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Abstract. Armstrong’s axioms were originally proposed to describe func-
tional dependency between sets of attributes in relational databases. The
database semantics of these axioms can be easily rephrased in terms of dis-
tributed knowledge in multi-agent systems. The paper proposes alternative
semantics of the same axioms in terms of common knowledge. The main
technical result of this work is soundness and completeness of Armstrong’s
axioms with respect to the proposed semantics. An important implication
of this result is an unexpected duality between notions of distributed and
common knowledge.

1 Introduction

1.1 Armstrong’s Axioms

For any two variables a and b, we say that a functionally determines b if for each
possible value of a there is a unique value of b. We denote this by a > b. For
example, the length of a side of an equilateral triangle functionally determines
the area of the triangle: length > area.

Similarly, one can define functional dependency between two sets of variables.
For example, two legs of a right triangle uniquely determine its hypotenuse and
area:

legy,lega > hypotenuse, area.

The functional dependency relation has been first studied in the context of
database theory, where functional dependency is defined between two sets of
attributes. Armstrong [1] proposed the following axiomatization of this relation:

1. Reflezivity: Ar> B, if A D B,
2. Augmentation: A> B — A,C > B,C,
3. Transitvity: A>B — (B> C — A (),

where here and everywhere below A, B denotes the union of sets A and B.
He proved soundness and completeness of this logical system with respect to a
database semantics. The above axioms became known in database literature as
Armstrong’s axioms [2, p. 81]. Beeri, Fagin, and Howard [3] suggested a variation
of Armstrong’s axioms that describes properties of multi-valued dependence.
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Armstrong’s axioms also describe properties of functional dependency in set-
tings different from database theory. More and Naumov [4] investigated func-
tional dependency between secrets shared over a network with a fixed topology.
They presented a sound and complete axiomatization of this type of functional
dependency consisting of Armstrong’s axioms and one additional Gateway ax-
iom that captures properties specific to the topology of the network. Harjes and
Naumov [5] considered functional dependency between strategies of players in
a Nash equilibrium of a strategic game. They gave a sound a complete axiom-
atization of this relation for games with a fixed dependency graph of a pay-off
function. Their axiomatization also consists of Armstrong’s axioms and one ad-
ditional Contiguity axiom that captures properties specific to the topology of
the graph. In another work, they axiomatized functional dependency between
single strategies in Nash equilibria of cellular games [6]. Instead of considering
secrets shared over a network with a fixed topology, one can consider a fixed
group of symmetries of such a network. The complete axiomatization of func-
tional dependency in such a setting [7] also consists of Armstrong’s axioms and
two additional axioms specific to the group of symmetries.

A logical system that simultaneously describes properties of functional depen-
dency between single variables and properties of the nondeducibility relation [8]
has been proposed earlier [9]. A different type of dependency in strategic games
has been studied by Naumov and Nicholls [10]. They called it rationally func-
tional dependence. The axioms of rationally functional dependence are signifi-
cantly different from Armstrong’s axioms discussed in this paper.

1.2 Distributed Knowledge

In the original Armstrong setting, in the functional dependency predicate Ar> B,
sets A and B are sets of database attributes. Let us assume now that each of
the attributes in a database is known to a specific distinct agent and only to
this agent. Furthermore, suppose that each of these agents knows nothing else
but the value of the corresponding attribute. Under these assumptions, we can
informally identify attributes with the agents that know them. Thus, relation
Ar> B can now be viewed as a relation between sets of agents. Two sets of agents
are in this relation if agents in set A collectively know all what is known to each
agent in set B. In other words, everything distributively known to agents in set
B is also distributively known to agents in set A. To paraphrase it once again:
distributed knowledge of a set of agents B is a subset of distributed knowledge
of a set of agents A:

DK(4) 2 DK(B), (1)
where DK (A) informally represents distributed knowledge of set of agents A.
Later in this paper, we formally specify the meaning of statement (1) and claim
soundness and completeness of Armstrong’s axioms with respect to semantics
of distributed knowledge. The proofs are given in the appendix. These proofs
are, essentially, translations of Armstrong’s [1] arguments from database lan-
guage to Kripke semantics language. The main focus of this paper is on common
knowledge.
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1.3 Common Knowledge

Let CK(A), informally, denote all common knowledge [11] of set of agents A.
By analogy with relation (1), one can consider relation

CK(A) D CK(B)

between sets of agents A and B. This relation does not satisfy Armstrong’s
axioms since the Reflexivity axiom does not hold (common knowledge of a sub-
group, generally speaking, is not a common knowledge of a group). However, it
turns out that relation

CK(A) CCK(B) (2)

does satisfy Armstrong’s axioms. Furthermore, the main technical result of this
paper is the completeness theorem for Armstrong’s axioms with respect to com-
mon knowledge semantics informally specified by relation (2).

