
On Dimensions of Vector Spaces of Conformal
Killing Forms

Sergey E. Stepanov, Marek Jukl and Josef Mikeš

Abstract In this article there are found precise upper bounds of dimension of vector
spaces of conformal Killing forms, closed and coclosed conformal Killing r -forms
(1≤ r ≤ n−1) on an n-dimensional manifold. It is proved that, in the case of n-
dimensional closed Riemannian manifold, the vector space of conformal Killing
r -forms is an orthogonal sum of the subspace of Killing forms and of the subspace
of exact conformal Killing r -forms. This is a generalization of related local result of
Tachibana and Kashiwada on pointwise decomposition of conformal Killing r -forms
on a Riemannian manifold with constant curvature. It is shown that the following
well known proposition may be derived as a consequence of our result: any closed
Riemannian manifold having zero Betti number and admitting group of conformal
mappings, which is non equal to the group of motions, is conformal equivalent to a
hypersphere of Euclidean space.

1 Introduction

1.1 The history of conformal Killing forms has started almost a half of century ago
by works of Tachibana and Kashiwada [7, 26]. During this long time, this topic has
given rise to an active interest (see for example [8, 16, 17, 22]) because of great
number of its applications (see e.g. [4, 10, 20]). This paper is devoted to the study
of dimensions of vector spaces of Killing forms (see [17]).
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1.2 In the second section, we investigate conformal Killing differential r-forms
(1≤ r ≤ n−1)on local coordinates of an arbitrary neighbourhoodU ofn-dimensional
Riemannian manifold (M, g). We consider a vector space T r of these forms and
deal with two subspaces—the subspace Pr of planar r-forms (i.e. closed confor-
mal Killing forms) and subspace K r of Killing r-forms (coclosed conformal Killing
r-form). For r = 1 we obtain the following three vector spaces of 1-forms: dual
to conformal Killing vector field, concircular vector field and Killing vector field.
In this section there are found dimensions tr , kr and pr of these free “local” vector
spaces on the manifold (M, g) with constant curvature.

1.3 In the third section there are studied “complete” conformal Killing r -forms
(1≤ r ≤ n−1) on n-dimensional closed Riemannian manifold (M, g), vector space
T r (M,R) of these forms and two subspaces of it K r (M,R) of Killing forms and
Pr (M,R) of planar r -forms; dimensions of these spaces are denoted by tr (M),
kr (M) and pr (M), respectively. In the case of closed manifold (M, g) with zero
Betti numbers br (M) = 0, we show the orthogonal decomposition of T r in the
form T r (M,R) = K r (M,R) + Pr (M,R), which implies the relation tr (M) =
kr (M) + pr (M). In the case b1(M) = 0 and t1(M) �= k1(M), we will prove that
(M, g) is globally conformal to the n-dimensional sphere Sn of the Euclidean space
Rn+1.

2 Definitions and Notations

2.1 Let us consider n-dimensional Riemannian manifold (M, g) with Levi-Civita
connection. Denote by C∞(M) a vector space of C∞-function on M and by Ωr (M)

a vector space of differentiable r -forms on M . Taking local orientation of M we
introduce the Hodge operator ∗ defining an isomorphism ∗ : Ωr → Ωn−r such
that g(ω, ∗Θ) = (−1)r(n−r)g(∗ω,Θ), for any ω ∈ Ωr (M),Θ ∈ Ωn−r (M), and
∗2 = (−1)r(n−r) I dΩr (M) (see [2, definition 1.51], [13, p. 203]).

For the exterior differential operator d : C∞Λr (M) → C∞Λr+1(M) there exists
a formal adjoint operator δ : Ωr+1(M) → Ωr (M) which is called codifferential
operator (see [2, definition 1.56], [13, p. 203, 204], [15, § 25]) and it is defined by

δ = (−1)(n−r)(r+1) ∗ d∗ (1)

2.2 Let us remind well known definitions of three types of Killing vector fields in
Riemannian geometry.

A vector field Z on a Riemannian manifold (M, g) is called infinitesimal confor-
mal transformations or conformal Killing vector field (see [5, § 69], [11, p. 120])
if L Z g = 2σg for Lie derivative L Z with respect to the vector field Z and some
σ ∈ C∞M .

