Self-Adjointness and Conservation Laws
for a Generalized Dullin-Gottwald-Holm
Equation

Maria S. Bruzén and Maria Luz Gandarias

Abstract We consider the problem of group classification and conservation laws
of some Generalized Dullin-Gottwald-Holm equations. We obtain the subclasses
of these general equations which are self-adjoint. By using the recent Ibragimov’s
Theorem on conservation laws, we establish some conservation laws of the self-
adjoint equations.

1 Introduction

Dullin, Gottwald and Holm derived a new equation describing unidirectional
propagation of surface waves on a shallow layer of water which is at rest at infinity [4].

my + 2wuy + 2muy + umy = —Yuyyy, t>0,x € R (D

where m = u — oz2uxx, u(x, t) stands for the fluid velocity, x € Z and t > 0. The
constants > and % are squares of length scales, co = +/gh is the linear wave speed
for undisturbed water at rest at spatial infinity.

Equation (1) is completely integrable and its traveling wave solutions contains
both the Korteweg-de Vries solitons and the Camassa-Holm peakons as limiting
cases [4]. When o — 0, this equation becomes the Korteweg-de Vries equation

Ur +20uy + 33Uty = —YUyxx
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which for @ = 0, has the famous smooth soliton solution u(x, #) = ugsech?(x —
ct)\/ugy /2. Instead taking y — > 0O in the Eq. (1), it turns out to be the Camassa-
Holm equation

2 2
U — AUy + 20Uy + 3utty = @ Quyxtyy + Ullyyy).

Tian, Fang and Gui, applying Kato’s semigroup approach, obtained the well-
posedness of the equation and showed the existence of global smooth solutions.
The authors proved that the equation has solutions that exist for indefinite times as
well as solutions that blow up in finite time, [13].

Biswas and Kara [1] obtained the 1-soliton solution by the aid of solitary wave
ansatz. The conserved quantities were obtained by utilising the interplay between
the multipliers and underlying Lie point symmetry generators of the equation.

In [10] Liu and Yin established the local well-posedness by using Kato’s theory
for the generalized Dullin-Gottwald-Holm equation

U — Upyx + W)y + buyxy =a (g ;M) ”? + g(”)”xx) . (2)

X

They proved the orbital stability of the peaked solitary waves.

Symmetry groups have several different applications in the context of nonlinear
differential equations. For example, they are used to obtain exact solutions and con-
servation laws of partial differential equations (PDEs) [3, 5]. The classical method
for finding symmetry groups of PDEs is the Lie group method [2, 6, 11, 12].

In this work, we study Eq. (2) with a, b # 0 from the point of view of the theory of
symmetry group transformations in PDEs. We determine the subclasses of equations
which are self-adjoint. We also determine, by using the notation and techniques of the
work [8, 9], some nontrivial conservation laws for Eq. (2). The paper is organized as
follows. In Sect. 2 we give the Lie symmetries of (2) equation. In Sect. 3 we determine
the subclasses of equations of (2) which is self-adjoint. In Sect.4 we obtain some
nontrivial conservation laws for Eq. (2). Finally, in Sect.5 we give conclusions.

2 Classical Symmetries

To apply the Lie classical method to Eq. (2) we consider the one-parameter Lie group
of infinitesimal transformations in (x, ¢, u) given by

X =x+eE(x, 1, u) + 0@, 3)
" =t+et(x,t,u)+ 0, “4)
W =u+en(x,r,u)+ 0, (5)

where ¢ is the group parameter. We require that this transformation leaves invariant
the set of solutions of Eq.(2). This yields to an overdetermined, linear system of
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equations for the infinitesimals &(x, 7, u), t(x, ¢, u) and n(x, ¢, u). The associated
Lie algebra of infinitesimal symmetries is the set of vector fields of the form

a a a
= S u)— Shu)— yhu)—. 6
v=~¢&@x u)3x+r(x u)at+n(x u)8u (6)
Having determined the infinitesimals, the symmetry variables are found by solv-

ing the characteristic equation which is equivalent to solving the invariant surface
condition

ou du
nx,t,u) =&, t,u)— —t(x,t,u)— =0. (7
0x at

The set of solutions of Eq. (2) is invariant under the transformation (3)—(5) provided
that

pr(3)v(A) =0 when A =0,

where pr®v is the third prolongation of the vector field (6) given by

ad
(3) J 3)
r’'v=v-+ X, t,u’)—
p Ej n°( )8 P

where
J 3)y
n'(x,t,u”’) =Dj(n —Euy — tuy) +Euje + nuyy,

with J = (j1, ..., Jjk), | < jk <2y 1 <k < 3. Hence we obtain the following 13
determining equations for the infinitesimals:

7, =0,

7, =0,

§u=0,

Nuu = 0,

20ux — &xx =0,

Nuxx — 26x =0,

38uunx + 88unNux — 46xx8u =0, (8)

