Quasisymmetric Modification of Metrics
on Self-Similar Sets

Jun Kigami

Abstract Using the notions of scales and their gauge functions associated with
self-similar sets, we give a necessary and sufficient condition for two metrics on
a self-similar set being quasisymmetric to each other. As an application, we con-
struct metrics on the Sierpinski carpet which is quasisymmetric with respect to the
Euclidean metrics and obtain an upper estimate of the conformal dimension of the
Sierpinski carpet.

1 Introduction

The main purpose of this paper is to give a characterization of quasisymmetry for
self-similar sets in terms of scales and related notions introduced in [Kig09]. As an
application, we will construct a series of metrics on the Sierpinski carpet which are
quasisymmetric to the restriction of the Euclidean metric and give an upper estimate
of the quasiconformal dimension of the Sierpinski carpet (Fig. 1).

Quasisymmetric maps have been introduced by Tukia and Viiséld in [TV80] as
a generalization of quasiconformal mappings in the complex plane.

Definition 1.1 (Quasisymmetry).
(1) Let (X, d) and (X, p) be metric spaces. p is said to be quasisymmetric, or QS
for short, with respect to d if and only if there exists a homeomorphism 4 from

[0, +00) to itself such that 4(0) = 0 and, for any ¢ > 0, p(x, z) < h(t)p(x, y)
whenever d(x,z) < td(x,y). We write p (;S d if p is quasisymmetric with

respect to d.

(2) Let (X, d) be a metric space. A homeomorphism f : X — X is called qua-
sisymmetric if and only if d (Sé dy, where dy(x,y) is defined by dr(x,y) =
d(f(x), f(y)).

The above definition immediately implies the following facts.
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Fig. 1 The Sierpinski carpet

Proposition 1.2 Let (X, d) and (X, p) be metric spaces.
M Ifp évs d, then the identity may of X is a homeomorphism from (X, d) to (X, p).
(2) The relation as is an equivalence relation among metrics on X. In particular,

~ d if and only if d ~ p.
P os if and only if o P

Associated with the notion of quasisymmetry, the quasiconformal dimension of
a metric space has been introduced by Pansu in [Pan89] as an invariant under quasi-
symmetric modification of a metric.

Definition 1.3 (Quasiconformal dimension) Let (X, d) be a metric space. We define
the conformal dimension of (X, d), dim¢ (X, d), by

dimeg (X, d) = inf{dimpg (X, p)|p is a metric on Xand d (Sé rl,

where dimg (X, p) is the Hausdorff dimension of (X, p).

Quasisymmetric maps on self-similar sets have been paid much attentions in recent
years as well as their conformal dimensions. For example, Bonk and Merenkov have
shown that any quasisymmetric homeomorphism from the Sierpinski carpet to itself
is a composition of rotations and reflections in [BMOO]. About the conformal dimen-
sions, Tyson and Wu have proven that the conformal dimension of the Sierpinski
gasket is one in [TWO06]. For the Sierpinski carpet, it is known that

los 3 log 8
1+ < dime(SC, dp) < dimpy (SC, i) = 1o

— 1.1
log2 og3’ (4.
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where SC is the Sierpinski carpet and dg is the restriction of the Euclidean metric.
The strict inequality between the Hausdorff and the quasiconformal dimensions in
(1.1) has shown by Keith and Laakso [KL04]. See [MT10] for details.

The first problem we are going to study is to obtain a verifiable characterization of
quasisymmetric metrics. It will turn out that scales and related notions introduced in
[Kig09] are useful in dealing with such a problem. Let K be a connected self-similar
set associated with the family of contractions {Fi, ..., Fy},i.e. K = F(K) U
... U Fy(K). Define Fy..awy, = Fuw,0...0Fy, and Ky ..owyn = Fu,..op, (K) for
any wi, ..., w, € {l,..., N}. The notion of scales has been introduced in order
to study how to find a metric under which the contraction mappings {F1, ..., Fxn}
have prescribed values of contraction ratios. A scale essentially gives “diameters’ of
Ky,...w, s and induces a family of assumed “balls” U (x) around x € K with radius
s > 0. See Sect. 2 for precise definitions. In the language of scales, we are going to
present an equivalent condition in Theorem 3.4 for metrics being quasisymmetric to
each other which is easy to verify for concrete examples, in particular, in the case of
“self-similar” metrics.

As an application, we will present a systematic way of constructing a self-similar
metric on the Sierpinski carpet which is quasisymmetric to dg and Ahlfors regular.
The main idea is to find an “invisible” set introduced in Sect. 4. Roughly speaking, an
invisible set is a collection of places where the shortest paths between two separated
boundary points will not visit. (We define the “boundary” of the Sierpinski carpet
by the union of four line segments, namely, the most upper, lower, right and left line
segments of the square which is the convex hull of the Sierpinski carpet.) Putting
an arbitrary weight on an invisible set, we will obtain a self-similar metric having
the desired properties mentioned above with an explicit formula for its Hausdorff
dimension in Theorem 5.3. Constructing series of invisible sets and taking advantage
of the associated metrics, we will show that

. log(9+2 A1) log 8
dim¢(SC, dg) < —————— = 1.858183... < —— = 1.892789....
log3 log3

in Sect.6.!

Note that the conformal dimension in the above inequality can be replaced by
the Ahlfors regular conformal dimension since our metrics are Ahlfors regular. See
[MT10] for the definition of the Ahlfors regular conformal dimension.

The following is a convention in notations in this paper.

Let f and g be functions with variables xq, ..., x,. We use “f =< g for any
(x1,...,x,) € A” if and only if there exist positive constants ¢ and ¢, such that

1 After completion of the preliminary version of this paper, B. Kleiner informed me that he had
obtained better upper bound of dim¢ (SC, dg) around 1999 by a different method in [KleOO]. His
upper bound is about 1.856685 . . .. The author would like to express his gratitude to Professor Bruce
Kleiner for his detailed comments.
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crfxr, ..., x,) S gxt, .o, xp) S f (X1, ..., x0)

for any (xq,...,x,) € A.

2 Basic Notions

This section is devoted to introducing fundamental notions and results regarding
scales and self-similar sets and scales.

The following is the standard definitions on (finite and infinite) sequences of finite
symbols.

Definition 2.1 Let S be a finite set. For m > 0, define W,,(S) = §" = {w|jw =
Wi ... Wy, w; € S}, where Wo(S) = {#}. Define W, = Up>oW,,. Also 2(S) =
SN = {wlw=wiwy...,w; € S}. Forw = wy...wy, € W,(S), the length |w| of w
is defined by |w| = m. Forw = w; ... wy, and v = vy ... v, € W,(S), we define
w - v (or wv for short) by w-v = wy ... wyv ...v,. For asubseteq A, B € W,(S),
A - B (or AB for short) is defined by A-B = {wv|w € A, v € B}.

Remark The notion of “gauge function” given in the above definition is not related to
the notion of “conformal gauge” which is commonly used in literatures concerning
the conformal dimension, for example, [MT10].

With the product topology, ¥ (S) is compact, perfect and totally disconnected.
In other words, X (S) is a Cantor set. A scale is defined by a gauge function which
assign a “diameter” to every w € W,(S).

Definition 2.2 (Scale). Let S be a finite set.

(1) A function g : W,(S) — (0, 1] is called a gauge function if and only if g(¥) =

Lgwy...wy) < glwy ... wy—1) and maxyew,,s) g(w) — Oasm — 0. A
gauge function g is said to be elliptic if and only if there exists ¢ € (0, 1) and n
such that g,,; > cg(w) forany i € S and any w € W,(S) and gy, < cg(w) for
any w € Wy(S) andv € W,,.

(2) Let g be a gauge function. Define
AN ={w=w...wplgwy ... wu_1) > > glw; ... wy)}

We call 89 = {AY} se(0,1] a scale on ¥ associated with the gauge function g.

If no confusion may occur, we omit S in W,,(S), W.(S) and X(S) and simply
write W,,, W, and X respectively.

The notion of self-similar structure describes topological feature of self-similar
sets.

