18 Optimization

18.1 Linear Programming

18.1.1 Formulation of the Problem
Representation

and Geometrical

18.1.1.1 The Form of a Linear Programming Problem

1. The Subject

of linear programming is the minimization or maximization of a linear objective function (OF) of finitely

many variables subject to a finite number of cons
inequalities.

aints (CT), which are given as linear equations or

Many practical problems can be directly formulated as a linear programming problem, or they can be
modeled approximately by a linear programming problem.

2. General Form

A linear programming problem has the following general form:

OF: f(X) =z + -+ x4 G ®eg1 + -0 + G, = max!

CT: a1y o AT+ T b

as1T1 +o Q5T+ Qspp1®epn oo
As+1,1%C1 + -+ Asp10Tr + Qsp1p+1Tr41 +

Am, 121 ++ A Ty + am,r+1$r+1 +-

1 >0,...,2,. > 0; Tyy1y---, X, free.

IN

+ a1pT, by,

+ s nTn < bsv

+ As+1nTn bs+17

+ Ampnn = bm7

In a more compact vector notation this problem becomes:

OF: f(x)= Qszl + QQTKQ = max! (18.2a)

Here, the following notations are used:

[&] Cri1
ol = C2 792 _ Cri2 7 x' =
e en
ajp Qr2 c-c Ay
A1 Q2o -+ @
Ay = :21 22 2,r 7 Ap =
;1,571 s v+ Qg
As41,1 Gs41,2 *° Qsq1r
Usi91 Ugi99 **° gy
A21 _ . s+2,1 Us4+2.2 s+2,1 A22 _
am,l am,2 e am,r

3. Constraints

CT: A;x'+ Apx? <b'
Agix! + Agx? = b,

x! >0, x? free.

st Tr+1
T2 2 Tri2
, X0 = . )

£y Ty

A1p41 Q142 = Qip

2741 Q2742 A2

Aspi1 Aspq2 " Asn
As+1,r41 As+1,r42 °°° Astln
As4274+1 As42742 *°* Gsi2pn
1 AQme42 0 Gmp

with the inequality sign “ > " will have the above form if they are multiplied by (—1).
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910 18. Optimization

4. Minimum Problem
A minimum problem f(x) = min! becomes an equivalent maximum problem by multiplying the ob-
jective function by (—1)

— f(x) = max! (18.3)

5. Integer Programming
Sometimes certain variables are restricted to be only integers. This discrete problem is not discussed
here.

6. Formulation with only Non-Negative Variables and Slack Variables

In applying certain solution methods, only non-negative variables are considered, and constraints (18.1b),
(18.2b) given in equality form. )
OF: f(x) = ey + -+~ + ¢, = max!  (18.4a)
Every free variable x;, must be decomposed into the
difference of two non-negative variables r;, = rj —

CT: ap@ +- -+ a1, = by,
27. The inequalities become equalities by adding : : :

non-negative variables; they are called slack vari- am.l T4 am.;LIn = br.n, (18.4b)
ables.  That is, the problem is considered in the ' :

form as given in (18.4a,b), where n is the increased 21>0,... 2, > 0.

number of variables. In vector form: - T

OF: f(x) = c'x = max! (18.5a) CT: Ax=b, x>0. (18.5b)

The relation m < n can be supposed, otherwise the system of equations contains linearly dependent
or contradictory equations.

7. Feasible Set

The set of all vectors x satisfying constraints (18.2b) is called the feasible set of the original problem.
If the free variables are rewritten as above, and every inequality of the form “<” into an equation as in
(18.4a) and (18.4b), then the set of all non-negative vectors x > 0 satisfying the constraints is called
the feasible set M:

M={xeR":x>0, Ax=Db}. (18.6a)
A point x* € M with the property
f(x*) > f(x) foreveryxe M (18.6b)

is called the mazimum point or the solution point of the linear programming problem. Obviously, the
components of x not belonging to slack variables form the solution of the original problem.

18.1.1.2 Examples and Graphical Solutions
1. Example of the Production of Two Products
Suppose primary materials Ry, Ry, and R3 are needed to produce two products E; and F,. Scheme
18.1 shows how many units of primary materials are needed to produce each unit of the products £y
and FEs, and there are given also the available amount of the primary materials.

Selling one unit of the products E; or Es results

in 20 or 60 units of profit, respectively (PR). Scheme 18.1 | Ry / E; | Ry /E; | Ry /E;
Determine a production program which yields E 12 8 0
maximum profit, if at least 10 units must be pro- !

duced from product Fj. Ey 6 12 10
Denoting by x and 5 the number of units pro- Amount 630 620 350

duced from F; and Es, the problem is:

OF: f(x) = 20z, + 60xy = max!

CT: 12z, + 622 < 630,
8wy + 1225 < 620,
102, < 350,
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Introducing the slack variables x3, x4, x5, 26, One gets:
OF: f(x)=20z; + 60z2 +0-25 +0-24 + 025 + 0- 25 = max!

CT: 1221 + 629+ 3 = 630,

8x1 + 124 + x4 = 620,

103?2 + Ty = 3507

- + oz = —10.
2. Properties of a Linear Programming Problem
On the basis of this example, some properties of the linear pro- X2 L
gramming problem can be demonstrated by graphical representa- —
tion. Here the slack variables are not considered; only the original 35
two variables are used. l l
a) Aline ay 1 +asxs = bdivides the a1, 2 plane into two half-planes. 25
The points (21, z2) satistying the inequality a1 21 +asz2 < bareinone M
of these half-planes. The graphical representation of this set of points T T
in a Cartesian coordinate system can be made by a line, and the half- /7
plane containing the solutions of the inequalities is denoted by an ar- oL10, 0 N X1
row. The set of feasible solutions M, i.e., the set of points satisfying
all inequalities is the intersection of these half-planes (Fig. 18.1). Figure 18.1

In this example the points of M form a polygonal domain. It may happen that M is unbounded or
empty. If more then two boundary lines go through a vertex of the polygon, this vertex is called a
degenerate vertex (Fig. 18.2).

TN

Figure 18.2

b) Every point in the 1, z, plane satisfying the equality f(z) = 20z, + 6025 = ¢ is on one line, on
the level line associated to the value ¢o. With different choices of ¢y, a family of parallel lines is defined,
on each of which the value of the objective function is constant. Geometrically, those points are the
solutions of the programming problem, which belong to the feasible set M and also to the level line
2021 + 60xy = ¢ with maximal value of ¢. In this example, the solution point is (z1,22) = (25, 35)
on the line 2027 4+ 6025 = 2600. The level lines are represented in Fig. 18.3, where the arrows point
in the direction of increasing values of the objective function.

Obviously, if the feasible set M is bounded, then there is at least one vertex such that the objective
function takes its maximum. If the feasible set M is unbounded, it is possible that the objective function
is unbounded, as well.

18.1.2 Basic Notions of Linear Programming, Normal Form
Now, the problem (18.5a,b) is considered with the feasible set M .
18.1.2.1 Extreme Points and Basis

1. Definition of the Extreme Point
A point x € M is called an extreme point or vertez of M, if for all x;,x, € M with x; # X,:
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X#M +(1=N)x,, 0<A<],
i.e., x is not on any line segment connecting two different points of M.
2. Theorem about Extreme Points
The point x € M is an extreme point of M if the columns of matrix A associated to the positive
components of x are linearly independent.
If the rank of A is m, then the maximal number of independent columns in A is m. So, an extreme
point can have at most m positive components. The other components, at least n — m, are equal to
zero. In the usual case, there are exactly m positive components. If the number of positive components
is less then m, it is called a degenerate extreme point.

(18.7)

Xy Xy
_ P3:(0/011)
¢,=2600 P=(0,2,1)
\35 . \\\\ P5=(2/2/2)
w20 ~L | A P,=(0,2,0)
A1 P,=(0,1,0 X
M P,=(1,0,0)./" - 2
c,=0
25 XX
P,=(4,2,0)
Figure 18.3 Figure 18.4
3. Basis

To every extreme point m linearly independent column vectors of the matrix A can be assigned, the
columns belonging to the positive components. This system of linearly independent column vectors is
called the basis of the extreme point. Usually, exactly one basis belongs to every extreme point. However
. . n SR
several bases can be assigned to a degenerate extreme point. There are at most <m> possibilities to
choose m linearly independent vectors from n columns of A. Consequently, the number of different
. .. (n .
bases, and therefore the number of different extreme points is (m ) If M is not empty, then M has at
least one extreme point. CT:

B OF: f(x) = 2z + 329 + 423 = max!

1+ T+ x> 1,
To 2,
—I + 211?3 27 (188)
2x1 — 3x9 + 273 < 2.
The feasible set M determined by the constraints is represented in Fig. 18.4. Introduction of slack
variables x4, x5, Tg, x7 leads to:

ININIV

CT: T+ X2+ T3 — Ta =1,
T2 + x5 = 2,

—I + 2[63 + g = 2,

2x1 — 3wy + 213 + x; = 2.

The extreme point P» = (0,1, 0) of the polyhedron corresponds to the point x = (1, 2, x5, 24, 5, s,
z7) = (0,1,0,0,1,2,5) of the extended system. The columns 2, 5, 6 and 7 of A form the corresponding
basis. The degenerated extreme point P corresponds to (1,0, 0,0, 2,3,0). A basis of this extreme point
contains the columns 1,5, 6 and one of the columns 2,4 or 7.
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Remark: Here, the first inequality was a “>” inequality and x4 was not added but subtracted. Fre-
quently these types of additional variables both with a negative sign and a corresponding b; > 0 are
called surplus variables, rather than slack variables. As will be seen in 18.1.3.3, p. 916, the occurrence
of surplus variables requires additional effort in the solution procedure.

4. Extreme Point with a Mlaximal Value of the Objective Function

Theorem: If M is not empty, and the objective function f(x) = ¢'x is bounded from above on M,
then there is at least one extreme point of M where it has its maximum.

A linear programming problem can be solved by determining at least one of the extreme points with
maximum value of the objective function. Usually, the number of extreme points of M is very large
in practical problems, so a method is needed by which the solution can be found in a reasonable time.
Such a method is the simplex method which is also called the simplex algorithm or simplex procedure.

18.1.2.2 Normal Form of the Linear Programming Problem

1. Normal Form and Basic Solution
The linear programming problem (18.4a,b) can always be transformed to the following form with a
suitable renumbering of the variables:

OF: [f(xX)=c1x1+ -+ ComTp_m + ¢g = max! (18.9a)
CT: 1121 -+ Gpem@nom + Tnomt = by,
A, 101 +---+ Gmn—mTn—m + x, = bm 3 (189b)
L1y o Tn—my Tn—m+1y-- - Tn > 0.

The last m columns of the coefficient matrix are obviously independent, and they form a basis. The
basic solution (x1,%a, ..., Tnoms Tn—msts- - Tn) = (0,...,0,b1,...,by) can be determined directly
from the system of equations, but if b > 0 does not hold, it is not a feasible solution.

If b > 0, then (18.9a,b) is called a normal form or canonical form of the linear programming problem.
In this case, the basic solution is a feasible solution, as well, i.e., x > 0, and it is an extreme point of M.
The variables x1, . .., 2, are called non-basic variables and x,,—p 41, . . ., T, arve called basic variables.
The objective function has the value ¢y at this extreme point, since the non-basic variables are equal
to zero.

2. Determination of the Normal Form

If an extreme point of M is known, then a normal form of the linear programming problem (18.5a,b)
can be obtained in the following way. A basis is chosen from the columns of A corresponding to the
extreme point. Usually, these columns are determined by the positive components of the extreme point.
Suppose the basic variables are collected into the vector x5 and the non-basic variables are in x. The
columns associated to the basis form the basis matrix Apg, the other columns form the matrix A .
Then,

Ax = Anxy + Apxp =Db. (18.10)
The matrix Ap is non-singular and it has an inverse Ag', the so-called basis inverse. Multiplying

(18.10) by Az and changing the objective function according to the non-basic variables results in the
canonical form of the linear programming problem:

OF: f(x)=cyxy +c, (18.11a)
CT: Ap'Ayxy+x5=Ap'b with xy>0, x5>0 (18.11b)

Remark: If the original system (18.1b) has only constraints of type “<” and simultaneously b > 0,
then the extended system (18.4b) contains no surplus variables (see 18.1.2.1, p. 911). In this case a
normal form is immediately known. Selecting all slack variables as basic variables x5 the result is
Ap =Tand xz = b and x5 = 0 is a feasible extreme point.
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B In the above example x = (0,1,0,0, 1,2, 5) is an extreme point. Consequently:

1000 11 -1
1100 v 00 0
Ap = 0010 A = . Ax=1|(-12 0 (1812a)
-3 001 0010 2 2 0
. ! 3001
To9 Ty Tg T7 T1 Tz Ty
1 1 -1
111 .
AFgAy=|-1 2 0], Ap'b=|,|. (18.12h)
5 5 =3
5
T T3 X4
T+ T+ X3 — T4 =1,
—T1 — 23+ T4+ 5 =1,
—I + 2CE3 + Te = 2, <1813)
511 +5l‘373f[74 +I7:5

From f(x) = 2z + 324 + 423 the transformed objective function
f(z) =—r1+r3+ 3I4 +3 (1814)
is obtained, if the triple of the first constraint is subtracted.

