Generalized Lagrange Identity for Discrete
Symplectic Systems and Applications
in Weyl-Titchmarsh Theory

Roman Simon Hilscher and Petr Zemanek

Abstract In this paper we consider discrete symplectic systems with analytic
dependence on the spectral parameter. We derive the Lagrange identity, which plays
a fundamental role in the spectral theory of discrete symplectic and Hamiltonian
systems. We compare it to several special cases well known in the literature. We
also examine the applications of this identity in the theory of Weyl disks and square
summable solutions for such systems. As an example we show that a symplectic
system with the exponential coefficient matrix is in the limit point case.

1 Introduction

In this paper we consider a 2n-dimensional discrete symplectic system

k1 (A) = Sp(A) z (M), (S»)

whose coefficient matrix Sg (1) € C?**?" is analytic in the spectral parameter A € C
in a neighborhood of 0 and satisfies a symplectic-type identity, i.e.,

S =D M AN sy sy =g S = (_°, (’)) (1
j=0
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The superscript * denotes the conjugate transpose and M*(1) := [M (1)]*. For the
applications we will in addition assume that a certain weight matrix ¥ (1) € C***?"
is positive semidefinite. The terminology “symplectic system” refers to the fact that
Sk (1) and the fundamental matrix of system (S, ) are complex symplectic (also called
conjugate symplectic or _#-unitary) when A is real, i.e., they satisfy the identity
MyM= 7.
For convenience we write system (S;) as two n-dimensional equations with
k(X)) = (xf(), up(A)* and Sg(A) = ("Q{k()\) P (A)>. System (S;,) was studied
' Ce(A) D(2)
in the literature in several special cases. In [2—4, 6, 9] the first equation in (S; ) does
not depend on A and the second equation is linear in A, which by [2, Remark 3(iii)]
gives the form

_ Y78 S
Zk+1()") - (%k _ )\fkaQ{k @k _ )"ka%k) Zk()"), (2)
where % = ?{ gk is complex symplectic, Wy is Hermitian, and Wj > 0. Note
k k

that system (2) covers also the classical second order Sturm-Liouville equation

— A(R Ayr (M) + Qi yi+1(A) = AW yr+1 (1) 3)

with Hermitian matrices Ry, Qk, Wi € C"*", invertible Ry, and W} > 0, see Exam-
ple 1. System (S;) with a general linear dependence on A

Z+1(A) = (S + A7) 2z (V) 4)
was studied in [18, 19], where the matrix .7} is complex symplectic, ¥ ¢ .7

is Hermitian and positive semidefinite, and 7,* # 7, = 0. In [15, 16] the linear
Hamiltonian difference system

A(ka) (A Berawy] (xkﬂm) )
u (1) Cr — w3 —ax ue(A)

is considered with the matrices Ay, By, Ck, W,E]], Wk[z] eCYn Ap = (I — Ap)~!
exists, By, Cy, Wk[l], W,Ez] are Hermitian, and W,El] >0, ka > 0. Upon expanding
the forward difference in (5), we can verify that system (5) corresponds to a discrete
symplectic system (S, ) with quadratic dependence on A. Another linear Hamiltonian

system
XY X1 (1) _ (—Cr Af
A (Mk()»)) = k/Hk( e (V) ) H, = ( AL B’]z) (6)
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with Hy € C¥*2" Hermitian and Ax(A) := (I — AAg)~! is studied in [13, 14].
Upon expanding the latter inverse into a power series we get the analytic dependence
on A in the coefficient matrix of system (6). More generally, the linear Hamiltonian
system corresponding to

k(M) (0] (1 [ Xk+1(A)
A (ukm) = S (He + 2 Hy )( ur (1) )

with Hermitian H,EO], Hk[l] € C?"*2 is considered in [5]. Finally, a discrete sym-
plectic system (S;) with analytic dependence on A and <7k[0] = [ is studied in [7].
The latter paper also motivated the present study.

