Differential Geometry of Microlinear
Frolicher Spaces IV-1

Hirokazu Nishimura

Abstract The fourth paper of our series of papers entitled “Differential Geometry
of Microlinear Frolicher Spaces” is concerned with jet bundles. We present three
distinct approaches together with transmogrifications of the first into the second and
of the second to the third. The affine bundle theorem and the equivalence of the three
approaches with coordinates are relegated to a subsequent paper.

1 Introduction

As the fourth of our series of papers entitled “Differential Geometry of Microlinear
Frolicher Spaces” [14—16], this paper will discuss jet bundles. Since the paper has
become somewhat too long as a single paper, we have decided to divide it into two
parts. In this first part we will present three distinct approaches to jet bundles in
the general context of Weil exponentiable and microlinear Frolicher spaces. In the
subsequent part [17], we will establish the affine bundle theorem in the second and
the third approaches, and we will show that the three approaches are equivalent, as
far as coordinates are available (i.e., in the classical context).

This part consisits of 7 sections. The first section is this introduction, while
the second section is devoted to some preliminaries. We will present three distinct
approaches to jet bundles in Sects. 3, 4 and 5. In Sect. 6 we will show how to translate
the first approach into the second, while Sect. 7 is devoted to the transmogrification
of the second approach into the third.

We have already discussed these three approaches to jet bundles in the context of
synthetic differential geometry, for which the reader is referred to our previous work
[8-13]. Now we have emancipated them to the real world of Frolicher spaces.
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2 Preliminaries

2.1 Frolicher Spaces

Frolicher and his followers have vigorously and consistently developed a general
theory of smooth spaces, often called Frolicher spaces for his celebrity, which were
intended to be the maximal class of spaces where smooth structures can live. A
Frolicher space is an underlying set endowed with a class of real-valued functions
on it (simply called structure functions) and a class of mappings from the set R
of real numbers to the underlying set (simply called structure curves) subject to
the condition that structure curves and structure functions should compose so as to
yield smooth mappings from R to itself. It is required that the class of structure
functions and that of structure curves should determine each other so that each of
the two classes is maximal with respect to the other as far as they abide by the above
condition. What is most important among many nice properties about the category FS
of Frolicher spaces and smooth mappings is that it is cartesian closed, while neither
the category of finite-dimensional smooth manifolds nor that of infinite-dimensional
smooth manifolds modelled after any infinite-dimensional vector spaces such as
Hilbert spaces, Banach spaces, Fréchet spaces or the like is so at all. For a standard
reference on Frolicher spaces, the reader is referred to [2].

2.2 Weil Algebras and Infinitesimal Objects

2.2.1 The Category of Weil Algebras and the Category of Infinitesimal Objects

The notion of a Weil algebra was introduced by Weil himself in [18]. We denote
by W the category of Weil algebras, which is well known to be left exact. Roughly
speaking, each Weil algebra corresponds to an infinitesimal object in the shade. By
way of example, the Weil algebra R[X]/(X?) (=the quotient ring of the polynomial
ring R[X] of an indeterminate X over R modulo the ideal (X?) generated by X?)
corresponds to the infinitesimal object of first-order nilpotent infinitesimals, while
the Weil algebra R[X]/(X?) corresponds to the infinitesimal object of second-order
nilpotent infinitesimals. Although an infinitesimal object is undoubtedly imaginary
in the real world, as has harassed both mathematicians and philosophers of the 17th
and the 18th centuries such as philosopher Berkley (because mathematicians at that
time preferred to talk infinitesimal objects as if they were real entities), each Weil
algebra yields its corresponding Weil functor or Weil prolongation on the category
of smooth manifolds of some kind to itself, which is no doubt a real entity. By way
of example, the Weil algebra R[X]/(X 2) yields the tangent bundle functor as its
corresponding Weil functor. Intuitively speaking, the Weil functor corresponding to
a Weil algebra stands for the exponentiation by the infinitesimal object corresponding
to the Weil algebra at issue. For Weil functors on the category of finite-dimensional
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smooth manifolds, the reader is referred to §35 of [5], while the reader can find a
readable treatment of Weil functors on the category of smooth manifolds modeled
on convenient vector spaces in §31 of [6]. In [14] we have discussed how to assign,
to each pair (X, W) of a Frolicher space X and a Weil algebra W, another Frolicher
space X ® W called the Weil prolongation Weil prolongation of X with respectto W,
which is naturally extended to a bifunctor FS x W — FS. And we have shown that,
given a Weil algebra W, the functor assigning X ® W to each object X in FS and
f ® idw to each morphism f in FS, namely, the Weil functor on FS corresponding
to W is product-preserving. The proof can easily be strengthened to

Theorem 2.1 The Weil functor on the category FS corresponding to any Weil alge-
bra is left exact.

There is a canonical projectionm: X@W — X.Givenx € X, we write (X @ W),
for the inverse image of x under the mapping w. We denote by S,, the symmetric
group of the set {1, ..., n}, which is well known to be generated by n — 1 transpositions
(i, i + 1) exchanging i and i 4+ 1(1 <i < n — 1) while keeping the other elements
fixed. Given o € S;, and y € X ® #pn, we define y° € X ® #pn to be

y? = (idx ® #d,....d)eD"> (do 1y.rdoiyyeD?) (V)
Giveno e Randy € X @ #pn, wedefineo -y e y €e X @ #Wpn (1 <i <n)tobe
1
,,,,, dn)GD”H(dl,..‘,d,',l,Otdi,dl‘Jr],..‘,dn)ED”) (V)
Givene e Randy € X @ #p,, we defineay € X ® #p, (1 <i <n)tobe
ay = (idx ® #aepy—saden,) (V)

for any d € D,,. The restriction mapping y € Tf"“ (M) — vlp, € Tf" (M) is
often denoted by 7,41 5.
Between X ® #pn and X @ #pn+1 there are 2n+ 2 canonical mappings:

d.
XQ@Wpi1i —=> XQ@Wpn (1<i<n+1)
Si
Forany y € X @ #pn, we define s;(y) € X ® #pn+1 to be

si(y) = (idx ® Wy D bty 1)) )

Forany y € X @ #pn+1, we define d; (y) € X ® #pn to be

di(y) = (idx ® W(dl-,~~~,dn)€D"r—>(d|,...,di,l,O,d,-,...,d,,)eD"“) )
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These operations satisfy the so-called simplicial identities (cf. Goerss and Jardine
[3]), so that the family of X ® #p»’s together with mappings s;’s and d;’s form a
so-called simplicial set.

Synthetic differential geometry (usually abbreviated to SDG), which is a kind
of differential geometry with a cornucopia of nilpotent infinitesimals, was forced
to invent its models, in which nilpotent infinitesimals were visible. For a standard
textbook on SDG, the reader is referred to [7], while he or she is referred to [4] for
the model theory of SDG constructed vigorously by Dubuc [1] and others. Although
we do not get involved in SDG herein, we will exploit locutions in terms of infini-
tesimal objects so as to make the paper highly readable. Thus we prefer to write #p
and #p, in place of R[X]/ (X?%) and R[X] /(X 3 respectively, where D stands for
the infinitesimal object of first-order nilpotent infinitesimals, and D stands for the
infinitesimal object of second-order nilpotent infinitesimals. To Newton and Leibniz,
D stood for

{d eR|d* =0}

while D, stood for
(deR|d*>=0)

More generally, given a natural number n, we denote by D,, the set
{d e Rld"t! =0},

which stands for the infinitesimal object corresponding to the Weil algebra R[X]/
(X"*1). Even more generally, given natural numbers m, n, we denote by D (m), the
infinitesimal object

{(dy,....dy) € R"|d;,..d; ., = O},

int1

where i1, ..., ip+1 shall range over natural numbers between 1 and m including both
ends. It corresponds to the Weil algebra R[ X, ..., X,,]/1, where I is the ideal gen-
erated by X;,...X;,,,’s. Therefore we have

D(1), = Dy
D (m); = D (m)
Trivially we have
D(m), S D(m)p41

It is easy to see that

D(my), x D(m3)1 € D(my + m2),41
D(my +m3), € D(my), x D(my),
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By convention, we have
D’ =Dy=1{0}=1

A polynomial p of d € D, is called a simple polynomial of d € D, if every
coefficient of p is either 1 or 0, and if the constant term is 0. A simple polynomial p
of d € D, is said to be of dimension m, in notation dim(p) = m, provided that m is
the least integer with p”*! = 0. By way of example, letting d € D3, we have

dim (d) = dim (d + d*) = dim (d + d°) = 3
dim (d%) = dim (@°) = dim (d> + d°) = 1

We will write #yc p,, 42¢ p for the homomorphism of Weil algebras R[X]/(X 2)
— R[X]/(X?) induced by the homomorphism X — X2 of the polynomial ring
R[X]toitself. Such locutions are justifiable, because the category W of Weil algebras
in the real world and the category D of infinitesimal objects in the shade are dual to
each other in a sense. Thus we have a contravariant functor % from the category of
infinitesimal objects in the shade to the category of Weil algebras in the real world.
Its inverse contravariant functor from the category of Weil algebras in the real world
to the category of infinitesimal objects in the shade is denoted by Z. By way of
example, Zg(x)/(x2) and Zr(x/(x3) stand for D and D, respectively. Since the
category W is left exact, the category D is right exact, in which we write D @ I’ for
the coproduct of infinitesimal objects D and ID'. For any two infinitesimal objects
D, D’ with D € I/, we write i or ip_,qy for its natural injection of D into D'. We
write m or mp, x p,,— p, for the mapping (d, d/) e D, x D,, — dd' € D,,. Given
a € R, we write | a- for the mapping

] D"
(dy,....,dy) € D" — (dy,..di—1,ad;,diy1, ...,d,) € D"

To familiarize himself or herself with such locutions, the reader is strongly encour-
aged to read the first two chapters of [7], even if he or she is not interested in SDG
at all.

2.2.2 Simplicial Infinitesimal Objects
Definition 2.1 1. Simplicial infinitesimal spaces are objects of the form
D {m; .} ={(d, ..., dn) € D"|d;,...d;, = 0 for any (i1, ..., ix) € L},
where . is a finite set of sequences (i1, ..., i) of natural numbers with 1 <
<. <ip <m.

2. A simplicial infinitesimal object D {m; .#} is said to be symmetric if (dy, ..., d,)
€ D{m; .} and o € S, always imply (ds(1y, ... doom)) € D {m; S}.
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To give examples of simplicial infinitesimal spaces, we have

D(2) = D{2:(1,2)}
D(3) = D{3;(1,2),(1,3),(2,3)},

which are all symmetric.

Definition 2.2 1. The number m is called the degree of D {m; .}, in notation:
m = deg D {m; ./}.

2. The maximum number n such that there exists a sequence (iy, ..., i) of natural
numbers of length n with 1 <i; < --- < i, < m containing no subsequence in
< is called the dimension of D {m; ./}, in notation: n = dim D {m; .”}.

By way of example, we have

deg D(3) =deg D {3; (1,2)} =deg D {3; (1,2), (1, 3)} = deg D=3

dim D3) = 1
dim D {3: (1,2)} = dim D {3; (1,2), (1,3)} =2
dim D? =3

It is easy to see that

Proposition 2.1 ifn = dim D {m; .}, then
di+---+dy D,
forany (dy, ..., dy) € D {m; .}, so that we have the mapping
+D{m: 75D, D {m; S} — D,

Definition 2.3 Infinitesimal objects of the form D™ are called basic infinitesimal
objects.
Definition 2.4 Given two simplicial infinitesimal objects D {m;.”} and
D {m’'; #'}, a mapping

0= (@1, ..., o) : D{m; S} — D{m’; 5”}
is called a monomial mapping if every ¢; is a monomial in dy, ..., d, with
coefficient 1.