The significant implication of this result is the duality between distributed
knowledge and common knowledge captured by relations (1) and (2). Properties
of both of them are described by Armstrong’s axioms.

In the rest of the paper we first further discuss and formally define relation
(1) in terms of epistemic Kripke frames. We then show how this definition can be
modified to formally specify relation (2). We conclude the paper with the proof
of soundness and completeness of Armstrong’s axioms with respect to common
knowledge semantics. In the appendix we show soundness and completeness of
Armstrong’s axioms with respect to distributed knowledge semantics.

2 Distributed Knowledge Semantics

Definition 1. A Kripke frame is a triple (W, A, {~q}aca), where

1. W is a nonempty set of “epistemic worlds”,
2. A s a set of “agents”,
3. ~q is an (“indistinguishability”) equivalence relation on set W for each a €

A.

For any two epistemic worlds u,v € W and any set of agents A C A, we write
u~yvif u~g v for each a € A.

According to the standard Kripke semantics of distributed knowledge [12, p.
24], v I+ Opp means that v Ik p for each v € W such that u ~p v. If we want
statement u |F Ogp — Oap to be true no matter how propositional variable p is
evaluated over the given Kripke frame, we need to require that

{veW|u~ygv}C{veW |u~pguv}. (3)

Epistemic logic usually studies the validity of formulas in a particular epistemic
world. In Armstrong’s database semantics, however, statement At> B means that
the values of the attributes in set B are functionally determined by the values of
attributes in set A for all possible values of the attributes in set A. Thus, under
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the corresponding distributed knowledge semantics, statement A > B should
mean that (3) is true for each u € W. In other words, informal statement (1)
could be formally specified as

Vu,v € W(u~av—u~pv). (4)
We use this specification in Definition 3.

Definition 2. For any set of “agents” A, by ®(A) we mean the minimal set of
formulas such that

1. L ed(A),
2. A B e ®(A) for all finite subsets A, B C A,
3. if o, € B(A), then p — 1 € D(A).

Definition 3. For any Kripke frame K = (W, A, {~a}aca) and any ¢ € (A),
we define relation K E ¢ recursively:

1. KFE L,
2. KE A B iff for each u,v € W, if u ~4 v, then u ~p v,
3 KEp—viff KFyor KE.

Theorem 1 (Armstrong [1]). K F ¢ for each Kripke frame K whose set of
agents contains all agents from formula ¢ if and only if formula ¢ is provable
from Armstrong’s axioms and propositional tautologies using the Modus Ponens
inference rule.

This theorem has been originally proven by Armstrong for database semantics,
but, as we show in the appendix, his proof could be easily adopted to Kripke
frames.

3 Common Knowledge Semantics

As usual, common knowledge of p between a group of agents A means that
each agent knows p, each agent knows that each agent knows p, and so on
ad infinitum. In epistemic logic notations [13,12], in epistemic world u there is
a common knowledge of p between a group of agents A if for each sequence
ai,...,a;, of elements of A, possibly with repetitions,

wlF Og,Oay - - - Oa,, P-
Thus, in a given epistemic world u there is a common knowledge of p by the
group of agents A if v, IF p for each sequence aq, ..., a,, of elements of A and

each sequence of worlds vg, vy, ...,v, € W such that

U = Vg ~a; V1 ~ay V2 ~az " ~a,, Um-
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If we want common knowledge of p by group A in epistemic world u to imply
common knowledge of p by group B in u no matter how propositional variable
p is evaluated over the given Kripke frame, we need to require that

{wk ceW ‘ U= Wy ~p; W1 ~Vpy W2 ~py *** ~p, Wy and bl,...,bn GB} -
{vn EW | u =19 ~g, V1 ~ay V2 ~as *** ~a,, Um and ai,...,am € A}
Hence, for common knowledge by group A to imply common knowledge by group

B in each epistemic world u we need to require that for each x,y € W, if there
exist n > 0, wg, ..., w, € W, and by,...,b, € B such that

T = Wo ~by w1 ~by w2 ~by " by, Wnp =Y,
then there must exist m >0, vg,...,v,, € W, and aq,...,a, € A such that
T =7V0 ~Ya; V1 ~Yay V2 ~Yaz " Ya, Um =Y.