All the above mentioned references are devoted to various results in the spectral
theory of the corresponding system. As it is known, the Lagrange identity plays a
fundamental role in these investigations. This identity connects the _#-skew-product
of two solutions of system (S;) with the associated weight matrix Wy (}). In this
paper we prove a general form of the Lagrange identity for system (S, ) with analytic
dependence on A € C and calculate the corresponding weight matrix explicitly in
terms of the coefficients of (S;). This result includes the Lagrange identities for the
above mentioned special systems. As a consequence we obtain the _#-monotonicity
of the fundamental matrix @4 (1) of (S;), which is used in [7] for proving the Krein
traffic rules for the eigenvalues of @;()). We also investigate applications of the
generalized Lagrange identity in the discrete Weyl-Titchmarsh theory. In particular,
we show that under an appropriate Atkinson condition involving the weight matrix
Y (1), the theory of eigenvalues, Weyl disks, and square summable solutions devel-
oped in [18, 19] for system (4) remains valid without any change also for system
(S,.) with the analytic dependence on A.

2 Lagrange Identity

Consider system (S;) with complex 2n x 2n matrix Sg(A) such that (1) holds. The
parameter A € C is restricted to [A| < & for some ¢ > 0 (¢ = oo is allowed), which
bounds the region of convergence of Si (1) in (1) for all k € [0, 00); := [0, o0) N Z.
It follows that the matrices Yk[] ], J € [0, 00)z, satisfy the identities

Sy g = g (7

m
Z(yk[/]y%[m_J] — 0’ m e N (8)

j=0

forall k € [0, 00);. We note that | det fk[o]| = 1, as the determinant of any complex
symplectic matrix is a complex unit. The second identity in (1) implies that Si (1) is
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invertible and hence
St =- 80 g =-> 0 g g,
j=0
Remark 1 From Sy (L) S,:l (*) = I we then obtain the identity Sy (A) _# S} ) = 7
or equivalently

m
IO g7 = g S AN g =0, meN.
j=0

First we study the _#-skew product of two coefficient matrices with different
values of the spectral parameter. This lemma gives a main tool for the proof of the
Lagrange identity.

Lemma 1 Assume (7)—(8). Then for every A, v € Cwith |A| < g, |V] < &,
Si) I Sk(v) = 7 + (=) (),
k € [0, 00),, where the 2n x 2n matrix §2(,, v) is defined by
o m J
2uCv) = DD ammii Y gl by gl )
m=0 j=0 1=0

Moreover, for v = )\ the matrix §2 ()_\, M) is Hermitian for all k € [0, 00).

Proof We fix |A| < ¢, |v| < g, and k € [0, 00)z. The power series for SZ()\) and
Sk(v) converge absolutely, so that the terms in the product Sj(A)_# Sr(v) can be
re-arranged to the separate powers of A"~/ v/ that is,

oo m
SE(h) 7 Sk(v) = Z Z,{m—;vjyk[m—ﬂyykm_
m=0 j=0
By using identity (8) for each m € N, we replace the term v™ yk[oly yk[m] by
—p" (yk[m]yyk[m _i_yk[m—l]yyk[l] 4 +yk[l]yc7k[m_l]).
Thus, with the aid of (7) we get

Si) 7 Sy = 7 + DD (G —v) v gl g =il

m=1 j=1
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Upon factoring A — v out of each term A/ — v/ and collecting the remaining
products with the same powers of A and v, we get

0o m J
SHOW AN ES VRIS (inlv“)vmfyk[ﬂyy]gm—ﬂ

m=1j=1 “I=1
= 7 + (=) 2, v),

where £2; (&, v) is given in (9). Finally, for v := A we get by using F*=—_¢ and
identities (8) that the matrix £2; (A, A) is Hermitian. This latter fact is also shown in
[7, Proposition 1]. O

The following theorem provides the main result of this section. Its relationship to
known discrete Lagrange identities in the literature is discussed in Sect. 3.

