to
moderately thick conical shells. The material constants and geometry parameters of
the shell are: E2 = 10 GPa, E1/E2 = 15, μ12 = 0.25, G12 = 0.5E2, G13 = 0.3846E2,

Table 6.3 Convergence of the natural frequencies (Hz) for a single-layered conical shell with F–F
and C–C boundary conditions (R0 = 1 m, L = 2 m, h = 0.1 m, φ = 45°, E1/E2 = 15)

B.C. M Mode number

1 2 3 4 5 6

F–F 11 1.3975 10.045 25.970 40.249 46.792 71.916

12 1.3972 10.045 25.969 40.243 46.791 71.913

13 1.3972 10.045 25.969 40.242 46.790 71.913

14 1.3971 10.045 25.969 40.239 46.790 71.912

15 1.3971 10.045 25.969 40.239 46.790 71.912

C–C 11 247.80 252.15 253.50 266.46 269.13 281.76

12 247.80 252.15 253.50 266.47 269.13 281.76

13 247.80 252.14 253.50 266.46 269.13 281.76

14 247.80 252.14 253.50 266.46 269.13 281.76

15 247.79 252.14 253.50 266.45 269.13 281.76

Table 6.4 Comparison of the fundamental frequency parameters Ω for two cross-ply conical
shells with various thickness-radius ratios (R0 = 0.75 m, L = 0.5 m, φ = 30°)

B.C. Layout Method h/R1

0.01 0.03 0.05 0.07 0.09

SD–SD [0°/90°] CST (Shu 1996) 0.1799 0.2397 0.2841 0.3277 0.3680

FSDT (Wu and Lee
2011)

0.1759 0.2320 0.2710 0.3061 0.3358

Present 0.1759 0.2320 0.2710 0.3061 0.3358

[0°/90°]10 CST (Shu 1996) 0.1976 0.2669 0.3304 0.3873 0.4321

FSDT (Wu and Lee
2011)

0.1958 0.2607 0.3134 0.3544 0.3832

Present 0.1958 0.2607 0.3134 0.3544 0.3832

C–C [0°/90°] CST (Shu 1996) 0.2986 0.6210 0.9331 1.2344 1.5206

FSDT (Wu and Lee
2011)

0.3045 0.5834 0.7967 0.9476 1.0457

Present 0.2966 0.5835 0.7971 0.9480 1.0466

[0°/90°]10 CST (Shu 1996) 0.3771 0.8578 1.3361 1.5730 1.5735

FSDT (Wu and Lee
2011)

0.3720 0.7509 0.9797 1.1025 1.1759

Present 0.3720 0.7509 0.9799 1.1031 1.1770
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G23 = 0.3846E2, R0 = 0.75 m, L = 0.5 m and φ = 30°. The comparisons are performed
between the present results and the FSDT solutions reported by Wu and Lee (2011)
and CST solutions published by Shu (1996). The comparisons in the table show a
excellent agreement between the present results and those reported by Wu and Lee
(2011). It is obvious that the discrepancies are negligible and not exceed 0.012 % for
the worst case. The comparisons validate the high accuracy of the modified Fourier
series method in predicting vibrations of composite conical shells.

In Table 6.5, the first longitudinal mode (m = 1) frequency parameters Ω for the
[0°/90°]10 conical shell given in Table 6.4 with three set of classical boundary
conditions, i.e., S–F, S–S and S–C are presented. The lowest ten circumference
wave numbers (i.e., n = 1–10) are considered in the calculation. The results reported
by Qu et al. (2013a) based on the first-order shear deformation theory are also
included in the table. A consistent agreement of the present results and the refer-
ential data can be seen from the table. The discrepancies are very small and less
than 0.015 % for the worst case. The small discrepancies in the results may be
attributed to the different solution approaches were used in the literature.

6.3.2 Laminated Closed Conical Shells with General
Boundary Conditions

Table 6.6 shows the lowest four frequency parameters Ω for a two-layered, [0°/90°]
laminated conical shell with various thickness-to-small edge radius ratios (h/R0). The
material properties and geometric constants of the layers of the shell are: E1/E2 = 15,
R0 = 1 m, L/R0 = 2, φ = 45°. Six sets of classical boundary combinations, i.e., F–S,
S–F, F–C, C–F, S–S and C–C and five kinds of thickness-to-small edge radius ratios
(h/R0 = 0.01, 0.02, 0.05, 0.1 and 0.15) are included in the table. It can be seen from the

Table 6.5 Comparison of the frequency parameters Ω for a cross-ply [0°/90°]10 conical shell with
various boundary conditions (R0 = 0.75 m, L = 0.5 m, φ = 30°, m = 1)

n FSDT (Qu et al. 2013a) Present

S–F S–S S–C S–F S–S S–C

0 0.6527 1.2919 1.4065 0.6528 1.2919 1.4065

1 0.4016 1.0903 1.1977 0.4016 1.0903 1.1976

2 0.2711 0.9789 1.1020 0.2712 0.9789 1.1020

3 0.2941 0.9692 1.0945 0.2941 0.9692 1.0944

4 0.4315 1.0312 1.1488 0.4315 1.0312 1.1487

5 0.6203 1.1490 1.2545 0.6203 1.1490 1.2545

6 0.8315 1.3076 1.4007 0.8315 1.3076 1.4006

7 1.0532 1.4936 1.5757 1.0532 1.4936 1.5756

8 1.2796 1.6968 1.7700 1.2796 1.6968 1.7700

9 1.5078 1.9105 1.9768 1.5078 1.9105 1.9767
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table that the frequency parameters of the shell increase as the thickness-to-small edge
radius ratio increases. In addition, it is obviously that the boundary conditions have a
conspicuous effect on the vibration frequencies. Increasing the restraint stiffness
always results in increments of the frequency parameters.

Table 6.7 lists the lowest four frequency parameters Ω for conical shells with
different angle-ply lamination schemes and boundary conditions. Single-layered
lamination [0°], antisymmetric laminations [0°/45°] and [0°/45°/0°/45°] and sym-
metric lamination [0°/45°/0°] are used in the calculation. The geometric and
material constants of these shells are: E1/E2 = 15, R0 = 1 m, L/R0 = 2, h/R0 = 0.1,
φ = 45°. As can be observed from Table 6.7, frequency parameters Ω of the [0°/45°/
0°/45°] shell are larger than those of the other three lamination schemes and the
minimum frequency parameter for each mode in all the boundary condition occurs
at those of single-layered lamination [0°]. In order to enhance our understanding of
the vibration behaviors of laminated conical shells, some selected mode shapes and
their corresponding frequency parameters Ωn,m for the [0°/45°/0°/45°] laminated
conical shell with F–C boundary condition are plotted in Fig. 6.2, where n and
m denote the circumferential wave number and longitudinal mode number. These

Table 6.6 Frequency parameters Ω for a [0°/90°] laminated conical shell with various boundary
conditions and thickness-to-small edge radius ratios (E1/E2 = 15, R0 = 1 m, L/R0 = 2, φ = 45°)

h/R0 Mode Boundary conditions

F–S S–F F–C C–F S–S C–C

0.01 1 0.1188 0.0415 0.1189 0.0416 0.1364 0.1373

2 0.1198 0.0454 0.1198 0.0454 0.1399 0.1411

3 0.1291 0.0455 0.1293 0.0456 0.1417 0.1426

4 0.1365 0.0546 0.1366 0.0548 0.1527 0.1540

0.02 1 0.1559 0.0543 0.1559 0.0543 0.1786 0.1825

2 0.1581 0.0613 0.1584 0.0614 0.1802 0.1836

3 0.1741 0.0620 0.1759 0.0621 0.1961 0.2001

4 0.1867 0.0775 0.1867 0.0777 0.1977 0.2022

0.05 1 0.2192 0.0754 0.2208 0.0761 0.2538 0.2699

2 0.2302 0.0914 0.2347 0.0914 0.2728 0.2900

3 0.2697 0.0922 0.2779 0.0939 0.2766 0.2921

4 0.2758 0.1268 0.2811 0.1270 0.3256 0.3435

0.10 1 0.2896 0.0988 0.3000 0.1034 0.3408 0.3835

2 0.2988 0.1061 0.3064 0.1072 0.3746 0.4140

3 0.3560 0.1584 0.3788 0.1585 0.3862 0.4277

4 0.4472 0.1585 0.4604 0.1626 0.4593 0.4981

0.15 1 0.3269 0.1070 0.3414 0.1142 0.4197 0.4852

2 0.3640 0.1396 0.3863 0.1412 0.4300 0.4966

3 0.4527 0.1595 0.4735 0.1672 0.4992 0.5575

4 0.4783 0.2249 0.5173 0.2249 0.5760 0.6327

220 6 Conical Shells



mode shapes are constructed by means of considering the displacement field in
Eq. (6.29) after solving the eigenvalue problem.

The vertex half-angle angle (φ) is a key parameter of a conical shell. The
cylindrical shells and annular plates considered in previous chapters can be seen as
the special cases of conical shells with zero and 90° (π/2) vertex half-angle angles,
respectively. In the following example, influence of vertex half-angle angle (φ) on
the vibration characteristics of laminated conical shells is investigated. Table 6.8
shows the lowest four frequency parameters Ω for a three-layered, cross-ply [0°/
90°/0°] conical shell with different boundary conditions. The material constants and
geometric parameters are the same as the previous example (see Table 6.7) except
that the vertex half-angle angle (φ) of the shell is changed from φ = 15° to φ = 75°
by a step of 15°. The table shows that the shell with C–F and S–F boundary
conditions yields lower frequency parameters than those of F–C and F–S boundary
conditions. The similar observation can be seen in Tables 6.6 and 6.7. The second
observation made here is that the shell with C–F and S–F boundary conditions gave
closer results. In addition, we can see that the maximum frequency parameters of
the shell with F–S, S–F, F–C, C–F, S–S and C–C boundary conditions occur at
φ = 45°, 15°, 60°, 15°, 45° and 75°, respectively.

Effects of the lamination layer number on the frequency parameters of conical
shells are investigated as well. In Fig. 6.3, variation of the lowest three dimen-
sionless frequencies Ω of a [0°/ϑ]n layered conical shell with F–C boundary con-
dition against the number of layers n are depicted, respectively (where n = 1 means

Table 6.7 Frequency parameters Ω for laminated conical shells with various lamination schemes
and boundary conditions (E1/E2 = 15, R0 = 1 m, L/R0 = 2, h/R0 = 0.1, φ = 45°)

Structure element Mode Boundary conditions

F–S S–F F–C C–F S–S C–C

[0°] 1 0.1652 0.0611 0.2024 0.0793 0.2399 0.3751

2 0.1818 0.0674 0.2143 0.0855 0.2496 0.3817

3 0.1946 0.0793 0.2366 0.0914 0.2534 0.3837

4 0.2449 0.1063 0.2766 0.1165 0.2809 0.4033

[0°/45°] 1 0.2890 0.0903 0.3020 0.0972 0.3813 0.4632

2 0.3219 0.1177 0.3453 0.1219 0.3919 0.4780

3 0.3612 0.1185 0.3750 0.1254 0.4268 0.5002

4 0.3995 0.1745 0.4371 0.1762 0.4588 0.5427

[0°/45°/0°] 1 0.2480 0.0898 0.2853 0.1088 0.3389 0.4710

2 0.2592 0.1016 0.3010 0.1147 0.3476 0.4775

3 0.3073 0.1150 0.3443 0.1328 0.3623 0.4882

4 0.3171 0.1380 0.3681 0.1447 0.3873 0.5077

[0°/45°/0°/45°] 1 0.3180 0.1104 0.3427 0.1197 0.4224 0.5190

2 0.3676 0.1306 0.3977 0.1420 0.4355 0.5270

3 0.3728 0.1451 0.4013 0.1494 0.4645 0.5582

4 0.4646 0.2090 0.5102 0.2107 0.4992 0.5814
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a single-layered shell; n = 2 means a two-layered shell, i.e. [0°/ϑ], and so forth).
Three lamination schemes, i.e. ϑ = 30°, 45° and 60° are considered in the inves-
tigation. The layers of the shells are of equal thickness and made from the same
material with follow proprieties: E1/E2 = 15, R0 = 1 m, L/R0 = 2, h/R0 = 0.1,
φ = 45°. As clearly observed from Fig. 6.3, the frequency parameters of the shell
increases rapidly and may reaches their crest around n = 18, and beyond this range,
the frequency parameters remain unchanged (ignore the fluctuation). The fluctua-
tion on the curves curves curved may be due to the fact that the shell are
symmetrically laminated when n is an odd number, and n equal to an even number
means the shells are unsymmetrically laminated.

The following numerical analysis is conducted to laminated conical shells with
elastic boundary conditions. As what treated in previous chapter, the following two
typical uniform elastic boundary conditions are considered in the subsequent
analysis (taking edge R = R0 for example):

Fig. 6.2 Mode shapes for a [0°/45°/0°/45°] laminated conical shell with F–C boundary condition
(Ωn,m, n = 1–3, m = 1–3)
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E1: the transverse direction is elastically restrained (w ≠ 0, u = v = ϕx = ϕθ = 0),
i.e., kw = Γ;
E2: the rotation is elastically restrained (ϕx ≠ 0, u = v = w = ϕθ = 0), i.e., Kx = Γ

Table 6.9 shows the lowest three frequency parameters Ω of a two-layered [0°/
90°] conical shell with different restrain parameters Γ and vertex half-angle angles.
The vertex half-angle angle φ varies from 0° to 90° by a step of 30°. The shell
parameters used are E1/E2 = 15, R0 = 1 m, L/R0 = 2, h/R0 = 0.05. The shell is
clamped at the edge of R = R1 and with elastic boundary conditions at the other
edge. The table shows that when the vertex half-angle angle φ = 0°, 30° and 60°,
increasing restraint rigidities in the transverse and rotation directions have very
limited effects on the frequency parameters of the shell. When the restrained rigidity
parameter Γ is varied from 10−2 × D to 104 × D, the corresponding maximum
differences of the lowest frequency parameters for the shell with E1

–C and E2
–C

boundary conditions are less than 1.36, 2.42, 0.85 % and 3.32, 4.45, 1.35 %,
respectively. However, the similar frequency parameter differences reach 177, 60,
16 % and 21.4, 22. 3, 18.3 % for the shell with vertex half-angle angle of φ = 90°.

Table 6.8 Frequency parameters Ω for a [0°/90°/0°] laminated conical shells with different
boundary conditions and vertex half-angle angles (E1/E2 = 15, R0 = 1 m, L/R0 = 2, h/R0 = 0.1)

φ Mode Boundary conditions

F–S S–F F–C C–F S–S C–C

15° 1 0.1504 0.0942 0.1671 0.1051 0.2360 0.3182

2 0.1582 0.0946 0.1742 0.1087 0.2571 0.3350

3 0.2094 0.1384 0.2270 0.1434 0.2719 0.3420

4 0.2466 0.1483 0.2561 0.1568 0.3202 0.3861

30° 1 0.1936 0.0878 0.2226 0.1043 0.2841 0.3996

2 0.2200 0.0942 0.2455 0.1139 0.2939 0.4078

3 0.2421 0.1214 0.2761 0.1297 0.3318 0.4310

4 0.3244 0.1513 0.3630 0.1635 0.3451 0.4474

45° 1 0.2165 0.0791 0.2588 0.1006 0.3066 0.4575

2 0.2457 0.0843 0.2830 0.1099 0.3159 0.4648

3 0.2625 0.1092 0.3136 0.1208 0.3506 0.4852

4 0.3402 0.1394 0.4048 0.1563 0.3628 0.4991

60° 1 0.2131 0.0658 0.2699 0.0931 0.3031 0.4898

2 0.2226 0.0678 0.2724 0.0970 0.3216 0.5019

3 0.2683 0.0992 0.3355 0.1132 0.3269 0.5034

4 0.3414 0.1105 0.3858 0.1332 0.3708 0.5359

75° 1 0.1582 0.0414 0.2200 0.0788 0.2806 0.4994

2 0.1928 0.0566 0.2612 0.0841 0.2860 0.5026

3 0.2107 0.0633 0.2626 0.0943 0.3129 0.5179

4 0.2648 0.0920 0.3442 0.1072 0.3176 0.5213
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Table 6.10 shows the similar studies for the shell with F boundary conditions at
the edge of R = R1. The table also reveals that when the vertex half-angle angle
φ = 0°, 30° and 60°, increasing the restraint rigidities in the transverse and rotation
directions have very limited effects on the frequency parameters of the shell. In
addition, it can be seen that the change of the restraint rigidity parameter Γ has large
effects on the frequency parameters of all conical shells with vertex half-angle angle
φ = 90°. Increasing the rigidity parameter Γ from 10−2 × D to 104 × D increases the
frequency parameters by almost 651.4, 22.5, 36.5 % and 101.2, 54.6, 94.6 % for the
E1
–F and E2

–F boundary conditions, respectively.
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Fig. 6.3 Variation of the
frequency parameters Ω
versus the number of layers
n for a [0°/ϑ]n layered conical
shell: a ϑ = 30°; b ϑ = 45°;
c ϑ = 60°
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6.4 Vibration of Laminated Open Conical Shells

Laminated open conical shells can be obtained by cutting a segment of the lami-
nated closed conical shells. For an open conical shell, the assumption of whole
periodic wave numbers in the circumferential direction is inappropriate, and thus, a
set of complete two-dimensional analysis is required and resort must be made to a
full two-dimensional solution scheme. This forms a major deterrent so that the
analyses of deep open conical shells have not been widely available. Among those
available, Bardell et al. (1999) studied the vibration of a general three-layer conical

Table 6.9 Frequency parameters Ω for a two-layered [0°/90°] conical shell with different restrain
parameters Γ and vertex half-angle angles (R0 = 1 m, L/R0 = 2, h/R0 = 0.05, E1/E2 = 15)

φ Γ E1
–C E2

–C

1 2 3 1 2 3

0° 10−2 × D 0.1614 0.1800 0.1960 0.1610 0.1797 0.1955

10−1 × D 0.1614 0.1800 0.1960 0.1610 0.1798 0.1956

100 × D 0.1614 0.1800 0.1960 0.1616 0.1802 0.1961

101 × D 0.1615 0.1801 0.1961 0.1627 0.1809 0.1973

102 × D 0.1619 0.1804 0.1965 0.1630 0.1812 0.1976

103 × D 0.1627 0.1810 0.1973 0.1631 0.1812 0.1977

104 × D 0.1630 0.1812 0.1977 0.1631 0.1812 0.1977

30° 10−2 × D 0.2555 0.2732 0.2831 0.2533 0.2706 0.2822

10−1 × D 0.2555 0.2732 0.2832 0.2535 0.2708 0.2822

100 × D 0.2556 0.2732 0.2831 0.2548 0.2726 0.2828

101 × D 0.2557 0.2734 0.2832 0.2572 0.2760 0.2838

102 × D 0.2564 0.2745 0.2834 0.2580 0.2771 0.2841

103 × D 0.2576 0.2765 0.2840 0.2581 0.2772 0.2842

104 × D 0.2581 0.2771 0.2841 0.2581 0.2772 0.2842

60° 10−2 × D 0.2532 0.2577 0.2837 0.2485 0.2527 0.2813

10−1 × D 0.2533 0.2577 0.2838 0.2488 0.2532 0.2815

100 × D 0.2532 0.2576 0.2839 0.2512 0.2565 0.2825

101 × D 0.2534 0.2582 0.2834 0.2554 0.2622 0.2845

102 × D 0.2548 0.2608 0.2843 0.2566 0.2638 0.2851

103 × D 0.2563 0.2634 0.2850 0.2567 0.2640 0.2851

104 × D 0.2567 0.2640 0.2851 0.2567 0.2640 0.2851

90° 10−2 × D 0.0592 0.1036 0.1434 0.1351 0.1360 0.1406

10−1 × D 0.0614 0.1010 0.1436 0.1370 0.1379 0.1422

100 × D 0.0793 0.1067 0.1439 0.1476 0.1489 0.1515

101 × D 0.1364 0.1402 0.1521 0.1607 0.1628 0.1632

102 × D 0.1608 0.1629 0.1633 0.1636 0.1659 0.1660

103 × D 0.1637 0.1659 0.1660 0.1640 0.1663 0.1663

104 × D 0.1640 0.1663 0.1663 0.1640 0.1663 0.1664
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sandwich panel based on the h-p version finite element method. Chern and Chao
(2000) made a general survey and comparison for variety of simply supported
shallow spherical, cylindrical, plate and saddle panels in rectangular planform. Lee
et al. (2002) and Hu et al. (2002) reported the vibration characteristics of twisted
cantilevered conical composite shells. Also, vibration of cantilevered laminated
composite shallow conical shells was presented by Lim et al. (1998), etc.

