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Abstract. Iterative Closest Point (ICP) is a popular rigid point set registration
method that has been used to align two or more rigid shapes. In order to reduce
the computation complexity and improve the flexibility of ICP algorithm, an ef-
ficient and robust subset-ICP rigid registration method is proposed in this paper.
It searches for the corresponding pairs on subsets of the entire data, which can
provide structural information to benefit the registration. Experimental results on
2D and 3D point sets demonstrate the efficiency and robustness of the proposed
method.
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1 Introduction

Point set registration is an important research topic in computer vision and image
processing. It has been widely applied to pattern recognition, shape reconstruction,
motion tracking and stereo matching, etc. The task of point set registration is to recover
an optimal transformation according to the current locations of two point sets and map
one point set onto another to make them overlap as much as possible. Simultaneously,
the shapes described by the points are aligned very well as shown in Figure 1.
Iterative Closest Point (ICP) algorithm [1, 2] is one of the most popular rigid point
set registration methods. Expectation Maximization (EM) scheme [3] is often used as
the alternating update procedure to search for the solution, whose E step and M step can
be viewed as updating correspondences and recovering transformation of ICP respec-
tively. An EM-ICP [4] was proposed to handle Gaussian noise in rigid registration of
large points set. It was a coarse-to-fine approach based on an annealing scheme to
balance the robustness and the accuracy of ICP. Liu [5] combined the soft-assign and
EM-ICP algorithms for the automatic registration of overlapping 3D point clouds.
When the transformation (M step) is required to be determined with fix correspond-
ences, multiple layer feed-forward neural network [6] is an alternative rigid point set
registration method. Combined with Principal Component Analysis (PCA) feature
extraction, neural network can be used to align two rigid 2D gray images [7].
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Fig. 1. Two registration results. (a) is successful because the distance measurement is small and

the shapes are aligned. (b) is fail in spite of the smaller distance measurement but poor shape
alignment.

Point set registration can be considered as a probability density estimation problem.
Many probabilistic methods, such as Gaussian Mixture Model (GMM) [8, 9] and
Robust Point Matching (RPM) [10], are developed to acquire better registration result
in the presence of noise and outliers at the cost of computation complexity.

In this paper, an efficient and robust rigid point set registration method, named
subset-ICP, is presented, which is an improved ICP method. In this method, a whole
target set is divided into several subsets, and the same process is done to the source set.
For each pair of the target subset and source subset, standard ICP is conducted to find
the optimal transformation, which is used to map the entire source set to the target set.

The proposed method can deal with larger rotation very well. Partial data instead of
entire data set can implicitly provide structural information. Under the viewpoint of
optimization, with basic matrix theory, the induction procedure of the rigid transfor-
mation parameters (scaling, rotation and translation) is provided in this paper. It is
easier to understand the proof procedure than that of the quaternion method based on
PCA.

The rest of this paper is organized as follows. Fundamental knowledge is briefly
described in section 2. Section 3 presents the proof of the unknown variables of rigid
transformation, and introduces our subset-ICP method. Experiments are shown in
section 4. Finally, conclusions are given in section 5.

2 Preliminary

In this section, the fundamental steps of standard ICP is introduced firstly and then

some basic concepts about matrix theory are recalled to easily understand the induction
procedure of section 3.

2.1 Standard ICP

Given two point sets X = {X;,Xp,***, Xy} and Y = {y;,y,, "+, yn}, Where x;, y; € R"
(each element is defined in n-dimensional Euclidean space), M,N are the numbers of
points in X and Y respectively. The main steps of the standard ICP are the
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correspondences and the transformation, which are updated till the terminate conditions
are satisfied.

*  Foreach point y; (j = 1,2,---,N) of set Y, search for its closest point x; from
set X to form the correspondences set Ny(X) = {x] d(y]-, xl-) =
argminyexd(y;, x)};

= Forsets Ny(X) andY, compute the rotation matrix R¥and translation vector t¥
using statistics technique PCA.

= Apply transformation (R¥, t¥) to update set Y and accumulate rotation matrix
R and translation vector t.

