Chapter 9
Fuzzy Multi-objective Bi-level Goal
Programming

In Chap. 8, we presented the definitions, solutions, and algorithms for the fuzzy
multi-objective bi-level programming (FMO-BLP) problems. This chapter still
addresses the fuzzy multi-objective bi-level problem but applies a goal program-
ming approach. We call it fuzzy multi-objective bi-level goal programming (FMO-
BLGP). This chapter will discuss related definitions, solution concepts, and algo-
rithms for the FMO-BLGP problem and will focus on the linear version of the
FMO-BLGP problem. First, a fuzzy ranking method is used to give a mathematical
definition for a FMO-BLGP problem, and then, based on a fuzzy vectors distance
measure definition, a fuzzy bi-level goal programming (FBLGP) model is proposed.
An algorithm for solving the FMO-BLGP problem is also developed.

This chapter is organized as follows: the identification of the FMO-BLGP
problem is presented in Sect. 9.1, and a fuzzy bi-level goal decision model and
related theorems are developed in Sect. 9.2. Section 9.3 proposes a fuzzy bi-level
goal-programming algorithm for solving FMO-BLGP problems. In Sect. 9.4, a
numerical example is adopted to illustrate the executing procedure of the algorithm
and experiments are carried out. Finally, we discuss and analyze the performance of
this algorithm in Sect. 9.5.

9.1 Problem Identification

In many real-world bi-level decision applications, the leader or the follower not
only have multiple objectives but also have their individual predefined decision
targets (called goals) to achieve the objectives through a decision procedure.
Therefore, goal programming could be integrated with the FMO-BLP approach to
handle the FMO-BLGP problem well.

Example 9.1 In a company, the CEO is the leader, and the heads of branches of the
company are the followers in making an annual budget for the company. The CEO
has two objectives: maximizing profit and maximizing marketing occupation with
two goals $8M and 80 % of the local market respectively. The branch heads have
two objectives: maximizing profit with the goal of “$4M profit” and maximizing
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customer satisfaction with the goal of “increasing customer satisfaction by 10 %
compared to last year”. To achieve the two sets of goals, we can establish a FMO-
BLP model and develop a goal programming-based algorithm.

9.2 Solution Concepts

Based on the fuzzy ranking method in Definition 7.19, a FMO-BLP problem is
defined as:

Forx cXCR', ycYCR", F:X xY — (F*(R))’, and f: X x Y — (F*(R))’,

13;1)1(1 F(x,y) = (&11x+,7311y7...,Ecslx—i—/?“y) (9.1a)
st. Ax+ By <, by, (9.1b)
min f(x.y) = (&ux 4 Brays - - Bx + B,ly) (9.1¢)
st. Asx+ By <, b, (9.1d)

where . 52 € (F(R))'. Bu. B € (F*(R))". b € (F(R)Y. by € (F'(R))",
A= (aij)pxn’ Bl (b’J)pxm A2 ( )qxn By = (EU)qu’ Zli/" bjj, Eij’
55€F'(R), h=1,...,s,i=1,...,t.

To build a FMO-BLGP model, a distance measure between two fuzzy vectors
needs to be developed to measure the distance between a decision and the prede-
fined goal. To do so, a certain number of A-cuts is used to approximate a fuzzy
number, and a final solution is considered to be reached when solutions under two
adjacent A-cuts are nearly equal. To help implement this strategy, a A-cut based
fuzzy vector distance measure is defined below:

Definition 9.1 Let @ = (@1, @, . ..,a), b = (b1,bs, . ..,b,) be two n-dimensional
fuzzy vectors, ¢ = {a<Ag<i; < - - <A <1} be a division of [o, 1], the distance
between & and b under ¢ is defined as:

¥

i=1 j=0

n

bR

l/uj

D(a.b) él+1 } (92)

where o is a predefined satisfactory degree.
In Definition 9.1, a satisfactory degree o is used to give flexibility to compare

two fuzzy vectors. It is possible that two fuzzy vectors might not be compared, that
is no ranking relation, by using Definition 9.1. For example, when we compare two
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fuzzy vectors a and l~7, if some of the left A-cuts of a are less than those of l~7, while
some right A-cuts of @ are larger than those of b, there is no ranking relation
between a and b. To solve the incomparable problem, we can enhance the aspi-
ration levels of the attributes, that is, we can adjust the satisfactory degree « to a
point where all incomparable parts are discarded. It can be understood as a risk
taken by a decision maker who neglects all values with the possibility of occurrence
smaller than «. In such a situation, a solution is supposed to be reached under this
aspiration level. So, normally, we take the same o for both objectives and con-
straints in a bi-level programming problem.