In this section, we consider free vibration of laminated deep open conical shells.
As was done previously for laminated open cylindrical shells, regardless of
boundary conditions, each displacement and rotation component of the open

Table 6.10 Frequency parameters Ω for a two-layered [0°/90°] conical shell with different
restrain parameters Γ and vertex half-angle angles (R0 = 1 m, L/R0 = 2, h/R0 = 0.05, E1/E2 = 15)

φ Γ E1
–F E2

–F

1 2 3 1 2 3

0° 10−2 × D 0.0904 0.0909 0.1403 0.0909 0.0912 0.1404

10−1 × D 0.0904 0.0909 0.1403 0.0909 0.0912 0.1404

100 × D 0.0904 0.0909 0.1403 0.0909 0.0912 0.1404

101 × D 0.0904 0.0909 0.1403 0.0909 0.0912 0.1404

102 × D 0.0905 0.0910 0.1403 0.0909 0.0912 0.1404

103 × D 0.0908 0.0912 0.1404 0.0909 0.0912 0.1404

104 × D 0.0909 0.0912 0.1404 0.0909 0.0912 0.1404

30° 10−2 × D 0.0831 0.1018 0.1025 0.0841 0.1027 0.1031

10−1 × D 0.0831 0.1018 0.1025 0.0841 0.1027 0.1031

100 × D 0.0831 0.1019 0.1025 0.0841 0.1027 0.1033

101 × D 0.0832 0.1019 0.1025 0.0842 0.1027 0.1037

102 × D 0.0835 0.1024 0.1026 0.0843 0.1027 0.1038

103 × D 0.0841 0.1027 0.1034 0.0843 0.1027 0.1038

104 × D 0.0842 0.1027 0.1037 0.0843 0.1027 0.1038

60° 10−2× D 0.0617 0.0705 0.0801 0.0620 0.0710 0.0803

10−1 × D 0.0617 0.0705 0.0801 0.0620 0.0712 0.0803

100 × D 0.0617 0.0706 0.0801 0.0625 0.0722 0.0803

101 × D 0.0618 0.0709 0.0801 0.0631 0.0737 0.0804

102 × D 0.0625 0.0724 0.0802 0.0632 0.0742 0.0804

103 × D 0.0631 0.0739 0.0803 0.0633 0.0742 0.0804

104 × D 0.0632 0.0742 0.0804 0.0633 0.0742 0.0804

90° 10−2 × D 0.0030 0.0196 0.0232 0.0110 0.0156 0.0163

10−1 × D 0.0091 0.0197 0.0233 0.0127 0.0172 0.0175

100 × D 0.0203 0.0224 0.0233 0.0182 0.0208 0.0250

101 × D 0.0216 0.0236 0.0304 0.0216 0.0235 0.0306

102 × D 0.0221 0.0240 0.0316 0.0221 0.0240 0.0316

103 × D 0.0222 0.0240 0.0317 0.0222 0.0240 0.0317

104 × D 0.0222 0.0240 0.0317 0.0222 0.0240 0.0317
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conical shells under consideration is expanded as a two-dimensional modified
Fourier series as Eq. (5.43). The similar non-dimensional parameter X ¼
xR1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qh=A11

p
is used in the calculations. And unless otherwise stated, the layers of

open conical shells under consideration are made of composite material with fol-
lowing properties: E2 = 10 GPa, E1/E2 = open, μ12 = 0.25, G12 = G13 = G23 = 0.5E2,
ρ = 1,500 kg/m3. For an open conical shell, there exits four boundaries, i.e., R = R0,
R = R1, θ = 0 and θ = θ0. Similarly, the boundary condition of an open conical shell
is represented by a four-letter character, such as FCSC identify the shell with F, C,
S and C boundary conditions at boundaries R = R0, θ = 0, R = R1 and θ = θ0,
respectively.

6.4.1 Convergence Studies and Result Verification

Tables 6.11 shows the convergence studies of the lowest six frequency parameters
Ω for a three-layered, [0°/90°/0°] deep open conical shell with FFFF and CCCC
boundary conditions, respectively. The material and geometry constants of the shell
are: E1/E2 = 15, R0 = 1 m, L/R0 = 2, h/R0 = 0.1, φ = π/4, θ0 = π. The zero frequency
parameters corresponding to the rigid body modes of the shell with FFFF boundary
conditions are omitted from the results. Excellent convergence of frequencies can
be observed in the table. Furthermore, the convergence of the FFFF solutions is
faster than those of CCCC boundary conditions.

Table 6.12 shows the comparison of the non-dimensional frequency parameters
X ¼ xL2

ffiffiffiffiffiffiffiffiffiffiffi
qh=D

p
of SSSS and CCCC supported, [0°/90°/0°] laminated shallow and

deep open conical shells with results provided by Ye et al. (2014b) based on the
conjunction of Ritz method and the first-order shear deformable shell theory. The

Table 6.11 Convergence of the frequency parameters Ω of a [0°/90°/0°] laminated open conical
shell with FFFF and CCCC boundary conditions (R0 = 1 m, L/R0 = 2, h/R0 = 0.1, θ0 = π, E1/
E2 = 15)

B.C. M × N Mode number

1 2 3 4 5 6

FFFF 14 × 14 0.0181 0.0325 0.0485 0.0711 0.0886 0.1268

15 × 15 0.0181 0.0325 0.0485 0.0711 0.0885 0.1268

16 × 16 0.0181 0.0325 0.0485 0.0711 0.0885 0.1268

17 × 17 0.0181 0.0325 0.0485 0.0711 0.0885 0.1268

18 × 18 0.0181 0.0325 0.0484 0.0711 0.0885 0.1267

CCCC 14 × 14 0.4588 0.4616 0.5151 0.5259 0.5991 0.6611

15 × 15 0.4588 0.4615 0.5150 0.5258 0.5987 0.6610

16 × 16 0.4588 0.4615 0.5149 0.5257 0.5987 0.6602

17 × 17 0.4588 0.4615 0.5149 0.5257 0.5986 0.6601

18 × 18 0.4588 0.4615 0.5148 0.5257 0.5986 0.6597

6.4 Vibration of Laminated Open Conical Shells 227

http://dx.doi.org/10.1007/978-3-662-46364-2_5


shell parameters used in the comparison are the same as those for Table 6.11. Five
different circumferential included angles, i.e., θ0 = 45°, 90°, 135°, 180° and 225°,
corresponding to shallow to deep open conical shells are performed in the com-
parison. It is clearly evident that the present solutions are in a good agreement with
the referential data, although different admissible displacement functions were
employed by Ye et al. (2014b). The differences between the two results are very
small, and do not exceed 0.065 % for the worst case.

6.4.2 Laminated Open Conical Shells with General Boundary
Conditions

Some further numerical results for laminated open conical shells with different
boundary conditions and shell parameters, such as geometric properties, lamination
schemes are given in the subsequent discussions.

Table 6.12 Comparison of frequency parameters X ¼ xL2
ffiffiffiffiffiffiffiffiffiffiffi
qh=D

p
for [0°/90°/0°] laminated

shallow and deep open conical shells with SSSS and CCCC boundary conditions (R0 = 1 m,
L/R0 = 2, h/R0 = 0.1, φ = π/4, E1/E2 = 15)

θ0 Mode Ye et al. (2014b) Present Difference (%)

SSSS CCCC SSSS CCCC SSSS CCCC

45° 1 29.953 37.831 29.956 37.831 0.010 0.002

2 32.542 44.176 32.543 44.177 0.003 0.002

3 50.005 58.363 50.006 58.364 0.003 0.001

4 52.410 67.406 52.415 67.408 0.010 0.002

90° 1 16.702 24.103 16.704 24.104 0.012 0.002

2 19.810 27.671 19.814 27.673 0.019 0.008

3 29.910 37.898 29.918 37.900 0.027 0.003

4 33.347 39.299 33.349 39.304 0.005 0.014

135° 1 15.281 22.565 15.284 22.566 0.019 0.004

2 16.536 22.888 16.537 22.889 0.010 0.004

3 19.943 26.779 19.949 26.782 0.027 0.010

4 22.977 30.186 22.989 30.197 0.049 0.035

180° 1 14.820 21.855 14.823 21.856 0.023 0.002

2 15.129 21.983 15.129 21.985 0.005 0.010

3 17.444 24.519 17.454 24.525 0.058 0.022

4 19.367 25.038 19.375 25.042 0.038 0.018

225° 1 14.571 21.526 14.572 21.527 0.006 0.002

2 14.588 21.667 14.592 21.670 0.028 0.012

3 16.470 23.078 16.480 23.078 0.065 0.002

4 16.915 23.431 16.916 23.438 0.003 0.030
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Isotropic open conical shells are a special case of the laminated ones. Vibration
results of these shells with general boundary conditions are rare in the literature as
well. Therefore, Table 6.13 shows the first four frequency parameters Ω of an
isotropic (E = 210 GPa, μ12 = 0.3, ρ = 7,800 kg/m3) open conical shell with different
types of boundary conditions (FFFC, FFCC, FCCC, CCCF, CCFF and CFFF) and
thickness-to-small edge radius ratios (h/R0). The geometry parameters used in the
analysis are: R0 = 1 m, L = 2 m, θ0 = 90°, φ = 30°. Four different thickness-to-small
edge radius ratios, i.e., h/R0 = 0.01, 0.02, 0.05 and 0.1 are used in the calculation.
The table shows that the frequency parameters of the shell tend to increase with
thickness-to-small edge radius ratio increases. This is true due to the stiffness of an
isotropic open conical shell increases with thickness increases. Furthermore, it is
interesting to find that the frequency parameters of the shell with cantilever
boundary conditions in the curved edge are higher than those of straight edges.

The first six mode shapes for the shell with thickness-to-small edge radius ratio
h/R0 = 0.01 and FCCC boundary condition are given in Fig. 6.4. These 3-D view
mode shapes serve to enhance our understanding of the vibratory characteristics of
the open conical shell. Table 6.14 shows the similar studies for a two-layered [0°/
90°] open conical shell. The layers of the shell are made of composite material with
following properties: E1/E2 = 15. Table 6.14 also shows that the frequency
parameters of laminated open conical shells increase with thickness-to-small edge
radius ratio increases.

Table 6.13 Frequency parameters Ω of an isotropic open conical shell with various boundary
conditions and thickness-to-radius ratios (R0 = 1 m, L = 2 m, θ0 = 90°, φ = 30°)

h/R0 Mode Boundary conditions

FFFC FFCC FCCC CCCF CCFF CFFF

0.01 1 0.0037 0.0590 0.2277 0.0996 0.0263 0.0240

2 0.0100 0.1212 0.2537 0.1907 0.0738 0.0281

3 0.0172 0.1788 0.3233 0.2479 0.0995 0.0622

4 0.0345 0.2172 0.3411 0.2769 0.1060 0.0908

0.02 1 0.0074 0.0872 0.3525 0.1501 0.0393 0.0360

2 0.0198 0.1837 0.3722 0.3004 0.1052 0.0393

3 0.0342 0.2540 0.4800 0.3473 0.1571 0.1018

4 0.0681 0.3293 0.5113 0.4079 0.1707 0.1143

0.05 1 0.0184 0.1470 0.5520 0.2695 0.0682 0.0510

2 0.0489 0.3335 0.6682 0.5239 0.1861 0.0820

3 0.0842 0.4356 0.8394 0.5964 0.2820 0.1307

4 0.1629 0.5654 0.9446 0.6877 0.2874 0.2357

0.10 1 0.0366 0.2299 0.8543 0.4357 0.1096 0.0817

2 0.0953 0.5164 0.9780 0.7747 0.2542 0.1080

3 0.1652 0.6100 1.2614 0.9499 0.4405 0.2062

4 0.2996 0.8463 1.2658 1.0000 0.4729 0.4047

6.4 Vibration of Laminated Open Conical Shells 229



Fig. 6.4 Mode shapes for an isotropic open conical shell with FCCC boundary conditions

230 6 Conical Shells



At the end of this section, the influence of circumferential included angle θ0 on
the frequency parameters of laminated open conical shells is investigated.
A two-layered [0°/90°] open conical shell with small edge radius R0 = 1 m, length
L = 2 m, thickness h = 0.05 m is investigated. The layers of the shell are made of
composite material having orthotropy ratio E1/E2 = 15. Three different vertex half-
angle angles, i.e., φ = 0°, 45° and 90°, corresponding to open cylindrical shell,
general open conical shell and sectorial plate are performed in the investigation.
Figure 6.5 shows the variation of the lowest three frequency parameters Ω of the
shell with SSSS boundary condition against the circumferential included angle θ0.
As observed from the figure, the frequency parameter traces of the shell decline
when the circumferential included angle θ0 is varied from 30° to 330° by a step of
15°. It is attributed to the stiffness of the shell decreases with circumferential
included angle θ0 increases. Furthermore, it is obvious that the effect of the

Table 6.14 Frequency parameters Ω of a two-layered [0°/90°] open conical shell with various
boundary conditions and thickness-to-radius ratios (R0 = 1 m, L = 2 m, θ0 = 90°, φ = 30°, E1/
E2 = 15)

h/R0 Mode Boundary conditions

FFFC FFCC FCCC CCCF CCFF CFFF

0.01 1 0.0024 0.0412 0.1344 0.0628 0.0187 0.0173

2 0.0052 0.0765 0.1466 0.1147 0.0498 0.0200

3 0.0102 0.1158 0.1899 0.1394 0.0616 0.0438

4 0.0202 0.1307 0.1906 0.1556 0.0698 0.0577

0.02 1 0.0047 0.0578 0.1979 0.0906 0.0267 0.0256

2 0.0102 0.1123 0.2039 0.1760 0.0684 0.0262

3 0.0201 0.1552 0.2693 0.1926 0.0942 0.0654

4 0.0399 0.1934 0.2941 0.2173 0.1112 0.0758

0.05 1 0.0118 0.0914 0.3067 0.1583 0.0441 0.0336

2 0.0254 0.1990 0.3915 0.2830 0.1135 0.0524

3 0.0491 0.2533 0.4713 0.3519 0.1591 0.0824

4 0.0953 0.3186 0.5573 0.3917 0.1742 0.1454

0.10 1 0.0234 0.1377 0.4786 0.2556 0.0690 0.0468

2 0.0498 0.3080 0.6516 0.4231 0.1442 0.0742

3 0.0946 0.3353 0.6981 0.5271 0.2666 0.1182

4 0.1735 0.4728 0.8905 0.5919 0.2746 0.2194
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circumferential included angle θ0 is much higher for open cylindrical, conical shells
and sectorial plates with lower circumferential included angle. Changing θ0 from
30° to 90° results in frequency parameters that are more than five times lower.
Conversely, increasing θ0 from 90° to 330° yields less than 30 % decrement of the
frequency parameters.
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Fig. 6.5 Variation of
frequency parameters Ω
versus θ0 for [0°/90°]
laminated open conical shells
with SSSS boundary
condition: a φ = 0°; b φ = 45°;
c φ = 90°
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Figure 6.6 shows the similar studies for the conical shell with CCCC boundary
condition. The similar observations can be seen in this figure.
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Fig. 6.6 Variation of
frequency parameters Ω
versus θ0 for [0°/90°]
laminated open conical shells
with CCCC boundary
condition: a φ = 0°; b φ = 45°;
c φ = 90°
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Chapter 7
Spherical Shells

The cylindrical and conical shells considered in Chaps. 5 and 6 are special cases of
shells of revolution. Spherical shells are another special case of shells of revolution.
A spherical shell is a doubly-curved shell characterized by a middle surface generated
by the rotation of a circular cure line segment (generator) about a fixed axis. If the axis
of rotation along the diameter of the circle of the line segment, a spherical shell with
constant curvature in the meridional and circumferential directions will be resulted
and the two radii of curvature are equal. It is noticeable that the spherical shells are
very stiff for both in-plane and bending loads due to the curvature of the middle
surface, which is also a reason for the analysis difficulties of the shells, especially the
exact three-dimensional elasticity (3-D) analysis. The spherical shells can be closed
and open. If the generator rotates less than one full revolution about the axis, the
spherical shell is open and has four boundaries. If further, the generator rotates one
full revolution about the axis and the proper continuity conditions are satisfied along
the junction line, a closed spherical shell results, which has only two edges.

Laminated spherical shells composed of advance composite material layers are
another important structural components widely used in an increasing number of
engineering structures to satisfy special functional requirements. Understanding the
vibration characteristics of these structural elements is particularly important for
engineers to design suitable structures with low vibration and noise radiation
characteristics. However, the literature of vibration analysis of laminated spherical
shells is limited. Among those available, Qatu (2004) presented the fundamental
equations of thin and thick spherical shells. Gautham and Ganesan (1997) dealt with
the free vibration characteristics of isotropic and laminated orthotropic spherical
caps using semi-analytical shell finite element. Sai Ram and Sreedhar Babu (2002)
applied an eight-node degenerated isoparametric shell element method to investigate
the free vibration of composite spherical shell cap with and without a cutout. Qu
et al. (2013a) developed a unified formulation for vibration analysis of composite
laminated cylindrical, conical and spherical shells including shear deformation and
rotary inertia, in which a modified variational principle in conjunction with a multi-
segment partitioning technique is employed to derive the formulation based on the
first-order shear deformation theory. Jin et al. (2014a) investigated vibrations of
laminated spherical shells with general boundary conditions. Free vibration of

© Science Press, Beijing and Springer-Verlag Berlin Heidelberg 2015
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simply supported laminated spherical panels with random material properties is
reported by Singh et al. (2001) based on the high-order shear deformation shallow
theory. Ye et al. (2014b, c) developed a unified Chebyshev–Ritz formulation for the
vibration analysis of thin and thick laminated open cylindrical, conical and spherical
shells with arbitrary boundary conditions, etc.

The emphasis in this chapter is the closed and deep open spherical shells
composed of layers having spherical orthotropy. Fundamental equations of thin
(CST) and thick (SDST) spherical shells are presented in the first and second
sections, respectively, including the strain-displacement relations, force and
moment resultants, energy functions, governing equations and boundary condition
equations. These equations are obtained by substituting the proper Lamé parameters
of spherical shells in the general shell equations. On the basis of shear deformation
shell theory (SDST) and modified Fourier series, numerous vibration results of thin
and thick laminated closed spherical shells with different boundary conditions,
lamination schemes and geometry parameters are given in the third section by
applying the weak form solution procedure. Vibration of deep open laminated
spherical shells will then be treated in the latest section of this chapter.

Closed spherical shells can be viewed as a special case of open spherical shells
having circumferential included angles of 2π (or 360°) and the proper continuity
conditions are satisfied along the junction line. For the sake of brevity, a general
laminated open spherical shell with mean radius R and total thickness h is selected
as the analysis model. As shown in Fig. 7.1, the geometry and dimensions of the
shell are defined with respect to the coordinates φ, θ and z along the meridional,
circumferential and radial directions which is located in the middle surface of the
shell. The shell domain is bounded by φ0 < φ < φ1, 0 < θ < θ0 and h/2 < z < h/2. The
middle surface displacements of the spherical shell in the φ, θ and z directions are
denoted by u, v and w, respectively.

Consider the spherical shell in Fig. 7.1 and its spherical coordinate system, the
coordinates, characteristics of the Lamé parameters and radii of curvatures are:

ϕ 0

ϕ

ϕ 1

z

2 π − θ 0

θ

R

h

Fig. 7.1 Geometry notations and coordinate system of spherical shells

236 7 Spherical Shells



a ¼ u; b ¼ h; A ¼ R; B ¼ R sinu; Ra ¼ Rb ¼ R ð7:1Þ

The equations of spherical shells are a specialization of the general shell
equations given in Chap. 1 by substituting Eq. (7.1) into such shell equations.

7.1 Fundamental Equations of Thin Laminated Spherical
Shells

We will first derive the fundamental equations for thin laminated spherical shells by
substituting Eq. (7.1) into the general thin shell equations developed in Sect. 1.2.
The equations are formulated for the general dynamic analysis. It can be readily
specialized to static (letting frequency ω equal to zero) and free vibration
(neglecting the external load) analysis.

7.1.1 Kinematic Relations

Substituting Eq. (7.1) into Eq. (1.7) yields the middle surface strains and curvature
changes for a thin spherical shell in terms of middle surface displacements as:

e0u ¼ 1
R
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þ w
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and s ¼ sinu c ¼ cosu t ¼ tanu

ð7:2Þ

where e0u, e
0
h and c0uh are the middle surface normal and shear strains. χφ, χθ and χφθ

denote the middle surface curvature and twist changes. Then, the state of strain at an
arbitrary point in the kth layer of the thin spherical shell can be defined as:

eu ¼ e0u þ zvu

eh ¼ e0h þ zvh
cuh ¼ c0uh þ zvuh

ð7:3Þ
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where Zk+1 < z < Zk (Zk+1 and Zk denote the distances from the top surface and
bottom surface of the layer to the referenced middle surface, respectively).

7.1.2 Stress-Strain Relations and Stress Resultants

According to the generalized Hooke’s law, the corresponding stress-strain relations
in the kth layer of the thin spherical shells are:

ru
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8><
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9>=
>;

k

¼
Qk

11 Qk
12 Qk

16

Qk
12 Qk

22 Qk
26

Qk
16 Qk

26 Qk
66

2
64

3
75

eu
eh

cuh

8><
>:

9>=
>;

k

ð7:4Þ

where σφ and σθ are the normal stresses in the φ and θ directions, τφθ is the shear

stress. The constants Qk
ij(i, j = 1, 2, 6) represent the elastic properties of the material

of the layer. They are written as in Eq. (1.12). It should be noted that the orthotropy
treated here is spherical orthotropy.

Integrating the stresses over the shell thickness or substituting Eq. (7.1) into
Eq. (1.14), the force and moment resultants of thin spherical shells can be obtained
in terms of the middle surface strains and curvature changes as

Nu
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6666664

3
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ð7:5Þ

where Nφ and Nθ are the normal force resultants in the φ and θ directions, Nφθ is the
corresponding shear force resultants. Mφ, Mθ and Mφθ denote the bending and
twisting moment resultants. The stiffness coefficients Aij, Bij, and Dij are written as
in (1.15).

7.1.3 Energy Functions

The strain energy (Us) of thin laminated spherical shells during vibration can be
defined as:

Us ¼ 1
2

Z
u

Z
h
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The corresponding kinetic energy function is:

T ¼ 1
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where the inertia term I0 is defined as in Eq. (1.19). Suppose qφ, qθ and qz are the
external loads in the φ, θ and z directions, respectively. Thus, the external work can
be expressed as:

We ¼
Z
u

Z
h

quuþ qhvþ qzw
� �

R2sdhdu ð7:8Þ

The same as usual, the general boundary conditions of a thin spherical shell are
implemented by using the artificial spring boundary technique (see Sect. 1.2.3).
Letting kuw, k

v
w, k

w
w and Kw

w (ψ = φ0, θ0, φ1 and θ1) to indicate the stiffness of the
boundary springs at the boundaries φ = φ0, θ = 0, φ = φ1 and θ = θ0, respectively,
therefore, the deformation strain energy stored in the boundary springs (Usp) during
vibration can be defined as:

Usp ¼ 1
2

Z
h

kuu0u
2 þ kvu0v

2 þ kwu0w
2 þ Kw

u0 @w=R@uð Þ
h i

u¼u0

��
þ kuu1u

2 þ kvu1v
2 þ kwu1w

2 þ Kw
u1 @w=R@uð Þ

h i
u¼u1

��
8><
>:

9>=
>;Rsdh

þ 1
2

Z
u

kuh0u
2 þ kvh0v

2 þ kwh0w
2 þ Kw

h0 @w=R@uð Þ� �
h¼0j

þ kuh1u
2 þ kvh1v

2 þ kwh1w
2 þ Kw

h1 @w=R@uð Þ� �
h¼h0j

( )
Rdu ð7:9Þ

The energy functions presented here can be applied to derive the governing
equations and boundary conditions of thin laminated spherical shells or search the
approximate solutions of practical problems.

