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Preface to the Series

Contributions to Mathematical and Computational Sciences

Mathematical theories and methods and effective computational algorithms are
crucial in coping with the challenges arising in the sciences and in many areas of
their application. New concepts and approaches are necessary in order to overcome
the complexity barriers particularly created by nonlinearity, high-dimensionality,
multiple scales and uncertainty. Combining advanced mathematical and computa-
tional methods and computer technology is an essential key to achieving progress,
often even in purely theoretical research.

The term mathematical sciences refers to mathematics and its genuine sub-fields,
as well as to scientific disciplines that are based on mathematical concepts and
methods, including sub-fields of the natural and life sciences, the engineering
and social sciences and recently also of the humanities. It is a major aim of this
series to integrate the different sub-fields within mathematics and the computational
sciences, and to build bridges to all academic disciplines, to industry and other fields
of society, where mathematical and computational methods are necessary tools for
progress. Fundamental and application-oriented research will be covered in proper
balance.

The series will further offer contributions on areas at the frontier of research,
providing both detailed information on topical research, as well as surveys of the
state-of-the-art in a manner not usually possible in standard journal publications. Its
volumes are intended to cover themes involving more than just a single “spectral
line” of the rich spectrum of mathematical and computational research.

The Mathematics Center Heidelberg (MATCH) and the Interdisciplinary Center
for Scientific Computing (IWR) with its Heidelberg Graduate School of Mathemat-
ical and Computational Methods for the Sciences (HGS) are in charge of providing
and preparing the material for publication. A substantial part of the material will be
acquired in workshops and symposia organized by these institutions in topical areas
of research. The resulting volumes should be more than just proceedings collecting
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vi Preface to the Series

papers submitted in advance. The exchange of information and the discussions
during the meetings should also have a substantial influence on the contributions.

This series is a venture posing challenges to all partners involved. A unique
style attracting a larger audience beyond the group of experts in the subject areas
of specific volumes will have to be developed.

Springer Verlag deserves our special appreciation for its most efficient support in
structuring and initiating this series.

Heidelberg, Germany Hans Georg Bock
Willi Jäger

Otmar Venjakob



Preface

Iwasawa Theory is one of the most active fields of research in modern Number
Theory. The great interest in Iwasawa Theory is reflected by the highly successful
bi-annual series of international conferences, starting in 2004 in Besancon and
continuing in Limoges, Irsee and Toronto with a scientific committee formed by
John Coates, Ralph Greenberg, Cornelius Greither, Masato Kurihara, and Thong
Nguyen Quang Do. The Iwasawa 2012 Conference, organized by Otmar Venjakob
and Thanasis Bouganis, took place in Heidelberg (July 30–August 3) and drew
in over 120 participants. It was supported by the Mathematics Center Heidelberg
(MATCH) and by the European Research Council (ERC) Starting Grant IWASAWA
awarded to Otmar Venjakob. This volume, Iwasawa Theory 2012 – State of the
Art and Recent Advances, presents research and overview articles contributed by
conference speakers and participants, as well as lecture notes from an introductory
mini-course given by Chris Wultrich and Xin Wan and held the week before the
conference.

One can argue that Iwasawa Theory has its roots in the early nineteenth century
and in the work of Ernst Kummer (29 January 1810–14 May 1893), who studied
the class number of the cyclotomic field Q.�p/, in his approach to prove Fermat’s
Last Theorem. Kummer not only provided a solution to the theorem for a large
class of prime exponents, but also discovered a link between the p-divisibility of
the class number of Q.�p/ and the values of the Riemann zeta function at the
negative integers. This link between arithmetic expressions and special values of
zeta functions, which was later refined in the work of Herbrand and Ribet, lies at
the heart of modern number theory. It is the earliest example of a range of highly
conjectural deep relations between arithmetic expressions and L-values, the most
celebrated of which is the Conjecture of Birch and Swinnerton-Dyer.

However it was Kenkichi Iwasawa (September 11, 1917–October 26, 1998) and
his Main Conjecture that completely transformed our view of the arithmetic of
cyclotomic fields. Indeed Iwasawa, inspired by the work of Andre Weil on the Zeta
Function of varieties over finite fields, initiated the systematic investigation of the
p-part of the class number in the cyclotomic extension of Q. Not only did he manage
to prove his deep theorems with respect to the growth of the p-part of the class
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viii Preface

number in such extensions; he also formulated his Main Conjecture, which relates
the size of a particular Galois module to the Kubota-Leopold p-adic L-function. This
conjecture would go on to serve as the prototype for an array of Main Conjectures,
which predict a deep relation between p-adic L-functions and arithmetic invariants
of abelian varieties or, even more generally, motives.

The Main Conjecture for cyclotomic fields is now a theorem, and considerable
progress has also been made on other fronts, such as the Main Conjectures for CM
fields, for elliptic modular forms and the Main Conjectures for abelian varieties
over function fields. The proofs of all these Main Conjectures involve an impressive
combination of various strands of pure mathematics such as K-theory, automorphic
forms and algebraic geometry, contributing enormously to the popularity of the
subject. Iwasawa Theory has not stopped growing in terms of its complexity and
generalization. Undoubtedly the work of Hida, and his investigation of what are
now referred to as Hida families, has transformed the way that we view Iwasawa
Theory today. There has been also great interest in extending Iwasawa Theory to a
non-abelian setting, where the focus is on the arithmetic behavior of the underlying
motive over a p-adic Lie extension. A vast generalization of the Main Conjectures to
this non-abelian setting has now been formulated and there have already been some
first results, both in the number field and in the function field case.

It is exactly these astonishing new and rapid developments that the Iwasawa
Conference series seeks to address. The main aim is to bring together experts from
different strands in or closely related to Iwasawa Theory to report on recent develop-
ments and exchange ideas. The series has also established a tradition of very lively
and pleasant meetings, a tradition that was strengthened by the 2012 conference.
Events such as the half-day-long cruise on the Neckar River undoubtedly helped to
create an inviting and stimulating atmosphere for the conference participants.

The week before the 2012 conference a preparatory mini-course was offered by
Chris Wultrich and Xin Wan, aimed to introduce graduate students and newcomers
to the field. While Chris Wultrich offered an overview of several basic aspects of
Iwasawa Theory, Xin Wan provided an introduction to the work of Skinner and
Urban on the Main Conjecture for elliptic modular forms. Their lecture notes,
Overview of Some Iwasawa Theory by Chris Wultrich and Introduction to Skinner-
Urban’s Work on the Main Conjecture for GL2 by Xin Wan, are now presented as
part of this volume. The organizers would like to take this opportunity to thank them
again for their excellent lecture series in the summer of 2012 and their contributions
to this volume.

The talks given in the Iwasawa 2012 conference covered the wide range of devel-
opment in Iwasawa Theory over the past several years, and were complemented by
a poster session. Not every contribution in this volume is based on a talk given
during the conference; some of the contributions are survey articles, while others
are original research articles appearing for first time in printed form.

Acknowledgements It is of course only the efforts of the contributors that made this volume
possible, and the editors are grateful to them. Moreover the editors would like to thank the
referees for their valued work, and to thank once again the speakers and the participants of the
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2012 conference and the preparatory lecture series. Further the editors would like to express their
gratitude to Birgit Schmoetten-Jonas for her support with organizing the 2012 conference and
editing this volume, which has been nothing less than indispensable. Lastly, it is our pleasure to
thank MATCH and ERC for their financial support, as well as Mrs. Allewelt and Dr. Peters from
Springer Verlag for their excellent collaboration in editing this volume.

Durham, UK Thanasis Bouganis
Heidelberg, Germany Otmar Venjakob
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Lecture Notes



Overview of Some Iwasawa Theory

Christian Wuthrich

1 Introduction

These are the notes to lectures given at Heidelberg in July 2012. The intention
was to give an concise overview of some topics in Iwasawa theory to prepare
the participants for the conference. As a consequence, they will contain a lot of
definitions and results, but hardly any proofs and details. Especially I would like to
emphasise that the word “proof” should be replaced by “sketch of proof” in all cases
below. Also, I have no claim at making this a complete introduction to the subject,
nor is the list of references at the end. For this the reader might find (Greenberg
2001) a better source.

The talks were given in four sessions, which form the four sections of these
notes. We start by the classical Iwasawa theory for the class group, including the
fundamental result of Iwasawa on the growth of class groups in Zp-extensions. We
also describe Stickelberger elements, cyclotomic units and the main conjecture. This
first section also contains the basic facts about Iwasawa algebras.

The second section introduces Iwasawa theory for elliptic curves by studying the
growth of the Selmer group. We define Mazur-Stickelberger elements and thep-adic
L-functions and state the main conjecture in this context. The third section includes
the proof of the control theorem for Selmer groups (in the ordinary case) and the
formula for the leading term of the characteristic series of the Selmer group. The last
section shows how one generalises Selmer groups to various Galois representations.
We conclude with a rough and short explanation about Kato’s Euler system.

C. Wuthrich (�)
School of Mathematical Sciences, University of Nottingham, Nottingham, UK
e-mail: christian.wuthrich@nottingham.ac.uk; christian.wuthrich@gmail.com

T. Bouganis and O. Venjakob (eds.), Iwasawa Theory 2012, Contributions
in Mathematical and Computational Sciences 7, DOI 10.1007/978-3-642-55245-8__1,
© Springer-Verlag Berlin Heidelberg 2014
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4 C. Wuthrich

2 Iwasawa Theory of the Class Group

Let F be a number field and let p be an odd prime. Suppose we are given a tower
of Galois extensions F D F .0/ � F .1/ � F .2/ � � � � such that the Galois group of
F .n/=F is cyclic of order pn for all n > 1. Write C .n/ for the p-primary part of the
class group of F .n/ and write pen for its order.

Theorem 1 (Iwasawa 1959). There exist integers �, �, �, and n0 such that

en D �pn C �nC � for all n > n0.

2.1 Zp-Extensions

Let me first describe the tower of extensions that we are talking about. Set F .1/ DS
F .n/. The extension F .1/=F is called a Zp-extension as its Galois group �

is isomorphic to the additive group of p-adic integers since it is the projective
limit of cyclic groups of order pn. The most important example is the cyclotomic
Zp-extension: If F D Q, then the Galois group of Q.�pn/=Q is

�
Z=pnZ

��
, which is

cyclic of order .p�1/pn�1. So there is an extension Q
.n�1/=Q contained in Q.�pn/

such that Q.1/ is a Zp-extension ofQ. For a generalF , the cyclotomicZp-extension
is F .1/ D Q

.1/ � F .
It follows from the Kronecker-Weber theorem that Q

.1/ is the unique
Zp-extension of Q. It would be a consequence of Leopoldt’s conjecture that
the cyclotomic Zp-extension is the only one for any totally real number field,
see Neukirch et al. (2000, Theorem 11.1.2). For a general number field F , the
compositum of all Zp-extension contains at least Zr2C1p in its Galois group where
r2 denotes the number of complex places in F . For an imaginary quadratic number
field F , for instance, the theory of elliptic curves with complex multiplication
provides us with another interesting Zp-extension, the anti-cyclotomic Zp-
extension. It can be characterised as the only Zp-extension F .1/=F such that
F .1/=Q is a non-abelian Galois extension.

Lemma 1 (Proposition 11.1.1 in Neukirch et al. 2000). The only places that can
ramify in F .1/=F divide p and at least one of them must ramify.

In the cyclotomic Zp-extension of F , all places above p are ramified and there are
only finitely many places above all other places.

2.2 The Iwasawa Algebra and Its Modules

Let O be a “coefficient ring”, for us this will always be the ring of integers in a
p-adic field; so O D Zp is typical. There is a natural morphism between the group
rings O

�
Gal.F .n/=F /

�
, which allows us to form the limit
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� D lim �
n

O
�
Gal.F .n/=F /

�
:

This completed topological group ring, called the Iwasawa algebra and also denoted
by OŒŒ� ��, is far better to work with than the huge group ring OŒ� �.

Proposition 1. To a choice of a topological generator 	 of � , there is an
isomorphism from � to the ring of formal power series OŒŒT �� sending 	 to T C 1.

The proof is given in Theorem 5.3.5 of Neukirch et al. (2000). By the Weierstrass
preparation theorem, an element f .T / 2 OŒŒT �� can be written as a product of a
power of the uniformiser of O times a unit of OŒŒT �� and times a distinguished poly-
nomial, which, by definition, is a monic polynomial whose non-leading coefficients
belong to the maximal ideal.

Let X.n/ be a system of abelian groups with an action by Gal.F .n/=F /. If there
is a naturally defined norm map X.nC1/ ! X.n/, then we can form X D lim �X

.n/

and consider it as a compact �-module. For instance the class groups C .n/ above
have a natural norm map between them. Also lots of naturally defined cohomology
groups will have such a map, too. Suppose now O=Zp is unramified, otherwise the
power of p below must be replaced by a power of the uniformiser of O.

Proposition 2. Let X be a finitely generated �-module. Then there exist integers
r , s, t , m1, m2, . . . , ms, n1, n2, . . .nt , irreducible distinguished polynomials f1, f2,
. . .ft , and a morphism of �-modules

X �! �r ˚
sM

iD1
�ı

pmi�˚
tM

jD1
�ı

f
nj
j �

whose kernel and cokernel are finite.

Proofs can be found in Serre (1995), Neukirch et al. (2000, Theorem 5.3.8) or quite
different in Washington (1997, Theorem 13.12) and Lang (1990, Theorem 5.3.1).
The main reason is that � is a 2-dimensional local, unique factorisation domain.

As the ideals fj� and the integers r ,. . . , nt are uniquely determined by X , we
can define the following invariants attached to X . The rank of X is rank�.X/ D r .
The �-invariant is �.X/ D Ps

iD1 mi and the �-invariant is �.X/ D Pt
jD1 nj �

deg.fj /. Finally, if r D 0,

char.X/ D p�.X/ �
tY

jD1
f
nj
j �

is called the characteristic ideal of X . If r D 0, s 6 1 and all fj are pairwise
coprime, then X ! �= char.X/ has finite kernel and cokernel.

Let us summarise the useful properties of �-modules in a lemma. Write X� .n/
for the largest quotient of X on which � .n/ D Gal.F .1/=F .n// acts trivially.
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Lemma 2. Let X be a �-module.

1. X is finitely generated if and only if X is compact and X� is a finitely generated
Zp-module.

2. Suppose X is a finitely generated �-module. Then X is �-torsion, i.e., the
�-rank of X is 0, if and only if X� .n/ has bounded Zp-rank.

3. If X� .n/ is finite for all n, then there are constants � and n0 such that jX� .n/j D
pen with en D �.X/ � pn C �.X/ � nC � for all n > n0.

Proofs can be found in §5.3 of Neukirch et al. (2000). Note that if X D �=f

for an irreducible f , then X� .n/ is finite, unless f is a factor of the distinguished
polynomial !.n/ D .1C T /pn � 1 corresponding to a topological generator of � .n/.

2.3 Proof of Iwasawa’s Theorem

I will sketch the proof of Theorem 1 only in the simplified case when F has a single
prime p above p and that this prime is totally ramified in F .1/=F . Let L.n/ be the
p-Hilbert class field of F .n/, i.e., the largest unramified extension of F .n/ whose
Galois group is abelian and a p-group. By class field theory the Galois group of
L.n/=F .n/ is isomorphic to C .n/.

Set L.1/ D S
L.n/, which is a Galois extension of F .1/ with Galois group

X D lim �C
.n/. The action of � .n/ on C .n/ translates to an action of � on X given

by the following. Let 	 2 � and x 2 X . Choose a lift g of 	 to the Galois group of
L.1/=F and set x	 D gxg�1. So X is a compact�-module.

Define K to be the largest abelian extension of F inside L.1/. Then L.0/ and
F .1/ are contained in K . The maximality of K shows that the Galois group of
K=F .1/ must be equal to X� .

Since K=F .1/ is unramified and F .1/=F is totally ramified at p, the inertia
group I at a prime above p in K gives a section of the map from Gal.K=F /! � .
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SinceKI D L.0/, we have Gal.K=F .1// D C .0/ DW C and it has a trivial action of
� on it. Hence C is isomorphic to X� . Replacing in this argument F by F .n/, we
can also conclude that X� .n/ Š C .n/.

In particular, it is always finite. HenceX is a finitely generated torsion�-module
and Lemma 2 (c) implies the theorem. ut

Iwasawa has given an example in Iwasawa (1973) of a Zp-extension with
�.X/ > 0, however he conjectured that �.X/ D 0 whenever the tower is the
cyclotomic Zp-extension. This was shown to be true by Ferrero–Washington (1979)
when F=Q is abelian.

The above proof can also be used to show that if F D Q then the class group of
Q
.n/ has no p-torsion. Conjecturally this may even be true for F D Q.�p/

C, see
Sect. 2.8.

2.4 Stickelberger Elements

Let K be an abelian extension of Q. By the Kronecker-Weber theorem, there is a
smallest integer m such that K � Q.�m/ called the conductor of K . For each a 2�
Z=mZ

��
write 
a for the image of a under the map

�
Z=mZ

�� Š Gal
�
Q.�m/=Q

� !
Gal.K=Q/ D G. The Stickelberger element for K is defined to be

�K D � 1
m

X

16a<m
.a;m/D1

a � 
�1a 2 QŒG�

and the Stickelberger ideal is I D ZŒG� \ �K ZŒG�. It is not difficult to show that
I D I 0�K with I 0 being the ideal in ZŒG� generated by all c � 
c with .c;m/ D 1,
see Washington (1997, Lemma 6.9).

Theorem 2 (Stickelberger). The Stickelberger ideal I annihilates the class group
of K .

This means that for any fractional ideal a and any integer c coprime to m, the ideal
becomes principal after applying .c � 
c/ �K to it. It is important to note that this
theorem does not say anything interesting when K is totally real as then �K is a
multiple of the norm NK=Q. Hence it will not give us information about the class
number of Q.�p/C. For a quadratic imaginary field K , this is an algebraic version
of the analytic class number formula for K , see the remark (b) after theorem 6.10
in Washington (1997).

Here is the idea of the proof, for details see Washington (1997, Theorem 6.10)
or Lang (1990, Theorem 2.4).

Proof. We consider only the case K D Q.�p/ for some odd prime p. In each
ideal class there is a prime ideal q of degree 1, i.e., it is split above some prime
` � 1 .mod p/. Take the Dirichlet character � modulo ` of order p such that
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�.a/ � a.`�1/=p .mod q/ for all a. Fix a primitive `-th root of unity . The Gauss
sum of � is defined to be

Ga.�/ D �
X

u mod `

�.u/ u 2 Q.�p; �`/:

One can show that Ga.�/ � Ga.�/ D ` and that we have Ga.�/.c�
c/ 2 Q.�p/ for
all c coprime to p. Finally a detailed analysis of the valuation of this Gauss sum at
all primes above ` reveals that for any ˇ 2 ZŒG� such that ˇ�K 2 ZŒG�, we have

that qˇ�K D �Ga.�/
�ˇ

OK is a principal ideal in the ring of integers OK of K .

2.5 p-Adic L-Functions

Consider the cyclotomic Zp-extension F .1/ of F D Q.�p/ for some odd prime p.
Write G.n/ for the Galois group of F .n/ D Q.�pnC1 / over Q and G D lim �G

.n/ D
Gal.F .1/=Q/. ThenG Š ��� with� D G.0/ and � D Gal.F .1/=F /. We write

	a for the image of 
a in � . The cyclotomic character �WG ! Z
�
p splits accordingly

into the Teichmüller character!W�! Z
�
p and �W� ! 1CpZp. So for any a 2 Z

�
p ,

the character ! sends 
a to a .p � 1/-st root of unity with !.a/ � a 2 pZp and
�.	a/ D hai D a=!.a/.

For i 2 Z=.p�1/Z, consider the projector

"i D 1

p � 1
p�1X

aD1
!i .a/ 
�1a 2 ZpŒ��

to the !i -eigenspaces. We split up the Stickelberger element �.n/ D �F .n/ 2 QŒG.n/�

for the field F .n/ into p�1 elements �.n/i 2 QpŒGal.F .n/=F /� defined by "i ��.n/ D
�
.n/
i � "i ; explicitly

�
.n/
i D �

1

pnC1
X

16a<pnC1
p−a

a � !�i .a/ � 	�1a 2 QpŒGal.F .n/=F /� :
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Lemma 3. If i ¤ 1 then �.n/i 2 ZpŒGal.F .n/=F /� and if i ¤ 0; 1, then �i D�
�
.n/
i

�
n>1 belongs to lim �ZpŒGal.F .n/=F /� D �. If i ¤ 0 is even then �i D 0.

Recall that the generalised Bernoulli numbers for a Dirichlet character � of
conductorm are defined by

mX

aD1
�.a/

t eat

emt � 1 D
1X

rD0
Br;�

t r

rŠ
:

An explicit computation (Washington 1997, Theorem 7.10) links the elements �i
to these Bernoulli numbers and the traditional Bernoulli numbers Br . Recall that
the Br;� and Br also turn up as values of the complex L-function L.s; �/ and
the Riemann zeta-function (Washington 1997, Theorem 4.2). Hence we find the
interpolation property.

Theorem 3. For any even integer r > 1, we have

�1�r .�1�r / D �.1 � pr�1/ Br
r
D .1 � pr�1/ �.1� r/:

Furthermore, for any r > 1 and any even j 6� r .mod p � 1/, we have

�1�r .�1�j / D �Br;!j�r
r

D L.1 � r; !j /:

For any s 2 Zp we can extend �sW� ! 1 C pZp linearly to �sW� ! Zp . The
p-adicL-functions are defined to beLp.s; !j / D �s.�1�j /. To represent the p-adic
L-function as a map � 7! �.�1�j / is analogue to Tate’s description of complex
L-functions in his thesis; often these maps are written as measures on the Galois
group � .

Now Lp.s; !
j / is an analytic function in s and the existence of such a function

satisfying the above theorem is equivalent to strong congruences between the values
of L.s; !j / for negative integers s. For instance, one can deduce the Kummer
congruences (Washington 1997, Corollary 5.14) from the theorem.

Leopoldt showed thatLp.1; !j / satisfies a p-adic analytic class number formula
involving the p-adic regulator, see Washington (1997, Theorems 5.18 and 5.24).
The p-adic L-function for j D 0 corresponding to �1 is not in �, instead it has a
simple pole at s D 1.

The above L-functions are in fact the branches of the p-adic zeta-function
discovered by Kubota and Leopoldt. There are generalisations to a much larger
class of L-functions: Suppose K is a totally real number field and F=K an abelian
extension of degree prime to p. Let � be a character of the Galois group of
F=K into the algebraic closure of Qp and suppose that F is still totally real.
Take O to be the ring ZpŒ�� generated by the values of �. Then there is a p-adic
L-function L� 2 OŒŒ� �� such that �s.L�/ D Lp.s; �/ satisfies Lp.1 � r; �/ D
L.1 � r; �!�r / �Qpjp.1 � �!�r .p/N.p/r�1/ for all r > 1. See for instance Wiles
(1990).
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2.6 The Main Conjecture

Let 3 6 i 6 p � 2 be an odd integer. Consider the projective limit X of the
p-primary parts of the class groups of F .n/ D Q.�pnC1 /. Since � acts on this
Zp-module, we can decompose it into eigenspaces for this action. Let Xi D "i X ,
which is now a finitely generated torsion � D ZpŒŒ� ��-module. Hence it makes
sense to talk about its characteristic ideal.

Theorem 4 (Main conjecture). The ideal char.Xi/ is generated by �i for all odd
3 6 i 6 p � 2.

This was first proven by Mazur-Wiles (1984), then generalised to totally real fields
by Wiles (1990). These proofs use crucially the arithmetic of modular forms. Later a
proof was found using the Euler system of cyclotomic units, see Coates and Sujatha
(2006) and the appendix in Lang (1990).

This theorem has many implications (some of which were known before the
conjecture was proved). We can split up the p-primary part C of the class group
of Q.�p/ into eigenspaces Ci D "iC
Theorem 5. For every odd 3 6 i 6 p � 2, the order of Ci is equal to the order of
Zp=B1;!�i .

Theorem 6 (Herbrand-Ribet (Ribet 1976)). For any odd 3 6 i 6 p � 2, the
character !i appears in C=Cp if and only if p divides the numerator of Bp�i .

2.7 Cyclotomic Units

The p-adicL-function can also be constructed out of the following units. For each c
coprime tom, the element .�cm � 1/=.�m� 1/ is a unit in ZŒ�m� where �m a primitive
m-th root of unity, called a cyclotomic unit. On the one hand they are linked to the
p-adic L-function as m varies in the powers of p; in fact the p-adic L-functions
can be obtained as a logarithmic derivatives of the Coleman series associated to the
cyclotomic unit. See Propositions 2.6.3 and 4.2.4 in Coates and Sujatha (2006). On
the other hand they are linked to the class group: Whenm is a power of p, the index
of the group generated by the cyclotomic units and the roots of unity in Q.�m/ is
equal to the class group order of Q.�m/C within the group of units in ZŒ�m�.

The cyclotomic p-units �cm � 1 form an Euler system, see §3.2 in Rubin (2000),
the appendix in Lang (1990) and §5.2 in Coates and Sujatha (2006), due to the fact
that they make the Euler factors of the L-function appear in their compatibility with
respect to the norm map:

NQ.�m`/=Q.�m/.�m` � 1/ D .1 � 
�1` /.�m � 1/
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for any prime ` − m. These special elements provides a powerful way of bounding
the class group in terms of values of the p-adic L-function and yield a proof of the
main conjecture.

2.8 Vandiver’s Conjecture

The theory so far only covered the minus part of the class group, i.e., Ci for odd i .
Note that˚i evenCi is the p-primary part of the class group of Q.�p/C.

Conjecture 1 (Vandiver). The class number of Q.�p/C is not divisible by p.

Although one may argue (see end of §5.4 in Washington 1997) that it is not likely
to hold for all p, it is known to hold for all primes p 6 39 � 222 see Buhler and
Harvey (2011). Moreover for all these 9,163,831 primes, the components Ci are
always cyclic of order p and there are at most 7 non-trivial components. However,
probably there are primes withCi of order larger thanp and probably the �-invariant
can get arbitrarily large.

It is known since Kummer that if p divides the class number of Q.�p/C then p
divides jCi j for some odd i , see Corollary 8.17 in Washington (1997).

Proposition 3. If Vandiver’s conjecture holds for p, then Ci is isomorphic to
Zp=B1;!�i for all odd i . MoreoverC .n/

i is a cyclic ZpŒGal.Fn=F /�-module for all n.

This is shown in Corollary 10.15 in Washington (1997).

Conjecture 2 (Greenberg 2001). If F is totally real, then X D lim �C
.n/ is finite.

2.9 Examples

Let us first take p D 5 and so i D 3 is the only interesting value. We take 	1Cp to
be the generator of � corresponding to T C 1. Then

�
.4/
3 D2C 2 � 5C 52 C 3 � 53 C 4 � 54 CO.55/C �4C 4 � 5C 52 C 4 � 53 CO.54/

� � T
C �1C 5C 4 � 52 CO.54/

� � T 2 CO.T 3/

which is congruent to �3 modulo !.4/ D .1 C T /5
4 � 1; in particular the above

expression is the correct approximation for the 5-adic L-function �3. It is a unit in
� as the leading term �B1;!2 D 2 C 2 � 5 C � � � is a 5-adic unit. Of course this is
not surprising as the class group of Q.�5/ is trivial. So here X D 0 and en D 0 for
all n.
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Now to the first irregular prime p D 37. Here the Bernoulli number B32 is
divisible by 37. Accordingly, we expect a non-trivial !5 part in the class group
of Q.�37/. Indeed the approximation to the 37-adic L-function is

�
.3/
5 D14 � 37C 33 � 372 C 13 � 373 CO.374/C �16C 6 � 37C 32 � 372 CO.373/

� � T
C �29C 9 � 37C 13 � 372 CO.373/

� � T 2 CO.T 3/:

This is not a unit as �B1;!�5 is divisible by 37. From the fact that the second
coefficient is a unit, we conclude that �5 is a unit times a linear factor. Hence X
is a free Z37-module of rank 1 and en D nC 1 for all n. The fact which underlies
the proof of Ribet’s theorem is that the Eisenstein series

G D � B32

2 � 32 C
X

n>1

X

d jn
d 31qn

D 7709321041217
32640 CqC2147483649 q2C617673396283948 q3C4611686020574871553 q4C���

of weight 32 is congruent modulo one of the primes above 37 in Q.�12/ to the
cuspform

f D qC �12 q2C
���312C �212� �12

�
q3 � �212 q4C

�
2 �312C �212 � 2 �212� 2

�
q5C � � �

of weight 2 for the group �1.37/ and character !30.

3 Iwasawa Theory for Elliptic Curves

3.1 Examples

Let Q.1/=Q be the cyclotomic Zp-extension of Q and let E=Q be an elliptic curve.
The theorem of Mordell-Weil shows that the groupE.Q.n// is finitely generated for
all n. Is this still true for E.Q.1// ? In particular is the rank of E.Q.n// bounded
as n grows? The analogy with the case of global function fields suggests that this
should be the case.

There is a second interesting group attached to E . For any elliptic curveE over a
number field F , the Tate-Shafarevich group X.E=F .n// is a certain torsion abelian
group whose definition we give in Sect. 3.2. We write X.n/ for its p-primary part
which is conjectured to be finite for all n. The first four examples were computed
with the methods in Stein and Wuthrich (2013).
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3.1.1 Example 1

Let E be the elliptic curve given by

EW y2 C x y D x3 � 6511 x � 203353

which has E.Q/ D X.E=Q/ D 0 and it is labelled 174b2 in Cremona’s
table (Cremona 1997). It has bad reduction at 2 (additive), 3, and 29 (both split
multiplicative).

If p D 5 then the rank of E.Q.n// is zero for all n and the group X.n/ is trivial,
too. Since a p-torsion group can not act with a single fixed point on a p-primary
group, we have that E.Q.n// has no p-torsion for all n.

3.1.2 Example 2

Let us take the same curve but now with p D 7. Then the rank will still be zero
for all n. However if jX.n/j D pen , then en D pn C 2n � 1 for all n > 0. So
the Tate-Shafarevich group will explode in this case. Note that this curve has a 7-
isogeny defined over Q and one Tamagawa number is 7 and the number of points in
the reduction over F7 has 7 points. So p D 7 appears in various places. In fact X.n/

is formed of pn � 1 copies of Z=pZ and two copies of Z=pnZ.

3.1.3 Example 3

Again with the same curve, but this time for the prime p D 13. Once more the rank
remains 0 in the tower, however the p-primary part of X.E=Q.n// grows with

en D
j p

p2 � 1 p
n � n

2

k

for all n. This formula is shown in Kurihara (2002). For instance e0 D e1 D 0,
e2 D 12, e3 D 168, e4 D 2;208, . . . Visibly the growth does not obey the same type
of regularity as in the previous examples. The difference is that E has supersingular
reduction at p D 13.

3.1.4 Example 4

Let us consider now the curve 5692a1

EW y2 D x3 C x2 � 18 x C 25
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which has E.Q/ D Z .0; 5/˚ Z.1; 3/. For p D 3, one can show that the rank is 6
over Q.1/ and it is 12 for all Q.n/ with n > 2. The 3-primary part of X.E=Q.n// is
trivial for all n. Note however that we do not know if X.E=Q/ is finite or not.

3.1.5 Example 5

Finally, consider the curve 11a3

EW y2 C y D x3 � x2

and consider the anti-cyclotomic Z3-extension above F D Q
�p�7�. The construc-

tion of Heegner points allows us to produce points of infinite order P .n/ 2 E.F .n//.
The tower of points is compatible in the sense that the trace of P .n/ to the layer
below is .�1/ �P .n�1/. It can be shown that these points and their Galois conjugates
generate a group of rank pn in E.F .n//. Hence this is an example in which the rank
is not bounded. See Bertolini (2001).

3.2 Selmer Groups

Let E=F be an elliptic curve over a number field F . Set ˙ to be the finite set of
places in F consisting of all places above p, all places of bad reduction for E and
all infinite places.

For any field K , we write Hi.K; �/ for the group cohomology of continuous
cochains for the profinite absolute Galois group Gal. NK=K/. The notationHi

˙.F; �/
will stand for the cohomology for the Galois groupG˙.F / of the maximal extension
of F that is unramified outside F , see Neukirch et al. (2000, §8.3); it can also be
described as the étale cohomology groupHi

ét.Spec.OF /n˙; �/ for the corresponding
étale group scheme. If the Galois module M is finite p-primary, then Hi

˙.F;M/

is finite, see Neukirch et al. (2000, Theorem 8.3.19). If M is a finitely generated
Zp-module then so is Hi

˙.F;M/, see Rubin (2000, Proposition B.2.7). For any
abelian group A, we will denote the Pontryagin dual HomZ.A;

Q=Z/ by OA.
For any finite extension K=F , we define the Tate-Shafarevich group X.E=K/

to be the kernel of the localisation map

H1.K;E/!
Y

v

H1.Kv; E/

where the product runs over all places v of K and Kv denotes the completion at v.
The non-trivial elements in X.E=K/ have an interpretation as curves of genus 1
defined over K with Jacobian isomorphic to E and which are counter-examples
to the Hasse principle, see Milne (2006, §17). It is known that X.E=K/ is a
torsion abelian group such that the Pontryagin dual of the p-primary part is a finitely
generated Zp-module for every prime p. It is conjectured that X.E=K/ is finite.
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Let m be a power of p. For any extension K of F , the long exact sequence of
cohomology for EŒm� gives the Kummer exact sequence

For any finite extension K of F , we define the m-Selmer group Selm.E=K/ as the
elements inH1.K;EŒm�/ that restrict to elements in the image of the local Kummer
map �vWE.Kv/=p

kE.Kv/ ! H1.Kv; EŒm�/ for all places v of K . This contains
naturally E.K/=mE.K/ as a subgroup whose quotient is X.E=K/Œm�. Since all
cocycles in the Selmer group are unramified outside˙ , we get an exact sequence

In particular, this shows that Selm.E=K/ is finite. We can now form the two limits,
induced by the inclusion and the multiplication by p map between EŒpk� and
EŒpkC1�. We set

S.E=K/ D lim�!
k

Selp
k

.E=K/ � H1
˙.K;W / and

S.E=K/ D lim �
k

Selp
k

.E=K/ � H1
˙.K; T /

where T D lim �k EŒp
k� is the (compact) p-adic Tate module and W D

lim�!k
EŒpk� D EŒp1� is the (discrete) p-primary torsion of E . It is true that

lim �H
1
˙

�
K;EŒpk�

� D H1
˙.K; T / by an argument of Tate, see Neukirch et al. (2000,

Corollary 2.3.5).
The corresponding limit versions of the Mordell-Weil group are

lim�!E.K/=pkE.K/ and lim �E.K/=p
kE.K/. The first can be seen to be equal

to E.K/ ˝Z

Qp=Zp , which is isomorphic to a direct sum of rank.E.K// copies of
Qp=Zp . The latter is equal to E.K/˝Z Zp , which is equal to the sum of rank.E.K//
copies of Zp plus the finite group E.K/Œp1�. By passing to the limits, we find the
exact sequences

where the lower sequence remains exact because we have taken projective limits of
finite groups. The group on the right hand side of the second line is a free Zp-module
which is conjecturally trivial. The first line combines nicely the rank information
with the Tate-Shafarevich group. The Pontryagin duals of the first line and all the
groups in the second line are finitely generated Zp-modules.
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Later in Sect. 5, we will give another description of S.E=K/ which does not use
the Kummer map, but uses the modulesW and T only.

3.3 Iwasawa Theory for the Selmer Group

Given a Zp-extension F .1/=F , we consider the limit S.E=F .1// D
lim�!n

S.E=F .n// and its dual

X D5S.E=F .1// D lim �
n

4S.E=F .n// (1)

which is naturally a compact �-module. The maps are induced by the natural
inclusion E.F .n// ! E.F .nC1// and the restriction map on the Tate-Shafarevich
groups. Hence, if the Mordell-Weil group stabilises after a few steps, as in all but the
last example above, thenX will contain a Zp-module of this rank. The other natural
limit lim �nS.E=F

.n// with respect to the corestriction map is less interesting: If the

Mordell-Weil group stabilises, meaning that E.F .1// D E.F .n// for some n, and
the Tate-Shafarevich groups are finite, then this limit is trivial.

Lemma 4. The Selmer group X is a finitely generated �-module for any
Zp-extension.

Proof. We should show by Lemma 2 that X� is a finitely generated Zp-module;
this is the dual of the � -fixed part of S.E=F .1//. Later in Theorem 11, we will
show that this is not too far from the dual of S.E=F /, which is a finitely generated
Zp-module.

Conjecture 3 (Mazur 1972). If E has good ordinary reduction at all places in F
above p and F .1/=F is the cyclotomic Zp-extension, then the Selmer groupX is a
torsion�-module.

Note that this conjecture implies, by Proposition 2, that the largest free Zp-module
in X has finite rank �.X/, so by the above this will imply that the rank of E.F .n//

stabilises. Moreover we have:

Proposition 4. If the conjecture holds then E.F .1// is a finitely generated
Z-module. Suppose that X.E=F .n//Œp1� is finite for all n, then there are constants
�, �, �, n0 such that if

ˇ
ˇX.E=F .n//Œp1�

ˇ
ˇ D pen , then en D �pnC�nC � for all

n > n0.

Proof. The first part is Theorem I.5 in Greenberg (1999). For the second part, we
will have to show that X� .n/ is very close to the dual of S.E=F .n// for all n. This is
done in the control Theorem 12 below.

As shown by the Examples 3.1.4 and 3.1.5, none of the two assumptions in
Mazur’s conjecture can be removed. Here are two important result in support of
the conjecture.



Overview of Some Iwasawa Theory 17

Theorem 7 (Mazur 1972). If E.F / and X.E=F /Œp1� are finite, then the
conjecture holds.

The main result of Kato (2004) implies the following.

Theorem 8. Let E be an elliptic curve defined over Q and let F be an abelian
extension of Q. Suppose that E has good ordinary reduction at p, then the Selmer
group for the cyclotomic Zp-extension is a torsion �-module.

3.4 Mazur-Stickelberger Elements

Let E=Q be an elliptic curve. We will suppose that E has good reduction at p. Let
!E be a Néron differential onE; this is just dx

2y
whenE is given by a global minimal

model. The canonical latticeZE forE is the image of
R WH1

�
E.C/;Z

�! C sending
a closed path 	 on E.C/ to

R
	 !E . We define˝E to be the smallest positive element

of ZE .
The theorem of modularity (Breuil et al. 2001) shows that there exists a

morphism 'E of curves X0.N / ! E defined over Q. We take one of minimal
degree. If f is the newform corresponding to the isogeny class of E , then there is a
natural number cE , called the Manin constant, such that cE � '�E .!E/ is equal to the
differential 2�if .z/d z on X0.N / corresponding to f , written here as a differential
in the variable z on the upper half plane H. For the so-called optimal curve in the
isogeny class one expects cE D 1.

For any rational number r D a
m

, consider the ray from r to i1 in the upper half
plane. Its image in X0.N /.C/ is a (not necessarily closed) path fr;1g between two
cusps.

Proposition 5 (Manin 1972). There is a natural number t > 1 such that, for all
r 2 Q, the value of �f .r/ D 2�i

R r
i1 f .z/ d z belongs to 1

t
ZE .

This is clear for the closed paths, i.e., when r is �0.N /-equivalent to i1. The proof
for general r uses the Hecke operators T` on X0.N /.

We define the (plus) modular symbol Œr�C by

Œr�C D 1

˝E

� Re
�
2�i

Z r

i1
f .z/ d z

�
2 Q;

see Cremona (1997) for more details. For an abelian field K of conductor m, we
define the Stickelberger element for E to be

�E=K D
X

16a<m
.a;m/D1

h a

m

iC

a 2 Q

�
Gal.K=Q/

�
:
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Let ` be a prime of good reduction. The `-th coefficient a` of f satisfies `�a`C1 D
#E.F`/. If ` does not dividem, then

NQ.�m`/=Q.�m/

�
�E=Q.�m`/

� D .�
`/
�
1� a` 
�1` C 
�2`

��
�E=Q.�m/

�
;

which can be deduced from the action of the Hecke operator T` on X0.N /.

3.5 The p-Adic L-Function

Let p be a prime of good reduction for E . Write now �
.n/
E for the Stickelberger

element for the field Q
.n/ and write G.n/ D Gal.Q.n/=Q/. We define the map

j WQŒG.n/�! QŒG.nC1/� to send an element ofG.n/ to the sum over all its preimages
in G.nC1/. Then the norm N WQŒG.nC1/�! QŒG.n/� sends �.nC1/

E to

N
�
�
.nC1/
E

� D ap ��.n/
E � j

�
�
.n�1/
E

�
:

This is shown using the Hecke operator Tp . Let ˛ be a root of the polynomialX2 �
ap X C p. We set

L
.n/
E D

1

˛nC1
��.n/

E �
1

˛nC2
j
�
�
.n�1/
E

�
(2)

for all n > 1. Then LE D .L.n/E /n>1 belongs to lim �QŒGal.Q.n/=Q/� and it is called
the p-adic L-function of E . Explicitly, we have

L
.n/
E D

X

16a<pnC1
p−a

�
1

˛nC1
h a

pnC1
iC � 1

˛nC2
h a

pn

iC	 � 	a:

Suppose now that E has good ordinary reduction at p. Then ap is a p-adic unit and
hence we can find one root ˛ which belongs to Z

�
p . Because the denominator of Œ a

m
�

is uniformly bounded,LE actually belongs to Qp˝� and in many cases it is known
that LE 2 �. For the supersingular case there is no unit root ˛ and LE will never
belong to �, see Pollack (2003).

Theorem 9. The p-adic L-function satisfies the interpolation properties

1.LE/ D
�
1 � 1

˛

�2 � L.E; 1/
˝E

(3)

and

�.LE/ D Ga.�/

˛nC1
� L.E; N�; 1/

˝E

(4)
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for all character � of conductor pnC1 on � , i.e., that factor through Gal.Q.n/=Q/

but not through Gal.Q.n�1/=Q/.

The proof connecting the corresponding finite sums of modular symbols to the
Mellin transform of the modular form can be found in formula (8.6) and §14
of Mazur et al. (1986).

Theorem 10 (Rohrlich 1984). Only finitely many of the values �.LE/ in Eq. (4)
are zero. In particular LE ¤ 0.

Again, we can define the analytic function Lp.E; s/ D �s�1.LE/. If L.E; 1/ ¤
0, we know that E.Q/ is finite. As a consequence of the above theorem, we see that
Lp.E; 1/ ¤ 0 as ˛ ¤ 1. Moreover the valueLp.E; 1/ is then predicted by the Birch
and Swinnerton-Dyer conjecture.

Conjecture 4 (p-adic version of the Birch and Swinnerton-Dyer conjecture (Mazur
et al. 1986)). The order of vanishing of Lp.E; s/ at s D 1 is equal to the rank of
E.Q/. The leading term of its series at s D 1 is equal to

�
1 � 1

˛

�2 � Regp.E=Q/ � #X.E=Q/ �Qv cv
�
#E.Q/tors

�2

where cv are the Tamagawa numbers and Regp.E=Q/ is the p-adic regulator, see
Sect. 4.2.

It would be very interesting to know that the order of vanishing ofLp.E; s/ is equal
to the order of vanishing of L.E; s/. However this is only known when the p-adic
L-function vanishes to order at most 1 by Perrin-Riou (1987).

3.6 The Main Conjecture

Let E=Q and suppose E has good ordinary reduction at p. By Theorem 8, we can
associate toE the characteristic ideal char.X/ of the dual of the Selmer group in (1).
Under the same hypothesis, we have constructed a p-adic L-function (2).

Conjecture 5 (main conjecture). The p-adic L-function LE is a generator for the
characteristic ideal char.X/.

The other series of lectures will talk about the main result by Skinner and Urban
on this conjecture. See Wan (2014) in these proceedings.

The generalisations to higher weight modular forms for �0.N / with p − N and
p − ap is fairly straight forward, see Mazur et al. (1986). For the extensions to
p j N , but p2 − N , one has to be a bit careful as the case of split multiplicative
reduction behaves differently due to the presence of exceptional zeroes because
˛ D 1. Finally the generalisation to the supersingular case is clearly much more
complicated. To my knowledge the generalisation to additive reduction, i.e., when
p2 j N , is not yet fully done.
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4 The Leading Term Formula

4.1 Control Theorem

As before let E=F be an elliptic curve and let F .1/=F be a Zp-extension. Recall
that X is the dual of the limit Selmer group S.E=F .1// as defined in (1) and we
are interested in comparing X� with the dual of S.E=F /. For a place v 2 ˙ , write
J
.1/
v DQvjwH1.F

.1/
w ; E/Œp1�: We have the following diagram

(5)

We want to bound the kernel and cokernel of ˛. Even if it is clear that E.F .1//� D
E.F /, it is not obvious what happens to the map

E.F /˝ Qp=Zp !
�
E.F .1//˝ Qp=Zp

��

as a non-divisible point in E.F / can become divisible by p in E.F .n//.

Theorem 11. The kernel of ˛ is finite and the dual of the cokernel is a finitely
generated Zp-module.

Proof. The inflation-restriction sequence (Neukirch et al. 2000, Proposition 1.6.6)
for the Hi

˙ -cohomology of W D EŒp1� gives that the kernel of ˇ is
H1
�
�;H0

˙.F
.1/; W /

�
and the cokernel lies in H2

�
�;H0

˙.F
.1/; W /

�
. Now the

dual of D D H0.F .1/; W / D E.F .1//Œp1� has Zp-rank at most 2. Hence the
dual of the exact sequence

shows that H1.�;D/ D D� has the same corank as D� D E.F /Œp1�, which is
finite. Hence the kernel of ˇ and ˛ are finite. In fact, if D is finite as in almost all
cases, then the kernel of ˇ has the same order as E.F /Œp1�.

The cokernel of ˇ is trivial, becauseH2.�;D/ D lim�!k
H2
�
�;E.F .1//Œpk�

�
and

the latter groups are trivial because � has cohomological dimension 1, see Neukirch
et al. (2000, Proposition 1.6.13). Since ˇ is surjective we see that the duals of
H1
˙.F

.1/; W /� and S.E=F .1//� are finitely generated Zp-modules.

Note that this proves Lemma 4 saying that X is a finitely generated�-module.
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Theorem 12 (Control theorem). Suppose that E has good ordinary reduction at
all primes that ramify in F .1/=F . Then the map ˛ has finite kernel and cokernel.

Proof. From the previous proof, we see that we are left to show that the cokernel
of ˛ is finite. By the snake lemma applied to (5), it suffices to show that the kernel
of˚	v is finite under our hypothesis.

Let v 2 ˙ . By local Tate duality (Tate 1995b), the group H1.Fv; E/Œp
1� is

the Pontryagin dual of the p-adic completion E.Fv/
? D lim �E.Fv/=p

kE.Fv/ of
the local points. The structure of elliptic curves over local fields, see chapter 7
in Silverman (2009), can be used to show that E.Fv/

? is finite if v − p and it is
a finitely generated Zp-module of rank ŒFv W Qp� if v j p. Choose a place w above v
in F .1/. We wish to show that the kernel of

is finite. Again by Tate duality this map is dual to the norm map

The following lemmas will conclude this proof.

We will write x
�Dy if there is a p-adic unit u such that x D u � y.

Lemma 5. If v splits completely in F .1/=F , then ker 	v D 0. Otherwise, if v is
unramified, then # ker	v

�Dcv, the Tamagawa number of E=Fv. In particular ker 	v

is non-zero for only finitely many v.

Proof. If v splits completely, then F .1/
w D Fv and the “norm” map is clearly

surjective.
First assume v − p. The local extension F .1/

w =Fv is unramified and so the Néron
model ofE will not change in this extension. Let ˚ be its group of components and
write E0

v for the connected component of the special fibre. Then we have that

because the points in the formal group OE are divisible by p when v − p. Now the
norm map on the left hand side is surjective because of Lang’s theorem (Lang 1956).
On the right hand side instead the norm map will be the zero map for sufficiently
large n. Hence ker 	v is dual to ˚.Fv/

?.
Now assume v j p, but the extension F .1/=F is unramified at v. The argument

is the same as above, except that we now have to show that the norm is surjective on
the formal groups. That is done in the part (a) of the following lemma.
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Lemma 6. Let E be an elliptic curve over a p-adic field K and let L=K be a
cyclic extension of degree a power of p. Let mL and mK be the maximal ideals of L
andK respectively.

1. If L=K is unramified then the norm map on the formal group OE.mL/! OE.mK/

is surjective.
2. If L=K is ramified and E has good ordinary reduction. Then the cokernel of the

norm map on the formal groups is finite.
3. If v j p is totally ramified and E has good ordinary reduction, then # ker	v

�DN2
v

where Nv is the number of points in the reduction E.Fv/.

Proof. For the proof of the first point uses the filtration by OE.mk/, the formal
logarithm that gives an isomorphism OE.mk

L/ Š 1 C mk
L for large enough k, the

fact thatH1.FL=FK;FL/ D 0 for the residue fields, and the surjectivity of the norm
map on units (Serre 1968, Proposition V.3).

The proof of the latter two can be found in Lubin and Rosen (1978). It relies
on the fact that the formal group of E becomes isomorphic to the multiplicative
formal group over the ring of integers of the completion of the maximal unramified
extension of Fv.

A different and more accessible proof of item 3 in the above lemma is explained
in Lemma 4.6 in Greenberg (1999). It should be noted that both item 2 and item 3
are no longer valid when the reduction is supersingular. The theory in the case of
good supersingular reduction at primes above p is quite different.

One can now add a proof for Theorem 7. If E.F / and X.E=F /Œp1� are both
finite, then so is S.E=F /. By the control Theorem 12, this implies that X� is finite.
Since the � -coinvariants�� Š Zp of� are not finite, we see thatX is a torsion�-
module. In fact, we see that this holds for all Zp-extensions, not just the cyclotomic.
In Example 3.1.5, the rank of E.F / is 1.

4.2 p-Adic Heights

We will now construct an analogue to the real-valued Néron-Tate height. We present
a version inspired by Bloch (1980). Let E=F be an elliptic curve and we suppose
that E has good ordinary reduction at all places above p that are ramified. To each
cohomology class in H1.F; T / represented by a cocycle WGF D Gal. NF=F / !
T D Tp.E/, we associate an extension

where Tp� D lim ��Œp
k�, also denoted by Zp.1/, is a free Zp-module of rank 1 on

which GF acts via the cyclotomic character. As a Zp-module T D Tp�˚ T , but
the GF -action is given by


.�; P / D
�

.�/ � e�
 ; 
.P /

�
; 
.P /

�
for � 2 Tp� and P 2 T ,
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with eWT � T ! Tp� denoting the Weil-pairing (Silverman 2009, §3.8). It is not
hard to show that the class of the extension T does not depend on the chosen cocycle
and that the boundary maps @WHi.F; T / ! HiC1.F; Tp�/ are given by applying
the Weil-pairing to the cup-product with , at least up to sign.

Consider now the commutative diagram with exact rows

(6)

with the product running over all places in F . It follows from global class field
theory that the downwards arrow on the right is injective (Neukirch et al. 2000,
Corollary 9.1.8.ii) if T is replaced by �pk ; that the limit is still surjective needs an
additional argument (Tate 1976, Corollary to Proposition 2.2). On the left we have
the map from the p-adic completion .F �/? of F � to

Q
v.F
�
v /
?.

Choose an topological generator 	 . Let l W� ! Zp be the map that send 	 to 1.
For each place v consider the composition

where A
�
F is the idèle group of F and the map that follows it is the reciprocity

map. This map extends to the completion �vW .F �v /? ! Zp . In case F .1/=F is
the cyclotomic Zp-extension, then l is a multiple of logp ı�. For finite places v
away from p, the map is simply �v.x/ D .logp.�.	//

�1 � log.#Fv/ � v.x/ where
Fv is the residue field. For places above p, we get �v.x/ D �.logp.�.	//

�1 �
logp.NKv=Qp .x//.

Suppose now  belongs to S.E=F /. Let S.E=F /0 be the subgroup of S.E=F /
of all elements � such that resv.�/ 2 E.Fv/

? lies in the image of the norm from
E.F

.1/
w /

? for all places v. By Lemmas 5 and 6, this subgroup has finite index in
S.E=F /. Let � 2 S.E=F /0. Since both resv.�/ and resv./ belong to the image of
E.Fv/

? inside H1.Fv; T /, their cup-pairing is trivial. This is again a consequence
of local Tate duality (Tate 1995b). Hence resv.�/ is sent to 0 by @v. By the injectivity
of the right arrow in (6), we conclude that there is an element � in H1.F; T/ that
maps to � in H1.F; T /.

For each place v, we will define a local lift �v 2 H1.Fv; T /. Since � 2 S.E=F /0,

there is an element Q�v 2 H1.F
.1/

w ; T / whose norm is resv.�/. Pick any lift of Q�v to
H1.F

.1/
w ; T/ and define �v to be its norm in H1.Fv; T/.

By construction resv.�/� �v 2 H1.Fv; T /maps to 0 inH1.Fv; T / and hence we
can viewed it as an element in H1.Fv; Tp�/ D .F �v /?. We set

h; �i D
X

v

�v
�
resv.�/� �v

� 2 Zp:
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It is not hard to check that this element is independent of the choices made, because
both .F �/? and the norms fromH1.F

.1/
w ; Tp�/ lie in the kernel of

P
v �v.

Since S.E=F /0 has finite index, we can linearly extend this to a pairing on
S.E=F / with values in Qp. This is called the canonical p-adic height pairing
corresponding to the Zp-extension and the choice of 	 . Note that this construction
only works under the assumption thatE has good ordinary reduction at the ramified
places. For the generalisation to any Galois representation, which is de Rham at
places above p, see Perrin-Riou (1995, §3.1.2).

There is a variant of this construction: Let  2 S.E=F /0 and � D .�.n//n 2
S.E=F .1//, then one can construct in a similar way an element of Qp=Zp . This time

one lifts resw.�
.n// 2 H1.F

.n/
w ;W / toH1.F

.n/
w ; T ˝ Qp=Zp / etc. It turns out that the

map OıWS.E=F /0 ! Hom
�
S.E=F .1//; Qp=Zp

� D X has its image in X� . Now the
p-adic height pairing can be described involving the map �WX� ! X ! X� .

Proposition 6 (Proposition 3.4.5 in Perrin-Riou 1992). There is a commutative
diagram

(7)

where hp is the p-adic height pairing and � is a naturally defined surjective Zp-
morphism with finite kernel.

Finally one should mention that the p-adic height pairing has also an analytic
description using canonical p-adic sigma-functions 
v for all ramified places. These
are well-explained in Mazur and Tate (1991) and a fast algorithm for computing
them was found in Mazur et al. (2006) using Kedlaya’s algorithm. For instance, if
E=Q and P D .x; y/ 2 E.Q/ is a point that has good reduction everywhere and
reduces to 0 at p, then hp.P / D logp.
p.P // � logp.e/ where e is the square
root of the denominator of x. In general the formula allows one to compute the
p-adic height with only the information of E over F together with the explicit
maps �v.

Conjecture 6 (Schneider 1982). The canonical p-adic height pairing for the cyclo-
tomic Zp-extension on an elliptic curve with good ordinary reduction at all places
above p is non-degenerate.

Suppose X.E=F /Œp1� is finite. Choose a basis of E.F / modulo torsion and let
Reg	 .E=F / 2 Qp be the determinant of the p-adic height pairing on this basis.
The number Regp.E=F / D Reg	 .E=F / � logp.�.	//

rankE.F / is independent of the
choice of 	 . The above conjecture then says that Reg	 .E=F / ¤ 0 in the cyclotomic
case. For the anti-cyclotomic Zp-extension it can well be that the p-adic height is
degenerate.
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4.3 Leading Term

The following theorem was proved by Perrin-Riou for curves with complex
multiplication then in general by Schneider (1985). See Perrin-Riou (1993) for the
details to complete our sketch of proof.

Let F .1/=F be a Zp-extension such that all ramified places are totally ramified.
Write ˙.ram/ for the set of all the ramified places in F and denote by S the set of
all places that split completely in F .1/.

As before, identify � with ZpŒŒT �� via the choice of a topological generator 	 .
Let FX.T / 2 ZpŒŒT �� be a generator of the characteristic ideal for X .

Theorem 13. SupposeE has good ordinary reduction at all ramified places above
p and suppose that the canonical p-adic height for F .1/=F is non-degenerate.
Then

1. X is �-torsion;
2. The characteristic series FX.T / has a zero of order rankZp

�
S.E=F /

�
at T D 0;

3. If X.E=F /Œp1� is finite then the leading term F �X .0/ of FX.T / at T D 0

satisfies

F �X .0/
�D

Y

v2˙.ram/

N 2
v �

Regp.E=F / � #X.E=F /Œp1� �Qv 62S cv�
�
#E.F /tors

�2 :

If the main conjecture holds for a curve E=Q, then the finiteness of X.E=Q/Œp1�
and the non-degeneracy of the p-adic height pairing imply the p-adic BSD
conjecture, up to a p-adic unit in the leading term. This is because 1 � 1=˛ �DNv.
Theorem 13 together with Kato’s Theorem 16 can be used to give a new efficient
algorithm (Stein and Wuthrich 2013) for the determination of the rank of E.Q/ and
upper bounds of X.E=Q/Œp1� for almost all p.

The proof of this theorem follows surprisingly closely what Tate (1995a) did in
the function field case to reduce BSD to the finiteness of the p-primary part of the
Tate-Shafarevich group. The algebraic part relies on the following lemma which can
be deduced from Proposition 2.

Lemma 7. Let X be a finitely generated �-module and suppose the cokernel of
�WX� ! X� is finite. Then

1. X is �-torsion;
2. � has finite kernel;
3. The leading term of its characteristic series satisfies F �X.0/

�D # coker.�/
# ker.�/ DW q.�/.

IfX� is finite, then q.�/ is the Euler-characteristic
Q1
iD0 #Hi

�
�; S.E=F .1//

�.�1/i
.

A proof in this case can be found in §3 of Coates and Sujatha (2000) or in §4 of the
chapter of Coates et al. (1999) contributed by Greenberg.
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Proof (Proof of Theorem 13). From diagram (7) and the assumption that hp has
finite kernel and cokernel, we find that � must have finite cokernel. Hence the
lemma applies and we are left to determine the value of q.�/. Note that ı has now
also finite kernel and cokernel.

Global duality (Neukirch et al. 2000, Theorem 8.6.13) gives us a long exact
sequence.

Because X is �-torsion we have that lim �S.E=F .n// D 0 as shown in Perrin-Riou
(1992, §3.1.7). When taking the limit of these above sequence over n, the resulting
exact sequence is

where J .1/v D QwjvH1.F
.1/

w ; E/Œp1�.
Now we can produce the following big diagram with exact rows. As it is too long

we write it in two parts, the top two arrows on the right continue as the lower two
arrows on the left.

To show that the two right squares commute requires some work (Perrin-Riou 1992,
§4.4 and 4.5). By the way, I am cheating slightly as in fact the term S.E=F / should
be replaced by S.E=F /0 and other terms should be modified accordingly. Also one
has to show that .J .1/v /� D 0 to get the exactness in the top right corner; this
follows from the triviality of H2.Fv; E/Œp

1�, again by local Tate duality.
Next, the transgression map " is part of the short exact sequences from the

degenerating Hochschild-Serre spectral sequence. It is injective and the cokernel
is equal to H2

˙.F
.1/; W /� . However the group H2

˙.F
.1/; W / is trivial as shown
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in §3.4.1 in Perrin-Riou (1992). This shows that " is an isomorphism. So the big
diagram gives the equality

q.˛/ � q.ˇ/�1 � q
�M

	v

�
� q.ı/ D 1:

On the other hand the diagram (7) gives the equation

q. Oı/ � q.�/ � q.˛/ � q.�/ D q.hp/

In the proof of Theorem 11 we have seen that q.ˇ/
�D�#E.F /tors

��1
ifE.F .1//Œp1�

is finite, which follows without too much difficulty from Lubin and Rosen (1978)
under our assumptions. In Lemmas 5 and 6 we found that

q
�M

	v

�
�D
�Y

v 62S
cv �

Y

v2˙.ram/

N 2
v

	�1
:

Finally, we know that E.F / ˝ Zp has index #E.F /Œp1� in S.E=F / if the Tate-
Shafarevich group is finite. Hence

q.hp/
�DRegp.E=F /

#E.F /tors:

It is not difficult to see that q.�/ D #X.E=F /Œp1� under our hypothesis. The
neglected index of ŒS.E=F / W S.E=F /0� would have cancelled.

5 Selmer Groups for General Galois Representations

Let T be a free Zp-module of finite rank with an action of GF D Gal. NF=F /.
We will suppose that only finitely many places ramify in T ; so T has an action of
G˙.K/ for a finite set ˙ containing the places above p and1. Let V D T ˝ Qp

and W D V=T D T ˝ Qp=Zp . So far we were dealing with the example TE D
TpE and WE D EŒp1� and VE is then a 2-dimensional Galois representation. But
of course there are lots of other examples, such as more general subquotients of
étale cohomology groups of varieties defined over F with Qp-coefficients or Galois
representation attached to modular forms.

We wish to define the Selmer group however we have no longer a Kummer map
� W‹ ! H1.Fv;W / or ‹ ! H1.Fv; T /. In order to understand how to define it in
the general case, we look at how we could describe the image of � in the case of an
elliptic curve.
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5.1 Local Conditions at Places Away from p

Let v 2 ˙ be a prime not dividing p. Then the Kummer maps areE.Fv/˝Qp=Zp !
H1.Fv;WE/ and E.Fv/

? ! H1.Fv; TE/. Recall that E.Fv/ contains with finite
index a group isomorphic to mv, the maximal ideal of Fv. HenceE.Fv/˝Qp=Zp D 0
and E.Fv/

? D E.Fv/Œp
1� D W GFv

E is finite.
Here is the general definition for v − p. Define the subgroup H1

f .Fv; V / by the
exact sequence

(8)

where I D Iv is the inertia subgroup in Gal. NFv=Fv/. By the restriction-inflation
sequence, H1

f .Fv; V / is isomorphic to H1.F ur
v =Fv; V

I / where F ur
v is the maximal

unramified extension of Fv. Then we defineH1
f .Fv;W / as the image ofH1

f .Fv; V /

under the map H1.Fv; V / ! H1.Fv;W /. Also H1
f .Fv; T / is the preimage of

H1
f .Fv; V / from the mapH1.Fv; T /! H1.Fv; V /.

For the case of the elliptic curve, we find H1
f .Fv; VE/ D 0 for all v − p: In fact,

we have in general that H1
f .Fv; V / D V I=.Frv�1/V I by Lemma 1.3.2 in Rubin

(2000). If the reduction is good then V I
E
D VE by the Néron–Ogg–Shafarevich

criterion (Silverman 2009, Theorem 7.7.1) and Frv, the Frobenius of Gal.F ur
v =Fv/,

acts with eigenvalues different from 1. If the reduction is multiplicative, then V I
E
Š

Qp.1/ and the groupH1
f .Fv; VE/ is again trivial. Finally if the reduction is additive,

then V I
E
D 0. Since we have the exact sequence

we obtain thatH1
f .Fv;WE/ D 0 D E.Fv/˝Qp=Zp andH1

f .Fv; TE/ D E.Fv/Œp
1� D

E.Fv/
?.

It would be tempting to define in generalH1
f .Fv;W / without passing through V

by replacing V withW in (8). However the elliptic curve example explains that this
does not work. In general, we have thatH1

f .Fv;W / is the divisible part of the kernel

of H1.Fv;W / ! H1.Iv;W / and H1
f .Fv; T / has finite index in the corresponding

kernel for T ; see Rubin (2000, Lemma 1.3.5).

5.2 Local Conditions at Places Above p

Let now v be a place above p. The definition of the group H1
f .Fv; V / is given by

Bloch-Kato (1990) by asking that
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(9)

is an exact sequence, where Bcris is a certain period ring of Fontaine.
Now, if V is ordinary, one can give an easier definition. Here a general

representation V is called ordinary if there is a decreasing filtration Fili V of
Gal. NFv=Fv/-stable subspaces of V such that the inertia group I acts like the i -th
power of the cyclotomic character on the quotient Fili V= FiliC1 V . For an ordinary
elliptic curve, we consider the kernel of the reduction on EŒpk� which is the pk-
torsion OEŒpk� of the formal group. Then Fil1 VE D Tp OE ˝ Qp sits in the middle
between Fil2 VE D 0 and Fil0 VE D VE .

We set FCV D Fil1 V and then Greenberg (1989) shows that

(10)

is exact. The subgroupsH1
f .Fv;W / and H1

f .Fv; T / are again defined as the image

and preimage of H1
f .Fv; V /, respectively.

5.3 The Selmer Groups

The Selmer groups are now defined as the following kernels. They are often denoted
by H1

f .F;W / andH1
f .F; T /.

They are now defined only in terms of T and equal to the previously defined Selmer
group for elliptic curves. If X.E=F / is finite, then we have a way to determine the
rank and the order of the Tate-Shafarevich group from the Galois representation VE
only. Note that the L-function L.E; s/ is also constructed from VE only.

For instance, if T D Zp has a trivial GF -action on it, then S.Qp=Zp / is the dual
of the p-primary part of the class group. If T D Zp.1/ is of rank 1 with the action
by GF given by the cyclotomic character, then S

�
Qp=Zp .1/

�
sits in a short exact

sequence between O�F ˝ Qp=Zp and the p-primary part of the class group.
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6 Kato’s Euler System

In this section we give a quick and very imprecise overview of the work of Kato
(2004) where he proves one divisibility in the main conjecture for elliptic curves
(and modular forms of higher weight). See also Scholl (1998) and Colmez (2004).

Let E=Q be an elliptic curve and p an odd prime at whichE has good reduction.
Let N be the conductor of E . We assume that EŒp� is an irreducible GQ-module
and hence all GQ-stable lattices in VpE are equal up to a scaling factor.

6.1 Construction of the Euler System

Let M be an integer. Pick an integer m > 5 coprime to 6M . For any elliptic curve
A over a field k=Q, we can construct a division polynomial fm 2 k.A/�, which
is a function of divisor div.fm/ D �m2.O/ CPP2AŒm�.P / normalised such that

Œa��fm D fm for all a coprime tom. Consider the maps g.m/i for i D 1 or 2 that sends
a point in the modular curve Y.M/ represented by .A;Q1;Q2/ to fm.Qi/. It is a
rational function on Y.M/ without zero, i.e., gi 2 O.Y.M//�, called a Siegel unit.
It can be shown that the function gi D g.m/i ˝ 1

m2�1 in O.Y.M//˝Q is independent
of the choice of m. They give rise to Beilinson element in K2

�
O.Y.M//�

� ˝ Q,
defined as the Steinberg symbol fg1; g2g.

Such pairs of modular units can now be sent through a chain of maps. For a
square-free r coprime to pN , we take M D N pnC1 r and consider the map

We chase the pair of modular units through the maps (see §8.4 in Kato 2004)
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where we used that H1
ét

�
E;Zp.1/

� D TE . Poincaré duality relates H1
ét

�
Y0.N /;Qp

�

to modular symbols as it is equal to the homologyH1

�
X0.N /.C/; fcuspsg;Z�˝Qp

of paths between cusps. See §4.7 and §8.3 in Kato (2004).
The image of the Siegel units produce now elements c.n/r in H1

˙

�
Q
.n/.�r/; T /

that form an Euler system for a certain lattice T in TE ˝ Qp. See example 13.3

in Kato (2004) for details. In particular, .c.n/r /n belongs to lim �n H
1.Q.n/.�r/; T /. If

` is a prime not dividing rpN then they satisfy the norm relations

cor
�
c
.n/

r`

� D
�
1 � a`

`

�1` C

1

`

�2`

�
.c.n/r /:

See proposition 8.12 in Kato (2004) for the precise statement deduced from the
Hecke operators on the modular curves.

6.2 Relation to p-Adic L-Function

Suppose E has good ordinary reduction at p and let ˛ 2 Zp be the unit root of
Frobenius. We continue to assume that EŒp� is irreducible. The general “dual of
exponential” à la Bloch-Kato has a very explicit description for elliptic curves. It is
the map

exp�WE.Q.n/
p /
? !

�
E.Q.n/

p /˝ Qp=Zp

�^ ! Q
.n/
p

which is a linear extension of the formal logarithm on the formal group with respect
to the invariant differential !E . Based on the work of Coleman, Perrin-Riou has
constructed an Iwasawa theoretic version which interpolates these maps:

ColWH1
s WD

�
E.Q.1/

p /˝ Qp=Zp

�^ ! �:

It is an injective�-morphism with finite cokernel such that for all character � of �
of conductor pnC1, we have

�
�
Col.z/

� D Ga.�/

˛nC1
X


2Gal.Q.n/=Q/

N�.
/ exp�
�

.z.n//

�
:

See the appendix of Rubin (1998) for details of the construction.
One of the main theorems of Kato is

Theorem 14. There is an element c.1/ 2 lim �H
1
˙.Q

.n/; T /˝Q closely related to

the ones constructed above such that Col.c.1// D LE

This is theorem 16.6 in Kato (2004) with the “good choice” of 	C as in 17.5. This
is the technically most difficult part of Kato (2004). It implies that the Euler system



32 C. Wuthrich

is non-trivial by Theorem 10. If the representation N�WGQ ! GL.TE/ is surjective,
then c.1/ is integral by his theorem 12.5.4.

6.3 Euler System Method

For each i , the limit Hi D lim �n H
i
˙.Q

.n/; TE/ is a finitely generated �-module,
which does not depend on ˙ as long as it contains p. The existence of a non-trivial
Euler system c

.1/
r 2 lim �H

1.Q.n/.�r/; TE/ proves the following.

Theorem 15 (Theorem 12.4 in Kato 2004).

1. H2 is �-torsion.
2. H1 is a torsion-free �-module of rank 1.
3. If EŒp� is an irreducible GQ-module, then H

1 is free of rank 1.

See also Rubin (2000). The statement that H
2 is �-torsion is called the weak

Leopoldt conjecture and it is believed to hold for many Galois representations T .
Global duality together with basic results deduced from the above theorem provides
us with an exact sequence

Here c.1/ 2 H
1 ˝ Q is the part of the Euler system that is sent to the p-adic

L-function LE by the Coleman map; therefore Col sends the second term into
�=LE� with finite cokernel. Hence the main conjecture is equivalent to

Conjecture 7. The characteristic ideal of H2 and of H1=c.1/� are equal.

The advantage of this formulation is that it does not involve the p-adic L-function
and makes sense in the supersingular case as well.

Theorem 16 (Theorem 17.4 in Kato 2004). Suppose E has good ordinary
reduction at p. Then

1. X is a torsion �-module;
2. There is an integer t > 0 such that the characteristic ideal char.X/ divides
pt LE �;

3. If the representation N�WGQ ! GL.TE/ is surjective, then char.X/ divides LE �.
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Introduction to Skinner-Urban’s Work
on the Iwasawa Main Conjecture for GL2

Xin Wan

1 Introduction

These notes are an introduction to the recent work of Christopher Skinner and
Eric Urban (2010) proving (one divisibility of) the Iwasawa main conjecture for
GL2=Q (see Theorem 1). We give the necessary background materials and explain
the proofs. We focus on the main ideas instead of the details and therefore will
sometimes be brief and even imprecise.

These notes are organized as follows. In Sect. 2 we formulate various Iwasawa
main conjectures for modular forms. We also explain an old result of Ribet to
illustrate the rough idea of the strategy behind the later proofs. In Sects. 3 and 4
we introduce the notions of automorphic forms and Eisenstein series on the unitary
groupGU.2; 2/. Section 5 is devoted to explaining the Galois argument. Sections 6–
9 give the tools used in the computation for the Fourier and Fourier-Jacobi
coefficients of various Eisenstein series, which is a crucial ingredient in the
argument. In Sect. 10 we give an example of a theorem of the author generalizing
the Skinner-Urban work.

2 Main Conjectures

We introduce the objects required to state the Iwasawa main conjectures for GL2.

X. Wan (�)
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2.1 Families of Characters

Let p be an odd prime. Choose � W C ' Cp. Let GQ D Gal. NQ=Q/ and Q1 �
Q.�p1/ be the cyclotomic Zp-extension of Q. Let �Q D Gal.Q1=Q/. Let �Q WD
ZpŒŒ�Q��. We also define �A D �Q;A D �Q ˝Zp A for A a Zp-algebra. Let � D
�Q W GQ ! ��

Q
be the composition of GQ � �Q with �Q ,! ��

Q
. Let "Q be a

character of Q�nA�
Q

which is the composition of �Q with the reciprocity map of
class field theory (normalized using geometric Frobenius elements). Take 	 2 �
to be the topological generator such that �.	/ D 1 C p where � is the cyclotomic
character giving the canonical isomorphism Gal.Q.�p1/=Q/ ' Z

�
p . For each � 2

�p1 and integer k we let  k;� be the finite order character of Q�nA�
Q

that is the
composition of �Q with the map ��

Q
! C

�
p that maps 	 to �.1 C p/k . We also

write  � for  0;� . We let ! be the Teichimuller character.

2.2 Characteristic Ideals and Fitting Ideals

Let A be a Noetherian normal domain and X a finite A-module. The characteristic
ideal charA.X/ � A is defined to be zero if X is not torsion and

charA.X/ D fx 2 AjordP x � lengthAP .XP /; for all height one primes P � Ag:

Now take any presentation

Ar ! As ! X ! 0

ofX . The Fitting ideal is defined by the ideal of A generated by all the determinants
of the s � s minors of the matrix representing the first arrow.

Remark 1. Fitting ideals respect any base change while characteristic ideals do not
in general.

2.3 Selmer Groups for Modular Forms

Let f D P1
nD1 anqn 2 Sk.N; 0/, k � 2, be a cuspidal eigenform with

character  0 of .Z=NZ/� and let L=Qp be a finite extension containing all Fourier
coefficients an of f . Let OL be the ring of integers of L. Assume that f is ordinary,
which means that ap is a unit in OL. Let � D �f W GQ ! AutLVf be the usual two
dimensional Galois representation associated to f . Then it is well known (by Wiles
1988, for example) that there is a GQp -stable L-line V Cf � Vf such that Vf =V

C
f is

unramified. We fix a GQ-stable OL lattice Tf � Vf and let TCf D Tf \ V Cf .
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Definition 1 (Selmer Groups). Let ˙ be a finite set of primes.

Sel˙L .Tf / WD kerfH1.Q; Tf ˝OL
��OL

.��1//! H1.Ip; .Tf =T
C

f /˝OL
��OL

.��1//

�
Y

` 6Dp;` 62˙

H1.I`; Tf ˝��OL
.��1//g

where ��A D HomZp .�A;Qp=Zp/ is the Pontryagin dual and ��OL
.��1/ means

that the Galois action is given by the character ��1. Let

X˙
L .Tf / WD HomZp .SelL

˙.Tf /;Qp=Zp/

and

char˙f;Q.f / D char�Q;OL
.X˙

L .Tf //:

2.4 p-Adic L-Functions

Let 0 < n < k � 2 be an integer and � 6D 1 a pt�1th root of unity. Let ˙ be a finite
set of primes. We define the algebraic part of a special L-value for f by:

L˙alg.f;  
�1
� !n; nC 1/ WD ap.f /�t

pt.nC1/nŠL˙.f;  �1� !n; nC 1/
.�2�i/n�. �1� !n/˝

sgn..�1/m/
f

where ap.f / is the p-adic unit root of x2�apxCpk�1 0 D 0, �. / is a Gauss sum
for  and˝ḟ are Hida’s canonical periods of f . (There is also a formula for � D 1
which is more complicated which we omit here.) The p-adicL-function is a certain
element L˙f;Q 2 �Q;OL characterized by the following interpolation property. Let
�n;� W �OL ! OL.�/ be the OL homomorphism sending 	 to �.1C p/n. Then:

�n;�.L
˙
f;Q/ D L˙alg.f;  �1� !n; nC 1/; 0 	 n 	 k � 2:

This was constructed in Amice and Velu (1975), and also Mazur et al. (1986).

2.5 The Main Conjecture

The Iwasawa main conjecture for f is the following

Conjecture 1. The module X˙
L .Tf / is a finite torsion �Q;OL -module and char˙f;Q

is generated by L˙f;Q.
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The main result that we are going to prove in this lecture series is:

Theorem 1 (Kato, Skinner-Urban). Suppose f has trivial character, weight 2
and good ordinary reduction at p. Suppose also that:

• The residual representation N�f is irreducible.
• For some p 6D `jjN , N�f is ramified at `.

Then the Iwasawa main conjecture is true in �Q;OL ˝Zp Qp. If, moreover, there
exists an OL-basis of Tf with respect to which the image of �f contains SL2.Zp/,
then the equality holds in �Q;OL .

The last condition is put by Kato (2004) who proved “
”. It is satisfied, for example,
by the p-adic Tate modules of semistable elliptic curves if p � 11. We will focus
on Skinner-Urban’s proof for “�”. The technical condition (ii) can be removed by
working with forms over totally real fields and a base change trick.

2.6 Two and Three-Variable Main Conjectures

More p-adic characters: Let K=Q be an imaginary quadratic extension such that
p splits as v0Nv0, where v0 is determined by our chosen isomorphism � W C ' Cp .
By class field theory there is a unique Z

2
p-extension of K unramified outside p,

which we denote by K1. LetGK WD Gal. NK=K/ and �K WD Gal.K1=K/. There is
an action of complex conjugation c on �K. We write �K̇ for the subgroup on which
c acts by ˙1. For any Zp-algebra A � NQp we define: �K;A D AŒŒ�K��, �K̇;A D
AŒŒ�K̇ �� and generators 	˙ of �K̇ by requiring recKp ..1Cp/ 12 ; .1Cp/˙ 1

2 / D 	˙.
Here recKp is the reciprocity map of class field theory. (Note that Kp ' Qp �Qp.)
Let �K be the composition GK ! �K ,! ��K;A. We define �K̇ similarly. We
also define characters "K; "K̇ of K�nA�K by composing "K; "K̇ with the reciprocity
map.

Now let f be a cuspidal eigenform of weight k � 2. We define the set of
arithmetic points by:

Xaf;K W D f� W OL homomorphism�K;OL ! NQp W �.	C/
D �C.1C p/k�2; �.	�/ D ��; �˙ 2 �p1g:

For � 2 Xaf;K, let �� WD !2�k��1f � with � WD .� ı �K/.�
2�k"k�2:�f / and let

f�� be the conductor of �� . In particular we show that for any finite set ˙ of primes
containing all the bad primes (all the primes where f or K is ramified), we have the
two variable p-adic L-function L˙f;K 2 �K;OL such that:

�.L˙f;K/ D uf ap.f /
ordp.Nm.f�� //:

..k � 2/Š/2g.��/Nm.f��d/
k�2L˙K.f; ��; k � 1/

.2�i/2k�2˝Cf ˝�f
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for any sufficiently ramified � 2 Xaf;K, where d is the different of K and uf is a
p-adic unit depending on f . We remark that if �� D 1 then our special L-value is
just the product of the special L-values for f and f ˝ �K twisted by some  such
that  ı Nm D �� . Here �K is the quadratic character for K=Q.

We can also define Selmer groups Sel˙f;K and X˙
f;K, char˙f;K in the exact same

way as in the one-variable case. We have the two-variable main conjecture:

Conjecture 2. X˙
f;K is a finite torsion �K;OL -module. Furthermore char˙K;f is

principal and generated by L˙f;K.

Additionally f can be embedded in a Hida family of ordinary cuspidal eigen-
forms f (we discuss these in the next section in more detail). We can form a
three-variable p-adic L-function L˙f;K and formulate a 3 variable main conjecture.

2.7 Comment on the Proof

The cyclotomic main conjecture for modular forms (Conjecture 1) is deduced from a
partial inclusion in three-variable main conjecture. Roughly speaking the inclusion
charf;K � .L˙f;K/ in the three-variable main conjecture, when specialized to the
cyclotomic Zp-extension of K, implies that the inclusion charf;Q:charf˝�K;Q �
.Lf;Q:Lf˝�K;Q/ in the cyclotomic main conjecture for f and f ˝ �K. By Kato’s
work, this in turn implies that charf;Q D .Lf;Q/ and charf˝�K;Q D .Lf˝�K;Q/.

We will focus on proving the inclusion char˙f;K � .L˙f;K/ in the three variable
main conjecture in the rest of the paper. The general strategy for proving this
inclusion is: the product of L˙K and the ˙-imprimitive Kubota-Leopodlt p-adic
L-function L˙1;Q attached to the trivial character gives the congruences between
Eisenstein series and cusp forms on the unitary similitude group GU.2; 2/ )
the same congruences between reducible and irreducible Galois representations
) required extension class in H1.K;�/. The first arrow is by the Langlands
correspondence and the second is a Galois theoretic argument, the so-called “lattice
construction”.

2.8 A Theorem of Ribet

In this section we review Ribet’s proof of the converse to Herbrand’s theorem (Ribet
1976). This illustrates the main ideas in the strategy. In this section we set OL D Zp ,
� the maximal ideal of OL, � D OL=�.

Theorem 2. Suppose j 2 Œ2; p � 3� is an even number. If pj�.1 � j / then
H1

ur .GQ;F.!
1�j // 6D 0 (the group of everywhere unramified classes is non-zero).
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Proof. For j 6D 2, we make use of the level 1 weight j Eisenstein series:

Ej .q/ D �.1� j /
2

C
X

n�1

j�1.n/qn

where 
j�1.n/ D P
d jn d j�1. If pj�.1 � j /, then Ej “looks” like a cusp form

modulo p. We divide the proof into three steps:

Step1: Construct a cusp form f 0 2 Sj .SL2.Z/;Zp/ such that f 0 � Ej .mod p/
(in terms of q-expansion). This is a case by case study using the fact that the ring
of modular forms of level 1 is CŒE4; E6�.

Step 2: Prove that f 0 can be replaced by an eigenform f 2 Sj .SL2.Zp/;OL/
whose Hecke eigenvalues are the same as those of Ej modulo p. This can be
proven by easy commutative algebra (essentially a lemma of Deligne and Serre).

Step 3: The lattice construction: construct the class by comparing the Galois
representations of Ej and f . Note that the Galois representation for Ej is
�j�1˚ 1. It is easy to see that there is a 
0 2 Ip such that �j�1.
0/ 6� 1.mod p/.
Since ap.f / � 
j�1.p/ � 1.mod p/, f is ordinary. As we have noted before,

�f jGQp
D
�
˛�j�1 �

˛

	

for some unramified character ˛. Take a basis fv1; v2g
such that

�f .
0/ D
�
�j�1.
0/

1

	

:

Write � D �f and �.
/ D
�
a
 b

c
 d


	

for 
 2 OŒGQ�.

Claim:

(a) a
 ; d
 ; b
c� 2 O for 
; � 2 OLŒGQ� and a
 � !j�1.
/; d
 � 1; b
c� �
0.mod p/;

(b) C WD fc
 W 
 2 OLŒGQ�g is a non-zero fractional ideal.
(c) c
 D 0 if 
 2 I` for all `.

Proof of the claim: Let �1 WD 1
�j�1.
0/�1 .
0 � 1/; �2 WD

1
1��j�1.
0/ .
0 � �j�1.
0//;

one can check: �.�1/ D
�
1 0

0 0

	

and �.�2/ D
�
0 0

0 1

	

. Thus a
 D trace�.�1
/ 2 OL

and trace�.�1
/ � trace.�j�1 C 1/.�1
/ D �j�1.
/. The claim for d
 is proven
similarly. Also since �.
/�.�/ D �.
�/, b
c� D a
� � a
a� � 0.mod p/.

(b) follows from the irreducibility of � and (c) can be seen from the description
for �jGQp

above and the triviality of �jI` for ` 6D p.
Let M1 D OLv1, M2 D Cv2, M D M1 ˚M2 (which is easily seen to be the

OLŒGQ�-submodule generated by v1).
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• NM2 WD M2=�M2 ' � (note that C is non-zero by (b)) is a GQ stable submodule
of NM WD M=�M . This is because for any m2 D cv2 2 M2, �.
/m2 D b
cv1 C
d
cv2 2 �v1 C Cv2 by (a);

• By (a), GQ acts by !j�1 and 1 on NM1 D NM= NM2 and NM2 respectively;
• The extension: 0! NM2 ! NM ! NM1 ! 0 is non split since M is generated by

v1 over OLŒGQ�.

Thus NM gives a nontrivial extension class and it actually in H1
ur .Q; �.!

1�j // by
claim (c).

If j D 2 the Eisenstein series E2 is not holomorphic and we use EpC1 in the
place of E2.

3 Hermitian Modular Forms on GU.n; n/

3.1 Hermitian Half Space and Automorphic Forms

Let K=Q be an imaginary quadratic extension and let O be the ring of integers of K.

LetGU.n; n/ be the unitary similitude group associated to the pairing

�
1n

�1n
	

D
!n on K2n:

G WD GU.n; n/.A/ D fg 2 GL2n.O˝ A/ W g!nt Ng D �g!n; �g 2 A�g:

Here �.g/ WD �g is the similitude character, and we write U WD U.n; n/ � G

for the kernel of �. We define Q D Qn to be the Siegel parabolic subgroup of G

consisting of block matrices of the form

�
A B

C D

	

such that C D 0. Let

Hn WD fZ 2Mn.C/ W �i.Z � t NZ/ > 0g:

(Note that H1 is the usual upper half plane).

Let Z 2 Hn. For ˛ D
�
A B

C D

	

2 G.R/ with A;B;C;D n � n block matrices.

Let �˛.Z/ WD CZ CD; �˛.Z/ D NC tZ C ND. We define the automorphy factor:

J.˛;Z/ WD .�˛.Z/; �˛.Z//:

Let G.R/C D fg 2 G.R/; �.g/ > 0g then G.R/C acts on Hn by

g.Z/ WD .AgZ C Bg/.CgZ CDg/
�1; g D

�
Ag Bg
Cg Dg

	

:
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Let KC1 D fg 2 U.R/ W g.i/ D ig (we write i for the matrix i1n 2 Hn) and Z1
be the center of G.R/. We define C1 WD Z1KC1. Then k1 7! J.k1; i / defines a
homomorphism from C1 to GLn.C/ �GLn.C/.
Definition 2. A weight k is a set of integers .knC1; : : : ; k2nI kn; : : : ; k1/ such that
k1 � k2 � : : : � k2n and kn � knC1 C 2n.

A weight k defines an algebraic representation of GLn.C/ �GLn.C/ by

�k.gC; g�/ WD �.kn;:::;k1/.gC/˝ �.�knC1;:::;�k2n/.g�/

where �.a1;:::;an/ is the dual of the usual irreducible algebraic representation of GLn
with highest weight .a1; : : : ; an/. Let Vk.C/ be the representation of C1 given by

k1 ! �k ı J.k1; i /:

Fix K an open compact of G.Af /. We let

ShK.G/ D G.Q/CnHn �G.Af /=KC1:

The automorphic sheaf !k is the sheaf of holomorphic sections of

G.Q/CnHn �G.Af / � Vk.C/=KC1 ! G.Q/CnHCn �G.Af /=KC1:

One can also define these Shimura varieties and automorphic sheaves in terms of
moduli of abelian varieties. We omit these here.

The global sections of !k is the space of modular forms consisting of holomor-
phic functions:

f W Hn �G.Af /! Vk.C/

which are invariant by some open compactK of the second variable, and satisfy:

�.	/
k1C:::Ck2n

2 �k.J.	;Z//
�1f .	.Z/; g/ D f .Z; g/

for all 	 2 gKg�1 \ GC.Q/. Also, when n D 1 we require a moderate growth
condition.

Remark 2. We will be mainly interested in the scalar-valued forms. In this case
Vk.C/ is 1-dimensional of weight k D .0; : : : ; 0I �; : : : ; �/ for some integer � � 2.

3.2 Hida Theory

Hida Theory GL2=Q We choose a quick way to present Hida theory. Let M
be prime to p and � a character of .Z=pMZ/�. The weight space is Spec� for
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� WD ZpŒŒT ��. Let I be a domain finite over �. A point � 2 SpecI is called
arithmetic if the image of � in Spec� is given by the Zp-homomorphism sending
.1C T / 7! �.1C p/��2 for some � � 2 and � a p-power root of unity. We usually
write �� for this �, called the weight of �. We also define �� to be the character
of Z�p ' .Z=pZ/� � .1 C pZp/ that is trivial on the first factor and is given by
.1C p/ 7! � on the second factor.

Definition 3. An I-family of forms of tame level M and character � is a formal
q-expansion f DP1

nD0 anqn; an 2 I, such that for a Zariski dense set of arithmetic
points � the specialization f� D P1

nD0 �.an/qn of f at � is the q-expansion of
a modular form of weight �� , character ���!2��� where ! is the Techimuller
character, and level M times some power of p.

Definition 4. The Up operator is defined on both the spaces of modular forms and
families. It is given by:

Up.

1X

nD0
anq

n/ D
1X

nD0
apnq

n:

Hida’s ordinary idempotent ep is defined by ep WD limn!1UnŠ
p . A form f or family

f is called ordinary if epf D f or epf D f.

FACT The space of ordinary families is finite and free over the ring I.

Remark 3. For Hilbert modular forms the analogues space is still finite but not free
in general. The subspace of ordinary cuspidal families is both finite and free.

Hida Theory for GU.2 ; 2/ For simplicity let us restrict to the case when the prime
to p part of the nebentypus is trivial. Fix some prime to p level group K of G. OZ/.
Let T be the diagonal torus of U D U.2; 2/. Let � be a character of T .Z=pZ/. The
weight space is Spec�2 where �2 is defined to be the completed group algebra of
T .1C pZ/ D .1C pZ/4. Let A be any domain finite over�2.

Definition 5. A weight k D .k1; k2I k3; k4/ is a set of integers ki such that k1 �
k2 C 2 � k3 C 4 � k4 C 4.

Definition 6. A point � 2 SpecA is called arithmetic if its image in Spec�2 is
given by the character Œk��� :� where k is a weight and Œk� is given by:

diag.t1; t2; t3; t4/ 7! t
k3
1 t

k4
2 t

k2
3 t

k1
4

(We identify U.Zp/ ' GL4.Zp/ by the first projection of Kp ' Kv0 �KNv0) and ��
is a finite order character of T .1C pZ/.
We are going to define Hida families by a finite number of q-expansions: Let
K � G.Af / be a level group X.K/ be a finite set of representatives x of
G.Q/nG.Af /=K with xp 2 Q.Zp/. For any g 2 GU.2; 2/.AQ/ let SCŒg� comprise
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those positive semi-definite Hermitian matrices h inMn.K/ such that Trhh0 2 Z for

all Hermitian matrices h0 such that

�
1 h0
1

	

2 NQ.Q/\ gKg�1.

Definition 7. For any ring A finite over �2 we define space of A-adic forms with
tame level K � G.Af / and coefficient ring A to be the elements:

F WD fFxgx2X.K/ 2 ˚x2X.K/AŒŒqS
C
Œx� ��

such that for a Zariski dense set of arithmetic points � 2 A the specialization F� of
F at � is the q-expansion of the matrix coefficient of the highest weight vector of
holomorphic modular forms of weight k� and nebentypus���!.t

�k3
1 t

�k4
2 t

�k2
3 t

�k1
4 /.

(In the Skinner-Urban case the interpolated points � are of scalar weights and thus
do not need to take the highest weight vector.)

Definition 8. Some Up operators: for tC D diag.t1; t2; t3; t4/ 2 T .Qp/ such that
t2=t1; t3=t2; t3=t4 2 pZp . We define an operator UtC on the space of Hermitian
modular forms by: UtC :f D jŒk��.t/j�1p f jkutC where Œk�� D Œk C .2; 2I �2;�2/�
and f jkutC is the usual Hecke operator defined by double coset decomposition
(with no normalization factors).

Hida proved that this utC preserves integrality of modular forms and defined an
idempotent:

eord WD lim
n!1 unŠ

tC
:

A form or family F is called nearly ordinary if eordF D F . Again, we have that the
space of nearly ordinary Hida families with coefficient ring A is finite and free over
A. This is called the Hida’s control theorem for ordinary forms.

Remark 4. In order to prove the finiteness and freeness (both in the GL2 and
unitary group case) we need to go back to the notion of p-adic modular forms using
the Igusa tower, which we omit here.

Another important input of Hida theory is the fundamental exact sequence proved
(Skinner and Urban 2010, Chapter 6). We let C1.K/ be the set of cusp labels of
genus 2 and label K (Skinner and Urban 2010, 5.4.3). Write �1 for the weight ring
of U.1; 1/=Q. Then Skinner-Urban proved the following

Theorem 3. For any �2-algebra A there is a short exact sequence

0!M0
ord.K

p;A/!M1
ord.K

p;A/! ˚Œg�2C1.K/M0
ord.K

p
1;g;�1/˝�1 A! 0:

Here M0
ord.K

p;A/ is the space of A-valued families of ordinary cusp forms on
GU.2; 2/, M1

ord.K
p;A/ is the space of ordinary forms taking 0 at all genus 0 cusps

(Skinner and Urban 2010, 5.4). The M0
ord.K

p
1;g;�1/ is the space of ordinary cusp
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forms on U.1; 1/ with tame level group Kp
1;g for Kp

1;g D GU.1; 1/.Af / \ gKg�1
and GU.1; 1/ is embedded as the levi subgroup of the Klingen Parabolic subgroup
ofGU.2; 2/. The ˚ is the “Siegel operator” giving the restricting to boundary map.
The �1-algebra structure for �2 is given by the embedding T1 ,! T2 W .t1; t2/ !
.t1; 1; t2; 1/.

The proof is a careful study of the geometry of the boundary of the Igusa varieties
(Skinner and Urban 2010, 6.2,6.3). This theorem is used to construct a cuspidal Hida
family on GU.2; 2/ that is congruent to the Klingen Eisenstein series modulo the
p-adic L-function.

One more important property of ordinary families is that the specialization of
a nearly ordinary family to a very regular weight is classical. This will be used to
ensure that the�D-adic Hecke algebra of ordinary�D-adic form can not have CAP
components.

4 Eisenstein Series on GU(2,2)

4.1 Klingen Eisenstein Series

Let P be the Klingen Parabolic subgroup of GU.2; 2/ consisting of matrices of the
form

0

B
B
@

� 0 � �
� � � �
� 0 � �
0 0 0 �

1

C
C
A :

Let MP be the levi subgroup of P defined by

MP ' GU.1; 1/� ResOK=ZGm; .g; x/ 7!

0

B
B
@

Ag Bg

�.g/ Nx�1
Cg Dg

x

1

C
C
A :

Let NP be the unipotent radical of P .
Observe that if � is an automorphic representation of GL2 and  is a Hecke

character of A�K which restricts to the central character �� of � on A
�
Q

, then these
uniquely determine an automorphic representation � of GU.1; 1/ with central
character  . Now suppose we have a triple .�;  ; �/ where � is an irreducible
cuspidal automorphic representation of GL2 and  and � are Hecke characters
of A�K such that  jA�

Q
D �� . Then � � � is an automorphic representation of

MP . We extend this to a representation of P by requiring that NP act trivially.
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Then Klingen Eisenstein series are forms onGU.2; 2/ which are induced the above
representation of P . In fact we need to first work locally for each place v (say,
finite) of Q. Let .�v;  v; �v/ be the local triple then .� /v � �v is a representation
of MP.Qv/. We extend it to a representation �v of P.Qv/ by requiring that NP .Qv/

acts trivially. Then we form the induced representation I.�v/ D IndG.Qv/

P.Qv/
�v. When

everything is unramified and �v is a spherical vector of �v, there is a unique vector
f 0
�v
2 I.�v/ which is invariant under G.Zv/ and f 0

�v
.1/ D �v. The Archimedean

picture is slightly different (see Skinner and Urban 2010, section 9.1).
Let � D ˝v�v 2 � and let I.�/ be the restricted product of the I.�v/’s

with respect to the unramified vectors above. If f 2 I.�/ we let fz.g/ D
ı.m/

3
2Cz�.m/f .k/ for g D mnk 2MPNPK . Here we letK beG. OZ/. Note that the

fz takes values in the representation space V of � . However � can be embedded to
the space of automorphic forms on GL2.AQ/. We also write fz.g/ for the function
on GU.2; 2/.AQ/ given by fz.g/.1/.

The Klingen Eisenstein Series is defined by:

E.f I z; g/ WD
X

	2P.Q/nG.Q/
fz.	g/:

This is absolutely convergent for Rez  0 and can be meromorphically continued
to all z 2 C.

4.2 p-Adic Families

Let I be a normal domain finite over ZpŒŒW ��. (W is a variable) and f is a normalized
ordinary eigenform with coefficient ring I. In Sect. 8 we are going to define the
“Eisenstein Datum” D which contains the information of f; I;K, etc. Define�D WD
IŒŒ�K��ŒŒ�

�
K ��. We are going to define the set of arithmetic points � 2 Spec�D

and this�D p-adically parameterizes triples .f�;  �; ��/ to which we associate the
Klingen Eisenstein series. Later we will also give �D the structure of a finite �2-
algebra and construct a �D-adic nearly ordinary Klingen Eisenstein family, which
we denote by ED.

Now we consider�D-adic cusp forms on GU.2; 2/. Let hD WD h˙;0ord .K;�D/ be
the Hecke algebra for the space of �D-coefficient nearly ordinary cuspidal forms
with respect to some level group K . It is generated by Hecke operators at primes
outside˙ and the prime p.

Definition 9. Let ID be the ideal of hD generated by fT � �ED.T /g’s for T
elements in the abstract algebra. Here �ED.T / is the Hecke eigenvalue of T on
ED. The structure map �D ! hD=ID is easily seen to be surjective. Thus there
is an ideal ED of �D such that �D=ED ' hD=ID. This ED is called the Klingen
Eisenstein ideal.

The motivation to define this ideal will be more clear after we have discussed the
Galois representations.
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5 Galois Representations and Lattice Construction

5.1 Galois Representations

We first recall the following theorem (due to Harris-Taylor, S.W Shin, S. Morel, C.
Skinner et al.) attaching Galois representations to automorphic representations on
GU.n; n/.

Theorem 4. Let � be an irreducible cuspidal representation ofGU.n; n/.AQ/ and
let �� be its central character. Let˙.�/ be the finite set of primes ` such that either
�` or K is ramified. Suppose�1 is the regular holomorphic discrete series of weight
k WD .knC1; : : : ; k2nI k1; : : : ; kn/ such that

k1 � : : : � kn; kn � knC1 C 2n; knC1 � : : : � k2n:

Then there is a continuous semisimple representation:

Rp.�/ W GK ! GLn. NQp/

such that:

(i) Rp.�/_.1 � 2n/˝ 
1Cc��
' Rp.�/c .

(ii) Rp.�/ is unramified outside primes above those in ˙.�/ [ fpg and for such
primes w we have

det.1 � Rp.�/.frobw/q
�s
w / D L.BC.�/w ˝  w; s C 1

2
� n/�1:

(iii) If � is nearly ordinary at p, then:

Rp.�/GKv0
'
0

@
2n;v0�

��2n � �
0 : : : �
0 0 1;v0 �

��1

1

A

and

Rp.�/jGK;Nv0
'
0

@
1;Nv0 ��1C1�2n�jkj � �

0 : : : �
0 0 2n;Nv0 ��2nC1�2n�jkj

1

A :

Here i;v0 and i;Nv0 are unramified characters and � is the cyclotomic character,
jkj D k1C : : :C k2n, �i D ki C n� i for 1 	 i 	 n and �i D ki C 3n� i for
nC 1 	 i 	 2n.
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Returning to the GU.2; 2/ case, it is formal to patch the Galois representations
attached to cuspidal nearly ordinary forms to a Galois pseudo-characterRD of GK

with values in hD. (Pseudo characters are firstly introduced by Wiles (1988). They
are function on GK satisfying the relations that should be satisfied by the trace of
a representation. However it does not necessarily come from a representation. We
omit the definitions.) We can associate a Galois representation �ED to the Klingen
Eisenstein family ED with coefficient ring �D by a similar recipe. It is essentially
the direct sum of the Galois representation �f associated to the Hida family f with
two �D-adic characters.

The motivation for the Klingen Eisenstein ideal is:

RD.modID/ D tr�ED.modED/:

(Recall that hD=ID ' �D=ED.) This relation follows from the congruences for
the corresponding Hecke eigenvalues. Also, RD is generically “more irreducible”
than �ED in the sense that it can be written as the sum of at most two “generically
irreducible” pseudo-characters while �ED has three pieces. (This is proven in
Skinner and Urban (2010, 7.3.1) using a result of M. Harris on non-existence of
CAP forms of very regular weights.)

The next thing to do is use the “lattice construction” to get the Galois cohomology
classes from the congruences between irreducible and reducible Galois representa-
tions.

Recall in the last section we have:

�D=ED

��! hD=ID

trace�ED.modED/ D RD.modID/:

Our goal is to prove:

.L˙1;QL
˙
f;K/ � ED � char˙f;K:

Now we are going to prove the second inclusion using the lattice construction. The
first one will be proved at the end of Sect. 9.

5.2 Galois Argument: Lattice Construction

The lattice construction in Skinner and Urban (2010) involves three irreducible
pieces and is complicated. Instead we are going to give the lattice construction which
involves only two pieces (the case in Wiles 1990) and briefly mention the difference
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at the end. We partly follow Skinner (2009). Let us axiomize the situation: let �
be the weight algebra and I a reduced ring which is a finite �-algebra. Let � be a
Galois representation of GQ on I

2. Let J and I be nonzero ideals of � and I such
that the structure map induces�=J ' I=I . Let P be a height one prime of � such
that ordP .J / D t > 0. Then there is a unique height one prime P 0 of I containing
.I; P /. Since I is reduced we can talk about its total fraction ringK DQi FJi where
the Ji ’s are domains finite over I and the FJi ’s are the fraction fields of the Ji ’s.

Suppose:

1. Each representation �Ji on F 2
Ji

induced from � via projection to FJi is irreducible.
2. There are ��-valued characters �1 and �2 of GQ such that:

tr�.
/ � �1.
/C �2.
/.modI /

for each 
 2 GQ.
3. There are I�-valued characters �01 and �02 of GQp such that

�jGQp
'
�
�01 �
�02

	

and there is a 
0 2 GQp such that �01.
0/ 6� �02.
0/.modP 0/.
4. �1.
/ � �01.
/.mod I /, �2.
/ � �02.
/.mod I / for each 
 2 IŒGQp �.
5. � is unramified outside p.

We define the dual Selmer group X WD H1
ur .Q; �

�.��11 �2//�. Here “ur” means
extensions unramified everywhere and � means Pontryagin dual.

Definition 10. Let char�.X/ be the characteristic ideal of X as a � module.

We are going to prove:

Proposition 1. Under the assumptions above, ordP .char�.X// � ordP .J /.

Proof. Suppose t D ordP .J / > 0. We take the 
0 in assumption (3) and a basis

.v1; v2/ so that �.
0/ has the form

�
�1.
0/

�2.
0/

	

. We write �.
/ D
�
a
 b


c
 d


	

2
M2.K/ for each 
 2 KŒGQ�with respect to this basis. Then we claim the following.
Let r WD �1.
0/� �2.
0/, (so r 62 P )

(a) ra
 ; rd
 ; r2b
c� 2 I for all 
; � 2 IŒGQ� and ra
 � r�1.
/.modI /, rd
 �
r�2.
/.modI /, r2b
c� � 0.modI /.

(b) C WD fc
 W 
 2 IŒGQ�g is a finite faithful A-module;
(c) c
 D 0 for 
 2 Ip .

(c) is by (3) and (b) follows easily from assumption (1) andGQ being compact. (a) is
by calculation: e.g. set ı1 WD 
0��2.
0/ then ra
 D trace�.ı1
/ � r�1.
/.modI /
by assumption (2).
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Now we deduce the proposition using these claims. We write�P , IP , etc. for the
localizations at P and define M WD IP ŒGQ�v1 � V . Then it is easy to check that
M D IP v1 ˚ CP v2. Define M2 WD CP v2. Then (a) implies NM2 WD M2=IM2 �NM WD M=IM is a direct summand that is GQ stable. Define M1 D IP v1 and
NM1 DM1=IM1 then we have

0! NM2 ! NM! NM1 ! 0:

Now we return to the lattice construction without localization at P . We will find a
finite �-module m2 � NM2 such that

(i) m2;P D NM2;
(ii) There exists a �-map X ! m2 that is a surjection after localizing at P .

Then ordP .char�.X// D ordP .char�P .XP // D ordP .Fitt�P .�P =char�P .XP /// �
ordP .Fitt�Pm2;P / D ordP .Fitt�P NM2/. But Fitt�P NM2.mod J / D Fitt�P =J�P NM2 D
FittIP =I IP NM2 D FittIP NM2.modI / D FittIPM2.modI / D 0, the last equality
follows from the fact that M2 is a faithful submodule of FracI in view of the
generic irreducibility of the Galois representation �. So Fitt�P NM2 � J and
ordP .char�.X// � ordP J .

Now let m � M be the IŒGQ�-module generated by Nv1, m2 WD m \ NM2, m1 WD
m=m2 � NM1. Note that m2;P D NM2. Then we have:

0! m2 ! m! m1 ! 0: (*)

• By assumption (5) and (c) above this extension is everywhere unramified.
• NM1 ' �=P t� as �-module by definition. So it is easy to see m1 ' �=P t� as

well.
• By (a) the GQ-action on m2 and m1 are given by �2 and �1 respectively.

We expect the (*) in the matrix to give the desired extension. More precisely let
Œm� 2 H1.Q;m2.�

�1
1 �2// be the class defined by (*). Then we get a canonical

map � W Hom�.m1;�
�/ ! H1.Q; ��.��11 �2//. Taking the Pontryagin dual

�� W H1.Q; ��.��11 �2//� ! m2. We claim that �� becomes surjective after taking
localization at P . (As in Sect. 2 this is basically because m is generated by Nv1 over
IŒGQ�.)

Proof of the claim Let R D ker.�/ and let S � R be any finite subset, mS WD
\�2Sker�. Then we have:

0! m2=mS !
Y

�2S
�� !

Y

�

��=.m2=mS/! 0: (**)

Equip each module with the GQ action ��11 �2 and take the cohomology long exact
sequence. By the definition of R the image of Œm� in H1.Q;m2=mS.�

�1
1 �2// is in
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the kernel of the map H1.Q;m2=mS.�
�1
1 �2//! H1.Q;

Q
�2S ��.��11 �2// which

is a quotient of
Q
�2S ��.��11 �2/GQ which is killed by r D �1.
0/ � �2.
0/ 62 P .

Thus the exact sequence

0! .m2=mS/P ! .m=mS/P ! m1;P ! 0

is split. If .m2=mS/P 6D 0 then this contradicts the fact that m is generated by Nv1
over IŒGQ�. Thus m2;P D mS;P . By the arbitrariness of S we get RP D 0. This
proves the claim.

Now we compare with the Skinner and Urban’s (2010) case. There we have three

irreducible pieces and the matrix is like

0

@
�1
� �f
� �2

1

A. We expect the upper � in the

matrix to give the required extension. However we are not able to distinguish the
contribution of .�/ to H1

f .K; �
�1
1 �f / and H1

f .K; �
�1
1 �2/

cD1 D H1
f .Q; �/ where

� is the composition of the transfer map V W Gab
Q
! Gab

K and ��11 �2. But by
the Iwasawa main conjecture for Hecke characters proved in Wiles (1990), this
H1
f .K; �

�1�2/cD1 is controlled by the p-adic L-function for the trivial character,
which is a unit.

6 Doubling Methods

6.1 Siegel Eisenstein Series on GU.n; n/

Let Qn be the Siegel parabolic consists of block matrices

�� �
�
	

. Let v be a finite

prime of Q, write Kn;v for GU.n; n/.Zv/. Fix � a character of K�v . Let In.�/ be
the space of smooth and Kn-finite functions f W Kn;v ! C such that f .qk/ D
�.detDq/f .k/ for q D

�
Aq Bq

Dq

	

2 Qn from such f we define

f .z;�/ W Gn.Qv/! C

by

f .z; qk/ WD �.detDq/j detAqD�1q jzC
n
2

v f .k/:

Suppose Kv is unramified over Qv and � is unramified, then there is a unique vector
f 0 2 I.�/ which is invariant under Kn;v and f 0.1/ D 1. There is an Archimedean
picture as well (see Skinner and Urban 2010, 11.4.1).
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Now let � D ˝v�v be a Hecke character of A�K=K�. Then we define I.�/ as
a restricted product of local I.�v/’s as above with respect to the above unramified
vectors. For any f 2 I.�/ we define the Siegel Eisenstein series

E.f I z; g/ WD
X

	2Qn.Q/nGn.Q/
f .z; 	g/:

This is absolutely convergent if Rez 0 and has a meromorphic continuation to all
z 2 C.