In the definition below, we take this requirement as the formalization of (2).

Definition 4. Let F be the relation between a Kripke frame K = (W, A, {~q
taca) and a propositional formula in ®(A) such that:

1. KE 1,
2. KE A B iff for each x,y € W, if there exist n > 0, wy,...,w, € W, and
bi,...,by € B such that

T = Wo ~by w1 ~bo w2 ~b3 " by, Wnp =Y,
then there exist m >0, vg,...,vym € W, a1,...,a,n € A such that
T =100 ~a; V1 ~as V2 ~ag " ~a,, Um =Y,

3 KEp—viff KFyor KE.

4 Axioms

For any given set of agents A, our logical system consists of all propositional
tautologies in language #(.A), the Modus Ponens inference rule, and Armstrong’s
axioms:

1. Reflezivity: A> B, if A D B,
2. Transitivity: A> B — (B> C — A>C),
3. Augmentation: At>B — A,C > B,C,

where, as we have mentioned earlier, A, B stands for the union of sets A and B.
We write X F ¢ if statement ¢ is provable in our logical system using additional
set of axioms X. We abbreviate @ F ¢ as F .



186 7. Heckle and P. Naumov

5 Example

The soundness of Armstrong’s axioms with respect to common knowledge se-
mantics will be shown in the next section. Note that soundness of the Reflexivity
and Transitivity axioms is intuitively clear, but soundness of the Augmentation
axiom is, perhaps, unexpected. Below we illustrate our logical system by stating
and proving from Armstrong’s axioms an even less intuitively clear property of
common knowledge:

Theorem 2. W A>B — (C>D — A, C> B, D).

Proof. Suppose that A > B and C > D. Thus, by the Augmentation axiom,
A,Cr>B,C and B,C > B, D. Therefore, by the Transitivity axiom, A,C't> B, D.
]

6 Soundness

In this section we prove soundness of our logical system with respect to common
knowledge semantics. Soundness of propositional tautologies and the Modus Po-
nens inference rule is straightforward. We prove soundness of each of Armstrong’s
axioms as a separate lemma.

Lemma 1. K E A B for each K = (W, A, {~g}qca) and each B C A C A.

Proof. Consider any x,y € W. Let there exist n > 0, wg,...,w, € W, and
bi,...,
b, € B such that

T = W ~by W1 ~hy W2 ~Vhy ttt ~p, Wp =Y.
Note that b1,...,b, € A because B C A. a

Lemma 2. For each K = (W, A, {~a}aca) and each A,B,C C A, if K ¥ A>B
and K E B> C, then K A C.

Proof. Consider any x,y € W. Let there exist n > 0, wg,...,w, € W, and
Clyeony
¢n € C such that

T = W ey W1 ey W2 Neg 0 e, Wp =Y.

Thus, by assumption K F B > C, there exist m > 0, vg,...,v,, € W, and
bi,...,b, € C such that

T = Vg ~p, V1 ~hy V2 Nyttt ~b, Um = Y.

Hence, by assumption K F A > B, there exist k& > 0, ug,...,ur € W, and
ai,...,ar € A such that

T = UQ ~Ya; UL ~Yay U2 ~Yaz " Ya, Uk =Y.
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Lemma 3. For each K = (W, A,{~a}aca) and each A,B,C C A, if K E
A B, then KE A, C> B,C.

Proof. Consider any x,y € W. Let there exist n > 0, wg,...,w, € W, and
€Ly
en € BU C such that

T = W Ve, W1 Yey W2 eyt Ve, Wp—1 Ve, Wn =Y.