Theorem 1 (Lagrange identity) Assume (7)—(8) and fix .,v € C with |A| < &,
|v| < e. For any two solutions z()) and z(v) of systems (S;,.) and (S,), respectively,
we have for all k € [0, 00)y

Az Fze() = (L —v) zp (M) ek, v) 2 (v), (10)

k
Bt M) I k1 (v) = 25(0) Fz20(0) + (. — ) ZZ?(/\) 2;0,v)zjw). (1)

j=0

Proof Given that 7341 (L) = Sp(X) zxg(A) and zx4+1(v) = Sg(v) zx(v) for all k €
[0, 00)z, we obtain from Lemma 1 that

A(ZEO) F 2 () = ZEW) [SEM) F Sk (v) — 7 |z (v)
= (=) Zt(A) 2k, v) (V).

The summation of (10) over the interval [0, k], then yields (11). m|

Motivated by Lemma 1, we define for k € [0, 00)7 the Hermitian 2n x 2n matrix

o m J
W) = 20 = D D am Yy gl gl (12)
m=0 j=0 1=0

The following identities show that Wy ()) is the correct weight matrix for the
spectral theory of system (S,,), see the examples and applications in Sects. 3 and 4.

Corollary 1 For every . € C with |A| < € and k € [0, 00); we have
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A(ZE) 2 (W) = =2i im(L) 2 (W) Y (A 2k (M), (13)

k
1MW) I 21 (W) = 25(0) Fz0(A) — 2i im(X) Z MMz, (14

j=0
W) () =250 _F20(R). (15)
Remark 2 When |A| < e and A € R, we have
oo m j
W) = > iy gl = st ) 7 S = SE) 7 Sk,

m=0 j=0 =0

where the dot denotes the derivative with respect to A. The weight matrix
S S 7 S{ W) 7 =S R w0 ST ()

was used in [11, 17] in the oscillation theory of systems (S; ) with general nonlinear
dependence on A.

3 Special Examples

In this section we show the connection of the generalized Lagrange identity in
Theorem 1 to several special cases known in the literature. We also demonstrate
that a positive definite weight matrix ¥ (1) can be obtained when Sy ()) is quadratic
in A.

Example 1 Inthe simplest case, i.e., for the second order Sturm-Liouville difference
equation (3), the Lagrange identity is

Alyi ) ReAyr(v) = (AyEG) Reyk0)] = (= v) ¥ ) Wiyt (0),
see e.g. [1, Theorem 4.2.1] or [10, Theorem 2.2.3]. This can be seen from (10) and

(9), in which & = 00, x¢ := yx, ux := Ri Ayx, zx = (x, uj)*, and use the formula
Xkl = Xk + Rk_luk. The coefficient matrix of (S;) is Sg(A) := %% + A ¥} with

I R.! 0 0
y:y[m:( i ) Vim0 = ( )
T T\ T oeryt) W, WeR;

Q0. =W F S = (1, RFY Wi (I, RYY) = W),

and .7/} := 0 for j > 2. Note that Eqgs.(7) and (8) with m € {1,2} hold, since
Ry, O, Wy are assumed to be Hermitian.
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Example 2 Consider system (4) with general linear dependence on A. In this case
Yk[o] = fk,fk[l] = "//k,fk“] :=0for j > 2,6 = 0o0,and 2, (A, v) = ¥} 7 S =
Ui (1) is constant in A and Hermitian. Identities (7) and (8) with m € {1, 2} are

KFSi= J. KIh+ RIS =0, K F%h=0. (16
The Lagrange identity in (10) is, compare with [19, Theorem 2.6],

A(ZZ) F () = (A —v) ZZ) VL S 2 (v)
=0 =) i W) I NI LI 2 (). (17)

Observe that by (16) the matrix % is singular. Hence, §2; (A, v) and W (}) are in
this case singular as well. Moreover, det S; (1) = det %% and thus | det Sg(A)| = 1.

Example 3 System (2) represents a special case of Example 2, namely

ool _ e B —on_ (0 0
Tei= T _(‘fk 91()’ Vo= = (Wkﬁfk Wi %)’

Qe ) = VI S = (S, Br)" Wi (e, Br) = T(h).
In this case the Lagrange identity in (10) or (17) has the form
A(ZE) Iz ()) = (A —v) x5 (W) Wi xg1 (v), (18)

where z(A) = (x*(A), u*(A))* and z(v) = (x*(v), u*(v))*. Identity (18) is used in
[6, Lemma 2.3] and [4, Lemma 2.6].