Lemma 9.1 For any n-dimensional fuzzy vectors a, b, ¢, fuzzy distance D defined
in (9.12)—~(9.1d) satisfies the following properties:

1. D(a,b) =0,ifa=b;, i=1,2,...,n
2. D(a,b) = D(b,a);
3. D(a,b) <D(a,¢) +D(c,b).

Goals set for the objectives of a leader (g;) and a follower (gr) in (9.1a)—(9.1d)
are defined as:

gL = (§L17gL27 .. '7§LS)7 (933)
gF: (gF17gF27‘~'7gFt)7 (93b)
where gri(i=1,...,5)andgr(j =1,...,1) are fuzzy numbers with membership

functions of p; andpg, respectively.
i J

Our concern is to make the objectives of both the leader and the follower as near
to their goals as possible. Using the distance measure defined in (9.1a)-(9.1d), we
transform the FMO-BLGP problem into a FBLGP problem as follows:

Forxc X CR, y€YCR", F:XxY — (F*(R))’, f:X x Y — (F*(R))",

min - D(F(x,), 1) (9.4a)
st. Ax+ By <,by, (9.4b)
min  D(f(x,), gr) (9-4c)
yeyY
st Awx+ Byy <, b, (9.4d)

where A1 = (ay) .. Bt = (by) 0 A2 = (€5) 10 B2 = (53) s @i> i &5 35 € (F*(R)),

and o is a predefined satisfactory degree.

pxn’



232 9 Fuzzy Multi-objective Bi-level Goal Programming

From Definitions 9.1, we transfer problem (9.4a)—(9.4d) into:

1 s ] L
min —— Z{ ‘Ofiu,x + Bi1sy — 8w,
X I+ 1 ’ “ ’ (9.5a)
R
+ ‘chufx + .3;11/1,.)’ - gfh).‘,- }
L L L
S.t. AMJ_X—FBMI,)) Sbl)jv (9 Sb)
Alle;iix-f—Bf;LinbI&j’ j:o,lm..alu
1
: - L Loy — gl
It ; ,Z;{ e+ iy~ sy (9.5¢)
R
+ O‘fza,-x + By — gllgiij }
s.t. Aé;v_x + Béi/.y < bégjy (9.5d)

A5 X+ B y<by, j=0,1,...,1

where ¢ = {a<lo<A < --- <A <1} is a division of o, 1].
For a clear understanding of the idea adopted, we define:

I ! I ! !
L L L L L
E %X+ § By — E 8iny| — E %X+ E By
=0 =0 =0 =0 =0

_ 1
Vi :E{A

!
L
- Z gLMf) }’
70

(12 ! I ! !
L L L L L L
Vinh = 3 { Z %X+ Z By — Z 8niy| t Z %X+ Z B,y
= =0 =0 = =0
1
L
B Z 8Lniy | (-
=
R 1 ! R Z R ! R ! R Z R
Vit =5 Z(; LAYE z(; Bisy — z(;guu, - Z(; LAYE z(; Bis,y
J= J= J=! J= J=

1
R
- E thA,»y) }a
=0
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il

!
Zo‘hux+ Zﬁhu, nghg,»
=0
+Z ﬁfujy - Zglzhzj> }a
=0 =0

!
R
+ E 15,
j=0

NI»—

(9.6)

1 l
. (z ot S B

=0 =0

B+ Z By ]Z_I;gﬁ;__,
— 2 gﬁa) )

i3 T Z By jzl;gfr,.;,_,.
=)

B+ Z[)’,My ng;
- ; g’éi,z,y> }

{ ZO(ZZ/ X+Zﬁ12/1y ZgF)

- Z 82.1]) }7
J=0

i=1,2,...1

l\)l»—*

1
yR- — _
2 2{

! !
L L
+ <Z s X+ Z Bias,y
=0 =)

! !