18.1.3 Simplex Method
18.1.3.1 Simplex Tableau

The simplex method is used to produce a sequence of extreme points of the feasible set with increasing
values of the objective function. The transition to the new extreme point is performed starting from the
normal form corresponding to the given extreme point, and arriving at the normal form corresponding
to the new extreme point. In order to get a clear arrangement, and easier numerical performance, the
normal form (18.9a,b) is represented in the simplex tableau (Scheme 18.2a, 18.2b):

Scheme 18.2a Scheme 18.2b
Lot Tnem or briefly XN
Tnemt1| Q11 Qlpem| b1 xp|An| b
: : : c |—¢o
T am,l T (Lm,n—m bm
C1 - Cp—m |—Co

The k-th row of the tableau corresponds to the constraint

Tn—m+k + Qp 1T1 + -+ Gk p—mTn—m = bk‘» (18153‘)
The objective function is
azry+ -+ CpomTnom = f(z) — Co- (18151))

From this simplex tableau, the extreme point (x, xg) = (0, b) can be found. The value of the objective
function at this point is f(x) = ¢p. To put down —c, into the right below vertex of the tableau is
advantageous for carrying out the simplex method. In every tableau always exactly one of the following
three cases can be found:

a)c; <0,j=1,...,n—m: The tableau is optimal. The point (x,,xp) = (0,b) is a maximal point.
If all the ¢; are positive, then this vertex is the only maximal point.

b) There exists at least one j such that ¢; > 0 and a;; < 0,7 = 1,...,m: The linear programming
problem has no solution, since the objective function is not bounded on the feasible set; for increasing
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values of z; it increases without a bound.

c¢) For every j with ¢; > 0 there exists at least one ¢ with a;; > 0: It is possible to move from the
extreme point x to a neighboring extreme point X with f(X) > f(x). In the case of a non-degenerate
extreme point x, the “>” sign always holds.

18.1.3.2 Transition to the New Simplex Tableau

1. Non-Degenerate Case
If a tableau is not in final form (case c)), then a new tableau (Scheme 18.3) is determined. A basic
variable ;, and a non-basic variable z, are interchanged by the following calculations:

1
a) dpy = —. (18.16a)
Qpq
b) Gp; = ap; - g, J#4q by = by - g (18.16b)
C) Aig = —Qig * Qpgs i#p, Cq = —Cq+ Upg- (18.16¢)
d) Gy = ai; +ay; -Gy, PFp, JFG
b =b; + by - Gq, i #p, G =cj+tay &, JF#q—C=—co+by ¢ (18.16d)

The element ay, is called the pivot element , the p-th row is the pivot row, and the g-th column is the
pivot column . For the choice of a pivot element the following two requirements are to be considered:
a) ¢y > ¢ should hold;

b) the new tableau must also correspond to a feasible solution, i.e., 5 > 0 must hold.

Then, (Xy,Xg) = (0,b) is a new extreme point at which the value of the objective function f(X) = &
is not smaller than it was previously. These conditions are satisfied if the pivot element is chosen in the
following way:

a) To increase the value of the objective function, a column with ¢, > 0 can be chosen for a pivot
column;

b) to get a feasible solution, the pivot row must be chosen as

b _ min {ﬂ} (18.17)
a[)q 1<i<m aiq

aiq>0

If the extreme points of the feasible set are not degenerate, then the simplex method terminates in a
finite number of steps (case a) or case b)).

B The normal form in 18.1.2, p. 911ff can be written in a simplex tableau (Scheme 18.4a). This
tableau is not optimal, since the objective function has a positive coefficient in the third column. The
third column is assigned as the pivot column (the second column could also be taken under considera-
tion). The quotients b;/a;, are calculated with every positive element of the pivot column (there is only
one of them). The quotients are denoted behind the last column. The smallest quotient determines the
pivot row.

Scheme 18.3 Scheme 18.4a Scheme 18.4b
Xy T1 Tz T4 Ty T3 Tj
X5 Ayl b Ty 1 1-1|1 | 0 0 1| 2
¢ |—¢ 5| —1—-1 1] 1 1:1 Ty |—1 -1 1 1
6| —1 2 0| 2 z|—1 2 0] 2 2:
T7 5 5-31| 5 r7| 2 2 3 8 8:
-1 1 3 |-3 2 4-3 |-6

If it is not unique, then the extreme point corresponding to the new tableau is degenerate. After per-
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forming the steps of (18.16a)—(18.16d) the tableau in Scheme 18.4b is obtained. This tableau deter-
mines the extreme point (0,2,0,1,0,2,8), which corresponds to the point P; in Fig. 18.4. Since this
new tableau is still not optimal, 26 and 3 are interchanged (Scheme 18.4¢). The extreme point of the
third tableau corresponds to the point Py in Fig. 18.4. After an additional change an optimal tableau
is obtained (Scheme 18.4d) with the maximal point x* = (2,2,2,5,0,0,0), which corresponds to the
point Ps, and the objective function has a maximal value here: f(x*) = 18.

Scheme 18.4¢ Scheme 18.4d Scheme 18.5
L1 Te Tp T7 T Ts 1 - @y,
] 0 0 1 2 Ty 0 0 1 2 Yi | g o Qg by
3 1 1 5 : : :
Ty |l— — 1 2 . - 0 = =
i 2 2 = 2 2 7 Ym am,l am,n bm
1 1 1 1 1
- 2 0 1 - 2z OF| ¢ e 0
™72 2 Blg 32| C e o
z7| 3-1 3| 6 6:3 1 1 OF*| Y ajy1 -+ X ajn| > bj = —g(0,b)
2 1 [ 2 Jj=1 Jj=1 J=1
4-2-3]-10 33
12 7 |—18
3 3

2. Degenerate Case

If the next pivot element cannot be chosen uniquely in a simplex tableau, then the new tableau rep-
resents a degenerate extreme point. A degenerate extreme point can be interpreted geometrically as
the coincident vertices of the convex polyhedron of the feasible solutions. There are several bases for
such a vertex. In this case, it can therefore happen that some steps are performed without reaching a
new extreme point. It is also possible that one gets a tableau that has occurred already before, so an
infinite cycle may occur.

In the case of a degenerate extreme point, one possibility is to perturb the constants b; by adding &*
(with a suitable e’ > 0) such that the resulting extreme points are no longer degenerate. The solution
can be got from the solution of the perturbed problem, if £ = 0 is substituted.

If the pivot column is chosen “randomly” in the non-uniquely determined case, then the occurrence of
an infinite cycle is unlikely in practical cases.

18.1.3.3 Determination of an Initial Simplex Tableau

1. Secondary Program, Artificial Variables

If there are equalities among the original constraints (18.1b) or inequalities with negative b;, then it is
not easy to find a feasible solution to start the simplex method. In this case, one starts with a secondary
program to produce a feasible solution, which can be a starting point for a simplex procedure for the
original problem. The system Ax = b is modified by multiplying some of the equations with (—1) in
order to satisfy the condition b > 0. Now, an artificial variable y, > 0 (k = 1,2,...,m) is added to
every left-hand side of Ax = b with b > 0, and the secondary program is considered:

OF*: g(x,y) = —y1 —** — Yn = max! (18.18a)
a11r1 +o+ a1 Ty + Y1 = by,
CT*: ”/m,lfl;l +-+ am,n-/lfn + Ym = bms (1818b)

Tisen Ty 205 Y1y Ym > 0.
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For this problem, the variables i, . . ., y,, are basic variables, and one can start the first simplex tableau
(Scheme 18.5). The last row of the tableau contains the sums of the coefficients of the non-basic
variables , and these sums are the coefficients of the new secondary objective function OF*. Obviously,
g(x,y) < 0always. If g(x*,y*) = 0 for a maximal point (x*,y*) of the secondary problem, then
obviously y* = 0, and consequently x* is a solution of Ax = b. If g(x*,y*) < 0, then Ax = b does not
have any solution. n

2. Solution of the Secondary Program

Our goal is to eliminate the artificial variables from the basis. A scheme is prepared not only for the
secondary program separately. The original tableau is completed by columns of the artificial variables
and the row of the secondary objective function. The secondary objective function now contains the
sums of the corresponding coefficients from the rows corresponding to the equalities, as shown below.
If an artificial variable becomes a non-basic variable, its column can be omitted, since it will be never
chosen again as a basis variable. If a maximal point (x*, y*) is determined, then two cases are distin-
guished: -

1. g(x*,y*) < 0: The system Ax = b has no solution, the linear programming problem does not have
any feasible solution.

2. g(x*,y*) = 0: If there are no artificial variables among the basic variables, this tableau is an ini-
tial tableau for the original problem. Otherwise all artificial variables among the basic variables are
removed by additional steps of the simplex method.

By introducing the artificial variables, the size of the problem can be increased considerably. It is not
necessary to introduce artificial variables for every equation. If the system of constraints before in-
troducing the slack and surplus variables (see Remark in 18.1.2, 3., p. 913) has the form A;x > b,
Ayx = by, Asx < by with by, by, by > 0, then artificial variables must be introduced only for the first
two systems. For the third system the slack variables can be chosen as basic variables.

B In the example of 18.1.2, p. 912, only the first equation requires an artificial variable:

OF*: g(xy) = -y = max!
CT*: Ty T2+ X3 - Ty U =1,
T2 + 5 =2,
—xI + 2L3 + Te = 2,
2z — 3x9 + 273 + x7 = 2.

The tableau (Scheme 18.6b) is optimal with g(x*,y*) = 0. After omitting the second column the
first tableau of the original problem is obtained.

Scheme 18.6a Scheme 18.6b

Ty Ty T3 Ty r1 oy w3 xy | 1
Y1 1 1 1-1/|1 ) 1 1 1-1 1
5 0 10 012 2:1 T -1-1-1 1 1
6 |—1 0 2 012 T -1 0 2 0] 2
T7 2-32 0|2 7 5 3 5-31| 5
OF 2 34 010 OF |[-1-3 1 3 |-3
OF*| 1 1 1-1|1 OF* 0—-1 0 0| 0

18.1.3.4 Revised Simplex Method

1. Revised Simplex Tableau
Suppose the linear programming problem is given in normal form:

OF: f(x)=cax1+ -+ Crom@p—m + ¢o = max! (18.19a)
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CT: Q1%+ Ve Trem + Tneme = b,
Q1071 +-+ A n—mLn—m + x, = Bmv (1819b)
x1>0,...,2, > 0.

Obviously, the coefficient vectors a,,_,,,.; (i = 1,...,n) are the i-th unit vectors.

In order to change into another normal form and therefore to reach another extreme point, it is suffi-
cient to multiply the system of equations (18.19b) by the corresponding basis inverse. (Recall the fact
that if Ap denotes a new basis, then the coordinates of a vector x can be expressed in this new basis
as Ap'x. If the inverse of the new basis is known, then any column as well as the objective function
from the very first tableau can be got by simple multiplication.) The simplex method can be modified
so that only the basis inverse is determined in every step instead of a new tableau. From every tableau
only _those elgments are calc_ulated which are Scheme 18.7

required to find the new pivot element. If
the number of variables is considerably larger
than the number of constraints (n > 3m), xP Qi1 o Qi | b1 | 71
then the revised simplex method requires .
considerably less computing cost and there- B
fore has better accuracy. L Amn—m+1 """ G | b | T
The general form of a revised simplex tableau
is shown in Scheme 18.7.

The quantities of the scheme have the following meaning:

Ty - Tp—m Tp—m+1 " Tn Zq

C1 " Cnem Cn—m+1 """ Cp —Co | Cq

B .. 2B Actual basic variables (in the first step the same as ¥, 11 -+ - @)
¢1,...,¢, : Coefficients of the objective function (the coefficients assomated to the basic variables
are zeros).

b1, ..., by : Right-hand side of the actual normal form.
co : Value of the objective function at the extreme point (z%,...,28) = (by,...,by).

Al n—m+1 " A1 .. «
AF — . .|, Actual basis inverse, where the columns of A* are the columns of

" Xp—mt1, .- - &y corresponding to the actual normal form;

am,n—m+l o Amn

r=(ri,...,7) " Actual pivot column.

2. Revised Simplex Step

a) The tableau is not optimal when at least one of the coefficients ¢; (j = 1,2,...,n) is positiv. A
pivot column ¢ is chosen for a ¢, > 0.

b) One calculates the pivot column r by multiplying the ¢-th column of the original coefficient matrix
(18.19b) by A™ and introduces the new vector as the last vector of the tableau.

The pivot row k is determined in the same way as in the simplex algorithm (18.17).

¢) The new tableau is calculated by the pivoting step (18.16a-d), where a;, is formally replaced by r;
and the indices are restricted for n —m +1 < j < n. The column T is omitted. x, becomes a basic

variable. For j = 1,...,n —m, the results are ¢; = ¢; + g;fg where € = (Cppmy1, .-, 0n) ", and a; is
the j-th column of the coefficient matrix of (18.19b).