Definition 2.3 (K, S, {F;}ics) is called a self-similar structure if the following four
conditions (S1), (S2), (S3) and (S4) are satisfied:
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(S1) K is a compact metrizable set.

(S2) S is a finite set.

(S3) Fs: K — K is continuous for any s € S.

(S4) There exists a continuous surjection 7 : X(S) — K suchthat Fyom = mooy for
any s € K, where o, : £(S) — X(S) is defined by o5 (wjw> . ..) = swiws .. ..

Hereafter in this paper, (K, S, {F;}ses) is always a self-similar structure.

Notation Define Fy,, 4, = Fuy, o+ o Fy,, and K,, = F,,(K). Moreover, define
K(A) = Uyea Ky, for a subset A C W,.

A scale 8§ on X(S) induces a family of “balls” U™ (x, s) around x € X with
“radius” s. One of the main concerns is the existence of a metric under which those
“balls” are really balls, in other words, the existence of adapted metric according to
the following definition.

Definition 2.4 Let 8 = {A}s¢(0,1] be a scale on X associated with a gauge func-
tion g.

(1) Forx € K, define (A,){" and Ug" (x, s) inductively by

(A = {wlw € Ay, x € Ky)
U (x,5) = K ((As)};”)
(AP = {wlw € Ay, Ky NUS P (x,5) # 0)

(2) A metric d on K is said to be adapted to the scale 8 if and only if there exist
a, > 0andn > 1 such that

By(x.as5) € U (x.5) € Ba(x, fs)

for any x € K and any s.

The notion of gentleness between scales is introduced in [Kig09] as a part of the
equivalence condition for a measure being volume doubling with respect to a scale.
Roughly, if two scales are gentle with respect to each other, then the transition to one
scale to the other is “smooth”.

Definition 2.5 Let 89 and 8! be scales on ¥ associated with gauge functions g and
[ respectively. We say 8 is gentle with respect to 89 if and only if there exists ¢ > 0
such that [(w) < cl(v) whenever w, v € A for some s > 0 and K, N K, #= . We
write 89 & 8! if 8! is gentle with respect to 89.

Proposition 2.6 Among elliptic scales, i.e. scales whose gauge functions are elliptic,
o is an equivalent relation. In particular, if g and [ are elliptic, then 89 o 8! implies

8t ~ 89,
GE
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There exists a natural “pseudo”metric associated with a scale which is defined by
the infimum of the “length” of paths between two points.

Definition 2.7 (1) A sequence (w(1), ..., w(n)) iscalled a pathin K if and only if
w(l),...,wn) € Wy, KyiyNKuyi+1) 7 Vforanyi =1, ..., n—1.Thecollec-
tion of all the paths is denoted by CH. For U, V € K,apath (w(l), ..., w(n))is
called a path between U and V if and only if K,y NU # Y and Ky NV # 0.
We use CH(U, V) to denote the collection of paths between U and V. For two
paths p;y = (w(1), ..., w(n)) and p2 = (v(1), ..., v(m)),if Ky NKya) # 9,
we define p; Vp2 € CHby p1 vV p2 = (w(l), ..., wn), v(l), ..., vim)).

(2) Let 8 be ascale on ¥ associated with a gauge function g. For any x, y € K, we
define

Dg(x,y) = inf{ D gw@)|(w), ..., wn)) € CH(x, y)}.

i=1
Remark We identify a point x € X and a set {x} if no confusion may occur.

Remark We often use D, instead of Dg if § is the scale associated with a gauge
function g.

Proposition 2.8 Dg is a pseudometric, i.e. Dg(x,y) = Dg(y, x), Dg(x,y) > 0,
Dg(x,x) =0and Dg(x,y) < Dg(x, z) + Dg(z, y).

By [Kig09, Lemma 2.3.10], we have the following theorem, which says that a
metric adapted to a scale S, if such a metric exists at all, is essentially Dg.

Theorem 2.9 Let S be a scale. There exists a metric d on K such that d is adapted
to 8 if and only if Dg is a metric on K which is adapted to S.

3 Quasisymmetric Metrics and Scales

In this section, we give an equivalent condition for two metrics on a self-similar set
being quasisymmetric in terms of scales and related notions introduced in Sect. 2.
Let (K, S, {F;}ics) be a self-similar structure. Assume that K # V. Hereafter in
this section, every metric on K is assumed to satisfy the following two properties:
1. It produces the same topology as the original topology of K.
2. The diameter of K under it equals one.
The next lemma can be verified immediately by the definitions in the previous
section.

Lemma 3.1 Let §; = {Ai} and 8y = {A?} be scales. If 8 & 82, then for any

n > 1, there exists ¢, € (0, 1) such that
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UM (x, ent) € UYY(x,5) © UM (e )

forany x € K, any (s, t) with A},x N Af,y #+ {0, where Ul.(")(x, s) = Ug')(x, s) and
. . 0 .
A =D fori=1,2.

First we define a scale associated with a metric.

Definition 3.2 Let d be a metric on K with diam(K, d) = 1. Define 8¢ = {Af} be
the scale with the gauge function d,, = diam(K,,, d).

Lemma 3.3 Let 8 = {A} be an elliptic scale and let d be a metric on K which is
adapted to 8. Let [(w) be the gauge function of 8. Then

() dy < l(w) for any w € W,.

(2) The pseudometric Dg associated with § is a metric and Dg(x, y) < d(x, y) for
any x,y € K.

(3) 8¢ is elliptic and d is adapted to 8°.

Proof Write U™ (x,r) = Ué”) (x, r). Since d is adapted to §, we have
U™ (x, Bs) € Ba(x,s) S U (x, ar) (32)

(1) For w € Wy, UM (x,l(w)) S Bgy(x,al(w)). Hence d,, < ol(w). Now
by [Kig09, Lemma 1.3.12], there exists y € K, and 7 € (0, 1) such that
U(”)(y, yl(w)) € K. Hence By(x, Byl(w)) € K, . Since K is connected,
we have Gvyl(w) < d,,.

(2) This is immediate from Theorem 2.9.

(3) These claims are immediate from (1) and Lemma 3.1. |

Now we present one of the main results of this paper. The following theorem gives
an equivalent condition for certain metrics on a self-similar set being quasisymmetic.
It plays a crucial role in the proof of Theorem 5.3.

Theorem 3.4 Let d be a metric on K and let § = {Ay} be an elliptic scale. Assume
that d is adapted to 8. Let p be a metric on K. Then d (Sé pifand only if 8° is elliptic,

8 ~ 8” and p is adapted to 8°.
GE an plsa apite (4]

The rest of this section is devoted to the proof of Theorem 3.4.

Proof First we show =. Assume d (Sé p. By Lemma 3.3, we may regard the gauge

function of $ is d,, and hence $ = 8.
By the results in [Kig00, Part 2], d QNS p is equivalent to the facts that there exists

6 € (0, 1) such that
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By(x,r) 2 B, (x, 0pg(x, s))

B,(x,r) 2 By (x,8d,(x, 1)) (3.3)

and

Pax,r/2) = 6py(x,r) (3.4)
d,(x,7/2) > 6d,(x, 1),

where p;(x,7) = supycp,(x ) P(x, y) and dy(x,r) = SUPye B, (x.r) d(x,y).
First we show the following claim.

Claim 1 Let w € Af. Then there exists z € Ky, such that p,, > cp,(z, s), where
c is a constant which is independent of w and s.

Proof of Claim 1 By [Kig09, Lemma 1.3.12] and (3.3), we may find z € K,, such
that

Ky 2 U (2.78) 2 Ba(z, vs/c) 2 By (2. 054(z. ys/)

Hence by (3.4)
pw = 0pg(z,vs/a) = cpy(z, s). 0
Step 1: 8 is elliptic.
Proof of “pyi > cp,, for any w € W, and any i € S:
By Claim 1, it follows that
Pwi = C/ﬁd (z, dwi) = C/ﬁd (z, 2dyi)- (3.5)

for some z € K,;;;”. On the other hand,
Ky € Ba(z,2dy) C By(z, pa(x,2dy)).

Hence
Pw = ﬁd (z,2dy).

This with (3.5) suffices.

Proof of “there exists ¢ € (0, 1) and m such that p,,, < cp,, for any w € W, and
anyv € W,,”.