7.1.4 Governing Equations and Boundary Conditions

Substituting Eq. (7.1) into Eq. (1.28) and then simplifying the expressions, the
resulting governing equations of thin laminated spherical shells are:

@Nu

@u
þ Nu

t
þ @Nuh

s@h
� Nh

t
þ Qu þ Rqu ¼ RI0

@2u
@t2

@Nuh

@u
þ 2Nuh

t
þ @Nh

s@h
þ Qh þ Rqh ¼ RI0

@2v
@t2

� Nu þ Nh
	 
þ @Qu

@u
þ Qu

t
þ @Qh

s@h
þ Rqz ¼ RI0

@2w
@t2

ð7:10Þ
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where

Qu ¼ @Mu

R@u
þMu

Rt
�Mh

Rt
þ @Muh

Rs@h

Qh ¼ @Muh

R@u
þ 2Muh

Rt
þ @Mh

Rs@h

ð7:11Þ

According to Eqs. (1.29) and (1.30), the boundary conditions of thin laminated
spherical shells are:

u ¼ u0 :

Nu þ Mu

R � kuuu ¼ 0

Nuh þ Muh

R � kvuhv ¼ 0

Qu þ @Muh

RS@h � kwu0w ¼ 0
�Mu � Kw

u0
@w
R@u ¼ 0

8>>>><
>>>>:

u¼u1 :

Nu þ Mu

R þ kuu1u ¼ 0

Nuh þ Muh

R þ kvu1v ¼ 0

Qu þ @Muh

Rs@h þ kwu1w ¼ 0
�Mu þ Kw

u1
@w
R@u ¼ 0

8>>>><
>>>>:

h¼ 0 :

Nuh þ Muh

R � kuh0u¼ 0
Nh þ Mh

R � kvh0v¼ 0

Qh þ @Muh

R@u � kwh0w¼ 0

�Mh � Kw
h0

@w
Rs@h ¼ 0

8>>><
>>>:

h¼ h0 :

Nuh þ Muh

R þ kuh1u¼ 0
Nh þ Mh

R þ kvh1v¼ 0

Qh þ @Muh

R@u þ kwh1w¼ 0

�Mh þ Kw
h1

@w
Rs@h ¼ 0

8>>><
>>>:

ð7:12Þ

For thin spherical shells, each boundary can have up to 12 possible classical
boundary conditions. The possible classical boundary conditions for boundaries
φ = constant are given in Table 7.1, similar boundary conditions can be obtained for
boundaries θ = constant.

Table 7.1 Possible classical
boundary conditions for thin
spherical shells at each
boundary of φ = constant

Boundary
type

Conditions

Free boundary conditions

F Nu þ Mu

R ¼ Nuh þ Muh

R ¼ Qu þ @Muh

Rs@h ¼ Mu ¼ 0

F2 u ¼ Nuh þ Muh

R ¼ Qu þ @Muh

Rs@h ¼ Mu ¼ 0

F3 Nu þ Mu

R ¼ v ¼ Qu þ @Muh

Rs@h ¼ Mu ¼ 0

F4 u ¼ v ¼ Qu þ @Muh

Rs@h ¼ Mu ¼ 0

Simply supported boundary conditions

S u = v = w = Mφ = 0

SD Nu þ Mu

R ¼ v ¼ w ¼ Mu ¼ 0

S3 u ¼ Nuh þ Muh

R ¼ w ¼ Mu ¼ 0

S4 Nu þ Mu

R ¼ Nuh þ Muh

R ¼ w ¼ Mu ¼ 0

Clamped boundary conditions

C u ¼ v ¼ w ¼ @w
@u ¼ 0

C2 Nu þ Mu

R ¼ v ¼ w ¼ @w
@u ¼ 0

C3 u ¼ Nuh þ Muh

R ¼ w ¼ @w
@u ¼ 0

C4 Nu þ Mu

R ¼ Nuh þ Muh

R ¼ w ¼ @w
@u ¼ 0
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7.2 Fundamental Equations of Thick Laminated Spherical
Shells

Fundamental equations of thick laminated spherical shells will be derived in this
section. Similarly, the equations that follow are a specialization of the general shear
deformation shell theory (SDST).

7.2.1 Kinematic Relations

Based on the assumptions of SDST, the displacement field of a thick spherical shell
can be expressed in terms of the middle surface displacements and rotation com-
ponents as

Uðu; h; zÞ ¼ uðu; hÞ þ z/u

Vðu; h; zÞ ¼ vðu; hÞ þ z/h

Wðu; h; zÞ ¼ wðu; hÞ
ð7:13Þ

where u, v and w are the middle surface shell displacements in the φ, θ and
z directions, respectively, and ϕφ and ϕθ represent the rotations of the transverse
normal respect to θ- and φ-axes. Substituting Eq. (7.1) into Eqs. (1.33) and (1.34),
the normal and shear strains at any point of the thick spherical shell space can be
defined in terms of the middle surface strains and curvature changes as

eu ¼ 1
1þ z=Rð Þ e0u þ zvu

� �

eh ¼ 1
1þ z=Rð Þ e0h þ zvh

	 

cuh ¼

1
1þ z=Rð Þ c0uh þ zvuh þ c0uh þ zvuh

� �

cuz ¼
c0uz

1þ z=Rð Þ

chz ¼
c0hz

1þ z=Rð Þ

ð7:14Þ
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where

e0u ¼ 1
R

@u
@u þ w

� �
vu ¼ 1

R
@/u

@u

e0h ¼ 1
R

u
t þ @v

s@h þ w
	 


vh ¼ 1
R

@/h
s@h þ

/u

t

� �
c0uh ¼ 1

R
@v
@u vuh ¼ 1

R
@/h
@u

c0hu ¼ 1
R

@u
s@h � v

t

	 

vhu ¼ 1

R
@/u

s@h � /h
t

� �
c0uz ¼ 1

R
@w
@u � u

R þ /u

c0hz ¼ 1
Rs

@w
@h � v

R þ /h

ð7:15Þ

7.2.2 Stress-Strain Relations and Stress Resultants

Substituting α = φ and β = θ into Eq. (1.35), the corresponding stress-strain relations
in the kth layer of a thick spherical shell can be written as:

ru
rh
shz
suz
suh

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

k

¼

Qk
11 Qk

12 0 0 Qk
16

Qk
12 Qk

22 0 0 Qk
26

0 0 Qk
44 Qk

45 0
0 0 Qk

45 Qk
55 0

Qk
16 Qk

26 0 0 Qk
66

2
6666664

3
7777775

eu
eh
chz
cuz

cuh

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

k

ð7:16Þ

where τφz and τθz are the corresponding shear stress components. The elastic stiff-

ness coefficients Qk
ij are given as in Eq. (1.39). Substituting Eq. (7.1) into (1.40), the

force and moment resultants of a thick spherical shell can be obtained by following
integration operation:

Nu

Nuh

Qu

2
64

3
75 ¼

Zh=2
�h=2

ru

suh

suz

2
664

3
775 1þ z

R

� �
dz;

Nh

Nhu

Qh

2
64

3
75 ¼

Zh=2
�h=2

rh

shu

shz

2
664

3
775 1þ z

R

� �
dz

Mu

Muh

" #
¼

Zh=2
�h=2

ru

suh

" #
1þ z

R

� �
zdz;

Mh

Mhu

" #
¼

Zh=2
�h=2

rh

shu

" #
1þ z

R

� �
zdz ð7:17Þ

The deepness term (1 + z/R) exist in both the numerator and denominator of the
force and moment resultants, this will yields symmetric stress resultants (Nφθ = Nθφ
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and Mφθ = Mθφ) and effectively reduce the equations to those of plates with the
proper change of the coordinates. Performing the integration operation in Eq. (7.17)
yields the force and moment resultants in terms of the middle surface strains and
curvature changes as:

Nu

Nh

Nuh

Nhu

Mu

Mh

Muh

Mhu

2
66666666666664

3
77777777777775
¼

A11 A12 A16 A16

A12 A22 A26 A26

A16 A26 A66 A66

A16 A26 A66 A66

B11 B12 B16 B16

B12 B22 B26 B26

B16 B26 B66 B66

B16 B26 B66 B66

B11 B12 B16 B16

B12 B22 B26 B26

B16 B26 B66 B66

B16 B26 B66 B66

D11 D12 D16 D16

D12 D22 D26 D26

D16 D26 D66 D66

D16 D26 D66 D66

2
66666666666664

3
77777777777775

e0u
e0h
c0uh
c0hu
vu
vh
vuh
vhu

2
666666666666664

3
777777777777775

Qh

Qu


 �
¼ A44 A45

A45 A55


 �
c0hz
c0uz

" #

ð7:18Þ

The stiffness coefficients Aij, Bij and Dij are given as in Eq. (1.43). Note that
when a spherical shell is symmetrically laminated with respect to its middle surface,
the constants Bij equal to zero, and, hence the equations are much simplified.

7.2.3 Energy Functions

The strain energy (Us) of thick spherical shells during vibration can be defined in
terms of the middle surface strains, curvature changes and corresponding stress
resultants as

Us ¼ 1
2

Z
u

Z
h

Nue
0
u þ Nhe

0
h þ Nuhc

0
uh þ Nhuc

0
hu þMuvu

þMhvh þMuhvuh þMhuvhu þ Qucuz þ Qhchz

( )
R2sdhdu

ð7:19Þ

Substituting Eqs. (7.17) and (7.20) into Eq. (7.21), the above equation can be
expressed in terms of the middle surface displacements (u, v, w) and rotation
components (ϕφ, ϕθ). The corresponding kinetic energy (T) of thick spherical shells
during vibration can be written as:
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T ¼ R2

2

Z
u

Z
h

Zh=2
�h=2

qz

@u
@t

þ z
@/u

@t

� �2

þ @v
@t

þ z
@/h

@t

� �2

þ @w
@t

� �2

8>>>><
>>>>:

9>>>>=
>>>>;

1þ z
R

� �2
sdhdudz

¼ R2

2

Z
u

Z
h

I0
@u
@t

� �2

þ2I1
@u
@t

@/u

@t
þ I2

@/u

@t

� �2

þI0
@v
@t

� �2

þ 2I1
@v
@t

@/h

@t
þ I2

@/h

@t

� �2

þI0
@w
@t

� �2

8>>>><
>>>>:

9>>>>=
>>>>;
sdhdu ð7:20Þ

where the inertia terms are:

I0 ¼ I0 þ 2I1
R

þ I2
R2

I1 ¼ I1 þ 2I2
R

þ I3
R2

I2 ¼ I2 þ 2I3
R

þ I4
R2

½I0; I1; I2; I3; I4� ¼
XN
k¼1

Zzkþ1

zk

qk½1; z; z2; z3; z4�dz

ð7:21Þ

in which ρk is the mass of the kth layer per unit middle surface area. Suppose the
distributed external forces qφ, qθ and qz are in the φ, θ and z directions, respectively,
and mφ and mθ represent the external couples in the middle surface, thus, the work
done by the external loads can be written as

We ¼
Z
u

Z
h

quuþ qhvþ qzwþ mu/u þ mh/h

� �
R2sdhdu: ð7:22Þ

Using the artificial spring boundary technique similar to that described earlier,
the deformation strain energy (Usp) of the boundary springs during vibration is:

Usp ¼ 1
2

Z
h

s kuu0u
2 þ kvu0v

2 þ kwu0w
2 þ Ku

u0/
2
u þ Kh

u0/
2
h

h i
u¼u0

��
þ s kuu1u

2 þ kvu1v
2 þ kwu1w

2 þ Ku
u1/

2
u þ Kh

u1/
2
h

h i
u¼u1

��
8><
>:

9>=
>;Rdh

þ 1
2

Z
u

kuh0u
2 þ kvh0v

2 þ kwh0w
2 þ Ku

h0/
2
u þ Kh

h0/
2
h

h i
h¼0j

þ kuh1u
2 þ kvh1v

2 þ kwh1w
2 þ Ku

h1/
2
u þ Kh

h1/
2
h

h i
h¼h0j

8><
>:

9>=
>;Rdu ð7:23Þ
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where kuw, k
v
w, k

w
w , K

u
w and Kh

w(ψ = φ0, θ0, φ1 and θ1) represent the rigidities (per unit
length) of the boundary springs at the boundaries φ = φ0, θ = 0, φ = φ1 and θ = θ0,
respectively.

The energy functions presented here will be applied to search the approximate
solutions of free vibration problems of spherical shells with general boundary
conditions in the later sections.

7.2.4 Governing Equations and Boundary Conditions

Substituting Eq. (7.1) into Eq. (1.59), the governing equations of thick laminated
spherical shells can be specialized from those of general thick shells. The resulting
equations become

@Nu

@u
þ Nu

t
� Nh

t
þ @Nhu

s@h
þ Qu þ Rqu ¼RI0

@2u
@t2

þ RI1
@2/u

@t2

@Nh

s@h
þ @Nuh

@u
þ Nuh

t
þ Nhu

t
þ Qh þ Rqh ¼RI0

@2v
@t2

þ RI1
@2/h

@t2

� Nu þ Nh
	 
þ @Qu

@u
þ Qu

t
þ @Qh

s@h
þ Rqz ¼RI0

@2w
@t2

@Mu

@u
þMu

t
�Mh

t
þ @Mhu

s@h
� RQu þ Rmu ¼RI1

@2u
@t2

þ RI2
@2/u

@t2

@Mh

s@h
þ @Muh

@u
þMuh

t
þMhu

t
� RQh þ Rmh ¼RI1

@2v
@t2

þ RI2
@2/h

@t2

ð7:24Þ

Substituting Eqs. (7.15) and (7.18) into Eq. (7.24), the governing equations of thick
spherical shells can be written in terms of displacements as

L11 L12 L13 L14 L15
L21 L22 L23 L24 L25
L31 L32 L33 L34 L35
L41 L42 L43 L44 L45
L51 L52 L53 L54 L55

2
66664

3
77775� x2

M11

0
0
M41

0

0
M22

0
0
M52

0
0
M33

0
0

M14

0
0
M44

0

0
M25

0
0
M55

2
66664

3
77775

0
BBBB@

1
CCCCA

u
v
w
/u

/h

2
66664

3
77775 ¼ R

�pu
�ph
�pz
�mu

�mh

2
66664

3
77775

ð7:25Þ

7.2 Fundamental Equations of Thick Laminated Spherical Shells 245

http://dx.doi.org/10.1007/978-3-662-46364-2_1


The coefficients of the linear operator Lij are

L11 ¼ @

@u
A11

R
@

@u
þ A12

Rt
þ A16

Rs
@

@h

� �
þ 1

t
A11

R
@

@u
þ A12

Rt
þ A16

Rs
@

@h

� �

� 1
t

A12

R
@

@u
þ A22

Rt
þ A26

Rs
@

@h

� �
þ @

s@h
A16

R
@

@u
þ A26

Rt
þ A66

Rs
@

@h

� �
� A55

R

L12 ¼ @

@u
A12

Rs
@

s@h
þ A16

R
@

@u
� A16

Rt

� �
þ 1

t
A12

Rs
@

s@h
þ A16

R
@

@u
� A16

Rt

� �

� 1
t

A22

Rs
@

s@h
þ A26

R
@

@u
� A26

Rt

� �
þ @

s@h
A26

Rs
@

s@h
þ A66

R
@

@u
� A66

Rt

� �
� A45

R

L13 ¼ @

@u
A11

R
þ A12

R

� �
þ 1

t
A11

R
þ A12

R

� �
� 1

t
A12

R
þ A22

R

� �

þ @

s@h
A16

R
þ A26

R

� �
þ A45

Rs
@

@h
þ A55

R
@

@u

� �

L14 ¼ @

@u
B11

R
@

@u
þ B12

Rt
þ B16

Rs
@

@h

� �
þ 1

t
B11

R
@

@u
þ B12

Rt
þ B16

Rs
@

@h

� �

� 1
t

B12

R
@

@u
þ B22

Rt
þ B26

Rs
@

@h

� �
þ @

s@h
B16

R
@

@u
þ B26

Rt
þ B66

Rs
@

@h

� �
þ A55

L15 ¼ @

@u
B12

Rs
@

@h
þ B16

R
@

@u
� B16

Rt

� �
þ 1

t
B12

Rs
@

@h
þ B16

R
@

@u
� B16

Rt

� �

� 1
t

B22

Rs
@

@h
þ B26

R
@

@u
� B26

Rt

� �
þ @

s@h
B26

Rs
@

@h
þ B66

R
@

@u
� B66

Rt

� �
þ A45

L21 ¼ @

s@h
A12

R
@

@u
þ A22

Rt
þ A26

Rs
@

@h

� �
þ @

@u
A16

R
@

@u
þ A26

Rt
þ A66

Rs
@

@h

� �

þ 2
t

A16

R
@

@u
þ A26

Rt
þ A66

Rs
@

@h

� �
� A45

R

L22 ¼ @

s@h
A22

Rs
@

s@h
þ A26

R
@

@u
� A26

Rt

� �
þ @

@u
A26

Rs
@

s@h
þ A66

R
@

@u
� A66

Rt

� �

þ 2
t

A26

Rs
@

s@h
þ A66

R
@

@u
� A66

Rt

� �
� A44

R

L23 ¼ @

s@h
A12

R
þ A22

R

� �
þ @

@u
A16

R
þ A26

R

� �
þ 2

t
A16

R
þ A26

R

� �

þ A44

Rs
@

@h
þ A45

R
@

@u

� �

L24 ¼ @

s@h
B12

R
@

@u
þ B22

Rt
þ B26

Rs
@

@h

� �
þ @

@u
B16

R
@

@u
þ B26

Rt
þ B66

Rs
@

@h

� �

þ 2
t

B16

R
@

@u
þ B26

Rt
þ B66

Rs
@

@h

� �
þ A45
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L25 ¼ @

s@h
B22

Rs
@

@h
þ B26

R
@

@u
� B26

Rt

� �
þ @

@u
B26

Rs
@

@h
þ B66

R
@

@u
� B66

Rt

� �

þ 2
t

B26

Rs
@

@h
þ B66

R
@

@u
� B66

Rt

� �
þ A44

L31 ¼ � A11

R
@

@u
þ A12

Rt
þ A16

Rs
@

@h

� �
� A12

R
@

@u
þ A22

Rt
þ A26

Rs
@

@h

� �

� A55

R
@

@u
þ�A55

Rt
� A45

Rs
@

@h

L32 ¼ � A12

Rs
@

s@h
þ A16

R
@

@u
� A16

Rt

� �
� A22

Rs
@

s@h
þ A26

R
@

@u
� A26

Rt

� �

� A45

R
@

@u
� A45

Rt
� A44

Rs
@

@h

L33 ¼ � A11

R
þ A12

R

� �
� A12

R
þ A22

R

� �
þ @

@u
A45

Rs
@

@h
þ A55

R
@

@u

� �

þ 1
t

A45

Rs
@

@h
þ A55

R
@

@u

� �
þ @

s@h
A44

Rs
@

@h
þ A45

R
@

@u

� �

L34 ¼ � B11

R
@

@u
þ B12

Rt
þ B16

Rs
@

@h

� �
� B12

R
@

@u
þ B22

Rt
þ B26

Rs
@

@h

� �

þ A55
@

@u
þ A55

t
þ A45

@

s@h

L35 ¼ � B12

Rs
@

@h
þ B16

R
@

@u
� B16

Rt

� �
� B22

Rs
@

@h
þ B26

R
@

@u
� B26

Rt

� �

þ A45
@

@u
þ A45

t
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The above equations show the level of complexity in solving governing equations
of a general laminated spherical shell. According to Eqs. (1.60), (1.61) and (7.1),
the general boundary conditions of thick laminated spherical shells are

u ¼ u0 :

Nu � kuu0u ¼ 0
Nuh � kvu0v ¼ 0
Qu � kwu0w ¼ 0
Mu � Ku

u0/u ¼ 0
Muh � Kh

u0/h ¼ 0

8>>>><
>>>>:

u ¼ u1 :

Nu þ kuu1u ¼ 0
Nuh þ kvu1v ¼ 0
Qu þ kwu1w ¼ 0
Mu þ Ku

u1/u ¼ 0
Muh þ Kh

u1/h ¼ 0

8>>>><
>>>>:

h ¼ 0 :

Nhu � kuh0u ¼ 0
Nh � kvh0v ¼ 0
Qh � kwh0w ¼ 0
Mhu � Ku

h0/u ¼ 0
Mh � Kh

h0/h ¼ 0

8>>>><
>>>>:

h ¼ h0 :

Nhu þ kuh1u ¼ 0
Nh þ kvh1v ¼ 0
Qh þ kwh1w ¼ 0
Mhu þ Ku

h1/u ¼ 0
Mh þ Kh

h1/h ¼ 0

8>>>><
>>>>:

ð7:27Þ
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Similarly, thick spherical shells can have up to 24 possible classical boundary
conditions at each boundary (see Table 7.2) which leads a high number of com-
binations of boundary conditions, particular for the open ones.

The classical boundary conditions given in Table 7.2 can be readily realized by
applying the artificial spring boundary technique. In this chapter we mainly con-
sider four typical boundary conditions which are frequently encountered in prac-
tices, i.e., F, SD, S and C. Taking edge φ = φ0 for example, the corresponding
spring rigidities for the four classical boundary conditions are given as follows:

F: kuu0 ¼ kvu0 ¼ kwu0 ¼ Ku
u0 ¼ Kh

u0 ¼ 0

SD: kvu0 ¼ kwu0 ¼ Kh
u0 ¼ 107D; kuu0 ¼ Ku

u0 ¼ 0

S: kuu0 ¼ kvu0 ¼ kwu0 ¼ Kh
u0 ¼ 107D; Ku

u0 ¼ 0

C: kuu0 ¼ kvu0 ¼ kwu0 ¼ Ku
u0 ¼ Kh

u0 ¼ 107D

ð7:28Þ

where D = E1h
3/12(1 − μ12μ21) is the flexural stiffness.