We will show that there exist m > 0, vg,...,v, € W, and f1,...,fm € AUC
such that

x:’UO Nfl ’Ul Nf2 ’]_}2 NfS ...Nf'rn ’]_}m:y

by induction on n. If n = 0, then x = y and m = 0.
Let n > 0. By the induction hypothesis, there exist &k > 0, ug,...,ur € W,
and g1,...,9x € AU C such that

LT =1Ug ~gy UL gy U2 Ygg " Vg Uk = Wp—1.
Case I: e, € C. Then,
T =U) Vg Ul Mgy " g Uk = Wn—1 Ve, Wn =Y

and ¢1,92,...,9k,en € AUC.
Case II: e, € B. By assumption K F A B, there exist £ > 0, tg,t1,...,tg € W,
and hg, hy,...,hs € A such that

Wi—1 = to ~hy t1 ~hy " ~h, e = Wy

Therefore,
T = U Vg UL gy U2 gyt Vg Uk = Wn—1 = L0 ~hy T1 ~hy Ry B = Wn = Y,
where g1,92,...,9k, h1,ho,...,he € AUC. O

7 Two-World Kripke Frames

In this section we define a simple two-world Kripke frame. Later, multiple in-
stances of such frames will be combined together to prove completeness of Arm-
strong’s axioms with respect to common knowledge semantics.

Definition 5. For any set of agents A and any subset D C A, let K(A, D) be
the Kripke frame (W, A, {~s}aca) such that

1. W is the two-element set {wo, w1},
2. wo ~q wy if and only if a ¢ D.

Informally, D is the set of all “distinguishers” who can distinguish world wq from
world wy .



188 7. Heckle and P. Naumov

Lemma 4. For any set of agents A and any subset D C A, K(A,D)E A> B
if and only if at least one of the following conditions is satisfied:

1. A¢ D,
2. BCD.

Proof. (=) Suppose K F A>Baswellas A C D and B ¢ D. Since B ¢ D, there
exists by € B such that by ¢ D. Thus, wg ~p, w1, by Definition 5. Hence, by the
assumption K E A > B, there exist n > 0, vg,...,v, € W, and ay,...,a, € A
such that

Wo = Vo ~a; V1 ~Yaz " Yap—1 Un—1 ~Ya, Un = Wi,

which is a contradiction to A C D and Definition 5.

(<) First, assume that A ¢ D. Thus, there exists ag € A such that ag ¢ D.

Hence, by Definition 5, z ~g, y for each 2,y € W. Thus, K(A, D) F A> B.
Next, suppose B C D. To prove K(A,D) E A B, consider any z,y € W.

Let n >0, vg,...,v, € W, and by,...,b, € B be such that

T =7V ~by V1 ~by "' b,y Un—1 ~b, Un =Y.

Thus, = y by the assumption B C D and Definition 5. g

8 Product of Kripke Frames

In this section we define a composition operation on Kripke frames and prove a
fundamental property of this operation. Later we use this operation to combine
several different two-world frames, defined in the previous section, into a single
Kripke frame needed to prove completeness of Armstrong’s axioms with respect
to common knowledge semantics.

Definition 6. For any set of agents A and any family of Kripke frames {K*}7_,
= {(W4 A {~L aca) o we define the product [}, K* to be the Kripke frame
K =W, A {~a}aca), where

1. W is the Cartesian product []_, W of the sets of epistemic words of indi-
vidual frames,

2. for any (ui)i<n, (Vi)icn € W, let (Ui)i<n ~a (Vi)i<n of Wi ~% v; for each
1 < n.

Theorem 3. Let A be any set of agents. If A and B are any two finite subsets
of A and {K'}"_, is any family of Kripke frames with set of agents A, then
[T, K"l A> B if and only if K |- A> B for each i < n.

Proof. Let {K'}y = {(W', A {~}aea) iy

(=) Assume ig < n and z,y € W are such that there exist k > 0, v, ..., vk €
W, and by, ...,bx € B such that

T = Vg ~p, V1 oy V2 ~hy t ~Np, Uk = Y.
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We will show that there exist m > 0, ug,...,u,, € W, and ay,...,a, € A such
that