Defining for a vector field Z a dual 1-form ω by the relation ω = g(Z , ·) we
introduce a denotation ω# = Z (see [2, denotation 1.38]). Now, the identity L Z g =
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2σ ·g, by which an infinitesimal conformal transformation is defined, may be written
by

(L Z g)(X, Y )
def=(∇X )Y + (∇Y ω)X = −2

n
(δω)g(X, Y ) (2)

or, equivalently, by

∇ω = −1

2
dω − 1

n
g · δω = 0. (3)

Any vector field Z with L Z g = 0 on a Riemannian manifold (M, g) is called
infinitesimal isometry or Killing vector field.

Clearly, if σ = 0 then every infinitesimal conformal transformation Z is an
infinitesimal isometry. Because σ = n−1(−δω), for 1-form ω dual to the vector
field Z = ω#, we see that any infinitesimal isometry may be considered as coclosed
infinitesimal conformal transformation.

Let us remind that a vector field Z is called concircular (see [30]) if ∇Z =
ρ I dM for ρ ∈ C∞M . In this case, for every 1-form ω with ω# = Z we have
∇ω = n−1(−δω)g. Therefore, a concircular vector field may be defined as closed
infinitesimal conformal transformation.

2.3 Let us deal with a generalization of three types of Killing vector field defined
above.

Let an n-dimensional Riemannian manifold (M, g) be given. A formω ∈ Ωr (M)
is called conformal Killing r-form (see [7]) if there exists a form Θ ∈ Ωr−1(M)
with

(∇Y ω)(X, X2, . . . , Xr ) + (∇X ω)(Y, X2, . . . , Xr ) = 2g(X, Y )Θ(X2, . . . , Xr )

−
r∑

a=2
(−1)a

(
g(Y, Xa)Θ(X, X2, . . . ,X̂a, . . . ,Xr + g(X, Xa)Θ(Y, Y2, . . . ,X̂a, . . . ,Xr )

)

(4)
for any vector fields Y, X, X2, . . . , Xr ∈ C∞(TM), where X̂a means that Xa is
omitted. The form Θ ∈ Ωr−1(M) is called an associated form of the conformal
Killing form ω ∈ Ωr (M). Moreover, the identity (see [7])

δω = −(n − r + 1)Θ (5)

holds as the corollary of (3).
Equation (4) are a natural generalization of Eq. (2). Equation (4) may be written

in the form (see [20, 22])

∇ω = (r + 1)−1dω + (n − r + 1)−1g ∧ δω. (6)

These relations constitute necessary and sufficient conditions that an r -form ω is a
conformal Killing form (1 ≤ r ≤ n − 1).

The set of conformal Killing forms on a Riemannian manifold (T, g) forms a
vector space T r (with real coefficients) (see [19]).
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A form ω ∈ Ωr (M) on an n-dimensional Riemannian manifold (M, g) is called
a Killing r-form if it is a coclosed conformal Killing r-form. Such form ω ∈ Ωr (M)

fulfils its definition equations (see [14] and [10], Definition 31.3.1)

(∇Y ω)(X, X2, . . . , Xr ) + (∇Xω)(Y, X2, . . . , Xr ) = 0 (7)

or equivalent equations
∇ω = (r + 1)−1dω. (8)

This form ω is a generalization of an 1-form ω ∈ Ω−1(M), which is dual to the
Killing vector field Z = ω#. The set of all Killing r -forms constitutes a vector space
K r ⊂ T r (see [19]).