Notation 2.2 We denote by D {m}, the infinitesimal object

{(dlv sey dm) [S Dm|dlldl = 0},

n+1

where iy, ..., iny1 shall range over natural numbers between 1 and m including both
ends.
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2.2.3 Quasi-Colimit Diagrams

Definition 2.5 A diagram in the category D is called a quasi-colimit diagram if its
dually corresponding diagram in the category W is a limit diagram.

Theorem 2.3 (The Fundamental Theorem on Simplicial Infinitesimal Objects) Any
simplicial infinitesimal object D of dimension n is the quasi-colimit of a finite diagram
whose objects are of the form D¥’s (0 < k < n) and whose arrows are natural
injections.

Proof Let D = 2(m; ). For any maximal sequence 1 < i; < --- < iy < m of
natural numbers containing no subsequence in .% (maximal in the sense that it is
not a proper subsequence of such a sequence), we have a natural injection of D*
into ID. By collecting all such D¥’s together with their natural injections into ID, we
have an overlapping representation of I in terms of basic infinitesimal spaces. This
representation is completed into a quasi-colimit representation of ID by taking D'
together with its natural injections into D*' and D*2 for any two basic infinitesimal
spaces D*1 and D*2 in the overlapping representation of ID, where if DX and D*2
come from the sequences 1 < i) < -+ < iy, <mand 1 < 171 < < szz <m
in the above manner, then D' together with its natural injections into D*' and Dk
comes from the maximal common subsequence 1 < ?1 << l~[ < m of both the
preceding sequences of natural numbers in the above manner. By way of example,
the above method leads to the following quasi-colimit representation of D=D {3},:

D2
i1 /1 N iz
D Vi D
i1l D(3)2 J i
D? i3 / N iz D?
2\ /i
D

In the above representation i j;’s and i;’s are as follows:

1. the j-th and k-th components of i jx(d1, d2) € D(3)2 are dy and ds, respectively,
while the remaining component is 0;
2. the j-th component of i ;(d) € D? is d, while the other component is 0.

Definition 2.6 The quasi-colimit representation of ID depicted in the proof of the
above theorem is called standard.

Remark 2.1 Generally speaking, there are multiple ways of quasi-colimit represen-
tation of a given simplicial infinitesimal space. By way of example, two quasi-colimit
representations of D {3; (1, 3), (2, 3)} (= (D x D)&® D) were given in Lavendhomme
[7, pp. 92-93] (§3.4, pp. 92-93), only the second one being standard.
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2.3 Weil-Exponentiability and Microlinearity

2.3.1 Weil-Exponentiability

We have no reason to hold that all Frolicher spaces credit Weil prolongations as
exponentiations by infinitesimal objects in the shade. Therefore we need a notion
which distinguishes Frolicher spaces that do so from those that do not.

Definition 2.7 A Frolicher space X is called Weil exponentiable it
(X ® (W1 @ W2)) = (X ® WD) @ W2 )

holds naturally for any Frolicher space Y and any Weil algebras Wi and W,.

If Y = 1, then (1) degenerates into
X® (W1 Qo W2) = (X ® W) QW
If W1 = R, then (1) degenerates into
X W) =X @ W
The following three propositions have been established in our previous paper [14].

Proposition 2.2 Convenient vector spaces are Weil exponentiable.

Corollary 2.1 C®-manifolds in the sense of [6] (cf. Section 27) are Weil exponen-
tiable.

Proposition 2.3 If X is a Weil exponentiable Frolicher space, then sois X @ W for
any Weil algebra W.

Proposition 2.4 If X and Y are Weil exponentiable Frilicher spaces, then so is
X xY.

The last proposition can be strengthened to

Proposition 2.5 The limit of a diagram in FS whose objects are all Weil-
exponentiable is also Weil-exponentiable.

Proof Let I be a diagram in FS. Given a Weil algebra W, we write I" ® W for the
diagram obtained from I by putting @ W to the right of every object in I" and ®idy
to the right of every morphism in I".We have
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(Lim ') ® (W) ®oc Wa))”
= (Lim (I’ ® (W] ®c W2)))¥
=Lim (I' ® (W] ®x W2))¥

= Lim ((F W)’ ® Wz)
- (Lim (r® Wl)y) W,

= (Lim ("' W)Y @ W
= (Lim M@ W)’ @ w,

so that we have the coveted result.

We have already established the following proposition and theorem in in our
previous paper [14].

Proposition 2.6 If X is a Weil exponentiable Frolicher space, then so is XY for any
Frolicher space Y.

Theorem 2.4 Weil exponentiable Frolicher spaces, together with smooth mappings
among them, form a Cartesian closed subcategory FSwg of the category FS.

2.3.2 Microlinearity

The central object of study in SDG is microlinear spaces. Although the notion of a
manifold (=a pasting of copies of a certain linear space) is defined on the local level,
the notion of microlinearity is defined on the genuinely infinitesimal level. For the
historical account of microlinearity, the reader is referred to §§2.4 of [7] or Appendix
D of [4]. To get an adequately restricted cartesian closed subcategory of Frolicher
spaces, we have emancipated microlinearity from within a well-adapted model of
SDG to Frolicher spaces in the real world in [15]. Recall that

Definition 2.8 A Frolicher space X is called microlinear providing that any finite
limit diagram I" in W yields a limit diagram X ® I" in FS, where X ® I" is obtained
from I" by putting X® to the left of every object in I" and idx ® to the left of every
morphism in I".

Generally speaking, limits in the category FS are bamboozling. The notion of
limit in F'S should be elaborated geometrically.

Definition 2.9 A finite cone I in FS is called a transversal limit diagram providing
that I" @ W is a limit diagram in FS for any Weil algebra W, where the diagram
I' ® W is obtained from I" by putting W to the right of every object in I" and
®idw to the right of every morphism in I". The limit of a finite diagram of Frolicher
spaces is said to be transversal providing that its limit diagram is a transversal limit
diagram.
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Remark 2.2 By taking W = R, we see that a transversal limit diagram in FS is
always a limit diagram in FS.

We have already established the following two propositions in [15].

Proposition 2.7 If I is a transversal limit diagram in ¥S whose objects are all Weil
exponentiable, then I'X is also a transversal limit diagram for any Frolicher space
X, where I'’X is obtained from I" by putting X as the exponential over every object
in I and over every morphism in I'.

Proposition 2.8 If I" is a transversal limit diagram in FS whose objects are all Weil
exponentiable, then I' ® W is also a transversal limit diagram for any Weil algebra
W.

The following results have been established in [15].
Proposition 2.9 Convenient vector spaces are microlinear.
Corollary 2.2 C®-manifolds in the sense of [6] (cf. Section 27) are microlinear.

Proposition 2.10 If X is a Weil exponentiable and microlinear Frolicher space, then
sois X @ W for any Weil algebra W.

Proposition 2.11 The class of microlinear Frolicher spaces is closed under transver-
sal limits.

Corollary 2.3 Direct products are transversal limits, so that if X and Y are micro-
linear Frolicher spaces, then sois X X Y.

Proposition 2.12 If X is a Weil exponentiable and microlinear Frolicher space, then
so is XY for any Frolicher space Y .

Proposition 2.13 Ifa Weil exponentiable Frolicher space X is microlinear, then any
finite limit diagram I" in W yields a transversal limit diagram X ® I" in FS.

Theorem 2.5 Weil exponentiable and microlinear Frolicher spaces, together with
smooth mappings among them, form a cartesian closed subcategory FSwg mL of the
category FS.

2.4 Convention

Unless stated to the contrary, every Frolicher space occurring in the sequel is assumed
to be microlinear and Weil exponentiable. We will fix a smooth mapping 7: £ — M
arbitrarily. In this paper we will naively speak of bundles simply as smooth mappings
of microlinear and Weil exponentiable Frolicher spaces, for which we will develop
three theories of jet bundles. We say that t € M ® #p is degenerate providing that
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t = (i—-m ®idy,,) (1)

for some x € M and some ' € {x} ® #p. We say that t € E ® ¥} is vertical
provided that (7 ® idyy, ) (7) is degenerate. We write (E ® #)* for the totality of
vertical t € E Q@ #p.

3 The First Approach to Jets

Definition 3.1 A 1-tangential over the bundle 7: E — M at x € E is a mapping
Vi (M ® #D)rxy = (E ® #p), subject to the following three conditions:

1. We have
(71 ® id%) (Vi) =t

forany t € (M @ #D)y(x)-
2. We have
Vilat) = aVi(1)

forany t € (M ® #D)y(x) and any a € R.
3. The diagram

(M QWD) (xy 1Ay @ #(d.eyeDxDyrsedeD (M & #D)g(x) @ #b,,
Vil I Vi® idWDm
(E®#p)y g ®@ #d.e)eDxDypsedenp (EQ WD) ¥,

is commutative, where m is an arbitrary natural number.

We note in passing that condition (1.2) implies that V, is linear by dint of Propo-
sition 10 in §1.2 of [7].

Notation 3.1 We denote by J )1( () the totality of 1-tangentials V, over the bundle
7w: E — M atx € E. We denote by J' (1) the set-theoretic union ofJ)]C (m)’s for all
x € E. The canonical projection J Y7) = E is denoted by m1,0 with

T = (7‘[ ®idWD) 0 7T1,0-
Definition 3.2 Let F be a morphism of bundles over M from 7 to 7’ over the same

base space M. We say that a | -tangential Vy over m at a point x of E is F-related
to a 1-tangential V() over r’ at F(x) of E’ provided that

(F ®idy;,) (Va(1) = Vi (1)

forany t € (M @ #D)y(x)-
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Notation 3.2 By convention, we let

o =m0 =1m=E

with
70,0 = 0,0 = M,0 = idg
and
J'N[o = ﬁ'() =g =T
We let
Iy =J') =3 ()
with
1,0 =T1,0 = T1,0
and

ﬁ]zﬁlzﬂl

Notation 3.3 Now we are going to define J**' (), () and J¥*+1 () together
with mappings Ty x: ¥ () = K@), fegrn: ) — K@) and 7
I () — JK(r) by induction on k > 1. Intuitively speaking, these are intended for
non-holonomic, semi-holonomic and holonomic jet bundles in order. We let wj+1 =
Tk © Wht 1,k » Tkl = Tk © Mgy 1,k and Ty = Tk O 1 k-

1. First we deal with J**' (1), which is defined to be ' (7ty) with 7ty 11.x = (1) 1.0-

2. Next we deal with jk+1(n), which is defined to be the subspace Ole (k) con-
sisting of Vy’s withx =V, € jk () abiding by the condition that V. is Tk j—1-
related to V.

3. Finally we deal with J* N (), which is defined to be the subspace of J ()
consisting of Vy’s withx =V, € J* () abiding by the conditions that V, is
7k k—1-related to Vy and that the composition of mappings

(M & WDz)nk(x)

(idM ® %ED!—)(d,O)EDZ’ idy ® W(dl.dz)EDzl—)(dz‘d])GDz)
(M ® #D) xyaw, (M ® Vp2))

Vx X idM®WDZ
_—

(Jk(ﬂ) ® WD) XMy (M ® WDZ))

e (x)

Vo

T ()

= ((Jk(rr) ® WD) X ey (M ® Wp) WD))
7 (X)
_ ((Jk(n) Xy (M ® WD)) ® 7//13)

Tk (X)
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((v.0) € 360 xu M@ W) > V(1) € (I 0y © ) ) @ idy,

(P @ #b) & 7
=) ) @ e

is equal to the composition of mappings
(M ® WDZ)T[/( (X)

<idM ® #yeDis(0.d)eD?> idM®WDz>

((M @ #p) xuew, (M ® #p2))

Vx X idM®WDZ
_—

e (x)

((Jk(ﬂ) ® WD) X ey (M ® WDZ))

T ()

= ((Jk(rr) ® WD) X ey (M ® Wp) ® WD))

7 ()

— ((Jk(n) Xy (M ® WD)) ® V//D)

Tk (X)

((v.0) € 30 xu M@ W) > V(1) € (I ) @ ) ) @ idy,

(= @ 7b) & 7
=1 ) ® W
dyk—1(7) @ W4y dr)e D> (do.dy)e D2

I ) @ #pe

peﬁnition 3.3 Elements of J"(r) are called n-subtangentials, while elements of
J" () are called n-quasitangentials. Elements of J” () are called n-tangentials.