Since Ky € B, (x, py(x, 2dyy)), we have

Puwv = ﬁd(X, 2d ) < 6ﬁd(xv dwv), (3.6)

where x € K,,,. On the other hand, by [Kig09, Lemma 1.3.12], there exists z € Ky,
such that
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Ky 2 UM (x,vdw) 2 B, (x. 654 (x, vd
w = Uy (x,vdy) 2 p(x» Pax, w))-

Hence
Puw = 5ﬁd(-x1 'de) = 5/,501()6, dyw) 3.7

Now, since 89 is elliptic, there exists a € (0, 1) such that
dyy < Calv‘dw

for any w and v. Hence by (3.6) and (3.7), the uniform decay of p with respect to d,
(See [Kig00, Proposition 10.7]),

Puwv = 6ﬁd(-xa dyp) < 5,5d(xa Calv‘dw) =< Cb‘vlpd(x» dy) < C/blv‘/?w,

where b € (0, 1). Hence choosing sufficiently large m = |v|, we obtain the desired
inequality.
Thus we have shown that 8 is elliptic.
Step 2: 8 ~ &°
GE
Letw,v € Af with K,,NK, # . Choosex € K,,andy € K,.Thend(x, y) < 2s
and hence B, (x, 3s) 2 B,4(y, s). This implies p,(x, 3s) > p,(y, s). By (3.4),

ﬁd(xv S) = ﬁd(ya S)'

By Claim 1, choosing y € K, properly, we see that p, > cp,(y, s).Since p; (x, 25) >
puws (3.4) shows that 8¢ fd S.

Step 3: p is adapted to S”.
Letx € K and letw € Aﬁ{x N Aé),x. Then by Lemma 3.1, (3.3) and (3.4),

U™ (x, c5) 2 UY (x.r) 2 By(x,r/a) 2 B, (x,0p4(x. r/a))
2B, (x, py(x, 2r)) D By(x, 8 pyw) 2 By(x,d8"s).

On the other hand, let x € K and let w € A§ N A¢. Then
By(x,5) 2 By (x,6d,(x,5)) 2 U (x, 80d,(x,5)) 2 UM (x.c'r),  (3.8)

where wv € Ag% (r.5y.x VA7 Since By (x, 25) 2 Ky, we see thatd ,(x, 25) > dy,.

Hence 3/, (x,s) > c1dy. Consequently, dy,, > c2d,, Where ¢, is independent of
w and v. This implies that |v| is uniformly bounded. Since 8” is elliptic, pyy >
c3puw. This implies U (x, ¢'r) 2 U (x, cas). By (3.8), it follows that B, (x, 5) D

U[g") (x, ¢5s). Thus we have shown that p is adapted to S”.
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This concludes the proof of =. O
To show the converse direction of Theorem 3.4, we need the following lemma.

Lemma 3.5 Assume that d is adapted to 8%. Then, for any n and k, there exists
A € (0, 1) such that

Ui")(x, r) 2 U;Hrk)(x, Ar)
forany x € K and any r.

Proof Since d is adapted to 84 there exists ¢ > 0 such that Uén) (x,r) D By(x,cr).
Then By(x, cr) 2 US™ (x, cr/(n + k +2)). o

Proof (of < of Theorem 3.4) Since d and p are adapted to 8¢ and $” respectively,

Uy (x. Bir) € Ba(x,r) S U (x, arr)
U™ (x, Bar) C By(x.1) S UM (x, anr).
First we show (3.3). By Lemma 3.1,

Ba(x,r) C U (x, a1r) S UM (x, cpu), (3.9)

where w € A4

ayr.x- Using Lemma 3.5 if necessary, we obtain

By(x,r) C U/Em)(x» Clpw) Cc B[)(-xv C2Pw)~
Hence p,(x, r) < c2pw. Now by Lemma 3.1,

By(x.r) 2 U (x. Bir) 2 U (x. ¢ pun). (3.10)

where wv € A%lr .- By making use of Lemma 3.5 if necessary, we have

Ba(x,r) 2 U™ (x. ¢" pun) 2 By(x, " Bapun).

Since 8¢ is elliptic, the fact that w € A‘Zw’x and wv € A‘élr’x implies that |v] is
uniformly bounded with respect to x and r. Since 8” is also elliptic, we see that
PwV = c3py = capy(x, r). Hence (3.3) holds. (By exchanging p and d, we also
obtain the other one.)

Next we show (3.4). By (3.9),

Pax,r) <cm+1)pw,

d
where w € AG ..

Replacing r by Ar for A € (0, 1) in (3.10), we have
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By(x, Ar) 2 U™ (x, ' pun),

where wv € A‘/{ B This implies p;(x, Ar) > ¢’ pyy. The same arguments as above

show that |v] is uniformly bounded and p,,, > cp,,. Combining all these, we obtain

Pa(x, Ar) = ' pyy = " puy = " pygx, r).

Again the other one is obtained by exchanging d and p. Thus we have obtained
(3.4). O

4 Sierpinski Carpet and Its Invisible Sets

In this and the following sections, we are going to apply Theorem 3.4 to the Sierpinski
carpet. First we give the definition of the Sierpinski carpet.

Definition 4.1 Let S = {/, |, \, =, /", 1, \, <}. Define p = —1 — /-1,
pp=—~v-Lp=1-V-Lps=Lp=1++-1py ==L px =
—1++/—1and p = —1. Moreover, define F; : C — C fors € S by

Fi(z) = (1_3—1%) =+ ps-

The Sierpinski carpet K is the unique non-empty compact set which satisfies

K =J F(K).

ses
Let dg be the restriction of the Euclidean metric on the Sierpinski carpet K.

We consider dg as the standard metric on K and are going to construct metrics
which is quasisymmetric with respect to dg. Obviously, the scale 84, associated
with dg is elliptic and dg is adapted to the scale Sy4,. In fact, the gauge function
associated with d, is given by 371! for any w € W,.

Next we introduce notions and notations regarding the boundary of the Sierpinski
carpet (Fig. 2).

Definition 4.2
(1) DefineL =KN{z|[Rez=—-1},R=KN{z|Rez=1},T = KN{z|Imz =1}
and B = K N{z|]lmz = —1}. Let H, = F,(H) for any w € W, and any

H € {L,R, T, B}. Moreover define 9,, = {L,, Ry, Ty, Bu|w € Wy, }.

(2) Define L™ = {/, <, \}", R" = {\, -, V" T" = {N\, 1, ", B" =
{/, 4. \J"and 6,, = L UR™" UT™U B™.

Remark Recall that K (A) = Uyea Ky, for a subset A € W,.. The map A — K(A)
can be regarded as a map from the subsets of W, to the subsets of K. In the case



264 J. Kigami

T
1+ /=1 \/:71 1+ =1
NPT A
[ -1¢e <— — 01 R
YRR
1y v 1T
B

Fig. 2 Generation of the Sierpinski carpet

of the Sierpinski carpet, this map is injective, i.e. if A # B, then K(A) # K(B).
Therefore, if no confusion may occur, we identify A € W, with K(A) C K.

Note that Dy, (x,y) > 1forany (x, y) € (L x R)U(T x B). This fact may remain
true even if you put 0 as weights (length) of some pieces of w’s. Such a collection
of w’s is called an invisible set, whose precise definition is given below.

Definition 4.3
(1) Let
CH,y = {(w(1), ..., wn)|(w),...,whn)) € CH,w() € W,}

andlet CH,,(U,V)=CHWU,V)NCH,, forU,V C K.
(2) Let A C W,,.Forp = (w(1),...,w(n)) € CHy,, define

C#ili=1,. . nw() ¢ A)

ta(p) o

(3) Let A € W,,. A is said to be an invisible set if and only if

inf l > 1
peCHu (L, R)UCH,, (T, B) Alp) =

(4) Let A C W,,. A is said to be +-invariant if and only if K (A) is symmetric with
respect to both the real and imaginary axes.

Since L™, R™, T™ and B,, are the shortest paths, we have the following propo-
sition.
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Proposition 4.4 Let A C W,,. If A is invisible, then A N §,, = @.

