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Abstract. The exchanged hypercube, denoted by EH(s, t), is a new interconnec-
tion network obtained by systematically removing links from the hypercube,
while preserves many appealing properties. This paper addresses the routing
and wavelength assignment for realizing exchanged hypercubes communication
patterns on linear array WDM optical networks. By using congestion estima-
tion, we derive a lower bound of the minimum number of required wavelengths,
and propose an optimal wavelength assignment algorithm that uses 2°*' +
[ 273 | wavelengths.
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1 Introduction

In a wavelength division multiplexing (WDM for short) optical network, the band-
width in optical fiber is partitioned into multiple virtual channels, in which different
stream of data can be transmitted simultaneously using separate virtual channels. In
this context, a virtual channel corresponds to a wavelength. In general, a WDM opti-
cal network consists of routing nodes interconnected by point-to-point fiber links. To
achieve all-optical communication without optoelectrical conversions at intermediate
nodes, end-to-end lightpaths are usually set up between each pair of source-
destination nodes. A connection or a lightpath in a WDM optical network is an or-
dered pair of nodes (S, D) corresponding to transmission of a packet from source node
S to destination node D.

The primary issue for WDM optical networks is to select a proper path and wave-
length satisfying the wavelength-continuity constraint and the distinct wavelength
constraint for each connection of a given communication pattern so that the number
of used wavelengths is minimized [12-15]. Up to now, there have been some works
about routing and wavelength assignments in optical networks [3-5,8,12-14].

The exchanged hypercube is a link-diluted variation of the hypercube nework, pro-
posed by Loh et al [9], with numerous desirable properties, such as lower diameter
and better cost effectiveness. Some related works on exchange hypercubes, such as
the domination number [6], the connectivity [10], the super connectivity [11], and
fault-tolerance measures [7] have been investigated.
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The rest of this paper is organized as follows. In Section 2, we introduce some pre-
liminaries of exchanged hypercubes and the congestion of embedding schemes. In
Section 3, a lower bound of the number of required wavelengths for realizing ex-
changed hypercubes communication patterns on linear arrays is obtained. In Section
4, we propose an embedding scheme and an optimal wavelength assignment algo-
rithm. Finally, we conclude the paper in Section 5.

2 Preliminaries

In this section, we introduce some preliminaries of exchanged hypercubes and the
congestion of embedding schemes.

2.1  The Exchanged Hypercube

Let n be a positive integer. The n-dimensional hypercube (or n-cube for short) Q, is
the graph with vertex set {0, 1}”. Two vertices (strings) u and v in Q, are adjacent if
and only if they differ in exactly one coordinate. Let H(u, v) denote the Hamming
distance between u and v, namely the number of coordinates in which u and v are
different. Thus two vertices u and v in Q,, are adjacent if and only if H(u, v) = 1.

Let k > 1 and u = uy ...upe {0, 1}" be a binary string. We use u;; to denote the
substring uu;;...u; of ufor 0 <i<j<k.

Definition 2.1 ([9]). The vertex set V of exchanged hypercube EH(s, t) is the set
{Uyaittur . 1to | 1; € {0, 1} for 0 < i < s+1).

Let u = ugy, ...up and v = vy, ...vg be two vertices in EH(s, t). There is an edge (u,
v) in EH(s, t) if and only if (i, v) is in one of the following sets:
E ={u,v) | uy# v, u; =v;for 0 <i < s+t }.
Ey={u,v) | up=vy=1,H(u, v) = 1 with ; # v, for some 1 <i <t }, and
E;={(u, V) | uy=vy=0, H(u, v) = 1 with u; # v; for some t+1 < i < s+1 }.

Let EH(s, t) be the subgraph of EH(s, t) induced by the edges in E; fori € {1, 2, 3}.
Clearly, EH(s, t) contains 2" nodes and is a spanning subgraph of hypercube Qy,.;.
For u € V(EH(s, t)), if up = 0, then the degree of u is s+1; otherwise, the degree of u is
t+1. Fig. 1 depicts EH(1, 2) which is a spanning subgraph of Q,. An edge with a label
iforie{l, 2,3} isin edge set E;. We can see that each node « in EH(1, 2) with uy =0
is of degree 2 and all the other nodes are of degree 3.