Y =RK.Y +tk 6))
R=RK-R (2)
t=RK.-t+tK 3)

2.2 Basic Concepts About Matrix Theory

Definition 2.1 (vector inner product and vector norm): Given two n-dimensional

vectors a = (a4, az,**+, ay) and b = (by, by, -++,b,), then the squared Euclidean
distance between a and b is rewritten using the inner product and norm of vector as
lla = blI* = [lal|? + |]|* - 2(a, b) “4)

It is easy to know (here, a, b are row vectors)

@ |lall? = (a,a) =+/a? + a2 + -+ a% = aa”
@ (a,b) = (b,a)

@ (ka,b) = (a,kb) = k(a,b) = k - ab”

Definition 2.2 (orthogonal matrix): Square matrix A is called as an orthogonal matrix
when AAT = ATA =1 is satisfied, where I is an identity matrix.

Definition 2.3 (matrix trace): Let A = (ai'j)nxn is a square matrix, the trace of A is
defined as
tr(A) = Xt ay 5)
The properties of trace are included:
D tr(4) = tr(A")
@ tr(AB) = tr(BA)

3 Subset-ICP Registration Method

In this section, a proof of the unknown variables of rigid transformation is provided and
then our subset-ICP method is introduced.

3.1 Parameters of the Rigid Transformation

The point set registration is to find an optimal mapping F to make Y. ||x — F(y)||? as
smaller as possible. When the rigid transformation is considered, the point set regis-
tration problem is transferred as a minimum optimization with constraints
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min Q(s,R,t) = X ||x — (SR_’). + )2
Subject to RTR =
det(R) = 1 (6)

In order to obtain the closed form solution of (6), a lemma 1 [11] is described as
follows:

Lemma 1: Let Rpyp be an unknown rotation matrix and Ap.p be a known real square
matrix. Let USVT be a Singular Value Decomposition of A, where UUT = VVT =]
and S = d(s;), with s; = s, = --- = s, = 0. Then, the optimal rotation matrix R that
maximizes tr(ATR) is R = UCVT, where C = d(1,1,-++,1,det (UVT)).

For simplicity, we assume X = {X1,X,**,Xm} and Y = {y,y2, ", ¥yn}, M =N
that denotes no outliers existing and the correspondences are established well. So the
objective functionis Q(s,R,t) = YV, ||x; — (sRy; + t)||?.

Firstly, a partial derivative of Q with respect to t is computed and makes it equal to
Zero

N
dQ(s,R, t
%=—2*Z(xl—sRyl—t)=0

i=1
We can obtain
t=Xx—SRy @)
where, the mean vector X = %Z?’:l X, Y = % N Vi
Based on formulae (7) and (4)

T llx = (sRy; + 017 = XX, |1(x; — %) — SR(}’z T)_’)HZ = N1||9?i||2+
S Z 1||Ry1||2_252 =1(Xi, RY:) = 1(£1 fL)"'S Z =1 RTR?L’)_
2521:1(351 RY;)

The objective function is written with matrix trace form as follows:

Q(s,R,t) = tr(X7X) + s2tr(YTY) — 2str (XTYRT) (8)
where, the following notations are used X; =x; —X , yl yi—y, X=
[551T] )’1
P N N o T
[211221'"12N]’ XT:Ix? I D Y:[yllj}ZI“'IS}N]’ YT: }J2 , n 18 the
. o
AN Anxn YN Ansn

dimensional number of point.
The first two terms of (8) are independent of rotation matrix R, we can denote them as
a constant c,. In addition, according to the property of trace, the last term of (8) is
calculated as

tr(X"YRT) = tr((X™HRDT) = tr(RE™)T) = tr((X"Y)"R) 9)

Thus, the objective function can be converted as
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Q(s,R,t) = —c;tr(X"Y)TR) + ¢, (10)
Based on Lemmal, let A = XTY, USVT = svd(A), the optimal rotation R is
R=UCVT (11)

where C = d(1,1,-++,1,det (UVT)).
In order to solve scaling factor s, taking a partial derivative of (8) with respect to s
and make it equal to zero, then we have
_ tr(XT7RT)
T tr(27TP)

12)

3.2 The Subset-ICP Algorithm

A simulated annealing combined with ICP scheme is used to improve the registration
accuracy, at the same time, reduce the computation cost. The number of subsets is
defined as a special temperature parameter T, where the increment is one for each
iteration. Subset-ICP is implemented on two subsets to search for the closest points and
to build the transformation mapping. The obtained mapping is employed to update the
source data set Y. The pseudo-code of subset-ICP is described as follows in Figure 2:

Inputs: Point sets X and Y

Initialization: The scaling factor s, = 1, the rotationmatrix Ry = 1
and the tansation vectort, =0

For iterative registration

For simulated anmealing (T = 1omax _T)

To update correspondences on gubsets Xr. ¥,

To update trepsformations, R andt;
To apply the transformation to ¥,

End simulated ammealing
End iterative registration

Outputs: The tansfommations. Randt; The matched point set ¥

Fig. 2. The pseudo-code of subset-ICP algorithm

4 Experiments

In this section, the experiments were conducted to verify the effectiveness of the pro-
posed method in different kinds data including 2D fish clean points, 2D fish points with
Gaussian noise, 3D bunny clean points, 3D bunny points with outliers points which can
deteriorate the shape and 3D bunny data with missing data that means the incomplete
data.

There are two point sets extracted from an object image, one is called the target set
and its shape is represented by red circle, another is called source set and its shape is
described by blue pentagrams. The task is to find an optimal spatial transformation
(rotation matrix R and translation vector t in our experiments) according to the current
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locations of the target set and the source set. If these two sets can be aligned very well
(overlapping totally), then the registration (matching) is successful. The performance
measures are Mean Squared Error (MSE) and visual results of registered images.

4.1 The Efficiency of Subset-ICP

2D fish data [12]: Four source point sets are synthetically formed by different linear
transformations, blurring and deformation of the target point set. The registration
results are shown in Figure 3. We can know that the proposed method is efficient for
different spatial positions of rigid source point set, involving the larger rotation data. It
is also robust to the noise data but not very effective to the deformable shape.
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Fig. 3. The registration results of subset-ICP on 2D fish data. Red circle points form the target
datal, black cross points are source data2 and the blue pentagram marks are the registered
source data2

3D bunny data: we test our method on the stanford bunny data set [13]. 305 points are
located manually to get the profile of 3D frontal bunny to form the target datal. Figure
4 demonstrates the qualitative registration results of subset-ICP on 3D bunny data,
which validate the subset-ICP is an efficient rigid registration method.

1

Fig. 4. The bunny data is registered by the subset-ICP. Left figure is a 2D result and the right
figure is a 3D result
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Missing data: The target bunny (red circle) and the source bunny (blue pentagram
marks) are or/both with missing data in different parts respectively. The registration
results are shown in Figure 5. We can see that the subset-ICP is robust to missing data.

Fig. 5. The registration results of the subset-ICP when the missing data arising. The source data
with missing ear data is in the left figure. The target data and the source data are both with
missing data in different parts in the right figure

Outliers: The target data with 40% Gaussian outliers, the matching result is displayed
in the left part of Figure 6. The source data with 20% Gaussian outliers, the matching
result is shown in the right part of Figure 6. It is easy to see that the target with outliers
do not affect the matching result but a slight difference exists when the source shape is
disturbed by outliers. According to the experimental observation, for either the target
shape or the source shape, an ill-matching happens when the structure information of
shape is deteriorated by the outliers.

Fig. 6. The 2D matching results for the outliers. Target data with Gaussian outliers is shown in
the left figure and the source data with Gaussian outliers is displayed in the right figure

4.2  The Comparison with Standard ICP

The comparisons between standard ICP algorithm and our method are displayed in
Figure 7 and 8. The x-axis is the experiment times, that means ten pairs of the target sets
and the source sets are generated to test the performances of subset-ICP and standard
ICP algorithm. Y-axis of Figure7 is the MSE and y-axis of Figure8 is the speed (exe-
cution time (second)). Based on the experimental results, we can know that subset-ICP
is faster and more efficient than standard ICP on 3D bunny data.
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The Meaq\)Square Error (M§E)
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Fig. 7. The comparison of MSE on 3D bunny data
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Fig. 8. The comparison of execution speed on 3D bunny data
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5 Conclusions

In this paper, a subset-ICP rigid point set registration method is proposed, which is an
improved version of standard ICP. Partial data instead of entire data can implicitly offer
structural information that benefits the registration. Experiments are conducted on 2D
and 3D synthetic data, and the matching results are analyzed and compared. All ex-
perimental results showed that the proposed method is efficient and robust. Under the
viewpoint of optimization and matrix theory, the induction procedure of the rigid
transformation parameters is also provided in this paper.
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