6.2 Some Embedding

The Klingen Eisenstein series are difficult to compute, while Siegel Eisenstein series
are much easier. The point of doubling method is to reduce the computation of the
former to the latter. We are going to introduce some important embeddings that are
used in the Pullback formulas. Let .V1; !1/ be the Hermitian space for U.1; 1/ and
.V �1 / another Hermitian space whose metric is .�!1/. Elements of V1 and V �1 are
denoted .v1; v2/ and .u1; u2/ for vi ; ui 2 K. Let V2 D V1˚X ˚ Y be the Hermitian
space for U.2; 2/ where X ˚ Y is a 2-dimensional Hermitian space for the metric�

1

�1
	

and elements are written as .x; y/ for x; y 2 K with respect to this basis.

LetW D V2˚V �1 be the Hermitian space for U.3; 3/. LetR D

0

B
B
B
B
B
B
B
@

1

1

1

1

1

1

1

C
C
C
C
C
C
C
A

and

S D

0

B
B
B
B
B
B
B
@

1

1

1

�1 1
1

�1 1

1

C
C
C
C
C
C
C
A

These give maps:

.v1; x; v2; y; u1; u2/ 7! .v1; x; u2; v2; y; u1/

.v1; x; u2; v2; y; u1/ 7! .v1 � u1; x; u2 � v2; v2; y; u1/:

Now we define the embedding:

	3 W G2;1 WD f.g; g0/ 2 GU.2; 2; / � GU.1; 1/; �.g/ D �.g0/g ,! GU.3; 3/
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by

�
g

g0
	

7! S�1R�1
�
g

g0
	

RS:

Let V d be the image of V1 in V1 ˚ V �1 by the diagonal embedding. Let �1 be any
element of U.3; 3/.Q/ which maps the maximal isotrophic subspace V d ˚ X to
Kv1 ˚ Ku1 ˚ X , then one can check that: ��11 Q3�1 \ 	3.U.2; 2/ � U.1; 1// D
	3.Q2 � B1/. An important property of such embedding is:

f.m.g; x/n; g/ W g 2 GU.1; 1/; x 2 ResK=QGm; n 2 NP g � Q3:

6.3 Pullback Formula

Let � be a unitary Hecke character as before and f 2 I.�/. Given a cusp form ' on
G1, define the pullback section by:

F'.f; z; g/ WD
Z

U.1;1/.A/

f .z; 	3.g; g1h// N�.detg1h/'.g1h/dg1

where h 2 GU.1; 1/.A/ is any element such that �.h/ D �.g/. This is absolutely
convergent if Rez 0. It is easy to see that F� does not depend on the choice of h.
Note that this is a Klingen Eisenstein section. Then

Proposition 2. For z in the region of absolute convergence and h as above, we
have:

Z

U.1;1/.Q/nU.1;1/.A/
E.f I z; 	3.g; g1h// N�.detg1h/'.g1; h/dg1

D
X

P.Q/nGU.2;2/.Q/

F'.f I z; 	g/:

Remark 5. The right hand side is nothing but the expression of the Klingen
Eisenstein series.

Proof. This is proven by Shimura (1997). There Shimura proved the following
double coset decomposition in (2.4) and (2.7) in loc. cit.:

U.3; 3/ D Q3	3.U.2; 2/� U.1; 1//[Q3�1	3.U.2; 2/� U.1; 1//
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and

Q3	3.U.2; 2/� U.1; 1// D [ˇ2U.2;2/;2U.1;1/Q3	3..ˇ; //;

Q3�1	3.U.2; 2/� U.1; 1// D [ˇ2Q2nU.2;2/;	2B1nU.1;1/Q3�1	3..ˇ; 	//:

Thus by unfolding the Siegel Eisenstein series we write the integration into two
parts. We claim that the integration for the part involving terms with �1 is 0. We first
fix ˇ and sum over the 	 ’s, this equals

Z

B1.Q/nU.1;1/.A/
f .zI �1	3..ˇg; g1h///'.g1h/dg1:

Recall we have noted that �1	3.1; B1/�
�1
1 � Q3. Since ' is cuspidal,R

B1.Q/nB1.AQ/
�.bg1h/db D 0 for all g1. Thus the integration is 0. This proves

the claim. The proposition then follows from our description for Q3	3.U.2; 2/ �
U.1; 1//.

7 Constant Terms

Suppose � is of weight � and let z� D ��3
2

. Let P be the Klingen parabolic and R
any standard Q parabolic of GU.2; 2/. We are going to compute the constant terms
E.f; z; g/R of the Klingen Eisenstein series E.f; z; g/ along R. We write NR for
the unipotent radical of P . The constant term along R is given by:

E.f; z; g/R D
Z

NR.Q/nNR.A/
E.f; z; ng/dn:

A famous computation of Langlands tells us that: if R 6D P then E.f; z; g/R D 0.
For R D P we first define the intertwining operator:

A.�; z; f /.g/ WD
Z

NP .A/

fz.wng/dn:

This is absolutely convergent for Rez  0 and is defined for all z 2 C by
meromorphic continuation. It is a product of local integrals. This intertwines the
representations I.�/ and some I.�1/ where �1 is defined similar to � but replacing
.�;  ; �/ by .� � .� ı det/;  ��c; N�c/. Then E.f; z; g/P D fz.g/C A.�; z; f /.g/.
It turns out that under our choices z D z� and � > 6, A.�; z; f / is absolutely
convergent and the Archimedean component is 0. Thus A.�; z�; f / equals 0. Thus

E.f; z� ; g/P D fz� .g/:
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Let us explain how the special L-values that we are interested in show up in the
constant term of the Klingen Eisenstein series. The Klingen section f is realized as
the pullback section of some Siegel Eisenstein series onGU.3; 3/. At the unramified
places a computation of Lapid and Rallis (2005) tells us that if the Siegel section is
f 0

v then the pullback section is f 0
�v
L. Q�; =�; zC 1/L. N��. =�/0; 2zC 1/. Here the

first L-factor is the local Euler factor for the base change of the dual Q� twisted by
 =� and the second is a DirichletL-factor. Taking the product over all good primes,
the specialL-values we are interested in show up as the constant term of the Klingen
Eisenstein series obtained by pullback.

8 p-Adic Interpolation

Definition 11. An Eisenstein datum is a sextuple D WD .A; I; f;  ; ;˙/ where

• A is a finite Zp-algebra and I is a normal domain finite over AŒŒW ��.
• f is a Hida family of cuspidal newforms with coefficient ring I.
•  is an A-valued finite order character which restricts to the tame part of the

central character of f on A
�
Q

.
•  is another A-valued finite order Hecke character of A�K.
• ˙ is a finite set of primes containing all the bad primes.

Recall that we have defined a ring �D D IŒŒ�K��ŒŒ�
�
K ��. We use �D to interpolate

triples .f;  ; �/ that are used to construct Klingen Eisenstein series. Recall that we
have defined a weight ring �2 ' ZpŒŒ�2�� for �2 ' .1 C pZp/4. We first give
�D a �2-algebra structure. We define homomorphisms ˛ W AŒŒ�K��! IŒŒ� �K �� and
ˇ W AŒŒ�K��! IŒŒ�K�� (we omit the formulas). Then the �2-algebra structure map
is given by composing ˛˝ˇ W AŒŒ�K ��K��! �D with the map �2 ! �K ��K

given by:

.t1; t2; t3; t4/ 7! recK.t3t4; t�11 t�12 / � recK.t4; t�12 /;

where recK is the reciprocity map in class field theory normalized by the geometric
Frobenius. Let  WD ˛ ı !�1 ��1K and � WD ˇ ı �f�K.

Definition 12. A point � 2 Spec�D is called arithmetic if �jI is arithmetic with
some weight �� � 2 and there are �˙; � 0� 2 �p1 such that �.	C/ D �C.1 C
p/���2; �.	�/ D �� for 	˙ 2 �K̇ and �.	�0/ D � 0� for 	�0 the topological
generator of � �K .

For every such � we define Hecke characters. Let p D v0Nv0 be the decomposition
in K and let

 �.x/ WD x���1 x
��
v0 .� ı /.x/; � D � ı :
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Then we can construct a �D-coefficient formal q-expansion Esieg that, when
specialize to a Zariski dense set of arithmetic points �, is the nearly ordinary Klingen

Eisenstein series EKling;� we constructed using the triple: (f� ,  � j:j
��
2 ; �� D

 �
�1
� j:j

��
2 ). This is achieved by first constructing a �D-adic Siegel Eisenstein

series on GU.3; 3/ and using the pullback formula to construct the Klingen
Eisenstein family on GU.2; 2/. To do this we need to choose a Siegel section f�
at each arithmetic point � so that

1. f� depends p-adic analytically on �;
2. The pulls back of f� to (a multiple of) the nearly ordinary Klingen Eisenstein

section.

The hardest part is the computations at the primes dividing p (Skinner and Urban
2010, 11.4.14,15,19). It turns out that certain Siegel-Weil Eisenstein sections work
well. In fact in Skinner and Urban (2010), the section is not given in terms of the
Siegel-Weil section. However it indeed provided the idea of how the section given
in loc. cit. is figured out. Let us briefly explain the idea.

Let ˚ be the Schwartz function onM.3;6/.Qp/ defined by:

˚.X; Y / WD ˚1.X/ O̊2.Y /;

where X and Y are 3 � 3 matrices and define a Siegel-Weil section by:

f ˚.g/ D ��12 .detg/j detgj�sC 3
2

p

�
Z

GL3.Qp/

˚..0;X/g/��11 ��12 .detX/j detX j�2sC3p d�X

for �p D .�1; �2/. The O̊2 means the Fourier transform of ˚2. We let ˚1 be a
Schwartz function supported on the set of matrices X such that the X13 and X31
are in Z

�
p and the values on it is given by the product of two characters of X13 and

X31. Choosing ˚2 properly and unfolding the formula for the ˇ-th local Fourier
coefficients, we can make sure that it is essentially given by ˚1.tˇ/ (up to some
easier constant depending on ˇ). Thus the first requirement is ensured. This Siegel
Weil section is explicitly given by

fp.g/ D
X

a2.Op=x/�

f 0;.2/
z .g

�
a�1
Na
	

/

where .x/ D cond.c/, � is our � defining the Siegel Eisenstein section,  D  =�

and f 0;.2/
z in loc. cit. lemma 11.4.20.

How to interpolate the Klingen Eisenstein series? Hida proved the existence of
a Hecke operator 1f 2 T

ord
� .N; �f ; A/˝A FA on the space Sord

� .N; �f / of ordinary
cusp forms with weight � level N and character �f , such that
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1f :g D
< g; f cj�

� �1
N

	

>

< f; f cj�
� �1
N

	

>

f:

This 1f is not necessarily p-adically integral (Hida 1985). The congruence number
�f is defined (up to a p-adic unit) to be the minimally divisible by p number such
that `f WD �f 1f is in T

ord
� .N; �f ; A/. The candidate that we choose for the Klingen

Eisenstein series EKling;� at the arithmetic point � is the one such that:

`
U.1;1/

f eU.1;1/Esieg;� jU.2;2/�U.1;1/ D EKling;� � f:

Here the superscript means the Hecke operators are applied to the forms considered
as a form on U.1; 1/. If we replace f by a Hida family f and suppose the local
Hecke algebra Tmf

(the localization of the Hecke algebra at the maximal ideal mf

corresponding to f ) is Gorenstein, then we can similarly define 1f and �f, `f, thus
interpolating everything in p-adic families.

In particular, we get the Klingen-Eisenstein series interpolating EKling;� whose
constant terms are divisible by L˙f;K:L

˙
1 in light of the discussion at the end of the

last section.

9 Fourier-Jacobi Coefficients

Recall that we have seen that the constant terms of the Klingen Eisenstein family
are divisible by the p-adic L-function. In order to show that the Eisenstein ideal
is contained in the principal ideal .L˙f;K/, we still need to show that some Fourier
coefficient is co-prime to the p-adic L-function.

9.1 Generalities

We are going to compute the Fourier-Jacobi coefficient of the Siegel Eisenstein
seriesEsieg as a function on U.1; 1/.A/ via the embedding 	3 W U.2; 2/�U.1; 1/ ,!
U.3; 3/. The purpose is, by the pullback formula introduced in the previous section,
to express the Fourier coefficients of the Klingen Eisenstein series in terms of the
Petersson inner product with the cusp form we start with. For Z 2 H3

Esieg.Z/ D
X

T�0
aTe.TrTZ/:
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Write S2.Q/ or S2.Qv/ for the set of 2 � 2 Hermitian matrices over Q or Qv. For ˇ
a 2 � 2 Hermitian matrix the ˇth Fourier-Jacobi coefficient is

X

TD
0

@
ˇ �
� �

1

A

aTe.TrTZ/:

We have an integral representation for the Fourier-Jacobi coefficients:

Esieg;ˇ.g/ D
Z

NQ.Q/nNQ.A/
Esieg.

0

@13
S 0

0 0

13

1

A g/eA.�TrˇS/dS:

Here eA D ˝ev and ev.xv/ D e�2�ifxvg for v a finite primes and ev.xv/ D e2�xv for
x 2 1. The following lemma gives a way to compute the Fourier-Jacobi coefficients
of Esieg.

Lemma 1. Let f 2 I3.�/, ˇ 2 S2.Q/. Supposeˇ > 0. Let V be the 2-dimensional
K-space of column vectors. If Re.z/ > 3

2
. Then:

Esieg;ˇ.f I z; g/ D
X

	2Q1.Q/nG1.Q/

X

x2V

Z

S2.A/

f .w3

0

@13
S x
t Nx 0
13

1

A ˛1.1; 	/g/eA.�TrˇS/dS:

Proof. We omit it here. See Skinner and Urban (2010, 11.3)

The integrand in the lemma is a product of local integrals. We are mainly
interested in evaluating the Fourier Jacobi coefficients at ˛1.diag.y; t Ny�1/; g/ for
y 2 GL2.AK/ and g 2 U1.AQ/.

Definition 13. For each prime v of Q and f 2 I3.�v/, set*12pt

FJˇ.f I z; x; g; y/ D
Z

S2.Qv/

f .z;w3

0

@13
S x
t Nx 0
13

1

A ˛1.diag.y; t Ny�1/; g//ev.�TrˇS/dS:

We are going to identify the Fourier Jacobi coefficients with some forms that we are
more familiar with.

9.2 Backgrounds for Theta Functions

Local Picture Let v be a prime of Q and h 2 S2.Qv/, deth 6D 0. Then h defines
a two-dimensional Hermitian space Vv. Let Uh be the corresponding unitary group.
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Let �v be a character of K�v whose restriction to Q
�
v is trivial. One can define the

Weil representation !h;� of Uh.Qv/ � U.1; 1/.Qv/ on the space S.Vv/ of Schwartz
functions on Vv (we omit the formulas).

Global Picture Now let h 2 S2.Q/; h > 0 and a Hecke character � D ˝�v of
A
�
K=K

� such that �jA�
Q
D 1. Then we define a Weil representation!h;� ofUh.AQ/�

U.1; 1/.AQ/ on S.V ˝ A/ by tensoring the local representations.

Theta Functions Given ˚ 2 S.V ˝ AQ/ we define

�h.u; gI˚/ WD
X

x2V
!h;�.u; g/˚.x/

which is an automorphic form on Uh.AQ/ � U1.AQ/ and gives the theta correspon-
dence between Uh and U.1; 1/.

9.3 Coprime to the p-Adic L-Function

Now let us return to the Fourier Jacobi coefficients. It turns out that by some local
computations, for each v, FJˇ.f I z; x; g; y/ has the form f1.g/.!ˇ;�v.y; g/˚v/.0/

where we have chosen a Hecke character � as above, f1 2 I1.�v=�v/ and ˚v

is a Schwartz function on K2
v , !ˇ;�v is defined using the character �v. Thus from

Lemma 1 the Fourier Jacobi coefficient is the product of an Eisenstein series E1.g/
and a theta series �ˇ.y; g/.

Now we prove that the Klingen Eisenstein series is coprime to the p-adic L-
function. Let us take an auxiliary Hida family g of cuspidal eigenforms. Using the
functorial property of the theta correspondence we can find some linear combina-
tions of Eˇ.f I z�; ˛1.diag.y; t Ny�1/; g//’s which “picks up” the g-eigencomponent
of �ˇ.y; g/ (as a function of g). By pairing this with the original � 2 � we
started with, we find certain linear combinations of the Fourier coefficients of the
Klingen Eisenstein family which can be expressed in the form AgBg where Bg

is the “multiple” of g showing up in �ˇ.y; g/. By choosing g properly Bg can
be made a unit in �D (g is chosen to be a Hida family of theta series from the
quadratic imaginary field K. Bg interpolates a square of central critical values of
Hecke L-functions of CM characters. One needs to use a result of Finis (2006) on
the non-vanishing modulo p of anticyclotomic Hecke L-values to conclude Bg can
be chosen to be a unit). The factor Ag is interpolating < E1.g/:g; f� >, essentially
the Rankin Selberg L-values of g with f. By checking the nebentypus we find that
Ag only involves IŒŒ� CK �� and is non-zero by the temperedness of f and g.

Now we make the following assumption: N D NCN� where NC is a product
of primes split in K and N� is a square-free product of an odd number of primes
inert in K. Furthermore we assume that for each `jN�, N�f is ramified at `. Under
this assumption Vatsal (2003) proved if we expand the p-adic L-function as:

L˙f;K D a0 C a1.	� � 1/C a2.	� � 1/2 C : : : : : :
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for ai 2 IŒŒ� CK ��, then some ai must be in .IŒŒ� CK ��/�. This implies (easy exercise)
that Ah is outside any height one prime P of IŒŒ�K�� containing L˙f;K (since Ag

belongs to IŒŒ� CK ��, one may assume P D PCIŒŒ� CK �� for some height one prime
PC of IŒŒ� CK ��. By Vatsal’s result, ordPC.L

˙
f;K/ D 0.)

We are ready to prove the result promised in the previous section: ordP .ED/ �
ordP .L˙f;K:L

˙
1 / for any height one prime P (Here L˙1 is the p-adic L-function for

the trivial character, which is co-prime to .L˙f;K/ by the work of Vatsal. Skinner-
Urban (2010) actually worked in a more general setting by allowing non-trivial
characters). First recall that all constant terms of the Klingen Eisenstein family are
divisible byL˙f;KL˙1 . By the fundamental exact sequence one can find some family F
of forms on GU.2; 2/ such that ED� .L˙f;K/.L˙1 /F WD H is a cuspidal family. Now
we prove the desired inequality. Suppose r D ordP .L˙f;K/ � 1. By construction
there is a Fourier coefficient of the above constructed cuspidal family H outside P .
Denote it as c.ˇ; xIH/ where ˇ 2 S2.Q/ and x 2 GU.2; 2/.AQ/. We define a map:

� WD hD ! �P=P
r�P

by: �.h/ D c.ˇ; xIhH/=c.ˇ; xIH/. This is �D-linear and surjective. Moreover,

c.ˇ; xIhH/ � c.ˇ; xIhED/ � �D.h/c.ˇ; xIED/ � �D.h/c.ˇ; x;H/.mod P r/:

Thus ID � ker�. So we have a surjection � W hD=ID � �P=P
r�P . But the right

hand side is �D=ED. This gives the inequality.

10 Generalizations of the Skinner-Urban Work

We have seen that the key ingredient of this work is a study of the p-adic properties
of the Fourier coefficients of the Klingen Eisenstein series. To generalize this
argument to more general unitary groups we need some non-vanishing modulo p
results for special values of L-functions, which so far is only available for forms
on unitary groups of rank at most 2. We are able to study the Klingen Eisenstein
series for U.1; 1/ ,! U.2; 2/ and U.2; 0/ ,! U.3; 1/, proving the corresponding
main conjectures for two different Rankin Selbergp-adicL-functions. Here we only
mention the following by product (proved in the Wan (2014)):

Theorem 5. Let F be a totally real field in which p splits completely. Let f be a
Hilbert modular form over F with trivial character and parallel weight 2. Let �f
be the p-adic representation of GF associated to f . Suppose:

1. f has good ordinary reduction at all primes dividing p;
2. N�f is absolutely irreducible.
3. If [F DQ] is even and the global sign of f is �1, then the automorphic

representation of f is not principal series in at least one finite place.
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If the central value L.f; 1/ D 0, thenH1
f .F; �f /is infinite.

In the case when the sign of L.f; s/ is �1 this is an early result of Nekovar (2006)
and Zhang (2001). The cases when this sign is C1 is new. Note that even in the
case when F D Q our result is slightly stronger than the one in Skinner and Urban
(2010). The reason is that by working with general totally real fields we can use
a base change trick to remove some of the technical local conditions (Skinner and
Urban 2010).
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On Extra Zeros of p-Adic L-Functions:
The Crystalline Case

Denis Benois

Nous avons toutefois supposé pour simplifier que les opérateurs
1� ' et 1� p�1'�1 sont inversibles laissant les autres cas,
pourtant extrêmement intéressants pour plus tard.

Introduction to Chapter III of Perrin-Riou (1995)

1 Introduction

1.1 Extra Zeros

Let M be a pure motive over Q. Assume that the complex L-function L.M; s/
of M extends to a meromorphic function on the whole complex plane C. Fix an
odd prime p. It is expected that one can construct p-adic analogues of L.M; s/
p-adically interpolating algebraic parts of its special values. The above program has
been realised and the corresponding p-adic L-functions constructed in many cases,
but the general theory remains conjectural. Perrin-Riou (1995) formulated precise
conjectures about the existence and arithmetic properties of p-adic L-functions in
the case where the p-adic realisation V ofM is crystalline at p. Let Dcris.V / denote
the filtered Dieudonné module associated to V by the theory of Fontaine. LetD be a
subspace of Dcris.V / of dimension dC.V / D dimQp V

cD1 stable under the action of
'. (As usual, c denotes the complex conjugation.) One says that D is regular if one
can associate toD a p-adic analogue of the six-term exact sequence of Fontaine and
Perrin-Riou (see Sect. 4.1.3 and Perrin-Riou (1995) for an exact definition). Fix a
lattice T of V stable under the action of the Galois group and a latticeN of a regular
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module D. Perrin-Riou conjectured that one can associate to this data a p-adic
L-functionLp.T;N; s/ satisfying some explicit interpolation property. Let r denote
the order of vanishing of L.M; s/ at s D 0 and let L�.M; 0/ D lims!0 s�rL.M; s/.
Then at s D 0 the interpolation property reads

lim
s!0

Lp.T;N; s/

sr
D E.V;D/RV;D.!V;N /

L�.M; 0/
RM;1.!M /

:

Here RM;1.!M / (resp. RV;D.!V;N /) is the determinant of the Beilinson (resp. the
p-adic) regulator computed in some compatible bases !M and !V;N and E.V;D/ is
an Euler-like factor given by

E.V;D/ D det.1 � p�1'�1 j D/ det.1 � ' j Dcris.V /=D/:

If either D'Dp�1 ¤ 0 or .Dcris.V /=D/
'D1 ¤ 0 we have E.V;D/ D 0 and the order

of vanishing of Lp.N; T; s/ should be > r . In this case we say that Lp.T;N; s/
has an extra zero at s D 0. The same phenomenon occurs in the case where V is
semistable and non-crystalline at p. An archetypical example is provided by elliptic
curves having split multiplicative reduction (Mazur et al. 1986). Assume that 0 is a
critical point for L.M; s/ and that H0.Q; V / D H0.Q; V / D 0.1 In Benois (2011)
using the theory of .'; � /-modules we associated to each regular D an invariant
L .V;D/ 2 Qp generalising both Greenberg’s L -invariant (Greenberg 1994) and
Fontaine–Mazur’s L -invariant (Mazur 1994). This allows one to formulate a quite
general conjecture about the behavior of p-adic L-functions at extra zeros in the
spirit of Greenberg (1994). To the best of our knowledge this conjecture is actually
proved in the following cases:

1. Kubota–Leopoldtp-adicL-functions (Ferrero and Greenberg 1978, 1979; Gross
and Koblitz 1979). Here the L -invariant can be interpreted in terms of Gross’ p-
adic regulator (Greenberg and Stevens 1993; Gross 1981). We also remark that in
Dasgupta et al. (2011) this result was generalized to totally real fields (assuming
the Leopoldt conjecture).

2. Modular forms of even weight (Greenberg and Stevens 1993; Kato 2004; Stevens
2010). Here the L -invariant coincides with Fontaine–Mazur’s L .f /. In Mok
(2009), Spiess (to appear) and Rosso (2013) the method of Greenberg and
Stevens (1993) was generalized to study trivial zeros of elliptic curves/modular
forms of weight 2 over totally real fields.

3. Modular forms of odd weight (Benois 2014). The associated p-adic represen-
tation V is either crystalline or potentially crystalline at p and we do need the
theory of .'; � /-modules to define the L -invariant.

4. Symmetric squares of modular forms having either split multiplicative or good
reduction (Rosso 2014). In the split multiplicative and good ordinary reduction

1By Tate’s conjecture this condition should be equivalent to the vanishing of H0.M/ and
H0.M�.1//.
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cases the associated p-adic representation V is ordinary and the L -invariant
reduces to Greenberg’s construction (Greenberg 1994). In the supersingular case
again the definition of the L -invariant involves .'; � /-modules. For elliptic
curves having good ordinary reduction another proof, based on factoring the
several-variable Rankin–Selberg p-adic L-function along the diagonal has been
suggested by Dasgupta (work in progress). The fact that a factorization would
lead to the proof of the conjecture appears previously in Citro (2008).

5. Symmetric powers of CM-modular forms (Harron 2013; Harron and Lei to
appear). See also (Harron and Jorza 2013).

1.2 Extra Zero Conjecture

The goal of this paper is to generalise the conjecture from Benois (2011) to the non
critical point case. Assume that V is crystalline at p. Then a weight argument shows
that E.V;D/ can vanish only if wt.M/ D 0 or �2. In particular, we expect that the
interpolation factor does not vanish at s D 0 if wt.M/ D �1 i.e. that the p-adic
L-function can not have an extra zero at the central point in the good reduction case.
To fix ideas assume that wt.M/ 6 �2 and that M has no subquotients isomorphic
to Q.1/. 2 We denote by H1

f .V / the Bloch–Kato Selmer group of V . Then D is
regular if and only if the associated p-adic regulator map

rV;D W H1
f .V /! Dcris.V /=.Fil0Dcris.V /CD/

is an isomorphism. The semisimplicity of ' W Dcris.V / ! Dcris.V / (which
conjecturally always holds) allows one to decomposeD into a direct sum

D D D�1 ˚D'Dp�1 :

Under some mild assumptions (see Sects. 4.1.2 and 5.1.2 below) we associate to D
an L -invariant L .V;D/ which is a direct generalization of the main construction
of Benois (2011). The Beilinson–Deligne conjecture predicts that L.M; s/ does not
vanish at s D 0 and that L.M �.1/; s/ has a zero of order r D dimQp H

1
f .V / at s D

0. Let L�p.T;N; 0/ denote the first non-zero coefficient in the Taylor expansion of
Lp.T;N; s/. We propose the following conjecture (see Conjecture 4 of Sect. 5.2.2):

Conjecture 1. Let D be a regular subspace of Dcris.V / and let e D
dimQp .D

'Dp�1 /. Then

2The last condition is not really essential and can be suppressed.
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(i) The p-adic L-function Lp.T;N; s/ has a zero of order e at s D 0 and

L�p.T;N; 0/
RV;D.!V;N /

D �L .V;D/EC.V;D/
L.M; 0/

RM;1.!M /
:

(ii) Let D? denote the orthogonal complement to D under the canon-
ical dualityDcris.V / � Dcris.V

�.1// ! Qp. The p-adic L-function
Lp.T

�.1/;N?; s/ has a zero of order e C r where r D dimQH
1
f .V / at

s D 0 and

L�p.T �.1/;N?; 0/
RV �.1/;D?.!V �.1/;N?/

D L .V;D/EC.V �.1/;D?/
L�.M �.1/; 0/

RM�.1/;1.!M�.1//
:

In the both cases

EC.V;D/ D EC.V �.1/;D?/

D det.1 � p�1'�1 j D�1/ det.1 � p�1'�1 j Dcris.V
�.1///:

Remarks. (1) EC.V;D/ is obtained from E.V;D/ by excluding the zero factors.
It can also be written in the form

EC.V;D/ D E�p .V; 1/ detQp

�
1 � p�1'�1
1 � ' jD�1

	

where Ep.V; t/ D det.1 � 't j Dcris.V // is the Euler factor at p and

E�p .V; t/ D Ep.V; t/

�

1 � t

p

	�e
:

(2) Assume that H1
f .V / D 0. Since H1

f .V
�.1// should also vanish by the weight

argument, our conjecture in this case reduces to Conjecture 2.3.2 from Benois
(2011).

(3) The regularity of D supposes that the localisation H1
f .V / ! H1

f .Qp; V / is
injective. Jannsen’s conjecture (made more precise by Bloch and Kato) says
that the p-adic realisation map H1

f .M/ ˝ Qp ! H1
f .V / is an isomorphism.

The composition H1
f .M/ ! H1

f .Qp; V / of these two maps is essentially the
syntomic regulator. Its injectivity seems to be a difficult open problem.

(4) Let f D
1X

nD1
an.f /q

n and g D
1X

nD1
bn.f /q

n be two different newforms of

weight 2 and nebentypus�f and �g on�1.N /. For any prime l we denote by ˛l;1
and ˛l;2 (resp. ˇl;1 and ˇl;2) the roots of the Hecke polynomialX2�al .f /X C
�f .l/l (resp.X2 � bl.f /X C �g.l/l). The Rankin–SelbergL-functionL.f ˝
g; s/ is defined by



On Extra Zeros of p-Adic L-Functions: The Crystalline Case 69

L.f ˝ g; s/ D
Y

l

Pl .f ˝ g; l�s/�1

where

Pl.f ˝ g;X/ D .1� ˛l;1ˇl;1X/.1� ˛l;1ˇl;2X/.1�˛l;2ˇl;1X/.1� ˛l;2ˇl;2X/:

LetWf andWg be the p-adic representations associated to f and g respectively.
Let Wf;g D Wf ˝ Wg and Tf;g a fixed lattice of Wf;g . The complex L-
function L.Wf;g; s/ associated to Wf;g coincides with L.f ˝ g; s/ up to
Euler factors at l j N . The p-adic representation Wf;g.2/ can be viewed
as the p-adic realisation of a motive Mf;g.2/ of weight �2. We remark that
Mf;g.2/ is non-critical and the special value L.Wf;g.2/; 0/ D L.Wf;g; 2/ can
be expressed in terms of the regulator map (Beilinson 1984). If p − N , the
restriction of Wf;g.2/ on the decomposition group at p is crystalline with
Hodge–Tate weights .�2;�1;�1; 0/. The crystalline module Dcris.Wf;g.2// is
a 4-dimensional vector space generated by eigenvectors dij, 1 	 i; j 	 2 such
that '.dij/ D ˛iˇj p�2dij. LetDij (1 6 i; j 	 2) be the 3-dimensional subspace
of Dcris.Wf;g.2// generated by dr;s , .r; s/ ¤ .i; j / and Nij a fixed lattice of Dij.
One expects that if f and g are not CM, thenDij is regular. If ˛p;rˇp;s D p for

some .r; s/ ¤ .i; j /, then D'Dp�1
ij ¤ 0 and our extra zero conjecture predicts

the behavior of Lp.Tf;g; Nij; s/ at s D 0. As Wf;g.2/ is non-critical, this gives
an example of extra zero which is not covered by the trivial zero conjecture
from Benois (2011).

1.3 Selmer Complexes and Perrin-Riou’s Theory

In the last part of the paper we show that our extra zero conjecture is compatible
with the Main Conjecture of Iwasawa theory as formulated in Perrin-Riou (1995).
The main technical tool here is the descent theory for Selmer complexes (Nekovář
2006). We hope that the approach to Perrin-Riou’s theory based on the formalism
of Selmer complexes can be of independent interest.

For a profinite group G and a continuous G-module X we denote by C 	c .G;X/
the standard complex of continuous cochains. Let S be a finite set of primes
containing p. Denote byGS the Galois group of the maximal algebraic extension of
Q unramified outside S [ f1g. Set R�S.X/ D C 	c .GS ;X/ and R� .Qv; X/ D
C 	c .Gv; X/, where Gv is the absolute Galois group of Qv. Let � be the Galois
group of the cyclotomic p-extension Q.�p1/=Q, �1 D Gal.Q.�p1/=Q.�p// and
� D Gal.Q.�p/=Q/. Let �.� / D ZpŒŒ� �� denote the Iwasawa algebra of � .
Each�.� /-moduleX decomposes into the direct sum of its isotypical components
X D ˚�2 O�X.�/ and we denote by X.�0/ the component which corresponds to

the trivial character �0. Set � D �.� /.�0/. Let H denote the algebra of power
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series with coefficients in Qp which converge on the open unit disk. We will
denote again by H the associated large Iwasawa algebra H.�1/ (see Sect. 3.2.1).
In this paper we consider only the trivial character component of the module
of p-adic L-functions because it is sufficient for applications to trivial zeros,
but in the general case the construction is exactly the same. We keep notation
and assumptions of Sect. 1.2. Assume that the weak Leopoldt conjecture holds
for .V; �0/ and .V �.1/; �0/. We consider global and local Iwasawa cohomology
R�Iw;S .T / D R�S..�.� /˝Zp T /

�/ and R�Iw.Qv; T / D R� .Qv; .�.� /˝Zp T /
�/

where � is the canonical involution on �.� /. Let D be a regular submodule of
Dcris.V /. For each non-Archimedean place v we define a local condition at v in the
sense of Nekovář (2006) as follows. If v ¤ p we use the unramified local condition
which is defined by

R� .�0/
Iw .Qv; N; T / D R� .�0/

Iw;f .Qv; T / D



T Iv ˝�� 1�fv���! T Iv ˝��

�

where Iv is the inertia subgroup at v and fv is the geometric Frobenius. If v D p we
define

R� .�0/
Iw .Qv; N; T / D .N ˝�/Œ�1�:

The derived version of the large exponential map ExpV;h, for h 0 (see Perrin-Riou
1994) gives a morphism

R� .�0/
Iw .Qp;N; T /! R� .�0/

Iw .Qp; T /˝H:

Therefore we have a diagram

Let R� .�0/

Iw;h .D; V / denote the Selmer complex associated to this data. By definition
it sits in the distinguished triangle

R� .�0/

Iw;h .D; V /!
 

R� .�0/
Iw;S .V /

M
 
M

v2S
R� .�0/

Iw .Qv;D; V /

!!

˝H!
 
M

v2S
R� .�0/

Iw .Qv; V /

!

˝H: (1)



On Extra Zeros of p-Adic L-Functions: The Crystalline Case 71

Define

�Iw;h.N; T / D

det�1�

 

R� .�0/
Iw;S .T /

M
 
M

v2S
R� .�0/

Iw .Qv; N; T /

!!

˝det�

 
M

v2S
R� .�0/

Iw .Qv; T /

!

:

Our results can be summarized as follows (see Theorems 4, 5 and Corollary 2).

Theorem 1. Assume that L .V;D/ ¤ 0. Then

(i) The cohomology Ri�
.�0/

Iw;h .D; V / are H-torsion modules for all i .

(ii) Ri�
.�0/

Iw;h .D; V / D 0 for i ¤ 2; 3 and

R3�
.�0/

Iw;h .D; V / '
�
H0.Q.�p1/; V

�.1//�
�.�0/ ˝� H:

(iii) The complex R� .�0/

Iw;h .D; V / is semisimple in the sense that for each i the
natural map

Ri�
.�0/

Iw;h .D; V /
� ! Ri�

.�0/

Iw;h .D; V /�

is an isomorphism.

This theorem allows us to apply to our Selmer complexes the descent machinery
developed by Nekovář (2006). Assume that L .V;D/ ¤ 0. Let K be the field of
fractions of H. Then Theorem 1 together with (1) define an injective map

iV;Iw;h W �Iw;h.N; T /! K

and the module of p-adic L-functions is defined as

L.�0/Iw;h.N; T / D iV;Iw;h.�Iw;h.N; T // � K:

Let 	1 be a fixed generator of �1. Choose a generator f .	1�1/ of the free�-module
L.�0/Iw;h.N; T / and define a meromorphic p-adic function

LIw;h.T;N; s/ D f .�.	1/s � 1/;

where � W � ! Z
�
p is the cyclotomic character. For a; b 2 Q

�
p we will write

a �p b if a and b coincide up to a p-adic unit.

Theorem 2. Assume that L .V;D/ ¤ 0. Then

(i) The p-adic L-function LIw;h.T;N; s/ has a zero of order e D dimQp .D
'Dp�1 /

at s D 0.
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(ii) One has

L�Iw;h.T;N; 0/
RV;D.!T;N /

�p � .h/dC.V /L .V;D/EC.V;D/
#III.T �.1//Tam0

!M
.T /

#H0
S .V=T / #H0

S .V
�.1/=T �.1//

;

where III.T �.1// is the Tate–Shafarevich group of Bloch–Kato (1990) and
Tam0

!M
.T / is the product of local Tamagawa numbers of T .

Remarks. (1) Using the compatibility of Perrin-Riou’s theory with the func-
tional equation we obtain analogous results for the Lp.T �.1/;N?; s/ (see
Sect. 6.2.6).

(2) If Dcris.V /
'D1 D Dcris.V /

'Dp�1 D 0 the phenomenon of extra zeros does
not appear, L .V;D/ D 1 and Theorem 2 was proved in Perrin-Riou (1995),
Theorem 3.6.5. We remark that even in this case our proof is different. We
compare the leading term of L�Iw;h.T;N; s/ with the trivialisation i!M ;p W
�EP.T / ! Qp of the Euler–Poincaré line �EP.T / (see Fontaine 1992) and
show that in compatible bases one has

L�Iw;h.T;N; 0/
RV;D.!V;N /

�p � .h/dC.V /L .V;D/EC.V;D/ i!M ;p .�EP.T // (2)

(see the proof of Theorem 5). Now Theorem 2 follows from the well known
computation of i!M ;p .�EP.T // in terms of the Tate–Shafarevich group and
Tamagawa numbers (see Fontaine and Perrin-Riou 1994, Chapitre II).

(3) Let E=Q be an elliptic curve having good reduction at p. Consider the p-
adic representation V D Sym2.Tp.E//˝ Qp, where Tp.E/ is the p-adic Tate
module of E . It is easy to see that D D Dcris.V /

'Dp�1 is one dimensional.
In this case some versions of Theorem 2 were proved in Perrin-Riou (1998)
and Delbourgo (2002) with an ad hoc definition of the L -invariant. Remark
that p-adic L-functions attached to the symmetric square of a newform were
constructed by Dabrowski and Delbourgo (1997) and Rosso (2014).

(4) Another approach to Iwasawa theory in the non-ordinary case was developed
by Pottharst (2012, 2013). Pottharst uses the formalism of Selmer complexes
but works with local conditions coming from submodules of the .'; � /-module
associated to V rather than with the large exponential map. This approach has
many advantages, in particular it allows to develop an interesting theory for
representations which are not necessarily crystalline. Nevertheless it seems that
the large exponential map is crucial for the study of extra zeros at least in the
good reduction case.

(5) The Main conjecture of Iwasawa theory (Colmez 2000; Perrin-Riou 1995) says
that for h  0 the analytic p-adic L-function Lp.N; T; s/ multiplied by a
simple explicit � -factor �V;h.s/ depending on h can be written in the form
�V;h.s/Lp.N; T; s/ D f .�.	1/s � 1/ for an appropriate generator f .	1 � 1/ of

L.�0/Iw;h.N; T /. Therefore the Main conjecture implies Bloch–Kato style formulas
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for special values of Lp.N; T; s/. We remark that the Bloch–Kato conjecture
predicts that

L�.M; 0/
RM;1.!M /

�p
#III.T �.1//Tam0

!M
.T /

#H0
S.V=T / #H0

S.V
�.1/=T �.1//

and therefore Theorem 2 implies the compatibility of our extra zero conjecture
with the Main conjecture. Note that this also follows directly from (2) if we use
the formalism of Fontaine and Perrin-Riou (see Fontaine 1992) to formulate
Bloch–Kato conjectures.

1.4 The Plan of the Paper

The organisation of the paper is as follows. In Sect. 2 we review the theory of .'; � /-
modules which is the main technical tool in our definition of the L -invariant. We
also give the derived version of the computation of Galois cohomology in terms of
.'; � /-modules. This follows easily from the results of Herr (1998) and Liu (2007)
and the proofs are placed in Appendix. Similar results can be found in Pottharst
(2012, 2013). In Sect. 3 we recall preliminaries on the Bloch–Kato exponential map
and review the construction of the large exponential map of Perrin-Riou given by
Berger (2003) using again the basic language of derived categories. The L -invariant
is constructed in Sect. 4.1. In Sect. 4.2 we relate this construction to the derivative
of the large exponential map. This result plays a key role in the proof of Theorem 2.
The extra zero conjecture is formulated in Sect. 5. In Sect. 6 we interpret Perrin-
Riou’s theory in terms of Selmer complexes and prove Theorems 1 and 2.

This paper is a revised and extended version of the preprint Benois (2009).
In Benois (2009), Theorems 1 and 2 above were proved under the additional
assumption that H1

f .V / D 0. As we pointed out before, in this case our extra-zero
conjecture reduces to the Conjecture 2.3.2 from Benois (2011).

2 Preliminaries

2.1 .'; � /-Modules

2.1.1 The Robba Ring

The main references for the material of this section are (Berger 2002) and (Colmez
2003). In this section K is a finite unramified extension of Qp with residue field
kK , OK its ring of integers, and 
 the absolute Frobenius of K . Let K an algebraic
closure of K , GK D Gal.K=K/ and C the completion of K. Let vp W C !
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R [ f1g denote the p-adic valuation normalized so that vp.p/ D 1 and set jxjp D
�
1
p

�vp.x/
. Write B.r; 1/ for the p-adic annulus B.r; 1/ D fx 2 C j r 6 jxj < 1g.

As usually, �pn denotes the group of pn-th roots of unity. Fix a system of primitive
roots of unity " D .�pn/n>0, �pn 2 �pn such that �ppn D �pn�1 for all n. Set Kn D
K.�pn/, K1 D S1

nD0 Kn, HK D Gal.K=K1/, � D Gal.K1=K/ and denote by
� W � ! Z

�
p the cyclotomic character.

Set

QEC D lim �
x 7!xp

OC= pOC D fx D .x0; x1; : : : ; xn; : : :/ j xpi D xi 8i 2 Ng:

Let Oxn 2 OC be a lifting of xn. Then for all m > 0 the sequence OxpnmCn converges to

x.m/ D limn!1 Oxp
n

mCn 2 OC which does not depend on the choice of liftings. The
ring QEC equipped with the valuation vE.x/ D vp.x.0// is a complete local ring of
characteristic p with residue field NkK . Moreover it is integrally closed in its field of
fractions QE D Fr. QEC/.

Let QA D W. QE/ be the ring of Witt vectors with coefficients in QE. Denote by
Œ � W QE ! W. QE/ the Teichmüller lift. Any u D .u0; u1; : : :/ 2 QA can be written in
the form

u D
1X

nD0
Œup
�n

�pn:

Set � D Œ"� � 1, ACK0 D OK0ŒŒ��� and denote by AK the p-adic completion of

ACK Œ1=��. Let QB D QA Œ1=p�, BK D AK Œ1=p� and let B denote the completion of
the maximal unramified extension of BK in QB. Set A D B \ QA, QAC D W.EC/,
AC D QAC \ A and BC D AC Œ1=p�. All these rings are endowed with natural
actions of the Galois group GK and Frobenius '.

Set AK D AHK and BK D AK Œ1=p�. We remark that � and ' act on BK by

�.�/ D .1C �/�.�/ � 1; � 2 �;
'.�/ D .1C �/p � 1:

For any r > 0 define

QB�;r D
�

x 2 QB j lim
k!C1

�

ve.xk/ C pr

p � 1 k
	

D C1


:

Set B�;r D B \ QB�;r , B�;rK D BK \ B�;r , B� D
[

r>0

B�;r A� D A \ B� and B�K D
[

r>0

B�;rK .
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It can be shown that for any r > p � 1

B�;rK D
(

f .�/D
X

k2Z

ak�
k j ak 2 K and f is holomorphic and bounded on B.r; 1/

)

:

Define

B�;rrig;K D
(

f .�/ D
X

k2Z
ak�

k j ak 2 K and f is holomorphic on B.r; 1/

)

:

Set R.K/ D S

r>p�1
B�;rrig;K and RC.K/ D R.K/\KŒŒ���. It is not difficult to check

that these rings are stable under � and '. To simplify notations we will write R D
R.Qp/ and RC D RC.Qp/. As usual, we set

t D log.1C �/ D
1X

nD1
.�1/nC1 �

n

n
2 R:

Note that '.t/ D pt and �.t/ D �.�/t , � 2 � .

2.1.2 .'; � /-Modules

The main references for the material of this section are (Cherbonnier and Colmez
1998; Colmez 2008; Fontaine 1991). LetA be either B�K or R.K/. A .'; � /-module
over A is a finitely generated free A-module D equipped with semilinear actions of
' and � commuting with each other and such that the induced linear map ' W
A˝' D! D is an isomorphism. Such a module is said to be étale if it admits a A�

K -

latticeN stable under ' and � and such that ' W A�
K˝'N ! N is an isomorphism.

The functor D 7! R.K/˝
B�K

D induces an equivalence between the category of étale

.'; � /-modules over B�K and the category of .'; � /-modules over R.K/ which
are of slope 0 in the sense of Kedlaya’s theory (Kedlaya 2004 and Colmez 2008,
Corollary 1.5). Then Fontaine’s classification of p-adic representations (Fontaine
1991) together with the main result of Cherbonnier and Colmez (1998) lead to the
following statement.

Proposition 1. (i) The functor

D� W V 7! D�.V / D .B� ˝Qp V /
HK

establishes an equivalence between the category of p-adic representations of
GK and the category of étale .'; � /-modules over B�K .
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(ii) The functor D�
rig.V / D R.K/ ˝

B�K
D�.V / gives an equivalence between the

category of p-adic representations of GK and the category of .'; � /-modules
over R.K/ of slope 0.

Proof. See Colmez (2008), Proposition 1.7.

2.1.3 Cohomology of .'; � /-Modules

We refer to (Herr 1998, 2001; Liu 2007) for the material discussed in this section.
Fix a generator 	 of � . If D is a .'; � /-module over A, we denote by C';	 .D/ the
complex

C';	 .D/ W 0�!D
f�! D˚ D

g�! D �! 0

where f .x/ D ..' � 1/ x; .	 � 1/ x/ and g.y; z/ D .	 � 1/ y � .' � 1/ z. Set
Hi.D/ D Hi.C';	 .D//. A short exact sequence of .'; � /-modules

0 �! D0 �! D �! D00 �! 0

gives rise to an exact cohomology sequence:

0! H0.D0/! H0.D/! H0.D00/! H1.D0/! � � � ! H2.D00/! 0:

Proposition 2. Let V be a p-adic representation of GK . Then the complexes
R� .K; V /, C';	 .D�.V // and C';	 .D

�
rig.V // are isomorphic in the derived category

of Qp-vector spaces D.Qp/.

Proof. This is a derived version of Herr’s computation of Galois cohomology (Herr
1998). The proof is given in the Appendix (see Proposition 9 and Corollary 3).

2.1.4 Iwasawa Cohomology

Recall that � D ZpŒŒ�1�� denotes the Iwasawa algebra of �1. Set � D Gal.K1=K/

and �.� / D ZpŒ��˝Zp �. Let � W �.� /! �.� / denote the involution defined
by �.g/ D g�1, g 2 � . If T is a Zp-adic representation of GK , then the induced
module IndK1=K.T / is isomorphic to .�.� /˝Zp T /

� and we set

R�Iw.K; T / D R� .K; IndK1=K.T //:

Write Hi
Iw.K; T / for the Iwasawa cohomology

Hi
Iw.K; T / D lim �

corKn=Kn�1

H i .Kn; T /:
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Recall that there are canonical and functorial isomorphisms

Ri�Iw.K; T / ' Hi
Iw.K; T /; i > 0;

R�Iw.K; T /˝L
�.� / ZpŒGn� ' R� .Kn; T /

(see Nekovář 2006, Proposition 8.4.22). The interpretation of the Iwasawa coho-
mology in terms of .'; � /-modules was found by Fontaine (unpublished but see
Cherbonnier and Colmez 1999). We give here the derived version of this result. Let
 W B! B be the operator defined by the formula  .x/ D 1

p
'�1

�
TrB='.B/.x/

�
:

We see immediately that  ı ' D id. Moreover commutes with the action of GK
and  .A�/ D A�. Consider the complexes

CIw; .T / W D.T /
 �1���! D.T /;

C
�
Iw; .T / W D�.T /

 �1���! D�.T /:

Proposition 3. The complexes R�Iw.K; T /, CIw; .T / and C�
Iw; .T / are naturally

isomorphic in the derived category D.�.� // of �.� /-modules.

Proof. See Proposition 11 and Corollary 4.

2.1.5 .'; � /-Modules of Rank 1

Recall the computation of the cohomology of .'; � /-modules of rank 1 following
Colmez (2008). As in op. cit., we consider the case K D Qp and put R D B�rig;Qp

and RC D BCrig;Qp . The differential operator @ D .1 C �/ d
d�

acts on R and RC.

If ı W Q�p ! Q
�
p is a continuous character, we write R.ı/ for the .'; � /-module

Reı defined by '.eı/ D ı.p/eı and 	.eı/ D ı.�.�// eı. Let x denote the character
induced by the natural inclusion of Qp in L and jxj the character defined by jxj D
p�vp.x/.

Proposition 4. Let ı W Q�p ! Q
�
p be a continuous character. Then:

(i)

H0.R.ı// D
(
Qpt

m if ı D x�m;m 2 N

0 otherwise.
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(ii)

dimQp .H
1.R.ı///

D
(
2 if either ı.x/ D x�m;m > 0 or ı.x/ D jxjxm;m > 1;

1 otherwise:

(iii) Assume that ı.x/ D x�m,m > 0. The classes cl.tm; 0/ eı and cl.0; tm/ eı form
a basis of H1.R.x�m//.

(iv) Assume that ı.x/ D jxjxm, m > 1. Then H1.R.jxjxm//, m > 1 is generated
by cl.˛m/ and cl.ˇm/ where

˛m D .�1/m�1
.m � 1/Š @

m�1
�
1

�
C1
2
; a

	

eı; .1 � '/ a D .1 � �.	/	/
�
1

�
C1
2

	

;

ˇm D .�1/m�1
.m � 1/Š @

m�1
�

b;
1

�

	

eı; .1 � '/
�
1

�

	

D .1 � �.	/ 	/ b

Proof. See Colmez (2008), Sects. 2.3–2.5.

2.2 Crystalline Representations

2.2.1 The Rings Bcris and BdR

The main references for the material of this section are (Fontaine 1982, 1994a). Let
�0 W AC ! OC be the map given by the formula

�0

 1X

nD0
Œun�p

n

!

D
1X

nD0
u.0/n p

n:

It can be shown that �0 is a surjective ring homomorphism and that ker.�0/ is the

principal ideal generated by ! D
p�1P
iD0
Œ��i=p . By linearity, �0 can be extended to a

map � W QBC ! C . The ring BCdR is defined to be the completion of QBC for the
ker.�/-adic topology:

BCdR D lim �
n

QBC= ker.�/n:

This is a complete discrete valuation ring with residue field C equipped with a
natural action of GK . Moreover, there exists a canonical embedding K � BCdR.

The series t D
1P
nD0
.�1/n�1�n=n converges in the topology of BCdR and it is easy
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to see that t generates the maximal ideal of BCdR. The Galois group acts on t

by the formula g.t/ D �.g/t . Let BdR D BCdRŒt
�1� be the field of fractions of

BCdR. This is a complete discrete valuation field equipped with a GK -action and
an exhaustive separated decreasing filtration FiliBdR D t iBCdR. As GK -modules,
FiliBdR=FiliC1BdR ' C.i/ and BGKdR D K .

Consider the PD-envelope of AC with a respect to the map �0

APD D AC


!2

2Š
;
!3

3Š
; : : : ;

!n

nŠ
; : : :

�

and denote by ACcris its p-adic completion. Let BCcris D ACcris ˝Zp Qp and Bcris D
BCcrisŒt

�1�. Then Bcris is a subring of BdR endowed with the induced filtration and
Galois action. Moreover, it is equipped with a continuous Frobenius ', extending
the map ' W AC ! AC. One has '.t/ D p t .

2.2.2 Crystalline Representations

In this section we review the notion of crystalline representation and its relationship
to the theory of ('; � )-modules (see Berger 2002, 2004; Fontaine 1994b). LetL be a
finite extension of Qp . Denote byK its maximal unramified subextension. A filtered
Dieudonné module over L is a finite dimensionalK-vector space M equipped with
the following structures:

• A 
-semilinear bijective map ' W M !M I
• An exhaustive decreasing filtration .FiliML/i2Z on the L-vector space ML D
L˝K M .
A K-linear map f W M !M 0 is said to be a morphism of filtered modules if

• f .'.d// D '.f .d// for all d 2M I
• f .FiliML/ � FiliM 0L for all i 2 Z.

The category MF'L of filtered Dieudonné modules is additive, has kernels and
cokernels but is not abelian. Denote by 1 the vector spaceK0 with the natural action
of 
 and the filtration given by

Fili1 D
(
K; if i 6 0;

0; ifi > 0:

Then 1 is a unit object of MF'L i.e. M ˝ 1 ' 1˝M 'M for anyM .
If M is a one dimensional Dieudonné module and d is a basis vector of M ,

then '.d/ D ˛d for some ˛ 2 K . Set tN .M/ D vp.˛/ and denote by tH .M/

the unique filtration jump of M . If M is of an arbitrary finite dimension d , set
tN .M/ D tN .^dM/ and tH .M/ D tH .^dM/. A Dieudonné module M is said
to be weakly admissible if tH .M/ D tN .M/ and if tH .M 0/ 6 tN .M

0/ for any
'-submodule M 0 � M equipped with the induced filtration. Weakly admissible
modules form a subcategory of MF'L which we denote by MF';fL .
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If V is a p-adic representation of GL, define DdR.V / D .BdR ˝ V /GL: Then
DdR.V / is a L-vector space equipped with the decreasing filtration FiliDdR.V / D
.FiliBdR ˝ V /GL . One has dimL DdR.V / 6 dimQp .V / and V is said to be de Rham
if dimL DdR.V / D dimQp .V /: Analogously one defines Dcris.V / D .Bcris ˝ V /GL:
Then Dcris.V / is a filtered Dieudonné module overL of dimension dimK Dcris.V / 6
dimQp .V / and V is said to be crystalline if the equality holds here. In particular, for
crystalline representations one has DdR.V / D Dcris.V / ˝K L: By the theorem of
Colmez–Fontaine (2000), the functor Dcris establishes an equivalence between the
category of crystalline representations of GL and MF';fL . Its quasi-inverse Vcris is
given by Vcris.D/ D Fil0.D ˝K Bcris/

'D1:
An important result of Berger (2002, Theorem 0.2) says that Dcris.V / can be

recovered from the .'; � /-module D�
rig.V /. The situation is particularly simple if

L=Qp is unramified. In this case set DC.V / D .V ˝Qp BC/HK and DCrig.V / D
RC.K/˝BCK

DC.V /. Then

Dcris.V / D
�

DCrig.V /


1

t

�	�

(see Berger 2004, Proposition 3.4).

3 The Exponential Map

3.1 The Bloch–Kato Exponential Map

3.1.1 Cohomology of Dieudonné Modules

LetL be a finite extension of Qp andK its maximal unramified subextension. Recall
that we denote by MF'L the category of filtered Dieudonné modules over L. IfM is
an object of MF'L, define

Hi.L;M/ D Exti
MF'L

.1;M /; i D 0; 1:

We remark that H�.L;M/ can be computed explicitly as the cohomology of the
complex

C 	.M/ W M f�! .ML=Fil0ML/˚M

where the modules are placed in degrees 0 and 1 and f .d/ D .d .mod Fil0ML/;

.1 � '/ .d// (see Fontaine and Perrin-Riou 1994; Nekovář 1993). Note that if M
is weakly admissible then each extension 0 ! M ! M 0 ! 1 ! 0 is weakly
admissible too and we can write Hi.L;M/ D Exti

MF';fL
.1;M /.
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3.1.2 The Exponential Map

Let Repcris.GL/ denote the category of crystalline representations of GL. For any
object V of Repcris.GL/ define

Hi
f .L; V / D ExtiRepcris.GL/

.Qp.0/; V /:

An easy computation shows that

Hi
f .L; V / D

8
ˆ̂
<

ˆ̂
:

H0.L; V / if i D 0;
ker .H1.L; V /! H1.L; V ˝ Bcris// if i D 1;
0 if i > 2:

Let tV .L/ D DdR.V /=Fil0DdR.V / denote the tangent space of V . The rings BdR and
Bcris are related to each other via the fundamental exact sequence

0 �! Qp �! Bcris
f�! BdR=Fil0BdR ˚ Bcris �! 0

where f .x/ D .x .mod Fil0BdR/; .1 � '/ x/ (see Bloch and Kato 1990, §4).
Tensoring this sequence with V and taking cohomology one obtains an exact
sequence

0 �! H0.L; V / �! Dcris.V / �! tV .L/˚ Dcris.V / �! H1
f .L; V / �! 0:

The last map of this sequence gives rise to the Bloch–Kato exponential map

expV;L W tV .L/˚ Dcris.V / �! H1.L; V /:

Following (Fontaine 1992) set

R�f .L; V / D C 	.Dcris.V // D



Dcris.V /
f�! tV .L/˚ Dcris.V /

�

:

From the classification of crystalline representations in terms of Dieudonné modules
it follows that the functor Vcris induces natural isomorphisms

riV;p W Ri�f .L; V / �! Hi
f .L; V /; i D 0; 1:

The composite homomorphism

tV .L/˚ Dcris.V / �! R1�f .L; V /
r1V;p�! H1.L; V /

coincides with the Bloch–Kato exponential map expV;L (Nekovář 1993, Proposi-
tion 1.21).
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3.1.3 The Map R�f .L; V / ! R� .L; V /

Let g W B	 ! C 	 be a morphism of complexes. We denote by Tot	.g/ the complex
Totn.g/ D Cn�1 ˚ Bn with differentials dn W Totn.g/ ! TotnC1.g/ defined by
the formula dn.c; b/ D ..�1/ngn.b/ C dn�1.c/; dn.b//: It is well known that if

0 �! A	
f�! B	

g�! C 	�!0 is an exact sequence of complexes, then f induces

a quasi isomorphism A	 �! Tot	.g/: In particular, tensoring the fundamental exact
sequence with V , we obtain an exact sequence of complexes

0! R� .L; V /! C 	c .GL; V ˝ Bcris/
f!

C 	c .GL; .V ˝ .BdR=Fil0BdR//˚ .V ˝ Bcris//! 0

which gives a quasi isomorphism R� .L; V /
�! Tot	.f /: Since R�f .L; V /

coincides tautologically with the complex

C0
c .GL; V ˝ Bcris/

f�! C0
c .GL; .V ˝ .BdR=Fil0BdR//˚ .V ˝ Bcris//

we obtain a diagram

which defines a morphism R�f .L; V / ! R� .L; V / in D.Qp/ (see Burns
and Flach 1996, Sect. 1.2.1). We remark that the induced homomorphisms
Ri�f .L; V / ! Hi.L; V / (i D 0; 1) coincide with the composition of riV;p
with natural embeddingsHi

f .L; V /! Hi.L; V /.

3.1.4 Exponential Map for .'; � /-Modules

In this subsection we define an analogue of the exponential map for crystalline
.'; � /-modules. See Nakamura (2014) for a more general setting. Let K=Qp be
an unramified extension. If D is a .'; � /-module over R.K/ define

Dcris.D/ D .D Œ1=t�/� :

It can be shown that Dcris.D/ is a finite dimensionalK-vector space equipped with
a natural decreasing filtration FiliDcris.D/ and a semilinear action of '. One says
that D is crystalline if
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dimK.Dcris.D// D rank.D/:

From Berger (2008), Théorème A it follows that the functor D 7! Dcris.D/ is an
equivalence between the category of crystalline .'; � /-modules and MF'K . Note
that if V is a p-adic representation of GK then Dcris.V / D Dcris.D

�
rig.V // and V is

crystalline if and only if D�
rig.V / is.

Let D be a .'; � /-module. To any cocycle ˛ D .a; b/ 2 Z1.C';	 .D// one can
associate the extension

0 �! D �! D˛ �! R.K/ �! 0

defined by

D˛ D D ˚ R.K/ e; .' � 1/ e D a; .	 � 1/ e D b:

As usual, this gives rise to an isomorphism H1.D/ ' Ext1R.R.K/;D/. We say that
cl.˛/ is crystalline if dimK .Dcris.D˛// D dimK .Dcris.D//C 1 and define

H1
f .D/ D fcl.˛/ 2 H1.D/ j cl.˛/ is crystalline g

(see Benois 2011, Sect. 1.4.1). If D is crystalline (or more generally potentially
semistable) one has a natural isomorphism

H1.K;Dcris.D// �! H1
f .D/:

Set tD D Dcris.D/=Fil0Dcris.D/ and denote by

expD W tD ˚Dcris.D/! H1.D/

the composition of this isomorphism with the projection

tD ˚Dcris.D/! H1.K;Dcris.D//

and the embeddingH1
f .D/ ,! H1.D/.

Assume that K D Qp . To simplify notation we will write Dm for R.jxjxm/ and
em for its canonical basis. Then Dcris.Dm/ is the one dimensional Qp-vector space
generated by t�mem. As in Benois (2011), we normalise the basis .cl.˛m/; cl.ˇm//
of H1.Dm/ putting ˛�m D .1 � 1=p/ cl.˛m/ and ˇ�m D .1 � 1=p/ log.�.	//
cl.ˇm/.

Proposition 5. (i) H1
f .Dm/ is the one-dimensional Qp-vector space generated

by ˛�m.
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(ii) The exponential map

expDm W tDm �! H1.Dm/

sends t�mwm to �˛�m:
Proof. This is a reformulation of Benois (2011), Proposition 1.5.8 (ii).

3.2 The Large Exponential Map

3.2.1 Notation

In this section p is an odd prime number, K is a finite unramified extension of Qp

and 
 the absolute Frobenius acting on K . Recall that Kn D K.�pn/ and K1 DS1
nD1 Kn. We set � D Gal.K1=K/, �n D Gal.K1=Kn/ and � D Gal.K1=K/.

Let ƒ D ZpŒŒ�1�� and �.� / D ZpŒ�� ˝Zp �. We will consider the following
operators acting on the ringKŒŒX�� of formal power series with coefficients inK:

• The ring homomorphism 
 W KŒŒX�� �! KŒŒX�� defined by




 1X

iD0
aiX

i

!

D
1X

iD0

.ai /X

i :

• The ring homomorphism ' W KŒŒX�� �! KŒŒX�� defined by

'

 1X

iD0
aiX

i

!

D
1X

iD0

.ai /'.X/

i ; '.X/ D .1CX/p � 1:

• The differential operator @ D .1CX/ d
dX

. One has @ ı ' D p' ı @:
• The operator  W KŒŒX�� �! KŒŒX�� defined by

 .f .X// D 1

p
'�1

0

@
X

�pD1
f ..1CX/� � 1/

1

A :

It is easy to see that  is a left inverse to ', i.e. that  ı ' D id:

• An action of � given by 	

 1X

iD0
aiX

i

!

D
1X

iD0
ai 	.X/

i ; 	.X/ D

.1CX/�.	/ � 1:
We remark that these formulas are compatible with the definitions from

Sects. 2.1.1 and 2.1.4. Fix a generator 	1 2 �1 and define
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H D ff .	1 � 1/ j f 2 QpŒŒX�� is holomorphic on B.0; 1/g;
H.� / D ZpŒ��˝Zp H:

3.2.2 The Map �"
V;n

It is well known that ZpŒŒX�� D0 is a free �-module generated by .1C X/ and the
operator @ is bijective on ZpŒŒX��

 D0. If V is a crystalline representation of GK put
D.V / D Dcris.V /˝Zp ZpŒŒX��

 D0: Let � "
V;n W D.V /�n Œ�1� �! R�f .Kn; V / be

the map defined by

� "
V;n.˛/ D

(
p�n.

Pn
kD1.
 ˝ '/�k˛.�pk � 1/; �˛.0// if n > 1,

TrK1=K
�
� "

V;1.˛/
�

if n D 0:

An easy computation shows that � "
V;0 W Dcris.V /Œ�1� ! R�f .K; V / is given by

the formula

� "
V;0.a/ D

1

p
.�'�1.a/;�.p � 1/ a/:

In particular, it is homotopic to the map a 7! �.0; .1 � p�1'�1/ a/: Let

�"
V;n W D.V /! R1� .Kn; V / D tV .Kn/˚ Dcris.V /

Dcris.V /=V GK

denote the homomorphism induced by � "
V;n. Then

�"
V;0.a/ D �.0; .1 � p�1'�1/ a/ .mod Dcris.V /=V

GK /:

If Dcris.V /
'D1 D 0 the operator 1 � ' is invertible on Dcris.V / and we can write

�"
V;0.a/ D

�
1� p�1'�1
1 � ' a; 0

	

.mod Dcris.V /=V
GK /: (3)

For any i 2 Z let �i W D.V / ! Dcris.V /

.1 � pi'/Dcris.V /
˝ Qp.i/ be the map

given by

�i.˛.X// D @i˛.0/˝ "˝i .mod .1 � pi'/Dcris.V //:

Set � D ˚i2Z�i . If ˛ 2 D.V /�D0, then by Perrin-Riou (1994), Proposition 2.2.1
there exists F 2 Dcris.V /˝Qp QpŒŒX�� which converges on the open unit disk and
such that .1 � '/F D ˛. A short computation shows that
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�"
V;n.˛/ D p�n..
 ˝ '/�n.F /.�pn � 1/; 0/ .mod Dcris.V /=V

GK /; if n > 1

(see Benois and Berger 2008, Lemme 4.9).

3.2.3 Construction of the Large Exponential Map

As ZpŒŒX�� Œ1=p� is a principal ideal domain and H is ZpŒŒX�� Œ1=p�-torsion free,
H is flat. Thus

C
�
Iw; .V /˝L

�Qp
H.� / D C

�
Iw; .V /˝�Qp

H.� /

D



H.� /˝�Qp
D�.V /

 �1���! H.� /˝�Qp
D�.V /

�

:

By Proposition 3 one has an isomorphism in D.H.� //

R�Iw.K; V /˝L
�Qp

H.� / ' C�
Iw; .V /˝�Qp

H.� /:

The action of H.� / on D�.V / D1 induces an injection H.� /˝ƒQp
D�.V / D1 ,!

D�
rig.V /

 D1: Composing this map with the canonical isomorphism H1
Iw.K; V / '

D�.V / D1 we obtain a map H.� /˝ƒQp
H1

Iw.K; V / ,! D�
rig.V /

 D1: For any k 2 Z

set rk D t@�k D t d
dt
�k. An easy induction shows that rk�1 ırk�2 ı � � � ır0 D

tk@k:

Fix h > 1 such that Fil�hDcris.V / D Dcris.V / and V.�h/GK D 0. For any
˛ 2 D.V /�D0 define

˝"
V;h.˛/ D .�1/h�1 log�.	1/

p
rh�1 ı rh�2 ı � � � r0.F.�//;

where F 2 H.V / is such that .1 � '/ F D ˛. It is easy to see that ˝"
V;h.˛/ 2

DCrig.V / D1. Berger (2003) shows that ˝"
V;h.˛/ 2 H.� / ˝ƒQp

D�.V / D1 and
therefore gives rise to a map

Exp"V;h W D.V /�D0Œ�1�! R�Iw.K; V /˝L
ƒQp

H.� /

Let

Exp"V;h W D.V /�D0 ! H.� /˝ƒQp
H1

Iw.K; V /

denote the map induced by Exp"V;h in degree 1. The following theorem is a
reformulation of the construction of the large exponential map given by Berger
(2003).



On Extra Zeros of p-Adic L-Functions: The Crystalline Case 87

Theorem 3. Let

Exp"V;h;n W D.V /�D0�n
Œ�1� �! R�Iw.K; V /˝L

ƒQp
QpŒGn�:

denote the map induced by Exp"V;h. Then for any n > 0 the following diagram in
D.QpŒGn�/ is commutative:

In particular, Exp"V;h coincides with the large exponential map of Perrin-Riou.

Proof. Passing to cohomology in the previous diagram one obtains the diagram

which is exactly the definition of the large exponential map. Its commutativity
is proved in Berger (2003), Theorem II.13. Now, the theorem is an immediate
consequence of the following remark. Let D be a free A-module and let f1; f2 W
DŒ�1� ! K	 be two maps from DŒ�1� to a complex of A-modules such that the
induced maps H1.f1/ and H1.f2/ W D ! H1.K	/ coincide. Then f1 and f2 are
homotopic.

Remark. The large exponential map was first constructed in Perrin-Riou (1994).
See Colmez (1998) and Benois (2000) for alternative constructions and Perrin-Riou
(2001), Nakamura (2014) and Riedel (2013) for generalisations.

4 The L -Invariant

4.1 Definition of the L -Invariant

4.1.1 Preliminaries

Let S be a finite set of primes of Q containing p and GS the Galois group of
the maximal algebraic extension of Q unramified outside S [ f1g. For each
place v we denote by Gv the decomposition group at v, by Q

ur
v the maximal

unramified extension of Qv and by Iv and fv the inertia subgroup and Frobenius
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automorphism respectively. Let V be a pseudo-geometric p-adic representation of
GS . This means that the restriction of V on the decomposition group at p is a de
Rham representation. Following Greenberg, for any v … fp;1g set

R�f .Qv; V / D



V Iv
1�fv���! V Iv

�

;

where the terms are placed in degrees 0 and 1 (see Burns and Flach 1996; Fontaine
1992). We remark that there is a natural quasi-isomorphism R�f .Qv; V / '
C 	c .Gv=Iv; V

Iv/. Note that R0�f .Qv; V / D H0.Qv; V / and R1�f .Qv; V / D
H1
f .Qv; V / where

H1
f .Qv; V / D ker.H1.Qv; V /! H1.Qur

v ; V //:

For v D p the complex R�f .Qv; V / was defined in Sect. 3.1.2. To simplify notation
write Hi

S.V / D Hi.GS ; V / for the continuous Galois cohomology of GS with
coefficients in V . The Bloch–Kato Selmer group of V is defined as

H1
f .V / D ker

 

H1
S.V /!

M

v2S

H1.Qv; V /

H1
f .Qv; V /

!

:

We also set

H1
f;fpg.V / D ker

0

@H1
S.V /!

M

v2S�fpg

H1.Qv; V /

H1
f .Qv; V /

1

A :

From the Poitou–Tate exact sequence one obtains the following exact sequence
relating these groups (see for example Perrin-Riou 1995, Lemme 3.3.6)

0! H1
f .V /! H1

f;fpg.V /!
H1.Qp; V /

H1
f .Qp; V /

! H1
f .V

�.1// :

We also have the following formula relating dimensions of Selmer groups (see
Fontaine and Perrin-Riou 1994, II, 2.2.2)

dimQp H
1
f .V /� dimQp H

1
f .V

�.1//� dimQp H
0
S .V /C dimQp H

0
S .V

�.1// D
dimQp tV .Qp/ � dimQp H

0.R; V /:

Set d˙.V / D dimQp .V
cD˙1/; where c denotes complex conjugation.
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4.1.2 Basic Assumptions

Assume that V satisfies the following conditions

(C1) H1
f .V

�.1// D 0.

(C2) H0
S.V / D H0

S.V
�.1// D 0.

(C3) V is crystalline at p and ' W Dcris.V / ! Dcris.V / is semisimple at 1 and
p�1.

(C4) Dcris.V /
'D1 D 0.

(C5) The localisation map

locp W W H1
f .V /! H1

f .Qp; V /

is injective.

These conditions appear naturally in the following situation. Let X be a proper
smooth variety over Q. Let Hi

p.X/ denote the p-adic étale cohomology of X .
Consider the Galois representations V D Hi

p.X/.m/. By Poincaré duality together
with the hard Lefschetz theorem we have

Hi
p.X/

� ' Hi
p.X/ .i/

and thus V �.1/ ' V.i C 1 � 2m/. The Beilinson conjecture (in the formulation of
Bloch and Kato) predicts that

H1
f .V

�.1// D 0 if w 6 �2:

This corresponds to the hope that there are no nontrivial extensions of Q.0/ by
motives of weight > 0. IfX has a good reduction at p, then V is crystalline (Faltings
1989) and the semisimplicity of ' is a well known (and difficult) conjecture.
By a result of Katz and Messing (1974) Dcris.V /

'D1 ¤ 0 can occur only if
i D 2m. Therefore up to eventually replace V by V �.1/ the conditions (C1, C3–C4)
conjecturally hold except the weight �1 case i D 2m � 1.

The condition Dcris.V /
'D1 D 0 implies that the exponential map tV .Qp/ !

H1
f .Qp; V / is an isomorphism and we denote by logV its inverse. The composition

of the localisation map locp with the Bloch–Kato logarithm

rV W H1
f .V /! tV .Qp/

coincides conjecturally with the p-adic (syntomic) regulator. We remark that if
H0.Qv; V / D 0 for all v ¤ p (and therefore H1

f .Qv; V / D 0 for all v ¤ p) then
locp is injective for all m ¤ i=2; i=2C 1 by a result of Jannsen (1989, Lemma 4
and Theorem 3).

If H0
S.V / ¤ 0, then V contains a trivial subextension V0 D Qp.0/

k. For Qp.0/

our theory describes the behavior of the Kubota–Leopoldt p-adic L-function and
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is well known. Therefore we can assume that H0
S.V / D 0. Applying the same

argument to V �.1/ we can also assume that H0
S.V

�.1// D 0.
From our assumptions we obtain an exact sequence

0! H1
f .V /! H1

f;fpg.V /!
H1.Qp; V /

H1
f .Qp; V /

! 0: (4)

Moreover

dimQp H
1
f .V / D dimQp tV .Qp/� dC.V /; (5)

dimQp H
1
f;fpg.V / D d�.V /C dimQp H

0.Qp; V
�.1//: (6)

4.1.3 Regular Submodules

In the remainder of this section we assume that V satisfies (C1–C5).

Definition (Perrin-Riou).

(1) A '-submoduleD of Dcris.V / is regular if D \ Fil0Dcris.V / D 0 and the map

rV;D W H1
f .V /! Dcris.V /=.Fil0Dcris.V /CD/

induced by rV is an isomorphism.
(2) Dually, a '-submoduleD of Dcris.V

�.1// is regular if

D C Fil0Dcris.V
�.1// D Dcris.V

�.1//

and the map

D \ Fil0Dcris.V
�.1//! H1.V /�

induced by the dual map r�V W Fil0Dcris.V
�.1//! H1.V /� is an isomorphism.

It is easy to see that if D is a regular submodule of Dcris.V /, then

D? D Hom.Dcris.V /=D;Dcris.Qp.1///

is a regular submodule of Dcris.V
�.1//. From (5) we also obtain that

dimD D dC.V /; dimD? D d�.V / D dC.V �.1//:

Let D � Dcris.V / be a regular submodule. As in Benois (2011) we use the
semisimplicity of ' to decomposeD into the direct sum
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D D D�1 ˚D'Dp�1 :

which gives a four step filtration

f0g � D�1 � D � Dcris.V /:

Let D0 D D and D�1 denote the .'; � /-submodules associated to D and D�1 by
Berger’s theory, thus

D D Dcris.D/; D�1 D Dcris.D�1/:

Set W D gr0D
�
rig.V /. Thus we have two tautological exact sequences

0! D! D�
rig.V /! D0 ! 0;

0! D�1 ! D! W ! 0:

Note the following properties of cohomology of these modules:

(a) The natural maps H1.D�1/ ! H1.D/ and H1.D/ ! H1.D�
rig.V // D

H1.Qp; V / are injective. This follows from the observation that Dcris.D0/'D1 D
0 by (C4). Since H0.D0/ D Fil0Dcris.D0/'D1 (Benois 2011, Proposition 1.4.4)
we have H0.D0/ D 0. The same argument works forW .

(b) H1
f .D�1/ D H1.D�1/. In particular the exponential map expD�1 W D�1 !

H1.D�1/ is an isomorphism. This follows from the computation of dimensions

of H1.D�1/ and H1
f .D�1/. Namely, since D'D1

�1 D D
'Dp�1
�1 D f0g the Euler–

Poincaré characteristic formula (Liu 2007) together with Poincaré duality give

dimQp H
1.D�1/

D rank.D�1/ � dimQp H
0.D�1/� dimQp H

0.D��1.�// D dimQp .D�1/:

On the other hand since

Fil0D�1 D D�1 \ Fil0Dcris.V / D f0g

one has dimQp H
1
f .D�1/ D dimQp .D�1/ by Benois (2011), Corollary 1.4.5.

(c) The exponential map expD W D ! H1
f .D/ is an isomorphism. This follows

from Fil0D D f0g and D'D1 D f0g.
The regularity of D is equivalent to the decomposition

H1
f .Qp; V / D H1

f .V /˚H1
f .D/: (7)
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Since locp is injective by (C5), the localisation map H1
f;fpg.V / ! H1.Qp; V / is

also injective. Let

�D W H1
f;fpg.V /!

H1.Qp; V /

H1
f .D/

denote the composition of this map with the canonical projection.

Lemma 1. (i) One has

H1
f .Qp; V / \H1.D/ D H1

f .D/:

(ii) �D is an isomorphism.

Proof. (i) Since H0.D0/ D 0 we have a commutative diagram with exact rows
and injective colomns

This gives (i).
(ii) Since H1

f .D/ � H1
f .Qp; V / one has ker.�D/ � H1

f .Qp; V /: One the other

hand (7) shows that �D is injective on H1
f .V /. Thus ker.�D/ D f0g. On the

other hand, because dimQp H
1
f .D/ D dimQp .D/ we have

dimQp

 
H1.Qp; V /

H1
f .D/

!

D d�.V /C dimQp H
0.Qp; V

�.1//:

Comparing this with (5–6) we obtain that �D is an isomorphism.

4.1.4 The Main Construction

Set e D dimQp .D
'Dp�1 /. The .'; � /-moduleW satisfies

Fil0Dcris.W / D 0; Dcris.W /
'Dp�1 D Dcris.W /:

(Recall that Dcris.W / D D'Dp�1 .) The cohomology of such modules was studied
in detail in Benois (2011), Proposition 1.5.9 and Sect. 1.5.10. Namely,H0.W / D 0,
dimQp H

1.W / D 2e and dimQp .W / D e. There exists a canonical decomposition

H1.W / D H1
f .W /˚H1

c .W /
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of H1.W / into the direct sum of H1
f .W / and some canonical space H1

c .W /.
Moreover there exist canonical isomorphisms

iD;f W Dcris.W / ' H1
f .W /; iD;c W Dcris.W / ' H1

c .W /:

These isomorphisms can be described explicitly. By Proposition 1.5.9 of Benois
(2011)

W ' e˚
iD1

Dmi ;

where Dmi D R.jxjxmi /, mi > 1. By Proposition 5 H1
f .Dm/ is generated by ˛�m

andH1
c .Dm/ is the subspace generated by ˇ�m (see also Proposition 4). Then

iD;f .x/ D x˛�m; iD;c.x/ D xˇ�m:

Since H0.W / D 0 andH2.D�1/ D 0 we have exact sequences

0! H1.D�1/! H1.D/! H1.W /! 0;

0! H1
f .D�1/! H1

f .D/! H1
f .W /! 0:

Since H1
f .D�1/ D H1.D/ we obtain that

H1.D/

H1
f .D/

' H1.W /

H1
f .W /

:

LetH1.D; V / denote the inverse image ofH1.D/=H1
f .D/ by �D . Then �D induces

an isomorphism

H1.D; V / ' H1.D/

H1
f .D/

:

By Lemma 1 the localisation map H1.D; V / ! H1.W / is well defined and
injective. Hence, we have a diagram
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where �D;f and �D;c are defined as the unique maps making this diagram commute.
From Lemma 1 (ii) it follows that �D;c is an isomorphism. The following definition
generalises (in the crystalline case) the main construction of Benois (2011) where
we assumed in addition that H1

f .V / D 0.

Definition. The determinant

L .V;D/ D det
�
�D;f ı ��1D;c j Dcris.W /

�

will be called the L -invariant associated to V and D.

4.2 L -Invariant and the Large Exponential Map

4.2.1 Differentiation of the Large Exponential Map

In this section we interpret L .V;D/ in terms of the derivative of the large
exponential map. This interpretation is crucial for the proof of the main theorem of
this paper. Recall that H1.Qp;H.� /˝Qp V / D H.� /˝�.� / H1

Iw.Qp; V / injects

into D�
rig.V /. Set

F0H
1.Qp;H.� /˝Qp V / D D \H1.Qp;H.� /˝Qp V /;

F�1H1.Qp;H.� /˝Qp V / D D�1 \H1.Qp;H.� /˝Qp V /:

As in Sect. 3.2 we fix a generator 	 2 � . The following result is a straightforward
generalisation of Benois (2014), Prop. 2.2.2. For the convenience of the reader we
give here the proof which is the same as in op. cit. modulo obvious modifications.

Proposition 6. Let D be a regular subspace of Dcris.V /. For any a 2 D'Dp�1 let
˛ 2 D.V / be such that ˛.0/ D a. Then

(i) There exists a unique ˇ 2 F0H1.Qp;H.� /˝ V / such that

.	 � 1/ ˇ D Exp"V;h.˛/:

(ii) The composite map

ıD;h W D'Dp�1 ! F0H
1.Qp;H.� /˝ V /! H1.W /

ıD;h.a/ D ˇ .mod H1.D�1//

is given explicitly by the following formula:

ıD;h.a/ D �.h � 1/Š
�

1 � 1

p

	�1
.log�.	//�1 iD;c.˛/:
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Proof. Since Dcris.V /
'D1 D 0, the operator 1 � ' is invertible on Dcris.V / and we

have a diagram

where �"
V;0.˛/ D

1 � p�1'�1
1 � ' ˛.0/ (see (3)). If ˛ 2 D'Dp�1 ˝ ZpŒŒX��

 D0, then

�"
V;0.˛/ D 0 and prV

�
Exp"V;h.˛/

� D 0: On the other hand, as V GK D 0 the

map
�
H.� /˝�Qp

H1
Iw.Qp; V /

�

�
! H1.Qp; V / is injective. Thus there exists a

unique ˇ 2 H.� / ˝� H1
Iw.Qp; T / such that Exp"V;h.˛/ D .	 � 1/ ˇ: Now take

a 2 D'Dp�1 and set

f D a˝ `
�
.1CX/�.	/ � 1

X

	

;

where `.g/ D 1

p
log

�
gp

'.g/

	

: An easy computation shows that

X

�pD1
`

�
��.	/.1CX/�.	/ � 1

�.1CX/� 1
	

D 0:

Thus f 2 D'Dp�1 ˝ ZpŒŒX��
 D0. Write ˛ in the form ˛ D .1 � '/ .1 � 	/ .a˝

log.X//. Then

˝V;h.˛/ D .�1/h�1 log�.	1/

p
th@h..	 � 1/ .a log.�/// D log�.	1/

p
.	 � 1/ ˇ

where

ˇ D .�1/h�1th@h.a log.�// D .�1/h�1ath@h�1
�
1C �
�

	

:

This implies immediately that ˇ 2 D. On the other hand D'Dp�1 D Dcris.W / D
.W Œ1=t�/� and we will write Qa for the image of a in W Œ1=t�. By Benois (2011),

Sect. 1.5.8–1.5.10 one has W ' e˚
iD1

Dmi where Dm D R.jxjxm/ and we denote by

em the canonical base of Dm. Then without loss of generality we may assume that
Qa D t�mi emi for some i . Let Q̌ be denote the image of ˇ in W  D1 and let h10 W
W  D1 ! H1.W / be the canonical map furnished by Proposition 3. Recall that
h10.
Q̌/ D cl.c; Q̌/ where .1� 	/ c D .1� '/ Q̌. Then Q̌ D .�1/h�1th�mi @h log.�/.
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By Lemma 1.5.1 of Cherbonnier and Colmez (1998) there exists a unique b0 2
B�; D0
Qp

such that .	 � 1/ b0 D `.�/. This implies that

.1 � 	/ .th�mi @hb0emi / D .1 � '/ .th�mi @h log.�/emi / D .�1/h�1.1 � '/ Q̌:

Thus c D .�1/h�1th�mi @hb0emi and res.ctmi�1dt/ D .�1/h�1res.th�1@hb0dt/
emi D 0: Next from the congruence Q̌ � .h � 1/Š t�mi emi .mod QpŒŒ��� emi /

it follows that res. Q̌tmi�1dt/ D .h � 1/Š emi . Therefore by Benois (2011),
Corollary 1.5.6 we have

cl.c; Q̌/ D .h� 1/Š cl.ˇm/ D .h � 1/Š p

log�.	1/
iW;c.a/:

On the other hand

˛.0/ D a˝ `
�
.1CX/�.	/ � 1

X

	ˇ
ˇ
ˇ
ˇ
XD0
D a

�

1 � 1

p

	

log.�.	//:

These formulas imply that

ıD;h.a/ D .h� 1/Š
�

1 � 1

p

	�1
.log�.	//�1 iW;c.a/:

and the proposition is proved.

4.2.2 Interpretation of the L -Invariant

From the definition of H1.D; V / and Lemma 1 we immediately obtain that

H1.Qp; V /

H1
f;fpg.V /CH1.D�1/

' H1.D/
H1.D; V /CH1.D�1/

' H1.W /

H1.D; V /
:

Thus, the map ıD;h constructed in Proposition 6 induces a map

D'Dp�1 ! H1.Qp; V /

H1
f;fpg.V /CH1.D�1/

which we will denote again by ıD;h. On the other hand, we have isomorphisms

D'Dp�1 expV���! H1
f .Qp; V /

expV;Qp .D�1/
' H1

f .Qp; V /

H1.D�1/
' H1.Qp; V /

H1
f;fpg.V /CH1.D�1/

:
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Proposition 7. Let �D W D'Dp�1 ! D'Dp�1 denote the homomorphism making
the diagram

commute. Then

det
�
�D jD'Dp�1� D .log�.	//�e

�

1 � 1

p

	�e
L .V;D/:

Proof. The proposition follows from Proposition 6 and the following elementary
fact. Let U D U1 ˚ U2 be the decomposition of a vector space U of dimension 2e
into the direct sum of two subspaces of dimension e. Let X � U be a subspace of
dimension e such that X \ U1 D f0g. Consider the diagrams

where pk and ik are induced by natural projections and inclusions. Then f D �g.
Applying this remark to U D H1.W /, X D H1.D; V /, U1 D H1

f .W /, U2 D
H1
c .W / and taking determinants we obtain the proposition.

5 Special Values of p-Adic L-Functions

5.1 The Bloch–Kato Conjecture

5.1.1 The Euler–Poincaré Line

The main references for the material of this section are (Burns and Flach 1996;
Fontaine 1992; Fontaine and Perrin-Riou 1994). Let V be a p-adic pseudo-
geometric representation of Gal.Q=Q/. Thus V is a finite-dimensional Qp-vector
space equipped with a continuous action of the Galois groupGS for a suitable finite
set of places S containing p. Write R�S.V / D C 	c .GS ; V / and define
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R�S;c.V / D cone

0

@R�S.V /!
M

v2S[f1g
R� .Qv; V /

1

A Œ�1�:

Fix a Zp-lattice T of V stable under the action of GS and set

�S.V / D det�1
Qp

R�S;c.V /; �S.T / D det�1
Zp

R�S;c.T /:

Then �S.T / is a Zp-lattice of the one-dimensional Qp-vector space �S.V / which
does not depend on the choice of T . Therefore it defines a p-adic norm on �S.V /

which we denote by k � kS . Moreover, .�S.V /; k � kS / does not depend on the
choice of S . More precisely, if ˙ is a finite set of places which contains S , then

there exists a natural isomorphism �S.V /
�! �˙.V / such that k � k˙ D k � kS .

This allows one to define the Euler–Poincaré line�EP.V / as .�S.V /; k � kS / where
S is sufficiently large. Recall that for any finite place v 2 S we defined

R�f .Qv; V / D
8
<

:

�
V Iv

1�fv���! V Iv
�

if v ¤ p
�
Dcris.V /

.pr;1�'/�����! tV .Qp/˚ Dcris.V /
�

if v D p:

At v D 1 we set R�f .R; V / D
�
V C ! 0

�
; where the first term is placed in

degree 0. Thus R�f .R; V /
�! R� .R; V /. For any v we have a canonical morphism

locv W R�f .Qv; V /! R� .Qv; V / which can be viewed as a local condition in the
sense of Nekovář (2006). Consider the diagram

and define

R�f .V / D cone

0

@R�S.V /
M

0

@
M

v2S[f1g

R�f .Qv; V /

1

A!
M

v2S[f1g

R� .Qv; V /

1

A Œ�1�:

Thus, we have a distinguished triangle

R�f .V /! R�S.V /
M

0

@
M

v2S[f1g
R�f .Qv; V /

1

A!
M

v2S[f1g
R� .Qv; V /: (8)
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Set

�f .V / D det�1
Qp

R�f .V /˝ det�1
Qp
tV .Qp/˝ detQpV

C:

It is easy to see that R�f .V / and�f .V / do not depend on the choice of S . Consider
the distinguished triangle

R�S;c.V /! R�f .V /!
M

v2S[f1g
R�f .Qv; V /:

The identity map id W Dcris.V /! Dcris.V / induces an isomorphism

detQpR�f .Qp; V / ' det�1
Qp
tV .Qp/: (9)

For v ¤ p the identity map id W V Iv ! V Iv gives a trivialisation

detQpR�f .Qv; V / ' Qp: (10)

Since detQpR�f .R; V / D detQpV
C tautologically, we obtain canonical isomor-

phisms

�f .V / ' det�1
Qp

R�S;c.V / ' �EP.V /: (11)

The cohomology of R�f .V / is as follows:

R0�f .V / D H0
S.V /; R1�f .V / D H1

f .V /; R2�f .V / ' H1
f .V

�.1//�;

R3�f .V / D coker

 

H2
S.V /!

M

v2S
H2.Qv; V /

!

' H0
S.V

�.1//�: (12)

These groups sit in the following exact sequence:

0! R1�f .V /! H1
S.V /!

M

v2S

H1.Qv; V /

H1
f .Qv; V /

! R2�f .V /!

H2
S.V /!

M

v2S
H2.Qv; V /! R3�f .V /! 0:

The L-function of V is defined as the Euler product

L.V; s/ D
Y

v

Ev.V; .N v/�s/�1



100 D. Benois

where

Ev.V; t/ D
(

det
�
1� fvt jV Iv

�
; if v ¤ p

det .1 � 't jDcris.V // if v D p:

5.1.2 Canonical Trivialisations

In this paper we treat motives in the formal sense and assume all conjectures about
the category of mixed motives MM over Q which are necessary to state the Bloch–
Kato conjecture (see Fontaine 1992; Fontaine and Perrin-Riou 1994). Let M be a
pure motive over Q and let MB and MdR denote its Betti and de Rham realisations
respectively. Fix an odd prime p and denote by V D Mp the p-adic realisation of
M . Then one has comparison isomorphisms

MB ˝Q C
�!MdR ˝Q C; (13)

MB ˝Q Qp

�! V: (14)

The isomorphism (14) induces a trivialisation

˝
. Ket;p/
M W detQpV ˝ det�1

Q
MB ! Qp: (15)

The complex conjugation acts compatibly on MB and V and decomposes the last
isomorphism into˙ parts which we denote again by ˝. Ket;p/

M to simplify notation

˝
. Ket;p/
M W detQpV

˙ ˝ det�1
Q
MḂ ! Qp: (16)

The restriction of V to the decomposition group at p is a de Rham representation
and DdR.V / ' MdR ˝Q Qp. The comparison isomorphism

V ˝ BdR
�! DdR.V /˝ BdR (17)

induces a map

Q̋ .H;p/
M W detQpV ˝ det�1

Qp
DdR.V /! BdR:

It is not difficult to see that there exists a finite extension L of bQur
p such that

Im. Q̋ .H;p/M / � LttH .V / and we define

˝
.H;p/
M W detQpV ˝ det�1

Qp
DdR.V /! L (18)
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by ˝.H;p/
M D t�tH .V / Q̋ .H;p/M . We remark that if V is crystalline at p then one can

take L DbQur
p (see Perrin-Riou 1995, Appendice C.2).

Assume that the groups Hi.M/ D ExtiMM.Q.0/;M/ are well defined and
vanish for i ¤ 0; 1. It should be possible to define a Q-subspace H1

f .M/ of

H1.M/ consisting of “integral” classes of extensions which is expected to be finite
dimensional. It is convenient to setH0

f .M/ D H0.M/. The conjectures of Tate and
Jannsen predict that the regulator map induces isomorphisms

Hi
f .M/˝Q Qp ' Hi

f .V /; i D 0; 1: (19)

In this paper M will always denote a motive satisfying the following conditions

(M1) M is pure of weight w 6 �2.
(M2) The p-adic realisation V of M is crystalline at p.
(M3) M has no subquotients isomorphic to Q.1/.

These conditions imply that H0.M/ D H0.M �.1// D 0 and H1.M �.1// D 0

by the weight argument. Furthermore, (19) implies that the representation V should
satisfy the conditions (C1, C2, C4) of Sect. 4.1.2. Also, from (12) it follows that

detQpR�f .V /
�! det�1

Qp
H1
f .V /: (20)

The semisimplicity of ' is a well known conjecture which is actually known for
abelian varieties. Finally (C5) should follow from the injectivity of the syntomic
regulator.

The comparison isomorphism (13) induces an injective map

˛M W MCB ˝Q R! tM .R/

and the six-term exact sequence of Fontaine and Perrin-Riou (see Fontaine 1992,
Sect. 6.10) degenerates into an isomorphism (the regulator map)

rM;1 W H1
f .M/˝Q R

�! coker.˛M /:

The maps ˛M and rM;1 define a map

RM;1 W det�1
Q
tM .Q/˝ detQM

C
B ˝ detQH

1
f .M/! R

Fix bases !f 2 detQH1
f .M/, !tM 2 detQtM .Q/ and !CMB

2 detQMCB . Set !M D
.!f ; !tM ; !

C
MB
/ and define

RM;1.!M / D RM;1.!�1tM ˝ !CMB
˝ !f /:
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Using (11), (16), (20) and the isomorphisms (19) define

i!M ;p W �EP.V / ' det�1
Qp
tV .Qp/˝ detQpV

C ˝ detQpH
1
f .V /! Qp (21)

by x D i!M ;p.x/ .!
�1
tM
˝ !CMB

˝ !f /:
Consider now the case of the dual motiveM �.1/. Again one has�EP.V

�.1// '
�f .V

�.1// where

�f .V
�.1// ' det�1

Qp
tV �.1/.Qp/˝ detQpV

�.1/C ˝ detQpH
1
f .V /:

The map ˛M�.1/ W M �.1/CB ˝Q R ! tM�.1/.R/ is surjective and it is related to
˛M by the canonical duality coker.˛M / � ker.˛M�.1// ! R (see Fontaine 1992,
Sect. 5.4). The six-term exact sequence degenerates into an isomorphism

rM�.1/;1 W H1
f .M/� ˝Q R ' ker.˛M�.1//:

This allows one to define a map

RM�.1/;1 W det�1
Q
tM�.1/.Q/˝ detQM �.1/CB ˝ detQH1

f .M/! R:

We fix bases !tM� .1/ 2 detQtM�.1/.Q/ and !CM�.1/B 2 detQM �.1/CB and set

!M�.1/ D .!tM� .1/ ; !
C
M�.1/B

; !f /;

RM�.1/;1.!M�.1// D RM�.1/;1.!�1tM� .1/ ˝ !CM�.1/B ˝ !f /:

Again this data defines a trivialisation

i!M�.1/;p W �EP.V
�.1//! Qp: (22)

It is conjectured that the L-functions L.V; s/ and L.V �.1/; s/ are well defined
complex functions, have meromorphic continuation to the whole of C and satisfy
some explicit functional equation (see Fontaine and Perrin-Riou 1994, Chap. III).
One expects that they do not depend on the choice of the prime p and we will denote
them by L.M; s/ and L.M �.1/; s/ respectively. The conjectures about special
values of these functions can be stated as follows.

Conjecture 2 (Beilinson–Deligne). The L-function L.M; s/ does not vanish at
s D 0 and

L.V; 0/

RM;1.!M /
2 Q

�:

The L-function L.M �.1/; s/ has a zero of order r D dimQp H
1
f .M/ at s D 0. Let

L.M �.1/; 0/ D lims!0 s�rL.M �.1/; s/. Then
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L.M �.1/; 0/
RM�.1/;1.!M�.1//

2 Q
�:

Conjecture 3 (Bloch–Kato). Let T be a Zp-lattice of V stable under the action of
GS . Then

i!M ;p.�EP.T // D L.M; 0/

RM;1.!M /
Zp;

i!M�.1/;p.�EP.T
�.1/// D L.M �.1/; 0/

RM�.1/;1.!M�.1//
Zp:

5.1.3 Compatibility with Functional Equation

The compatibility of the Bloch–Kato conjecture with the functional equation
follows from the conjecture CEP.V / of Fontaine and Perrin-Riou about local
Tamagawa numbers (see Fontaine and Perrin-Riou 1994, Chap. III, Sect. 4.5.4).
More precisely, define

� �.V / D
Y

i2Z
� �.�i/hi .V / (23)

where hi .V / D dimQp .gri .DdR.V /// and

� �.i/ D
(
.i � 1/Š if i > 0;
.�1/i
.�i /Š if i 6 0:

The exact sequence

0! tV �.1/.Qp/
� ! DdR.V /! tV .Qp/! 0

allows to consider !MdR D !tM ˝ !�1tM�.1/ 2 detQpDdR.V /. Choose bases

!CT 2 detZpT
C and !�T 2 detZpT

� and set !T D !CT ˝ !�T 2
detZpT and !CT �.1/ D .!�T /� 2 detZpT

�.1/C. Define p-adic periods

˝
. Ket;p/
M .!CT ; !

C
MB
/ and ˝

.H;p/
M .!T ; !MdR/ by !CT D ˝

. Ket;p/
M .!CT ; !

C
MB
/!CMB

and

!T D ˝
.H;p/
M .!T ; !MdR/!MdR using isomorphisms (15) and (18). Then the

conjecture CEP.V / implies that

i!M�.1/;p.�EP.T
�.1///

˝
. Ket;p/
M�.1/.!

C
T �.1/; !

C
M�.1/B

/
D � �.V / ˝.H;p/

M .!T ; !MdR/
i!M ;p.�EP.T //

˝
. Ket;p/
M .!CT ; !

C
MB
/

(24)
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(see Perrin-Riou 1995, Appendice C). We remark that for crystalline representations
CEP.V / is proved in Benois and Berger (2008).

5.2 p-Adic L-Functions

5.2.1 p-Adic Beilinson Conjecture

We maintain previous notation and conventions. Let M be a motive which satisfies
the conditions (M1–M3) of Sect. 5.1.2 and let V denote the p-adic realisation of
M . We fix bases !CMB

2 detQM
C
B , !tM 2 detQtM .Q/ and !f 2 detQH1

f .M/.

We also fix a lattice T in V stable under the action ofGS and a basis!CT 2 detZpT
C.

To simplify notation we will assume that the choices of !CMB
and !CT are compatible,

namely that ˝. Ket;p/
M .!CT ; !

C
MB
/ D 1. Let D be a regular subspace of Dcris.V /.

We fix a Zp-lattice N of D and a basis !N 2 detZpN . By the analogy with the
Archimedean case we can consider the p-adic regulator as a map rV;D W H1

f .V /!
coker.˛V;D/ where

˛V;D W D ! tV .Qp/

is the natural projection. Set !V;N D .!tM ; !N ; !f / and denote by RV;D.!V;N / the
determinant of rV;D computed in the bases !f and !tM ˝!�1N . Namely,RV;D.!V;N /
is the image of !�1tM ˝ !N ˝ !f under the induced isomorphism

RV;D W det�1
Qp
tV .Qp/˝ detQpD ˝ detQpH

1
f .V /! Qp:

Now, consider the projection

˛V �.1/;D? W D? ! tV �.1/.Qp/:

A standard argument from linear algebra shows that ˛V �.1/;D? is surjective and is
related to ˛V;D by the canonical duality coker.˛V;D/ � ker.˛V �.1/;D/ ! Qp. This
defines isomorphisms

det�1
Qp
tV �.1/.Qp/˝ detQpD

? ' detQp .ker.˛V �.1/;D?// ' det�1
Qp
.coker.˛V;D//

and composing this map with the determinant of rV;D we have again a trivialisation

RV �.1/;D? W det�1
Qp
tV �.1/.Qp/˝ detQpD

? ˝ detQpH
1
f .V /! Qp:

Choose a lattice N? � D?, fix bases !tM� .1/ and !N? of detQp tV �.1/.Qp/ and

detZpN
? respectively and set !V;N? D .!tM� .1/ ; !N? ; !f /.
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Perrin-Riou conjectured (see Perrin-Riou 1995) that there exists an analytic
p-adic L-function Lp.T;N; s/ which interpolates special values of the complex
L-function L.M; s/. In particular one expects that if p�1 is not an eigenvalue of '
acting on D then Lp.T;N; s/ does not vanish at s D 0 and

Lp.T;N; 0/

RV;D.!V;N /
D E.V;D/

L.M; 0/

RM;1.!M /

where

E.V;D/ D det.1 � p�1'�1 j D/ det.1 � p�1'�1 j D?/
D det.1 � p�1'�1 j D/ det.1 � ' j Dcris.V /=D/:

Dually it is conjectured that there exists a p-adic L-function Lp.T �.1/;N?; s/
which interpolates special values of L.M �.1/; s/. One expects that if 1 is not an
eigenvalue of ' acting on the quotient Dcris.V

�.1//=D? then Lp.T �.1/;N?; s/
has a zero of order r D dimQ H

1
f .M/ at s D 0 and

L�p.T �.1/;N?; 0/
RV �.1/;D?.!V �.1/;N?/

D E.V �.1/;D?/
L�.M �.1/; 0/
RM�.1/;1.!M /

:

These properties of p-adic L-functions can be viewed as p-adic analogues of
Beilinson conjectures and we refer the reader to Perrin-Riou (1995), Chap. 4 and
Colmez (2000), Sect. 2.8 for more detail. Note that from the definition it is clear
that E.V;D/ D E.V �.1/;D?/. One can also write E.V;D/ in the form

E.V;D/ D Ep.V; 1/ det

�
1 � p�1'�1
1 � ' jD

	

:

5.2.2 Extra Zero Conjecture

Assume now that D'Dp�1 ¤ 0. Since M is crystalline at p, this can occur only if
M is of weight �2. Set

e D dimQpD
'Dp�1 D dimQp ..D

? C Dcris.V
�.1//'D1/=D?/:

Assume that the p-adic realisation V of M satisfies the conditions (C1–C5) of
Sect. 4.1.2. DecomposeD into the direct sum D D D�1 ˚D'Dp�1 and define

EC.V;D/ D EC.V �.1/;D?/ D det.1 � p�1'�1 j D�1/ det.1 � p�1'�1 j D?/:
(25)
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We propose the following conjecture about the behavior of p-adic L-functions at
s D 0 (see Conjecture 1 of Introduction).

Conjecture 4. (i) The p-adic L-function Lp.T;N; s/ has a zero of order e at
s D 0 and

L�p.T;N; 0/
RV;D.!V;N /

D �L .V;D/EC.V;D/
L.M; 0/

RM;1.!M /
:

(ii) The p-adic L-function Lp.T �.1/;N?; s/ has a zero of order e C r where r D
dimQ H

1
f .M/ at s D 0 and

L�p.T �.1/;N?; 0/
RV �.1/;D?.!V �.1/;N?/

D L .V;D/EC.V �.1/;D?/
L�.M �.1/; 0/

RM�.1/;1.!M�.1//
:

Remarks. (1) If H1
f .M/ D 0 the p-adic regulator vanishes and we recover the

conjecture formulated in Benois (2011), Sect. 2.3.2.
(2) The regulatorsRM;1.!M / andRV;D.!V;N / are well defined up to a sign and in

order to obtain equalities in the formulation of our conjecture one should make
the same choice of signs in the definitions of RM;1.!M / and RV;D.!V;N /. See
Perrin-Riou (1995), Sect. 4.2 for more detail.

(3) Our conjecture is compatible with the expected functional equation for p-adic
L-functions. See Sect. 2.5 of Perrin-Riou (1995) and Sects. 6.2.5–6.2.6 below.

6 The Module of p-Adic L-Functions

6.1 The Selmer Complex

6.1.1 Iwasawa Cohomology

Let � denote the Galois group of Q.�p1/=Q and �n D Gal.Q.�p1/=Q.�pn//. Set
� D ZpŒŒ�1�� and �.� / D ZpŒ��˝Zp �. For any character � 2 O� put

e� D 1

j�j
X

g2�
��1.g/g:

Then �.� / D L

�2 O�
�.� /.�/ where �.� /.�/ D �e� and for any �.� /-module M

one has a canonical decomposition
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M '
M

�2 O�
M.�/; M .�/ D e�.M/:

We write �0 for the trivial character of � and identify � with �.� /e�0 .
Let V be a p-adic pseudo-geometric representation unramified outside S . Set

d.V / D dim.V / and d˙.V / D dim.V cD˙1/. Fix a Zp-lattice T of V stable under
the action ofGS . Let � W �.� /! �.� / denote the canonical involution g 7! g�1.
Recall that the induced module IndQ.�p1 /=Q.T / is isomorphic to .�.� / ˝Zp T /

�

(see Nekovář 2006, Sect. 8.1). Define

Hi
Iw;S .T / D Hi

S..�.� /˝Zp T /
�/;

H i
Iw.Qv; T / D Hi.Qv; .�.� /˝Zp T /

�/ for any finite place v.

From Shapiro’s lemma it follows immediately that

Hi
Iw;S .T / D lim �

cores

Hi
S.Q.�pn/; T /; H i

Iw.Qp; T / D lim �
cores

Hi.Qp.�pn/; T /:

Set Hi
Iw;S .V / D Hi

Iw;S .T / ˝Zp Qp and Hi
Iw.Qv; V / D Hi

Iw.Qv; T / ˝Zp Qp .
In Perrin-Riou (1995) Perrin-Riou proved the following results about the structure
of these modules.

(i) Hi
Iw;S .V / D 0 and Hi

Iw.Qv; T / D 0 if i ¤ 1; 2I
(ii) If v ¤ p, then for each � 2 O� the �-component Hi

Iw.Qv; T /
.�/

is a finitely-generated �-torsion module. In particular, H1
Iw.Qv; T / '

H1.Qur
v =Qv; .�.� /˝Zp T

Iv/�/.
(iii) If v D p then H2

Iw.Qp; T /
.�/ are finitely-generated �-torsion modules.

Moreover, for each � 2 O�

rank�
�
H1

Iw.Qp; T /
.�/
� D d; H1

Iw.Qp; T /
.�/
tor ' H0.Qp.�p1/ ; T /

.�/:

Remark that by local dualityH2
Iw.Qp; T / ' H0.Qp.�p1/; V

�.1/=T �.1//.
(iv) If the weak Leopoldt conjecture holds for the pair .V; �/, i.e. if H2

S.Q.�p1/;

V=T /.�/ D 0, then H2
Iw;S .T /

.�/ is �-torsion and

rank�
�
H1

Iw;S .T /
.�/
� D

(
d�.V /; if �.c/ D 1
dC.V /; if �.c/ D �1:

Passing to the projective limit in the Poitou-Tate exact sequence one obtains an
exact sequence
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0! H2
S.Q.�p1/; V

�.1/=T �.1//^ ! H1
Iw;S .T /!