T = U ~Yay Ul Yay U2 ~Yasz * Ya,, Um = Y-
Indeed, due to Definition 1, for each ¢ < n there is at least one epistemic world
w" € W', Then,
<U)1, ey Wip—1,V0, Wig41y - -« aw'n> ~by <wla ey Wig—1,V1, Wig41y - - - awn> ~by
(W1, Wig—1,V2, Wig41,. .y W) ~oy ~ - ~by. (Wi, ... Wig—1, Ve, Wig 41, - - - W)

due to Definition 6 and reflexivity of relations {~jp,}¥ ;. Hence, by the as-

sumption of the theorem, there exist m > 0, (28,22,...,2%), (21,22,...,27),
czh, 22,2y in [T, WY, and ag,. .., apn in A such that
12 n 1,2 n
(W1« ey Wig— 1,00, Wigp Ly« + s Wi) = (2052055« s 20) ~ay (Z15 215+ 21) ~as
1 2 n\ __
CNam <Zmazma .- .,Zm> - <w1" <oy Wig—1, Vg Wig+15 - - - awn>'

Therefore, by Definition 6,

T =" = Z(Z)D ~ay 21’ ~az 23 “ag T Nam Zm = Vk = Y.
(<) Consider any X,Y €[], W*. Suppose there exist m > 0, by,...,b,, € B,
and (wd, ..., wi), (wi,...,w}), ..., (w),,...,w") in []}_, W* such that
1 n 1 n
X = (wg,...,wy) ~p, {(Wi,...,w) ~p,

(wh, ..., WYY ~py -~ (wh W) =Y.
Thus, by Definition 6, for each i < n,

i

7 7
Wy ~by W1 ~by " by, Wiy

Hence, by the assumption of the theorem, for each i < n there exist k' > 0,
ug, -+, uy; € W and af, ay, ..., a;; € A such that
w(z) :u%) ~ai uzl ~aj, UZZ Nai el Ui =W
Therefore, by Definition 6,

_ 1 2 3 n—1 n\ __ 1 2 3 n—1 n
X = (wy, Wi, Wy - - -, W Wh ) = (UG, WG, Wy - -, WS, WE ) ~gt

ay

<u%’w8’w8""7w371’w8> ~a}l <ué’w8’w8""7w371’w8> ~aj T Yal,
<u11clvw(%vw(?))""awgilawg> = <w#’wg’wg,-'-vwgil’w3> =
<w71n’u(2)’wga"'vwg_1’wg> ~a? <w}n’u%vwga"~vwg_1’w3> ~a3

(wh ud wg, . wh T wy) ~ag a2, (wh uds,wi, .. wh T wd) =
(wh w2 wi, . wd T why == (wl wkwd s w T e =
<wrlnvw72n’wgw' . 'aw;L;l’u(r)L> ~af <w71n,w72n,w;l, ,wﬁ;l,ul) ~ay

(wh  w? wd L w T ub) ~ay t ~an, (wh w2 ws Wl ) =
<w71n’wmaw§m ’wrnilaw?r» =Y
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9 Star Closure

In this section we introduce a technical notion of A* closure of a set of agents A
and prove basic properties of this notion. The closure is used in the next section
to prove the completeness theorem.

Let A be any finite set of agents and M be any fixed subset of &(A).

Definition 7. For any subset A C A, let A* be the set
{a€e A|MF A a}.
Set A* is finite due the assumption that set A is finite.
Lemma 5. A C A*, for each A C A.
Proof. Let a € A. By the Reflexivity axiom, - A t> a. Hence, a € A*. O
Lemma 6. M+ A A*, for each A C A.

Proof. Let A* ={aq,...,a,}. By the definition of A*, M - A a;, for eachi < n.
We will prove, by induction on k, that M + (A > aq,...,ax) foreach 0 < k < n.
Base Case: M = A > @ by the Reflexivity axiom.

Induction Step: Assume that M F (A>ay, ..., ax). By the Augmentation axiom,

Ml—A,akHDal,...,ak,akH. (5)

Recall that M - Ar>ag41. Again by the Augmentation axiom, M + (A>A, ag41).
Hence, M + (A1 ay,...,ak, ax+1), by (5) and the Transitivity axiom. O

10 Completeness

We are now ready to prove completeness of Armstrong’s axioms with respect to
common knowledge semantics.

Theorem 4. If K E ¢ for each Kripke frame K whose set of agents contains
all agents in formula @, then F ¢.

Proof. Suppose ¥ ¢. Let A be the finite set of all agents mentioned in formula
 and M be a maximal consistent subset of #(A) containing formula —p.