Example 4 In this example we discuss the symplectic analogue (or a generalization
to the symplectic system) of the linear Hamiltonian system (5), which was studied
in [15, 16]. We take system (S; ) with a special quadratic dependence on A

4 B+ rchy Wl
Zk+1(A) = 1 [2] 1] 21 2k (1),
G — Wl g + a6, WP —awi (@ + . wH)
(19)
where W,i” and W,izl are Hermitian. That s, Sy (1) = %% + A% +A2#4 withe = oo,
H= IO = (TP = AP = g W= (i
Tk G )’ Tk 0 —willggpw )
~ ~ 0 AU
W =M= gWeH + S I Wy = Kk ,
k o = I Wik + Tk I Wi “willg gow® —wilz,

20, v) = Wi + (I =AW 2) S5 Wi Si (I + 0,7 Wp),
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and ka[j 1= 0 for j > 3. The Hermitian 2n x 2n matrices Wy = diag{W,El], 0}
and VT’k := diag{0, W,Ez]} are block diagonal. We can see that in this case ¥ (A) =

£ (%, 1) is Hermitian but no longer constant in A, as was the case in Examples 1-3.
The above coefficients satisfy identities (7) and (8) with m € {1, 2, 3, 4}, i.e.,

I Se=,  BINA+WISe=0, VZIW+ W I V=0
LI+ I N+ WIS =0, IV =0.
The Lagrange identity in (10) now reads as
* — (3 _ * [1] * 2]
A(ZEO) Fze () = (= v) [x,) W xe (V) + g (D) W ue ()], (20)

where z(A) = (x*(A), u*(1))* and z(v) = (x*(v), u*(v))*. Identity (20) can be
found in [16, Lemma 2.2]. We note that we can factorize S; (1) and 2 (A, v) as

(T O\ (% B (1 awf
Sk() = (-AW,E” 1) (%k _@k) (0 )
B} o oN(w o \ (A% B+vaw?
2 = _k k k k kW)
k() (%;JFAW,EZ]%* 1)( 0o w2 (0 1 )

Therefore, det Sg(A) = det %% and | det Sg(A)| = 1 as in Example 2, and
det Wy (1) = det 24 (k, v) = |det | x det W' s det w2 (21)

Equation (21) shows that the determinant of the weight matrix ¥ (1) does not depend
on A. Moreover, ¥ (1) is invertible if and only if <%, W,EI], W,Ez] are invertible.
And in this case the matrix Wi (A) is positive definite if and only if W,El] and W,Ez]
are positive definite. However, an invertible (positive definite) weight matrix Wy ()
can occur only when system (19) corresponds to a linear Hamiltonian system (5)
with invertible (positive definite) W,El] and W,Ez], because in this case @7, = Ak is
invertible. The other coefficients of (19) are then given by %) = Ak Bi, ¢ = C A~k,
and Oy = CrApBr + I — A}, see [16, Formula (2.3)].

Example 5 Consider the linear Hamiltonian difference system (6), in which
J j—1
(0] . [ . Ul Ay A B :
Sco,” =1, A= FH, S = - i . J=2,
k k S Hi k (CkAi 1 LAl 2B, J

2cGv) = DI (V) Hy De(v), D) = (Ak(/\) MAL() Bk)’

0 1

where Ak (A) = (I — 2Ap) "L, see [7, p- 5]. Therefore, the dependence of S (1)
on A is analytic with ¢ = inf{1/sprad(Ay), k € [0, 00)z}, provided this infimum is
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positive, where sprad(M) = max{|u|, wis an eigenvalue of M} denotes the spectral
radius of M. The Lagrange identity in (10) is, compare with [13, Formula (9)],

* - by Kk
A(ZgW) () = (k. —v) (XZZE)E))) H, (xk+1(v)) '

u(v)