M

v2S
H1

Iw.Qv; T /

! H1
S.Q.�p1/; V

�.1/=T �.1//^ ! H2
Iw;S .T /

!
M

v2S
H2

Iw.Qv; T /! H0
S.Q.�p1/; V

�.1/=T �.1//^ ! 0: (26)

Define

R�Iw;S .T / D C 	c .GS ; .�.� /˝Zp T /
�/;

R�Iw.Qv; T / D C 	c .Gv; .�.� /˝Zp T /
�/;

R�S.Q.�p1/; V �.1/=T �.1// D C 	c .GS ;HomZp .�.� /; V
�.1/=T �.1///:

Then the sequence (26) is induced by the distinguished triangle

R�Iw;S .T /!
M

v2S
R�Iw.Qv; T /!

�
R�S.Q.�p1/; V �.1/=T �.1//�

�^
Œ�2�

(see Nekovář 2006, Theorem 8.5.6). Finally, we have the usual descent formulas

R�Iw;S .T /˝L
� Zp ' R�S.T /; R�Iw.Qv; T /˝L

� Zp ' R� .Qv; T /

(see Nekovář 2006, Proposition 8.4.22).

6.1.2 The Complex R� .�0/

Iw;h .D; V /

For the remainder of this chapter we assume that V satisfies the conditions (C1–
C5) of Sect. 4.1.2 and that the weak Leopoldt conjecture holds for .V; �0/ and
.V �.1/; �0/. We remark that these assumptions are not independent. Namely, by
Perrin-Riou (1995), Proposition B.5 (C4) and (C5) imply the weak Leopoldt
conjecture for .V �.1/; �0/. From the same result it follows that the vanishing of
H1
f .V

�.1// implies the weak Leopoldt conjecture for .V; �0/ if in addition we

assume that H0.Qp; V
�.1// D 0.

To simplify notations we write H for H.�1/. Fix a regular subspace D of
Dcris.V / and a Zp-lattice N of D. Set Dp.N; T /

.�0/ D N ˝Zp ZpŒŒX��
 D0 '

N ˝Zp �, and define

R� .�0/
Iw .Qp;N; T / D Dp.N; T /

.�0/Œ�1�;
R� .�0/

Iw .Qp;D; V / D R� .�0/
Iw .Qp;N; T /˝Zp Qp:
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Consider Perrin-Riou’s exponential map

Exp"V;h W R� .�0/
Iw .Qp;N; T /˝ƒ H! R� .�0/

Iw .Qp; T /˝L
� H

which will be viewed as a local condition at p. If v ¤ p the inertia group Iv acts
trivially on �. Set

R� .�0/
Iw .Qv; N; T / D




T Iv ˝�� 1�fv���! T Iv ˝��

�

where the first term is placed in degree 0. We have a commutative diagram

(27)
Consider the associated Selmer complex

R� .�0/

Iw;h .D; V / D cone

" 

R� .�0/
Iw;S .T /

M
 
M

v2S
R� .�0/

Iw .Qv; N; T /

!!

˝� H!

M

v2S
R� .�0/

Iw .Qv; T /˝� H

#

Œ�1�:

It is easy to see that it does not depend on the choice of S . Our main result about
this complex is the following theorem.

Theorem 4. Assume that V satisfies the conditions (C1–C5) and that the weak
Leopoldt conjecture holds for .V; �0/ and .V �.1/; �0/. Let D be a regular subspace
of Dcris.V /. Assume that L .V;D/ ¤ 0. Then

(i) Ri�
.�0/

Iw;h .D; V / are H-torsion modules for all i .

(ii) Ri�
.�0/

Iw;h .D; V / D 0 for i ¤ 2; 3 and

R3�
.�0/

Iw;h .D; V / '
�
H0.Q.�p1/; V

�.1//�
�.�0/ ˝� H:

(iii) The complex R� .�0/

Iw;h .D; V / is semisimple in the sense that for each i the
natural map

Ri�
.�0/

Iw;h .D; V /
� ! Ri�

.�0/

Iw;h .D; V /�

is an isomorphism.
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6.1.3 Proof of Theorem 4

6.1.3.1 We leave the proof of the following lemma as an easy exercise.

Lemma 2. Let A and B be two submodules of a finitely-generated free H-module
M . Assume that the natural maps A�1 ! M�1 and B�1 ! M�1 are both injective.
Then A�1 \ B�1 D f0g implies that A\ B D f0g.
6.1.3.2 Since H0

Iw;S .V / and H0
Iw.Qv; V / are zero, we have R0�

.�0/

Iw;h .D; V / D 0.

Next, by definition R1�
.�0/

Iw;h .D; V / D ker.f / where

f W
0

@H1
Iw;S .T /

.�0/
M

Dp.N; T /
.�0/

M

v2S�fpg
H1

Iw;f .Qv; T /
.�0/

1

A˝H!

M

v2S
H1

Iw.Qv; T /
.�0/ ˝H

is the map induced by (27). If v 2 S � fpg one has

H1
Iw;f .Qv; T /

.�0/ D H1
Iw.Qv; T /

.�0/ D H1.Qur
v =Qv; .�˝ T Iv/�/:

Thus

R1�
.�0/

Iw;h .D; V / D
�
H1

Iw;S .T /
.�0/ ˝� H

� \ �Exp"V;h
�
Dp.D; T /

.�0/
�˝� H

�

in H1
Iw.Qp; T /

.�0/ ˝� H. Put

A D Exp"V;h.D�1 ˝H/˚X�1Exp"V;h.D
'Dp�1 ˝H/ � H1

Iw.Qp; T /
.�0/ ˝� H;

where we identify X with the operator 	1 � 1 (see Sect. 3.2.1). By Theorem 3 and
Proposition 6 A�1 injects into H1.Qp; V /. Since T HQp is the torsion submodule of

H1
Iw.Qp; T /, the H-module M D

�
H1

Iw.Qp; T /

T HQp

	.�0/

˝� H is free and A ,! M .

Since T GQp D 0 one has M�1 D H1
Iw.Qp; V /� � H1.Qp; V / and we obtain that

A�1 injects into M�1 .

Set B D
 
H1

Iw;S .T /

T HQ

!.�0/

˝�H. The weak Leopoldt conjecture for .V �.1/; �0/

together with the fact thatH1
Iw.Qv; T / are�-torsion for v 2 S�fpg imply thatB ,!

M . Since the image of H1
Iw.Qv; V /� in H1.Qv; V / is contained in H1

f .Qv; V /,

the image of H1
Iw;S .V /� in H1

S.V / is in fact contained in H1
f;fpg.V /. From (C5) it

follows that H1
f;fpg.V / injects into H1.Qp; V / and we have

H1
Iw;S .V /

.�0/
�1
D H1

Iw;S .V /� ,! H1
f;fpg.V / ,! H1.Qp; V /:
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Thus B�1 � M�1 . We shall prove that R1�
.�0/

Iw;h .D; V / D 0. By Lemma 2 it suffices
to show that A�1 \ B�1 D f0g. Now we claim that A�1 \ H1

f;fpg.V / D f0g. First
note that by Lemma 1

H1
f;fpg.V / ,!

H1.Qp; V /

H1.D�1/
:

On the other hand, from Theorem 3 it follows that

Exp"V;h.D�1 ˝H/�1 D expV;Qp .D�1/ � H1.D�1/:

Now Proposition 6 implies that the image of A�1 in
H1.Qp; V /

H1.D�1/
coincides with

H1
c .W /. But L .V;D/ ¤ 0 if and only if H1

D.V / \ H1
c .W / D 0 where H1

D.V /

denotes the inverse image of H1.W / in H1
f;fpg.V / (see Lemma 1 (ii)). This proves

the claim and implies that R1�
.�0/

Iw;h .D; V / D 0.

6.1.3.3 We shall show that R2�
.�0/

Iw;h .D; V / is H-torsion. By definition, we have an
exact sequence

0! coker.f /! R2�
.�0/

Iw;h .D; V /! III2Iw;S .V /
.�0/ ˝�Qp

H! 0; (28)

where

III2Iw;S .V / D ker

 

H2
Iw;S .V /!

M

v2S
H2

Iw.Qv; V /

!

:

It follows from the weak Leopoldt conjecture that III2Iw;S .V / is�Qp -torsion. On the
other hand, as H is a Bézout ring (see Lazard 1962), the formulas

rank�H
1
Iw;S .T /

.�0/ D d�.V /;
rank�H

1
Iw.Qp; T /

.�0/ D d.V /;
rank�Dp.N; T / D dC.V /

together with the fact that R1�
.�0/

Iw;h .D; V / D 0 imply that coker.f / is H-torsion.
We have therefore proved that R2�Iw;h.D; V / is H-torsion. Finally, the Poitou–Tate
exact sequence gives that

R3�
.�0/

Iw;h .D; V / D
�
H0.Q.�p1/; V

�.1//�
�.�0/ ˝�Qp

H

is also H-torsion.
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6.1.3.4 Now we prove the semisimplicity of R� .�0/

Iw;h .D; V /. First write

H1
Iw;S .V /

.�0/ ' �d�.V /

Qp
˚H1

Iw;S .V /
.�0/
tor :

Since H1
Iw;S .V /tor � H1

Iw.Qp; V /tor D V HQp , .H1
Iw;S .V /tor/� D 0 by the snake

lemma. Thus dimQp H
1
Iw;S .V /

.�0/
�1
D d�.V /. On the other hand dimQp H

1
f;fpg.V / D

d�.V /C dimQp H
0.Qp; V

�.1// by (6) and the dimension argument shows that in
the commutative diagram

(29)

with obviously exact upper line the bottom line is also exact. This implies
immediately that the natural map

H1
Iw.Qp; V /

.�0/
�1

H1
Iw;S .V /

.�0/
�1
CH1.D�1/

�! H1.Qp; V /

H1
f;fpg.V /CH1.D�1/

is an isomorphism.
Consider the exact sequence

0! �
H1

Iw;S .T /
.�0/ ˚Dp.N; T /

.�0/
�˝H!H1

Iw.Qp; T /
.�0/˝H! coker.f /! 0:

Recall that Exp"V;h;0 W D ! H1
Iw.Qp; V /� denotes the homomorphism induced

by the large exponential map. Applying the snake lemma, and taking into account
that Im.Exp"V;h;0/ D expV;Qp .D�1/ D H1.D�1/ and ker.Exp"V;h;0/ D D'Dp�1 (see
for example Benois and Berger 2008, Propositions 4.17 and 4.18 or the proof of
Proposition 6) we obtain (by regularity of D)

coker.f /�1 D ker

�

H1
Iw;S .V /

.�0/
�1
˚D

Exp"V;h;0����! H1.Qp; V /

	

D D'Dp�1 ;

coker.f /�1 D
H1

Iw.Qp; V /
.�0/
�1

H1
Iw;S .V /

.�0/
�1
CH1.D�1/

D H1.Qp; V /

H1
f;fpg.V /CH1.D�1/

: (30)

Thus, one has a commutative diagram
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(31)

where horizontal arrows are isomorphisms, the left vertical arrow is the natural
projection and the right vertical row is the map defined in Sect. 4.2.2. From
Proposition 7 it follows that coker.f /�1 ! coker.f /�1 is an isomorphism if and
only if L .V;D/ ¤ 0.

On the other hand, the arguments of Perrin-Riou (1995), Sect. 3.3.4 show that
III2Iw;S .V /� D III2Iw;S .V /

� D 0. We remark that Perrin-Riou assumes that

Dcris.V /
'D1 D Dcris.V /

'Dp�1 D 0, but her proof works in our case without
modifications and we repeat it for the convenience of the reader. Consider the
commutative diagram (where we write III2Iw.V / instead III2Iw;S .V / to abbreviate
notation)

The top row of this diagram is obtained by taking coinvariants in the Poitou–Tate
exact sequence. Thus it is exact. The middle row is obtained from the exact sequence

0!H1
S.V

�.1//!H1.Qp; V
�.1//

M M

v2S�fpg

H1.Qv; V
�.1//

H1
f .Qv; V �.1//

!H1
f;fpg.V /

�! 0

by taking duals. In particular, in the first and second lines of the diagram the first
arrows are injections. Here we use the conditionH1

f .V
�.1// D 0. The exactness of

the left and middle columns follows from the diagram (29). The isomorphism from
the right column comes from the exact sequence

0! H1.�;H0
S.Q.�p1/; V

�.1///! H1
S.V

�.1//! H1
S.Q.�p1/; V

�.1//� ! 0
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together with the remark that H1.�;H0
S.Q.�p1/; V

�.1/// D 0 because
H0
S.Q.�p1/; V

�.1//� D H0
S.Q; V

�.1// D 0 by (C2). Now an easy diagram
chase shows that III2Iw;S .V /� D 0. Finally, from dimQp III2Iw;S .V /

� 6
dimQp III2Iw;S .V /� it follows that III2Iw;S .V /

� D 0. Therefore, applying the snake
lemma to (28) we obtain a commutative diagram

(32)

where the horizontal arrows are isomorphisms and the vertical arrows are
natural projections. This proves that R� .�0/

Iw;h .D; V / is semisimple in degree 2.

The semisimplicity in degree 3 is obvious because by (ii) R3�
.�0/

Iw;h .D; V /
�1 D

R3�
.�0/

Iw;h .D; V /�1 D 0: This completes the proof of Theorem 4. ut

6.1.4

This following corollary relates the projection map

R2�
.�0/

Iw;h .D; V /
�1 �! R2�

.�0/

Iw;h .D; V /�1

to the map �D defined in Proposition 7 and therefore to the L -invariant. This
relation plays the key role in the proof of Theorem 5 below (Theorem 2 of
Introduction).

Corollary 1. (i) One has canonical isomorphisms

R2�
.�0/

Iw;h .D; V /
�1
�! D'Dp�1 ;

R2�
.�0/

Iw;h .D; V /�1
�! H1.Qp; V /

H1
f;fpg.V /CH1.D�1/

:

(ii) The exponential map induces an isomorphism ofD'Dp�1 onto R2�
.�0/

Iw;h .D; V /�1
and the following diagram commutes

where the map �D is defined in Proposition 7.



On Extra Zeros of p-Adic L-Functions: The Crystalline Case 115

Proof. The corollary follows from diagrams (30), (31), (32) and the definition
of �D .

6.2 The Module of p-Adic L-Functions

6.2.1 The Canonical Trivialisation

We preserve the notation and conventions of Sect. 5.2. Let D be a regular subspace
of Dcris.V / and assume that L .V;D/ ¤ 0. We review Perrin-Riou’s definition of
the module of p-adic L-functions using the formalism of Selmer complexes. Set

�Iw;h.D; V / D

det�1�Qp

�

R� .�0/
Iw;S .V /˚

�

v̊2S
R� .�0/

Iw .Qv;D; V /

		

˝det�Qp

�

v̊2S
R� .�0/

Iw .Qv; V /

	

:

The distinguished triangle

R� .�0/
Iw;S .D; V /!

 

R� .�0/
Iw;S .V /

M
 
M

v2S
R� .�0/

Iw .Qv;D; V /

!!

˝H

!
 
M

v2S
R� .�0/

Iw .Qv; V /

!

˝H! R� .�0/
Iw;S .D; V /Œ1�

gives an isomorphism �Iw;h.D; V /˝�Qp
H ' det�1H R� .�0/

Iw;S .D; V /: Let K denote

the field of fractions of H. By Theorem 4, all Ri�
.�0/

Iw;S .D; V / are H-torsion and we
have a canonical map

det�1H R� .�0/
Iw;S .D; V / ' ˝

i2f2;3g
det.�1/

iC1

H Ri�
.�0/

Iw;S .D; V / ,! K:

The composition of these maps gives a trivialization

iV;Iw;h W �Iw;h.D; V / �! K:

6.2.2 Local Conditions

We compare local conditions coming from Perrin-Riou’s theory to those of Bloch–
Kato. Roughly speaking the computations of this section explain the appearance of
the Euler-like factor EC.V;D/ in the formula for the special value of LIw;h.T;N; s/.
They will be used in the proof of Theorem 5.
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Set R� .Qp;D; V / D DŒ�1� and define

S D cone

�
1 � p�1'�1
1 � ' W R� .Qp;D; V /! R�f .Qp; V /

	

Œ�1�: (33)

Since detQp R�f .Qp; V / is canonically isomorphic to det�1
Qp
tV .Qp/ by (9), the

distinguished triangle

S ! R� .Qp;D; V /! R�f .Qp; V /! SŒ1�

induces an isomorphism

˛S W detQp tV .Qp/
�! detQpD ˝ detQpS: (34)

Explicitly

S D �D ˚Dcris.V /! Dcris.V /˚ tV .Qp/
�
Œ�1� '

ŒD ˚ Dcris.V /! Dcris.V /˚D� Œ�1�;

where the unique non-trivial map is given by

.x; y/ 7!
�

.1 � '/ y;
�
1 � p�1'�1
1 � ' x C y

	

.mod Fil0Dcris.V //

	

:

Thus

H1.S/ D D'Dp�1 ; H2.S/ D tV .Qp/

.1 � p�1'�1/D '
Dcris.V /

Fil0Dcris.V /CD�1
:

(35)

From the semi-simplicity of
1 � p�1'�1
1 � ' it follows that the natural projection

H1.S/ ˚ H1
f .V / ! H2.S/ is an isomorphism and we have a canonical

trivialisation

ˇS W detQpS ˝ detQpR�f .V /

' det�1
Qp
H1.S/˝ detQpH

2.S/˝ det�1
Qp
H1
f .V / ' Qp: (36)

The composition of ˇS with ˛S gives an isomorphism

�S W detQp tV .Qp/˝ detQpR�f .V /
˛S'

detQpD ˝ detQpS ˝ detQpR�f .V /
id˝ˇS' detQpD: (37)
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Fix bases !tV 2 detQp tV .Qp/, !D 2 detQp D and !f 2 detQp H
1
f .V /. Let

RV;D.!V;D/ denote the determinant of the regulator map

rV;D W H1
f .V /! Dcris.V /=.Fil0Dcris.V /CD/

defined in Sect. 4.1.3 with respect to !f and !tV ˝ !�1D .

Lemma 3. (i) Let f W W ! W be a semi-simple endomorphism of a finite-
dimensional k-vector space W . The canonical projection ker.f / ! coker.f /
is an isomorphism and the tautological exact sequence

0! ker.f /! W
f�! W ! coker.f /! 0

induces an isomorphism

det�f W detk.W /! detk.W /˝detk.ker.f //˝det�1k .coker.f //! detk.W /:

Furthermore det�f .x/ D det.f j coker.f //:
(ii) The map �S sends !tV ˝ !�1f onto

det�
�
1 � p�1'�1
1 � ' jD

	�1
Ep.V; 1/

�1RV;D.!V;D/�1!D

Proof. The proof is straightforward and is omitted here.

6.2.3 Definition of the Module of p-Adic L-Functions

In this subsection we interpret Perrin-Riou’s construction of the module of p-adic
L-functions in terms of Nekovář (2006). Fix a Zp-lattice N of D and set

�Iw;h.N; T / D

det�1�

 

R� .�0/
Iw;S .T /

M
 
M

v2S
R� .�0/

Iw .Qv; N; T /

!!

˝det�

 
M

v2S
R� .�0/

Iw .Qv; T /

!

:

The module of p-adic L-functions associated to .N; T / is defined as

L.�0/Iw;h.N; T / D iV;Iw;h .�Iw;h.N; T // � K:

Fix a generator f .	1�1/ of L.�0/Iw;h.N; T / and define a meromorphic p-adic function

LIw;h.T;N; s/ D f .�.	1/s � 1/:
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Let now V be the p-adic realisation of a pure motive M over Q which satisfies
the conditions (M1–M3) of Sect. 5.1.2. As we saw in Sect. 5.1.2 one expects that
V satisfies (C1–C5). We fix bases !f 2 detQH1

f .M/, !tM 2 detQtM .Q/ and use

the same notation for their images in detQpH
1
f .V / and detQp tV .Qp/ respectively.

As in Sect. 5.1.3 choose bases !CMB
2 detQM

C
B and !CT 2 detZpT

C and define the

p-adic period ˝. Ket;p/
M .!CT ; !

C
MB
/ 2 Qp by !CT D ˝

. Ket;p/
M .!CT ; !

C
MB
/!CMB

using the
comparison isomorphism (13) (see also (14)). Let !N be a generator of detZpN .

Theorem 5. Assume that V satisfies (C1–C5) and that the weak Leopoldt conjec-
ture holds for .V; �0/ and .V �.1/; �0/. Let D be a regular submodule of Dcris.V /.
Assume that L .V;D/ ¤ 0. Then

(i) LIw;h.T;N; s/ is a meromorphic p-adic function which has a zero at s D 0 of
order e D dimQp .D

'Dp�1 /.
(ii) Let L�Iw;h.T;N; 0/ D lims!0 s�eLIw;h.T;N; s/ be the special value of

LIw;h.T;N; s/ at s D 0. Then

L�Iw;h.T;N; 0/
RV;D.!V;N /

�p � .h/dC.V /L .V;D/EC.V;D/
i!M ;p .�EP.T //

˝
. Ket;p/
M .!CT ; !

C
MB
/
;

where i!M ;p and EC.V;D/ are defined by (21) and (25) respectively and
� .h/ D .h � 1/Š.

6.2.4 Proof of Theorem 5

6.2.4.1 First recall the formalism of Iwasawa descent which will be used in the
proof. The result we need is proved in Burns and Greither (2003). This is a particular
case of Nekovář’s descent theory (Nekovář 2006). Let C 	 be a perfect complex of
H-modules and let C 	0 D C 	 ˝L

H Qp . We have a natural distinguished triangle

C 	 X�! C 	 ! C 	0 ! C 	Œ1�;

where X D 	1 � 1. In each degree this triangle gives a short exact sequence

0! Hn.C 	/�1 ! Hn.C 	0 /! HnC1.C 	/�1 ! 0:

One says that C 	 is semisimple if the natural map

Hn.C 	/�1 ! Hn.C 	/! Hn.C 	/�1 (38)

is an isomorphism in all degrees. If C 	 is semisimple, there exists a canonical
trivialisation of detQpC

	
0 , namely
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# W detQpC
	
0 '

n̋2Z
det.�1/

n

Qp
Hn.C0/

'
n̋2Z

�
det.�1/

n

Qp
Hn.C 	/�1 ˝ det.�1/

n

Qp
HnC1.C 	/�1

�

'
n̋2Z

�
det.�1/

n

Qp
Hn.C 	/�1 ˝ det.�1/

n�1

Qp
Hn.C 	/�1

�
' Qp

where the last map is induced by (38). We now suppose that C 	 ˝H K is acyclic
and write #1 W detHC 	 ! K for the associated morphism. Then #1.detHC 	/ D
fH; where f 2 K. Let r be the unique integer such that X�rf is a unit of the
localization H0 of H with respect to the principal ideal XH.

Lemma 4. Assume that C 	 ˝K is acyclic and C 	 is semisimple. Then

r D
X

n2Z
.�1/nC1 dimQp H

n.C 	/�1

and there exists a commutative diagram

in which the right vertical arrow is the augmentation map.

Proof. See Burns and Greither (2003), Lemma 8.1. Remark that Burns and Greither
consider complexes over�˝Zp Qp but since H is a Bézout ring, all their arguments
work in our case and are omitted here.

6.2.4.2 Now we can prove Theorem 5. By Theorem 4 the complex R� .�0/

Iw;h .D; V /

is semisimple, its cohomology is H-torsion and the first assertion follows from
Lemma 4 together with Corollary 1.

6.2.4.3 In this subsection we prove (ii). Define

R� .Qv; N; T / D R� .�0/
Iw .Qv; N; T /˝L

� Zp;

R� .Qv;D; V / D R� .Qv; N; T /˝Zp Qp:

We remark that for v D p this definition coincides with the definition given in
Sect. 6.2.2. Applying˝L

HQp to the map

R� .�0/
Iw .Qv; N; T /˝L

� H! R� .�0/
Iw .Qv; T /˝L

� H

we obtain a morphism

R�f .Qv;D; V /! R� .Qv; V /:
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If v ¤ p, then R�f .Qv;D; V / D R�f .Qv; V / and this morphism coincides with
the natural map R�f .Qv; V / ! R� .Qv; V /. If v D p, then R�f .Qv;D; V / D
DŒ�1� and by Theorem 3 it coincides with the composition

D

1�p�1'�1

1�'������! Dcris.V /
.h�1/Š expV;Qp���������! H1.Qp; V /:

Since R� S.V / D R� .�0/
Iw;S .V /˝L

� Qp this implies that

R� .�0/

Iw;h .D; V /˝H Qp D R�h.D; V / (39)

where R�h.D; V / is the Selmer complex associated to the diagram

We have a distinguished triangle

R�h.D; V /! R�S.V /
M

 
M

v2S
R� .Qv;D; V /

!

!
M

v2S
R� .Qv; V /! R�h.D; V /Œ1�: (40)

Passing to determinants and using the trivialisation (10) of R�f .Qv; V / for v ¤ p

we obtain isomorphisms

det�1
Qp

R�S.V /˝Qp

�

v̋2S
detQpR� .Qv; V /

	

˝ detQpD
�! det�1

Qp
R�h.D; V /;

D;h W �EP.V /˝Qp

�
detQpD ˝ det�1

Qp
V C

� �! det�1
Qp

R�h.D; V /; (41)

where�EP.V / is the Euler–Poincaré line defined in Sect. 5.1.1. From (39) it follows
that for any i one has an exact sequence

0! Ri�
.�0/

Iw;h .D; V /�1 ! Ri�h.D; V /! RiC1� .�0/

Iw;h .D; V /
�1 ! 0:



On Extra Zeros of p-Adic L-Functions: The Crystalline Case 121

Now by Theorem 4

Ri�h.D; V / D

8
ˆ̂
<

ˆ̂
:

R2�
.�0/

Iw;h .D; V /
�1 if i D 1

R2�
.�0/

Iw;h .D; V /�1 if i D 2
0 if i ¤ 1; 2:

(42)

By Corollary 1 the projection R2�
.�0/

Iw;h .D; V /
�1 ! R2�

.�0/

Iw;h .D; V /�1 is an isomor-
phism which induces a canonical trivialisation

#D;h W det�1
Qp

R�h.D; V /
�! Qp

of R�h.D; V /. Applying Lemma 4 to the complex R� .�0/

Iw;h .D; V / we obtain a
commutative diagram

(43)

where iV;Iw;h is the canonical trivialisation constructed in Sect. 6.2.1. From the
definition of the module of p-adic L-functions

�Iw;h.N; T /˝L
� Zp

�!

det�1
Zp

R�S.T /˝
�

v̋2S
detZpR� .Qv; T /

	

˝
�

˝
v2S�fpg

detZpR�f .Qv; T /

	

˝detZpN;

and again the canonical trivialisation (10) of R�f .Qv; V / for v ¤ p induces a map

�Iw;h.N; T /˝L
� Zp ,! det�1

Qp
R�h.D; V /:

Comparing this map with the definition (41) of D;h one has

�Iw;h.N; T /˝L
� Zp D D;h

�
�EP.T /˝Zp !N ˝Zp .!

C
T /
�1� :

By definition, LIw.T;N; s/ is a generator of iV;Iw;h.�Iw;h.N; T //. Therefore, the
diagram (43) gives

#D;h ı D;h.�EP.T /˝Zp !N ˝Zp .!
C
T /
�1/ D log.�.	//�eL�Iw;h.T;N; 0/Zp:

(44)

We will now compute the left hand side of this equality in terms of the canonical
trivialisation of the Euler–Poincaré line. Roughly speaking we should compare
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the trivialisation of the Euler–Poincaré line to the trivialisation #D;h. Consider the
commutative diagram

(45)

where L D cone
�
R�h.D; V /! R�f .V /

�
Œ�1� and S is defined by (33). The

upper and middle rows of (45) coincide with (8) and (40) up to the following
modification: the map locp W R�f .Qp; V / ! R� .Qp; V / is replaced by
� .h/ locp . Hence S is isomorphic to L in the derived category Dp.Qp/ and we
have an exact triangle

S ! R�h.D; V /! R�f .V /! SŒ1�: (46)

The cohomology of S is computed in (35). On the other hand, Corollary 1 together
with (42) give

Ri�h.D; V /
�!

8
<̂

:̂

D'D1 if i D 1;
H1.Qp; V /

H1
f;fpg.V /CH1.D�1/

if i D 2:

An easy diagram chase shows that the map H1.S/ ! R1�h.D; V / induced by
(46) coincides with the identity map id W D'Dp�1 ! D'Dp�1 and that one has an
exact sequence

0! H1
f .V /! H2.S/! R2�h.D; V /! 0

which can be identified with

0! H1
f .V /!

Dcris.V /

Fil0Dcris.V /CD�1
� .h/ expV������! H1.Qp; V /

H1
f;fpg.V /CH1.D�1/

! 0:

Therefore, we have a commutative diagram

(47)
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where ˇS was defined in (36), #�D;h is the dual of the trivialisation #D;h and � is the
unique map which makes this diagram commute.

From Proposition 7 and Corollary 1 (ii) giving an explicit description of the
trivialisation R1�h.D; V /! R2�h.D; V / we obtain immediately that

� D .log�.	//e
�

1 � 1

p

	e
L .V;D/�1 idQp : (48)

Passing to determinants in the diagram (45) we obtain a commutative diagram

(49)

where ˛S is defined by (34) and � W detS ˝ det�1L! Qp is induced by (46). The
upper map can be easily compared with the trivialisation map i!M ;p defined by (21):
it sends�EP.T /˝ .!tM ˝ .!CT /�1 ˝ !f / onto

� .h/dC.V /
i!M ;p.�EP.T //

˝
. Ket;p/
M .!CT ; !

C
B /
: (50)

The tautological isomorphism detQpL ' detQpR�h.D; V / ˝ det�1
Qp

R�f .V /
gives a commutative diagram

(51)

We can summarize the diagrams (49), (51) and (47) in the following commutative
diagram
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The image of �EP.T / ˝ .!tM ˝ .!CT /�1 ˝ !f / under the upper map is given by
(50). The composition of the left vertical maps is the map �S defined by (37). By
Lemma 3 �S sends�EP.T /˝ .!tM ˝ .!CT /�1 ˝ !f / onto

det�
�
1 � p�1'�1
1 � ' j D

	�1
Ep.V; 1/

�1RV;D.!V;N / �EP.T /˝ .!N ˝ .!CT /�1/:
(52)

Next, (44) and (48) give

#D;h ı .D;h ˝ �/.�EP.T /˝ !N ˝ .!CT /�1/

D
�

1 � 1

p

	e
L .V;D/�1L�Iw;h.T;N; 0/Zp: (53)

Putting together (50), (52) and (53) we obtain that

L�Iw;h.T;N; 0/
RV;D.!V;N /

�p �p � .h/dC.V /L .V;D/ Ep.V; 1/

detQp

�
1 � p�1'�1
1 � ' jD�1

	
i!M ;p .�EP.T //

˝
. Ket;p/
M .!CT ; !

C
B /

and the theorem is proved. ut

6.2.5 Special Values of L�
Iw;h.T;N; s/

Let QH1
f .T / denote the image of H1

f .T / in H1
f .V / and let !T;f be a base of

detZp QH1
f .T /. LetRV;D.!T;N / denote the determinant of rV;D computed in the bases

!tM , !N and !T;f .

Corollary 2. Under the assumptions of Theorem 5 one has

L�Iw;h.T;N; 0/

RV;D.!T;N /
�p � .h/dC.V /L .V;D/EC.V;D/

#III.T �.1//Tam0
!M
.T /

#H0
S.V=T / #H0

S .V
�.1/=T �.1//

;

where III.T �.1// is the Tate–Shafarevich group of Bloch–Kato (1990) and
Tam0

!M
.T / is the product of local Tamagawa numbers of T taken over all primes

and computed with respect to a fixed base !tM of detQtM .Q/.

Proof. The computation of the trivialisation of the Euler–Poincaré line (see for
example Fontaine and Perrin-Riou 1994, Chap. II, Théorème 5.6.3) together with
the definition (21) of i!M ;p give
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i!M ;p.�EP.T // D
#III.T �.1//Tam0

!M
.T /

#H0
S.V=T / #H0

S.V
�.1/=T �.1//

˝
. Ket;p/
M .!CT ; !

C
MB
/ Œ!f W !T;f �:

Since RV;D.!T;N / D RV;D.!V;N / Œ!f W !T;f � the corollary follows from
Theorem 5.

6.2.6 The Functional Equation

Recall that we set hi .V / D dimQp .griDdR.V // and m D P

i2Z
ihi .V /. Since

V is crystalline, detQp .V / is a one dimensional crystalline representation and
detZp .T / D T0.m/ where T0 is an unramified GQp -module of rank 1 over Zp .
The module .T0 ˝ W.Fp//

'D1 em where em D .t�1 ˝ "/˝m is a Zp-lattice in
detQp .Dcris.V // D Dcris.V0.m// which depends only on T and which we denote
by Dcris.T0.m//.

Let D? be the dual regular module. The exact sequence

0! D ! Dcris.V /!
�
D?

�� ! 0

gives an isomorphism

detQpD ˝ det�1
Qp
D? ' detQpDcris.V /

and we fix a lattice N? � D? such that

detZpN ˝ det�1
Zp
N? ' Dcris.T0.m//:

Set �V;h.s/ D Q

j>�h
.jCs/dim FiljDdR.V /. The conjecture ıZp .V / of Perrin-Riou (1994)

proved in Benois and Berger (2008) implies that for h 0

LIw;h.T
�.1/;N?;�s/ ��� � �1V;h .s/

Y

�h<j<h
.j C s/dC.V �.1//LIw;h.T;N; s/

(see Perrin-Riou 1995, Théorème 2.5.2). This can seen as the algebraic counterpart
of the functional equation for p-adic L-functions. An elementary computation (see
Benois and Berger 2008, Lemme 4.7) shows that

� �1V;h .s/
Y

�h<j<h
.j C s/dC.V �.1// D � �.V /� .h/dC.V �.1//�dC.V /sr C o.sr /;

where r D dimQp tV .Qp/ � dC.V / D dimQp H
1
f .V / and � �.V / is defined by

(23). ThereforeLIw;h.T
�.1/;N?; s/ has a zero of order dimQp H

1
f .V /Ce at s D 0.

Moreover one has
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L�Iw;h.T �.1/;N?; 0/
� .h/dC.V

�.1//
�p � �.V /

LIw;h.T;N; 0/

� .h/dC.V /
:

From the definition of RV �.1/;D? (see Sect. 5.2.1) one has

RV �.1/;D?.!V �.1/;N?/ D ˝.H;p/
M .!T ; !MdR/

�1RV;D.!V;N /

where ˝.H;p/
M denotes the period map defined by (17) and (18) and !MdR D !tM ˝

!�1tM�.1/ . Taking into account (24) we obtain that

L�Iw;h.T �.1/;N?; 0/
RV �.1/;D?.!V;N? /

�p � .h/dC.V �.1//L .V;D/EC.V �.1/;D?/
i!M ;p .�EP.T

�.1///
˝
. Ket;p/
M .!CT �.1/; !

C
M�.1/B

/
;

which is the analogue of Theorem 5 for LIw;h.T
�.1/;N?; s/.

Appendix

In this Appendix we prove some results about the cohomology of p-adic represen-
tations of local fields.

Let K be a finite extension of Qp and T a p-adic representation of GK . Fix a
topological generator 	 of � . Let D.T / D .T ˝Zp A/HK be the .'; � /-module
associated to T by Fontaine’s theory (Fontaine 1991). Consider the complex

C';	 .D.T // D



D.T /
f�! D.T /˚ D.T /

g�! D.T /
�

where the modules are placed in degrees 0, 1 and 2 and the maps f and g are
given by

f .x/ D ..' � 1/ x ; .	 � 1/ x/; g.y; z/ D .	 � 1/ y � .' � 1/ z:

Proposition 8. There are canonical and functorial isomorphisms

hi W Hi.C';	 .D.T ///
�! Hi.K; T /

which can be described explicitly by the following formulas:

(i) If i D 0, then h0 coincides with the natural isomorphism

D.T /'D1;	D1 D H0.K; T ˝Zp A'D1/ D H0.K; T /:



On Extra Zeros of p-Adic L-Functions: The Crystalline Case 127

(ii) Let ˛; ˇ 2 D.T / be such that .	 � 1/ ˛ D .1 � '/ ˇ. Then h1 sends cl.˛; ˇ/
to the class of the cocycle

�1.g/ D .g � 1/ x C g � 1
	 � 1 ˇ;

where x 2 D.T /˝AK A is a solution of the equation .1 � '/ x D ˛.
(iii) Let O	 2 GK be a lifting of g 2 � and let x be a solution of .' � 1/ x D ˛.

Then h2 sends ˛ to the class of the 2-cocycle

�2.g1; g2/ D O	k1.h1 � 1/ O	
k2 � 1
O	 � 1 x

where gi D O	ki hi , hi 2 HK .

Proof. The isomorphisms hi were constructed in Herr (1998), Theorem 2.1.
Remark that (i) follows directly from this construction (see Herr 1998, p. 573)
and that (ii) is proved in Benois (2000), Proposition 1.3.2 and Cherbonnier and
Colmez (1999), Proposition I.4.1. The proof of (iii) follows along exactly the
same lines. Namely, it is enough to prove this formula modulo pn for each n. Let
˛ 2 D.T /=pnD.T /. By Proposition 2.4 of Herr (1998) there exists r � 0 and
y 2 D.T /=pnD.T / such that .' � 1/ ˛ D .	 � 1/rˇ. Let

Nx D .D.T /=pnD.T //˚ .˚riD1.AK=p
nAK/ ti /;

where '.ti / D tiC.	�1/r�i .˛/ and 	.ti / D tiCti�1. ThenNx is a .'; � /-module
and we have a short exact sequence

0! D! Nx ! X ! 0

where X D Nx=M ' ˚riD1AK=p
nAK Nti . An easy diagram chase shows that the

connecting homomorphism ı1D W H1.C';	 .D.X/// ! H2.C';	 .D.T /// sends
cl.0; Ntr / to �cl.˛/. The functor V.D/ D .D ˝AK A/'D1 is a quasi-inverse to D.
Thus one has an exact sequence of Galois modules

0! T=pnT ! Tx ! V.X/! 0

where Tx D V.Nx/. From the definition of x it follows immediately that tr�x 2 Tx .

By (ii), h1.cl.0; Ntr // can be represented by the cocycle c.g/ D g � 1
	 � 1 Ntr and we fix

its lifting Oc W GK ! Nx putting Oc.g/ D g � 1
	 � 1 .tr � x/. As g1 Oc.g2/ � Oc.g1g2/C

Oc.g1/ D ��2.g1; g2/; the connecting map ı1T W H1.K;V.X//! H2.K; T=pnT /

sends cl.c/ to �cl.�2/ and (iii) follows from the commutativity of the diagram
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Proposition 9. The complexes R� .K; T / and C';	 .T / are isomorphic in D.Zp/.

Proof. The proof is standard (see for example Burns and Flach 1996). The exact
sequence

0! T ! D.T /˝AK A
'�1��! D.T /˝AK A! 0

gives rise to an exact sequence of complexes

0! C 	c .GK; T /! C 	c .GK;D.T /˝AK A/
'�1��! C 	c .GK;D.T /˝AK A/! 0

Thus R� .K; T / is quasi-isomorphic to the total complex

K	.T / D Tot	
�

C 	c .GK;D.T /˝AK A/
'�1��! C 	c .GK;D.T /˝AK A/

	

:

On the other hand

C';	 .T / D Tot	
�

A	.T /
'�1��! A	.T /

	

;

where A	.T / D ŒD.T /
	�1��! D.T /�. Consider the following commutative diagram

of complexes

in which ˇ0.x/ D x viewed as a constant function on GK and ˇ1.x/ denotes the

map GK ! D.T /˝AK A defined by .ˇ1.x// .g/ D g � 1
	 � 1 x: This diagram induces

a map Tot	.A	.T /
'�1��! A	.T //! K	.T / and we obtain a diagram

C';	 .T /! K	.T / R� .K; T /

where the right map is a quasi-isomorphism. Then for each i one has a map

Hi.C';	 .T //! Hi.K	.T // ' Hi.K; T /
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and an easy diagram chase shows that it coincides with hi . The proposition is
proved.

Corollary 3. Let V be a p-adic representation of GK . Then the complexes
R� .K; V /, C';	 .D�.V // and C';	 .D

�
rig.V // are isomorphic in D.Qp/.

Proof. This follows from Theorem 1.1 of Liu (2007) together with Proposition 9.

Recall that K1=K denotes the cyclotomic extension obtained by adjoining
all pn-th roots of unity. Let � D Gal.K1=K/ and let �.� / D ZpŒŒ� ��

denote the Iwasawa algebra of � . For any Zp-adic representation T of GK the
induced representation IndK1=KT is isomorphic to .T ˝Zp �.� //

� and we set
R�Iw.K; T / D C 	c .GK ; IndK1=KT /: Consider the complex

CIw; .T / D



D.T /
 �1���! D.T /

�

in which the first term is placed in degree 1.

Proposition 10. There are canonical and functorial isomorphisms

hiIw W Hi.CIw; .T //! Hi
Iw.K; T /

which can be described explicitly by the following formulas:

(i) Let ˛ 2 D.T / D1. Then .' � 1/ ˛ 2 D.T / D0 and for any n there exists a
unique ˇn 2 D.T / such that .	n � 1/ ˇn D .' � 1/ ˛. The map h1Iw sends cl.˛/
to .h1n.cl.ˇn; ˛///n2N 2 H1

Iw.Kn; T /:

(ii) If ˛ 2 D.T /, then h2Iw.cl.˛// D �.h2n.'.˛///n2N:
Proof. The proposition follows from Theorem II.1.3 and Remark II.3.2 of Cher-
bonnier and Colmez (1999) together with Proposition 8.

Proposition 11. The complexes R�Iw.K; T / and CIw; .T / are isomorphic in the
derived category D.�.� //.

Proof. We repeat the arguments used in the proof of Proposition 9 with some
modifications. For any n > 1 one has an exact sequence

0! IndKn=KT ! .D.T /˝ZpZpŒGn�
�/˝AK A

'�1��! .D.T /˝ZpZpŒGn�
�/˝AK A! 0:

Set D.IndK1=KT / D D.T /˝Zp �.� /
� and

D.IndK1=K.T // Ő AKA D lim �
n

.D.T /˝Zp ZpŒGn�
�/˝AK A:

As IndKn=KT are compact, taking projective limit one obtains an exact sequence

0! IndK1=KT ! D.IndK1=K.T // Ő AKA
'�1��! D.IndK1=K.T // Ő AKA! 0:
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Thus RIw.K; T / is quasi-isomorphic to

K	Iw.T / D Tot	
�

C 	c .GK;D.IndK1=KT / Ő AKA/
'�1���! C 	c .GK;D.IndK1=KT / Ő AKA/

	

:

We construct a quasi-isomorphism f	 W CIw; .T / ! K	Iw.T /. Any x 2 D.T / can
be written in the form x D .1 � ' / x C ' .x/ where  .1 � ' / x D 0. Then
for each n > 0 the equation .	n � 1/ yn D .' � 1/ x has a unique solution yn 2
D.T / D0 (Cherbonnier and Colmez 1999, Proposition I.5.1). In particular, yn D
	nC1 � 1
	n � 1 ynC1 and we have a compatible system of elements Yn D

jGn j�1X

kD0
	k ˝

	k.yn/ 2 D.T /˝Zp ZpŒGn�
�: Put Y D .Yn/n�0 2 D.IndK1=KT /. Then

.	n � 1/ Yn D .	 � 1/ Y .mod D.IndKn=KT //:

Let �x 2 C1
c .GK;D.IndK1=KT / Ő AKA/ be the map defined by �x.g/ D

g � 1
	 � 1 .1˝ x/: Define

f1 W D.T /! K1
Iw.T / D C0

c .GK;D.IndK1=KT / Ő AKA/

˚ C1
c .GK;D.IndK1=KT / Ő AKA/

by f1.x/ D .Y; �x/ and

f2 W D.T /! C1
c .GK;D.IndK1=KT / Ő AKA/ � K2

Iw.T /

by f2.z/ D ��'.z/. It is easy to check that f	 is a morphism of complexes. This
gives a diagram

CIw; .T /! K	Iw.T / R�Iw.K; T /

in which the right map is a quasi-isomorphism. Using Proposition 11 it is not
difficult to check that for each i the induced map

Hi.CIw; .T //! Hi.K	Iw.T // ' Hi
Iw.K; T /

coincides with hiIw. The proposition is proved.

Corollary 4. The complexes R�Iw.K; T / and C
�
Iw; .T / are isomorphic in

D.�.� //.

Proof. One has D�.T / D1 D D.T / D1 (Cherbonnier and Colmez 1998, Propo-
sition 3.3.2) and D�.T /=. � 1/ D D.T /=. � 1/ (Liu 2007, Lemma 3.6). This
shows that the inclusion C�

Iw; .T /! CIw; .T / is a quasi-isomorphism.
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Remark. These results can be slightly improved. Namely, set rn D .p � 1/pn�1.
The method used in the proof of Proposition III.2.1 Cherbonnier and Colmez (1999)
allows to show that  .D�;rn.T // � D�;rn�1 .T / for n  0. Moreover, for any a 2
D�;rn .T / the solutions of the equation . � 1/ x D a are in D�;rn.T /. Thus

C
�;rn
Iw; .T / D




D�;rn .T /
 �1���! D�;rn.T /

�

; n 0

is a well-defined complex which is quasi-isomorphic to C
�
Iw; .T /. Further, as

'.A�;r=p/ D A�;r we can consider the complex

C�;rn
';	 .T / D

�
D�;rn�1 .T /

f�! D�;rn.T /˚ D�;rn�1.T /
g�! D�;rn.T /

�
; n 0

in which f and g are defined by the same formulas as before. Then the inclusion
C
�;rn
';	 .T /! C';	 .T / is a quasi-isomorphism.
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On Special L-Values Attached to Siegel
Modular Forms

Thanasis Bouganis

1 Introduction

Special values of L-functions play a central role in Iwasawa theory since they
are indispensable for the formulation of the Main Conjectures. It is precisely this
information which is encoded in the interpolation properties of the p-adic L-
functions. The first step to construct these p-adic L-functions is to show that the
L-functions under consideration evaluated at “critical” points have particular alge-
braic properties. These properties are usually described by Deligne’s conjectures. In
this article we address this kind of questions for L-functions associated to Siegel
modular forms.

This article grew out of the author’s effort to read carefully the book of Shimura
“Arithmeticity in the Theory of Automorphic Forms” (Shimura 2000) which means
to do also the “exercises” left by Shimura to the reader. One of them is related to
the algebraicity of various special values of Siegel modular forms (see page 239,
Remark 28.13 in (loc. cit.)). As Shimura points out the results left as exercises
should follow by using the various techniques and results obtained in his book and
various papers of him. This is indeed the case since most ideas of this article can
be found in the various works of Shimura, which of course in turn requires some
familiarity with them. In any rate we believe that it is useful to have the results
worked out in this paper documented in the literature, and for this reason we decided
to write this article. In this paper we consider the special values of Siegel modular
forms of integral weight. In Bouganis (in preparation, a), the continuation of this
article, we consider also special L-value attached to half-integral weight Siegel
modular forms.
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Let us point out some results in this article that we believe deserve special
mention. The first is the reciprocity law of the action of the Galois group on half-
integral weight Eisenstein series. For integral weight Eisenstein series one can
find the reciprocity laws in the book of Feit (1986) (if not in the form that it is
needed for our purposes). However to the best of our knowledge the reciprocity for
half integral Eisenstein series has not been worked out for Siegel modular forms.
Another interesting result is the definition of the period˝f appearing in Theorem 12.
These kind of periods have been first considered by Sturm (1981) and Harris (1981)
(and later also by Panchishkin), based on an idea of Shimura. We follow the ideas
of Sturm in defining them but using some new results of Shimura we are able to
improve in some cases the bounds on the weight of the Siegel modular forms that
the results are applicable. Also the fact that we use the more precise form of the
Andrianov-Kalinin type identity proved by Shimura, we can obtain slightly finer
results, since we need to remove less Euler factors of the L-function.

This paper is organized as follows. In section two we have a very brief
introduction to Siegel modular forms. Then we move to section three where after
presenting various results of Shimura with respect the theory of theta series and
Eisenstein series for the symplectic group, we prove the various reciprocity laws of
the action of the absolute Galois group on the Eisenstein series. Some of the result
have already appeared in Sturm (1981) and Feit (1986), and we use ideas of these
works. For the case of half integral weight Eisenstein series we prove the reciprocity
inspired by an idea of Shimura. In Sect. 4 we introduce the L-functions which are
considered in this paper. All the material of this section is from Shimura’s book.
In Sect. 5 we also present the work of Shimura on the generalization of the so-
called Adrianov-Kalinin type identity. However for our purposes we use an integral
expression that it is not in the book Shimura (2000) but in a paper of Shimura (1994).
The use of this integral expression will lead to study slightly different L-functions
than in the ones studied in the book of Shimura (we explain more later on this).
Also in this section all the material is taken from works of Shimura. In Sect. 6 we
define the periods that we will use to obtain the good reciprocity laws. The idea
of defining this periods as values of an L-function goes back to Shimura, and have
been used by Sturm (1981), Harris (1981) and Panchishkin (1991) in the case Siegel
modular forms over the rationals and of even degree. We also note that we obtain
a slightly different results than in these works, partly because we use some newer
results of Shimura that were not available when these works were written. In the
following section we present the various results on the field of rationality of the
various special functions properly normalized and in some cases we provide some
reciprocity results. Finally we finish this work by briefly discussing yet another
method for considering the same questions as in this paper, namely the doubling
method.

One last remark with respect to the notation used in this article. Since we are
using as our main reference the book of Shimura (2000) we decided to keep, the
anyway excellent, notation used by him. In particular if some times we use some
notions not defined in this paper the reader will find the exact same notation also
in the reference. This allows to keep the length of this article reasonable since we
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do not need to introduce all the mathematical notions used here. We finally remark
that our choice to use the notation as in Shimura’s book leads us to write Z.s; f/ for
the L-functions attached to a Siegel modular form f instead of the more standard
L.s; f/.

2 Siegel Modular Forms

2.1 Integral Weight Siegel Modular Forms

In this section we introduce the notion of a Siegel modular form (classicaly and
adelically). We follow closely the book of Shimura (2000).

For a positive integer n 2 N we define the matrix �n WD
�
0 �1n
1n 0

	

and for any

commutative ring A with an identity the group Spn.A/ WD f˛ 2 GL2n.A/jt˛�n˛ D
�ng. The group Spn.R/ acts on the Siegel upper half space Hn WD fz 2 C

n
njtz D

z; Im.z/ > 0g by linear fractional transformations, that is for ˛ D
�
a˛ b˛
c˛ d˛

	

2
Spn.R/ and z 2 Hn we have ˛ � z WD .a˛zC b˛/.c˛zC d˛/�1 2 Hn. Moreover if we
define �˛.z/ WD �.˛; z/ WD c˛zC d˛ then we have

�.ˇ˛; z/ D �.ˇ; ˛z/�.˛; z/; ˛; ˇ 2 Spn.R/; z 2 Hn

Let now F be a totally real field of degree d WD ŒF W Q� and write g for its ring
of integers. We write a for the set of Archimedean places of F , h for the finite ones
and we set G WD Spn.F /. We write GA for the adelic group and we decompose
GA D GhGa where Ga WD Q

v2aGv and Gh WD Q
v2hGv. For two fractional ideals

a and b of F such that ab � g, we define the subgroup of GA,

DŒa; b� WD
�

x D
�
ax bx
cx dx

	

2 GAjax � gv; bx � av; cx � bv; dx � gv;8v 2 h


;

where we use the notation “�” of Shimura, x � bv meaning that the v-component of
x is a matrix with entries in the ideal bv. We will mainly consider groups of the form
DŒb�1; bc� for a fractional ideal b and an integral ideal c. Strong approximation for
G implies that GA D GqDŒb�1; bc� for any b; c and q 2 Gh. We define � q.b; c/ WD
G \ qDŒb�1; bc�q�1. Given a Hecke character  of F with  v.a/ D 1 for all a 2
g�v , v 2 h such that a � 1 2 cv we define a character on DŒb�1; bc� by  .x/ DQ

vjc  v.det.dx/v/ and a character which we still denote  on � q by  .	/ WD
 .q�1	q/.

We now write Z
a WD Q

v2a Z and H WD Q
v2a Hn. For a function f W H ! C

and an element k 2 Z
a we define

.f jk˛/.z/ WD j˛.z/�kf .˛z/; ˛ 2 G; z 2 H:
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Here we write z D .zv/v2a with zv 2 Hn and ˛v 2 Spn.R/ and define j˛.z/�k WDQ
v det.�˛v.zv//

�kv . Let now � be group of the form � q , q 2 Gh as above and  a
Hecke character. Then we define

Definition 1. A function f W H ! C is called a Siegel modular form for the
congruence subgroup � of weight k 2 Z

a and Nebentypus  if

1. f is holomorphic,
2. f jk	 D  .	/f for all 	 2 � ,
3. f is holomorphic at cusps.

The last condition is needed only if F D Q and n D 1. Then it is the classical
condition of elliptic modular forms being holomorphic at cusps. The above defined
space we will denote it by Mk.�;  /. As it is explained in Shimura (2000, page 33)
for an element f 2Mk.�;  / and an element ˛ 2 G we have a Fourier expansion

.f jk˛/.z/ D
X

h2SC
c˛.h/e

n
a .hz/;

where SC is the set of n by n symmetric matrices with entries in F which are
positive semi-definite at every real place v 2 a and ena .x/ D exp.2�i

P
v2a tr.xv//.

An element f 2 Mk.�; / is called a cusp form if c˛.h/ ¤ 0 for some ˛ 2 G
implies hv is positive definite for all v 2 a.

We now turn to the adelic Siegel modular forms. Let D be a group of the form
DŒb�1; bc� and  a Hecke character of F .

Definition 2. A function f W GA ! C is called adelic Siegel modular form if

1. f.˛xw/ D  .w/j�kw .i/f.x/ for ˛ 2 G, w 2 D with w.i/ D i,
2. For every p 2 Gh there exists fp 2 Mk.�

p;  p/, where � p WD G \ pDp�1 and
 p.	/ D  .p	p�1/ such that f.py/ D .fpjky/.i/ for every y 2 Ga.

We write Mk.D; / for this space. Strong approximation theorem for Spn gives
Mk.D; / Š Mk.�

q;  q/ for any q 2 Gh. We define the space of automorphic
cusp form Sk.D; / to be the subspace of Mk.D; / that is in bijection with
Sk.�

q;  / for any q 2 Gh in the above bijection. We may also sometimes write
Mk.b; c;  / for Mk.D; /. Similarly we may write Mk.b; c;  / for Mk.�; /

where � D G \DŒb�1; bc�, i.e q D 1.

2.2 Half-Integral Weight Siegel Modular Forms

Even though we will consider only algebraicity results for integral weight Siegel
modular forms, in many case we will need to use half-integral weight modular
forms. We denote byMA the adelized metaplectic group sitting in the exact sequence
0! T! MA ! GA ! 0. The last projection we denote by pr . We write C� for
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the theta group defined for example in Shimura (1994, page 536) and� � D G\C� .
We also define the group M D fx 2 MAjpr.x/ 2 PAC

�g, where P is the standard
Siegel parabolic subgroup of G. Thanks to a canonical lift we may consider G as a
subgroup of MA and hence also � � a subgroup of M. For an element 
 2 M and
z 2 H we write h
.z/ for the holomorphic function defined by Shimura. By a half
integral weight k 2 1

2
Z

a we mean a tuple .kv/v2a so that kv 2 ZC 1
2

for all v 2 a.
For such a k we define the factor of automorphy

j
 .z/
k WD h
.z/jpr.
/.z/Œk�:

Then the definition of half integral weight modular forms, with congruence
subgroup � 	 � � is the same as in integral case but using the new factor of
automorphy. One may define also adelic automorphic forms, we refer to Shimura
(2000, page 166) for this.

3 Theta and Eisenstein Series

3.1 Theta Series

Following Shimura (see page 270 in Shimura 2000) we set W D F n
n and we let

S.Wh/ denote the space of Schwartz-Bruhat functions on Wh. Let � be an n by n
symmetric matrix with entries in F such that �v > 0 for all v 2 a. For an element
� 2 S.Wh/ and an element � 2 Z

a such that 0 	 �v 	 1 for all v 2 a we define

�.z; �/ D
X

2W
�.h/det./�ea.tr.

t�z//; z 2 H:

It is shown in the appendix of Shimura (2000) that this is an element of Ml with
l WD �C n

2
a. Moreover it is also shown that if � ¤ 0 then �.z; �/ is actually a cusp

form. We now introduce some extra notation following Shimura (2000, Appendix
A3.18). We set

R D
Y

vh

.gv/
n
n; Ev D GLn.gv/; R� D RWa � WA:

We let ! be now a Hecke character of F of conductor f such that !a.�1/n D
.�1/n

P
v �v . Let now r be an element of GLn.F /h and define

�.z/ WD
X

W\rR�
!a.det.//!�.det.r�1/g/det./�ena.

t�t/;

where for a Hecke character  we denote by  � the corresponding ideal character.
Then Shimura proves the following proposition (Shimura 2000, Proposition A3.19).
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Proposition 1 (Shimura). Let �� be the Hecke character of F corresponding to
the extension F.c1=2/=F with c D .�1/Œn=2�det.2�/; put !0 D !�� . Then there exist
a fractional ideal b and an integral ideal c, such that the conductor of !0 divides c,
DŒb�1; bc� � DŒ2d�1; 2d� if n is odd, and

�.	z/ D !0c.det.a	 //j
l
	 .z/�.z/; 	 2 G \D;

where D D DŒb�1; bc�. Moreover, if ˇ 2 G \ diagŒq; Oq�C with q 2 GLn.F /h, then

j lˇ.ˇ
�1z/�.ˇ�1z/ D !0.det.q//�1!0c.det.dˇq//jdet.q/jn=2A �
X

2W\rR�q�1
!a.det.//!�.det.r�1q/g/det./�ena.

t�z/:

In particular, let x and t be fractional ideals of F such that tg2�g 2 x for every
g 2 rgn1 and th.2�/�1h 2 4t�1 for every hOrgn1 and write h for the conductor of �� .
Then we can take

.b; c/ D
�
.2�1dx; h \ f\ x�1f2t/; if n is even;
.2�1da�1; h \ f\ 4a\ af2t/; if n is odd.

;

where a D x�1 \ g.

3.2 Eisenstein Series

We follow Shimura (2000, pages 131–132) and define various Eisenstein series of
Siegel type. Let k 2 1

2
Z

a be a weight, b a fractional ideal of F , c an integral ideal
in F and a Hecke character � of F with infinity type �a.x/ D x`ajxaj�`, and of
conductor c.

When k is half integral we also assume that DŒb�1; bc� � DŒ2d�1; 2d�, where
d the different ideal of F . Following the notation of Shimura we now define in the
case of k 2 Z

a

QD D DŒb�1; bc�;

and otherwise

QD D fx 2 MAjpr.x/ 2 DŒb�1; bc�g:
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Write P D fx 2 Gjcx D 0g for the standard Siegel parabolic. We then define a
function � on GA or MA by

�.x/ D 0; if x 62 PA QD;

�.x/ D �h.det.dp//
�1�c.det.dw//

�1j kx .i/�1jjx.i/jk;

if x D pw with p 2 PA and w 2 QD. Then for a pair .x; s/ 2 GA � C if k 2 Z
a or

in MA � C otherwise, we define the Eisenstein series (for the function � below we
refer to Shimura’s book)

EA.x; s/ D EA.x; sI�; QD/ D
X

˛2PnG
�.˛x/�.˛x/�s :

We will need one more type of Eisenstein series. We define the element � 2
Sp.n; F /A by

�a D 1; �h D
�
0 �ı�11n
ı1n 0

	

;

where ı 2 F �h such that ıg D d. We further fix an element Q� 2 MA such that
pr. Q�/ D � and h. Q�; z/ D 1. Then we define the Eisenstein series

E�A.x; s/ D �.ı/�n �
�
EA.x�; s/; k 2 Z

a ;
EA.x Q�; s/; otherwise.

Finally we define the Eisenstein series

DA.x; s/ D E�A.x; s/ �
(
Lc.2s; �/

QŒn=2�
iD1 Lc.4s � 2i; �2/; k 2 Z

a;
QŒ.nC1/=2�
iD1 Lc.4s � 2i � 1; �2/; k 62 Z

a;
;

Write S D fx 2 F n
n jtx D xg. Then the q-expansion of E�A.x; s/ is given by

E�A
��

q 
 Oq
0 Oq

	

; s

	

D
X

h2S
c.h; q; s/enA.h
/;

where q 2 GLn.F /A and 
 2 SA. We now define the Eisenstein series on .z; s/ 2
H � C by

E�.x.i/; s/ D j kx .i/E�A.x; s/;

and similarly we define D.z; s/ and D?.z; s/. When we want to indicate the
dependence on the various input data we will write E.z; sI k; �; c/ for E.z; s/ or
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in case we want also to indicate the dependency on b we will write E.z; sI k; �; � /,
where � D G \DŒb�1; bc�. We now note the q-expansion

E�.z; s/ D
X

h2S
det.y/�ka=2c.h; q; s/ena.hx/;

where qh D q1 and qa D y1=2. For the coefficients c.h; q; s/ we have the following
propositions of Shimura (2000, Proposition 16.9, 16.10, 17.6), (for notation not
introduced here we refer to (loc. cit.)).

Proposition 2 (Shimura). Suppose that c ¤ g and det.qv/ > 0 for every v 2 a.
Then c.h; q; s/ ¤ 0 only if .tqhq/v 2 .db�1c�1/v QSv for every v 2 h. In this case

c.h; q; s/ D C�h.det.�q//�1jdet.q/hjnC1�2sA jDF j�2nsC3n.nC1/=4N.bc/�n.nC1/=2�

det.y/sa�.yIhI saC k=2; sa � k=2/˛ec.��1b � tqhq; 2s; �/;

where C D 1 and e D 0 if k 2 Z
a, and C D e.nŒF W Q�=8/ and e D 1 if

k 62 Z
a; �b 2 F �h such that �bg D b�1d if k 2 Z

a, and �b D 1 otherwise; DF is
the discriminant of F .The function �.gIhI˛; ˇ/ D Q

v2a .yv; hvI˛v; ˇv/ is given
in Shimura (2000, page 140).

Proposition 3 (Shimura). Consider q and h such that c.h; q; s/ ¤ 0. Set r D
rank.h/ and let g 2 GLn.F / such that g�1hg D diagŒh0; 0� with h0 2 Sr . Let �h
be the Hecke character corresponding to F.c1=2/=F where c D .�1/Œr=2�det.2h0/,
if r > 0; let �h D 1 if r D 0. Then

˛ec.�
�1
b � tqhq; 2s; �/ D �c.s/

�1�h.s/
Y

v2c

fh;q;v
�
�.�v/j�vj2sCe=2

�
;

where

�c.s/ D
(
Lc.2s; �/

QŒn=2�
iD1 Lc.4s � 2i; �2/; if k 2 Z

a;
QŒ.nC1/=2�
iD1 Lc.4s � 2i C 1; �2/; otherwise.

�h.s/ D
(
Lc.2s � nC r=2; ��h/

QŒ.n�r/=2�
iD1 Lc.4s � 2nC r C 2i � 1; �2/; if k 2 Z

a;
QŒ.n�rC1/=2�
iD1 Lc.4s � 2nC r C 2i � 2; �2/; otherwise.

Here fh;q;v are polynomials with coefficients in Z, independent of �. For the finite
set c see Shimura (2000).

For a number field W we follow Shimura and write Nr
k.W / for the space of W -

rational nearly holomorphic forms of weight k (see Shimura 2000, pages 103 and
110 for the definition). The theorem below is due to Shimura (2000, Theorem 17.9).



On Special L-Values Attached to Siegel Modular Forms 143

Theorem 1 (Shimura). Let ˚ be the Galois closure of F over Q and let k 2 1
2
Z

a

with kv � .nC 1/=2 for all v 2 a and kv � kv0 2 2Z for every v; v0 2 a. Let � 2 1
2
Z

with nC 1 � kv 	 � 	 kv and j� � nC1
2
j C nC1

2
� kv 2 2Z for all v 2 a. Exclude

the cases

1. � D .nC 2/=2, F D Q and �2 D 1,
2. � D 0, c D g and � D 1,
3. 0 < � 	 n=2, c D g and �2 D 1.

ThenD.z; �=2I k; �; c/ belongs to �ˇNr
k.˚Qab/, where r D .n=2/.k�j��.nC

1/=2ja� nC1
2

a/ except in the case where n D 1, � D 2, F D Q, � D 1 and n > 1,
� D .nC 3/=2, F D Q, �2 D 1. In these two case we have r D n.k � �C 2/=2.
Moreover we have that ˇ D .n=2/Pv2a.kv C �/ � ŒF W Q�e where

e D
(
Œ.nC 1/2=4�� �; if 2�C n 2 2Z and � � �;
�
n2=4

�
; otherwise.

For an element p 2 Z
a and a weight q 2 1

2
Z

a we write �
p
q for the

differential operators defined by Shimura (2000, page 146). In particular we have
�
p
qN

t
q.˚Qab/ � �njpjNtCnp

qC2p.˚Qab/. Moreover for any f 2 Nt
q.˚Qab/ and any


 2 Gal.˚Qab=˚/ we have that

�
��njpj�p

q .f /
�
 D ��njpj�p

q .f

/ (1)

Let � 2 1
2
Z and k 2 1

2
Z

a be as in the theorem above. If � � .n C 1/=2 then
Shimura shows that (Shimura 2000, page 146)

�p
�aD.z; �=2I�a; �; c/ D cp�a.�=2/.i=2/

njpjD.z; �=2I ka; �; c/; (2)

where p D .k � �a/=2. Here cp�a.�=2/ 2 Q
�. If � < .nC 1/=2 then we have

�p
�aD.z; �=2I �a; �; c/ D cp�a.�=2/.i=2/

njpjD.z; �=2I ka; �; c/; (3)

where � D nC 1 � �, p D .k � �a/=2 and again cp�a.�=2/ 2 Q
�.

The following lemma is immediate from the above equations,

Lemma 1. Assume there exists A.�/; B.�/ 2 Qab and ˇ1; ˇ2 2 N such that for all

 2 Gal.Qab=Q/

�
D.z; �=2I�a; �; c/

�ˇ1A.�/

	

D D.z; �=2I�a; �
 ; c/

�ˇ1A.�
 /
; � � .nC 1/=2
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and

�
D.z; �=2I �a; �; c/

�ˇ2B.�/

	

D D.z; �=2I �a; �
 ; c/

�ˇ2B.�
 /
; � 	 .nC 1/=2:

Then we have for � � .nC 1/=2 that

�
D.z; �=2I k; �; c/
�ˇ1CnjpjinjpjA.�/

	

D D.z; �=2I k; �
 ; c/
�ˇ1CnjpjinjpjA.�
 /

; p D .k � �a/=2 2 Z
a;

and for � 	 .nC 1/=2 that

�
D.z; �=2I k; �; c/
�ˇ2CnjpjinjpjB.�/

	

D D.z; �=2I k; �
 ; c/
�ˇ2CnjpjinjpjB.�
 /

; �DnC1�� pD .k��a/=2 2 Z
a;

We will be interested in algebraicity statements of the Eisenstein series of weight
sufficient large it is enough to study the effect of the action of the Galois group of
the full rank coefficients. More precisely we have the following lemma.

Lemma 2. Let f .z/ DP
h2S c.h/ena.hz/ 2 Mka.Q

ab/ with k � n=2. Assume that
for an element 
 2 Gal.Qab=Q/ we have c.h/
 D ac.h/ for all h with det.h/ ¤ 0

for some a 2 C. Then c.h/
 D ac.h/ for all h 2 S . In particular f 
 D af .

Proof. We obviously have f 
 2 Mka.Qab/. We consider g WD af � f 
 2
Mka.Qab/. We note that the form g has non-zero Fourier coefficients only for h 2 S
with det.h/ D 0. But then by Shimura (2000, Proposition 6.16) we have that g D 0.

ut
We now want to consider the action of Gal.Qab=Q/ on the Eisenstein series.

We first consider the holomorphic ones. That is, we consider the following two
Eisenstein series

1. D.z; k=2I ka; �; c/ 2 �ˇMka.Qab/ for k � nC1
2

,
2. D.z; �=2I ka; �; c/ 2 �ˇMka.Qab/ for k WD nC 1 � � and � 	 nC1

2
,

where ˇ is determined by Theorem 1. Note here that we take the field of definition
to be Qab, i.e. the extension ˚ does not appear. For this we refer to Shimura (2000,
Theorem 17.7).

In the following lemma we collect some properties that we will need concerning
the functions�.y; hI˛; ˇ/ DQv2a .y; hI˛; ˇ/.
Lemma 3. Let h 2 S with det.h/ ¤ 0 and y 2 SaC.R/. Then we have for k 2 1

2
Z

we have

�.y; hI k; 0/ D 2d.1�.nC1/=2/i�dnk.2�/dnk�n.k/
�dN.det.h//k�.nC1/=2en.iyh/

and for � WD nC 1 � k we have
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�.y; hI .nC 1/=2; .�� k/=2/ D i�nk2�.dn.��k//=2�dn.nC1/=2�n.
nC 1
2

/�d�
Y

v2a

det.yv/
�. ��k2 /en.iyh/

Proof. The first statement is in Shimura (2000, Equation 17.12). For the second we
have�.y; hI .nC1/=2; �=2�k=2/ DQv2a .yv; hvI .nC1/=2; �=2�k=2/, where
the function .�/ is given in Shimura (2000, page 140). By Shimura (1982, Equa-
tion 4.35K) we have that !.2�yv; hvI .nC1/=2; �=2�k=2/ D 2�n.nC1/=2ev.iyvhv/.
We conclude that

.yv; hvI .nC 1/=2; �=2� k=2/ D i�nk2�.n.��k//=2�n.nC1/=2�n.
nC 1
2

/�1�

det.yv/
�. ��k2 /ev.iyvhv/;

where we have used the fact that ı�.hvyv/ D 1 (the product of the negative
eigenvalues of hvyv). Indeed we have that ı�.hvyv/ D ı�.y1=2v hv

ty
1=2
v /. But the last

quantity has the same number of negative eigenvalues as the matrix hv, but hv > 0.
ut

We will need the following Theorem (for a proof see Shimura 1997, Theorem
A6.5).

Theorem 2. Let F be a totally real field, and let  be a Hecke character of F with

 a.b/ DQv2a

�
bvjbv j
�k

, with 0 < k 2 Z. For any integral ideal c of F put

Pc.k;  / WD g. /�1.2�i/�kdjDF j1=2Lc.k;  /;

where d D ŒF W Q� and g. / is a Gauss sum (defined Shimura 1997, page 240).
Then Pc.k;  / 2 Q. / and for every 
 2 Gal.Q. /=Q/ we have

Pc.k;  /

 D Pc.k;  


 /:

We also summarize in the following lemma some more properties of Gauss sums.

Lemma 4. Let � and  be two finite order Hecke characters of F and 
 2
Gal.Qab=Q/ we have

1. g.�/
 D ��.qg/�1g.�
/ where 0 < q 2 Z so that e.1=N.f//
 D e.q=N.f// ,
where f denotes the conductor of �.

2.
�

g.� /
g.�/g. /

�
 D g.�
 
 /
g.�
 /g. 
 / .

3. If � is a quadratic character then g.�/ D imN.f/1=2 where m is the number of
Archimedean primes where �v ¤ 1.
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We remark here that if we pick an element t 2 Z
�
h so that eŒt;Q�h D eh.t

�1x/ for
x 2 Q=Z then we have that we can pick the q 2 Z above so that rtp � 1 2 N.f/Zp
for every prime p. Then we also obtain that ��.qq/ D �f.t/.

3.3 Eisenstein Series of Integral Weight

We first consider the integral weight case. As we mentioned in the introduction these
results can be found in a slightly different form in the book of Feit (1986). We also
mention that results of this kind have been obtained by Siegel, Harris, and Sturm,
at least in the absolute convergence case. For completeness, and because of some
notation and normalization issues, we partly reproduce these results here.
We start with the following proposition.

Proposition 4. For the Eisenstein series

D.z; k=2I ka; �; c/ D Lc.k; �/

Œn=2�Y

iD1
Lc.2k � 2i; �2/E.z; k=2I ka; �; c/

with k � nC1
2

we have that ��ˇD.z; k=2I ka; �; c/ 2 Mka.Qab/ and for all 
 2
Gal.Qab=Q/ we have that

�
D.z; k=2I ka; �; c/

�ˇP.�/

	

D D.z; k=2I ka; �
 ; c/

�ˇP.�
/
; 
 2 Gal.Qab=Q/;

where ˇ D kdCPŒn=2�
iD1 .2k � 2i/ and P.�/ WD g.�/.i/kd

jDF j1=2

�QŒn=2�
iD1 .i/

.2k�2i/d
�

g.�2Œn=2�/

jDF jb.n/ , with
b.n/ D 1=2 if Œn=2� odd and 1 otherwise.

Proof. We observe that we have that 2k � 2i > 0 for all i D 1 : : : Œn=2�. By

definition we have that �a.b/ DQv2a

�
bvjbvj
�k

. By Theorem 2 above we have for

A.�/ WD jDF j1=2Lc.k; �/

g.�/.2�i/kd

Œn=2�Y

iD1

jDF j1=2Lc.2k � 2i; �2/
g.�2/.2�i/.2k�2i/d

2 Qab

and for all 
 2 Gal.Qab=Q/ we have A.�/
 D A.�
 /. Using Lemma 4 we may
define the quantity

B.�/ D jDF j1=2Lc.k; �/

g.�/.2�i/kd

0

@
Œn=2�Y

iD1

Lc.2k � 2i; �2/
.2�i/.2k�2i/d

1

A
jDF jb.n/
g.�2Œn=2�/

;
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where b.n/ D 1=2 if Œn=2� is odd and 1 otherwise. Then we have B.�/
 D B.�
 /.
By Feit (1986, Theorem 15.1) we have E.z; k=2I ka; �; c/
 D E.z; k=2I ka; �
 ; c/
for all 
 2 Gal.Q.�/=Q/. In particular we conclude that

�
D.z; k=2I ka; �; c/

�ˇP.�/

	

D D.z; k=2I ka; �
 ; c/

�ˇP.�
/
; 
 2 Gal.Qab=Q/;

where ˇ D kdCPŒn=2�
iD1 .2k � 2i/ and P.�/ WD g.�/.i/kd

jDF j1=2

�QŒn=2�
iD1 .i/

.2k�2i/d
�

g.�2Œn=2�/

jDF jb.n/ . ut
Now we turn to the Eisenstein series

D.z; �=2I ka; �; c/ D Lc.�; �/

Œn=2�Y

iD1
Lc.2� � 2i; �2/E.z; �=2I ka; �; c/;

and

D�.z; �=2I ka; �; c/ D Lc.�; �/

Œn=2�Y

iD1
Lc.2� � 2i; �2/E�.z; �=2I ka; �; c/;

where we take � 	 nC1
2

, and k D nC 1 � �.
We now prove

Lemma 5. Let ˇ 2 N as in Theorem 1 so that ��ˇD.z; �=2I ka; �; c/ 2
Mka.Qab/. Then we have that also ��ˇD�.z; �=2I ka; �; c/ 2Mka.Qab/. Moreover
for every 
 2 Gal.Qab=Q/ we have the reciprocity law

�
D�.z; �=2I ka; �; c/

�ˇi�dnkjDF j�n�C3n.nC1/=4
	

D D�.z; �=2I ka; �
 ; c/
�ˇi�dnkjDF j�n�C3n.nC1/=4 :

Proof. The first statement i.e. that ��ˇD�.z; �=2I ka; �; c/ 2 Mka.Qab/

follows from Shimura (2000, Lemma 10.10). Moreover by Lemma 2 it is
enough to establish the action of Gal.Qab=Q/ on the full rank coefficients. By
Proposition 2 and Lemma 3 we have that the hth Fourier coefficient c.h; �/ of
��ˇD�.z; �=2I ka; �; c/ with det.h/ ¤ 0 is equal to

i�dnk2�.dn.��k//=2
nY

jD0
� .
nC 1
2
� j=2/�d jDF j�n�C3n.nC1/=4N.bc/�n.nC1/=2�

Y

v2c

fh;v .�.�v/j�vj�/ �
�
Lc.�� n=2; ��h/; n even ;
1; n odd.



148 T. Bouganis

If n is odd we have

�
c.h; �/

i�dnkjDF j�n�C3n.nC1/=4
	

D c.h; �
 /

i�dnkjDF j�n�C3n.nC1/=4 :

Now we take n D 2m even. The character ��h has infinity type .��h/a.b/ D
Q

v2a

�
bvjbvj
�1��Cm

since the character �h is the non-trivial character of the extension

F.c1=2/=F with c WD .�1/mdet.2h/ and det.h/ >> 0 as h is positive definite
for all real embeddings of F . Since 1 � � C m > 0 we have by Shimura (2000,
Theorem 18.12) that L.1 � .1 � �Cm/; .��h/
 / D L.1 � .1 � �Cm/; .��h//

for all 
 2 Gal.Qab=Q/. Hence we conclude also in the case of n even that

�
c.h; �/

i�dnkjDF j�n�C3n.nC1/=4
	

D c.h; �
 /

i�dnkjDF j�n�C3n.nC1/=4 :ut

We now prove the following lemma

Lemma 6. Assume that .��ˇD�.z; �=2I ka; �; c//
 D a��ˇD�.z; �=2I ka; �
 ; c/
for 
 2 Gal.Qab=Q/ a 2 Q

�
ab. Then

.��ˇD.z; �=2I ka; �; c//
 D b��ˇD.z; �=2I ka; �
 ; c/

where b D �.qg/�na, where 0 < q 2 Z such that e.1=N.c//
 D e.q=N.c//.
Proof. We use an argument due to Feit (1986) and Sturm (1981, Lemma 5) first
introduced by Shimura in the case of n D 1. We will need the reciprocity law of
the action of the group GC �Gal.Q=Q/ defined by Shimura (2000, Theorem 10.2).
We use the notation of Shimura in this theorem. Let t be an idele of F and as in

Shimura we define {.t/ WD
�
1 0

0 t�1
	

. For a 
 2 Gal.Qab=Q/ we define the element

.{.t/; 
/ 2 GC�Gal.Q=Q/where t 2 Z
�
h corresponds to 
 by class field theory and

we extend 
 to an element of the absolute Galois group. Moreover we may consider
also �h 2 Sp

A
as an element of GC�Gal.Q=Q/ by taking .�h; 1/. Then we have that

.{.t/; 
/.�h; 1/.{.t
�1/; 
�1/.��1h ; 1/ D

��
t 0

0 t�1
	

; 1

	

In particular we have

��ˇD.z; �=2I ka; �; c/.{.t/;
/.�h;1/.{.t
�1/;
�1/.��1h ;1/ D

��ˇD.z; �=2I ka; �; c/jk
�
t 0

0 t�1
	

D �c.t/n��ˇD.z; �=2I ka; �; c/
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But then

.��ˇD.z; �=2I ka; �; c//
 D ��ˇD.z; �=2I ka; �; c/.{.t/;
/ D

��ˇD.z; �=2I ka; �; c/.{.t/;
/.�h;1/.{.t
�1/;
�1/.��1h ;1/.�h;1/.{.t /;
/.�

�1
h ;1/ D

�c.t/
n
��
��ˇD.z; �=2I ka; �; c/jk.�h

�
�jk��1h /D�c.t/na��ˇD.z; �=2I ka; �
 ; c/:
(4)
ut

We can now establish the following corollary

Corollary 1. For the Eisenstein series D.z; �=2I ka; �;D/ we have

�
D.z; �=2I ka; �; c/

�ˇg.�n/i�dnkjDF j�n�C3n.nC1/=4
	

D D.z; �=2I ka; �
 ; c/
�ˇg..�n/
 /i�dnkjDF j�n�C3n.nC1/=4 ;

for all 
 2 Gal.Qab=Q/.

Proof. This follows immediately by combining Lemma 4 ((i) and (ii)), and the last
two lemmas. ut

3.4 Eisenstein Series of Half Integral Weight

Now we consider the case of half-integral weight. We will need the theta series
�.z/ WD P

a2gn ea.
taza=2/ 2 M 1

2 a.Q; �/, where the quadratic character � of � � is

defined by h	 .z/ D �.	/j a
	 .z/ for 	 2 � � . Note that this is the series �F defined

in Shimura (2000, page 39, Equation 6.16) by taking in the equation there, using
Shimura’s notation, u D 0 and � the characteristic function of gn � F n. Note in
particular that since we are taking u D 0 we have that �F D �F . In particular
Theorem 6.8 in (loc. cit.) gives the properties of the series � . We now prove the
following lemma.

Lemma 7. For the theta series �.z/ and for 
 2 Gal.Q=Q/ we have that

�
� j 1

2a
�h

�
 j 1
2 a�
�1
h D �

Proof. This follows immediately after observing that �h 2 C� and from Theo-
rem 6.8 (4) in Shimura (2000). Indeed since � is invariant under � � D G \ C� we
have that � j 1

2 a�h D � 1
2 a�
�1
h D � . Since � 2M 1

2 a.Q/, we conclude the proof. ut
Proposition 5. Let � be equal to k or �. Let ˇ.�/ 2 N so that

��ˇ.�/D�.z; �=2I ka; �; c/ 2Mka.Qab/:
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Let 
 2 Gal.Qab=Q) and assume

�
��ˇ.�/D�.z; �=2I ka; �; c/

�
 D ˛.�/��ˇ.�/D�.z; �=2I ka; �
 ; c/; k D nC1��;

for some ˛.�/ 2 Q
�

. Then we have ��ˇ.�/D.z; �=2I ka; �; c/ 2Mka.Qab/ and

�
��ˇ.�/D.z; �=2I ka; �; c/

�
 D ˇ��ˇ.�/D.z; �=2I ka; �
 ; c/

where ˇ D .��/c.t/n˛.�/.
Proof. The fact that ��ˇ.�/D.z; �=2I ka; �; c/ 2 Mk.Qab/ follows from Shimura
(2000, Lemma 10.10). The rest of the proof was inspired by the proof of The-
orem 10.7 in Shimura (2000). We write D.�; �/ for ��ˇ.�/D.z; �=2I ka; �; c/.
Let k0 D k C 1

2
2 Z. Then we note that �D.�; �/ 2 Mk0a.Qab/ and for a


 2 Gal.Qab=Q/ we have �D.�; �/
 D .�D.�; �//
 . Since �D.�/ is of integral
weight we can apply the reciprocity-laws as before. Writing t 2 Z

�
h corresponding

to 
 we have

.�D.�; �//
 D .�D.�; �//..{.t/;
/.�h;1/.{.t
�1/;
�1/.��1h ;1//..�h;1/.{.t /
/.�

�1
h ;1//

D
�

.�D.�; �//jk0
�
t 0

0 t�1
		.�h;1/.{.t /;
/.�

�1
h ;1/

D .��/c.t/n ..�D.�/jk0a�h/

 /k0a �

�1
h D

.��/c.t/
n
�
�.�0/

�
� j 1

2 a�h

�

.D.�; �/jka�h/



�
jk0a��1h D

�.�0/�.�0/
�1
��
� j 1

2 a�h

�
 j 1
2 a�
�1
h

� �
.D.�; �/jka�h/



� jka�

�1
h D

.��/c.t/
n˛.�/�D.�
 ; �/:

For the element �0 we refer to Shimura (2000, page 132). The last equation follows
from the last Lemma. However the previous equations deserve a comment. Note
that for f1; f2 2M 1

2 a and 	 2 � � we have that .f1f2/ja	 D �.	/.f1j 1
2 a	/.f2j 12 a	/

since h	.z/2 D �.	/j a
	 .z/.

So we obtain that �D.�; �/
 D .��/c.t/
�n˛�D.�
 /. Since � is not a zero

divisor in the formal ring of the Fourier-expansion (see Shimura 2000, page 74)
we conclude the proof. ut

We now establish also in the case of half-integral weight that

Proposition 6. Let ˇ1 2 N so that ��ˇ1D�.z; k=2I ka; �; c/ 2 Mka.Qab/. Let

 2 Gal.Qab=Q/ Then for n even we have
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�
��ˇ1D�.z; k=2I ka; �; c/
i�dnkC jDF jnk=2C3n.nC1/=4

	


D ��ˇ1D�.z; k=2I ka; �
 /
i�dnkC jDF jnk=2C3n.nC1/=4

and for n odd

�
��ˇ1D�.z; k=2I ka; �; c/

i�dnkC jDF jnk=2C3n.nC1/=4g.�/jDF j1=2.2i/�.k�n/db.Œn=2�/
	


D

��ˇ1D�.z; k=2I ka; �
 /
i�dnkC jDF jnk=2C3n.nC1/=4g.�
/jDF j1=2.2i/�.k�n/db.Œn=2�/ ;

where b.m/ D id if m is m is odd and 1 otherwise.
Let now ˇ2 2 N so that ��ˇ2D�.z; �=2I ka; �; c/ 2Mka.Qab/. Then we have

�
��ˇ2D�.z; �=2I ka; �; c/

i�dnkC jDF j�n.nC1�k/C3n.nC1/=4
	


D ��ˇ2D�.z; �=2I ka; �
 ; c/
i�dnkC jDF j�n.nC1�k/C3n.nC1/=4 ;

where k D nC 1 � �.

Proof. Arguing as before, it is enough to consider the action of 
 on the full rank
coefficients. We consider an h with det.h/ ¤ 0. Then we have that the hth Fourier
coefficient c.h; �/ of ��ˇ1D�.z; k=2I ka; �; c/ is equal to

2d.nkC1�.nC1/=2/i�dnk

0

@
n�1Y

jD0

� .k � j=2/
1

A

�d

N.det.h//k�.nC1/=2C jDF jnk=2C3n.nC1/=4�

N.bc/�n.nC1/=2
Y

v2c

fh;v
�
�.�v/j�vjkC1=2

��
�
��d.k�n=2/Lc.k � n=2; ��h/; n odd ;
1; n even.

We now note that if n is even we have that k � .n C 1/=2 2 Z and hence
N.det.h//k�.nC1/=2 2 Q

�. Then we conclude that

�
c.h; �/

i�dnkC jDF jnk=2C3n.nC1/=4
	

D c.h; �
 /

i�dnkC jDF jnk=2C3n.nC1/=4 :

In the case where n is odd we have that

Pc.k � n=2; ��h/
 D Pc.k � n=2; �
�h/; 8
 2 Gal.Qab=Q/;

with

Pc.k � n=2; ��h/ WD g.��h/�1.2�i/�.k�n=2/d jDF j1=2Lc.k � n=2; ��h/
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We have g.��h/


g.�
 �h/
D g.�/
g.�h/


g.�
 /g.�h/
. Moreover we have that

g.�h/


g.�h/
D
8
<

:

p
N.2det.h//




p
N.2det.h//

; if Œn=2� even;
�
i


i

�d pN.2det.h//



p
N.2det.h//

; otherwise.

In particular since det.h/ 2 FC we have

�p
N.2det.h//�1g.�h/

�


p
N.2det.h//�1g.�h/

D
(
1; if Œn=2� even;
�
i


i

�d
; otherwise.

For n odd we have that k � .nC 1/=2 is half integral. Hence we conclude that

�
c.h; �/

i�dnkC jDF jnk=2C3n.nC1/=4g.�/jDF j1=2.2i/�.k�n/db.Œn=2�/
	

D

c.h; �
 /

i�dnkC jDF jnk=2C3n.nC1/=4g.�
/jDF j1=2.2i/�.k�n/db.Œn=2�/ ;

where b.i/ D id if Œn=2� odd and 1 otherwise.
Now we turn to the Eisenstein seriesD�.z; �=2I ka; �; c/. The Fourier coefficient

c.h; �/ of ��ˇ2D�.z; �=2I ka; �; c/ for det.h/ ¤ 0 is equal to

i�dnk2�dn.��k/=2C jDF j�n.nC1�k/C3n.nC1/=4
n�1Y

jD0
� .
nC 1
2
�j=2/�dN.bc/�n.nC1/=2�

Y

v2c

fh;v
�
�.�v/j�vjnC1�kC1=2

� �
�
Lc.n=2C 1 � k; ��h/; n odd ;
1; n even.

Since we are taking k � nC1
2

we have that Lc.n=2C 1 � k; ��h/ 2 Q. Hence after
observing that nC 1 � k C 1=2 2 Z we conclude that

�
c.h; �/

i�dnkC jDF j�n.nC1�k/C3n.nC1/=4
	

D c.h; �
 /

i�dnkC jDF j�n.nC1�k/C3n.nC1/=4 ut

We can now conclude

Proposition 7. Let ˇ1 2 N so that ��ˇ1D.z; k=2I ka; �; c/ 2 Mka.Qab/. Let 
 2
Gal.Qab=Q/ Then for n even we have

�
��ˇ1D.z; k=2I ka; �; c/

g.��/ni�dnkC jDF jnk=2C3n.nC1/=4
	


D ��ˇ1D.z; k=2I ka; �
 /
g.�
�/ni�dnkC jDF jnk=2C3n.nC1/=4
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and for n odd

�
��ˇ1D.z; k=2I ka; �; c/

g..��/n/i�dnkC jDF jnk=2C3n.nC1/=4g.�/jDF j1=2.2i/�.k�n/db.Œn=2�/
	


D

��ˇ1D.z; k=2I ka; �
 /
g..�n/
�/i�dnkC jDF jnk=2C3n.nC1/=4g.�
/jDF j1=2.2i/�.k�n/db.Œn=2�/ ;

where b.m/ D id if m is m is odd and 1 otherwise.
Let now ˇ2 2 N so that ��ˇ2D�.z; �=2I ka; �; c/ 2Mka.Qab/. Then we have

�
��ˇ2D.z; �=2I ka; �; c/

g.��n/i�dnkC jDF j�n.nC1�k/C3n.nC1/=4
	


D

��ˇ2D.z; �=2I ka; �
 ; c/
g...��/n/
 /i�dnkC jDF j�n.nC1�k/C3n.nC1/=4 ;

We now remark that the above proposition and Lemma 1 give a complete
description of the reciprocity laws of the Eisenstein series which we are considering.
We summarize all the above in the following Theorem.

Theorem 3. Let k 2 1
2
Z

a with kv � .nC 1/=2 for every v 2 a. Let � 2 1
2
Z such

that nC 1� kv 	 � 	 kv and j�� .nC 1/=2jC .nC 1/=2� kv 2 2Z for all v 2 a.
Then with a ˇ 2 N as in Theorem 1 we have

��ˇD.z; �=2I k; �; c/ 2 Nr
k.˚Qab/;

and for every 
 2 Gal.˚Qab=˚/ we have

�
��ˇD.z; �=2I k; �; c/

!.�/

	


D ��ˇD.z; �=2I k; �
 ; c/
!.�
 /

;

where !.�/ is given as follows:

1. If k 2 Z
a, � � .nC 1/=2:

!.�/ D injpjg.�/i�dC2�Œn=2��Œn=2�.Œn=2�C1/d jDF j�b.n/g.�2Œn=2�/;

where p WD .k��a/
2

and b.n/ D 0 if Œn=2� odd and 1=2 otherwise.
2. If k 2 Z

a, � < .nC 1/=2:

!.�/ D injpjg.�n/i�dn� jDF j�n�C3n.nC1/=4;

where � WD nC 1 � � and p WD k��a
2

.
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3. If k 62 Z
a and � � .nC 1/=2:

a. If n is even

!.�/ D injpjg.�n/i�dnkC jDF jnk=2C3n.nC1/=4;

b. If n is odd

!.�/D injpjg.�n�/i�dnkC jDF jn�=2C3n.nC1/=4g.�/jDF j1=2.2i/�.��n/d b.Œn=2�/;

where p WD .k��a/
2

and b.m/ D id if m is m is odd and 1 otherwise and

4. If k 62 Z
a and � < .nC 1/=2:

!.�/ D injpjg.��/ni�dn�C jDF j�n.nC1��/C3n.nC1/=4;

where � WD nC 1 � � and p WD k��a
2

.

In particular we have that

��ˇD.z; �=2I k; �; c/
!.�/

2 Nr
k.˚.�//;

where ˚.�/ is the finite extension of ˚ obtained by adjoining the values of the
character �.

4 The L-Function Attached to a Siegel Modular Form

We start by discussing the Hecke algebras that we consider in this work. We follow
closely Chapter V in Shimura (2000). As before we fix a fractional ideal b of F and
an integral ideal c. We write C for DŒb�1; bc� Moreover we define

ED
Y

v2h

GLn.gv/; BDfx 2 GLn.F /hjx � gg; XDCQC; QDfdiagŒ Or; r�jr 2 Bg:

We write R.C;X/ for the Hecke algebra corresponding to the pair .C;X/ and
for every place v 2 h we write R.Cv;Xv/ for the local Hecke algebra at v and
hence R.C;X/ DNv R.Cv;Xv/. We now consider the formal Dirichlet series with
coefficients in the global Hecke algebra defined by T D P

CnX=C C C Œ�b./� and
its local version at v 2 h defined as Tv D P

CvnXv=Cv
CvCvŒ�b./�. Here �b./ is

defined by det.q/g where q 2 B such that  2 DŒb�1; b�diagŒq�1; q��DŒb�1; b�. We
have that T D Q

v Tv. Moreover if we define for an integral g-ideal a the elements
T .a/ 2 R.C;X/ and Tv.a/ 2 R.Cv;Xv/ for v 2 h by
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T .a/ D
X

2X;�b./Da

CC; Tv.a/ D
X

2Xv;�b./Da

CvCv

then we have that T D P
a T .a/Œa�. For an element f 2 Mk.C; / we have an

action of the Hecke algebra R.C; / (see Shimura 1997). We denote this action by
fjCC for an element CC 2 R.C; /. Assume now that for such an f ¤ 0 we
have f jT .a/ D �.a/f with �.a/ 2 C for all integral g-ideals. Then Shimura shows
see (Shimura 2000, page 171) that there exists �v;i 2 C such that

L �
X

a

�.a/Œa� D
Y

v2h

Zv;

where the factorsZv are given by

ZvD
(
.1 �N.p/nŒp�/�1Qn

iD1

�
.1 �N.p/n�v;i Œp�/.1 �N.p/n��1v;i Œp�/

��1
; if v − c;

Qn
iD1.1 �N.p/n�v;i Œp�/

�1; otherwise.

and L WD Q
p−c.1 � Œp�/

Qn
iD1

�
1 �N.p/2i Œp�2��1, where the product is over the

prime g-ideals prime to c. For a Hecke character � of F of conductor f we put

Z.s; f; �/ WD
Y

v2h

Zv
�
��.q/N.q/�s

�
; (5)

where Zv .�
�.q/N.q/�s/ is obtained from Zv by substituting ��.p/N.p/�s for Œp�.

We will need another L-function which we will denote by Z0.s; f; �/ and we define
by

Z0.s; f; �/ WD
Y

v2h

Zv
�
��.q/. = c/.�q/N.q/

�s� ; (6)

where �q a uniformizer of Fq. We note here that we may obtain the first from the
second up to a finite number of Euler factors by setting � �1 for �.

5 The Rankin-Selberg Method

We now explain the integral representation of the zeta function introduced above
due to Shimura. Everything in this section is taken from Shimura (2000, paragraph
20 and 22) as well as Shimura (1994).

We write L for the set of all g-lattices in F n
1 . We setL0 WD gn1 and we remark that

for an element L 2 L we can find an element y 2 GLn.F /h such that L D yL0.
For an element � 2 S we define

L� WD fL 2 Lj`��` 2 bd
�1; 8` 2 Lg:
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Let f 2 Mk.C; /, � 2 SC and q 2 GLn.F /h. Following Shimura we define the
following two formal Dirichlet series

D.�; qI f/ WD
X

x2B=E
 c.det.qx//jdet.x/j�n�1F c.�; qxI f/Œdet.x/g�; (7)

and

D0.�; qI f/ WD
X

x2B=E
 .det.qx//jdet.x/j�n�1F c.�; qxI f/Œdet.x/g�: (8)

We note that the second is obtained from the first one by setting . = c/.t/Œtg� for
Œtg�, t 2 F �h in D.�; qI f/ and multiplying by . = c/.det.q//. We define the series

L0 D
Y

v−c

0

@
Œ.nC1/=2�Y

iD1
.1 �N.p/2nC2�2i Œp�2/

1

A

�1

:

Then we have see (Shimura 2000, Theorem 20.9).

Theorem 4 (Shimura). Let 0 ¤ f 2 Mk.C; / and such that fjT .a/ D �.a/f for
every a. Then for � 2 SC \ GLn.F / and L D qL0 with q 2 GLn.F /h we have

D.�; qI f/L0
Y

v2b

gvŒp�
Y

v−c
hv.Œp�/

�1 D

Y

v2h

Zv

X

L<M2L�

�.M=L/ c.det.y//Œdet.q� Oyg�c.�; yI f/:

Assume now that kv � n=2 for some v 2 a. Then there exists � 2 SC\GLn.F / and
r 2 GLn.F /h such that

0 ¤  c.det.r//cf.�; r/
Y

v2h

Zv D D.�; r I f/ � L0
Y

v−c
hv.Œp�/

�1 �
Y

v2b

gv.Œp�/:

For the definitions of gv.�/ and hv.�/we refer to Shimura (2000). Now given a Hecke
character � of F , � 2 SC and r 2 GLn.F /h we define a Dirichlet series as follows:

D0r;� .s; f; �/ WD
X

B=E

 .det.rx//��.det.x/g/cf.�; rx/jdet.x/js�n�1F : (9)

This series is obtained from the series in Eq. 8 by putting ��.tg/jtgjsF for Œtg�. In
particular we have the equation
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D0r;� .s; f; �/�c

�
2s � n
4

	Y

v2b

gv.�. = c/.�v/j�vjs/ D (10)

Z0.s; f; �/. = c/
2.det.r//�

X

L<M2L�

�.M=L/. 2c = /.det.y//��.det.r� Oy/g/jdet.r� OyjsF c.�; yI f/;

where for an integral ideal a we write

�a.s/ D
8
<

:

La.2s; �� �/
Qn=2
iD1 La.4s � 2i;  2�2/; if n is even;

Q.nC1/=2
iD1 La.4s � 2i C 1;  2�2/; n is odd.

;

Given � as above we write f for the conductor of �. We define t 0 2 Za by

. �/a.x/ D x�t 0a jxajt 0 :

and � 2 Za by the conditions 0 	 �v 	 1 for all v 2 a and � � Œk� � t 0 2 2Za.
We now define a weight l and a Hecke character 0 of F by l D �C .n=2/a and

 0 D ��1�� , where �� is the Hecke character of F corresponding to the extension
F.c

1
2 /=F with c WD .�1/Œn=2�det.2�/. Let us write �� 2 Ml .C

0;  0/ for the theta
series associated to the data .��1; �; �; r/ in Sect. 2. Write C 0 D DŒb0�1; b0c0�g and
define e WD bC b0. Then we have (see Shimura 1994, page 572),

Theorem 5 (Shimura).

.4�/�n.suC.kCl/=2/.
p
DFN.e/

�1/n.nC1/=2
Y

v2a

�n.s C .kv C lv/=2/D0r;�

� .2s C 3n=2C 1I f; �/ D

jdet.r/j�2s�n=2F det.�/C.kC�Cnu=2/=2Csu�
Z

˚

f .z/��.z/E.z; Ns C .nC 1/=2; k � l; � ��� ; � 0/ı.z/kd z;

where ˚ WD H=� 0 and � 0 WD G \ DŒe�1; eh�, where h D e�1.bc \ b0c0/. here
� D 1 if n is even and it is the non-trivial character of F..�1/ n2 /=F otherwise.

In particular using the Eq. 10 we obtain
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Theorem 6 (Shimura).

Z0.s; f; �/
Y

v2a

�n

�
s � n � 1C kv C �v

2

	

�

. = c/
2.det.r//

X

L<M2L�

�.M=L/. 2c = /.det.y//��

� .det.r� Oy/g/jdet.r� Oy/jsF c.�; yI f/ D
�
D
�1=2
F N.e/

�n.nC1/=2
.4�/njjs0uC�jjdet.�/s

0uC�jdet.r/jnC1�sA �
Y

v2b

gv.. = c/.�v/�
�.�vg/j�vjs/.�c=�h/

� ..2s � n/=4/vol.˚/ < f; ��D..2s � n/=4/ >� 0 ;

where s0 D .2s � 3n� 2/=4 and for an integral ideal a of F ,

�a.s/ D
(
La.2s; �� �/

Qn=2
iD1 La.4s � 2i;  2�2/; if n is even;

Q.nC1/=2
iD1 La.4s � 2i C 1;  2�2/; n is odd.

;

and

D.s/ D �h.s/E.z; NsI k � l; �; �� �; � 0/:

We have normalized the Petersson inner product as follows

< f; ��D..2s � n/=4/ >� 0D 1

vol.˚/

Z

˚

f .z/��.z/D.z; .2s � n/=4/ı.z/kd z:

In particular there exists .�; r/ with c.�; r I f/ ¤ 0 such that

Z0.s; f; �/
Y

v2a

�n

�
s � n � 1C kv C �v

2

	

 c.det.r//c.�; r I f/ D (11)

�
D
�1=2
F N.e/

�n.nC1/=2
.4�/njjs0uC�jjdet.�/s

0uC�jdet.r/jnC1�sA �
Y

v2b

gv.. = c/.�v/�
�.�vg/j�vjs/.�c=�h/

� ..2s � n/=4/vol.˚/ < f; ��D..2s � n/=4/ >� 0 :

We note here that vol.˚/ 2 �n.nC1/=2Q�.
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6 Petersson Inner Products and Periods

In this section we define some Archimedean periods that we will use to normalize
the special values of the function Z0.s; f;  /. The idea of defining these periods
is due to Sturm (1981) (building on previous work of Shimura), who considered
the case of n even and F D Q. However one should notice also the difference on
the bounds of the weights that we impose. In what it follows we will call a Hecke
operator T .a/, relative to the group C D DŒb�1; bc�, as “good” if a is prime to c

Theorem 7. Let f 2 Sk.c;  / be an eigenform for all the “good” Hecke operators
of C . Let ˚ be the Galois closure of F over Q and write � for extension of ˚
generated by the eigenvalues of f and their complex conjugation . Assume m0 WD
minv.kv/ > Œ3n=2 C 1� C 2. Then there exists a period ˝f such that for any g 2
Sk.Q/ we have

�
< f; g >
˝f

	

D < f
 ; g


0

>

˝f

;

for all 
 2 Gal.Q=˚/, where 
 0 D �
�. Moreover ˝f depends only on the
eigenvalues of f and we have <f;f>

˝f
2 ��.

Remark 1. As we remarked above, a theorem of this form has been firstly proved
by Sturm (1981), when F D Q and n is even. A similar theorem appears also in
the work of Panchishkin (1991). It is also important to notice that in Panchishkin’s
theorem one can take also g not cuspidal. However for this he has to take the weight
big enough in order to be in the range of absolute convergent for the Eisenstein
series (see the Theorems after the proof). Our proof is modelled on that of Sturm
(1981, Theorem 3) and of Shimura (2000, Theorem 28.5). Maybe one should here
remark that one of the differences with the proof here in comparison with the one of
Sturm is that we use the identity (10) and not the Andrianov-Kalinin identity used
by Sturm. Finally since we are using a stronger theorem of Shimura with respect
to the absolute convergence of the function Z.s; f; �/ we also obtain better bounds
for the weights. Finally we remark the slightly larger bound on m0 than in Shimura
(2000, Theorem 28.5). The reason for this is the above mentioned problem with the
Eisenstein spectrum (i.e. separate it rationally from the cuspidal part).

Proof. We write f�.a/g for the system of the eigenvalues of f (with respect to the
“good” Hecke operators) and we define V WD fh 2 Sk.c;  /jhjT .a/ D �.a/hg.
Then as in Shimura we define V.�/ D V \ Sk.c;  I�/. By Garrett (1992) we
have that the space V.�/ is preserved by the operators T .a/. Moreover the “good”
Hecke operators generate a ring of semi-simple � -linear transformations hence we
have V D V.�/ ˝� C and Sk.C; �/ D V.�/ ˚ U, with U a vector space over �
which is stable under the action of the “good” Hecke operators. Since an eigenform
in U ˝� C which is not contained in V must be orthogonal to it we have that the
above decomposition is orthogonal with respect to the Petersson inner product.
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We now pick an integer 
0 so that 3n=2 C 1 < 
0 < m0 and m0 � 
0 62 2Z.
Note that this is always possible thanks to our assumption m0 > Œ3n=2 C 1� C 2.
Then we define � 2 Z

a by the conditions 0 	 �v 	 1 and 
0 � kv C �v 2 2Z for
all v 2 a. Our choice of 
0 implies in particular that there exists an v 2 a so that
�v ¤ 0. We put t 0 WD � � k. We now pick a quadratic character � of F so that
. �/a.x/ D xt

0

a jxaj�t 0 and of conductor f such that cjf. Note that such a character
can be obtained as the non trivial character of the quadratic extension F.

p
�/ by

picking the sign of � 2 F properly at v 2 a and � with non trivial valuation at
all primes that divide c. The existence of such a � follows from the approximation
theorem for F . As in Shimura (2000, page 236) we define l WD � C .n=2/a and
� D 
0�.n=2/. Then � � .nC1/=2 and 0 	 k�l��a 2 2Za. We consider the theta
series �� with respect to our choices of � and �. By Theorem 6, after evaluating at
s D 
0 we obtain

Z0.
0; f; �/
Y

v2a

�n

�

0 � n � 1C kv C �v

2

	

. = c/
2.det.r//�

X

L<M2L�

�.M=L/. 2c = /.det.y//��.det.r� Oy/g/jdet.r� Oy/j
0F c.�; yI f/ D

�
D
�1=2
F N.e/

�n.nC1/=2
.4�/njjs00uC�jjdet.�/s

0
0uC�jdet.r/jnC1�
0A .�c=�h/.�=2/�

Y

v2b

gv.. = c/.�v/�
�.�vg/j�vj
0/vol.˚/ < f; ��D.�=2; ��� �/ >� 0 ;

where s00 D .2
0 � 3n � 2/=4. We now note (see Shimura 2000, page 237) that

Q
v2a �n

�

0�n�1CkvC�v

2

�

vol.˚/
2 �njj k�l��a

2 jj�njjkjjCd�
Q
�

where � D n2=4 if n even and .n2 � 1/=4 otherwise. We now write ı for the

rational part of
Q

v2a �n

�

0�n�1CkvC�v

2

�

vol.˚/ . We now take ˇ 2 N so that ��ˇD.�=2/ 2
N
p

k�l .˚Qab/ with p D k�l��a
2

and we set 	 WD njj k�l��a
2
jj�njjkjjCd��njjs00uC

�jj � ˇ. We further set

B.�; ; �; r; f/ WD ı. = c/
2.det.r//�

X

L<M2L�

�.M=L/. 2c = /.det.y//��.det.r� Oy/g/jdet.r� Oy/j
0F c.�; yI f/;

and
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C.�; ; �; r/ WD .N.e//n.nC1/=2 jdet.r/jnC1�
0A �
Y

v2b

gv.. = c/.�v/�
�.�vg/j�vj
0/.�c=�h/.�=2/:

We then have for every 
 2 Gal.Q=˚/ that

B.�; ; �; r; f/
 D B.�
 ;  
 ; �; r; f
 / and C.�; ; �; r/
 D C.�
 ;  
 ; �; r/:

We now note the equalities

< f; ��D.�=2; ��� �/ >� 0D

< f; p.��D.�=2; ��� �// >� 0D< f; T r�� 0.p.��D.�=2; ��� �/// >� ;

where p W Rpk ! Sk is Shimura’s holomorphic projection operators (Shimura 2000,
Proposition 15.6) (note that ��D.�=2/ 2 R

p

k since �� is a cusp form) and T r�
� 0
W

Sk.�
0;  / ! Sk.�; / is the usual trace operator attached to the groups � 0 	 � .