4 The Second Approach to Jets

Definition 4.1 Let n be a natural number. A D"-pseudotangential over the bundle
w:E— Matx € Eisamapping Vi: (M @ #pn)y) — (E ® #pn), abiding by
the following conditions:
1. We have

(7 ®idy,,) (Va(y) =y

forany y € (M ® #pn)p(x)-
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2. We have
Vx(alzy)=alex()/) (I<i=<n)

forany y € (M ® #pn)z(x) and any a € R.
3. The diagram
(M Q@ #pn)gxy = (M Wpr)ry ® #b,,
A LV, ®idy,,
(EQWp)y — (EQWp),® Wb,

is commutative, where m is an arbitrary natural number, the upper horizontal
arrow is

idy @ Wdy....dy,e) D" x D> (d1 oo di—10dy di11,...dy) D" 5

and the lower horizontal arrow is

g @ Wdy,....dw.0)eD" x D> (dy..di—1 0d; diy 1. dy)E D"

4. We have
Vx()/g) = (Vy ()’))U

forany y € (M ® #pn)x(y) and for any o € S,,.

Remark 4.1 The third condition in the above definition claims what is called infini-
tesimal multilinearity, while the second claims what is authentic multilinearity.

Notation 4.1 We denote by J f” () the totality of D"-pseudotangentials V, over
the bundle m: E — M at x € E. We denote by o () the set-theoretic union of
Jf” (m)’s for all x € E. In particular, JDO () = E by convention.

Lemma 4.1 The diagram

ldE ® /W(d d, .d n+1 n

Loeees s 1ED —(dy,..., dy)eD’
E ® WD" s " E ® WD'I-H

idE®WDn+l
E ® WDn-H
e @ Way,....dy.dys)e D> d...dy,0)€ D

is an equalizer.
Proof It is well known that the diagram

Wd d, .d, Dn+l d d Dn ldW n+1
WD" (dy,....dn,dy11)€ = (dy,..., )€ WD;H»] D WD”+1

Wy ....dy dys)eD ™ > (dy .. dy 0 €DP

is an equalizer in the category of Weil algebras, so that the desired result follows
from the microlinearity of E.
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Corollary 4.1 y € E @ #pu+1 is in the equalizer of
idE®W0n+l

E ® WDn-H E ® WDn-H
ldE ® W(dl,...,d,,,d,l+1)€D”+li—>(d1 ..... dy,0)e D"+l

iff
Y = (Spr10dut1) ()

Proof This follows simply from
Snt10lnt1 =1dE @ (g, . dy.dyi)eD" > (dy.....dy,0)€ DM
Proposition 4.1 Let V, be a D" -pseudotangential over the bundle w: E — M

atx € E. Lety € (M ® #pn)y(y) Then we have

..........

so that

Vi(Sn41(¥)) = Sn1 0 dpt1) (Vi (Sp41(¥)))

Proof For any @ € R, we have

- (V
a (Vx(Sn+1(¥)))
=V .
x (o i (Sn+1(¥)))
= Vi (Sn+1(¥))
Therefore we have the desired result by letting @ = 0 in the above calculation.

Corollary 4.2 The assignment
Y €M QWpn)gy > dnt1 (Va(Sn+1(¥))) € (E @ #pn),
is an n-pseudotangential over the bundle &7 : E — M at x.

Notation 4.2 By this Corollary, we have canonical projections T, 1 »: jor! () —>
+1,

wr (). By assigning w(x) € M to each n-pseudotangential V over the bundle m:
E — M at x € E, we have the canonical projections T, " () — M. Note that
TTn © Tnt1.n = Tnt1 For any natural numbers n, m with m < n, we define T -
IP"(r) = IP" () 10 be Tps1m © oo © Tpn—t.

Now we are going to show that
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Proposition 4.2 LetV, € gt (7). Then the following diagrams are commutative:

(M ® WDnH)ﬂ(x) Vi (E ® WDnﬂ)x
si 1 TS

(M ® WD)y Tnt1.0(Vy) (E®@Wpn)x

(M@ WD”Jrl)n(x) Vx (E @ Wpin),
d | I d;

(M @ #pn)r(x) Tnt1,0(Vi) (E ® #pn),
Proof By the very definition of 7,41 ,, we have
Sn+1(Tnt1 (V) (7)) = Vi (snt1(¥))
forany y € (M ® #pn)x(y)- Fori # n + 1, we have

Si @n+1,0 (V) (1))

= (501 a1 (V)
)<i+1,i+2,...,n,n+1)

)(i n+1))(i+l,i+2,...,n,n+1>

(AT s
v (((sn+1<y>><fsn+1>) f+1~i+2,--.,n,n+1>)
Vi

(si (¥)

)(i+1,i+2 ..... n.n+1)
(

Now we are going to show that
di (Vx(¥)) = @nt1.0 (V) (di (1))

forany y € (M ® WD,,H) First we deal with the case of i = n 4 1. We have

m(x)"

dn+l(vx(y))
:dn-i-l(o . Vx(y))
n+1

=dy11(Vx(0 - ¥))
n+1

= dp11(Vx(Su+1(dn+1(¥))))
= (Tnt1,2 (V) (dpy1(¥))

Fori # n + 1, we have
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di(V(7))
= (drer (Teipinin)) "

, (n,n—1,...
= (41 (Ve(r )

= (Tn+1,0(Ve)) (di ()
Thus we are done through.

Corollary 4.3 Let Vi, Vi € 32" () with

ﬁn+l,n(vx+) = ﬁn+l,n(v;)

Then
(ids @ iy o) (V) = (10 @ Fy, ) (V5 )

forany y € (M ® WD,.+|)

w(x)”

Definition 4.2 The notion of a D"-tangential over the bundle 7: E — M at x is
defined by induction on n. The notion of a D-tangential over the bundle r: £ — M
at x shall be identical with that of a D-pseudotangential over the bundle 7: E — M
at x . Now we proceed inductively. A D"*!-pseudotangential

Vit (M@ Wpni1) () = (E® Wpuit),

over the bundle 7: E — M atx € E is called a D" !-tangential over the bundle 7:
E — M at x if it acquiesces in the following two conditions:

1. y41.,(Vy) is a D"-tangential over the bundle 7: E — M at x.
2. Forany y € (M ® #pn)y(x), We have

Notation 4.3 We denote by J f " (7r) the totality of D" -tangentials V. over the bundle
w: E — M at x € E. We denote by o () the set-theoretic union ofJ)CD'l (m)’s for
all x € E. In particular, ,,]IDO () = j]DO () = E by convention and JP (n) =
JP (1) by definition. By the very definition of D"-tangential, the projections 41 n:
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A 1 A . . 1
ot () — JP" () are naturally restricted to mappings Tp41 n: Jort () —>

o (). Similarly for w,: o () > Mand 7ty p: o () —> P () withm < n.
It is easy to see that

Proposition 4.3 Let m, n be natural numbers withm < n. Let ki, ..., ky, be positive
integers with ki + - - - + k,, = n. For any V, € o (m),anyy € M ® WDm)ﬂ(x)
and any o € S, we have

\Y% idy @ #

o M ..., dn)eD"’_)(da(l)wda(k])vda(k]+l)<--da(kl+k2) ..... da(k]+‘.A+k,,,,]+l)-~da(n)) )
=(idg @7

(E dp,..., dn)EDn'_)(da(l)“-do(kl)vdcr(kl+l)-~da(k]+k2)a--~~do(k|+...+km,|+l)~-da(n))

(0. (V) ()

Interestingly enough, any D"-pseudotangential naturally gives rise to what might
be called a D-pseudotangential for any simplicial infinitesimal space D of dimension
less than or equal to 7.

Theorem 4.4 Let n be a natural number. Let D be a simplicial infinitesimal space of
dimension less than or equal to n. Any D" -pseudotangential V over the bundle 1 :
E — M at x € E naturally induces a mapping VP: (M QWD) rx) — (EQ WD),
abiding by the following three conditions:

1. We have
(JT ® idWD) (VP()/)) =y

forany y € (M ® WD) (x)-
2. We have

Vv =a: (V)

forany a € R and any y € (M & #D)x(x), Where i is a natural number with
1 <i <degD.
3. The diagram
M WD)y = M WD)y ® #p
Vil 1 Ve® idWDm
(E® WD)x - (E® W]D))x ® WDm

m

is commutative, where m is an arbitrary natural number, the upper horizontal
arrow is

dr,e)eDX Dy, (dy,...,di—1,ed; diy1,...dy) €D»

yeees

and the lower horizontal arrow is

,,,,, di,e)eDx Dy (dy,....d;—1.ed; di11,...d) €D
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withk =degDand 1 <i <k.

If the simplicial infinitesimal space D is symmetric, the induced mapping V)ICD):
(M @ #D)rxy — (E® WD), acquiesces in the following condition of symmetry
besides the above ones:

o We have
VP 7) = (VP (y))”

forany o € Sy andany y € (M @ WD) (x)-

Proof For the sake of simplicity in description, we deal, by way of example, with the
case thatn = 3 and D = D {3},, for which the standard quasi-colimit representation
was given in the proof of Theorem 2.3. Therefore, giving y € (M ® WDB}z)

(x)
is equivalent to giving Y12, 13, V23 € (M ® WDz)n(x) with da(y12) = da(y13),
d;(y12) = da2(y»3) and d1(y13) = d;(y23). By Proposition 4.2, we have

Ao (732 (Vo) (712)) = 32 (Vi) (d2(y12)) = 732 (Vi) (d2(y13)) = da(@3,2 (Vi) (13))
di (@32 (Vy) (12)) = 3,2 (Vo) (d1(712)) = 73,2 (Vi) (d2(23)) = da(@32 (Vi) (123))
di (@32 (Vy) (13) = 73,2 (Vo) (d1(713) = 73,2 (Vo) (d1(123)) = di (73,2 (Vi) (123)),

which determines a unique mez (y) € (E ® WDB}Z)X with

di (VPBR () =735 (Vy) (123)
da(VPBR () = 735 (Vo) (113)
d3(VPBR () = 735 (Vi) (112).

The proof that V©'"?: (M ® Ppih) pey — (E®#3),), acquiesces in the
desired four properties is safely left to the reader.

Remark 4.2 The reader should note that the induced mapping VP is defined in terms
of the standard quasi-colimit representation of . The concluding corollary of this
subsection will show that the induced mapping VP is independent of our choice of
a quasi-colimit representation of ID to a large extent, whether it is standard or not, as
long as V is not only a D"-pseudotangential but also a D"-tangential. We note in
passing that 77, ,, (V) with m < n is no other than V)?m.

Proposition 4.4 Let n': P — E be another bundle with x € P. If Vi is a n-
tangentialy over the bundle m: E — M at n'(x) € E and V, is a n-tangential,
over the bundle w': P — E at x € E, then the composition Vy o V() is a n-
tangentialy over the bundle t on’: P — M at x € E, and 7, ,—1(Vy o Vo) =
Tn,n—1(Vy) 0 Ty n—1(Vyr(x)) provided that n > 1.