Example 6 In [7, 8], the discrete symplectic system (S;) with Yk[j] = (1/j) R,{
for j € [0, 00)y is studied, where Ry € C>"*?" satisfies R 7 + 7 Ry = 0. This
means that the coefficient matrix Sy (1) is of exponential type, i.e., ¢ = oo and

e¢]

A
Sk =D El R} = exp(ARy). (22)
j=0 7"

By [7, p. 6] or [8, Sect.2], we then have

v)?/

(k= v
Qi(h, v)-Z( 1/ (2 —

i (RiY.7 R
= @)

(Rk)f/R’ Z( i G0

The Lagrange identity has the same form as in (10) with the above £2; O, v).

4 Weyl-Titchmarsh Theory

In this section we discuss the applications of the Lagrange identity from Theorem 1
in the Weyl-Titchmarsh theory for system (S;) with analytic dependence on A. We
assume that the Hermitian weight matrix Wy (1) defined in (12) satisfies

Yr(L) =0, k € [0, 00)z. (23)

In [19] we have recently developed the Weyl-Titchmarsh theory for system (4),
i.e., for system (S; ) with general linear dependence on A. In this section we show that
most of the results in [19] remain valid also for the analytic dependence on A, when
we modify the corresponding Atkinson-type condition to this more general setting.
One of the crucial properties is that the fundamental matrix @, (X) of (S, ) satisfies

DEN) I (W) = (24)

for all k € [0, 00); whenever (24) holds at the initial point K = 0. Note that identity
(24) now follows from (15) in Corollary 1. In the subsequent paragraphs we review
the most important results, which are in particular connected to the theory of square
summable solutions of (S, ).
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In [19] we identified the minimal requirements for the solutions of (S, ) to satisfy
the Atkinson condition. In this way we obtained the weak and strong Atkinson
conditions, which are needed for different statements in the Weyl-Titchmarsh theory.
For completeness we reformulate these conditions in the setting of this paper. Let
Dr(V) = (Zr (L), Zk(k)) be the partition of the fundamental matrix of system (S;)
into 2n x n solutions, which are given by the initial conditions Zy(1) = «* and
Zo(h) = — _Zo* for some fixed a € CM 2" with a Za* = 0and ae® = I. The
solution Z(A) is called the natural conjoined basis of (S; ) and the spectral properties
of the associated eigenvalue problem are formulated in terms of this natural conjoined
basis. Let us fix for a moment an index N € [1, 00).

Hypothesis 1 (Finite weak Atkinson condition) For all A € C with |A| < ¢ and
every column z(A) of the natural conjoined basis Z (1) of (S;) we assume that

N
> 200 () () > 0. (25)
k=0

If B € C™?" with B 7 B* =0and BB* = I is also fixed, then we consider the
symplectic eigenvalue problem

(S5), k€[0,Nlz, azo(r) =0, Bzny1(2) =0. (26)

It follows as in [19, Theorem 2.8] that under Hypothesis 1 the eigenvalues of (26)
are real, isolated, and they are characterized by det S Z ~N+1(A) = 0. The correspond-
ing eigenfunctions are then of the form 4 (X) d with nonzero d € Kerp 4 N+1 (D).

The M (1)-function for system (S, ) is defined by My (1) := —[B Zk()»)]’l B Zi(X)
and it satisfies the properties in [19, Lemma 2.10 and Theorem 2.13]. In particular,
M Z‘ (A = My(Z) and My (%) is analytic in A. Define the Weyl solution x (A, M) of
(S) corresponding to M € C"*" and the Hermitian matrix function & (A, M) by

kO M) = B0 (I, M*Y5, &G M) == i 500) Xt Oy M)_Z 3 Cr, M),
(27)
where 6(A) := sgnim(A). The Weyl disk Di (1) and the Weyl circle Ci(A) are then
defined as the sets

Dr(A) :={M € C"", &, M) <0}, Cr(A):={M e C"", &, M) =0}.

It follows that the results in [19, Sect. 3] regarding the Weyl disks and Weyl circles
hold exactly in the same form, but now under the following assumption.