Moreover, since ����ˇD.�=2/ 2 N
p

k .˚Qab/, we may consider the action of 
 2
Gal.˚Qab=˚/. Then

p.���
�ˇD.�=2; ��� �//
 D p.�
� .�

�ˇD.�=2; ��� �//
 /;

and,

T r�� 0.���
�ˇD.�=2; ��� �//
 D T r�� 0.�
�D.�=2; ��� �/
/;

where in the last equation the last trace is from the space Sk.� 0;  
 / to Sk.�
0;  
 /.

The equivariant property of the holomorphic projection operator is shown in
Proposition 15.6 of (loc. cit.) and the one of the trace is exactly as in Sturm where
he considers the case of F D Q, but the arguments is valid also for general F
since the strong approximation theorem also hold for the group Spn.F /, the essential
argument in his proof. We make this more formal in the lemma following this proof.

Keeping now the character � fixed we know that for any given f 2 V there exists
.�; r/ such that

B.�; ; �; r; f/ D ı .det.r//c.�; r I f/ ¤ 0:

We note here that the same pair .�; r/ can be used for the form f
 , as it follows from
the proof of Theorem 20.9 in Shimura (2000). As in Shimura we write G for the set
of pairs .�; r/ for which such an f exists. From the observation above the set G is the
same also for the system of eigenvalues �.a/
 , for all 
 2 Gal.Q=˚/. In particular
for such an .�; r/
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0 ¤ �	Z0.
0; f; �/ı .det.r//c.�; r I f/ D (12)

�
D
�1=2
F N.e/

�n.nC1/=2
.4/njjs00uC�jjdet.�/s

0
0uC�jdet.r/jnC1�
0A �

Y

v2b

gv.. = c/.�v/�
�.�vg/j�vj
0/.�c=�h/.�=2/ < f; ���

�ˇD.�=2; ��� �/ >� 0 :

The fact thatZ0.
0; f; �/ ¤ 0 is in principle (Shimura 2000, Theorem 20.13). Indeed
in page 183 of (loc. cit.) Shimura first proves the non-vanishing of Z0.
0; f; �/ for
any character � with � ¤ 0, as it is the case that we consider. Further we note that
this in particular implies also that C.�; ; �; r/ ¤ 0 for all .�; r/ 2 G.

We now define an element g�;r; 2 Sk.�;  I˚Qab/ by

g�;r; D ��ˇT r�� 0
�
p.���

�ˇD.�=2; ��� �//
�
;

and define the space W to be the space generated by g�;r; for .�; r/ 2 G. We now
consider the case n even or odd separately.

The case of n even: In this case we have that � is the trivial character. We now
claim that there exists an ˝f 2 C

� such that any f 2 V and any g�;r; 

�
< f; g�;r; >

˝f

	

D < f
 ; g


0

�;r; >

˝f

;

where 
 0 D �
�. First we observe that

g

0

�;r; DT r�� 0
�
p.���

�ˇD.�=2; ��� �//
�
 0 DT r�� 0

�
p.�


0

� .�
�ˇD.�=2; ��� �//


0

/
�
D

T r�� 0

�
p.��.�

�ˇD.�=2; ��� �//

0

/
�
;

where the last equality follows from the fact that � is a quadratic character. We now
recall that D.�=2; �� �/ D D.z; �=2I k � l; �� �; � / and we have seen that

 
��ˇD.z; �=2I k � l; �� �; � /

P.�� �/

!
 0

D ��ˇD.z; �=2I k � l; �� �

0

; � /

P.�� �

 0

/
;

where P.�� �/ D injpjg.�� �/.i/�d

jDF j1=2

�QŒn=2�
iD1 .i/

.2��2i/d
�

g. 
2Œn=2�

/

jDF jb.n/ , with p D k�l��a
2

. We
conclude that

g

0

�;r; D
P.�� �/


 0

P.�� 

 0

�/
T r�� 0

�
p.���

�ˇD.�=2; ��� 

 0

�//
�
D P.�� �/


 0

P.�� 

 0

�/
g�;r; 
 :
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We set R. / WD injpj.i/�d

jDF j1=2

�QŒn=2�
iD1 .i/

.2��2i/d
�

g. 
2Œn=2�

/

jDF jb.n/ . We now consider the ratio

g.�� �/

0

g.�� 

 0

�/
D g.��/


0

g.�
 0� /
g. /


0

g. 

 0

/

g.�/

0

g.�
 0/
:

We recall that �� is the non-trivial character of the quadratic extension F.
p
c/=F

with c D .�1/Œn=2�det.2�/. Since we are considering � > 0 we have that

g.�� /

0

g.�
 0� /
D

8
<̂

:̂

p
2det.�/


0

p
2det.�/

; if Œn=2� even;
�
i

0

i

�d p
N.2det.�//


0

p
N.2det.�//

; otherwise.

Putting all these together we conclude that

g

0

�;r; D
g.�� /


0

g.�
 0� /
g. /


0

g. 

 0

/

g.�/

0

g.�
 0/
R. /


0

R. 

 0

/
g�;r; 


For any g�;r we have

.4/�njjs00uC�jjDn.nC1/=4
F �	Z0.
0; f; �/B.�; ; �; r; f/ D

det.�/s
0
0uC�C.�; ; �; r/ < f; g�;r >� :

For any .�; r/ 2 G we have seen that C.�; ; �; r/ ¤ 0. We obtain

< f; g�;r >�

.4�/�njjs00uC�jjDn.nC1/=4
F Z0.
0; f; �/

D det.�/�.s00uC�/ B.�; ; �; r; f/
C.�; ; �; r/

:

For any 
 2 Gal.Q=Q/ we have then

 
< f; g�;r; >�

.4/�njjs00uC�jjDn.nC1/=4
F �	Z0.
0; f; �/

!


D

�

det.�/�.s00uC�/ B.�; ; �; r; f/
C.�; ; �; r/

	

D

.det.�/�.s00uC�//

B.�
 ;  
 ; �; r; f
 /
C.�
 ;  
 ; �; r/

D

.det.�/�.s00uC�//


det.�/�.s00uC�/
< f
 ; g�;r; 
 >�

.4�/�njjs00uC�jjDn.nC1/=4
F Z0.
0; f
 ; �/

:
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We remark that s00uC� D 2
0�3n�2
4

uC kC�C n
2 u

2
D 
0uCkC�

2
� nC1

2
u. By our choice

of 
0 we have that 
0uC k C � 2 2Za. We obtain that .det.�/�.s
0
0uC�/

/


det.�/�.s
0
0uC�/

D .det.�/
1
2 a/


det.�/.
1
2 a/

Now we note that since det.�/ is totally positive we have

�
g.�� /


0

g.�
 0� /

	�1
.det.�/

1
2 a/


det.�/.
1
2 a/
D
8
<

:

1; if Œn=2� even;
�
i

0

i

�d
; otherwise.

We have seen that

g�;r; 
 D
 

g.��/

0

g.�
 0� /
g. /


0

g. 

 0

/

g.�/

0

g.�
 0/
R. /


0

R. 

 0

/

!�1
g

0

�;r; :

and hence

 
< f; g�;r; >�

.4/�njjs00uC�jjDn.nC1/=4
F �	Z.
0; f; �/

!


D

 
g.�� /


0

g.�
 0� /
g. /
 0

g. 

 0

/

g.�/
 0

g.�
 0/
R. /


0

R. 

 0

/

!�1
.det.�/

1
2 a/


det.�/.
1
2 a/
�

< f
 ; g

0

�;r; >�

.4/�njjs00uC�jjDn.nC1/=4
F �	Z0.
0; f
 ; �/

;

or equivalently

0

@
< f; g�;r; >�

�
g. /g.�/R. /

��1
B.n/4�njjs00uC�jjDn.nC1/=4

F �	Z0.
0; f; �/

1

A




D

< f
 ; g

0

�;r; >�
�

g. 

 0

/g.�/R. 

 0

/B.n/
��1

4�njjs00uC�jjDn.nC1/=4
F �	Z0.
0; f
 ; �/

:

where B.n/ D id if Œn=2� is odd and 1 otherwise. Hence we define

˝f WD
�
g. /g.�/R. /

��1
B.n/4�njjs00uC�jjDn.nC1/=4

F �	Z0.
0; f; �/

The case of n odd: We now repeat the considerations above but with the half-
integral weight Eisenstein series.
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�
��ˇD.z; �=2Ik � l; �� �� ; c/

g.��� ��/ninjpji�dn�C jDF jn�=2C3n.nC1/=4g.��� �/jDF j1=2.2i/�.��n/d b.Œn=2�/
	
 0

D

��ˇD.z; �=2Ik � l; .�� �� /
 /
g..�� �� /


0
�/ninjpji�dn�C jDF jn�=2C3n.nC1/=4g..�� �� /
 0/jDF j1=2.2i/�.��n/d b.Œn=2�/ ;

where b.m/ D id if m is m is odd and 1 otherwise. We set P.�� ��/ equal to

g.��� ��/ninjpji�dn�C jDF jn�=2C3n.nC1/=4g.��� �/jDF j1=2.2i/�.��n/db.Œn=2�/

and as before we have

g

0

�;r; D
P.��� �/


 0

P.��� 

 0

�/
g�;r; 
 :

We consider the ratio

�
g.��� ��/ng.��� �/

�
 0

g.��� 

 0

��/ng.��� 

 0

�/
D

 
g.�/


0

g.�/

!nC1 
g.�� /


0

g.�� /

!nC1  
g. /


0

g. 

 0

/

!nC1  
g.�/


0

g.�/

!nC1 
g.�/


0

g.�/

!n

:

Since nC 1 is even and �� ; �; � are quadratic characters we get that

 
g.�/


0

g.�/

!nC1
D
 

g.�� /

0

g.�� /

!nC1
D
 

g.�/

0

g.�/

!nC1
D 1:

We set R WD injpji�dn�C jDF jn�=2C3n.nC1/=4jDF j1=2.2i/�.��n/db.Œn=2�/, and
then we have

g

0

�;r; D
 

g. /

0

g. 

 0

/

!nC1  
g.�/


0

g.�/

!n
R

0

R
g�;r; 
 :

By the same calculations as in the case of n even, by no noticing that s00uC� 2 Z
a

we obtain For any 
 2 Gal.Q=Q/ we have then

 
< f; g�;r; >�

4�njjs00uC�jjDn.nC1/=4
F �	Z0.
0; f; �/

!


D < f
 ; g�;r; 
 >�

4�njjs00uC�jjDn.nC1/=4
F �	Z0.
0; f
 ; �/

:
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Hence we conclude

0

B
B
B
@

< f; g�;r; >�
�

g. /
nC1

g.�/
n NR
	�1

4�njjs00uC�jjDn.nC1/=4
F �	Z0.
0; f; �/

1

C
C
C
A




D

< f
 ; g�;r; 
 >�
�

g. 

 0

/
nC1

g.�/
n NR
	�1

4�njjs00uC�jjDn.nC1/=4
F �	Z0.
0; f
 ; �/

:

So for n odd we define

˝f WD
�

g. /
nC1

g.�/
n NR
	�1

4�njjs00uC�jjDn.nC1/=4
F �	Z0.
0; f; �/:

By W0 we define the space generated by the projection of W on V. By definition
W0 D V. Indeed for any element g 2 V there exists h 2W0 such that< g;h >�¤ 0,
simply by taking the projection of the corresponding g�;r to W0. So the C span of
g�;r with �; r 2 G is equal to V. Since g�;r have algebraic coefficients we have that
the Q-span is equal to V.Q/. We can now establish the theorem for any g 2 V.Q/

since after writing g D P
j cj g�j ;rj ;V 2 V.Q/, where g�j ;rj ;V is the projection of

g�j ;rj to V, we have

�
< f; g >
˝f

	

D
X

j

cj



 
< f
 ; g


0

�j ;rj ;V
>

˝f


!

D < f
 ; g

0

>

˝f


We now take any g 2 Sk.�;  IQ/. We write g D g1 C g2 with g1 2 V and
}2 2 V?. Then we have that

�
< f; g >
˝f

	

D
�
< f; g1 >
˝f

	

D < f
 ; g


0

1 >

˝f

D < f
 ; g


0

>

˝f


where the last equality follows from the fact that < f; g >D 0 implies that
< f
 ; g


0

>D 0. It is enough to show this for g an eigenform for all the good
Hecke operators in an L-packet different from that of f’s. That is, there exists an
ideal a with .a; c/ D 1 so that T .a/f D �ff and T .a/g D �gg such that �f ¤ �g.
But then we have

�
f < f
 ; g

0

>D< T .a/f
 ; g
 0 >D

< f
 ; T .a/g

0

>D< f
 ; �

0

g g

0

>D< f
 ; g

0

> �
g
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and hence we conclude that < f
 ; g

0

>D 0. Here we have used the facts that the
good Hecke operators are self adjoint with respect to the Petersson inner product,
and that their Hecke eigenvalues are totally real (for both facts see Shimura 2000,
Lemma 23.15).

Finally taking g equal to f we obtain that ˝f is equal to < f; f > up to a non-zero
element in the Galois closure of the field generated by the Fourier coefficients of f
(note that it also contains the eigenvalues). ut

We now give a proof of the equivariant property of the trace that we used in the
proof of the theorem. The proof follows the proof given by Sturm (1981, Lemma 11)
extended to the totally real field situation.

Lemma 8. With notation as in the proof of the above theorem we have for any
f 2 Sk.�

0;  IQab/

T r�� 0.f /

 D T r�� 0.f 
 /; 
 2 Gal.˚Qab=˚/:

Proof. Thanks to the strong approximation for Spn.F / we may work adelically. We
writeD andD0 for the corresponding to � and � 0 adelic groups (i.e. � D G\D).
We fix elements fgi g � Dh so that D D S

D0gi . For t 2 Z
�
h corresponding to


 jQab we note that

�
1n 0

0 t�11n

	

gi

�
1n 0

0 t1n

	

2 Spn.A/h

and hence by strong approximation we can find elements ui 2 D0 with f jui D f
(i.e.  .ui / D 1) and wi 2 Spn.F / so that

�
1n 0

0 t�11n

	

gi

�
1n 0

0 t1n

	

D uiwi :

We moreover note that wi a D ui�1a . Now we claim that since the gi ’s
form a set of representatives of the classes of D0 in D, the same holds for�
1n 0

0 t�11n

	

gi

�
1n 0

0 t1n

	

, and hence also for wi since ui 2 D0. Indeed since

t 2 Z
�
h ,! F �h we have that

�
1n 0

0 t�11n

	�
a b

c d

	�
1n 0

0 t1n

	

D
�

a tb

t�1c d

	

2 DŒa; b�

if

�
a b

c d

	

2 DŒa; b�, for some fractional ideals a; b with ab � g. In particular

we have that {.t/gi {.t�1/ 2 D. We claim that D D PS
iD
0{.t/gi {.t�1/. Indeed

let d 2 D. Then {.t�1/d {.t/ 2 D and hence there exists d 0 2 D0 such
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that {.t�1/d {.t/ D d 0gj for some j . Or equivalently d D {.t/d 0gj {.t�1/ D
{.t/d 0{.t�1/{.t/gj {.t�1/, which establishes our claim since {.t/d 0{.t�1/{.t/ 2 D0.

We now consider the elements .{.t/; 
/; .wi ; id /; .gi ; id / 2 GC � Gal.Q=Q/.
Then we have

.T r�� 0.f

 //


�1 D .
X

i

 .gi /

f 
 jkgi /
�1 D

X

i

. .gi /f /
..{.t/;
/.gi ;1/.{.t�1/;
�1// D

X

i

 .gi /f
.uiwi ;1/ D

X

i

 .gi /f jkwi :

The proof of the lemma is now completed after observing that  .gi / D  .wi /. ut
We also mention here the following theorem of Garrett (1992).

Theorem 8 (Garrett). Let k > 2n C 1 and f; g 2 Ska. Take f an eigenform for
almost all Hecke operators. Then for all 
 2 Aut.C=Q/, we have

�
< f�; g >
< f�; f >

	

D < f
�; g
 >
< f
�; f
 >

In particular if we take f; g 2 Ska.Q/, and take f with totally real Fourier coefficients
then we have that <f�;g>

<f�;f> 2 Q and

�
< f; g >
< f; f >

	

D < f
 ; g
 >
< f
 ; f
 >

; 
 2 Gal.Q=Q/:

We note that if we combine the above result of Garrett with the following result
of Harris on the Eisenstein spectrum

Theorem 9 (Harris). Let k > 2nC1 and write Eka for the orthogonal complement
of Ska in Mka (the Eisenstein series). Define Eka.Q/ WD Mka.Q/ \ Eka. Then we
have

Mka.Q/ D Eka.Q/˚ Ska.Q/:

Proof. This follows from the work of Harris (1984). Indeed in general we have that
(see Shimura 2000, Theorems 27.14, and 27.16)

Mka.Q/ D Eka.Q/˚ Ska.Q/

and Eka.Q/ D ˚nrD0Erka.Q/ where Erka the space of Klingen type Eisenstein series
associated to a parabolic group Pr stabilizing an isotropic space of dimension r .
Harris has shown that in the case of weight as above (i.e. the absolute convergence
situation) we have that Erka.Q/ D Erka.Q/˝Q Q. ut

Now this theorem allows us to take g 2Mka in Theorem 8.
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7 Algebraicity Results for Siegel Modular Forms over Totally
Real Fields

In this section we present various results regarding special values of the function
Z0.s; f; �/, with f 2 Sk.b; c;  /, an eigenform for all Hecke operators. We remind
that we have also considered the function Z.s; f; �/. The two coincide when the
Nebentypus of f is trivial. Indeed if we write Zv.�

�.�vg/j�vjs/ for the Euler factor
of Z.s; f; �/ at some prime v 2 h then the corresponding Euler factor of Z0.s; f; �/
is equal to Zv.. = c/�

�.�vg/j�vjs/. We note the equation

Z0.s; f; � �1/ D Zc.s; f; �/;

where the sub-index on the right hand side indicates that we have removed the Euler
factors all primes in the support of c. In particular if we take the character � trivial
(may not primitive) at the primes dividing c then we have that the two functions are
the same.

We start by stating a result of Shimura (2000, Theorem 28.8). We take an f 2
Sk.C IQ/, where

C D fx 2 DŒb�1c; bc�jax � 1 � cg

We moreover take f of trivial Nebentypus and assume that it is an eigenform for
all Hecke operators away from the primes in the support of c. In the notation of
Shimura in Chapter V of his book, we take e D c, and not e D g. In particular here
we take the Euler factors Zv trivial for v in the support of c. The theorem below is
stated only for k 2 Z

a.

Theorem 10 (Shimura). With notation as above definem0 WD minfkvjv 2 ag and
assume m0 > .3n=2/C 1. Let � be a character of F such that �a.x/ D xtajxaj�t
with t 2 Z

a. Set �v WD 0 if kv � tv 2 2Z and �v D 1 if kv � tv 62 2Z. Let 
0 2 Z

such that

1. 2nC 1 � kv C �v 	 
0 	 kv � �v,
2. 
0 � kv C �v 2 2Z for every v 2 a if 
0 > n,
3. 
0 � 1C kv � �v 2 2Z for every v 2 a if 
0 	 n.

We exclude the cases

1. 
0 D nC 1, F D Q and �2 D 1,
2. 
0 D 0, c D g and � D 1,
3. 0 < 
0 	 n, c D g, �2 D 1 and the conductor of � is g.

Then we have

Z.
0; f; �/
< f; f >

2 �n.
P

v kv/CdeQ
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where d D ŒF W Q� and

e WD
�
.nC 1/
0 � n2 � n; 
0 > n;
n
0 � n2; otherwise.

We now take f 2 Sk.C; IQ/ with C of the form DŒb�1; bc� (i.e. the standard
setting in this paper). We are interested in special values of Z0.s; f; �/ for a Hecke
character � of F of conductor f.

Theorem 11. Let f 2 Sk.b; c;  IQ/ be an eigenform for all Hecke operators.
Assume that either

1. There exists v; v0 2 a such that kv ¤ kv0 , and m0 D minfkvjv 2 ag > Œ3n=2C
1�C 2 or

2. k is a parallel weight with k > 2nC 1.

Let � be a character of F such that �a.x/ D xtajxaj�t with t 2 Z
a. Define t 0 2 Z

a

by . �/a.x/ D xt
0

a jxajt 0 . Set �v WD 0 if kv � t 0v 2 2Z and �v D 1 if kv � t 0v 62 2Z.
Let 
0 2 Z such that

1. 2nC 1 � kv C �v 	 
0 	 kv � �v for all v 2 a,
2. j
0 � n � 1

2
j C nC 1

2
� k C � 2 2Za.

3. If n is even, and 
0 D n=2 C i for i D 0; : : : n=2, i 2 N or if n is odd and

0 D n=2� 1C i , i D 1; : : : ; .nC 1/=2, then we assume the Assumption below.

We exclude the cases

1. 
0 D nC 1, F D Q and .� /2 D 1,
2. 
0 D n

2
, c D g, n is even and there is no .�; r/ that satisfy our assumption such

that �� ¤ 1 and � D 1,
3. n=2 < 
0 	 n, c D g and . �/2 D 1.

Then with notation as in the previous theorem we have

Z0.
0; f; �/
< f; f >

2 �n.
P

v kv/CdeQ

Moreover, if we take a number fieldW so that f; f� 2 Sk.W / and ˚ � W , where
˚ is the Galois closure of F in Q, then

Z0.
0; f; �/
�ˇ.
p
DF

n.nC1/=4
/im!.�� /� < f; f >

2W WD W.� /;

where !.�/ is defined by using the Theorem 3 as follows

1. For 
0 > n and n even then !.�/ is as in Theorem 3 (i),
2. For 
0 > n and n odd then !.�/ is as in Theorem 3 (iii) (b),
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3. For 
0 	 n and n even then !.�/ is as in Theorem 3 (ii),
4. For 
0 	 n and n odd then !.�/ is as in Theorem 3 (iv).

and m D d if Œn=2� is odd and 0 otherwise.

Assumption. Let � 2 F �h so that �g D b�1d. Write f0 for the conductor of �2. We
assume that we can find � 2 SC \GLn.F / and r 2 GLn.F /h so that c.�; r I f/ ¤ 0,
Eq. 11 in Theorem 6 holds and

1. If n is even and v − cf
0 then .� tr� r/v is regular and v − f,

2. If n is odd and v − cf
0 then .� tr� r/v is regular and v − 2f\ b�1d.

We note that this assumption implies that in Theorem 6 we have that
�c.s/=�h.s/ D 1 (see Shimura 1994, Proposition 8.3).

Proof (of Theorem 11). We first consider the Gamma factors that appear in Theo-
rem 6. We first recall that

�n.s/ D �n.n�1/=4
n�1Y

jD0
� .s � j

2
/:

Hence for
Q

v2a �n.

0�n�1CkvC�v

2
/ we need the condition that 
0 > 2n � kv C �v

for all v 2 a, which is the lower bound appearing in the theorem. Moreover the
Eisenstein series D.�

2
/ of weight k � � � n

2
for � D 
0 � n

2
is nearly holomorphic

if and only if n C 1 � .kv � �v � n
2
/ 	 
0 � n

2
	 kv � �v � n

2
and j� � nC1

2
j C

nC1
2
�kvC�vC n

2
2 2Z for every v 2 a. These inequalities give the upper bound in

the (i) condition for 
0 and (ii). The third condition for 
0 is imposed so that in the
range where the fraction �c.s/=�h.s/ (a finite product of Euler factors associated
to finite order characters) could have a pole it is equal to 1. Finally the various
exclusion follows from various cases where the Eisenstein seriesD.�

2
/ is not nearly

holomorphic.
We take ˇ 2 N so that ��ˇD. v

2
/ 2 Nk�l .˚Qab/. Now using Theorem 6 after a

proper choice of .�; r/ we have

�	Z0.
0; f; �/ c.det.r//c.�; r I f/ D

˛
�
D
�1=2
F

�n.nC1/=2
det.�/s

0
0uC�jdet.r/jnC1�
0A �

Y

v2b

gv.. = c/.�v/�
�.�vg/j�vj
0/.�c=�h/..2
0 � n/=4/ < f; ��.��ˇD.�=2// >;

where ˛ 2 Q
�, and 	 WD njj k�l��a

2
jj � njjkjj C d� � njjs00uC �jj � ˇ where we

recall � D n2=4 if n even and .n2 � 1/=4 otherwise.
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We now note that �� 2 Ml .W/ and ��ˇD.�=2/ 2 Nr
k�l .WQab/ where r D

.k � l � �a/=2 if � > .nC 1/=2 and r D .k � l � .nC 1 � �/a/=2 otherwise.
Moreover we have s00uC � D 
0uCkC�

2
� nC1

2
u. In particular

1. For 
0 > n and n even we have that s00uC � 62 2Z,
2. For 
0 > n and n odd we have that s00uC � 2 2Z,
3. For 
0 	 n and n even we have that s00uC � 2 2Z,
4. For 
0 	 n and n odd we have that s00uC � 62 2Z.

We now note that g.��/ D im
p
NF=Qdet.�/, with m D d if Œn=2� is odd and 0

otherwise. Now we set P WD pDF
n.nC1/=4

im!.�� / where !.�/ is defined as in
the statement of the theorem. Then by Theorem 3 we conclude that

�
D
�1=2
F

�n.nC1/=2
det.�/s

0
0uC���ˇP�1D.�=2/ 2 Nr

k�l .W/:

We set a WD
�
D
�1=2
F

�n.nC1/=2
det.�/s

0
0uC���ˇP�1. By Lemma 15.8 in Shimura

(2000) we have that there exists a q 2 Mk.W/ so that < f; ��aD.�=2/ >D<
f; q >. If k is not a parallel weight, then we have that actually q 2 Sk.W/ since
in this case Mk D Sk . Then by Theorem 7 we have that <f;q>

<f;f >
2 W. In the other

case, that is of k being a parallel weight we can use Theorem 8 combined with the
Theorem 9 to conclude again <f;q>

<f;f >
2W and hence conclude the proof. ut

We now obtain also some results with reciprocity laws.

Theorem 12. Let f 2 Sk.b; c;  IQ/ be an eigenform for all Hecke operators. With
notation as before we takem0 > Œ3n=2C1�C2. Let � be a character of F such that
�a.x/ D xtajxaj�t with t 2 Z

a. Define t 0 2 Z
a by . �/a.x/ D xt 0a jxajt 0 . Set �v WD 0

if kv � t 0v 2 2Z and �v D 1 if kv � t 0v 62 2Z. Assume that � ¤ 0.
Let 
0 2 Z be as in the previous Theorem. Then with ˝f 2 C

� as defined in the
previous section in Theorem 7 we have for all 
 2 Gal.Q=˚/ that

0

B
@

Z0.
0; f; �/

�n.
P

v kv/Cde
q

D
n.nC1/=4
F im!.�� /�˝f

1

C
A




D

Z0.
0; f
 ; �
 /
�n.

P
v kv/Cdeim

p
DF

n.nC1/=4
!.��
 
 /�˝f


:

Proof. We first observe that thanks to the assumption that � ¤ 0 we have that
�� 2 Sl . Moreover for 
 2 Gal.Q=˚/ we have �


0

� D ��
 , as it follows from the
explicit Fourier expansion of ��. Moreover arguing as in the theorem above and
using the reciprocity laws for Eisenstein series in Theorem 3 we have that
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��ˇ
p
DF

n.nC1/=2
det.�/s

0
0uC�D.�=2; � ���/

!.� �/

!
 0

D

��ˇ
p
DF

n.nC1/=2
det.�/s

0
0uC�D.�=2; � 
�
 /

!.� 
�
 /
; 
 2 Gal.Q=˚/:

Moreover we have that ��D.�=2; � 
�
�� / 2 Rk . By Proposition 15.6 in Shimura
(2000) we have that there exists q D p

�
��D.�=2; � 
�
�� /

� 2 Sk so that <

f; ��D.�=2; � ���/ >D< f; q > and q
 D p

�
�
�D.�=2; � ���/



�

for all 
 2
Aut.C=˚/. In particular we have that

 p
DF

n.nC1/=2
det.�/s

0
0uC� < f; ����ˇD.�=2; � ��� / >
!.� �/�˝f

!


D

p
DF

n.nC1/=2
det.�/s

0
0uC� < f 
 ; ��
 �

�ˇD.�=2; � 
�
�� / >
!.� 
�
/�˝f


;

from which we conclude the proof of the theorem. ut
As we have remarked in the introduction results similar to the ones proved in this

paper have been obtained by Sturm (1981), Harris (1984) and Panchishkin (1991)
in the case of F D Q and n even. We also remark that Sturm has also considered
the case n D 1 and F D Q in Sturm (1980). Our proofs are just generalizations of
theirs building on some new results of Shimura. We close this section by mentioning
that the perhaps strongest result concerning the special values of Siegel modular
forms, at least when F D Q and under some other technical assumptions, is due to
Böcherer and Schmidt (2000). Using the doubling method (see also the next section)
and some holomorphic differential operators of Böcherer they obtained algebraicity
results but assuming only that the weight of the Siegel modular form is larger than
n rather than 3n

2
C 1. It is of course very interesting to extend their results to the

totally real field case, however the generalization of their result seems to be a quite
challenging task. We comment a bit more on this in the next section.

8 Some Remarks on the Doubling Method

In this paper our main tool for the study of the special L-values of Siegel Modular
Forms was the Rankin-Selberg method. However, as we also briefly mentioned
above, there is yet another powerful method for the study of these special values,
namely the so-called doubling method. In this paper we considered mainly the
Rankin-Selberg Method, since this article, already quite long, would have increased
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considerably in size if the doubling method was also to be considered here. So we
have decided to defer the consideration of the doubling method with respect to the
same questions addressed here for a future paper. In this section we wish to very
briefly discuss various aspects that are closely related to the doubling method and
the questions considered in this paper.

It is perhaps fair to say that the doubling method was initiated by Garrett (1984)
and extended further by Böcherer (1983, 1985a,b), Böcherer and Schmidt (2000),
Shimura (1995) and in the automorphic language by Piatetski-Shapiro and Rallis
(1987). Of course the list of contributors here is not meant to be complete.

Concerning the algebraicity results addressed in this paper, it seems that the
two methods (Rankin-Selberg and the Doubling Method) provide in many cases
the same results, but there are indeed case where one method is better than the
other. Indeed, Shimura in his books (Shimura 2000, Theorem 28.8) concludes his
algebraicity results by using both methods (1st method and 2nd method in Shimura’s
notation). However one should at this point remark the following. Shimura writes at
the beginning of his proof of his Theorem 28.8 “There are two ways to prove this:
the first one (i.e. doubling method) applies to the whole critical strip, and the second
one (i.e. Rankin-Selberg Method) only to the right half of the strip”. However this
is so, because Shimura is taking e D c in his book Shimura (2000, page 231) (see
also our discussion just before Theorem 7.1 in this paper). Indeed in this situation
the doubling method seems to be able to tackle critical points also to the left half
of the critical strip, something that the Rankin-Selberg method cannot. However
for e D g this is not the case and this is the situation that we consider here. The
main reason being that the integral expression in Theorem 6 it is available in this
form (in particular this particular Siegel type Eisenstein series for which we know
quite explicitly) only in the case e D g. We also note here that e D c corresponds
to �1.N /-case and c D g corresponds to �0.N /-case in the elliptic modular form
situation.

In this paper we have considered only Siegel modular forms. Of course the same
questions can be addressed for other groups, as for example unitary groups. Actually
Shimura in his book provides similar results (always over an algebraic closure of Q)
for hermitian modular forms, that is modular forms associated to unitary groups. For
hermitian modular forms the two methods are not at all equivalent, and in particular
one cannot use the Rankin-Selberg method to study special L-values for hermitian
forms of unitary groups of the form U.n;m/ for n ¤ m (this is part of the case
UB in Shimura’s notation in his book). For example one cannot consider the case of
hermitian modular forms for definite unitary groups. But the doubling method still
does apply. Here we should say that the field of definition for hermitian modular
forms has been worked out by Harris (1997) using the doubling method. However
we would like further to remark here that Harris considers special L-values only in
the strip of absolute convergence. In the UT case (i.e. n D m) we have obtained in
some cases results (Bouganis in preparation, b) using the Rankin-Selberg method
that improves the ones of Harris (i.e. beyond the absolute convergence).

As we explained at the beginning of this article one of the main motivations
of our investigations is the construction of p-adic measures for Siegel modular
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forms. We briefly describe here what is known with respect to this, even though
the reader should keep in mind that we do not wish to give here a complete and
detailed picture of the situation. Historically the first results in this direction were
obtained by Panchishkin (1991) (see also the joint work of Courtieu and Panchishkin
2004), who used the Rankin-Selberg method to construct these measures. However
he considered the case of even degree (or genus), the main reason being that in this
case the Rankin-Selberg method does not involve Eisenstein series of half-integral
weight. Later Böcherer and Schmidt (2000) constructed these p-adic measures
for any degree using the doubling method. One should remark here that there
is a very delicate difference in the way that Böcherer and Schmidt applied the
doubling method and in the way Shimura developed it in his work (Shimura 1995).
Very briefly the main difference seems to be in the decomposition that is proved
in Proposition 2.1 of Böcherer and Schmidt (2000) as well as the use of the
holomorphic operators of Böcherer (opposite to the non-holomorphic ones in the
work of Shimura). Of course one should add here that the work (Böcherer and
Schmidt 2000) is restricted to Siegel modular forms over the rationals, opposite
to the work of Shimura who applies to any totally real field. We simply say here
that in an ongoing project we extend the work of Panchishkin (i.e. p-adic measures
using the Rankin-Selberg method) in two directions. We consider also odd genus
and to the totally real field case. Note, as we already said, that both the work of
Panchishkin and of Böcherer and Schmidt are over the rationals. It seems to be a big
challenge to obtain the analogue of Proposition 2.1 of Böcherer and Schmidt (2000)
in the totally real case in the situation of strict class number bigger than one, and
in particular extend the work of Böcherer and Schmidt to totally real fields. We are
currently working on this. At this point it is worth mentioning that in this article we
considered scalar valued Siegel modular forms. Many of the above questions can
be stated also for the vector valued ones. For a first step in this direction the reader
can see Ichikawa (2012). Finally we close this article by mention that of course it
is very interesting to construct p-adic measures for hermitian modular forms. The
doubling method has been already used in that context, as for example in Harris et al.
(2005, 2006) and Skinner and Urban (2014). In Bouganis (in preparation, b) we are
considering the Rankin-Selberg method for constructing these p-adic measures.
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Modular Symbols in Iwasawa Theory

Takako Fukaya, Kazuya Kato, and Romyar Sharifi

1 Introduction

1.1. The starting point of this paper is the fascinatingly simple and explicit map

Œu W v� 7! f1 � �u
N ; 1 � �v

N g
that relates the worlds of geometry/topology and arithmetic (Busuioc 2008; Sharifi
2011). Here,

• Œu W v� is a Manin symbol in the relative homology groupH1.X1.N /; fcuspsg;Z/,
• f1 � �u

N ; 1 � �v
N g is a Steinberg symbol in the algebraicK-groupK2.ZŒ�N ;

1
N
�/,

for N � 1, where u; v 2 Z=NZ are nonzero numbers with .u; v/ D .1/, and �N is a
primitive N th root of unity.

1.2. The above map connects two different worlds in the following manner:

geometric theory of GL2 H) arithmetic theory of GL1

over the field Q. Here, if we consider the geometry of the modular curve X1.N /
on the left, then we consider the arithmetic of the cyclotomic field Q.�N / on the
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right. This connection is conjectured to be a correspondence if we work modulo the
Eisenstein ideal that is defined in 2.1.6:

geometric theory of GL2 modulo the Eisenstein ideal” arithmetic theory of GL1 :

More generally, we are dreaming that there is a strong relationship

geometric theory of GLd modulo the Eisenstein ideal” arithmetic theory of GLd�1

over global fields. Our goals are to survey what is known and to explain this dream.

1.3. The connection with the Eisenstein ideal for GL2 over Q appears as follows.
The homology group we consider has the action of a Hecke algebra which contains
an Eisenstein ideal, and the map of 1.1 factors through the quotient of the homology
by this ideal (Fukaya and Kato Preprint). The truth of this is deep and mysterious; it
is the idea of specializing at the cusp at1. This is the key to the connection between
GL2 and GL1.

1.4. We note that there exist two technical issues with our simple presentation of
the “map” in 1.1. We left out those Manin symbols in which one of u or v is 0,
which are needed to generate the relative homology group. Also, the map is only
well-defined as stated if we first invert 2 and then project to the fixed part under
complex conjugation (see Sect. 2.1).

1.5. Let us consider the case that N is a power of an odd prime p and work only
with p-parts. Consider the quotient

Pr D H1.X1.p
r/;Zp/

C=IrH1.X1.p
r/;Zp/

C

of the fixed part of homology under complex conjugation by the action of the
Eisenstein ideal Ir in the cuspidal Hecke algebra of weight 2 and level pr . By the
well-known relationship between K2 and H2

ét of ZŒ�pr ; 1p �, the map of 1.1 yields a
well-defined map

$r WPr ! H2
ét.ZŒ�pr ;

1
p
�;Zp.2//

C

that sends the image of Œu W v� in Pr to the cup product .1 � �u
pr /[ .1� �v

pr /.

1.6. Let us connect this with Iwasawa theory for GL1. As we increase r , the maps
$r are compatible. The groupH2

ét.ZŒ�pr ;
1
p
�;Zp.2//

C is related to the p-part Ar of
the class group of Q.�pr / in the sense that its reduction modulo pr is isomorphic to
the Tate twist of A�r =prA�r . So, if we let P D lim �r Pr and X D lim �r Ar , then we
obtain a map

$ WP ! X�.1/
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that relates geometry of the tower of curves X1.pr/ modulo the Eisenstein ideal to
Iwasawa theory over the union of cyclotomic fields Q.�pr /. It is a map of Iwasawa
modules under the action of inverses of diamond operators on the left and of Galois
elements on the right.

1.7. In (Sharifi 2011), the map $ is conjectured to be an isomorphism. If this
conjecture is true, we can understand the arithmetic object X� by using the
geometric objectP . The Iwasawa main conjecture states that the characteristic ideal
of X� is the equivariant p-adic L-function. On the other hand, the characteristic
ideal of P under the inverse diamond action can be computed to be a multiple
of the Tate twist  of this L-function. If the characteristic ideals of X�.1/ and P
are equal, then the main conjecture follows as a consequence of the analytic class
number formula. Therefore, the conjecture that $ is an isomorphism is an explicit
refinement of the Iwasawa main conjecture.

1.8. In their proof of Iwasawa main conjecture (Mazur and Wiles 1984), Mazur
and Wiles, expanding upon the work of Ribet (1976), considered the relationship
between the geometric theory of GL2 and the arithmetic theory of GL1. Using
roughly their methods, we can define a map

% WX�.1/! P:

More precisely, % is constructed out of the Galois action on the projective limit of
the reduction of étale homology groups H ét

1 .X1.p
r/=Q;Zp/ modulo the Eisenstein

ideal. The expectation in (Sharifi 2011) is that the maps $ WP ! X�.1/ and
% WX�.1/ ! P are inverse to each other. The best evidence we have for this is
the equality  0% ı $ D  0 after multiplication by the derivative  0 of , which is
proven in (Fukaya and Kato Preprint). If the p-adic L-function  has no multiple
zeros, this yields the conjecture up to p-torsion in P .

1.9. An analogous result for the rational function field Fq.t/ over a finite field can
be proven by following the analogy between Fq.t/ and Q. In both cases, the key
point of the proof is that .1 � �u

N ; 1 � �v
N / and its analogue for Fq.t/ are values at

the infinity cusp of the “zeta elements,” which is to say Beilinson elements and their
analogues for Fq.t/, which live in K2 of the modular curve X1.N / and its Drinfeld
analogue for Fq.t/.

1.10. For both Q and Fq.t/, the philosophy is that  0% ı$ is the reduction modulo
the Eisenstein ideal I of a map involving zeta elements. Roughly speaking, the proof
consists firstly of the demonstration of the existence of a commutative diagram
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Here, S is the space of modular symbols, the map z takes modular symbols to zeta
elements in theK2-groupK of a modular curve, S is a space of p-adic cusp forms,
reg is the p-adic regulator map, and Y is eitherX�.1/ or its analogue for Fq.t/. The
vertical arrows denoted by “mod I ” are obtained by reduction modulo the Eisenstein
ideal I (see Sect. 2.7 for details), and 1 is given by specialization at a cusp at
infinity. Secondly, it entails a computation of the regulator map on zeta elements
that tells us that the composition S ! K ! S ! P coincides with  0 times the
projection S! P .

1.11. In this survey paper, we explain the key ideas and concepts of our work,
putting aside many of the technical details that must arise in a careful treatment.
While we do our best to strike a balance, the reader should be aware that some of
the statements we make require minor modifications in order that they hold.

The structure of the paper is as follows. In Sect. 2, we describe the original case
of the conjectures and outline the proof of the above result. In Sect. 3, we discuss
and outline the proof of the analogue for Fq.t/. In Sect. 4, we describe what might
be expected for GLd .

2 The Case of GL2 over Q

Fix an odd prime number p and an integer N � 1 which is not divisible by p. Let
r � 1, which will vary. Let Q be the algebraic closure of Q in C, and let us fix an
embedding of Q in Qp.

Recall that we want to understand the picture:

geometric theory of GL2 modulo the Eisenstein ideal
$

�� arithmetic theory of GL1:
%

��

In Sects. 2.1–2.3, we study the map $ . In Sects. 2.4 and 2.5, we study the map % .
In Sects. 2.6 and 2.7, we state the conjecture and the main result on it.

2.1 From Modular Symbols to Cup Products

We construct the map$r that relates modular symbols in the homology ofX1.Npr /
to cup products in the cohomology of the maximal unramified outside Np extension
of Q.�Npr /.

2.1.1. We introduce homology groups Sr and Mr of modular curves.
Let H denote the complex upper half-plane and �1.Npr / the usual congruence

subgroup of matrices in SL2.Z/ that are upper-triangular and unipotent modulo Npr .
We consider the complex points Y1.Npr / D �1.Npr /nH of the open modular curve
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over C. It is traditional to use fcuspsg to denote the cusps �1.Npr /nP1.Q/, but let
us instead set Cr D fcuspsg. We let

X1.Npr / D Y1.Npr /[ Cr D �1.Npr /nH�;

be the closed modular curve, where H
� D H [ P

1.Q/ is the extended upper half-
plane.

The usual modular symbols lie in the first homology group of the space X1.Npr /
relative to the cusps. However,H1.X1.Npr /; Cr ;Z/ is not exactly the natural object
for our study. Rather, we are interested in its quotient by the action of complex
conjugation, the plus quotient.1 We consider the plus quotients of homology and
homology relative to the cusps:

Sr D H1.X1.Npr /;Z/C and Mr D H1.X1.Npr /; Cr ;Z/C;

where . /C denotes the plus quotient.

2.1.2. We introduce Manin symbols Œu W v�r 2Mr .
Let u; v 2 Z=NprZ be such that .u; v/ D .1/. For such u and v, we can find

	 D � a bc d
� 2 SL2.Z/ with u D c mod Npr and v D d mod Npr . Define

Œu W v�r D
�

d

bNpr
! c

aNpr



r

;

where f˛ ! ˇgr for ˛; ˇ 2 P
1.Q/ denotes the class in Mr of the hyperbolic

geodesic on H
� from ˛ to ˇ. Then Œu W v�r is independent of the choice of 	 .

By the work of Manin (1972), we have that the group Mr of modular symbols is
explicitly presented as an abelian group by generators Œu W v�r and relations

Œu W v�r D Œ�u W v�r D �Œv W u�r and Œu W v�r D Œu W uC v�r C ŒuC v W v�r :

2.1.3. We define an intermediate relative homology group M0
r used in constructing

$r .
We do not use all modular symbols to connect with GL1. Rather, we use those

modular symbols with boundaries in cusps that do not lie over the cusp at 0 in
X0.Npr / D �0.Npr /nH�. Let us denote the set of cusps of X1.Npr / that do not lie
over the 0-cusp of X0.Npr / by C0

r . The intermediate space

M0
r D H1.X1.Npr /; C 0

r ;Z/C

1This is still not quite the right object unless we invert 2. In Sect. 4, we take the point of view
that the right object is the relative homology of the quotient of the space X1.Npr / by the action of
complex conjugation.
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is the largest space on which we may define $r and have it factor through the
Eisenstein quotient (see 2.1.7). We have Sr �M0

r �Mr .
Our intermediate space also has a simple presentation: it is generated by the

Œu W v� for nonzero u; v 2 Z=NprZ with .u; v/ D .1/, together with the relations
of 2.1.2, again for nonzero u and v, and excluding the last relation when uC v D 0.

2.1.4. We define the map $r , which gives our first connection between GL2 and
GL1.

We start with the primitive Npr th root of unity �Npr D e2�i=Npr . It generates the
cyclotomic field Er D Q.�Npr / and its integer ring ZŒ�Npr �. Inside Er , we have the
maximal totally real subfield Fr D Q.�Npr /

C and its integer ring Or D ZŒ�Npr �
C.

For a; b 2 ZŒ�Npr ;
1

Np �
�, we let fa; bgr denote the norm of the Steinberg symbol

of a and b to K2.Or Œ
1

Np �/. There is a well-defined homomorphism

$r WM0
r ˝ ZŒ 1

2
�! K2.Or Œ

1
Np �/˝ ZŒ 1

2
�; Œu W v�r 7! f1 � �u

Npr ; 1 � �v
Npr gr

for u; v ¤ 0. Using the Steinberg relation fx; 1 � xgr D 0 in K2 for x; 1 � x 2
ZŒ�Npr ;

1
Np �
�, one may easily check that the f1 � �u

Npr ; 1 � �v
Npr gr satisfy the same

relations as the Œu W v�r (see Busuioc 2008; Sharifi 2011 for instance). It is necessary
to invert 2 for these relations to hold.

2.1.5. We interpret $r on p-completions in terms of cup products in Galois
cohomology.

For a commutative ring R in which p is invertible, the Kummer exact sequence

0! Z=pnZ.1/! Gm

pn! Gm ! 0

on Spec.R/ét induces the connecting map R� ! H1
ét.R;Z=p

n
Z.1//. We have also

the Chern class map K2.R/ ! H2
ét.R;Z=p

n
Z.2//. The value of this map on a

product (i.e., Steinberg symbol) inK2.R/ of a pair of elements ofR� is equal to the
cup product of the images in H1

ét.R;Z=p
n
Z.1// of the two elements.

We may apply this discussion with R equal to ZŒ�Npr ;
1

Np � or Or Œ 1Np �, in which

cases the Chern class map K2.R/˝ Zp ! H2
ét.R;Zp.2// is an isomorphism (Tate

1976). Moreover, the diagram

commutes, where N is induced by the norm and cor is induced by corestriction.
The map cor is an isomorphism as Or Œ

1
Np � has p-cohomological dimension 2. Let
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.1 � �u
Npr ; 1 � �v

Npr /r denote the corestriction of the cup product of the elements
1 � �u

Npr and 1 � �v
Npr of

ZŒ�Npr ;
1

Np �
� ˝ Zp

��! H1
ét.ZŒ�Npr ;

1
Np �;Zp.1//:

By definition of the symbols, the Chern class map in the lower row of the diagram
satisfies

f1� �u
Npr ; 1 � �v

Npr gr 7! .1 � �u
Npr ; 1 � �v

Npr /r :

We will study the homomorphism to Galois cohomology

$r WM0
r ˝ Zp ! H2

ét.Or Œ
1

Np �;Zp.2//; Œu W v�r 7! .1 � �u
Npr ; 1 � �v

Npr /r ;

which is identified with our original$r on p-completions.

2.1.6. We define Hecke algebras Tr and QTr and their Eisenstein ideals Ir and Ir .
The Hecke operators T .n/ for n � 1 generate a subalgebra QTr of EndZp .Mr ˝

Zp/, the modular Hecke algebra. We will be interested in this section only in its
action on M0

r . We also have a cuspidal Hecke algebra Tr of EndZp .Sr ˝ Zp/ and
a canonical surjection QTr � Tr . These Hecke algebras contain diamond operators
hd i for d 2 Z, which we take to be 0 if .d;Np/ ¤ 1.

The Hecke algebra QTr contains the Eisenstein ideal Ir generated by the T .n/ �P
d jn d hd i for n � 1. It is also generated by T .`/ � 1 � `h`i for primes `. The

image Ir of Ir in Tr is an Eisenstein ideal with the same generators.

2.1.7. We connect our study of$r with the Eisenstein ideal.
The third author conjectured (Sharifi 2011) (on Sr , see also (Busuioc 2008) for

N D 1), and the first two authors proved (Fukaya and Kato Preprint, Theorem 5.2.3)
that $r is “Eisenstein.” By this, we mean that $r factors through the quotient of
M0

r ˝ Zp by the Eisenstein ideal, that is, through a map

.M0
r=IrM

0
r /˝ Zp ! H2

ét.Or Œ
1

Np �;Zp.2//:

We can show that this follows from the fact that$r is the specialization of a map in
the GL2-setting: see Sect. 2.3.

2.1.8. LetGr D .Z=NprZ/�=f˙1g, and set�r D ZpŒGr �. The algebra�r appears
in two different contexts in our story:

(1) On the GL2-side, �r is a Zp-algebra of diamond operators in Tr (or QTr ): we
define a Zp-linear injection �r W�r ,! Tr that sends the group element in �r

corresponding to a 2 .Z=NprZ/�=h�1i to the inverse hai�1 of the diamond
operator for a (i.e., for any lift of a to an integer).

(2) On the GL1-side, �r is the Zp-group ring of Gal.Fr=Q/: we have an isomor-
phism



184 T. Fukaya et al.

.Z=NprZ/� ��! Gal.Er=Q/; a 7! 
a;

where 
a.�Npr / D �aNpr . This gives rise to an isomorphism Gr
��! Gal.Fr=Q/

that is the map on group elements defining�r
��! ZpŒGal.Fr=Q/�.

These actions are compatible with$r in the sense that for any x 2M0
r˝Zp and

a 2 .Z=NprZ/�, we have

$r.hai�1x/ D 
a$r.x/:

This is easily seen: taking x D Œu W v�r for some nonzero u and v, we have

hai�1Œu W v�r D Œau W av�r and 
a.1 � �u
Npr ; 1 � �v

Npr /r D .1 � �au
Npr ; 1 � �av

Npr /r :

So, to say that $r is Eisenstein is to say that $r.T .`/x/ D .1C `
�1` /$r.x/ for
primes ` − Np and$r.T .`/x/ D $r.x/ for ` j Np.

2.2 Passing Up the Modular and Cyclotomic Towers:
The Map$

We pass up the modular tower on the GL2-side and the cyclotomic tower on the
GL1-side to define the map $ D lim �r $r .

2.2.1. Let G D lim �r Gr . Then the completed group ring

� D Zp�G� D lim �
r

�r

is the Iwasawa algebra for G. As with �r , let us emphasize its dual nature:

(1) Set T D lim �r Tr and QT D lim �r QTr . The projective limit of the injections �r
defines a map �W� ,! T of profinite Zp-modules that takes a 2 G to the
projective system of inverses hai�1 of diamond operators corresponding to a.

(2) Set K D [r�1Fr , the maximal totally real subfield of L D [r�1Er . Then
our identifications �r

��! ZpŒGal.Fr=Q/� for r � 1 induce an isomorphism
� ��! Zp�Gal.K=Q/� of completed group rings in the projective limit.

2.2.2. We have the following projective limits of spaces of modular symbols:

S D lim �
r

.Sr ˝ Zp/ and M0 D lim �
r

.M0
r ˝ Zp/:

Let I � QT and I � T be the Eisenstein ideals, defined by the same set of generators
as Ir , but now viewed as compatible sequences of operators in the Hecke algebras.
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Our maps$r are compatible with change of r and induce in the projective limit
a map

$ WM0 ! lim �
r

H2
ét.Or Œ

1
Np �;Zp.2//

that factors through M0=IM0 by the result of (Fukaya and Kato Preprint). This map
$ is a homomorphism of �-modules, the actions arising from part (1) of 2.2.1 on
the left and part (2) of 2.2.1 on the right.

2.2.3. We recall the unramified Iwasawa module X , study its difference from
Galois cohomology, and consider a related �-module Y .

Let X be the projective limit of the p-parts Ar of the ideal class groups of the
fields Er . Class field theory allows us to identify X with the Galois group of the
maximal unramified abelian pro-p extension of L.

For R as in 2.1.5, the Kummer exact sequence induces

Pic.R/ D H1
ét.R;Gm/! H2

ét.R;Z=p
n
Z.1//:

Taking a projective limit of such maps for the rings R D Or Œ
1

Np �, we obtain

X D lim �
r

Ar ! lim �
r

H2
ét.Or Œ

1
Np �;Zp.1//:

In general, this map is neither injective nor surjective. Its kernel and cokernel can
be explicitly described as contributions of classes of primes and Brauer groups at
places dividing Np, respectively. We will deal with a part of cohomology on which
this subtle difference disappears.

The Iwasawa algebra Zp�Gal.L=Q/� acts on X , but this action does not in
general factor through�. We want to consider the .�1/-eigenspaceX� of X under
complex conjugation. To do so, we take the Tate twist Y D X�.1/, or equivalently,
the fixed part X.1/C. Then 
�1 acts trivially on Y , so Y is a �-module. The map
from X to cohomology induces a �-module homomorphism

Y ! lim �
r

H2
ét.Or Œ

1
Np �;Zp.2//:

Together with $ , this will allow us to relate S with Y .

2.2.4. We have two objects of study:

• The geometric object P D S=IS for GL2,
• The Iwasawa-theoretic object Y D X�.1/ for GL1.

We can relate these on �-parts for suitable even characters � of .Z=NpZ/�.
For a primitive, even character � W .Z=NpZ/� ! Qp

�
, we may consider the

quotient�� D �˝ZpŒ.Z=NpZ/��ZpŒ�� of�, where ZpŒ�� is the Zp-algebra generated
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by the values of � . For a �-module M , we then let M� D M ˝� �� denote its
�-part.

We need a technical assumption to insure that the maps

P� !M0
�=I�M

0
� and Y� ! lim �

r

H2
ét.Or Œ

1
Np �;Zp.2//�

are isomorphisms. Together with primitivity, the assumption is as follows:

• �!�1j.Z=pZ/� ¤ 1 or �!�1j.Z=NZ/�.p/ ¤ 1,

where !W .Z=NpZ/� ! Z
�
p denotes the Teichmüller character (i.e., projection to

.Z=pZ/� � Z
�
p ). For such a � , our $ induces a map on �-parts $ W S� ! Y� that

will factor through P� .

2.3 Zeta Elements:$ Is “Eisenstein”

We sketch the proof that $ factors through the quotient of M0 by the Eisenstein
ideal I.

2.3.1. Let Y1.Npr / be the moduli space of pairs .E; e/ where E is an elliptic curve
and e is a point of order Npr on E , and let Y.Npr / be the moduli space of elliptic
curves endowed with a full Npr -level structure. We view these moduli spaces as
schemes over ZŒ 1Np �. For any nonzero .˛; ˇ/ 2 1

Npr Z
2=Z2, there is a Siegel unit

g˛;ˇ 2 O.Y.Npr //�.2 It has the q-expansion

g˛;ˇ D q
1
12� ˛

2C ˛2

2

1Y

nD0
.1 � qnC˛e2�iˇ/

1Y

nD1
.1 � qn�˛e�2�iˇ/ 2 Or Œ

1
Np ��q

1=12Npr �Œq�1��:

If ˛ D 0, then we may view g0;ˇ as an element of O.Y1.Npr //�. The crucial point
is that the specialization of a Siegel unit of the form g0; u

Npr
at the 1-cusp is the

cyclotomic Np-unit 1 � �u
Npr . Specifically, this specialization is given by projecting

its q-expansion to Or Œ
1

Np ��q
1=Npr �� and then evaluating at q D 0 (Fukaya and Kato

Preprint, Section 5.1).

2.3.2. We have a homomorphism

zr WM0
r ! H2

ét.Y1.Npr /;Zp.2//; zr .Œu W v�r / D g0; u
Npr
[ g0; v

Npr

2Actually, g˛;ˇ is a root of a unit, but the difficulties this causes are resolvable by passing to the
projective limit and descending, so we ignore this for simplicity of presentation. We will be very
careless about denominators in several places, omitting them where they occur for simplicity of
the discussion that follows.
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of QTr -modules that takes a Manin symbol to a Beilinson element given by a cup
product of two Siegel units (Fukaya and Kato Preprint, Proposition 3.3.15). Related
elements were studied in (Kato 2004).

2.3.3. There is again a specialization-at-1map

1r WH2
ét.Y1.Npr /;Zp.2//! H2

ét.Or Œ
1

Np �;Zp.2//

that takes g0; u
Npr
[ g0; v

Npr
to .1 � �u

Npr ; 1 � �v
Npr /r . So, cup products of cyclotomic

units are specializations at cusps of Beilinson elements. We have

$r D1r ı zr WM0
r ! H2

ét.Or Œ
1

Np �;Zp.2//:

It can be shown that specialization at1 is Eisenstein. Hence so is $r (Fukaya and
Kato Preprint, Sections 5.1–5.2).

2.3.4. By passing the projective limit over r , we see that $ is Eisenstein. The
identity $ D 1 ı z is the commutativity of the left-hand square in the diagram
of 1.10.

2.4 Ordinary Homology Groups of Modular Curves

Homology groups of the modular curves are useful for us in two different ways.
They contain modular symbols, allowing us to define $ . They also have Galois
actions, allowing us to define % , which is our next goal. We use two different
groups derived from homology, S as above and T defined below, to construct the
two maps. For the modular symbols, we require only the plus part of homology. On
the other hand, to have Galois actions, we cannot restrict to plus parts. Instead, we
take ordinary parts to control the growth of homology groups in the modular tower
and to specify the form of the local Galois action at p. The fact that we use different
groups should be kept in mind in the GLd -setting, in which we will not consider % .

2.4.1. We introduce Hida’s ordinary p-adic cuspidal and modular Hecke algebras
h and H.

Recall our cuspidal Hecke algebra T from 2.2.1, which acts�-linearly on S. The
action of T .p/ breaks it into a direct product of two rings: an ordinary part in which
the image of T .p/ is invertible and another part in which T .p/ is topologically
nilpotent. The ordinary cuspidal p-adic Hecke algebra h D T

ord of Hida (1986) is
this ordinary part. This is a�-subalgebra that is projective of finite�-rank. We may
speak of Hecke operators T .n/ 2 h by taking the images of the T .n/ 2 T.

The Hecke algebra h is remarkable in that it simply encapsulates information
about the ordinary Hecke algebras of all weights � 2 and all levels dividing some
Npr . For instance, its quotient for the action of the kernel of G ! Gr is the Hecke
algebra hr D T

ord
r . This highly regular behavior is the subject of Hida theory.
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We also have the ordinary modular Hecke algebra H D QTord, of which h is
a quotient. In general, if M is a QT-module (resp., T-module), then we use M ord

to denote its ordinary part, the maximal summand on which T .p/ acts invertibly,
which is an H-module (resp., h-module).

2.4.2. We introduce the ordinary homology groups T and QT. These have commut-
ing actions of Hecke algebras and the absolute Galois group GQ D Gal.Q=Q/. The
study of these actions on T will allow us to define the map % in Sect. 2.5.

The Hecke operators T .n/ with n � 1 act on the homology of X1.Npr /.C/ and
the homology relative to the cusps and are compatible with projective limits. We
consider the ordinary parts T and QT of the projective limits

T D lim �
r

H1.X1.Npr /;Zp/
ord � QT D lim �

r

H1.X1.Npr /; Cr ;Zp/
ord:

We are primarily interested in T. The T-action on T factors through h. As an
h-module, T is finitely generated and torsion-free, and T is projective of finite rank
over �. If we denote by Q.�/ the total quotient ring of �, then Q.�/ ˝� T is a
free Q.�/˝� h-module of rank 2.

The absolute Galois group GQ D Gal.Q=Q/ acts on the homology of X1.Npr /
by its duality with cohomology and the identification of Betti cohomology with
étale cohomology of the scheme X1.Npr /=Q over Q. This describes the first of the
two isomorphisms

H1.X1.Npr /;Zp/ Š Hom.H1
ét.X1.Npr /=Q;Zp/;Zp/;

H1.X1.Npr /; Cr ;Zp/ Š Hom.H1
ét;c .Y1.Npr /=Q;Zp/;Zp/;

where in the second, the duality of the relative cohomology group is with the
compactly supported cohomology of the open modular curve. This Galois action
commutes with the action of the Hecke operators, so passes to ordinary parts, and it
is compatible in the towers. Therefore, HŒGQ� acts compatibly on T and QT.

2.4.3. We introduce the Eisenstein ideals I and I of the ordinary Hecke algebras.
Let us reuse the notation I , allowing it to denote the Eisenstein ideal of h, which

is the image of the Eisenstein ideal I of T in h. We remark that, since T .p/� 1 2 I
and 1 is a unit, the quotient map T=I ! h=I is an isomorphism. We will also reuse
the notation I for the Eisenstein ideal of H, the image of I � QT.

2.4.4. In the GL2-setting over Q, there are two places which play important roles:
the place at p and the real place. We study the actions of the corresponding local
Galois groups.

We first study the local action at p: here we have an interesting quotient Tquo.
The fact that T is ordinary for T .p/ tells us about the action of GQp , which is to say
that it is ordinary in the sense of p-adic Hodge theory. More specifically to our case,
we have an exact sequence
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0! Tsub ! T ! Tquo ! 0

of hŒGQp �-modules, with Tsub and Tquo defined as follows. First, Tsub is the largest
submodule of T such that GQp acts on Tsub.�1/ by inverse diamond operators, and
Tquo is the quotient. Put more simply, Tquo is the maximal unramified, h-torsion-free
quotient of T.

At the real place, we have TC, which is isomorphic to Sord. It fits in an exact
sequence

0! TC ! T ! T=TC ! 0

of hŒGR�-modules, and both Q.�/˝� TC and Q.�/˝� T=TC are free of rank 1
overQ.�/˝� h.

The compositions TC ! T ! Tquo and Tsub ! T ! T=TC relate the two exact
sequences. We study these maps on Eisenstein components in 2.5.5. The interplay
between the reductions modulo I of the two exact sequences allows us to construct
the map % .

2.4.5. We discuss �-adic cusp forms and modular forms and their ordinary parts
S and M.

Let S2.Npr /Z denote the space of cusp forms of weight 2 and level Npr with
integer coefficients. For a ringR, we then set S2.Npr /R D S2.Npr /Z˝R. If �WGr !
R� is a homomorphism, then we may speak of S2.Npr ; �/R, those cusp forms in
S2.Npr /R with nebentypus �.

Any finite order character �WG ! Qp
�

induces a ring homomorphism�! Qp .
We let Q�W��q�! Qp�q� be the induced map on coefficients. An element f 2 ��q�
is said to be a �-adic cusp form of weight 2 and level Np1 if for every �, one has
Q�.f / 2 S2.Npr ; �/

Qp
with r � 0 such that � factors through Gr (Ohta 1995; Wiles

1988). We denote the set of such �-adic cusp forms by S�.
The Hecke operators T .n/ for n � 1 act on S� via the usual formal action of

Hecke operators on q-expansions. We define S to be the ordinary part Sord
� of S�.3

The ordinary�-adic cusp forms and the ordinary Hecke algebra are dual in the usual
sense. That is, we have a perfect pairing of �-modules,

h �S! �; .T; f / 7! a1.Tf /;

where a1.g/ denotes the q-coefficient in the q-expansion of g 2 S�. As a
consequence,Q.�/˝� S is free of rank 1 overQ.�/˝� h.

Similarly, we have a space M of ordinary �-adic modular forms with q-
expansions that are integral outside of the constant term, which sits inside Q.�/C

3There is one potentially confusing aspect: the action of � ,! h on S 
 ��q� is not given
by multiplication of the coefficients of q-expansions by the element of �. It is instead this
multiplication after first applying the inversion map � 7! �� on � that takes group elements
to their inverses.
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��q�. There is a perfect pairing H �M ! � that restricts to the pairing for cusp
forms.

2.4.6. As we shall explain in a more canonical fashion in 2.7.6, there is an
isomorphism Tquo Š S of h-modules given by Ohta’s �-adic Eichler-Shimura
isomorphism (Ohta 1995, 2000). Moreover, Ohta showed that Tsub Š h via a
�-duality with Tquo.

2.5 Refining the Method of Ribet and Mazur-Wiles:
The Map �

We define the map % of (Sharifi 2011) and consider the relationship with the work
of Mazur and Wiles (1984). Our description is heavily influenced by the approaches
of Wiles (1988) and Ohta (2000).

We suppose that p � 5 and p − '.N /.4 We will work mostly in the �-part
(as in 2.2.4) for a fixed primitive, even character � W .Z=NpZ/� ! Qp

�
such that

the condition �!�1j.Z=pZ/� ¤ 1 or �!�1j.Z=NZ/�.p/ ¤ 1 of 2.2.4 holds. We also
suppose that � ¤ !2 in the case that N D 1.

2.5.1. We briefly outline the construction of % WY� ! P� that will appear in this
section.

We analyze the hŒGQ�-action on T�=I�T� , showing that it fits in an exact
sequence

0! P� ! T�=I�T� ! Q� ! 0

of hŒGQ�-modules. Any such exact sequence provides a cocycle GQ !
Homh.Q� ; P� / that defines its extension class in Galois cohomology. Our exact
sequence has three key properties: theGL-action on T�=I�T� is unramified, theGL-
actions on P� and Q� are trivial, and the h�=I� -module Q� is free of rank 1 with
a canonical generator. We may therefore modify our cocycle as follows. First, we
compose it with evaluation at the generator of Q� to obtain a map GQ ! P� . Since
GL acts trivially on P� and Q� , this map restricts to a homomorphism GL ! P� .
Since the GL-action on T�=I�T� is unramified, this homomorphism in turn factors
through a homomorphismX ! P� . After a twist, it further factors through Y� and
provides the desired map % WY� ! P� , which we can show to be of �-modules.

We first explain that h�=I� is the quotient of�� by a p-adic L-function � . This
will provide the connection between the map % and the Iwasawa main conjecture.

2.5.2. We define the p-adic L-function � .

4It should actually be possible to allow either or both of p D 3 and p j '.N / in what follows.
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Note that any homomorphismG ! Q
�

factors through someGr and so induces
an even Dirichlet character. Note also that G1 D .Z=NpZ/�=h�1i and G Š G1 �
.1C pZp/.

The p-adic L-function � is the unique element of �� that interpolates Dirichlet
L-values at �1 in the sense that for each character �WG ! Q

�
such that �jG1 D � ,

the ring homomorphism�� ! Qp induced by � sends � to the valueL.��1;�1/ 2
Q of the Dirichlet L-function.

We can also describe � in terms of Kubota-Leopoldt p-adic L-functions. We
make the identification �� D ZpŒ���T � with T D Œu� � 1, where Œu� is the group
element of u 2 1 C pZp with p-adic logarithm .1 � p�1/�1. We then have the
following equality of functions of s 2 Zp:

� .u
s � 1/ D Lp.!2��1; s � 1/:

2.5.3. We construct a canonical isomorphism h�=I�
��! ��=.� /.

Consider the ordinary�-adic Eisenstein series

E� D 1
2
.� /

� C
1X

nD1

 
X

d jn
.d;Np/D1

d Œd �

!

qn 2M� ;

where Œd � is the image in ���1 of the group element in G for d , and � 7! �� is
the involution defined in the footnote of 2.4.5.5 By duality with the Hecke algebra,
it provides a surjective homomorphism H� ! �� , the kernel of which is I� by
definition.

Let MEis denote the component of an H-moduleM for the unique maximal ideal
m containing the Eisenstein ideal I� . By our choice of � , the Eisenstein series E� is
not congruent modulo m to any other Eisenstein series (Ohta 2003, Lemma 1.4.9).
It follows from this that the injection of S in M induces an exact sequence

0! SEis !MEis ! �� ! 0;

where the latter map takes a modular form to the (involution of the) constant term
in its q-expansion. Our map �� W h� =I� ! ��=.� / may then be constructed from
the reduction of E� modulo � . That is, E� is a cusp form modulo .� / � �� by the
exact sequence, and this cusp form provides the surjective map �� by duality with
the Hecke algebra h. Once we know that �� is an isomorphism, it is inverse to the
map induced by �� , where �� is the �-part of the map � defined in 2.2.1.

We explain the idea behind the injectivity of �� . We have an evident surjection
�� ! h� =I� given by the fact that every Hecke operator T .n/ is identified modulo
I� with an element of �� . So, h� =I� is some quotient of �� . The �-adic forms

5The reader may wish to ignore the involutions in order to focus on the idea of the argument.
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in M� have integral constant coefficients, which can be seen by the method of
(Emerton 1999, Proposition 1). Given this, the existence of �� is equivalent to the
fact E� modulo .� / is a �-adic cusp form. As the constant coefficient of E� equals
�� times a unit, no surjective homomorphism to a larger quotient of �� can exist.6

Thus, �� is an isomorphism.

2.5.4. We define Q� and construct a canonical surjection T�=I�T� ! Q� of
hŒGQ�-modules.

For a moduleM over a �-algebra h, let M] denote the hŒGQ�-module that is M
as an h-module and on which 
 2 GQ acts through multiplication by the inverse
of the image of 
 in G. We then define Q� D .h�=I�/

].1/. Consider the Jacobian
variety Jr of the curveX1.Npr /. Let Jr;tor � Jr.Q/ be its torsion subgroup, and take
the contravariant (i.e., dual) action of Tr on Jr;tor. Consider the class ˛r 2 Jr .C/
of the divisor .0/ � .1/, where 0 and1 are viewed as cusps on X1.Npr /.C/. It is
torsion by the theorem of Drinfeld (1973) and Manin (1972). Moreover, ˛r is easily
seen to be annihilated by Ir .

Let ˇr;� be the image of ˛r in the �-part of Jr Œp1� D Jr;tor ˝ Zp . The Tr;� -span
Br;� of ˇr;� is a quotient of hr;� =Ir;� by definition. Moreover, Br;� is isomorphic to
�r;�=.r;� / by a computation of divisors of Siegel units that says in particular that
the �-part of the divisor of g0; 1

Npr
is r;� times .0/ � .1/, up to a unit (see Mazur

and Wiles 1984, Section 4.2).7 Here, r;� denotes the image of � in �r;� . The GQ-
action on Br;� factors through Gal.Fr=Q/, and we have 
aˇr;� D hai�1ˇr;� for any
a 2 .Z=NprZ/�.

Poincaré duality allows us to identify the first étale homology group of
X1.Npr /=Q with the Tate twist of the first étale cohomology group. Taking this
together with the canonical pairing of cohomology and the torsion in Jr , we obtain
a Galois-equivariant, perfect pairing

. ; /WH ét
1 .X1.Npr /=Q;Zp/ � Jr Œp1�! Qp=Zp.1/

with respect to which the Hecke operators are self-adjoint. Let . ; /� denote the
induced pairing on �-parts. Define a map � by

�WH ét
1 .X1.Npr /=Q;Zp/� ! �r;� ˝Qp=Zp.1/; x 7!

X

a2Gr
Œa�r ˝ .x; haiˇr;� /� ;

where Œa�r 2 �r;� denotes the group element for a.8 Let r;� be the image of � in
�r;� . As r;�ˇr;� D 0, the image of the map � is contained in the group .�r;� ˝
Qp=Zp.1//Œr;� � of r;� -torsion, and � factors through the quotient Tr;�=Ir;�Tr;� .

6Another, more usual, way to approach injectivity is to use I� C �h� in place of I� until one
recovers the equality of these ideals through a proof of the main conjecture, as in 2.5.7 below.
7In the projective limit, this gives another way of defining the isomorphism h� =I�

��! ��=.� /.
8To make sense of this, note that the tensor product in the sum is taken over ZpŒ��.
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Consider the composition

Tr;�=Ir;�Tr;�
��! .�r;� ˝Qp=Zp.1//Œr;� �! .�r;�=r;� /.1/

�r;��! .hr;� =Ir;� /.1/;

where the second map is given by x 7! r;� Qx for any lifting Qx of x to QpŒGr �� .1/.
It is surjective by our description of Br;� and the perfectness of . ; /� . As seen
from the Galois action on ˇr;� , it is moreover an hr ŒGQ�-module homomorphism
Tr;�=Ir;�Tr;� ! .hr;� =Ir;� /

].1/. The maps are compatible with r , and their projective
limit is the desired surjective hŒGQ�-module homomorphism T�=I�T� ! Q� .

2.5.5. We explain how the surjection of 2.5.4 fits in an exact sequence

0! P� ! T�=I�T� ! Q� ! 0

of hŒGQ�-modules that is canonically locally split over GQp .
We use the fact that the Eisenstein part TCEis ! Tquo;Eis of the canonical

map of 2.4.4 is an isomorphism, or equivalently, that Tsub;Eis ! TEis=T
C
Eis is an

isomorphism. To see this, one uses an h-module splitting of the local exact sequence
for T� (see Ohta 2000) and the method of Kurihara (1993) and Harder and Pink
(1992). We refer the reader to (Fukaya and Kato Preprint, Section 6.3) for the
argument.

Let us explain the use of this fact: by definition, complex conjugation acts onQ�

by multiplication by �1. Thus, Q� is a quotient of T�=T
C
� . By our isomorphism

on Eisenstein components, it is a quotient of Tsub;� =I�Tsub;� , which by 2.4.6 is
isomorphic to h�=I� as an h-module. This forces the quotient map to be an
injection, so we have Q� Š Tsub;� =I�Tsub;� . But now, this tells us that Q� is an
hŒGQp �-submodule of T�=I�T� . In other words, the surjection T�=I�T� ! Q� is
canonically locally split on GQp . We then have necessarily that the kernel of the
latter surjection is Tquo;� =I�Tquo;� Š P� . This yields the exact sequence.

It is perhaps worth observing that this sequence is also identified with the
reduction modulo I� of the exact sequence of hŒGR�-modules

0! TC� ! T� ! T�=T
C
� ! 0:

Finally, the determinant of the GQ-action on T� is known (e.g., from the determi-
nants of modular Galois representations) and agrees with the GQ-action on Q� , so
the GQ-action on P� is trivial.

2.5.6. We have that P� and Q� have trivial actions of GL. Hence, we have a
homomorphism

GL ! Homh.Q�; P� /; 
 7! .x 7! 
 Qx � Qx/;

where Qx is a lifting of x to T�=I�T� . By 2.5.5, this homomorphism factors
through the unramified quotient X of GL. Thus, we have a homomorphism X !
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Homh.Q� ; P� / that is compatible with the action of Gal.L=Q/. This gives a
homomorphism of Gal.K=Q/-modules

X�.1/! Homh.Q�.�1/; P� / Š Homh..h�=I� /
]; P� / Š P [

� ;

where P [
� is P� on which 
a 2 Gal.L=Q/ acts as multiplication by hai�1. In other

words, we have a �� -module homomorphism

% WY� D X�.1/� ! P� ;

with the Galois action ofG on the left and inverse diamond action ofG on the right.

2.5.7. We describe the heart of the Mazur-Wiles proof of the Iwasawa main
conjecture.

The Iwasawa main conjecture is the equality of ideals

char�� .Y� / D .� /:

By the analytic class number formula, this conjecture is reduced to char�� .Y�/ �
.� /.

Let L be the hŒGQ�-submodule of T� generated by Tsub;� . It follows as in 2.5.5
that we have an equality Lm D Tsub;m ˚ LCm of Eisenstein components. Moreover,
P 0� D LC=I�LC isGQ-stable in L=I�L. In other words, we have an exact sequence
of hŒGQ�-modules

0! P 0� ! L=I�L! Q� ! 0:

In the same way as % , we may define % 0WY� ! P 0� , which is now surjective by
construction.

The Iwasawa main conjecture can be deduced from this surjectivity of % 0. More
precisely, we use the following facts:

(1) The map % 0WY� ! P 0� is surjective.
(2) We have that P 0� D LC=I�LC with LC a finitely generated, faithful h� -module.
(3) The kernel of the canonical surjection�� ! h� =I� is contained in .� /.9

From (1), we obtain

char�� .Y� / � char�� .P
0
� /:

From (2) and (3), we can deduce that

char�� .P
0
� / � char�� .��=.� // D .� /:

9Actually, we know that the kernel coincides with .� /, but this weaker statement is enough.
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Hence char�� .Y�/ � .� /:
2.5.8. The conjecture stated in the following section implies that % is surjective.
This tells us that the inexplicit lattice L required for the Mazur-Wiles proof in 2.5.7
is precisely the canonical lattice T� . In this sense, it suggests a refinement of the
method of Ribet and Mazur-Wiles.

2.6 The Conjecture:$ and � Are Inverse Maps

We state the conjecture of the third author (Sharifi 2011) and the result of the first
two authors (Fukaya and Kato Preprint).

2.6.1. In 2.2.4 and 2.5.6, we defined�-module homomorphisms

$ WP� ! X�.1/� and % WX�.1/� ! P� :

We have the conjecture of the third author. See (Sharifi 2011, Conjecture 4.12),
where the conjecture is given up to a canonical unit; this stronger version was a
stated hope of the third author.

Conjecture. The maps$ and % are inverse to each other.

This conjecture provides an explicit description of X�.1/� in terms of modular
symbols. In this sense, it may be viewed as a refinement of the main conjecture.

2.6.2. We state the result (Fukaya and Kato Preprint, Theorem 7.2.3(1)) of the first
two authors. Let  0� 2 �� denote the derivative of the p-adic L-function � in the
s-variable (see 2.5.2).

Theorem. We have  0�% ı$ D  0� modulo p-torsion in P� .

If � has no multiple roots, the theorem implies the conjecture up to p-torsion
in P� . In fact, it leads to proofs of the conjecture under various hypotheses: see
(Fukaya and Kato Preprint, Section 7.2).

2.6.3. McCallum and the third author conjectured that the image of the cup product

H1.ZŒ�Npr ;
1

Np �;Zp.1//˝Zp H
1.ZŒ�Npr ;

1
Np �;Zp.1//

[�! H2
ét.ZŒ�Npr ;

1
Np �;Zp.2//

projects onto H2
ét.ZŒ�Npr ;

1
Np �;Zp.2//

C
� (McCallum and Sharifi 2003 for N D 1),

which implies that $ is surjective. This generation conjecture follows if we know
that$ ı% D 1. In particular, it holds if � has no multiple roots, and it also holds if
P�˝ZpQp is generated by one element over��˝ZpQp (Fukaya and Kato Preprint,
Theorem 7.2.8).
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2.7 The Proof that �0� ı$ D �0

We explain some of the important aspects of the proof of the main theorem, referring
to the relevant sections of (Fukaya and Kato Preprint) for details.

2.7.1. We consider a refinement of the diagram in 1.10 in which we divide the
right-hand square of that diagram into two squares:

Here, the maps z and1 are the projective limits of the �-components of the maps
zr and1r . The commutativity of the left square of the diagram in 2.7.1 is seen in
Sect. 2.3. The discussion of the rest of this diagram, and the fact that the bottom row
is also multiplication by  0� , compose the rest of this subsection.

It is remarkable that  0� appears here in two very different contexts. The  0� that
appears in the diagram and contributes to  0�% ı $ is related to cup product with
the logarithm of the cyclotomic character. The other  0� is the constant term modulo
� of a �-adic modular form that appears in a computation of the regulators of zeta
elements.

2.7.2. The map HS arises from the Hochschild-Serre spectral sequences

E
i;j
2 D Hi

ét.ZŒ
1

Np �;H
j
ét .Y1.Npr /=Q;Zp.2///) EiCj D HiCj

ét .Y1.Npr /;Zp.2//:

as the projective limit over r of maps E2 ! E
1;1
2 , followed by projection to the

ordinary �-part. We remark that

H1
ét.ZŒ

1
Np �;T� .1// � H1

ét.ZŒ
1

Np �;
QT� .1//;

and the image of HS is actually contained in the larger group, hence the dotted arrow.
However, elements of S� are carried to the smaller group under HS ız (Fukaya and
Kato Preprint, Proposition 3.3.14), so we can still make sense of the diagram.

2.7.3. The third vertical arrow in the diagram of 2.7.1 is a composition of maps as
follows:

H1
ét.ZŒ

1
Np �;T� .1//!H1

ét.ZŒ
1

Np �;Q�.1//
[ .1�p�1/ log.�/����������! H2

ét.ZŒ
1

Np �;Q�.1//
��! Y� :

The first map is induced by the surjection T� ! Q� . The map �WGQ ! Z
�
p is the

p-adic cyclotomic character, and log is the p-adic logarithm. The second map is the
cup product, where we regard log.�/ D log ı� as an element of H1

ét.ZŒ
1
p
�;Zp/.
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For the third map, note that Q� Š .��=�/
].1/ by 2.5.3 and 2.5.4. As the

p-cohomological dimension of ZŒ 1Np � is 2, the group H2
ét.ZŒ

1
Np �; .��=� /

].2// is
isomorphic to the quotient of

H2
ét.ZŒ

1
Np �; �

]

� .2//�
��! lim �

r

H2
ét.Or Œ

1
Np �;Zp.2//�

��! Y�

by the Gal.K=Q/-action of � . Here, the first isomorphism is by Shapiro’s lemma,
and the second is from 2.2.4. By the main conjecture and the fact that Y� has no
finite �-submodules, Y� is � -torsion, so Y�=�Y� D Y� . Putting this all together,
we have the map.

2.7.4. We define a functorD on pro-p GQp -modules.
Let T D lim �� T� for a projective system of finite abelian p-groups T�. For any

abelian group M , set T Ő M D lim ��.T� ˝M/. Let W denote the Witt vectors of

Fp, and suppose that the T� are endowed with compatible actions of hŒGQp � for a
pro-p ring h. We may then consider the h-moduleD.T / that is the fixed part

D.T / D .T Ő W /GQp

for the diagonal action of GQp on T Ő W . If the GQp -actions on the T� are
unamified, thenD.T / and T are isomorphic h-modules. If T has trivialGQp -action,
then D.T / Š T Ő W GQp D T Ő Zp Š T , and this isomorphism is canonical. See
(Fukaya and Kato Preprint, Section 1.7).

2.7.5. We define p-adic regulator maps for unramified, pro-p GQp -modules.
Let T be as in 2.7.4, and suppose that the action of GQp on T is unramified. Let

E D Q.W / be the maximal unramified extension of Qp. The p-adic regulator map
(Fukaya and Kato Preprint, Section 4.2)

regT WH1
ét.Qp; T .1//! D.T /

for T is the h-module homomorphism defined as the composition

H1
ét.Qp; T .1//

inf�! H1
ét.E; T .1//

FrpD1 ��! .T Ő E�/FrpD1 ! D.T /:

Here, the first map is inflation, the second is Kummer theory, and the final map is
induced by

E� ! W.Fp/; x 7! p�1 log
� xp

Frp.x/

�
;

where the p-adic logarithm log is defined to take p to 0.
Note that if GQp acts trivially on T , then regT is induced by the map .1 �

p�1/ logWQ�p ! Zp in a similar fashion.
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2.7.6. We define the p-adic regulator map reg in the diagram of 2.7.1.
Note that Tquo has by definition an unramified GQp -action. We have a refine-

ment (Fukaya and Kato Preprint, Section 1.7) of Ohta’s �-adic Eichler-Shimura
isomorphism (Ohta 1995). That is, there is a canonical isomorphism of h-modules
D.Tquo/

��! S, and in particular Tquo and S are noncanonically isomorphic. The
map reg is then defined as the composition

regWH1
ét.ZŒ

1
Np �;T� .1//! H1

ét.Qp;Tquo;� .1//
regTquo����! D.Tquo;� /

��! S� :

2.7.7. We explain the right-hand vertical map “mod I ” in the diagram of 2.7.1.
The GQp -action on Tquo=ITquo is trivial, so the canonical isomorphism

D.Tquo/
��! S provides an isomorphism Tquo=ITquo

��! S=IS. In particular, we
obtain “mod I ” as the composition of projection followed by a string of canonical
isomorphisms:

S� � S�=I�S�
��! Tquo;� =I�Tquo;�

��! TC� =I�T
C
�
��! S�=I�S� D P� :

2.7.8. The commutativity of the two right-hand squares in the diagram of 2.7.1 are
nontrivial cohomological exercises. We mention only which calculations must in the
end be performed.

(1) The commutativity of the middle square is reduced to that (see Fukaya and Kato
Preprint, Section 9.4) of

the vertical arrows occurring in the long exact sequence in the ZŒ 1Np �-
cohomology of

0! �
]

�.2/! �
]

�.2/! .��=�/
].2/! 0:

Thus, the  0� that appears in the diagram is found in Galois cohomology.
(2) The commutativity of the right-hand square is reduced to verifying that the map

Y� ŠH2
ét.ZŒ

1
Np �;Q�.1// H2

ét.ZŒ
1

Np �;T�=I�T� .1//!H2
ét.Qp; P� .1// Š P�

given by lifting and then projecting is well-defined and agrees with % (Fukaya
and Kato Preprint, Section 9.5). Here, the first isomorphism was discussed
in 2.7.3 and the last is the invariant map of local class field theory, recalling
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from 2.5.5 that P� has trivial Galois action. This description is closer to the
construction of % that will appear for Fq.t/ in Sect. 3.

2.7.9. It remains to prove that the composition S�=I�S� ! S�=I�S� ! P� ,
where the first arrow is the composition of the upper horizontal arrows modulo I�
in the diagram of 2.7.1, coincides with multiplication by  0� on P� . This is deduced
in (Fukaya and Kato Preprint, Sections 4.3 and 8.1) from the computation of the
p-adic regulators of zeta elements given in (Fukaya 2003; Ochiai 2006). This is a
very delicate analysis: we explain only the rough idea of how  0� appears at its end.

The map P� ! P� is shown to be given (modulo � ) by multiplication by the
constant term at t D 1 of a p-adic L-function in a variable t that takes values in
M� . This p-adicL-function is a product of two�-adic Eisenstein series which vary
with t . The constant term in the q-expansion of this product is itself a product of two
zeta functions �p.t/� .s C t � 1/, where �p.t/ is the p-adic Riemann zeta function
and s is the variable for �� � h� . Note that �p.t/ has a simple pole at t D 1 with
residue 1. To evaluate �p.t/� .sC t�1/modulo � .s/ at t D 1, we can first subtract
�p.t/� .s/ from the product and then take the resulting limit

lim
t!1

� .s C t � 1/� � .s/
t � 1 D  0� .s/:

In this manner, the map is shown to be multiplication by  0� .

3 The Case of GL2 over Fq.t/

We now consider the field F D Fq.t/ for some prime power q. In this section, we
provide F -analogues of the constructions, conjecture, and theorem of Sect. 2. We
require the following objects:

• The ring O D FqŒt �,
• The completion F1 D F..t�1// of F at the place1,
• The valuation ring O1 D Fq�t

�1� of F1, which does not contain O,
• A prime number p different from the characteristic of Fq ,
• A non-constant polynomialN 2 O.

Let us also fix an embedding F ,! F1 of separable closures. To avoid technical
complications, we assume in this section that p does not divide .qC 1/j.O=NO/�j.

The organization of this section follows closely that of Sect. 2. We hope to make
clear that most constructions are remarkably similar to the case of Q, though we also
highlight differences. We work with congruence subgroups of GL2.O/, rather than
of SL2.Z/. Modular symbols, used to construct $ , are now found in the homology
S of the compactification of the quotient of the Bruhat-Tits tree by a congruence
subgroup. This S is a quotient of an étale homology group T of the Drinfeld modular
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curve, used in constructing % . As most constructions are so similar, we provide less
detail than in Sect. 2. We intend for full details to appear in a forthcoming paper.

3.1 From Modular Symbols to Cup Products: The Map$

3.1.1. We introduce homology groups S and M of the Bruhat-Tits tree.
Consider the Bruhat-Tits tree B for PGL2.F1/. Its vertices are homothety

classes of O1-lattices L of rank 2 in F 21, or equivalently, elements of
PGL2.F1/= PGL2.O1/. This tree is .q C 1/-valent, and two lattices L � L0
connected by an edge if ŒL0 W L� D q.10 The oriented edges then correspond to
elements of PGL2.F1/=I1, where I1 is the Iwahori subgroup of matrices in
PGL2.O1/ that are upper-triangular modulo the maximal ideal of O1. The group
PGL2.F / acts on the left on B in the evident manner.

Let Q�1.N / be the congurence subgroup of GL2.O/ given by

Q�1.N / D
��
a b

c d

	

2 GL2.O/
ˇ
ˇ
ˇ .c; d / � .0; 1/ mod N



:

We may complete the Bruhat-Tits tree to a space B� by adding in the (rational)
ends, which correspond to elements of P1.F /. We define

U.N/ D Q�1.N / nB and U .N/ D Q�1.N / nB�:

The elements of Q�1.N / nP1.F / are the ends of U.N/. Our homology groups, or
spaces of modular symbols, are then

S D H1.U .N /;Zp/ �M D H1.U .N /; fendsg;Zp/:

3.1.2. We introduce Manin-Teitelbaum symbols Œu W v� 2M.
Modular symbols in M were defined by Teitelbaum (1992) analogously to the

case of Q. In particular, given ˛; ˇ 2 P
1.F /, we have a modular symbol that is the

class f˛ ! ˇg of any non-backtracking path in the Bruhat-Tits tree that connects
the two corresponding ends of B .

Analogues of Manin symbols are defined as before. That is, for u; v 2 O=NO

with .u; v/ D .1/, we choose 	 D �
a b
c d

� 2 GL2.O/ with u D c mod N and v D
d mod N , and then

Œu W v� D
�
d

bN
! c

aN



:

10Note that q appears in this sentence as the order of the residue field of O1.
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These symbols generate QH and yield a presentation with identical relations to those
of 2.1.2.

3.1.3. We introduce the intermediate space M0 on which we define$ .
Let M0 denote the Zp-submodule of M generated by the Manin symbols Œu W v�

with u; v ¤ 0. As in the case of GL2 over Q, we have S �M0 �M.

3.1.4. We introduce cyclotomic N -units � u
N

in abelian extensions FN � EN
of Fq.t/. The reader may find a powerful analogy with objects in the theory of
cyclotomic fields over Q.

We consider the cyclotomic N -units � u
N

for u 2 O � .N /. These are the roots
of the Carlitz polynomials (Carlitz 1938) for divisors of N , or are equivalently the
N -torsion points of the Carlitz module. As � u

N
depends only on u modulo N , we

abuse notation and consider it for nonzero u 2 O=NO. We can visualize � u
N

in the

completion C1 of F1 by

� u
N
D exp

�u�

N

�
D u

N

Y

a2O�f0g

�
1 � u

Na

�
;

where exp is the Carlitz exponential and � 2 C1 is transcendental over F .
Let EN D F.� 1

N
/, which is an abelian extension of F of conductor N1 con-

taining no constant field extension of F . There is an isomorphism Gal.EN=F /
��!

.O=NO/� such that a 2 .O=NO/� is the image of an element 
a 2 Gal.EN=F /
that satisfies 
a.� 1

N
/ D � a

N
. Let FN be the largest subfield of EN in which 1

splits completely over F , which we might call the ray class field of modulus N .
Under the above isomorphism, Gal.EN=FN / is identified with F

�
q . In fact, we have


c.� u
N
/ D c� u

N
for c 2 F

�
q . These facts are found in the work of Hayes (1974).

Let ON denote the integral closure of O in FN . Since p − .q� 1/ by assumption,
the image of � u

N
in the p-completion of the N -units of EN is fixed by the action of

F
�
q . This allows us to view � u

N
as an element of H1

ét.ON Œ
1
N
�;Zp.1//. For nonzero

u; v 2 O=NO, we may consider the cup product

� u
N
[ � v

N
2 H2

ét.ON Œ
1
N
�;Zp.2//:

3.1.5. We define the map$ . Here, we work directly with étale cohomology, rather
than K2.

There is a homomorphism

$ WM0 ! H2
ét.ON Œ

1
N
�;Zp.2//; Œu W v� 7! � u

N
[ � v

N
:

In the current setting, we can no longer quickly verify from the presentation of M0

that$ is well-defined. Rather, we see this as a consequence of the argument that$
is “Eisenstein” in Sect. 3.3.

3.1.6. We introduce the cuspidal Hecke algebra h and its Eisenstein ideal I .
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Let n denote a nonzero ideal of O. Through the action of GL2.F / on B , we
have a Hecke operator T .n/ acting on S as the correspondence associated to
Q�1.N /

�
1 0
0 n

� Q�1.N /, where n D .n/. Let h be the subring of EndZp .S/ generated
over Zp by the Hecke operators T .n/.

We also have diamond operators hai in h for nonzero ideals a of O prime to .N /.
This hai depends only on the reduction modulo N of the monic generator of a.

The Eisenstein ideal I is the ideal of h generated by T .n/ �PdjnN.d/hdi for
all nonzero ideals n of O, taking hdi D 0 if dC .N / ¤ .1/. Here, N.n/ D ŒO W n� is
the absolute norm of n.

Similarly, we have the Eisenstein ideal I of the Hecke algebra H � EndZp .M/.

3.1.7. To say that $ is “Eisenstein” is to say that $ factors through a map

$ WM0=IM0! H2
ét.ON Œ

1
N
�;Zp.2//:

We explain this result in Sect. 3.3.

3.1.8. Let G D .O=NO/�=F�q , and set � D ZpŒG�.

(1) We have a ring homomorphism �W�! h which sends the group element Œa� in
ZpŒG� for a 2 G to the inverse hai�1 of the diamond operator corresponding to
a.

(2) We have the isomorphism Gal.FN=F /
��! G of class field theory (see 3.1.4).

Modules over h and ZpŒGal.FN=F /� become �-modules through these identifica-
tions.

3.2 Working with Fixed Level

We explain why we work with fixed level in Sect. 3, and we define our two objects
of study.

3.2.1. We do not pass up a tower for the following reason on the GL1-side. By
assumption on p, the field Fq has no nontrivial pth roots of unity. Since FN=F
contains no constant field extension, FN also contains no nontrivial pth roots of
unity. So, even if we “increase” N , we are unable to employ the Iwasawa-theoretic
trick of passing Tate twists through projective limits of Galois cohomology groups.
In particular, since we deal with cohomology with Zp.2/-coefficients, we do not
work with class groups.

3.2.2. We again have two objects of study:

• The geometric object P D S=IS for GL2,
• The arithmetic object Y D H2

ét.ON ;Zp.2// for GL1.
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Given a character � WG ! Qp

�
, we set �� D ZpŒ�� and view it as a quotient

of � through � . For a �-module M , we let M� D M ˝� �� denote the �-part of
M . If � is primitive, then our assumption that p does not divide jGj implies that the
canonical maps

P� !M0
�=I�M

0
� and Y� ! H2

ét.ON Œ
1
N
�;Zp.2//�

are isomorphisms.

3.3 Zeta Elements:$ Is “Eisenstein”

We explain that $ factors through the quotient of M0 by the Eisenstein ideal I.

3.3.1. We define Siegel units on Drinfeld modular curves.
Let Y.N / denote the Drinfeld modular curve that is the moduli scheme for

pairs consisting of a rank 2 Drinfeld module over an OŒ 1
N
�-scheme and a full

N -level structure (or, basis of the N -torsion) on it. Over Y.N /, we have a universal
Drinfeld module, equipped with a full N -level structure, which locally looks like
.N�1O=O/2 � Y.N /. On the universal Drinfeld module is a certain theta function
�. Given an element of . u1

N
; u2
N
/ 2 .N�1O=O/2, we may pull � back to a unit on

the Drinfeld modular curve using the second coordinate of the level structure. This
unit g˛;ˇ 2 O�Y.N/ is the analogue of a Siegel unit.11

Let Y1.N / be the moduli scheme for pairs consisting of a rank 2Drinfeld module
over an OŒ 1

N
�-scheme and a point of orderN on it. If we take ˛ D 0, then the Siegel

unit g0;ˇ may again be viewed as an element of O�Y1.N /.

3.3.2. If we take a K-theoretic product of two Siegel-type units, we obtain the
Beilinson-type elements considered by Kondo and Yasuda (2012). See also the work
of Kondo (2002) and Pal (2010). Much as in the case of Q, we have a map

zWM0 ! H2
ét.Y1.N /;Zp.2//; Œu W v� 7! g

0;
u
N
[ g

0;
v
N

of H-modules. We can specialize this at the cusp corresponding to1 2 P
1.F / to

obtain � u
N
[ � v

N
. This specialization map1 is Eisenstein. Hence, we see that

$ D1 ı zWM0 ! H1
ét.ON Œ

1
N
�;Zp.2//

is well-defined and Eisenstein.

11Actually, g˛;ˇ as we have described it is not well-defined until we take its q2 � 1 power. The
assumption that p − .q2 � 1/ is used to avoid this issue when we work with étale cohomology.
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3.4 Homology of Drinfeld Modular Curves

In this subsection, we study the étale homology groups of Drinfeld modular curves.
Unlike in Sect. 2.4, we do not take ordinary parts. That is, the Galois representations
found in the homology of Drinfeld modular curves are already “special at 1,”
the required analogue of “ordinary at p.” Moreover, the resulting unramfied-at-
1 quotient may in the present setting be identified with the space S of cuspidal
symbols, which is the analogue of the plus quotient of homology of 2.2.2. In other
words, the place1 of Fq.t/ plays both the roles that p and the real place do in the
GL2-setting over Q.

The statements in this subsection are consequences of the work of Drinfeld
(1974).

3.4.1. We first introduce the étale homology group T.
Over F , the Drinfeld modular curve Y1.N /=F has a smooth compactification

X1.N /=F . Over C1 (or F ), it is given by adding in the set of cusps Q�1.N /nP1.F /
of the Drinfeld upper half-plane. We define our étale homology group

T D H ét
1 .X1.N /=F ;Zp/

as the Zp-dual of H1
ét.X1.N /=F ;Zp/.

The Hecke algebra generated by the T .n/ in EndZp .T/ is in fact equal to h. The
module Qp ˝Zp T over the total quotient ring Qp ˝Zp h of h is free of rank 2.

3.4.2. We study the action of GF1 on T.
We have an exact sequence

0! Tsub ! T ! Tquo ! 0

of hŒGF1 �-modules, with Tsub and Tquo defined as follows. First, Tsub is the largest
submodule of T such that GF1 acts on Tsub.�1/ trivially, and Tquo is the quotient.
Then Tquo is equal to the maximal unramified, h-torsion-free quotient of T. In this
way, the place1 plays the role that the place at p does in 2.4.4. In fact, GF1 acts
trivially on Tquo, and both Qp ˝Zp Tsub and Qp ˝Zp Tquo are free of rank 1 over
Qp ˝Zp h.

The above short exact sequence is split as a sequence of h-modules: Tquo is the
isomorphic image of the h-submodule of T on which a choice of Frobenius element
acts trivially. This will be used in constructing % below.

3.4.3. SinceU .N/ is essentially the graph of the special fiber of a model ofX1.N /
over O1, we have a surjective homomorphism

T ! S D H1.U .N /;Zp/:
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Via this map, S is identified with the quotient Tquo of T with trivial GF1-action. In
this way, Tquo is also analogous to the plus quotient of homology in 2.2.2. That is,
the place1 also plays the role that the real place does over Q.

3.4.4. Let S be the space of those Zp-valued, special-at-1 cuspidal automorphic
forms

�WPGL2.F /nPGL2.AF /=.Kf � I1/! Zp;

where AF D A
f
F �F1 is the adele ring,Kf is the closure of the image of Q�1.N / in

PGL2.A
f
F / (see 4.1.3), and I1 is the Iwahori subgroup of PGL2.F1/. For � to be

special at1means that its right QpŒGL2.F1/�-span is a direct sum of copies of the
“special representation.” (The latter is the quotient of the locally constant functions
P
1.F1/! Qp by the constant functions.)

The property of being special at 1 tells us the local behavior at the prime 1
of the 2-dimensional Qp-Galois representation attached to the cusp form. This is a
replacement for the condition of ordinarity at p: it is what tells us the GF1-action
on T used in 3.4.2.

3.4.5. We explain how the groups S and S may be identified.
The identification passes through the harmonic cocycles on U.N/. These are

the functions on the oriented edges of U.N/ that change sign if we switch its
orientation of an edge and which sum to zero on the edges leading into a vertex
(i.e., are harmonic). The cuspidal harmonic cocycles are those supported on finitely
many edges. The space of Zp-valued cuspidal harmonic cocycles may be directly
identified with S. It also provides a combinatorial description of S. To see this,
one starts with the observation that the double coset space on which forms in S

are defined is none other than the set of oriented edges of U.N/. The property of
being special at1 gives the harmonic condition, and the two notions of cuspidality
coincide. Thus, the spacesS and S that appear in the diagram of 1.10 are canonically
identified in the case of Fq.t/.

3.5 The Map �

We define the map % WY� ! P� on �-parts for a fixed primitive character � WG !
Qp

�
.

3.5.1. We briefly outline the construction of % WY� ! P� that will appear in this
section.

As in 2.5.1, we analyze the hŒGF �-action on T�=I�T� , showing that it fits in an
exact sequence

0! P� ! T�=I�T� ! Q� ! 0
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of hŒGF �-modules. Similarly to the setting of GL2 over Q, the GF -actions on P�
and Q� are understood, and Q� is free of rank 1 over h�=I� with a canonical
generator. However, the domain of our map % is not a Galois group, so our approach
to constructing % is different. We employ compactly supported cohomology, which
is dual to Galois cohomology by Poitou-Tate duality. Instead of directly using the
cocycle attached to the exact sequence, we construct % in 3.5.7 from a connecting
homomorphism @ on compactly supported étale cohomology that appears as the
second map in a composition of �� -module homomorphisms

% WY� ��! H2
ét;c .OŒ

1
N
�;Q�.1//

@�! H3
ét;c .OŒ

1
N
�; P� .1//

��! P� :

The isomorphisms are seen using the h� ŒGF �-module structure of Q� and the
triviality of the GF -action on P� , respectively.

3.5.2. We define the L-function for � by

L.�; s/ D
Y

p−N
.1 � �.Frp/

�1
N.p/�s/�1;

where the product is taken over the prime ideals p of O not dividing N , and Frp
denotes an arithmetic Frobenius at p. We then take � 2 �� to be the nonzero value
L.�;�1/.
3.5.3. We have an isomorphism h�=I�

��! ��=.� /. We indicate one construction
of the map.

Consider the Jacobian variety J ofX1.N / and the class ˛ 2 J.C1/ of the divisor
.0/�.1/, where 0 and1 are cusps on the Drinfeld modular curve. Gekeler showed
that ˛ has finite order (Gekeler 2000), and it is annihilated by I . The h� -module
generated by the �-part of ˛ is ��=.� / by a computation of the divisors of Siegel
units, providing the desired map.

3.5.4. We defineQ� D .h�=I� /].1/, where . /] indicates aGF -action under which
any element that maps to a 2 G acts by multiplication by ��1.a/. Much as in 2.5.4,
pairing with the �-part of ˛ gives rise to a canonical surjection of h� ŒGF �-modules
T�=IT� ! Q� .

3.5.5. The exact sequence

0! P� ! T�=I�T� ! Q� ! 0

of hŒGF �-modules is constructed as in 3.5.1. Here, we observe that Q� has a
nontrivial action of the Frobenius element chosen in 3.4.2, so Q� is a quotient
of Tsub. As before, Tsub is Zp-dual to Tquo and thereby isomorphic to h, so we

have an isomorphism Tsub;� =I�Tsub;�
��! Q� that provides a GF1 -splitting of the

exact sequence. The known GF -action on Q� and the known determinant of the
GF -action on T� tell us that GF acts trivially on P� .
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3.5.6. The analogue of the Iwasawa main conjecture over FN is the equality

jY� j D Œ�� W .� /�

of orders. This equality is a consequence of Grothendieck trace formula, so we do
not require the method of Mazur-Wiles to prove it.

3.5.7. We define our map % .
LetHi

ét;c.OŒ
1
N
�;M/ denote the i th compactly supported étale cohomology group

of a compact Zp�GF �-module M that is unramified outside N1. These groups fit
in a long exact sequence

� � � !Hi
ét;c .OŒ

1
N �;M/! Hi

ét.OŒ
1
N �;M/!

M

vjN1
Hi

ét.Fv;M/!HiC1
ét;c .OŒ

1
N �;M/! � � � :

The exact sequence in 3.5.1 yields a connecting homomorphism

H2
ét;c.OŒ

1
N
�;Q�.1//! H3

ét;c.OŒ
1
N
�; P� .1// D P� ;

the latter identification as P� has trivial GF -action, and we can prove that the
canonical map

H2
ét;c.OŒ

1
N
�;Q�.1//! H2

ét.OŒ
1
N
�;Q�.1//

is an isomorphism. Hence, the above homomorphism is identified with
H2

ét.OŒ
1
N
�;Q�.1//! P� . Our % is defined as the following composition:

% WY� ��! H2
ét.ON Œ

1
N
�;Zp.2//�

��! H2
ét.OŒ

1
N
�;�

]

� .2//

��! H2
ét.OŒ

1
N
�; .��=�/

].2//

��! H2
ét.OŒ

1
N
�;Q�.1//! P� :

The isomorphism in the first line is by 3.2.2, the isomorphism in the second line
is by Shapiro’s lemma, the isomorphism in the third line follows from the fact that
� kills Y� by 3.5.6, and the isomorphism in the fourth line is by definition of Q�

in 3.5.4.

3.6 The Conjecture:$ and � Are Inverse Maps

We state the conjecture and our main result in the case of GL2 and GL1 over Fq.t/.
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3.6.1. We state the conjecture.

Conjecture. The maps$ WP� ! Y� and % WY� ! P� are inverse to each other.

3.6.2. We state the theorem.

Theorem. We have that  0�% ı$ D  0� , where

 0� D
d

dq�s
L.��1; s/jsD�1 2 ��:

3.6.3. We can prove the order of P� is divisible by the order of��=.� / and hence
by the order of Y� . Thus, in the case that  0� is a unit in�� , our conjecture is implied
by the above theorem.

3.7 The Proof that �0� ı$ D �0

The method of the proof of our Theorem 3.6.2 is parallel to the proof in the Q-case.
We give only its bare outline.

3.7.1. As in 2.7.1, we consider a refinement of the diagram in 1.10 in which we
divide the right-hand square of that diagram into two squares:

The commutativity of the leftmost square of the diagram was discussed in Sect. 3.3.
We discuss the maps in the other two squares of the diagram below.

3.7.2. The map HS in the diagram arises in a Hochschild-Serre spectral sequence.
An analogue of the discussion of 2.7.2 applies.

3.7.3. Let � be the canonical generator of H1
ét.Fq;Zp/. The third vertical arrow in

the diagram is the composition

H1
ét.OŒ

1
N
�;T� .1//! H1

ét.OŒ
1
N
�;Q�.1//

[ ���! H2
ét.OŒ

1
N
�;Q�.1//

��! Y�;

where the last isomorphism is given in 3.5.7.

3.7.4. The map reg in the diagram is the �-part of the p-adic regulator map

H1
ét.F1; S.1//

[ ���! H2
ét.F1; S.1//

��! S D S;

where the second map is the invariant map of local class field theory.
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3.7.5. Since S and S are canonically identified, both “mod I ” maps in the diagram
are just reduction modulo I� .

3.7.6. The proofs of the commutativity of the other two squares are once again
nontrivial, though slightly different, exercises in étale and Galois cohomology.

3.7.7. It remains to prove that the composition S� ! S� ! P� , where the first
arrow is the composition of the upper horizontal rows, coincides with  0� times the
reduction modulo I� map S� ! P� . By the computation of Kondo and Yasuda
(2012) of the values of a regulator map on the analogues of Beilinson elements, this
is reduced to a comparison of their regulator map with the above p-adic regulator
map.

4 What Happens for GLd?

In this section, we discuss three settings for the study of generalizations of the
conjectures in Sects. 2 and 3 for GLd over a field F , for a fixed integer d � 1.
The fields F and, thereby, the cases we consider here are:

(i) The rational numbers,
(ii) An imaginary quadratic field,

(iii) A function field in one variable over a finite field.