A form ω ∈ C∞Λr (M) on an n-dimensional Riemannian manifold (M, g) is
called a planar r-form if it is a closed conformal Killing r-form (see [19]). Such form
ω ∈ C∞Λr (M) fulfils its definition equations

∇ω = (n − r + 1)−1g ∧ δω, (9)

for 1 ≤ r ≤ n − 1.
This form ω is a generalization of an 1-form ω ∈ Ω1(M), which is dual to the

concircular vector field Z = ω#. The set of all such r -forms constitutes a vector
space Pr ⊂ T r (see [19]).

3 Dimensions of Vector Spaces of Killing Forms and Vector
Fields on Non-compact Riemannian Manifold

3.1 Let (M, g) be an n-dimensional connected Riemannian manifold. Let us remind
some well known facts on dimensions of three types spaces of Killing vector fields
on (M, g). It is known that the dimension of a Lie algebra of a group C(M, g)

of infinitesimal conformal transformations of connected Riemannian n-dimensional
manifold (M, g) is not greater than 1

2 (n +1)(n +2) and this algebra is a vector space
of conformal Killing vector fields (see [11, p. 120]). The equality is obtained in the
case of conformally flat Riemannian manifold (M, g).

The dimension of a Lie algebra of a subgroup I (M, g) of infinitesimal transfor-
mations is not greater than 1

2 (n + 1)n and this algebra is a vector space of Killing
vector fields (see [11, p. 101]). The equality is obtained in the case of Riemannian
manifold (M, g) with constant curvature.

The dimension of a vector space of concircular vector fields on connected
n-dimensional manifold (M, g) is not greater than n +1 and the equality is obtained
for manifold with constant curvature (see [6]).

3.2 To generalize facts presented above we will find precise upper bounds of
dimensions of vector spaces of three types of Killing r -forms (1≤ r ≤ n−1). Let
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us investigate a connected n-dimensional Riemannian manifold (M, g). To form
ω ∈ C∞Λr (M) the condition of integrability of arbitrary equation of a systems of
Eqs. (5), (7) or (8) is the Ricci identity ([5, § 11]). This identity has in any local
coordinate system x1, . . . , xn of a manifold (M, g) the following expression:

∇ j∇kωi1i2...ir − ∇k∇ jωi1i2...ir = −
r∑

α=1

ωi1i2...iα−1liα+1...ir Rl
iα jk , (10)

where ωi1,i2...i p = ω(Xi1 , Xi2 , . . . , Xi p ) and Ri
jkl Xi = R(Xk, Xl)X j are local

components of a conformal Killing r -form and curvature tensor R for Xk = ∂
∂xk and

∇k = ∇Xk .
Ricci identity (10) establishes restrictions not only the choice of components of

r -form ω but also on the curvature tensor R of the manifold (M, g). We have the
following theorem.

Theorem 3.1 On an n-dimensional connected Riemannian manifold (M, g), the
dimensions tr , kr and pr of vector spaces of conformal Killing r-form T r , co-
closed confomal Killing (Killing) r-form K r and closed conformal Killing r-form
Pr , (1≤ r ≤ n−1), respectively have the following upper bounds

tr ≤ (n + 2)!
(r + 1)!(n − r + 1)! , kr ≤ (n + 1)!

(r + 1)!(n − r)! , pr ≤ (n + 1)!
r !(n − r + 1)! .

The equalities are obtained in the case of Riemannian manifold (M, g) with constant
nonzero curvature.

Proof The case when (M, g) is locally flat manifold is trivial; in [19, 20] on the
basis of (10) there are defined components ωi1...ir = Aki1...ir xk + Bi1...ir of Killing
r -form ω, for an arbitrary local Cartesian coordinate system x1, . . . , xn . Here,
Aki1...ir , Bi1...ir are local components of constant skew-symmetric (r + 1)-forms
and r -forms, respectively.