R R
E :“iza,x+ E B,y
=0 =0

l\)lH

! !
R R
E Up X+ E .Bizzjy
J=0 J=0

where V5~ and V5" are deviational variables representing the under-achievement
and over-achievement of the Ath goal for a leader under the left A-cut respectively.
VR~ and VE are deviational variables representing the under-achievement and
over-achievement of the hth goal for a leader under the right A-cut respectively.
VL=, V', VE= and V&' are for a follower respectively

For (Vfl_vvfrvvllel_7vaL7" ) gl_valJrvvfl_v Vs1 ) € R4é X' CXx R (V12 avlf;a
VR VR VB VT VR VR e RYY C Y x RY, Tet
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234
x=(x1,...,%,) €X,
r_ + R— R+ L— L+ _R— R+ /
x—(xl, -xan11vV11vV11a"lflv“-v"nst1’"§1v"sl)exv
y=01--Ym) €Y,
’ + R— R+ L= Lt R- /
y - (Yh---a}’ma"lza"ua"lz7V127---aV,2 avtza 2 [2 ) EY
and v, : X’ x Y — R.

Associated with problem (9.5a)—(9.5d), we now consider the following bi-level

programming problem:

min
x'eX’

S

Vi = Z(Vil_ +vil +vi ) (9.7a)
h=1
i I l
L L -
Z 1%+ Z Bisy +vin — Z 8Lhi,»
=0 =0 =0
I l i
R R R— R
Z A1, X + Z By + v — ik = D 8w,
= py =
L— L+ R+
Vi1 2 Vi1 a";; Vi =0, (9.7b)
I— _
Vil - Vh1 = Ovvm 'Vh1 =0,
AT X + Bl y <bi,,
AR x+B y<bu,
h=1,...5, j=0,1,...1,
t
min vy = +v +8 +v 9.7¢
mip v2=2 05 5+ (9.7¢)
l / l
L L L + L
s.t. Z Uiz * + Z B,y +vis — v = ngj?
j=0 Jj=0 j=0
i i /
R
Z oy + Z Bias,y +vis = Zgllgiija
j=1 Jj=0 j=0
L— Lt R
Vi Vi s Vig sV 2> 0, (9.7d)
N ~ R
Vip - 12+ 0,vp - 12+ =0,

A x—|—BZ;y_b2A,
A x+B y<b2A,
j=0,1,...,L

i=1,...1
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EOEE L— L4%  R—x + —x L+ +*
Theorem 9.1 Let (x*,y") = (x*, vk, vhi pRox DR pkrs yhix yRes R
L+% R—x _ R+x L—x L+ _R—x _R+x*
B P A T R SV SV v vYTY) be the optimal solution  to

problem (9.7a)—(9.7d), then (x*,¥*) is the optimal solution to problem (9.5a)—
(9.5d).

Proof Let the notations associated with problem (9.5a)—(9.5d) are denoted by:

S = {(x y)|Ak)x+Bk}y<bk/ »Af;)H'B S bk/n,

(9.8a)
j=0,..,1, k=1,2},
S(X) = {x € X3y € Y, AL, x + BE, y<bf; A%, x
(9.8b)
+BE Y, k=12,j=0,..1},
S(x) ={y € Y|(x,y) € S}, (9.8¢)
P(x) = {y € Y|y € argmin ¥} (9.84)
where
1 t ] L. .
Y Z{ 53+ By, — 80,9 — 8Fiy
i=1 j=0
+ o5 x + By — 8, }
IR = {(x,y)|(x,y) € S,y € P(x)}. (9.8e)
Problem (9.5a)—(9.5d) can be written as:
1 K 1
min > Z{ ’“ﬁujx + By — 81w,
SRR = VT (9.9a)

}

s.t. (x,y) €IR. (9.9b)