We have results only in the cases (i) and (iii) for d D 2 discussed above, but we wish
to speculate and pose questions in a more general setting. Rather than formulating
precise conjectures, we aim for the more modest goals of pointing in their direction
and inspiring the reader to investigate further.

4.1 The Space of Modular Symbols

4.1.1. By an infinite place, we mean the unique Archimedean place in cases (i) and
(ii) and a fixed place1 in case (iii). The remaining places are called finite places.
We have the following objects:

• The subring O of F of elements that are integral at all finite places,
• The completion Fv of F at a place v,
• The valuation ring Ov of Fv at a non-Archimedean place v,
• The adele ring AF of F and the adele ring A

f
F of finite places,

• The subring O
f

A
D Qv finite Ov of AfF .

In the discussion below, we will use the notation . /.d/ when defining an object in
the GLd -setting and then omit the notation in many instances in which d is clear.
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4.1.2. We define a topological space Dd by using the standard maximal compact
subgroup of PGLd .F1/: in the respective cases, it is

(i) PGLd .R/= POd .R/, so that SLd .R/= SOd .R/
��! Dd ,

(ii) PGLd .C/= PUd , so that SLd .C/= SUd
��! Dd ,

(iii) The Bruhat-Tits building associated to PGLd .F1/.

For example, in case (i) the space D2 is the complex upper half-plane H. In case
(ii), the space D2 is the three-dimensional hyperbolic upper-half space H3. Note
that in case (iii), the Bruhat-Tits building has the set PGLd .F1/= PGLd .O1/ of
homothety classes of O1-lattices of rank d in F d1 as its 0-simplices.

4.1.3. Let N be a nonzero ideal of O. Let K.d/
1 .N / be the open compact subgroup

of GLd .O
f
A
/ given by

K
.d/
1 .N / D

(

g 2 GLd .O
f

A
/ j .gd;1; : : : ; gd;d�1; gd;d / � .0; : : : ; 0; 1/ mod N

)

:

Let

U .d/.N / D GLd .F / n.GLd .A
f
F /=K

.d/
1 .N / �Dd/:

The space U .1/.N / is the relative Picard group Pic.O; N /, viewed as a discrete
space. For d � 2, the space U .d/.N / is homeomorphic to the disjoint union of
j Pic.O/j copies of Q� .d/

1 .N / nDd , where

Q� .d/
1 .N / D GLd .O/\K.d/

1 .N /:

4.1.4. Consider cases (i) and (ii). Let � 2 GLd .O/ be a diagonal matrix with entries
a1; a2; : : : ; ad such that the product a1a2 � � �ad generates the roots of unity �F D
O� in F . Let

�
.d/
1 .N / D Q� .d/

1 .N / \ SLd .O/:

Then Q�1.N / nDd is identified with the quotient of �1.N / nDd by the action of the
operator

class.g/ 7! class.�g��1/

for g 2 SLd .R/ in case (i) and for g 2 SLd .C/ in case (ii).

4.1.5. In case (i), the space U .2/.N / is identified with the quotient of Y1.N /.C/ D
�1.N / nH by the action of complex conjugation on Y1.N /.C/. In fact, the
description in 4.1.4 shows that it arises from the quotient of H by the action
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H 3 x C iy D class

�p
y x

0 1=
p
y

	

7! class

���1 0
0 1

	�p
y x

0 1=
p
y

	��1 0
0 1

		

D class

�p
y �x
0 1=

p
y

	

D �x C iy;

which coincides with the action of complex conjugation on Y1.N /.C/.

4.1.6. The space S.d/.N / of (cuspidal) modular symbols for GLd is defined as

S.d/.N / D image.Hd�1.U .d/.N /;Z/! HBM
d�1.U .d/.N /;Z//;

where HBM� denotes Borel-Moore homology. Recall that if U.N/ is a compact-
ification of U.N/, then HBM

i .U.N /;Z/ is canonically isomorphic to the relative
homology group Hi.U .N /; U .N /nU.N/;Z/. The space S.N / may be the homol-
ogy groupHd�1.U .N /;Z/ for some good choice of compactification.

4.1.7. In case (i), we have by 4.1.5 a canonical map

H1.X1.N /;Z/C ! S.2/.N / D H1.U .N /;Z/;

where U .N/ is the quotient of X1.N / by the action of complex conjugation. This
map is a surjection with 2-torsion kernel.

4.1.8. For a nonzero ideal n of O, let T .n/ denote the Hecke operator on S.d/.N /

corresponding to the sum of K.d/
1 .N /-double cosets of elements of Md.OA/ \

GLd .A
f
F / with determinant generating nOv in the v-component. (For d D 1, we

make the convention that T .n/ D 0 if n and N are not coprime.) These operators
satisfy T .ab/ D T .a/T .b/ for coprime a and b.

Let T.d/.N / denote the commutative subring of EndZ.S.d/.N // generated by the
T .n/ with n a nonzero ideal of O.

4.1.9. For d D 1, the group S.N / of modular symbols is H0.U.N /;Z/ D
ZŒPic.O; N /�. The Hecke algebra T.N / is the ring ZŒPic.O; N /�, with T .n/ for
n coprime to N equal to the group element for n. Under these identifications, T.N /
acts by left multiplication on S.N /.

4.1.10. The modular symbol f0!1g in Sect. 2.1 is generalized to the following
element ofHBM

d�1.U.N /;Z/. It is the class of the image in the identity component of
U.N/ of the following standard subset of Dd , with a suitable orientation:

(i-ii) The set of classes of diagonal matrices in GLd .F1/ with positive real entries,
(iii) The union of all .d � 1/-simplices with 0-vertices in the set of classes in Dd

of diagonal matrices in GLd .F1/.

The modular symbols f˛ ! ˇg for ˛; ˇ 2 P
1.Q/ are generalized to the classes in

HBM
d�1.U.N /;Z/ of the images in U.N/ of the translations by GLd .F / of the above

standard subset of Dd .
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4.2 Questions for the General Case

We suspect that our results in Sects. 2 and 3 are special cases of a relationship

Modular symbols for GLd modulo the Eisenstein ideal” Iwasawa theory for GLd�1

that holds for d � 2. In this subsection, we describe what we expect to be true.

4.2.1. We lay out some basic objects, starting with:

• A prime number p ¤ charF ,
• A nonzero ideal N of O that is coprime to p,
• A commutative pro-p ring R and its total ring of quotientsQ.R/,
• A profinite R-module T with a continuous R-linear action of GF that is

unramified at every finite place not dividing Np,

Recalling from 4.1.8 the Hecke algebra T.d/.N / and modular symbols S.d/.N /, we
define

TR D lim �
r

.R˝ T
.d/.Npr // and SR D lim �

r

.R˝ S.d/.Npr //:

We shall often use the fact that .p/ D O in case (iii). For instance, in this case
Npr D N , so we have quite simply that TR D R˝T

.d/.N / and SR D R˝S.d/.N /.
We also let T.d/.Npr /0 be the subring of T.d/.Npr / generated by the T .n/ with

n coprime to .p/. Note that T.d/.Npr /0 D T
.d/.N / in case (iii) and T

.1/.Npr /0 D
T
.1/.Npr / in all cases.

4.2.2. We place some conditions on the pair .R; T /:

(1) The Q.R/-module V D Q.R/˝R T is free of rank d � 1.
(2) For every prime ideal p of O that does not divide Np, the characteristic

polynomial Pp.u/ D detQ.R/.1 � Fr�1p u j V / of an arithmetic Frobenius Frp
lies in RŒu�.

For a prime ideal p of O that does not divide Np, we define a.pn/ for n � 0 by

Pp.u/
�1 D

1X

nD0
a.pn/un 2 R�u�:

We then suppose:

(3) There exists a ring homomorphism

�T W lim �
r

.Zp ˝ T
.d�1/.Npr /0/! R
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that sends T .pk/ to a.pk/ for all prime ideals p of O not dividing Np and all
k � 1.

We extend a to a function on all nonzero ideals n of O by setting a.n/ D �T .T .n//
if n is coprime to p and a.n/ D 0 otherwise. In the case d D 2, our definition forces
a.n/ D 0 for any n not coprime to Np, while in general, these values of a may not
be uniquely determined by T , so �T should be considered as part of the data.

4.2.3. We define the Eisenstein ideal IT of TR to be the ideal of the GLd -Hecke
algebra TR generated by the elements

T .n/�
X

djn
a.d/N.d/

for the nonzero ideals n of O. Note that IT depends only on V and the choice of �T ,
rather than T itself. In case (i), the ideal IT is generated by the coefficients of the
formal expression

1X

nD1
T .n/n�s � �.s/

1X

nD1
.n;p/D1

a.n/n�.s�1/:

4.2.4. For any compact R�GF �-module M that is unramified outside of S [ f1g
for some finite set S of finite places ofF including those dividingp, we denote more
simply by H2

ét.OŒ
1
p
�;M / the R-moduleH2

ét.OŒ
1
p
�; j�M/, where j WSpec.O/ n S ,!

Spec.OŒ 1
p
�/ is the inclusion morphism. It is independent of the choice of S . We will

also use a similar notation with O replaced by its integral closure in a finite extension
of F .

4.2.5. Our two objects of study are the R-modules:

• The geometric object P D SR=IT SR on the GLd -side,
• The arithmetic object Y D H2

ét.OŒ
1
p
�; T .d// on the GLd�1-side.

We ask a vague question.

Question. Under what conditions does there exist a canonical isomorphism
$ WP ��! Y of R-modules?

We remark that there certainly must be some conditions, as different lattices T in
V may have Y that are nonisomorphic. In what follows, we introduce three settings
for further study.

4.2.6. We fix some notation for abelian extensions of F and their Galois groups.
For r � 0, let Hr be the ray class field of F of modulus .pr/, and let Or be the

integral closure of O inHr . Let �r D Pic.O; .pr //, which is canonically isomorphic
to Gal.Hr=F / by class field theory. Let � D lim �r �r .
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• In case (i), we have that Hr D Q.�pr /
C, Or D ZŒ�pr �

C, and � D Z
�
p =h�1i.

• In case (ii), the field Hr is generated over F by the j -invariant j.E/ and
x-coordinates of the pr -torsion points of an elliptic curve E over F.j.E// with
CM by O. There is an exact sequence

0! .Zp ˝ O/�=�F ! � ! Pic.O/! 0:

Note that � =�tor Š Z
2
p , where �tor is the torsion subgroup of � .

• In case (iii), we have that Hr D H0, Or D O0, and � D �r D Pic.O/.

Let Œa� 2 Zp�� � be the group element corresponding to a 2 � . We may also
speak of Œa� for a an ideal of O coprime to p by taking the sequence of classes of
a in the groups �r . We use . /] below to denote the (additional) GF -action on a
module over a Zp�� �-algebra under which an element that restricts to a 2 � acts
by multiplication by Œa��1.

4.2.7. We describe setting (Ad ) for d � 2.
Let R0 be the valuation ring of a finite extension K0 of Qp . Let T0 be a free

R0-module of rank d � 1 endowed with a continuous R-linear action of GF . We
assume that the GF -action on T0 is unramified at all finite places not dividing Np.
We suppose that condition (3) of 4.2.2 is satisfied for .R0; T0/, and we use a0.n/ to
denote a.n/ of 4.2.2 for this pair.

Let R D R0�� � and T D R] ˝R0 T0. Then the pair .R; T / satisfies conditions
(1) and (2) of 4.2.2, and we suppose that it satisfies (3). It follows directly that
a.n/ D Œn��1 ˝ a0.n/ for any nonzero ideal n of O that is coprime to Np. By
definition of T , we also have an R-module isomorphism

Y D H2
ét.OŒ

1
p
�; T .d// Š lim �

r

H2
ét.Or Œ

1
p
�; T0.d//:

In that the GF -stable R0-lattice T0 has not been chosen with any special
properties inside V0 D K0 ˝R0 T0, we consider an additional condition.

(4) The GF -representation k0 ˝R0 T0 is irreducible over the residue field k0 of K0.

It follows from (4) that the isomorphism class of T0 as an R0ŒGF �-module depends
only on the K0-representation V0 of GF . That is, all GF -stable R0-lattices in V0
have the same isomorphism class. Hence, the isomorphism class of the R-module
Y depends only on V0.

Finally, to avoid known exceptions in case (i), we consider a primitivity
condition.

(5) The map �T0 does not factor through lim �r .Zp ˝ T
.d�1/.Mpr/0/ for any ideal

M of O properly containingN .

4.2.8. We may now ask our question for setting (Ad ) under conditions (1)–(5).

Question. Does there exist a canonical isomorphism$ WP ��! Y of R-modules?
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We are also interested in what happens if conditions (4) and (5) are removed. For
instance, we wonder if (5) might be removed for good choices of N , p, and d , or
if (4) might be removed in the presence of a good, canonical lattice T0. In any case,
we can ask the following question.

Question. If we do not suppose conditions (4) and (5), does there still exist a
canonical isomorphism$Qp WQp ˝Zp P

��! Qp ˝Zp Y ?

4.2.9. The p-adic Galois representations V0 attached to the following objects of
modulus or level Npr for some r � 0 all have .R0; T0/ and .R; T / satisfying (1)–
(3):

• In case (i) for d D 2, an even Dirichlet character,
• In case (i) for d D 3, a holomorphic cupsidal eigenform,
• In case (ii) for d D 2, an algebraic Hecke character on A

�
F ,

• In case (iii) for d � 2, a cuspidal eigenform of GLd�1 that is special at1.

The examples for d D 2 obviously satisfy (4), and in the remaining cases, (4) may
be assumed. By taking each of the objects to be primitive, we may assume (5).

4.2.10. We explain how the setting (A2) for F D Q and Fq.t/ was studied in
Sects. 2 and 3.

Let � be a primitive character of Pic.O;Np/, and impose all the assumptions on
p,N , and � of Sects. 2 and 3. TakeR0 D ZpŒ��, and let T0 D ZpŒ�� withGF acting
through ��1. Let� D Pic.O; .p//, which we may view as a subgroup of � . For the
objects P� and Y� of Sect. 2 in case (i) and of Sect. 3 in case (iii), we claim that

P� D Zp ˝ZpŒ�� P and Y� D Zp ˝ZpŒ�� Y;

with P and Y as in 4.2.5. This claim is immediate for Fq.t/ as � is trivial, and it is
not hard to see for Y in case (i). However, the claim for P is not evident in case (i),
so we prove it.

Proof of the claim. Note that R D ZpŒ���� � and T D ZpŒ���� �], and note that

TR D T
.2/
R of this section is TŒ���� �, where T is as in 2.2.1. The claim for P

follows if we can show that the map T .n/ 7! T .n/ on Hecke operators induces an
isomorphism

T�=I�
��! Zp ˝ZpŒ�� .TR=IT /;

where I is the Eisenstein ideal of 2.2.1.
For a prime ` not dividing Np, the action of Fr�1` on V is multiplication by

�.`/Œ`��1, from which it follows that a.`k/ D �.`/kŒ`��k if ` − Np. On the other
hand, condition (3) forces a.`k/ D 0 for all k � 1 for primes ` dividing Np.
The algebra TR contains diamond operators hai for a 2 � . This follows from the
identity h`i D `�1.T .`/2�T .`2// for ` − Np, which also allows us to compute that
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h`i � �.`/Œ`��1 mod IT . Thus, IT is generated by T .`/�1�`h`i and h`i��.`/Œ`��1
for primes ` − Np and T .`/� 1 for primes ` j Np.

Noting that the image in TR=IT of every group element is also the image of an
element of TŒ��, we now see that the map T .n/ 7! T .n/ induces an isomorphism
.T=I /Œ�� ��! TR=IT of ZŒ��-modules, where a 2 � acts by �.a/hai�1 on the left
and �.a/hai�1 � Œa� mod IT on the right. The induced map on �-coinvariants is
the desired isomorphism. ut
4.2.11. In setting (Ad ), we have considered Galois cohomology groups of families
of .d � 1/-dimensional Galois representations in the variables given by Iwasawa
theory. In case (i) of (Ad ), for instance, V is a family of Galois representations in the
cyclotomic variable. Of course, there are other families of Galois representations,
such as Hida families, and we would like to consider them. Therefore, we
introduce two additional settings (B3) and (Cd ) of study. We do not exclude any
representations that are new at N from our families. Perhaps we should, but we
prefer a simpler presentation.

4.2.12. We describe setting (B3), in which we work in case (i) for d D 3.
Let h and T be as in Sect. 2.4, and consider the pair .hı;Tı.�1//, where ı denotes

the new-at-N part. Condition (1) holds for this pair (see 2.4.2). As a consequence
of Poincaré duality, the ordinary étale homology group T may be identified with
the Tate twist of the ordinary étale cohomology group as hŒGF �-modules. The
characteristic polynomials of Fr` and T .`/ 2 h agree on the cohomology T.�1/
for any prime ` ¤ p. Thus, condition (2) is satisfied as well, and the map �Tı.�1/
may be taken to be the identity map on Hecke operators.

Similarly to setting (Ad ), we consider R D hı�� � and T D h�� �] ˝h Tı.�1/.
The conditions (1)–(3) are again satisfied for .R; T /, and we see that we have �T as
in (3) such that a.n/ D T .n/Œn��1 for n prime to p. The Eisenstein ideal IT of TR
is then generated by

1˝ T .n/�
X

mjn
.m;p/D1

mT .m/Œm��1 ˝ 1 2 lim �
r

h�� �˝ T
.3/.Npr /

for all n � 1. Note also that we have an R-module isomorphism

Y D H2
ét.ZŒ

1
p
�; T .3// Š lim �

r

H2
ét.ZŒ�pr ;

1
p
�C;Tı.2//:

4.2.13. We describe setting (Cd ), in which we work in case (iii) for d � 2.
Let us denote by Y .d�1/1 .N / the Drinfeld modular variety of dimension d �2 for
QK.d�1/
1 .N / over F . We define T by

T D image.Hd�2
c;ét .Y

.d�1/
1 .N /=F ;Zp/

ı ! Hd�2
ét .Y

.d�1/
1 .N /=F ;Zp/

ı/;
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where ı denotes the new part (in an appropriate sense). We then let R be the Zp-
submodule of EndZp .T / generated by the Hecke operators T .n/ for nonzero ideals
n of O.

We imagine but, for d � 4, are not certain that conditions (1)–(3) hold in this
case and that we have �T such that a.n/ D T .n/ for all n. In any case, we may
define the Eisenstein ideal IT of TR to be generated by

1˝ T .n/�
X

djn
N.d/T .d/˝ 1 2 R˝ T

.d/.N /;

for the nonzero ideals n of O. This Eisenstein ideal is all that we need to consider
our question.

4.2.14. Our question for (B3) and (Cd ) is the same as it was for (Ad ), so we can
ask it for all:

Question. Is there a canonical isomorphism $ WP ��! Y of R-modules in any of
the settings (Ad ), (B3), or (Cd )?

This question, which has been formulated rather carelessly, is still not fine
enough to be a conjecture. We have more questions than answers: for instance,
are the hypotheses that we have made sufficient, and to what extent are they
necessary? What happens for the prime p D 2? We do not wish to exclude it
from consideration. We have made many subtle choices that influence the story
in profound yet inapparent ways: e.g., of congruence subgroups, Hecke algebras,
Eisenstein ideals, and étale cohomology groups. Have we made the right choices for
a correspondence? We are glad if the reader is inspired to answer these questions.

4.2.15. We end with our hope that it is possible to explicitly define the maps $
that are the desired isomorphisms in the settings (Ad ), (B3), and (Cd ).

The groups S.N / often have explicit presentations very similar to those of
Sect. 2.1. These are found in the work of Cremona (1984), Ash (1980), Kondo and
Yasuda (2012), and others. So, explicit definitions of $ and affirmative answers to
our questions would give explicit presentations of the arithmetic object Y .

The map$ should take a modular symbol to a cup product of d special units. As
explained above, this has been done in cases (i) and (iii) for d D 2. Beyond these,
the settings in which we hope to do this are:

• (A2) in case (ii), using cup products of two elliptic units,
• (B3) using cup products of three Siegel units,
• (Cd ) using cup products of d of the Siegel units in (Kondo and Yasuda 2012).

Goncharov has made closely related investigations into the first two of these settings
(Goncharov 2008).
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Weber’s Class Number One Problem

Takashi Fukuda, Keiichi Komatsu, and Takayuki Morisawa

1 Weber’s Class Number One Problem

Two hundred years ago, Gauss made the following conjecture.

Conjecture 1. There are infinitely many real quadratic fields with class number
one.

This conjecture is still open not only for quadratic fields but also for algebraic
number fields with arbitrary finite degree over Q.

Conjecture 2. There are infinitely many algebraic number fields with class number
one.

To study this problem, we focus our attention on the cyclotomic Zp-extension of the
rational number field Q.

Let p be a prime number. We denote by B.p1/ and B.pn/ the cyclotomic Zp-
extension of Q and its n-th layer, respectively. Then, for example, we know that
B.2n/ D Q.cos.2�=2nC2// and B.3n/ D Q.cos.2�=3nC1//. We denote by h.pn/
the class number of B.pn/. Now, we consider the following problem.
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Problem 1 (Weber’s Class Number Problem). Is the class number h.pn/ equal
to one for any positive integer n?

Weber proved that h.21/ D h.22/ D h.23/ D 1. Later, it was shown that
h.24/ D 1 by Bauer (1969), Cohn (1960) and Masley (1978) and h.25/ D 1

by van der Linden (1982). In Masley (1978) and van der Linden (1982), we
know that h.31/ D h.32/ D h.33/ D h.51/ D h.71/ D 1. Linden also showed that
h.26/ D h.34/ D h.52/ D h.111/ D h.131/ D 1 under the generalized Riemann
hypothesis.

However, it is very hard to compute the whole class number. So we focus on the
`-indivisibility of h.pn/.

Problem 2. Is the class number h.pn/ coprime to a prime number ` for any
non-negative integer n?

In the case ` D p, it was shown that p does not divide h.pn/ by Weber (1886)
(p D 2) and Iwasawa (1956) (in general). Thus, we study the non-p-part of h.pn/.
In this case, that is, ` ¤ p, there is Washington’s result (Washington 1978) which
says that the `-part of h.pn/ is bounded as n tends to1. However, we can not get
any information on indivisibility from it. On the `-indivisibility, there is an approach
of Horie (2002, 2005a,b, 2007) and Horie-Horie (2008; 2009a; 2009b; 2010) which
tries to attack h.pn/ by using the cyclotomic units. The following theorem is a part
of their results.

Theorem 1 (Horie, Horie-Horie).

(1) Let p D 2. If a prime number ` satisfies ` 6� ˙1 .mod 8/, then h.2n/ is
coprime to ` for any non-negative integer n.

(2) Let p be a prime number with 3 	 p 	 23. If a prime number ` is a primitive
root modulo p2, then h.pn/ is coprime to ` for any non-negative integer n.

Although these results were very striking and very effective, there were many
small prime numbers p and ` for which we did not know whether ` divides h.pn/
or not. For example, it was not known whether ` divides h.2n/ for ` D 7, 17, 23,
31, . . . . In order to consider the `-indivisibility of h.pn/ for such prime numbers p
and `, we showed the following theorem.

Theorem 2. (1) Let p D 2, ` an odd prime number and 2s the exact power of 2
dividing ` � 1 or `2 � 1 according as ` � 1 .mod 4/ or not. Put

m.2; `/ D 2s C
�
1

2
log2.` � 1/

�

� 2;

where bxc is the greatest integer not exceeding a real number x. If ` does not
divide h.2m.2;`//, then h.2n/ is coprime to ` for any non-negative integer n.

(2) Let p D 3, ` a prime number different from 3 and 3s the exact power of 3
dividing `2 � 1. Put



Weber’s Class Number One Problem 223

m.3; `/ D 2s C
�
1

2
log3.` � 1/C

1

2

�

� 1:

If ` does not divide h.3m.3;`//, then h.3n/ is coprime to ` for any non-negative
integer n.

We prove the above theorem by using the method of Sinnott and Washington
(see Washington 1997, section 16) and the Iwasawa main conjecture proved by
Mazur-Wiles (1984). Theorem 2, together with numerical calculations based on
Fukuda and Komatsu (2009) and Morisawa (2009), allows us to obtain the following
theorem.

Theorem 3 (see Fukuda and Komatsu 2009, 2010, 2011 and Morisawa 2009,
2012). If ` is a prime number with ` < 109, then h.2n/ and h.3n/ are coprime to `
for any non-negative integer n.

We also know the following theorem.

Theorem 4 (see Morisawa 2012, Morisawa and Okazaki 2013, and Okazaki
preprint). Let p and ` be different prime numbers. We denote by f the inertia
degree at ` in Q.�2p/ over Q, where �m is the group of all m-th roots of unity. Let
ps be the exact power of p dividing `f � 1 and c D .p � 1/ps�1. We put

B.p; s; f / D

8
ˆ̂
<̂

ˆ̂
:̂

.Ac � cŠ/1=f ; if p D 2
�p

2
c � cŠ

�1=f
; if p D 3

��p
6p

2

�c � cŠ
�1=f

; if p � 5

where A is the constant defined by A D 0:80785 � � � . Then h.pn/ is coprime to ` for
any non-negative integer n, if ` > B.p; s; f /.

By combining Theorems 3 and 4, we get the following corollary.

Corollary 1. (1) If ` is a prime number with ` 6� ˙1 .mod 32/, then h.2n/ is
coprime to ` for any non-negative integer n.

(2) If ` is a prime number with ` 6� ˙1 .mod 27/, then h.3n/ is coprime to ` for
any non-negative integer n.

2 Composites of Zp-Extensions of Q

In this section, we consider the class number of the intermediate field in
the OZ-extension of Q.

We denote by B.1/ the composite of B.p1/ for all prime numbers p. Then the
Galois group of B.1/ over Q is isomorphic to OZ as a topological group. For any
positive integer N 2 N, we denote by B.N / and h.N / the unique subfield of B.1/
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with degree N over Q and its class number, respectively. On this extension, Coates
(2012) conjectured the following.

Conjecture 3. There exists a numberCQ not depending onN , such thath.N / 	 CQ

for all N 2 N.

In this direction, Coates-Liang-Mihailescu verified that h.N / D 1 for 1 	 N 	
28 (see Coates 2012).

Originally, we wanted to attack the above conjecture. However, the OZ-extension
is too large to study. Therefore we restrict to the case of Z˙ -extensions.

Let ˙ be a non-empty finite set of prime numbers. Put Z˙ DQp2˙ Zp and

N˙ D
8
<

:

Y

p2˙
pnp

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
np 2 Z�0

9
=

;
:

Then the family fB.N / j N 2 N˙g is the family of all intermediate fields of Z˙ -
extension of Q with finite degree over Q. We consider the following problem.

Problem 3. Let ˙ be a non-empty finite set of prime numbers and ` a prime
number. Is the class number h.N / coprime to ` for all N 2 N˙ or not?

Let ˝˙ D Q.�N j N 2 N˙/ and denote by ˝˙.`/ the decomposition field of a
prime number ` in˝˙ over Q. For an intermediate field F of˝˙ with finite degree
over Q, we denote by cond.F / the conductor of F and put d D '.cond.F // and
f D dŒF W Q��1 where ' is the Euler function and ŒF W Q� is the degree of F over
Q. We also put

D.˙;F / D f` W prime number 62 ˙ j ˝˙.`/ D F g

and

B.˙;F / D

0

B
@

0

@
Y

p2˙
2p

1

A

d

� dŠ

1

C
A

1=f

:

Then, on the `-indivisibility, we have the following theorem.

Theorem 5 (see Morisawa 2013). If a prime number ` 2 D.˙;F / satisfies ` >
B.˙;F /, then h.N / is coprime to ` for all N 2 N˙ .

The above theorem says that the class numbers are coprime to ` if ` is sufficiently
large in comparison with the conductor of its decomposition field in ˝˙ .

Example 1. Put ˙ D f3; 5g and F D Q.
p�15/. Then we have cond.F / D 15,

d D 8 and f D 4. We obtain

B.f3; 5g;Q.p�15// D 51;013:2075 � � � :



Weber’s Class Number One Problem 225

For example, ` D 51197, 51;203, 51;287, 51;347 and 51;383 are prime numbers and
their decomposition field is Q.

p�15/. Therefore, Theorem 5 implies that h.3n5m/
is coprime to ` for all n and m.

On the other hand, there are small prime divisors of h.N /. The following prime
divisors are all we know.

Theorem 6. (1) We have 31 j h.2 � 31/, 1;546;463 j h.2 � 1;546.; /463/, 73 j
h.3 � 73/, 18;433 j h.28 � 18;433/, 114;689 j h.210 � 114;689/, 73 j h.3 � 73/,
487 j h.34 � 487/, 238;627 j h.34 � 238;627/ and 2;251 j h.52 � 2;251/.

(2) We have 107 j h.2 � 53/.
The case (1) is a consequence of Proposition 2 in Inatomi (1986) and the case (2)
was found by using Theorem 2 in Aoki and Fukuda (2006).
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On p-Adic Artin L-Functions II

Ralph Greenberg

1 Introduction

Let p be a prime. Iwasawa’s famous conjecture relating Kubota-Leopoldt p-adic
L-functions to the structure of certain Galois groups has been proven by Mazur and
Wiles in Mazur and Wiles (1984). Wiles later proved a far-reaching generalization
involving p-adic L-functions for Hecke characters of finite order for a totally real
number field in Wiles (1990). As we discussed in Greenberg (1983), an analogue
of Iwasawa’s conjecture for p-adic Artin L-functions can then be deduced. The
formulation again involves certain Galois groups. However, one can reformulate
this result in terms of Selmer groups for the Artin representations. There are several
advantages to such a reformulation. First of all, it fits perfectly into the much broader
framework described in Greenberg (1989) which relates the p-adic L-function for
a motive to the corresponding Selmer group. The crucial assumption in Greenberg
(1989) that the motive be ordinary at p (or at least potentially ordinary) is satisfied
by an Artin motive and all of its Tate twists.

A second advantage of a reformulation involving Selmer groups is that the issue
of how to define the �-invariant becomes resolved in a natural and transparent way.
Thirdly, the arguments in Greenberg (1983) can be simplified. In particular, there is
no need for singling out the class of Artin representations which are called type S in
Greenberg (1983). The purpose of this paper is to explain these advantages.

Suppose that F is a totally real number field. Consider an Artin representation

� W GF �! AutE.V / ;
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where GF is the absolute Galois group of F and V is a finite dimensional vector
space over a finite extension E of Qp. We will assume that � is totally even. This
means that � factors through � D Gal.K=F /, where K is a finite extension of F
which is also totally real. Let O be the ring of integers of E. Let T be an O-lattice in
V which is GF -invariant. Furthermore, let D D V=T , a discrete O-module.

Let F1 denote the cyclotomic Zp-extension of F . The Selmer group associated
to D over F1 is defined by

SelD.F1/ D ker
�
H1.F1;D/ �!

Y

�−p
H1.F1;�;D/

�
:

Here � runs over all the primes of F1 except for the finitely many primes lying
over p. The Archimedean primes are included in the product, although this is only
important when p D 2. One defines the field F1;� to be the union of the �-adic
completions of the finite extensions of F contained in F1.

To relate the above definition to the way Selmer groups are defined in Greenberg
(1989), note that if � is a totally even Artin representation of GF over C, then the
Artin L-function L.s; �/ does not have a critical value at s D 1 in the sense of
Deligne. However, its value at s D 1� n is critical in that sense when n is even and
positive. One can write

L.1 � n; �/ D L.1; �.n//

where �.n/ is the n-th Tate twist. The underlying representation space for �.n/ over
E is V.n/ D V ˝ �nF , where �F W GF ! Z�p is the p-power cyclotomic character.
In the notation of Greenberg (1989), we have FCV.n/ D V.n/ when n � 1. (This
is so for all the primes above p.) Let T .n/ D T ˝ �n and D.n/ D V.n/=T .n/.
The corresponding Selmer group SelD.n/.F1/, as it is defined in Greenberg (1989),
is just as above, but with D.n/ replacing D. Let d D ŒF .�q/ W F �, where q D p

when p is odd and q D 4 when p D 2. If we take n � 0 .mod d/, thenD.n/ Š D
for the action of GF1 . Thus, the two Selmer groups are then the same, although the
action of Gal.F1=F / on those groups is somewhat different. (See Remark 6.)

Since SelD.F1/ is a discrete O-module and �F D Gal.F1=F / acts naturally
and continuously on it, we can regard SelD.F1/ as a discrete�.O;F /-module, where
�.O;F / D OŒŒ�F ��. It is not difficult to show that the Pontryagin dual XD.F1/ of
SelD.F1/ is a finitely generated, torsion �.O;F /-module. (See Proposition 1) We
denote the characteristic ideal of that �.O;F /-module by I�. It is a principal ideal in
the ring �.O;F /. As the notation suggests, this ideal depends only on �, and not on
the choice of the Galois-invariant O-lattice T , as we show in Proposition 2.

Another discrete �.O;F /-module to be considered is H0.F1;D/. Its Pontryagin
dual YD.F1/ is clearly a finitely-generated O-module and hence a torsion �.O;F /-
module. Let J� denote the characteristic ideal of YD.F1/. This ideal is nontrivial if
and only if � has at least one irreducible constituent which factors through �F .
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The p-adic L-function associated to � will be denoted by Lp.s; �/. It is
characterized by a certain interpolation property. In case � is 1-dimensional, these
functions have been constructed by Deligne and Ribet (1980), by Cassou-Noguès
(1979), and by Barsky (1977–1978). (See also Ribet (1979).) One can then define
Lp.s; �/ if � has arbitrary dimension by using a classical theorem of Brauer from
group theory.

One can associate to Lp.s; �/ a certain element �� in the fraction field of�.O;F /.
For an odd prime p, the Main Conjecture is the assertion that the fractional ideals
�.O;F /�� and I�J�1� are the same. This is proved in Sect. 4 as a consequence of
theorems of Wiles proved in Wiles (1990). For p D 2, there is an extra power of 2
in the formulation, but this case appears to still be open.

2 Basic Results Concerning the Selmer Group

We will prove several useful propositions. We continue to make the same
assumptions as in the introduction. In particular, F is a totally real number field
and � is a totally even Artin representation of GF defined over a field E, a finite
extension of Qp. The ring of integers in E is denoted by O. Let m be the maximal
ideal of O.

We will use the traditional terminology for modules over a topological ring �.
If S is a discrete �-module, and X is its Pontryagin dual, then we say that S is
a cofinitely-generated �-module if X is finitely-generated. If X is a torsion �-
module, we say that S is cotorsion.

Suppose that V , T , andD D V=T are as in the introduction. Let d D dimE.V /.
As an O-module, we have D Š .E=O/d . The Selmer group SelD.F1/ is a discrete
�.O;F /-module.

Proposition 1. The�.O;F /-module SD.F1/ is cofinitely-generated and cotorsion.

Proof. Suppose that � factor through Gal.K=F /, where K is a totally real, finite
Galois extension of F . Let � D Gal.K1=F1/ and let M1 be the maximal abelian
pro-p extension of K1 which is unramified at the primes of K1 not lying over p
(including the Archimedean primes). One can consider X.K1/ D Gal.M1=K1/
as a module over �.Zp;K/ D ZpŒŒ�K��. A well-known theorem of Iwasawa asserts
that X.K1/ is finitely-generated and torsion as a�.Zp;K/-module. The fact that it is
torsion is equivalent to the fact that the so-called weak Leopoldt conjecture is valid
forK1=K .

We haveH0.K1;D/ D D. Also,H1.�;D/ is finite. Hence the restriction map

H1.F1;D/ �! H1.K1;D/� (1)

has finite kernel. We can identify �K with Gal.F1=K \ F1/, a subgroup of �F .
The map (1) is then �K-equivariant. NowH1.K1;D/ D Hom.Gal.Kab1=K1/;D/,
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where Kab1 is the maximal abelian extension of K1. Since the inertia subgroups of
Gal.Kab1=K1/ for all primes � − p generate Gal.Kab1=M1/, it is clear that the
image of SelD.F1/ under the map (1) is contained in Hom.X.K1/;D/, which is
a cofinitely-generated, cotorsion �.Zp;K/-module according to Iwasawa’s theorem.
Since (1) has finite kernel, it follows that SelD.F1/ is cofinitely-generated and
cotorsion as a �.Zp;K/-module, and therefore as a �.O;F /-module. ut
Remark 1. With the notation of the above proof, the cokernel of the map (1) is also
finite. This follows from the fact that H2.�;D/ is finite. Assume that the order
of im.�/ is not divisible by p. We can then assume that p − j�j. In particular,
K \ F1 D F . Hence the map �K ! �F is an isomorphism. We then have
Gal.K1=F / Š � � �F . Furthermore, (1) is an isomorphism. The induced map

SelD.F1/ �! Hom�.X.K1/;D/ (2)

is also easily verified to be an isomorphism. In addition to assuming p − j�j, assume
that � is absolutely irreducible. Let e� be the idempotent for � in OŒ��. Then

Hom�.X.K1/; D/ Š HomOŒ��

�
X.K1/˝Zp

O; D
�

Š HomOŒ��

�
e�X.K1/˝Zp

O; D
�
:

Thus, the �.O;F /-modules XD.F1/ and e�X.K1/ ˝Zp O are closely related. In
fact, the characteristic ideal of the second module is I d� .

Remark 2. Suppose that X is any �.O;F /-module and that I is the character-
istic ideal of X . Let � be a generator of m, the maximal ideal of O. The
�-invariant of X will be denoted by �F .X/. It is the integer � characterized by
I � ���.O;F /; I 6� ��C1�.O;F /. A conjecture of Iwasawa (at least for odd
primes p) asserts that the �-invariant of the �.O;K/-module XK1 should vanish.
This should be true even for p D 2. If this is so, then the proof of Proposition 1
would show that �F

�
XD.F1/

�
also vanishes.

It will be useful to have an alternative definition of SelD.F1/. Let ˙ be a finite
set of primes of F containing the Archimedean primes, the primes lying over p, and
the ramified primes for �. For each v 2 ˙ , define

H1
v.F1;D/ D lim�!

n

M

�jv
H1.Fn;� ;D/

where, for each n, � runs over the primes of Fn lying over v. The maps defining the
direct limit are induced by the local restriction maps. If v is a finite prime, then

H1
v.F1;D/ D

M

�jv
H1.F1;� ;D/
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where � runs over the finite set of primes of F1 lying over v. The p-cohomological
dimension ofGF1;� is 1, and soH2.F1;� ;DŒ��/ D 0. It follows thatH1.F1;� ;D/
is O-divisible. Now assume that v − p. Then, according to proposition 2 in
Greenberg (1989), the O-corank of H1.F1;� ;D/ is finite. It therefore follows that
the Pontryagin dual of H1

v.F1;D/ is a torsion-free O-module of finite rank. Hence
it is a free O-module. It is also a �.O;F /-module. Since its O-rank is finite, it must
be a torsion�.O;F /-module whose �-invariant vanishes.

If p is odd and v is an Archimedean prime, then H1
v.F1;D/ D 0. However, if

p D 2, then H1
v.F1;D/ is nontrivial. More precisely, since all the Fn’s are totally

real, and � is totally even (so that GFn;� acts trivially onD), we have

H1.Fn;�;D/ D H1.R;D/ D DŒ2� Š .O=2O/d

if � is Archimedean. One sees that H1
v.F1;D/ is a direct limit of modules

isomorphic to .O=2O/ŒGal.Fn=F /�d . The Pontryagin dual of H1
v.F1;D/ is

isomorphic to
�
�.O;F /

ı
2�.O;F /

�d
as a �.O;F /-module. It is a torsion �.O;F /-

module, but its �-invariant is positive and is determined by d D dimE.V /.
One can similarly define H2

v.F1;D/ as a direct limit by replacing the H1’s by
H2’s. However, for any finite prime v, the p-cohomological dimension of GF1;� is
1 and so H2

v.F1;D/ vanishes. This is also true if vj1 because H2.R;D/ D 0.
The following definition is equivalent to the one given in the introduction:

SelD.F1/ D ker
�
H1.F˙=F1;D/ �!

Y

v2˙;v−p
H1

v.F1;D/
�
: (3)

To verify the equivalence, we first point out that if v is a non-Archimedean prime of
F and v − p, and if � is a prime of F1 lying over v, then F1;� is the unramified Zp-
extension of Fv. It follows that the restriction mapH1.F1;� ;D/! H1.F unr

v ;D/ is
injective. Here F unr

v is the maximal unramified extension of Fv and contains F1;� .
Therefore, requiring a cocycle class to be trivial in H1.F1;� ;D/ is equivalent to
requiring it to be trivial in H1.F unr

� ;D/.
Suppose now that � is a 1-cocycle for GF1 with values in D. Note that we have

H1.F˙ ;D/ D Hom.GF˙ ;D/. Also, GF˙ is generated topologically by the inertia
subgroups I� of GF for all primes � of F˙ lying over some v 62 ˙ . Thus, the class
Œ�� in H1.F1;D/ has a trivial restriction to all those I�’s if and only if Œ�� is in

ker
�
H1.F1;D/! H1.F˙ ;D/

� D im
�
H1.F˙=F1;D/! H1.F1;D/

�
:

Thus, the cocycle classes in H1.F˙=F1;D/ can be identified under the inflation
map with the cocyle classes in H1.F1;D/ which are unramified at all primes of
F1 not lying over primes in ˙ . The equivalence of (3) and the earlier definition
follows.

It will also be useful to point out that the global-to-local map in (3) is surjective.
This follows from proposition 2.1 in Greenberg and Vatsal (2000). It is only proved
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there for F D Q and odd p, but the argument works if F is totally real and for
any p. One assumption is that SelD.F1/ is �O;F -cotorsion, which is satisfied by
Proposition 1 above. The other assumption is thatH0.F1;D�/ is finite. HereD� D
Hom.T; �p1/ and the finiteness is clear since F1 is totally real and H0.R; �p1 /
is finite (and even trivial if p is odd).

Let T 0 be another GF -invariant O-lattice in V . Let D0 D V=T 0. We consider
XD.F1/ and XD0.F1/ as �.O;F /-modules.

Proposition 2. The �.O;F /-modules XD.F1/ and XD0.F1/ have the same char-
acteristic ideal.

Proof. As above, let � be a generator of the maximal ideal of O. Scaling by a
power of � , we may assume that T � T 0. We then have a GF -equivariant map
' W D ! D0 with finite kernel. Such a map ' is called aGF -isogeny. It is surjective.
Let ˚ D ker.'/. Then ˚ � DŒ�t � for some t � 0. There is also a GF -isogeny
 W D0 ! D such that  ı ' is the map D ! D given by multiplication by �t .

The map ' induces a map from SelD.F1/ to SelD0.F1/ whose kernel is killed
by �t . Similarly,  induces such a map from SelD0.F1/ to SelD.F1/ and the
compositum is multiplication by �t . It follows that the characteristic ideals I and I 0
of XD.F1/ and XD0.F1/, respectively, are related as follows: I 0 D �sI for some
s 2 Z. Thus, the proposition is equivalent to showing that the �-invariants for the
two modules are equal, and so s D 0.

Assume first that p is odd. In the definition (3), H1
v.F1;D/ D 0 when vj1 and

H1
v.F1;D/ has finite O-corank when v 2 ˙; v − p. Thus, the �-invariants for the

Pontryagin duals of SelD.F1/ and H1.F˙=F;D/ are equal. The same statement
is true for SelD0.F1/ and H1.F˙=F;D

0/. And so it suffices to prove that the
Pontryagin duals ofH1.F˙=F;D/ andH1.F˙=F;D

0/ have the same �-invariants.
This is sufficient even for p D 2. This follows because the map (3) and the
corresponding global-to-local map for D0 are both surjective. Furthermore, for any
Archimedean prime v, the �-invariants of H1

v.F1;D/ and H1
v.F1;D0/ are equal.

Using the notation in the proof of Proposition 1, we have an exact sequence

H0.F˙=F1;D0/ �! H1.F˙=F1; ˚/

�! H1.F˙=F1;D/ �! H1.F˙=F1;D0/

�! H2.F˙=F1; ˚/ �! H2.F˙=F1;D/ :

Now the �-invariant of H0.F˙=F1;D0/ certainly vanishes. Also,
H2.F˙=F1;D/ D 0. One can verify this for odd p by using propositions 3 and 4
in Greenberg (1989). For H2.F˙=F;D/ is �.O;F /-cotorsion by Proposition 3, and
�.O;F /-cofree by Proposition 4. For p D 2,H2.F˙=F;D/ is still�.O;F /-cotorsion.
The analogue of Proposition 4 is that

ker
�
H2.F˙=F1;D/!

Y

vj1
H2

v.F1;D/
�
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is �.O;F /-cofree, and hence must vanish. However, since H2
v.F1;D/ vanishes, it

follows that H2.R;D/ D 0. Consequently, we indeed have H2.F˙=F1;D/ D 0.
To complete the proof, we must show thatH1.F˙=F1; ˚/ andH2.F˙=F1; ˚/

have the same �-invariants as �.O;F /-modules. In the statement of the proposition,
we can reduce to the case where ˚ is killed by � . Let Q�.O;F / D �.O;F /=��.O;F /.
It then suffices to show that

corank Q�.O;F /

�
H1.F˙=F1; ˚/

� D corank Q�.O;F /

�
H2.F˙=F1; ˚/

�
:

Here ˚ is a representation space for GF over O=.�/ and is totally even. The
Euler-Poincaré characteristic over F1, which is the alternating sum of the Q�.O;F /-
coranks of Hi.F˙=F1; ˚/ for 0 	 i 	 2, turns out to be 0. The above equality
follows.

The above assertion about the Euler-Poincaré characteristic for the Gal.F˙=F1/-
module ˚ is a consequence of the fact that if Fn denotes the n-th layer in
the Zp-extension F1=F , then the Euler-Poincaré characteristic for the finite
Gal.F˙=Fn/-module ˚ is equal to 1. (See Neukirch et al. 2000, (8.6.14), page
427.) Considering ˚ as a vector space over f D O=.�/, this means that the
alternating sum of the f-dimensions of Hi.F˙=Fn;˚/ for 0 	 i 	 2 is equal to 0.
For the argument relating this fact to the above assertion about the Q�.O;F /-coranks,
we refer the reader to the proof of Proposition 4.1.1 in Greenberg (2011). The
argument there is for a Galois module EŒp� ˝ ˛ (which is also a f-vector space),
but applies to any such finite Galois module ˚ , the only difference being the values
of the Euler-Poincaré characteristics over the Fn’s as n varies. ut
Remark 3. As mentioned in Remark 2, �

�
XD.F1/

�
should always vanish. The

above proof would then show that XD.F1/ and XD0.F1/ are pseudo-isomorphic
as �.O;F /-modules. This is also true if �

�
XD.F1/

� D 1. In contrast, for non-Artin
motives, the �-invariant of the Pontryagin dual of a Selmer group can be nonzero
and can change under isogeny. This phenomenon was first pointed out by Mazur in
Mazur (1972). The exact change in the �-invariant under an isogeny is studied in
Schneider (1987) and Perrin-Riou (1989). In fact, Proposition 2 is just a special case
of the main theorem in Perrin-Riou (1989) when p is an odd prime.

Remark 4. If ' W D ! D0 is a GF -isogeny and ker.�/ D DŒmt � for some t � 0,
then D Š D0 as GF -modules. This follows because the maximal ideal m of O is a
principal ideal. Any other GF -isogeny will be called nontrivial. Such GF -isogenies
' exist if and only if T=�T is reducible as a GF -representation space over the
residue field O=.�/. Now, if � is irreducible over E and im.�/ has order prime to p,
then it is well-known that T=�T is also irreducible. In contrast, if im.�/ has order
divisible by p, then T=�T may be reducible even if � is irreducible.

Proposition 3. Suppose that �1 and �2 are totally even Artin representations
of GF . Let � D �1 ˚ �2. Then I� D I�1I�2 and J� D J�1J�2 .
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Proof. We assume that E is a field of definition for �1; �2, and �. Let V1 and V2
be the underlying representations spaces for �1 and �2 over E, and let V D V1 ˚
V2. Let T1 and T2 be Galois invariant O-lattices in V1 and V2. Let T D T1 ˚ T2.
Then D D D1 ˚ D2. With this choice of O-lattices, it is clear that SelD.F1/ Š
SelD1.F1/˚SelD2.F1/. The first equality in the proposition follows. We also have
H0.F1;D/ Š H0.F1;D1/˚H0.F1;D2/, giving the second equality. ut

Suppose that F 0 is a totally real, finite extension of F and that �0 is a totally
even Artin representation of GF 0 . Thus, �0 factors through Gal.K 0=F 0/, where K 0
is totally real. We can then define � D IndGFGF 0 .�

0/. Then � is an Artin representation
of GF and factors through Gal.K=F /, whereK is the Galois closure of K 0 over F .
Note that K is totally real, and hence � is also totally even. Furthermore, there is an
injective homomorphism �F 0 ! �F . Therefore, we can regard�.O;F 0/ as a subring
of �.O;F /. One sees easily that �.O;F / is a finite integral extension of �.O;F 0/ and
that the degree is Œ�F W �F 0 � D ŒF 0 \ F1 W F �. The characteristic ideals I and J
are essentially unchanged by induction. To be precise, we have

Proposition 4. With the above notation, we have I� D I�0�.O;F / and J� D
J�0�.O;F /.

To simplify notation in the following proof, we will write IndFF 0.�
0/ in place of

IndGFGF 0 .�
0/. We will also write �1 and �01 for the restrictions of � and �0 to F1 and

F 01, respectively.

Proof. We consider separately the two cases where F 0 \ F1 D F and
F 0 � F1. That will suffice because if E D F 0 \ F1, then E1 D F1 and
IndFE

�
IndEF 0.�

0/
� D �.

Suppose first that F 0 \ F1 D F . In this case, we can identify �F 0 with �F and
hence �.O;F 0/ with �.O;F /. For brevity, let G D GF ;G

0 D GF 0 , and N D GF1 ,
a normal supgroup of G. Then N \ G0 D GF 01 . Now suppose that K is a finite,
totally real Galois extension of F which containsF 0 and such that �0 factors through
Gal.K=F 0/. Then � factors through Gal.K=F /. Furthermore, since NG0 D G, we
have ŒG W G0� D ŒN W N \G0�, and it follows that

�jN D IndGG0.�
0/
ˇ
ˇ
N
D IndNN\G0.�

0jN / :

Consequently, �1 Š IndF1
F 01
.�01/.

Choose the Galois invariant O-lattices for � and �0 so that IndGG0.D
0/ D D. Here

we can replace G and G0 by N and N \G0. ThenH0.F1;D/ Š H0.F 01D0/, and
the isomorphism is equivariant for the action of �F D �F 0 . It follows that J� D J�0 .

Note that K1 D KF1 contains F 01. Let M1 be defined exactly as in the proof
of Proposition 1. Then, for the reason given in that proof, we have injective maps

SelD.F1/! H1.M1=F1;D/; SelD0.F 01/! H1.M1=F 01;D0/ : (4)

The cokernels of these maps are finite. The proof is the same for both maps, and
so we just discuss the first map. If � is any non-Archimedean prime of M1 not
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dividing p, let A� denote the corresponding inertia subgroup of Gal.M1=F1/.
Note that the image of the first map in (4) consists of 1-cocycle classes which have
a trivial restriction to H1.A�;D/ for all those �’s. It is enough to consider the A�’s
for �j�, where � is a prime of F1, � − p, and � is ramified in K1=F1. Otherwise,
A� is itself trivial. Only finitely many such primes � exist. It suffices to just consider
one � for each �.

Since M1=K1 is unramified at any � − p, it follows that A� is isomorphic to
the corresponding inertia subgroup of Gal.K1=F1/ and hence is finite. Therefore,
the finiteness of the above cokernel follows from the fact that if A is any finite
subgroup of Gal.M1=F1/, then H1.A;D/ is finite.

Let U D GM1 . Then we can identify IndG=UG0=U .�
0/ with �, viewed as a

representation of G=U D Gal.M1=F /, and also of the subgroup Gal.M1=F1/.
According to Shapiro’s Lemma, we then have a canonical isomorphism

H1.M1=F1;D/ �! H1.M1=F 01;D0/ (5)

The map is �F -equivariant and so the isomorphism is as discrete �.O;F /-modules.
Their Pontryagin duals are isomorphic as �.O;F /-modules. It follows that the
Pontryagin duals of SelD.F1/ and SelD0.F 01/ are pseudo-isomorphic and therefore
that I� D I�0 , as stated. We remark in passing that, with a little more care, one can
verify that (5) actually defines an isomorphism of SelD.F1/ to SelD0.F 01/.

Suppose now that F 0 � F1. Then F 01 D F1 and �F 0 is a subgroup of �F
of finite index t . We use the previous notation, but now we have N � G0 � G.
Thus, �1 and �01 are the restrictions of � and �0 to N , respectively. In this case,
�1 is a direct sum of representations obtained from �01 by composing with certain
automorphisms of N . The automorphism are just the restriction of certain inner
automorphisms ofG, namely the inner automorphisms defined by some set of coset
representatives g1; : : : ; gt for G0 in G. We take g1 to be the identity. Denote these
representations of G0 by �01; : : : ; �0t . (They are not necessarily distinct.) Define the
corresponding discrete G0-modules D01; : : : ;D0t obtained from D0 by composing
with the above specified automorphisms of N . We have D01 D D0. For each i ,
1 	 i 	 t , conjugating by gi also defines an isomorphism of H1.N;D0/ to
H1.N;D0i /. Since �F is commutative, this isomorphism is �F 0-equivariant. Also,
the isomorphism induces an isomorphism of SelD0.F1/ to SelD0i .F1/. Thus, the
SelD0i .F1/’s are all isomorphic to SelD0.F1/ as �.O;F 0/-modules.

As a GF1-module,D Š ˚1�i�tD0i . Furthermore,D0i D gi .D0/. Thus,

SelD.F1/ Š ˚
1�i�t

SelD0i .F1/

as �F 0 -modules and the action of �F permutes the summands in the corresponding
way. The same thing is true for the Pontryagin duals. It follows that

XD.F1/ Š XD0.F1/˝�.O;F /0
�.O;F /

and therefore I� D I�0�.O;F / as stated. ut
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Propositions 3 and 4 show that it is enough to consider I� and J� where �
is a totally even, absolutely irreducible Artin representation of GQ. For if � is a
totally even Artin representation over F , then IndQ

F .�/ is a direct sum of absolutely
irreducible Artin representations which must also be totally even. The field E must
be chosen to be sufficiently large. Both � and all of the absolutely irreducible
constituents of IndQ

F .�/ must be realizable over E. The next remark shows that the
choice of E is otherwise not too significant.

Remark 5. Suppose that E0 and E are finite extensions of Qp with rings of integers
O0 and O, respectively. Assume that E0 � E. Let � D Zp . Let �0 D O0ŒŒ� �� and
� D OŒŒ� ��, and let L0 and L be their fraction fields. Thus,� is the integral closure
of �0 in L. Since �0 is integrally closed in L0, one has�0 D � \ L. It follows that
if I 0 is a principal ideal in �0, and I D I 0�, then one can recover I 0 from I by
I 0 D I \�0.

In particular, suppose that �0 is a totally even Artin representation of
GF over E0, and D0 is the corresponding discrete Galois module. Extending
scalars to E, one obtains an Artin representation � over E, and one can take
D D D0 ˝O0 O as the corresponding discrete Galois module. One sees easily that
SelD.F1/ Š SelD0.F1/ ˝O0 O. The characteristic ideals are related by
I� D I�0�.O;F /. Hence I�0 D I� \ �.O0;F /. Similar statements hold for the
ideals J�0 and J�.

Our final result in this section concerns the effect of twisting the Galois
representation �. Suppose that  is a 1-dimensional Artin representation of GF
which factors through �F . We must choose E sufficiently large so that  has values
in E. Thus,  W �F ! O� is a continuous homomorphism. We denote the twist �˝
simply by �. The corresponding discreteGF -module isD˝ D D˝OO./, where
O./ is the freeO-module of rank 1 on whichGF acts by . We use a similar notation
below for other discrete and compact O-modules. For brevity, we denote D ˝  by
D . Of course, as O-modules and GF1-modules, we can identify D and D. The
actions of �F on the corresponding Galois cohomology groups are related by

H1.F˙=F1;D/ Š H1.F˙=F1;D/˝ 

and therefore we have the following �F -equivariant isomorphism of discrete O-
modules:

SelD .F1/ Š SelD.F1/˝  : (6)

Both of these O-modules are �.O;F /-modules and the isomorphism is a �.O;F /-
module isomorphism.

It follows from (6) that XD .F1/ Š XD.F1/ ˝ �1 as �.O;F /-modules.
Furthermore, noting that

H0.F˙=F1;D/ D H0.F˙=F1;D/˝  ;
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it follows that YD .F1/ Š YD.F1/˝�1 as�.O;F /-modules. These isomorphisms
give a simple relationship between I� and I� and between J� and J�, as we now
discuss.

In general, suppose that � is a commutative pro-p group. Let �O D OŒŒ� ��. We
have the natural inclusion map " W � ! ��. Let  W �F ! O� be a continuous
homomorphism. Since O� � ��O, we obtain a continuous homomorphism " W
� ! ��O. This is the map 	 7! .	/	 for all 	 2 � . We can then extend " to a
continuous O-algebra homomorphism tw W �O ! �O. This is an automorphism
of �O. The inverse map is tw�1 .

Now suppose that� Š Zp and that  W � ! O� is a continuous homomorphism.
Let X be a finitely-generated, torsion �O-module. For any � 2 �O, XŒ�� denotes
fx 2 X j �x D 0 g. The characteristic ideal IX is determined by the invariants�.X/
and rankO

�
XŒ�t �

�
, where � varies over the irreducible elements in �O and t � 1.

We write X�1 for X ˝ �1. It is easily seen that �.X/ D �.X�1 /. We regard X
andX�1 as the same O-modules, but with differentO-linear actions of � . If 	 2 � ,
and x 2 X D X�1 , we denote the first action by 	 �x and the second by 	 � �x. Thus,
	 � �x D .	/�1	 � x. That is, we have ..	/	/ � �x D 	 � x for all 	 2 �; x 2 X .
It follows that tw .�/ � �x D � � x for all � 2 �O and x 2 X . In particular, for any
irreducible element � 2 �O and t � 1, we have

X�1 Œtw .�
t /� D XŒ�t � :

Consequently, we have the following result.

Proposition 5. Let  be a character of finite order of �F . Then I� D tw .I�/ and
J� D tw .J�/.
Remark 6. In the introduction, we mentioned the Selmer group SelD.n/.F1/
associated to the Tate twist D.n/ when n � 2 and n � 0 .mod d/, where
d D ŒF .�2p/ W F �. Note that �nF D �nF factors through �F for any such n. The
above discussion shows how the actions of�F on SelD.F1/ and SelD.n/.F1/ differ.
In fact, if � generates the characteristic ideal of XD.F1/, then tw�nF .�/ generates
the characteristic ideal of XD.n/.F1/.

3 The Definition of p-Adic Artin L-Functions

If F is totally real and � W GF ! GLd .C/ is a totally even Artin representation,
then the corresponding Artin L-function L.z; �/ is a meromorphic function on C.
We will let L�.z; �/ denote the function given by the same Euler product as L.z; �/,
but with the Euler factors for the primes of F lying above p omitted. A theorem of
Siegel implies thatL.1�n; �/ 2 Q. / for all integers n � 1. Here is the character
of � and Q. / is the field generated by its values. Furthermore, L.1 � n; �/ ¤ 0
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when n is even. For our purpose, we will consider the valuesL�.1�n; �/. They are
also algebraic numbers and are nonzero for even n � 2.

The above L-values behave well under conjugacy in the following sense. If
g 2 Gal.Q=Q/, then  0 D g ı  is the character of another totally even Artin
representation �0 of GF . We then have L.1 � n; �0/ D g

�
L.1 � n; �/� for all

n � 1. The Euler factors for primes above p behave similarly, and so we have the
same conjugacy properties for the values L�.1 � n; �/. Therefore, if we arbitrarily
choose embeddings of Q into C and into Qp, then the complex algebraic numbers
L�.1�n; �/ and the values of can all be regarded as elements of Qp . The character
 is then the character of an Artin representation � W GF ! GLd .Qp/. Of course,
 determines � up to equivalence. The values L�.1 � n; �/ are also determined by
the Qp-valued character , and do not depend on the choice of embeddings. In fact,
if  has values in a finite extension E of Qp, then the values L�.1� n; �/ for n � 1
are also in E, and are nonzero when n is even.

These L-values also behave well under induction. Suppose that F 0 is a finite,
totally real extension of F . Suppose that � D IndFF 0.�

0/, where �0 is a totally even
Artin representation of GF 0 . We have L.z; �/ D L.z; �0/. The same identity is also
true even if we delete the Euler factors for primes above p. Thus,

L�.1 � n; �/ D L�.1 � n; �0/

for all n � 1.
The p-adic L-function Lp.s; �/ satisfies the following interpolation property:

Lp.1 � n; �/ D L�.1� n; �/

for all n � 0 .mod ŒF .�p/ W F �/ if p is odd, or all n � 0 .mod 2/ if p D 2. It is
a meromorphic function defined on a certain disc D in Qp. The existence of such a
function was proved by Deligne and Ribet when � is of dimension 1. In this case, it
is holomorphic on D, except possibly at s D 1.

Suppose now that � factors through� D Gal.K=F /, where K is a finite, totally
real, Galois extension of F . The existence of Lp.s; �/ then follows if � is induced
from a 1-dimensional representation �0 of a subgroup�0 of�. Then � is a so-called
monomial representation. If �0 D Gal.K=F 0/, then � D IndFF 0.�

0/ and we have
Lp.s; �/ D Lp.s; �0/. Thus, Lp.s; �/ is again holomorphic on D, except possibly at
s D 1.

In general, a theorem of Brauer states that there exist monomial representations
�1; : : : ; �s 
1; : : : ; 
t of �, where s; t � 0, such that

�˚ � t˚
jD1


j
� Š s˚

iD1
�i (7)

and so we can defineLp.s; �/ as the quotient
Qs
iD1 Lp.s; �i /

ıQt
jD1 Lp.s; 
j /. The

above interpolation property is indeed satisfied by this function.
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Let � D �Q D Gal.Q1=Q/. There is a canonical isomorphism
� W � ! 1 C qZp , where q D p for odd p and q D 4 for p D 2. It is
defined as the composite map

Gal.Q.�p1/=Q/
��!Z�p �! 1C qZp

which indeed factors through � . Here � is the p-power cyclotomic character. The
second map is just the projection map for the decomposition Z�p D W � .1CqZp/,
where W is the group of roots of unity in Qp. For any s 2 Zp , one can define
�s W � ! 1 C qZp , which is a continuous group homomorphism. It extends to
a continuous O-algebra homomorphism �.O;Q/ ! O which we also denote by
�s . Furthermore, for any F , the restriction map �F ! � defines an injective
homomorphism �.O;F / ! �.O;Q/. We identify �.O;F / with its image and define
�sF to be the restriction of �s to that subring.

Let L.O;F / denote the fraction field of �.O;F /. Suppose that � 2 L.O;F /. Write
� D ˛ˇ�1, where ˛; ˇ 2 �.O;F / and ˇ ¤ 0. The Weierstrass preparation theorem
implies that �sF .ˇ/ ¤ 0 for all but finitely many s 2 Zp . Thus, excluding a finite set
of values of s, one can make the definition �sF .�/ D �sF .˛/�

s
F .ˇ/

�1. Furthermore,
one has the following property:
If �1; �2 2 L.O;F / and �sF .�1/ D �sF .�2/ for infinitely many s 2 Zp , then �1 D �2.
One verifies this by writing �1 D ˛1ˇ�11 ; �2 D ˛2ˇ�12 , and applying the Weierstrass
preparation theorem to ˛1ˇ2 � ˛2ˇ1.

One can associate to Lp.s; �/ a nonzero element �� of L.O;F /. It is characterized
as follows:

Lp.1 � s; �/ D �sF .��/ for all but finitely many s 2 Zp: (8)

for all but finitely many s 2 Zp . If � is 1-dimensional, then Deligne and Ribet’s
construction of Lp.1 � s; �/ proves the existence of such a ��. Furthermore, they
show that

J��� � 2ŒF WQ��.O;F / ;

where J� is the ideal in �.O;F / defined in the introduction. Note that J� D �.O;F /

unless � factors through �F . If � is monomial, one can use Proposition 4 to prove
that �� exists. Then �� has the integrality property

J��� � 2ŒF WQ� deg.�/�.O;F / (9)

since if � is induced from a 1-dimensional Artin representation �0 ofGF 0 , where F 0
is a finite extension of F , then ŒF 0 W Q� D ŒF W Q� deg.�/.

If � has arbitrary dimension, then the existence of �� satisfying (8) follows
from (7). One assumes at first that E is large enough so that all of the monomial
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representations �i and 
j are realizable over E. The ��i ’s and �
j ’s are nonzero
elements in the fraction fields of various subrings of �.O;F /. One can then define

�� D
sY

iD1
��i

� tY

jD1
�
j (10)

With this definition, we can only say that �� is an element in the fraction field
of �.O;F /.

The behavior of the values L�.1 � n; �/ under conjugacy implies a similar
behavior for the elements ��. To be precise, suppose that 	 2 GQp . Let O0 D 	.O/.
Let �0 D 	 ı �. Note that 	 induces a continuous isomorphism from �.O;F / to
�.O0;F /. This isomorphism extends to an isomorphism of the fraction fields, which
we also denote by 	 . We then have ��0 D 	

�
��
�
.

Concerning the choice of O, the above conjugacy property and a straightforward
Galois theory argument show that one can even take O to be the extension of Zp
generated by the values of the character of �. In the next section, we will see that
the integrality property (9) still holds when p is odd.

The above remarks give us the following properties of the ��’s which are parallel
to the assertions in Propositions 3 and 4.

Proposition 6. With the same notation as in Proposition 3, we have �� D ��1��2 .
Proposition 7. With the same notation as in Proposition 4, we have �� D ��0 .

We will also need the analogue of Proposition 5. It relies on another property of
thep-adicL-functions constructed by Deligne and Ribet. The interpolation property
for �� stated before can be expressed as follows:

�nF .��/ D L�.1 � n; �/ D L�.1; ��nF /

for all n � 2 satisfying n � 0 .mod p�1/ if p is odd (or n � 0 .mod 2/ if p D 2).
The underlying E representation space for ��nF is the Tate twist V.n/. However, if 
is a character of �F of finite order, and O contains the values of , then Deligne and
Ribet also show that

�nF .��/ D L�.1 � n; �/ D L�.1; ��nF / D L�.1; ��nF /:

Furthermore, one has �nF .��/ D L�.1; ��nF /. Thus, we have �nF .��/ D �nF .�� /

for the above values of n.
Suppose that ' W �F ! O� is any continuous homomorphism. Let  be as above.

Then both ' and ' W �F ! O� extend to continuous O-algebra homomorphisms
' and ' from�.O;F / to O. We also have the continuous O-algebra homomorphism
' ı tw W �.O;F / ! O. Such O-algebra homomorphisms are determined uniquely
by their restrictions to �F . Note that

.' ı tw /.	/ D '..	/	/ D .'/.	/:
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Therefore, we also have .' ı tw /.�/ D .'/.�/ for all � 2 �.O;F /. Applying this
to ' D �nF , where n � 2 and n � 0 .mod p � 1/ (or n � 2 .mod 2/ if p D 2), we
obtain

�nF
�
tw .��/

� D .�nF ı tw /.��/ D �nF .��/

for all such n and therefore it follows that tw .��/ D �� .
Proposition 8. If  is a 1-dimension Artin representations of GF which factors
through �F , then �� D tw .��/.

4 Relationship of Selmer Groups to p-Adic L-Functions

We can state the relationship quite succinctly in terms of the notation of the
preceding sections. We refer to this statement as the Iwasawa Main Conjecture for
�. As before, we assume that � is realizable over a finite extension E of Qp with
ring of integers O. Let m.�/ D ŒF W Q�dim.�/, which is just the degree of the
representation IndQ

F .�/.

IMC.�/. Suppose that F is a totally real number field and that � is a totally even
Artin representation of GF . Then I� D J���2�m.�/.
Note that I� is an ideal in �.O;F / by definition, but the assertion that J���2�m.�/ is
an ideal in that ring, and not just a “fractional ideal”, is not at all clear from the
definitions.

It is interesting to note that when p D 2, one can omit the extra power of 2
appearing in the formulation of IMC.�/ by merely omitting the local conditions
at the Archimedean primes in the definition of the Selmer group. That is, one can
define a larger Selmer group

Sel#D.F1/ D ker
�
H1.F1;D/ �!

Y

�−p;1
H1.F1;�;D/

�
:

It turns out that the characteristic ideal of the Pontryagin dual of the quotient
group Sel#D.F1/

ı
SelD.F1/ is precisely 2m.�/�.O;F /. One sees this by using

the surjectivity of the map (3) together with the structure of H1
v.F1;D/ for

Archimedean v as described in Sect. 2. If I #
� denotes the characteristic ideal of

the Pontryagin dual of Sel#D.F1/, then IMC.�/ is equivalent to the assertion that
I #
� D J���.

We also consider a weaker form of IMC.�/. It amounts to the above equality up
to multiplication by a power of a uniformizing parameter � of O. We will denote
the ring �.O;F /Œ

1
�
� by ��.O;F /. It is a subring of the fraction field L.O;F / of �.O;F /.

IMC.�/�. We have I���.O;F / D J�����.O;F /.
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The main purpose of this section is to point out that the results proved by Wiles
in Wiles (1990) are sufficient to prove IMC.�/ for all p � 3. Let

A.�/ D I�1� J���2
�m.�/

which is a principal fractional ideal of�.O;F /, i.e., a nonzero free�.O;F /-submodule
of the fraction field L.O;F /. Such fractional ideals form a group.

If I is a nonzero principal ideal of�.O;F /, and � is a generator of I , then we will
refer to �.�.O;F /=I / as the �-invariant associated to I , or to � . We denote it by �I .
For a principal fractional ideal I D I1I

�1
2 , we define the associated �-invariant by

�I D �I1
� �I2

. A simple direct argument, or the fact that �.O;F / is a UFD, shows
that �I is well-defined.

Suppose that � D �1˚�2, where �1 and �2 are totally even Artin representations
of GF . It is clear that m.�/ D m.�1/ C m.�2/. It therefore follows from
Propositions 3 and 6 that

A.�/ D A.�1/A.�2/ : (11)

Suppose that F 0 is a finite, totally real extension of F , that �0 is a totally even
Artin representation of GF 0 , and that � D IndFF 0.�

0/. It is clear that m.�/ D m.�0/,
and so Propositions 4 and 7 imply that

A.�/ D A.�0/ : (12)

The conjecture IMC.�/ asserts that A.�/ D �.O;F /. The conjecture IMC.�/�
asserts that A.�/ is generated by a power of � . Suppose that � factors through
� D Gal.K=F /, where K is totally real. It is clear from (11) and (12) that if one
proves IMC.�0/ (respectively, IMC.�0/�) for all 1-dimensional representation �0
of all subgroups�0 of �, then IMC.�/ (respectively, IMC.�/�) follows.

Now suppose that  is a 1-dimensional Artin representation which factors
through �F . Obviously, m.�/ D m.�/. It therefore follows from Propositions 5
and 8 that

A.�/ D tw
�
A.�/

�
(13)

When p is an odd prime, Wiles proves IMC.�/� for a certain class of totally
even, 1-dimensional Artin representations � over any totally real number field F ,
namely the representations which factor through Gal.K=F / where K \ F1 D F .
(These are the representations of type S.) This result is Theorem 1.3 in Wiles
(1990). Therefore, A.�/ is generated by a power of � for all those �’s. However,
one sees easily that if � is 1-dimensional, but not of type S, then there exists a
1-dimensional Artin representation  factoring through �F such that � is of type
S . Since tw .�/ D � , it follows that ifA.�/ D .�t /, thenA.�/ D .�t /. Therefore,
IMC.�/� is established when p is an odd prime, F is any totally real number field,
and � is any 1-dimensional, even Artin representation. It then follows from (11) and
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(12) that IMC.�/� holds for an arbitrary totally even Artin representation of GF
when p is odd. For p D 2, Wiles does prove partial results, but not enough to prove
IMC.�/�

Now consider IMC.�/. Wiles proves this assertion when p is odd and � is
1-dimensional and has order prime to p. It follows from Theorem 1.3 and 1.4
in Wiles (1990). The above remarks and the lemma below allow one to establish
IMC.�/ for all �.

An alternative way to deal with the �-invariants when � is 1-dimensional, but
of order divisible by p, is described in Coates and Kim (2011), pages 9 and 10. It
is in terms of Galois groups instead of Selmer groups. We should also add that
theorem 1.4 in Wiles (1990) involves odd 1-dimensional representations instead
of even. However, the equivalence of that theorem with what we need here is a
consequence of the so-called “Reflection Principle”. It is also a consequence of
theorem 2 in Greenberg (1989).

Lemma 1. Suppose that G is a finite group and that  is the character of a
representation of G over Qp . Assume that the values of  are in Qunr

p . Then, there
exists subgroups Hi of G and a 1-dimensional character  i of each Hi , where
1 	 i 	 t for some t � 1, such that

1. m DPt
iD1 mi IndGHi . i /, where m;m1; : : : ; mt 2 Z; m � 1

2. Each  i has order prime to p

Proof. Brauer’s theorem asserts that  D Ps
iD1 ai IndGSi .'i /, where the ai ’s

are integers, the Si ’s are subgroups of G, and, for each i , 'i is a 1-dimensional
character of Si . If 
 2 GQunr

p
, then 
 fixes the values of  and one also has

 D Pt
iD1 ni IndGSi .
 ı 'i/. The extension of Qunr

p generated by the values of
all the 'i ’s is finite. If m is its degree, then, by taking the trace, one obtains

m D
sX

iD1
bi IndGSi .�i /

where �i is the sum of the conjugates of 'i over Qunr
p and the bi ’s are integers. Since

induction is transitive, it is enough to prove the lemma for each of the characters �i
of Si . The values of �i are in Qunr

p .
Let S be a subgroup of G and let ' be a 1-dimensional character of S . Then

' D ˛ˇ, where ˛ has order prime to p and ˇ has p-power order. Let pk be the
order of ˇ. We can assume that k � 1. The values of ˛ are in Qunr

p . Let �' and �ˇ
denote the sums of the conjugates of ' and of ˇ over Qunr

p , respectively. Note that
�' D ˛�ˇ.

Let T D ker.ˇ/. Thus, ˇ factors through S=T , which is cyclic of order pk .
The conjugates of ˇ over Qunr

p are the characters of S=T of order pk . Let T1 be
the subgroup of S such that T � T1 � S and T1=T is cyclic of order p. Let �T
and �T1 denote the trivial characters of T and T1, respectively. Then IndST .�T / is
the sum of all the irreducible characters of S=T and IndS

T1
.�T1 / is the sum of the
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irreducible characters factoring through S=T1. Hence the difference is �ˇ. Thus,
�ˇ D IndST .�T / � IndST1.�T1 /. It follows that

�' D IndST .˛T / � IndST1.˛T1 /;

where ˛
T

and ˛
T1

denote the restrictions of ˛ to T and to T1, respectively. Their
orders are prime to p. ut

Assume now that p is odd and that � is an arbitrary totally real Artinrepresentation
over F . We assume that � is realizable over a finite extension E of Qp . Assume
further that E is Galois over Qp. Since IMC.�/� is established, it suffices to just
consider the �-invariants to prove IMC.�/. Now if � and �0 are conjugate over Qp

under the action of Gal.E=Qp/, then one sees easily that I� and I�0 are conjugate
under the natural action of Gal.E=Qp/ on �.O;F /. In particular, the �-invariants
associated to those ideals are equal. The �-invariants associated to J� and J�0 are 0.
In addition, �� and ��0 are conjugate too, and so the �-invariants associated to those
elements of L.O;F / are equal. It follows that the �-invariants associated to A.�/ and
A.�0/ are equal.

Let Q� D ˚
 
 , where 
 runs over the conjugates of � over Qp . Then the character
of Q� has values in Qp, and hence in Qunr

p . Furthermore, the above remarks show
that it suffices to prove that the �-invariant for A. Q�/ vanishes. The �-invariant for
A.�/ will then also vanish. Lemma 1, the behavior of A.�/ under induction and
direct sums, and Theorem 1.4 in Wiles (1990) imply that the �-invariant for A. Q�/
is indeed zero.

Thus, we have proved the following result based on Wiles (1990).

Proposition 9. Suppose thatp is an odd prime. IfF is any totally real number field
and � is any totally even Artin representation of GF defined over a finite extension
of Qp , then IMC.�/ is true.
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Iwasawa �-Invariants of p-Adic Hecke
L-Functions

Ming-Lun Hsieh

1 Introduction

1.1 p-Adic Hecke L-Function for CM Fields

This aim of this paper is to report recent results on the vanishing of �-invariants
of p-adic Hecke L-functions for CM fields built upon fundamental works of Hida
(2010). The significance of these results stems from their applications to Iwasawa
main conjectures for CM fields and CM elliptic curves over totally real fields.
We begin with some notation to introduce p-adic L-functions. Let p > 2 be an
odd rational prime. Let F be a totally real field of degree d over Q and K be a
totally imaginary quadratic extension of F . Let DF be the absolute discriminant
of F . Fix two embeddings �1W NQ ! C and �pW NQ ! Cp once and for all.
Let c denote the complex conjugation on C which induces the unique non-trivial
element of Gal.K=F /. Let QK be the composite of all Zp-extensions of K . Then
QK is Galois over F , and the complex conjugation acts on Gal. QK=K/ by the usual

conjugation. Put

GC WD ˚
 2 Gal. QK=K/ j c
c D 
� :

Denote byK�1 the fixed subfield ofGC in QK . Then the Galois group Gal.K�1=K/ is
a free Zp-module of rank d by class field theory. We callK�1 the anticyclotomic Zdp-
extension ofK . On the other hand, let Q1 be the cyclotomic Zp-extension of Q, and
denote byKC1 WD KQ1 the cyclotomic Zp-extension ofK . LetK1 D KC1K�1 be
the composite of KC1 and K�1. If Leopoldt conjecture holds for F , then K1 D QK.
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Let W be the ring of integers of a finite extension of the p-adic completion of the
maximal unramified extension of Qp . Define

�	 WD W ŒŒGal.K	1=K/�� .� D ;;C;�/:

Then � D W ŒŒGal.K1=K/�� is an Iwasawa algebra over W of .d C 1/-
variables. Fix a set of the generators

˚
	.i/�

�
iD1;��� ;d (resp. 	C) of Gal.K�1=K/

(resp. Gal.KC1=K/). The restriction maps Gal.K1=K/ ! Gal.K1̇=K/ induce
the isomorphism

� D �C Ő W�� D W ŒŒTC; S1; � � � ; Sd ��

with the cyclotomic variable TC D 	C � 1 and the anticyclotomic variables˚
Si D 	.i/� � 1

�
iD1;��� ;d .

We assume the following ordinary hypothesis:

Every prime of F above p splits in K . (ord)

Let † be a p-adic CM type of K . In other words, † is a set of p-adic places of
K such that † and its complex conjugation †c are disjoint and †

F
†c is the set

of all places of K above p. The existence of a p-adic CM type † is assured by the
ordinary assumption (ord). Let †1 be the CM type corresponding to †, i.e. † is
the set of embeddings 
 W K ,! NQ such that �p ı 
 induces a p-adic palace in †.
Let � be a Hecke character of K of infinity type k†1 with k � 1. Suppose that
� takes value in W . According to Katz (1978) and Hida and Tilouine (1993), there
exists a unique element L�;† 2 W ŒŒGal.K1=K/�� characterized by the following
interpolation property: for every finite order characters � W Gal.K1=K/! �p1 of
conductor

Q
Pjp PnP ,

�.L�;†/ D � .k/dL.0; ��/

˝k
�
Y

P2†p
eP.��/ � ŒO

�
K W O�F �p
DF

: (1)

where (i) eP.��/ is the p-adic multiplier defined by

eP.��/ D
(
.1 � ��.P//.1� ��1��1.P// if nP D 0;
�.�P�P/ if nP > 0:

Here �P is the character of � restricted on the completionK�P via Artin reciprocity
law, and �.�P�P/ is the Gauss sum of �P�P (Lang 1994, p.286) (ii) ˝ 2 C� is
the complex CM period of K (Katz 1978, (5.1.45)). We call L�;† the (primitive)
p-adic Hecke L-function attached to the character �. Define the cyclotomic and
anticyclotomic p-adic L-functions attached to � by

LC�;† WD L�;†jS1D:::DSdD0 2 �C; L��;† WD L�;†jTCD0 2 ��:
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1.2 The �-Invariants

We are interested in the �-invariants of these p-adic L-functions. Recall that the
�-invariant �.L	�;†/ is defined by

�.L	�;†/ D max
n
r 2 Q�0 j L	�;† 2 pr�	

o
:

Hida (2010) invented a method to compute the �-invariants of L�;† and L��;† at
least when p is unramified in F . For example, it is proved in Burungale and Hsieh
(2013) and Hida (2011) that

Theorem 1. If p − DF , then �.L�;†/ D 0.

In other words, L�;† 6� 0 .mod mW�/, where mW is the maximal ideal of W .
However, the determination of the �-invariant of the cyclotomic p-adic L-function
LC�;† unfortunately seems out of reach with the current techniques.

We describe the result for anticyclotomic p-adic L-functions after introducing
some notation. Let C be the prime-to-p conductor of � and let C� be the product
of non-split prime divisors of C. For each prime divisor qjC�, we define the local
invariant �p.�q/ � 0 by

�p.�q/ WD inf
x2K�q

ordp.�q.x/ � 1/;

where ordp W C�p ! Q is the p-adic valuation normalized so that ordp.p/ D 1. Put

�p.�/ WD
X

qjC�
�p.�q/:

We say � is self-dual if �jA�F D �K=F j�jAF , where �K=F is the quadratic character
associated to K=F . It is known that the complex L-function L.s; �/ of a self-dual
character satisfy the function equation L.s; �/ D NsW.�/L.�s; �/, where N is a
positive integer and W.�/ 2 f˙1g is called the global root number of �. It follows
from the functional equation that L��;† D 0 if W.�/ D �1. On the other hand, we
say � is residually self-dual if �.a/NF=Q.a/ � �K=F .a/ .mod mW / for all prime-to-
pC ideals a of OF . The following theorems are proved in Hida (2010) if C� D .1/

and Hsieh (2013) for the general case.

Theorem 2. Suppose that p − DF . Let � be a self-dual Hecke character such that
the global root numberW.�/ D 1. Then we have

�.L��;†/ D �p.�/:

Theorem 3. Suppose that p − DF and that � is not residually self-dual. Then

�.L��;†/ D 0 ” �p.�/ D 0:
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Remark 1. When F D Q, Theorem 2 was also proved by Finis (2006) by a
different approach.

If � is self-dual with the root numberW.�/ D �1, thenL�;† has at least a simple
zero at the cyclotomic variable TC D 0 by the functional equation of L-functions
for CM fields. Thus the anticyclotomic p-adic L-function L��;† vanishes. In this
case, we can consider the cyclotomic derivative

L
.1/;�
�;† WD

@L�;†

@TC
jTCD0 2 ��:

Let h�K be the relative class number of K=F . A. Burungale (2014) uses Hida’s
method and some inputs from Hsieh (2013) to prove the following result.

Theorem 4. If p − h�K �DF and � is self-dual with W.�/ D �1, then

�.L
.1/;�
�;† / D �p.�/C min

qjC�
n
0; �0p.�q/

o
;

where

�0p.�q/ WD ordp.
logp NK=Q.q/

logp.1C p/
/� �p.�q/

and logp W Z�p ! Zp is the p-adic logarithm, which is zero on the roots of unity
and defined by the usual power series on 1C pZp .

In particular, if �p.�/ D 0, then �.L.1/;��;† / D 0.

1.3 p-Adic L-Functions and Selmer Groups
for CM Elliptic Curves

The p-adic L-functions for CM fields allow us to construct p-adic L-functions for
CM elliptic curves over F . Let E be an elliptic curve defined over F . Suppose that
E admits complex multiplication by the ring of integers of an imaginary quadratic
field Q.

p�D/ with the absolute discriminantD > 0 and that E has good ordinary
reduction at all places above p. In particular, this implies that p D pp is split in
Q.
p�D/. Let K be the CM field F.

p�D/. Let †p be the set of primes of K
above p. Then †p is a p-adic CM type of K . For each P 2 †p, let kP be the
residue field and N.P/ D #.kP/. Let ˛P be the p-adic unit root of the Hecke
polynomial X2 � aP.E/X C N.P/, where aP.E/ D 1C N.P/ � #.E.kP//. By
the theory of complex multiplication, we can associate a Hecke character �E of K
to the CM elliptic curve E=F so that ��1E is self-dual, and the Hecke L-function
L.s; �E/ of �E is equal to the Hasse-Weil L-function L.s;E=F / of E=F . We define

LE;p WD L��1E ;†p
2 �
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to be the p-adic Hecke L-function attached to ��1E . The p-adic L-function for
E=K1 is defined by

Lp.E=K1/ WD .LE;p/2:

It follows from (1) that for every finite order character � W Gal.K1=K/ ! �p1 ,
we have

�.Lp.E=K1// D L.1;E=K ˝ �/
˝2
E

�
Y

P2†p

eP.E; �/
2 � ŒO

�
K W O�F �2
DF

;

where ˝E D Q

2† ˝E
 is a product of the periods ˝E
 of a Néron differential

form of E
 over OF 
 ;.p/ and eP.E; �/ D eP.��1E �/.
Iwasawa main conjecture for E=K1 asserts that the p-adic L-function

Lp.E=K1/ is given by the characteristic power series of the p-Selmer group
of E=K1. We recall that for each algebraic extension L of F , the p-Selmer group
Sel.E=L/ of E over L is defined by

Sel.E=L/ D ker

(

H1.L;EŒp1�/!
Y

v

H1.Lv; E/

)

;

where v runs over all places of L. We denote by Xp.E=L/ the Pontryagin dual of
Sel.E=L/. If L is a Zrp-extension of K , then the Iwasawa algebra ZpŒŒGal.L=K/��
is a formal power series ring of r variables, and Xp.E=L/ is a finitely generated
ZpŒŒGal.L=K/��-module. Let

Cp.E=L/ 2 ZpŒŒGal.L=K/��

be the characteristic power series of the module Xp.E=L/ over ZpŒŒGal.L=K/��.
Recall that the characteristic power series of a finitely generated ZpŒŒGal.L=K/��-
module M is a generator of the intersection of all principal ideals containing the
Fitting ideal of M . Now we can state Iwasawa main conjecture for E=K1 as
follows:

Conjecture 1. Suppose that p is unramified in F . Then the principal ideal
Cp.E=K1/� is generated by L.E=K1/.1

Define the cyclotomic and anticyclotomic p-adic L-functions by LCE;p D
LC
��1E ;†p

2 �C andL�E;p D L���1E ;†p
2 ��. Similarly, defineL.E=K1̇/ D .LĖ;p/2,

and we can formula the main conjectures for these p-adic L-functions in the

1Note that the p-adic L-function Lp.E=K1/ only belongs to � instead of ZpŒŒGal.K1=K/��.
In addition, p is assumed to be unramified in F , since it is not clear to the author that the Katz
p-adic L-function Lp.E=K1/ is the right one for the main conjecture if p is ramified in F .
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same way. When F D Q, there is a completely different construction of LE;p by
Yager (1982), combined with which the main conjectures has been settled down
by Rubin (1991).

We discuss the connection between the main conjectures for CM elliptic curves
and the �-invariants of p-adic L-functions.

Theorem 5. Suppose that p − DF . We have

1. �.LE;p/ D 0,
2. If the root numberW.E=F / D C1, then �.L�E;p/ D 0.

Proof. Part (1) is an immediate consequence of Theorem 1. To see part (2),
we note that W.E=F / D W.��1E / and �E takes value in the imaginary quadratic
field Q.

p�D/. Therefore, �E;qjO
K�v

takes value in the group of the roots of unity

in Q.
p�D/ for every finite place q of K . In particular, this implies �p.�E;q/ D 0

for every qjC� wheneverp − 2D, so �p.�E/ D 0, and (2) follows from Theorem 2.
ut

Remark 2. When F D Q, the �-invariants of LE;p along the Zp-extension
unramified outside p were proved by Gillard (1987) and Schneps (1987). In
particular, these results also imply �.LE;p/ D 0.

If the root number W.E=F / D �1, then LE;p has at least a simple zero at the
cyclotomic variable TC D 0, and Sel.E=K�1/ is expected to have corank two over
��. In this case, we consider the derivative

L
.1/;�
E;p WD

@LE;p

@TC
jTCD0 2 ��:

We have seen �p.�E/ D 0, so the following is an immediate consequence of
Theorem 4.

Theorem 6. If p − DF � h�K and W.E=F / D �1, then �.L.1/;�E;p / D 0.

Theorem 6 implies that L.1/;�E;p is non-zero and hence LE;p does have a simple zero

at TC D 0. When F D Q, the non-vanishing of L.1/;�E;p was proved in Agboola and
Howard (2006) by an algebraic method.

The vanishing of�-invariants of the anticyclotomicp-adic L-functionsL�E;p and

L
.1/;�
E;p plays a crucial role in the Eisenstein ideal approach to a one-sided divisibility

towards Iwasawa main conjecture for CM fields. It has the following application to
the cyclotomic main conjecture for CM elliptic curves over totally real fields (Hsieh
2014, Thm. 1).

Theorem 7. Suppose that p − 3DF � h�K . Then

Lp.E=K
C1/ divides Cp.E=K

C1/ in �C:
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We explain very briefly how the vanishing of �-invariants enters into the proof of
the above theorem. In Hsieh (2014), we study the main conjecture by the Eisenstein
congruence method for the quasi-split unitary group U.2; 1/ of degree three over
F . The general philosophy is that some p-adic L-functions can be realized as the
constant term of a particular p-adic family of Eisenstein series, and the congruence
between cusp forms and this special Eisenstein series modulo its constat term
yields elements in the Selmer groups corresponding to p-adic L-functions. In our
setting, we construct a �-adic Eisenstein series on U.2; 1/=F whose constant term
is a product of LE;p and a Deligne-Ribet p-adic L-function LDR, which should
contribute to two distinct Selmer groups respectively. However, it turns out that
our method does not allow us to distinguish their contributions to individual Selmer
group unless we know the common zeros ofLE;p andLDR are at most simple zeros.
Now if W.E=F / D C1, �.L�E;p/ D 0 implies LE;p and LDR have no common

zeros, while if W.E=F / D �1, �.L.1/;�E;p / D 0 implies that LE;p and LDR have at
most one simple zero! Therefore, we can complete the argument to show one-sided
divisibility Lp.E=K1/jCp.E=K1/, from which Theorem 7 follows by Iwasawa
descent for CM elliptic curves due to Perrin-Riou.

In the remainder of this article, we will first review Sinnott’s proof of Ferrero-
Washington theorem, and in Sect. 3 we explain Hida’ method of proving the part 2
of Theorem 5 with emphasis on the automorphic side of the proof. In Sect. 4, we
discuss the proof of Theorem 6 and the generalization of Hida’s ideas to a class of
p-adic Rankin-SelbergL-functions.

2 Ferrero-Washington Theorem

While the focus of the research reported here is about the �-invariants of p-adic
Hecke L-functions for CM fields, it is instructive to first review the case of p-adic
L-functions for Dirichlet characters. Let � W .Z=NZ/� ! C� be an odd Dirichlet
character of conductor N and let c > 1 be an integer prime to p. Let O be a finite
extension of Zp containing values of � and let mO be the maximal ideal of O. Let
L� be the Kubota-Leopoldt p-adic L-function associated to � and c. Namely, L�
is a O-valued p-adic measure on 1C pZp such that for all odd positive integers k,

Z

1CpZp

xkdL�.x/ D .1 � �!�k.c/ckC1/L.�k; �!�k/: (1)

Recall that the �-invariant �.'/ of a Zp-valued p-adic measure ' on a p-adic
compact groupH is defined to be

�.'/ D inf
U
H open

ordp.'.U //:

The vanishing of the �-invariant of L� was proved by Ferrero and Washington.
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Theorem 8 (Ferrero and Washington 1979). �.L�/ D 0.

Sinnott (1984) gave a beautiful new proof of Ferrero-Washington theorem, which is
the origin of Hida’s method. Consider the torus Gm=O D SpecOŒt; t�1� over O and
its formal completion OGm=O D SpfOŒŒt � 1�� at the maximal ideal m WD .p; t � 1/.
Each a 2 Z�p induces an automorphism on OGm=O by sending t 7! ta. Let F D NFp .
The first ingredient in Sinnott’s proof is the following linear independence result on
rational functions on Gm=F.

Proposition 1 (Prop. 3.1, Sinnott 1984). Let a1; : : : ; an 2 Z�p such that aia�1j 62
Z�.p/. If f1; : : : ; fn 2 F.t/ are non-constant functions, then f1.ta1/; : : : ; fn.tan / 2
F..t � 1// are linearly independent over F.

We can associate a formal functionG�.t/ 2 OŒŒt �1�� on OGm=O to L� defined by

G�.t/ WD
Z

1CpZp
txdL�.x/ D

X

n�0

 Z

1CpZp

 
x

n

!

dL�.x/

!

.t � 1/n:

Thus,G�.t/ is the usual power series attached to the measure on Zp obtained by the
extension of L� by zero outside 1C pZp . Then it is well known that

�.L�/ D 0 ” G�.t/ .mod mO/ 6D 0 2 FŒŒt � 1��:

The second ingredient is the expression ofG�.t/ in terms of a linear combination of
a rational functions on Gm acted by Z�p . To be precise, let � D �p�1 be the torsion
subgroup of Z�p and let �alg WD � \ Z�.p/ D f˙1g. Let D be a set of representative

of �=�alg D �p�1= f˙1g in �p�1. Then we have

Proposition 2. Denote by OŒt; t�1�.m/ the localization of OŒt; t�1� at m.

(i) There exist a set fFaga2D of rational functions in W Œt; t�1�.m/ indexed by D
such that

G�.t/ D
X

a2D

�.a�1/Fa.ta/I (2)

(ii) Fa.t/ .mod mO/ is not a constant function for some a 2 D.

In view of Proposition 1, this proposition implies that G�.t/ .mod mO/ 6D 0, and
hence �.L�/ D 0.

Equation (2) indeed is a consequence of the following classical formula of
Dirichlet L-values:

�k

 PN
aD1 �.a/ta

1 � tN
!

jtD1 D L.�k; �/; (3)
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where � WD t d
dt

is the invariant differential operator on Gm. To illustrate this, we
sketch a proof of Proposition 2 for the special case � D !i with an odd integer
0 < i < p � 2, where ! W .Z=pZ/� ! �p�1 is the Teichmüller character. For each
a 2 Z�p , define a rational function

fa.t/ D t r

1 � tp ; 0 	 r < p ; r � a�1 .mod mO/

and put

Fa.t/ D 2fa.t/ � 2c � fca.tc/ 2 OŒt; t�1�.m/:

Then it is straightforward to verify that

�k.
X

a2D

�.a�1/Fa.ta//jtD1 D .1 � �!�k.c/ckC1/L.�k; �!�k/:

Hence, (2) follows from the interpolation formula (1), and the non-constancy of
Fa.t/ .mod mO/ is clear from the definition.

3 Hida’s Theorem on the �-Invariants of Anticyclotomic
p-Adic Hecke L-Functions

In this section, we briefly review the method developed by Hida (2010) to compute
the �-invariant of the anticylotomic p-adic Hecke L-function L��;† attached to a
Hecke character �. This method is a far-reaching generalization of Sinnott’s proof
of Ferrero-Washington theorem. We assume

p > 2 is unramified in F . (unr)

For simplicity, we further assume that �p.�/ D 0 and p does not divide the relative
class number h�K of K=F . Let O D OF and Op D OF ˝Z Zp . Fix a basis
f1; : : : ; d g of O over Z (d D ŒF W Q�). The starting point is that, regarding the
p-adic L-functionL��;† as a p-adic measure dL��;† on Gal.K�1=K1/ ' 1CpOp ,
we can associate to L��;† a power series G� 2 W ŒŒS1; : : : ; Sd �� given by

G� WD
Z

1CpOp
txdL��;†.x/D

X

.k1;:::;kd /2Zd�0

Z

1CpOp

 
x

k1; : : : ; kd

!

dL��;†.x/S
k1
1 � � �Skdd

.S1 D t 1 � 1; � � � ; Sd D t d�1/;
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where
�

x
k1;:::;kd

� W Op ! Zp is the function defined by

 
x

k1; : : : ; kd

!

WD
dY

iD1

 
mi

ki

!

for x D m11 C � � � Cmdd :

Then we have

�.L��;†/ D 0 ” G� .mod mW / 6D 0 2 FŒŒS1; � � � ; Sd ��:

To show G� .mod mW / 6D 0, Hida constructs a family of p-adic Hilbert
Eisenstein series fEıa ga2D indexed by a suitable finite subset D of transcendental
automorphisms of the deformation space of an ordinary abelian variety A=F with
CM by OK such that G� is a linear combination of the t-expansions of fEıa ga2D
at the CM point A=F. Proving a deep result on the linear independence of p-adic
modular forms modulo p (an analogue of Proposition 1), Hida reduces the problem
to showing the non-vanishing of individual p-adic Eisenstein series Eıa , which in
turns is equivalent to the non-vanishing modulo p of some Fourier coefficients
of Eıa by the q-expansion principle for p-adic modular forms due to Ribet. If �
is only ramified at primes split in K (this implies K=F must be unramified and
W.�/ D C1 if � is self-dual), Hida computes the Fourier coefficients of Eıa , from
which he is able to easily deduce the non-vanishing of G�. In the general case, the
computation of the Fourier coefficients of Eıa is rather complicated. To resolve this
difficulty, it seems theory of automorphic representation must be brought into play.
In Hsieh (2013), we introduce a new set of p-adic Eisenstein series fEaga2D, which
arises from toric forms, eigenforms of Hecke operators coming from K�. It turns
out that the connection of these Eisenstein series to p-adic L-functions is through
the toric period integral of Eisenstein series, and the non-vanishing modulo p of
their Fourier coefficients are intimately related to epsilon dichotomy of the local
theta correspondence for .U.1/; U.1// in Harris et al. (1996).

3.1 Linear Independence for p-Adic Modular Forms
Modulo p

LetN � 4 be a prime-to-p integer and let c be a prime-to-p integral ideal ofO . Let
Lc D c� ˚ O be an O-module, where c� D ˚

 2 F j TrF=Q.c/ � Z
�

is the dual
ideal of c. Let

M.c; N /! SpecW

the moduli scheme of c-polarized abelian varieties with real multiplication by
OF with full N -level structure. Denote by A the universal abelian scheme
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over M.c; N /. The Igusa scheme I.c; N / is the moduli scheme over M.c; N /

classifying monomorphisms �p W c� ˝Z �p1 =M.c;N / ,! AŒp1� of O-group
schemes. Hence, each functorial point in I.c; N / can be written as the isomorphism
class of a quintuple .A; �p/, where A D Œ.A; �; �; �N /� 2 M.c; N / is the datum
consisting of an abelian scheme A, a c-polarization � of A, a ring homomorphism
� W O ! EndA and a full N -level structure �N W Lc ˝Z Z=NZ ' AŒN �, and
�p W c� ˝ �p1 ,! AŒp1�. Put Im D I.c; N /�SpecW SpecW=pmW for a positive
integerm and let OI WD lim�!m

Im be the formal completion. Let

V.c; N / D lim �
m

H0.Im;OIm/

be the space of p-adic modular forms, consisting of global sections of the formal
scheme OI .

We introduce the t-expansion of p-adic modular forms around a CM point
over F. Fix a p-ordinary CM point x D ŒA� 2 M.c; N /.W /, where A=W is an
abelian scheme with ordinary reduction together with the complex multiplication
� W OK ! EndA. The reductionx0 WD x˝F lie in the ordinary locusM.c; N /ord.F/.
The p-adic CM-type † induces a decomposition OK ˝Z Zp D Op ˚ Op; a 7!
.ip.a/; ip.a//, so we can choose a level structure �p;x W �p1 ˝ c� ,! AŒp1� at
p for the CM point x such that �p;x.ip.a/x/ D �.a/�p;x.x/ for all a 2 OK . This
gives rise to a W -point .x; �p;x/ 2 I.c; N /.W /. Consider OSx0 the local deformation
space of x0. Namely, OSx0 is a functor on the category of local Artinian rings with
residue field F and OSx0.R/ is the set of the isomorphism classes ŒA� over R with
A ˝R F ' A0. By the theory of Serre-Tate coordinate (Katz 1981, Theorem 2.1),
there is a canonical isomorphism

OSx0 ' Hom.TpA0 ˝Op TpA0; OGm/; (1)

where TpA0 is the Tate module of the étale p-divisible group A0Œp
1�.F/.

Let T D Hom.O;Gm=W / be the algebraic torus over W with the character group
X�.T / D O . Let OT D Hom.Op; OGm=W / be the associated formal torus. Denote by
t 2 X�.T / the character 1 2 O . Then

O OT D SpfW ŒOp� D W ŒŒS1; � � � ; Sd �� .Si D t i � 1/:

The units group a 2 O�p acts on O OT by t 7! ta (so Si 7! .1 C Si/a � 1). The

level structure �p;0 at p of A0 induces an isomorphism TpA0Œp
1� Ket ' Op . By (1),

it induces an isomorphism 'x0 W OSx0 ' OT WD Hom.Op; OGm/, and we obtain

'x0� W O OSy ' O OT D W ŒŒS1; � � � ; Sd ��
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(Hida 2010, Corollary 2.5). For f 2 V.c; N /, we define

f .t/ WD 'x0�.f j OSx0 / 2 O OT D W ŒŒS1; � � �Sd ��:

The formal power series f .t/ will be called the t-expansion around x0 of f .
Define the subgroupOalg

p of O�p by

Oalg
p D

n
ip.a=a/ j a 2 O�K;.p/

o
:

Hida proved the following deep theorem on the linear independence of modular
forms modulo p.

Theorem 9 (Corollary 3.21, Hida 2010). Let a1; � � � ; am 2 O�p such that

aia
�1
j 62 Oalg

p . Let f1; : : : ; fm 2 V.c; N / ˝W F be non-constant functions. Then
f1.t

a1 /; : : : ; fm.t
am/ are linearly independent over F

This theorem is an analogue of Proposition 1 in the setting of rational functions
on the deformation space of ordinary CM abelan varieties. We are not able to
talk about Hida’s difficult proof here, but only mention that two of the key
ingredients: (i) a rigidity result of Ching-Li Chai on formal p-divisible groups
(Chai 2008, Theorem 4.3), which implies that every closed irreducible closed
subvariety Z containing z0 WD .x0; : : : ; x0/ in the product of ordinary locus
M.c; N /ord

=F � : : :�M.c; N /ord
=F is Tate linear at z0 provided that Z is stable by the

diagonal Hecke action of a finite index subgroup T of O�K;.p/ (see Hida 2010,
Proposition 3.11 for the precise statement); (ii) the use of Zarhin’s theorem on the
Tate conjecture (Zarhin 1975) in the proof of Hida (2010, Corollary 3.16).

3.2 Period Integrals and Fourier Coefficients of Toric Forms

In this subsection, we explain how to combine Theorem 9 with some inputs from
representation theory to show the vanishing of �.L��;†/ if �p.�/ D 0. Let Up be the

torsion subgroup of O�p and let U alg
p D Up \Oalg

p . Define a subgroup T � A�K by

T WD
n
a 2 A�K j a=a 2 K�1 OO�K

o
:

Let C l� WD OF �K�n OK�= OO�K be the relative class group and let C lalg� be the
subgroup of C l� generated by the image of T in C l�. It is easy to see that C lalg�
is in fact generated by primes ramified over F . In particular, #C lalg� is a power
of 2. Since we assume p − h�K , the geometrically normalized reciprocity law
recK W OK�! Gal.Kab=K/ induces an isomorphism

recp W 1C pOp ,! .OK ˝ Zp/� ! Gal.K�1=K/; a 7! recK..a; 1//jK�1 :
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We define h�ip W OK� ! 1C pOp by haip D rec�1p .recK.a/jK�1/. Let D0 (resp. D1)

be a set of representatives of Up=U alg
p in Up (resp. C l�=C lalg� in OK.p/;�). Set

D WD D0�D1:

We rephrase the main result in Hsieh (2013) as follows.

Theorem 10. (i) There exists a set of p-adic modular forms fEu;ag.u;a/2D such
that

G�.t/ D
X

.u;a/2D

�.a/Eu;a.t
uhaip/:

(ii) If � is not residually self-dual or � is self-dual with the root number
W.�/ D C 1, then Eu;a .mod mW / is not a constant function for some .u; a/.

We have the following simple observation.

Lemma 1. The map D! O�p =O
alg
p ; .u; a/ 7! u haip is injective.

Combining these with Theorem 9, we conclude that �.L��;†/ D 0 if W.�/ D C1.
We give a few words about how the proof of Theorem 10 (i) is related to the toric

period integral of Eisenstein series. Fix an embedding K ,! M2.F / which opti-
mally embeds OK toM2.OF /. An automorphic form f W GL2.F /nGL2.AF /! C
is called a toric form of character � if

f .gt/ D �.t/f .g/ for all t 2 T : (2)

In Hsieh (2013, §4), we construct some special weight one toric holomorphic
Eisenstein series E

h
�;u W GL2.F /nGL2.AF / ! C for each u 2 D0. These

Eisenstein series E
h
�;u are shown to be defined over W by q-expansion principle.

Let Eu;a WD E
h
�;ujŒa� for a 2 D1, where jŒa� means the Hecke translation by a. We

define the p-adic modular form Eu;a to be the p-adic avatar of Eu;a . Put

E D
X

u2D0

E
h
�;u I E.t/ D

X

.u;a/2D

�.a/Eu;a.t
uhaip/:

For � 2 Z�0Œ†�, let �� be the Dwork-Katz p-adic differential operator on
p-adic modular forms (Katz 1978, Cor. (2.6.25)) and let ı�1 be the Mass-Shimura
differential operator on modular forms of weight one (Hida and Tilouine 1993,
(1.21)). Roughly speaking, by the interpolation property of p-adic L-functions,
it is not difficult to see that

��G�.t/jtD1 � L.0; ���/;
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where �� is some anticyclotomic Hecke character of infinity type �.1 � c/, and
the symbol � means an equality up to periods and modified Euler factors at p and
� -factors. The toric property (2) of these Eisenstein series allows us to write

��G�.t/jtD1 �
Z

A�F K
�nA�K

ı�1E.t/��.y/dt:

Thus, the proof of Theorem 10 boils down to the period integral formula:

Z

A�F K
�nA�K

ı�1E.t/��.t/dt � L.0; ���/;

which is proved in Hsieh (2013, Prop. 4.8).
To show Theorem 10 (ii), we must prove the non-vanishing modulo p of some

Fourier coefficient of fEu;ag.u;a/2D. The Fourier coefficients A. / of Eisenstein
series are parameterized by additive characters  D Q

 v W F nAF ! C�, and
it is a standard fact that A. / D Q

vA. v/ can be decomposed into a product
of the local Whittaker integrals A. v/, which can be determined explicitly by a
straightforward computation at all places v of F unless v is non-split in K and �v is
ramified, which we refer to as bad places. Take ı 2 K with c.ı/ D �ı. The local
Whittaker integrals A. v/ at places those are inert or ramified in K and divides the
conductor of � are certain partial Gauss sum defined by

A. v/ D
Z

Fv

�v.x C ı/ v.x/dx:

When � is not residually self-dual, it is rather easy to show there are many A. /
non-vanishing modulo p when �p.�/ D 0. The case � is residually self-dual is
subtle. For simplicity, we will assume that � is self-dual with the root number
W.�/ D C1. The general case can be treated with obvious modification. To see
the role of the root number assumption, we introduce the local root number

W.�v/ WD �.1
2
; �v;  v/ � ��v .�ı/ 2 f˙1g ;

where ��v WD �vj�j�
1
2

Kv
and �.s; �;  v/ is the �-factor (Tate 1979). It is known that

W.�v/ D C1 except for finitely many non-split places and that

W.�/ D
Y

v

W.�v/:

In light of epsilon dichotomy of local theta correspondence for unitary groups, the
non-vanishing of these A. v/ is connected with the sign of W.�v/. For example,
using results in (Harris et al. 1996, §8), we show that

W.�v/ D �1) A. v/ D 0
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(Hsieh 2013, Lemma 6.1). Therefore, we find A. v/ D 0 for some non-split prime
v ifW.�/ D �1. On the other had, ifW.�/ D C1, we show by a patching argument
(Hsieh 2013, Theorem. 6.5) that the non-vanishing modulo p of A. / for some  .