Hypothesis 2 (Infinite weak Atkinson conditign) There exists Ng € N such that for
all & € C with |A| < € every column z(A) of Z(A) satisfies (25) with N = Nj.

We summarize the main properties of the Weyl disks in the following.
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Theorem 2 Let A € C\ R with |A| < & and suppose that (23) and Hypothesis 2
hold. Then for every k > No + 1 the Weyl disk and Weyl circle satisfy

D) = {Pc(M) + Re(W) VR (W), V e C™", V¥V < I},
Ce(W) = {Pc() + ReW) UR(M), U € CV", U*U =1},

where the center Py()\) and the matrix radius Ry ()\) are defined by

—1/2

Pk = =7 O G, ReG) = R0 (28)

with 7.(%) and G (x) given by JG4.(1) = i8(A) ZF (M) _F Ze(A) and (%) =
i6(A) Z,’{*(k)/zk(k). Moreover, the Weyl disks Dy(\) are closed, convex, and
Diy1(A) € Dr(2) forall k > No + 1.

Proof The proof follows the same arguments as in [19, Theorem 3.8]. We note that
by (14) in Corollary 1 we have

k—1
S0 = 2[im()] D Z5R) W) Zj (). (29)
Jj=0

This shows that under Hypothesis 2 the matrices 7% (1) are Hermitian and positive
definite for k > Ny + 1, so that the center P, (A) and the matrix radius Ry (X) are
well defined. O

The properties of the Weyl disks Dy (1) in Theorem 2 and formula (29) imply that
for k — oo there exists the limiting Weyl disk D4 (A) := ﬂkZNo-H Dy (\), which is
closed and convex and which satisfies

Di(M) ={Pr(M) + Ry(W) VR (W), V e CV", V*V < I},
where the limiting center and the limiting matrix radius are complex n x n matrices

P.(h) = lim Pe(3),  R:():= lim Ri(2) = 0,

compare with [19, Theorem 3.9 and Corollary 3.11]. The elements of the limiting
Weyl disk are characterized in the following result.

Theorem 3 Let A € C\ R with |A| < & and suppose that (23) and Hypothesis 2
hold. The matrix M € C"*" belongs to D4 (L) if and only if

im(M)

DX O M) W () (O, M) < e

k=0

(30)

where x (A, M) is the Weyl solution of (S, ) corresponding to M defined in (27).



198 R. Simon Hilscher and P. Zemanek

Proof The proof follows by applying identity (14) in Corollary 1 to &% (A, M), see
also [19, Corollary 3.12]. |

We now discuss the number of square summable solutions of (S;) with analytic
dependence on . As the weight matrix ¥ (1) now depends on A, we define for A € C
with [A| < ¢ the semi-inner product and the semi-norm

172

(e.¢] (e.¢]
(@ Dww =D G UM% lzlwe) =@ dwa = (ZZZ () Zk) :

k=0 k=0

and the corresponding space of all square summable sequences with respect to ¥ (1)
G = {la)iZo. % € C*, llzllwgy < oo} 31

Observe that the space Eﬁ/(/\) now also depends on 1. However, in some special cases
this space can be taken independent on A, as it is shown for systems (2), (3), (4) in
Examples 1-3. Also, in view of (20) in Example 4 we may consider for systems (19)
or (5) the space

o

2 . kky k|00 * [1] % 2]

Cyuwr = {Zk = (X, up) }k:oa Z (xk+1 Wi X1 +u Wy ”k) < OO]’
k=0

which does not depend on A. Given the space eﬁ/(k) in (31), its subspace of all square
summable solutions of (S;) is denoted by

N :={ze qu,m, 7 = {zr}i solves(Sy) }.

Under assumption (23) and Hypothesis 2, the result in Theorem 3 implies that n <
dimAN (L) < 2n for all A € C\ R with |A| < &, see also [19, Theorem 4.2].
The two extreme cases are then called as the limit point case when dim AV (1) =
n, and the limit circle case when dim A (1) = 2n. The cases when dim A/(}) is
between n + 1 and 2n — 1 are called intermediate. It follows that the results in [19,
Theorem 4.2, Corollary 4.15] hold for system (S;,) with analytic dependence on A in
exactly the same form under the appropriate weak or strong Atkinson type condition.
We summarize the main result regarding the number of linearly independent square
summable solutions of (S, ) in the following theorem.