Proof In case of n = 0, there is nothing to prove. It is easy to see that if Vr(y) is
a n-tangential over the bundle 7: E — M at 7’(x) € E and V, is a n-tangentialy
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over the bundle 7’: P — E at x € E, then the composition Vy o Vy/(,y is an
n-pseudoconnection over the bundle 7: E — M at x € P.If Vi isa (n + 1)-
tangentialy over the bundle 7: E — M at 7’ (x) € E and V, is a (n + 1)-tangentialy
over the bundle 7’: P — E at x € P, then we have

7Tn+1,n(vx © V7'[/()c)) =dyt10Vyo V7'[’()6) O Sp+1
=dyr10oVyios,prodyggo Viai(x) © Sp+1
[By Proposition 4.1]

= Tn+1,n(Vx) © Tt 1.0 (Vi ()
Therefore we have
Vx © Vn/(x)((ldM ® %d],...,d,z,d,,+1)€D’l+l|—>(dl ..... dndn+1)€D") (y))
= Vx (Vn’(x) ((ldM ® %dl,----,

= Vx ((ldE ® %dl ----- dnvdnJrl)EDn_Hl—)(d[ ,,,,, dﬂd,,Jrl)ED”) (7Tn+1,n(vn’(x))(y)))

..... dyodiy ) D (dy oy ye D) (Tnttn (Vi) (Tns1n (V) (1))

dnsdnJrl)ED”Jrl'—)(d] ..... dndnJr[)ED”) (y)))

..... oy €D > (dy o)D) (410 (Vi © Vi)

Thus we can prove by induction on n that if V/(y) is a n-tangential, over the bundle
7: E — M at n'(x) € E and V, is a n-tangential, over the bundle #’: P — E ar
x € E, then the composition V, o V() is a n-tangential, over the bundle 7 o 7"
P—> MatxekE.

Theorem 4.5 Let V be a D"-tangential over the bundle t: E — M at x € E. Let
D and Y be simplicial infinitesimal spaces of dimension less than or equal to n. Let
X be a monomial mapping fromDto . Let y € TP (M). Then we have

Vp((idy ® #y) () = (ide ® #5) (Vi (v))

Remark 4.3 The reader should note that the above far-flung generalization of Propo-
sition 4.3 subsumes Proposition 4.2.

Proof In place of giving a general proof with formidable notation, we satisfy our-
selves with an illustration. Here we deal only with the case that D = D3 = D(@3)
and yx is

x(di, dr, d3) = (did, dyd3, drd3)

for any (dy, d»,d3) € D3. We assume that n > 3. We note first that the monomial
mapping x: D> — D(3) is the composition of two monomial mappings

xi: D> = D{6:(1,2), (3, 4), (5 6)}
x2:D{6;(1,2),(3,4),(5,6)} = D(3)
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with
xi(di,da, d3) = (dy, dv, dr, d3, d3, d3)

for any (dy, d, d3) € D3 and

x2(dy, dz, d3, ds, ds, dg) = (d1d3, dads, dadg)
forany (dy, d», d3, da, ds, dg) € D {6; (1,2), (3,4), (5, 6)}, while the former mono-
mial mapping xi: D3 = D{6;(1,2), (3,4), (5, 6)} is in turn the composition of

three monomial mappings

xi : D3 — D{4;(1,2)}
Xi:D{4:(1,2)) > D{5:(1,2), (3.4))
xi i D5 (1,2), 3,4} — D16:(1,2), (3.4), (5. 6)}

with
xi (1, dr, d3) = (d1, dy, da, d3)

for any (dy, d», d3) € D3,
xi(d1. d2, d3, ds) = (d1, d>, d3, d3, dy)
for any (dy, d», d3,ds) € D{4; (1,2)} and
xi (1. dr, d3,dy, ds) = (d1, da, d3, da. ds, ds)

for any (dy, d», d3, da, ds) € D {5; (1, 2), (3, 4)}. Therefore it suffices to prove that
\Y ((idM ® lel) (y’)) = (idE ® 7/)(11) (Vo a,2y()) 2)

forany y’ € (M ) 7//D{4;(1,2)})n(x), that

VD(4:1.2)) ((idM ® lez) (V")) = (idE ® fo) (Vois:a.2.6an (") 3)

forany y” € (M ® #D(5:(1.2).3.4)}) ;- that

7(x)’

VDis;(1.2),3,4)) ((idM ® fo) (VW)) = (idE ® Wx?) (Vbis;1.2,64,6.61(")
“)
for any )/W € (M ® WD{6;(1,2),(3,4),(5,6)}) and that

7(x)’

VDi6:(1,2).3.4.5.6) (Idy @ #4,) (v"") = (ide @ #3,) (Vo (v™))  (5)
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forany y"" € (M ® #p@)...., T (M). Since D (4; (1,2)}) = D(2) x D?, itis

(x)
easy to see that

v ((iam @ 7y) () = Vo +7) = V) + V)

where y{ =y’ o (iy x idp2) and y; = ¥’ o (i2 x idp2) with i1(d) = (d,0) € D(2)
and i>(d) = (0,d) € D(2) for any d € D. On the other hand, we have

(idE ® fo) (Va2 (") = (idE ® "’”x}) (l<V<yf),V<y2’>>) =V + V()

where l(v(y{)’v(yz/)) is the unique element of E ® #(5)x p2 With

(ide ® #i1xiaye ) (lvop.v0an) = VO

and
(idE ® %2“%2) (I(V(V{),V(Vz’») =V(n)

Thus we have established (2). By the same token, we can establish (3) and (4). In
order to prove (5), it suffices to note that

(ide ® #i155) (Vbis:1,0.6.4).6.61 ((idy @ #3,) (v™)))

= (idg ® Wyaoinss) (VD3 (r'"™)
together with the seven similar identities obtained from the above by replacing i35
by seven other i j;: D3 — D{6;(1,2), (3,4), (5,6)} in the standard quasi-colimit
representation of D {6; (1, 2), (3, 4), (5, 6)}, where i ji;: D3 — D{6; (1,2), (3,4),
(5,60} (1 <j <k <!l <6)isamapping withij(d1,d>, d3) = (..., d1, ..., d>, ...,

j k

dz, ...) (di, d» and ds are inserted at the j-th, k-th and /-th positions respectively,
1

while the other components are fixed at 0). Its proof goes as follows. Since

(ide ® #iiss) (Vis:01.2).6.4).6.6) (idy @ #5,) (v"))
= V((idM ® %{2@135) (VW))’

it suffices to show that
V((idM ® szoim) (VW)) = (idE ® %20!'135) v13(3)(7/””)

However the last identity follows at once by simply observing that the mapping
X2 0 i135: D3 — D(3) is the mapping

(d1,d, d3) € D’ —> (did,0,0) € D(3),
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which is the successive composition of the following three mappings:

(dy,dr,d3) € D3 — (di,dy) € D?
(dy,d») € D? —> didr, € D
de D+ (d,0,0) € D(3).

Corollary 4.4 Let V be a D"-tangential over the bundle t: E — M at x € E. Let
D be a simplicially infinitesimal spaces of dimension less than or equal to n. Any
nonstandard quasi-colimit representation of D, if any mapping into D in the repre-
sentation is monomial, induces the same mapping as Vp (induced by the standard
quasi-colimit representation of D) by the method in the proof of Theorem 4.4.

Proof 1t suffices to note that
Vo ((idy ® #y) (v)) = (ide ® #5) (Vn(¥))

for any mapping x: D™ — D in the given nonstandard quasi-colimit representation
of D, which follows directly from the above theorem.

S The Third Approach to Jets

Definition 5.1 Let n be a natural number. A D,-pseudotangential over the bundle
w: E — M at x € E is a mapping

Ve:(M@WD,), .~ (E®D,),

7 (x)
abiding by the following two conditions:
1. We have

(r ®idyy,) (Va(y)) =y

forany y € (M ® WDn)ﬂ(x).
2. Forany y € (E ® WDH)X and any « € R, we have

Vi(ay) = aVi(y)
3. The diagram

(M ®WD,) 5y 14 ® Wiay dr)eD, xDysdidren, (M & Wp,) . ® Wb,

Vi d I Vi® id"//pm
(E®@¥Dp,), 1dE ® #ay.d)eD,xDysdidren, (E® #b,), @ ¥b,
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commutes, where m is an arbitrary natural number.

Remark 5.1 The third condition in the above definition claims what is called infini-
tesimal linearity.

Notation 5.1 We denote by jxD” () the totality of Dy-pseudotangentials over the
bundle m: E — M at x € E. We denote by JP" (1) the set-theoretic union of

jf” (m)’s forall x € E.
It is easy to see that

Lemma 5.1 The following diagram is an equalizer in the category of Weil algebras:

WD, Wd dr) €Dy 11 x Dyr—>dydreDy W'D,y 1 x D,

W dy dr,d3)€ Dy 41 % Dy 1 X Dy (didad3)€ Dy 41 X Dy

Dy+1xDyy1x Dy

W(dl’d27d3)EDn+l X Dyy1 X Dy (dy,dad3) €Dyt X Dy

Proposition 5.1 Let V be a D, y-pseudotangential overthe bundle w: E — M at
xeEandy € (M ® WD")n(x)' Then th ere exists a unique y' € (E ® V/Dn)x such
that the composition of mappings

(M ® WD,,)H(X) idp ® Hdy.do)e Doy x Duisdydoe, (M ® WD,IH)n(x) ® ?p,
Vi ®idy,, (E®"p,.1), ® D, (6)
_
applied to y results in
(ide ® #dy.d)eDysy x Dorsdrdreny,) (V) (7

Proof By dint of Lemma 5.1, it suffices to show that the composition of mappings

(M QWD,).. .y 19y @ #(dy dy)eDysi x Dyrsdidre Dy (M ® WD,,H)”(X) ® ?p,

(x)

Vi ®idy,, (E®#D,.), ® ¥,
_—

idg ® W(dl ,d2,d3)€Dy 11 X Dy X Dy (dy,d2d3) €Dy 1 X Dy

(E®#Dy1), ® #DyrxDy ®)

is equal to the composition of mappings
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(M ® WD")H(X) ldM ® W(dlst)EDn-H X Dyr>dydr€Dyy (M ® WDn-H )7'[()6) ® WDn

Ve ®idy;, (E® WDM)X ® Wb,
_

idg @ Wdy.,dy.d3) €Dy X Dyt x Dyt (d1da.d3) €Dy X Dy

(E ® WDVH»I)X ® WDnJrl x Dy, (9)
Since ® is a bifunctor, the diagram

(M ® WDnJrl)rr(x) ® WDVL - (M ® WDnJrl)n(x) ® WDnJrl x Dy,
vx ® idWDn ‘L ‘L vx ® idWDnJrlan
(E ® WD:1+1)X ® WDn - (E ® WDn-H)X ® WDn-H X Dy

commutes, where the upper horizontal arrow is

idy ® #(dy.dy.d3)e Dyt X Dysy X Dy (dy.dad3)€ Dy X Dy »
while the lower horizontal arrow is

g ® #(d).dy.d3)€ Dy % Dy1 x Dyr> (d1 dad3)€ Dy X Dy

Therefore the composition of mappings in (8) is equal to the composition of mappings

(M ®D,) 1) 19M @ #id d)eD,ix Dy drdreD, (M ®W,y) () © P,
ldM ® W(dlstsdfi)EDn-H X Dy 1 XDnH(dl»dZd.?)eDn-%—l x Dy, (M ® WD?H—I);T(X) ® WDYH—I x Dy
Ve ® idWDnHXDn (E ® WDnH)x ® WDn+1XDn (10)

Since the composition of mappings

M ® #p, idm @ #{dy.dy)eDy i1 x Dyr>didreD, M & W, 1 xD,

idy ® Wdy dy.dz)eDyys1 % Dy 1 x Dy (dy dad3)€ Dy 1 x Dy M @ WD,y x Dy 1 % D,

is trivially equal to the composition of mappings

M @ #p,idy @ W(dy.dy)eDys1 x Dyr>didreD, M @ W, xD,

iy ® Wy ,dr,d3)e Dyt x Dyt x D> (didad3) €Dyt x Dy M & WD,y x Dy x Dy»

the composition of mappings in (10) is equal to the composition of mappings
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(M ® WDn)r[(x) ldM ® W(dl’dZ)GDnJrl x Dyt—>didreDy, (M ® WDnJrl)n(x) ® WDn

id ® #(d).dy.d3)€ D1 ¥ Dyt X Dy (d1da.ds) €D x Dy (M ® WD) 1 ) @ WD,y D,

Vi ® id'WDonDn (E ® WDnﬂ)x ® WDnH XDy (11)
_

By dint of the third condition in Definition 5.1.1, the diagram

(M ® WD}1+1)7T(X) ® WDn - (M ® WDnJrl)n(x) ® WDnJrl x Dy
Vi ® id“//py, \ Ve ® idWDonDn
(E ® WDnJrl)x ® WDn - (E ® WD}H»I)X ® WDnJrl X Dy

commutes, where the upper horizontal arrow is

idy ® W(dl’dZvdfi)EDnJrl X Dpy1 X Dy (d1d2,d3) €Dy 1 X Dy »

and the lower horizontal arrow is

ide ® W(dlvdZ»dS)EDnJrl X Dy 1 X Dyt~ (d1da,d3)€Dp 1 X Dy -

Therefore the composition of mappings in (11) is equal to the composition of map-
pings in (9), which completes the proof.