4 Generalizations

4.1 The Cyclotomic Derivative of L	;†

We consider the case where � is self-dual with the root number W.�/ D �1 and
�p.�/ D 0. Burungale (2014) shows the vanishing of the �-invariant of L.1/;��;† the
anticyclotomic projection of the cyclotomic derivative of L�;†. The main point is
that we can actually families of p-adic Eisenstein series fEu;a.TC/g.u;a/2D over the
cyclotomic variable TC such that the t-expansion

G�.TC/.t/ WD
X

.u;a/2D

�.a/Eu;a.TC/.tuhaip/

is the power series associated to the full p-adic L-functionLE;p, and the cyclotomic
derivative

X

.u;a/2D

�.a/E .1/;�u;a .tuhaip/ .E .1/;�u;a WD @Eu;a.TC/
@TC

jTCD0/

gives rise to the power series of L.1/;��;† . We can show the non-vanishing modulo p

of E .1/;�u;a in a similar way as in the case W.�/ D C1. Applying Theorem 9, we get
�.L

.1/;�
�;† / D 0.

4.2 Anticyclotomic p-Adic Rankin-Selberg L-Functions

We can also apply Hida’s theorem to compute �-invariants of a class of anticyclo-
tomic p-adic L-functions of Rankin-Selberg convolution of Hilbert modular forms
and theta series. Let � D ˝0�v be an irreducible unitary cuspidal automorphic
representation of GL2.AF / with central character ! and let �K the base change to
GL2.AK/. Suppose that �v is a discrete series or limit of discrete series for each
Archimedean place v. Let � be a Hecke character of A�K with

�jA�F D !�1:



262 M.-L. Hsieh

Define a finite subset S.�; �/ of all places of F by

S.�; �/ WD
�

places v of F j ��.�v; �v/ WD �.1
2
; �Kv ˝ �v/ � !v.�1/ D �1



:

We impose the following local root number condition:

#.S.�; �// D 0: (ST)

This condition holds for example when every prime divisor of the conductor of �
is split in K . Then under a technical assumption on the conductor of � , in Hsieh
(2012) we construct an anticyclotomic p-adic L-functions Lp.�; �/ 2 �� which
interpolates the algebraic part of the Rankin-Selberg central values L.1

2
; �K ˝ ��/

for anticyclotomic Hecke characters � of p-power conductor. The construction is
similar to that of LE;p, but this time we have to replace p-adic toric Eisenstein
series by p-adic toric cusp forms

˚
F.u;a/

�
.u;a/2D. The corresponding toric period

integral is computed by an explicit version of Waldspurger formula (Waldspurger
1985), and as a consequence, we obtain an expression of the power series attached
toLp.�; �/ in terms of linear combination of F.u;a/ exactly as in Theorem 10. Using
Hida’s theorem again, we can compute the �-invariant of Lp.�; �/ by an explicit
calculation of Fourier coefficients of F.u;a/. We remark that the local root number
hypothesis (ST) is fundamental in this method since the failure of (ST) makes the
toric period integral always vanish by a theorem of Saito-Tunnell. The details can
be found in Hsieh (2012).

Remark 3. Suppose that S.�; �/ contains all Archimedean places and #.S.�; �//
is even (so (ST) does not hold). One can still construct the anticyclotomic p-adic
L-function Lp.�; �/ 2 �� that interpolates the algebraic part of the central
L-valuesL.1

2
; �K˝��/ (See Bertolini and Darmon 1996; Chida and Hsieh 2012 for

the elliptic case). By the work of Vatsal (2003), which depends on entirely different
ideas from Hida’s method, and its generalization (Chida and Hsieh 2013), the
�-invariant of Lp.�; �/ can be proved to vanish in many cases.

Acknowledgements The author would like to thank the referee for many suggestions on the
improvement of the manuscript.
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The p-Adic Height Pairing on Abelian Varieties
at Non-ordinary Primes

Shinichi Kobayashi

1 Introduction

The theory of the p-adic valued height pairing on abelian varieties was developed
in the 1980s by Néron, Zarhin, Schneider, Mazur-Tate, etc. Compared with the real
valued Néron-Tate height pairing, one important aspect in the p-adic valued case is
that the pairing depends on several choices and in this sense there is no canonical
p-adic height pairing. (One reason of this phenomenon is that there exist non-trivial
compact subgroups in Qp but not in R.) Let A be an abelian variety over a number
field F . Firstly, the p-adic pairing depends on a choice of the p-adic logarithm on
the idele class group A

�
F =F

�, which determines a Zp-extension of F . Secondly,
it depends on a choice of a splitting as Qp-vector spaces of the Hodge filtration
of the de Rham cohomology of A over the completion Fv of F at each vjp. This
information is used to define the p-adic valued local height pairing at vjp. When A
has ordinary reduction at vjp, we have a natural choice of the splitting at v obtained
by the unit root subspace, and we may say there is a canonical p-adic local height
pairing at v for a fixed Zp-extension. Therefore the choice of the splitting is often
made implicitly in the ordinary case but one has to pay special attention for it in the
non-ordinary case.

The canonical p-adic local height pairing at ordinary primes has a characteriza-
tion by some integral property along the direction of theZp-extension determined by
the fixed p-adic logarithm, which is used crucially in the proof of the p-adic Gross-
Zagier formula in Perrin-Riou (1987). This important integral property is shown
by the construction of the p-adic height by using the universal norm subgroup. It
is known that the universal norm subgroup does not have sufficient information at
non-ordinary primes and this makes it impossible to construct the p-adic height via
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the universal norm subgroup and prevents us from investigating integral properties
of the p-adic height at non-ordinary primes. However, in Perrin-Riou (1990)
and Kobayashi (2013), we constructed the p-adic height on elliptic curves at
supersingular primes by using certain norm systems instead of the universal norm
subgroup. This enables us to control integral properties of the p-adic height and
we could prove the p-adic Gross-Zagier formula for elliptic curves at supersingular
primes in Kobayashi (2013).

The aim of this paper is to generalize the norm construction of the p-adic height
on elliptic curves in Perrin-Riou (1990) and Kobayashi (2013) to abelian varieties,
and as an application we prove the p-adic Gross-Zagier formula for newforms with
general coefficients (not necessarily in Q) of weight 2 for �0.N / at good non-
ordinary primes.

2 Norm Subgroup of Formal Groups

In this section, we review the universal norm subgroup and its variant in the non-
ordinary case by recalling a brief history and their roles in Iwasawa theory.

Let Cp be the p-adic completion of the algebraic closure of Qp and let K be
a finite extension of Qp in Cp . We consider a ramified Zp-extension K1 of K in
Cp (e.g. the cyclotomic Zp-extension) with the Galois group � Š Zp . Let Kn be
the n-th layer in K1, namely, the unique extension of K in K1 of degree pn. We
denote the integer ring of Kn (resp. Cp) by OKn (resp. OCp ). For an abelian variety
A overK , the universal norm subgroup of A.K/ is defined by

NA.K/ WD
\

n

NKn=K A.Kn/

where NKn=K is the norm from A.Kn/ to A.K/. The importance of the universal
norm subgroup in Iwasawa theory is already observed by Mazur (1972), and in fact,
the behavior of this local object determines the (conjectural) ZpŒŒ� ��-corank of the
global Selmer group over the Zp-extension (if A and the Zp-extension are defined
over a global number field). Schneider (1987) showed that if A has good reduction,
then

rankZpA.K/=NA.K/ D .dim A � r/ŒK W Qp�

where r is the p-rank of the reduction of A. In particular, NA.K/ is of finite index
in A.K/ if and only if A has ordinary reduction. This fact is crucial for the norm
construction of the p-adic height pairing by Schneider.

Now we slightly change the viewpoint. Instead of considering the universal norm
subgroup, we consider the group of norm compatible systems

lim �
n

A.Kn/ WD f.Pn/n 2
1Y

nD0
A.Kn/ j TrKnC1=KnPnC1 D Png:
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Here we used the additive notation TrKnC1=Kn for the norm instead of NKnC1=Kn .
The Iwasawa algebra � D ZpŒŒ� �� acts naturally on lim �n A.Kn/ and by the result
of Schneider, lim �n A.Kn/ is a finitely generated �-module of free rank rŒK W Qp�.
In particular, lim �n E.Kn/ D 0 for an elliptic curve E with good supersingular
reduction.

Nasybullin and Perrin-Riou showed that there is a variant of norm compatible
systems which has sufficient information also in the supersingular case. Now we
assume K D Qp and K1 is the cyclotomic Zp-extension. We fix a system of p-
power roots of unity .�pn/n such that �p

pnC1
D �pn and �p is a primitive p-th root

of unity. We denote the maximal ideal of ZpŒ�pnC1 � by mn and the maximal ideal
of ZpŒŒT �� by mT . Let � be the torsion part of Gal.Q.�p1/=Q/ and let � be the
cyclotomic character which canonically identifies � with 1 C 2pZp . The group
Gal.Q.�p1/=Q/ acts naturally on ZpŒŒT �� by 	 �T D .T C1/�.	/�1. Let Lp be the
p-Euler factor polynomialX2� apX Cp with ap D 1Cp � ]E.Fp/. Perrin-Riou
(1990) showed that there are sufficiently many “Lp-norm systems”

lim �
Lp

E.Kn/ WD f.Pn/n 2
Y

n

E.Kn/ j TrKnC2=KnPnC2�apTrKnC1=KnPnC1CpPnD 0g;

which also has a non-trivial subgroup

f.Pn/n 2
Y

n

E.Kn/ j TrKnC2=KnC1PnC2 � apPnC1 C Pn D 0g: (1)

These norm systems play important roles in the Iwasawa theory at supersingular
primes, for example, see Perrin-Riou (1990) and Kobayashi (2003). (Actually, the
Russian mathematician Nasybullin had already noticed the importance of such norm
systems more than 10 years before Perrin-Riou and obtained the growth formula
of the Tate-Shafarevich group at supersingular primes. See Nasybullin (1977).)
We recall that the norm compatible system for the formal multiplicative group
OGm can be obtained as follows. For x 2 OGm.FpŒŒT ��/

�, there is a canonical lift
Ox 2 OGm.ZpŒŒT ��/

� of x fixed by the Coleman norm operator. Then Ox.�pnC1 � 1/
for n gives a norm compatible system. Let OE be the formal group of E . Perrin-Riou
showed that for x 2 OE.FpŒŒT ��/�, there is also a canonical lift Ox 2 OE.ZpŒŒT ��/�
which satisfies “an Lp-relation” for a certain norm operator  related to the
Dieudonné module of OE. Then Ox.�pnC1 � 1/ gives an Lp-norm system. We denote

by Z OE the image of OE.FpŒŒT ��/� in OE.ZpŒŒT ��/� by the lift. Then Z OE is a �-
module of rank 2 and we also have a �-submodule ZL OE � Z OE of rank 1 related to
the norm relation in (1). Perrin-Riou (1990) gave a new construction of the p-adic
height pairing on E by using these modules. (ZL OE plays a role of the splitting of
the Hodge filtration.) For the calculation of the p-adic height of Heegner points, we
need to characterize Z OE and ZL OE purely in terms of norm systems. In other words,
we want to know which Lp-norm systems can be obtained from Z OE . This is also
a question proposed by Perrin-Riou before Lemme 4.8 of Perrin-Riou (1990). It is
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easy to see that the question is equivalent to the problem of the interpolation of
Lp-norm systems by power series, and the answer is given as a generalization of the
theory of Coleman power series for OE in Kobayashi (2013).

The main theorem of the theory of Coleman power series Coleman (1979) says
that any norm compatible system of Gm can be interpolated by a power series, but
in our case, there is a rather artificial element in lim �Lp E.Kn/ which cannot be

obtained by elements in Z OE (cf. Kobayashi 2013, Remark 3.7). Therefore we need
to define a good class of norm systems in lim �Lp E.Kn/, called admissible norm

systems.

Definition 1. An Lp-norm compatible system .Pn/n 2 lim �Lp OE.mn/ is called

admissible if the p-th power Frobenius map on OE.OKn=p/ sends Pn mod p to
Pn�1 mod p for all n � 1. In other words, by the reduction mod p, the system
.Pn/n defines a point in OE.R/ with Fontaine’s

R WD f.xn/n 2
Y
.OCp=p/ j xpnC1 D xng:

Then the Coleman power series theory can be generalized as follows.

Theorem 1 (Kobayashi 2013). Let .Pn/n be an Lp-norm compatible system.
Then there exists a power series f 2 OE.mT /

� such that

f .�pnC1 � 1/ D Pn
if and only if .Pn/n is admissible. Furthermore, such f satisfies

. 2 � ap C p/ log OE f D 0 (2)

where log OE is the formal logarithm of OE and  is the Qp-linear trace operator for
the Frobenius lift ' characterized by '.T / D .T C 1/p � 1. Conversely, a power
series in mT satisfying the relation (2) gives an admissible Lp-norm compatible
system. In other words, the�-moduleZ OE is isomorphic to the module of admissible
Lp-norm compatible systems.

In Kobayashi (2013), this theorem is proved in a similar way as in Washington’s
book (Washington 1997, Theorem 13.38), but it is much easier to use the theory of
norm fields by Fontaine-Wintenberger as in the classical case. Kazuto Ota (2014)
also pointed out that Theorem 1 can be easily generalized to higher dimensional
formal groups of arbitrary finite height over absolutely unramified local rings by
using the result of Knospe (1995). We recall the result of Knospe-Ota.

First we specify the setting and fix some notation. Let K be the fractional field
of the ring of Witt vectors W D W.k/ of the finite field k of q D p� elements. We
denote the Frobenius of W by 
 . We fix a uniformizer � 2 Zp and a Frobenius lift
' 2 W ŒŒT �� such that
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'.T / � �T mod deg 2; '.T / � T p mod pW ŒŒT ��;

and consider the associated Lubin-Tate formal group F� of height 1 over Zp . We
fix a system of �-power torsion points .$n/n such that Œ��$nC1 D $n where Œ��
is the multiplication by � of F� and $1 is a non-zero �-torsion point. Let K1 be
the field obtained from K by adjoining all �-power torsion points of F� and Kn

the field of �n-torsion points overK . (So now K1 is not a Zp-extension but a Z
�
p -

extension. However, the whole story does not essentially change.) We denote the
maximal ideal of the integer ring OKn by mn and the maximal ideal of W ŒŒT �� by
mT . Let  be the unique 
�1-semilinear map onW ŒŒT �� satisfying

 ı ' D p; ' ı  .f /.T / D
X

Œ��$D0
f .T ˚F� $/

where the sum runs through all �-torsion points and˚F� is the addition of F� .
Now we consider a d -dimensional formal group G D Spf W ŒŒX1; : : : ; Xd �� over

W of finite height h. For simplicity, we use the multi-index notation and write
the variables .Xi/i simply by X . (We always use the letter T as a one-variable
parameter.) We let

PX D ff .X/ 2 KŒŒX�� j df 2 Ő 1W ŒŒX��=W ; f .0/ 2 pW g

and PX D PX=.pW ŒŒX��/. Similarly, we define one-variable PT and PT . Let
F be the Frobenius on PX , namely, the 
-semilinear ring morphism defined by
X 7! Xp , and let V be the Verschiebung on PX defined as the 
�1-semilinear mapP

n anX
n 7! P

n p

�1.anp/Xn. The action of ' and  are extended on PX and

they are lifts of F and V on PX .
In our setting, the Dieudonné moduleMG of the special fiber of G may be defined

explicitly as follows. For a closed form ! 2 Ő 1W ŒŒX��=W , we define the primitive
functionF! of ! by the unique power series in PX such that dF! D ! andF!.0/ D
0. We put

Z1
p.G/ WD f! 2 Ő 1W ŒŒX��=W j d! D 0; F!.X˚GY /�F!.X/�F!.Y / 2 pW ŒŒX��g;

B1
p.G/ WD fdf 2 Ő 1W ŒŒX��=W j f .X/ 2 pW ŒŒX��g:

Here˚G is the addition of G. We also consider the space of invariant differentials

LG WD f! 2 Ő 1W ŒŒX��=W j F!.X ˚G Y / D F!.X/C F!.Y /g:

Then we define the Dieudonné moduleMG by

MG WD Z1
p.G/=B1

p.G/;
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which depends only on the special fiber G. The action of ' and  induces the
FrobeniusF and the Verschiebung V onMG , andMG is a freeW -module of rank h.
The Hodge filtration ofMG is given by

FiliMG D

8
ˆ̂
<

ˆ̂
:

MG .i < 1/;

VLG .i D 1/
f0g .i > 1/:

(We use the classical normalization of the Dieudonné module as in Fontaine
(1977) and Perrin-Riou (1990). The reader may consult Katz (1979) for various
normalizations, especially §5.5. Our module is Dp.G=W.k// there. The map p�1F
defines the isomorphism from MG ˝ Qp to the “usual” one by Grothendieck and
Mazur-Messing (Katz 1979, (5.5.7)).) Let L be a finite extension of Qp. A splitting
of the Hodge filtration of MG;L WD MG ˝Zp L is an L-vector subspace N � MG;L
such that MG;L D N C Fil1MG;L and N \ Fil1MG;L D f0g.

We fix a basis !1; : : : ; !d of LG and denote their primitive functions by
`1; : : : ; `d . Then the formal logarithm `G is given by

`G W G ! G
˚d
a ; X 7! .`1.X/; : : : ; `d .X//:

We consider a monic polynomial Q.t/ D Pm
nD0 antn 2 ZpŒt � satisfying two

conditions:

• Q.V /!i D 0 for all i D 1; : : : ; d in MG .
• All roots have p-adic absolute values strictly greater than jpjp D 1=p.

For example, the characteristic polynomial det. t�I � V � jMG ˝K / as aK-vector
space satisfies these conditions. If G is the basechange of a formal group G0 defined
over Zp and !i ’s are invariant differentials of G0 over Zp , we may take a smaller
polynomial det. tI � V jMG0 ˝Qp / as Q.V /.

Definition 2. An element .Pn/n 2 Q1nD1 G.n�1/.mn/ is called a Q-norm system if
it satisfies

trnCm=n `
.nCm�1/
G .PnCm/C am�1trnCm�1=n `.nCm�2/G .PnCm�1/C � � � C a0`.n�1/G .Pn/ D 0

where we put G.n/ WD G
�n , `.n/ WD `
�nG and trnCm=n WD trKnCm=Kn is the usual trace
of fields. We denote the set ofQ-norm systems by lim �Q G.n�1/.mn/. Furthermore, if

the p-th power Frobenius map G.n/.OCp=p/! G.n�1/.OCp=p/ sends PnC1 mod p
to Pn mod p for all n, the system is called admissible.1 We also say .Pn/n 2 Qp ˝

1The definition of the admissibility is different from that of Kobayashi (2013), but they are
equivalent by Theorem 2.



The p-Adic Height Pairing on Abelian Varieties at Non-ordinary Primes 271

Q1
nD1 G.n�1/.mn/ is admissible if .mPn/n 2 Q1

nD1 G.n�1/.mn/ is admissible for
some non-zero integerm.

An important example of an admissible norm system is a system of Heegner
points of higher order over ring class fields of an imaginary quadratic field with
a split prime p (so locally over p it defines a system in a height one Lubin-Tate
tower).

We say that a system .Pn/n 2 Qp ˝ Q1
nD1 G.n�1/.mn/ is interpolated by an

element f 2 G.mT / if

f .n�1/.$n/ D Pn
for all n � 1.

Theorem 2 (Knospe 1995; Ota 2014). Let .Pn/n 2 Qp ˝ Q1
nD1 G.n/.mn/ be a

Q-norm system. Then .Pn/n is interpolated by f 2 G.mT / if and only if .Pn/n is
admissible. Such f satisfies Q. /.`G ı f / D 0. Conversely, a power series in mn

satisfying this relation gives an admissible Q-norm system.

For p > 2, the theorem holds without˝Qp .
As in the classical case, the proof of Theorem 2 is obtained by combining the

injectivity of lim �Q G.n�1/.OKn/ ! lim �Q G.n�1/.OKn=p/ and the following two

isomorphisms. One is the isomorphism by the theory of norm fields G.kŒŒT ��/ Š
lim �n G

.n�1/.OKn=p/ where the transition map is the p-th power Frobenius. The
other is an isomorphism obtained by the Perrin-Riou lift (Perrin-Riou 1990, §4.1;
Kobayashi 2013, §3.2) between G.kŒŒT ��/ and ZG , the ZpŒŒ� ��-submodule of
G.mT / consisting of elements f such that Q. /.`G ı f / D 0. We briefly recall
the Perrin-Riou lift. By Fontaine-Honda, we have a canonical isomorphism of Zp-
modules

G.kŒŒT ��/ D HomW ŒF;V �.MG ;PT /: (3)

Perrin-Riou (1990, §4.1) (see also Ota (2014) for our Lubin-Tate case) constructed
the canonical lifting

HomW ŒF;V �.MG ;PT / �! HomW .MG ;PT /; x 7�! Ox (4)

characterized by

 .'. Ox.m//� Ox.Fm// D 0
for all m 2 MG , or in other words,  . Ox.m// D Ox.Vm/ for all m. She also showed
that this condition is equivalent to

P. �=p�/. Ox.m// D 0
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for all m 2MG where P is the characteristic polynomial

P.t/ D detW . I � tF � jMG / 2 ZpŒt �:

By Theorem 2, the morphism

G.kŒŒX��/ ˝Qp ! Qp ˝
1Y

nD1
G.n�1/.mn/; x 7! .! 7! Ox.n�1/.!/.$n// (5)

is an isomorphism onto the set of admissible Q-norm systems. Here we identify
G.n�1/.mn/˝Qp with its tangent space HomW .LG.n�1/ ; Kn/. Since the Perrin-Riou
lift does not depend on Q, the set of admissible Q-norm systems is independent of
the choice of Q. Therefore, we call the set of admissible Q-norm systems just the
set of admissible norm systems for G.

Following Perrin-Riou, we consider the morphism of Zp-modules

ıG W G.kŒŒX��/! HomW .M
.1/;W ŒŒT �� D0/

defined by

x 7�! p�1.'. Ox.m//� Ox.Fm//:

Here M.1/ D M ˝
 W is the twist of M by 
 . We write ıG simply by ı if there is
no fear of confusion. We put u D �=p. Then the kernel and the cokernel of ıG are
given by

Ker ıG Š HomW .M
.1/;W /VDu logF�

.T /

via (3) and (4), and

Coker ıG Š ŒHomW .M
.1/;W /=.V � u/HomW .M

.1/;W /�.1/: (6)

Here by definition, x 2 HomW .M
.1/;W /VDu if and only if 
�1x.V �1.m// D

ux.m/ for all m 2 M.1/, or equivalently, x.Fm/ D �
x.m/ for all m. The
isomorphism (6) for the cokernel is given by looking at the first derivative, and
the last symbol .1/ in (6) is the twist by the Lubin-Tate character �� for F� . Since
W ŒŒT �� D0 is a free W ŒŒGal.K1=K/��-module of rank 1 by the natural action of
Gal.K1=K/ via �� , we have the following.

Proposition 1. Suppose that Ker ıG D Coker ıG D 0 (e.g. G is biconnected), then
G.kŒŒX��/ has a W -module structure and it is a free W ŒŒGal.K1=K/��-module of
rank h. Hence so does the module of admissible Q-norm systems of G.
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So far, we saw the theory of the universal norm subgroup and its variant only for
formal groups. Here we add a few comments on the case of Galois representations.
The concept of the universal norm subgroup is generalized in terms of Bloch-Kato’s
local Selmer groups, and investigated in Perrin-Riou (2000) mainly for crystalline
representations and Berger (2005) for de Rham representations. A generalization of
Q-norm compatible systems for crystalline representations is obtained from discus-
sions in §2.3 and §2.4 of Perrin-Riou (1994) (especially from Proposition 2.4.2),
which is the key of the construction of Perrin-Riou’s big exponential map. Then the
Perrin-Riou map is generalized for de Rham representations by Colmez (1998) and
for de Rham .'; � /-modules by Nakamura (2014).

3 Norm Construction of the p-Adic Height Pairings
on Abelian Varieties at Non-ordinary Primes

The p-adic height pairing on abelian varieties is constructed by P. Schneider (1982)
at ordinary primes by using the universal norm subgroup. Zarhin (1990) gave a
different construction including the non-ordinary case. His observation is that the p-
adic height pairing is constructed depending on a choice of a splitting of the Hodge
filtration of the p-adic de Rham cohomology as Qp-vector spaces (not as K-vector
spaces). In the good ordinary case, if we take the splitting obtained by the unit root
subspace of the Dieudonné module, the resulting height pairing coincides with the
pairing by Schneider. In this section, we use G.kŒŒT ��/ or equivalently, admissible
norm systems to construct the p-adic height pairing at non-ordinary primes instead
of the universal norm subgroup. We define a certain class of Qp-vector subspaces
of the Dieudonné module, called adequate. We associate an adequate subspace
to a ZpŒŒ� ��-submodule of G.kŒŒT ��/ that plays a similar role with the splitting
of the Hodge filtration in Zarhin’s construction, and our height pairing depends
on the choice of the adequate subspace. We show a correspondence between
adequate subspaces and splittings of the Hodge filtration, and compare our height
with Zarhin’s. The correspondence is essentially given as the p-adic interpolation
(smoothing) factor appeared in the Perrin-Riou map and this also suggests that the
norm construction is more suitable for investigating integral properties.

3.1 Submodules Corresponding to Splittings
of the Hodge Filtration

In this subsection, we construct a class of ZpŒŒ� ��-submodules of G.kŒŒT ��/ that
corresponds to splittings of the Hodge filtration as Qp-vector spaces. As pointed out
in Nekovář (1993, §2.9), we require only the splitting as Qp-vector spaces but not



274 S. Kobayashi

asK-vector spaces. Our correspondence between ZpŒŒ� ��-submodules of G.kŒŒT ��/
and splittings of the Hodge filtrations does not respect the structure of W -modules.

We follow the setting and notations in Sect. 2 if not otherwise specified. We
denote by t the usual trace K ! Qp and we also use the same symbol for maps
induced by t by abuse of notation. For example, it induces canonical isomorphisms
of Zp-modules

t W HomW .M
.1/
G ;W ŒŒT �� D0/ Š HomZp .MG ;ZpŒŒT �� D0/;

t W HomW .M
.1/

G ; K/ Š HomZp .MG ;Qp/:

Let L be a finite extension of Qp in Cp. We often abbreviateX ˝Zp L byXL for
a Zp-moduleX .

Definition 3. For an L-vector subspaceN �MG;L, we defineZG;N .kŒŒT ��/ as the
inverse image by t ı ıG in G.kŒŒT ��/L of HomL.MG;L=N;ZpŒŒT ��

 D0
L /, namely,

ZG;N .kŒŒT ��/ WD fx 2 G.kŒŒT ��/L j t ı .' Ox.!/� Ox.F!// D 0 for all ! 2 N g:

Remark 1. If N is a K ˝L-submodule ofMG;L, the above condition is equivalent
to ' Ox.!/ D Ox.F!/ for all! 2 N since the pairingK�K ! Qp; .x; y/ 7! t.xy/ is
non-degenerate. Therefore this definition coincides with that in Perrin-Riou (1990)
and Kobayashi (2013).

By the morphism (5), the module ZG;N .kŒŒT ��/ corresponds to a �-submodule
of rank ŒK W Qp�dimL.MG;L=N / of admissible norm systems for G. It seems not
easy to describeZG;N .kŒŒT ��/ purely in terms of norm relations for a generalN but
at the end of this subsection we give such descriptions for special types ofN , which
is sufficient for our application.

The map

ZpŒŒT ��
 D0 ! Zp; f 7! tr1=0f .$1/

induces an isomorphism

HomL.M
.1/

G;L;ZpŒŒT ��
 D0
L /=.	�1/ Š HomL.MG;L; L/:

Here, for simplicity, we writeX=.	�1/X asX=.	�1/ for a ZpŒŒ� ��-moduleX . Com-
bined with t ı ıG , this induces a map QıG W G.kŒŒT ��/L=.	�1/ ! HomL.MG;L; L/,

! 7�! p�1t ı tr1=0Œ.' Ox.!/ � Ox.F!//.$1/� D p�1t ı Ox..F � 1/!/.0/: (7)

Here we used the following easy lemma.

Lemma 1. Let f .T / be an element of PT . Then
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 .f 
/.$n/ D trnC1=n.f .$nC1//

for n � 1 and

 .f 
/.0/ D tr1=0.f .$1//C f .0/:

Proposition 2. The morphism QıG is an isomorphism. In particular, the restriction
of QıG induces an isomorphism

QıG;N .D QıN / W ZG;N .kŒŒT ��/=.	�1/ Š HomL.MG;L=N;L/: (8)

Proof. The proof follows from the description of the kernel and the cokernel of ıG .

Corollary 1. The morphism

G.kŒŒT ��/L=.	�1/ ! HomW .MG ; K/L; x 7! .! 7! Ox.!/.0//

is an isomorphism.

Proof. This follows from Proposition 2 and (7). Note that F � 1 is invertible since
G is connected. See also Claim 2 in p.256 of Knospe (1995).

For i � 1, we consider the composition

˙G;i W G.kŒŒT ��/˝Qp ! Qp ˝ lim �
Q

G.n�1/.mn/ ! G.i�1/.mi /˝Qp

with (5). We also put ˙G WD Tr1=0˙G;1. We omit the index G in ˙G;i and ˙G if
there is no fear of confusion. We sometimes identify an element of G.kŒŒT ��/˝Qp

with the admissible norm system by (5), and then ˙G;i is just the projection map
.Pn/n 7! Pi and ˙G is .Pn/n 7! Tr1=0P1.

Proposition 3. The morphism ˙G;i is surjective. If p > 2, it is surjective without
the tensor˝Qp .

Proof. First consider the case p > 2. Suppose that Pi 2 G.i�1/.mi / is given. Then
P i WD Pi mod p 2 G.i�1/.OKi =p/ can be extended to a family

.P n/n 2 lim �
x 7!xp

G.n�1/.OKn=p/ D G.kŒŒT ��/:

Hence by Perrin-Riou’s lift, we have an admissible norm system .Qn/n such that
Qi � Pi mod p. By Nakayama’s lemma, we have the conclusion. The case p D 2
is similar. (Note that in general the Perrin-Riou lift (hence ˙i ) is well-defined only
after the tensor Qp when p D 2. cf. Kobayashi (2013, Proposition 3.1).)

By the logarithm map, G.W /˝Qp is naturally identified with HomW .Fil1M .1/
G ;

K/ D HomW .VL
.1/
G ; K/. Then˙ is regarded as the morphism of L-vector spaces
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G.kŒŒT ��/L ! HomW .VL
.1/
G ; K/L; x 7�! .V! 7! tr1=0 Ox.!/.$1//:

This map is extended as

˙e W G.kŒŒT ��/L ! HomW .M
.1/
G ; K/L; x 7�! .! 7! p�1tr1=0 Ox.F!/.$1//:

Proposition 4. Suppose that the eigenvalues of V onMG as Qp-vector spaces are
different from 1. Then ˙e is surjective. In particular,˙ is also surjective.

Proof. By Lemma 1, we have

t ı tr1=0 Ox.!/.$1/ D t ı Ox..V � 1/!/.0/: (9)

Since V � 1 is invertible on MG by our assumption, the assertion follows from
Corollary 1.

The map ˙.D ˙G/ induces an L-linear map ˙N .D ˙G;N / W ZG;N .kŒŒT ��/ !
G.pW /L; which factors through

Q̇
N .D Q̇G;N / W ZG;N .kŒŒT ��/=.	�1/ �! G.pW /L:

Similarly,˙e induces the morphism

˙e
N W ZG;N .kŒŒT ��/! HomW .M

.1/
G ; K/L

and

Q̇ e
N W ZG;N .kŒŒT ��/=.	�1/ �! HomW .M

.1/
G ; K/L:

Suppose that the Verschiebung V on MG as a Qp-linear map does not have 1 as
an eigenvalue. Then by Propositions 2 and 4, we have

t ı Q̇ e W G.kŒŒT ��/=.	�1/ Š HomZp .MG ;Qp/

and hence the Qp-linear isomorphism

˚ D .t ı Q̇ e ı Qı�1G /_ W MG
Š�����! MG

where _ is the dual as Qp-vector spaces.
By (7) and (9), we have the following.

Proposition 5. The Qp-linear map ˚ is given by

MG �! MG ; ! 7�! .p � F / .F � 1/�1 !:
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Note that ˚ is the interpolation factor of Perrin-Riou’s theory. (cf. Perrin-Riou
(1995) and Colmez (1998, Théorèm 3 and Remarque 5 (iii)). It looks slightly
different because of our classical normalization of Dieudonné modules.) The map
˚ is extended on MG;L linearly.

Corollary 2. Assume that 1 is not an eigenvalue of V onMG˝Qp as a Qp-vector
space. Let N be an LŒF �-submodule of MG;L. Then ˚.N/ D N .

We determine Qp-vector subspaces that are the image by ˚ of complementary
subspaces to the Hodge filtration of MG;L.

Definition 4. We say an L-vector subspace N � MG;L is adequate if it satisfies
the following two conditions.

1. dimL .MG;L=N / D ŒK W Qp� dimG.
2. ˙N is surjective.

Since dimL ZG;N .kŒŒT ��/=.	�1/ D dimL.MG;L=N / by Proposition 2, the ade-
quateness is equivalent to requiring that

t ı Q̇N W ZG;N .kŒŒT ��/=.	�1/ �! HomL.Fil1MG ; L/

is an isomorphism of L-vector spaces. Therefore if N is adequate, Q̇ �1N and Q̇
induce an L-linear map

HomL.Fil1M .1/
G;L; L/ Š ZG;N .kŒŒT ��/=.	�1/ ! G.kŒŒT ��/=.	�1/!HomL.MG;L; L/;

which is the splitting of the Hodge filtration by ˚�1.N /. Conversely, a splitting of
the Hodge filtration defines an adequate subspace by reversing the argument. Hence
we have

Proposition 6. Assume that 1 is not an eigenvalue of V on MG ˝ Qp as a Qp-
vector space. Then ˚ defines a one-to-one correspondence between splittings of
Hodge filtrations as L-vector spaces and adequateL-vector subspaces of MG;L.

This correspondence does not respect the canonical splitting by Wintenberger
(1984) (cf. Kobayashi 2013, Remark 4.7) but it respects splittings as LŒF �-modules
by Corollary 2.

Now we study admissible norm systems coming from a particular type of N .
Let e be an idempotent of End.G=W / ˝ L. Let q be an L-vector subspace of the
polynomial ring LŒt� and consider an L-vector subspace N of MG;L satisfying

eN D q eFil1MG;L WD ff .V /! j f 2 q; ! 2 eFil1MG;Lg: (10)

For a polynomial f .t/ D aktk C ak�1tk�1 C � � � C a0 2 LŒt�, we define a map

f .tr/ W
1Y

nD1
G.n�1/.mn/ �!

1Y

nD1
K˚dn ; .Pn/n 7�! .qn/n
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where

qn WD ak trnCk=n `
.nCk�1/

G .PnCk/C ak�1trnCk�1=n `.nCk�2/G .PnCk�1/C � � � C a0`.n�1/G .Pn/:

By definition, the kernel of f .tr/ is the set of f -norm systems.

Proposition 7. Suppose that an L-vector subspace N � MG;L satisfies (10) and
let .Pn/n 2 L˝Q1nD1 G.n�1/.mn/ be an admissible norm system. Then .ePn/n is an
admissible norm system in the image of ZG;N .kŒŒT ��/ by (5) if and only if .ePn/n is
in the kernel of

pr ı f .tr/ W L˝
1Y

nD1
G.n�1/.mn/ �! L˝

1Y

nD2
.Kn=Kn�1/˚d

for all f 2 q, namely,

eqn D ak trnCk=n `.nCk�1/G .ePnCk/C � � � C a0 `.n�1/G .ePn/ 2 K˚dn�1:

Here pr is the natural projection.

Proof. Since .Pn/n is an admissible norm system, it is the image of x 2 G.kŒŒT ��/L
by (5). By definition we have ex 2 ZG;N .kŒŒT ��/ if and only if

.' ı  � p/f . /cex.!/.T / D ' Ox.�/.T / � Ox.F �/.T / D 0

where � D ef .V /V! 2 eN for any f 2 q and V! 2 VLG D Fil1MG . (Note
that cex D Ox ı e and  ı Ox D Ox ı V , and eN is a K-vector space by (10).) If this
holds, then trn=n�1eqn D peqn for n � 2 by Lemma 1. In particular, eqn 2 K˚dn�1.
Conversely, if .ePn/n is in the kernel of pr ı f .tr/, then

.' ı  � p/f . /cex.!/.T /jTD$n D 0

for V! 2 Fil1MG and n � 2. Hence

.' ı � p/f . /cex.!/.T / D clogF�
T

for some constant c. By applying  , we have c D 0.

Now we assume that eN D q eFil1MG;L is an F -invariant subspace of MG;L.
Let Q 2 LŒt� be such that Q.V /Fil1MG;L D f0g and all roots of Q have p-adic
absolute values strictly greater than jpjp D 1=p. Then eN is written in the form
eN D f eFil1MG;L with f jQ.

Proposition 8. Let N be a L-vector subspace of MG;L such that eN D
f eFil1MG;L and eN is F -invariant. Let .Pn/n be an admissible norm system
for G.kŒŒT ��/L. Then .ePn/n is an admissible norm system for ZG;N .kŒŒT ��/ if and
only if .ePn/n is an f -norm system.
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Proof. Suppose that .Pn/n is the image of x 2 G.kŒŒT ��/L by (5). We take an
element g of the ideal .f / � ZpŒt �. Then e gFil1MG;L � eN by our assumption,
and as in the proof of Proposition 7, we suppose that

.' ı  � p/g. /cex.!/.T / D 0

for ! 2 LG . By putting T D $n for n � 0, we have g. /cex.!/.$n/ 2 K˚dn�1 for
n � 2 and

g. /cex.!/.$1/ D g. /cex.!/.0/

by Lemma 1. Then by taking g D tmf (m D 0; : : : ; n), we have

f . /cex.!/.$n/ D f . /cex.!/.0/:

Hence we have eqn 2 K˚d and it is constant for varying n. However, eqn is an
H -norm system for the polynomialH D Q=f withH.p/ 6D 0. Thus eqn D 0. The
converse is proven similarly as in the proof of Proposition 7.

Example 1. Let OE be the formal group of an elliptic curve over Qp with good
supersingular reduction. First we letN D L OE˝Qp . ThenN D .V �ap/Fil1M OE;Qp ,
and by Proposition 7, an admissible norm system .Pn/n comes from Z OE;N .kŒŒT ��/
if and only if

TrnC1=nPnC1 � apPn 2 OE.mn�1/ (11)

for n � 2. Then combined with TrnC1=n�1PnC1 � apTrn=n�1Pn C pPn�1 D 0, we
have TrnC1=nPnC1� apPnCPn�1 D 0. Conversely, this relation implies (11). Next
we suppose N D .V � ˛/Fil1M OE;L D L.F � ˇ/! OE where ˛; ˇ are the roots of
t2 � apt C p D 0 and L D Qp.˛/. Then N is the ˛-eigenspace of the Frobenius.
Hence Proposition 8 implies that an admissible norm system .Pn/n comes from
Z OE;N .kŒŒT ��/ if and only if TrnC1=nPnC1 D ˛Pn for all n � 1.

3.2 The Zarhin-Nekovář Construction of p-Adic
Height Pairings

In this subsection, we recall Zarhin’s construction of the p-adic height pairing on
abelian varieties, which is generalized to Galois representations by Nekovář.

Let F be a finite extension of Q in a fixed algebraic closure Q. We fix an
embedding �p W Q ,! Cp . We assume that F is unramified over p. Let L be a
finite extension of Qp (coefficient field) as before. Let logp be the p-adic logarithm
on Z

�
p such that logp p D 0. We define the cyclotomic logarithm `F;v on F �v at a

non-Archimedean place v by
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`F;v.x/ D
(
� logp jxjv D v.x/ logp N.v/ if v − p
� logp NFv=Qp .x/ if v j p

where N.v/ is the number of elements of the residue field ofF at v and we normalize
as v.�/ D 1 for a uniformizer � at v of F . We also denote `F;v by `v if there is no
fear of confusion. We define the global cyclotomic logarithm `F by `F WDPv `F;v.
Then `F .x/ D 0 for x 2 F �.

Let A be an abelian variety over F and A_ the dual abelian variety of A. For a
finite place v of F , let D0.A/.Fv/ be the group of divisors algebraically equivalent
to 0 defined over Fv and Z0.A/0.Fv/ the group of zero cycles of degree 0 defined
over Fv. We denote by

.D0.A/.Fv/ �Z0.A/0.Fv//e

the subgroup of D0.A/.Fv/ �Z0.A/0.Fv/ consisting of pairs with disjoint support.
Let N be an L-vector subspace of the Dieudonné module MA ˝ L complemen-

tary to the Hodge filtration. We recall the local p-adic height pairing

h ; ip;v;N W .D0.A/.Fv/ �Z0.A/0.Fv//e �! L

associated to N with the logarithm `v W F �v ! Qp.
First we recall the theta group. (See Moret-Bailly 1981; Mumford 1970.) Let

A=OFv be the Néron model of A=Fv and A0 the identity component. Let A_ be
the Néron model of A_. Then the rational equivalence class QD of D 2 D0.A/.Fv/

defines a point in A_.Fv/ D A_.OFv/ D Ext1fppf .A0;Gm/. Hence we have an
exact sequence

1 �����! Gm �����! X QD �����! A0 �����! 1 (12)

as abelian fppf-sheaves on OFv (actually, it is exact as Zariski sheaves), and X QD is
represented by a smooth separated commutative group scheme over OFv .

Over SpecFv, this exact sequence is isomorphic to

1 �����! Gm �����! XD �����! A �����! 1 (13)

where XD is given by Spec.SymOA.�D// n fthe zero sectiong, the line bundle
associated to OA.D/ minus the zero section with group law from the primitivity
(algebraically equivalent to zero). Hence attached to D, there is a section sD W A n
jDj ! XD which is canonical up to a translation by an element of Gm. Note that
the isomorphism class of the extension (13) corresponds to the rational equivalence
class of D. However, here, we choose the particular choice of the extension in the
isomorphism class with the section sD associated to the divisor D. We identify
X QD ˝ Fv with XD.
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Suppose that A has good reduction at all places over p. We now define a
morphism `D;v that makes the following diagram commutative.

(The rows are exact but vertical sequences are not.) When v − p, the logarithm `v

is unramified at v, namely, `v is trivial on O�Fv
. Then `v is uniquely extended to `D;v

so that the restriction to XD.OFv/ is trivial. Now assume that v j p. Let MA be the
Dieudonné module of the special fiber of A at v. We take an L-vector subspace N
of MA;L such that MA;L D N ˚ Fil1MA;L as L-vector spaces, which defines a
splitting as L-vector spaces of the exact sequence

Since MVD1
A;L D f0g, the exact sequence

splits as F -modules by using the subspaceMVD1
XD;L
˝Qp Fv Š MGm;L. We putND WD

N ˚ .MVD1
XD;L
˝ Fv/. Then we obtain an L-linear map

Fil1MXD;L !MXD;L=ND Š MA;L=N Š Fil1MA;L:

The pullback by this map defines a splitting as L-linear vector spaces

sD;v;N W A.Fv/ Ő L D HomL.Fil1MA;L; L/ �! HomL.Fil1MXD;L; L/

D XD.Fv/ Ő L:

Here for Y D A or XD , we identify

HomFv˝L.Fil1M .1/

Y;L; Fv ˝L/ D HomL.Fil1MY;L; L/

by the trace map t W Fv ! Qp . We extend the logarithm `v to `D;v on XD.Fv/ Ő ZpL
so that it is trivial on the image of sD;v;N .

The local p-adic height pairing at a finite place v is defined as

hD; aip;v;N WD `D;v
 
Y

i

sD.Pi /
ni

!



282 S. Kobayashi

for a zero cycle a D P
i ni .Pi / 2 Z0.A/0.Fv/ prime to D fixed by Gal.Fv=Fv/.

Here we are writing the group law of XD multiplicatively. There is an ambiguity of
a constant multiple for sD but the pairing is well-defined since

P
i ni D 0.

Proposition 9. The local p-adic height pairing

h ; ip;v;N W .D0.A/.Fv/ �Z0.A/0.Fv//e �! L

has the following properties.

1. h ; ip;v;N is bilinear (whenever this makes sense).
2. If D D .h/ is principal, then

h.h/; aip;v;N D `v.
Y

i

h.Pi /
ni /

for a zero cycle a DPni .Pi / 2 Z0.A/0.Fv/ prime to D fixed by Gal.Fv=Fv/.
3. For any finite morphism � W A! A, we have

h��D; aip;v;N D hD;��aip;v;N :

4. For any divisor D 2 D0.A/.Fv/ and any point x0 2 A.Fv/ n jDj, the morphism
on A.Fv/ n jDj

x 7! hD; .x/ � .x0/ip;v;N
is continuous for the v-adic topology on A.Fv/ and the p-adic topology on L.

If v is prime to p, the pairing is characterized by the above properties.

The global p-adic height pairing can be defined as the sum of local p-adic height
pairings

A_.F / � A.F /! L; .a; b/ 7!
X

v

ha0; b0ip;v;N :

Here a0 is a divisor that represents a and b0 is a zero cycle
P
ni Œbi � of degree zero

with
P
nibi D b, and we choose a0 and b0 so that they have no point in common.

The value
P

vha0; b0ip;v;N is independent of the choice a0 and b0.

3.3 Norm Construction of p-Adic Height Pairings

In this subsection, we give a norm construction of the p-adic local height pairing
associated to an adequate L-vector subspaceN ı ofM OA;L for the formal group OA at
vjp. Then we show that the pairing coincides with that of Zarhin-Nekovář associated
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to the splitting of the Hodge filtration by c�1.˚�1.N ı// where c W MA;L ! M OA;L
is the natural map induced by the formal completion. Note that if A is ordinary at
v, N ı must be zero by the adequateness, and the splitting coincides with that by the
unit root subspace.

We use the same notation as in the previous subsection. We assume that vjp and
put K D Fv and W D OFv for simplicity. Let OA be the formal group of A over W .
The formal completion induces an exact sequence of Dieudonné modules

where M unit
A;L is the unit root subspace of MA;L of the Frobenius F . (cf. Katz 1979,

Corollary 5.7.7, 5.7.8). Let N ı be an adequate L-vector subspace of M OA;L. In the
following we define a splitting

snorm
D;v;Nı W OA.Fv/ Ő L �! OXD.Fv/ Ő L:

Then the p-adic (local) height pairing is constructed just as Zarhin-Nekovář’s except
that we use the local section snorm

D;v;Nı instead of sD;v;N .
We consider L-linear maps

Q̇ OA;Nı W Z OA;Nı.kŒŒT ��/=.	�1/ �!Š OA.pW /L; (14)

Q̇ OXD;N
ı
D
W Z OXD;N

ı
D
.kŒŒT ��/=.	�1/ �! OXD.pW /L: (15)

Here we putN ıD WD N ı˚ .MVD1
OXD;L
˝K/. Note that Q̇ OA;Nı is an isomorphism since

N ı is adequate. On the other hand, by Proposition 2, we have isomorphisms

Qı OA;Nı W Z OA;Nı.kŒŒT ��/=.	�1/ Š HomL.M OA;L=N
ı; L/; (16)

Qı OXD;N
ı
D
W Z OXD;N

ı
D
.kŒŒT ��/=.	�1/ Š HomL.M OXD;L

=N ıD; L/: (17)

Since M OXD;L
D M OA ˚ .MVD1

OXD;L
˝ K/ as L-vector spaces, isomorphisms (16)

and (17) induce an isomorphism

Z OA;Nı.kŒŒT ��/=.	�1/ Š Z OXD;N
ı
D
.kŒŒT ��/=.	�1/: (18)

Hence combined with (14) and (15), we have the desired section

snorm
D;Nı W OA.Fv/ Ő L �! OXD.Fv/ Ő L:
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By construction, it is straightforward to see that snorm
D;Nı coincides with sD;N for

N D c�1.˚�1.N ı// D ˚�1.N ı/˚M unit
A;L

where we regard as MA;L D M unit
A;L ˚ M OA;L by the splitting as F -modules. In

particular, snorm
D;Nı does not depend on the choice of the Lubin-Tate extension of Qp.

Now we describe snorm
D;Nı in terms of admissible norm systems. Let N ı be an

adequate L-vector subspace of M OA;L. For x0 2 OA.W / ˝ L, we can take an

admissible norm system .xn/n 2 L˝Q1nD1 OA.n�1/.mn/ interpolated by an element
of Z OA;Nı.kŒŒT ��/ with Tr1=0 x1 D x0 by (14) (here we used the adequateness).

Lemma 2. There exists an admissible norm system . Qxn/n�12L˝Q1nD1 OX .n�1/
D .mn/

that is a lift of .xn/n for the exact sequence

If .xn/n is a Q-norm system, then we can take . Qxn/n so that it is also a Q-norm
system.

Proof. We take x 2 Z OA;Nı.kŒŒT ��/ interpolating .xn/n. By (18), we can take a lift
Qx 2 Z OXD;N

ı
D
.kŒŒT ��/ of x. Then Qxn WD ˙ OXD;n;N

ı
D
. Qx/ gives a desired system. Let

R 2 ZpŒt � be a monic polynomial such thatR.V /M OA D f0g and all roots ofR have
p-adic absolute values strictly greater than jpjp D 1=p. Moreover, since OA is the
formal group of an abelian variety, we may chooseR so that R.1/ 6D 0. Then by the
definition of N ıD, we have R. / OQx.!/.T / D c.!/ logF�

.T / for some constant c.!/
for all ! 2M OXD

. Hence . Qxn/n is anR-norm system. Suppose that .xn/ is aQ-norm
system for Q 2 ZpŒt �. Then we may assume Q is a divisor of R and put R D PQ.
We let yn D Q.tr/. Qxn/. Then .yn/n is a P -norm system of OGm, but it must be also
a norm compatible because it is obtained by the Perrin-Riou lift. However, since
P.1/ 6D 0, this system must be trivial.

It is straightforward to see that the local section snorm
D;w;Nı can be given by

OA.W /L �! OXD.W /L; x 7�! Tr1=0 Qx1:

Here we take an admissible Q-norm system .xn/n with Q.1/ 6D 0 and Tr1=0 D x,
then . Qxn/ is an admissible Q-norm lift of .xn/n.

We may also define a section

OA.W /L �! OXD.W /L=.Ker Òw ˝ L/; x 7�! Tr1=0 Qx1
for any admissible lift . Qxn/. The well-definedness is checked as follows. If . Qyn/n
is another admissible lift of .xn/, then yn � xn defines an admissible norm system
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of OGm, which must be norm compatible. Hence Tr1=0. Qy1 � Qx1/ is a universal norm

in OGm.W /, and therefore contained in Ker Òw ˝ L.

4 An Application for the p-Adic Gross-Zagier Formula

In this section we generalize the p-adic Gross-Zagier formula in Kobayashi (2013)
to newforms for �0.N / of weight 2 with arbitrary Fourier coefficients (not
necessarily in Q). Most parts of the proof in Kobayashi (2013) also work in this case
(or have been already proven in Kobayashi (2013)). The missing part is the theory
of the p-adic height pairing on abelian varieties at non-ordinary primes developed
in this paper.

Let f DP1nD1 an.f /qn be a normalized eigen newform for �0.N / of weight 2.
Let p be a prime number such that .p;N / D 1 and we fix a complex embedding
�1 W Q ,! C and a p-adic embedding �p W Q ,! Cp . We fix real and purely
imaginary periods ˝ḟ (e.g. Shimura periods) and a system of p-power roots of

unity .�pn /n that is a generator of Zp.1/. Let ˛ be a root of t2 � ap.f /t C p D 0

in Cp such that jp=˛jp < 1 where ap.f / is regarded as an element of Cp by �1
and �p . It is known that there is a one-variable p-adic analytic distribution d�f;˛ of
order < 1 satisfying that

Z

Z�p

�.x/ d�f;˛.x/ D �.�/

˛n
L.f; �; 1/

˝
�.�1/
f

for a non-trivial Dirichlet character � of conductorpn with the Gauss sum �.�/, and
Z

Z�p

d�f;˛ D
�

1 � 1
˛

	2
L.f; 1/

˝Cf
:

(cf. Amice and Vélu 1975; Mazur et al. 1986; Višik 1976.) Here the L-values on the
right hand side are algebraic and regarded as in Cp by �1 and �p . Then the p-adic
L-function Lp.f; ˛; s/ is defined as an analytic function of s on Zp by

Lp.f; ˛; s/ WD
Z

Z�p

hxis�1 d�f;˛.x/;

where h i is the natural projection Z
�
p ! 1C 2pZp .

Let K be an imaginary quadratic field with discriminant dK D �ı such that
.dK;Np/ D 1. Let " be the quadratic character attached to K =Q. We define the
p-adic L-function of f over K by

Lp.f=K ; ˛; s/ WD Lp.f; ˛; s/Lp.f ˝ "; ".p/˛; s/
˝Cf ˝

C
f˝"ı

1
2

˝f
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where f ˝ " WDP1nD1 ".n/anqn is the twist of f by " and

˝f WD
Z

X0.N/.C/

!f ^ i !f

for !f D P
anq

ndq=q D 2�if .�/d� with q D exp.2�i�/. If all rational
primes dividing N split in K , then Lp.f=K ; ˛; 1/ D 0 since L.f=K ; 1/ D
L.f; 1/L.f ˝ "; 1/ D 0 by looking at the sign of the functional equation.

Let X0.N / be the modular curve over Q for �0.N / and let J D J0.N / be its
Jacobian variety. There is an idempotent ef in EndQ J ˝Qf such that

ef .� .X0.N /;˝
1
X0.N/=Q

/˝Qf / D Qf !f :

Here Qf is the field ��11 .Q.fan.f /gn//, and we let !f be defined over Qf by �1.
Let L be the p-adic closure of �p.Qf /.˛/ in Cp . Let MJ be the Dieudonné module
attached to the special fiber of J at p. By the Albanese map X0.N / ! J0.N /,
x 7! Œx� � Œ1�, the space of invariant holomorphic forms can be regarded as

LJ WD � .X0.N /;˝1
X0.N/=Q

/˝Q Qp �MJ ˝Zp Qp

and Fil1MJ˝Qp D VLJ . Then the FrobeniusF acts on the space ef .MJ˝L/ and
the characteristic polynomial is t2 � ap.f /t C p. Let N˛ be a subspace ofMJ ˝L
complementary to the Hodge filtration such that ef N˛ is the ˛-eigensubspace of F
of ef .MJ˝L/. Then we consider the p-adic height pairing on J0.N /.K / attached
to N˛ ˝Q K (with the cyclotomic logarithm `K )

h ; ip;K ;˛ W J0.N /.K / � J0.N /.K / �! L

where we identify J0.N / with its dual J0.N /_ by the principal polarization.
Let H be the Hilbert class field ofK . We assume that all rational prime numbers

dividing N split in K . Then there exists a Heegner point zH 2 X0.N /.H / that
represents a cyclic isogeny C=OK ! C=N �1 of order N where .N / D N N �
in OK . (There exist several choices of Heegner points but we fix one since the p-
adic height does not depend on the choice.) We also put zH 2 J0.N /.H / by the
negative of the Albanese map (see Remark 4.2 in Kobayashi (2013) for the sign
convention) and put zK ;f WD ef TrH =K zH 2 J0.N /.K /˝Qf .

Then the p-adic Gross-Zagier formula for f is stated as follows.

Theorem 3. Suppose that p splits in K . Then

d

ds
Lp.f=K ; ˛; s/ jsD1 D u�2

�

1� 1
˛

	2 �

1 � 1

".p/˛

	2
hzK ;f ; zK ;f ip;K ;˛

where u D ]O�K =2.
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The formula is proven in Perrin-Riou (1987) for an ordinary p and in Kobayashi
(2013) for a supersingular p for f with rational coefficients. If the p-adic height is
a non-trivial function, we can also show the same formula for an inert prime p by a
simple trick. (See the proof of Theorem 5.8 in Kobayashi (2013).) The strategy of
the proof is as follows. We construct two p-adic modular forms F and G related to
the p-adic height of the Heegner point and the derivative of the p-adic L-function
respectively. We compare their Fourier coefficients by independent calculations and
show that “the f -part” of F and G coincide, which gives the p-adic Gross-Zagier
formula.

As in the complex case, the p-adic modular form F is defined as

F WD
X


2Gal.H =K /

1X

mD1
hzH ; Tmz
H ip;H ;˛q

m:

For G, we first construct the p-adic measure ˚ on Z
�
p with values in the space

of p-adic modular forms by the p-adic convolution of the Eisenstein and theta
measure. Then put

G.s/ WD
Z

Z�p

hxis�1d˚

and G D .d=ds/G.s/jsD1. “The f -part” of G.s/ is expected to be related to
the p-adic L-function Lp.f=K ; ˛; s/. In fact, if p is ordinary, this is done by
using Hida’s ordinary projection which is considered as an analogue of Sturm’s
holomorphic projection and also enables us to take the f -part of G.s/ p-adically
(essentially the Petersson inner product with f ). In the non-ordinary case, the
convergence condition arising from taking the f -part is not admissible and the
direct analogue to the ordinary case does not work. (In fact, Lp.f=K ; ˛; s/ is in
some sense a critical slope p-adicL-function since it cannot be characterized by the
interpolation property because the corresponding power series has denominators
of the logarithmic order.) In Kobayashi (2013), to overcome this difficulty, we
introduced a (naive) two variable p-adic Eisenstein measure˚.2/ on Z

�
p �Z�p whose

restriction to the diagonal direction coincides with ˚ (both variables are in the
cyclotomic directions and “the f -part” of the integral of the function hxis�1hyit�1
with respect to ˚.2/ corresponds to the product Lp.f; ˛; s/Lp.f ˝ "; ".p/˛; t/).
This two-variable measure is constructed by using products of Eisenstein series
(essentially, Kato’s zeta element in the space of modular forms (Kato 2004)). Then
the convergence condition related to taking the f -part of ˚.2/ on the vertical and
horizontal directions is good enough and we can approximate the diagonal direction
by using these directions to relateG.s/ to Lp.f=K ; ˛; s/. Calculations concerning
G are written in Kobayashi (2013) for modular forms of weight 2 for �0.N / with
general coefficients.

For the calculation of Fourier coefficients of F , we use the decomposition of
the global height into the local heights. The local height at v − p is described
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geometrically as the intersection number on the integral model of X0.N /. Hence
the calculation is reduced to the classical case (Gross and Zagier 1986). For the
local height at v j p, we show that it is essentially equal to zero. (We show that the
“f -part” vanishes. 2). The proof in Kobayashi (2013) also works in our case if we
use the theory of the p-adic height developed in this paper. So we do not recall the
details, but we just recall the setting to apply to our theory.

We now assume that p is non-ordinary, that is, �p.ap.f // is not a p-adic unit.
Hence there is no unit root part in ef .MJ ˝Zp L/. Since we are interested in the
f -part, we may assume that .1 � ef /N˛ is of the form .M unit

J ˝ L/ ˚ N 0 with
F -stable N 0. Then N˛ is F -stable and adequate by Corollary 2 and Proposition 6.
We can also use the norm construction of thep-adic height pairing forN˛ D ˚.N˛/.

Let OJ be the formal group of the proper smooth model of J0.N / over Zp . Then
by the Albanese map we can embed

� .X0.N /;˝
1
X0.N/=Q

/˝Qp D L OJ ˝Qp �M OJ ˝Qp

and Fil1M OJ ˝Qp D VL OJ ˝Qp . We also have ef .M OJ ˝Zp L/ D ef .MJ ˝Zp L/.
Let Hn be the ring class field for the order ZCpnOK . LetK be the completion

of H D H0 at a place w over p and let Kn be the completion of Hn at the place
over w. (The place w is not necessary the place compatible with �p .) Since p splits
in K , the extensionKn=Qp is abelian andK1 D [nKn is a Zp-extension overK1

obtained by a Lubin-Tate formal group over Zp of height 1. We denote the integer
ring ofK byW and the residue field by k. By Proposition 5.1 of Kobayashi (2013),
there is an admissible norm system .cn/n 2 ef .L ˝Q1nD1 OJ .mn// obtained from
Heegner points such that

TrnC1=ncnC1 � ap.f /cn C cn�1 D 0

for n � 2 in OJ .mn/L with Tr1=0 c1 D zH .3 As in Example 1, this system
is interpolated by an element of ZNı.kŒŒT ��/ � OJ .kŒŒT ��/L with a W ˝Zp L-
submoduleN ı �M OJ=W ˝ L such that ef N ı D ef .L OJ ˝W ˝ L/. Now we put

cn;˛ WD TrnC1=ncnC1 � pcn ˝ ˛�1 2 OJ .mn/L:

Then by Proposition 8, the system .cn;˛/ is an admissible norm system satisfying

TrnC1=ncnC1;˛ D ˛cn;˛

2 Since the local height is defined on divisors and not on divisor classes, we have to give an
appropriate meaning of “the f -part”.
3In Kobayashi (2013), we took cn so that Tr1=0 c1 D ˛zH . So cn in this paper differs by ˛ from
that in Kobayashi (2013).
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for n � 1 and interpolated by an element ofZN˛˝QpK
.kŒŒT ��/. Note that ef N˛˝Qp

K is given as .V �˛/ef .Fil1M OJ˝W ˝L/. By Lemma 2, we can take an admissible

lift . Qcn;˛/ 2 L˝Q1nD1 OX .n�1/
D .mn/ satisfying TrnC1=n QcnC1;˛ D ˛ Qcn;˛ . Then we have

snorm
D;w;Nı .zH / D Tr1=0 Qc1;˛ D ˛�nC1Trn=0 Qcn;˛

for any n with n � 1 mod �. Then the proof in Kobayashi (2013) works in our
setting.
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Iwasawa Modules Arising from Deformation
Spaces of p-Divisible Formal Group Laws

Jan Kohlhaase

1 Introduction

Let p be a prime number, and let k be an algebraically closed field of characteristic
p. Let W D W.k/ denote the ring of Witt vectors with coefficients in k, and let K
denote the quotient field of W . We fix a p-divisible commutative formal group law
G of height h over k and denote by R WD Rdef

G the universal deformation ring of
G representing isomorphism classes of deformations of G to complete noetherian
local W -algebras with residue class field k. Denote by G the universal deformation
of G to R and by Lie.G/ the Lie algebra of G. For any integer m, the m-th tensor
power Lie.G/˝m of Lie.G/ can be viewed as the space of global sections of a vector
bundle on the universal deformation space Spf.R/ which is equivariant for a natural
action of the automorphism group � WD Aut.G/ of G.

If G is of dimension one, then the formal scheme Spf.R/ is known as the moduli
space of Lubin-Tate. It plays a crucial role in Harris’ and Taylor’s construction of
the local Langlands correspondence for GLh.Qp/. Moreover, the � -representations
Lie.G/˝m and their cohomology figure prominently in stable homotopy theory (cf.
the introduction to Devinatz and Hopkins (1995)). Still assuming G to be one
dimensional, a detailed study of the � -representation R was given in Kohlhaase
(2013). For h D 2 it led to the computation of the continuous � -cohomology of
R, relying on the foundational work of Devinatz, Gross, Hopkins and Yu. The only
prior analysis of p-adic representations stemming from equivariant vector bundles
on deformation spaces of p-divisible formal groups concern the p-adic symmetric
spaces of Drinfeld. These were studied extensively by Morita, Orlik, Schneider and
Teitelbaum (cf. Orlik 2008; Schneider and Teitelbaum 2002 and our remarks at the
end of Sect. 2).

J. Kohlhaase (�)
Mathematisches Institut, Universität Münster, Münster, Germany
e-mail: kohlhaaj@math.uni-muenster.de

T. Bouganis and O. Venjakob (eds.), Iwasawa Theory 2012, Contributions
in Mathematical and Computational Sciences 7, DOI 10.1007/978-3-642-55245-8__10,
© Springer-Verlag Berlin Heidelberg 2014

291

mailto:kohlhaaj@math.uni-muenster.de


292 J. Kohlhaase

The aim of the present article is to generalize and strengthen some of the
results of Gross and Hopkins (1994) and of the author in Kohlhaase (2013). To
this end, Sect. 1 and the first part of Sect. 2 give a survey of the theory of p-
divisible commutative formal group laws. This includes the classification results
of Dieudonné, Lazard and Manin, as well as the deformation theoretic results of
Cartier, Lubin, Tate and Umemura. It follows from the work of Dieudonné and
Manin that the group � is a compact Lie group over Qp (cf. Corollary 1).

In the second part of Sect. 2, we prove that the action of � on Lie.G/˝m extends
to the Iwasawa algebra � WD W �� � of � over W . This gives Lie.G/˝m the
structure of a pseudocompact module over � (cf. Corollary 2 and Theorem 5). In
Sect. 3, we pass to the global rigid analytic sections .Lie.G/˝m/rig of our vector
bundles and show that the action of � extends to a continuous action of the locally
analytic distribution algebra D.� / of � over K . As a consequence, the action of
� on the strong continuousK-linear dual of .Lie.G/˝m/rig is locally analytic in the
sense of Schneider and Teitelbaum (cf. Theorems 6 and 7).

We note that the continuity and the differentiability of the action of � on Rrig

were first proven by Gross and Hopkins if G is of dimension one (cf. Gross and
Hopkins 1994, Propositions 19.2 and 24.2). Using the structure theory of the algebra
D.� /, we arrive at a more precise result for arbitrarym and G, avoiding the use of
the period morphism. Our approach essentially relies on a basic lifting lemma for
endomorphisms of G which is also at the heart of the strategy followed by Gross
and Hopkins (cf. Lemma 1 and Proposition 1).

A major question that we have to leave open concerns the coadmissibility of
theD.� /-modules .Lie.G/˝m/rig in the sense of Schneider and Teitelbaum (2003),
section 6. Taking sections over suitable affinoid subdomains of Spf.R/rig, it is
related to the finiteness properties of the resulting Banach spaces as modules over
certain Banach completions of�˝W K . In Sect. 4, we assumeG to be of dimension
one and consider the restriction of .Lie.G/˝m/rig to an affinoid subdomain of
Spf.R/rig over which the period morphism of Gross and Hopkins is an open
immersion. By spelling out the action of the Lie algebra of � , we show that one
naturally obtains a continuous module over a complete divided power enveloping
algebra OU dp

K .Vg/ constructed by Kostant (cf. Theorem 8). Here Vg is a Chevalley order
in the split form of the Lie algebra of � . If h D 2 and m � �1 then in fact
.Lie.G/˝m/rig gives rise to a cyclic module over OU dp

K .Vg/ (cf. Theorem 9). This result
might indicate that .Lie.G/˝m/rig does not give rise to a coherent sheaf for the
Fréchet-Stein structure of D.� / considered in Schneider and Teitelbaum (2003),
section 5 (cf. Remark 3).

Gross and Hopkins (1994) consider formal modules of dimension one and finite
height over the valuation ring o of an arbitrary non-Archimedean local field. The
case of p-divisible formal groups corresponds to the case o D Zp . However, neither
the deformation theory nor the theory of the period morphism have been worked out
in detail for formal o-modules of dimension strictly greater than one. This is why
we restrict to one dimensional formal groups in Sect. 4 and to p-divisible formal
groups throughout.
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Conventions and notation. If S is a commutative unital ring, if r is a positive
integer, and if X D .X1; : : : ; Xr/ is a family of indeterminates, then we denote by
S�X� D S�X1; : : : ; Xr� the ring of formal power series in the variablesX1; : : : ; Xr
over S . We write f D f .X/ D f .X1; : : : ; Xr/ for an element f 2 S�X�. If
n D .n1; : : : ; nr / 2 N

r is an r-tuple of non-negative integers then we set jnj WD
n1 C : : : C nr and Xn WD X

n1
1 � � �Xnr

r . If i and j are elements of a set then we
denote by ıij the Kronecker symbol with value 1 2 S if i D j and 0 2 S if i 6D j .
If h is a Lie algebra over S then we denote by U.h/ the universal enveloping algebra
of h over S . Throughout the article, p will denote a fixed prime number.

2 Formal Group Laws

LetR be a commutative unital ring, and let d be a positive integer. A d -dimensional
commutative formal group law (subsequently abbreviated to formal group) is a d -
tuple G D .G1; : : : ; Gd / of formal power series in 2d variables Gi 2 R�X; Y � D
R�X1; : : : ; Xd ; Y1; : : : ; Yd �, satisfying

(F1) Gi .X; 0/ D Xi ,
(F2) Gi .X; Y / D Gi.Y;X/, and
(F3) Gi .G.X; Y /;Z/ D Gi.X;G.Y;Z//

for all 1 	 i 	 d . It follows from the formal implicit function theorem (cf.
Hazewinkel 1978, A.4.7) that for a given d -dimensional commutative formal group
G there exists a unique d -tuple �G 2 R�X�d of formal power series with trivial
constant terms such that

Gi.X; �G.X// D 0 for all 1 	 i 	 d

(cf. also Zink 1984, Korollar 1.5). Thus, if S is a commutative R-algebra, and if
I is an ideal of S such that S is I -adically complete, then the set I d becomes a
commutative group with unit element .0; : : : ; 0/ via

x CG y WD G.x; y/ and � x WD �G.x/:

Example 1. Let R D Z and d D 1. The formal group OGa.X; Y / D X C Y is
called the one dimensional additive formal group. We have � OGa .X/ D �X . The

formal group OGm.X; Y / D .1 C X/.1 C Y / � 1 is called the one dimensional
multiplicative formal group. We have � OGm.X/ D

P1
nD1.�X/n.

Let G and H be formal groups over R of dimensions d and e, respectively.
A homomorphism from G to H is an e-tuple ' D .'1; : : : ; 'e/ of power series
'i 2 R�X� D R�X1; : : : ; Xd � in d -variables over R with trivial constant terms,
satisfying

'.G.X; Y // D H.'.X/; '.Y //:
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If ' W G ! G0 and  W G0 ! G00 are homomorphisms of formal groups then
we define  ı ' through . ı '/.X/ WD  .'.X//. This is a homomorphism from
G to G00. We let End.G/ denote the set of endomorphisms of a d -dimensional
commutative formal group G over R, i.e. of homomorphisms from G to G. It is
a ring with unit 1G D X D .X1; : : : ; Xd /, in which addition and multiplication
are defined by .' CG  /.X/ WD G.'.X/;  .X//, .�'/.X/ WD �G.'.X// and
 � ' WD  ı '. In particular, End.G/ is a Z-module. Given m 2 Z, we denote by
Œm�G 2 R�X�d the corresponding endomorphism of G. We denote by Aut.G/ the
automorphism group of G, i.e. the group of units of the ring End.G/.

Denoting by .X/ the ideal ofR�X� generated byX1; : : : ; Xd , the freeR-module

Lie.G/ WD HomR..X/=.X/
2; R/

of rank d D dim.G/ is called the Lie algebra of G (or its tangent space at 1G). It
is an R-Lie algebra for the trivial Lie bracket. Non-commutative Lie algebras occur
only for non-commutative formal groups (cf. Zink 1984, Kapitel I.7). AnR-basis of
Lie.G/ is given by the linear forms . @

@Xi
/1�i�d sending f C.X/2 to @f

@Xi
.0/. Here @f

@Xi
denotes the formal derivative of the power series f with respect to the variable Xi .

Any homomorphism ' W G ! H of formal groups as above gives rise to an
R-linear ring homomorphism '� W R�Y1; : : : ; Ye� ! R�X1; : : : ; Xd �, determined
by '�.Yi / D 'i for all 1 	 i 	 e. It is called the comorphism of '. It maps .Y / to
.X/, hence .Y /2 to .X/2, and therefore induces an R-linear map

Lie.'/ W Lie.G/ �! Lie.H/

via Lie.'/.ı/.h C .Y /2/ WD ı.'�.h/ C .X/2/. In the R-bases . @
@Xi
/i (resp.

. @
@Yj
/j ) of Lie.G/ (resp. Lie.H/), the map Lie.'/ is given by the Jacobian matrix

.
@'i
@Xj
.0//i;j 2 Re�d of '. If ' W G ! G0 and  W G0 ! G00 are homomorphisms

of formal groups, then . ı '/� D '� ı  � and Lie. ı '/ D Lie. / ı Lie.'/. If
H D G then one can use (F1) to show that the map .' 7! Lie.'// W End.G/ !
EndR.Lie.G// is a homomorphism of rings. In particular, Lie.G/ becomes a module
over End.G/ and we have Lie.Œm�G/ D m � idLie.G/ for any integerm.

If p is a prime number and if R is a complete noetherian local ring of residue
characteristic p, then a homomorphism ' W G ! H of formal groups is called
an isogeny if the comorphism '� makes R�X� a finite free module over R�Y � (cf.
Tate 1967, section 2.2). Of course, this can only happen if d D e. A formal group
G over a complete noetherian local ring R with residue characteristic p is called
p-divisible, if the homomorphism Œp�G W G ! G is an isogeny. In this case the rank
of R�X� over itself via Œp��G is a power of p, say ph (cf. Tate 1967, section 2.2; this
result can also be deduced from Zink 1984, Satz 5.3). The integer h DW ht.G/ is
called the height of the p-divisible formal groupG.

If R D k is a perfect field of characteristic p, the necessary tools to effectively
study the category of p-divisible commutative formal groups over k were first
developed by Demazure (1986, Chapter III). His methods were later generalized
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by Cartier in order to describe commutative formal groups over arbitrary rings
(cf. Lazard 1975, Chapters III & IV, or Zink 1984, Chapters III & IV).

Sticking to the case of a perfect field k of characteristic p, we denote by W WD
W.k/ the ring of Witt vectors over k. Let 
 D .x 7! xp/ denote the Frobenius
automorphism of k, as well as its unique lift to a ring automorphism of W . Recall
that a 
�1-crystal over k is a pair .M; V /, consisting of a finitely generated free
W -module M and a map V W M ! M which is 
�1-linear, i.e. which is additive
and satisfies

V.am/ D 
�1.a/V .m/ for all a 2 W; m 2M:

We shall be interested in those 
�1-crystals .M; V / which satisfy the following two
extra conditions (here D stands for Dieudonné):

(D1) pM � V.M/

(D2) V modp is a nilpotent endomorphism of M=pM .

For the following fundamental result cf. Zink (1984), page 109.

Theorem 1 (Dieudonné). If k is a perfect field of characteristic p then the
category of p-divisible commutative formal groups over k is equivalent to the
category of 
�1-crystals over k, satisfying (D1) and (D2). �

Let W ŒF; V � be the non-commutative ring generated by two elements F and V
overW subject to the relations

VF D FV D p; Va D 
�1.a/V and Fa D 
.a/F for all a 2 W:

The equivalence of Theorem 1 associates with a p-divisible commutative formal
group G its (covariant) Cartier-Dieudonné module MG . This is a V -adically
separated and complete module overW ŒV; F � such that the action of V is injective.
Since G is p-divisible, also the action of F is injective, and the underlying W -
module of MG is finitely generated and free. In particular, the pair .MG; V / is
a 
�1-crystal over k, satisfying pMG D VFMG � VMG , i.e. condition (D1).
Condition (D2) follows from the V -adic completeness of MG . We also note that
V and F give rise to a short exact sequence

of k-vector spaces in which dimk.MG=pMG/ D ht.G/ and dimk.MG=VMG/ D
dim.G/.

Conversely, if .M; V / is a 
�1-crystal over k satisfying (D1), then V is injective.
In fact, (D1) implies that V becomes surjective (and hence bijective) over the
quotient field K of W . Setting F WD V �1p, the W -module M becomes a module
over W ŒF; V � which is V -adically separated and complete if condition (D2) is
satisfied.
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Recall that a 
�1-isocrystal over k is a pair .N; f / consisting of a finite
dimensional K-vector space N and a 
�1-linear bijection f W N ! N . If .M; V /
is a 
�1-crystal over k which satisfies (D1) then .M ˝W K; V ˝ idK/ is a 
�1-
isocrystal over k. The 
�1-isocrystal which in this way is associated with the
Cartier-Dieudonné module of a p-disivible commutative formal group G over k,
classifies G up to isogeny (cf. Zink 1984, Satz 5.26 and the remarks on page 110;
alternatively, consult Demazure 1986, Chapter IV.1).

Given integers r and s with r > 0, consider the 
�1-isocrystal over k given by
.KŒt�=.t r �ps/; t ı
/. HereKŒt� denotes the usual commutative polynomial ring in
the variable t over K on which 
 acts coefficientwise. If k is algebraically closed,
we have the following fundamental classification result of Dieudonné and Manin
(cf. Zink 1984, Satz 6.29; Demazure 1986, Chapter IV.4; Lazard 1975, Proposition
VI.7.42).

Theorem 2 (Dieudonné-Manin). If k is an algebraically closed field of charac-
teristic p then the category of 
�1-isocrystals over k is semisimple. The simple
objects are given by the 
�1-isocrystals .KŒt�=.t r � ps/; t ı 
/, where r and s are
relatively prime integers with r > 0. �

To a pair .r; s/ of integers as in Theorem 2 corresponds a particular p-divisible
commutative formal group Grs over k inside the isogeny class determined by the

�1-isocrystal .KŒt�=.t r � ps/; t ı 
/. According to Lazard (1975), Proposition
VI.7.42, the endomorphism ring of Grs is isomorphic to the maximal order of the
central division algebra of invariant s

r
C Z 2 Q=Z and dimension r2 over Qp .

Corollary 1. IfG is a p-divisible commutative formal group over an algebraically
closed field k of characteristic p then the endomorphism ring End.G/ of G is an
order in a finite dimensional semisimple Qp-algebra. Endowing End.G/ with the p-
adic topology and the automorphism group Aut.G/ ofG with the induced topology,
Aut.G/ is a compact Lie group over Qp .

Proof. That End.G/ is a p-adically separated and torsion free Zp-module can
easily be proved directly, using that G is p-divisible. It also follows from the fact
that the Cartier-Dieudonné module of G is free over W . According to Theorem 2
and the subsequent remarks there are central division algebrasD1; : : : ;Dn over Qp

and natural numbersm1; : : : ; mn such that

End.G/˝Zp Qp ' Mat.m1 �m1;D1/ � : : : �Mat.mn �mn;Dn/

as Qp-algebras. Since End.G/ is p-adically separated, it is bounded in End.G/˝Zp

Qp. Thus, it is a lattice in a finite dimensional Qp-vector space and must be
finitely generated over Zp . This proves the first assertion. Endowing End.G/ with
the p-adic topology, it becomes a topological Zp-algebra and Aut.G/ becomes a
compact topological group for the subspace topology. By the above arguments, it
is isomorphic to an open subgroup of

Qn
iD1 GLmi .Di /, hence naturally carries the

structure of a Lie group over Qp .
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3 Deformation Problems and Iwasawa Modules

We continue to denote by k a fixed algebraically closed field of characteristic p. We
also fix a p-divisible commutative formal group G of dimension d over k. Denote
by W D W.k/ the ring of Witt vectors of k and by Ck the category of complete
noetherian commutative local W -algebras with residue class field k. Let R be an
object of Ck and let m be the maximal ideal of R. A deformation of G to R is
a pair .G0; �G0/, where G0 is commutative formal group over R and �G0 W G !
G0modm is an isomorphism of formal groups over k. Two deformations .G0; �G0 /
and .G00; �G00/ of G to R are said to be isomorphic if there is an isomorphism f W
G0 ! G00 of formal groups over R such that the diagram

is commutative. Let DefG denote the functor from Ck to the category Sets of
sets which associates with an object R of Ck the set of isomorphism classes of
deformations ofG toR. If dim.G/ D 1, then the following theorem was first proved
by Lubin and Tate (1966, Theorem 3.1), building on the work of Lazard. It was
later generalized by Cartier und Umemura, independently (cf. Cartier 1968,1969;
Umemura 1977).

Theorem 3. The functor DefG W Ck ! Sets is representable, i.e. there is an object
Rdef
G of Ck and a deformation G of G to Rdef

G with the following universal property.
For any object R of Ck and any deformation .G0; �G0/ of G to R there is a unique
W -linear local ring homomorphism ' W Rdef

G ! R and a unique isomorphism
Œ'� W '�.G; �G/ ' .G0; �G0/ of deformations of G to R.1 If h D ht.G/ and d D
dim.G/ denote the height and the dimension ofG, respectively, then theW -algebra
Rdef
G is non-canonically isomorphic to the power series ring W �u1; : : : ; u.h�d/d � in

.h� d/d variables over W . �
It follows from the universal property of the deformation .G; �G/ that the

automorphism group Aut.G/ of G acts on the universal deformation ring Rdef
G

by W -linear local ring automorphisms. Indeed, given 	 2 Aut.G/, there is a
unique W -linear local ring endomorphism 	 of Rdef

G and a unique isomorphism
Œ	� W 	�.G; �G/ ' .G; �G ı 	/ of deformations of G to Rdef

G . It follows from

1Here '�.G; �G/ D .'�.G/; �G/, where '�G is obtained by applying ' to the coefficients of G.
Since ' induces an isomorphism between the residue class fields of Rdef

G and R, we may identify
GmodmRdef

G
and '�Gmodm.
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the uniqueness that the resulting map Aut.G/ ! End.Rdef
G / factors through a

homomorphism

Aut.G/ �! Aut.Rdef
G /

of groups. It is this type of representation that we are concerned with in this article.
To ease notation we shall denote by

R WD Rdef
G

the universal deformation ring of our fixed p-divisible commutative formal group
G over k. Let m denote the maximal ideal of R. For any non-negative integer n we
denote by Gn WD GmodmnC1 the reduction of the universal deformation G modulo
the ideal mnC1 of R. We have G ' G0 via �G.

Lemma 1. If n is a non-negative integer then the ring homomorphism
End.GnC1/! End.Gn/, induced by reduction modulo mnC1, is injective.

Proof. The formal group GnC1 is p-divisible because the comorphism Œp��
GnC1

is
finite and free. Indeed, it is so after reduction modulo m, and one can use Bourbaki
(2006), III.2.1 Proposition 14 and III.5.3 Théorème 1, to conclude. Since the ideal
mnC1.R=mnC2/ ofR=mnC2 is nilpotent, the claim follows from the rigidity theorem
in Zink (1984), Satz 5.30.

The preceding lemma allows us to regard all endomorphism rings End.Gn/ as
subrings of End.G0/. The main technical result of this section is the following
assertion.

Proposition 1. For any non-negative integer n the subring End.Gn/ of End.G0/

contains pn End.G0/.

Proof. We proceed by induction on n, the case n D 0 being trivial. Let n � 1

and assume the assertion to be true for n � 1. Set Rn WD R=mnC1. Let ' 2
pn�1 End.G0/ � End.Gn�1/ and choose a family Q' 2 Rn�X�d of power series
with trivial constant terms such that Q'modmnRn D '. The d -tuple of power series
Œp�Gn ı Q' is then a lift of p'. We claim that it is an endomorphism of Gn.

Note first that Œp�Gn ı Q' depends only on ' and not on the choice of a lift Q'.
Indeed, if Q' 0 is a second lift of ' with trivial constant terms, set  WD Q' 0 � Q'.
Setting � WD . Q' C  / �Gn Q', we have Q' 0 D Q' CGn �. Further, the power series
� satisfies �modmn D ' �Gn�1 ' D 0, hence has coefficients in mnRn. Since
pmn � mnC1 and .mn/m � mnC1 for any integer m � 2, we have Œp�Gn ı � D 0

and hence

Œp�Gn ı Q' 0 D Œp�Gn . Q' CGn �/ D .Œp�Gn ı Q'/CGn .Œp�Gn ı �/ D Œp�Gn ı Q';

as desired.
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If � 2 Rn�X�d is a family of power series with trivial constant terms, set ı� WD
ı�.X; Y / WD �.XCGn Y /�Gn �.X/�Gn �.Y /. Since Q' reduces to an endomorphism
of Gn�1, the power series ı Q' has coefficients in mn. As above, this implies Œp�Gn ı
ı Q' D 0 and thus

ıŒp�Gnı Q' D .Œp�Gn ı Q'/.X CGn Y /�Gn .Œp�Gn ı Q'/.X/ �Gn .Œp�Gn ı Q'/.Y /
D Œp�Gn .ı Q'/ D 0:

As a consequence, Œp�Gn ı Q' 2 End.Gn/, and thus p' 2 End.Gn/. Since ' was
arbitrary, we obtain the desired inclusion pn End.G0/ � End.Gn/.

According to Corollary 1, the group Aut.G/ is a profinite topological group. A
basis of open neighborhoods of its identity is given by the subgroups 1Cpn End.G/
with n � 1. If m denotes the maximal ideal of the local ring R, the W -algebra
R is a topological ring for the m-adic topology. We are now ready to prove
the following result, a particular case of which was treated in Kohlhaase (2013),
Proposition 3.1. The argument is borrowed from the proof of Gross and Hopkins
(1994), Lemma 19.3. Let us put

� WD �0 WD Aut.G/ and �n WD 1C pn End.G/ for n � 1:

Theorem 4. The action of � on R D Rdef
G is continuous in the sense that the map

..	; f / 7! 	.f // W � � R ! R is a continuous map of topological spaces. Here
� � R carries the product topology. If n is a non-negative integer then the induced
action of �n on R=mnC1 is trivial.

Proof. As in the proof of Kohlhaase (2013), Proposition 3.1, it suffices to prove the
second statement. Let 	 2 �n and consider the deformation .Gn; �G ı 	/ of G to
Rn D R=mnC1. Denote by prn W R ! Rn the natural projection and let 	n denote
the unique ring homomorphism 	n W R! Rn for which there exists an isomorphism
of deformations Œ	n� W .	n/�.G; �G/ ' .Gn; �G ı 	/ (cf. Theorem 3). Note that also
the ring homomorphism prn ı 	 W R! Rn admits an isomorphism of deformations
.prn ı 	/�.G; �G/ ' .Gn; �G ı 	/, namely the reduction of Œ	� modulo mnC1. By
uniqueness, we must have 	n D prn ı 	 and Œ	n� D Œ	� mod mnC1.

Since the map .
 7! �G ı 
 ı ��1G
/ is a ring isomorphism End.G/ ! End.G0/,

Proposition 1 shows that �G ı 	 ı ��1G
2 Aut.Gn/ and therefore defines an

isomorphism of deformations .prn/�.G; �G/ D .Gn; �G/ ' .Gn; �G ı 	/. By
uniqueness again, we must have 	n D prn ı 	 D prn. This implies that 	 acts
trivially on Rn and that Œ	� mod mnC1 D �G ı 	 ı ��1G

.

If H is a profinite topological group then we denote by

�.H/ WD W �H � WD lim �
n�1;NEoH

.W=pnW /ŒH=N �



300 J. Kohlhaase

the Iwasawa algebra (or completed group ring) ofH overW . The above projective
limit runs over all positive integers n and over all open normal subgroups N of
H . If n and n0 are positive integers with n0 	 n, and if N and N 0 are two open
normal subgroups ofH withN � N 0, then the transition map .W=pnW /ŒH=N �!
.W=pn

0

W /ŒH=N 0� is the natural homomorphism of group rings induced by the
surjective homomorphism H=N ! H=N 0 of groups and the surjective ring
homomorphismW=pnW ! W=pn

0

W . Endowing each ring .W=pnW /ŒH=N �with
the discrete topology, �.H/ is a topological ring for the projective limit topology.
It is a pseudocompact ring in the terminology of Brumer (1966), page 442, because
each of the rings .W=pnW /ŒH=N � is Artinian. Recall that a complete Hausdorff
topological�.H/-moduleM is called pseudocompact, if it admits a basis .Mi /i2I
of open neighborhoods of zero such that each Mi is a �.H/- submodule of M for
which the �.H/-moduleM=Mi has finite length. For brevity, we will set

� WD �.Aut.G//:

Corollary 2. The action of Aut.G/ on R D Rdef
G extends to an action of � and

gives R the structure of a pseudocompact�-module.

Proof. Since R is m-adically separated and complete, we may consider the natural
isomorphism

R ' lim �
n�0

R=mnC1:

According to Theorem 4, the action of the group ring W ŒAut.G/� on R=mnC1
factors through .W=pnC1W /ŒAut.G/=.1 C pn End.G//� where 1 C pn End.G/ is
an open normal subgroup of Aut.G/. Thus, R=mnC1 can be viewed as a �-module
via the natural ring homomorphism�! .W=pnC1W /ŒAut.G/=.1Cpn End.G//�.
The transition maps in the above projective limit are then�-equivariant. This proves
the first assertion.

As for the second assertion, the ideals mnC1 of R are open and �-stable, being
the kernels of the �-equivariant projections R ! R=mnC1. They form a basis of
open neighborhoods of zero ofR, and the quotientsR=mnC1 are even of finite length
overW � �.

Let Lie.G/ denote the Lie algebra of the universal deformation G of G. This is
a free module of rank d D dim.G/ over R. Given 	 2 Aut.G/, we extend the
ring automorphism 	 W R ! R to an automorphism 	 W R�X�! R�X� by setting
	.Xi/ D Xi for all 1 	 i 	 d . It induces a homomorphism 	 W Lie.G/! Lie.	�G/
of additive groups. We define Q	 W Lie.G/ ! Lie.G/ as the composite of the two
additive maps
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with Œ	� W 	�G! G as above. Given a second element 	 0 2 Aut.G/, we define 	 0 W
Lie.	�G/ ! Lie.	 0�.	�G// as before. Further, 	 0�Œ	� W 	 0�.	�G/ ! 	 0�G denotes
the homomorphism obtained by applying 	 0 2 Aut.R/ to the coefficients of Œ	� 2
R�X�d . One readily checks that the diagram

is commutative. Further, the uniqueness assertion in Theorem 3 implies that Œ	 0	� D
Œ	 0� ı 	 0�Œ	�. Therefore,

.	 0	/� D Lie.Œ	 0	�/ ı .	 0	/ D Lie.Œ	 0�/ ı Lie.	 0�Œ	�/ ı 	 0 ı 	
D Lie.Œ	 0�/ ı .	 0 ı Lie.Œ	�/ ı .	 0/�1/ ı 	 0 ı 	 D Q	 0 ı Q	:

As a consequence, we obtain an action of Aut.G/ on the additive group Lie.G/
which is semilinear for the action on R in the sense that

Q	.f � ı/ D 	.f / � Q	.ı/ for all f 2 R; ı 2 Lie.G/:

To ease notation, we will again write 	.ı/ for Q	.ı/.
Given a positive integer m we denote by Lie.G/˝m the m-fold tensor product of

Lie.G/ over R with itself. This is a free R-module of rank dm with a semilinear
action of Aut.G/ defined by

	.ı1 ˝ � � � ˝ ım/ WD 	.ı1/˝ � � � ˝ 	.ım/:

We also set Lie.G/˝0 WD R and Lie.G/˝m WD HomR.Lie.G/˝.�m/; R/ if m is a
negative integer. In the latter case Lie.G/˝m is a free R-module of rank d�m with a
semilinear action of Aut.G/ defined through

	.'/.ı1 ˝ � � � ˝ ı�m/ WD 	.'.	�1.ı1/˝ � � � ˝ 	�1.ı�m///:

For any integerm we endow the R-module Lie.G/˝m with the m-adic topology for
which it is Hausdorff and complete. By the semilinearity of the Aut.G/-action, the
R-submodules mn Lie.G/˝m are Aut.G/-stable for any non-negative integer n.

As an easy consequence of Proposition 1 and Theorem 4, we obtain the following
result.

Theorem 5. Let m and n be integers with n � 0. The action of Aut.G/ on
Lie.G/˝m is continuous in the sense that the structure map Aut.G/�Lie.G/˝m !
Lie.G/˝m of the action is continuous. Here the left hand side carries the
product topology. The induced action of 1 C p2nC1 End.G/ on the quotient
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Lie.G/˝m=mnC1 Lie.G/˝m is trivial. In particular, the action of Aut.G/ on
Lie.G/˝m extends to an action of � and gives Lie.G/˝m the structure of a
pseudocompact�-module.

Proof. As in the proof of Theorem 4 and Corollary 2, it suffices to show that the
action of 1C p2nC1 End.G/ on Lie.G/˝m=mnC1 Lie.G/˝m is trivial. By definition
of the action and Theorem 4 we may assume m D 1. Setting Gn D G mod mnC1,
as before, we have Lie.G/=mnC1 Lie.G/ D Lie.Gn/. Since 2nC 1 � n, Theorem 4
and its proof show that the map 	 mod mnC1 W Lie.Gn/ ! Lie.Gn/ is given by
Lie.�G ı 	 ı ��1G

/ where �G ı 	 ı ��1G
is contained in 1 C p2nC1 End.G0/ � 1 C

pnC1 End.Gn/ (cf. Proposition 1). Therefore, it suffices to show that the natural
action of 1 C pnC1 End.Gn/ � End.Gn/ on Lie.Gn/ is trivial. However, if ' 2
End.Gn/ and if ı 2 Lie.Gn/, then

Lie.1C pnC1'/.ı/ D ı C pnC1 Lie.'/.ı/ D ı;

because pnC1 2 mnC1.

Before we continue, let us point out an important variant of the deformation
problem considered above. It concerns the moduli problems considered by Rapoport
and Zink (1996).

Let G be a fixed p-divisible group over the algebraically closed field k of
characteristic p, i.e. an fppf -group scheme over Spec.k/ for which multiplication
by p is an epimorphism. Denoting by Nilp the category of W -schemes on which
p is locally nilpotent, let MG W Nilp ! Sets denote the set valued functor
which associates to an object S of Nilp the set of isomorphism classes of pairs
.G0; �G0 /, where G0 is a p-divisible group over S and �G0 W GS ! G0

S
is a quasi-

isogeny (cf. Rapoport and Zink 1996, Definition 2.8). Here S denotes the closed
subscheme of S defined by the sheaf of ideals pOS . According to Rapoport and
Zink (1996), Theorem 2.16, the functor MG is represented by a formal scheme
which is locally formally of finite type over Spf.W /. If G is a p-divisible one
dimensional commutative formal group law as in Sect. 1, then MG is the disjoint
union of open subschemes Mn

G , n 2 Z, which are non-canonically isomorphic to
Spf.Rdef

G / (cf. Rapoport and Zink 1996, Proposition 3.79). The reason is that any
quasi-isogeny of height zero between one dimensional p-divisible formal group
laws over k is an isomorphism.

One can generalize the moduli problem even further by considering deformations
of p-divisible groups with additional structures such as polarizations or actions by
maximal orders in finite dimensional semisimple Qp-algebras (cf. Rapoport and
Zink 1996, Definition 3.21). The corresponding deformation functors are again
representable, as was proven by Rapoport and Zink (1996, Theorem 3.25). An
important example was studied by Drinfeld (cf. Rapoport and Zink 1996, 3.58). The
generic fiber of the representing formal scheme is known as Drinfeld’s upper half
space over K . Instead of continuous representations of Aut.G/ as in Theorem 4,
it gives rise to an important class of p-adic locally analytic representations
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in the sense of Schneider and Teitelbaum. This particular class of representations
was studied extensively by Morita, Orlik, Schneider and Teitelbaum (cf. Orlik 2008;
Schneider and Teitelbaum 2002). It found aritheoremetic applications to the de
Rham cohomology of varieties which are p-adically uniformized by Drinfeld’s
upper half space (cf. Kohlhaase and Schraen 2012). In the next section we shall
see that the deformation spaces we consider here give rise to locally analytic
representations, as well.

4 Rigidification and Local Analyticity

We keep the notation of the previous section and denote by k an algebraically closed
field of characteristic p and byG a fixed commutativep-divisible formal group over
k. Let h and d denote the height and the dimension ofG, respectively. We denote by
W the ring of Witt vectors of k and by K the quotient field of W . We let R D Rdef

G

denote the universal deformation ring of G (cf. Theorem 3).
According to Theorem 3, the rigidification Spf.R/rig of the formal scheme

Spf.R/ in the sense of Berthelot (cf. de Jong 1995, section 7) is isomorphic to the

.h� d/d -dimensional rigid analytic open unit polydisc VB.h�d/dK overK . We let

Rrig WD O.Spf.R/rig/

denote the ring of global rigid analytic functions on Spf.R/rig. Any isomorphism
R ' W �u� of local W -algebras extends to an isomorphism

Rrig ' f
X

˛2N.h�d/d
c˛u˛ j c˛ 2 K and lim

j˛j!1
jc˛jr j˛j D 0 for all 0 < r < 1g

of K-algebras, where j � j denotes the p-adic absolute value on K . This allows us
to view Rrig as a topological K-Fréchet algebra whose topology is defined by the
family of norms jj � jj`, given by

jj
X

˛

c˛u˛jj` WD sup
˛

fjc˛jp�j˛j=`g

for any positive integer `. Letting Rrig
` denote the completion of Rrig with respect to

the norm jj � jj`, the K-algebra Rrig
` can be identified with the ring of rigid analytic

functions on the affinoid subdomain

B
.h�d/d
` WD fx 2 Spf.R/rig j jui .x/j 	 p�1=` for all 1 	 i 	 .h � d/d g

of Spf.R/rig. Further, Rrig ' lim �` R
rig
` is the topological projective limit of the K-

Banach algebras Rrig
` . In fact, by a cofinality argument and Bosch et al. (1984),
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6.1.3 Theorem 1, Rrig is the topological projective limit of the system of affinoid
K-algebras corresponding to any nested admissible open affinoid covering of
Spf.R/rig.

By functoriality, the automorphism group � D Aut.G/ of G acts on Spf.R/rig

by automorphisms of rigid analytic K-varieties. This gives rise to an action of �
on Rrig by K-linear ring automorphisms. By the above cofinality argument, any
of these automorphisms is continuous. The goal of this section is to show that the
induced action on the strong topological K-linear dual of Rrig is locally analytic in
the sense of Schneider and Teitelbaum (2002, page 451).

Fix an algebraic closure Kalg of K . According to de Jong (1995), Lemma 7.19,
the maximal ideals of the ring RK WD R ˝W K are in bijection with the points of
Spf.R/rig. It follows from Bosch et al. (1984), 7.1.1 Proposition 1, that the latter are
in bijection with the Gal.KalgjK/-orbits of

VB.h�d/dK .Kalg/ WD fx 2 .Kalg/.h�d/d j jxi j < 1 for all 1 	 i 	 .h � d/d g:

A point x representing one of these orbits corresponds to the kernel of the surjective
K-linear ring homomorphismRK ! K.x/ WD K.x1; : : : ; x.h�d/d / � Kalg, sending
f .u/ to f .x/.

The following result constitutes the technical heart of this section. It is a
straightforward generalization of Gross and Hopkins (1994), Lemma 19.3.

Proposition 2. Let n and ` be integers with n � 0 and ` � 1. If 	 2 �n and if
f 2 Rrig then jj	.f / � f jj` 	 p�n=`jjf jj`.
Proof. First assume f D ui for some 1 	 i 	 .h � d/d . If

B
.h�d/d
` .Kalg/ WD fx 2 .Kalg/.h�d/d j jxi j 	 p�1=` for all 1 	 i 	 .h � d/d g;

then jjgjj` D supfjg.x/j j x 2 B
.h�d/d
` .Kalg/g for any g 2 Rrig. Thus, we need to

see that if x 2 B
.h�d/d
` .Kalg/ and if y WD x�	 D 	.u/.x/, then jxi�yi j 	 p�.nC1/=`.

Denoting by W alg the valuation ring of Kalg, consider the commutative diagram

of homomorphisms ofW -algebras, in which the left and right oblique arrow is given
by evaluation at y and x, respectively. Choosing z 2 W alg with jzj D p�1=`, we have
xj 2 zW alg for any j . Further, p 2 zW alg because ` � 1. As a consequence, the
right oblique arrow maps mR to zW alg. Note that 	.uj / 2 mR, so that we obtain
yj D uj .x � 	/ D 	.uj /.x/ 2 zW alg, as well. Therefore, also the left oblique arrow
maps mR to zW alg. Now consider the induced diagram
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According to Theorem 4, the upper horizontal arrow is the identity. It follows that
xi �yi 2 znC1W alg, i.e. jxi �yi j 	 p�.nC1/=`, as required. In particular, 	 stabilizes
B
.h�d/d
` .Kalg/ and therefore is an isometry for the norm jj � jj` on Rrig.

To prove the proposition, the continuity of 	 allows us to assume f D u˛ for
some ˛ 2 N

.h�d/d . The assertion is trivial for j˛j D 0. If j˛j > 0 choose an
index i with ˛i > 0. Define ˇ through ˇj WD ˛j if j 6D i and ˇi WD ˛i � 1. If

x 2 B
.h�d/d
` .Kalg/ and if y D x � 	 , then

j	.u˛/.x/ � u˛.x/j D jy˛ � x˛j D jyiyˇ � xixˇj
	 maxfjyi jjyˇ � xˇj; jyi � xi jjxˇjg:

Here jyi jjyˇ � xˇj 	 p�1=`jj	.uˇ/ � uˇjj` 	 p�.nC1/=`jjuˇjj` D p�n=`jju˛jj` by
the induction hypothesis. Further, jyi � xi jjxˇj 	 p�.nC1/=`p�jˇj=` D p�n=`jju˛jj`,
as seen above. Thus, we obtain j	.u˛/.x/ � u˛.x/j 	 p�n=`jju˛jj` for all x 2
B
.h�d/d
` .Kalg/. This proves the proposition.

A topological group is a Lie group over Qp if and only if it contains an open
subgroup which is a uniform pro-p group (cf. Dixon et al. 2003, Definition 4.1
and Theorem 8.32). For the compact p-adic Lie group � D Aut.G/ we have the
following more precise result. We let

" WD 1 if p > 2 and " WD 2 if p D 2:

Lemma 2. For any non-negative integer n we have � pn

" D �"Cn. The open
subgroup �"Cn of � is a uniform pro-p group.

Proof. As for the first assertion, the proofs of Dixon et al. (2003), Lemma 5.1
and Theorem 5.2, can be copied word by word on replacing Md .Zp/ by End.G/
and GLd .Zp/ by Aut.G/. Further, �"Cn is a powerful pro-p group by Dixon et al.
(2003), Theorem 3.6 (i) and the remark after Definition 3.1. That it is uniform
follows from Dixon et al. (2003), Theorem 3.6 (ii), and the first assertion.

Fix an integer n � ". By Lemma 2 and Dixon et al. (2003), Theorem 3.6,
the group �n=�nC1 is a finite dimensional Fp-vector space. Choosing elements
	1; : : : ; 	r 2 �n whose images modulo �nC1 form an Fp-basis of �n=�nC1, (Dixon
et al. 2003), Theorem 4.9, shows that .	1; : : : ; 	r / is an ordered basis of �n in the
sense that the map Z

r
p ! �n, sending � to 	�11 � � �	�rr , is a homeomorphism.

Set bi WD 	i � 1 2 �.�n/ and b˛ WD b
˛1
1 � � �b˛rr for any ˛ 2 N

r . By Dixon
et al. (2003), Theorem 7.20, any element ı 2 �.�n/ admits a unique expansion of
the form
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� D
X

˛2Nr
d˛b

˛ with d˛ 2 W for all ˛ 2 N
r :

For any ` � 1 this allows us to define the K-norm jj � jj` on the algebra�.�n/K WD
�.�n/˝W K through

jj
X

˛

d˛b
˛jj` WD sup

˛

fjd˛jp�"j˛j=`g:

Remark 1. A more accurate notation would be the symbol jj � jj.n/` for the above

norm on �.�n/K . It does generally not coincide with the restriction of jj � jj.m/` to
�.�n/K � �.�m/K if n � m. However, there is an explicit rescaling relation
between the families of norms .jj � jj.n/` /` and .jj � jj.m/` /` on �.�n/K (cf. Schmidt
2008, Proposition 6.2). Since we will never work with two different groups �n and
�m at once, we decided to ease notation and use the somewhat ambiguous symbol
jj � jj`.

By Schmidt (2008), Proposition 2.1 and Schneider and Teitelbaum (2003),
Proposition 4.2, the norm jj � jj` on�.�n/K is submultiplicative whenever ` � 1. As
a consequence, the completion

�.�n/K;` D f
X

˛

d˛b
˛ j d˛ 2 K; lim

j˛j!1
jd˛jp�"j˛j=` D 0g

of �.�n/K with respect to jj � jj` is a K-Banach algebra. The natural inclusions
�.�n/K;`C1 ! �.�n/K;` endow the projective limit

D.�n/ WD lim �̀�.�n/K;`

with the structure of a K-Fréchet algebra. As is explained in Schneider and
Teitelbaum (2003), section 4, a theorem of Amice allows us to identify it with the
algebra of K-valued locally analytic distributions on �n. Similarly, we denote by
D.� / the algebra of K-valued locally analytic distributions on � (cf. Schneider
and Teitelbaum 2002, section 2).

Theorem 6. For any integer ` � 1 the action of �" on Rrig extends to Rrig
` and

makesRrig
` a topological Banach module over theK-Banach algebra�.�"/K;`. The

action of � on Rrig extends to a jointly continuous action of the K-Fréchet algebra
D.� /. The action of � on the strong continuous K-linear dual .Rrig/0b of Rrig is
locally analytic in the sense of Schneider and Teitelbaum (2002), page 451.

Proof. First, we prove by induction on j˛j that jjb˛f jj` 	 jjb˛jj`jjf jj` for any
f 2 Rrig. This is clear if j˛j D 0. Otherwise, let i be the minimal index with ˛i > 0
and define ˇ through ˇj D ˛j if j 6D i and ˇi WD ˛i �1. In this case, Proposition 2
and the induction hypothesis imply
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jjb˛f jj` D jj.	i � 1/bˇf jj` 	 p�"=`jjbˇf jj`
	 p�"=`p�"jˇj=`jjf jj` D jjb˛jj`jjf jj`;

as required. This immediately gives jj� � f jj` 	 jj�jj`jjf jj` for all � 2 �.�"/K
and f 2 RK . Thus, the multiplication map �.�"/K � RK ! RK is continuous, if
�.�"/K and RK are endowed with the respective jj � jj`-topologies, and if the left
hand side carries the product topology. Since RK is dense in Rrig

` , we obtain a map

�.�"/K;` � Rrig
` ! R

rig
` by passing to completions. By continuity, it gives Rrig

` the
structure of a topological Banach module over�.�"/K;`.

Passing to the projective limit, we obtain a continuous mapD.�"/�Rrig ! Rrig,
giving Rrig the structure of a jointly continuous module overD.�"/. Since D.� / is
topologically isomorphic to the locally convex direct sum ˚	�"2�=�"	D.�"/ (cf.
Schneider and Teitelbaum 2002, page 447 bottom), Rrig is a jointly continuous
module overD.� /.

It follows from Schneider (2002), Proposition 19.9 and the arguments proving the
claim on page 98, that theK-Fréchet spaceRrig is nuclear. Therefore, Schneider and
Teitelbaum (2002), Corollary 3.4, implies that the locally convex K-vector space
.Rrig/0b is of compact type and that the action of � obtained by dualizing is locally
analytic.

Using Theorem 5, the preceding result can be generalized as follows. Fixing an
integer m, the free R-module Lie.G/˝m gives rise to a locally free coherent sheaf
on Spf.R/. For any positive integer ` we denote by .Lie.G/˝m/rig` the sections of

its rigidification over the affinoid subdomain B
.h�d/d
` of Spf.R/rig. This is a free

R
rig
` -module for which the natural Rrig

` -linear map

R
rig
` ˝R Lie.G/˝m �! .Lie.G/˝m/rig`

is bijective (cf. de Jong 1995, 7.1.11). We denote by .Lie.G/˝m/rig the space of
global sections of the rigidification of Lie.G/˝m over Spf.R/rig. This is a free Rrig-
module for which the natural Rrig-linear maps

Rrig ˝R Lie.G/˝m �! .Lie.G/˝m/rig �! lim �̀.Lie.G/˝m/rig` (1)

are bijective. Further, .Lie.G/˝m/rig ' .Lie.G/rig/˝m, where the latter tensor
products and dualities are with respect to Rrig.