Lemma 2.2 ([9]). EH(s, t) is isomorphic to EH(t, s).

By Lemma 2.2, hereafter, we may assume without loss of generality thats < 1.
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Fig. 1. An exchange hypercube EH(1, 2)

Proposition 2.3 ([6]). EH,(s, t) (respectively, EHs(s, t)) contains 2° (respectively, 2')
copies of Q, (respectively, Q,) in which any two distinct copies of Q, (respectively,
Q) are disjoint. Moreover, EH (s, t) forms a perfect matching between nodes in
EH,(s, t) and EH;(s, t).

++++++

bits in #.y. Similarly, Q" denotes those O, in EHj;(s, t) for all vertices u € Q,

having the same bits in u,;. For brevity, g and o are also denoted by Q% and
@, respectively, where x and y are the decimal values of u,,.,,.; and u,., respectively.
Fig. 2(a) and (b) show the two subgraphs EH,(1,2) and EH;(1, 2), respectively. Note
that EH,(1, 2) contains Q% and Q', while EH;(1, 2) contains Q°; , Q' , 02, and Q°,.

QOZ le O/—\
S fni 0000 10000 Q%

1
o s 1010 Q4

0101 1101 0100 11000 Q%

3

0111 1111 0110 1110 Q4

(a) EH,(1, 2) (b) EHy(L, 2)
Fig. 2. The two subgraphs of EH(1, 2)

2.2 The Congestion

Let G = (Vy, E)) be the guest graph and H = (V,, E,) the host graph, where |V1| = |V2| .
An embedding scheme of G in H is an ordered pair @ = (¥, Q), where W is a bijection
from V; to J;, Q is a mapping from E| to a set of paths in H such that, for every edge
e =(u,v) € Ey, there is a path Q(e) from ¥(u) to ¥(v) in H.
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Definition 2.4. The congestion of an edge ¢ € E, under embedding scheme ® of G in
H, denoted by ¢ (G, H, @, e), is the number of paths Q(e‘) for all ¢’ € E| passing
through e, namely,

cG,H,®,e)= |{e: ee EQ(e)), e € E,and e € E,}|
The congestion of G in H under ®, denoted by ¢,(G, H, @), is defined as:
c, (G,H,®)= m%xce(G,H,CD,e)

The congestion of G in H under ®, denoted by ¢,(G, H), is defined as:
c,(G,H,®)= Irgncp (G,H,D)

Let AM(G, H) stand for the number of required wavelengths for realizing communi-
cation pattern G on WMN optical network H by embedding scheme ®. Lemma 2.5
shows that c,(G, H) is a lower bound of A4(G, H).

Lemma 2.5 ([1, 3, 12]). Ae(G, H) 2 ¢,(G, H).

In this paper, we consider that the guest graph is EH(s, t) and the host graph is a li-
near array L,, where n = s+t+1 and L, is a path of 2" nodes. We label the nodes (re-

spectively, the edges) in L, from 1 to 2" (respectively, from ¢, to 62”_1) in consecu-
tive order. For example, a linear array L; is shown in Fig. 3. Given an embedding

scheme, each node u in V(EH(s, t)) will be assigned a distinct number in {1,...,2"}.
The node assigned number i is then embedded to the node i in L,.

e Ey B e, e e e

*—o—0—0—0—0—0—90

i | 2 3 4 5 6 7 8
Fig. 3. A linear array L;

3 A Lower Bound of Ao(EH(s,t), L)

If u=ug,; ... up ;.. u1u0 is a node in Q 0<i<g2” 1) and the decimal value of u, is j,
then we also use ¢, to denote node u. Let R, stand for the subgraph of EH(s, t) in-
duced by the nodes in Q . and all nodes in EH, adjacent to some vertex in Q,

Lemma 3.1. The congestion of embedding the nodes in @', to a linear subarray L, of
L,is 2 +[273..