It is not difficult to see that

Proposition 5.2 Given a D, +1-pseudotangential V, overthe bundle 7: E — M
at x € E, the assignment y € (M ® WDH)n(x) —y € (E ® WDn)x in the above

proposition, denoted by 41, (Vy), is a Dy-pseudotangential over the bundle 7 :
E— Matx € E.

Proof We have to verify the three conditions in Definition 5.1 concerning the map-
ping nt1,4(Ve): (M @ #p,) - (E® WDH)X.

7 (x)

1. To see the first condition, it suffices to show that
(idm ® #d).dr)eDyisx Dysdydren,) © (T @ idyy, ) (Fnt1.0 (V) (1) = v,
which is equivalent to
(n ® id“f//,)mx,)n)O(idE ® Wdy.d)e D1 x DursdidreDy) (Fns1.0(V)) (1)) = v,

since @ is a bifunctor. Therefore it suffices to show that the composition of
mappings
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(M ®WD,) 1 () 1M ® #idy dr)eDsix Dydrren, (M @ W)

Ve ®idy, (E®#p,,,), ®¥p, 7 ® iy, o, (M p,..), ® b,
R —_—

) ® WDn

m(x

applied to y results in

(idy ® #idy.dr)eDys1 x DusdidreDy) (V) 5

which follows directly from the first condition in Definition 5.1.
2. To see the second, let us note first that the composition of mappings

(M QWDp,). . 14y ® #aep,saden, (M & #p,)

T (x)

) ® D,

(x)

idy ® #(dy.d>)eDyss x DusdydreD, (M @ #,.,)

T (x

is equal to the composition of mappings

(M ® Wb, 1) 1M ® #(d d)eDyir x Du>drdreD, (M @ #p,i1) ) @ W,

T (x)

idy @ W(dy ds)e D1 x Dyt (adyd2)eDpsy x Dy (M @ W,y ) ) ® b,

(x

Since V, is a D,y |-pseudotangential over the bundle 7: E — M at x € E, the
diagram
(M ® WD”_H)H(X) ® #p, — (M ® W/D,,H)ﬂ(x) ® ?p,
Ve®idy,, | | Ve ®idy,,
(E®@Vp,.1), @b, — (E®@WD,.), @,

commutes, where the upper horizontal arrow is

idy @ W(dy d>)e Dyt x Dy (ady d2) €Dyt X Dy >

while the lower horizontal arrow is

idE @ (i d)eDy 41 % Dy (@, d2) €Dy 1 X Dy -
Therefore the composition of mappings

(M ®7,) 1 () 1M ® Wiep,>aden, (M ®WD,)

idy ® #d1,dy)eDysix Dyr>didreD, (M @ WD) 1) © W,

Ve ®idy,, (E®#p,.,), ® ¥,
—_—

is equal to the composition of mappings
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(M ®Wb,) 1) 1M ® #(ay d)e Dy x DusdrdreD, (M @ W) 0y @ W,

Vi ® idWDn (E ® WDnJrl)x ® #p,dE ® W(dlvdZ)EDnJrlXDn'_’(adlvdﬂEDnJrlXDn
B

(E ® WDnH)x ® WDR

The former composition of mappings applied to y € (M ® WDﬂ)n(x) results in

(ildE ® #dy.d)eDysr x DydrdreDy) (Fnt1.0 (Vi) (@y))

while the latter composition of mappings applied to y results in

(idE ® #idy dr)eDyy 1 x Dy (@) dr)eDy11 %D, ) ©
(ide ® #(dy.dy)eDyy1x DursdidreDy) (Tt 1.0(Vi) (7))
= (ide @ #(dy.d>)eDps1 x Dysdrdren,) (@ (Fnt1,0 (V) (1)) -

Therefore we have

ﬁn-i—l,n (Vi)(ay) =« (ﬁn-ﬁ—l,n (Vx)(y))
3. To see the third, we have to show that the diagram

(M ® WDn) idy ® WmanDmﬁDn (M ® WD")JT(X) ® WDm

Tn+1,0(Vi) 4 b 1.0 (Vy) @ idy, (12)
(E®@#D,), e ® Ymp, ., -n, (E®WD,), ®Wp,

(x)

commutes, where m is an arbitrary natural number. Since the lower square of the
diagram

(M ® WD”)?T(X) ldM ® WmDnXDM—’Dn (M ® WD”)H(X) ® WDM
7%nJrl,n(V)c) »l/ \L ﬁn+l,n(vx) ® idWDn
(E ® WD”)X dE @ Pmp, p, -, (E ® WDn)x ® /b,
ldE ® WmDn+1XDn—>Dn \l’ \L 1CIE ® WmDn+lXDn_’D" xidp,,
(E® D), ® #p, e ® Wiy, xmp,spny (E® WD), ® #,xD,
(13)

commutes, so that the commutativity of the diagram in (12) is equivalent to the
commutativity of the outer square of the diagram in (13). .The composition of
mappings

(M ® WD”)H(X) frn«H,n(Vx) (E ® WD”)X ldE ® men+] xDp— Dn (E ® WDn+l)x ® WD”

is equal to the composition of mappings
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(M ® WDn) idy ® Wmnnﬂxnnenn (M ® WD}H—])H(){) ® D,

(x)

Ve ®idy, (E®#p,.), ® ¥b,,
>

while the composition of mappings

(MWD, s ® WDy, Fintin (V) ® iy, (E® ?p,) . ® D,

T (x)

ldE ® WmD,1+]XDn—’DnXidDm (E ® WDn+1)x ® WDnXDm

is equal to the composition of mappings

(M ® WDn)n(x) ® WD’" ldM ® WmDnJr] x Dy—Dp X1d Dy, (M ® WDnH)

T (x)

® Wb, %D, Vx @ 1dyy, 1, (E®@ Do), ® #D,xD,
_

It is easy to see that the diagram

(M ® WD")T[()() idy & Pmp, 0,0, (M ® WD")T[(X) ® ¥,
— R
idy @ Wy, xoyspn ¥ Vidy ® P, | oy vy idp,,
(M® “//Dn+l)n(x) ® W, idyu & Wiap, | xmp,xvy—n, (MO WD,11) 100y ® WDyxDy
Vi ®idy,, | I Ve ®idyy,

(E®@ Do), ® W, e ® Wiy, smpyeoy—n, (E®WDyi), ® #yxD,

commutes, which implies that the outer square of the diagram in (13) commutes.
This completes the proof.

Notation 5.2 By the above proposition, we have the canonical projection Tp41 p:
JPn+1 (1) — TPu (1) so that, given V, € jf”“ (w) and y € (M ® V/Dn) he
composition of mappings in (6) applied to y results in

m(x)’ t

(idE ® %d],dz)eD,,HanHd]dzeD,,) (ﬁnJrl,n(Vx)(V))

For any natural numbers n, m with m < n, we define 7, : TP () — JPn(7) to
be Ty 1m © ... © Wy p—1.

Proposition 5.3 Let V) be a D, t1-pseudotangential over the bundle 7 : E — M
at x € E. Then the diagram
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(M ® WDH+1)T[(_X) Vi (E ® WDHH)X
ﬁn+1,n »L »L ﬁn—i—l,n
(M ® WD”)n(x) ﬁn—i—l,n(vx) (E ® WDn)x

is commutative.

Proof It is easy to see that the following four diagrams are commutative:

M® WDnJrl idy ® W(dlst)eDn+lXDn+1'_>d1d2€Dn+l M® WDnHXDnH
idy ® %Dng’nﬂ v Vidy ® %l’nHXDngDnHXD’zH
M® b, idy ® dyd)eDyi1 x Dyr>dydre D, M @ W, xD,
M ® WDH+] X Dpy1 Vx ® ldWDnJrl E ® WDn+1 X Dpy1
_
idy ® %Dn-HXDVlgDn-HXDn-H ¥ Vidg ® %Dn+1an§Dn+1an+1
%
M ® WD/H—I x Dy, Vx ® ldWDn E ® WDH‘FI x Dy

M @ Wp,., idy ® Way dr)eDyiix Dysir>didre Doy M @ WD, x Dy
Vil ¥ Va® idWDnH
E®Wp,,, 1dg @ Wd) d)eDy1xDypi>didreDyy1 E @ WD,y xDyi

[By the second condition in Definition 5.1]

E® WDrH»] idg ® W(dl,dz)GDnH X Dyt1+—>d1da €Dyt E® WDrH»] X Dpy1
idg ® Hpyep,,, | Vidg ® #,
EQ®"p, idg ® 4 ,dr)eDyi1 x Dyrsdidre Dy E® Wp,. xD,

n+1%DnEDy i1 XDy

Therefore the composition of mappings
MW, 1dm ® #ip,cp,,, M @ Wb,
e

idy ® #dy,dr)eD,s1 x Dyr>didreD, M @ W, xD,

= (M #p,,,) ® #p, Va Qidy,, (EQWp,, )b,
_—>
= E ® WD}H»I x Dy,
is equal to the composition of mappings

M ® WDnJrl VX E ® WDnJrl ldE ® %D — D, E ® WDH
— n n+1

idg ® W4y ,d>)eDyy1 x Dyrsdidae Dy E @ WD,y x D,
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which yields the coveted result.

Corollary 5.1 Let Vy be a D, +1-pseudotangential over the bundle m: E — M at
x € E. Foranyy,y € (M ® an+l)n(x), if

TTn+1,n (]/) = TTn+1,n (]//)

then
Tnt+1.n (Vi (V) = Tnt1.n (Vx (V/))

Proof By the above proposition, we have

TTn+1,n Vy(y)) = ﬁn-i—l,n (Vx)(ﬂn-i-l,n(y))
= ﬁn+],n(vx)(77n+l‘n (V/)) = 7Tn+l,n(vx(y/))’

which establishes the coveted proposition.

Definition 5.2 The notion of a D, -tangential over thebundle 7: E — M at x € E
is defined inductively on n. The notion of a Dy-tangential over thebundle 7: E — M
at x € E and that of a Dj-tangential over the bundle 7: E — M at x € E shall
be identical with that of a Dy-pseudotangential over the bundle n: £ — M at
x € E and that of a Di-pseudotangential over the bundle 7: E — M at x € E
respectively. Now we proceed by induction on n. A D,yi-pseudotangential V,:
(M ® WDHl)n(x) — (E® #p,.,,), over thebundle 7: E — M at x € E is called
a Dy y1-tangential over the bundle 7: E — M at x € E if it acquiesces in the
following two conditions:

I. Ant1..(Vy) is a Dy-tangential over thebundle 7: E — M at x € E.
2. For any simple polynomial p of d € D,y4; with/ = dimp and any y €
(M ® WDl)n(x)’ we have

Vi(y 0 p) = (Tt 11(Va)(¥)) o p

Notation 5.3 We denote by Jf” () the totality of D, -tangentials over the bundle i :
E — M atx € E, while we denote by JP» (1) the totality of D,-tangentials over the
bundle w: E — M. By the very definition of a Dy,-tangential, the projection 741 p:
TPt (r) — D () is naturally restricted to a mapping w11 ,: JP+1 () —
IPn (7). Similarly for 7w, IPn () = JPm () withm < n.