Table 7.2 Possible classical
boundary conditions for thick
spherical shells at each
boundary of φ = constant

Boundary type Conditions

Free boundary conditions

F Nφ = Nφθ = Qφ = Mφ = Mφθ = 0

F2 u = Nφθ = Qφ = Mφ = Mφθ = 0

F3 Nφ = v = Qφ = Mφ = Mφθ = 0

F4 u = v = Qφ = Mφ = Mφθ = 0

F5 Nφ = Nφθ = Qφ = Mφ = ϕθ = 0

F6 u = Nφθ = Qφ = Mφ = ϕθ = 0

F7 Nφ = v = Qφ = Mφ = ϕθ = 0

F8 u = v = Qφ = Mφ = ϕθ = 0

Simply supported boundary conditions

S u = v = w = Mφ = ϕθ = 0

SD Nφ = v = w = Mφ = ϕθ = 0

S3 u = Nφθ = w = Mφ = ϕθ = 0

S4 Nφ = Nφθ = w = Mφ = ϕθ = 0

S5 u = v = w = Mφ = Mφθ = 0

S6 Nφ = v = w = Mφ = Mφθ = 0

S7 u = Nφθ = w = Mφ = Mφθ = 0

S8 Nφ = Nφθ = w = Mφ = Mφθ = 0

Clamped boundary conditions

C u = v = w = ϕφ = ϕθ = 0

C2 Nφ = v = w = ϕφ = ϕθ = 0

C3 u = Nφθ = w = ϕφ = ϕθ = 0

C4 Nφ = Nφθ = w = ϕφ = ϕθ = 0

C5 u = v = w = ϕφ = Mφθ = 0

C6 Nφ = v = w = ϕφ = Mφθ = 0

C7 u = Nφθ = w = ϕφ = Mφθ = 0

C8 Nφ = Nφθ = w = ϕφ = Mφθ = 0
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7.3 Vibration of Laminated Closed Spherical Shells

This section contains vibration results of laminated closed spherical shells including
natural frequencies and mode shapes. The open ones will then be treated in the later
section. Various classical and elastic boundary conditions, lamination schemes and
different geometry parameters will be considered in the subsequent analysis.

For a closed laminated spherical shell, there exists two boundaries, i.e., φ = φ0
and φ = φ1. In a similar treatment as previous chapters, a two-letter string is
employed to denote the boundary conditions of a closed spherical shell, such as F-C
identifies the shell with completely free and clamped boundary conditions at the
edges φ = φ0 and φ = φ1, respectively. Unless otherwise stated, the non-dimensional
frequency parameter X ¼ xR

ffiffiffiffiffiffiffiffiffiffi
q=E2

p
is used in the presentation and closed lami-

nated spherical shells under consideration are assumed to be composed of
composite layers having following material properties: E2 = 10 GPa, E1/E2 = open,
μ12 = 0.25, G12 = G13 = 0.6E2, G23 = 0.5 E2, ρ = 1,500 kg/m3.

Considering the circumferential symmetry of closed spherical shells, each dis-
placement and rotation component of a closed spherical shell is expanded as a 1-D
modified Fourier series of the following form through Fourier decomposition of the
circumferential wave motion:

uðu; hÞ ¼
XM
m¼0

XN
n¼0

Amn cos kmu cos nhþ
X2
l¼1

XN
n¼0

alnPlðuÞ cos nh

vðu; hÞ ¼
XM
m¼0

XN
n¼0

Bmn cos kmu sin nhþ
X2
l¼1

XN
n¼0

blnPlðuÞ sin nh

wðu; hÞ ¼
XM
m¼0

XN
n¼0

Cmn cos kmu cos nhþ
X2
l¼1

XN
n¼0

clnPlðuÞ cos nh

/uðu; hÞ ¼
XM
m¼0

XN
n¼0

Dmn cos kmu cos nhþ
X2
l¼1

XN
n¼0

dlnPlðuÞ cos nh

/hðu; hÞ ¼
XM
m¼0

XN
n¼0

Emn cos kmu sin nhþ
X2
l¼1

XN
n¼0

elnPlðuÞ sin nh

ð7:29Þ

where λm = mπ/Δφ, in which Δφ is the included angle in the meridional direction,
defined as Δφ = ϕ1 − ϕ0. n represents the circumferential wave number of the cor-
responding mode. n is non-negative integer. Interchanging of sinnθ and cosnθ in
Eq. (7.29), another set of free vibration modes (anti-symmetric modes) can be
obtained. It should be noted that the modified Fourier series presented in Eq. (7.29)
are complete series defined over the range [0, Δϕ]. Therefore, a linear transformation
for coordinate φ from φ ∈ [φ0, φ1] to u 2 ½0;Du� need to be introduced for the
practical programming and computing, i.e., u ¼ uþ u0. Pl (φ) are two auxiliary
functions introduced in each displacement expression to remove all the
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discontinuities potentially associated with the first-order derivatives at the bound-
aries. These auxiliary functions are in the same form as those of Eq. (5.39).

7.3.1 Convergence Studies and Result Verification

Table 7.3 shows the convergence behavior of the lowest six natural frequencies
(Hz) of a single-layered composite ([0°]) spherical shell with different boundary
conditions and meridional included angles. Two different boundary conditions
(i.e. F-F, C-C) and two meridional included angles (i.e. φ1 = π/3 and 5π/6) are
performed to determine the optimal number of truncation terms required for sat-
isfactory solutions. The geometric constants and material properties of the shell are:
ϕ0 = π/6, R = 1 m, E2 = 10 GPa, E1/E2 = 15. Six truncation schemes (i.e. M = 5–10,
N = 10) are performed for each case. From Table 7.3, it can be seen that the natural

Table 7.3 Convergence of frequencies (Hz) for a single-layered composite ([0°]) spherical shell

Δφ B.
C.

M Mode number

1 2 3 4 5 6

φ0 = π/6
φ1 = π/3

F-F 5 64.748 174.50 202.49 319.84 406.81 450.91

6 64.747 174.50 202.48 319.84 406.81 450.91

7 64.747 174.50 202.48 319.84 406.81 450.90

8 64.747 174.49 202.47 319.84 406.81 450.90

9 64.747 174.49 202.47 319.84 406.81 450.90

10 64.747 174.49 202.47 319.84 406.81 450.90

C-C 5 1,957.0 2,054.4 2,091.7 2,124.3 2,141.3 2,163.6

6 1,957.0 2,054.4 2,091.7 2,124.3 2,141.3 2,163.6

7 1,957.0 2,054.4 2,091.7 2,124.3 2,141.3 2,163.6

8 1,957.0 2,054.4 2,091.7 2,124.3 2,141.3 2,163.6

9 1,957.0 2,054.4 2,091.7 2,124.3 2,141.3 2,163.6

10 1,957.0 2,054.4 2,091.7 2,124.3 2,141.3 2,163.6

φ0 = π/6
φ1 = 5π/6

F-F 5 139.83 148.61 334.48 349.64 366.51 412.93

6 139.83 148.21 333.81 349.63 366.47 412.93

7 139.69 148.21 333.81 349.24 366.47 412.93

8 139.69 148.02 333.56 349.24 366.45 412.93

9 139.62 148.02 333.56 349.08 366.45 412.93

10 139.62 147.93 333.45 349.08 366.44 412.93

C-C 5 470.77 502.73 505.70 593.78 706.29 734.59

6 470.76 502.72 505.69 593.77 706.29 734.55

7 470.75 502.72 505.68 593.77 706.28 734.55

8 470.75 502.72 505.68 593.77 706.28 734.55

9 470.75 502.72 505.68 593.77 706.28 734.55

10 470.75 502.72 505.68 593.77 706.28 734.55
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frequencies of the shell converge monotonically and rapidly as the truncation
number M increases. The maximum differences between the ‘10 × 10’ and ‘5 × 10’
form results for the F-F and C-C boundary conditions are less than 0.46 and 0.01 %,
respectively. Furthermore, Table 7.3 shows that the C-C solutions converge faster
than those of F-F boundary conditions and solutions of spherical shells with smaller
meridional included angle converge faster. Unless otherwise stated, the truncated
number of the displacement expressions will be uniformly selected as M = 15 in all
the following examples.

Table 7.4 shows the comparison of the first longitudinal mode frequency
parameters Ω for a three-layered, cross-ply [0°/90°/0°] spherical shell with three
different boundary conditions to prove the validity of the present method for
vibration analysis of composite laminated spherical shells. The first ten circum-
ferential wave number, i.e., n = 0–9 are considered in the comparison. The
geometric and material constants of the spherical shell are: E2 = 10.6 GPa,
E1 = 138 GPa, μ12 = 0.28, G12 = 6 GPa, G13 = G23 = 3.9 GPa, ρ = 1,500 kg/m3,
R = 1 m, h = 0.05 m, φ0 = 60°, φ1 = 90°. The results provided by Qu et al. (2013a)
based on a FSDT formulation are selected as the benchmark solutions. It can be
seen that the accuracy of the present method compares well with the referential
data. The discrepancies are very small and do not exceed 0.051 % for the worst case
although different solution approaches were used in the literature.

7.3.2 Closed Laminated Spherical Shells with General
Boundary Conditions

As the first case, a four-layered, cross-ply [0°/90°/0°/90°] spherical shell is con-
sidered. The start and end meridional angles of the shell are φ0 = 15°, 30° or 45°
and φ1 = 90°, other structure quantities used in the calculation are: E1/E2 = 15,

Table 7.4 Comparison of the frequency parameters Ω for a three-layered, cross-ply [0°/90°/0°]
spherical shell with different restraints (R = 1 m, h = 0.05 m, φ0 = 60°, φ1 = 90°, m = 1)

n FSDT (Qu et al. 2013a) Present

SD–SD S-S C-C SD–SD S-S C-C

0 0.5030 3.8955 4.3368 0.5030 3.8940 4.3355

1 0.9123 3.5823 3.9707 0.9117 3.5810 3.9696

2 1.6095 3.3768 3.8241 1.6083 3.3754 3.8229

3 2.1245 3.2947 3.7732 2.1234 3.2933 3.7720

4 2.1239 3.2719 3.7616 2.1228 3.2705 3.7604

5 2.1640 3.2846 3.7736 2.1629 3.2832 3.7724

6 2.2506 3.3258 3.8062 2.2495 3.3244 3.8050

7 2.3790 3.3949 3.8607 2.3779 3.3936 3.8595

8 2.5469 3.4938 3.9401 2.5457 3.4925 3.9390

9 2.7523 3.6247 4.0477 2.7512 3.6235 4.0466
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R = 1 m and h = 0.1 m. In Table 7.5, the lowest five frequency parameters Ω of the
spherical shell subjected to as many as six possible boundary conditions are pre-
sented. The table shows that the frequency parameters of the shell decrease with
initial meridional angle increases. Figure 7.2 shows some selected mode shapes and
corresponding frequency parameters Ωn,m for the spherical shell with initial
meridional angle φ0 = 30° and F-C boundary condition. From the figure, it is
obvious that the frequency parameters of circumferential wave number n = 2 are
smaller than those of n = 1 and 3.

Table 7.6 shows the lowest five frequency parameters Ω for a two-layered,
cross-ply [0°/90°] spherical shell with different boundary conditions and thickness-
to-radius ratios. Six different classical boundary combinations (i.e. F-F, F-S, F-C,
S-S, S-C and C-C) and four kinds of thickness-to-radius ratios (h/R = 0.01, 0.02,
0.05 and 0.1) are included in the table. The geometric and material constants of the
spherical shell are: R = 1 m, φ0 = 60°, φ1 = 120°, E1/E2 = 15. It can be seen from the
table that the frequency parameters of the shell increase in general as the thickness-
radius ratio increases. The second observation that needs to be made here is that
boundary conditions have a conspicuous effect on the vibration frequencies of
spherical shells. Increase of the restraint stiffness always results in increments of the
frequency parameters.

By appropriately selecting each lamina of the composite laminated spherical
shells, desired strength and stiffness parameters can be achieved. In Fig. 7.3, the
first fifteen dimensionless frequencies Ω of a two-layered, [0°/90°] cross-ply

Table 7.5 Frequency parameters Ω for a four-layered, cross-ply [0°/90°/0°/90°] spherical shell
with different boundary conditions and initial meridional angles (φ1 = 90°, R = 1 m, h = 0.1 m,
E1/E2 = 15)

φ0 Mode Boundary conditions

F-F F-S F-C S-S S-C C-C

15° 1 0.2414 0.8844 0.9318 1.9310 2.0209 2.0283

2 0.6192 1.0955 1.1491 2.0032 2.1837 2.1841

3 1.0981 1.8795 1.9782 2.1941 2.3925 2.3943

4 1.1571 1.9253 1.9962 2.3735 2.4103 2.5464

5 1.4791 2.0133 2.1605 2.3781 2.4352 2.5779

30° 1 0.2323 0.7254 0.8008 2.2576 2.3487 2.4341

2 0.6120 0.9782 1.0378 2.3134 2.4555 2.5689

3 0.6143 1.3630 1.4261 2.4216 2.5983 2.6928

4 1.0961 2.0498 2.1984 2.6493 2.8630 2.9204

5 1.4375 2.0975 2.2187 2.7832 2.9672 3.1576

45° 1 0.2198 0.7417 0.8861 2.5362 2.7911 3.0317

2 0.3763 0.9916 1.1069 2.5800 2.8360 3.0773

3 0.5991 1.1813 1.2721 2.6548 2.8538 3.1500

4 0.9870 1.6005 1.6928 2.7641 3.0383 3.3090

5 1.0827 2.3083 2.4053 3.0887 3.3560 3.5825
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spherical shells with F-F, S-S and C-C boundary conditions and various anisotropic
degrees are presented, respectively, for the sake of investigating the influence of the
material properties. In each case, four types of anisotropic degrees, i.e.,
η = E1/E2 = 5, 15, 25 and 35 are considered. The other geometric and material
properties of the spherical shell are: R = 1 m, h = 0.1 m. φ0 = 45° and φ1 = 90°.
From the figure, we can see that the influence of the anisotropic degree on the
frequency parameters varies with boundary conditions. The second observation is
that the effects of anisotropic degree (η) are much higher for the S-S and C-C
supported shells than it is for the F-F one.

Furthermore, Table 7.7 shows the lowest five frequency parameters Ω of slightly
thick spherical shells with different lamination schemes for various boundary
conditions. Four lamination schemes, i.e., [0°], [90°], [0°/90°] and [0°/90°/0°] are
studied for each case. The geometric and material constants used in the study are:
φ0 = 60°, φ1 = 120°, R = 1 m, h/R = 0.05, E1/E2 = 15. Compare the results in
Table 7.7, the first observation is that when the spherical shells with F-F, F-S and
F-C boundary conditions, the frequency parameters for spherical shells with fibers
oriented in the meridional direction (i.e., [0°]) are lower than those of fibers oriented
in the circumferential direction (i.e., [90°]). This is not the case of S-S, S-C and C-C

Fig. 7.2 Mode shapes for a F-C supported [0°/90°/0°/90°] spherical shell (Ωn,m, n = 1–3, m = 1–3)
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boundary conditions. The [0°] lamination give the higher frequency parameter than
those of [90°] lamination. The second observation is that the two-layered,
unsymmetrical lamination scheme [0°/90°] produces lower frequency parameter
than the three-layered, symmetrical lamination scheme [0°/90°/0°]. This is the case
for all boundary conditions under consideration except the F-S type.

Influence of the elastic restraint stiffness on the frequency parameters of lami-
nated spherical shells is investigated in subsequent example. For simplicity and
convenience in the analysis, five non-dimensional spring parameters Γλ (λ = u, v, w,
φ, θ), which are defined as the ratios of the corresponding spring stiffness to the
flexural stiffness D are introduced here, i.e., Γu = ku/D, Γv = kv/D, Γw = kw/D,
Γφ = Kφ/D and Γθ = Kθ/D. Also, a frequency parameter ΔΩ which is defined as the
difference of the frequency parameters Ω to those of the elastic restraint parameters
Γλ equal to 10−2 are used in the investigation, i.e., ΔΩ = Ω(Γλ) − Ω(Γλ = 10−2). In
Figs. 7.4 and 7.5, variation of the 1st, 3rd and 5th mode frequency parameters ΔΩ
versus the elastic restraint parameters Γλ for a two-layered, [0°/90°] spherical shell
(φ0 = 45°, φ1 = 90°, R = 1 m, h/R = 0.1, E1/E2 = 15) with various elastic restraints

Table 7.6 Frequency parameters Ω of a two-layered, cross-ply [0°/90°] spherical shell with
different sets of boundary conditions and thickness-to-radius ratios (φ0 = 60°, φ1 = 120°, R = 1 m,
E1/E2 = 15)

h/R Mode Boundary conditions

F-F F-S F-C S-S S-C C-C

0.01 1 0.0237 0.1333 0.1359 1.5433 1.5577 1.5744

2 0.0297 0.1480 0.1486 1.5550 1.5644 1.5789

3 0.0703 0.2270 0.2271 1.5768 1.5902 1.6098

4 0.0824 0.2903 0.2934 1.5800 1.5956 1.6216

5 0.1382 0.3242 0.3242 1.5975 1.6138 1.6246

0.02 1 0.0457 0.1813 0.1858 1.5771 1.6160 1.6655

2 0.0570 0.2697 0.2704 1.5978 1.6336 1.6845

3 0.1337 0.2975 0.3049 1.6336 1.6714 1.7166

4 0.1560 0.4179 0.4179 1.6632 1.6930 1.7439

5 0.2585 0.5909 0.5909 1.7570 1.7788 1.8298

0.05 1 0.1053 0.3232 0.3430 1.8336 1.9347 2.1167

2 0.1306 0.3355 0.3437 1.8484 1.9399 2.1235

3 0.2979 0.5778 0.5789 1.9201 2.0213 2.2147

4 0.3460 0.6819 0.6963 2.0134 2.0731 2.2369

5 0.5593 0.8863 0.8863 2.0850 2.1800 2.2698

0.10 1 0.1881 0.3759 0.4158 2.0157 2.1568 2.3446

2 0.2347 0.5564 0.5723 2.0438 2.1690 2.4592

3 0.5102 0.6902 0.7218 2.0548 2.1738 2.5138

4 0.6057 0.9704 0.9772 2.1662 2.2747 2.6023

5 0.9257 1.4611 1.4660 2.3662 2.4709 2.7598
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are presented. In Fig. 7.4, the spherical shell is assumed to be clamped at edge
φ = φ0 whilst the other edge is elastically restrained by only one kind of spring
components with various stiffness (denoted by C-Fe). It is clearly that in a certain
range, the frequency parameters ΔΩ increase rapidly as the elastic restraint
parameter Γλ increasing. And beyond this range, there is little variation in the
frequency parameters. In Fig. 7.5, the edge φ = φ1 of the shell is supported by all the
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Fig. 7.3 The variation of frequency parameters Ω versus mode number for a two-layered, cross-
ply [0°/90°] spherical shell with various material properties (η = E1/E2)
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five spring components in which four groups of them with infinite stiffness
(107D) and the rest one is assigned at changed stiffness (Ce). The spherical shell is
assumed to be clamped at edge φ = φ0 as usual (denoted by C-Ce). The similar
observations as those of Fig. 7.4 can be seen in this figure. This study shows the
active ranges of the elastic restraint parameters on the vibration characteristic of
laminated shells vary with mode sequences, lamination schemes and spring com-
ponents. In this case, they can be defined as Γu: 10

1 to 104, Γv: 10
0 to 103, Γw: 10

−1

to 103, Γφ: 10
−1 to 102 and Γθ: 10

−1 to 102, respectively.