B Consider the normal form of the example in 18.1.2, p. 912. One wants to bring x4 into the basis.
The corresponding pivot column r = a4 is placed into the last column of the tableau (Scheme 18.8a)
(initially A* is the unit matrix).

For j =1,3,4 one gets ¢; = ¢; — 3ap;: (1, ¢3,¢4) = (2,4,0).

The determined extreme point x = (0,2,0,1,0, 2, 8) corresponds to the point P; in Fig. 18.4, p. 912.
The next pivot column can be chosen for j =3 = q.
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Scheme 18.8a Scheme 18.8b
Ty T3 Ty |Ty T5 Tg L7 Ly Ly T3 Ty T2 Ty XTg L7 z3
9 1000|1]|-1 o 1 10020
5 010011 1:1 T4 0 1 001[-1
T 0010[2|0 g 0 0102 2
7 000 1]5|=3 T7 0 30 18] 2
-1 13000 0]=-3 3 2 4-3[0-3 0 0|-6] 4
The vector r is determined by
1100 1 0
p=(r) =A% = {001 0| | 2| = 2
0301 5 2

and it is placed into the very last column of the second tableau (Scheme 18.8b). One proceedes
as above analogously to the method shown in 18.1.3.2, p. 915. If one wants to return to the original
method, then the matrix of the original columns of the non-basic variables must be multiplied by A*
and only these columns will be kept.

18.1.3.5 Duality in Linear Programming

1. Correspondence
To any linear programming problem (primal problem) an other unique linear programming problem
can be assigned (dual problem):

Primal problem Dual problem

OF: f(x)=c/x +c)x, = max! (18.20a) OF*: g(u) = bJu, +blu, =min! (18.21a)

CT: Ay ;x; + Aipx; < by, CT*: A—1r,121 + A;r,122 >y,
Asixy + Agpxy = b,

AT u, + AT u, = c,
x; >0, X, free. (18.20b) L 2 g

u, >0, u, free. (18.21b)
The coefficients of the objective function of one of the problems form the right-hand side vector of the

constraints of the other problem. Every free variable corresponds to an equation, and every variable
with restricted sign corresponds to an inequality of the other problem.

2. Duality Theorems

a) If both problems have feasible solutions, i.e., M # 0, M* # () (where M and M* denote the feasible
sets of the primal and dual problems respectively), then

f(x) <g(u) forall xe M, ue M, (18.22a)
and both problems have optimal solutions.
b) The points x € M and u € M* are optimal solutions for the corresponding problem, if and only if
f(x) =g(). (18.22h)

¢) If f(x) has no upper bound on M or g(u) has no lower bound on M*, then M* = () or M = 0, i.e.,
the dual problem has no feasible solution.

d) The points x € M and u € M* are optimal points of the corresponding problems if and only if:

ui (A 1x; +Ajox, — b)) =0 and XlT(AElQ1 + A;lgg —¢) =0. (18.22¢)
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Using these last equations, a solution x of the primal problem can be found from a non-degenerate
optimal solution u of the dual problem by solving the following linear system of equations:

Ag1Xy + AgoXy — by, =0, (18.23a)
(Aixy + Aixy, —by); =0 for u; >0, (18.23Db)
x; =0 for (AITJQ] + AZTJQQ —cp);i #0. (18.23¢)

The dual problem also can be solved by the simplex method.

3. Application of the Dual Problem

Working with the dual problem may have some advantages in the following cases:

a) If it is simple to find a normal form for the dual problem, one switches from the primal problem to
the dual.

b) If the primal problem has a large number of constraints compared to the number of variables, then
the revised simplex method can be used for the dual problem.

B Consider the original problem of the example of 18.1.2, p. 912.

Primal problem Dual problem
OF: f(x) =2z + 322 + 423 = max! OF*: g(u) = —uy + 2us + 2uz + 2uy = min!
CT: —x] — Ty — w3 < —1, CT*: —uy — uz + 2uy > 2,
To < 2 —uy + Ug — 3uy > 3,
—I + 2.1?3 < 2, —Uy -+ 2’M3 + 2U4 > 47
2x1 — 329 + 223 < 2, sy, uz, ug > 0.
T, 79,03 = 0.

If the dual problem is solved by the simplex method after introducing the slack variables, then the
optimal solution u* = (uq,us, us,us) = (0,7,2/3,4/3) with g(u) = 18 is got. A solution x* of the
primal problem can be got by solving the system (Ax —b); = 0 for u; > 0, i.e., xy = 2, —x1 + 223 = 2,
21 — 3wg + 225 = 2, therefore: x* = (2,2,2) with f(x) = 18.

18.1.4 Special Linear Programming Problems

18.1.4.1 Transportation Problem
1. Modeling

A certain product, produced by m producers Ey, Es, ..., E,, in quantities a, as, . . ., G, is to be trans-
ported to n consumers Vi, Vs, ..., V, with demands by, by, . . ., b,. Transportation cost of a unit product
of producer E; to consumer V} is ¢;;. The amount of the product transported from £; to Vj is ;; units.
An optimal transportation plan is to be determined with minimum total transportation cost. The
system is supposed to be balanced, i.e., supply equals demand:

dai= b (18.24)
i=1 j=1

The matrix of costs C and the distribution matrix X are constructed:

: >

co e\ B Tig ot Tin \ 01
B : ,(18.25a) X = : : . (18.25b)

Cm,l e Cm,n Em Tm,1 " " Tmn [

V: ViV, > by - by
If condition (18.24) is not fulfilled, then two cases are distinguished:
a) If 3" a; > 3_b;, then a fictitious consumer V,, 44 is introduced with demand b,,.1 = > a; — > b; and
with transportation costs ¢; 41 = 0.
b) If > a; < Y bj, then introduce a fictitious producer E,,;; is introduced with capacity a,+1 =



18.1 Linear Programming 921

> b — > a; and with transportation costs ¢;,41,; = 0.
In order to determine an optimal program, the following programming problem should be solved:

OF: f(X)=>_ > ¢;z; = min! (18.26a)
i=1j=1
CT: Y ay=a (i=1,...,m), > zy=0b; (j=1,....n), z;>0). (18.26b)
j=1 i=1

The minimum of the problem occurs at a vertex of the feasible set. There are m + n — 1 linearly
independent constraints among the m + n original constraints, so, in the non-degenerate case, the
solution contains m + n — 1 positive components z;;. To determine an optimal solution the following
algorithm is used, which is called the transportation algorithm.

2. Determination of a Basic Feasible Solution
With the Northwest corner rule an initial basic feasible solution can be determined:

a) Choose @1; = min(ay, by). (18.27a)
b) If a1 < by, the first row of X is omitted. (18.27b)
If a; > by, the first column of X is omitted. (18.27¢)
If a; = by, either the first row or the first remaining column of X is omitted. (18.27d)

If there are only one row but several columns, then one column is cancelled. The same applies for the
TOWS.

¢) ay is replaced by a; — 215 and by by by — 211 and the procedure in repeated in the left upper vertex
of the reduced distribution matrix X.

The variables obtained in step a) are the basic variables, all the others are non-basic variables with zero
values.

u E: >
5327 Ey T11 T2 T13  Ti4 ap =9
C= < 8§ 211 ) EQ s X = ( T2l T2 T3 T4 ) Ay = 10.
926 3) B T3 32 Ty 34 ) a3 =3
Ve Vi, V3V, i bi=4by=6b3=5by=7

The determination of an initial extreme point with the Northwest corner rule gives

first step second step further steps
4 9 5 45—\ 30 45— 0
X( )10 s X—( )10 R X—( 154) 10940.
’ | 3 )
A65HT 0657 0 p7
0 1 103

0

There are alternative methods to find an initial basic solution which also takes the transportation costs
into consideration (see, e.g., the Vogel approximation method in [18.13]) and they usually result in a
better initial solution.

3. Solution of the Transportation Problem with the Simplex Method

If the usual simplex tableau is prepared for this problem, then it results in a huge tableau ((m-+n) x (m
n)) with a large number of zeros: In each column, only two elements are equal to 1. So, areduced tableau
is constructed, and the following steps correspond to the simplex steps working only with the non-zero
elements of the theoretical simplex tableau. The matrix of the cost data contains the coefficients of
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the objective function. The basic variables are exchanged for non-basic variables iteratively, while the
corresponding elements of the cost matrix are modified in each step. The procedure is explained by an
example.
a) Determination of the modified cost matrix C from C by

Gij=cij+pi+qg (=1....m, j=1,....n), (18.28a)
with the conditions

¢;; =0 for (i,7) if 2;; is an actual basic variable. (18.28b)
The elements of C belonging to basic variables are marked and p; = 0 is substituted. The other
quantities p; and g;, also called potentials or simplex multiplicators, are determined so that the sum of
Pi, ¢ and the marked costs ¢;; should be 0:

" ORNG) 2 7 n=0 0005
C= 8 (2) (1) 1 | p=1 = C=[4000]. (1828)
9 2 6 (3) p3=—1 3[-2]30

n=-""5p=-3G=-"2qu=-2
b) The value
Cpq = min{Ci;} (18.28d)
P

must be determined. If ¢,, > 0, then the given distribution X is optimal; otherwise z,, is chosen as a
new basic variable. In our example: ¢,q = 30 = —2.

c) In C, é,, and the costs associated to the basic variables are marked. If C contains rows or columns
with at most one marked element, then these rows or columns will be omitted. This procedure is
repeated with the remaining matrix, until no further cancellation is possible.

(18.28¢)

d) The elements z;; associated to the remaining marked elements ¢; form a cycle. The new basic
variable Z,, is to be set to a positive value 0. The other variables Z;; associated to the marked elements
¢;; are determined by the constraints. In practice, ¢ is subtracted and added from or to every second
element of the cycle. To keep the variables non-negative, the amount 6 must be chosen as

0 =a,s =min{a;;: Ty =y — 0}, (18.28f)
where 2,5 will be the non-basic variable. In the example § = min{1, 3} = 1.
by
4 5 9
— ~ 45
% = 1-0 5 4+4| 10 = X = 55|, f(x)=>53. (18.28g)
4 ) 12

6 —3-4) 3
S 4 6 5 7

Then, this procedure is repeated with X = X.

(5) 3) 2 7 =0 () (0) (=2) 3
C= 8 2 (1) (1) P=3 — C=| 6 2 (0) (0) |. (18.28Nh)
9 (2) 6 3) pp=1 5 (0) 3 (0)
G=-Sp=-3¢p=-4qu=-4
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4 5—=0 «

s_o . (432 4
X _ 1 55 e 546 X 337 L f(X)=49.  (18.281)

1
146 — 2-0
The next matrix C does not contain any negative element. So, X is an optimal solution.

18.1.4.2 Assignment Problem

The representation is made by an example.

B 7 shipping contracts should be given to n shipping companies so that each company receives exactly
one contract. The assignment has to be determined which minimizes the total costs, if the i-th company
charges c;; for the j-th contract.

An assignment problem is a special transportation problem with m = n and a; = b; = 1 for all 7, j:

non

OF: f(x)=Y_> ¢ = min! (18.29a)
i=1j=1
CT: > ay=1(i=1...,n), SNay=1(G=1,...,n), 2 € {0,1} (18.29b)
j=1 i=1

Every feasible distribution matrix contains exactly one 1 in every row and every column, all other
elements are equal to zero. In a general transportation problem of this dimension, however, a non-
degenerate basic solution would have 2n — 1 positive variables. Thus, basic feasible solutions to the
assignment problem are highly degenerate, with n — 1 basic variables equal to zero. Starting with
a feasible distribution matrix X, the assignment problem can be solved by the general transportation
algorithm. It is time consuming to do so. However, because of the highly degenerate nature of the basic
feasible solutions, the assignment problem can be solved with the highly efficient Hungarian method
(see [18.9]).

18.1.4.3 Distribution Problem

The problem is represented by an example.

B m products Ey, Es, ..., E,, should be produced in quantities a, as, ..., a,,. Every product can be
produced on any of n machines M, Ms, ..., M,. The production of a unit of product E; on machine

M; needs processing time b;; and cost ¢;;. The time capacity of machine Mj is b;. Denote the quantity
produced by machine M; from product E; by ;;. The total production costs should be minimized.
This distribution problem has the following general model:

OF: f(x)=>_Y" ¢jux; = min! (18.30a)

i=1j=1

CT: ZT” =aqa; (i=1,...,m), Zbi]ac,;j <b; (j=1,...,n), ;>0 forall i,j. (18.30b)

i=1 i=1

The distribution problem is a generalization of the transportation problem and it can be solved by
the simplex method. If all b;; = 1, then the more effective transportation algorithm can be used (see
18.1.4.1, p. 921) after introducing a fictitious product E,, 41 (see 18.1.4.1, p. 920).

18.1.4.4 Travelling Salesman

Suppose there are n places Oy, Oy, ..., O,. The travelling time from O; to O; is ¢;;. Here, ¢;; # cj; is
possible.

One wants to determine the shortest route such that the traveller passes through every place exactly
once, and returns to the starting point.