Definition 8. Let Kripke frame K be [[ 4 4 K (A, A”).
Lemma 7. M+ B> C if and only if K E B> C, for all subsets B and C of A.
Proof. (=) First, suppose that M = B>C and [, 4 K(A, A*) ¥ Br>C. Thus,

by Theorem 3, there exists Ag C A such that K (A, Aj) ¥ B > C. Hence, by
Lemma 4, B C A§ and
C & Ap. (6)

Then, by the Reflexivity axiom, - Aj > B. By assumption M F B > C and
the Transitivity axiom, M + Aj > C. By Lemma 6, M F Ay > A§. Thus, by the
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Transitivity axiom, X F Ay > C. By the Reflexivity axiom, - C't> ¢ for all ¢ € C.
Hence, by the Transitivity axiom, M F Ag > c for all ¢ € C. Then, ¢ € Aj for all
¢ € C. Thus, C C A}, which is a contradiction to (6).

(<) Next, suppose [[ 4 4 K (A, A*) F B> C. Then, K(A, B*) F B> C. Hence,
by Lemma 4, either B_;(_ B* or C C B*. The former is not possible due to
Lemma 5. Thus, C' C B*. Hence, by the Reflexivity axiom, - B* > C. Note that
M + B> B*, by Lemma 6. Therefore, by the Transitivity axiom, M - B>C. O

Lemma 8. ¢y € M if and only if K F 1 for each ¢ € $(A).

Proof. Induction on the structural complexity of formula 1. The base case follows
from Lemma 7. The induction step follows from Definition 4 as well as maximally
and consistency of set M in the standard way. a

Note that K ¥ 1 due to assumption ¢ € M, Lemma 8, and consistency of set
M. This concludes the proof of Theorem 4. O

11 Conclusion

In this paper we proposed common knowledge semantics for Armstrong’s ax-
ioms and proved corresponding soundness and completeness theorems. This
result shows that relations (1) and (2) have the same logical properties and,
thus, demonstrates a certain duality between common knowledge and distributed
knowledge.

A possible extension of our work could be developing a logical system that
deals with relations (1) and (2) at the same time. Another possible extension
of this work is to consider common knowledge on hypergraphs in the same way
that it has been done [4] for distributed knowledge.

A Appendix: Distributed Knowledge Semantics

In this appendix we prove soundness and completeness of Armstrong’s axioms
with respect to the distributed knowledge semantics specified by Definition 3.
Thus, everywhere in this section F refers to the relation from Definition 3 and not
the one from Definition 4. The main result of this section is the completeness
proof. In the presentation of this proof we follow the general outline of our
completeness proof with respect to common knowledge semantics. In particular,
we reuse earlier defined notions of two-world Kripke frames, product of Kripke
frames, and star closure.

A.1 Soundness

In this section we prove soundness of our logical system with respect to dis-
tributed knowledge semantics. Soundness of propositional tautologies and the
Modus Ponens inference rule is straightforward. We prove soundness of each of
Armstrong’s axioms as a separate lemma.
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Lemma 9. K E A B for each K = (W, A, {~g}qca) and each B C A C A.

Proof. Consider any z,y € W. Suppose that x ~4 y. Therefore, x ~p y due to
assumption B C A. O

Lemma 10. For each K = (W, A, {~a}aca) and each A,B,C C A, if K E
A> B and KEB>C, then KEA>C.

Proof. Consider any =,y € W. Suppose that  ~ 4 y. Hence, z ~p y by assump-
tion K F A> B. Thus, z ~¢ y by assumption K E B> C. O

Lemma 11. For each K = (W, A, {~a}aca) and each A,B,C C A, if K F
A B, then KE A,C> B,C.

Proof. Consider any x,y € W. Suppose that  ~4 ¢ y. Thus, + ~4 y and
z ~¢c y. Hence, x ~p y by assumption K = A > B. Therefore, z ~p ¢ y. O

A.2 Completeness
We start with the distributed knowledge version of Lemma 4.

Lemma 12. For any set of agents A and any subset D C A, K(A,D)E A> B
if and only if at least one of the following conditions is satisfied:

1. AND#0,
2. BND=g@.

Proof. (=) Suppose that AND = @ and BND # &. The former, by Definition 5,
implies that wy ~4 wy, where wg and wy are the two worlds of Kripke frame
K (A, D). The latter implies that there exists by € BN D. Thus, wy ~p w; due
to assumption K (A, D) E A > B. Hence, wy ~p, w1 because by € B, which is a
contradiction to Definition 5 since by € D.
(<) First, suppose that A N D # &. Thus, there exists dg € AN D. To show
that K(A, D) E A B, consider any z,y € {wg, w1} and assume that x ~4 y.
We will show that z ~p y. Indeed, x ~4 y implies that = ~4, y since dy € A.
Thus, x = y by Definition 5 and assumption dg € D. Therefore, x ~p y due to
reflexivity of relation ~p.