R R R
+ ‘“hu,»x + By — &Ly,
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Similarly, we denote those for problem (9.7a)—(9.7d) by:
S = {(x V)AL x4 Bl y < bl Al x+ B y<bf . k=12, j=0,1,....1,

L L
Z 1%+ Zﬁhu,y Vi v = Zth/lj’
I
Z (ahu )x + Z ﬁhl) Y+ — Vi = Z 8Lhiy»

Jj=0

Véﬂ"ﬁvvﬁ 7vhl 20,

vﬁf vh1:0v R =0,h=1,...,s,
Zal2ix+2ﬁz2/iy+vlp27 - 12 _Zng}7

]()

R R R—
E Ui X+ E By +viy —vis" E &z,
=0 =0

L oL+ R-
Vi S V2T Vi LV >0
2 5 Vi - . (9.10)
bt =008 B =0i=1,...,1},
SX)={¥eX3y ey, (¥,y)es}, (9.11)
S)={"eY'(,y)est, (9.12)
t
P(Y) = {y’ € Y'|y € argmin [Z( T+ 5T R R ) }, (9.13)
i1
IR = {(X,y)|(x,y) e S,y e P(x)}. (9.14)

Problem (9.7a)—(9.7d) can be written as

5) h=1

min {Z(vﬁl‘ Vi v+ vff’) L () € IR’} (9.15)

As (x*,y™) is the optimal solution to problem (9.7a)—(9.7d), from (9.15), it can
be seen that, for any (x¥',y") € IR, we have

S

s
Do (v okt i ) 2 (T o ),

h=1 h=1
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It follows from the definitions of vi™ and vk that
i ! !
-, I+ _ L L L
Ve TV = Z %y X+ Z Bisy — Zgumj )
j=0 Jj=0 Jj=0
I I !
L—x% L+ L * L * L
Vi TV = E %X+ E By — E 8ns >
=0 =0 =0
for h =1,...,s. Similarly, we have
! I !
R— + R R R
Vi Vi = Z A1), X + Z Busy — Zthl_,» ;
j=0 Jj=0 Jj=0
I I !
R—x R+x* R * R * R
Vir t Vo = E Ay X+ E By — E :thA,» )
=0 =0 =0
forh=1,...,s. So, for any (¥',y") € IR', we can obtain
i / I
L / L / L
Z Ay X T+ Z By — ZSLM,
J=0 Jj=0 Jj=0
I I /
R / R / R
+ Z U1y X T+ Z By — Zgumj
j=0 =0 j=0
! ! I
L * L * L
2 E X+ E :ﬁhu,y - E 8L,
=0 =0 =0
1 ! /
R * R * R
+ E :O‘hujx + E :ﬁhu,y - E :thzj :
Jj=0 Jj=0 =0

(9.16)

We now prove that the projection of ' onto the X x Y space, denoted by S|, y
is equal to S.
On the one hand, for any (x,y) € §'|y,y, from the constraints: Ab'ijerjy

SbIEA,aAf)._,-x"‘BfA,ySbin,’ k=1,2,j=0,...,1, we have (x,y) €S, s0 §'|y,yC S.

On the other hand, for any (x,y) € S, by (9.6), we can always find v’l‘l’, vﬁ v’fl’ s
s Vi v Vs VT v vig s v VS e v T v VT, which
satisfies the constraints of (9.7b) and (9.7d). Together with the inequalities of
Aé).,x + Bb_jy < bé,zja and Af)_jx + Bff;,jy < bffv’ k=12, j=0,1,...,1, requested

— L+ R— R+ L— I+ R— R+ . L— L+ R— R
byS,wehavex,vfl,vH,v’fl,vfl e Vil s Vil v"f ,Vf ’yv"lza"fzv"127"12~-~’

L— L+ [ R— + 4 ! /
Vo sV > Vi > Vi € S’ thus (x7y) S |X><Y’ S g S ‘XXY'
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So, we can prove that

S |yxy=S. (9.17)

Similarly, we have
S() [yy= S(x), (9.18)
S(X) xuy= S(X). (9.19)

! L l L L— + _ VvV L L— +
Also, from 3 o, x+ >0 o By +vis — Vi = >_j—08Fiy;» and vz - vl =
0, we have