Similarly to the assignment problem, exactly one element is chosen in every row and column of the time
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matrix C so that the sum of the chosen elements is minimal. The difficulty of the numerical solution of
this problem is the restriction that the marked elements c;; should be arranged in order of the following
form:

Cityins Cinyigs - - s Cinsiney With i # 4y for k #1 and 4,41 = ;. (18.31)
The travelling salesman problem can be solved by the branch and bound methods.

18.1.4.5 Scheduling Problem

n different products are processed on m different machines in a product-dependent order. At any time
only one product can be processed on a machine. The processing time of each product on each machine
is assumed to be known. Waiting times, when a given product is not in process, and machine idle times
are also possible.

An optimal scheduling of the processing jobs is determined where the objective function is selected
as the time when all jobs are finished, or the total waiting time of jobs, or total machine idle time.
Sometimes the sum of the finishing times for all jobs is chosen as the objective function when no waiting
time or idle time is allowed.

18.2 Non-linear Optimization
18.2.1 Formulation of the Problem, Theoretical Basis
18.2.1.1 Formulation of the Problem

1. Non-linear Optimization Problem
A non-linear optimization problem has the general form

f(x) = min! subject to x € R" with (18.32a)

gi(x) <0, iel={1,....m}, hjx)=0, jeJ={1,...,r} (18.32b)
where at least one of the functions f, g;, h; is non-linear. The set of feasible solutions is denoted by

M={xeR": ¢(x)<0, te€l, hjx)=0 jelJ} (18.33)

The problem is to determine the minimum points.
2. Minimum Points
A point x* € M is called the global minimum point if f(x*) < f(x) holds for every x € M. If this
relation holds for only the points x of a neighborhood U of x*, then x* is called a local minimum point.
Since the equality constraints h;(x) = 0 can be expressed by two inequalities,

—hi(x) <0, hy(x) <0, (18.34)
it can be supposed that the set J is empty, J = (.

18.2.1.2 Optimality Conditions
1. Special Directions
a) The Cone of the Feasible Directions at x € M is defined by
Z(x)={deR": Ja>0: x+ade M, 0<a<a}, xeM, (18.35)
where the directions are denoted by d. If d € Z(x), then every point of the ray x + ad belongs to M
for sufficient small values of «.
b) A Descent Direction at a point x is a vector d € R" for which there exists an & > 0 such that
flx+ad) < f(x) Vae (0,a). (18.36)
There exists no feasible descent direction at a minimum point.

If f is differentiable, then d is a descent direction when V f (X)TQ < 0. Here, V denotes the nabla
operator, so V f(x) represents the gradient of the scalar-valued function f at x.

2. Necessary Optimality Conditions

If f is differentiable and x* is a local minimum point, then

Vx>0 forevery de Z(x"). (18.37a)
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In particular, if x* is an interior point of M, then
Vi) =0. (18.37h)

3. Lagrange Function and Saddle Point
Optimality conditions (18.37a,b) should be transformed into a more practical form including the con-
straints. The so-called Lagrange function or Lagrangian is constructed:

L(x,u) = f(x +Zuzg1 x) = f(x) +u'g(x), x€R, ueRY, (18.38)

according to the Lagmnge multzplzm method (see 6.2.5.6, p. 456) for problems with equality constraints.
A point (x*,u*) € R" x R is called a saddle point of L, if
L(x",u) < L(x",u") < L(x,u”) forevery x € R", u€ R (18.39)

4. Global Kuhn-Tucker Conditions

A point x* € R" satisfies the global Kuhn-Tucker conditions if there is an u* € R, i.e., u* > 0 such
that (x*,u*) is a saddle point of L.

For the proof of the Kuhn-Tucker conditions see 12.5.6, p. 683.

5. Sufficient Optimality Condition

If (x*,u*) € R" x R is a saddle point of L, then x* is a global minimum point of (18.32a,b).

If the functions f and g; are differentiable, then local optimality conditions can be deduced.

6. Local Kuhn-Tucker Conditions

A point x* € M satisfies the local Kuhn—Tucker conditions if there are numbers u; > 0,7 € I(x*) such
that

—Vfx) = Y wVg(x*), where (18.40a)
i€lo(x*)
In(x) ={ie{l,...,m} : gi(x) =0} (18.40Db)

is the index set of the active constraints at x. The point x* is also called a Kuhn-Tucker stationary
point.

This means geometrically that a point x* €
M satisfies the local Kuhn-Tucker condi-
tions, if the negative gradient —V f(x*) lies N N W Vg (xY)
in the cone spanned by the gradients Vg;(x*) B1ix
i € Io(x*) of the constraints active at x*
(Fig. 18.5).

The following equivalent formulation for
(18.40a,b) is also often used: x* € R" satis-
fies the local Kuhn-Tucker conditions, if there
isau* € R’ such that

“V(x*)

Vgo(x*)

g(x") <0, (18.41a) 8()=0 ol
wig(x") =0, i=1,...,m, (18.41b) level lines .
n f(x) = const
V) + > uVgi(x') = 0. (18.41c)
= Figure 18.5

7. Necessary Optimality Conditions and Kuhn-Tucker Conditions

Ifx € M is alocal minimum point of (18.32a,b) and the feasible set satisfies the reqularity condition at
: 3d € R” such that Vg;(x*)d < 0 for every i € Ip(x*), then x* satisfies the local Kuhn-Tucker

condltlons
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18.2.1.3 Duality in Optimization

1. Dual Problem
With the associated Lagrangian (18.38) the maximum problem is formed, the so-called dual of (18.32a,b):

L(x,u) = max! subject to (x,u) € M* with (18.42a)
M* = {(x,u) e R" xR} : L(x,u) = IIGI%{I}L L(z,u)}. (18.42b)

2. Duality Theorems

Ifx, € M and (x,,u,) € M*, then

a) L(x,,1,) < f(x)).

b) If L(xy,u,) = f(x;), then x; is a minimum point of (18.32a,b) and (X, u,) is a maximum point of
(18.42a.D).

18.2.2 Special Non-linear Optimization Problems
18.2.2.1 Convex Optimization

1. Convex Problem
The optimization problem
f(x) = min! subjectto ¢;(x) <0 (i=1,...,m) (18.43)
is called a convex problem if the functions f and g¢; are convex. In particular, f and g; can be linear
functions. The following statements are valid for convex problems:
a) Every local minimum of f over M is also a global minimum.
b) If M is not empty and bounded, then there exists at least one solution of (18.43).
c) If f is strictly convex, then there is at most one solution of (18.43).
1. Optimality Conditions
a) If f has continuous partial derivatives, then x* € M is a solution of (18.43), if

(x—x)"'Vf(x") >0 forevery x€& M. (18.44)
b) The Slater condition is a regularity condition for the feasible set M. It is satisfied if there exists an
x € M such that g;(x) < 0 for every non-affine linear functions g;.
c) If the Slater condition is satisfied, then x* is a minimum point of (18.43) if and only if there exists a
u* > 0 such that (x*,u*) is a saddle point of the Lagrangian. Moreover, if functions f and g; are dif-
ferentiable, then x* is a solution of (18.43) if and only if x* satisfies the local Kuhn-Tucker conditions.
d) The dual problem (18.42a,b) can be formulated easily for a convex optimization problem with dif-
ferentiable functions f and g;:

L(x,u) = max!, subjectto (x,u)e M* with (18.45a)

M* ={(x,u) € R" x R} : VyxL(x,u)=0}. (18.45Db)

The gradient of L is calculated here only with respect to x.
e) For convex optimization problems, the strong duality theorem also holds:
If M satisfies the Slater condition and if x* € M is a solution of (18.43), then there exists a u* € R,
such that (x*,u*) is a solution of the dual problem (18.45a,b), and

fx") = by flx) = W L(x,u) = L(x*,u"). (18.46)

18.2.2.2 Quadratic Optimization

1. Formulation of the Problem
Quadratic optimization problems have the form
f(x) = XTC§+ET3 =min!, subjectto x€ M C R" with (18.47a)

M=M: M={xeR": Ax<b, x>0} (18.47Db)
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Here, C is a symmetric (n,7) matrix, p € R", A is an (m, n) matrix, and b € R"™.
The feasible set M can be written alternatively in the following way:
M= My: M={x: Ax=Db, x>0}, (18.484a)
M=My;: M={x: Ax<b}. (18.48b)
2. Lagrangian and Kuhn-Tucker Conditions
The Lagrangian to the problem (18.47a,b) is

L(x,u) =x"Cx+p'x+u"(Ax - b). (18.49)
By introducing the notation
oL T L
g:d—=p+QCl+A[g and y=—a—=—A§+h (18.50)
ox = = ou
the Kuhn-Tucker conditions are as follows:
Case I: Case II: Case I1I:
a) Ax+y=b, a) Ax=Db, a) Ax+y=bh (18.51a)
b) 2Cx—v+ATu=—p, b) 2Cx—-v+ATu=-p, b) 2Cx+ATu=-p, (18.51bh)
¢c) x>0, v>0,y>0,u>0, ¢) x>0, v>0, ¢c) u>0,y>0, (18.51c)
d) x"v+yTu=0. d) x'v=0. d) y'u=0. (18.51d)

3. Convexity

The function f(x) is convex (strictly convex) if and only if the matrix C is positive semidefinite (posi-

tive definite). Every result on convex optimization problems can be used for quadratic problems with

a positive semidefinite matrix C; in particular, the Slater condition always holds, so it is necessary

and sufficient for the optimality of a point x* that there exists a point (x*,y,u, v), which satisfies the

corresponding system of local Kuhn-Tucker conditions. a

4. Dual Problem

If C is positive definite, then the dual problem (18.45a,b) of (18.47a,b) can be expressed explicitly:
L(x,u) = max!, subjectto (x,u)e M*, where (18.52a)

M ={(x,u) eR* xR} : x= %C*I(ATH+E)}. (18.52b)

1
If the expression x = —§C’1(ATQ + p) is substituted into the dual objective function L(x, u), then

the equivalent problem is

1 1 T
plu) = 7ZQTAC’lATg — (EAC’lg + b) u— KBTQ’lg =max!, u>0. (18.53)
Hence: If x* € M is a solution of (18.47a,b), then (18.53) has a solution u* > 0, and
f(x") =¢p(u"). (18.54)
Problem (18.53) can be replaced by an equivalent formulation:
Y(u) = uTEBu+h"u = min!, subjectto u>0 where (18.55a)

1 1
E= ZAC’IAT and h= EAC*IE—Q—Q. (18.55h)



928 18. Optimization

18.2.3 Solution Methods for Quadratic Optimization Problems
18.2.3.1 Wolfe’s Method

1. Formulation of the Problem and Solution Principle
The method of Wolfe is to solve quadratic problems of the special form:

fx)=x"Cx + ETX =min!, subjectto Ax=Db, x>0. (18.56)
C is supposed to be positive definite. The basic idea is the determination of a solution (x*, u*, v*) of
the corresponding system of Kuhn-Tucker conditions, associated to problem (18.56):

Ax = b, (18.57a)

2Cx—v+ATu = —p, (18.57b)
x>0, v>0; (18.57¢)

xTv =0. (18.58)
Relations (18.57a,b,c) represent a linear equation system with m + n equations and 2n + m variables.
Because of relation (18.58), either z; = Oorv; = 0 (i = 1,2,...,n) must hold. Therefore, every solution

of (18.57a,b,c), (18.58) contains at most m+n non-zero components. Hence, it must be a basic solution
of (18.57a,b,c).

2. Solution Process

First, a feasible basic solution (vertex) X of the system Ax = b is determined. The indices belonging
to the basis variables of X form the set /5. In order to find a solution of system (18.57a,b,c), which also
satisfies (18.58), the problem is formulated as

—p=min!, (peR); (18.59)
Ax = b, (18.60a)

2Cx —v+ATu—puq=—-p with q=2Cx+p, (18.60Db)
; > Qiy >0, ;;ZO; - (18.60c)

x'v = 0. (18.61)

If (x, v, u, i) is a solution of this problem also satisfying (18.57a,b,c) and (18.58), then p = 0.

The vector (x,v,u, ) = (X,0,0,1) is a known feasible solution of the system (18.60a,b,c), and it
satisfies the relation (18.61), too. A basis associated to this basic solution is formed from the columns
of the coefficient matrix

A0 00O I denotes the unit matrix, 0 the zero matrix and 0
2C -1 AT —q )’ s the zero vector of the corresponding dimension,

in the following way:

a) m columns belonging to z; with ¢ € I,

b) n — m columns belonging to v; with i ¢ Ip,

c) all m columns belonging to u;,

d) the last column, but then a suitable column determined in b) or ¢) will be dropped.

If ¢ = 0, then the interchange according to d) is not possible. Then X is already a solution.

Now, a first simplex tableau can be constructed. The minimization of the objective function is per-
formed by the simplex method with an additional rule that guarantees that the relation x'v = 0 is
satisfied:

The variables x; and v; (i = 1,2,...,n) must not be simultaneously basic variables.

In the case of a positive definite C, considering this additional rule the simplex method provides a so-
lution of problem (18.59), (18.60a,b,c), (18.61) satisfying u = 0. For a positive semi-definite matrix C,
because of the restricted pivot choice, it may happen that although z > 0, no more exchange-step can
be made without violating the additional rules. In this case p cannot be reduced any further.