7.4 Vibration of Laminated Open Spherical Shells

An open laminated spherical shell can be obtained by rotating the generator in
desired circumferential angle (less than one full revolution) about the axis. It can be
produced by cutting a segment of the closed ones as well. For an open spherical
shell, the assumption of whole periodic wave numbers in the circumferential

Table 7.7 Frequency parameters Ω of laminated spherical shells with different sets of boundary
conditions and various lamination schemes (φ0 = 60°, φ1 = 120°, R = 1 m, h/R = 0.05, E1/E2 = 15)

Lamination
schemes

Mode Boundary conditions

F-F F-S F-C S-S S-C C-C

[0°] 1 0.0924 0.2682 0.3071 1.9167 2.1857 2.3187

2 0.1112 0.2787 0.3651 1.9334 2.1992 2.4786

3 0.2458 0.4459 0.4509 1.9832 2.2410 2.4901

4 0.2675 0.5803 0.6497 2.0642 2.3096 2.5247

5 0.4351 0.6552 0.6552 2.1734 2.3189 2.5822

[90°] 1 0.1804 0.3155 0.3321 1.2350 1.2521 1.2717

2 0.1937 0.5417 0.5453 1.2997 1.3166 1.3352

3 0.5140 0.6289 0.6454 1.3638 1.3777 1.3938

4 0.5662 0.9878 0.9888 1.6262 1.6363 1.6472

5 0.9615 1.3481 1.3635 1.6604 1.6701 1.6813

[0°/90°] 1 0.1053 0.3232 0.3430 1.8336 1.9347 2.1167

2 0.1306 0.3355 0.3437 1.8484 1.9399 2.1235

3 0.2979 0.5778 0.5791 1.9201 2.0213 2.2147

4 0.3460 0.6819 0.6962 2.0134 2.0731 2.2369

5 0.5593 0.8863 0.8862 2.0850 2.1800 2.2698

[0°/90°/0°] 1 0.1201 0.3090 0.3503 2.2789 2.4427 2.4509

2 0.1253 0.3212 0.3870 2.3116 2.4838 2.6692

3 0.3104 0.5330 0.5361 2.3369 2.5121 2.7288

4 0.3135 0.6760 0.7330 2.4024 2.5331 2.7357

5 0.5178 0.7775 0.7774 2.4411 2.5919 2.7528
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direction is inappropriate, and thus, a set of complete two-dimensional analysis is
required and resort must be made to a full two-dimensional solution scheme. In this
section, we consider free vibration of laminated deep open spherical shells. As was
done previously for the open cylindrical and conical shells, each displacement and
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Fig. 7.4 Variation of frequency parameters ΔΩ versus spring parameters Γλ for a [0°/90°]
laminated spherical shell with C-Fe boundary conditions: a Γu; b Γv; c Γw; d Γφ; e Γθ
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Fig.s 7.5 Variation of frequency parameters ΔΩ versus spring parameters Γλ for a [0°/90°]
laminated spherical shell with C-Ce boundary conditions: a Γu; b Γv; c Γw; d Γφ; e Γθ
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rotation component of an open spherical shell is expanded as a two-dimensional
modified Fourier series as:

uðu; hÞ ¼
XM
m¼0

XN
n¼0

Amn cos kmu cos knhþ
X2
l¼1

XN
n¼0

alnPlðuÞ cos knh

þ
X2
l¼1

XM
m¼0

blmPlðhÞ cos kmu

vðu; hÞ ¼
XM
m¼0

XN
n¼0

Bmn cos kmu cos knhþ
X2
l¼1

XN
n¼0

clnPlðuÞ cos knh

þ
X2
l¼1

XM
m¼0

dlmPlðhÞ cos kmu

wðu; hÞ ¼
XM
m¼0

XN
n¼0

Cmn cos kmu cos knhþ
X2
l¼1

XN
n¼0

elnPlðuÞ cos knh

þ
X2
l¼1

XM
m¼0

flmPlðhÞ cos kmu

/uðu; hÞ ¼
XM
m¼0

XN
n¼0

Dmn cos kmu cos knhþ
X2
l¼1

XN
n¼0

glnPlðuÞ cos knh

þ
X2
l¼1

XM
m¼0

hlmPlðhÞ cos kmu

/hðu; hÞ ¼
XM
m¼0

XN
n¼0

Emn cos kmu cos knhþ
X2
l¼1

XN
n¼0

ilnPlðuÞ cos knh

þ
X2
l¼1

XM
m¼0

jlmPlðhÞ cos kmu

ð7:30Þ

where λm = mπ/Δφ and λn = nπ/θ0. The auxiliary polynomial functions Pl (x) and Pl

(θ) are in the same form as those of Eq. (5.39). For an open spherical shell, there
exists four boundaries, i.e., φ = φ0, φ = φ1, θ = 0 and θ = θ0. The boundary
condition of an open spherical shell is represented by a four-letter character, such
as FCSC identifies the shell with F, C, S and C boundary conditions at boundaries
φ = φ0, θ = 0, φ = φ1 and θ = θ0, respectively.

7.4.1 Convergence Studies and Result Verification

Several numerical examples are given to confirm the convergence, reliability and
accuracy of the present method for open laminated spherical shells..

Table 7.8 shows the convergence and comparison of the lowest six frequency
parameters X¼xL2u=h

ffiffiffiffiffiffiffiffiffiffi
q=E1

p
(where Lφ is the length of the shell in the meridional

direction, namely, Lφ = RΔφ) of a four-layered, [30°/−30°/−30°/30°] graphite/epoxy
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open spherical shell with FFFF, SSSS and CCCC boundary conditions. The geometry
and material properties of the layers of the shell are: R = 2 m, h = 0.01 m,
φ0 = π/2 − 1/4, φ1 = π/2 + 1/4, θ0 = 1/2, E1 = 138 GPa, E2 = 8.96 GPa, μ12 = 0.3,
G12 =G13 = 7.1 GPa,G23 = 3.9 GPa, ρ = 1,500 kg/m3. Five different truncation forms
(i.e. M × N = 14 × 14, 15 × 15, 16 × 16, 17 × 17 and 18 × 18) are considered. It is
apparent that as the truncated numbers increase the convergence is achieved.
Furthermore, in Table 7.8, a comparison between the current results and those
reported by Qatu (2004) (by using the classical shallow theory) is performed for the
shell with FFFF boundary condition. The symbols “–” are missing data that were not
considered by Qatu (2004). The discrepancy between the two results is acceptable.
The small discrepancy in the results may be attributed to different shell theories and
solution procedures are used in the referential work. In the following studies, the
numerical results will be obtained by using truncation form of M × N = 18 × 18.

Since there are no suitable comparison results in the literature, two illustrative
examples are presented for the laminated shallow spherical panels. As the first case,
Table 7.9 shows the first six frequency parameters X¼xL2u=h

ffiffiffiffiffiffiffiffiffiffi
q=E2

p
of a four-

layered, [45°/−45°/45°/−45°] open spherical shell with different classical restraints
(i.e., FFFF, FSFS, FCFC, SSSS, SCSC and CCCC), together with the modified
Fourier series solutions obtained by Ye et al. (2013). The shell parameters used in
the comparison are: E1/E2 = 15, μ12 = 0.23, G12 = G13 = G23 = 0.5E2, R = 10 m,

Table 7.8 Convergence and comparison of frequency parameters X¼xL2u=h
ffiffiffiffiffiffiffiffiffiffi
q=E1

p
of a [30°/

−30°/−30°/30°] laminated graphite/epoxy open spherical shell (R = 2 m, h = 0.01 m, φ0 = π/2 − 1/
4, φ1 = π/2 + 1/4, θ0 = 1/2)

B.C. M × N Mode number

1 2 3 4 5 6

FFFF 14 × 14 2.3388 3.3944 6.0043 6.8884 8.5215 11.330

15 × 15 2.3379 3.3937 6.0013 6.8850 8.5160 11.328

16 × 16 2.3369 3.3929 6.0000 6.8832 8.5143 11.320

17 × 17 2.3364 3.3925 5.9977 6.8805 8.5098 11.319

18 × 18 2.3357 3.3919 5.9967 6.8791 8.5086 11.312

Qatu
(2004)

2.283 3.323 5.871 6.781 8.934 –

SSSS 14 × 14 27.519 27.574 35.023 37.004 38.510 38.977

15 × 15 27.516 27.571 35.018 37.000 38.508 38.972

16 × 16 27.511 27.569 35.015 36.997 38.506 38.971

17 × 17 27.509 27.567 35.012 36.995 38.505 38.969

18 × 18 27.506 27.565 35.010 36.993 38.504 38.968

CCCC 14 × 14 28.491 30.958 37.153 37.912 39.323 40.941

15 × 15 28.487 30.950 37.148 37.909 39.320 40.931

16 × 16 28.485 30.944 37.140 37.901 39.318 40.923

17 × 17 28.482 30.940 37.137 37.899 39.316 40.918

18 × 18 28.481 30.936 37.133 37.894 39.314 40.914
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h = 0.01 m, φ0 = π/2 − 1/20, φ1 = π/2 + 1/20, θ0 = 1/5. Our results are in a closed
agreement with the existing ones. In order to further verify the present formulation,
Table 7.10 shows the comparison of the first nine non-dimensional frequencies
X¼xL2u=h

ffiffiffiffiffiffiffiffiffiffi
q=E1

p
of certain three-layered shallow spherical shells subjected to

SDSDSDSD boundary condition, with results provided by Fazzolari and Carrera
(2013) by using the Carrera unified formulation and shallow shell theory. The shell
parameters used in the comparison are: E1 = 60.7 GPa, E2 = 24.8 GPa, μ12 = 0.23,
G12 = G13 = G23 = 12 GPa, R = 2 m, h = 0.05 m, φ0 = π/2 − 1/4, φ1 = π/2 + 1/4,
θ0 = 1/2. Four sets of lamination schemes, i.e., [0°], [15°/−15°/15°], [30°/−30°/30°]
and [45°/−45°/45°] are performed in the comparison. It is clearly evident that the

Table 7.10 Comparison of frequency parameters X¼xL2u=h
ffiffiffiffiffiffiffiffiffiffi
q=E1

p
of certain three-layered

open spherical shells with SDSDSDSD boundary conditions (R = 2 m, h = 0.05 m, φ0 = π/2 − 1/4,
φ1 = π/2 + 1/4, θ0 = 1/2)

Layout Theory Mode number

1 2 3 4 5

[0°] Fazzolari and Carrera (2013) 8.1600 12.455 14.027 18.335 20.121

Present 8.1430 12.374 13.956 18.131 20.053

[15°/−15°/15°] Fazzolari and Carrera (2013) 8.4908 12.750 14.008 18.562 20.570

Present 8.4676 12.639 13.912 18.319 20.453

[30°/−30°/30°] Fazzolari and Carrera (2013) 9.1409 13.116 14.027 18.993 21.614

Present 9.0932 12.958 13.855 18.674 21.408

[45°/−45°/45°] Fazzolari and Carrera (2013) 9.4813 13.164 14.077 19.201 22.670

Present 9.3961 12.997 13.855 18.845 22.431

Table 7.9 Comparison of frequency parameters X¼xL2u=h
ffiffiffiffiffiffiffiffiffiffi
q=E2

p
of a [45°/−45°/45°/−45°]

open spherical shell with various boundary conditions (R = 10 m, h = 0.01 m, φ0 = π/2 − 1/20,
φ1 = π/2 + 1/20, θ0 = 1/5)

Theory Mode Boundary conditions

FFFF FSFS FCFC SSSS SCSC CCCC

CST (Ye et al.
2013)

1 2.3732 7.6886 10.119 31.799 32.310 35.898

2 5.8131 10.895 11.429 34.178 34.599 36.700

3 8.2261 13.397 13.425 34.947 35.113 40.645

4 12.141 16.703 17.729 37.594 38.487 42.597

5 14.152 17.830 20.388 42.428 44.898 48.469

6 19.369 22.328 24.034 43.625 45.858 52.539

Present FSDT 1 2.3722 7.6509 10.062 31.717 32.218 35.750

2 5.7876 10.866 11.406 34.068 34.473 36.547

3 8.1743 13.378 13.402 34.821 34.979 40.442

4 12.081 16.642 17.631 37.433 38.324 42.368

5 14.077 17.762 20.274 42.269 44.735 48.191

6 19.247 22.200 23.933 43.481 45.660 52.236
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present solutions match well with the reference data. The differences between the
two results are attributed to different shell theories are used in the literature. It has
been proved that the shallow shell theories will give inaccurate results when applied
to deep open shells Qatu (2004).

7.4.2 Laminated Open Spherical Shells with General
Boundary Conditions

Some further vibration results for laminated deep open spherical shells with various
combinations of boundary conditions and shell parameters are presented. In the
following examples, unless otherwise stated, the material constants of the layers of
spherical shells under consideration are: E2 = 10 GPa, E1/E2 = open, μ12 = 0.25,
G12 = G13 = 0.5E2, G23 = 0.2E2, ρ = 1,500 kg/m3 and the non-dimensional fre-
quency parameter X ¼ xR

ffiffiffiffiffiffiffiffiffiffi
q=E2

p
is used in the subsequent calculations.

Table 7.11 shows the first five frequency parameters Ω of a three-layered,
cross-ply [0°/90°/0°] open spherical shell with various boundary conditions and

Table 7.11 Frequency parameters Ω of a three-layered, cross-ply [0°/90°/0°] open spherical shell
with various boundary conditions and circumferential included angles (E1/E2 = 15, R = 1 m,
h/R = 0.1, φ0 = 30°, φ1 = 90°)

θ0 Mode Boundary conditions

FSFS FCFC SFSF CFCF SSSS CCCC

45° 1 2.0987 2.2193 1.8423 1.8462 3.4330 3.7494

2 2.2218 2.7411 2.3813 2.6423 3.6881 3.9026

3 2.4927 2.7499 2.5450 2.7554 3.7096 4.2086

4 3.2649 3.5364 2.8010 2.8835 4.3550 4.8337

5 3.5147 3.9621 2.8930 2.9655 5.2045 5.4755

90° 1 0.7994 0.9795 1.9122 1.9144 2.7830 2.9932

2 1.1343 1.2014 2.4170 2.6431 3.0436 3.2609

3 1.4850 1.5991 2.4395 2.6824 3.1293 3.3746

4 1.6120 1.8785 2.6830 2.8074 3.2461 3.3923

5 2.2076 2.2646 2.8318 2.9126 3.5980 3.7936

135° 1 0.4444 0.5272 1.9351 1.9366 2.5935 2.7310

2 0.5904 0.6673 2.4213 2.5769 2.7831 2.9717

3 0.9489 1.0065 2.4296 2.6700 2.9482 3.1588

4 1.0845 1.1871 2.5292 2.7106 3.0528 3.2204

5 1.2694 1.3760 2.7486 2.8692 3.0662 3.2307

180° 1 0.2672 0.3142 1.9467 1.9479 2.4576 2.5506

2 0.3349 0.3881 2.3793 2.4489 2.6797 2.8439

3 0.6236 0.6863 2.4303 2.6625 2.7862 2.9722

4 0.6871 0.7683 2.4460 2.6858 2.9373 3.1266

5 0.9963 1.0681 2.6539 2.7960 2.9846 3.1406
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circumferential included angles. The shell parameters used are: E1/E2 = 15, R = 1 m,
h/R = 0.1, φ0 = 30°, φ1 = 90°. Six different boundary conditions (i.e., FSFS, FCFC,
SFSF, CFCF, SSSS and CCCC) are considered for each circumferential included
angle. It is obvious from the table that the increasing of the circumferential included
angle will result in a decrease in the frequency parameter. Meanwhile, we can see
that an open spherical shell with greater restraining rigidity will have higher
vibration frequencies. For any given frequency parameters, the corresponding mode
shapes of the open spherical shell can be readily determined by Eq. (7.30) after
solving the standard matrix eigenproblem. For instance, the first three mode shapes
for the spherical shell with CCCC boundary condition and circumferential included
angle of θ0 = 45°, 90° and 135° are plotted in Fig. 7.6.

Table 7.12 shows the lowest five frequency parameters Ω for a two-layered,
[0°/90°] open spherical shell with different boundary conditions and thickness-
to-radius ratios. Four kinds of thickness-to-radius ratios (h/R = 0.01, 0.02, 0.05 and
0.1) are included in the table. The geometric and material constants of the spherical
shell are: R = 1 m, φ0 = 30°, φ1 = 120°, θ0 = 135°, E1/E2 = 15. It can be seen from

Fig. 7.6 Mode shapes for a three-layered, cross-ply [0°/90°/0°] open spherical shell with CCCC
boundary conditions
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the table that the frequency parameters of the shell increase in general as the
thickness-to-radius ratio increases. This is true due to the fact that the stiffness of the
shell increases with the thickness increases. The second observation is that
boundary conditions have a conspicuous effect on the vibration frequencies of the
shell. Increasing the restraint stiffness always results in increments of the frequency
parameters.

Table 7.13 lists the first five frequency parameters Ω of a laminated open
spherical shell with various boundary conditions and initial meridional angles (φ0).
The shell with two-layered, cross-ply [0°/90°] lamination scheme is considered in
the investigation. The shell is assumed to be thin (R = 1 m, h/R = 0.05) and with end
meridional angle φ1 = 150°, circumferential included angle θ0 = 135°. The com-
posite layers of the shell are the same material as those in Table 7.12. Results show
that the CCCC open spherical shell has the highest, whereas the SFSF one has the
lowest frequency parameters. When the shell is subjected to FSFS and FCFC
boundary conditions, the increase of the initial meridional angle φ0 will result in a
decrease of the fundamental frequency parameters. And for SFSF, CFCF, SSSS and
CCCC boundary conditions, open spherical shells with higher initial meridional

Table 7.12 Frequency parameters Ω of a two-layered, [0°/90°] open spherical shell with various
boundary conditions and thickness-to-radius ratios (E1/E2 = 15, R = 1 m, φ0 = 30°, φ1 = 120°,
θ0 = 135°)

h/R Mode Boundary conditions

FSFS FCFC SFSF CFCF SSSS CCCC

0.01 1 0.2170 0.2385 0.3064 0.3220 1.3909 1.4042

2 0.2311 0.2497 0.3084 0.3316 1.3956 1.4096

3 0.4366 0.4740 0.3241 0.3349 1.4012 1.4101

4 0.4396 0.4764 0.3501 0.3661 1.4051 1.4141

5 0.5461 0.5660 0.6141 0.6430 1.4484 1.4692

0.02 1 0.3261 0.3670 0.4443 0.4685 1.4315 1.4542

2 0.3353 0.3696 0.4516 0.4712 1.4406 1.4646

3 0.6198 0.6567 0.4744 0.5460 1.4588 1.4968

4 0.6499 0.7466 0.5139 0.5736 1.4621 1.4996

5 0.7735 0.8258 0.8558 0.9847 1.5877 1.6112

0.05 1 0.4795 0.5336 0.6014 0.7401 1.5142 1.5887

2 0.5296 0.6386 0.6132 0.7515 1.5270 1.6471

3 0.9001 0.9595 0.9518 1.0171 1.7359 1.7908

4 0.9123 0.9649 0.9944 1.1131 1.7555 1.8162

5 1.0897 1.1762 1.1657 1.2290 1.8956 2.0089

0.10 1 0.5744 0.6831 0.8821 1.0671 1.6844 1.8280

2 0.7306 0.8728 0.8972 1.1196 1.7455 1.9653

3 1.0258 1.1040 1.1061 1.1499 1.8224 2.0112

4 1.0906 1.1740 1.5524 1.6027 2.0816 2.1895

5 1.4615 1.6460 1.6362 1.6600 2.2685 2.4354
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angle yield higher frequency parameters. Furthermore, it is interesting to find that
the frequency parameters of the shell with S and C boundary conditions in the
φ = constant edges are lower than those of θ = constant edges when φ0 = 30°.

At the end, the influence of circumferential included angle θ0 on the frequency
parameters of open laminated spherical shells is investigated. A four-layered
[0°/90°/0°/90°] open spherical shell with mean radius R = 1 m, end meridional
angle φ1 = 120°, thickness-to-radius ratio h/R = 0.1 is investigated. The layers of the
shell are composed of composite material having orthotropy ratio E1/E2 = 15. Three
different initial meridional angles, i.e., φ0 = 30°, 60° and 90° are performed in the
investigation. Figure 7.7 shows the variation of the lowest three frequency
parameters Ω of the shell with SSSS boundary condition against the circumferential
included angle θ0. As observed from the figure, the frequency parameter traces of
the shell decline when the circumferential included angle θ0 is varied from 30° to
330° by a step of 10°. It is attributed to the stiffness of the shell decreases with
circumferential included angle θ0 increases. Furthermore, it is obvious that the
effect of the circumferential included angle θ0 is much higher for open spherical

Table 7.13 Frequency parameters Ω of a two-layered, [0°/90°] open spherical shell with various
boundary conditions and initial meridional angles (E1/E2 = 15, R = 1 m, h/R = 0.05, φ1 = 150°,
θ0 = 135°)

φ0 Mode Boundary conditions

FSFS FCFC SFSF CFCF SSSS CCCC

30° 1 0.7913 0.8606 0.3562 0.4241 1.3948 1.4372

2 0.8675 0.9443 0.4263 0.4738 1.4165 1.4871

3 0.9428 0.9772 0.4988 0.5397 1.4629 1.4919

4 1.1628 1.3136 0.5800 0.6621 1.5091 1.5722

5 1.1711 1.3531 0.7213 0.7663 1.7329 1.7520

60° 1 0.4795 0.5336 0.6014 0.7401 1.5142 1.5887

2 0.5296 0.6386 0.6132 0.7515 1.5270 1.6471

3 0.9001 0.9595 0.9518 1.0171 1.7359 1.7908

4 0.9123 0.9649 0.9944 1.1131 1.7555 1.8162

5 1.0897 1.1762 1.1657 1.2290 1.8956 2.0089

90° 1 0.3593 0.4350 1.0909 1.4384 1.8532 2.1094

2 0.4142 0.5162 1.0978 1.4497 1.8793 2.1130

3 0.8098 0.9343 1.7959 1.8772 2.1059 2.2805

4 0.8458 0.9411 1.8827 1.9611 2.2063 2.3482

5 1.1502 1.1620 1.9047 2.0362 2.2108 2.4266

120° 1 0.3350 0.4949 1.8017 3.0062 2.2359 3.2276

2 0.4561 0.5823 1.8037 3.0096 2.2756 3.2373

3 0.8565 1.0304 2.1716 3.1549 2.6541 3.5375

4 1.0307 1.2126 2.3206 3.2555 2.8179 3.7615

5 1.4168 1.4915 2.4204 3.2888 3.4268 4.1770
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Fig. 7.7 Variation of frequency parameters Ω versus θ0 for a four-layered [0°/90°/0°/90°] open
spherical shell with SSSS boundary conditions: a φ0 = 30°; b φ0 = 60°; c φ0 = 90°
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Fig. 7.8 Variation of frequency parameters Ω versus θ0 for a four-layered [0°/90°/0°/90°] open
spherical shell with CCCC boundary conditions: a φ0 = 30°; b φ0 = 60°; c φ0 = 90°
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with lower circumferential included angle. Change θ0 from 30° to 150° can result in
frequency parameters that are more than twice lower. However, increase θ0 from
150° to 330° yields less than 20 % decrements of the frequency parameters.
Figure 7.8 shows the similar studies for the open spherical shell with CCCC
boundary conditions. The similar observations can be seen in this figure.
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Chapter 8
Shallow Shells

Shallow shells are open shells that have small curvatures (i.e. large radii of cur-
vatures compared with other shell parameters such as length and width). Vlasov
(1951) and Leissa (1973) describe a shallow shell as follows:

Consider a shell outlined in part by some surface and which is a thin-walled spatial
structure with a comparatively small rise above the plane covered by this structure. We call
such shells shallow. If, for example, a building which has a rectangular floor plan is covered
by a shell with a rise of not more than 1/5 of the smallest side of the rectangle lying in the
plane of the supporting points of the structure, then we class such a spatial structure in the
category of shallow shells.