The next theorem is one of the fundamental property of an invisible set. It will
play a key role in constructing a metric associated with an invisible set in the next
section.

Theorem 4.5 Let A C W, be an invisible set and let X C W,, be an invisible and
+-invariant set. Then AW, U W,,, X is an invisible set.

The rest of this section is devoted to the proof of Theorem 4.5.
Definition 4.6

(1) Let A € W,,. Define 0,,A = {F|F € 0, F C K(A) N K\K(A)}.

(2) Define fu (@) =243, fun@ =2—-3" fur(@) =z+3"J/-1
and f, () =z — 37" /=1. Moreover, let fm,y = fmy 0 fn,—s f, =
fm,iofm,—n fm,\ = ﬁn,Tofm,<— and fm,/‘ = fm,Tofm,—»

(3) Letw € Wy,. For s € S, if there exists w’ € W, such that f, s(Ky) = Ky,
then define (w); = w’. Otherwise define (w); = %, where % is used as the
symbol which represents non-existence (Fig. 3).

Lemma 4.7 Let F € 0, and let G € 0, (W, (F)). If X C W, is invisible and
+-invariant, then Ly, x (p) > 37 for any p € CHpy40 (F, G).

m

Proof Note that #(W,,(F)) < 6. Up to parallel translations, the reflections in the
real and the imaginary axes and the 7/2-rotation, we may assume that ' = B, for
some w € Wy,. Then W), (F) C {w, (w) —, (W), (w),, (w)\,, (w)_ }, where some
of them may be %. In fact there are 7 cases. (See Fig.4.)

Case 1 #(W,(F)) =6.

Case2 #(W,(F)) =5 and (w)\ = %.

Case3 #(Wy,(F)) =5and (w), = %.

Case 4 #(Wy,(F)) =4and (w)| = (wh, = %.

Case 5 #(Wy,(F)) =3and (W), = (wh, = (w), = %.

Case 6 #(W,(F)) =3 and () = (w), = (w)\, = %.

Case 7 #(Wp(F)) =2and (w), = (w), = (w)\, = (w)« = %.

We consider the first case. The other cases can be treated by the similar discussion.
If D = Uyep, w,, kU, then D = 0K (W,,(F)). Let p = (w(l),...,w(k)) €
CHy+n(F, G). The reflection in the line containing F induces a natural bijection
from W, (F) - W, to itself, which is denoted by 7. Define 6 : W,,(F) - W, —
{(w) , w, (W)~} - Wy, by

B (uw) U if u e {(w),w, (w)-}and v € W,,
uv) =

n(uv) ifu € {(w),, (w),, (w)\}and v € W,.
Define v(i) = O(w(i)) andp = (v(1), ..., v(k)). Then the +-invariant property of X
implies thatp € CHpy (F, D1), where D1 = Ly UT(w). UTyUTw)_ URw), ,
and
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(W) | w |[(w)_ (W) | w |[(w)_ (W) | w |[(w)-
(w) | (W) | (w)~, (w) | (w) (w) (w)~,

Case 1 Case 2 Case 3
(W) | w |(w) (W) | w |(w) w | (w)_
(w) (w)

Case 4 Case 5 Case 6

w | (w)_, —
F= B,

Case 7

Fig. 3 Structures of W,,(F)

ﬁn ﬂn :H:n ﬁn ﬂn :Iln ﬁn k%l Wn

Tn To| | Bn T | | On “n

:[In U’n ﬁn 14%1 Wn &yn 14%1 “n| “n

ﬁn—i—l

Fig. 4 Construction of ¢, 1, and

ﬂn—l—l

Lw,,x(P) = Lw,,x (D),

Wil

If v(k) N Ly # 9, then there exists j such that (v(j), v(j + 1),...,v(k)) €
CHm(Rw)_» L) and Kyiy € (w)— - W, forany i € {j, j + 1, ..., k}. Since

X 1s invisible, it follows that

Lw,,x(P) = Lw,, x (W), ..., v(k)) = 37",

The same discussion shows that £y, x (p) > 37" if Ky N Ry # 9.
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Next suppose v(K)N (T(w). U Ty U T(w)_, ) # 9. Then using the reflections in the

lines containing L,, and R,,, we may construct (u(1), ..., u(k)) € CHp1n(By, Tw)
which satisfies u(i) € w--- W, for any i and £w,, x (p) = €w,, x (u(1), ..., u(k))).
Since X is invisible, it follows that £y, x (p) > 37". O

Lemmad4.8 Let F,G € 0, with FNG = @ and let p = (w(l),...,w(k)) €
CHuin(F, G). If{w(i)}f"z1 N AW, = @, then there exists p, € CH,,(F, G) such
that £ 4(Ps) < Law,uw,, x (D).

Proof Let k| = max{j|{w(i)}{:1 C Wygn(F)}. Define v(1) = [w(k1)]y. Note
that v(1) ¢ A. There exists a unique Fi € {Ly1), Ruc1), Tu(1y, Bu1)} N O (W (F))
such that Ky,,) € F1. By Lemma 4.7,

Law,uw,, x (w(1), ..., w(k1))) = 37" =Lx((v(1))).

Now, if F1 NG # ¥, (v(1)) € CH;u(F, G) and £aw,uw,, x(P) = £4((v(1)). Hence
we have constructed p, = (v(1)). Otherwise, replacing (w(1), ..., w(k)) and F by

(w(ky), ..., w(k)) and F) respectively, we repeat the same procedure as above and
obtain ko, v(2) and F». Inductively, we have p, = (v(1), ..., v(l)) with the desired
properties. O

Lemma4.9 Let F,G € Oy, with F NG = (. Then for any p € CH;y4n(F, G),
there exists px € CHy (F, G) such that € (p«) < €aw,uw,,x (P).

Proof Letp = (w(1), ..., w(k)).Ifw(i) ¢ AW, forany i, then Lemma 4.8 suffices.
Hence we assume that there exists i such that w(i) € AW,.

Claim 1 Without loss of generality, we may assume that there exists p; > 1 and
G € Oy suchthatw(l), ..., w(p1) € Wyin\AW,,w(p1+1) € AW,,GINF = {,
G1 S Klw(p+1, and (w(l), ..., w(p1)) € CHmin(F, G1).

Proof of Claim I Case 1: FNK(A) =0
In this case, define
p1 = min{i|lw@) € AW,} —1

and choose G| € 0y, so that G1 N Ky(p) N Kw(pi+1) 7V and G1 S Kw(pi)l-
Case2: FNK(A) £ 0

In this case, F intersects at most two connected components of K (A). Let C1 and
C» be those connected components of K (A) (It is possible that C; = C»).
Case 2.1: {i|[Ky@) € C1UCy) = 0.

Define p; and choose G as in Case 1. Then p; and G satisfies the desired
property.
Case 2.2: {i|Kyy;) € C1 U Co} # 0.
Define

q = max{i| K, € C1 U Ca}.
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We may choose Fyy € Oy, so that Fo N Kyg) N Kug+1) # ¥ and Fy S Kjuw(g))-
Moreover, we may choose p’ = (v(1), ..., v(ky)) € CH,(F, Fp) so that v(i) €
AW, foranyi =1, ..., koand v(ko) = [w(g)]m- Note that £ 4 (p°) = 0.If FyNG #
@, then Kypy) NG # ¥ and p® € CH,(F, G). Hence letting p, = p°, we have
constructed p, which satisfies all the conditions. Assume that Fo N G = @. Since
(w(l), ..., w(q)) € CHpin(F, Fy) corresponds p° € CH,,(F, Fp), it is enough
to show the statement of the lemma in the case where F and p are replaced by Fj
and (w(g + 1), ..., w(k)) respectively. In this situation, the counterpart of Case 2.1
holds and so does Claim 1 (End of Proof of Claim 1). m]

Claim 2 Without loss of generality, we may assume that there exists ky and Fy € Oy,
such that w(ky), ..., w(k) € Wyt \AW,, wks — 1) € AW,, F, NG =0, F, C
Kk, and (w(ky), ..., w(k)) € CHpysn(Fy, G).