Theorem 4 Let ) € C\Rwith |A| < € and suppose that (23) and Hypothesis 2 hold.
Then system (Sy) has exactly n + rank Ry () linearly independent square summable
solutions, i.e.,

dim N (A) = n + rank R (M),

where R (1) is the matrix radius of the limiting Weyl disk D1 (1).
Proof We refer to the proof of [19, Theorem 4.9] for the details. O
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As a consequence of Theorem 4 we obtain the characterization of the limit point
case and limit circle case for system (S, ) with analytic dependence on A in terms of
the limiting matrix radius R4 (A).

Corollary 2 Let A € C\ R with |A| < & and suppose that (23) and Hypothesis 2
hold. System (S)) is in the limit point case if and only if R1 (LX) = 0, and in this case
D, (M) = {Py(L)} and D (L) = {P.(L)}. System (S;) is in the limit circle case if
and only if Ry (}) is invertible.

In a similar way, the results in [18] regarding the Weyl-Titchmarsh theory for
system (S, ) with jointly varying endpoints remain valid also for the analytic depen-
dence on A, when we assume the following finite or infinite strong Atkinson type
condition.

Hypothesis 3 (Finite strong Atkinson condition) For all A € C with |A]| < &, every
nontrivial solution z(1) of (S, ) satisfies (25).

Hypothesis 4 (Infinite strong Atkinson condition) There exists Ny € N such that
for all A € C with |A| < & every nontrivial solution z(A) of (S;) satisfies (25) with
N = Ny.

We illustrate the Weyl-Titchmarsh theory of system (S; ) with analytic dependence
on A by the following interesting example.

Example 7 In this example we show that the discrete symplectic system

2U+1(A) = exp(Af) 2k (D). (32)

is in the limit point case for every A € C \ R. Moreover, we calculate the unique
2n x n solution (up to an invertible multiple) of (32) whose columns lie in ZZ,I,()L) and
thus form a basis of N/(1). System (32) is an exponential symplectic system from
Example 6, where ¢ = 0o, Sg(A) := exp(2_¢#) is given in (22) with R := _#Z . This
matrix satisfies the conditions R} ¢ + _# R; = 0 in Example 6, so that by (22)
we have Sg (L) = exp(A_#) = (cosA) I + (sin})_# . Note that this matrix does not
depend on k.

For simplicity we perform the calculations below in the scalar case, i.e., forn = 1.
The general case follows with the same arguments upon multiplication by the n x n
or 2n x 2n identity matrices at appropriate places. The fundamental matrix @i (L)
of (32) with @¢(1) = I is given by

—sinkA coskA

() = exp(ki7) = (coskr) I + (sinkr) 7 = ( cosk  sin “)

forevery k € [0, 00)z. Since @o(A) = I, wetakea := (1, 0),sothate_Z o™ = Oand
aa® = 1are satisfied. It follows that the natural conjoined basis of (32) is determined
by the second column of @ (1), i.e., Zx(A) = ((coskAr)*, (sinkA)*)*. Since the



200 R. Simon Hilscher and P. Zemanek

powers of ¢ repeat in a cycle of length four, the weight matrix ¥ (L) = Q(x, 1) is
given in Example 6 as (we substitute x := im(A))

vy = L i Qo+ 1 i @) sinh 2x ;o cosh 26— 1 y
YT 0k Sy T e T 2x
sinh x

. . sinh x coshx isinh x
=— [(cosh x) I + (sinh x)i 7] = (—i sinhx cosh x) >0,

X

where we used the formulas for hyperbolic functions sinh 2x = 2sinh x cosh x,
cosh 2x = 2 cosh? x — 1, and the identity cosh? x — sinh? x = 1. By the definition
of s (1) and ¥, (1) in Theorem 2,