With respect to this result, in [18] there for some special coordinate system
x1, . . . , xn of manifold (M, g) with constant sectional curvature C �= 0 were found
components ωi1...ir = e(r+1)ϕ(Aki1...ir xk + Bi1...ir ), ϕ = 1

2(n+1) ln(det g), of Killing
r -form ω. Therefore the dimension kr of a space K r of coclosed conformal Killing
r -forms on Riemannian manifold with constant curvature is equal to

kr =
(

n

r + 1

)

+
(

n

r

)

=
(

n + 1

r + 1

)

= (n + 1)!
(r + 1)!(n − r)! .

In the case of an arbitrary connected manifold (M, g), it is evident that the dimen-
sion kr of a space K r is not greater then this number, i. e. kr ≤ (n+1)!

(r+1)!(n−r)! .
It is known (see [8, 19, 20]) that there exists an isomorphism ∗ : K n−r → Pr .

It gives the possibility to count the dimension pr of a space Pr of closed conformal
Killing r -forms on a manifold (M, g) with nonzero constant sectional curvature
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C �= 0; this dimension is equal to pr = (n+1)!
r !(n−r+1)! . For arbitrary connected manifold

(M, g), it is evident that the dimension pr of a space Pr is not greater then this
number, i. e. pr ≤ (n+1)!

r !(n−r+1)! .
For manifold (M, g) with constant sectional curvature C �= 0, in [7, 26] there by

direct calculation was obtained decomposition of any conformal Killing r -form ω

into direct sumω = ω1 + ω2 of a coclosed conformalKilling (Killing) r -formω1 and
of closed conformal Killing (planar) r -form ω2 = ∇Θ for Killing (r − 1)-form Θ .

Clearly, the arbitrariness of choice of an r -form ω2 = ∇Θ is given by the number
of parameters on which a Killing (r − 1)-form depends. This number is equal to(n

r

) + ( n
n−1

) = (n+1
r

)
. In the case of an arbitrary connected manifold (M, g), it is

obvious that the arbitrariness of determination of an exact conformal Killing r -form
ω2 = ∇Θ does not be greater then this number.

Based on a pointwise decomposition ω = ω1 + ω2 the expression of an arbitrary
conformal Killing r -form ω in some special local coordinate system x1, . . . , xn on
a manifold (M, g) with nonzero constant curvature C �= 0

ωi1...ir = e(r+1)ϕ
(

Aki1...ir xk + Bi1...ir − 1

C

(
ϕ[i1Cki2...ir ]xk

+ϕ[i1 Di2...ir ] + 1

r
Ci1...ir

))

,

where Ak,i1...ir , Bi1...ir , Ci1i2...ir and Di1...ir−1 are local components of constant skew-
symmetric forms. Now,wemay compute the dimension tr of a space T r of conformal
Killing r -forms on a manifold with constant curvature C �= 0 which is equal to the
following summ

tr =
(

n + 1

r + 1

)

+
(

n + 1

r

)

=
(

n + 2

r + 1

)

= (n + 2)!
(r + 1)!(n − r + 1)! .

In the case of an arbitrary connected manifold (M, g), it is obvious that the
dimension of a space T r is not greater then this number, i. e.

tr ≤ (n + 2)!
(r + 1)!(n − r + 1)! .

We have proved the theorem.

Considering the upper bounds of dimension of vector space of conformal Killing
forms T r and of space of Killing r -forms K r as found in Theorem 3.1 we for r = 1
obtain the following well known proposition.

Corollary 3.1 The dimensions of vector spaces of conformal Killing vector field T 1,
Killing vector fields K 1 and concircular vector fields P1 on connected Riemannian
manifold (M, g) do not be greater then 1

2 (n + 1)(n + 2), 1
2 (n + 1)n and n + 1,

respectively. The equalities are obtained in the case of manifold with constant nonzero
section curvature.
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3.3Formulated in the theorem and its corollary results on dimensions of vector spaces
of Killing and conformal Killing forms and of vector fields are substantially local.