(18.62)
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B f(x) = 2% +423 — 102, — 327, = min!  with @ + 21 +23 =7, 21+ 2+ 124 = 8.
10 0 0 -10
/1210 (7 o 40 0 =32
A—<2 10 1>= b_(8>’ C=loooo|l P=| o
00 0 0 0

In this case C is positive semi-definite. A feasible basic solution of Ax = b is x = (0,0,7, S)T7 q=
2Cx +p = (—10,-32,0, O)T‘ The choices for the basis vectors are: a) columns 3 and 4 of <21%)

0

b) columns 1 and 2 of (—I

0
>7 ¢) the columns of ( £1> and d) column <:q> instead of the first

column of ( PI ) . The basis matrix is formed from

these columns, and the basis inverse is calculated Scheme 18.9
(see 18.1, p. 909). Multiplying matrix (18.62) and
1 Ty U U on
(b, L ,
the vectors “p by the basis inverse, the first 23 1 2 0 0 0 7
simplex tableau (Scheme 18.9) is obtained. R 2 ! 0 0 r() 8
Only z; can be interchanged with v in this tableau vy _8 — Q E i4 0
according to the complementary constraints. Af- 10 10 10 10
ter a few stgps, we get the solution x* = w 0 0 0 —1 0 0
(2,5/2,0,3/2)" is obtained. The last two equations Uz 0 0 0 0 —11 0
T 2 1 1 2
of 2Cx—v+A ' u—puq = —pare: v3 = uy, V4 = Us. u = 0 —— = =11
iminating . i i 10 10 10 10
Therefore, by eliminating u; and uy the dimension
of the problem can be reduced. 2 0 1 1 2 1
18.2.3.2 Hildreth-d’Esopo Method 10 10 10 10l
1. Principle
The strictly convex optimization problem
f(x)= x'Cx + ET§ =min!, Ax<b (18.63)
has the dual problem (see 1., p. 926)
P(u) = uW'Eu+h'u=min! u>0 with (18.64a)
1 T 1
E= ZAC”A‘, h= 5AC*EJFQ. (18.64b)
Matrix E is positive definite and it has positive diagonal elements e; > 0, (i = 1,2,...,m). The
variables x and u satisfy the following relation:
1
x= 75071(ATQ+E). (18.65)

2. Solution by Iteration

The dual problem (18.64a), which contains only the condition u > 0, can be solved by the following
simple iteration method:

a) Substitute u! > 0, (e.g., u' =0), k= 1.

b) Calculate uf™ fori = 1,2,...,m according to

. 1 (4 h; Ul . X
wit = - (Z eiul ™ + % + > e,;ﬂé”) ,(18.66a) ubtt = max{O,wf“} . (18.66b)
=

ii j=it1
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c) Repeat step b) with k + 1 instead of k until a stopping rule is satisfied, e.g., |u°1(gk+1) - u‘}(gk)‘ <e,
e>0.

Under the assumption that there is an x such that Ax < b, the sequence {1(u*)} converges to the
minimum value t,,;, and sequence {3’“} given by (18.65) converges to the solution x* of the original
problem. The sequence {u*} is not always convergent.

18.2.4 Numerical Search Procedures

By using non-linear optimization procedures acceptable approximate solutions can be found with rea-
sonable computing costs for several types of optimization problems. They are based on the principle
of comparison of function values.

18.2.4.1 One-Dimensional Search

Several optimization methods contain the subproblem of finding the minimum of a real function f(z)
for z € [a, b]. It is often sufficient to find an approximation T of the minimum point z*.

1. Formulation of the Problem

A function f(z), z € R, is called unimodal in [a, b] if it has exactly one local minimum point on every
closed subinterval J C [a,b]. Let f be a unimodal function on [a, b] and 2* the global minimum point.
Then an interval [c, d] C [a, b] should be found with z* € [c, d] such that d — ¢ < &, ¢ > 0.

2. Uniform Search

—a ¢
A positive integer n is chosen such that § = 1 < 3 and the values f(2%) for 2¥ = a + ké (k =
n
1,...,n) are calculated. If f(x) is the smallest value among these function values, then the minimum

point z* is in the interval [z — 4, 2 4+ ¢]. The number of required function values for the given accuracy
can be estimated by

2(b —

ns 209y (18.67)
3. Golden Section Method, Fibonacci Method
The interval [a, b] = [a1, b1] will be reduced step by step so that the new subinterval always contains
the minimum point z*. The points A;, p1 are determined in the interval [ay, by] as

M=ar+1—=7)by —a1), i =a +7(b—a) with (18.68a)

1

= 5(\@ —1) ~0.618. (18.68h)
This corresponds to the golden section. Two cases are distinguished:
a) If f(A\) < f(p1), then as = ay, by = p; and py = A are substituted. (18.69a)
b) If f(M\) > f(pa), then as = A1, by = by and Ay = py are substituted. (18.69b)

If by — as > ¢, then the procedure is repeated with the interval [a, bs], where one value is already
known, f(A2) in case a) and f(us2) in case b), from the first step. To determine an interval [a,,, b,], which
contains the minimum point z*, altogether n function values are calculated. From the requirement
e> by —a, =1"4b —ay) (18.70)
the necessary number of steps n can be estimated.
By using the golden section method, at most one more function value should be determined compared to
the Fibonacci method. Instead of subdividing the interval according to the golden section, the interval
is subdivided according to the Fibonacci numbers (see 5.4.1.5, p. 375, and 17.3.2.4, 4., p. 908).

18.2.4.2 Minimum Search in n-Dimensional Euclidean Vector Space

The search for an approximation of the minimum point x* of the problem f(x) = min!, x € R", can
be reduced to the solution of a sequence of one-dimensional optimization problems.
One takes

a) x=x', k=1, wherex'isan appropriate initial approximation of x*. (18.71a)
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b) The one-dimensional problems
ola,) = flaf ol ok 4o, al L af) = min! with a, € R (18.71b)
are solved for r = 1,2,...,n. If . is an exact or approximating minimum point of the r-th problem,

then 2541 = 2% + &, are substituted.
¢) If two consecutive approximations are close enough to each other, i.e., with some vector norm,

I = x| <1 or [f(x) ~ f(x")] < e (18.71c)

then x*+1 is an approximation of x*. Otherwise step b) is repeated with k + 1 instead of k. The one-

dimensional problem in b) can be solved, by using the methods given in 18.2.4.1, p. 930.

18.2.5 Methods for Unconstrained Problems
The general optimization problem

f(x) =min! for xeR" (18.72)
is considered with a continuously differentiable function f. Each method described in this section con-
structs, in general, an infinite sequence of points {Xk } € R", whose accumulation point is a stationary
point. The sequence of points will be determined starting with a point x* € R" and according to the
formula

X =xF 4 ud® (k=1,2,...), (18.73)
i.e., first a direction Q’“ € R" is determined at x* and the step size oy, € R indicates how far x*+! is
from x* in the direction d*. Such a method is called a descent method, if

fE < fx5 (F=1,2,...). (18.74)
The equality V f(x) = 0, where V is the nabla operator (see 13.2.6.1, p. 715), characterizes a stationary
point and can be used as a stopping rule for the iteration method.

18.2.5.1 Method of Steepest Descent

Starting from an actual point x*, the direction d* in which the function has its steepest descent is

d* = —Vf(xh) (18.75a) and consequently x"! = x* — , Vf(x"). (18.75D)

A schematic representation of the steepest descent method with level lines f(x) = f(x') is shown in
Fig. 18.6.

1 The step size ay, is determined by a line search, i.e.,
f()=f(x')  ay is the solution of the one-dimensional problem:
fx" +ad®) =min!, o >0. (18.76)
This problem can be solved by the methods given
in 18.2.4, p. 930.

The steepest descent method (18.75b) converges
relatively slowly. For every accumulation point x*
of the sequence {x*}, V f(x*) = 0. In the case of a
quadratic objective function, i.e., f(x) = x'Cx +

Vf()_(1) level lines

Figure 18.6 ETK, the method has the special form:
a*'a
x = xF 4, d* (18.77a) with d* = —(2Cx" + p) and @y = ———. (18.77b)
= 2d*T cd

18.2.5.2 Application of the Newton Method

Suppose that at the actual approximation point x* the function f is approximated by a quadratic
function:

q(x) = f(x") + (x = x") V(") + %(z - x")TH(")(x - x"). (18.78)
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Here H(x*) is the Hessian matrix, i.e., the matrix of second partial derivatives of f at the point x*. If
H(x") is positive definite, then ¢(x) has an absolute minimum at x**! with Vg¢(x**1) = 0, therefore
one gets the Newton method:

Xk+1 _ Xk _ Hil(Xk)Vf(Xk) (]C _ 1’ 27 . ) , i‘e., (18793)

d" = —H '(x")Vf(x") and o in (18.73). (18.79b)

The Newton method converges fast but it has the following disadvantages:
a) The matrix H(x*) must be positive definite.
b) The method converges only for sufficiently good initial points.

¢) The step size can not influenced.
d) The method is not a descent method.

e) The computational cost of computing the inverse of H! (x¥) is fairly high.
Some of these disadvantages can be reduced by the following version of the damped Newton method (see
also 19.2.2.2, p. 962):

XM =xF o, A XV (k=1,2,..). (18.80)
The relaxation factor ay can be determined, for example, by the principle given earlier (see 18.2.5.1,
p. 931).
18.2.5.3 Conjugate Gradient Methods

Two vectors d',d*> € R" are called conjugate vectors with respect to a symmetric, positive definite
matrix C, if

d'"ca? =o. (18.81)
Ifd', d? ..., d" are pairwise conjugate vectors with respect to a matrix C, then the convex quadratic
problem ¢(x) = xTCx + ETX, x € R", can be solved in n steps if a sequence x**! = x* + ad”
starting from x! is constructed, where oy, is the optimal step size. Under the assumption that f(x)

1
is approximately quadratic in the neighborhood of x*, i.e., C = iH(g‘), the method developed for

quadratic objective functions can also be applied for more general functions f(x), without the explicit
use of the matrix H(x*).
The conjugate gradient method has the following steps:

a) x'eR", d'=-Vf(x!), (18.82)
where x! is an appropriate initial approximation for x*.

b) x"'=xF 4+ ud" (k=1,...,n) with a; > 0so that f(x* + ad") will be minimized. (18.83a)

A" = VY 4 pdt (k=1,...,n—1) with (18.83b)
k+1\T k+1
e = Vf(& )va(l ) and dn+1 _ *Vf(Xn'Jrl). (18830)
Vf(xF) V)
) Repeating steps b) with x" ! and d"*! instead of x! and d'.

18.2.5.4 Method of Davidon, Fletcher and Powell (DFP)
With the DFP method, a sequence of points starting from x' € R" is determined according to the
formula

=5 - MUV () (k=1,2,...). (18.84)

Here, M, is a symmetric, positive definite matrix. The idea of the method is a stepwise approximation
of the inverse Hessian matrix by matrices M, in the case when f(x) is a quadratic function. Starting
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with a symmetric, positive definite matrix My, e.g., My = I (I is the unit matrix), the matrix My, is
determined from Mj,_; by adding a correction matrix of rank two

VkaT (Mk—lﬂk)(Mk—lﬂk)T

Mi= M+ S = (18.85)
with v¥ = x¥ — x* ' and w* = Vf(x¥) — Vf(x" 1) (k=2,3,...). The step size a, is obtained from
f(xF — aMVf(x*)) = min!, o >0. (18.86)

If f(x) is a quadratic function, then the DFP method becomes the conjugate gradient method with
M, =1

18.2.6 Evolution Strategies
18.2.6.1 Evolution Principles

Evolution strategies are examples of stochastic optimization processes imitating natural evolution.
They are based on the principles of mutation, recombination and selection.

1. Mutation

From a parent point x p a offspring (descendant) x , = x p-+d is formed by applying a random variation

d. The components of d are (0, 07) normally distributed random variables Z (0, 0?) determined newly
at every mutation:

d 2(0,0?) 200,1) - o
d 2(0, 02 7(0,1) - o

=] |= (:02) | ;) - (18.87)
d, 2(0,02) 2(0,1) - o

With a normally distributed d small changes have high probabilities while large changes occur very
rarely. The changes are controlled by the standard deviation o;.

2. Recombination

From the population of s parents offspring can be obtained by mixing the information from two or more
parents, which are randomly selected. The recombination can follow two types of changes.

At intermediate recombination a offspring becomes as weighted average of ¢ randomly chosen parents:

) )
X0 =) ;Xp, Zaizl, 2<o<u. (18.88)
i1 i=1
At a discrete recombination of ¢ parents the i-th component of a offspring x is determined by the i-th
component of a randomly chosen parent:

o =xip;, jEA{L,...,0} i=1,...,n (18.89)

3. Selection

By using mutation and recombination, a set of offspring is formed randomly. In a subsequent selection
process the objective function f(x) serves as a measure to compare the fitness of the individuals. The
fittest individuals are selected for the next generation. At certain strategies only the offspring take part
in the selection. Other strategies consider also the parents (see also [18.12]).