6 From the First Approach to the Second

Definition 6.1 Mappings ¢,: J*(7) — o () (n = 0, 1) shall be the identity
mappings. We are going to define ¢,,: J* (1) — JP" () for any natural number n by
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inductionon n. Letx, =V, _, € J*(7) and V,, € J1 (7). We define ¢, 1 (Vy,)
as the composition of mappings

(M ® WDnJrl)ﬂ(x”)

= (M ® W) ® WD) (maWm)

MW pn . .
<7TM D" ldy/D, 1d(M®7/Dn)®“//D>

7 (xn)

M ® WD)ﬂ(xn) ng/ (M Wpr) ® WD)(M@“//D”)
D

7 (xn)

Vi, X id(M@WDn Y&

J'® e ), il (M ® W) ® WD) (Mappn)

(en ®idy;,) X id(mewpn)emp

7 (xn)

D"

7 (xn)

((erzinerc)om)

On (X)X (MW pn)

7 (xn)

((v, y) €37 (@) x (M@ W) > V(1) € E® %n) ®idy,,

(E®Wp) @ WD) (Ee#m)
= (E ® WDn-H)

70 (xn)
770 (Xn)

Surely we have to show that
Lemma 6.1 We have

Oni1(Vy,) € I (1)

Proof We have to show that for any y € TZ:&,,) (M),any ¢ € Randany o € S;,+1,
we have

y = (7 ®@idy,,,, ) o (ent1(%) ) (14)
1 (V)@ 7) =a gt (Vo)) (1<i<n+1) (1s)
Or1 (V2 ) () = (a1 (V) (1) (16)

We proceed by induction on n.

1. First we deal with (14). The mapping

(n’ ®id«//DnJrl ) (<Pn+1 (Vx,l))
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is the composition of mappings

(M®WD”“);T(X )
= ((M®Wpn) @YD) (maWipm)

T!(’C
MW pn
<7‘L’M D" ldWD’ 1d(M®ny,,)®WD>

M ® WD)n(xn) X ((M ® Wpr) ® 7/D)(M(X)“)’/Drz)

w(xp)

Vxn X id(M®WDn =Y )

(") ® #p),. iy (M OT ) @ WD) (ati)

7 (xpn)

(on ®idys,) X idmewp)ons

Dn
(J (m) ® WD)(pn(xn) M<X>><7//D (&0 e WD)(M®WD’[)

:(@WWHﬂM®%m)®%J

(xn)

@n(xn)x (MW pn)

7 (xXn)

((v, y) €37 () x (M@ W) > V(y) € E® %n) ®idy,

(E® WD) ® #D)(Eo#pm)
= (E ® WDn-H)n

(0 (xn)

oy T @iy (M@ W)
_

7 (xn)
It is easy to see that the composition of mappings

J'() ® #p), sy (M@ T D) & WD) (e on)

® b (xn)

(
(‘pn ® ldWD) X id(M®"//Dn)®WD

pr
(J (T[) ® WD)Wn(xn) MgWD ((M ® WD") ® WD)(M®//D”)

_ ((JD" (1) x (M ® %w) ® %)

(xn)

{@n (xn)} x (M®WD” )

7(xn)

((v, y) € IP" () X (M®Wpn) = V(y) €E® %»«) ® idy;,

(E®Wp) @ WD) (EeWpm)
= (E ® WDn+l)

7T()(Xn)

70(xn) i (M® WD"“)H(xn)

TR idny
_

425
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is no other than the canonical projection of

("0 @ #p), s (M@ Wpr) @ WD) (MeHpn)

D 7(xn)

to the second factor (M ® #pn) @ WD)(M@WDH) o It is also easy to see that
the composition of mappings

(M @ Wpr) @ WD) (MeHpn)

MW . .
<7TM M idy,, 1d(M®WDn)®WD>

7 (xpn)

(M ® YD) (x,) ng/,) (M @ W) @ WD) (MaHpn)

7(xn)

Vi X 1d(megwpnyen

W@ @7b),, | x (M& o) @ W) (wenin)

7 (xn)

( ldWD) X id(M®WDn)®WD

Dn
(J (M) ® WD)(p,mxn) Mo (M ® W) @ WD) (meahon)

7 (xp)

is

(M @ Wpr) @ WD) (meHpn)

7(xn)

<((p" ® 1dy/D) © Vxn o (T[M P ® 1dy/D) i 1d(M®WDn)®WD>

Dn
(J (m) ® WD)(pn(xn) M<X>><‘///D (&0 @ WD)(M®WDH)

7 (xn)

Therefore (14) follows at once.

2. Now we deal with (15), the treatment of which is divided into two cases, namely,
i <nandi = n+ 1. Since both of them are almost trivial, they can safely be left
to the reader.

3. Finally we must deal with (16), for which it suffices to consider only transposi-
tionso = (i,i +1) (1 <i < n). Here we deal only with the most difficult case
of o = (n,n + 1). We consider the composition of mappings

(M@ Wprt1) () ¥ € MO W pnst) (= v ™™ e (M@ #pun)

7T (xn)

(M@ Wpr+1) 10
= ((M ® W) ® WD) (meWym)

7 (xn)
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MW pn . .
<71M b ®1dzx/D,1d(M®%n)®%>

7 (xp)

(M ® WD)]T()C”) g ((M ® WD”) ® WD)(M@WDVI)

Vo, X W (mewpn)e

J'(1)® #p), M(g>>< (M @ Wpr) @ WD) (MaHpn)

(xn)

(
(¢n ® i) X id ey emsy

D"

((ergonerc)om)

7 (xn)

@n(xn) X (M®WD" )

7 (xn)

((v, y) € IP" () x (M@ Wpn) > V(y) € E® %n) ®idy;,

(E® W) @ WD) (Ee#pm)
= (E ® WDI‘!-FI)

7o (xn)

7)

770 (xn)

By the very definition of ¢,, the composition of mappings

J'(0) @ #p), Sy, (M T D) @ VD) (st

D 7 (xpn)

(
(en ®idys,) X id(mewpm)ers

D"

-((erzinere)om)

7 (xn)

@n (X)) % (M®WD")

7 (xn)

((v, y) € IP" () x MQWpn) > V(y) €EQ® Wm) ® idy,

((E @ W) ® #D) (EeWipn)
== (E ® WD"+I)

o (xXn)

770(xn)

is equivalent to the composition of mappings

(") @ #p), s, (M@ Wpm) @ WD) (Me#m)

D 7 (xn)
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=" @), x
"MW

(M @ #pi1) ® #D) @ W) (mew,,_ ) ob)

(M®WDn_1)7T(Xn)

= ((J”(n’) % (M@ Hpu1) ® WD)) ® WD)

[+ = xu % (M ® #pu-1) ® #D) (i, )

*

7 (xn)
. M®W n—1 . . .
(1dJ”(T[) X <7TM D X ldy//D, 1d(M®WDn—1)®WD >) X ld“//D

((J"(n) o (M ® #p) o (M Wpn1) ® WD)) & WD)
[* = x, X T (x) X ((M ® 7//an1) ® WD)(M®“//DH71)

(V.0) e F'(m) x (M@ Wp) > _ . |
(( V) el m) @ b ) X ld((M®WDn—1)®"//D)) ® idy,

*

7(xn)

(((J"—lm ©1p) x (M@ Vi) @ %)) ® %)*

[x = (J”_l(ﬂ) ® WD) x (M@ Wpi1) ® WD)(M@WDn_u)

Tn—1(Xn

7 (xn)

Tn—1 (X)X (M®WD71—1 )

7 (xn)

$n—1 X id(M®WDn )®WD

((JD“ (m) x (M "//Dnl)) ® WDZ)
7 (xp)

((V7 y) e JDn*l(ﬂ) X (M ® WDn—l) =V (]/) cE® Wanl) ®idWD2

700 (xn) X (MW jyn—1)

((E ® WDn—l) ® WDZ)(E@)WLW—I)
= (E ® WDH+1)

k) (xn)
770 (Xn)

Therefore (17) is no other than the composition of mappings

(M ® WD"H)n(x,,)

Y € (M® WDn+l)Tr(Xn) = y(n,l’lJr]) € (M ®WD’1+1)7T()C,I)

(M ® WDnJrl)n(xn)
=((M®¥p) ® WD)(M@WDn)

7 (xn)
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MW pn . .
<7‘L’M " e idy,,, ld(M®“//Dn)®WD>

(M ® #D)r(x,) ey (M ® WD) ® WD) (M)
D

7 (xn)

Vxn X ]d(M®WDn )®WD

(Jl‘l(ﬂ) ® WD))C” MgWD ((M ® WDI‘!) ® WD)(M@WDn)

=" 7).,

7 (xn)

M<X>><“/VD
(M@ Hpu1) @ #p) ® WD)((M@WD,,_l)@%)

(M®WD)171)

7 (xn)

— ((ren g (revm o)) o)
[ = % (M ® #put) ® D) (e, )

*

7 (xn)
. M®W n—1 . . .
(ldJn () X <TL’M T ® ldWD , 1d(M®7//an1)®“///D >) & ldWD

((J”(n) ot (M @ #p) o (M & #pi-1) ® WD)) ® WD)

e = 20 X 7 () X (M ® Wpue1) ® D) (s, )

*

7 (xn)

(V.0) eJ'(@) x (M@ WD) > . .
(( V() el im e ) x ld((M®WDn1)®%)) ® idy;,

(((Jnl (1)@ #b) x (M@ Fpt) ® %)) @ %)

b= (1" @ )

*

x (M ® #pie1) @ WD) (me,, )

Tn—1(Xn 7 (xn)

_ ((Jnfl(n) x (M ® WD,H)) ® WDz)n,,_mxn)x(M@WDn_l)

7 (xn)

Pn—1 X (e, e
((JD’” () x (M ® %//Dn_])) ® WDZ)
M

((V, y) c JD"’I(T[) X (M ® WDn—I) =V (y) e FE [0 WDn—]) ®1dWD2

JTO(XVL)X(M@WDM—I)

7 (xn)

((E ® Wanl) ® WDZ)(E®WD;1—])
= (E Q@ #pn+1)

7T()(Xn)

770(%n)
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On the other hand, the composition of mappings

(M ® WD"“)n(xn)
= ((M & #pr) ® #D) (meHpn)

MW pn . .
<7‘L’M D" & 1d7/D, 1d(M®WDn)®WD>

7 (xn)

(M ® WD)n(xn) Mé(W ((M ® WD") ® WD)(M@WDn)
D

7 (xn)

Vxn X ]d(M®WDn )®WD

(Jn(n) ® ”//D)xn Mg% (M Wpr) ® WD)(M@“//W.)