As an example, let us consider an n-dimensional (n ≥ 2) hyperbolic space which
is a Riemannian manifold with constant negative curvature. As we have proved
above, in this space the dimension kr of the space of coclosed conformal Killing
(Killing) r -forms (1 ≤ r ≤ n−1) and, especially, the dimension k1 of Killing vector
spaces is equal to (n+1)!

(r+1)!(n−r)! and
1
2 (n + 1)n, respectively. Factorizing hyperbolic

space according to a suitable discrete group of motions (see [29, § 2.4]) we obtain a
compact manifold with constant curvature. On this manifold there exists “generally”
no nonzero Killing r -form (see [32, § 1 of Chap.VI]). Therefore, our result on the
dimension of a space ofKilling r -forms aswell aswell known result on the dimension
of a space of Killing vector field deals with “local dimensions” kr and k1, especially.

An analogous conclusion may be obtained for dimensions of spaces of conformal
Killing forms and vector fields and also for closed conformal Killing forms and
concircular vector field.

4 Dimensions of Spaces of Conformal Killing Forms
on a Closed Riemannian Manifold

4.1Let (M, g) be a closed (i.e. compact without the border ∂ M) oriented Riemannian
manifold. Let us denote by 〈·, ·〉 the global inner product

〈ω,ω′〉 =
∫

M

1

r !g(ω, ω′)dv (11)

for arbitrary compact carriersω,ω′∈Ωr (M) of r -form and volume element dv. Then
the exterior differential operator d: Ωr (M) → Ωr+1(M) and the adjoin codifferen-
tial operator δ: Ωr+1(M) → Ωr (M) are connected by the following equality (see
[13, p. 204])

〈dω,�〉 = 〈ω, δ�〉 (12)

for any ω ∈ Ωr (M) and Θ ∈ Ωr+1(M).

On a closed manifold (M, g), it holds the following Hodge-de Ram orthogonal
decomposition with respect to the global inner product (11) (see [12]):

Ωr (M) = Im d ⊕ Im δ ⊕ Ker, (13)

where  = dδ + δd is Laplace operator with Ker = Im d ∩ Ker δ. In addition,
there are following orthogonal decompositions (see [12])

Ker δ = Im δ ⊕ Ker, (14)
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Ker d = Im d ⊕ Ker. (15)

The kernel of Laplace operator  on (M, g) is a finite dimension vector space
Hr (M,R) = {ω ∈ Ωr (M)|ω = 0} of harmonic r -forms, for r = 1, . . . , n − 1
(see [15, § 25], [12]). The dimension of Hr (M,R) is equal to the Betti number
br (M) of a manifold (M, g), i.e. br (M) = dimR Ker. It is known (see [12]), that
Betti numbers of a manifold (M, g) are dual in the sense of br (M) = bn−r (M) and
for n = 2r Betti numbers are invariant with respect to the conformal transformation
of metric g = e2 F g, because in this case δ = δ (see [2, Corollary 1.162]).

4.2 Let an n-dimensional closed manifold (M, g) be given and let us consider a
natural with respect to isometric dipheomorphisms differential operator of the first
order D: �r (M) → �1(M)⊗�1(M) being define by the following (see [3, pp. 312–
313], [16, 20])

D = ∇ − (r + 1)−1d − (n − r + 1)−1g ∧ δ, (16)

where ∧ denotes multiplication of an (r − 1)-form δω by a metric tensor which is
defined by the following rule

(g ∧ δω)(X0, X1, . . . , Xr ) =
r∑

a=1

(−1)ag(X0, Xa)(δω)(X1, . . . , X̂a, . . . , xr )

for arbitrary (X0, . . . , Xr ) ∈ C∞(T M).
Then the conditionω ∈ KerD,which is equal to the identity∇ω = (r+1)−1dω +

(n − r + 1)−1g ∧ δω, is a necessary and sufficient condition that an r -form ω is a
conformal Killing form, r = 1, . . . , n − 1 (see [16, 19, 20]).