1 ! 1
Ve T =D it Y By — D 8k, (9.20)
=0 Jj=0 Jj=0
for i =1,...,t. Similarly, we have
! l !
vy T = Z “fu/-x + Z ﬁfz;ujy - Z gkfm,- (9.21)
=0 =0 =0
for i =1,...,t. Thus, we obtain
P(X)={y eY|y € argmin¥’} (9.22)
where
o
Y = Z { “iLz;.,-x + /31'Luj - géha,-f’ - 8%’;.,
i=1 j=0 "
+ oy + ﬁfz,tjy - gzlim,-’a? € S(x’)}.
From (9.17) and (9.22), we obtain
Py y=p()- (9.23)
From (9.8e), (9.14), (9.17), and (9.23), we obtain
IRy, = IR, (9.24)

which means that, in X x Y space, the leaders of problem (9.5a)—(9.5d) and (9.7a)-
(9.7d) have the same optimizing space.
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Thus, from (9.16) and (9.24), for any (x,y) € IR, we have

1+ 1 Z Z{‘ahlﬂx + ﬁhujy 8Ln;,

=1 j=0

j

R R R
’O‘hu,-x + PhiyY — 8L,

s [

).

Consequently, (x*,y*) is the optimal solution of problem (9.5a)—(9.5d). O

L * L * L R * R * R
(’O‘hu_,-x + By _th).j‘ + (o1 X + BruY” — 8wy

1= =0

Adopting the weighting method, (9.7a)-(9.7d) can be further transferred into
(9.25a2)—(9.25d):

. - Lt 2
min v+ (9.25a)
s l
st ax+ py+vy — VT = (gfh;.,- + gfhx,)
h=1 j=0 ' '
Vi ,v1 >0,
vy v =0, (9.25b)
A%}X—FBIA_)/ = b%/ﬂ
Au,-x + Bu,- blli )
j=0,1,...1
min v, +vy (9.25¢)
yey

t

l
Z gFlAj + gFl/]

i=1 j=0

st x4 By +vy — vy
vy, vy >0,
v, vy =0, (9.25d)
At By < B,
Ay x+ By, y < by,
i=0,1,...1,

where X = (xl, X V)Y = (1o e V3, V3 )0 = Sy (VET HVRD),
Vl_Zhl( i)y va = i (Vi HVE) vl = 2, (T ), o =
Dhe1 220 (“51, + “hu) =2 Ej:O (ﬁhuj + ﬁh1zf)’ 0= ZJI‘:O
( %pj + “m) =i Yo ( i T ﬁfzz,-)
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In this formula, v; and v] are deviational variables representing the under-
achievement and over-achievement of goals for a leader, and v, and vj are devi-
ational variables representing the under-achievement and over-achievement of
goals for a follower respectively.

The non-linear conditions of vy -v{ =0, and v, -v; =0 need not to be
maintained if the Kuhn-Tucker approach together with the simplex algorithm are
adopted, since only equivalence at an optimum is wanted. Further explanation can
be found from (Charnes and Cooper 1961). Thus, the problem (9.25a)—(9.25d) is
further transformed into:

min vi =v + v (9.26a)
(xvy v)ex
K l
st. x4+ fiy+vy —vf = Z(gfhxf +8fhx,-)’
h=1 j=0 '
v 20,
v -vf =0, (9.26b)

L L L
Apx + By < by,

R R R
Aujx+Bujy <b

127

i=0,1,...,1,
min vy =V, +vi (9.26¢)
(y,v;.,v;)e)” 2 2
s [
s.t. opx + ﬂzy +v, — V; = Z (gﬁhij + gfh;hj) )
h=1 j=0
vy,v; 20,

L L L
Ay X+ B3y < by,
R R R
A2;Lj'x + BZAjy < b2/1j7

j=0,1,...,1,

Problem (9.26a)—(9.26d) is a standard linear bi-level problem that can be solved
by the Kuhn-Tucker approach.