18.2.6.2 Evolution Algorithms

Every evolution strategy is based on the following algorithm:
a) Determination of an appropriate starting population consisting of p individuals. These are the
first generation of parents. X p = {xp,,...,xp, }.

b) In the k-th step the creation of A offspring X 5 = ggl e 73’&} by mutation and recombination
of parents of the actual generation X f = {x%,,...,x} }.
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c) Application of selection to get the best p individuals for the next parent generation X ’;}“ =

BT,

d) Repeating steps b) and ¢) until stopping rule is satisfied. It can be fulfilling an optimal criterium of
the optimization problem, or to reach a given number of generations, or exceeding a given computer
time, etc.

18.2.6.3 Classification of Evolution Strategies

Every evolution strategy is characterized by a sequence of parameters. Essential parameters are the size
of the population g, the number of the offspring A, the number of parents p taking part in recombination
and rules of making mutation, recombination and selection. To distinguish different types of strategies
a special notation is commonly used. For the strategies using only mutation in producing offspring
the (114 A), or (u, ) strategy notation is used. Strategies (p + A) and (g, A) differ from each other in
the type of selection. At strategy (u, A) the selection of the new generation is made only among the
offspring, while at strategy (12 4+ A) the parents are also involved.

For strategies using recombination the number g of the parents, which are involved, is seen in the
notation (u/e + A)- and (11/ 0, A)-strategy.

18.2.6.4 Generating Random Numbers

For the numerical evaluation of evolution procedures uniformly and normally distributed random vari-
ables are needed. Values of uniformly distributed variables can be got by the methods given in subchap-
ter 16.3.5.2, p. 843. Normally distributed random variables can be produced from uniform variables in
the following way:

Box-Muller Method: If G; and G5 are uniformly distributed random numbers in the interval [0, 1],
then the following two equations give two statistically independent normally distributed (0, 0%) random
numbers Z;(0, 02) and Z5(0, 02):

71(0,0%) = 0/ —2In G cos(2rGy)  and  Zy(0,0%) = 01/ —2In Gy sin(27Gy) . (18.90)

18.2.6.5 Application of Evolution Strategies

In the practice optimization problems have usually high complexity. Here the conventional optimiza-
tion processes described in 18.2.5, p. 931 are often not appropriate. Evolution strategies belong to the
differentiation-free solution methods, which are based on comparisons of the values of the objective
function. They have simple conditions on the structure of the objective function. The objective func-
tion does not need to be differentiable or continuous. So the evolution strategies are appropriate for a
wide spectrum of optimization problems.

The application of evolution strategies is not restricted to unconstrained continuous optimization prob-
lems. Optimization problems with constraints can also be handled, where the constraints are enforced
by penalty terms in the objective function (see Penalty and Barrier Methods in 18.2.8, p. 940).
Another field of application is the discrete optimization, where some or all components of x can take
their values from a discrete set. One possible mutation mechanism is to replace the value of a discrete
component by one of its neighboring values with the same probability.

18.2.6.6 (1 + 1)-Mutation-Selection Strategy

This method is similar to the gradient method discussed in 18.2.5, p. 931 with the difference that the

direction d* is a normally distributed random vector. The population consists of a single individual
which produces one offspring at every generation.

1. Mutation Step
In generation k a offspring is obtained from a parent by adding a normally distributed random vector:

xb=xp+ad". (18.91)
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The factor «v is a parameter by which the speed of the convergence can be affected. « is considered as
the step size of the mutation.

2. Selection Step
The new parent of the next generation (k + 1) is selected by comparing the objective function values
of both individuals, i.e., from the parent with the formula:

K+l _ {XI(CJ if f(x§) < [(xF),

X
Xp . .
xk otherwise.

(18.92)

The procedure stops if no better offspring arrives over a given number of generations. The step size a
can be increased if the mutation results mostly in improved offspring. At small improvements the value
of a should be decreased.

3. Step Size Control

The choice of the mutation step size « is of important influence to the convergence properties of the
evolution method. While large step sizes are recommended in order to have fast convergence, small step
size is required in the close neighborhood of the optimum or in regions of fast changing or oscillating
of the objective function. The optimal step size depends on the problem. Too small steps lead to
stagnation, too large steps may result in overshooting of the evolution process.

1. 1/5-Success rule: The ratio of the number of successful mutations and the total number of
mutations in the last step defines the rate of success ¢. If ¢ > 1/5, then the step size can be increased.
For smaller success rate, a should be decreased:

1
C - O, q =
k=1 2 with ¢=0,8...0,85, (18.93)
—ran, > ¢
c 5

2. Mutative Step Size Determination: The rule of 1/5 is a rough choice, and considering any
concrete problem it is not always satisfactory. In an extended model the step size o and the standard
deviations oy, i = 1,2...,n are in correlation. Here av and o; are multiplied with equal probability by
one of the factors ¢, 1, 1/¢, where ¢ = 1,1...1,5. Further information see [18.12].

18.2.6.7 Population Strategies

The (141) strategy presented in the preceding paragraph reflects the principles of the natural evolu-
tion only in a very simplified form. With the extension to population models further properties of the
evolution process can be considered. A large number of individuals in an evolution process assures that
different regions of the solution space will be searched.

1. (p+ X)-Evolution Strategy

The (p + A) strategy is a generalization of the (1 + 1) strategy. From the p parents of the cur-
rent generation X % = {x ’},17 X ’;M} a set of A\ parents is chosen randomly with equal probability.
Repeated choices are allowed and even necessary in the case if < A. By mutation, A offspring
X& = {x§,,....xp, } are produced. From the selection set X§ U X § the best p individuals are
chosen to take over into the next generation.

Since the parents are also taken in the selection, the quality of the population from a generation to
the next one cannot be worse. The (p + ) strategy has the property that it keeps an already found
local optimum, since large mutation steps, which are required to leave the optimal point, have very
small probability. It means, that an individual can have an infinite life. This behavior can be avoided
by adding penalty terms to the objective function values of parents that increase from generation to
generation. In this way the aging of individuals can be simulated.

2. (p,A)-Evolution Strategy

In contrary to the (1 + ) strategy the selection step is now made among the A offspring, to choose the
1 individuals for the next generation, i.e., in this strategy the parents do not survive. Therefore A >
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must hold. The values of the objective function for the offspring can be larger than that for the parents.
This procedure can depart from local optima.

Selection Pressure: The ratio of the individuals taking part in the selection and the size of the pop-
ulation defines the selection pressure S:

A
p for (1 + \)-strategy ,
S=193 with 1<5 < o0. (18.94)
= for (jo, \)-strategy
1

If the selection pressure is close to 1, then the selection step has almost no impact. A large number of
offspring A > p results in a strong selection pressure, since from the set of the present individuals only
few will survive into the next generation.

3. (u/e+ A)-and (u/e, N)-Evolution Strategies with Recombination

With the concept of recombination some relations are built between the individuals of a population, so
the information of several parents are mixed in a offspring.

In order to get a offspring, p parents are chosen from the set of parents X & with the same probability.
It is assumed that for every member of the A offspring a separate choice of p parents is taken. The
offspring is a discrete or an intermediate recombination of the chosen parents. The offspring produced
in this way will be mutated and enters the selection process.

In the previously described (1 + A) and (i, A) strategies each individual is the result of a series of mu-
tations applied to one individual of the first generation of parents. So, a wider evolution step is possible
only through many generations. Wider evolution steps are possible with recombination. Especially,
when the parents have large distances among each other, the offspring are formed with completely new
properties.

4. Evolution Strategies with more Populations

The principles of evolution can be expanded formally to the dimension of populations. Instead of indi-
viduals now populations are in competition. So, the evolution process has two steps. It is shown in the
expanded notation: [pa/0s T Aa(p1/01 T 1))

From a set of pp parent populations a set of Ay offspring populations is created by recombination of o,
populations that are chosen randomly for each offspring population. In these A offspring populations
the optimization is performed using a (p11/01 + A1) or (1/01, A1) strategy. After a given number of
generations the best populations are chosen based on an appropriate criterium. The comparison of
populations can be done by considering the values of the objective function of the best individual or by
the population mean.

18.2.7 Gradient Method for Problems with Inequality

Type Constraints
If the problem
f(x) = min! subject to the constraints g¢;(x) <0 (i=1,...,m) (18.95)
has to be solved by an iteration method of the type
x =xF 4 pd® (k=1,2,..) (18.96)

then two additional rules must be considered because of the bounded feasible set:

1. The direction Qk must be a feasible descent direction at x*.

2. The step size oy, must be determined so that x*! is in M.

The different methods based on the formula (18.96) differ from each other only in the construction of
the direction d*. To ensure the feasibility of the sequence {x*} € M, o and o are determined in the
following way:

o from f(x"+ agk) =min!, a >0
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of =max{a € R:x" +ad" € M}. (18.97)
Then

ay, = min{aj, o }. (18.98)
If there is no feasible descent direction d* in a certain step k, then x* is a stationary point.

18.2.7.1 Method of Feasible Directions

1. Direction Search Program

A feasible descent direction d” at point x* can be determined by the solution of the following optimiza-
tion problem:

o = minl, (18.99)
Va(xF)'d <o, i€ly(xr), (18.100a) Vf(x)'d <o (18.100b) [[d]|<1.  (18.100c)

If ¢ < 0 for the result d = d* of this direction search program, then (18.100a) ensures feasibility and
(18.100b) ensures the descending property of d*. The feasible set for the direction search program is
bounded by the normalizing condition (18.100¢). If ¢ = 0, then x* is a stationary point, since there is
no feasible descent direction at x*.

A direction search program, defined by (18.100a,b,c), can result in a zig-zag behavior of the sequence
x* which can be avoided if the index set Io(x*) is replaced by the index set

L={c{l,....m}: —& <g(x") <0}, >0 (18.101)

which are the so-called ¢, active constraints in x*. Thus, local directions of descent are excluded
which are going from x* and lead closer to the boundaries of M consisting of the &, active constraints
(Fig. 18.7).

g,(x)=0

1%

2,(x)=0

Figure 18.7

If o = 0 is a solution of (18.100a,b,c) after these modifications, then x* is a stationary point only if
Io(x*) = I, (x¥). Otherwise e, must be decreased and the direction search program must be repeated.

2. Special Case of Linear Constraints
If the functions g;(x) are linear, ie., g;(x) =

gf; —b;, then a simpler direction search method

. k . can be established:
“Vi(x) X -VE(x) o= Vf(x")"d=min! with 18.102
vied) LA St ) (18.102)
d aTd <0, i€ ly(x*) oric I (xF),(18.103a)
[Id]] < 1. (18.103b)
M The effect of the choice of different norms ||d|| =

a) b)
max{|d;|} < 1or||d|| = 1/d"d < 1 is shown in
Figure 18.8 Fig. 18.8a,b.

In a certain sense, the best choice is the norm ||d|| = ||d|]» = 1/d"d, since by the direction search

program the direction d” is obtained, which forms the smallest angle with —Vf(x*). In this case the
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direction search program is not linear and requires higher computational costs. With the choice ||d|| =
[|d||ee = max{|d;|} <1 a system of linear constraints —1 < d; < 1, (i = 1,...,n) is obtained, so the
direction search program can be solved, e.g., by the simplex method.

In order to ensure that the method of feasible directions for a quadratic optimization problem f(x) =
xTCx + ETE = min! with Ax < b results in a solution in finitely many steps, the direction search
program is completed by the following conjugate requirements: If aj,_; = aj,_; holds in a step, i.e., x*
is an “interior” point, then the condition

d"'cd=0 (18.104)
is added to the direction search program. Furthermore the corresponding conditions are kept from the
previous steps. If in a later step a; = @ then the condition (18.104) is removed.

B f(x) =a2? +422 — 102 — 3225 = min!  ¢1(x) = —2; <0, go(x) = —22 <0,
93(X) = @1 + 202 — 7 <0, g4(x) =221 + 22— 8<0.
Step 1: Starting with x' = (3,0)7, Vf(x') = (=4, -32)", I(x") = {2}.

—4d; — 32dy = min! L T
Direction search program: = d =(1,1)".
—dy <0, [|d]Jo <1
d"V(x
Minimizing constant: aj, = 7*)(@) with C = (1 0).
2Qk Cdk 0 4

k
Maximal feasible step size: o = Inin{ gir(;k) . for i such that a;"d* > 0} Jap =, af = 3 =
a; 5

;" a

. {18 2} 2, (11 Q)T
ap=mng—,-¢=-, X =(—,-| .
5°3 3 3°3

Step 2: Vf(x?) = (7;’7§>T’ In(x*) = {4}.