Especially, it follows from this that for a conformal Killing vector field Z = ω#

any 1-form ω belongs to the kernel of differential operator of the first order

D := ∇ω − 1

2
dω + 1

n
g · δω,

which is called Ahlfors operator (see [14]).
In the [23] there is for operator D, defined by (16), found an adjoint operator D∗.

Moreover, there is also the rough Laplacian constructed by (see [2, Definition 1.135],
[3, pp. 316–317])

D∗D = 1

r(r + 1)

(

∇∗∇ − 1

r + 1
δd − 1

n−r + 1
dδ

)

, (17)

where ∇∗∇ is the rough Bochner Laplacian ([21]).
It follows from general theory that rough Laplacian on a closed Riemannian

manifold (M, g) is positive and elliptic (see [3, pp. 316–317]). Because it is an elliptic
operator, its kernel is a finite dimensional vector subspace. Therefore, the kernel of
a rough Laplacian KerD∗D is a finite dimensional vector space T r (M,R) = {ω ∈
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Ωr (M) | D∗Dω = 0}. Using the identity 〈D∗Dω,ω〉 = 〈Dω,Dω〉, we have that this
kernel consists of conformal Killing r -forms, for all r = 1, . . . , n−1 (see [16]).

In [17] and [24], the dimension tr (M) = dimRKerD∗D, for all r=1, . . . , n−1
is called Tachibana number of closed Riemannian manifold (M, g) as an analogy to
the Betti number br (M) = dimRKerΔ. Tachibana numbers as well as Betti numbers
are dual in the sense of tr (M) = tn−r (M) (see [17, 22, 24].) Evidently,

tr (M) ≤ (n + 2)!
(r + 1)!(n − r + 1)! .

Oneof themost important properties of conformalKilling forms is their conformal
invariance (see [4]), i.e. for an arbitrary conformal Killing r -form ω the form ω̄ =
e(r+1) f ω is a conformal Killing form with respect to the conformally equivalent
metric ḡ = e2 fg. This implies that Tachibana numbers tr (M) for r = 1, . . . , n−1
are conformal scalar invariants of a closed Riemannian manifold (see [17, 24]).

Coclosed conformal Killing (Killing) r -forms (1≤ r ≤ n − 1) form the vec-
tor space K r (M,R) = {ω ∈ Ωr (M) | D∗Dω = δω = 0}. The dimension
kr (M) = dimR(KerD∗D ∩ Ker δ) was in [17] and [24] called Killing number of
closed Riemannian manifold (M, g). Evidently,

kr (M) ≤ (n + 1)!
(r + 1)!(n − r)! .

Closed conformal Killing (planar) r -forms (1≤ r ≤ n − 1) form the vector space
Pr (M,R) = {ω ∈ Ωr (M) | D∗Dω = dω = 0}. Its dimension pr (M) =
dimR(KerD∗D ∩ Ker d) was in [17] and [24] called planar number of closed Rie-
mannian manifold (M, g). Evidently,

pr (M) ≤ (n + 1)!
r !(n − r + 1)! .

One of the most important properties of Killing and planar r -forms is their con-
formal invariance (see [4]), i.e. for an arbitrary conformal Killing (or planar) r -form
ω the form

ω̄ = e−(r+1) f ω for f = (n + 1)−1 ln

√
det g

det ḡ

is a Killing (respectively, planar) r -form with respect to the projectively equivalent
metric ḡ (see [24]).This implies that the Killing numbers kr (M) and planar numbers
pr (M) for r = 1, . . . , n − 1 are projective scalar invariants of the Riemannian
manifold (M, g).