Based on the definitions and theorems for the FMO-BLP problem, we will
present a solution algorithm for such a problem in the next section.
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9.3 Fuzzy Bi-level Goal-Programming Algorithm

Based on the analysis above, the fuzzy bi-level goal-programming algorithm is
detailed as:

Algorithm 9.1: Fuzzy Bi-level Goal-programming Algorithm

[Begin]
Step 1: (Input) Obtain relevant coefficients which include:

(1) Coefficients of (9.1);
(2) Coefficients of (9.3);
(3) Satisfactory degreea;
4 e>0.

Step 2: (Initialize) Let k = 1, which is the counter to record current loop. In
(9.5), where A; € [a,1], let 4g = a and A; =1 respectively, then each

objective will be transferred into four non-fuzzy objective functions, and each
fuzzy constraint is converted into four non-fuzzy constraints.

Step 3: (Compute) By introducing auxiliary variables vy, v{, vy, and v5, we
obtain the format of problem (9.26). The solution (x, v, v;,y,v;,v5 ) of
(9.26) is obtained by the Kuhn-Tucker approach.
Step 4: (Compare)
Ifk =1,
then (x, vy, v{,y,vz,v3)1 = (x,v1,v1,¥,v7,V3 )2;
go to Step 5;
else if ||(x, vy, vi, y,v5,v), — (v, v, v, v5, v < &,
go to Step 7.

Step 5: (Split) Suppose that there are (L + 1) nodes 4;,j = 0,1, ..., L in the
interval [a, 1], insert L new nodes &, (t =1,2,..,L) in [a,1] such that
6= (A1 +A)/2.

Step 6: (Loop) k = k + 1.
Step 7: (Output) (x,y), is obtained as the final solution.
[End]
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9.4 A Numerical Example and Experiments

In this section, we apply the fuzzy bi-level goal-programming algorithm proposed
in Sect. 9.3 on a numerical example to illustrate its operation. Experiments are then
carried out on some numerical examples with different scales to test the algorithm’s
performance.

9.4.1 A Numerical Example

To illustrate the fuzzy bi-level goal-programming algorithm, we consider the fol-
lowing FMO-BLP problem.

Example 9.2 Step 1: (Input the relevant coefficients).

1. Coefficients of (9.1a)-(9.1d).
Suppose that the problem has one leader and one follower with two objectives

F and F, for the leader and f; and f, for the follower respectively. This FMO-
BLP problem is as follows:

max  Fy(x,y) = 6x+ 3y

max  Fa(x,y) = —3x+ 6y

s.t.  — ix+§y < ﬁ,
min  fi(x,y) = 4x+ 3y

yE

min  f(x,y) = 3x + Ly

yey

s.t. — ix—gy < ﬁ,

where x € R,y € R, and X = {x|x >0}, Y = {y|y>0}.
The membership functions for this FMO-BLP problem are as follows:

0, x<5 0  x<2
25 5<x<6 Yot 2<x<3

pe(x) =< 1, x=6 , ux)=<1 x =3,
Gl 6<x<8 Bx 3<x<5
0, x> 38 0 x>5
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0, x< =5 0, x<3
12 _4<x< -3 O 3<x<d
noz(x) =<1, L x= -3 , (X)) =4¢ 1, L x= 4,
251’6" , —3<x< -1 362;0"7 4<x<6
0, x> —1 0, x>0
0, x<0.5 0, x< —2
ﬁa;)szs’ 0.5<x<1 4_3"27 —2<x< -1
ui(x) =<1, x=1 , o pjx) =141, x=-1 ,
2 1<x<2 P05 1<x< —05
0, x>2 0, x> —0.5
0, x<19 0, x<25
€61 19 <x<2] ro005 25 <x<27
u~(x) =<1, x=21 , u~(x)=<¢1, x=27
! 25 9]<x<25 Bl 27<x< 3l
0, x>25 0, x > 31

2. Suppose the membership functions of the fuzzy goals set for the leader are:

0, x<15 0, x<4
5 15<x<20 2o 4<x<8

Heu () = 9160—x2 x =20 ’ M;Z(x) - 212,5—?(2 x=8 .
=500 20<X§30 61 8<)C§15
0, x> 30 0, x> 15

The membership functions of the fuzzy goals set for the follower are:

0, x<10 0, x<7
. £oI00 10<x<15 . 29 7<x<9
u~(x) =<1, x=15 , u~—(x)=<1, x=9 .
! 002 5<x<20 7 2= g ox<]
0, x> 20 0, x> 11

3. Satisfactory degree: oo = 0.2.
4. ¢=0.15.
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Step 2: (Initialize) Let k = 1. Associated with this example, we have

max (\/111+25x+ V57 + Ay — \/175“225‘
XE.