HG.(L) =i 8(1) (sinkA cos ki — coskA sinkA) = sinh (2k [im(A)|),

G (\) = —i (1) (sinkA sinkx 4 cos kA coskr) = —i 8(X) cosh (2k im(%)),
where we used the identities cosh x = cos ix and i sinh x = sin ix relating the
hyperbolic and trigonometric functions. The same value for .77 (1) is of course

obtained from formula (29) after some calculations. Therefore, Hypothesis 2 is sat-
isfied with Nop = 1, and by (28)

Pi(A) =i coth 2kim(%)), Ri (X)) = 1/4/sinh 2k [im(A)]).
The center and radius of the limiting disk D4 (1) are then

Pr() = lim P () =id@), Ry()= lim RyQ) =0,

so that system (32) is in the limit point case for every A € C\R. From Corollary 2 and
Theorem 3 we obtain that dim A/(1) = 1, and the space N (1) of square integrable
solutions of system (32) is generated by the Weyl solution

_ 1 _ cos kA +41i8()) sin kA
Xe(ho B Q) = Pr(d) (P+(A)) = (— sin kA + 7 6(1) cos kk)

_ 1 100K
i 5(0) :

for which (we again substitute x := im())

| X G PeO 56y = D0 28 Gos PLOD) 90 xaGhs P (R)
k=0

2sinh x 00
= x [cosh x — () sinh x] x 26*2 |k

X
k=0
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_ 2sinh x h SO0 sinh 1 _
= . X[COS x—()sm X]Xm—m.

This shows that || X, Pr(})) || oy = 1/+4/]im(})] < o0, and so indeed we have
XX, Pr(V)) € Ezlp(k) for every A € C\ R. On the other hand, we also have

= 2 - =y = (29) 1 .
1 Z0) [y = ,;Z" W) Zx() = S lim G

1
= lim sinh(2k [im(A)]) = oo,
2 limGy] o, sinh(Zk [im(2)]) = oo

so that Z(1) -4 Eé(k). Thus, again we get that dim A/(A) = 1. Similarly, in arbi-
trary dimension n we get that the n columns of the Weyl solution x (A, Py (1)) are
linearly independent and they belong to Z?I, 0y while the n columns of the natural

conjoined basis Z (%) are linearly independent and they do not belong to Zg, o) Hence,
dim A/ (1) = n and system (32) is in the limit point case for all A € C \ R.

Finally, as a consequence of (14) we obtain the _#-monotonicity of the funda-
mental matrix of (S; ). We recall the terminology from [12, p. 7] saying that a matrix
M e C*"*21is _g-nondecreasing if i M*# M > i #, and itis _Z-nonincreasing if
iM*#M < i #.Similarly we define the corresponding notions of a _#-increasing
and _7Z-decreasing matrix. These concepts are used in [12] to study the stability zones
for continuous time periodic linear Hamiltonian systems. In a similar way, such sta-
bility zones are studied in [13, 14] for discrete linear Hamiltonian systems (6) and
in [7] for discrete symplectic systems (S; ) with 5”,([0] =1.

Corollary 3 Fix ). € C with |A| < & and assume (23). Let @ (1) be a fundamental
matrix of system (S;.) such that @ (A) is complex symplectic, i.e., ;1) F Po(X) =
F. Then for every k € [0,00); the matrix ®r(X) is _f-nondecreasing or
_F-nonincreasing depending on whether im(L) > 0 or im(1) < 0. Moreover, under
Hypothesis 4 the _Z-monotonicity of @i (1) is strict for k > No + 1.

Proof By applying (14) to the fundamental matrix @, (1) we get

k—1
P DF(0) 7 Pe() — i 7 =2im() D> DT Wi(R) D (). (33)

j=0

By (23), the sum in (33) is nonnegative, so that @ (1) is _#-nondecreasing when
im(A) > 0, and it is _#-nonincreasing when im(1) < 0. Moreover, under Hypothe-
sis 4 the sum in (33) is positive definite for k > Nop+1, so that @ (A) is _Z-increasing
when im(1) > 0, and itis _Z-decreasing when im(i) < 0. O
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