To summarize, we may formulate

Proposition 4.1 On an n-dimensional closed Riemannian manifold (M, g) the fol-
lowing hold for all r, r=1 ,…,n − 1
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1. Tachibana numbers tr (M) are conformal scalar invariants, they are dual in the
sense tr (M) = tn−r (M) and they fulfill the relation

tr (M) ≤ (n + 2)!
(r + 1)!(n − r + 1)! ;

2. Killing numbers tr (M) and planar numbers pr (M) are projective scalar invari-
ants, they are dual in the sense kr (M) = pn−r (M) and they fulfill the relations

kr (M) ≤ (n + 1)!
(r + 1)!(n − r)! and pr (M) ≤ (n + 1)!

r !(n − r + 1)! .

4.3 We establish a connection between Betti numbers and Tachibana numbers. Two
following theorems hold.

Theorem 4.1 If Ricci tensor Ric of an n-dimensional compact and oriented confor-
mal planar Riemannian manifold (M, g), n ≥ 2, is definite, then Tachibana tk(M)

and Betti bl(M) numbers cannot be different from zero for arbitrary pair of indices
k, l = 1, . . . , n − 1 .

Proof Let Ricci tensor Ric be definite on a compact manifold (M, g), i.e. quadratic
form Ric(X, X) is definite for arbitrary nonzero vector field X ∈ C∞T M . Let us
suppose that quadratic form Ric(X, X) is positive definite and manifold (M, g) be
compact and oriented conformal flat manifold. Then b1(M) = · · · = bn−1(M) = 0,
in accordance with [31].

Further, to get a new expression of the rough Laplacian (17), let us use the classical
Bochner-Weitzenböck formula [2], which gives Δ = ∇∗∇ + Fr , where Fr may be a
algebraically (even linearly) expressed in terms of the curvature tensor R of manifold
(M, g). Now, the rough Laplacian may be written in the form

D∗D = 1

r(r + 1)

(

d∗d − n − r

n − r + 1
dd∗ − Fr

)

.

Then any conformal Killing r -form ω must fulfill the following equation

∫

M
g(Fr (ω), ω)dv = r

r + 1
〈dω, dω〉 + n − r

n − r + 1
〈d∗ω, d∗ω〉.

If we suppose that quadratic form Ric(X, X) is negative definite, then on a compact
conformal flat manifold we have the following inequality [31]

g(Fr (Θ),Θ) ≤ −n − r

n − 1
λ · g(Θ,Θ),

for the greatest (negative) eigenvalue −λ of the matrix ‖Ric‖, for all 1 ≤ r ≤ n − 1
and any nonzero form Θ ∈ Ωr (M). Consequently, any conformal Killing r -form ω

must fulfill the inequality
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r

(n − r)(r + 1)
〈dω, dω〉 + 1

n − r + 1
〈d∗ω, d∗ω〉 ≤ −n − r

n − 1
λ〈ω,ω〉.

This is possible only if a conformal Killing r -form vanishes at any point of manifold
(M, g) and then t1(M) = · · · = tn−1(M) = 0. The theorem is proved.

Theorem 4.2 If on an n-dimensional closed Riemannian manifold (M, g)Betti num-
ber br (M) = 0, for 1≤ r ≤ n − 1, and Tachibana number tr (M) > kr (M) �= 0,
then for Killing numbers kr (M) and planar numbers pr (M) it holds tr (M) =
kr (M) + pr (M).

Proof Let on an n-dimensional closed Riemannian manifold (M, g) Betti number
br (M) = 0, for 1≤ r ≤ n − 1. Then in decompositions (13–15) there is Ker = 0
and therefore we have the following orthogonal decomposition

Ωr (M) = Im d ⊕ Im δ (18)

and besidesKer d = Im d andKer δ = Im δ. Since tr (M) > kr (M) �= 0we obtain for
Killing number kr (M) = dimR(KerD∗D ∩ Im d∗) and for planar number pr (M) =
dimR(KerD∗D ∩ Im d) �= 0. Consequently, it is clear that decomposition (18)
implies the following orthogonal decomposition

KerD∗D = (KerD∗D ∩ Im δ) ⊕ (KerD∗D ∩ Im d). (19)

Itmay be rewritten in the form T r (M,R)= K r (R, M)⊕Pr (M,R), 1≤ r ≤ n−1,
where in accordance with (14) a space K r (M,R) consists of co-exact conformal
Killing r -forms and in accordance with (15) a space Pr (M,R) consists of exact
ones. It follows from this the equality tr (M) = kr (M) + pr (M). The summands on
the right side represent dimensions of namely these vector spaces. Let us remark that
in the case tr (M) = 0 the equality which may be proved turns into an identity.