Second, assume that BN D = &. Thus, z ~p y for each z,y € {wp, w1} due
to Definition 5. Therefore, K (A, D) F A > B, by Definition 3. O

Next is the distributed knowledge version of Theorem 3.

Theorem 5. Let A be any set of agents. If A and B are any two finite subsets
of A, and {K'}"_, is any family of Kripke frames with set of agents A, then
[T, K' I+ A> B if and only if K |- A> B for each i < n.

Proof. (=) Consider any ip < n and any z,y € W% such that x ~,4 y. We will
show that x ~p y. By Definition 1, for each i < n there is at least one epistemic
world w® € W*. Note that

<w1aw2a"'7wi0—17x7wi0+1a"'7wn> ~A

(W1, Way o, Wig—1, Yy Wig41s- -+, Wp)
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due to Definition 6, assumption = ~ 4 y, and reflexivity of relation ~ 4. Hence,

(wl,wg,...,wio_l,x,wi0+1,...,w,L> ~B

<wlaw23 sy Wig—1,Y, Wig41y - - - awn>

by assumption []}" ; K* |- A > B. Therefore, 2 ~p y by Definition 6.
(<) Consider any tuples (z1,22,...,2,) and (y1,¥2,...,Yn) in [[/_; W’ such
that

<x1,.’1,'2, .- 'axH) ~A <y17y2a e 7yn>
By Definition 6, x; ~4 y; for each i < n. Hence, x; ~p y; for each i < n, due to

the assumption of the theorem. Therefore, (x1,22,...,Zn) ~B (Y1,Y2, .-, Yn)-
d

We are now ready to prove completeness of Armstrong’s axioms with respect
to distributed knowledge semantics. This result has been earlier claimed as a
part of Theorem 1.

Theorem 6. If K E ¢ for each Kripke frame K whose set of agents contains
all agents in formula @, then = @.

Proof. Suppose ¥ ¢. Let A be the finite set of all agents mentioned in formula
¢ and M be a maximal consistent subset of #(A) containing formula —¢.

Definition 9. Let Kripke frame K be

[] KA A\ A7)

ACA

Lemma 13. M+ B> C if and only if K E B> C, for all finite subsets B and
C of A.

Proof. (=) Suppose that M + B> C and

I[ KA. A\B*)EB®>C.

ACA

Thus, by Theorem 5, there exists Ag C A such that K(A4, A\ A}) ¥ B> C.
Hence, by Lemma 12,
BN (A\A) =2
and
CN(A\AY) #2.
In other words, B C A and
C ¢ Ag. (7)

Then, by the Reflexivity axiom, - Aj > B. By assumption M + B > C and the
Transitivity axiom, M F A{ > C. By Lemma 6, M + Ag > A§. Thus, by the
Transitivity axiom, M + Ag > C'. By the Reflexivity axiom, - C't>¢ for all ¢ € C.
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Hence, by the Transitivity axiom, M F Ag > c for all ¢ € C. Then, ¢ € Aj for all
¢ € C. Thus, C C A}, which is a contradiction to (7).

(<) Suppose [[4c4 K(A, A\ A*) E B> C. Then, K(A, A\ B*) E B> C, by
Theorem 5. Hence, by Lemma 12, either BN (A\ B*) # @ or CN(A\ B*) = @.
In other words, either B ¢ B* or C' C B*. The former is not possible due to
Lemma 5. Thus, C' C B*. Hence, by the Reflexivity axiom, - B* > C. Note that
M = B> B* by Lemma 6. Therefore, by the Transitivity axiom, M + B>C. O

Lemma 14. ¢ € M if and only if K E 4 for each 1) € $(A).

Proof. Induction on the structural complexity of formula ). The base case follows
from Lemma 13. The induction step follows from the maximally and consistency

of set M in the standard way. O
Note that K ¥ ¢ due to assumption —¢ € M, Lemma 14, and consistency of set
M. This concludes the proof of Theorem 6. a
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