Proof of Claim 2 By considering the chain (w(k), w(k — 1), ..., w(1)) € CHptn
(G, F), the same argument as in the proof of Claim 1 yields this claim (End of Proof
of Claim 2).

Now under Claim I and Claim 2, we may choose p1, ..., pj+1andgo, q1, ..., q;
which satisfy the following conditions (A), (B), (C) and (D):

(A) gqo=0,pjr1 =k, qi < piy1 < qiy1 foranyi.

B) {(w(gi—1+1D),...,w(pH)}NAW, =0 foranyi =1,...,j+1

(C) Kuw(p;+1) and Ky, belong to the same connected component of K (A) for any
i=1,...,j.

(D) Kuw(g;) and Kuy(p;,,+1) belong to the different connected components of K (A)
foranyi =1,2,...,j—1

Let p; = (w(gi—1 + 1),...,w(p;)) fori = 1,...,j + 1. Define F; = F. For
i > 2, we may choose F; € 0, so that F; N Ky N Kug_1+1 # @ and
F € Kw(g_1)l.- Moreover, for i = 1,..., j, we may choose G; € 0y, so that
Gi N Ky N Kupi+1y # ¥ and G; S Kpy(p;+1)),- Also let Fj 1 = G. By the
condition (D), F;NG; = @foranyi =1, ..., j+1.Henceletting F = F;, G = G;
and p = p; and applying Lemma 4.8, we obtain p.; = (v(i, 1),...,v(, k;)) €
CHum(F;, G;) which satisfies £ (ps.;) < £aw,uw,,x (Pi)-

Note that G; and F; belong to the same connected component of K (A) by the
condition (C). Hence there exists p} = (u(, 1),...,u(, ;) € CHy(G;, F;) such
that u(i, 1), ..., u(i, ;) € A.

Finally let ps. = (P«.1, p}, Px2s - p}., P+, j+1). Then p, € CH,,(F,G) and
La(Ps) < Law,uw,,x (P). m|

Proof of Theorem 4.5 Let p = (w(1),...,w(k)) € CHpsn(L, R). Set F =
Liwy), and G = Rpyk,,- By Lemma 4.9, there exists p, € CH,,(F, G) such
that £4(p«x) < €aw,uw,, x(p). Since A is invisible, we have £4(ps) > 1. Hence

Law,uw,x(P) > 1. In the same way, if p € CH;tn(T, B), it follows that
Law,uw, x(P) > 1. Thus AW, U W,, X is invisible. O
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5 Metric Associated with Invisible Set

In this section, we construct a metric associated with a +-invariant invisible set and
characterize the Hausdorff dimension and the Hausdorff measure with respect to the
metric.

Throughout this section, we fix a 4-invariant invisible set A C W,,.
Notation We write Wy, , = (Wp)" = Wi, Wik = Up=oWp, and T =

W N

(Wn)™.

Naturally W,y . is regarded as a subset of W, and > jg identified with .

Definition 5.1

(1) Lete > 0. Define DeA(w) for w € W, by

37 ifw ¢ A,
€ ifw e A.

Dﬂw={

and DA(#) = 1 for @ € Wy. For any w = wD ... w™ € W, ,, where w) €
W, define

DA (w) = DA(wV)DA(w®). .- DAW™).
(2) Define

CH™ = {(w(1), ..., wk))]
(w(), ..., wk)) € CH,w(i) € Wy foranyi =1,..., k}.

and CH™ (U, V) = CHU, V) N CH™ for U,V C K. Moreover, define
eA(p) = X7, DA(w(i)) for any p = (w(1), ..., w(k)) € CH™ and, for
x,y €K,

d? (x,y) = inf{e*“(p)|p € CH"™ (x, y)}.

Df () is a gauge function on £ and d:‘ is the associated pseudometric.
The next fact is obvious from the definition.

Proposition 5.2 d()“ (x,y) < de (x,y) forany x,y € K and any € > 0.

The next theorem shows that d¢ is really a metric and d a«s dg.

Theorem 5.3 For any ¢ > 0, deA is a metric on K which is quasisymmetric
with respect to dg. The Hausdorff dimension of K with respect to the metric dﬁA,
dimgy (K, dGA) is given by the unique o which satisfies

(8™ — #(A))3 ™™ L #(A)e® = 1. (5.1)
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Furthermore, let H® be the a-dimensional Hausdorff measure on (X, de). Then the
metric measure space (X, d*, H®) is Ahlfors a-regular, i.e.

HY(Bg(x,r)) <r®
forany x € K and r € [0, diam(X, d:‘)).
Letting € | 0 in (5.1), we obtain the following corollary.
Corollary 5.4

d K,dg) <
ime( B) < log3  mlog3

log 8 1 o (1 3 #éfl))'

In the rest of this section, we are going to prove the above theorem. Hereafter, we
omit A in the notations D (w), €4:¢(p) and d” (x, y) and write D.(w), £(p) and
dc(x, y) respectively.

Lemma 5.5 Define A, € Wy, inductively by A1 = A and
Apy1 = AWy U W, A,

Then A,, is +-invariant and invisible.

Proof Letting X = A, and applying Theorem 4.5, we see inductively that A, is
+-invariant and invisible. O

Lemma 5.6 d()“(x, y) = 1 forany (x,y) € (L x R) U(T x B).

Proof Define 1(p) = max;=1, |w(@)|/m for any p = (w(l),...,w(k)) €
CH" (L, R). We are going to show that Op) > 1 by an induction in I (p).
If I(p) = 0, thenp = (¥) and O(p) = Dy(@) = 1. Let J = {i|i =
.k, lw(@)| = I(p)m}. Then there exists ki, ..., k; and ji, ..., j; such that
ki < ji < kiyrand J = U=y {jlki < j < ji}. Letp' = (w(ki), ..., w(ji)).
Since |w(k; — 1)] < (I(p) — Dm and |w(j; + 1) < (I(p) — 1)m, there exist
F,G € Oy, where M = (I(p) — )m, such that F € Ky, —1), F N Ky # 9,
G C Ky(ji+nand GN Kyjy # 0. If F NG =0, then Ky, —1) N Kuw(ji+1) # 9.
Hence if p’ = (w(l), ..., wk; — 1), w(j; + 1), ..., w(k)) € CH"™ (L, R), then
we define pi as the empty sequence. Note that £°(p) > ¢°(p’). Now assume that
FNG = @. Set X = Ay. Lemma 5.5 shows that X is +-invariant and invis-
ible. Then by Lemma 4.9, there exists pi, = (v(1),...,v()) € CHu(F,G)
such that £4,,(pl) < La,w,uwya(p’). Note that Ay W,, U Wy A = Ar@pm,
that EAM (p*) = Zo(p*) and that ZAMW,”UWMA(p ) = Eo(p ). Let p. be the chain
where p' is replaced by p’, for all i. Then p, € CH" (L, R), I(px) < I(p) and
Zo(p) > Eo(p*) Now we have Eo(p) > Eo(p ) > 1 by induction hypothesis.
Now, dg‘ (x,y) = inf{(£°(p)|p € CH"™ (x,y)} > 1 forany x € L and any y € R.
In the same manner, it follows that dg‘ (x,y) > 1 forany x € T and any y € B as
well. O
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Lemma 5.7 d?(-, -) is a metric on K for any € > 0.

Proof Let x,y € K with x # y. Then Rex # Rey or Imx # Imy. Suppose
Rex < Rey. Then there exist n and i € {0, 1,...,3™" — 1} such that Rex <
(2i —3™MM)37M < (2§ 42 — 337" < Rey.