These shells are sometimes referred to as curved plates. The general shell theory
given in Chap. 1 can be readily applied to shallow shells. However, the general shell
equations are rare complicated because the bending of a general shell is coupling with
its stretching. When a shell is shallow as previous described, certain additional
assumptions can be made to reduce the complexity in general shell equations con-
siderably. The resulting set of equations is referred to as shallow shell theory. The
development of the shallow shell theory is principally credited to, Leissa (1973),
Leissa et al. (1984) and Qatu (2004), etc. The classical shallow shell theories (CSST)
and shear deformation shallow shell theory (SDSST) are obtained by making fol-
lowing additional assumptions to the general shell theories (Qatu 2004):

1. The radii of curvature are very large compared to the inplane displacements (i.e.,
the curvature changes caused by the tangential displacement components u and
v are small in a shallow shell, in comparison with changes caused by the normal
component w). Also, the transverse shear forces are much smaller than the term
Ri∂Ni/∂i:

ui
Ri

� 1
Qi

Ri
� @Ni

@i
ð8:1Þ

where ui is either of the inplane displacement components u and v; Qi is either of
the shear forces Qα and Qβ; Ni is Nα, Nβ or Nαβ; and Ri is Rα, Rβ or Rαβ; The term
∂i indicates derivative with respect to either α or β;
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2. The deepness term (1 + z/Ri) is close to 1; where Ri can be Rα, Rβ or Rαβ;
3. The shell is shallow enough to be represented by the plane coordinate systems.

For the case of rectangular orthotropy, this leads to constant Lamé parameters.

It should be stressed that the shallow shell theories should be used for maximum
span to minimum radius ratio of 1/2 or less.

With the progress of composite materials, shallow shells constructed by com-
posite laminas are extensively used in many fields of modern engineering practices
requiring high strength-weight and stiffness-weight ratios such as aircraft structures,
space vehicles. A complete understanding of the bucking, bending, vibration and
other characteristics of these shells is of particular importance. Laminated shallow
shells can be formed as rectangular, triangular, trapezoidal, circular or any other
planforms and various types of curvatures such as singly-curved (e.g., cylindrical),
double-curved (e.g., spherical, hyperbolic paraboloidal) or other complex shapes
such as turbomachinery blades. In the context of this chapter, we consider lami-
nated shallow shells formed in rectangular planform with rectangular orthotropy, in
which the fibers in each layer to the planform being straight.

In recent decades, a huge amount of research efforts have been devoted to the
vibration analysis of laminated shallow shells. So far, some of the static and
dynamic behaviors of these shells with classical boundary conditions had being
presented precisely. Some research papers and articles oriented to such contribu-
tions may be found in following enumeration. Fazzolari and Carrera (2013)
developed a hierarchical trigonometric Ritz formulation for free vibration and
dynamic response analysis of doubly-curved anisotropic laminated shallow and
deep shells. Reddy and Asce (1984) presented the exact solutions of the equations
and fundamental frequencies for simply supported, doubly-curved, cross-ply lam-
inated shells. Khdeir and Reddy (1997) predicted free and force vibration of cross-
ply laminated composite shallow arches by a generalized modal approach. Qatu
(1995a) studied natural vibration of completely free laminated composite triangular
and trapezoidal shallow shells. Soldatos and Shu (1999) used the five-degrees-of-
freedom shallow shell theory in the stress analysis of cross-ply laminated plates and
shallow shell panels having a rectangular plan-form. Some other contributors in this
subject are Dogan and Arslan (2009), Ghavanloo and Fazelzadeh (2013), Kurpa
et al. (2010), Leissa and Chang (1996), Librescu et al. (1989a, b), Qatu (1995a, b,
1996, 2011), Qatu and Leissa (1991), Singh and Kumar (1996). More detailed and
systematic summarizations can be seen in the excellent monographs by Leissa
(1973), Qatu (2002a, b, 2004), Qatu et al. (2010), and Reddy (2003).

In this chapter, we consider vibration of thin and moderately thick laminated
shallow shells with general boundary conditions. Fundamental equations of thin
and thick shallow shells are presented in the first and second sections, respectively.
Then, numerous vibration results of thin and thick laminated shallow shells with
different boundary conditions, lamination schemes and geometry parameters are
given in the third section by using the SDSST and the modified Fourier series. The
results are obtained by applying the weak form solution procedure.
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Consider a laminated shallow shell in rectangular planform as shown in Fig. 8.1,
the length, width and thickness of the shell are represented by a, b and h,
respectively. The shell is shallow enough so that is can be represented by the
orthogonal Cartesian coordinate system (x, y and z). The laminated shallow shell is
characterized by its middle surface, which can be defined by (Qatu 2004):

z ¼ � 1
2

x2

Rx
þ xy
Rxy

þ y2

Ry

� �
ð8:2Þ

where Rx and Ry represent the radii of curvature in the x, y directions as depicted in
Fig. 8.1. Rxy is the corresponding radius of twist. In the present chapter, we focus on
the cases when Rx, Ry and Rxy are constants. In addition, the x and y coordinates are
conveniently oriented to be parallel to boundaries so that Rxy = ∞. The displace-
ments of the shell in the x, y and z directions are denoted by u, v and w, respectively.

In Fig. 8.2, shallow shells constructed as various types of curvatures are plotted.
It can be flat (i.e. Rx = Ry = Rxy = ∞), spherical (e.g., Rx/Ry > 0, Rxy = ∞), circular
cylindrical (e.g., Ry = Rxy = ∞) and hyperbolic paraboloidal (e.g., Rx/Ry < 0,
Rxy = ∞).

Considering the shallow shell in Fig. 8.1 and its Cartesian coordinate system, the
coordinates, characteristics of the Lamé parameters and radius of curvatures are:

a ¼ x b ¼ y A ¼ B ¼ 1 Ra ¼ Rx Rb ¼ Ry ð8:3Þ

The equations of shallow shells are a reduction of the general shell equations given
in Chap. 1 by substituting Eq. (8.3) into such shell equations.

8.1 Fundamental Equations of Thin Laminated
Shallow Shells

Fundamental equations of thin laminated shallow shells are given here by substi-
tuting Eq. (8.3) into the general thin shell equations developed in Sect. 1.2. Sim-
ilarly, the equations are given for the general dynamic analysis.

ba
z

y

x

o
Rx

Ry

Fig. 8.1 Schematic diagram
of laminated shallow shells
with rectangular planform
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8.1.1 Kinematic Relations

Substituting Eq. (8.3) into Eq. (1.7), the middle surface strains and curvature
changes of thin laminated shallow shells can be written in terms of middle surface
displacements. Taking Eq. (8.1) into consideration, they are given as:

y

b

a

x Flat

z

z

o

ba

a

y

x SphericalRx

Ry

z

Rx o
x

y

b

Cylindrical

o

Ry
Rx

z

z

y
a

x

b

Hyperbolic
Parabolidal

a

Fig. 8.2 Rectangular
planform shallow shells with
various types of curvatures
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e0x ¼
@u
@x

þ w
Rx

; vx ¼ � @2w
@x2

e0y ¼
@v
@y

þ w
Ry

; vy ¼ � @2w
@y2

c0xy ¼
@u
@y

þ @v
@x

; vxy ¼ �2
@2w
@x@y

ð8:4Þ

where e0x , e
0
y and c0xy indicate the strains in middle surface; χx, χy and χxy are the

curvature changes. Thus, the liner strains in the kth layer space of a laminated
shallow shell can be defined as:

ex ¼ e0x þ zvx
ey ¼ e0y þ zvy

cxy ¼ c0xy þ zvxy

ð8:5Þ

where Zk < z < Zk+1. Zk and Zk+1 denote the distances from the top surface and the
bottom surface of the layer to the referenced middle surface, respectively.

8.1.2 Stress-Strain Relations and Stress Resultants

The stress-strain relations, force and moment resultants for thin laminated shallow
shells formed in rectangular planform are the same as those derived earlier for thin
laminated rectangular plates, see Eqs. (4.4) and (4.6).

8.1.3 Energy Functions

The strain energy (Us) of thin laminated shallow shells during vibration can be
defined in terms of middle surface strains, curvature changes and stress resultants as:

Us ¼ 1
2

Za

0

Zb

0

Nxe
0
x þ Nye

0
y þ Nxyc

0
xy

þMxvx þMyvy þMxyvxy

( )
dxdy ð8:6Þ

And the kinetic energy (T) of thin laminated shallow shells during vibration is:

T ¼ 1
2

Za

0

Zb

0

I0
@u
@t

� �2

þ @v
@t

� �2

þ @w
@t

� �2
( )

dxdy ð8:7Þ

where the inertia term I0 is given in Eq. (1.19). Suppose qx, qy and qz are the
external loads in the x, y and z directions, respectively. Thus, the external work can
be expressed as:
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We ¼
Za

0

Zb

0

qxuþ qyvþ qzw
� �

dxdy ð8:8Þ

The artificial spring boundary technique is adopted here to realize the general
boundary conditions of a thin shallow shell. Under the current framework, symbols
kuw, k

v
w, k

w
w and Kw

w (ψ = x0, y0, x1 and y1) are used to indicate the stiffness of the
boundary spring components at the boundaries x = 0, y = 0, x = a and y = b,
respectively, see Fig. 8.3. Thus, the deformation strain energy about the boundary
springs (Usp) can be defined as:

Usp ¼ 1
2

Zb

0

kux0u
2 þ kvx0v

2 þ kwx0w
2 þ Kw

x0 @w=@xð Þ� �
x¼0j

þ kux1u
2 þ kvx1v

2 þ kwx1w
2 þ Kw

x1 @w=@xð Þ� �
x¼aj

( )
dy

þ 1
2

Za

0

kuy0u
2 þ kvy0v

2 þ kwy0w
2 þ Kw

y0 @w=@yð Þ
h i

y¼0
��

þ kuy1u
2 þ kvy1v

2 þ kwy1w
2 þ Kw

y1 @w=@yð Þ
h i

y¼b

��
8><
>:

9>=
>;dx ð8:9Þ

8.1.4 Governing Equations and Boundary Conditions

Substituting Eq. (8.3) into Eq. (1.28) and then simplifying the expressions and
taking Eq. (8.1) into consideration, the reduced governing equations of thin lami-
nated shallow shells are:

@Nx
@x þ @Nxy

@y þ qx ¼ I0 @2u
@t2

@Nxy

@x þ @Ny

@y þ qy ¼ I0 @2v
@t2

� Nx
Rx
þ Ny

Ry

	 

þ @2Mx

@x2 þ 2 @2Mxy

@x@y þ @2My

@y2 þ qz ¼ I0 @2w
@t2

ð8:10Þ
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Fig. 8.3 Boundary
conditions of thin laminated
shallow shells
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Substituting Eq. (8.4) and the stress resultants equations Eq. (4.6) into Eq. (8.10),
the governing equations of thin laminated shallow shells can be writing in matrix
form as:

L11 L12 L13
L21 L22 L23
L31 L32 L33

2
4

3
5� x2

�I0 0 0
0 �I0 0
0 0 �I0

2
4

3
5

0
@

1
A u

v
w

2
4

3
5 ¼

�px
�py
�pz

2
4

3
5 ð8:11Þ

The coefficients of the linear operator Lij are written as

L11 ¼ @

@x
A11

@

@x
þ A16

@

@y

� �
þ @

@y
A16

@

@x
þ A66

@

@y

� �

L12 ¼ L21 ¼ @

@x
A12

@

@y
þ A16

@

@x

� �
þ @

@y
A26

@

@y
þ A66

@

@x

� �

L13 ¼ @

@x
A11

Rx
þ A12

Ry
� B11

@2

@x2
� B12

@2

@y2
� 2B16

@2

@x@y

� �

þ @

@y
A16

Rx
þ A26

Ry
� B16

@2

@x2
� B26

@2

@y2
� 2B66

@2

@x@y

� �

L22 ¼ @

@x
A26

@

@y
þ A66

@

@x

� �
þ @

@y
A22

@

@y
þ A26

@

@x

� �

L23 ¼ @

@x
A16

Rx
þ A26

Ry
� B16

@2

@x2
� B26

@2

@y2
� 2B66

@2

@x@y

� �

þ @

@y
A12

Rx
þ A22

Ry
� B12

@2

@x2
� B22

@2

@y2
� 2B26

@2

@x@y

� �

L31 ¼ � 1
Rx

A11
@

@x
þ A16

@

@y

� �
� 1
Ry

A12
@

@x
þ A26

@

@y

� �

þ @2

@x2
B11

@

@x
þ B16

@

@y

� �
þ 2

@2

@x@y
B16

@

@x
þ B66

@

@y

� �

þ @2

@y2
B12

@

@x
þ B26

@

@y

� �

L32 ¼ � 1
Rx

A12
@

@y
þ A16

@

@x

� �
� 1
Ry

A22
@

@y
þ A26

@

@x

� �

þ @2

@x2
B12

@

@y
þ B16

@

@x

� �
þ 2

@2

@x@y
B26

@

@y
þ B66

@

@x

� �

þ @2

@y2
B22

@

@y
þ B26

@

@x

� �

L33 ¼ � 1
Rx

A11

Rx
þ A12

Ry
� B11

@2

@x2
� B12

@2

@y2
� 2B16

@2

@x@y

� �

� 1
Ry

A12

Rx
þ A22

Ry
� B12

@2

@x2
� B22

@2

@y2
� 2B26

@2

@x@y

� �

þ @2

@x2
B11

Rx
þ B12

Ry
� D11

@2

@x2
� D12

@2

@y2
� 2D16

@2

@x@y

� �

þ 2
@2

@x@y
B16

Rx
þ B26

Ry
� D16

@2
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� D26

@2

@y2
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@2
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� �
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Ry
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@2
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� �

ð8:12Þ
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And according to Eqs. (1.29) and (1.30), the boundary conditions of thin shallow
shells are:

x ¼ 0 :

Nx þ Mx
Rx
� kux0u ¼ 0

Nxy þ Mxy

Ry
� kvx0v ¼ 0

Qx þ @Mxy

@y � kwx0w ¼ 0

�Mx � Kw
x0

@w
@x ¼ 0

8>>>>><
>>>>>:

x ¼ a :

Nx þ Mx
Rx
þ kux1u ¼ 0

Nxy þ Mxy

Ry
þ kvx1v ¼ 0

Qx þ @Mxy

@y þ kwx1w ¼ 0

�Mx þ Kw
x1

@w
@x ¼ 0

8>>>>><
>>>>>:

y ¼ 0 :

Nxy þ Mxy

Rx
� kuy0u ¼ 0

Ny þ My

Ry
� kvy0v ¼ 0

Qy þ @Mxy

@x � kwy0w ¼ 0

�My � Kw
y0

@w
@y ¼ 0

8>>>>><
>>>>>:

y ¼ 0 :

Nxy þ Mxy

Rx
þ kuy1u ¼ 0

Ny þ My

Ry
þ kvy1v ¼ 0

Qy þ @Mxy

@x þ kwy1w ¼ 0

�My þ Kw
y1

@w
@y ¼ 0

8>>>>><
>>>>>:

ð8:13Þ

In each boundary of thin laminated shallow shells, there exists 12 possible
classical boundary conditions. Taking boundaries x = constant for example, the
possible classical boundary conditions are given in Table 8.1, similar boundary
conditions can be obtained for boundaries y = constant.

Table 8.1 Possible classical
boundary conditions for thin
shallow shells at each
boundary of x = constant

Boundary type Conditions

Free boundary conditions

F Nx þ Mx
Rx

¼ Nxy þ Mxy

Ry
¼ Qx þ @Mxy

@y ¼ Mx ¼ 0

F2 u ¼ Nxy þ Mxy

Ry
¼ Qx þ @Mxy

@y ¼ Mx ¼ 0

F3 Nx þ Mx
Rx

¼ v ¼ Qx þ @Mxy

@y ¼ Mx ¼ 0

F4 u ¼ v ¼ Qx þ @Mxy

@y ¼ Mx ¼ 0

Simply supported boundary conditions

S u = v = w = Mx = 0

SD Nx þ Mx
Rx

¼ v ¼ w ¼ Mx ¼ 0

S3 u ¼ Nxy þ Mxy

Ry
¼ w ¼ Mx ¼ 0

S4 Nx þ Mx
Rx

¼ Nxy þ Mxy

Ry
¼ w ¼ Mx ¼ 0

Clamped boundary conditions

C u ¼ v ¼ w ¼ @w
@x ¼ 0

C2 Nx þ Mx
Rx

¼ v ¼ w ¼ @w
@x ¼ 0

C3 u ¼ Nxy þ Mxy

Ry
¼ w ¼ @w

@x ¼ 0

C4 Nx þ Mx
Rx

¼ Nxy þ Mxy

Ry
¼ w ¼ @w

@x ¼ 0
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8.2 Fundamental Equations of Thick Laminated Shallow
Shells

Like general thin shell theory, the classical shallow shell theory (CSST) is appli-
cable where the thickness is smaller than 1/20 of the smallest of the wave length
and/or radii of curvature (Qatu 2004). For thick shallow shells, the Kirchhoff
hypothesis should be relaxed and the shear deformation and rotary inertia should be
included in the formulation. Fundamental equations of thick laminated shallow
shells will be derived in this section. The following equations are derived from the
general shear deformation shell theory (SDST) described in Sect. 1.3 by imposing
Eq. (8.3) into those of general shells.

8.2.1 Kinematic Relations

As was done for general shells and plates, we assume that normals to the unde-
formed middle surface remain straight but do not normal to the deformed middle
surface and the shell inplane displacements are expanded in terms of shell thickness
of first order expansion. Thus, the displacement field of a thick shallow shell can be
expressed as

Uðx; y; zÞ ¼ uðx; yÞ þ z/x

Vðx; y; zÞ ¼ vðx; yÞ þ z/y

Wðx; y; zÞ ¼ wðx; yÞ
ð8:14Þ

where u, v and w are the middle surface displacements of the shallow shell in the
x, y and z directions, respectively, and ϕx and ϕy represent the rotations of transverse
normal respect to y- and x-axes. Substituting α = x, β = y into Eq. (1.33) and
deleting the z/Rα and z/Rβ terms, the normal and shear strains at any point in the
shallow shell then can be written in terms of middle surface strains and curvature
changes as:

ex ¼ e0x þ zvx; cxz ¼ c0xz
ey ¼ e0y þ zvy; cyz ¼ c0yz

cxy ¼ c0xy þ zvxy

ð8:15Þ
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Substituting Eq. (8.3) into Eq. (1.34) and taking Eq. (8.1) into consideration, the
middle surface strains and curvature changes are:

e0x ¼
@u
@x

þ w
Rx

; vx ¼
@/x

@x

e0y ¼
@v
@y

þ w
Ry

; vy ¼
@/y

@y

c0xy ¼
@v
@x

þ @u
@y

; vxy ¼
@/y

@x
þ @/x

@y

c0xz ¼
@w
@x

þ /x; c0yz ¼
@w
@y

þ /y

ð8:16Þ

The above equations constitute the fundamental strain-displacement relations of a
thick shallow shell formed in rectangular planform.

8.2.2 Stress-Strain Relations and Stress Resultants

The stress-strain relations and stress resultants for thick laminated shallow shells
formed in rectangular planform are the same as those derived earlier for thick
laminated rectangular plates, see Eqs. (4.19), (4.21) and (4.22).

8.2.3 Energy Functions

The strain energy (Us) of thick shallow shells during vibration can be defined as

Us ¼ 1
2

Za

0

Zb

0

Nxe
0
x þ Nye

0
y þ Nxye

0
xy þ Nyxe

0
yx þMxvx

þMyvy þMxyvxy þMyxvyx þ Qycyz þ Qxcxz

( )
dydx ð8:17Þ

And the corresponding kinetic energy function (T) is:

T ¼ 1
2

Za

0

Zb

0

I0 @u
@t

� �2þ2I1 @u
@t

@/x
@t þ I2

@/x
@t

	 
2
þI0 @v

@t

� �2
þ2I1 @v

@t
@/y

@t þ I2
@/y

@t

	 
2
þI0 @w

@t

� �2
8><
>:

9>=
>;dydx ð8:18Þ

The inertia terms Ii (i = 0, 1, 2) are written as in Eq. (1.52). Assuming the dis-
tributed external forces qx, qy and qz are in the x, y and z directions, respectively and
mx and my represent the external couples in the middle surface, thus, the work done
by the external forces and moments is
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We ¼
Za

0

Zb

0

qxuþ qyvþ qzwþ mx/x þ my/y

� �
dydx ð8:19Þ

As was done for thin laminated shallow shells, the artificial spring boundary
technique is adopted here to realize the general boundary conditions of thick
laminated shallow shells, in which three groups of linear springs (ku, kv, kw) and two
groups of rotational springs (Kx, Ky) are distributed uniformly along each shell
boundary artificially, see Fig. 8.4. Therefore, the deformation strain energy (Usp) of
the boundary springs during vibration can be written as:

Usp ¼ 1
2

Zb

0

kux0u
2 þ kvx0v

2 þ kwx0w
2 þ Kx

x0/
2
x þ Ky

x0/
2
y

h i
x¼0j

þ kux1u
2 þ kvx1v

2 þ kwx1w
2 þ Kx

x1/
2
x þ Ky

x1/
2
y

h i
x¼aj

8><
>:

9>=
>;dy

þ 1
2

Za

0

kuy0u
2 þ kvy0v

2 þ kwy0w
2 þ Kx

y0/
2
x þ Ky

y0/
2
y

h i
y¼0

��
þ kuy1u

2 þ kvy1v
2 þ kwy1w

2 þ Kx
y0/

2
x þ Ky

y0/
2
y

h i
y¼b

��
8><
>:

9>=
>;dx ð8:20Þ

where kuw, k
v
w, k

w
w , K

x
w and Ky

w (ψ = x0, y0, x1 and y1) represent the rigidities (per unit
length) of the boundary springs at the boundaries x = 0, y = 0, x = a and y = b,
respectively. In such case, the stiffness of the boundary springs can take any value
from zero to infinity to better model many real-world boundary conditions including
all the classical boundaries and the uniform elastic ones. For instance, the clamped
restraint condition is essentially obtained by setting the spring stiffness substantially
larger than the bending rigidity of the involved shallow shell (107 × D).