The proof is finished.

Remark 4.1 In the article [25], an analogical orthogonal decomposition T r (M,R) =
K r (M,R)+ Pr (M,R) was established on an 2r -dimensional closed conformal flat
Riemannian manifold (M, g) with constant positive scalar curvature. Let us remark,
that br (M) = 0 is fulfilled in such manifold in accordance with [31].

In [17] this decomposition is established for a closed manifold with positive
curvature operator, where b1(M) = · · · = bn−1(M) = 0 in accordance with [13]. It
is important to say that in the both decompositions the space Pr (M,R) consists of
exact conformal Killing r -forms, 1≤r≤n − 1, and the space K r (M,R) consists of
coexact ones. These facts does not contained in the cited article.

Especially, for r = 1 we have the following corollary.

Corollary 4.1 If for an n-dimensional closed Riemannian the first Betti number
b1(M) = 0 and at the same time t1(M) �= 0, t1(M) �= k1(M), then (M, g) is globally
conformal to an n-dimensional sphere Sn of Euclidean space R

n+1. If s = const,
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s > 0, additionally, then a manifold (M, g) is globally isometric to the sphere
Sn. If for an n-dimensional closed Riemannian manifold s = const and s = 0 or
s = const and s < 0, then t1(M) = k1(M).

Proof For an n-dimensional closed Riemannian manifold (M, g) with b1(M) = 0,
t1(M) �= 0, t1(M) �= k1(M) we have the following orthogonal decomposition with
respect to the global inner product

T 1(M,R) = K 1(M,R) + P1(M,R), (20)

where P1(M,R) contains at least one exact conformal Killing 1-form, i.e. a form
which may be expressed as ω = gradf with ∇∇ f = ρg, where ρ = − 1

n Δ f. In
this case, manifold (M, g) is globally conformal to an Euclidean sphere Sn with the
standardmetric ḡcan (see [27]). It is known (see [32]), that the presence of orthogonal
decomposition (20) on closed Riemannian manifold (M, g) with an additional con-
dition s = const implies that (M, g) is globally isometric to the Euclidean sphere Sn .
Let us remark, that for a compact Riemannian manifold (M, g) with constant nega-
tive or zero curvature it holds t1(M) = k1(M), because in this case any conformal
Killing vector field is a Killing field (see [9]).

Remark 4.2 Conformal Killing and closed conformal Killing vector field is dual to
conformal Killing and planar 1-form, respectively. At the end of the past and begin-
ning of this century, these vector fields have been objects of an intensive interest in
connection with the study of groups of infinitesimal conformal transformations of
search criteria for conformity and isometry Riemannian manifold to the Euclidean
sphere (see [1, 6, 23, 28] and others.) Therefore, there exists a great number of
propositions, which are analogical to our proved corollary. Let us mention one of
them (see [23]). It says that any compact Riemannian manifold having finite funda-
mental group π1(M) and admitting a closed conformal Killing vector field, which is
not an infinitesimal isometry, is diffeomorphic to the Euclidean sphere. Adding the
condition of constancy of the scalar curvature we obtain that such manifold must be
isometric to the Euclidean sphere (see [28]). Le us add, the finiteness of a fundamen-
tal group π1(M) implies automatically that first Betti number b1(M) is equal to zero
and closed conformal Killing vector field is the gradient at the same time.
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