Claim d (x, y) > min{DA(w)|w € Wy, 5, k=0, 1,...,n}.
Proof of Claim Define W, , = {wlw € Wy n, Ky € {2](2i —3™)37™ <Rez <

i +2—-3"")37""} Let Dyypi = min{Dc(w)|w € W,’,'m}. We also define L,,, ; =
Upew: Luwand Ryni = Uyewi Ry Letp = (w(l), ..., w(k)) € CH™ (x,y). If
|w(i)| < mn for some i, then the claim is trivial. Hence assume that |lw(i)| < mn for
anyi =1, ..., k. Then p contains (w(p), w(p+1), ..., w(q)) € CH(Lmn.is Rmn.i)
which satisfies w(i) € Uwew’gl‘nme,*.Letw(i) =u()v(@)fori = p, ..., q,where

u(i) € Wi, and v(i) € Wi, 4. It follows that

q
P = eV (), wp+ 1), ., w(@)) = Dyni D, D). (5.2)
i=p

Now the reflection ¢ in the real axis induces a natural bijection ¢, : W, — W,
defined by ¥(Ky) = Ky, () Which satisfies ¢, (¢« (w)) = w. Hereafter in this
section, we write ¢ = ¢.,. There exist p1, p2, ... p;suchthat p; = p, py = q + 1,
pi < piv1, u(pi) = u(pi + 1) = ... = u(piy1 — 1) and u(p;) # u(pi+1) for
any i. Let v(j) = ¢'(v(j)) for j = pi, pi +1,..., pi+1 — 1, where ¢/ is the
j-th iteration of . Then (v(p), v(p + 1), ..., v(q)) € CH" (L, R). Since A is
+-invariant, Z?:p D.(v(i)) = :.]:p D¢(v(i)). Hence Lemma 5.6 implies that

q q q
D D) =D D)) = D" Do(i(i)) = 1.
i=p i=p i=p

Combining this with (5.2), we have £4-¢(p) > Dyun i Hence the claim holds (End
of Proof of Claim).

The claim shows that dEA (x,y) > 0if Rex # Rey. Similar discussion implies
dA(x,y) > 0if Imx # Imy. O

Proof of Theorem 5.3 Let 8™ (A, €) = {A{" (A, €)}se(0.17 be the scale on X
whose gauge function is D? and let 8" by the scale on £ whose gauge
function g is given by g(w(l)...w(k)) = 37"k for w(l)...w(k) € Wi« with
w(l), ..., w(k) € W,,. Obviously £ is adapted to the Euclidean metric on K.
Also since $™ (A, ¢€) and 8™ are self-similar, they are elliptic.

Note that (K, Wy, {Fy}wew,,) 1s a rationally ramified self-similar structure.
(See [Kig09, Sect. 1.5] for the definition of rationally ramified self-similar struc-
tures.) In fact, define 4 : L' — R!' by h(\) =, h(<) =—,h(/) =\ and
g:T" = B'by g(\) =/, g(1) =l.9(/) =\.. Then define h,, : L™ — R"
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by hpy(wy ... wy) = h(wy) ... "h(wy) forw;...w, € L™ and g, : T — B™ by
Im(W1. .. wy) = g(wy)...g(wy) for wy...w, € T™. Then a relation set R, of
(K, Wi, {Fw}wGW ) is given by

m

Rm = {(Lmv Rmv hm, w, U)|7U, v EWm, Lw = RD}U
{(aT™, B", gm, w,v)lw,v € Wy, T, = By}

By Proposition 4.4, DA (w) = 37" forany w € L™ UR™UT™U B™. Using [Kig09,
Theorem 1.6.6], we see that S (A, ¢) fad §(m),

Theorems 1.6.1 and 2.2.7 in [Kig09] imply that 87 (A, ¢) is intersection type
finite. Since dg“ is a metric on K by Lemma 5.7, we may apply [Kig09, Theorem
2.3.16] and show that dEA is adapted to the scale 8" (A, €). Thus we have obtained
all the conditions in Theorem 3.4 and hence shown that dé“ is quasisymmetric with
respect to the Euclidean metric.

The Hausdorff dimension and Ahlfors regularity of the Hausdorff measure of
(K, deA) are immediately obtained by [KigO1, Theorem 1.5.7]. m]

6 Construction of Invisible Sets

Under the existence of an invisible set, we have constructed a corresponding met-
ric which is quasisymmetric with respect to dg and characterized the associated
Hausdorff dimension in the previous two sections. In this section, it is shown that
invisible sets do exist. In fact, we construct a series of invisible sets inductively.

Definition 6.1 Let 1)y and .. be the reflections in the real and complex axes
respectively. Then 14 induces a natural bijection ¢4 from W, to itself defined by
Yy (Kw) = Ky, - In the same way, we define a bijection ., from W to itself by
Yes (Ky) = Koy, (w)- Moreover, let R be the 7/2-rotation around the origin 0 and let
p : Wy — W, be the bijection defined by R(K ) = K-

The idea to have invisible sets is to divide the notion of a invisible set into a
vertically invisible set and a horizontally invisible set. The final existence of invisible
sets are established by taking intersections of vertically invisible set and horizontally
invisible set in Theorem 6.4.

Definition 6.2 Define ¢, 1, and ¢/, as subsets of W, inductively by

$n+1={\s<—v/’/v—>v\}'1}nUT'TTnUl«'Un (61)
ﬂn-ﬁ-l:{/sev\a_)}'i}nUT'ﬂnU/'z%lU»L'Wnu\'&n (6~2)
z{n+l = {\’ (_} 1}11 U{\Lv \} <n U{Tv -, l/} Mnu /' ‘Wn (63)

and $o="mo=,0 = @, where {,= p3 (1n), \un= ¥ (%) and &= p($4).
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Lemma 6.13 will show that ¢, and <, are vertically and horizontally invisible
sets respectively.

Lemma 6.3
#(1})_8,,_7+\/H(9+«/H)” 7—@(9—@)"
a 241 2 241 2

Proof Write a,, = #(¢), by = #(ft,) and ¢, = #(,)- By (6.1), (6.2) and (6.3), it
follows that

an+1 = 6a, + 2b,
by = 4a, + b, + 2c, + 8"
Cpay = 4a, + 3¢, +8".

Solving these with ap = by = cop = 0, we obtain a, as in the statement of the
lemma. O

Now we have the main theorem of this section.
Theorem 6.4 Let A, = ¢, N <. Then A, is a +-invariant invisible set and
ap < 8" — #(Ap) < 204,

where

T Ty

Example 6.5 Ag= A1 = Ay = A3 =10.

A4 = {T\L<__)’ T\L_)<_’ ‘LT(__)’ ‘LT(__)’ (__)Tiﬂ (__)\LT9 _)(_T\Lv
— <1}

Applying Corollary 5.4 and letting n — oo, we obtain the following upper esti-
mate of the conformal dimension of the Sierpinski carpet.

Corollary 6.6
lo 9+«/‘ﬁ 1 8
dime(K. dp) < 2802 )y gsgigs. < 1988 ) 90780
log3 log3
Remark The known lower bound of dim¢(K,dg) given in (1.1) is %

1.630929....
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The rest of this section is devoted to proving Theorem 6.4.

Lemma 6.7 (1) ¢ ($n) = $n and o3 ($n) = Cn-
2) ps(ftn) = Ma
(3) v o p(Zn) = .

Definition 6.8 Define the vertical index Ii‘ W, = {1,...,3"} by

3" (Im (F(v/=1)) + 1)

Ig (w) = >

For H € {L, R}, define w’;](i) fori = 1,...,3" as the unique w € H" which
satisfies Ig (w) = i. Moreover, for w, v € Wy, define p%, (w, v) € CH, by

@l (@) vy (B +1).wfy (Fw) #1w = 5o,

P (). (e =1)......wy (Bw) #1720 < ).

In the same way, we define the horizontal index IZ, : W, — {1,..., 3"}, w}.(i),
w (i), p7(w, v) and p'p (w, v).

Lemma 6.9 Let A C W,,. Assume that
inf{€s(p:)Ipx € CHA(T, p )} > 1 (6.4)
Letp = (w(l),...,w(k)) € CH,. If (w(1), w(k)) € (T" UL™) x L", then

_ @) — )] + 1
> -

La(p) = LA (P (w(1), w(k))). (6.5)
Remark Using the symmetries, we may exchange (T, L, p) in the statement of
Lemma 6.9 by (T, R, p\)), (B, L, px) and (B, R, p »).

Proof Since £ ((w} (i))i=1,..,3n) > 1, it follows that {w}] (@)|i =1,...,3"} N A =
@.Letp = (w(l),...,w(k)) € CH,.