8d Od = min!
Direction search program: ¢ 3“1~ 3 "2 — i —d’= <_,
2dy +dz <0, ||dfl <1

a=g. x*=(32)"
Step 3: Vf(x?) = (—4,-16)", I, = (x*) = {3,4}.
Direction search program:
—4d; — 16dy = min! 3
— d° =
di +2dy <0, 2d+dy <0, ||d||ec <1
I 5\"
(71,7) =1, 0 =3 = ¥ =1, xt = (2,7) .
B : :
The next direction search program results in ¢ = 0. Here
the minimum point is x* = x* (Fig. 18.9). Figure 18.9

IN

18.2.7.2 Gradient Projection Method

1. Formulation of the Problem and Solution Principle

Suppose the convex optimization problem

f(x) = min!  with a;,"x < b;, (18.105)
fori = 1,...,m is given. A feasible descent direction d" at the point x" € M is determined in the
following way:

If —V f(x*) is a feasible direction, then df = —V f(x*) is selected. Otherwise x* is on the boundary
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of M and —V f(x*) points outward from M. The vector —V f(x*) is projected by a linear mapping
P, into a linear submanifold of the boundary of M defined by a subset of active constraints of x*.
Fig. 18.10a shows a projection into an edge, Fig. 18.10b shows a projection into a face. Supposing
non-degeneracy, i.e., if the vectors a;, i € [y(x) are linearly independent for every x € R", such a
projection is given by

d' = P VF(x") = — (T AT (AAT) T AL) V(). (18.106)

Here, A, consists of all vectors a;*, whose corresponding constraints form the sub-manifold, into which
—V f(x;) should be projected.

Figure 18.10
2. Algorithm
The gradient projection method consists of the following steps, starting with x' € M and substituting
k = 1 and proceeding in accordance to the following scheme:

I: If —Vf(x*) is a feasible direction, then d* = —Vf(x") is substituted, and continued with ITI.
Otherwise Ay, is constructed from the vectors giT with ¢ € Io(gk) and continued with IT.
I: d* = — (I — Ak.T(AkAk.T)ilA;J Vf(x*) is sunstituted. If d* # 0, then continued with III. If

d"=0andu = 7(Ak.AkT)7lAka(X") > 0, then x” is a minimum point. The local Kuhn-Tucker

conditions —Vf(xF) = ¥ wa; = A, "Tu are obviously satisfied.
i€lo(xF)

If u # 0, then an i with u; < 0 is chosen, the i-th row from Ay, is deleted and IT is repeated.
III: Calculation of ay and x*+! = x* + akg’“ and returning to I with k£ = &k + 1.

3. Remarks on the Algorithm
If —V f(x*) is not feasible, then this vector is mapped onto the sub-manifold of the smallest dimension

which contains x*. If d¥ = 0, then =V f (3") is perpendicular to this sub-manifold. If u > 0 does
not hold, then the dimension of the sub-manifold is increased by one by omitting one of the active
constraints, so maybe d* # 0 can occur (Fig. 18.10b) (with projection onto a (lateral) face). Since Ay,
is often obtained from Aj_; by adding or erasing a row, the calculation of (A,V.A,‘.T)i1 can be simplified
by the use of (Ak,lAk,lT)il.

B Solution of the problem of the previous example on p. 938.

Step 1: x' = (3,0)",

I Vf(x!) = (=4, -32)", —Vf(x") is feasible, d* = (4,32)".

1 1 !
IIT:  The step size is determined as in the previous example: oy = 20 x? = (36, g) .
5
Step 2:
2 18 96\T . )
I Vf(x*) = 5T (not feasible), In(x?) = {4}, A, = (21).

. 11 -2 3 8 16\"
=Ly ) e () #0
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I oy = g, x> = (3,2)".

Step 3:
I Vf(x%) = (—4,-16)" (not feasible), Ip(x?) = {3,4}, As= (; %) .
00 , 28 8\T
II: Py— (0 0), d&* = (0,0)",u= (?75) ws < 0: Ag=(12).
1/4 -2 3 ( 16 8>T
I Py =~ =(--2
75 (—2 1 ) B 55
T
111 (1;—37 xt = (2, §>
16 2
Step 4

I Vf(x') = (=6,—12)" (not feasible), Ip(x*) = {3}, A, = A,.
I: P, =Py, d'=(0,00", u=62>0.
Tt follows that x* is a minimum point.

18.2.8 Penalty Function and Barrier Methods

The basic principle of these methods is that a constrained optimization problem is transformed into
a sequence of optimization problems without constraints by modifying the objective function. The
modified problem can be solved, e.g., by the methods given in Section 18.2.5. With an appropriate
construction of the modified objective functions, every accumulation point of the sequence of the solu-
tion points of this modified problem is a solution of the original problem.

18.2.8.1 Penalty Function Method

The problem

f(x) = min! subject to ¢;(x) <0 (i =1,2,...,m) (18.107)
is replaced by the sequence of unconstrained problems

H(x,pr) = f(X) + ppS(x) = min! with x € R", p, >0 (k=1,2,...). (18.108)
Here, py is a positive parameter, and for S(x)

sw={20 Xgar (18.109)

holds, i.e., leaving the feasible set M is punished with a “penalty” term p;,S(x). The problem (18.108)
is solved with a sequence of penalty parameters py tending to co. Then
klim H(x,pr) = f(x), x€ M. (18.110)
L—00

If x* is the solution of the k-th penalty problem, then:

H(x'pp) > HE o), f() > (), (18.111)
and every accumulation point x* of the sequence {z"} is a solution of (18.107). If x* € M, then x* is
a solution of the original problem.

For instance, the following functions are appropriate realizations of S(x):
S(x) = max"{0, g1(x), ..., gm(x)} (r=1,2,...) or (18.112a)

m

S(x) = Zmax"{(],gi(;)} (r=1,2,...). (18.112b)

If functions f(x) and g;(x) are differentiable, then in the case r > 1, the penalty function H(x, p)
is also differentiable on the boundary of M, so analytic solutions can be used to solve the auxiliary
problem (18.108).

Fig. 18.11 shows a representation of the penalty function method.
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H(xq,)
H(x,p,) ' H(x,q,)

(%)

Figure 18.11 Figure 18.12

W f(x) = 2? + 23 = min! for z; + 22 > 1, H(X,pg) = 2 + 23 + pp max’{0,1 — 21 — x2}.
The necessary optimality condition is:

(22 = 2ppmax{0,1 — a4 —flig}) - (O)
VH (X, pi) = (2962 —2ppmax{0,1 —xz; — a2}/ \0)°

The gradient of H is evaluated here with respect to x. By subtracting the equations we have x; = 5.
We get the

The equation 2x; — 2p, max{0,1 — 2z,} = 0 has a unique solution 2} = 2§ = 1 f;pk.

1
solution 7 = x5 = lim =5 by letting k — oo.

k—oo 1 + ka
18.2.8.2 Barrier Method

A sequence of modified problems is considered in the form

H(x,q1) = f(%) + ¢ B(x) = min!, ¢, >0. (18.113)
The term g, B(x) prevents the solution leaving the feasible set M, since the objective function increases
unboundedly on approaching the boundary of M. The regularity condition

={xeM: gx)<0(i=12...,m)}#0 and M'=M (18.114)

must be satisfied, i.e., the interior of M must be non-empty and it is possible to get to any boundary
point by approaching it from the interior, i.e., the closure of M? is M.
The function B(x) is defined to be continuous on M. It increases to oo at the boundary of M. The
modified problem (18.113) is solved by a sequence of barrier parameters g, tending to zero. For the
solution x* of the k-th problem (18.113)

F&F) < FEY, (18.115)
holds and every accumulation point x* of the sequence {x*} is a solution of (18.107).
Fig. 18.12 shows a representation of the barrier method.
The functions, e.g.,

B(x) = 727111(751,»(;)), xeM® or (18.116a)
=1

B(x) = Z[ T (r=12,..), xeM° (18.116b)

are appropriate realizations of B(x).
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B f(x) = 2?7 + 23 = min! subject to @1 + 22 > 1, H(x,q) = 27 + 23 + q(— In(zy + 22 — 1)),

20 — g
1 — 19— 1
x1+x2 > 1, VH(X, qx) = 1 iz = <8> , 1+ a2 > 1. The gradient of H is given
Vo —
2 Qkle + a9 —1
with respect to x.
. . . 1 1 s T1 G
Subtracting the equations results in 7 = x9, 221 — ¢ =0, 11>, = 21— & — — =
201 — 1 2 2 4

1, . 1 [1 1 L1
07I1>§~,I1:l‘2:1+ E*Fz%yk"oovq}c‘)& 11:352:5'

The solutions of problems (18.108) and (18.113) at the k-th step do not depend on the solutions of the
previous steps. The application of higher penalty or smaller barrier parameters often leads to conver-
gence problems with numerical solutions of (18.108) and (18.113), e.g., in the method of (18.2.4), in
particular, if no good initial approximation is available. Using the result of the k-th problem as the
initial solution for the (k 4 1)-th problem the convergence behavior can be improved.

18.2.9 Cutting Plane Methods

1. Formulation of the Problem and Principle of Solution
Let consider the problem

f(x)= c'x =min!, ceR" (18.117)
over the bounded region M C R" given by convex functions ¢;(x) (i = 1,2,...,m) in the form g;(x) <
0. A problem with a non-linear but convex objective function f(x) is transformed into this form, if

f(X) = a1 <0, 21 €R (18.118)
is considered as a further constraint and

J(X) = 2,01 = min! forall X=(x,2,.,) € R"™ (18.119)

is solved with g;(x) = g;(x) < 0.
The basic idea of the method is the iterative linear approximation of M by a convex polyhedron in the
neighborhood of the minimum point x*, and therefore
Vi) the original program is reduced to a sequence of linear
=~/ programming problems.
First, a polyhedron is determined:
P={xcR":a"x<b, i=1,...,s}. (18.120)
f(x)=const. From the linear program
f(x) =min! with xe€ P, (18.121)
an optimal extreme point x! of P; is determined with re-
spect to f(x). If x! € M holds, then the optimal solu-
Figure 18.13 tion of the original problem is found. Otherwise, a hy-
perplane is determined:

Hy={x: a,.,"x =bsy1, a, @' > by}, which separates the point x* from M, so the new polyhe-
dron contains

Po={x€P: a,"x<by} (18.122)
Fig. 18.13 shows a schematic representation of the cutting plane method.
2. Kelley Method
The different methods differ from each other in the choice of the separating planes Hj.. In the case of
the Kelley method Hj, is chosen in the following way: A jj is chosen so that

95 (x*) = max{g;(x") (i=1,...,m)}. (18.123)
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At the point x = x*, the function gjx(x) has the tangent plane

: T .
T(x) = g;(x*) + (x — x") Vg;, (x"). (18.124)
The hyperplane H;, = {x € R" : T(x) = 0} separates the point x* from all points x with g;, (x) < 0.
So, for the (k + 1)-th linear program, T'(x) < 0 is added as a further constraint. Every accumulation
point x* of the sequence {x*} is a minimum point of the original problem.

In practical applications this method shows a low speed of convergence. Furthermore, the number of
constraints is always increasing.

18.3 Discrete Dynamic Programming
18.3.1 Discrete Dynamic Decision Models

A wide class of optimization problems can be solved by the methods of dynamic programming. The
problem is considered as a process proceeding naturally or formally in time, and it is controlled by
time-dependent decisions. If the process can be decomposed into a finite or countably infinite number
of steps, then it is called discrete dynamic programming, otherwise it is a continuous dynamic program-
ming. In this section, only n-stage discrete processes are discussed.

18.3.1.1 n-Stage Decision Processes

An n-stage process P starts at stage 0 with an initial state x, = x, and proceeds through the interme-
diate states X, X, ..., X, into a final state x, = x, € X, C R™. The state vectors X; are in the
state space X; € R™. To drive a state x;_; into the state x;, a decision u; is required. All possible
decision vectors u; in the state X1 form the decision space U; (gj,l) C R°. From X1 the consecutive
state x; can be obtained by the transformation (Fig. 18.14)

x; = g;(x;-1,1;), j=1(1)n. (18.125)
X, =X X X Xp- Xp =X
N G L g, w) N M g (g 1) S
e U (x,) uye Uy(xy) e Un(Xo1)
Figure 18.14
18.3.1.2 Dynamic Programming Problem
Our goal is to determine a policy (uy,...,u,) which drives the process from the initial state x, into
the state x, considering all constraints so that it minimizes an objective function or cost function
J(fixg,wy), ..., fu(X,-1,1,)). The functions f;(x; ;,u;) are called stage costs. The standard form
of the dynamic programming problem is
OF: f(fl(KO:Hl)v"’f'nr(anlﬁgn)) — min! <18'1263‘)
CT: X; = !}j(X]‘_l,Bj)y j=1(1)n,
X) =X, X, =X, € X, Xx; € X; CR™, j=1(1)n, (18.126b)
u; € Uj(x;1) S R™, J=11)n.
The first type of constraints x; are called dynamic and the others x,,u; are called static. Similarly to
(18.126a), a maximum problem can also be considered. A policy (uy, . ..,u,) satisfying all constraints

is called feasible. The methods of dynamic programming can be applied if the objective function satis-
fies certain additional requirements (see 18.3.3, p. 944).
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18.3.2 Examples of Discrete Decision Models
18.3.2.1 Purchasing Problem

In the j-th period of a time interval which can be divided into n periods, a workshop needs v; units
of a certain primary material. The available amount of this material at the beginning of period j is
denoted by x;_1, in particular, o = x, is given. The amounts u; are to be determined for a unit price
¢;, which should be purchased by the workshop at the end of each period. The given storage capacity

K must not be exceeded, i.e., x;_1 + u; < K. A purchase policy (uy,...,u,) should be determined,
which minimizes the total cost. This problem leads to the following dynamic programming problem:
OF: flui,...,uy) =" fi(w;) =" cju; —> min! (18.127a)
j=1 j=1
CT: ;=1 +u; —v;, Jj=1(1)n,
To=12,, 0<u; <K, Jj=1(1)n, (18.127b)
Uj(zj—1) = {u, : IIldX{U vj—zj} <u; < K-z}, j=1(1)n.