Property 3.2. If @ is an optimal embedding scheme, then @ will embed nodes in a
subgraph of EH(s, t), which is isomorphic to R',, to nodes 1, 2,.. 2% of L,
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Lemma33. max min{c,(EH (s,1),L,,®,¢)} 22" +|2'/3].

e;:1<i<2™!

Theorem 3.4. ¢, (EH(, t), L,) > 2"+ [ 273].

Lemma 3.5. The number of required wavelengths to realize EH(s, t) communication
patterns on linear array L, is not less than 2"+ [ 2"/3 ],

Proof. By Lemma 2.5 and Theorem 3.4, the lemma is thus proved.
Q.E.D.

4 Optimal Wavelength Assignment for Realizing EH(s, t) on L,

In this section, we first derive an embedding scheme, and then describe a routing and
wavelength assignment algorithm. Let u = uy,,... U, 4,...u;uy be a node in V(EH(s, t)).
We partition V(EH(s, t)) into eight disjoint subsets as follows:

Sl={u:u,+1=0;u1=Oandu0=1},
So={u:uy1=0;u;=1and up=1},
S3={u:u,+1=1;u1=0andu0=1},
Si={u:uy1=1u;=1anduy=1},
SS={u:u,+1=0;u1=Oandu0=0},
Sﬁ={u:u,+1=1;u1=Oandu0=0},
S7={u:uy;=0;u;=1and uy=0}, and
Sg:{u:u,+1=1;u1=1andu0=0}.

Clearly, the subgraph induced by S; (1 < i < 4) comprises 2" disjoint (z-1)-cubes,
and the subgraph induced by S; (5 < i < 8) comprises 2" disjoint (s-1)- cubes. If s > 2
for the subgraph induced by S,, (1 < m <4), we denote the (¢-1)- cube by Q™',.| where i
(0<i<2” l-1) is the decimal value of w2, and the node u in Q™| is represented by
g™, , where j (0 <j <2"'-1) is the decimal value of u,,. Otherwise, if s = 1, the
(t-1)-cubeis denoted by 0™’,,, and the node u in 9", is denoted by ¢"%., , where j
(0 <i<2""-1) is the decimal value of u,.

Similarly, if s > 2, for the subgraph induced by S,, (5§ <m < 8), we denote the (s-1)-
cube by Q’""'x_l, where i (0 <i 32['1—1) is the decimal value of u;.,, and the node in Qm‘is_l
is represented by qm‘i‘js_l ,wherej (0<j < 2"1-1) is the decimal value of ug,;..1,. Other-
wise if s = 1, the O-cube with decimal value i (0<i < 2“—1) in substring u,., is denoted
as O™, and the only node in Q o is enoted as ¢™".

Let u' = u'y,,.. 0 ;... iy be a node in S; (1<i<8),and let v =vg,3...V41V;..
vivg be a bmary string of length s + 7 - 2 with decimal value x (0 < x < 22 -1). If s>
2, then let iy, 00 = Vourarq and 'y = v,0.0; otherwise, for the case s = 1, let i/',0 = v,
We can find that the nodes u; (1 < i < 8) form two reversed direction cycles, denoted
by cycle;(x) and cycle,(x), respectively. Fig. 4 shows the two reversed direction
cycles.
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***."0***00 ***."0***01 ***."0***00 ***."0***01

***."1***00 ***."0***11 ***."1***00 ***_"0***11

***...0***10 ***."1***01 ***...0***10 ***_..1)0(**01

***."1***10 ***."1***11 ***."1***10 ***."1***11
(a) cycle,(x) (b) cycle,(x)

Fig. 4. Two reversed direction cycles in EH(s, t)

An embedding scheme o, which assign numbers to the nodes in EH(s, t), is shown
in Table 1.