By functoriality, the group � D Aut.G/ acts on .Lie.G/˝m/rig in such a way
that the left map in (1) becomes � -equivariant for the diagonal action on the left.
In particular, it is semilinear for the action of � on Rrig. We endow .Lie.G/˝m/rig
and .Lie.G/˝m/rig` with the natural topologies of finitely generated modules over

Rrig and Rrig
` , respectively. This makes them a nuclear K-Fréchet space and a K-

Banach space, respectively. The right map in (1) is then a topological isomorphism
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for the projective limit topology on the right. With the same cofinality argument
as for Rrig one can show that any element of � acts on .Lie.G/˝m/rig through a
continuousK-linear automorphism.

Theorem 7. Let m be an integer. For any integer ` � 1 the action of �2"�1 on
.Lie.G/˝m/rig extends to .Lie.G/˝m/rig` and makes .Lie.G/˝m/rig` a topological
Banach module over the K-Banach algebra �.�2"�1/K;`. The action of � on
.Lie.G/˝m/rig extends to a jointly continuous action of the K-Fréchet algebra
D.� /. The action of � on the strong continuous K-linear dual Œ.Lie.G/˝m/rig�0b
of .Lie.G/˝m/rig is locally analytic.

Proof. Set Mm
` WD .Lie.G/˝m/rig` . Any R-basis .ı1; : : : ; ıs/ of Lie.G/˝m can be

viewed as an Rrig
` -basis of Mm

` . Writing Mm
` D ˚siD1Rrig

` ıi , the topology of Mm
` is

defined by the norm

jj
sX

iD1
fi ıi jj` D sup

i

fjjfi jj`g if f1; : : : ; fs 2 Rrig
` :

We choose an ordered basis .	1; : : : ; 	r / of �2"�1 and let bi WD 	i � 1 be as
before. By induction on j˛j we will first prove the fundamental estimate jjb˛ıjj` 	
jjb˛jj`jjıjj` for all ˛ 2 N

r and ı 2 .Lie.G/˝m/rig. As in the proof of Theorem 6 this
is reduced to the case j˛j D 1, i.e. b˛ D 	i � 1 for some 1 	 i 	 r . Further, we
may assume ı D f ıj for some f 2 Rrig and 1 	 j 	 s.

There are elements r1; : : : ; rs 2 R such that 	i.ıj / D Ps
�D1 r�ı� . According to

Theorem 5 we have .	i � 1/.ıj / 2 m" Lie.G/˝m, i.e. rj � 1 2 m" and r� 2 m" for
� 6D j . We claim that jjr jj` 	 p�c=` for any integer c � 0 and any element r 2 mc .
Indeed, this is clear for c D 0. For general c, the ideal mc of R is generated by all
elements of the form pauˇ with a 2 N, ˇ 2 N

.h�d/d and aC jˇj D c. Since ` � 1
we have jpaj D p�a 	 p�a=`, and the claim follows from the multiplicativity of
the norm jj � jj` on R. Now

jj.	i � 1/.f ıj /jj` 	 maxfjj.	i � 1/.f / � 	i .ıj /jj`; jjf � .	i � 1/.ıj /jj`g
D maxfjj

X

�

.	i � 1/.f /r�ı�jj`; jjf jj`jjıj �
X

�

r�ı� jj`g;

where jj.	i�1/.f /�r�jj` 	 jj.	i�1/.f /jj` 	 p.2"�1/=`jjf jj` by Proposition 2. Here
p.2"�1/=` 	 p�"=` D jj	i � 1jj`. Moreover, jjrj � 1jj` 	 p�"=` and jjr� jj` 	 p�"=`
if � 6D j by the above claim. This finishes the proof of the fundamental estimate.

As an immediate consequence, we obtain that jj� � ıjj` 	 jj�jj`jjıjj` for any
� 2 �.�2"�1/K and any ı 2 Lie.G/˝m ˝W K . The proof proceeds now as in
Theorem 6.

According to Schneider and Teitelbaum (2003), Theorem 4.10, the projective
system .�.�2"�1/K;`/` ofK-Banach algebras endow their projective limitD.�2"�1/
with the structure of a K-Fréchet-Stein algebra. In the terminology of Schneider
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and Teitelbaum (2003), section 8, the family ..Lie.G/˝m/rig` /` is a sheaf over
.D.�2"�1/; .jj � jj`/`/ with global sections .Lie.G/˝m/rig for any integer m. One
of the main open questions in this setting is whether this sheaf is coherent,
i.e. whether the �.�2"�1/K;`-modules .Lie.G/˝m/rig` are finitely generated and
whether the natural maps

�.�2"�1/K;` ˝�.�2"�1/K;`C1 .Lie.G/˝m/rig`C1 �! .Lie.G/˝m/rig`

are always bijective. This would amount to the admissibility of the locally analytic
� -representation Œ.Lie.G/˝m/rig�0b in the sense of Schneider and Teitelbaum (2003),
section 6. Nothing in this direction is known. In the next section, however, we will
have a closer look at the case dim.G/ D 1 and ` D 1. We will see that in order to
obtain finitely generated objects, one might be forced to introduce yet another type
of Banach algebras.

5 Non-commutative Divided Power Envelopes

In this final section we assume that our fixed p-divisible formal group G over the
algebraically closed field k of characteristic p is of dimension one. If h denotes the
height of G then the endomorphism ring of G is isomorphic to the maximal order
oD of the central Qp-division algebraD of invariant 1

h
C Z (cf. Gross and Hopkins

1994, Proposition 13.10). In the following we will identify End.G/ and oD (resp.
Aut.G/ and o�D). We will also exclude the trivial case h D 1. We continue to denote
by R D Rdef

G the universal deformation ring of G (cf. Theorem 3).
Consider the period morphism ˚ W Spf.R/rig ! P

h�1
K of Gross and Hopkins,

where P
h�1
K denotes the rigid analytic projective space of dimension h � 1 over

K (cf. Gross and Hopkins 1994, section 23). In projective coordinates ˚ can be
defined by ˚.x/ D Œ'0.x/ W : : : W 'h�1.x/� where '0; : : : ; 'h�1 2 Rrig are
certain global rigid analytic functions on Spf.R/rig without any common zero. The
power series expansions of the functions 'i in suitable coordinates u1; : : : ; uh�1
can be written down explicitly by means of a closed formula of Yu (cf. Kohlhaase
2013, Proposition 1.5 and Remark 1.6). According to Gross and Hopkins (1994),
Lemma 23.14, the function '0 does not have any zeroes on B

h�1
1 � Spf.R/rig, hence

is a unit in Rrig
1 . We set

wi WD 'i

'0
2 Rrig

1 for 1 	 i 	 h� 1:

By Gross and Hopkins (1994), Lemma 23.14, any element f 2 Rrig
1 admits a unique

expansion of the form f DP˛2Nh�1 d˛w˛ with d˛ 2 K and limj˛j!1 jd˛jp�j˛j D
0. Further, ˚ restricts to an isomorphism ˚ W Bh�11 ! ˚.Bh�11 / (cf. Gross and
Hopkins 1994, Corollary 23.15).
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Denote by Qph the unramified extension of degree h of Qp and by Zph its
valuation ring. It was shown by Devinatz, Gross and Hopkins, that there exists an
explicit closed embedding o�D ,! GLh.Qph/ of Lie groups over Qp such that ˚ is
o�D-equivariant (cf. Kohlhaase 2013, Proposition 1.3 and Remark 1.4). Here o�D acts
on Spf.R/rig through the identification o�D ' Aut.G/, and it acts by fractional linear
transformations on P

h�1
K via the embedding o�D ,! GLh.Qph/.

The morphism ˚ is constructed in such a way that ˚�O
P
h�1
K
.1/ D Lie.G/rig. It

follows from general properties of the inverse image functor that ˚�O
P
h�1
K
.m/ D

.Lie.G/˝m/rig for any integer m. Restricting to B
h�1
1 , we obtain an o�D-equivariant

and Rrig
1 -linear isomorphism .Lie.G/˝m/rig1 ' R

rig
1 � 'm0 of free Rrig

1 -modules of
rank one.

We denote by d the Lie algebra of the Lie group o�D over Qp . It is isomorphic
to the Lie algebra associated with the associative Qp-algebra D. According to
Schneider and Teitelbaum (2002), page 450, the universal enveloping algebra
UK.d/ WD U.d ˝Qp K/ of d over K embeds into the locally analytic distribution
algebra D.�2"�1/. Together with the natural map D.�2"�1/ ! �.�2"�1/K;1,
Theorem 7 allows us to view

Mm
1 WD .Lie.G/˝m/rig1

as a module overUK.d/ ' U.g˝Q
ph
K/ DW UK.g/, where g WD d˝QpQph ' glh as

Lie algebras over Qph . Explicitly, the action of an element x 2 g onMm
1 is given by

x.ı/ D d

dt
.exp.tx/.ı//jtD0:

Here is the usual exponential map which is defined locally
around zero in g. Further, a sufficiently small open subgroup of GLh.Qph/ acts on
Mm
1 through the isomorphism Mm

1 ' O
P
h�1
K
.m/.˚.Bh�11 //. Writing an element

x 2 g as a matrix x D .ars/0�r;s�h�1 with coefficients ars 2 Qph , fix indices
0 	 i; j 	 h � 1 and denote by xij the matrix with entry 1 at the place .i; j /
and zero everywhere else. In the following we will formally put w0 WD 1.

Lemma 3. Let i; j and m be integers with 0 	 i; j 	 h � 1. If f 2 Rrig
1 then

xij .f '
m
0 / D

8
ˆ̂
ˆ̂
<

ˆ̂
ˆ̂
:

wi
@f

@wj
'm0 ; if j 6D 0;

.mf �Ph�1
`D1 w`

@f

@w`
/'m0 ; if i D j D 0;

wi .mf �Ph�1
`D1 w`

@f

@w`
/'m0 ; if i > j D 0:

Proof. If i D j and if t is sufficiently close to zero in Qph then exp.txi i / is
the diagonal matrix with entry exp.t/ at the place .i; i/ and 1 everywhere else
on the diagonal. Recall that GLh.Qph/ acts by fractional linear transformations
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on the projective coordinates '0; : : : ; 'h�1 of P
h�1
K . Thus, exp.txi i /.w`/ D w` if

` 6D i 6D 0, exp.txi i /.wi / D exp.t/wi if i 6D 0, and exp.tx00/.w`/ D 1
exp.t/w` for all

1 	 ` 	 h� 1.
If i 6D j then exp.txij / D 1 C txij in GLh.Qph/. Thus, exp.txij /.w`/ D w` if

` 6D j 6D 0, exp.txij /.wj / D wj C twi if j 6D 0, and exp.txi0/.w`/ D w`=.1C twi /
for all 1 	 ` 	 h� 1. Writing f D f .w1; : : : ;wh�1/ we have

exp.txij /.f 'm0 / D f .exp.txij /.w1/; : : : ; exp.txij /.wh�1// � exp.txij /.'0/m:

Here exp.txij /.'0/ D '0 if j 6D 0, exp.tx00/.'0/ D exp.t/'0 and exp.txi0/.'0/ D
'0C t'i if 1 	 i 	 h� 1. It is now an exercise in elementary calculus to derive the
desired formulae.

Note that .Lie.G/˝m/rig is a D.�2"�1/-stable K-subspace of Mm
1 and hence is

g-stable. If m D 0 then Lemma 3 shows that in order to describe the g-action in the
coordinates u1; : : : ; uh�1, one essentially has to compute the functional matrix

F WD . @ui
@wj

/1�i;j�h�1:

Proposition 3. The matrix A WD .
@'i
@uj
'0 � @'0

@uj
'i /1�i;j�h�1 over Rrig is invertible

over the localization Rrig
'0 . We have F D '20A

�1, which is a matrix with entries in

'0R
rig. Moreover, we have

Ph�1
jD1 'j

@ui
@wj
2 '20Rrig for any index 1 	 i 	 h � 1.

Proof. Let B WD .
@'i
@uj
/0�i;j�h�1 with @'i

@u0
WD 'i . We have B 2 GLh.Rrig/ by a

result of Gross and Hopkins (1994, Corollary 21.17). Setting

N WD

0

B
B
B
@

1 0 � � � 0
�'1 '0 0
:::

: : :

�'h�1 0 '0

1

C
C
C
A
; we have NB D

0

B
B
B
B
@

'0
@'0
@u1
� � � @'0

@uh�1
0
::: A

0

1

C
C
C
C
A
:

This already shows that A is invertible over Rrig
'0 . Denoting by c0; : : : ; ch�1 the

columns of B�1 D .cij /i;j 2 GLh.Rrig/, we obtain

.'�10
h�1X

jD0
'j cj ; '

�1
0 c1; : : : ; '

�1
0 ch�1/ D B�1N�1 D

0

B
B
B
@

'�10 � � � � �
0
::: A�1
0

1

C
C
C
A
:
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By the chain rain rule we have

ıij D @wi
@wj
D

h�1X

`D1

@wi
@u`
� @u`
@wj
D

h�1X

`D1
'�20 .

@'i

@u`
'0 � @'0

@u`
'i /

@u`
@wj

;

so that F D '20A�1. As seen above, the right hand side has entries in '0Rrig. Further,
we have

Ph�1
jD1 'j

@ui
@wj
DPh�1

jD1 'j '0cij D �'20ci0 2 '20Rrig for any index 1 	 i 	
h� 1.

Together with Lemma 3, Proposition 3 shows that x.ui / 2 Rrig for any x 2 g and
any 1 	 i 	 h � 1, as was clear a priori. For h D 2, Lemma 3 and Proposition 3
reprove Gross and Hopkins (1994), formula (25.14).

Coming back to the g-moduleMm
1 for generalm, consider the subalgebra slh of

g over Qph . Let t denote the Cartan subalgebra of diagonal matrices in slh, and
let f"1; : : : ; "h�1g � t� denote the basis of the root system of .slh; t/ given by
"i .diag.t0; : : : ; th�1// WD ti�1 � ti . We let �1 2 t� denote the fundamental dominant
weight defined by �1 WD 1

h

Ph�1
iD1.h � i/"i . We have

�1.diag.t0; : : : ; th�1// D 1

h

h�1X

iD1
.h� i/.ti�1 � ti / D 1

h
..h� 1/t0 �

h�1X

iD1
ti / D t0

for any element diag.t0; : : : ; th�1/ 2 t � slh.

Proposition 4. For any integer m � 0, the subspace W WD P
j˛j�m K � w˛'m0 of

Mm
1 is g-stable. The action of slh on W is irreducible. More precisely, W is the

irreducible slh-representation of highest weight m � �1.
Proof. It follows from Lemma 3 thatW is stable under any element xij with j 6D 0
or i D j D 0. If 1 	 i 	 h � 1 and if n is a non-negative integer then

x
n
i0.w

˛'m0 / D Œ
n�1Y

`D0
.m � j˛j � `/� � w˛wni '

m
0 ;

as follows from Lemma 3 by induction. Therefore, xi0.w˛'m0 / D 0 if j˛j D m. If
j˛j < m then xi0.w˛/ has degree j˛j C 1 	 m. This proves that W is g-stable.

The above formula also shows that W is generated by 'm0 as an slh-representa-
tion. If f 'm0 2 W is non-zero, then Lemma 3 shows that .x˛101 � � � x˛h�10.h�1//.f 'm0 / is
a non-zero scalar multiple of 'm0 for a suitable multi-index ˛. Therefore, the slh-
representationW is irreducible.

Finally, if x D diag.t0; : : : ; th�1/ 2 t then x.w˛'m0 / D .t0.m�j˛j/C
Ph�1

iD1 ˛i ti / �
w˛'m0 by Lemma 3. Here,
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t0.m � j˛j/C
h�1X

iD1
˛i ti D t0mC

h�1X

iD1
˛i .ti � t0/ D .m � �1 �

h�1X

iD1
˛i

iX

`D1
"`/.x/:

This shows that m � �1 is the highest weight of the slh-representationW .

Remark 2. The statement of Proposition 4 can be deduced from a stronger result
of Gross and Hopkins. Namely, if m D 1 then Lie.G/rig contains an h-dimensional
algebraic representation of o�D (cf. Gross and Hopkins 1994, Proposition 23.2).
Under the restriction map Lie.G/rig ! Lie.G/rig1 , the derived representation of
g D d˝Qp Qph maps isomorphically to the g-representationW above.

We will now see that the action of g onMm
1 naturally extends to a certain divided

power completion of the universal enveloping algebraUK.g/. Note that if i; j; r and
s are indices between 0 and h � 1, then xij � xrs D ıjrxis in g ' glh. Therefore,

Œxij ; xrs� D ıjrxis � ıisxrj D

8
ˆ̂
ˆ̂
<̂

ˆ̂
ˆ̂
:̂

0; if j 6D r and i 6D s;
xis ; if j D r and i 6D s;
�xrj ; if j 6D r and i D s;
xi i � xjj ; if j D r and i D s:

Setting x0ij WD pı0i�ı0j xij , one readily checks that the same relations hold on
replacing xij by x0ij and xrs by x0rs everywhere. It follows that the elements x0ij span a

free Zph -Lie subalgebra of g that we denote by Vg. Since ad.x0ij /2 D 0 if i 6D j , and
since ."iC1�"j /.Œx0ij ; x0ij �/ D 2 if i < j , it follows from Bourbaki (2006), VIII.12.7

Théorème 2 (iii), that the W -lattice Vg of g is the base extension from Z to W of a
Chevalley order of g in the sense of Bourbaki (2006), VIII.12.7 Définition 2.

For 0 	 i 	 h � 1 and n � 0 we set

 
x0i i
n

!

WD x0i i .x0i i � 1/ � � � .x0i i � nC 1/
nŠ

2 UK.g/:

We let U denote the W -subalgebra of UK.g/ generated by the elements .x0ij /n=nŠ
for i 6D j and n � 0, as well as by the elements

�
x0i i
n

�
for 0 	 i 	 h � 1 and n � 0.

It follows from Bourbaki (2006), VIII.7.12 Théorème 3, that U is a free W -module
and that a W -basis of U is given by the elements

b`mn WD .
Y

i<j

.x0ij /`ij

`ij Š
/ � .

h�1Y

iD0

 
x0i i
mi

!

/ � .
Y

i>j

.x0ij /nij

nij Š
/

with ` D .`ij /; n D .nij / 2 N
h.h�1/=2 and m D .mi/ 2 N

h. Here the products
of the x0ij for i < j and i > j have to be taken in a fixed but arbitrary ordering
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of the factors. For split semisimple Lie algebras these constructions and statements
are due to Kostant (cf. Kostant 1966, Theorem 1, where U is denoted by B).

We denote by OU the p-adic completion of the ring U and set

OU dp
K .Vg/ WD OU ˝W K:

According to the above freeness result, any element of OU dp
K .Vg/ can be written

uniquely in the form
P

`;m;n d`mnb`mn with coefficients d`mn 2 K satisfying

d`mn ! 0 as j`j C jmj C jnj ! 1. Therefore, OU dp
K .Vg/ is a K-algebra containing

UK.g/. We view it as a K-Banach algebra with unit ball OU and call it the complete
divided power enveloping algebra of Vg.

Theorem 8. For any integer m the action of g on .Lie.G/˝m/rig1 extends to a
continuous action of OU dp

K .Vg/.
Proof. The ring of continuousK-linear endomorphisms ofMm

1 D .Lie.G/˝m/rig1 is
a K-Banach algebra for the operator norm. Since the latter is submultiplicative, the
set of endomorphisms with operator norm less than or equal to one is a p-adically
separated and complete W -algebra. Therefore, it suffices to prove that any element
of the form .x0ij /n=nŠ, i 6D j , or

�x0i i
n

�
, 0 	 i 	 h� 1, has operator norm less than or

equal to one on Mm
1 whenever n � 0. If ˛ 2 N

h�1 and 0 	 i; j 	 h� 1 then

x
n
ij .w

˛'m0 / D

8
ˆ̂
ˆ̂
<̂

ˆ̂
ˆ̂
:̂

˛njw˛'m0 ; if i D j 6D 0;
.m � j˛j/nw˛'m0 ; if i D j D 0;
nŠ
�
˛j
n

�
w˛w�nj wni '

m
0 ; if i 6D j 6D 0;

nŠ
�
m�j˛j
n

�
w˛wni '

m
0 ; if i 6D j D 0;

(2)

as follows from Lemma 3 by induction. Here the generalized binomial coefficients
are defined by

 
x

n

!

WD x.x � 1/ � � � .x � nC 1/
nŠ

2 Z

for any integer x. Now jj.P˛ d˛w˛/'m0 jj1 D sup˛fjd˛jp�j˛jg. Bearing in mind our
convention w0 D 1, we obtain the claim for .x0ij /n=nŠ if i 6D j . If 0 	 i 	 h � 1
then we obtain

 
x0i i
n

!

.w˛'m0 / D
( �

˛i
n

�
w˛'m0 ; if i 6D 0;

�
m�j˛j
n

�
w˛'m0 ; if i D 0:

This completes the proof.
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Theorem 9. Let m be an integer and set c WD wmaxf�1;mgC1
1 'm0 . The U.g/-

submodule U.g/ � c of .Lie.G/˝m/rig1 is dense. If h D 2 and m � �1 then
OU dp
K .Vg/ � c D .Lie.G/˝m/rig1 .

Proof. Equation (2) shows that xmaxf�1;mgC1
01 x

˛1
10 � � � x˛h�1.h�1/0 � c is a non-zero scalar

multiple of w˛'m0 . Thus, KŒw� � 'm0 � UK.g/ � c, proving the first assertion.
If h D 2 and m � �1 let us be more precise. Setting m0 WD maxf�1;mg C 1,

w WD w1 and x WD x010, we have xn � c D .�1/nnŠp�nwnCm0'm0 for any n � 0

because
��1
n

� D .�1/n. If f DPn�0 dnwn 2 Rrig
1 then dnpn ! 0 in K . Therefore,

� WD P
n�0 dnCm0.�p/n xn

nŠ
converges in OU dp

K .Vg/ and we have f 'm0 � � � c DPm0�1
nD0 dnwn'm0 . The latter is contained in KŒw� � 'm0 � UK.g/ � c, as seen above.

Remark 3. By a result of Lazard, the image of UK.g/ ' UK.d/ in �.�2"�1/K;1 is
dense (cf. Lazard 1965, Chapitre IV, Théorème 3.2.5). We state without proof that
the completion of UK.g/ for the norm jj � jj1 embeds continuously into OU dp

K .Vg/.
However, a formal series like

P
n�0 pn

.x010/
n

nŠ
D P

n�0
xn10
nŠ

does not converge
in �.�2"�1/K;1. Therefore, one might have doubts whether Mm

1 is still finitely
generated over�.�2"�1/K;1.
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The Structure of Selmer Groups of Elliptic
Curves and Modular Symbols

Masato Kurihara

1 Introduction

1.1 Structure Theorem of Selmer Groups

Let E be an elliptic curve over Q. Iwasawa theory, especially the main conjecture
gives a formula on the order of the Tate Shafarevich group by using the p-adic
L-function (cf. Schneider 1983). In this paper, as a sequel of Kurihara (2003b, 2012,
2014), we show that we can derive more information than the order, on the structure
of the Selmer group and the Tate Shafarevich group from analytic quantities, in the
setting of our paper, from modular symbols.

In this paper, we consider a prime number p such that

(i) p is a good ordinary prime > 2 for E ,
(ii) The action of GQ on the Tate module Tp.E/ is surjective where GQ is the

absolute Galois group of Q,
(iii) The (algebraic) �-invariant of .E;Q1=Q/ is zero where Q1=Q is the

cyclotomic Zp-extension, namely the Selmer group Sel.E=Q1; EŒp1�/ (for
the definition, see below) is a cofinitely generated Zp-module,

(iv) p does not divide the Tamagawa factor Tam.E/ D Q
`Wbad.E.Q`/ W E0.Q`//,

and p does not divide #E.Fp/ (namely not anomalous).

We note that the property (iii) is a conjecture of Greenberg since we are
assuming (ii).
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For a positive integer N > 0, we denote by EŒpN � the Galois module of
pN -torsion points, and EŒp1� D S

N>0 EŒp
N �. For an algebraic extension F=Q,

Sel.E=F;EŒpN �/ is the classical Selmer group defined by

Sel.E=F;EŒpN �/ D Ker.H1.F;EŒpN �/�!
Y

v

H1.Fv; EŒp
N �/=E.Fv/˝Z=pN /;

so Sel.E=F;EŒpN �/ sits in an exact sequence

0 �! E.F /˝ Z=pN �! Sel.E=F;EŒpN �/ �!X.E=F /ŒpN � �! 0

where X.E=F / is the Tate Shafarevich group over F . We define Sel.E=F;
EŒp1�/ D lim�! Sel.E=F;EŒpN �/.

Let P.N / be the set of prime numbers ` such that ` is a good reduction prime for
E and ` � 1 (mod pN ). For each `, we fix a generator �` of .Z=`Z/� and define

logF`.a/ 2 Z=.` � 1/ by �
logF`

.a/

` � a (mod `).
Let f .z/ D ˙ane

2� inz be the modular form corresponding to E . For a positive
integer m and the cyclotomic field Q.�m/, we denote by 
a 2 Gal.Q.�m/=Q/ the
element such that 
a.�/ D �a for any � 2 �m. We consider the modular elementPm

aD1;.a;m/D1Œ am �
a 2 CŒGal.Q.�m/=Q/� of Mazur and Tate (1987) where Œ a
m
� D

2�i
R a=m
1 f .z/d z is the usual modular symbol. We only consider the real part

Q�Q.�m/ D
mX

aD1
.a;m/D1

Re.Œ a
m
�/

˝CE

a 2 QŒGal.Q.�m/=Q/� (1)

where ˝CE D
R
E.R/ !E is the Néron period. Suppose that m is a squarefree product

of primes in P.N /. Since we are assuming theGQ-moduleEŒp� of p-torsion points is
irreducible, we know Q�Q.�m/ 2 ZpŒGal.Q.�m/=Q/� (cf. Stevens 1989). We consider
the coefficient of Q�Q.�m/ of “

Q
`jm.
�` � 1/”, more explicitly we define

Qım D
mX

aD1
.a;m/D1

Re.Œ a
m
�/

˝CE
.
Y

`jm
logF`.a// 2 Z=pN (2)

where logF`.a/ means the image of logF`.a/ under the canonical homomorphism
Z=.` � 1/ �! Z=pN . Let ordp W Z=pN �! f0; 1; : : : ; N � 1;1g be the p-adic
valuation normalized as ordp.p/ D 1 and ordp.0/ D 1. We note that ordp. Qım/
does not depend on the choices of �` for `jm. We define Qı1 D �Q D Re.Œ0�/=˝CE D
L.E; 1/=˝CE .

For a squarefree productm of primes, we define �.m/ to be the number of prime
divisors ofm, namely �.m/ D r ifm D `1 � : : : �`r . Let N.N / be the set of squarefree
products of primes in P.N /. We suppose 1 is in N.N /. For each integer i � 0, we
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define the ideal �i.Q/.N;ı/ of Z=pN to be the ideal generated by all Qım such that
�.m/ 	 i for all m 2 N.N /;

�i.Q/.N;ı/ D .f Qım j �.m/ 	 i and m 2 N.N /g/ � Z=pN : (3)

We define ni;N 2 f0; 1; : : : ; N � 1;1g by �i.Q/.N;ı/ D pni;N .Z=pN / (we define
ni;N D 1 if �i.Q/.N;ı/ D 0).

Theorem 1 (Kurihara 2014, Theorem B, Theorem 10.8 and (53)). We assume
that the main conjecture for .E;Q1=Q/ .see (9)/ and the p-adic height pairing is
non-degenerate.

(1) ni;N does not depend on N when N is sufficiently large (for example, when
N > 2 ordp.�0/ where �0 is the leading term of the p-adic L-function, see
§10.7 in Kurihara (2014)). We put ni D ni;N for N  0. In other words, we
define ni by

lim ��i.Q/
.N;ı/ D pniZp � Zp:

We denote this ideal of Zp by �i .Q/.ı/.
(2) Consider the Pontrjagin dual Sel.E=Q; EŒp1�/_ of the Selmer group. Suppose

that

rankZp Sel.E=Q; EŒp1�/_ D r.2 Z�0/; and dimFp Sel.E=Q; EŒp�/_ D a:

Then we have

�0.Q/.ı/ D : : : D �r�1.Q/.ı/ D 0 and�r.Q/.ı/ ¤ 0:

For any i � r , ni is an even number, and

pnr D #.Sel.E=Q; EŒp1�/_/tors;

na D 0; and

Sel.E=Q; EŒp1�/_ ' Z˚rp ˚ .Z=p
nr�nrC2

2 /˚2 ˚ .Z=p
nrC2�nrC4

2 /˚2 ˚ : : :
˚ .Z=p na�2�na

2 /˚2

hold.

In particular, knowing�i.Q/.ı/ for all i � 0 completely determines the structure
of Sel.E=Q; EŒp1�/_ as a Zp-module. Namely, the modular symbols determine
the structure of the Selmer group under our assumptions.
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1.2 Main Results

We define

P
.N /
1 D f` 2 P.N / j H0.F`; EŒpN �/ ' Z=pN g:

This is an infinite set by Chebotarev density theorem since we are assuming (ii) (see
Kurihara 2014, §5.8). We define N.N /

1 to be the set of squarefree products of primes

in P
.N /
1 . Again, we suppose 1 2 N

.N /
1 . We propose the following conjecture.

Conjecture 1. There is m 2 N
.N /
1 such that Qım is a unit in Z=pN , namely

ordp. Qım/ D 0:

Numerically, it is easy to compute Qım, so it is easy to check this conjecture.

Theorem 2 (Kurihara 2014, Theorem 10.8). If we assume the main conjecture
and the non-degeneracy of the p-adic height pairing, Conjecture 1 holds true.

In fact, we obtain Conjecture 1, considering the case i D s in Theorem 10.8 in
Kurihara (2014) (see also Theorem 1 for i D a).

From now on, we do not assume the main conjecture (9) nor the non-degeneracy
of the p-adic height pairing.

We define the Selmer group Sel.ZŒ1=m�;EŒpN �/ by

Sel.ZŒ1=m�;EŒpN �/ D Ker.H1.Q; EŒpN �/

�!
Y

v 6 jm
H1.Qv; EŒp

N �/=E.Qv/˝ Z=pN /:

If all bad primes and p divide m, we know Sel.ZŒ1=m�;EŒpN �/ is equal to the
étale cohomology group H1

et .Spec ZŒ1=m�;EŒpN �/, which explains the notation
“Sel.ZŒ1=m�;EŒpN �/”. (We use Sel.ZŒ1=m�;EŒpN �/ for m 2 N

.N /
1 in this paper,

but EŒpN � is not an étale sheaf on Spec ZŒ1=m� for such m.)
Let � be the �-invariant of Sel.E=Q1; EŒp1�/_. We put n� D minfn 2 Z j

pn � 1 � �g and dn D n� CNn for n 2 Z�0. We define

P
.N;n/
1 D f` 2 P

.N /
1 j ` � 1 (mod pdn )g (4)

(then P
.N;n/
1 � P

.N /
1 .QŒn�/ holds, see the end of Sect. 3.1 for this fact, and see

Sect. 3.1 for the definition of the set P.N /1 .QŒn�/). We denote by N
.N;n/
1 the set of

squarefree products of primes in P
.N;n/
1 .
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In this paper, for any finite abelian p-extensionK=Q in which all bad primes of
E are unramified, we prove in Sect. 4 the following theorem for Z=pN ŒGal.K=Q/�-
modules Sel.E=K;EŒpN �/ and Sel.OKŒ1=m�;EŒpN �/ (see Corollary 2 and
Theorem 9). We simply state it in the caseK D Q below. An essential ingredient in
this paper is the Kolyvagin system of Gauss sum type. We construct Kolyvagin sys-
tems �m;` 2 Sel.ZŒ1=m`�; EŒpN �/ for .m; `/ satisfying ` 2 P

.N;�.m`/C1/
1 and m` 2

N
.N;�.m`/C1/
1 (see Sect. 3.4 and Proposition 2) by the method in Kurihara (2014). (We

can construct these elements, using the half of the main conjecture proved by Kato
(2004).) The essential difference between our Kolyvagin systems �m;` of Gauss sum
type and Kolyvagin systems in Mazur and Rubin (2004) is that our �m;` is related
to L-values. In particular, �m;` satisfies a remarkable property �`.�m;`/ D �ım`t`;K
(see Proposition 2 (4)) though we do not explain the notation here.

Theorem 3. Assume that ordp. Qım/ D 0 for some m 2 N
.N /
1 .

(1) The canonical homomorphism

sm W Sel.E=Q; EŒpN �/ �!
M

`jm
E.Q`/˝ Z=pN '

M

`jm
E.Q`/˝ Z=pN

' .Z=pN /�.m/

is injective.
(2) Assume further thatm 2 N

.N;�.m/C1/
1 and thatm is admissible (for the definition

of the notion “admissible”, see the paragraph before Proposition 1). Then
Sel.ZŒ1=m�;EŒpN �/ is a free Z=pN -module of rank �.m/, and f�m

` ;`
g`jm is a

basis of Sel.ZŒ1=m�;EŒpN �/.
(3) We define a matrix A as in (27) in Theorem 9, using �m

` ;`
. Then A is a relation

matrix of the Pontrjagin dual Sel.E=Q; EŒpN �/_ of the Selmer group; namely
if fA W .Z=pN /�.m/ �! .Z=pN /�.m/ is the homomorphism corresponding to
the above matrix A, then we have

Coker.fA/ ' Sel.E=Q; EŒpN �/_:

It is worth noting that we get nontrivial (moreover, linearly independent)
elements in the Selmer groups.

The ideals �i.Q/.ı/ in Theorem 1 are not suitable for numerical computations
because we have to compute infinitely many Qım. On the other hand, we can easily
findm with ordp. Qım/ D 0 numerically. Since sm is injective, we can get information
of the Selmer group from the image of sm, which is an advantage of Theorem 3 and
the next Theorem 4 (see also the comment in the end of Example 5 in Sect. 5.3).

We next consider the case N D 1, so Sel.E=Q; EŒp�/. Now we regard Qım
as an element of Fp for m 2 N

.1/
1 . We say m is ı-minimal if Qım ¤ 0 and

Qıd D 0 for all divisors d of m with 1 	 d < m. Our next conjecture claims
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that the structure(the dimension) of Sel.E=Q; EŒp�/ is determined by a ı-minimal
m, therefore can be easily computed numerically.

Conjecture 2. If m 2 N
.1/
1 is ı-minimal, the canonical homomorphism

sm W Sel.E=Q; EŒp�/ �!
M

`jm
E.Q`/˝ Z=p '

M

`jm
E.F`/˝ Z=p ' .Z=pN /�.m/

is bijective. In particular, dimFp Sel.E=Q; EŒp�/ D �.m/.
If m 2 N

.1/
1 is ı-minimal, the above homomorphism sm W Sel.E=Q; EŒp�/ �!

.Z=pN /�.m/ is injective by Theorem 3 (1), so we know

dimFp Sel.E=Q; EŒp�/ 	 �.m/:

Therefore, the problem is in showing the other inequality.
We note that the analogue of the above conjecture for ideal class groups does

not hold (see Sect. 5.4). But we hope that Conjecture 2 holds for the Selmer groups
of elliptic curves. We construct in Sect. 5 a modified version �q;q

0;z
m;` of Kolyvagin

systems of Gauss sum type for any .m; `/ with m` 2 N
.N /
1 . (The Kolyvagin system

�m;` in Sect. 3 is defined for .m; `/ with m` 2 N
.N;�.m`/C1/
1 , but �q;q

0;z
m;` is defined

for more general .m; `/, namely for .m; `/ with m` 2 N
.N /
1 .) Using the modified

Kolyvagin system �
q;q0;z
m;` , we prove the following.

Theorem 4. (1) If �.m/ D 0, 1, then Conjecture 2 is true.
(2) If there is ` 2 P.1/ which is ı-minimal (so �.`/ D 1), then

Sel.E=Q; EŒp1�/ ' Qp=Zp:

Moreover, if there is ` 2 P
.1/
1 which is ı-minimal and which satisfies ` �

1 (mod pn�0C2) where �0 is the analytic �-invariant of .E;Q1=Q/, then
the main conjecture (9) for Sel.E=Q1; EŒp1�/ holds true. In this case,
Sel.E=Q1; EŒp1�/_ is generated by one element as a ZpŒŒGal.Q1=Q/��-
module.

(3) If �.m/ D 2 andm is admissible, then Conjecture 2 is true.
(4) Suppose that �.m/ D 3 and m D `1`2`3. Assume that m is admissible and the

natural maps s`i W Sel.E=Q; EŒp�/ �! E.F`i /˝ Z=p are surjective both for
i D 1 and i D 2. Then Conjecture 2 is true.

In this way, we can determine the Selmer groups by finite numbers of computa-
tions in several cases. We give several numerical examples in Sect. 5.2.

Remark 1. Concerning the Fitting ideals and the annihilator ideals of some Selmer
groups, we prove the following in this paper. Let K=Q be a finite abelian p-
extension in which all bad primes of E are unramified. We take a finite set S
of good reduction primes, which contains all ramifying primes in K=Q except p.
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Let m be the product of primes in S . We prove that the initial Fitting ideal of the
RK D ZpŒGal.K=Q/�-module Sel.OKŒ1=m�;EŒp1�/_ is principal, and

K;S 2 Fitt0;RK .Sel.OKŒ1=m�;EŒp
1�/_/

where K;S is an element of RK which is explicitly constructed from modular
symbols (see (17)). If the main conjecture (9) for .E;Q1=Q/ holds, the equality
Fitt0;RK .Sel.OKŒ1=m�;EŒp1�/_/ D K;SRK holds (see Remark 2). We prove the
Iwasawa theoretical version in Theorem 6.

Let #K be the image of the p-adic L-function, which is also explicitly con-
structed from modular symbols. We show in Theorem 7

#K 2 AnnRK .Sel.OKŒ1=m�;EŒp1�/_/:

Concerning the higher Fitting ideals (cf. Sect. 2.4), we show

Qım 2 Fitt�.m/;Z=pN .Sel.E=Q; EŒpN �/_/

where Fitti;R.M/ is the i -th Fitting ideal of an R-module M . We prove a slightly
generalized version for K which is in the cyclotomic Zp-extension Q1 of Q (see
Theorem 8 and Corollary 1).

I would like to thank John Coates heartily for his helpful advice and for
discussion with him, especially for the discussion in March 2013, which played
an essential role in my producing this paper. I also thank heartily Kazuya Kato for
his constant interest in the results of this paper. I also thank Kazuo Matsuno and
Christian Wuthrich very much for their helping me to compute modular symbols.

2 Selmer Groups and p-Adic L-Functions

2.1 Modular Symbols and p-Adic L-Functions

Let E be an elliptic curve over Q, and f .z/ D ˙ane
2� inz the modular form

corresponding to E . In this section, we assume that p is a prime number satisfying
(i), (ii), (iii) in Sect. 1.1. We define Pgood D f` j ` is a good reduction prime
for E g n fpg. For any finite abelian extension K=Q, we denote by K1=K the
cyclotomic Zp-extension. For a real abelian field K of conductor m, we define Q�K
to be the image of Q�Q.�m/ in QŒGal.K=Q/� where Q�Q.�m/ is defined in (1).

We write

RK D ZpŒGal.K=Q/� and �K1 D ZpŒŒGal.K1=Q/��:
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For any positive integer n, we simply write RQ.�n/ D Rn in this subsection.
For any positive integers d , c such that d j c, we define the norm map �c;d W
Rd D ZpŒGal.Q.�d /=Q/� �! Rc D ZpŒGal.Q.�c/=Q/� by 
 7! P

� where
for 
 2 Gal.Q.�d /=Q/, � runs over all elements of Gal.Q.�c/=Q/ such that the
restriction of � to Q.�d / is 
 . Letm be a squarefree product of primes in Pgood, and
n a positive integer. By our assumption (ii), we know Q�Q.�mpn/ 2 Rmpn (cf. Stevens
1989). Let ˛ 2 Z�p be the unit root of x2 � apx C p D 0 and put

#Q.�mpn/ D ˛�n. Q�Q.�mpn/ � ˛�1�mpn;mpn�1 . Q�Q.�
mpn�1

/// 2 Rmpn

as usual. Then f#Q.�mpn/gn�1 is a projective system (cf. Mazur and Tate 1987, the
equation (4) on page 717) and we obtain an element #Q.�mp1 / 2 �Q.�mp1 /, which
is the p-adic L-function of Mazur and Swinnerton-Dyer.

We also use the notation�np1 D �Q.�np1 / for simplicity. Suppose that a prime
` does not dividemp, and cm`;m W �m`p1 �! �mp1 is the natural restriction map.
Then we know

cm`;m.#Q.�m`p1 // D .a` � 
` � 
�1` /#Q.�mp1 / (5)

(cf. Mazur and Tate 1987, the equation (1) on page 717).
We will construct a slightly modified element Q.�mp1 / in �mp1 . We put

P 0̀.x/ D x2�a`xC `. Letm be a squarefree product of Pgood. For any divisor d of
m and a prime divisor ` of m=d , 
` 2 Gal.Q.�dp1/=Q/ D lim �Gal.Q.�dpn /=Q/

is defined as the projective limit of 
` 2 Gal.Q.�dpn /=Q/. We consider P 0̀.
`/ 2
�dp1 . Note that

� 
�1` D .�
�1` P 0̀.
`/� .a` � 
` � 
�1` //=.` � 1/ 2 �dp1 : (6)

We put ˛d;m D .Q`jmd .�
�1` //#Q.�dp1 / 2 �dp1 and

Q.�mp1 / D
X

d jm
�m;d .˛d;m/ 2 �mp1

where �m;d W �dp1 �! �mp1 is the norm map defined similarly as above. (This
modification Q.�mp1 / is done by the same spirit as Greither (2004) in which the
Deligne-Ribet p-adic L-functions are treated.) Suppose that ` 2 Pgood is prime to
m. Then by the definition of Q.�mp1 / and (5) and (6), we have

cm`;m.Q.�m`p1 // D cm`;m.
X

d jm
�m`;d .˛d;m`/C

X

d jm
�m`;d`.˛d`;m`//

D .` � 1/
X

d jm
�m;d .�
�1` ˛d;m/C

X

d jm
�m;d .cd`;d .˛d`;m`//
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D .` � 1/
X

d jm
�m;d .�
�1` ˛d;m/C

X

d jm
�m;d ..a` � 
` � 
�1` /˛d;m/

D .�
�1` P 0̀.
`//
X

d jm
�m;d .˛d;m/

D .�
�1` P 0̀.
`//Q.�mp1 /: (7)

We denote by #Q.�m/ 2 RQ.�m/ the image of #Q.�mp1 / under the natural map
�Q.�mp1 / �! RQ.�m/. We have

#Q.�m/ D .1 �

p

˛
/.1 � 


�1
p

˛
/ Q�Q.�m/: (8)

Since we are assuming ap 6� 1 (mod p), we also have ˛ 6� 1 (mod p), so

.1� 
p
˛
/.1� 
�1p

˛
/ is a unit in RQ.m/ where Q.m/ is the maximal p-subextension of

Q in Q.�m/.

2.2 Selmer Groups

For any algebraic extension F=Q, we denote by OF the integral closure of Z in F .
For a positive integerm > 0, we define a Selmer group Sel.OF Œ1=m�;EŒp1�/ by

Sel.OF Œ1=m�;EŒp1�/ D Ker.H1.F;EŒp1�/

�!
Y

v 6 jm
H1.Fv; EŒp

1�/=E.Fv/˝Qp=Zp/

where v runs over all primes of F which are prime to m. Similarly, for a positive
integer N , we define Sel.OF Œ1=m�;EŒpN �/ by

Sel.OF Œ1=m�;EŒpN �/ D Ker.H1.F;EŒpN �/

�!
Y

v 6 jm
H1.Fv; EŒp

N �/=E.Fv/˝ Z=pN /:

In the case m D 1, we denote them by Sel.OF ;EŒp1�/, Sel.OF ;EŒpN �/,
which are classical Selmer groups. We also use the notation Sel.E=F;EŒp1�/,
Sel.E=F;EŒpN �/ for them, namely

Sel.E=F;EŒp1�/ D Sel.OF ;EŒp
1�/; Sel.E=F;EŒpN �/ D Sel.OF ;EŒp

N �/:
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For a finite abelian extension K=Q, we denote by K1=K the cyclotomic
Zp-extension, and put �K1 D ZpŒŒGal.K1=Q/��. The Pontrjagin dual
Sel.OK1 ; EŒp

1�/_ is a torsion �K1-module (Kato 2004, Theorem 17.4).
When the conductor of K is m, we define #K1 2 �K1 to be the image of

#Q.�mp1 /, and also K1 2 �K1 to be the image of Q.�mp1 /. The Iwasawa main
conjecture for .E;Q1=Q/ is the equality between the characteristic ideal of the
Selmer group and the ideal generated by the p-adic L-function;

char.Sel.OQ1 ; EŒp
1�/_/ D #Q1�Q1 : (9)

Since we are assuming the Galois action on the Tate module is surjective, we know
#Q1 2 char.Sel.OQ1 ; EŒp

1�/_/ by Kato (2004, Theorem 17.4). Skinner and
Urban (2014) proved the equality (9) under mild conditions. Namely, under our
assumptions (i), (ii), they proved the main conjecture (9) if there is a bad prime `
which is ramified in Q.EŒp�/ (Skinner and Urban 2014, Theorem 3.33).

More generally, let  be an even Dirichlet character and K be the abelian field
corresponding to the kernel of , namelyK is the field such that induces a faithful
character of Gal.K=Q/. We assume K \ Q1 D Q. In this paper, for any finite
abelian p-group G, any ZpŒG�-module M and any character  W G �! Q

�
p , we

define the  -quotient M by M ˝ZpŒG� O where O D ZpŒImage � which is
regarded as a ZpŒG�-module by 
x D  .
/x for any 
 2 G and x 2 O . We
consider .Sel.OK1 ; EŒp

1�/_/ , which is a � -module where � D .�K1/ D
O ŒŒGal.K1=K/��. We denote the image of #K1 in� by .#K1/. Then the main
conjecture states

char..Sel.OK1 ; EŒp
1�/_/ / D  .#K1/� : (10)

We also note that  .#K1/� D  .K1/� . By Kato (2004), we know  .#K1/,
 .K1/ 2 char..Sel.OK1 ; EŒp

1�/_/ /.
Let S � Pgood be a finite set of good primes, and K=Q be a finite abelian

extension. We denote by Sram.K/ the subset of S which consists of all ramifying
primes in K inside S . Recall that P 0̀.x/ D x2 � a`x C `. We define

K1;S D K1
Y

`2SnSram.K/

.�
�1` P 0̀.
`//:

So K1;S D K1 if S contains only ramifying primes in K . Suppose that S
contains all ramifying primes in K and F is a subfield of K . We denote by
cK1=F1 W �K1 �! �F1 the natural restriction map. Using (7) and the above
definition of K1;S , we have

cK1=F1.K1;S / D F1;S : (11)
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For any positive integer m whose prime divisors are in Pgood, we have an exact
sequence

0 �! Sel.OK1 ; EŒp
1�/ �! Sel.OK1 Œ1=m�;EŒp

1�/

�!
M

vjm
H1.K1;v; EŒp1�/ �! 0

because E.K1;v/ ˝ Qp=Zp D 0 (for the surjectivity of the third map, see
Greenberg Lemma 4.6 in 1999). For a prime v of K1, let K1;v;nr=K1;v be
the maximal unramified extension, and �v D Gal.K1;v;nr=K1;v/. Suppose v
divides m. Since v is a good reduction prime, we have H1.K1;v; EŒp1�/ D
HomCont .GK1;v;nr ; EŒp

1�/�v D EŒp1�.�1/�v where .�1/ is the Tate twist. By
the Weil pairing, the Pontrjagin dual of EŒp1�.�1/ is the Tate module Tp.E/.
Therefore, taking the Pontrjagin dual of the above exact sequence, we have an exact
sequence

0 �!
M

vjm
Tp.E/�v �! Sel.OK1 Œ1=m�;EŒp

1�/_ �! Sel.OK1 ; EŒp
1�/_ �! 0:

(12)
Note that Tp.E/�v is free over Zp because �v is profinite of order prime to p.

Let K=Q be a finite abelian p-extension in which all bad primes of E are
unramified. Suppose that S is a finite subset of Pgood such that S contains all
ramifying primes in K=Q except p. Let m be a squarefree product of all primes
in S .

Theorem 5 (Greenberg). Sel.OK1 Œ1=m�;EŒp
1�/_ is of projective dimension 	

1 as a �K1-module.

This is proved by Greenberg in 2011, Theorem 1 (the condition (iv) in Sect. 1.1
in this paper is not needed here, see also Proposition 3.3.1 in Greenberg (2011)).
For more general p-adic representations, this is proved in Kurihara (2014, Proposi-
tion 2.18). We will give a sketch of the proof because some results in the proof will
be used later.

Since we can take some finite abelian extension K 0=Q such that K1 D
K 01 and K 0 \ Q1 D Q, we may assume that K \ Q1 D Q and p is
unramified in K . Since we are assuming that EŒp� is an irreducible GQ-module,
we know that Sel.OK1 ; EŒp

1�/_ has no nontrivial finite ZpŒŒGal.K1=K/��-
submodule by Greenberg (1999, Propositions 4.14, 4.15). We also assumed that
the �-invariant of Sel.OQ1 ; EŒp

1�/_ is zero, which implies the vanishing of the
�-invariant of Sel.OK1 ; EŒp

1�/_ by Hachimori and Matsuno (1999). Therefore,
Sel.OK1 ; EŒp

1�/_ is a free Zp-module of finite rank. By the exact sequence (12),
Sel.OK1 Œ1=m�;EŒp

1�/_ is also a free Zp-module of finite rank.
Put G D Gal.K=Q/. By the definition of the Selmer group and our

assumption that all primes dividing m are good reduction primes, we have
Sel.OK1 Œ1=m�;EŒp

1�/G D Sel.OQ1 Œ1=m�;EŒp
1�/. Since we assumed that
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the �-invariant is zero, Sel.OQ1 Œ1=m�;EŒp
1�/ is divisible. This shows that

the corestriction map Sel.OK1 Œ1=m�;EŒp
1�/ �! Sel.OQ1 Œ1=m�;EŒp

1�/ is
surjective. Therefore, OH0.G;Sel.OK1 Œ1=m�;EŒp

1�// D 0.
Next we will show that H1.G;Sel.OK1 Œ1=m�;EŒp

1�// D 0. Let NE be the
conductor of E and put m0 D mpNE . We know Sel.OK1 Œ1=m

0�; EŒp1�/ is equal
to the étale cohomology group H1

et .SpecOK1 Œ1=m
0�; EŒp1�/. We have an exact

sequence

0 �! Sel.OK1 Œ1=m�;EŒp
1�/ �! Sel.OK1 Œ1=m

0�; EŒp1�/

�!
M

vjm0m
H2

v .K1;v/ �! 0 (13)

where H2
v .K1;v/ D H1.K1;v; EŒp1�/=.E.K1;v/˝Qp=Zp), and the surjectivity

of the third map follows from Greenberg Lemma 4.6 in Greenberg (1999). Let
EŒp1�0 be the kernel of EŒp1� D E.Q/Œp1� �! E.Fp/Œp1� and EŒp1�et D
EŒp1�=EŒp1�0. For a prime v of K1 above p, we denote by K1;v;nr the maximal
unramified extension of K1;v, and put �v D Gal.K1;v;nr=K1;v/. We know the

isomorphism H2
v .K1;v/

'�! H1.K1;v;nr; EŒp
1�et /�v by Greenberg (1989, §2).

If v is a prime of K1 not above p, we know H2
v .K1;v/ D H1.K1;v; EŒp1�/.

Therefore, we get an isomorphism

.
M

vjm0m
H2

v .K1;v//G D
M

ujm0m
H2

u .Q1;v/

where v (resp. u) runs over all primes ofK1 (resp. Q1) abovem0=m D pNE . Thus,
Sel.OK1 Œ1=m

0�; EŒp1�/G �!L
vjm0m H

2
v .K1;v/G is surjective. On the other hand,

we have H2
et .SpecOK1 Œ1=m

0�; EŒp1�/ D 0 (see Greenberg 1989, Propositions 3,
4). This implies that

H1.G;H1
et .SpecOK1 Œ1=m

0�; EŒp1�// D H1.G;Sel.OK1 Œ1=m
0�; EŒp1�// D 0:

Taking the cohomology of the exact sequence (13), we get

H1.G;Sel.OK1 Œ1=m�;EŒp
1�// D 0: (14)

Therefore, Sel.OK1 Œ1=m�;EŒp
1�/ is cohomologically trivial as aG-module by

Serre (1968, Chap. IX, Théorème 8). This implies that Sel.OK1 Œ1=m�;EŒp
1�/_

is also cohomologically trivial. Since Sel.OK1 Œ1=m�;EŒp
1�/_ has no nontrivial

finite submodule, the projective dimension of Sel.OK1 Œ1=m�;EŒp
1�/_ as a�K1-

module is 	 1 see for example, Popescu (2009, Proposition 2.3).
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Theorem 6. LetK=Q be a finite abelian p-extension in which all bad primes ofE
are unramified. We take a finite set S of good reduction primes which contains all
ramifying primes in K=Q except p. Let m be the product of primes in S . Then

(1) K1;S is in the initial Fitting ideal Fitt0;�K1 .Sel.OK1 Œ1=m�;EŒp
1�/_/.

(2) We have

Fitt0;�K1 .Sel.OK1 Œ1=m�;EŒp
1�/_/ D K1;S�K1

if and only if the main conjecture (9) for .E;Q1=Q/ holds.

Proof. As we explained in the proof of Theorem 5, we may assume that
K \ Q1 D Q. We recall that Sel.OK1 Œ1=m�;EŒp

1�/_ is a free Zp-module
of finite rank under our assumptions.

(1) Let W Gal.K=Q/ �! Q
�
p be a character of Gal.K=Q/, not necessarily faithful.

We study the Fitting ideal of the  -quotient .Sel.OK1 Œ1=m�;EŒp
1�/_/ D

Sel.OK1 Œ1=m�;EŒp
1�/_ ˝ZpŒGal.K=Q/� O . We denote by F the subfield of K

corresponding to the kernel of  . We regard as a faithful character of Gal.F=Q/.
Since Sel.OK1 Œ1=m�;EŒp

1�/Gal.K=F / D Sel.OF1 Œ1=m�;EŒp
1�/, we have

.Sel.OK1 Œ1=m�;EŒp
1�/_/ D .Sel.OF1 Œ1=m�;EŒp

1�/_/ 

where the right hand side is defined to be Sel.OF1 Œ1=m�;EŒp
1�/_ ˝ZpŒGal.F=Q/�

O .

We put � D .�F1/ . The group homomorphism  induces the ring
homomorphism �F1 �! � which we also denote by  . The composition
with cK1=F1 W �K1 �! �F1 and the above ring homomorphism  is also
denoted by  W �K1 �! � . Note that F=Q is a cyclic extension of degree
a power of p. We denote by F 0 the subfield of F such that ŒF W F 0� D p.
We put N0 D NGal.F=F 0/ D ˙
2Gal.F=F 0/
 . If we put ŒF W Q� D pc

and take a generator 	 of Gal.F=Q/, N0 D ˙
p�1
iD0 	p

c�1i is a cyclotomic
polynomial and O D ZpŒ�pc � ' ZpŒGal.F=Q/�=N0. For any ZpŒGal.F=Q/�-
module M , we define M D Ker.N0 W M �! M/. Then the Pontrjagin
dual of M is .M /_ D .M_/=N0 D .M_/ . By the same method as
the proof of (14), we have H1.Gal.F=F 0/;Sel.OF1 Œ1=m�;EŒp

1�// D 0.
Therefore, 
 � 1 W Sel.OF1 Œ1=m�;EŒp

1�/ �! Sel.OF1 Œ1=m�;EŒp
1�/ 

is surjective where 
 D 	p
c�1

is a generator of Gal.F=F 0/. Therefore,
taking the dual, we know that there is an injective homomorphism from
.Sel.OF1 Œ1=m�;EŒp

1�/_/ to Sel.OF1 Œ1=m�;EŒp
1�/_ which is a free Zp-

module. Therefore, .Sel.OF1 Œ1=m�;EŒp
1�/_/ contains no nontrivial finite

� -submodule. This shows that

Fitt0;� ..Sel.OF1 Œ1=m�;EŒp
1�/_/ / D char..Sel.OF1 Œ1=m�;EŒp

1�/_/ /:
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Consider the  -quotient of the exact sequence (12);

.
M

vjm
Tp.E/�v/ �! .Sel.OF1 Œ1=m�;EŒp

1�/_/ 

�! .Sel.OF1 ; EŒp
1�/_/ �! 0

where v runs over all primes of F1 above m. Since Ext1ZpŒGal.F=Q/�.O ;Sel.OF1 ;

EŒp1�// D OH0.Gal.F=Q/;Sel.OF1 ; EŒp
1�// is finite, the first map of the above

exact sequence has finite kernel.
Suppose that ` is a prime divisor of m. If ` is unramified in F , we have

Fitt0;� ..
M

vj`
Tp.E/�v/ / D P 0̀.
`/� 

where P 0̀.x/ D x2�a`xC `. If ` is ramified in F ,  .`/ D 0 and .
L

vj` Tp.E/�v/ 
is finite. Therefore, we have

char..
M

vjm
Tp.E/�v/ / D .

Y

`2SnSram.F /

P 0̀.
`//� :

Using the above exact sequence and Kato’s theorem  .F1/ 2 char..Sel.OF1 ;
EŒp1�/_/ /, we have

char..Sel.OF1 Œ1=m�;EŒp
1�/_/ / �  .F1/.

Y

`2SnSram.F /

P 0̀.
`//� :

Since F1.
Q
`2SnSram.F /

P 0̀.
`// D F1;S modulo unit and cK1=F1.K1;S / D
F1;S by (11), we obtain

 .K1 ;S / 2 Fitt0;.�K1 / ..Sel.OK1 Œ1=m�;EŒp
1�/_/ / (15)

for any character  of Gal.K=Q/. Since the �-invariant of Sel.OK1 Œ1=m�;
EŒp1�/_ is zero as we explained above, (15) implies

K1;S 2 Fitt0;�K1 .Sel.OK1 Œ1=m�;EŒp
1�/_/

(see Lemma 4.1 in Kurihara 2003a, for example).

(2) We use the same notation  , F , etc. as above. At first, we assume (9). Then
the algebraic �-invariant of Sel.E=F1; EŒp1�/_ equals the analytic �-invariant
by Hachimori and Matsuno (1999) and Matsuno (2000), so the main conjecture
char..Sel.OF1 ; EŒp

1�/_/ / D  .F1/� also holds. Therefore, we have
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char..Sel.OF1 Œ1=m�;EŒp
1�/_/ / D  .F1 /.

Y

`2SnSram.F /

P 0̀.
`//� 

D  .F1 ;S /� D  .K1 ;S /� 

and

Fitt0;.�K1 / ..Sel.OK1 Œ1=m�;EŒp
1�/_/ / D  .K1 ;S�K1/� :

It follows from Kurihara (2003a, Corollary 4.2) that

Fitt0;�K1 .Sel.OK1 Œ1=m�;EŒp
1�/_/ D K1;S�K1 :

On the other hand, if we assume the above equality, taking the Gal.K=Q/-
invariant part of Sel.OK1 Œ1=m�;EŒp

1�/, we get

Fitt0;�Q1
.Sel.OQ1 Œ1=m�;EŒp

1�/_/ D Q1;S�Q1 ;S ;

which implies (9).

2.3 An Analogue of Stickelberger’s Theorem

Let K=Q be a finite abelian p-extension. When the conductor of K is m, we define
#K 2 RK D ZpŒGal.K=Q/� to be the image of #Q.�mp1 / 2 �Q.�mp1 /. Therefore,

if m is prime to p, #K is the image of #Q.�m/ D .1 � 
p
˛
/.1 � 
�1p

˛
/ Q�Q.�m/ by (8). If

m D m0pn for some m0 which is prime to p and for some n � 2, #K is the image
of #Q.�m0pn / D ˛�n. Q�Q.�m0pn / � ˛�1�m0pn;m0pn�1 . Q�Q.�m0pn�1 ///.

For any positive integer n, we denote by Q.n/ the maximal p-subextension of Q
in Q.�n/.

Theorem 7. For any finite abelian p-extensionK in which all bad primes ofE are
unramified, #K annihilates Sel.OK;EŒp1�/_, namely we have

#K Sel.OK;EŒp1�/_ D 0:

Proof. We may assume K D Q.mpn/ for some squarefree product m of primes
in Pgood and for some n 2 Z�0. By Theorem 6 (1), taking S to be the set of all
prime divisors of m, we have K1 2 Fitt0;�K1 .Sel.OK1 Œ1=m�;EŒp

1�/_/, which
implies K1 Sel.OK1 ; EŒp

1�/_ D 0. Let K 2 RK D ZpŒGal.K=Q/� be the
image of K1 . Since the natural map Sel.OK;EŒp1�/ �! Sel.OK1 ; EŒp

1�/ is
injective, we have K Sel.OK;EŒp1�/_ D 0.
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By the definitions of Q.�mp1 /, Q.mpn/, #Q.mpn/, we can write

K D Q.mpn/ D #Q.mpn/ C
X

d jm;d¤m
�d�m;d .#Q.dpn// (16)

for some �d 2 RQ.mpn/ where �m;d W RQ.dpn/ �! RQ.mpn/ is the norm map defined
similarly as in Sect. 2.1. We will prove this theorem by induction on m. Since
d < m, we have #Q.dpn/ 2 AnnRQ.dpn/ .Sel.OQ.dpn/; EŒp

1�/_/ by the hypothesis
of the induction. This implies that �m;d .#Q.dpn// annihilates Sel.OQ.mpn/; EŒp

1�/_.
Since K is in AnnRK .Sel.OK;EŒp1�/_/, the above equation implies that #K is in
AnnRK .Sel.OK;EŒp1�/_/.

Remark 2. Let K , S , m be as in Theorem 6. Under our assumptions, the control
theorem works completely;

Sel.OKŒ1=m�;EŒp
1�/ '�! Sel.OK1 Œ1=m�;EŒp

1�/Gal.K1=K/:

Therefore, Theorem 6 (1) implies that Fitt0;RK .Sel.OKŒ1=m�;EŒp1�/_/ is principal
and

K;S 2 Fitt0;RK .Sel.OKŒ1=m�;EŒp1�/_/ (17)

where K;S is the image of K1;S in RK .
Theorem 6 (2) implies that if we assume the main conjecture (9), we have

Fitt0;RK .Sel.OKŒ1=m�;EŒp1�/_/ D K;SRK : (18)

2.4 Higher Fitting Ideals

For a commutative ring R and a finitely presented R-moduleM with n generators,
let A be an n �m relation matrix of M . For an integer i � 0, Fitti;R.M/ is defined
to be the ideal of R generated by all .n � i/ � .n � i/ minors of A (cf. Northcott
1976; this ideal Fitti;R.M/ does not depend on the choice of a relation matrix A).

Suppose that K=Q is a finite extension such that K is in the cyclotomic Zp-
extension Q1 of Q, and thatm is a squarefree product of primes in P.N /. We define
K.m/ by K.m/ D Q.m/K .

We put G` D Gal.Q.`/=Q/ and Gm D Gal.Q.m/=Q/ D Q
`jm G`. We have

Gal.K.m/=K/ D Gm. We put n` D ordp.` � 1/. Suppose that m D `1 � : : : � `r .
We take a generator �`i of G`i and put Si D �`i � 1 2 RK.m/. We write ni for n`i .
We identify RK.m/ with

RKŒGm� D RKŒS1; : : : ; Sr �=..1C S1/pn1 � 1; : : : ; .1C Sr/pnr � 1/:



The Structure of Selmer Groups of Elliptic Curves and Modular Symbols 333

We consider #K.m/ 2 RK.m/ and write

#K.m/ D
X

i1;:::;ir�0
a
.m/
i1;:::;ir

S
ii
1 � : : : � Sirr

where a.m/i1;:::;ir
2 RK . Put n0 D minfn1; : : : ; nr g. For s 2 Z>0, we define cs to be the

maximal positive integer c such that

T �1..1C T /pn0 � 1/ 2 pcZpŒT �C T sC1ZpŒT �:
For example, c1 D n0; : : : ; cp�2 D n0, cp�1 D n0 � 1; : : : ; cp2�1 D n0 � 2. If

i1; : : : ; ir 	 s, a.m/i1;:::;ir
mod pcs is well-defined (it does not depend on the choice of

a
.m/
i1;:::;ir

).

Theorem 8. LetK be an intermediate field of the cyclotomic Zp-extension Q1=Q
with ŒK W Q� <1. Let cs be the integer defined above for s 2 Z>0 and m. Assume
that i1; : : : ; ir 	 s and i1 C : : :C ir 	 i . Then we have

a
.m/
i1;:::;ir

2 Fitti;RK=pcs .Sel.E=K;EŒpcs �/_/:

Form D `1 � : : : � `r , we denote .�1/r times the coefficient of S1 � : : : �Sr in #K.m/
by ım. If `i splits completely in K for all i D 1; : : : ; r , we can write

#K.m/ � ım
rY

iD1
.1 � �`i / D .�1/rımS1 � : : : � Sr .mod pN ; S21 ; : : : ; S

2
r / (19)

(see Kurihara 2014, §21). Taking s D 1 and i D r in Theorem 8, we get

Corollary 1. Let K=Q be a finite extension such that K � Q1. We have

ım 2 Fittr;RK=pN .Sel.E=K;EŒpN �/_/

where m D `1 � : : : � `r .
Proof of Theorem 8. We may assume K D Q.pn/ for some n � 0, so
K.m/ D Q.mpn/. First of all, we consider the image K.m/ 2 RK.m/ of K.m/1 .
Since Sel.E=K.m/;EŒp1�/ �! Sel.E=K.m/1; EŒp1�/ is injective, K.m/ is in
Fitt0;RK.m/ .Sel.E=K.m/;EŒp1�/_/ by Theorem 6 (1). We write

K.m/ D
X

i1;:::;ir�0
˛
.m/
i1;:::;ir

S
ii
1 � : : : � Sirr

where ˛.m/i1;:::;ir
2 RK . Assume that i1; : : : ; ir 	 s and i1 C : : : C ir 	 i . Then by

Lemma 4.2 in Kurihara (2014) we have

˛
.m/
i1;:::;ir

2 Fitti;RK=pcs .Sel.E=K;EŒpcs �/_/:
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On the other hand, since K.m/ D Q.mpn/ for some n � 0, we have

K.m/ D #K.m/C
X

d jm;d¤m
�d�m;d .#Q.dpn//

for some �d 2 RK.m/ by (16). This implies that the images of K.m/ and #K.m/ under
the canonical homomorphism

RK.m/ D RKŒS1; : : : ; Sr �=I �! RKŒŒS1; : : : ; Sr ��=J

coincide where I D ..1 C S1/pn1 � 1; : : : ; .1 C S1/pnr � 1/ and J D .S�11 .1 C
S1/

pn1 � 1; : : : ; S�1r .1C S1/pnr � 1; SsC11 ; : : : ; SsC1r /. Therefore, ˛.m/i1;:::;ir
� a.m/i1;:::;ir

mod pcs for i1,. . . ,ir 	 s. It follows that a.m/i1;:::;ir
2 Fitti;RK=pcs .Sel.E=K;EŒpcs �/_/.

This completes the proof of Theorem 8.

3 Review of Kolyvagin Systems of Gauss Sum Type
for Elliptic Curves

In this section, we recall the results in Kurihara (2014) on Euler systems and
Kolyvagin systems of Gauss sum type in the case of elliptic curves. From this section
we assume all the assumptions (i), (ii), (iii), (iv) in Sect. 1.1.

3.1 Some Definitions

Recall that in Sect. 2 we defined Pgood by Pgood D f` j ` is a good reduction prime
for E g n fpg, and P.N / by

P.N / D f` 2 Pgood j ` � 1 (mod pN )g

for a positive integer N > 0. If ` is in Pgood, the absolute Galois group GF` acts on
the groupEŒpN � of pN -torsion points, so we considerHi.F`; EŒpN �/. We define

P
.N /
0 D f` 2 P.N / j H0.F`; EŒpN �/ contains an element of order pN g;

.P00/.N / D f` 2 P.N / j H0.F`; EŒpN �/ D EŒpN �g; and

P
.N /
1 D f` 2 P.N / j H0.F`; EŒpN �/ ' Z=pN g:

So P
.N /
0 � .P00/.N /, P

.N /
0 � P

.N /
1 , and .P00/.N / \ P

.N /
1 D ;. Suppose that ` is in

P
.N /
1 . Then, since ` � 1 (mod pN ), we have an exact sequence 0 �! Z=pN �!
EŒpN � �! Z=pN �! 0 of GF`-modules where GF` acts on Z=pN trivially. So
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the action of the Frobenius Frob` at ` on EŒpN � can be written as

�
1 1

0 1

	

for a

suitable basis of EŒpN �. Therefore,H1.F`; EŒpN �/ is also isomorphic to Z=pN for
` 2 P

.N /
1 .

Let t 2 EŒpN � be an element of order pN . We define

P
.N /
0;t D f` 2 P.N / j t 2 H0.F`; EŒpN �/g;

P
.N /
1;t D f` 2 P.N / j H0.F`; EŒpN �/ D .Z=pN /tg:

So, P.N /0 D S
t P

.N /
0;t and P

.N /
1 D S

t P
.N /
1;t where t runs over all elements of order

pN . Since we assumed that the Galois action on the Tate module is surjective, both
.P00/.N / and P

.N /
1;t are infinite by Chebotarev density theorem (Kurihara 2014, §5.8).

We define K.p/ to be the set of number fieldsK such thatK=Q is a finite abelian
p-extension in which all bad primes ofE are unramified. Suppose thatK is in K.p/.
We define

.P00/.N /.K/ D f` 2 .P00/.N / j ` splits completely in Kg;
P
.N /
1 .K/ D f` 2 P

.N /
1 j ` splits completely in Kg:

Again by Chebotarev density theorem, both .P00/.N /.K/ and P
.N /
1 .K/ are infinite

(see Kurihara 2014, §5.8).
Suppose ` 2 Pgood. For a prime v above `, we know H1.Kv; EŒp

N �/=.E.Kv/˝
Z=pN / D H0.�.v/; EŒpN �.�1// where �.v/ is the residue field of v. We put

H2
`.K/ D

M

vj`
H0.�.v/; EŒpN �.�1//: (20)

If ` is in .P00/.N /.K/ (resp. P.N /1 .K/), H2
`.K/ is a free RK=pN -module of rank 2

(resp. rank 1) where RK D ZpŒGal.K=Q/� as before.

From now on, for a prime ` 2 P
.N /
0 , we fix a prime `Q of an algebraic closure

Q above `. For any algebraic number field F , we denote the prime of F below `Q
by `F , so when we consider finite extensions F1=k, F2=k such that F1 � F2, the
primes `F2 , `F1 satisfy `F2 j`F1 .

We take a primitivepn-th root of unity �pn such that .�pn/n�1 2 Zp.1/ D lim ��pn ,

and fix it.
In the following, for each ` in P

.N /
0 .K/, we take t` 2 H0.F`; EŒpN �/ and fix it.

We define

t`;K D .t` ˝ �˝.�1/pN
; 0; : : : ; 0/ 2 H2

`.K/ (21)
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where the right hand side is the element whose `K -component is t` ˝ �˝.�1/pN
and

other components are zero.
Suppose that K is in K.p/. Let K1=K be the cyclotomic Zp-extension, and Kn

be the n-th layer. Since Sel.OK1 ; EŒp
1�/_ is a finitely generated Zp-module, the

corestriction map Sel.OKm;EŒp
N �/ �! Sel.OK;EŒpN �/ is the zero map if m is

sufficiently large. We take the minimal m > 0 satisfying this property, and put
KŒ1� D Km. We define inductively KŒn� by KŒn� D .KŒn�1�/Œ1� where we applied the
above definition to KŒn�1� instead of K .

We can compute how largeKŒn� is. Let � be the �-invariant of Sel.OK1 ; EŒp
1�/_.

We take a 2 Z�0 such that paC1 � pa � �. Suppose that K D K 0m
(m-th layer of K 01=K 0) for some K 0 such that p is unramified in K 0. The
corestriction map Sel.OK0aC1 ; EŒp�/ �! Sel.OK0a ; EŒp�/ is the zero map.

Therefore, Sel.OK0aCN ; EŒp
N �/ �! Sel.OK0a ; EŒp

N �/ is the zero map. Put

a0 D max.a � m; 0/. Then Sel.OKa0CN ; EŒp
N �/ �! Sel.OKa0 ; EŒp

N �/ is the
zero map. Therefore, we have KŒ1� � Ka0CN . Also we knowKŒn� � Ka0CnN .

Let n�, dn be the numbers defined just before (4) in Sect. 1.2. Then we can show
that if ` 2 P

.N /
1 satisfies ` � 1 (mod pdn ), ` is in P

.N /
1 .QŒn�/ by the same method as

above.

3.2 Euler Systems of Gauss Sum Type for Elliptic Curves

For the Euler systems of Gauss sums, see Kolyvagin (1990) and Rubin (1991),
and for Euler systems of Gauss sum type, see Kurihara (2012, 2014). We use the
following lemma which is the global duality theorem (see Theorem 2.3.4 in Mazur
and Rubin 2004).

Lemma 1. Suppose that m is a product of primes in Pgood. We have an exact
sequence

0 �! Sel.OK;EŒpN �/ �! Sel.OKŒ1=m�;EŒpN �/

�!
M

`jm
H2
`.K/ �! Sel.OK;EŒpN �/_:

We remark that we can take m such that the last map is surjective in our case
(see Lemma 3 below).

Let K be a number field in K.p/ and ` 2 P
.N /
0 .KŒ1�/. We apply the above lemma

to KŒ1� and obtain an exact sequence

Sel.OKŒ1� Œ1=`�; EŒp
N �/

@`�! H2
`.KŒ1�/

w`�! Sel.OKŒ1� ; EŒp
N �/_:
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Consider #KŒ1� t`;KŒ1� 2 H2
`.KŒ1�/. By Theorem 7 we know w`.#KŒ1� t`;KŒ1� / D

#KŒ1�w`.t`;KŒ1� / D 0. Therefore, there is an element g 2 Sel.OKŒ1� Œ1=`�; EŒp
N �/

such that @`.g/ D #KŒ1� t`;KŒ1� . We define

g
.K/

`;t`
D CorKŒ1�=K.g/ 2 Sel.OKŒ1=`�; EŒpN �/: (22)

This element g.K/`;t`
does not depend on the choice of g 2 Sel.OKŒ1� Œ1=`�; EŒp

N �/

(Kurihara 2014, §6.10). We write g` instead of g.K/`;t`
when no confusion arises.

Remark 3. To define g`, we used in Kurihara (2014) the p-adic L-function �K1
whose Euler factor at ` is 1 � a`

`

�1` C 1

`

�2` . The element �K1 can be constructed

from #K1 by the same method as when we constructed K1 in Sect. 2.1. In the
above definition (22), we used #K (namely #K1) instead of �K1 .

3.3 Kolyvagin Derivatives of Gauss Sum Type

Let ` be a prime in Pgood. We define @` as a natural homomorphism

@` W H1.K;EŒpN �/ �! H2
`.K/ D

M

vj`
H0.�.v/; EŒpN �.�1//

where we used H1.Kv; EŒp
N �/=.E.Kv/˝ Z=pN / D H0.�.v/; EŒpN �.�1//.

Next, we assume ` 2 P
.N /
1 .K/. We denote by Q`.`/ the maximal p-subextension

of Q` inside Q`.�`/. Put G` D Gal.Q`.`/=Q`/. By Kummer theory, G` is
isomorphic to �pn` where n` D ordp.` � 1/. We denote by �` the corresponding
element of G` to �pn` that is the primitive pn`-th root of unity we fixed.

We consider the natural homomorphismH1.Q`; EŒp
N �/ �! H1.Q`.`/; EŒp

N �/

and denote the kernel by H1
tr.Q`; EŒp

N �/. Let Q`;nr be the maximal unramified
extension of Q`. We identify H1.F`; EŒpN �/ with H1.Gal.Q`;nr=Q`/; EŒp

N �/,
and regard it as a subgroup of H1.Q`; EŒp

N �/. Then both H1.F`; EŒpN �/ and
H1

tr.Q`; EŒp
N �/ are isomorphic to Z=pN , and we have decomposition

H1.Q`; EŒp
N �/ D H1.F`; EŒpN �/˚H1

tr.Q`; EŒp
N �/

as an abelian group. We also note that H1.F`; EŒpN �/ coincides with the image
of the Kummer map and is isomorphic to E.Q`/ ˝ Z=pN . We consider the
homomorphism

�0 W H1.Q`; EŒp
N �/ �! H1.F`; EŒpN �/ (23)

which is obtained from the above decomposition.
Note that H1.F`; EŒpN �/ D EŒpN �=.Frob` �1/ where Frob` is the Frobenius

at `. Since ` is in P
.N /
1 , Frob�1` �1 W EŒpN �=.Frob`�1/ �! EŒpN �Frob`D1 D

H0.F`; EŒpN �/ is an isomorphism. We define �00 W H1.Q`; EŒp
N �/ �!
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H0.F`; EŒpN �/ as the composition of �0 and H1.F`; EŒpN �/
Frob�1` �1�!

H0.F`; EŒpN �/. We define

�` W H1.K;EŒpN �/ �! H2
`.K/.1/

as the composition of the natural homomorphism H1.K;EŒpN �/ �!L
vj` H1.Kv; EŒp

N �/ and �00 for Kv. Using the primitive pN -th root of unity
�pN we fixed, we regard �` as a homomorphism

�` W H1.K;EŒpN �/ �! H2
`.K/:

For a prime ` 2 P
.N /
1 .K/, we put G` D Gal.Q.`/=Q/. We identify G` with

Gal.Q`.`/=Q`/. Recall that we defined n` by pn` D ŒQ.`/ W Q�, and we took a
generator �` of G` above. We define

N` D
pn`�1X

iD0
� i` 2 ZŒG`�; D` D

pn`�1X

iD0
i� i` 2 ZŒG`�

as usual.
We define N

.N /
1 .K/ to be the set of squarefree products of primes in P

.N /
1 .K/.

We suppose 1 2 N
.N /
1 .K/. For m 2 N

.N /
1 .K/, we put Gm D Gal.Q.m/=Q/,

Nm D ˘`jmN` 2 ZŒGm�, and Dm D ˘`jmD` 2 ZŒGm�. Assume that ` is

in .P00/.N /.K.m/Œ1�/ and consider gK.m/`;t`
2 Sel.OK.m/Œ1=`�; EŒpN �/. We can

check that Dmg
K.m/

`;t`
is in Sel.OK.m/Œ1=m`�; EŒpN �/Gm . Using the fact that

Sel.OKŒ1=m`�; EŒpN �/
'�! Sel.OK.m/Œ1=m`�; EŒpN �/Gm is bijective by Lemma 2

below (cf. also Kurihara 2014, Lemma 7.6), we define

�m;` D �.K/m;`;t`
2 Sel.OKŒ1=m`�; EŒpN �/ (24)

to be the unique element whose image in Sel.OK.m/Œ1=m`�; EŒpN �/ is Dmg
.K.m//

`;t`
.

The following lemma will be also used in the next section.

Lemma 2. Suppose that K , L 2 K.p/ and K � L. For any m 2 Z>0,

the restriction map Sel.OKŒ1=m�;EŒpN �/
'�! Sel.OLŒ1=m�;EŒpN �/Gal.L=K/ is

bijective.

Proof. Let NE be the conductor of E , m0 D mpNE , and m00 the product of primes
which divide pNE and which do not divide m. Put G D Gal.L=K/. We have a
commutative diagram of exact sequences

0 �! Sel.OKŒ1=m�;EŒpN �/ �! Sel.OKŒ1=m0�; EŒpN �/ �! L
vjm00 H2

K;v?
?
y˛1

?
?
y˛2

?
?
y˛3

0 �! Sel.OLŒ1=m�;EŒpN �/G �! Sel.OLŒ1=m0�; EŒpN �/G �! .
L

wjm00 H2
L;w/

G
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where H2
K;v D H1.Kv; EŒp

N �/=.E.Kv/ ˝ Z=pN / and H2
L;w D H1.Lw; EŒp

N �/=

.E.Lw/ ˝ Z=pN /. Since Sel.OLŒ1=m0�; EŒpN �/ D H1
et .SpecOLŒ1=m0�; EŒpN �/

andH0.L;EŒpN �/ D 0, ˛2 is bijective. Suppose that v dividesm00 and w is above v.
When v dividesNE , since v is unramified in L and p is prime to Tam.E/,H2

K;v �!
H2
L;w is injective (Greenberg 1999, §3). When v is above p, H2

K;v �! H2
L;w is

injective because ap 6� 1 (mod p) (Greenberg 1999, §3). Hence ˛3 is injective.
Therefore, ˛1 is bijective.

In Kurihara (2012), if m has a factorization m D `1 � : : : � `r such that
`iC1 2 P

.N /
1 .K.`1 � : : : � `i // for all i D 1,. . . ,r � 1, we called m well-ordered.

But the word “well-ordered” might cause confusion, so we callm admissible in this
paper if m satisfies the above condition. Note that we do not impose the condition
`1 < : : : < `r in the above definition, and that m is admissible if there is one
factorization as above. We sometimes call the set of prime divisors ofm admissible
if m is admissible.

Suppose that m D `1 � : : : � `r . We define ım 2 RK=pN by

#K.m/ � ım
rY

iD1
.1 � �`i / .mod pN ; .�`1 � 1/2; : : : ; .�`r � 1/2/ (25)

(see Kurihara 2014, (21)).
We simply write �m;` for �.K/m;`;t`

. We have the following Proposition (Kurihara
2014, Propositions 7.7, 7.15 and Lemma 7.9).

Proposition 1. Suppose that m is in N
.N /
1 .K/, and ` 2 .P00/.N /.K.m/Œ1�/. We take

n0 sufficiently large such that every prime of Kn0 dividing m is inert in K1=Kn0 .
We further assume that ` 2 .P00/.N /.Kn0CN /. Then

(0) �m;` 2 Sel.OKŒ1=m`�; EŒpN �/.
(1) @r .�m;`/ D �r.�m

r ;`
/ for any prime divisor r of m.

(2) @`.�m;`/ D ımt`;K .
(3) Assume further that m is admissible. Then �r.�m;`/ D 0 for any prime divisor

r of m.

3.4 Construction of Kolyvagin Systems of Gauss Sum Type

In the previous subsection we constructed �m;` for m 2 N
.N /
1 .K/ and a prime

` 2 .P00/.N /.K/ satisfying some properties. In this subsection we construct �m;`
for ` 2 P

.N /
1 .K/ satisfying some properties (see Proposition 2). The property (4) in

Proposition 2 is a beautiful property of our Kolyvagin systems of Gauss sum type,
which is unique for Kolyvagin systems of Gauss sum type.
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For a squarefree productm of primes, we define �.m/ to be the number of prime
divisors of m, namely �.m/ D r if m D `1 � : : : � `r .

For any prime number `, we write H2
`.K/ D

L
vj` H1.Kv; EŒp

N �/=.E.Kv/ ˝
Z=pN /, and consider the natural map

wK W
M

`

H2
`.K/ �! Sel.OK;EŒpN �/_

which is obtained by taking the dual of Sel.OK;EŒpN �/ �!L
vE.Kv/˝ Z=pN .

We also consider the natural map

@K W H1.K;EŒpN �/ �!
M

`

H2
`.K/:

We use the following lemma which was proved in Kurihara (2014, Proposi-
tion 5.14 and Lemma 7.4 (2)).

Lemma 3. Suppose that K 2 K.p/ and r1,. . . ,rs are s distinct primes in P
.N /
1 .K/.

Assume that for each i D 1,. . . ,s, 
i 2 H2
ri
.K/ is given, and also x 2

Sel.OK;EŒpN �/_ is given. Let K 0=K be an extension such that K 0 2 K.p/. Then

there are infinitely many ` 2 P
.N /
0 .K/ such that wK.t`;K/ D x. We take such a

prime ` and fix it. Then there are infinitely many `0 2 .P00/.N /.K 0/ which satisfy the
following properties:

(i) wK.t`0 ;K/ D wK.t`;K/ D x.
(ii) There is an element z 2 Sel.OKŒ1=``0�; EŒpN �/ such that @K.z/ D t`0;K � t`;K

and �ri .z/ D 
i for each i D 1,. . . ,s.

Assume that m` is in N
.N /
1 .KŒ�.m`/�/. By Lemma 3 we can take `0 2 .P00/.N /

satisfying the following properties:

(i) `0 2 .P00/.N /.KŒ�.m`/�.m/Œ1�Kn0CN / where n0 is as in Proposition 1.
(ii) wKŒ�.m`/� .t`0;KŒ�.m`/� / D wKŒ�.m`/� .t`;KŒ�.m`/� /.

(iii) Let �
.KŒ�.m`/�/
r W H1.KŒ�.m`/�; EŒp

N �/ �! H2
r .KŒ�.m`/�/ be the map �r for

KŒ�.m`/�. There is an element b0 in Sel.OKŒ�.m`/� Œ1=``
0�; EŒpN �/ such that

@KŒ�.m`/� .b
0/ D t`0 ;KŒ�.m`/� � t`;KŒ�.m`/�

and �
KŒ�.m`/�
r .b0/ D 0 for all r dividingm.

We have already defined �m;`0 in the previous subsection. We put b D
CorKŒ�.m`/�=K.b

0/ and define

�m;` D �m;`0 � ımb: (26)

Then this element does not depend on the choice of `0 and b0 (see Kurihara
2014, §7.10). In Kurihara (2014), we took b0 which does not necessarily satisfy
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�
KŒ�.m`/�
r .b0/ D 0 in the definition of �m;`. But we adopted the above definition here

because it is simpler and there is no loss of generality.
The next proposition was proved in Kurihara (2014, Propositions 7.13, 7.15,

7.16).

Proposition 2. Suppose that m` is in N
.N /
1 .KŒ�.m`/�/. Then

(0) �m;` 2 Sel.OKŒ1=m`�; EŒpN �/.
(1) @r .�m;`/ D �r.�m

r ;`
/ for any prime divisor r of m.

(2) @`.�m;`/ D ımt`;K .
(3) Assume further that m is admissible. Then �r.�m;`/ D 0 for any prime divisor

r of m.
(4) Assume further that m` is admissible, and m` is in N

.N /
1 .KŒ�.m`/C1�/. Then we

have

�`.�m;`/ D �ım`t`;K:

4 Relations of Selmer Groups

In this section, we prove a generalized version of Theorem 3.

4.1 Injectivity Theorem

Suppose that K is in K.p/ and that m is in N
.N /
1 .K/. For a prime divisor r of m, we

denote by

wr W H2
r .K/ �! Sel.OK;EŒpN �/_

the homomorphism which is the dual of Sel.OK;EŒpN �/ �!L
vjr E.Kv/˝Z=pN .

Recall that H2
r .K/ is a free RK=pN -module of rank 1, generated by tr;K .

Proposition 3. We assume that ım is a unit of RK=pN for some m 2 N
.N /
1 .K/.

Then the natural homomorphism ˚r jmwr WLr jmH2
r .K/ �! Sel.OK;EŒpN �/_ is

surjective.

Remark 4. We note that ım is numerically computable, in principle.

Proof (Proof of Proposition 3). Let x be an arbitrary element in Sel.OK;EŒpN �/_.
Let wr W H2

r .K/ �! Sel.OK;EŒpN �/_ be the natural homomorphism for each
r j m. We will prove that x is in the submodule generated by all wr .tr;K/ for
r j m. Using Lemma 3, we can take a prime ` 2 .P00/.N /.K.m/Œ1�Kn0CN / such
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that w`.t`;K/ D x and ` is prime to m. We consider the Kolyvagin derivative �m;`
which was defined in (24). Consider the exact sequence

Sel.OKŒ1=m`�; EŒpN �/
@�!
M

`0jm`
H2
`0.K/

wK�! Sel.OK;EŒpN �/_

(see Lemma 1) where @ D .˚@`0/`0jm` and wK..z`0/`0jm`/ D
P

`0jm` w`0.z`0/. For
each r j m we define �r 2 RK=pN by @r .�m;`/ D �rtr;K 2 H2

r .K/. The above
exact sequence and Proposition 1 (2) imply that

ımx C
X

r jm
�rwr .tr;K/ D 0

in Sel.OK;EŒpN �/_. Since we assumed that ım is a unit, x is in the submodule
generated by all wr .tr;K/’s. This completes the proof of Proposition 3.

For a prime ` 2 P
.N /
1 .K/, we define

H1
`;f .K/ D

M

vj`
E.�.v//˝ Z=pN :

Since �.v/ D F`, E.�.v//˝ Z=pN is isomorphic to Z=pN and H1
`;f .K/ is a free

RK=p
N -module of rank 1.

Corollary 2. Suppose that m D `1 � : : : � `a is in N
.N /
1 .K/. We assume that ım is a

unit of RK=pN . Then the natural homomorphism

sm W Sel.OK;EŒpN �/ �!
aM

iD1
H1
`i ;f

.K/

is injective.

Proof. This is obtained by taking the dual of the statement in Proposition 3.

4.2 Relation Matrices

Theorem 9. Suppose that m D `1 � : : : � `a is in N
.N /
1 .KŒaC1�/. We assume that m

is admissible and that ım is a unit of RK=pN . Then

(1) Sel.OKŒ1=m�;EŒpN �/ is a free RK=pN -module of rank a.
(2) f� m

`i
;`i g1�i�a is a basis of Sel.OKŒ1=m�;EŒpN �/.
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(3) The matrix

A D

0

B
B
B
B
B
B
@

ı m
`1

�`1.� m
`1`2

;`2 / : : : �`1.� m
`1`a

;`a /

�`2.� m
`1`2

;`1 / ı m
`2

: : : �`2.� m
`2`a

;`a /

: :

: :

�`a .� m
`1`a

;`1 / �`a.� m
`2`a

;`2 / : : : ı m
`a

1

C
C
C
C
C
C
A

(27)

is a relation matrix of Sel.E=K;EŒpN �/_.

In particular, if a D 2, the above matrix is A D
�

ı`2 �`1.g`2 /

�`2.g`1 / ı`1

	

. This is

described in Remark 10.6 in Kurihara (2012) in the case of ideal class groups.

Proof (Proof of Theorem 9). (1) By Proposition 3,
La

iD1H2
`i
.K/ �! Sel.OK;

EŒpN �/_ is surjective. Therefore, by Lemma 1 we have an exact sequence

0 �! Sel.OK;EŒpN �/ �! Sel.OKŒ1=m�;EŒpN �/
@�!

aM

iD1
H2
`i
.K/

�! Sel.OK;EŒpN �/_ �! 0: (28)

It follows that # Sel.OKŒ1=m�;EŒpN �/ D #
La

iD1H2
`i
.K/ D #.RK=pN /a.

Let mRK be the maximal ideal of RK . By Lemma 2, Sel.ZŒ1=m�;EŒpN �/
'�!

Sel.OKŒ1=m�;EŒpN �/Gal.K=Q/ is bijective. Since H0.Q; EŒp1�/ D 0, the ker-
nel of the multiplication by p on Sel.ZŒ1=m�;EŒpN �/ is Sel.ZŒ1=m�;EŒp�/.
Therefore, we have an isomorphism Sel.OKŒ1=m�;EŒpN �/_ ˝RK RK=mRK '
Sel.ZŒ1=m�;EŒp�/_. From the exact sequence

0 �! Sel.Z; EŒp�/ �! Sel.ZŒ1=m�;EŒp�/ �!
aM

iD1
H2
`i
.Q/

�! Sel.Z; EŒp�/_ �! 0;

and H2
`i
.Q/ D H0.F`i ; EŒp�/ ' Fp, we know that Sel.ZŒ1=m�;EŒp�/ is gen-

erated by a elements. Therefore, by Nakayama’s lemma, Sel.OKŒ1=m�;EŒpN �/_
is generated by a elements. Since # Sel.OKŒ1=m�;EŒpN �/_ D #.RK=pN /a,
Sel.OKŒ1=m�;EŒpN �/_ is a free RK=p

N -module of rank a. This shows that
Sel.OKŒ1=m�;EŒpN �/ is also a free RK=pN -module of rank a because RK=pN

is a Gorenstein ring.

(2) We identify
La

iD1H2
`i
.K/ with .RK=pN /a, using a basis ft`i ;Kg1�i�a. Con-

sider �`i W Sel.OKŒ1=m�;EŒpN �/ �! H2
`i
.K/ and the direct sum of �`i , which

we denote by ˚ ;
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˚ D ˚aiD1�`i W Sel.OKŒ1=m�;EŒp
N �/ �!

aM

iD1
H2
`i
.K/ ' .RK=pN /a:

Recall that � m
`i
;`i is an element of Sel.OKŒ1=m�;EŒpN �/ (Proposition 2 (0)). By

Proposition 2 (3), (4), we have

˚.� m
`i
;`i / D �ımei

for each i where feig1�i�a is the standard basis of the free module .RK=pN /a.
Since we are assuming that ım is a unit, ˚ is surjective. Since both the target
and the source are free modules of the same rank, ˚ is bijective. This implies
Theorem 9 (2).

(3) Using the exact sequence (28) and the isomorphism ˚ , we have an exact
sequence

.Rn=p
N /a

@ı˚�1�!
M

1�i�a
H2
`i
.Kn/

r�! Sel.OK;EŒpN �/_ �! 0:

We take a basis f�ımeig1�i�a of .Rn=pN /a and a basis ft`i ;Kg1�i�a ofL
1�i�aH2

`i
.Kn/. Then the .i; j /-component of the matrix corresponding to

@ ı ˚�1 is @`i .� m
`j
;`j /. If i D j , this is ı m

`i
by Proposition 2 (2). If i ¤ j , we

have @`i .� m
`j
;`j / D �`i .� m

`i `j
;`j / by Proposition 2 (1). This completes the proof

of Theorem 9.

Remark 5. Suppose that ` is in P
.N /
1 .K/. We define

˚ 0̀ W H1.K;EŒpN �/ �! H1
`;f .K/

as the composition of the natural map H1.K;EŒpN �/ �! L
vj` H1.Kv; EŒp

N �/

and �0 W H1.Kv; EŒp
N �/ �! H1.�.v/; EŒpN �/ D E.�.v// ˝ Z=pN in (23). For

m 2 N
.N /
1 .K/, we define

˚ 0m W H1.K;EŒpN �/ �!
M

`jm
H1
`;f .K/

as the direct sum of ˚ 0̀ for ` j m. By definition, the restriction of ˚ 0m to S D
Sel.E=K;EŒpN �/ coincides with the canonical map sm;

.˚ 0m/jS D sm W Sel.E=K;EŒpN �/ �!
M

`jm
H1
`;f .K/ : (29)
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Since H1
`;f .K/ and H2

`.K/ are Pontrjagin dual each other, we can take the dual

basis t �̀;K of H1
`;f .K/ as an RK=pN -module from the basis t`;K of H2

`.K/. Under

the assumptions of Theorem 9, using the basis ft �̀
i ;K
g1�i�a of

La
iD1H1

`;f .K/,

ft`i ;Kg1�i�a of
La

iD1H2
`i
.K/ and the isomorphism ˚ 0m, we have an exact sequence

L
`jmH1

`;f .K/
f�! La

iD1H2
`i
.K/ �! Sel.E=K;EŒpN �/_ �! 0. Then the

matrix corresponding to f is an organizing matrix in the sense of Mazur and Rubin
(2005) (cf. Kurihara 2014, §10).

5 Modified Kolyvagin Systems and Numerical Examples

5.1 Modified Kolyvagin Systems of Gauss Sum Type

In Sect. 3.4 we constructed Kolyvagin systems �m;` for .m; `/ such that m` 2
N
.N /
1 .KŒ�.m`/C1�/. But the condition ` 2 P

.N /
1 .KŒ�.m`/C1�/ is too strict, and it is not

suitable for numerical computation. In this subsection, we define a modified version
of Kolyvagin systems of Gauss sum type for .m; `/ such that m` 2 N

.N /
1 .K/.

Suppose that K is in K.p/. For each ` 2 P
.N /
1 .K/, we fix t` 2 H0.F`; EŒpN �/

of order pN , and consider t`;K 2 H2
`.K/, whose `K -component is t` ˝ �˝.�1/pN

and
other components are zero. Using t`;K , we regard @` and �` as homomorphisms
@` W H1.K;EŒpN �/ �! RK=p

N and �` W H1.K;EŒpN �/ �! RK=p
N .

We will define an element �q;q
0 ;z

m;` in Sel.OKŒ1=m`�; EŒpN �/ for .m; `/ such that
m` 2 N1.K/ (and for some primes q, q0 and some z in Sel.OKŒ1=qq0�; EŒpN �/).
Consider .m; `/ such that ` is a prime and m` 2 N1.K/. We take n0 suf-
ficiently large such that every prime of Kn0 dividing m` is inert in K1=Kn0 .
Then by Proposition 1 (1), for any q 2 .P00/.N /.K.m`/Œ1�Kn0CN /, �m`;q 2
Sel.OKŒ1=m`q�; EŒpN �/ satisfies

@r.�m`;q/ D �r.�m`
r ;q
/

for all r dividing m`. By Lemma 3, we can take q, q0 2 .P00/.N /.K.m`/Œ1�Kn0CN /
satisfying

• wK.tq;K/ D wK.tq0 ;K/, and
• there is z 2 H1

f .OKŒ1=qq
0�; EŒpN �/ such that @K.z/ D tq;K � tq0 ;K , �`.z/ D 1

and �r.z/ D 0 for any r dividingm.

For any m 2 N1.K/, let ım be the element defined in (25). We define

�
q;q0 ;z
m;` D �m`;q � �m`;q0 � ım`z : (30)

By Proposition 1 (2), we have �q;q
0;z

m;` 2 Sel.OKŒ1=m`�; EŒpN �/.
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Proposition 4. (0) �q;q
0;z

m;` is in Sel.OKŒ1=m`�; EŒpN �/.

(1) The element �q;q
0 ;z

m;` satisfies @r .�
q;q0;z
m;` / D �r.�q;q

0;z
m
r ;`

/ for any prime divisor r ofm.

(2) We further assume that m` is admissible in the sense of the paragraph before
Proposition 1. Then we have �r.�

q;q0;z
m;` / D 0 for any prime divisor r of m.

(3) Under the same assumptions as (2), �`.�
q;q0 ;z
m;` / D �ım` holds.

Proof. (1) Using the definition of �
q;q0 ;z
m;` and Proposition 1 (1), we have

@r .�
q;q0;z
m;` / D @r.�m`;q��m`;q0/ D �r.�m`r ;q��m`r ;q0/. Next, we use the definition

of �q;q
0 ;z

m
r ;`

and �r.z/ D 0 to get �r.�m`
r ;q
� �m`

r ;q
0/ D �r.�

q;q0;z
m
r ;`
C ım`

r
z/ D

�r.�
q;q0 ;z
m
r ;`

/. These computations imply (1).

(2) We have �r.�m`;q/ D �r.�m`;q0/ D 0 by Proposition 1 (3). This together with

�r.z/ D 0 implies �r.�
q;q0 ;z
m;` / D �r.�m`;q � �m`;q0 � ım`z/ D 0.

(3) We again use Proposition 1 (3) to get �`.�m`;q/ D �`.�m`;q0/ D 0. Since

�`.z/ D 1, we have �`.�
q;q0 ;z
m;` / D �`.�m`;q � �m`;q0 � ım`z/ D �ım`. This

completes the proof of Proposition 4.

5.2 Proof of Theorem 4

In this subsection we take K D Q. For m 2 N.N / D N.N /.Q/, we consider ım 2
Z=pN , which is defined from #Q.m/ by (25). We define Qım 2 Z=pN by

Q�Q.m/ � Qım
rY

iD1
.�`i � 1/ .mod pN ; .�`1 � 1/2; : : : ; .�`r � 1/2/ (31)

where m D `1 � : : : � `r . By (8), Q�Q.m/ D u#Q.m/ for some unit u 2 R�Q.m/. This
together with (25) and (31) implies that

ordp. Qım/ D ordp.ım/: (32)

We take a generator �` 2 .Z=`Z/� such that the image of 
�` 2 Gal.Q.�`/=Q/ '
.Z=`/� in Gal.Q.`/=Q/ ' .Z=`/�˝Zp is �` which is the generator we took. Then,
using (31) and (1), we can easily check that Eq. (2) in Sect. 1.1 holds.

In the rest of this subsection, we take N D 1. We simply write P1 for P.1/1 , so

P1 D f` 2 Pgood j ` � 1 (mod p) and E.F`/ ' Z=pg:

The set of squarefree products of primes in P1 is denoted by N1.
We first prove the following lemma which is related to the functional equation of

an elliptic curve.
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Lemma 4. Let � be the root number of E . Suppose that m 2 N1 is ı-minimal
(for the definition of ı-minimalness, see the paragraph before Conjecture 2). Then
we have � D .�1/�.m/.
Proof. By the functional equation (1.6.2) in Mazur and Tate (1987) and the above
definition of Qım, we have �.�1/�.m/ Qım � Qım (mod p). This implies the conclusion.

For each ` 2 P1, we fix a generator t` 2 H2
`.Q/ D H0.F`; EŒp�.�1// '

Z=p D Fp , and regard �` as a map �` W H1.Q; EŒp�/ �! Fp. Note that the
restriction of �` to Sel.E=Q; EŒp�/ is the zero map if and only if the natural map
s` W Sel.E=Q; EŒp�/ �! E.F`/˝ Z=p ' Fp is the zero map.

(I) Proof of Theorem 4 (1), (2).

Suppose that �.m/ D 0, namely m D 1. Then ı1 D �Q mod p D L.E; 1/=˝CE
mod p. If ı1 ¤ 0, Sel.E=Q; EŒp�/ D 0 and s1 is trivially bijective. Suppose next
�.m/ D 1, so m D ` 2 P1. It is sufficient to prove the next two propositions.

Proposition 5. Assume that ` 2 P1 is ı-minimal. Then Sel.E=Q; EŒp�/ is 1-
dimensional over Fp , and s` W Sel.E=Z; EŒp�/ �! Fp is bijective. Moreover, the
Selmer group Sel.E=Q; EŒp1�/_ with respect to thep-power torsion pointsEŒp1�
is a free Zp-module of rank 1, namely Sel.E=Q; EŒp1�/_ ' Zp .

Proof. We first assume Sel.E=Q; EŒp�/ D 0 and will obtain the contradiction. We

consider �q;q
0;z

1;` D �`;q ��`;q0 � ı`z, which was defined in (30). By Proposition 1 (1),

we know @`.�
q;q0 ;z
1;` / D �`.gq � gq0/. Consider the exact sequence (see Lemma 1)

0 �! Sel.E=Q; EŒp�/ �! Sel.ZŒ1=r�; EŒp�/ �! H2
r .Q/

for any r 2 P1 where Sel.ZŒ1=r�; EŒp�/ �! H2
r .Q/ ' Fp is nothing but @r . Since

we assumed Sel.E=Q; EŒp�/ D 0, Sel.ZŒ1=r�; EŒp�/ �! H2
r .Q/ ' Fp is injective

for any r 2 P1. So @q.gq/ D ı1 D 0 implies that gq D 0. By the same method,

we have gq0 D 0. Therefore, @`.�
q;q0;z
1;` / D �`.gq � gq0/ D 0, which implies that

�
q;q0;z
1;` 2 Sel.E=Q; EŒp�/.

But Proposition 4 (3) tells us that �`.�
q;q0;z
1;` / D �ı` ¤ 0. Therefore,

�
q;q0;z
1;` ¤ 0, which contradicts our assumption Sel.E=Q; EŒp�/ D 0. Thus we

get Sel.E=Q; EŒp�/ ¤ 0.
On the other hand, by Corollary 2 we know that s` W Sel.E=Q; EŒp�/ �! Fp is

injective, therefore bijective.
By Lemma 4, the root number � is �1. This shows that Sel.E=Q; EŒp1�/_

has positive Zp-rank by the parity conjecture proved by Nekovář (2001, 2006).
Therefore, we finally have Sel.E=Q; EŒp1�/_ ' Zp , which completes the proof
of Proposition 5.

If we assume a slightly stronger condition on `, we also obtain the main
conjecture. Let �0 D �an be the analytic �-invariant of the p-adic L-function #Q1 .
We put n�0 D minfn 2 Z j pn � 1 � �0g.
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Proposition 6. Suppose that there is ` 2 P1 such that

` � 1 (mod pn�0C2) and Qı` ¤ 0:

Then the main conjecture for .E;Q1=Q/ is true and Sel.E=Q1; EŒp1�/_ is
generated by one element as a �Q1 -module.

Proof. We use our Euler system g
.K/

` in Sect. 3.2 instead of �q;q
0;z

1;` which was used
in the proof of Proposition 5. Let � be the algebraic �-invariant, namely the rank
of Sel.E=Q1; EŒp1�/_. Then � 	 �0 and #Q1 2 char.Sel.OQ1 ; EŒp

1�/_/ by
Kato’s theorem.

Put K D Qn�0
and f D pn�0 . Consider the group ring RK=p D FpŒGal.K=Q/�.

We identify a generator 	 of Gal.K=Q/ with 1 C t, and identify RK=p with
FpŒŒt��=.tf /. The norm NGal.K=Q/ D ˙

f �1
iD0 	 i is tf�1 by this identification, so our

assumption �0 	 f � 1 implies that the corestriction map Sel.E=K;EŒp�/ �!
Sel.E=Q; EŒp�/ is the zero map because � 	 �0. Therefore, we have QŒ1� �
K . Since pn�0C1 � pn�0 > pn�0 � 1 � �0 � �, the corestriction map
Sel.E=Qn�0C1; EŒp�/ �! Sel.E=Qn�0

; EŒp�/ D Sel.E=K;EŒp�/ is also the zero
map. This shows that QŒ2� � Qn�0C1.

Our assumption ` � 1 (mod pn�0C2) implies that ` splits completely in Qn�0C1,
so we have ` 2 P1.QŒ2�/ D P1.KŒ1�/. Therefore, we can define

g
.K/

` 2 Sel.OKŒ1=`�; EŒp�/

in Sect. 3.2. Since ` 2 P1.QŒ2�/, we also have

�`.g
.Q/
` / D �ı.Q/` D �ı`

by Proposition 2 (4). It follows from our assumption ı` ¤ 0 that g.Q/` ¤ 0.

Since CorK=Q.g
.K/

` / D g
.Q/
` and the natural map i W Sel.ZŒ1=`�; EŒp�/ �!

Sel.OKŒ1=`�; EŒp�/ is injective, we get

i.g
.Q/
` / D NGal.K=Q/g

.K/

` D t
f�1g.K/` ¤ 0:

Consider @` W Sel.OKŒ1=`�; EŒp�/ �! RK=p. By definition, we have
@`.g

.K/

` / D ut�
0

for some unit u of RK=p. This shows that @`.tf��
0

g
.K/

` / D 0,

which implies that tf��0g.K/` 2 Sel.E=K;EŒp�/. The fact tf�1g.K/` ¤ 0 implies

the submodule generated by tf��0g.K/` is isomorphic to RK=.p; t�
0

/ as an RK -
module. Namely, we have

Sel.E=K;EŒp�/ � htf��0g.K/` i ' RK=.p; t�
0

/:
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This implies that � D �0, and Sel.E=K;EŒp�/ ' RK=.p; t
�/. Therefore, we

have Sel.E=Q1; EŒp�/_ ' �Q1=.p; #Q1/. This together with Kato’s theorem
we mentioned implies that Sel.E=Q1; EŒp1�/_ ' �Q1=.#Q1/.

(II) Proof of Theorem 4 (3).

Suppose that m D `1`2 2 N1 and m is ı-minimal. As in the proof of Proposition 5,

we assume Sel.E=Q; EŒp�/ D 0 and will get the contradiction. We consider �q;q
0 ;z

`1;`2
defined in (30). Consider the exact sequence (see Lemma 1)

0 �! Sel.E=Q; EŒp�/ �! Sel.ZŒ1=`1`2qq0�; EŒp�/
@�!