8uMu + Guut + T18u — Exgu = 0,

2guu77u + Suuu + T guu — gxguu =0,

—agnxxx + bNxxx + hulx — Nexx +1: =0,

agun +atg —akxg — bt + bE; — & =0,

2agunx + 3agnux — 3bNux + N — 3a6xx g + 3D&xx — 28 =0,
2aguNxx + 3agNuxx — 3bNuxx + 2Ntux — huu — Thy — Exhy — abxxxg
+b‘§xxx - Stxx + Et =0.
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From (8) we obtain g, h, & = &(x,1), T = (1), ¢ = L 1y with § = §(7) and
v = v(x, t) where &, 7, § and v are related by the following conditions:

Exxx - 45}( =0,

uu (Exxu +2v,) =0,

208,y gut + 8 + 4agyvy — 3aéxxg + 3Dy — 38, =0,

(agud + abxgu) u + 2agyv + 2at; — 2aéy) g — 2b7; + 20§, — 2§, =0,
(8uud + Exguu) U + gud + 28uuv + 2t — §x) gu = 0,

(uuud + &x uuu)  + 28uud + 28uuuv + 27 guu = 0,

(huud + Exhyy — 2a8cxxgu) U — 4agyVxx

+2huuv + Rt + 28x) hy — abxxxg + bExxx — 28 =0,

(8 + Exxhu — abxxxx g + bExxxx — Erxxx + &) u + (2b — 2ag) vyxx
+2hvy — 2vix + 20, = 0.

9)

Solving system (9) we obtain that if g and & are arbitrary functions the only symme-
tries admitted by (2) are

E=k, =k, n=0. (10)

il . . . .
The generators are X| = P (corresponding to space translational invariance) and
X

a
X, = 7 (time translational invariance). In the following cases Eq.(2) have extra
symmetries:

+1
Case I:If g = (@ru+a)" +asand h = (2@ +a») " +(aas —byu,n £1,
ay #0,

k
5:@—m@hm+h,t:—hm+h,nszW+@)
1

1 b—aayyn 3 n 9 1 a
The generators are: X1, X and X3 = — ta - E’E + g(alu +az)£-
1

Case2:lfg=a]u—|—a2andh=%uz—l—bzu,a] # 0, b; # aay,
E=ckit+ks, T=kit+k, n=—ki(u+c).

__aayby+bby—aazb;
by—aa

0 0 0
We have X1, X3 andX% =cit—+t— —(co+u)—,wherec; =
ox ot au

br+b—aay

and ¢ = br—aar -

Case3:If g =aju+ayand h = %uz + (aay — byu,a; #0

(b —aaz)ks + ky
aa '

E=kit+ky, =kt +ks, n=—kzu+
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0 1 9 0 0
The generators are Xj, X and Xg = ta— + P 2 = t& —(u —i—cl)a—, where
X aaj ou u

=
Case 4: If g = c=constant and & = ku with k # ac — b,
§=ki, 1=k, n=ku+ax,1),

where
(ac — b)axxy — kotx + apxx —or = 0. (11)

0
In this case besides X; and X, we obtain the generators Xg = ua— and X =
u
(x,1) i
a(x,t)—.
ou
. _ _ . b
Case 5:If g = cand h = (ac — b)u with ¢ # 7,
E — k182x+2(b—ac)t 4 k3e2(ac—b)l—2x + ((JC _ b)ﬁ(t) 4 k27 T = ,B(t),
n=u (k162x+2(b—ac)l o kSeZ(ac—b)t—Zx + kS) + a(x, t),

where o satisfies Eq.(11) with k = ac — b.
We obtain the generators: Xy, X2, Xoo, Xg = (

(i _ ui) ef2lx+(bfac)t].

Case6:If g =a;e®?" +azand hy, = ke®?" —b+aa3

a0 d
— 4y eZ[x—&-(b—ac)t]’ XS —
ax au) 4

E=ay(b—aa3) kpt+ki, t=kz—arkat, n=ko.

0
The generators are: X1, X2 and Xg =ay(b—aa3) t— —axyt— + —.
0x ot ou

Case7:If g = ap In(aj u + by) + by and h,, = aar In(aju + by) + b3,

k
E=kt+ki, 1=k, n= > (aju +by).
aajaz
0 aiu+by 0

The generators are X1, X2 and Xg = ta— + — e
X aaiay u
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3 Determination of Self-Adjoint Equations

In [8] Ibragimov introduced a new theorem on conservation laws. The theorem is
valid for any system of differential equations where the number of equations is equal
to the number of dependent variables. The new theorem does not require existence
of a Lagrangian and this theorem is based on a concept of an adjoint equation for
nonlinear equations.