+ ‘\/64 —2811x — V25 — 16y — v/900 — 5002

max (—\/16 “Tx+ V1A ¥ 25y — VaSi 1 16‘
XE.

+ ]—m T x+ V64— 28y — V225 — 161/1}
st — V4 —2ix+ 52+ 4y <804 + 361,
—V/—=0.751 4 0.25x + V25 — 164y < V625 — 1844,
W74+ 9x + V52 + 4y + V2251 + 100] + |v/36 — 20/x

min
yeYy
— V25 — 16y — V400 — 175)

min  —|V52 + 4x +V0.751 + 0.25y — 32/ + 49| + |

yeyYy

— V25 — 16/x + V4 — 35y — V121 — 40

st V0.750.40.25x + V544 4y < V104 + 625,
V4 Z37x + V25 — 16y < /901 — 2327,

where 4 € [0.2,1].
Referring to the algorithm, only 4o = 0.2 and 4; = 1 are considered initially.

Thus four non-fuzzy objective functions and four non-fuzzy constraints for the
leader and the follower are generated respectively:

max i{’\/ﬂ—.Zx+\/§yf\/2E’+|6x+3y720|
+‘mx+My720\/§‘+|6x+3y720|

+ |- VT46r + V2T 2y — V25.6| + | ~3x + 6y — 8] + |

- 2.6x+\/5§zny|+\f3x+6y78|}

st —/34x+V5y< V377,

—x+3y<21,
—V0.4x 4+ V5y < V645 8,
—x+ 3y <21,

1
rni;l Z{|3x + 2y — 12.04| + |4x + 3y — 19.1]| + |6x — S5y — 7.4
ye

+ |4x — 3y — 10.63| + |-2x + 0.5y — 18.3]
+|-3x+y— 15|+ |-5x+2y -9+ |-3x+y—-9[}

st. V0.4x 4+ 5y <6458,

x+ 3y <27,
V3.4x 4+ v21.8y <v914.6,

x+3y<27.
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Step 3: (Compute) By introducing auxiliary variables v, v{, vy, and v, we have

min  v; + v

s.t. 3.083x +20.076y +v; —v{ =54.73,
—18x+22y<19.4,
—x+3y<21,
—0.6x+ 4.7y <243,
—x+3y<21

min vy, +vj
y
Yoy v

st 16.498x + 8.205y +v; —vi = 51.337,
0.6x 4 2.2y <254,
x+3y<7,
1.8x +4.7y <30.2,
x+3y<27.

Using the Kuhn-Tucker approach, the current solution is (1.901, 0, 0, 2.434, 0, 0).

Step 4: (Compare) Because k = 1, go to Step 5.

Step 5: (Split) By inserting a new node 4; = (0.2 + 1)/2, there are a total three
nodes of 4o = 0.2, 2; = 0.6 and A, = 1. Then a total of six non-fuzzy objective
functions for the leader and follower, together with six non-fuzzy constraints for the

leader and follower respectively, are generated.

Step 6: (Loop) k =1+ 1 = 2, go to Step 3, and a current solution of (2.011, 0,
0, 2.356, 0, 0) is obtained. As |2.011 — 1.901| + |2.356 — 2.434| = 0.188 >
& = 0.15, the algorithm continues until the solution of (1.957, 0, 0, 2.388, 0, 0) is

obtained. The computing results are listed in Table 9.1.

Step 7: (Output) As [1.957 — 1.872| + |2.388 — 2.2.446| = 0.14 <¢ = 0.15,
(x*,y*) = (1.957, 2.388) is the final solution of this example. The objectives for the

leader and follower under (x*,y*) = (1.957, 2.388) are:

Fi(x*,y") = F1(1.957,2.388) = 6 - 1.957 + 3 - 2.388,
Fy(x*,y*) = F5(1.957,2.388) = —3 - 1.957 + 6 - 2.388,
(e, y*) = £(1.957,2.388) = 4 - 1.957 + 3 - 2.388,
Hx*,y*) =£(1.957,2.388) = 3-1.957 + 1 -2.388.