7 (xn)

(en ®idy;,) x idmewpner

D"

-((erzinerc)om)

7 (xn)

@ (xn) X (M®WD")

7 (xn)

((V, y) € I” (x) XM@Wpr) > V(y) € E ®7ﬂm) ® idy,,

(E® WD) @ WD) (Ee W)
= (E®Wpr1)y(r,)
Y € E X WDn+l = ]/<n7n+1) e FE ® WDn+l (E ® WDn-H)

7 (xn)

770 (xn)

is the composition of mappings

(M ® WDnJrl)n(xn)
= (M QWD) ® WD) (Me )

MW n . .
<JTM D" 1dy/D s 1d(M®WDn )®~//D>

7 (xn)

M WD) r(x MQQWpn) @ W] I
( D)r(xn) Mg%) (( D) D)(M@WD)

7 (xn)

VXn X id(M@WDn )®WD

(") ® #p), s (M & #pm) @ WD) (me# )

=" ®#p), X
"MQWp

7 (xn)
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(((M ® WDn_u) ® WD) ® WD)((M@WD,1—1)®WD)(M®W )
pn—1 7 (xn)

= ((I"0) x (M @ Wpur) @ D)) @ W),
[k = x0 X (M ® #pn1) ® WD)(M‘@WDn—I)

7 (xn)

. MW - . . .
(ldJn(ﬂ) X <7[M or=l o idy,, ld(M®Wanl)®WD>) ® idy,

((J”(n) /E (M #p) /l>f] (M@ #p-1) ® WD)) ® WD)
L = 0 x 70 (in) X (M ® #pot) @ W) (g, )

(V.1) e J' () x (M @ #p) y
V) el m e ?p XA (@A 1) W)

*

7 (xn)

®id7/p
n—1
(((J (r) @ ¥p) R (UL %)) ® %)*
[* = (Jn—l(JT) ® %)MIW Mé(% (M@ Wpu-1) ® %)(MWM_I)M)

- ((Jn—l(n) x (M ® WDH)) ® WDz)nn,lun)x(M@%H)

7(xn)

followed by the composition of mappings

((Jnil(ﬂ) X (M ® WDWI)) ® WDz)ﬂn_l(xn)X(M@WD"*l)

7 (xn)

Pn—1 X i pyew,nye

((J]Dn—l (7-[) ])t; (M ® WDn—l)) ® WDZ)
7 (xn)

((v, y) €I ) x (M@ Wiput) > V(y) € E® WDH) ®idy,

770 (Xn) X (M®WDn71 )

(E ® WDn—l) ® WDZ = (E ® WD’1+1)HO(XI1)
Y € E ® WDnJrl = )/<n’n+l> e E ® WDH+| (E X WDnJrl)

70(Xn) ’

which is easily seen to be equivalent to the composition of mappings

((Jnfl(n) X (M & 7//an1)) ® WDz)nn_l(xn)X(MébWDn_l)

7 (xn)
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idJ”*l(n)x(M@“//Dn,l) ® W(d] .dr)eD?(dr.dy)eD?

((J’Fl () x (M © 7/Dnil)) © WDZ)Hn—l(/‘n)X(M@WDn—I)

7 (xn)

Pn—1 X W (yepm e

((JD"—1 (77.') A); (M X WDnl)) [ WD2>

((v, ) € IP" () x (M@ Wiput) > V(y) € E® WDH) ®idy,,

770 (%) X (M®WD)171)

7(xn)

((E ® WDn—l) ® WDz)(E®WDn71)
o (E ® WDnJrl)

7o (xn)
70 (Xp)

Therefore the desired result follows from the second condition in the item 3 of
Notation 3.3.

Lemma 6.2 The diagram

I+ () Ontl 30" ()
TTn+1,n J l;\ nﬁn+l,n
J'(m) @n IP" ()

is commutative.
Proof Given V,, € J"*l(rr), ('J?,H_Ln o <,0n+1) (Vx,,) is, by the very definition of
TTn+1.n, the composition of mappings
(M QWD) wxy) Sntr1 (M ® WDHH)”(X ) Pn+1(Vy,)
_ n) 7§

(E ® WDrH»l)

770 (%n) dn_+)1 (E ® WD”)HO(XH)

which is equivalent, by the very definition of ¢,+1(Vy,), to the composition of
mappings
M ® Wpft)ﬂ(xn) Sn+1 (M ® WDHI)
—>

= ((M & #pr) ® WD) (meHpn)

MW pn . .
<7TM ? ®ldWD’]d(M®WDn)®WD>

7 (%xp)

7 (xn)

((M ®Wp) x (MQWpr)® 7//1)))
MY {m ()} x (MW pn)

7(xn)

Va, X W(yewpnyensp
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((J"(JT) ®#p) X
M

W'D

(M SHWpr) ® WD))
{m ()< (MW pn)

7 (xn)

(Qﬂn ® ldWD) X id(M®WDn)®WD

((JD"(n) ® WD) e

(M ®Wpr)® WD))

D (T (x)}x (MW pn)

7(xn)

= ((JD” (1) x (M ® %n)) ® %)
M {m ()} x (MW pn)

7 (xn)

((V, y) € JDn(n) XMWpn)— V(y) e EQ an) ® idy;,

((E ® WD'I) ® WD)(E®WD" )71()(.\:71)
= (E ® WD"‘“)HQ(}C”) d11+1 (E ® WDH)HO(Xn)

This is easily seen to be equivalent to ¢, (7,41, (Vxn)), which completes the proof.
Lemma 6.1 can be strengthened as follows:

Lemma 6.3 We have
Pnt1(Vy,) € I ()

Proof With due regard to Lemmas 6.1 and 6.2, we have only to show that

(@n+1(V,)) 0 (idM ® W(dl,A..,dn,dnmeD"“H(dl,...,d,,dm)em)

(Tn+1,1(Pnt1 (V) (18)

For n = 0, there is nothing to prove. We proceed by induction on n. By the very
definition of ¢, 11, the left-hand side of (18) is the composition of mappings

(M ® W)z x,)

iy @ W....dydys)eD™ 1> (d....dndy 1) €D

(M@ #pr1)
= (M ®Wpn) ® WD) (meWpn)

M®WDH
(i

7(xn)

® ldWD ’ id(M®WDn )®"//D >

(M @ 7D)r(x,) Mé% (M@ Wp) @ WD) (meHpn)

7 (xn)

Va, X W (mewpn)yensp
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") ® 7)1 Wl (M @ Wpn) @ WD) (mewm)

7 (xn)

((p” ® ldWD) X id(M®WDn)®WD

Dﬂ
(J () ® WD)n(xn) MgWD ((M® WDH) ® WD)(M‘@WD")

7 (xn)

= ((JD" () x (M ® %n)) ® %)
M {r ()} x (MW pn )

7 (xn)

((v, ) € I () x (M @ #pn) > V (y) € E® WDn) ®idy,

((E®Wpn) ® WD) (Ee#ipn)
= (E ® WD)H—])

0 (xn)
70 (xXn)

which is easily seen, by dint of Lemma 6.1, to be equivalent to the right-hand side
of (18).

Thus we have established the mappings ¢, : J*(7) — J D" (7).

7 From the Second Approach to the Third

The principal objective in this section is to define a mapping ¥,,: J?" (7w) — JP» ().
Let us begin with

Proposition 7.1 Let Vy be a D"-pseudotangential over the bundle t: E — M at
xeEandy € (M ® an) Then there exists a unique y' € (E ® V/Dn)x such
that

7(x)’

Ve((idy @ #ay.....d)eD"—s (di+..+dp)eDy) V)
= (ide @ #a,.....dn)e D" (dy+..+d)eD, ) (V)

Proof This stems easily from the following simple lemma.

Lemma 7.1 The diagram

Wi,
—

o dssd) € DP—> (di . t-dy)e Dy WD Vﬁ; Wpn

%nfl
—_—
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is a limit diagram in the category of Weil algebras, where t;: D" — D" is the
mapping permuting the i-th and (i + 1)-th components of D" while fixing the other
components.

Notation 7.1 We will denote by 170\,, (V) (y) the unique y' in the above proposition,
thereby getting a function ¥, (V): (M @ #p,)._ ., = (E® #p,) .

7(x)
Proposition 7.2 Forany V, € jf" (), we have {5,1(Vx) € :]ff” ().

Proof We have to verify the three conditions in Definition 5.1 concerning the map-
ping ¥ (Vx): (M ® WDn)n(x) - (E ® WDn)x'

1. To see the first condition, it suffices to show that

(idy ® Hay.....dy)eD"—> (d +..+dn)eDy) (V)
= (idg ® Wdy....dyeDv— (dy+..+dpen,) (T @idy,, ) (%(Vx) ),

which follows from

= (7 ®idy,,) ((iJde ® Hay.....dy)eD"—> (d1+...+dy)eDy) (I/ﬁn(Vx) 1))
[By the bifunctionality of & ]

= (7 ®@idy,,) (Val(idy @ Hay.....dpeDm— 4. tdy)eD,) (V)))

[By the very definition of &,, (Vo)

= (idy ® Ha,.....dy)eD"—> (di+...+dpeDy) (V)

2. Now we are going to deal with the second condition. It is easy to see that the
composition of mappings
(M®WD,), . iy @ Wiay,, (M® WDn)n(x) W dy.....dw)e D" —> (dy +...+dn) €Dy
_

(x)

(M @ WD)z (x)
is equivalent to the composition of mappings

(M® WD,,),,(X) Wdy.....dy)e D" —> (dy+...+d)eDy (M @ Wpn)z (v

1

dy ® W(a.) M ® WDn)n(x) Lddy ® W(a-)
o ) pn

_—

(M & WD")n(x) 5

while the composition of mappings
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(M @ Wp)x(x) idy ® W( .

1
[N

(M ® WD”)T[()C) & (E ® WD")X

) (M @ #pn)x(x) - 1dy ® W(w)
pn n/ pn

-

is equivalent to the composition of mappings

(M ® WD)y Ve (E@Wpr), e ® W(a) (E®@Wpn)y -
Dn

1
- 5
de ® W(a) (EQ #pn),
n. D”

PN

Therefore the composition of mappings

(M ® WDH)T[(X) ]dM ® W(a')Dn (M ® WD”)”(X)
R ——
Widy,....dn)eD"— (i +..+dy)eDy (M ® W)y Vi (E® Wpr)y

is equivalent to the composition of mappings

(M ® WD”)

T (x)

Widy,....dn)eD"— (i +..+d)eDy (M @ Wp)rry Vy

(E ® WD")X >
)Dn

n

(E® #pr), dde ® 7/(

1
- 05

) (E®Wpr), ...idg @ W(a'
D)l

which should be equivalent in turn to

(M ®7D,) 1) U, (Vo) (E®WD,), ide ® Hid....dy)eD"— (i +...+dy)eD,

) (E ® WD" )x

n

(E® Wpn), dg ® W(a) (EQWpn)y ...idg ® W@,
pn

1

Since the composition of mappings

1
_

(E®WD,), Vidy....dw)eD—>(dy +...tdn)eD, (E @ #pn), idE ® W(a)
Dn

(E® #pn), "'idE®W(a~> (EQWpn),
n) pn

-

is equivalent to the composition of mappings
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(E®#p,), idg ® Wap, (E® WD,,)X idg @ Way,....dp)e D"—> (di +...+dn)e Dy
_

X

(E ® WD")X >

the coveted result follows.
3. We are going to deal with the third condition. We have to show that the diagram
(M ® WD”)J‘[(X) ldM ® WmDnXDm*Dn (M ® WD")J‘[(X) ® WD’"

Un (Vi) | L ¥n(Ve) @idys, (19)
(E ® WDH)X ldE ® WmDn X Dm— Dy (E ® WDH)X ® WDm

commutes. It is easy to see that the diagram

(E® WDn)x ide @ Wi pu_p, (E® #Wpr),
ideg ® Wmnnxnmﬁpn \2 Jideg ® %
(E® WDn)x ® #p, e @ Wi, xidp, (E® #pr)e @ #p,
commutes, where 7 stands for

di, ...,d,,e) € D" x D,, — (dye, ...,d,e) € D"

so that the commutativity of the diagram in (19) is equivalent to the commutativity
of the outer square of the diagram

(MOWD,), ) 1M ® W, pyon, (MOWD,), () @ Wi,
(V) | L U (V) ®idy;,
(E®@¥b,), 1de®mp,.0,-0, (E®WD,), @7,  (20)
idE 02y W+D"—>Dn \l’ \L ldE & W+D”—>D,1 xidp,,
_

where +pn_, p, stands for
i, ....,dy) € D" —> (dy + ... +d,) € Dy
The composition of mappings

(M ® W)y al5e) (E@ W), idE @ Wiy (E® W),
_

is equal to the composition of mappings

(M ® WD")T[(X) 1dM ® W""D”—)Dn (M ® WD")]{(){) & (E ® WD”)X
_—



438 H. Nishimura
while the composition of mappings

(M ®WD,) 1) ® W, ¥a(Ve) ®idys, (E@WD,), ® W,
_

idE ® W—&-Dnﬁun XidDm (E ® WD”)X ® WDW,

is equal to the composition of mappings

(M ® WDn) ldM ® W"‘D”%Dn XidDm (M ® WD” )U(X) Vx ® ichDm
_—

(x)

(E® Wpr)y @ #D,

Since the diagram

(M ® WDH)JT(X) ldM ® WmDnXDm—’Dn (M ® WDH)N(}C) ® WD’"
Ay @ Wiy pu_p, 4 Vidy @ Wi pu_ p, xidp,,
(M Q Wpn)x(x) idy ® %, (M @Wpn)zx) @ #D,,
% .
Vil ¥ Vx ®idy;,
(E® Wpn)y idg ® 7, (E®Wpn)y ® #p,,
5

commutes, the outer square of the diagram in (20) commutes. This completes the
proof.