Consider an sth-order partial differential equation

Fe,u,uqgy,...,ui) =0 (12)
with independent variables x = (x], ..., x") and a dependent variable u, where
uy = {u;}, u@) = {u;j}, ... denote the sets of the partial derivatives of the first,

second, etc. orders, u; = du/dx’, ujj = 8%u/9x'dx/. The adjoint equation to (12)
is

F* (X, u, v, U1y, V1), - - -, U(s), V(s)) = 0, (13)
with
. S(WF)
F*(x,u, v, uqy, v(1y, -« -5 Us), V() = rol (14)
where -
) d d
2 _2 1Dy, - Di — 15
Su  Ju + E( )" Di s Uiy (15)

denotes the variational derivative (the Euler-Lagrange operator), and v is a new
dependent variable. Here

D 0 + 0 + 0 +
" oxd "Ou Y u j
are the total differentiations.
Equation (12) is said to be self-adjoint if the equation obtained from the adjoint
Eq. (13) by the substitution v = u :

F*(-x9 M, u7 M(l)v M(l)v ) u(S)? M(Y)) = 07
is identical to the original Eq. (12). In other words, if
FEQe, s, ), u(tys - UGy, Ues) = A0 usuqy, - DF O u,uqy, - ugy).
(16)

Let us single out self-adjoint equations from the equation of the form (2). Equa-
tion (14) yields
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_ 2
= agVyxy — bVyxy + aguuiyVxy + aguitxxvy — aguu (Ux)” vy

A7)
—hyvx + Vexx — Vr — 3aguulxUxxv — %aguuu (ux)3 V.
By substituting v = u into (17) we obtain
F* = aguyxy — buyey — 3aguuttitxtyy +2agyUxttxy — %aguuuu (ux)3 (18)

3
—aguu (Ux)” — hylty + Uy — Uy

Comparing F* with F we obtain the following result:

/
Proposition Equation F = i, — it x+( (1)) x+bitxrx—a (g ;”)

"‘i + g(“)uxx) =
0 is self-adjoint if g and & are arbitrary functions. '

4 General Theorem on Conservation Laws

We use the following theorem on conservation laws proved in [8]. Any Lie point,
Lie-Bécklund or non-local symmetry

. a 0
X=§’(x,u,u(1),...)ﬁ—l—n(x,u,u(l),...)@ (19)

of Eq. (12) provides a conservation law D; (C") = 0 for the simultaneous system
(12), (13). The conserved vector is given by

Ctzé-loiﬂ_i_w[%_l)j(g)_i_D]Dk(ag)_:|

ou; oujj oujji
A A 0.¢
+D;(W) | — — Dy +--- |+ D;D(W) —ee e,
Buij al/l,'jk aMijk
(20)
where W and ¥ are defined as follows:
W:n—fg‘juj, f:vF(x,u,u(l),...,u(s)). 21)

The proof is based on the following operator identity (N.H. Ibragimov 1979):
i 8 i
X+Di(€):WE+Die/V , (22)

where X is operator (19) taken in the prolonged form:

x=t2 0l hnl g,y
BT I PR ’
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¢ = Di(n) —u;jDi(E)), &y = Diy(&i)) — uji, Diy B7), ... .

For the expression of operator .4/ and a discussion of the identity (22) in the general
case of several dependent variables to see [7] (Sect. 8.4.4).

We will write the generators of a point transformation group admitted by Eq. (2)
in the form

by setting # = x!, x = x2. The conservation law will be written
D/(C") + D(C*) =0. (23)

Now we use the Ibragimov’s Theorem on conservation laws to establish some
conservation laws of Eq.(2). We obtain trivial conservation laws for g = aju + aa,
from generators X; and X».

For Case2,g = aju+az, h = | % ~+byu, from generator X% we obtain the conserved
vector associated,

1 2 2 bytb—aa
C' ==y —u —W >

C? = m [((12aa1b1 — 12a2a12) u?
+ (6aa1b2 + (12aap — 12b) by + 18aa b — 18a2a1a2) u
+ (6aay — 6b) by — 6b* + 12aarb — 6a”as?) uy
+ (3aa1b2 + (6b — 6aar) by — 3aab + 3a2a1a2) (ux)2
+ ((12b1 — 12aay) u + 6br + 6b — 6aar) usy + (4aa1b1 — 4b12) u’
+ ((6aay — 9b1) by + (3aar — 3b) by) u* + ((6aar — 6b) by — 6b2) u] .

We use the symmetry of the Case 3 of Eq.(2) for ¢ = aju +ap and h = %uz +

(aay — b)u with a; # 1. Proceeding as before we obtain the conserved vector
associated with the following symmetries.