Suppose that (w(1), w(k)) € T" x L". Note that w(k) = wf (i) for some i.
Then p (w(1), w(k)) = (w} 3"), w}] 3"=1), ..., w} (@) and £ (p] (w(l), w(k)))
=1—(@—1)/3".Since pV p} (W) (i — 1), w} (1)) € CH,(T, p), (6.4) implies

Ca(p) + AP (W — 1), wi (1)) =LalpVpr(wi i — 1, wi1) = 1.

This shows (6.5) in this case.

Suppose that (w(1), w(k)) € L" x L". Set w(l) = w}(j) and w(k) =
wy (). If j < i, then we consider (w(k), ..., w(1)) in place of (w(l), ..., w(k)).
In this way, we may assume that j > i without loss of generality. Let p =
ph (W 3", Wi+ D) vp Vvl (w(—1D,w(1).Since p € CHH (T, p),
we have
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n —

3}1

j i—1 ~
/ +EA(I))+3—” =Lla(p) =1

This immediately implies (6.5) in this case. O

Lemma 6.10 Let X, Y C W,,. Assume that
inf{£x(p)|p € CH,(T, B)} > 1
and that

inf{€y(p)Ip € CH.(T, p)} = 1.

Define A =X XU Y. Ifp = (w(),...,wk)) € CHuq1(T, Bx) and
{fw(D), ..., wk)} € {N, 1} W, then

1
La(p) = 3

Proof Let w(i) = s(i)v(i), where s(i) € {N\, 1} and v(i) € W,,.
First assume that s(1) =\. Then there exist ji, jo, ..., j2p+2 Which satisfies the
following three conditions (C1), (C2) and (C3):

Cl) j1=1,joppro=k+1land j| < jo <...< jops2

(C2) s(i) =N fori=jog-1,...,j2g —landg=1,...,p+1

(C3) s(i) = 1 fori = jog,..., jogy1 —landg =1,..., p.
Set pr.g = (w(jag-1), ..., w(jzg = 1)) and P1g = (v(jzg—1), ..., V(g — 1)).
Since (v(qu_l), v(jog — 1)) e (T" x R")U(R" x R") U (R" x B"), Lemma 6.9
and its variants explained in the remark imply

1 _ 1
(i) = 36x (1) = 360 Ok (0 (1) 0 (2 = 1) ©6)

Setpyy = (w (qu) R 1T} (j2q+l — 1)) andﬁz,q = (U (qu) S, U (j2q+1 — 1))
Since (v (jag) » v (jag+1 — 1)) € L" x L", Lemma 6.9 shows that

1 - 1 . .
a (P2g) = gZY (P2 q) gz v (P7 (U (J2q) U (J2q+1 - 1))) . (6.7)
Note that for any i = 1,...,3", there exists / = 1,2,...,2¢g + 1 such that

KU)) =i =@ —1)or I w(n) =i = If (v (Jl+1 — 1)). Hence

P+l
zﬁx Pk (v (J2g=1) . v (g — 1)) + ZZY (7 (v (j2g) s v (g1 — 1)) = 1.
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Combining this with (6.6) and (6.7), we obtain

p+1 14 1

€a(P) = D €a (prg) + D La (P2g) = 5.
g=1 g=1

Thus we have shown the desired statement in the case when s(1) =\.
If s(1) = 7, slight modification of the above arguments yields the lemma as
well. O

Definition 6.11 Define 7 : W, — W, by

w if Re F,(0) < 0,
m(w) = .
¢ (w) if Re F,y(0) > 0.

For p = (w(l),...,w(k)) € CH,, we define m,(p) = (w(w(l)), ..., w(w(k)).
Also define ¢ : W, — W, by

w if Re F,(0) < Im Fy,(0),

§(w) = [ .
Yo (pw)) if Re Fy(0) > Im F,(0).

Forp = (w(1), ..., w(k)) € CH,, we define &, (p) = (((w(l)), ..., E(w(k)).

By the symmetry of ¢, 1, and 7, given in Lemma 6.7, we have the following
lemma.

Lemma 6.12 (1) 7, : CH, — CH,, Ly, (ma(P) = L4,(p) and Ly, (m,(P)) =

L4, (P)-
(2) & :CHy — CHy and £ 4 (5 (P) = €4 (D).

Lemma 6.13 Suppose that
inf{€gy,(p)Ip € CHA(T, B)} > 1 (6.8)

and
inf{£q, (P)Ip € CHL(T, {p,, P\.}) = 1. (6.9)

Ifp=(w(), ..., wk) € CHu1(T, Bx U B ) and {w@)}i_; S {\, 1, 7} Wy,
then £y, (p) = 1/3.

Proof Replacing p by m,+1(p), we may assume that w(l), ..., w(k) € {N, 1}- W,
and w(k) €N -B" without loss of generality. Set X =¢, and Y =1),,. Then the
assumptions (6.8) and (6.9) of Lemma 6.10 follows. Hence 4, ., (p) > 1/3. O
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Lemma 6.14 Suppose that (6.8) holds and that

inf{€ 4 (P)IpeCH,(TUR,p,) > 1. (6.10)
Letp = (w(l), ..., w(k)) € CHu41 (T, B). Iffw(1), ..., wk)} S\, 1, /7 W,
then £ 4  (p) > 1/3.

Proof Firstassume that {w(1), ..., w(k)} C {\, 1} W,. By (6.3), applying Lemma
6.10 with X = ¢, and Y = 7, we have £ 4, (p) > 1/3.
Next, suppose that w(i) € /' -W,, for some i. Let

iy = max{ilw(@) € /-W,}+ 1.
and let
Jx = min{jlw(j) € \-Wp, j > i} — L.

Then, fori = {iy, ..., ji}, there exists v(i) € W, such that w(i) =1 -v(i). Define

P =130 T -EWE+D), ... 1 -E0UD), w(ls+ 1D, ..., w(k).

By (6.3) and Lemma 6.12,

1
Cin W (Ex) s w () = 8 (0 ()5 -5 0 ()

1
= gﬁ,ﬁ E@UED) ., EW ()
=Ll M -EWED) . T -

Hence € 4., (p) > €4, (P+). Let psx = (Wi (1), wy(2), ..., wx(])). Then w*(i) €
{N,1}-W, foranyi = 1,...,[. Now replacing p by p«, we are exactly in the first
case and hence the desired inequality is satisfied. O

Lemma 6.15 (6.8), (6.9) and (6.10) hold for any n > 0.

Proof We use induction on n. Obviously (6.8), (6.9) and (6.10) holds for n = 0 since
$n, Mn and 7, are the empty sets. Assume that (6.8), (6.9) and (6.10) are true for
n=m.

First we show (6.8) holds forn = m + 1. Let p = (w(l), ..., w(k)) € CH;u+1
(T, B). Note that by Lemma 6.7-(1), w11 (p) € CHp1(T, B) and £y, ., (p) =
£4,41 (ma11(p)). Hence replacing p by m,41(p), we may assume that w(i) € {\,
<=,/ Wy, for any i = 1,..., k without loss of generality. Set w(i) =
s(@)v(@), where s(i) € {N, 1, <, ./, }} and v(i) € W,,. We may choose i1, i2, i3
and i4 which satisfies i1 < iy < i3 < is and the following tree conditions (al), (b1)
and (cl):

(al) s(1),...,s@) € {\, M) (w), ..., v(@i1) € CHu(T, B),
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(b1) s(i) = < fori =iz, ..., i3, (v(i2),...,v(i3)) € CHn(T, B),
D) s@a),....s(k) € (I}, wi(ia) € /- T™.

Let py = (w(l),...,w(i1)). Then by the induction hypothesis, we may apply
Lemma 6.13 and see that €4, (¢1) > 1/3.

Let p2 = (w(iz), ..., w(i3)). Since (v(iz), ..., v(i3)) € CH, (T, B), the induc-
tion hypothesis implies

1
Ly (P2) = g%m(v(iz), .o vu(iz) >

W[ —

Set p3 = (w(i3), ..., w(k) and B3 = (g (w(k)), oy (w k= 1), ..., 04
(w (i3)) ) Then g, (p3) = Lg,,., (P3). Asp1, we may apply Lemma 6.13 to p3 and
obtain €4, (p3) > 1/3. Combining all the estimates on {4, (p;) fori = 1,2,3,
we have £y, ., (p) > L.