In (18.127D) it is ensured that demands are satisfied and the storage capacity is not exceeded. If there is

also a storage cost [ per unit per period, then intermediate cost in the j-th period is (z;_1 +u; —v;/2)l,
and the modified cost function is
n

J(@o, ur, . Ty, un) = Y (cjuy + (2jo1 4+ uy — v;/2) - ). (18.128)

i=1

18.3.2.2 Knapsack Problem

One has to select some of the items Ay, ..., A, with weights wq, ..., ,wy, and with values ¢1, ..., ¢, so
that the total weight does not exceed a glven bound W, and the total value is maximal. This problem
does not depend on time. It will be reformulated in the following way: At every stage a decision u;
about the selection of item A; is made. Here, u; = 1 holds if A; is selected, otherwise u; = 0. The
capacity still available at the beginning of a stage is denoted by x;_1, so the following dynamic problem
arises:

n

OF: flu,... uy) = ¢ju; — max! (18.129a)
=1
CT: ;= x_1 — wjuy, j=1(1)n,
=W, 0<z; <W, j=1(1)n,
u; € {0,1}, falls @1 > w;, | . 1) (18.129D)
u; =0, falls ;1 < wy, J= n.

18.3.3 Bellman Functional Equations
18.3.3.1 Properties of the Cost Function

In order to state the Bellman functional equations, the cost function must satisfy two requirements:

1. Separability
The function f(f1(xg,u1),- .., fu(X,_1, un)) is called separable, if it can be given by binary functions
Hy,...,H, 1 and by functlonb Fy, ..., F, in the following way:
f(fl(&)vﬂl): fn(xn 1, Wy ))7F1(f1(x ul) ~-7fn( Xp—1, 4, ))
Fi(fi(xo, 1), -, fo(Xno1, 1)) = Hi (fi(xo, wy), Fo(fa(X0, Wy), -, fu(Xeo1,1,))) s
................................................................................. (18.130)
Fo- 1(fn 1( Xp—2, Wy 1) fn( Xp—1, 1, )) =H, l(fn l( X2, Wy 1) (fn( Xp—1, 1, )))*
(fn( Xp-1,1 n))f fn( Xp—1, 4, )
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2. Minimum Interchangeability
A function H(f(a), F(b)) is called minimum interchangeable, if:
Wuin  H (f(@), F(b)) = min H (f(a)-, min F(b)) : (18.131)

This property is satisfied, for example, if H is monotone increasing with respect to its second argument
for every a € A, i.e., if for everya € A,

H(f(a), F(by)) < H(f(a), F(by)) for F(by) < F(by). (18.132)

Now, for the cost function of the dynamic programming problem, the separability of f and the minimum
interchangeability of all functions H;, j = 1(1)n — 1 are required. The following often occurring type
of cost function satisfies both requirements:

fsum _ Z ] N u or fm(u — niaix f]( ] b ll) (18133)

J

The functions H; are

H;“m = f}(ijfhﬂj) + Z fk(Xk—hﬂk) and (18'134)
k=j+1
g fmax{f]( X1, 1;), kfnﬁi(l) Fr(Xpe 17“1«)} (18.135)

18.3.3.2 Formulation of the Functional Equations

The following functions are defined:

¢j(§j*l) = min (fj( Xj—1,4; )N"tfu(&n,—lagn))v Jj= 1(1)”'7 (18'136)
w, €Uk(x, 1)
k=j(1)n
b (%) = 0. (18.137)
If there is no policy (u,,...,u,) driving the state x;_; into a final state x, € X,, then we substitute

#;(x;_1) = oo. Using the separability and minimum interchangeability conditions and the dynamic
constraints for j = 1(1)n we get:

4)_7(&]'71): min H](fy(Xj—laHj)» min Fj+1(fj+1(§j-,uj+1)w--«,fn(XnA»Hn)))a
u,€U;(x; 1) u, €U (%, 1)
k=j+1(1)n
= min H(f;(x001)),65(x)))
w;eU;(x; 1)
6i(x;0) = min H (f(00,07), 6541(95(%1, 1)) (18.138)

u;€U;(x;1)
Equations (18.138) and (18.137) are called the Bellman functional equations. ¢1(X,) is the optimal
value of the cost function f.
18.3.4 Bellman Optimality Principle

The evaluation of the functional equation

Gi50) = | min  H; (fi(50,1), 6511 (x,) (18.139)
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corresponds to the determination of an optimal policy (uf, ... ) for which the subprocess P; starting
at state x;_; and consisting of the last n— j+1 stages of tfle total process P minimizes the cost functlon
ie.,

Fi(fi(xj-1,1;), ..., fa(x,-1,1,)) — minl. (18.140)

The optimal polmy of the process P with the initial state x;_; is independent of the decisions uy, ...,
u;_; of the first j — 1 stages of P which have driven P to the state x; ;. To determine ¢;(x;_;) the
value ¢;11(x;) is needed to know. Now, if (uj,. .., u;,

»=n

) is an optimal policy for P;, then, obviously,

W,y u;,) is an optimal policy for the %ubploco% Py starting at x; = g;(x;_y,u}). This state-
ment is generahzed in the Bellman optimality principle.

Bellman Principle: If (uf, ..., u}) is an optimal policy of the process P and (xj), .. ., X7 ) is the corre-
sponding sequence of states, thcn for every subprocess P;, j = 1(1)n, with initial state X;_; the policy

(uj, ...,

18.3.5 Bellman Functional Equation Method

18.3.5.1 Determination of Minimal Costs

With the functional equations (18.137), (18.138) and starting with ¢,41(x,,) = 0 every value ¢;(x;_;)
withx; ; € X is determined in decreasing order of j. It requires the solution of an optimum problem
over the decision space Uj(x;_1) forevery x; ; € X;_,. Forevery x;_; there is a minimum point u; € U;
as an optimal decision for the first stage of a subprocess P; starting at x;_;. If the sets X are not finite
or they are too large, then the values ¢; can be calculated for a set of selected nodes x;_; € X; ;.

The intermediate values can be calculated by a certain interpolation method. ¢;(xy) is the optimal

u’) is also optimal.

value of the cost function of process P. The optimal policy (uj,...,u}) and the corresponding states
(x5, ..., x) can be determined by one of the following two methods.

18.3.5.2 Determination of the Optimal Policy
1. Variant 1: During the evaluation of the functional equations, the computed u; is also saved

for every x;_; € X;_1. After the calculation of ¢;(x;), an optimal policy is got if X} = g1(x5, uj) is
determined from x, = x{ and the saved u; = uj. From xj and the saved decision u} follows x3, etc.
2. Variant 2: For every x; ;1 € X;_; only ¢;(x; ) is saved. After every ¢;(x;_;) is known, a

forward calculation is made. Stdltlng with j = 1 and x, = x; one determines u; in increasing order of
j by the evaluation of the functional equation
Gi(x) = | minH (15050 1), 051005650, ,)) (18.141)
=TI -1

X; = g;(X}_;, ;) is obtained. During the forward calculation, an optimization problem must be solved
agaln at every stage

3. Comparison of the two Variants: The computation costs of variant 1 are less than variant 2
requires because of the forward calculations. However decision u; is saved for every state x;_;, which

may require very large memory in the case of a higher dlIIlCI]blOnd] decision space Uj(x;_;), while in

the case of variant 2, only the values ¢;(x;_;) must be saved. Therefore, sometimes variant 2 is used
on computers.

18.3.6 Examples for Applications of the Functional Equation
Method
18.3.6.1 Optimal Purchasing Policy

1. Formulation of the Problem
The problem from 18.3.2.1, p. 944, to determine an optimal purchasing policy
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OF  f(uy,...,u,) = Z cjuj — min! (18.142a)
Jj=1
CcT zr; =z +uj—v;,  j=1(1)n,
Tg =12, 0<2; <K, j=1(1)n, (18.142b)

Uj(wj—1) = {u; : max{0,v; —2;1} <u; <K -z}, j=11)n
leads to the functional equations
Dni1(xn) =0, (18.143)

oi(xjo1) = E%}1211 B (cjuj + djs1(zjm +uj —v;)), j=1(1)n. (18.144)
Uy €U (L5~

2. Numerical Example

_ _ _ =4, =3, c3=5 «=3, =4, =2,

n=6, K=10, z,=2. vy =06, vo=7 wv3=4, vu=2, vs=4, vg=3.

Backward Calculation: The function values ¢;(x;_1) will be determined for the states z;_; =

0,1,...,10. Now, it is enough to make the minimum search only for integer values of u,;.
j=06: ¢slws) = min ceus = cgmax{0,vs — x5} = 2max{0,3 — z5}.
ugE€Ug (w5)

According to variant 2 of the Bellman functional equation method, only the values of ¢g(x5) are written
in the last row. For example, ¢4(0) is determined.

$4(0) = , i, (B + dnlus = 2)

= min(28, 27,26, 25, 24,25, 26, 27, 30) = 24.

5=0[ 1 [2[3[4][5][6[7][8][9]10
=1 75
2| 59 | 5653|5047 |44 |41|38|35|32]29
3| 44 |39|34|29|24(21|18]15]12] 9 | 6
40 24 [20[18|15]12/ 9|6 |4 |2]0]0
5/ 22 (1814106 |4 2] 0]0]0]0
6/ 6 |4/2]0lojojojololo]o

Forward Calculation:
$1(2) =75 = 4;1&111%8(4111 + ¢ga(uy —4)).

One gets v} = 4 as the minimum point, therefore 27 = 2 + uj — vy = 0. This method is repeated for
¢2(0) and for all later stages. The optimal policy is:

(uy, u3, uj, uy, ul,ug) = (4,10,1,6,0,3).
18.3.6.2 Knapsack Problem

1. Formulation of the Problem
Consider the problem given in 18.3.2.2, p. 944
OF :f(uy,...,u,) = Z cju; — max! (18.145a)
=1
CT: Tj = Tj-1 — WUy, ] =1 )
zo=W, 0 .S'JL'J' <W, j=1(1)n, (18.145b)
u; € {0,1}, if @4 >wj, | . _ 1(1)n
u; =0, if w1 <wy, - )
Since this is a maximum problem, the Bellman functional equations are now
©n+l(x7z) = 07
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¢j(zjm1) = max  (cjuj + @iy (2o —wjuy)), = 1(1)n.
’ uj€Uj(z;j-1) ’ ’ o
The decisions can be only 0 and 1, so it is practical to apply variant 1 of the functional equation method.
Forj=nn—1,...,1
652y ) = { Gt Oinlmin —wy) i 20 > wj and ¢+ G (@i = wy) > (i),
EANCE Gj1 (21 otherwise,

iy 1) = 1if z;1 > wjand ¢j + ¢jp1 (x50 — wj) > djy1(wj1),
JVTI1 0 otherwise.

2. Numerical Example

W = 10/ n=6. cl = 1, Cy = 2, C3 = 3, Cy = 17 Cs

Ce — 47
wy =2, we=4, w3=6, wy=3, w )

wg = 6.
Since the weights w; are integers, the possible values for z; are z; € {0,1,...,10}, j = 1(1)n, and 2y =
10. The table contains the function values ¢;(x;_1) and the actual decision u;(x;_,) for every stage and
for every state 2;_;. For example, the values of ¢g(z5), ¢3(2), ¢3(6), and ¢3(8) are calculated:

N J0, ifos <ws=4, [0 ifws <4,
do(5) = {Ce = 6, otherwise, ug(25) = {07 otherwise.

=5,
=1,

$3(2): ma=2<wz=3: ¢3(2) = Pa(2) =3, uz(2) =0.

¢3(6): @y > ws and ¢z + @312 — w3) =6+ 3 < da2) =10 ¢3(6) = 10, uz(6) = 0.

¢3(8):  xy>ws and ¢z + d3(xa — ws) = 6+ 9 > dy(wa) = 10:  d3(8) = 15, us(8) = 1.
The optimal policy is

(uy, ud, i, uh, ul,ug) = (0,1,1,1,0,1),  ¢1(10) = 19.

z;=0 1 2 3 4 5 6 7 8 9 10

j=1 19; 0
2 0;0[3;041]7,1[90]10;1]13;1]13;1]15;0]16;0]|19;1

3 0;0]30130(6;1]91] 9,0|10;0|12;1|15;1|16;1] 16;0

4 0;0(3;1]3;1]3;1|6;0| 9;1]10;11]10;1|10;1|13;0] 16;1

5 0;010;0]0;0]0;0|6;0| 7;1| 7,1 7;1| 7;1)13;1]13;1

6 0;0]0;0/0;0]0;0|6;1] 6;1| 6;1| 6;1] 6;1| 6;1]| 6;1
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