For Xg:
1
Cl= —u,
ada)
) a 1 1 b ar
C* = —uuyy + Uxx Uyxy — = (Uy)” — Uy + zu™ — —u+ —u
1 2 2 aaj ay
(24)
For Xg:
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b — aar)? b—aa
c?= 2aa1u2uxx + 3(aay — b)uu + %u“ + 2 (ux)2 + 2uuyy
1
—b 2 3 b — aay)?
@ Upy — —aa1u3 + (b — aaz)u2 — ﬂ u
ai 3 2 aay

(25)
For Case 4, if g = c and h = ku, from generator X, = «(x, t), where « satisfies
Eq. (11), the normal form for this group is W = a(x, t). By applying (20) the vector
components are

cl' = —%otv” + %otxvx - %a”v +av =0.
26
C? = —aacvee + abvyy + aaccvy — acbve + %oe,vx — %av,x + %axv, (26)
+akv —aoycv + oy by — %amv.
Setting v = u in (26)
Cl — _a’gxx + ax3ux _ le3xu + au.
27
C? = —aacuyy + abuyy + agycuy, — aybu, + %a,ux — %autx + %axu, (27)

+aku — aoyycu + oy bu — %atxu.

We simplify the conserved vector (27) by transferring the terms of the form D, (.. .)
from C! to C? and obtain

Cl = (a — ayy)u.
C?= a(b —ac)uxy + ay(ac — b)uy — oy, + ayuy + aku — oy (ac — b)u.

0 0
For Case 5, if g = c and h = (ac — b)u, from generators X3 = — +u— and

) 5 0x ou

Xi =3 " ua—, proceeding as in the Case 1 we obtain the conserved vector
X u

associated,

Cl=n ((ux)2 + uz) ,
ct=2 (b —ac) nuuy, + (ac —b)n (ux)2 — 2nuuy, + (ac — b) nu?,

where n = £1.

5 Conclusions

In this work we have considered the generalized Dullin-Gottwald-Holm Eq. (2).
We have derived the Lie classical symmetries. We have determined the subclasses
of Eq.(2) which are self-adjoint. By using a general theorem on conservation laws
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proved by Nail Ibragimov we found conservation laws for some of these partial
differential equations without classical Lagrangians. We point out that in physical
systems, many conservation laws that arise can usually be identified with a physical
quantity, like energy or linear momentum, being conserved. Finally, we remark that
the search for conservation laws is also useful to determine potential symmetries.

Acknowledgments The support of DGICYT project MTM2009-11875, Junta de Andalucia group
FQM-201 are gratefully acknowledged.

References

1. Biswas, A., Kara, A.H.: 1-soliton solution and conservation laws of the generalized dullin-
gottwald-holm equation. Appl. Math. Comput. 217, 929-932 (2010)

2. Bluman, G.W., Kumei, S.: Symmetries and Differential Equations. Springer, New York (1989)

3. Bruzén, M.S., Gandarias, M.L., Ibragimov, N.H.: Self-adjoint sub-classes of generalized thin
film equations. J. Math. Anal. Appl. 357, 307-313 (2009)

4. Dullin, H.R., Gottwald, G.A., Holm, D.D.: An integrable shallow water equation with linear
and nonlinear dispersion. Phys. Rev. Lett. 87, 1945-1948 (2001)

5. Gandarias, M.L., Redondo, M., Bruzon, M.S.: Some weak self-adjoint Hamilton-Jacobi-
Bellman equations arising in financial mathematics. Nonl. Anal.: Real World Appl. 13, 340-347
(2011)

6. Ibragimov, N.H.: Transformation Groups Applied to Mathematical Physics. Reidel-Dordrecht,
Dordrecht (1985)

7. Ibragimov, N.H.: Elementary Lie Group Analysis and Ordinary Differential Equations. Wiley,
Chichester (1999)

8. Ibragimov, N.H.: A new conservation theorem. J. Math. Anal. Appl. 333, 311-328 (2007)

9. Ibragimov, N.H.: Quasi self-adjoint differential equations. Archives of ALGA 4, 55-60 (2007)

10. Liu, X., Yin, Z.: Local well-posedness and stability of peakons for a generalized dullin-
gottwald-holm equation. Nonlinear Anal. 74, 2497-2507 (2011)

11. Olver, P.J.: Applications of Lie Groups to Differential Equations. Springer, New York (1986)

12. Ovsyannikov, L.V.: Group Analysis of Differential Equations. Academic, New York (1982)

13. Tian, L., Fang, G., Gui, G.: Well-posedness and blowup for an integrable shallowwater equation
with strong dispersive term. Int. J. Nonlinear Sci. 1, 3-13 (2006)



	34 Self-Adjointness and Conservation Laws  for a Generalized Dullin-Gottwald-Holm Equation
	1 Introduction
	2 Classical Symmetries
	3 Determination of Self-Adjoint Equations
	4 General Theorem on Conservation Laws
	5 Conclusions
	References