Table 9.1 Summary of the

running solution k * Y v V1i vy V2,
1 1.901 2.434 0 0 0 0
2 2.011 2.356 0 0 0 0
3 1.872 2.466 0 0 0 0
4 1.957 2.388 0 0 0 0
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9.4.2 Experiments and Evaluation

The fuzzy bi-level goal-programming algorithm was implemented by Visual Basic
6.0, and run on a desktop computer with CPU Pentium 4 2.8 GHz, RAM 1G,
Windows XP. To test the performance of the proposed algorithm, the following
experiments are carried out.

1. To test the efficiency of the proposed algorithm, we employ ten numerical
examples and enlarge the problem scales by changing the numbers of decision
variables, objective functions and constraints for both leaders and followers
from two to ten simultaneously. For each of these examples, the final solution
has been obtained within 5 s.

2. To test the performance of the fuzzy distance measure in Definition 9.1, we
adjust the satisfactory degree values from 0 to 0.5 on the ten numerical examples
again. At the same time, we change some of the fuzzy coefficients in the con-
straints by moving the points whose membership values equal O by 10 % from
the left and right respectively. Experiments reveal that, when a satisfactory
degree is set as 0, the average solution will change by about 6 % if some of the
constraint coefficients are moved as discussed above. When we increase satis-
factory degrees, the average solution change decreases. For the point in which
satisfactory degrees are equal to 0.5, the average solution change is 0.

From Experiment (1), we can see that the proposed algorithm is quite efficient.
The reason is the fact that final solutions can be reached by solving corresponding
linear bi-level programming problems, which can be handled by the Kuhn-Tucker
approach.

From Experiment (2), we can see that if we change some coefficients of fuzzy
numbers within a small range, solutions will be less sensitive to this change under a
higher satisfactory degree. The reason is that, when the satisfactory degree is set to
0, every A-cut of fuzzy coefficients from O to 1 will be considered. Thus, the
decision maker can certainly be influenced by minor information.

For a decision-making process involved with fuzzy parameters, decision makers
may sometimes make small adjustment on the uncertain information about the
preference or circumstances. If the change occurs to the minor information, that is
with smaller satisfactory degrees, there should normally be no significant change to
the final solution. For example, when estimating future profit, the manufacturer may
adjust the possibility of five thousand dollars profit from 2 to 3 %, while the
possibility of one hundred thousand dollars profit remains 100 %. In such a situ-
ation, there should be no outstanding change for his or her final decision on the
device investment. Therefore, to increase the satisfactory degrees is an acceptable
strategy for a feasible solution.

From the above analysis, the advantages and disadvantages of the proposed
fuzzy bi-level goal-programming algorithm are as follows:
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1. This algorithm is quite efficient, as it adopts strategies to transform a non-linear
bi-level decision problem into a linear decision problem.

2. When pursuing optimality, the negative effect from conflicting objectives can be
avoided and a leader can finally reach his or her satisfactory solution by setting
goals for the objectives.

3. The information of the original fuzzy numbers is considered adequately by
using a certain number of 1-cuts to approximate the final precise solution.

4. In some situations, this algorithm might suffer from expensive calculation, as the
size of A-cuts will increase exponentially with respect to iteration counts.

9.5 Summary

In a bi-level decision model, the leader and/or the follower may have more than one
objective to achieve. This kind of bi-level decision problem is studied by goal
programming in this chapter. Meanwhile, we take into consideration the situation
where coefficients to formulate a bi-level decision model are not precisely known to
us. A fuzzy set method is applied to handle these coefficients, and a fuzzy bi-level
goal-programming algorithm is proposed to solve the FMO-BLP problems.
A numerical example is then adopted to explain this algorithm. Experiments reveal
that the algorithm is quite effective and efficient in solving the FMO-BLP problems.
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