8.2.4 Governing Equations and Boundary Conditions

The governing equations and boundary conditions of thick laminated shallow shells
can be derived by the Hamilton’s principle in the same manner as described in

Middle surface

Kx

kv

kw

ku

W

V

U

Edge: x=a

Edge: y=b

Ky

Fig. 8.4 Boundary conditions of thick laminated shallow shells
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Sect. 1.2.4 or specializing from those of general thick shells. Substituting Eq. (8.3)
into Eq. (1.59) and taking Eq. (8.1) into consideration, the governing equations for
thick shallow shells are

@Nx
@x þ @Nxy

@y þ qx ¼ I0 @2u
@t2 þ I1

@2/x
@t2

@Nxy

@x þ @Ny

@y þ qy ¼ I0 @2v
@t2 þ I1

@2/y

@t2

� Nx
Rx
þ Ny

Ry

	 

þ @Qx

@x þ @Qy

@y þ qz ¼ I0 @2w
@t2

@Mx
@x þ @Mxy

@y � Qx þ mx ¼ I1 @2u
@t2 þ I2

@2/x
@t2

@Mxy

@x þ @My

@y � Qy þ my ¼ I1 @2v
@t2 þ I2

@2/y

@t2

ð8:21Þ

Furthermore, the above equations can be written in terms of displacements and
rotation components as

L11 L12 L13 L14 L15
L21 L22 L23 L24 L25
L31 L32 L33 L34 L35
L41 L42 L43 L44 L45
L51 L52 L53 L54 L55

2
6666664

3
7777775
� x2

M11

0

0

M41

0

0

M22

0

0

M52

0

0

M33

0

0

M14

0

0

M44

0

0

M25

0

0

M55

2
6666664

3
7777775

0
BBBBBB@

1
CCCCCCA

u

v

w

/x

/y

2
6666664

3
7777775

¼

�px
�py
�pz
�mx

�my

2
6666664

3
7777775

ð8:22Þ

The coefficients of the linear operator Lij are listed below

L11 ¼ @

@x
A11

@

@x
þ A16

@

@y

� �
þ @

@y
A16

@

@x
þ A66

@

@y

� �

L12 ¼ @

@x
A12

@

@y
þ A16

@

@x

� �
þ @

@y
A26

@

@y
þ A66

@

@x

� �

L13 ¼ @

@x
A11

Rx
þ A12

Ry

� �
þ @

@y
A16

Rx
þ A26

Ry

� �

L14 ¼ @

@x
B11

@

@x
þ B16

@

@y

� �
þ @

@y
B16

@

@x
þ B66

@

@y

� �

L15 ¼ @

@x
B12

@

@y
þ B16

@

@x

� �
þ @

@y
B26

@

@y
þ B66

@

@x

� �

L21 ¼ @

@x
A16

@

@x
þ A66

@

@y

� �
þ @

@y
A12

@

@x
þ A26

@

@y

� �
ð8:23Þ
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L22 ¼ @

@x
A26

@

@y
þ A66

@

@x

� �
þ @

@y
A22

@

@y
þ A26

@

@x

� �

L23 ¼ @

@x
A16

Rx
þ A26

Ry

� �
þ @

@y
A12

Rx
þ A22

Ry

� �

L24 ¼ @

@x
B16

@

@x
þ B66

@

@y

� �
þ @

@y
B12

@

@x
þ B26

@

@y

� �

L25 ¼ @

@x
B26

@

@y
þ B66

@

@x

� �
þ @

@y
B22

@

@y
þ B26

@

@x

� �

L31 ¼ � 1
Rx

A11
@

@x
þ A16

@

@y

� �
� 1
Ry

A12
@

@x
þ A26

@

@y

� �

L32 ¼ � 1
Rx

A12
@

@y
þ A16

@

@x

� �
� 1
Ry

A22
@

@y
þ A26

@

@x

� �

L33 ¼ � 1
Rx

A11

Rx
þ A12

Ry

� �
� 1
Ry

A11

Rx
þ A12

Ry

� �
þ @

@x
A45

@

@y
þ A55

@

@x

� �

þ @

@y
A44

@

@y
þ A45

@

@x

� �

L34 ¼ � 1
Rx

B11
@

@x
þ B16

@

@y

� �
� 1
Ry

B12
@

@x
þ B26

@

@y

� �
þ A55

@

@x
þ A45

@

@y

L35 ¼ � 1
Rx

B12
@

@y
þ B16

@

@x

� �
� 1
Ry

B22
@

@y
þ B26

@

@x

� �
þ A45

@

@x
þ A44

@

@y

L41 ¼ @

@x
B11

@

@x
þ B16

@

@y

� �
þ @

@y
B16

@

@x
þ B66

@

@y

� �

L42 ¼ @

@x
B12

@

@y
þ B16

@

@x

� �
þ @

@y
B26

@

@y
þ B66

@

@x

� �

L43 ¼ @

@x
B11

Rx
þ B12

Ry

� �
þ @

@y
B16

Rx
þ B26

Ry

� �
� A45

@

@y
þ A55

@

@x

� �

L44 ¼ @

@x
D11

@

@x
þ D16

@

@y

� �
þ @

@y
D16

@

@x
þ D66

@

@y

� �
� A55

L45 ¼ @

@x
D12

@

@y
þ D16

@

@x

� �
þ @

@y
D26

@

@y
þ D66

@

@x

� �
� A45

L51 ¼ @

@x
B16

@

@x
þ B66

@

@y

� �
þ @

@y
B12

@

@x
þ B26

@

@y

� �

L52 ¼ @

@x
B26

@

@y
þ B66

@

@x

� �
þ @

@y
B22

@

@y
þ B26

@

@x

� �

L53 ¼ @

@x
B16

Rx
þ B26

Ry

� �
þ @

@y
B12

Rx
þ B22

Ry

� �
� A44

@

@y
þ A45

@

@x

� �
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L54 ¼ @

@x
D16

@

@x
þ D66

@

@y

� �
þ @

@y
D12

@

@x
þ D26

@

@y

� �
� A45

L55 ¼ @

@x
D26

@

@y
þ D66

@

@x

� �
þ @

@y
D22

@

@y
þ D26

@

@x

� �
� A44

M11 ¼ M22 ¼ M33 ¼ �I0
M14 ¼ M41 ¼ M15 ¼ M51 ¼ �I1
M44 ¼ M55 ¼ �I2

And according to Eqs. (1.60), (1.61) and (8.3), the general boundary conditions of
thick shallow shells are

x ¼ 0 :

Nx � kux0u ¼ 0

Nxy � kvx0v ¼ 0

Qx � kwx0w ¼ 0

Mx � Kx
x0/x ¼ 0

Mxy � Ky
x0/y ¼ 0

8>>>>>><
>>>>>>:

x ¼ a :

Nx þ kux1u ¼ 0

Nxy þ kvx1v ¼ 0

Qx þ kwx1w ¼ 0

Mx þ Kx
x1/x ¼ 0

Mxy þ Ky
x1/y ¼ 0

8>>>>>><
>>>>>>:

y ¼ 0 :

Nyx � kuy0u ¼ 0

Ny � kvy0v ¼ 0

Qy � kwy0w ¼ 0

Myx � Kx
y0/x ¼ 0

My � Ky
y0/y ¼ 0

8>>>>>><
>>>>>>:

y ¼ 0 :

Nyx þ kuy1u ¼ 0

Ny þ kvy1v ¼ 0

Qy þ kwy1w ¼ 0

Myx þ Kx
y1/x ¼ 0

My þ Ky
y1/y ¼ 0

8>>>>>><
>>>>>>:

ð8:24Þ

For thick shallow shells, there exists 24 possible classical boundary conditions in
each boundary. The classification of the classical boundary conditions shown
in Table 4.2 for thick rectangular plates is applicable for thick shallow shells in
rectangular planform.

The classical boundary conditions of laminated shallow shells can be readily
realized by applying the artificial spring boundary technique. In this chapter, we
mainly consider the F, SD, S and C boundary conditions. Taking edge x = 0 for
example, the corresponding spring rigidities for the four classical boundary con-
ditions are given as in Eq. (4.30).

8.3 Vibration of Laminated Shallow Shells

Free vibration of laminated shallow shells formed on rectangular planforms with
general boundary conditions, arbitrary lamination schemes and various types of
curvatures will be considered, including shallow cylindrical, spherical and hyper-
bolic paraboloidal shells, see Fig. 8.2. Solutions in the framework of shear defor-
mation shallow shell theory (SDSST) will be presented.
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From Eq. (8.23), it is obvious that each displacements/rotation component of
thick laminated shallow shells is required to have up to the second derivatives.
Therefore, regardless of boundary conditions, each displacements/rotation compo-
nent of a laminated shallow shell is expressed as the proposed modified Fourier
series expansion in which several auxiliary functions are introduced to ensure and
accelerate the convergence of the series expansion:

uðx; yÞ ¼
XM
m¼0

XN
n¼0

Amn cos kmx cos knyþ
X2
l¼1

XN
n¼0

alnPlðxÞ cos kny

þ
X2
l¼1

XM
m¼0

blmPlðyÞ cos kmx

vðx; yÞ ¼
XM
m¼0

XN
n¼0

Bmn cos kmx cos knyþ
X2
l¼1

XN
n¼0

clnPlðxÞ cos kny

þ
X2
l¼1

XM
m¼0

dlmPlðyÞ cos kmx

wðx; yÞ ¼
XM
m¼0

XN
n¼0

Cmn cos kmx cos knyþ
X2
l¼1

XN
n¼0

elnPlðxÞ cos kny

þ
X2
l¼1

XM
m¼0

flmPlðyÞ cos kmx

/xðx; yÞ ¼
XM
m¼0

XN
n¼0

Dmn cos kmx cos knyþ
X2
l¼1

XN
n¼0

glnPlðxÞ cos kny

þ
X2
l¼1

XM
m¼0

hlmPlðyÞ cos kmx

/yðx; yÞ ¼
XM
m¼0

XN
n¼0

Emn cos kmx cos knyþ
X2
l¼1

XN
n¼0

ilnPlðxÞ cos kny

þ
X2
l¼1

XM
m¼0

jlmPlðyÞ cos kmx

ð8:25Þ

where λm = mπ/a and λn = nπ/b. The auxiliary functions Pl (x) and Pl (y) are given in
Eqs. (4.32) and (4.33).

Like rectangular plates, each shallow shell formed on rectangular planforms has
four boundaries. Thus, for the sake of simplicity, a four-letter string is employed to
represent the boundary condition of a shallow shell, such as FCSSD identifies the
shell having F, C, S and SD boundary conditions at boundaries x = 0, y = 0, x = a,
y = b, respectively. Furthermore, for all numerical examples, unless otherwise
stated, the layers of the considered laminated shallow shells are of equal thickness
and made of the same composite material: E2 = 10 GPa, E1/E2 = open, μ12 = 0.25,
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G12 = 0.6E2, G13 = 0.6E2, G23 = 0.5E2 and ρ = 1,450 kg/m3. In addition, the natural
frequencies of the considered shells will be expressed by the non-dimensional
parameters as X ¼ xa2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q=E2h2

p
.

8.3.1 Convergence Studies and Result Verification

Table 8.2 shows the first six frequency parameters X ¼ xa2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q=E1h2

p
for com-

pletely free, [30°/−30°/−30°/30°] laminated graphite/epoxy shallow cylindrical,
spherical and hyperbolic paraboloidal shells with different truncation schemes (i.e.
M = N = 11, 12, 14, 15), respectively, together with results presented by Qatu (2004).

Table 8.2 Convergence of frequency parameters X ¼ xa2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q=E1h2

p
for [30°/−30°/−30°/30°]

laminated graphite/epoxy shallow cylindrical, spherical and hyperbolic paraboloidal shells

Ry/Rx B.C. M × N Mode number

1 2 3 4 5

0 FFFF 11 × 11 1.912 2.975 4.889 6.697 8.226

12 × 12 1.912 2.975 4.887 6.695 8.223

14 × 14 1.912 2.974 4.885 6.693 8.219

15 × 15 1.911 2.974 4.884 6.693 8.216

CCCC 11 × 11 15.38 15.91 19.71 21.86 24.21

12 × 12 15.38 15.91 19.70 21.85 24.20

14 × 14 15.38 15.90 19.69 21.85 24.19

15 × 15 15.38 15.89 19.69 21.85 24.18

1 FFFF 11 × 11 2.282 3.320 5.847 6.746 8.341

12 × 12 2.280 3.318 5.843 6.742 8.333

14 × 14 2.278 3.316 5.838 6.736 8.325

15 × 15 2.277 3.315 5.836 6.734 8.324

Qatu (2004) 2.283 3.323 5.871 6.781 8.394

CCCC 11 × 11 28.54 31.05 37.24 37.94 39.44

12 × 12 28.54 31.03 37.23 37.93 39.43

14 × 14 28.53 31.01 37.21 37.91 39.43

15 × 15 28.53 31.00 37.20 37.90 39.42

-1 FFFF 11 × 11 2.111 4.873 4.875 8.771 9.060

12 × 12 2.110 4.870 4.874 8.767 9.055

14 × 14 2.109 4.866 4.872 8.762 9.048

15 × 15 2.108 4.865 4.871 8.761 9.046

Qatu (2004) 2.115 4.882 4.887 8.809 9.106

CCCC 11 × 11 22.05 24.51 27.85 27.87 32.86

12 × 12 22.04 24.51 27.84 27.86 32.83

14 × 14 22.04 24.49 27.83 27.84 32.81

15 × 15 22.04 24.49 27.82 27.83 32.81
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The FFFF and CCCC boundary conditions are performed in the study. The geometry
and material constants of the layers of the considered shells are given as: b/a = 1, h/
a = 0.01, Ry/a = 2, E1 = 138 GPa, E2 = 8.96 GPa μ12 = 0.3, G12 = G13 = 7.1 GPa,
G23 = 3.9 GPa. It is obvious that the modified Fourier series solution converges
quickly. The maximum difference between the 11 × 11-term solutions and those of
15 × 15-term is less than 0.24 %. Based on this analysis, the truncated number of the
displacement expressions will be uniformly selected asM = N = 15 in all subsequent
calculations. Furthermore, by comparing with results published by Qatu (2004), we
can find a well agreement between the two results. The differences between these
two results are attributed a different shallow theory was used by Qatu (2004).

Table 8.3 shows the comparison of the fundamental parameters Ω for cross-ply
cylindrical, spherical and hyperbolic paraboloidal shallow shells with SDSDSDSD
boundary conditions and different curvature ratios (a/R). The shells are composed
of graphite/epoxy (E1/E2 = 15, μ12 = 0.25, G12 = G13 = G23 = 0.5E2) and having
geometry properties: a/b = 1, h/a = 0.1. The symmetric lamination [0°/90°/90°/0°]
and two asymmetric laminations [0°/90°] and [90°/0°] are used in the comparison.
“–” represents results that were not considered in the referential work. Curvature
ratios are varied from 0 (flat plate) to 0.5 (limit of shallow shell theory). The table
shows that the present solutions match very well with those reported by Qatu
(2004). Except the case of shallow cylindrical shell with [90°/0°] and curvature
ratio a/R = 0.5, the maximum differences between the two results are less than 1.12,
0.012 and 0.012 % for the shallow cylindrical, spherical and hyperbolic parabo-
loidal shells, respectively.

Table 8.4 shows the comparison of the fundamental parameters Ω for a three-
layered, [0°/90°/0°] shallow spherical shell with different boundary conditions and

Table 8.3 Comparison of the fundamental frequency parameters Ω for cross-ply cylindrical,
spherical and hyperbolic paraboloidal shallow shells with SDSDSDSD boundary conditions and
different curvature ratios

Ry/Rx a/Ry SDSST (Qatu 2004) Present

[0°/90°] [90°/0°] [0°/90°/90°/0°] [0°/90°] [90°/0°] [0°/90°/90°/0°]

0 0 8.1196 8.1196 10.972 8.1205 8.1205 10.972

0.1 8.1259 8.1448 10.987 8.1268 8.1602 10.987

0.2 8.1774 8.1538 11.032 8.1783 8.2454 11.032

0.5 8.5784 8.0831 11.334 8.5790 8.7529 11.335

+1 0 – 8.1196 10.972 8.1205 8.1205 10.972

0.1 – 8.2190 11.043 8.2199 8.2199 11.043

0.2 – 8.5084 11.252 8.5092 8.5092 11.253

0.5 – 10.249 12.572 10.249 10.249 12.571

−1 0 8.1196 8.1196 10.972 8.1205 8.1205 10.972

0.1 8.0785 8.1448 10.961 8.0794 8.1458 10.961

0.2 8.0223 8.1538 10.927 8.0233 8.1548 10.928

0.5 7.7739 8.0831 10.703 7.7748 8.0841 10.704
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curvature ratios (a/R). The shell having SD boundary conditions at the edges y = 0,
y = b and the other two edges having arbitrary boundary conditions. The shell is
formed on square planform and composed of composite layers having following
material and geometry parameters: a/b = 1, h/a = 0.1, E1/E2 = 25, μ12 = 0.25,
G12 = G13 = 0.5E2, G23 = 0.2E2. The state space solutions provided by Librescu
et al. (1989a) are selected as the benchmark solutions. Comparing the two results,
we can find that the current solutions match very well with the referential data. The
maximum difference between the two results is very small and less than 0.17 %.

8.3.2 Laminated Shallow Shells with General Boundary
Conditions

Table 8.5 shows the first four non-dimension frequency parameters Ω of a three-
layered, [0°/90°/0°] shallow cylindrical shell with different boundary conditions and
thickness-length ratios. Four different thickness-length ratios i.e. h/a = 0.01, 0.05,
0.1 and 0.15, corresponding to thin to thick shallow shells are performed in the
analysis. The shell parameters used are: a/b = 1, Rx = ∞, a/Ry = 0.1, E1/E2 = 15. It
can be seen from the table that the augmentation of the thickness-length ratio leads
to the decrease of the frequency parameters. Tables 8.6 and 8.7 show the similar
results for shallow spherical (a/Rx = a/Ry = 0.1) and hyperbolic paraboloidal
(a/Rx = 0.1, a/Ry = −0.1) shells, respectively. The similar observation can be seen in
the tables as well. In addition, comparing the three tables, it can be found that the
frequency parameters of the hyperbolic paraboloidal shell are higher than the
cylindrical and spherical ones. And the results of the shallow cylindrical shell are
the smallest. Furthermore, from Table 8.5, we can see that frequency parameters of

Table 8.4 Comparison of the fundamental frequency parameters Ω for a three-layered, [0°/90°/
0°] shallow spherical shell with different boundary conditions and curvature ratios

Theory a/Ry Boundary conditions

FSFS FSSS FSCS SSSS SSCS CSCS

Present 0 3.788 4.320 6.144 12.163 14.248 16.383

0.05 3.795 4.325 6.146 12.179 14.265 16.487

0.20 3.898 4.404 6.164 12.417 14.514 17.966

SDSST (Librescu et al.
1989a)

0 3.788 4.320 6.144 12.163 14.248 16.383

0.05 3.794 4.325 6.146 12.178 14.264 16.487

0.20 3.891 4.397 6.163 12.394 14.499 17.959

Difference (%) 0 0.01 0.01 0.01 0.00 0.00 0.00

0.05 0.02 0.00 0.01 0.01 0.01 0.00

0.20 0.17 0.16 0.01 0.19 0.11 0.04
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cylindrical shell with curved edge cantilevered (CFFF) are higher than those of
straight edge cantilevered (FFFC).

Influence of the fiber orientations on the modal frequencies of shallow shells is
also investigated. In Fig. 8.5, variations of the lowest three frequency parameters Ω
of certain single-layered ([ϑ]) shallow shells with various fiber orientations are
given. Three types of curvature considered in the study are: cylindrical (Rx = ∞,
a/Ry = 0.1), spherical (a/Rx = a/Ry = 0.1) and hyperbolic paraboloidal (a/Rx = 0.1,
a/Ry = −0.1). In each case, the fiber orientation ϑ is varies from 0° to 180° by an
increment of 10°. The shallow shells under consideration are assumed to be with
SDSDSDSD boundary conditions. The material constants and geometry parameters
of the laminas of the shallow shells are: b/a = 1, h/a = 0.05, E1/E2 = 15. Many
interesting characteristics can be observed from the figure. The first observation is
that all the subfigures are symmetrical about central line (i.e., ϑ = 90°). The second
observation is that the fundamental frequency parameter traces climb up and then
decline, and may reach their crests around ϑ = 45° (when ϑ is increased from 0° to
90°). The similar characteristics can be observed in the subfigure of the second
mode. However, for the third mode, the maximum frequency parameters may occur
around ϑ = 30° or ϑ = 60°. In addition, it is obvious that frequency parameters of the
shallow spherical shell are larger than the shallow cylindrical and hyperbolic
paraboloidal ones. Furthermore, since the length-to-radius ratio used in each case in
this investigation is small (a/R = 0.1), thus, the differences between these results are

Table 8.5 Frequency parameters Ω for a three-layered, [0°/90°/0°] shallow cylindrical shell with
different boundary conditions and thickness-length ratios (a/b = 1, Rx = ∞, a/Ry = 0.1, E1/E2 = 15)

h/a Mode Mode number

FCCC FFCC FFFC CFFF CCFF CCCF

0.01 1 21.441 5.3519 1.2520 4.7214 5.3519 25.358

2 23.308 11.164 3.1822 5.1009 11.164 28.704

3 33.542 23.718 7.8374 10.943 23.718 36.292

4 38.015 25.838 11.515 23.927 25.838 53.380

0.05 1 10.038 4.4519 1.2491 3.8493 4.4519 21.643

2 22.125 9.8673 3.1181 4.8754 9.8673 23.978

3 24.983 22.408 7.7257 10.495 22.408 32.230

4 33.952 22.695 11.156 21.836 22.695 48.200

0.10 1 8.8956 4.2056 1.2411 3.6585 4.2056 16.423

2 19.795 9.2023 3.0083 4.5636 9.2023 18.571

3 20.306 18.167 7.4109 9.8304 18.167 26.348

4 28.154 20.440 10.139 10.921 20.440 34.952

0.15 1 8.0767 3.9166 1.2282 3.4237 3.9166 12.584

2 16.565 8.4317 2.8750 4.1729 8.4317 14.695

3 17.212 14.606 6.9028 7.2807 14.606 21.834

4 23.254 17.471 6.9649 9.0797 17.471 25.490
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small as well. The maximum differences between the results of cylindrical and
spherical shallow shells, cylindrical and hyperbolic paraboloidal shallow shells,
spherical and hyperbolic paraboloidal shallow shells are less than 1.14, 0.61,
6.24 %, respectively.