Secondly, we show that (6.9) holds forn = m + 1. Let p = (w(l), ..., w(k)) €
CHus1(T,{p, p\}). As in the first case, we may assume that w(i) € {\, 1,
<,/ J}forany i = 1,..., k without loss of generality. Set w(i) = s(@)v(i),
where s(i) € {N\, 1, <, ./, !} and v(i) € W,. We may choose i1, iz, i3 and i
which satisfies i1 < i» < i3 < is and the following tree conditions (a2), (b2) and
(c2):

@2) s(1),...,s@i1) € (. 1} @), ..., v(1) € CHu(T, B),
(b2) s(i) = < fori = ia, ..., i3 (V(i2), ..., v(i3)) € CHm(T, B),
(€2) s(i) =,/ fori =ig, ...,k ((ia),...,v(k)) € CHn(T UR, p).

Define p1, p2 and p3 as in the first case. Then using the same discussion as in the first
case, we obtain £, (p;) > 1/3 for j =1, 2. Since (v(is), ..., v(k)) € CH,(T U
R,p,), The induction hypothesis and Lemma 6.14 yield that
L4 ((v(ig), ..., v(k))) = 1. By (6.2), it follows that

1
Lo (P3) = gﬂggn((v(izt), (k) = 1/3.

Thus, we have shown that £4, ., (p) > 1.

Finally we show that (6.10) holds forn = m + 1. Let p = (w(1), ..., w(k)) €
CHus1 (T U R, p). Note that &ny1(p) € CHui1(T, p) and £, (p) =
€ .1 (Emt1(p)). Hence replacing p by &, 11(p), we may assume that w(i) €
ot <, /} W, forany i = 1,...,k without loss of generality (Fig. 5).
Set w(i) = s(i)v(i), where s(i) € {N\, 1?1, , <,/ } and v(i) € W,,. We may
choose i1, i3, i3 and i4 which satisfies i1 < iy < i3 < i4 and the following tree
conditions (a3), (b3) and (c3):

@3) s(1),...,s@1) € {N\, 1), w),...,v@i1) € CHu(T, B,),
(b3) s(i) = < fori =1ia,...,i3, (V({i2),...,v(3)) € CHu(T, B),
(c3) s(i) = fori =i4,..., k. (v(i4),...,v(k)) e CHu(TUR, p,).
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(1,4)[(2,4)[(3,4) | (4,4)

(1,3) (3,4)

(1,2) (2,4)

OO
OO

(L, 1)](1,2)[(1,3)|(1,4)

i

F(-1,1) frses®  |J Fu((-1,1)

weWs

Fig. 5 Construction of K®

Define p1, p2 and p3 as in the above two cases. Then by the induction hypothesis
and (6.3), it follows that £ 4, (p;) > 1/3 for j = 2, 3. Furthermore, Lemma 6.14
implies € 4 (p1) > 1/3. Hence we have € 4 (p) > 1.

Thus we have obtained (6.8), (6.9) and (6.10) forn = m + 1. O

Proof of Theorem 6.4 Since A, € $p, £, (p) > 1 for any p € CH, (T, B). By the
fact that <, = p(¢,), it follows that £, (p) > 1 for any p € CH,(L, R). Hence
L4, (p) = 1forany p € CH,(L, R). Thus A, is invisible. By Lemma 6.7-(1), it
follows that A, is +-invariant.

Lemma 6.3 shows that 8" —#({,,) = #(W,\{¢,) = ay,. Since W,\¢,, € W, \A,, C
W \gn) U (W, \&,), we have o, < 8" — #(A,) < 2q,. O

7 Generalized Sierpinski Carpet

The idea of invisible sets can be exploited for the generalized Sierpinski carpets.
We will present results for a special class of the generalized Sierpinski carpet in
this section. We fix N > 3. The complex plane C is identified with R? in the usual
manner.

Definition 7.1

(1) Forany (i, j) € {1, . ..,N}2,wedeﬁneJ(i,j) =[-142@G@—-1)/N, —142i/N]x
[-1+2( —D/N,-1+2j/N]and F j : R? — R? by Fip(x,y) =
(x/N +aq,jy.y/N + b j), where ag jy = —1+ (2i — 1)/N and b j) =
-1+ @2j—-1/N.

(2) Define S™ = {(i, )IG, j) € {1,...,N}*>,i € {1, N} or j € {1, N}}. Let
K™ be the unique compact set which satisfies
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N N
kM= ] Fuj (1(( >) .
(i.j)es™
When N = 3, K@ is the Sierpinski carpet.

__log(4N —4)

, where
log N

Proposition 7.2 #(S™)) = 4N — 4 and dimy (K<N ), dE)

dg is the restriction of the Euclidean metric.

In the following, we occasionally omit N in S and K™ and write them S and
K respectively. Also we use W,,, W, and ¥ in place of W, (S(N )) , W, (S N )) and
= (s,
Definition 7.3 Let A C W,,.
(1) Let A € W,,.Forp = (w(1), ..., w(k)) € CHp,, define

#({ili =1,..., k w(i) ¢ A))

La(p) = N

(2) Ais called an invisible set if and only if

inf la(p) = 1,
PECH, (T, B)UCH, (L, R)

where T, B, L and R are the same as in the last tree sections.

We also define the notion of +-invariance exactly same as in the previous sections.
Then the analogous results as Theorems 4.5 and 5.3 hold. As a consequence we have
the following statement.

Theorem 7.4 Let A C W, be a +-invariant invisible set. Then

log (4N — 4)" — #(A))
mlog N '

dime(K™), dg) <

A procedure which is similar to that in Sect. 6 produces a sequence of invisible sets.
We assume N > 4 hereafter. The maps ¢.., ¢4 and p from Wi to itself associated
with symmetries can be defined in the same way as in the last section.

Definition 7.5 Define ¢, < W, and \,< W, inductively by
Tnr1 = {0 DIG, j) € Sii € {1, N}}- ¢

U@, DX U2 N)- 7 UN =1, 1) 2 UN — 1, N)- N
U {(lv ])|(ls ]) € Sv] € {17N}vl ¢ {1927N - 19N}}'Wn’
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@n j‘n Wn y&n :H:n Xm <:>n <:>n <:}n <:>n

0n 0n On N
ﬁ:” :H:n ﬁn Wn
ﬁn ﬁn ﬁn Wn

Tn | NXun| W | Lol On Tn | NXun| W | W | Wy
Tns Nan+1

Fig. 6 Construction of ¢, and \, for N =5

Nun+1 = {1, N), (2, 1), (N — 1, N)}- N\
UL Dlj=1,....N =1} $, U{G, N)|i =2, ..., N} &,
UL, )Ij=3,....N}W, U{G,. N)|i =1,...,N —2}-W,,

$o= ¥ and o= 0, where <= p($n), &n = P Nn), Fn= 1 NXwn) and
= @ () (Fig. 6).

By the above definition, it follows that

Xnt1 = 2Nxp + 4y, + 2(N — 4)(4N — 4)"
Yn+1 = 2(N — Dxy + 3yn + 2N = S5)(4N — 4)",

where x, = #({,) and y, = #(\u»). Define
™~ = V4N2 + 20N —23.

Then we have

SENES )
(aes ey

o= @N = 4" — (

The same discussion as in the last section shows

inf l > 1.
peCH,(T,B) ¢, (P) =
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Hence we obtain the counterpart of Theorem 6.4.

Theorem 7.6 Let A, = §,, N <. Then A, is +-invariant invisible set and there
exist ¢y, ca > 0 such that

(2N+3+TN
ca\—————————

n 2N +3 n
- ) < 4N — 4" — #(Ay) < o2 (ﬂ)

2

for sufficiently large n.

As an corollary, we obtain the following estimate of the conformal dimension of
K™ The lower estimate is shown by applying [MT10, Example 4.1.9].

Corollary 7.7
1 2N+3+1y
log (2N) < dimg (K(N),dg) L
log N log N
log (4N — 4
< & = dimpy (K(N),dg).
log N
Remark ON +3
IN 43 < % <2N +4.
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