Proposition 7.3 The diagram
~ pn+l -~ ~Dy
I 00 Y I ()
~ 7~
Tn+in 4 | Tntin
TD" =2 5Dn
Iy (o) I ()
commutes.

Proof Given Vy € i f"“ (), the composition of mappings

(M & WDn) ﬁn—s—l,n (1///\11—1-1 (Vx)) (E ® WDVL)X idE ® me,,xbn—mn

7 (x)

(E ® WDn)x ® WD,, dg ® W_;_D,,%Dn xidp, (EQWpn), ® WDn 21

is equivalent to the composition of mappings

(M by WD,,)”(X) ﬁn+1,n (Ilp\n+] (Vx)) (E ® WDn)x deg ® WmDonDn—ﬂ)n

(E ® WDnJrl)x ® WDnidE ® W+D"+l—>Dn+1 Xian (E ® WIWD"'H )X
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® #p, dnt1 ®idy,,

[

(EQ®Wpn)y @ #p,
which is in turn equivalent to the composition of mappings

(M ® WDn)n'(x) dy ® WmDn+lXDn"Dn (M ® WDnJrl)n(x)

® #p, $n+l Vo) ® %dWDn (E ® WDnH)x ® #p, dg ® WJ"D"“»D,H_] xidp,

(E® Wpus1), @ #p, duy1 ®idy,, (EQ #Wpn), ® #b,
Y

This is to be supplanted by the composition of mappings

(M ® WDn)ﬂ(X) 1dM ® WmDn+] xDp—Dp (M ® WDVH’I)T[(X) ® WD”

idy ® W+D"+1~>D " xidp, (M ® WDnH)ﬂ(x) ® #p,Vx ® idWDn
n %

(E® Wpr1), @ Wp, dny1 @idy, (EQ Wpn), @ #p,.
I

which is in turn equivalent to the composition of mappings

(M ® WDn)ﬂ(x) idy ® Wmnnﬂxnn—mn (M ® WD,,H)H(X)

® WD,, dy ® W+D"+l—>D xidp, (M ® WDnH) ) ® WDH d+1 ® id«//Dn
n+1 S

w(x

(M ® WD”)T[(X) ® WD;, ﬁn+1,n (Vx) ® idW[)n (E & WD”)X by WDH

by Proposition 4.2. This is to be supplanted by the composition of mappings

(M ® WD”)J‘[(){) ldM ® WmDnXDn—)Dn (M ® WD”)]{(X)

® WDn ldM ® W+D”—>Dn Xian (M ® WD")]‘[(A’) ® WDH ﬁn+1,n (Vx) ® idWDn

(E ® W ")_x ® WDVL’
which is equivalent to the composition of mappings

(M ® WDH)?T(X) ldM ® WmDnXDnHDn (M &® WDn)

7 (x)

® W, Vi (Fntrn (Vo)) @idyy, (E®#D,), ® W, ide @ Wi, widn,

(E®Wpn), @ Wp,
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This is really equivalent to the composition of mappings

X dpg ® WmanDn—mn

(M ® WDﬂ)n(x) @n (ﬁn+l,n (Vx)) (E ® WDn)
_

(E®D,), ® #p,idE @ Wi pu_p, xidp, E ® Wpuxp, (22)

This just established fact that the composition of mappings in (21) and that in (22)
are equivalent implies the coveted result at once. This completes the proof.

Proposition 7.4 Let D be a simplicial infinitesimal space of dimension n and degree
m. Let Vy be a D"-pseudotangential over the bundle 7: E — M at x € E and

y € (M ® ”//Dn)ﬂ ) Then the composition of mappings
(MWD, 100, idm @ Wiy (M & W)y 3}2 (E @ #h),
e

is equivalent to the composition of mappings

(M®WD,) 1) V2 (Vo) (E®WD,), ide @ Wiy, (E® WD),

Proof Let i: D¥ — D be any mapping in the standard quasi-colimit representation
of D. The composition of mappings

(M ®Wb,) ey 10 ® Wiy .y (M@ W)aiay Vi (E ® W),

[ ——— —_—
ideg @ #; (E® Wpr), (23)
—

is equivalent, by dint of Theorem 4.5, to the composition of mappings

(M@ WD,)., ., i & #ip ., (MWD, . idu & ¥4
—_—

7T (x) (x) Dk py,

k
(M ® WDk)ﬂ(x) V_XD) (E ® WDk)x ’

which is in turn equivalent, by the very definition of fﬂ\k, to the composition of
mappings

(M ® WD”)J‘[(){) idy ® %Dk—ﬂ)n (M ® WDk)n(x) ;&k (VJCDk) (E ® WDk)x
- 4

ide ® Wiy, (E@Wpi), -

.

This is indeed equivalent, by dint of Proposition 7.3, to the composition of mappings
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(M ® WDﬂ)n(x) {/}n (VX) (E ® WDn)x ldE ® Wi[)k%[)n (E ® WDk)x

-

ide ® Wi i, (E® i), »

[

which is in turn equivalent to the composition of mappings

(M®ID,) 1y ¥ (Vi) (E®@WD,), ide ® Wy ), (E @ WD),
e _—

ide @ #; (EQ® #pr), (24)

The just established fact that the composition of mappings in (23) and that in (24)
are equivalent implies the coveted result at once. This completes the proof.

Theorem 7.1 For any Vy € IP" (), we have ¥, (V) € J2" ().

Proof In view of Proposition 7.2, it suffices to show that fﬁ\n (V,) satisfies second
the condition in Definition 5.2. Here we deal only with the case that n = 3 and the
simple polynomial p atissueisd € D3 —> d? € D, leaving the general case safely
to the reader. Since

(dy +dr + d3)? = 2(d1d> + d1d3 + dad3)

for any (dy, d», d3) € D3, we have the commutative diagram

D} X D@
+pip, v L +pe)—-D (25)
D3 d D
P

where y stands for the mapping
(d1.dr, d3) € D* > (didy, did3, drds, didy., dyds, dad3) € D(6)
Then the composition of mappings

(M @ WD)y idu @ Wy (M ®Wiy), () U3 (V) (E® Wy),

ide @ Wi s, (E®#ps),

- 3

is equivalent, by the very definition of V3, to the composition of mappings

T (x) 7 (x)

(M@ WD)rx) idu @ Wp (M@ Wps) (i @ Wy (M ® W)
— N

A2 (E®#ps),
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which is in turn equivalent to the composition of mappings

T(x) 7 (x)

(M ® WD)xx) idm @ W pgp (M@ WD) 1y idm @ Wy (M @ Wp3)
—_——— 5

& (E ® WD})X

with due regard to the commutative diagram in (25). By Theorem 4.5, this is equiv-
alent to the composition of mappings

(M @ WD)n(x) 1dm @ Wi (M ® W),y V2O (E ® #is)),
_—

7 (x) N

1dE ® WX (E ® WD})X
>
which is in turn equivalent by Proposition 7.4 to the composition of mappings

(M ® WD) riy V1(13.1(V2) (E @ WD)y ide @ Wiy (E @ #is)),
—— _—

_—>

Since R R
Y1 (73,1(Vy)) = 73,1 (¥3(Vy))

by Proposition 7.3 and the commutativity of the diagram (25), this is equivalent to
the composition of mappings

(M ® D) (x) 73,1(W3(V0) (E ® #p) ide ® #, (E®#bs),
—_ - = —_—
ide ® ¥4, (E@Wp3),

—_—
which completes the proof.

Notation 7.3 Thus the mapping fﬁ\n S P () —> D () is naturally restricted to a
mapping Y,: JP" (w) — JP» (7).

References

1. Dubuc, E.: Sur les modeles de la géométrie différentielle synthétique. Cahiers de Topologie et
Géométrie Différentielle 20, 231-279 (1979)

2. Frolicher, A., Kriegl, A.: Linear Spaces and Differentiation Theory. Wiley, Chichester (1988)

3. Goerss, P.G., Jardine, J.F.: Simplicial Homotopy Theory, Progress in Mathematics, vol. 174.
Birkhiuser, Basel (1999)

4. Kock, A.: Synthetic Differential Geometry, London Mathematical Society Lecture Note Series,
vol. 333, 2nd edn. Cambridge University Press, Cambridge (2006)



Differential Geometry of Microlinear Frolicher Spaces I'V-1 443

Kolar, 1., Michor, P.W., Slovak, J.: Natural Operations in Differential Geometry. Springer,
Berlin (1993)

Kriegl, A., Michor, P.W.: The Convenient Setting of Global Analysis. American Mathematical
Society, Rhode Island (1997)

Lavendhomme, R.: Basic Concepts of Synthetic Differential Geometry. Kluwer, Dordrecht
(1996)

Nishimura, H.: Synthetic differential geometry of jet bundles. Bull. Belg. Math. Soc. Simon
Stevin 8, 639-650 (2001)

Nishimura, H.: Corrigenda to ”Synthetic differential geometry of jet bundles”. Bull. Belg.
Math. Soc. Simon Stevin 9, 473 (2002)

Nishimura, H.: Holonomicity in synthetic differential geometry of jet bundles. Beitrige zur
Algebra und Geometrie 44, 471-481 (2003)

. Nishimura, H.: Higher-order preconnections in synthetic differential geometry of jet bundles.

Beitrige zur Algebra und Geometrie 45, 677-696 (2004)

. Nishimura, H.: Synthetic differential geometry of higher-order total differentials. Cahiers de

Topologie et Géométrie Différentielle Catégoriques 47, 129-154, 207-232 (2006)

. Nishimura, H.: The affince bundle theorem in synthetic differential geometry of jet bundles.

Beitrdge zur Algebra und Geometrie 48, 351-365 (2007)
Nishimura, H.: A much larger class of Frolicher spaces than that of convenient vector spaces
may embed into the Cahiers topos. Far East J. Math. Sci. 35, 211-223 (2009)

. Nishimura, H.: Microlinearity in Frolicher spaces -beyond the regnant philosophy of manifolds-

. Int. J. Pure Appl. Math. 60, 15-24 (2010)

. Nishimura, H.: Differential geometry of microlinear Frolicher spaces I. Int. J. Pure Appl. Math.

64, 43-83 (2010)

. Nishimura, H.: Differential geometry of microlinear Frolicher spaces IV-2, in preparation.

http://zbmath.org/?q=an:06160038

. Weil, A.: Théorie des points proches sur les variétés différentiables, pp. 111-117. Colloques

Internationaux du Centre National de la Reserche Scientifique, Strassbourg (1953)


http://zbmath.org/?q=an:06160038

	23 Differential Geometry of Microlinear  Frölicher Spaces IV-1
	1 Introduction
	2 Preliminaries
	2.1 Frölicher Spaces
	2.2 Weil Algebras and Infinitesimal Objects
	2.3 Weil-Exponentiability and Microlinearity
	2.4 Convention

	3 The First Approach to Jets
	4 The Second Approach to Jets
	5 The Third Approach to Jets
	6 From the First Approach to the Second
	7 From the Second Approach to the Third
	References