Table 1. An embedding scheme o

Embedding scheme o,
Input: An exchange hypercube EH(s, t).
Qutput: The assigned number NUM(u), u € V(EH(s, t)).
begin
Step 1. Setk = 1;
Step 2. For each node u € EH(s, t), set NUM(u) = NULL,;
Step 3. Form=1to4
Fori=0to2""-1
Forj=0to2"'-1
NUM(q"" 1) = k;
k=k+1;
Step 4. Form=5to 8
Fori=0to2"-1
Forj=0to2"'-1
NUM(q""s.) = k;
k=k+1;

end

Property 4.1. In the embedding scheme o, if x # y or m; # m, or i} # i,, then the

nodes in Q’”l‘ilx_l and the nodes in sz’iz,,_ | are embedded into two disjoint linear subar-
rays of L,,.

Proof. This property is clear from the embedding scheme . a
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Fig. 5 shows the numbers assigned to the nodes in EH(1,2) by the embedding
scheme o

Fig. 5. The numbers assigned to nodes in EH(1, 2)

A routing and wavelength assignment algorithm [ for realizing EH(s, t) communi-
cation patterns on L, is shown Table 2.

Table 2. A routing and wavelength assignment algorithm 3

Routing and wavelength assignment algorithm 3
Input: An exchange hypercube EH(s, t), and the assigned number NUM(u),
u € V(EH(s, t)).
Qutput: The assigned number NUM(u), u € V(EH(s, t)).
begin
Step 1. For x = 0 to 21
assign 1 unused wavelength to link e in cycle (x);
assign 1 unused wavelength to link e in cycle,(x);
Step 2. Form=1to 4
Fori=0to2"'-1
Call Algorithm 1 in [3] to assign wavelengths to links in Qm’i,_ 1.
Step 2. Form=5to 8
Fori=0to2"-1
Call Algorithm 1 in [3] to assign wavelengths to links in Q"' .

end

Theorem 4.2. The optimal number of required wavelengths to realize EH(s, t) com-
munication patterns on L, is 2"+ 2'/3 |,

Proof. It is clear that Algorithm B considers all links in EH(s, t). In Step 1, we have
that links on 2! directed cycles are assigned wavelengths, and links on each
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directed cycle are assigned 1 unused wavelength. Hence, 2°*"' wavelengths are as-
signed in this step. In Step 2 (respectively, Step 3), Algorithm 1 is invoked to assign
wavelengths to links in Qm’i,_l (respectively, Qm’i_y_l). According to the results in [3], it
follows that [27/3] (respectively [ 2°/3]) wavelengths are required for each o™
(respectively, Q'"’is_l) in Step 2 (respectively, Step 3). By Property 4.1, the wave-
lengths assigned to links in each Qm’is_l and Qm’i,_l can be reused, and hence, Steps 2
and 3 require [273] wavelengths. It is obvious that Algorithm B requires 2" +
12'/3] wavelengths. By Lemma 3.5, an optimal wavelength assignment is achieved.
This completes the proof.

Fig. 6 shows the wavelengths assigned to the links in EH(1, 2) by the routing and
wavelength assignment algorithm f3.

(a) (b)
Fig. 6. The wavelengths assigned to links in EH(1, 2)

5 Concluding Remarks

In this paper, we study the optimal wavelength assignment for realizing the ex-
changed hypercube EH(s, t) communication patterns on linear array WDM optical
network L, by proving that ¢,(EH(s, t), L,) > 24/ 2"/3]. We also design an embed-
ding scheme and a routing and wavelength assignment algorithm which assigns the
optimal number of wavelengths.

For the case when s = 7, the exchanged hypercube is reduce to the dual-cubes [16],
and 2%+ [ 23] wavelengths are required when the guest network is the dual-cube.
For a future research, it is worthwhile to parallelize the wavelength assignment algo-
rithm proposed in this paper, and consider the routing and wavelengths assignment
issues for other types of communication patterns, such as, crossed cubes, twisted
cubes, recursive circulants, etc.
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