Figure 8.6 performs the similar study for the shallow shells with CCCC
boundary conditions. The different observation is that the variation tendencies of
the fundamental modes decline firstly and then climb up. The minimum frequency
parameters may occur around ϑ = 45°. For the second mode, the frequency
parameters increase when ϑ increases from 0° to 40° and decrease when ϑ increases
from 50° to 90°. The variation tendencies of the third mode are the same as those in
Fig. 8.5. The figure also shows that the differences between the three results are
small due to the fact that a low length-to-radius ratio is used in this investigation.

Figure 8.7 shows the similar study for the shallow shells with SDSDSDSD
boundary conditions and a higher length-to-radius ratio, i.e., a/R = 0.2 (limit of the
shallow theory). The material and other geometry properties are the same as those
used in Figs. 8.6 and 8.7. The observations from this figure are the same as those of
Fig. 8.5. However, the maximum differences between the results of cylindrical and
spherical shallow shells, cylindrical and hyperbolic paraboloidal shallow shells,
spherical and hyperbolic paraboloidal shallow shells can be as many as 5.29, 6.50,
22.9 %, respectively. It is attributed to the effects of curvatures on the frequency
parameters of shallow shells are more significant when the length-to-radius ratio is

Table 8.6 Frequency parameters Ω for a three-layered, [0°/90°/0°] shallow spherical shell with
different boundary conditions and thickness-length ratios (a/b = 1, a/Rx = a/Ry = 0.1, E1/E2 = 15)

h/a Mode Mode number

FCCC FFCC FFFC CFFF CCFF CCCF

0.01 1 22.125 6.6469 2.4195 4.4589 6.6469 36.435

2 25.223 12.090 3.2764 5.0746 12.090 39.743

3 35.576 25.341 10.435 13.354 25.341 45.528

4 42.189 26.814 11.922 25.096 26.814 60.365

0.05 1 10.101 4.5350 1.3341 3.8447 4.5350 22.313

2 22.225 9.9327 3.1223 4.8711 9.9327 24.631

3 25.075 22.393 7.8779 10.657 22.393 32.715

4 34.138 22.832 11.170 21.583 22.832 48.537

0.10 1 8.9124 4.2279 1.2627 3.6560 4.2279 16.657

2 19.821 9.2191 3.0095 4.5592 9.2191 18.790

3 20.325 18.145 7.4477 9.8768 18.145 26.497

4 28.208 20.485 10.123 10.912 20.485 34.936

0.15 1 8.0840 3.9271 1.2375 3.4215 3.9271 12.723

2 16.570 8.4387 2.8757 4.1680 8.4387 14.818

3 17.223 14.587 6.9003 7.2788 14.587 21.912

4 23.280 17.503 6.9802 9.1028 17.503 25.477
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higher. The figure also shows that the variation tendency of each frequency
parameter of the cylindrical shallow shell is the same as the corresponding ones of
the spherical and hyperbolic paraboloidal shells. Comparing Figs. 8.5, 8.6 and 8.7,
it can be found that the influence of fiber orientations on the modal frequencies of
shallow shells vary with mode sequence and boundary conditions.

Effects of the fiber orientations on the frequency parameters and mode shapes of
laminated shallow shells are further reported. In Tables 8.8, 8.9 and 8.10, the lowest
four frequency parameters Ω of certain three-layered, [0°/ϑ/0°] shallow shells with
various boundary conditions and fiber orientations are presented. The aspect ratio is
chosen to be b/a = 1. The thickness-to-width ratio h/b = 0.1 is used in the calcu-
lation. As usual, the shallow cylindrical (Rx = ∞, a/Ry = 0.1), spherical (a/Rx =
a/Ry = 0.1) and hyperbolic paraboloidal (a/Rx = 0.1, a/Ry = −0.1) shells are con-
sidered in the study. The fiber direction angle ϑ is varied from 0° to 90° with an
increment of 30°. The layers of the shells are made of composite materials with
orthotropy ratio E1/E2 = 15. From Table 8.8, it can be noticed that the results of the
shell with FFCC boundary conditions equal to those of CCFF boundary conditions.
The similar observation can be seen from Tables 8.9 and 8.10 as well.

Figures 8.8, 8.9 and 8.10 give the first three contour plots of the mode shapes and
frequency parameters with various lamination angles for CFFF, single-layered [ϑ]
shallow cylindrical, spherical and hyperbolic paraboloidal shells, respectively. The
aspect ratio a/b = 1, thickness-to-length ratio h/a = 0.05 and orthotropy ratio

Table 8.7 Frequency parameters Ω for a three-layered, [0°/90°/0°] shallow hyperbolic
paraboloidal shell with different boundary conditions and thickness-length ratios (a/b = 1,
a/Rx = 0.1, a/Ry = −0.1, E1/E2 = 15)

h/a Mode Mode number

FCCC FFCC FFFC CFFF CCFF CCCF

0.01 1 22.736 4.935666 2.4375 4.3788 4.9357 36.722

2 26.242 14.70847 3.2710 5.0823 14.708 38.502

3 34.129 26.91862 10.876 15.157 26.919 44.979

4 39.603 27.18928 11.896 25.575 27.189 59.766

0.05 1 10.143 4.429413 1.3368 3.8471 4.4294 22.327

2 22.268 10.09015 3.1212 4.8706 10.090 24.564

3 25.002 22.46707 7.8884 10.750 22.467 32.691

4 34.013 22.82693 11.175 21.644 22.827 48.511

0.10 1 8.9240 4.19818 1.2634 3.6569 4.1982 16.662

2 19.834 9.264119 3.0085 4.5580 9.2641 18.769

3 20.302 18.163 7.4502 9.9013 18.163 26.492

4 28.166 20.48119 10.159 10.917 20.481 34.944

0.15 1 8.0894 3.912118 1.2379 3.4220 3.9121 12.726

2 16.558 8.461952 2.8748 4.1665 8.4620 14.807

3 17.230 14.59844 6.9054 7.2823 14.598 21.911

4 23.255 17.46116 6.9813 9.1142 17.461 25.483
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E1/E2 = 25 are used in the presentation. Mode shapes and frequency parameters are
shown for ϑ = 0, 30°, 60° and 90°. From the figures, we can find that when ϑ = 0, the
mode shapes of the shallow cylindrical, spherical and hyperbolic paraboloidal shells
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Fig. 8.5 The lowest three frequency parameters Ω of single-layered ([ϑ]) shallow shells with
SDSDSDSD boundary condition and various fiber orientations (b/a = 1, h/a = 0.05, a/R = 0.1)
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Fig. 8.6 The lowest three frequency parameters Ω of single-layered ([ϑ]) shallow shells with
CCCC boundary condition and different fiber orientations (b/a = 1, h/a = 0.05, a/R = 0.1)
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Fig. 8.7 The lowest three frequency parameters Ω of single-layered ([ϑ]) shallow shells with
SDSDSDSD boundary condition and different fiber orientations (b/a = 1, h/a = 0.05, a/R = 0.2)
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Table 8.8 Frequency parameters Ω for a three-layered, [0°/ϑ/0°] shallow cylindrical shell with
different boundary conditions and fiber orientations (a/b = 1, h/a = 0.1, Rx = ∞, a/Ry = 0.1,
E1/E2 = 15)

ϑ Mode Boundary conditions

FFFC FFCC FCCC CCCC CCCF CCFF CFFF

0° 1 1.0086 4.1935 7.6932 18.084 16.790 4.1935 3.7272

2 2.8658 8.2303 16.985 23.818 18.445 8.2303 4.6176

3 6.0857 17.494 20.188 34.495 24.372 17.494 8.8185

4 7.1446 18.539 26.655 36.670 28.413 18.539 11.145

30° 1 1.0255 4.2544 7.8266 18.081 16.690 4.2544 3.6999

2 3.0243 8.4954 17.287 24.067 18.506 8.4954 4.6980

3 6.1868 17.845 20.260 34.990 24.685 17.845 9.0384

4 8.2781 18.522 27.064 36.540 35.586 18.522 14.682

60° 1 1.1380 4.2553 8.4006 18.180 16.509 4.2553 3.6655

2 3.0852 9.0720 18.670 24.977 18.569 9.0720 4.6604

3 6.8488 18.270 20.334 36.237 25.658 18.270 9.5119

4 9.8179 19.325 27.760 37.001 35.157 19.325 13.338

90° 1 1.2411 4.2056 8.8956 18.288 16.423 4.2056 3.6585

2 3.0083 9.2023 19.795 25.634 18.571 9.2023 4.5636

3 7.4109 18.167 20.306 36.071 26.348 18.167 9.8304

4 10.139 20.440 28.154 38.556 34.952 20.440 10.921

Table 8.9 Frequency parameters Ω for a three-layered, [0°/ϑ/0°] shallow spherical shell with
different boundary conditions and fiber orientations (a/b = 1, h/a = 0.1, a/Rx = a/Ry = 0.1,
E1/E2 = 15)

ϑ Mode Boundary conditions

FFFC FFCC FCCC CCCC CCCF CCFF CFFF

0° 1 1.0154 4.2034 7.7061 18.405 17.124 4.2034 3.7246

2 2.8665 8.2380 17.010 24.060 18.756 8.2380 4.6131

3 6.1081 17.534 20.201 34.662 24.601 17.534 8.8466

4 7.1418 18.517 26.706 36.665 28.418 18.517 11.135

30° 1 1.0337 4.2659 7.8541 18.388 16.976 4.2659 3.6970

2 3.0252 8.5066 17.329 24.284 18.783 8.5066 4.6937

3 6.2174 17.892 20.297 35.138 24.887 17.892 9.0737

4 8.2752 18.510 27.144 36.544 35.579 18.510 14.641

60° 1 1.1525 4.2700 8.4395 18.439 16.748 4.2700 3.6627

2 3.0868 9.0865 18.706 25.148 18.803 9.0865 4.6564

3 6.8821 18.248 20.374 36.246 25.821 18.248 9.5526

4 9.8140 19.381 27.828 37.117 35.147 19.381 13.313

90° 1 1.2627 4.2279 8.9124 18.510 16.657 4.2279 3.6560

2 3.0095 9.2191 19.821 25.791 18.790 9.2191 4.5592

3 7.4477 18.145 20.325 36.068 26.497 18.145 9.8768

4 10.123 20.485 28.208 38.661 34.936 20.485 10.912
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are symmetrical with respect to the longitudinal center line. It is attributed to the
boundary conditions, geometry and material properties of the shallow shells under
consideration are symmetrical with respect to the longitudinal center line as well.
Furthermore, it is obviously that the maximum frequency parameters for the first,
second and third modes in each case occur at ϑ = 0, ϑ = 0 and ϑ = 30°, respectively.
The figures also show that that the node lines (i.e., lines with zero displacements) of
the mode shapes vary with respect to the fiber orientation. In addition, since the
length-to-radius ratio used in this investigation is small (a/R = 0.1), thus, the
differences between the frequency parameters are small as well.

Tables 8.11, 8.12 and 8.13 present the first four non-dimension frequency
parameters Ω of certain two-layered, angle-ply [45°/−45°] shallow cylindrical,
spherical and hyperbolic paraboloidal shells with different boundary conditions and
length-to-radius ratios, respectively. Four different length-to-radius ratios i.e. a/
R = 0.05, 0.1, 0.15 and 0.2, corresponding to considerably to slightly shallow shells
are performed in the analysis. The shells are formed in rectangular planform with
following geometry and material properties: a/b = 1/2, h/a = 0.1, E1/E2 = 15,
Rx = ∞ for shallow cylindrical shells, Ry = Rx for the spherical shells and Ry = −Rx

for the hyperbolic paraboloidal ones. Seven different boundary conditions, i.e.,

Table 8.10 Frequency parameters Ω for a three-layered, [0°/ϑ/0°] shallow hyperbolic parabo-
loidal shell with different boundary conditions and fiber orientations (a/b = 1, h/a = 0.1, a/Rx = 0.1,
a/Ry = −0.1, E1/E2 = 15)

ϑ Mode Boundary conditions

FFFC FFCC FCCC CCCC CCCF CCFF CFFF

0° 1 1.0157 4.1873 7.7187 18.386 17.124 4.1873 3.7256

2 2.8653 8.2775 17.026 24.050 18.738 8.2775 4.6122

3 6.1094 17.538 20.183 34.655 24.596 17.538 8.8732

4 7.1476 18.505 26.670 36.658 28.411 18.505 11.140

30° 1 1.0341 4.2485 7.8638 18.312 16.953 4.2485 3.6985

2 3.0238 8.5641 17.344 24.249 18.735 8.5641 4.6926

3 6.2200 17.904 20.263 35.119 24.861 17.904 9.1066

4 8.2838 18.501 27.099 36.529 35.567 18.501 14.653

60° 1 1.1531 4.2492 8.4234 18.363 16.743 4.2492 3.6641

2 3.0852 9.1477 18.718 25.127 18.763 9.1477 4.6551

3 6.8868 18.258 20.324 36.219 25.805 18.258 9.5801

4 9.8311 19.378 27.781 37.102 35.140 19.378 13.324

90° 1 1.2634 4.1982 8.9240 18.492 16.662 4.1982 3.6569

2 3.0085 9.2641 19.834 25.782 18.769 9.2641 4.5580

3 7.4502 18.163 20.302 36.060 26.492 18.163 9.9013

4 10.159 20.481 28.166 38.655 34.944 20.481 10.917
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FFFC, FFCC, FCCC, CCCC, CCCF, CCFF and CFFF are performed in the cal-
culation. It can be seen from the table that the augmentation of the length-to-radius
ratio leads to the increases of the frequency parameters. Table 8.11 also shows that
the results of shallow cylindrical shells cantilevered in the curved edge (CFFF) are
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Fig. 8.8 Mode shapes and frequency parameters for CFFF shallow cylindrical shells ([ϑ], a/b = 1,
h/a = 0.05, Rx = ∞, a/Ry = 0.1, E1/E2 = 25)
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higher than those of straight edge cantilevered (FFFC). From Table 8.12, it can be
noticed that the results for the spherical shells with FFCC boundary conditions
equal to those of CCFF boundary conditions. The similar observation can be seen
from Tables 8.10 and 8.13 as well.
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Fig. 8.9 Mode shapes and frequency parameters for CFFF shallow spherical shells ([ϑ], a/b = 1,
h/a = 0.05, a/Rx = a/Ry = 0.1, E1/E2 = 25)
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As the last case, parameter studies are carried out in Figs. 8.11 and 8.12 to
further investigate the effects of length-to-radius ratios a/Rx and a/Ry on the fre-
quency parameters Ω of laminated shallow shells. Figure 8.11 depicts the lowest
three frequency parameters Ω versus length-to-radius ratios a/Rx and a/Ry for a [0°/
90°] layered shallow shell with aspect ratio of a/b = 5 and CCCC boundary con-
ditions. The other shell parameters used in the study are: h/b = 0.1, E1/E2 = 15. It is
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Fig. 8.10 Mode shapes and frequency parameters for CFFF hyperbolic paraboloidal shallow
shells ([ϑ], a/b = 1, h/a = 0.05, a/Rx = 0.1, a/Ry = −0.1, E1/E2 = 25)

8.3 Vibration of Laminated Shallow Shells 299



Table 8.11 Frequency parameters Ω for two-layered, angle-ply [45°/−45°] shallow cylindrical
shells with different boundary conditions and length-to-radius ratios (a/b = 1/2, h/a = 0.1, Rx = ∞,
E1/E2 = 15)

a/Ry Mode Boundary conditions

FFFC FFCC FCCC CCCC CCCF CCFF CFFF

0.05 1 0.3640 2.0340 3.6812 10.195 9.1129 2.0340 1.5413

2 2.0500 4.4388 7.6647 13.482 11.007 4.4388 2.7424

3 2.2144 8.1038 11.116 18.452 14.501 8.1038 5.0423

4 3.5598 9.4052 13.149 23.372 19.455 9.4052 8.5097

0.10 1 0.3636 2.1008 3.8405 10.323 9.1883 2.1008 1.6328

2 2.0169 4.4927 7.6996 13.551 11.083 4.4927 2.7494

3 2.2112 8.1231 11.192 18.484 14.542 8.1231 5.0531

4 3.5724 9.4414 13.162 23.406 19.473 9.4414 8.5117

0.15 1 0.3629 2.2068 4.0909 10.532 9.3066 2.2068 1.7725

2 1.9665 4.5838 7.7572 13.666 11.212 4.5838 2.7610

3 2.2049 8.1551 11.317 18.536 14.611 8.1551 5.0715

4 3.5903 9.5079 13.185 23.463 19.503 9.5079 8.5150

0.20 1 0.3620 2.3364 4.4152 10.819 9.4581 2.3364 1.9466

2 1.9036 4.7125 7.8367 13.825 11.398 4.7125 2.7771

3 2.1953 8.1996 11.488 18.609 14.708 8.1996 5.0981

4 3.6104 9.6029 13.218 23.542 19.545 9.6029 8.5196

Table 8.12 Frequency parameters Ω for two-layered, angle-ply [45°/−45°] shallow spherical
shells with different boundary conditions and length-to-radius ratios (a/b = 1/2, h/a = 0.1, Ry = Rx,
E1/E2 = 15)

a/Ry Mode Boundary conditions

FFFC FFCC FCCC CCCC CCCF CCFF CFFF

0.05 1 0.3645 2.0354 3.6866 10.290 9.1764 2.0354 1.5399

2 2.0508 4.4309 7.6754 13.543 11.072 4.4309 2.7416

3 2.2162 8.1005 11.130 18.488 14.546 8.1005 5.0389

4 3.5581 9.4006 13.161 23.374 19.483 9.4006 8.5105

0.10 1 0.3655 2.1093 3.8597 10.694 9.4250 2.1093 1.6277

2 2.0196 4.4727 7.7416 13.793 11.347 4.4727 2.7464

3 2.2188 8.1290 11.246 18.626 14.720 8.1290 5.0392

4 3.5660 9.4297 13.211 23.415 19.582 9.4297 8.5143

0.15 1 0.3671 2.2279 4.1272 11.334 9.7832 2.2279 1.7618

2 1.9718 4.5443 7.8480 14.198 11.816 4.5443 2.7543

3 2.2222 8.1815 11.432 18.854 15.009 8.1815 5.0396

4 3.5769 9.4847 13.295 23.483 19.747 9.4847 8.5199

0.20 1 0.3692 2.3752 4.4659 12.168 10.196 2.3752 1.9296

2 1.9115 4.6421 7.9895 14.744 12.482 4.6421 2.7652

3 2.2259 8.2561 11.680 19.168 15.409 8.2561 5.0396

4 3.5886 9.5615 13.415 23.578 19.976 9.5615 8.5260
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seen that each frequency parameter Ω of the shell increases with the increments of
length-to-radius ratios a/Rx or a/Ry. The figure also shows that the effects of length-
to-radius ratios a/Rx and a/Ry on the frequency parameters Ω of laminated shallow
shells vary with mode sequence.

Figure 8.12 shows the similar study for the shallow shell with aspect ratio of
a/b = 1. The figure shows that the fundamental frequency parameter Ω of the shell
increases with the increase of length-to-radius ratios a/Rx or a/Ry. However, for the
second mode, the maximum and minimum frequency parameters occur at
a/Rx = 0.2, a/Ry = −0.2 and a/Rx = 0, a/Ry = 0.2, respectively. And for the third
mode, the minimum and maximum frequency parameters occur at a/Rx = a/Ry = 0
(plate) and a/Rx = a/Ry = 0.2 (spherical curvature), respectively. Figures 8.11 and
8.12 also reveal that the effects of length-to-radius ratios on the vibration charac-
teristics of shallow shells vary with aspect ratios.

Table 8.13 Frequency parameters Ω for two-layered, angle-ply [45°/−45°] shallow hyperbolic
paraboloidal shells with different boundary conditions and length-to-radius ratios (a/b = 1/2,
h/a = 0.1, Ry = −Rx, E1/E2 = 15)

a/Rx Mode Boundary conditions

FFFC FFCC FCCC CCCC CCCF CCFF CFFF

0.05 1 0.3650 2.0546 3.6876 10.178 9.1143 2.0546 1.5421

2 2.0492 4.4454 7.6736 13.476 11.005 4.4454 2.7422

3 2.2213 8.1058 11.111 18.454 14.503 8.1058 5.0559

4 3.5615 9.4232 13.155 23.370 19.460 9.4232 8.5239

0.10 1 0.3677 2.1351 3.8650 10.258 9.1955 2.1351 1.6340

2 2.0144 4.5292 7.7353 13.531 11.070 4.5292 2.7488

3 2.2381 8.1494 11.170 18.491 14.548 8.1494 5.1079

4 3.5788 9.4751 13.189 23.400 19.492 9.4751 8.5679

0.15 1 0.3718 2.2438 4.1437 10.389 9.3293 2.2438 1.7680

2 1.9620 4.6741 7.8368 13.621 11.179 4.6741 2.7593

3 2.2633 8.2275 11.269 18.551 14.624 8.2275 5.1953

4 3.6036 9.5554 13.245 23.450 19.546 9.5554 8.6406

0.20 1 0.3773 2.3628 4.5045 10.571 9.5130 2.3628 1.9247

2 1.8974 4.8796 7.9764 13.746 11.330 4.8796 2.7734

3 2.2949 8.3391 11.405 18.636 14.730 8.3391 5.3187

4 3.6320 9.6628 13.324 23.520 19.621 9.6628 8.7404
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Fig. 8.11 The lowest three frequency parameters Ω versus length-to-radius ratios a/Rx and a/Ry

for a [0°/90°] layered shallow shell with aspect ratio of a/b = 5
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