M

v2f`1;`2;q;q0g
H2

v.Q/:

By the same method as the proof of Proposition 5, gq D gq0 D 0. Therefore,
@`1.�`1;q � �`1;q0/ D �`1.gq � gq0/ D 0 by Proposition 1 (1). We have @q.�`1;q/ D
ı`1 D 0, @q.�`1;q0/ D 0, @q0.�`1;q/ D 0, @q0.�`1;q0/ D ı`1 D 0. Therefore, @.�`1;q �
�`1;q0/ D 0. This together with Sel.E=Q; EŒp�/ D 0 shows that �`1;q � �`1;q0 D 0.
Therefore, using Proposition 1 (1), we have

@`2 .�
q;q0 ;z
`1;`2

/ D @`2 .�m;q � �m;q0/ D �`2.�`1;q � �`1;q0/ D 0:

By the same method as the above proof of �`1;q � �`1;q0 D 0, we get �q;q
0;z

1;`2
D 0.

This implies that @`1 .�
q;q0;z
`1;`2

/ D �`1.�q;q
0;z

1;`2
/ D 0 by Proposition 4 (1). It follows that

@.�
q;q0 ;z
`1;`2

/ D 0, which implies �q;q
0 ;z

`1;`2
2 Sel.E=Q; EŒp�/. But this is a contradiction

because we assumed Sel.E=Q; EŒp�/ D 0 and

�`2.�
q;q0 ;z
`1;`2

/ D �ım ¤ 0

by Proposition 4 (3). Thus, we get Sel.E=Q; EŒp�/ ¤ 0.
Now the root number is 1 by Lemma 4, therefore, by the parity conjecture proved

by Nekovář (2001, 2006), we obtain dimFp Sel.E=Q; EŒp�/ � 2. On the other
hand, by Corollary 2 we know that sm W Sel.E=Q; EŒp�/ �! .Fp/˚2 is injective.
Therefore, the injectivity of sm implies the bijectivity of sm. This completes the
proof of Theorem 4 (3).

We give a simple corollary.

Corollary 3. Suppose that there is m 2 N1 such that m is ı-minimal and �.m/ D
2. We further assume that the analytic �-invariant �0 is 2. Then the main conjecture
for .E;Q1=Q/ holds.

Proof. Put t D 	�1 and identify�Q1=p with FpŒŒt��. Let A be the relation matrix
of S D Sel.E=Q1; EŒp1�/_. Since S=.p; t/ D Sel.E=Q; EŒp�/_ ' Fp ˚ Fp, t2

divides detA mod p. Therefore, the algebraic �-invariant is also 2. This implies the
main conjecture because detA divides #Q1 in �Q1 (Kato 2004).
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(III) Proof of Theorem 4 (4).

Lemma 5. Suppose that `, `1, `2 are distinct primes in P1 satisfying ı` D ı``1 D
ı``2 D 0. Assume also that s` W Sel.E=Q; EŒp�/ �! Fp is bijective, and that ``1,
``2 are both admissible. We take q, q0 such that they satisfy the conditions when we

defined �q;q
0 ;z

`1`2;`
. Then we have

(1) Sel.E=Q; EŒp�/ D Sel.ZŒ1=`�; EŒp�/,
(2) �q;q

0 ;z
`1;`
D 0, �q;q

0 ;z
`2;`
D 0, and

(3) �q;q
0 ;z

`1`2;`
2 Sel.E=Q; EŒp�/.

Proof. (1) Since s` is bijective, taking the dual, we get the bijectivity of
H2
`.Q/ �! Sel.E=Q; EŒp�/_ D Sel.Z; EŒp�/_. By the exact sequence

0�! Sel.Z; EŒp�/�! Sel.ZŒ1=`�; EŒp�/
@`�!H2

`.Q/�! Sel.Z; EŒp�/_ �! 0

in Lemma 1, we get Sel.E=Q; EŒp�/ D Sel.Z; EŒp�/ D Sel.ZŒ1=`�; EŒp�/.
(2) We first note that the bijectivity of s` W Sel.E=Q; EŒp�/ �! Fp implies the

bijectivity of �` W Sel.E=Q; EŒp�/ �! Fp . Since @q.�`;q/ D ı` D 0, �`;q 2
Sel.ZŒ1=`�; EŒp�/ D Sel.E=Q; EŒp�/ where we used the property (1) which
we have just proved. Proposition 1 (3) implies �`.�`;q/ D 0, which implies
�`;q D 0 by the bijectivity of �`. By the same method, we have �`;q0 D 0.
Therefore, we have

�
q;q0 ;z
1;` D �`;q � �`;q0 � ı`z D 0:

Therefore, Proposition 4 (1) implies @`1 .�
q;q0 ;z
`1;`

/ D �`1.�q;q
0 ;z

1;` / D 0. This implies

�
q;q0 ;z
`1;`

2 Sel.ZŒ1=`�; EŒp�/ D Sel.E=Q; EŒp�/. Using Proposition 4 (3), we
have

�`.�
q;q0;z
`1;`

/ D �ı``1 D 0;

which implies �q;q
0;z

`1;`
D 0 by the bijectivity of �`. The same proof works for

�
q;q0 ;z
`2;`

.

(3) It follows from Proposition 4 (1) and Lemma 5 (2) that @`i .�
q;q0;z
`1`2;`

/ D
�`i .�

q;q0 ;z
`1`2
`i
;`
/ D 0 for each i D 1, 2. This implies �q;q

0 ;z
`1`2;`

2 Sel.ZŒ1=`�; EŒp�/.

Using Sel.ZŒ1=`�; EŒp�/ D Sel.E=Q; EŒp�/ which we proved in (1), we get
the conclusion. This completes the proof of Lemma 5.

We next prove Theorem 4 (4). Assume that m D `1`2`3 2 N1, m is ı-minimal,
m is admissible, and s`i W Sel.E=Q; EŒp�/ �! Fp is surjective for each i D 1, 2.

We assume dimFp Sel.E=Q; EŒp�/ D 1 and will get the contradiction. By
this assumption, s`i W Sel.E=Q; EŒp�/ �! Fp for each i D 1, 2 is bijective.
This implies that �`i W Sel.E=Q; EŒp�/ �! Fp for each i D 1, 2 is also
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bijective. By Lemma 5 (3) we get �q;q
0;z

`2`3;`1
2 Sel.E=Q; EŒp�/, taking q, q0 satisfying

the conditions when we defined this element. By Proposition 4 (3), we have

�`1.�
q;q0 ;z
`2`3;`1

/ D �ım ¤ 0, which implies �q;q
0;z

`2`3;`1
¤ 0. But by Proposition 4 (2),

we have �`2.�
q;q0;z
`2`3;`1

/ D 0. This contradicts the bijectivity of �`2 . Therefore, we
obtain dimFp Sel.E=Q; EŒp�/ > 1.

By Lemma 4 and our assumption that m is ı-minimal, we know that the root
number � is�1. This shows that dimFp Sel.E=Q; EŒp�/ � 3 by the parity conjecture
proved by Nekovář (2001, 2006). On the other hand, Corollary 2 implies that
dimFp Sel.E=Q; EŒp�/ 	 3 and sm W Sel.E=Q; EŒp�/ �! F˚3p is injective.
Therefore, the above map sm is bijective. This completes the proof of Theorem 4 (4).

5.3 Numerical Examples

In this section, we give several numerical examples.
Let E D X0.11/

.d/ be the quadratic twist of X0.11/ by d , namely dy2 D x3 �
4x2 � 160x � 1264. We take p D 3. Then if d � 1 (mod p), p is a good ordinary
prime which is not anomalous (namely ap.D a3/ for E satisfies ap 6� 1 (mod p)),
and p D 3 does not divide Tam.E/, and the Galois representation on T3.E/ is
surjective. In the following examples, we checked �0 D 0 where �0 is the analytic
�-invariant. Then this implies that the algebraic�-invariant is also zero (Kato 2004,
Theorem 17.4 (3)) under our assumptions. In the computations of Qım below, we have
to fix a generator of Gal.Q.`/=Q/ ' .Z=`Z/� for a prime `. We always take the
least primitive root �` of .Z=`Z/�. We compute Qım using the formula in (2).

1. d D 13. We take N D 1. Since Qı7 D 20 6� 0 (mod 3), we know that
Fitt1;F3 .Sel.E=Q; EŒ3�/_/ D F3 by Theorem 8, so Sel.E=Q; EŒ3�/ is generated
by one element.

The root number is � D . 13
11
/ D �1, so L.E; 1/ D 0. We compute P1 D

f7; 31; 73; : : :g. Therefore, Qı7 6� 0 (mod 3) implies Sel.E=Q; EŒ3�/ ' F3 and

Sel.E=Q; EŒ31�/_ ' Z3

by Proposition 5. Also, it is easily computed that �0 D 1 in this case. This implies
that Sel.E=Q1; EŒ31�/_ ' Z3, so the main conjecture also holds.

We can find a point P D .7045=36;�574201=216/ of infinite order on the
minimal Weierstrass model y2Cy D x3�x2�1746x�50295 ofE D X0.11/.13/.
Therefore, we know X.E=Q/Œ31� D 0. We can easily check that E.F7/ is
cyclic of order 6, and that the image of the pointP inE.F7/=3E.F7/ is non-zero.
So we also checked numerically that s7 W Sel.E=Q; EŒ3�/ �! E.F7/=3E.F7/ is
bijective as Proposition 5 claims.
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2. d D 40. We know � D . 40
11
/ D �1. We take N D 1. We can compute P1 D

f7; 67; 73; : : :g, and Qı7 D �40 6� 0 (mod 3). This implies that Sel.E=Q; EŒ3�/ '
F3 and Sel.E=Q; EŒ31�/_ ' Z3 by Proposition 5.

In this case, we know �0 D 7. Therefore, n�0 D 2. We can check 5347 2 P1
(where 5347 � 1 (mod 35)) and Qı5347 D �412820 6� 0 (mod 3). Therefore,
the main conjecture holds by Proposition 6. In this case, we can check that the
p-adic L-function #Q1 is divisible by .1C t/3 � 1, so we have

rankZ3 Sel.E=Q1; EŒ3
1�/_ D 3

where Q1 is the first layer of Q1=Q.

In the following, for a prime ` 2 P, we take a generator �` of Gal.Q.`/=Q/ '
.Z=`Z/� and put S D �` � 1. We write #Q.`/ D ˙a

.`/
i S

i where a.`/i 2 Zp . Note

that Qı` D a.`/1 .

3. d D 157. We know � D . 157
11
/ D 1 and L.E; 1/=˝CE D 45. We take N D 1.

We compute a.37/2 D �14065=2 6� 0 (mod 3). Since 37 � 1 (mod 32), c2 D
2�1 D 1 and a.37/2 is in Fitt2;F3 .Sel.E=Q; EŒ3�/_/ by Theorem 8, which implies
that Fitt2;F3 .Sel.E=Q; EŒ3�// D F3. Therefore, Sel.E=Q; EŒ3�/ is generated by
at most two elements.

We compute P1 D f7; 67; 73; 127; : : :g. Since 127 � 1 (mod 7), 7 � 127 is
admissible. We compute Qı7�127 D 83165 6� 0 (mod 3). Therefore, 7 � 127 is
ı-minimal. It follows from Theorem 4 (3) that Sel.E=Q; EŒ3�/ ' F3 ˚ F3. In
this example, we can check �0 D 2, so Corollary 3 together with the above
computation implies the main conjecture. Since L.E; 1/=˝CE D 45 ¤ 0,
rankE.Q/ D 0 by Kato, which implies Sel.E=Q; EŒ31�/ D X.E=Q/Œ31�.
Since 45 2 Fitt0;Z3 .Sel.E=Q; EŒ31�/_/, we have #X.E=Q/Œ31� 	 9, and

X.E=Q/Œ31� ' Z=3Z˚ Z=3Z:

4. d D 265. In this case, � D . 265
11
/ D 1 and L.E; 1/ D 0. We take N D 1. As

in Example (3), we compute a.37/2 D 16985 6� 0 (mod 3), which implies that
Sel.E=Q; EŒ3�/ is generated by at most two elements as above. We compute
P1 D f7; 13; 31; 67; 103; 109; 127; : : :g. For an admissible pair f7; 127g, we
have Qı7�127 D �138880 6� 0 (mod 3). Therefore, 7 � 127 is ı-minimal and
Sel.E=Q; EŒ3�/ ' F3 ˚ F3 by Theorem 4 (3). Since �0 D 2 in this case, by
Corollary 3 we know that the main conjecture holds.

Since L.E; 1/ D 0, we know rank Sel.E=Q; EŒ31�/_ > 0 by the main
conjecture. This implies that

Sel.E=Q; EŒ31�/_ ' Z3 ˚ Z3:



The Structure of Selmer Groups of Elliptic Curves and Modular Symbols 353

Now E has a minimal Weierstrass model y2 C y D x3 � x2 � 725658x �
430708782. We can find rational points P D .2403; 108146/ and Q D
.5901;�448036/ on this curve. We can also easily check that E.F7/ is cyclic
group of order 6 and E.F31/ is cyclic of order 39. The image of P in
E.F7/=3E.F7/ ' Z=3Z is 0 (the identity element), and the image of Q in
E.F7/=3E.F7/ ' Z=3Z is of order 3. On the other hand, the images of P and
Q in E.F31/=3E.F31/ ' Z=3Z do not vanish and coincide. This shows that P
and Q are linearly independent over Z3. Therefore,

rankE.Q/ D 2 and X.E=Q/Œ31� D 0:

In the above argument we considered the images of E.Q/ in E.F7/=3E.F7/
and E.F31/=3E.F31/. What we explained above implies that the natural map
s7�31 W E.Q/=3E.Q/ �! E.F7/=3E.F7/˚E.F31/=3E.F31/ is bijective. In this
example, Qı7�31 D �15290 6� 0 (mod 3), so Conjecture 2 holds form D 7 � 31.

5. d D 853. We know � D . 853
11
/ D �1. Take N D 1 at first. For

` D 271, we have a.271/3 D 900852395=2 6� 0 (mod 3), which implies
that dimF3 Sel.E=Q; EŒ3�/ 	 3. We compute P1 D f7; 13; 67; 103;
109; : : : ; 463; : : :g. We can find a rational point P D .1194979057=51984;

40988136480065=11852352/ on the minimal Weierstrass equation y2 C y D
x3 � x2 � 7518626x � 14370149745 of E D X0.11/

.853/. We know that
E.F7/ is cyclic of order 6, and E.F13/ is cyclic of order 18. Both of the
images of P in E.F7/=3E.F7/ and E.F13/=3E.F13/ are of order 3. Therefore,
s` W Sel.E=Q; EŒ3�/ �! E.F`/=3E.F`/ is surjective for each ` D 7, 13. Since
13 D �1 2 .F�7 /3, 463 D 1 2 .F�7 /3 and 463 D 8 2 .F�13/3, f7; 13; 463g is
admissible. We can compute Qı7�13�463 D �8676400 6� 0 (mod 3), and can check
that m D 7 � 13 � 463 is ı-minimal. By Theorem 4 (4), we have

Sel.E=Q; EŒ3�/ ' F3 ˚ F3 ˚ F3: (33)

We have a rational point P of infinite order, so the rank of E.Q/ is � 1. Take
N D 3 and consider ` D 271. Since Qı271 D a.271/1 D 35325� 9 (mod 27), 9 is in
Fitt1;Z=p3Z.Sel.E=Q; EŒ33�/_/ by Corollary 1. This implies that rankE.Q/ D 1

and #X.E=Q/Œ31� 	 9. This together with (33) implies that

X.E=Q/Œ31� ' Z=3Z˚ Z=3Z: (34)

Note that if we used only Theorem 1 and these computations, we could not
get (33) nor (34) because we could not determine �1.Q/.ı/ by finite numbers of
computations. We need Theorem 4 to obtain (33) and (34).

6. For positive integers d which are conductors of even Dirichlet characters (so d D
4m or d D 4mC 1 for some m) satisfying 1 	 d 	 1;000, d � 1 (mod 3), and
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d 6� 0 (mod 11), we computed Sel.E=Q; EŒ3�/. Then dim Sel.E=Q; EŒ3�/ D
0; 1; 2; 3, and the case of dimensionD 3 occurs only for d D 853 in Example (5).

7. We also considered negative twists. Take d D �2963. In this case, we know
L.E; 1/ ¤ 0 and L.E; 1/=˝CE D 81. We know from the main conjecture that
the order of the 3-component of X.E=Q/ is 81, but the main conjecture does
not tell the structure of this group. Take N D 1 and ` D 19. Then we compute
a
.19/
2 D 2753=2 6� 0 (mod 3) (we have #Q.19/ � �432S C .2753=2/S2 mod

.9; S3/). Since c2 D 1, this shows that a.19/2 is in Fitt2;F3 .Sel.E=Q; EŒ3�/_/ by
Theorem 8. Therefore, we have Fitt2;F3 .Sel.E=Q; EŒ3�// D F3, which implies
that Sel.E=Q; EŒ3�/ ' .F3/˚2. This denies the possibility of X.E=Q/Œ31� '
.Z=3Z/˚4, and we have

X.E=Q/Œ31� ' Z=9Z˚ Z=9Z:

8. Let E be the curve y2 C xy C y D x3 C x2 � 15x C 16 which is 563A1 in
Cremona’s book (Cremona 1992). We take p D 3. Since a3 D �1, Tam.E/ D 1,
� D 0 and the Galois representation on T3.E/ is surjective, all the conditions we
assumed are satisfied. We know � D 1 and L.E; 1/ D 0. Take N D 1. We
compute P1 D f13; 61; 103; 109; 127; 139; : : :g. For admissible pairs f13; 103g,
f13; 109g, we compute Qı13�103 D �6;819 � 0 (mod 3) and Qı13�109 D �242 6� 0
(mod 3). From the latter, we know that

s13�109 W Sel.E=Q; EŒ3�/
'�! .F3/˚2

is bijective by Theorem 4 (3). Since �0 D 2, the main conjecture also holds by
Corollary 3. We know L.E; 1/ D 0, so Sel.E=Q; EŒ31�/ ' .Z3/˚2.

Numerically, we can find rational points P D .2;�2/ and Q D .�4; 7/
on this elliptic curve. We can check that E.F13/ is cyclic of order 12, E.F103/
is cyclic of order 84, and E.F109/ is cyclic of order 102. The points P and Q
have the same image and do not vanish in E.F13/=3E.F13/, but the image of P
in E.F109/=3E.F109/ is zero, and the image of Q in E.F109/=3E.F109/ is non-
zero. This shows that P and Q are linearly independent over Z3, and s13�109 is
certainly bijective. Since all the elements in Sel.E=Q; EŒ31�/ come from the
points, we have X.E=Q/Œ31� D 0. On the other hand, the image of P in
E.F103/=3E.F103/ coincides with the image of Q, so s13�103 is not bijective.
This is an example for which Qı13�103 � 0 (mod 3) and s13�103 is not bijective.

9. Let E be the elliptic curve y2 C xy C y D x3 C x2 � 10x C 6 which has
conductor 18097. We take p D 3. We know a3 D �1, Tam.E/ D 1, � D 0 and
the Galois representation on T3.E/ is surjective, so all the conditions we assumed
are satisfied. In this case, � D �1 and L.E; 1/ D 0. Take N D 1. We compute
P1 D f7; 19; 31; 43; 79; : : : ; 601; : : :g. We know f7; 43; 601g is admissible. We
have Qı7�43�601 D �2424748 6� 0 (mod 3), and 7 � 43 � 601 is ı-minimal.
We thank K. Matsuno heartily for his computing this value for us. The group
E.F7/ is cyclic of order 9 and E.F43/ is cyclic of order 42. The point .0; 2/
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is on this elliptic curve, and has non-zero image both in E.F7/=3E.F7/ and
E.F43/=3E.F43/. So both s7 and s43 are surjective, and we can apply Theorem 4
(4) to get

s7�43�601 W Sel.E=Q; EŒ3�/
'�! .F3/˚3

is bijective.
Numerically, we can find three rational points P D .0; 2/, Q D .2;�1/,

R D .3; 2/ on this elliptic curve, and easily check that the restriction of
s7�43�601 to the subgroup generated by P , Q, R in Sel.E=Q; EŒ3�/ is surjective.
Therefore, we have checked numerically that s7�43�601 is bijective. This also
implies that rankE.Q/ D 3 since E.Q/tors D 0. Therefore, all the elements
of Sel.E=Q; EŒ31�/ come from the rational points, and we have X.E=Q/
Œ31� D 0.

5.4 A Remark on Ideal Class Groups

We consider the classical Stickelberger element

Q�StQ.�m/ D
mX

aD1
.a;m/D1

.
1

2
� a

m
/
�1a 2 QŒGal.Q.�m/=Q/�

(cf. (1)). Let K D Q.
p�d/ be an imaginary quadratic field with conductor d , and

� be the corresponding quadratic character. Let m be a squarefree product whose
prime divisors ` split in K and satisfy ` � 1 (mod p). Using the above classical
Stickelberger element, we define QıStm;K by

QıStm;K D �
mdX

aD1
.a;md/D1

a

md
�.a/.

Y

`jm
logF`.a//

(cf. (2)). We denote by C lK the class group of K , and define the notion “ıStK -
minimalness” analogously. We consider the analogue of Conjecture 2 for QıStm;K
and dimFp .C lK=p/. Namely, we ask whether dimFp .C lK=p/ D �.m/ for a ıStK -

minimal m. Then the analogue does not hold. For example, take K D Q.
p�23/

and p D 3. We know C lK ' Z=3Z. Put `1 D 151 and `2 D 211. We
compute QıSt`1;K D �270 � 0 (mod 3), QıSt`2;K D �1272 � 0 (mod 3), and
QıSt`1�`2;K D �415012 � 2 (mod 3). This means that `1 � `2 is ıStK -minimal. But,
of course, we know dimFp .C lK=p/ D 1 < 2 D �.`1 � `2/.
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P-Adic Integration on Ray Class Groups
and Non-ordinary p-Adic L-Functions

David Loeffler

1 Introduction

P -adic L-functions attached to various classes of automorphic forms over number
fields are an important object of study in Iwasawa theory. In most cases, these p-adic
L-functions are constructed by interpolating the algebraic parts of critical values
of classical (complex-analytic) L-functions of twists of the automorphic form by
finite-order Hecke characters of the number field.

When the underlying automorphic form is ordinary at p, or when the number
field is Q, this p-adic interpolation is very well-understood. However, the case of
non-ordinary automorphic forms for number fields K¤Q has received compara-
tively little study. This paper grew out of the author’s attempts to understand the
work of Kim (2011), who considered the L-functions of weight 2 elliptic modular
forms over imaginary quadratic fields.

In this paper, we develop a systematic theory of finite-order distributions and
p-adic interpolation on ray class groups of number fields. Developing such a theory
is a somewhat delicate issue, and appears to have been the subject of several
mistakes in the literature to date; we hope this paper will go some way towards
resolving the confusion. We then apply this theory to the study of p-adic L-
functions for automorphic representations of GL2 over a general number field,
extending the work of Shai Haran (1987) in the ordinary case. Largely for simplicity
we assume the automorphic representations have trivial central character and lowest
cohomological infinity-type (as in the case of representations attached to modular
elliptic curves overK).
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Applying our theory to the case of K imaginary quadratic with p split in K , we
obtain proofs of two conjectures. Firstly, we prove a special case of a conjecture
advanced of the author and Zerbes (Loeffler and Zerbes 2011), confirming the
existence of two “extra” p-adic L-functions whose existence was predicted on the
basis of general conjectures on Euler systems. Secondly, we consider the case when
the Hecke eigenvalues at both primes abovep are 0 (the “most supersingular” case);
in this case Kim has predicted a decomposition of the L-functions analogous to the
“signed L-functions” of Pollack (2003) for modular forms. Using the additional
information arising from our two extra L-functions, we prove Kim’s conjecture,
constructing four boundedL-functions depending on a choice of sign at each of the
two primes above p.

2 Integration on p-Adic Groups

In this section, we shall recall and slightly generalize some results concerning the
space of locally analytic distributions on an abelian p-adic analytic group (the dual
space of locally analytic functions); in particular, we are interested in when it is
possible to uniquely interpolate a linear functional on locally constant functions by
a locally analytic distribution satisfying some growth property.

In this section we fix a prime p and a coefficient field E , which will be a
complete discretely-valued subfield of Cp , endowed with the valuation vp such that
vp.p/ D 1.

2.1 One-Variable Theory

We first recall the well-known theory of finite-order functions and distributions on
the group Zp .

For r 2 R�0, we define the space of order r functions C r.Zp; E/ as the space
of functions Zp ! E admitting a local Taylor expansion of degree brc at every
point with error term o.zr /, cf. Colmez (2010, §I.5). We writeDr.Zp; E/, the space
of order r distributions, for the dual of C r.Zp; E/ (the space of linear functionals
C r.Zp; E/ ! E which are continuous with respect to the Banach space topology
of C r.Zp; E/; see op. cit. for the definition of this topology).

We may regard the space C la.Zp; E/ of locally analytic E-valued functions
on Zp as a dense subspace of C r.Zp; E/ for any r , so dually all of the spaces
Dr.Zp; E/ may be regarded as subspaces of the E-algebra Dla.Zp; E/ of locally
analytic distributions, the dual of C la.Zp; E/. It is well known that Dla.Zp; E/
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can be interpreted as the algebra of functions on a rigid-analytic space over E
(isomorphic to the open unit disc), whose points parametrize continuous characters
of Zp .

It is clear that the above definitions extend naturally if Zp is replaced by any
abelian p-adic analytic group of dimension 1, since any such group has a finite-
index open subgroup H isomorphic to Zp; we say a function, distribution, etc. has
a given property if its pullback under the map Zp Š a � H � G has it for every
a 2 G=H .

We define a locally constant distribution to be a linear functional on the space
LC.G;E/ of locally constant functions on Zp . This is clearly equivalent to the data
of a finitely-additive E-valued function on open subsets of G, i.e. a “distribution”
in the sense1 of some textbooks such as Washington (1997).

Definition 1. Let G be an abelian p-adic analytic group of dimension 1, and let �
be an E-valued locally constant distribution on G. We say � has growth bounded
by r if there exists C 2 R such that

inf
a2G vp �

�
1aCpmH

� � C � rm

for all m � 0, where H is some choice of subgroup of G isomorphic to Zp .

Remark 1. The definition is independent of the choice ofH , although the constant
C may not be so.

Theorem 1 (Amice–Vélu, Vishik). Let G be an abelian p-adic Lie group of
dimension 1.

(i) If � 2 Dr.G;E/, then the restriction of � to LC.G;E/ has growth bounded
by r .

(ii) Conversely, if r < 1 and � is a locally constant distribution on G with growth
bounded by r , there exists a unique element Q� 2 Dr.G;E/ whose restriction
to LC.G;E/ is �.

Proof. This is a special case of Colmez (2010, Theorème II.3.2).

Remark 2. In the case r � 1, one can check that any locally constant distribution
� with growth bounded by r can be extended to an element Q� 2 Dr.G;E/, but this
is only uniquely defined modulo `0Dr�1.G;E/, where `0 is the order 1 distribution
whose action on C1 functions is f 7! f 0.0/.

1To avoid confusion we shall not use the term “distribution” alone in this paper, but rather in
company with an adjectival phrase, such as “locally analytic”, and generally an “X distribution”
shall mean “a continuous linear functional on the space of X functions” (with respect to some
topology to be understood from the context).
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2.2 The Case of Several Variables

We now consider the case of functions of several variables. First we consider the
groupG D Zdp , for some integer d � 1. Let r be a fixed real number; for simplicity,
we shall assume that r < 1.

Definition 2. Let d � 1 and let f W G ! E be any continuous function. For
m � 0 define the quantity "m.f / by

"m.f / D inf
x2G;y2pmG vp Œf .x C y/� f .x/� :

We say f has order r if "m.f /� rm!1 as m!1.

The space C r.G;E/ of functions with this property is evidently an E-Banach
space with the valuation

vCr .f / D inf

�

inf
x2G vp.f .x//; inf

m�0."m.f / � rm/

	

:

Remark 3. For d D 1 this reduces to the definition of the valuation denoted by v0Cr
in Colmez (2010); in op. cit. the notation vCr is used for another slightly different
valuation on C r.Zp; E/, which is not equal to v0Cr but induces the same topology.

If we define, for any f 2 C r.G;E/, a sequence of functions .fm/m�0 by

fm D
pm�1X

j1D0
� � �

pm�1X

jdD0
f .j1; : : : ; jd /1.j1;:::;jd /CpmG;

then it is clear from the definition of the valuation vCr that we have fm ! f .x/ in
the topology of C r.G;E/, so in particular the space LC.G;E/ of locally constant
E-valued functions on G is dense in C r.G;E/.

We define a space Dr.G;E/ as the dual of C r.G;E/, as before.
As in the case d D 1 all of these constructions are clearly local on G and

thus extend2 to abelian groups having an open subgroup isomorphic to Zdp . Since
any abelian p-adic analytic group has this property for some d � 0, we obtain
well-defined spaces C r.G;E/ and dually Dr.G;E/ for any such group G.

Remark 4. This includes the case where G is finite, so d D 0; in this case
we clearly have C r.G;E/ D C la.G;E/ D Maps.G;E/ and Dr.G;E/ D
Dla.G;E/ D EŒG� for any r � 0.

2A little care is required here since for k � 1 pullback along the inclusion Zp
�pk�! Zp is a

continuous map Cr.Zp; E/ ! Cr.Zp; E/ but not an isometry if r ¤ 0. So for a general G the
space Cr.G;E/ has a canonical topology, but not a canonical valuation inducing this topology.
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We now consider the problem of interpolating locally constant distributions by
order r distributions.

Definition 3. Let � be a locally constant distribution on G. We say that � has
growth bounded by r if there is a constant C and an open subgroup H of G
isomorphic to Zdp such that

inf
a2G vp�

�
1aCpmH

� � C � rm

for all m � 0.

The natural analogue of the theorem of Amice–Vélu–Vishik is the following.

Theorem 2. LetG be an abelianp-adic analytic group, r 2 Œ0; 1/, and � a locally
constant distribution onG with growth bounded by r . Then there is a unique element
Q� 2 Dr.G;E/ whose restriction to LC.Zp; E/ is �.

Proof. The proof of this result in the general case is very similar to the case d D 1,
so we shall give only a brief sketch. Clearly one may assume G D H D Zdp . One
first shows that the space of locally constant functions on Zdp has a “wavelet basis”
consisting of the indicator functions of the sets

S.i1; : : : ; id / D .i1 C p`.i1/Zp/ � � � � � .id C p`.id /Zp/

for i1; : : : ; id � 0, where `.n/ is as defined in Colmez (2010, §1.3). One then checks
that the functions

e.i1;:::;id /;r WD psupj br`.ij /c1S.i1;:::;id /
form a Banach basis of C r.Zdp; E/, so a linear functional on locally constant
functions taking bounded values on the e.i1;:::;id /;r extends uniquely to the whole
of C r.Zdp; E/.

Remark 5. The case when G D OL, for some finite extension L=Qp , has been
studied independently by De Ieso (2012), who shows the following more general
result: a locally polynomial distribution of degree k which has growth of order r
in a sense generalizing Definition 3 admits a unique extension to an element of
Dr.G;E/ if (and only if) r < k C 1. This reduces to the theorem above for k D 0.

2.3 Groups with a Quasi-factorization

The constructions we have used for C r and Dr seem to be essentially the only
sensible approaches to defining such spaces which are functorial with respect to
arbitrary automorphisms of G. However, if one assumes a little more structure on
the groupG then there are other possibilities, which allow a greater range of locally
constant distributions to be p-adically interpolated.
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Definition 4. Let G be an abelian p-adic analytic group, and let G be the Lie
algebra of G. A quasi-factorization of G is a decomposition G D L

Hi of G as
a direct sum of subspaces.

If .Hi / is a quasi-factorization of G, we can clearly choose (non-uniquely)
closed subgroups Hi � G such that Hi is the Lie algebra of Hi and

Q
Hi is an

open subgroup of G. We shall say that .Hi / are subgroups compatible with the
quasi-factorization .Hi /.

Definition 5. Let G be an abelian p-adic analytic group with a quasi-factorization
H D .H1; : : : ;Hg/, and let .H1; : : : ;Hg/ be subgroups compatible with H. Let
f W G ! E be continuous. Define

"m1;:::;mg .f / D inf
x2G

y2pm1H1�����pmgHg
vp Œf .x C y/ � f .x/� :

We say f has order .r1; : : : ; rg/, where ri 2 Œ0; 1/, if we have

"m1;:::;mg .f /� .r1m1 C � � � C rgmg/!1 (1)

as .m1; : : : ; mg/ ! 1 (with respect to the filter of cofinite subsets of Ng , i.e. for
anyN there are finitely many g-tuples .m1; : : : ; mg/ such that the above expression
is 	 N )

We define C .r1;:::;rg/.G;E/ to be the space of functions of order .r1; : : : ; rg/,
equipped with the valuation given by

v.r1;:::;rg/.f /D inf



inf
x2G

vp.f .x//; inf
.m1;:::;mn/

�
"m1;:::;mg .f /� .r1m1C : : : C rgmg/

�
�

;

which makes it into an E-Banach space. We write D.r1;:::;rg/.G;E/ for its dual. It is
clear that as topological vector spaces these do not depend on the choice of the .Hi/.

Remark 6. One can check that if G D H1 � � � � � Hg, then C .r1;:::;rg/.G;E/ is
isomorphic to the completed tensor product

OO
1�i�g

C ri .Hi ;E/:

The spaces C .r1;:::;rg/.G;E/ are clearly invariant under automorphisms of G
preserving the quasi-factorization H.

Definition 6. Let G be an abelian p-adic analytic group with a quasi-factorization
H D .H1; : : : ;Hg/, and let .H1; : : : ;Hg/ be subgroups compatible with H. Let � be
a locally constant distribution on G.

We say � has growth bounded by .r1; : : : ; rd / if the following condition holds: there
is a constant C such that for all m1; : : : ;mg 2 Z�0, we have
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inf
a2G

vp�
�
1aC.pm1H1/�����.pmgHg/

� � C � .r1m1 C � � � C rgmg/:

It is clear that whether or not � has growth bounded by .ri / does not depend on
the choice of .Hi /, although the constant C will so depend.

Theorem 3. Suppose � is a locally constant distribution with growth bounded by
.r1; : : : ; rg/, where ri 2 Œ0; 1/. Then there is a unique extension of � to an element

Q� 2 D.r1;:::;rg/.G;E/:

Proof. As usual it suffices to assume that G D H1 � � � � �Hg. Then the isomorphism

C .r1;:::;rg/.G;E/ Š OO
1�i�g

C ri .Hi ;E/

gives an explicit Banach space basis of C .r1;:::;rg/.G;E/, and the result is now clear.

Remark 7. The special case of Theorem 3 where G D Z2p , with its natural
quasi-factorization, is studied in §7.1 of Kim (2011), which was the inspiration for
many of the results of this paper.

3 Distributions on Ray Class Groups

We now consider the application of the above machinery to global settings. We give
a fairly general formulation, in the hope that this theory will be useful in contexts
other than those we consider in the sections below; sadly, this comes at the cost of
somewhat cumbersome notation.

Let K be a number field. As usual, we define a “modulus” of K to be a finite
formal product

QN
iD1 vnii where each vi is either a finite prime of K or a real place

of K, and ni 2 Z�0, with ni 	 1 if vi is infinite. We define a “pseudo-modulus” to
be a similar formal product but with some of the ni at finite places allowed to be1.
If F is a pseudo-modulus, then the ray class group of K modulo F is defined, and
we denote this group by GF.

Let F be a pseudo-modulus of K, and let ˙ be the finite set of primes p of K
such that p1 j F.

Let F be a finite extension of either Q or of Qp for some prime p, and V a
finite-dimensional F -vector space.

Definition 7. A growth parameter is a family ı D .ıp/p2˙ of non-zero elements of
OF indexed by the primes in ˙ .

Definition 8. A ray class distribution modulo F with growth parameter ı and values
in V to be the data of, for each modulus f dividing F, an element

˚f 2 F ŒGf�˝F V;
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such that:

1. We have Normf0

f ˚f0 D ˚f for all pairs of moduli .f; f0/ with f j f0 and f0 j F.
2. There exists an OF -lattice � � V such that for every f j F, we have ˚f 2

OF ŒGf�˝OF ı
�1
f �, where ıf DQp2˙ ı

�vp.f/
p .

We shall see in subsequent sections that systems of elements of this kind appear
in several contexts as steps in the construction of p-adic L-functions attached to
automorphic forms.

Since the natural maps GF ! Gf for f j F are surjective, and GF is equal to the
inverse limit of the finite groups Gf over moduli f j F, condition (1) implies that
we may interpret a ray class distribution as a locally constant distribution on GF

with values in V . Condition (2) can then be interpreted as a growth condition on this
locally constant distribution. Our goal is to investigate how this interacts with the
growth conditions studied in Sect. 2 above.

If the coefficient field F is a number field, then choosing a prime q of F allows
us to interpret V -valued ray class distributions as Vq-valued ray class distributions,
where Vq D Fq ˝F V . So we shall assume henceforth that F D E is a finite
extension of Qp for some rational prime p, as in Sect. 2.

Let us write F D g �Qp2˙ p1, for some modulus g coprime to ˙ . Then we have
an exact sequence

0! Eg!
Y

p2˙

O�K;p ! GF ! Gg ! 0

where Eg is the closure of the image in
Q

p2˙ O�K;p of the group of units of OK

congruent3 to 1 modulo g. Since Gg is finite, we see that if ˙ is a subset of the
primes above p, then GF is a p-adic analytic group; and if

f D
Y

p2˙

p
np

for some integers np, the kernel of the natural surjection GF ! Gfg is the imageHf

of the subgroup

Uf WD
Y

p2˙

.1C p
npOK;p/

� �
Y

p2˙

O�K;p:

The subgroupsHf for f j ˙1 form a basis of neighbourhoods of 1 in GF, so we
may regard a ray class distribution as a locally constant distribution onGF satisfying

3We adopt the usual convention in class field theory that if g is divisible by a real infinite place v,
“congruent to 1 modulo v” means that the image of the unit concerned under the corresponding
real embedding of K should be positive.
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a boundedness condition relative to the subgroupsHf. Our task is to investigate how
this interacts with the boundedness conditions considered in Sect. 2 above.

3.1 Criteria for Distributions of Order r

The following theorem gives a sufficient condition for a ray class distribution to
define a finite-order distribution on the group GF in the sense of Sect. 2.2, when ˙
is a subset of the of primes above p (so that GF is a p-adic analytic group). We
continue to assume that the coefficient field E is a finite extension of Qp, and (as
before) we write vp for the valuation on E such that vp.p/ D 1. We shall assume
for simplicity that the coefficient space V is simply E; the general case follows
immediately from this.

Theorem 4. Let � be a ray class distribution modulo F. Suppose � has growth
parameter .˛p/p2˙ , and define

r D
X

p2˙

epvp.˛p/;

where ep is the absolute ramification index of the prime p. Then�F, viewed as a locally
constant distribution on GF, has growth bounded by r in the sense of Definition 3.

In particular, if r < 1, there is a unique element Q� 2 Dr.GF; E/ extending �.

Proof. Let p 2 ˙ . We can choose some integer c � 0 such that the p-adic logarithm
converges on Up;k D .1 C pmOp/

� � O�p for all k � c, and identifies Up;k with the

additive group pkOp. In particular, Up;c is isomorphic to Z
ŒKpWQp �
p , and for m � 0 we

have

U
pm

p;c Š pmpciOp D p
cCepmOp Š Up;cCepm:

Now let p1; : : : ; pg be the primes in ˙ and choose a constant ci for each. Then the
subgroup U D Up1;c1 � � � � �Upg ;cg is an open subgroup of .OK ˝ Zp/� DQg

iD1 O
�
pi

,

and U Š ZŒKWQ�p . By increasing the ci if necessary, we may assume that the image of U
in GF is torsion-free and hence isomorphic to Zhp for some h 	 ŒK W Q�.

Let H be the image of U . Then the image of Upm is Hpm , clearly; so a
locally constant distribution on GF has order r if and only if there is C such that
vp�.1x�Hpm / � C � rm (this is just Definition 3, but with the group law on GF written
multiplicatively).
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However, we have

Upm D
gY

iD1

Upi ;ciCepi m
D

gY

iD1

.1C p
ciCepi m

i Opi /
�:

Thus GF=H
pm is the ray class group of modulus

fm WD g �
gY

iD1

p
ciCepi m

i ;

where g is (as above) the modulus such that F D g �Qg
iD1 p

1
i . So, if � is a ray class

distribution with growth parameter .˛p/p2˙ , then we know that the valuation of �.X/
where X is any coset of Hpm is bounded below by

C �
gX

iD1

vp.˛pi / � ordpi .fm/ D C 0 �m
gX

iD1

epi vp.˛pi / D C 0 � rm

for some constants C;C 0, where r is as defined in the statement of the theorem. So a ray
class distribution with growth parameter .˛p/p2˙ defines a locally constant distribution
on the p-adic analytic group GF whose growth is bounded by r , as required.

Note that this argument does not depend on the dimension ofGF (which is useful,
since this dimension depends on whether Leopoldt’s conjecture holds for K). This
result is essentially the best possible (at least using the present methods) when there
is a unique prime of K above p, or whenK is totally real and Leopoldt’s conjecture
holds (as we show in the next section). However, for other fields K finer statements
are possible using the theory of quasi-factorizations developed in Sect. 2.3, as we
shall see below.

3.2 A Converse Result for Totally Real Fields

Let us now suppose K is totally real. We also suppose that Leopoldt’s conjecture
holds for K, so the image of E in

Q
pjp O

�
p has rank n � 1. We shall take F D p1g

for some modulus g coprime to p, so ˙ D ˙p is the set of all primes dividing p.
Leopoldt’s conjecture implies that Gp1g is a p-adic analytic group of dimension 1;
thus, in particular, the notions of finite-order functions and distributions on Gp1g

are just the standard ones.
We shall prove the following theorem:

Theorem 5. Let ˛ D .˛p/p2˙p be elements of E, and let h 2 R�0. Then the
implication
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Every ray class distribution modulo p1g of growth parameter ˛ is a locally constant
distribution on Gp1g with growth bounded by h

is true if and only if the inequality

X

p2˙p

epvp.˛p/ 	 h

holds.

We retain the notation of the proof of Theorem 4, so p1; : : : ; pg are the primes
above p, and for each i , ci is a constant such that for all k � ci the logarithm map
identifiesUpi ;k with the additive group .pi /m, and the image ofU D Up1;c1�: : : Upg ;cg

in G is torsion-free and hence isomorphic to Zp .
Enlarging the ci further if necessary, we may assume that there is an integer w

independent of i such that for each i the image of pcii under the trace map T rKpi =Qp

is pwZp . Let di D ŒKpi W Qp�.

Proposition 1. For each i there exists a basis bi1; : : : ; bidi of pcii as a Zp-module
such that

TrKpi =Qp .bij / D pw

for each j .

Proof. Elementary linear algebra.

Proposition 2. The isomorphism

U Š Znp

(where n D ŒK W Q� D Pg

iD1 di ) given by the bases bi1; : : : ; bidi for 1 	 i 	 g

identifies the closure of E \ U with the submodule

� D f.x1; : : : ; xd / 2 Zdp W
dX

jD1

xj D 0g:

Proof. With respect to the basis b1; : : : ; bei fi of p
ci
i , the trace map is given by

.x1; : : : ; xdi / 7! pw
P

j xj , so our isomorphism

U
log�!

gY

iD1

p
ci
i

Š�! Znp

identifies � with the elements of U whose norm down to Q is 1. However, since U is
torsion-free, any u 2 U \ E satisfies NormK=Q.u/ D 1, so � contains the closure of
E \ U , which we write as �0.
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By Leopoldt’s conjecture (which we are assuming), �0 has Zp-rank .n � 1/, the
same as �; so the quotient �

�0
is finite. However, we obviously have

U

�0
Š Zp ˚ �

�0
I

and U
�0
D U.p1; pc11 : : : pcgg / is torsion-free, so we must have � D �0.

Proposition 3. Let H be the image of U in Gp1g, and let Hm D Hpm as above.
Supposem � 1. Then if r1; : : : ; rg are integers such that the image inG of Up1;r1 �� � ��
Upg ;rg is contained in Hm, we must have ri � ci C eim for all i .

Proof. If the image of Up1;r1 �� � � �Upg ;rg is contained inHm, then the same must also
be true with .r1; : : : ; rg/ replaced by .r 01; : : : ; r

0
g/ where r 0i D sup.ri ; ci /. So we may

assume without loss of generality that ri � ci for all i . Now the result is clear from the
above description of the image of the global units.

This result clearly implies Theorem 5.

Remark 8. Curiously, the results above seem to conflict with some statements asserted
without proof in Panchishkin (1994) (and quoted by some other subsequent works). The
group studied in op. cit. corresponds in our notation to Ggp1 , where g is the product
of the infinite places, and K is assumed totally real. (ThusGgp1 corresponds via class
field theory to the Galois group of the maximal abelian extension of K unramified
outside p and the infinite places; it is denoted by Galp in op. cit.)

In Definition 4.2 of op. cit., a locally constant distribution � on Ggp1 is defined to
be 1-admissible if

sup
a

ˇ
ˇ�
�
1aC.m/

�ˇ
ˇ D o

�
jmj�1p

�
:

Paragraph 4.3 of op. cit. then claims that a 1-admissible measure extends uniquely to
an element of Dla.Ggp1 ; E/ which, regarded as a rigid-analytic function on the space
Xp parametrizing characters of Ggp1 , has growth o.log.1C X//.

This is consistent with Theorems 4 and 5 above if there is only one prime above p.
However, if there are multiple primes above p, it is not so clear how jmj is to be defined
for general ideals m j p1 of K, and the uniqueness assertion of Conjecture 6.2 of
op. cit. (which is asserted to be a consequence of the theory of h-admissible measures)
contradicts Theorem 5 of the present paper.

3.3 Imaginary Quadratic Fields

LetK be an imaginary quadratic field. If p is inert or ramified inK then there is only
one prime p ofK above p, and hence there is no canonical direct sum decomposition
of LieGp1 Š Kp. On the other hand, we can find one when p splits:
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Proposition 4. If K is imaginary quadratic and p D pp is split, then the images of
LieO�K;p and LieO�

K;p
in Lie.Gp1/ form a quasi-factorization.

Proposition 5. Let � be a ray class distribution modulo p1g with growth parameter
.˛p; ˛p/. Then � has growth bounded by .vp.˛p/; vp.˛p// in the sense of Definition 6.

Proof. Clear by construction.

Combining the above with Theorem 3 we have the following:

Theorem 6. Let K be an imaginary quadratic field in which p D pp is split, and let
� be a ray class distribution modulo p1g with values in V and growth parameter
.˛p; ˛p/. Let r D vp.˛p/ and s D vp.˛p/. If r; s < 1, then there is a unique distribution

Q� 2 D.r;s/.Gp1 ; E/˝E V

such that the restriction of Q� to LC.Gp1 ; E/˝E V is �. If we have r C s < 1, then Q�
lies in DrCs.Gp1 ; E/˝E V and agrees with the element constructed in Theorem 4.

3.4 Fields of Higher Degree

When K is a non-totally-real extension of degree >2, one can sometimes find
interesting quasi-factorizations of Gp1 by considering subsets of the primes above
p. If we identify Gp1 with the Galois group of the maximal abelian extension
K.p1/=K unramified outside p, we seek to write K.p1/ as a compositum of
smaller extensions, each ramified at as few primes as possible. We give a few
examples of the behaviour that occurs when p is totally split.

Example 1 (Mixed signature cubic fields). SupposeK is a non-totally-real cubic field,
and p is totally split in K, say p D p1p2p3. Then Gp1 has dimension 2 (since
Leopoldt’s conjecture is trivially true in this case), and the images of the groups O�K;pi
inGp1 give three pairwise-disjoint one-dimensional subspaces of LieGp1 , so any two
of these form a quasi-factorization. One therefore obtains three quasi-factorizations of
Gp1 .

One checks that with respect to the quasi-factorization given by p1 and p2, a ray
class distribution of parameter .˛p1 ; ˛p2 ; ˛p3 / has growth bounded by .r; s/ if and only
if vp.˛p1/ C vp.˛p3/ 	 r and vp.˛p2 /C vp.˛p3 / 	 s. For instance, if all ˛i are equal
and their common valuation h is < 1

2
, then can construct a locally analytic distribution

(indeed three of them), while Theorem 4 would only apply if h < 1
3
. For the cases

1
3
	 h < 1

2
, it is not immediately obvious whether the interpolations provided by the

three quasi-factorizations are equal or not, but we shall see in the next section that this
is indeed the case.

Example 2 (Quartic fields). Suppose K is a totally imaginary quartic field, and p is
totally split in K. As in the previous example, O�K has rank 1 and thus Leopoldt’s
conjecture is automatic, so Gp1 has rank 3. We can obtain a quasi-factorization of
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Gp1 by considering the images of the Lie algebras of O�K;pi for 1 	 i 	 3; then (much
as in the previous case) we find that the condition for a ray class distribution to have
growth bounded by .r; s; t/ is that

vp.˛1/C vp.˛4/ 	 r;
vp.˛2/C vp.˛4/ 	 s;
vp.˛3/C vp.˛4/ 	 t:

A slightly more intricate class of quasi-factorizations can be obtained as follows. We
can choose a basis for LieO�K;pi for each i such that the Lie algebra of the subgroup

EK corresponds to the subspace � of Q4
p spanned by .1; 1; 1; 1/. Then choosing a

quasi-factorization amounts to choosing a basis of the 3-dimensional space of linear
functionals on Q4

p which vanish on �. One such basis is given by the functionals
mapping .x1; x2; x3; x4/ to fx1 � x4; x2 � x4; x3 � x4g, and this gives the quasi-
factorization we have already seen. However, we can also consider the functionals
fx1�x2; x2�x3; x3�x4g. One checks then that the condition for a ray class distribution
to have growth bounded by .r; s; t/ is

vp.˛1/C vp.˛2/ 	 r;
vp.˛2/C vp.˛3/ 	 s;
vp.˛3/C vp.˛4/ 	 t:

One can generalize the last example to a much wider range of number fields
under suitable assumptions on the position of LieEK inside Lie.Zp ˝ OK/

� (which
amounts to assuming a strong form of Leopoldt’s conjecture, such as that formulated
in Calegari and Mazur (2009)).

3.5 A Representation-Theoretic Perspective

For simplicity let us suppose that K has class number 1 and g D .1/, so G WD
Gp1 D U=� where U DQg

iD1 O
�
pi

and � D O�K . Pick real numbers r1; : : : ; rg with
ri 2 Œ0; 1/ \ vp.E�/.

We consider the inclusion

LC.U;E/� ,! C .r1;:::;rg/.U;E/�;

where we give U the obvious quasi-factorization. We have, of course, LC.U;E/� D
LC.U=�;E/ D LC.G;E/. The following proposition is immediate from the
definitions:
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Proposition 6. Let � be an element of D.r1;:::;rg/.U;E/. Then the restriction of � to
LC.U;E/� is a ray class distribution of parameter .˛1; : : : ; ˛g/, where the ˛i are any
elements with vp.˛i / D ri .

Conversely, any ray class distribution of parameter .˛1; : : : ; ˛g/ defines a linear
functional on LC.U;E/� which is continuous with respect to the subspace topology
given by the inclusion into C .r1;:::;rg/.U;E/.

However, even though LC.U;E/ is dense in C .r1;:::;rg/.U;E/, it does not neces-
sarily follow that LC.U;E/� is dense in C .r1;:::;rg/.U;E/�; the completion of the
invariants may be smaller than the invariants of the completion.

Example 3. Consider the case where U is Z2p with its natural quasi-factorization, and

� is the subgroup f.x; y/ W x C y D 0g. Then a continuous function f W U ! E is �-
invariant if and only if there is a function h 2 C0.Zp;E/ such that f .x; y/ D h.xCy/.
So the coefficients in the Mahler–Amice expansion f .x; y/ D P

m;n am;n
�
x
m

��
y
n

�
are

given by am;n D bmCn, where h.x/ DPn�0 bn
�
x

n

�
. Since the functions

pbr1`.m/Cr2`.n/c

 
x

m

! 
y

n

!

are a Banach basis of C .r1;r2/.U;E/, we see that f is in this space if and only if

lim
m;n!1

vp.bmCn/� r1`.m/� r2`.n/ D1:

The supremum of r1`.m/ C r2`.n/ over pairs .m; n/ with m C n D k is .r1 C
r2/`.k/CO.1/ as k !1, so this is equivalent to

lim
k!1

vp.bk/� .r1 C r2/`.k/ D 1;

which is precisely the condition that h is C r where r D r1 C r2. Moreover, this gives
a Banach space isomorphism between C r.Zp;E/ and C .r1;r2/.U;E/� preserving the
subspaces of locally constant functions, so if r1 C r2 � 1 we see that LC.U;E/� is not
dense in C .r1;r2/.U;E/�.

Remark 9. In Sect. 3.4, we gave criteria for locally constant functions on U=� to be
dense in a Banach space whose topology is coarser than that of C .r1;:::;rg/.U;E/�.
This in particular implies that such functions are dense in C .r1;:::;rg/.U;E/� in these
cases, and hence that the multiple possible choices of auxilliary quasi-factorizations
considered in the examples above do all give the same distribution on G when they
apply.



372 D. Loeffler

4 Construction of p-Adic L-Functions

We now give the motivating example of a ray class distribution: the distribution
constructed from the Mazur–Tate elements of an automorphic representation of
GL2 =K.

4.1 Mazur–Tate Elements

LetK be a number field, and˘ an automorphic representation of GL2 =K. We make
the following simplifying assumptions:

1. ˘ is cohomological in trivial weight, i.e. the .g;K1/-cohomology of˘ does not
vanish, whereK1 is a maximal compact connected subgroup of GL2.K ˝ R/;

2. The central character of ˘ is trivial.

Conditions (1) and (2) are satisfied, for instance, if ˘ is the base-change to K of
the automorphic representation of GL2 =Q attached to a modular form of weight 2
and trivial nebentypus. It follows from (1) and (2) that there exists a finite extension
F=Q inside C such that the GL2.A1K /-representation ˘1 can be defined over F ,
and in particular the Hecke eigenvalues al.˘/ for each prime l of K are in OF .

Theorem 7 (Haran). Under the above assumptions, there exists a finitely-generated
OF -submodule �˘ of C, and for each ideal f of K coprime to the conductor of ˘ an
element

�f.˘/ 2 ZŒGf�˝Z �˘;

where Gf is the ray class group modulo f, such that the following relations hold:

(i) (Special values) If ! is a primitive ray class character of conductor f, then

!
�
�f.˘/

� D Lf.˘;!; 1/

�.!/ � jfj1=2 � .4�/ŒKWQ�

where Lf.˘;!; s/ denotes the L-function of ˘ twisted by !, without the Euler
factors at 1 or at primes dividing f, and �.!/ is the Gauss sum (normalized so
that j�.!/j D 1);

(ii) (Norm relation) For l a prime not dividing the conductor of ˘ , we have

Normfl
f �fl.˘/ D

( �
al.˘/� 
l � 
�1l

�
�f.˘/ if l − f,

al.˘/�f.˘/ ��f=l.˘/ if l j f.

where 
l denotes the class of l in Gf.
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Proof. See Haran (1987). (Note that in the main text of op. cit. it is assumed that K is
totally imaginary, but this assumption can easily be removed, as noted in section 7.)

Remark 10. In fact one can obtain essentially the same result under far weaker
assumptions: it suffices to suppose that ˘ is cuspidal, cohomological (of any weight),
and critical. However, the necessary generalizations of Shai Haran’s arguments are
time-consuming, so we shall not consider this more general setting here. For the case
when K is totally real, but ˘ has arbitrary critical weight and central character, see
Dimitrov (2013).

We refer to the elements �f.˘/ 2 ZŒGf� ˝Z �˘ as Mazur–Tate elements, since
they are closely analogous to the group ring elements considered in Mazur and Tate
(1987). The coefficient module�˘ is in fact rather small, as the following result (an
analogue of the Manin–Drinfeld theorem) shows:

Proposition 7. The OF -submodule�˘ � C may be taken to have rank 1.

Proof. We know that �˘ is finitely-generated, so it suffices to show that F ˝OF �˘
is 1-dimensional.

To prove this, we must delve a little into the details of Shai Haran’s construction.
The elements �f.˘/ for varying ˘ are all obtained from a “universal Mazur–Tate
element” in the module ZŒGf�˝HBM

r .Y;Z/, where Y is a locally symmetric space for
GL2.AK/ andHBM

r is Borel–Moore homology (the homological analogue of compactly
supported cohomology). Here r D r1 C r2, where r1 and r2 are the numbers of real
and complex places of K. The element �f.˘/ is obtained by integrating the universal
Mazur–Tate element against a class in Hr

par.Y;C/ arising from ˘ . However, it follows
from the results of Harder (1987) that there is a unique Hecke-invariant section of the
projection map

Hr
c .Y;C/! Hr

par.Y;C/;

and the ˘ -isotypical component of Hr
c .Y;C/ is 1-dimensional and descends to

Hr
c .Y; F /. Thus, after renormalizing by a single (probably transcendental) complex

constant depending on ˘ , the Mazur–Tate elements for˘ can be obtained as values of
the perfect pairing

HBM
r .Y; F / �Hr

c .Y; F /! F;

so we deduce that F ˝OF �˘ has dimension 1 as claimed.

4.2 Stabilization

We now introduce “˙ -stabilized” versions of the �f.˘/, again following Haran
(1987) closely. Let F be a pseudo-modulus of K, and ˙ the set of primes p such
that p1 j F, as before. We assume that none of the primes p 2 ˙ divide the
conductor of ˘ .
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Definition 9. An ˙ -refinement of ˘ is the data of, for each p 2 ˙ , a root ˛p 2 F of
the polynomial

Pp.˘/ D X2 � ap.˘/X CNK=Q.p/ 2 F ŒX�

(the local L-factor of ˘ at p).

We write ˇp for the complementary root to ˛p. By enlarging F if necessary, we
may assume that the ˛p and ˇp all lie in F .

We introduce a formal operator Rp on the �f.˘/’s by Rp � �f.˘/ D �f=p.˘/

whenever p j f. Then it is easy to see that the Rp for different p j f commute with
each other, so we can define

�˙
f .˘/ D ˛�1f

0

@
Y

p2˙

.1� ˛�1p Rp/

1

A�f.˘/;

whenever f is divisible by all p 2 ˙ , where ˛f stands for the product

˛f WD
Y

p2˙

˛
�vp.f/
p :

Then one checks that we have

Normfp
f

�
�˙

fp.˘/
� D �˙

f .˘/

for any p such that p j f and p 2 ˙ . We can therefore extend the definition of�˙
f .˘/

uniquely to all f j F1 in such a way that this formula still holds.

Corollary 1. Let F be a pseudo-modulus of K and write F D gF1, where F DQ
p2˙ p1 and g is coprime to ˙ . Then the elements

˚
�˙

fg.˘/ W f j F1
�

defined above form a ray class distribution modulo F, with values in F ˝OF �˘ and
growth parameter .˛p/p2˙ .

4.3 Consequences for p-Adic L-Functions

We now summarize the results on p-adic L-functions that can be obtained by
applying our theory to the ray class distributions constructed in Sect. 4.2. As before,
let F be a number field, and E be the completion of F at some choice of prime
above p; and let vp denote the p-adic valuation on E normalized so that vp.p/ D 1.

Theorem 8. Let K be an arbitrary number field and ˙ a subset of the primes of K
above p, and let F be the pseudo-modulus g �Qp2˙ p1, where g is a modulus coprime
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to ˙ . Let ˘ be an automorphic representation of GL2 =K with Hecke eigenvalues in
F , satisfying the hypotheses (1) and (2) of Sect. 4.1, and unramified at the primes in˙ .
Let ˛ D .˛p/p2˙ be a ˙ -refinement of ˘ defined over F . If we have

h D
X

p2˙

epvp.˛p/ < 1;

then there is a unique distribution Lp;˛.˘/ 2 Dh.GF; E/ ˝OF �˘ such that for all
finite-order characters ! of GF whose conductor is divisible by g, we have

Lp;˛.˘/.!/ D
0

@
Y

p2˙

˛
�ordpf
p

1

A �
0

@
Y

p2˙;p−f

.1 � ˛�1p !.p//.1� ˛�1p !.p/�1/

1

A

� Lf.˘;!; 1/

�.!/ � jfj � .4�/ŒKWQ� ; (2)

where f is the conductor of !.

Proof. This is immediate from Theorem 7 and Corollary 1 except for the formula for
Lp;˛.˘/.!/ when f is not divisible by all primes in ˙ ; the latter follows via a short
explicit calculation from part (ii) of Theorem 7.

If K is imaginary quadratic and p is split, we obtain a slightly finer statement
using the quasi-factorization above:

Theorem 9. Let K be an imaginary quadratic field in which p D pp splits, and let˘
be an automorphic representation satisfying the hypotheses (1) and (2) of Sect. 4.1 with
Hecke eigenvalues in F , and unramified at p and p. Let ˛ D .˛p; ˛p/ be a p-refinement
of ˘ defined over F .

If we have

r D vp.˛p/ < 1 and s D vp.˛p/ < 1;

then there is a unique distribution Lp;˛.˘/ 2 D.r;s/.Gp1 ; E/˝OF �˘ satisfying the
interpolating property (2).

Note that every˘ will admit at least one p-refinement satisfying the hypotheses
of Theorem 9, and indeed if˘ is non-ordinary at p and p then all four p-refinements
do so; but at most two of the four p-refinements, and in many cases none at all, will
satisfy the hypotheses of Theorem 8.

Remark 11. Applying Theorem 9 to the base-change of a classical modular form, we
obtain Conjecture 6.13 of our earlier paper (Loeffler and Zerbes 2011) for all weight 2
modular forms whose central character is trivial.

Remark 12. Examples of ray class distributions appear to arise in more or less
any context where p-adic interpolation of L-values of non-ordinary automorphic
representations over general number fields is considered. For instance, the works of
Ash–Ginzburg (1994) on p-adic L-functions for GL2n over a number field, and of
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Januszewski on Rankin–Selberg convolutions on GLn �GLn�1 over a number field
(Januszewski 2011), can both be viewed as giving rise to a ray class distribution
(with some parameter depending on the Hecke eigenvalues of the automorphic
representations involved). Thus the theory developed in this paper allows these works
to be extended to non-ordinary automorphic representations of (sufficiently small)
non-zero slope.

5 The ap D 0 Case

We now concentrate on a special case of Theorem 9, where K is imaginary
quadratic with p split and ap.˘/ D ap.˘/ D 0 (as in the case of the automorphic
representation attached to a modular elliptic curve with good supersingular reduc-
tion at the primes above p, assuming p � 5). Then the two Hecke polynomials at
p and p are the same, and we write f˛; ˇg for their common set of roots, which are
both square roots of �p and in particular have normalized p-adic valuation 1

2
. Thus

Theorem 9 furnishes four p-adic L-functions.

Remark 13. None of these four L-functions can be obtained using Theorem 8.
Moreover, the restriction of any of the four to a “cyclotomic line” in the space of
characters ofGp1 (i.e. a coset of the subgroup of characters factoring through the norm
map) is a distribution of order 1, and thus not determined uniquely by its interpolating
property. Thus, paradoxically, it is easier to interpolate L-values at a larger set of twists
than a smaller one.

We know that the module�˘ in which our Mazur–Tate elements are valued has
rank 1 over OF . We may thus choose an OE -basis ˝˘ of OE ˝OF �˘ . Let us write

�˛;˛ D Lp;.˛;˛/.˘/

˝˘

2 D.1=2;1=2/.Gp1 ; E/

and similarly for �˛;ˇ , �ˇ;˛, �ˇ;ˇ.

Proposition 8. The distributions

�C;C D �˛;˛ C �˛;ˇ C �ˇ;˛ C �ˇ;ˇ
�C;� D �˛;˛ � �˛;ˇ C �ˇ;˛ � �ˇ;ˇ
��;C D �˛;˛ C �˛;ˇ � �ˇ;˛ � �ˇ;ˇ
��;� D �˛;˛ � �˛;ˇ � �ˇ;˛ C �ˇ;ˇ

all lie inD.1=2;1=2/.Gp1 ; E/, and have the property that if ! is a finite-order character
of conductor pnppnp , with both np; np > 0, then ��;ı vanishes at ! unless � D .�1/np
and ı D .�1/np .

Proof. Clear from the interpolating property of the �’s.
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Thus each of the distributions ��;ı, for �; ı 2 fC;�g, vanishes at three-quarters
of the finite-order characters of the p-adic Lie group Gp1 .

We now interpret this statement in terms of divisibility by half-logarithms. Let
logCp be Pollack’s half-logarithm on O�K;p Š Z�p (cf. Pollack 2003) which is a

distribution of order 1/2 with the property that logCp .�/ vanishes at all characters
� of Z�p of conductor pn with n an odd integer (and no others). Similarly, let log�p
be the half-logarithm which vanishes at characters of conductor pn with n positive
and even. We define logCp and log�p as distributions on Gp1 by pushforward, and

similarly log˙p .

Proposition 9. For �; ı 2 fC;�g, the distribution ��;ı is divisible in Dla.Gp1/ by
log�p logıp .

Proof. We begin by introducing distributions

�C;˛ D �˛;˛ C �ˇ;˛
�C;ˇ D �˛;ˇ C �ˇ;ˇ
��;˛ D �˛;˛ � �ˇ;˛
��;ˇ D �˛;ˇ � �ˇ;ˇ:

We claim that �C;˛ and �C;ˇ are divisible by logCp , and ��;˛ and ��;ˇ by log�p .
We prove only the first of these four statements, since the proofs of the other three
are virtually identical. If � is any finite-order character such that np.�/ (the power
of p dividing the conductor of �) is positive and odd, then �C;˛ vanishes at � by
construction.

Since �C;˛ is in D.1=2;1=2/.Gp1 ; E/, it follows that it must vanish at any character
ofG whose pullback to O�K;p is of finite order with odd p-power conductor. Hence �C;˛
is divisible by logCp inD.1=2;1=2/.Gp1 ; E/ (and the quotient clearly has order .0; 1=2/).

We now apply the same argument in the other variable, to show that �˛;C D �˛;˛C
�˛;ˇ is divisible by logC

p
, etc. This shows that�C;C is divisible by both logCp and logC

p
.

These two distributions are coprime (if we regard them as rigid-analytic functions on the
character space ofGp1 , the intersection of their zero loci is a subvariety of codimension
2) so we are done.

Corollary 2. There exist four bounded measures

LC;Cp ;LC;�p ;L�;Cp ;L�;�p 2 �F .Gp1/
such that

Lp;.˛;˛/.˘/

˝˘

D 1

4

�
LC;Cp logCp logC

p
CLC;�p logCp log�p

CL�;Cp log�p logC
p
CL�;�p log�p log�p

�

and similarly for the other three unbounded L-functions.



378 D. Loeffler

Remark 14. If ˘ is the base-change to K of a weight 2 modular form, then �˛;˛ and
�ˇ;ˇ coincide with the distributions constructed in Kim (2011), up to minor differences
in the local interpolation factors. Hence the above corollary proves the conjecture
formulated in op. cit. However, it does not appear to be possible to construct the signed
distributions LC;Cp etc. solely from �˛;˛ and �ˇ;ˇ; it seems to be necessary to use �˛ˇ
and �ˇ˛ as well, and these last two are apparently not amenable to construction via
Rankin–Selberg convolution techniques as in op. cit.
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On Equivariant Characteristic Ideals
of Real Classes

Thong Nguyen Quang Do

1 Introduction

Fix an odd prime p and a Galois extension F=k of totally real number fields,
with group G D Gal.F=k/. Let F1 D [

n�0
Fn the cyclotomic Zp-extension of

F , � D Gal.F1=F /, G1 D Gal.F1=k/, � D ZpŒŒ� ��, A D ZpŒŒG1��. Take
Sf D Sp [ Ram.F=k/, S D S1 [ Sf , where S1 (resp. Sp/ is the set of
Archimedean primes (resp. primes above p/ of k and Ram.F=k/ is the set of
places of k which ramify in F=k. By abuse of language, we also denote by S the
set of primes above S in any extension of k. Let GS.Fn/ be the Galois group over
Fn of the maximal algebraic S -ramified (i.e. unramified outside S ) extension of
Fn. Since p is odd and S contains Sp [ S1, it is known that cdp.GS.Fn// 	
2 (see e.g. Neukirch et al. 2008, Propos 8.3.18). Furthermore, the continuous
cohomology groups Hi

S.Fn;Zp.m// WD Hi.GS.Fn/;Zp.m//, m 2 Z, coincide
with the étale cohomology groups Hi

ét.OFnŒ1=S�;Zp.m//. We are interested in the
A-modules Hi

Iw;S .F1;Zp.m// WD lim �
cores

Hi
S.Fn;Zp.m// (Hi

Iw.: / for short if there

is no ambiguity on S ), to which can be attached invariants containing important
arithmetical information.

For instance, if G is abelian and the �-invariant associated to F1=F vanishes,
it can be shown that, for any m � 0 (mod 2), the initial A – Fitting ideal of
H2
Iw.F1;Zp.m// is given by the formula:

FitA.H
2
Iw.F1;Zp.m/// D twm.IG1: �S / (1)
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where twm denotes the automorphism of the total ring of fractions QA induced by
the mth-Iwasawa twist 
 7! �mcyc 


�1; �cyc is the cyclotomic character, IG1 is
the augmentation ideal of ZpŒŒG1�� and �S 2 Q A is the Deligne-Ribet pseudo-
measure associated with G1 (Nguyen Quang Do 2005, thms 3.1.2, 3.3.3). Note
that for m < 0, we implicitly assume the validity of the mth-twist of Leopoldt’s
conjecture; see Proposition 4 below.

The identity (1) was shown by using the (abelian) Equivariant Main Conjecture
(EMC for short) of Iwasawa theory in the formulation of Ritter and Weiss (2002,
theorem 11). Here “equivariant” means that the Galois action of G is taken into
account. One salient feature of formula (1) is that it allows a proof by descent
of the p-part of the Coates-Sinnott conjecture, as well as a weak form of the p-
part of Brumer’s conjecture (Nguyen Quang Do 2005, thms 4.3, 5.2). On the same
subject, let us report the approach of Burns and Greither (2003b, theorems 3.1, 5.1
and corollary 2) using the Iwasawa theory of complexes initiated by Kato and
subsequently extended by Nekovar (2006). See also Greither and Popescu (2013).

After the recent proof of the non commutative EMC (under the hypothesis that
� D 0, see Kakde 2013; Ritter and Weiss 2011), no doubt that the above results
could be extended to the case whereG is non abelian (this has been done recently by
Nickel 2013). But in this article, we are mainly interested in the odd twists, m � 1

(mod 2), which are not a priori covered by the EMC. Since there are so many “main
conjectures” floating around, a short explanation is in order. Let us come back to the
classical Main Conjecture, or Wiles’ theorem (WMC for short, see Wiles 1990) and
take G D .1/ for simplicity. The Galois group X1 over F1 of the maximal abelian
.p/-ramified pro-p-extension of F1 is a �-torsion module because F is totally
real, and the �-characteristic series of X1 is precisely related by the WMC to the
Deligne-Ribet pseudo-measure attached to the maximal pro-p-quotient of Gab

S .F /

(where S D S1[Sp). If we allow – just for this discussion – the base field F to be a
CM-field, then .tor�X1/C D XC1 by the weak Leopoldt conjecture, and it is related
by Spiegelung (reflection theorems) to the “minus part”X�1 of the Galois group over
F1 of the maximal abelian unramified pro-p-extension of F1, so that we know the
�-characteristic series ofX�1 in terms ofLp-functions. However our intended study
of odd twists actually concerns the “plus part” XC1, at least because if �p 2 F , then
X 01.m� 1/ is contained inH2

Iw.F1;Zp.m// (see Proposition 4 below), whereX 01
is obtained from X1 by adding the condition that all .p/-primes (hence all finite
primes, because at a non .p/-prime, the local cyclotomic Zp-extension coincides
with the local maximal non ramified pro-p-extension) must be totally split. A related
problem is Greenberg’s celebrated conjecture – a “reasonable” generalization of
Vandiver’s – which asserts the finiteness ofXC1 (or equivalently ofX

0C1 ). Not much
is known on the plus parts. Let us recall some results in the case where k D Q; F

is totally real and G is abelian:

• It is well known that the WMC is equivalent to the so-called “Gras type” equality
(because it implies the Gras conjecture):

char� X1 D char�.U1=C1/ (2)



On Equivariant Characteristic Ideals of Real Classes 381

where U1 (resp. C1) denotes the inverse limit (w.r.t. norms) of the p-
completions Un (resp. Cn) of the groups of units (resp. circular units) along
the cyclotomic tower of F . But the right hand side �-characteristic series is
not known. Besides, this Gras type equality comes from the multiplicativity of
char�.: / in the exact sequence of class-field theory relative to inertia:

0! U1=C1 ! U1=C1 ! X1 ! X1 ! 0;

where U1 is the semi-local analogue of U1. But when passing from� to A; no
straightforward equivariant generalization (of A-characteristic series of modules
and their multiplicativity) is known.

• Galois annihilators of X 01 have been explicitly computed in Nguyen Quang Do
and Nicolas (2011) and Solomon (2010), as well as Fitting ideals in the semi-
simple case in Nguyen Quang Do and Nicolas (2011).

In this context, the main result of this paper will be an explicit equivariant
generalization of the Gras type equality (2) for all odd twists (see Theorem 2 below).

The proof will proceed in essentially two stages:

• Use a “limit theorem” in the style of Burns and Greither (2003a, thm 6.1; this
is also an EMC, but we don’t call it so for fear of overload), but expressed in
the framework of the Iwasawa theory of perfect torsion complexes as in Witte
(2006), to relate the A-determinant of H2

Iw.F1;Zp.m//, m odd, to that of a
suitable quotient of H1

Iw.F1;Zp.m//
• Use an axiomatization of a method originally introduced by Kraft and Schoof

for real quadratic fields (Kraft and Schoof 1995) to compute explicitly the latter
determinant (which will actually be an A-initial Fitting ideal).

Summary of Iwasawa theoretic notations

F a number field
F1 DSn�0 Fn the cyclotomic Zp-extension of F
�n D Gal.Fn=F /, � D Gal.F1=F /, � D ZpŒŒ� ��

If moreover F=Q is Galois
Gn D Gal.Fn=Q/, G1 D Gal.F1=Q/, A D ZpŒŒG1��
An (resp. A0n)D the p-group of ideal classes (resp. .p/-classes) of Fn
X1 (resp. X 01) D lim An (resp. A0n) w.r.t. norms

X1 D the Galois group over F1 of the maximal abelian pro-p-extension of
F1 which is unramified outside p
NUn D the p-completion of the group of units of FnNU1 D lim 

NUn w.r.t. norms

If moreover F=Q is abelian:
NCn D the p-completion of the group of circular units of FnNC1 D lim 

NCn w.r.t. norms
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2 Generators and Relations, and Fitting Ideals

We study in this section an axiomatic method for describing certain (initial) Fitting
ideals by generators and relations. It was first introduced by Kraft and Schoof
(1995) for quadratic real fields, and subsequently applied by Solomon (2010) to
the cyclotomic field Q.�p/

C.

2.1 General Case

Since the process is purely algebraic, we can relax here the assumptions on k and F
imposed in the introduction. So F=k will just be a Galois extension with group G,
and the usual Galois picture will be:

Note that A D �ŒH� is equal to �ŒG� if and only if k1 \ F D k. Put Rn D
ZpŒGn�, Rn;a D Z=pa ŒGn�.

Hypothesis: We are given a projective (w.r.t. norms) system of Rn-modules Vn
which are Zp-free of finite type, as well as a projective subsystem Wn � Vn such
that each Wn is Rn-free of rank 1. In other words, there is a norm coherent system
� D .�n/; �n 2 Vn; such that Wn D Rn: �n for all n � 0. Without any originality, a
pair .Vn;Wn/n�0 as above will be called admissible.

At the time being, we don’t worry about the existence of such systems .Wn; Vn/n.
Arithmetical examples will be given later in Sects. 2 and 3.

Goal: denoting by Bn the quotient Vn=Wn, describe the module t Bn (where t.: /
means Zp-torsion) by generators and relations.

In the sequel, for two left modules X; Y , the Galois action on Hom.X; Y / will
always be defined by 
f .x/ D 
.f .
�1x//. The Pontryagin dual of X will be
denoted by X�:

Proposition 1. For any n � 0,

.t Bn/
� ' Rn=Dn; where Dn D f

X


2Gn
f .
�1�n/: 
 I f 2 Hom .Vn;Zp/g :
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Proof. We follow essentially the argument of Kraft and Schoof (1995, thm 2.4).
For any a � 0, the snake lemma applied to the pa-th power map yields an exact
sequence:

0! BnŒp
a�! Wn=p

a ! Vn=p
a ! Bn=p

a ! 0

(the injectivity on the left is due to the fact that Vn is Zp-free).
Applying the functor HomGn.: ; Rn;a/; we get another exact sequence of Rn;a-

modules:

! HomGn

�
Vn;Rn;a

�! HomGn

�
Wn;Rn;a

�! HomGn

�
BnŒp

a�; Rn;a
�!

But Rn;a is a Gorenstein ring, which means that R�n;a is a free Rn;a-module
of rank 1, hence, for any finite Rn;a-module M , the canonical isomorphism

HomRn

�
M;R�n;a

� �!M � gives rise to anRn;a-isomorphism HomRn

�
M;Rn;a

� �!M �,
f 7!  ı f , where  is a chosen Rn;a-generator Rn;a ! Qp=Zp . It follows that
the functor HomRn

�
: ; Rn;a

�
is exact and we have

! HomRn

�
Vn;Rn;a

�! HomRn

�
Wn;Rn;a

�! B�n =pa ! 0

Taking lim
 �
a

, we derive an exact sequence:

! HomRn.Vn;Rn/
res�!HomRn.Wn;Rn/! .tBn/

� ! 0 :

But Wn D Rn: �n; hence an element f 2 HomRn.Wn;Rn/ is determined by the

value f .�n/, i.e. HomRn.Wn;Rn/
�!Rn, f 7! f .�n/, and the above exact sequence

becomes: HomRn.Vn;Rn/! Rn ! .tBn/
� ! 0.

In other words, .tBn/� ' Rn=ff .�n/ I f 2 HomGn.Vn;Rn/g. The canonical

isomorphism HomZp .M;Zp/
�!HomRn.M;Rn/, f 7! F such that F.m/ D

X


2Gn
f .
�1m/: 
 , 8m 2M , gives the desired result.

Corollary 1. AnnRn
�
.tBn/

��D FitRn
�
.tBn/

��D Dn

Proof. The Proposition 1 shows at the same time that .tBn/� is Rn-cyclic, hence
its Rn-annihilator and Rn-Fitting ideal coincide, and that FitRn

�
.tBn/

��D Dn.

Definition 1. In the sequel, we shall denote by D.F1/ (or D1 for short) the
projective limit lim Dn w.r.t. norms (the detailed transition maps can be found e.g.

in Solomon 2010, proposition 1). Of course D1 depends on the admissible pair
.Vn;Wn/n�0. Corollary 1 shows that AnnA.lim .tBn/

�/ D FitA.lim .tBn/
�/ D D1.
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2.2 A Kummerian Description

Let E D F.�p/ and � D Gal.E=F /. Fix a norm coherent system 
 D �
�pn
�
n�0 of

generators of the groups�pn of pn-th roots of unity. Attach to E1=E the following
objects: Un (resp. U 0n/ = group of units (resp. .p/-units) of En

U n D Un ˝ Zp:

Xn = Galois group overEn of the maximal abelian .p/-ramified pro-p-extension of
En. At the level of En, we have the Kummer pairing:

H1
�
GS.En/; �pn

��Xn=pn ! �pn ; .x; �/ 7!
�
x

1
pn

���1
:

Let h: ; : in W Hom
�
Xn;Z=p

n
��Xn=pn ! Z=pn be the pairing defined by

�
x

1
pn
���1D �

hx;�in
pn . Take V E

n to be Un=tors, or U
0
n=tors, or more generally a free

Zp-module such that V E
n =p

n ,! Hom
�
GS.En/; �pn

�
. In this subsection, we

relax the condition of Galois freeness on W E
n , which we assume only to be cyclic:

W E
n D ZŒJn�: �n, where Jn D Gal.En=k/.
Define

Dn.E/ D f
X


2Jn
f .
�1�n/: 
 If 2 .Vn=pn/�g

D f
X


2Jn
h
�1: �n; �in
 I � 2 Xn=p

ng

D f
X


2Jn
h�n; 
: �in ��1cyc.
/
 I � 2 Xn=p

ng

(the second equality comes from the Kummer pairing just recalled; the third from
a functorial property of this pairing). Recall that

Dn.E/ WD f
X


2Jn
f .
�1�n/: 
 I f 2 Hom.V E

n ;Zp/g :

Proposition 2. With the pair .V E
n ;W

E
n /n�0 chosen as above

D.E1/ WD lim Dn.E/ D lim Dn.E/

is cyclic as a ZpŒŒGal.E1=Q/��-module.
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Proof. Since Hom .V E
n ;Zp/ '

�
V E
n ˝ Qp=Zp

��
, the equality lim Dn.E/ D

lim Dn.E/ is straightforward. Notice next that in the sum
X


2Jn
h�n; 
: �in ��1cyc.
/
 ,

the value of the pairing h�n; 
: �in does not depend on �, only on the image of �

in the cyclic group Gal
�
En
�
�

1
pn

n

�
=En

�
. Choosing a generator �n of this group, we

see that the sum above is a multiple of
X


2Jn
h�n; 
: �nin ��1cyc.
/
 . By considering

the extension of E1 obtained by adjoining all pn-th roots of all the �0ns and their
conjugates under the action of Gal.E1=Q/, we get the desired cyclicity result.

This proposition will be applied in Sect. 4.4.2 to cut out D.E1/ by characters of
Gal.E=F /.

As usually happens, the “new” object D1 appears afterwards to be not so new.
Some previous occurrences must be recorded:

• For k D Q andE D Q.�p/ and for a special choice of �, D1 plays an important
role in Ihara’s theory of universal power series for Jacobi sums (see Ihara et al.
1987). In Nguyen Quang Do and Nicolas (2011, ( 4.1), D1 is interpreted as a
certain module of “p-adic Gauss sums”, and both Nguyen Quang Do and Nicolas
(2011) and Solomon (2010) show that .D1/# is the A-initial Fitting ideal ofX

0C1 ;
where the sign .: /# means inverting Galois action.

• In exactly the same setting, D1 appears on the Galois side of Sharifi’s conjecture
on the two-variable Lp-function of Mazur-Kitagawa (Sharifi 2011, propos. 6.2).
Note that a weak form of this conjecture has been recently proved for all fields
Q.�pn/ by Fukaya and Kato (2012).

• For k totally real and E=k abelian, containing �p, and for a special choice of �,
.D1/# is shown in Nguyen Quang Do and Nicolas (2011) and Solomon (2010) to
annihilateX

0C1 . Moreover, in the semi-simple case .pj=jGj/, thms 3.4.2 and 5.3.2
of Nguyen Quang Do and Nicolas (2011) assert that for any odd character  of
G, the  -part ..D1/#/ is isomorphic to the Fitting ideal of .X 01/ 

�

, where
 � D ! �1 denotes the “mirror” of  ; ! being the Teichmüller character.

• For k=Q abelian and F D k.�p/; D1 appears prominently in the explicit reci-
procity law of Coleman, generalized by Perrin-Riou (Flach 2011, ( 1.3; Perrin-
Riou 1994, thm 4.3.2). Let us just recall the starting point in Perrin-Riou (1994):
denoting

v̊jp
H1.En;v;Zp.m// by H1

s`.En;Zp.m// and lim H1
s`.En;Zp.m// by

H1
Iw;s`.E1;Zp.m//; Perrin-Riou constructs a “cup-product” at the infinite level

H1
Iw;s`.E1;Zp.1// � H1

Iw;s`.E1;Zp/
[!.OE ˝ Zp/ŒŒG1�� such that, writing

�n for the natural projection .OF ˝ Zp/ ŒŒG1�� ! ZpŒGn�, �n.x [ y/ DX


2Gn
.
�1xn[yn/: 
 (recall that the cup-product at finite levels does not commute

with corestriction).
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3 Semi-simple Example

In this section, to illustrate the “Gras type” approach via the WMC, we intend
to study a (particular) semi-simple case, which the reader can skip if pressed
for time. The following hypotheses will be assumed: Let F=Q be a totally real
abelian extension of conductor f , such that p does not divide the order of G D
Gal.F=Q/. Let UF (resp. U 0F / be the group of units (resp. .p/-units) of F . The
group Cyc.F / of F is the subgroup of F � generated by �1 and all the elements
NQ.�f /=F\Q.�f /.1 � �af /; .a; f / D 1. The group CF (resp. C 0F ) of circular units
(resp. circular .p/-units) in Sinnott’s sense is defined as CF D UF \ Cyc.F / (resp.
C 0F D U 0F \ Cyc.F //. Write Un, Cn, etc. for UFn , CFn , etc. and .: / for the p-

completion. We take Vn D U
0
n (which is Zp-free of rank ŒFn W Q�) and look for

candidates for the W 0ns. Since pj=jGj, any .p/-place of F is totally ramified in F1.
Let us denote by s the number of .p/-places of F (hence also of F1). We keep the
Galois notations of the beginning of Sect. 1.

Lemma 1. For any n � 1; the ZpŒGn�-module C
0
n is free (necessarily of rank 1) if

and only if s D 1.

Proof. Let us first consider only the �-module structure. The cohomology groups
Hi.�n; C

0
n/ are computed in general in Nguyen Quang Do and Lescop (2006). In

our situation, C
0
n is �n-cohomologically trivial if and only if s D 1 (Nguyen Quang

Do and Lescop 2006, propos. 2.8). Since �n is a p-group, ZpŒ�n� is a local algebra,
and for a ZpŒ�n�-module without torsion, cohomological triviality is equivalent to
ZpŒ�n�-projectivity, hence to ZpŒ�n�-freeness here. To pass from �n to Gn, just

notice that Hi.Gn; C
0
n/
�

res'Hi.�n; C
0
n/ because pj=j�j; hence s D 1 if and only

if C
0
n is ZpŒGn�-projective (of Zp-rank equal to jGnj/. By decomposing C

0
n into �-

parts, C
0
n D ˚

�2 OG
.C
0
n/
�, we see that s D 1 if and only if each .C

0
n/
� is free over the

local algebra ZpŒ��Œ�n�, if and only if C
0
n is ZpŒGn�-free (necessarily of rank 1).

Summarizing, if s D 1, one can take Vn D U
0
n, Wn D C

0
n in order to apply

Proposition 1 to tBn D Bn D U 0n=C 0n. Note that in the semi-simple case with s D 1,
U
0
n=C

0
n ' Un=C n for any n � 1 (Nguyen Quang Do and Lescop 2006, lemma 2.7)

and also X 01 ' X1 in the notations of the introduction (Nguyen Quang Do and
Lescop 2006, lemma 1.5). Recall thatX1 (resp.X 01/ is the unramified (resp. totally
split at all finite places) Iwasawa module above F1. We can now determine the A-
Fitting ideal of X1 in our particular case:

Proposition 3. Let F=Q be a totally real abelian extension, such that pj=jGj and
s D 1. Then D.F1/# D FitA.X1/; where .: /# means inverting the Galois action.
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This is a particular case .s D 1/ of thm 5.3.2 of Nguyen Quang Do and Nicolas
(2011). Typical examples are F D Q.�p/

C; or F D Q.
p
d/, d a square free

positive integer such that

�
d

p

	

¤ 1.

Proof. Since Bn D Un=Cn is finite, Proposition 1 shows that D.F1/ D D1 D
FitA

�
lim .B

�
n /
�
. It remains to describe lim .B

�
n /. Denote U1 D lim Un, C1 D

lim Cn; Y1 D U1=C1,X01 D the maximal finite submodule ofX1. With s D 1,

we have the following codescent exact sequences (Nguyen Quang Do and Lescop
2006, proposition 4.7):

0 �! .Y1/�n �! Bn �! .X01/�n �! 0 :

Taking duals and lim we get an exact sequence of A-modules:

0 �! .X01/� �! lim .B�n / �! ˛.Y1/ �! 0, where ˛.: / denotes the

Iwasawa adjoint (with additional action by G). In particular, .X01/� D .lim B�n /0.
Let us take Fitting ideals in this exact sequence. A well known lemma (generally
attributed to Cornacchia; see e.g. Nguyen Quang Do and Nicolas 2011, lemma 3.4.2)
states that for any torsion�Œ��-moduleM , Fit�Œ��.M/ D Fit�Œ��.M 0/: char�Œ��.M/

where char�Œ��.: / denotes the characteristic ideal. In the semi-simple situation,
we can put the �-parts together to get: FitA.lim B�n / D FitA.X01/: charA.˛.Y1//
(with an obvious definition of charA.: / here). Let .M/# be the module M with
inverted Galois action. It is classically known that ˛.M/ is pseudo-isomorphic to
M #, and that FitA.M �/ D FitA.M #/ since the p-Sylow subgroups of the G0n’s
are cyclic (Mazur and Wiles 1984, appendix). Hence D1 D FitA.lim B�n / D
FitA.X

01/#: charA.Y1/#. As charA.Y1/ D charA.X1/ in the “Gras type” formu-
lation of the WMC, we get: .D1/# D FitA.X01/: charA.X1/ D FitA.X1/.

Remarks. 1. In spite of the presence of the algebra A; Proposition 3 is not a
genuine equivariant result. In particular, the definition of the characteristic ideal
charA.: / cannot be generalized to the non semi-simple case.

2. The idealD.F1/ can easily be made explicit in kummerian terms using Sect. 2.2.
It suffices to start from the base field E D F.�p/ and then use (co) descent from
E to F; or from E1 to F1; which works smoothly because p does not divide
ŒE W F �:

3. It is well known thatU
0
1 D H1

Iw;Sp
.F1;Zp.1// in full generality. In the situation

of Proposition 3, we have alsoX1 D X 01 D H2
Iw ;Sp

.F1;Zp.1// (for details, see

Proposition 4 below). We can also consider the modulesH2
Iw;Sp

.F1;Zp.m//; m
odd, as in the introduction and describe explicitly their A-Fitting ideals by taking
Tate twists aboveE1; and then doing (co)descent as in 2) (for details, Sect. 4.4.2
below).
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4 Equivariant Study of the Non Semi-simple Case

In this case, as we noticed before, two major difficulties are encountered right from
the start: the notion of characteristic ideals of torsion modules (with appropriate
multiplicative properties) is no longer available; neither is the “Gras type” formu-
lation of the WMC. The solution to both problems will come from the equivariant
Iwasawa theory of complexes. Among many existing formulations, that of M. Witte
(2006) seems the best suited to our purpose. Let us recall the minimal amount of
definitions and results that we need, referring to Witte (2006) for further details or
greater generality.

4.1 Perfect Torsion Complexes and Characteristic Ideals

(see Witte 2006, (1) Let R be a commutative noetherian ring and Q.R/ its total
ring of fractions. A complex C � of R-modules is called a torsion complex if
Q.R/

R̋
C � is acyclic; perfect if C � is quasi-isomorphic to a bounded complex

of projective R-modules. To a perfect complex C � one can attach its Knudsen-
Mumford determinant, denoted detR C �. If moreover C � is torsion, the natural
isomorphism Q.R/ ' Q.R/

R̋
detR C � allows to see detR C � as an invertible

fractional ideal ofR. Recall that these invertible fractional ideals form a group J.R/;

which is isomorphic to Q.R/�=R� if the ring R is semi-local.

Definition 2. The characteristic ideal of a perfect torsion complex C � is
charR.C �/ D .detR C �/�1 2 J.R/.

Examples. If R is a noetherian and normal domain and M is a torsion module
which is perfect (considered as a complex concentrated in degree 0), i.e. of finite
projective dimension, then charR.M/ coincides with the “content” of M in the
sense of Bourbaki. If R D � D ZpŒŒT ��; then char�.M/ is the usual characteristic
ideal. This justifies the name of equivariant characteristic ideal for charA.M/.

Many functorial properties of charR.: / are gathered in Witte (2006, proposi-
tion 1.5). We are particularly interested in the following:

If C � is a perfect torsion complex of R-modules such that the cohomology
modules of C � are themselves perfect, then charR.C �/ D

Y

n2Z
.charR H

nC �/.�1/n .

4.2 Iwasawa Cohomology Complexes

For the rest of the paper, unless otherwise specified, F=Q will be an abelian
number field (not necessarily totally real). With the notations and conventions of the
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beginning of Sect. 1, let us extract from Witte (2006, ( 3 ) some perfect complexes
and cohomology modules for our use (the situation in Witte (2006) is more general):

The Iwasawa complex of Zp.m/ relative to S is the cochain complex of
continuous étale cohomology R�Iw.F1;Zp.m// as constructed by U. Jannsen.
This is a perfect A-complex whose cohomology modules are Hi

Iw.F1;Zp.m// D
Hi
Iw;S .F1;Zp.m// D lim 

cores

Hi
S.Fn;Zp.m// for i D 1; 2; zero otherwise.

Let us gather in an overall proposition many known properties of these cohomol-
ogy groups. Our main reference will be Kolster et al. (1996, sections 1 and 2) (in
which S D Sp; but the proofs remain valid for any finite set S containing Sp/. Let
us fix again some notations:
E D F.�p/; E1 D F.�p1/; � � D Gal.E1=F /
r1 (resp. r2) = number of real (resp. complex) places of F
US.E/ D US.E/˝ Zp = the p-adic completion of the S -units of E
US.E1/ D lim US.En/ w.r.t. norms, X 0.E1/ = the totally split Iwasawa

module aboveE1:

Proposition 4. .i/ For any m 2 Z; rankZp H
1
S .F;Zp.m// D dm C ım; where

dm D r1 C r2 (resp. r2/ if m is odd (resp. even), and ım D rankZp
.X 0.E1/.m � 1/� �/.

.ii/ For any m 2 Z; m 6D 0, torZpH
1
S .F;Zp.m// D H0

S.F;Qp=Zp.m//. In
particular, if m is odd and F totally real, H1

S.F;Zp.m// is Zp-free.
.iii/ For any m 2 Z, m 6D 1, there is a natural codescent exact sequence:

0! �
US.E1/.m � 1/=�-tors

�
� �
! H1

S.F;Zp.m//=Zp-tors

! X 0.E1/.m � 1/� � ! 0

.iv/ For any m 2 Z, m 6D 1, the Poitou-Tate sequence for H2
S can be written

as: 0 ! X 0.E1/.m � 1/� � ! H2
S.F;Zp.m// ! ˚

v2Sf
H2.Fv;Zp.m// '

˚
v2Sf

H0.Fv;Qp=Zp .1 �m//� ! H0
S.F;Qp=Zp.1 �m//� ! 0

Form D 1; the leftmost term must be replaced by AS.F /; the p-part of the
Sf -class group of F:

Remarks. It is conjectured that X 0.E1/.m � 1/� � is finite (i.e. ım D 0/ for all
m 2 Z (see e.g. Kolster et al. 1996, p. 637). These are the so-called mth-twists of
Leopoldt’s conjecture. The case m D 0 (resp. 1) corresponds to Leopoldt’s (resp.
Gross’) conjecture. For m � 2; ım D 0 because K2m�2 OF is finite. Recall that we
implicitly suppose that ım D 0 for all m 2 Z:

At the infinite level, we have the following

Lemma 2. The A-modulesHi
Iw.F1;Zp.m//; i D 1; 2; are perfect.

Proof. Let Q1 be the cyclotomic Zp-extension of Q and � D ZpŒŒGal.Q1=Q/��.
Since � is a regular noetherian ring, every �-noetherian module is perfect.
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For the cohomology modules over A, we just have to use the following quasi-
isomorphism established e.g. by Fukaya and Kato (2006) and Nekovář (2006)
etc.: the natural ring homomorphism � ! A induces a quasi-isomorphism
A

�̋
R �Iw.Q1;Zp.m// �! R �Iw.F1;Zp.m//.

4.3 The Limit Theorem

As we explained in the introduction, the “limit theorem” of Burns and Greither
(2003a, thm 6.1) is actually an EMC, expressed in the language of the Iwasawa
theory of complexes, which encapsulates equivariant generalizations of both the
WMC (for the minus part of X1) and its formulation “à la Gras” (for the plus part).
It is ultimately derived from the WMC, but only after some hard work. We recall
here its presentation by M. Witte (only for the characters �mcyc; the characters in Witte
(2006) are more general). Our main reference will be Witte (2006, sections 6 and 7).
The “limit theorem” will relate a “zeta-element” and a “special cyclotomic element”
constructed as follows:

Let f D N pd , pj=N , the conductor of F . Introduce L1 D Q.�Np1/ � F1.
At the nth-levels, define the Stickelberg elements:

Stickn D
X

0<a<fpn

.a;fp/D1

� a

fpn
� 1
2

�� Y

` prime

Frob�v`.a/
`

�
2 QpŒGal.Ln=Q/� ;

and at the infinite level: Stick1 D lim Stickn 2 Q
�
ZpŒŒGal.L1=Q/��

�
.

Denote by pr˙ the projectors onto the .˙1/-eigenspaces of complex conjugation
and define the zeta-element LS .F1; �1�mcyc / as the image by the natural map
QZpŒŒ.Gal.L1=Q//�� �! QA D QZpŒŒG1�� of the element Twm�1.prC �
pr�Stick1/, where Twa is the Tate twist induced by 
 7! �acyc.
/: 
 .

Example (Witte 2006, proposition 6.3). LetF1 D Q1 and S D Sp and write! for
the Teichmüller character. Then the image by the natural map QZpŒŒ� �� ! Qp of
LS .Q1; �1�mcyc / isLp.1�m;!m: rec�1/, where recWGal.Q.�N /=Q/! .Z=NZ/� is
the isomorphism induced by Frob�1` 7! `, andLp.: / is the Kubota-Leopoldtp-adic
L-function.

Define now the special cyclotomic element �.F1; �mcyc/ as the image by

the composite map H1
Iw.L1;Zp.1// D US.L1/

Twm�1�! H1
Iw.L1;Zp.m// D

US.L1/.m � 1/ nat�!H1
Iw.F1;Zp.m// of the element prC..1 � �Npn /n�0/. The

element �.F1; �mcyc/ allows to modify the Iwasawa complex R�Iw.F1;Zp.m//
to get a perfect torsion complex. Precisely, there exists a unique morphism
A�.F1; �mcyc/Œ�1� ! R�Iw.F1;Zp.m// in the derived category which induces
the natural inclusion on cohomology, hence a unique (up to quasi-isomorphism)
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complex denoted by R�Iw=�.F1; �mcyc/ which takes place in the following
distinguished triangle

A�.F1; �mcyc/Œ�1�! R �Iw.F1;Zp.m//! R�Iw=�.F1; �mcyc/ :

Lemma 3 (Witte 2006, lemma 7.2).

.i/ R�Iw=�.F1; �mcyc/ is a perfect torsion complex of A-modules
.ii/ If F1 is totally real and m is odd, then A�.F1; �mcyc/ is a free A-module of

rank 1.

We can now state the “limit theorem” (Burns and Greither 2003a, theorem 6.1; Witte
2006, theorem 7.4).

Theorem 1. For an abelian number field F=Q, with S D S1[Sp[ Ram.F=Q/,
for any m 2 Z:

.i/ At any prime P of codimension 1 of A, containing p, the localized complex�
R�Iw=�.F1; �mcyc/

�
P

is acyclic (“vanishing of the �-invariant”).
.ii/ LS .F1; �1�mcyc / generates the A-characteristic ideal of R�Iw=�.F1; �mcyc/.

To stress the difference between the (equivariant) limit theorem above and results
obtained character by character (such as in Huber and Kings 2003), let us cite the
following comparison lemma (Witte 2006, lemma 7.6):

Lemma 4. Suppose for simplification thatF is linearly disjoint from Q1 andp2 −
f . Let � W ˝ D OpŒŒG1�� ! Q̋ D ˘

�2 OG
OpŒŒGal.Q1=Q/�� be the normalisation

of ˝ in Q˝ , where Op is the ring obtained from Zp by adding all the values of all
the characters of G. Then

char Q̋
�
L�� R �Iw=�.F1;Op.m// D LS.F1; �1�mcyc

�
: Q̋

4.4 The Determinant of H2
Iw.F1;Zp.m//

From now on, F1 is totally real and m 2 Z is odd. The mth - twisted Leopoldt
conjectures for the totally real field F are known to hold for all odd m ¤ 1: for
m > 1, see Proposition 4(i); for m < 0, see (Schneider 1979, ( 5), Corollary 5. To
state and prove our main result, we shall proceed in several steps.

Because the cohomology A-modules Hi
Iw.: / are perfect (Lemma 2), it follows

from Theorem 1(ii) and the last property cited in section 4-1 that

charA
�
H1
Iw.F1;Zp.m//=A�.F1; �mcyc/

��1
: charAH

2
Iw.F1;Zp.m//

D .LS .F1; �1�mcyc /
�

D .1/ ;
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so that it remains only to determine the first equivariant characteristic series,
appealing to the algebraic results of Sect. 1.

4.4.1

The point is to choose the admissible pair .Vn;Wn/n�0 attached to F1=F: Fix
an odd integer m 6D 1 and for any n � 0, write �

.m/
n for the image of

�.F1; �mcyc/ by the natural map H1
Iw.F1;Zp.m// ! H1

S.Fn;Zp.m//. Then �.m/n

is ZpŒGn�-free: this comes from Lemma 3(ii) and the codescent exact sequence of
Proposition 4(i); for a direct argument, see Beliaeva and Belliard (2012, thm. 3.4).
Note that highly non trivial ingredients are needed for both proofs: Bloch-Kato’s
reciprocity law for the first, twisted Leopoldt’s conjecture for the second. We shall
take Vn D H1

S.Fn;Zp.m// and Wn D ZpŒGn�: �
.m/
n . Adding a superscript .: /.m/ to

the notations of Sect. 1, let D.m/.F1/ = FitA .lim B�n /, which we must relate to the

desired A-determinant.

Remark. The reason for choosing a twist m 6D 1 is that codescent on S -units
(corresponding to m D 1) is notoriously not smooth, especially in case of p-
decomposition. We shall reintegrate m D 1 in Theorem 2 by using a “twisting
trick”.

Since the p-Sylow subgroups of the Gn’s are no longer necessarily cyclic, the
argument on Fitting ideals used in the semi-simple case (Proposition 3) no longer
works. We must consequently change the definition of Vn D H1

S.Fn;Zp.m//,
replacing it by V 0n D image of

�
H1
Iw.F1;Zp.m// ! H1

S.Fn;Zp.m//
�
. We don’t

change Wn D ZpŒGn�: �
.m/
n and we define B 0n D V 0n=Wn. By Proposition 4(iii),

lim V 0n D lim Vn D H1
Iw.F1;Zp.m//, hence lim B 0n D lim Bn WD B1 D

H1
Iw.F1;Zp.m//=A�.F1; �mcyc/; whereas lim B

0�
n D ˛.lim B 0n/ D ˛.B1/, ˛.: /

denoting the Iwasawa adjoint, with additional action by H D Gal.F1=k1/. Note
that this adjoint module is naturally isomorphic to Ext1

A
.B1;A/ (see e.g. Nguyen

Quang Do 2005, ( 3) over A. Over�, we know that ˛.B1/ and .B1/# are pseudo-
isomorphic, hence the existence of an exact sequence (non canonical) of�-modules
0 ! ˛.B1/ ! .B1/# ! ˚ ! 0; where ˚ is a finite abelian p-group. Since H
acts on the first two terms, it also acts on the third, i.e. the above sequence is indeed
exact over A.

4.4.2

Since lim V 0n D lim Vn, the same reasoning exactly as in Proposition 1 shows that

FitA.lim B
0�
n / D FitA.˛.B1// D D.m/.F1/ (the same D.m/.F1/ as before). In

particular, this Fitting ideal is principal according to Proposition 1 and an obvious
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descent from E1 D F1.�p1/ to F1. It remains to compare the two principal
ideals I D FitA.˛.B1// and J D charA.B1/# by using localization:

Lemma 5. (Burns and Greither 2003a, lemma 6.1) Let R be a Cohen-Macaulay
ring of dimension 2 and let I; J be two invertible fractional ideals ofR. Then I D J
if and only if IP D JP for all height one prime ideals P of R.

Cutting out if necessary by the characters of the non-p-part of H; we can suppose
that our ring A is as in Lemma 5 and proceed to localization:

– At a height one prime P not containing p; AP is a discrete valuation ring in
which p is invertible. It follows that Fit .: / and det .: /�1 coincide over AP; and
˚P D .0/; hence IP D JP.

– At the unique height one prime P of A containing p, the vanishing of the �-
invariant (Theorem 1(i)) means that .B1/#P vanishes, hence also ˛.B1/P.

We have thus shown that charA.B1/# D FitA.˛.B1// D D.m/.F1/. We can now
state and prove our main result:

Theorem 2. Let F=Q be a totally real abelian number field, E D F.�p/, A D
ZpŒŒGal.F1=Q/��, B D ZpŒŒGal.E1=Q/��. Then, for any oddm 2 Z, we have:

1. charB.H2
Iw.E1;Zp.m// D D.1/.E1/#.m � 1/ D twm�1D.1/.E1/, where

twm�1 is the Iwasawa twist induced by 
 7! �m�1cyc .
/
�1.
2. charA.H2

Iw.F1;Zp.m// D .em�1D.1/.E1//#, where em�1 is the idempotent of
� associated to the power !m�1 of a generator ! of O�:

Proof. For any oddm 6D 1; we have just seen that

charA.H
2
Iw.F1;Zp.m///# D D.m/.F1/ D �D.m/.E1/ ;

where � denotes the norm map of �. But D.m/.E1/ D D.1/.E1/.m � 1/, so that
�D.m/.E1/ D em�1D.1/.E1/, because� is of order prime to p. Besides, denoting
by � the natural projection B ! A; we know that L�� R �Iw.E1;Zp.m//
is naturally quasi-isomorphic to R �Iw.F1;Zp.m// (Witte 2006, propos. 3.6
(ii)). Hence, by definition of the determinant, charA.H2

Iw.F1;Zp.m/// D
� .charBH2

Iw.E1;Zp.m/// D em�1.charBH2
Iw.E1;Zp.1///: Since the

idempotent em�1 depends only on the residue class of .m� 1/mod .p � 1/; we can
conclude that charBH2

Iw.E1;Zp.1// D D.1/.E1/# and charBH2
Iw.E1;Zp.m// D

D.1/.E1/#.m � 1/ D twm�1D.1/.E1/ for all odd m 2 Z.

Note that in the semi-simple case, Theorem 2 above contains thm. 5.3.2 of Nguyen
Quang Do and Nicolas (2011).
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4.5 The Fitting Ideal ofH2
Iw.F1;Zp.m//

The next natural step would be to perform (co)descent on Theorem 2. Because
cdp GS.F / 	 2, the map H2

Iw.F1;Zp.m//� pn ! H2
S.Fn;Zp.m// is an isomor-

phism, but the latter module needs no longer be perfect (or, equivalently, cohomo-
logically trivial) over ZpŒGn�. Actually, in the exact sequence of Proposition 4(iv),
our knowledge of the cohomology of the codescent module X 0.E1/.m� 1/� pn is
: : : less than perfect. A way to turn the difficulty would be to replace determinants
by Fitting ideals, which are compatible with codescent. But for this we need
an equivariant analogue of Cornacchia’s lemma which was used in the proof of
Proposition 3. To this end, we would like to add a technical condition which the
reader would rightly find too brutal if it were imposed ex abrupto without any
explanation. Hence the following preliminaries:

4.5.1

Let us recall briefly the setting of Cornacchia’s lemma: for a noetherian �-module
M , denote by M0 its maximal finite submodule and write QM D M=M0. Since the
global projective dimension of � is equal to 2, pd� QM 	 1 because QM0 D .0/

(Auslander-Buchsbaum), hence Fit�.M/ D Fit�.M0/:Fit�. QM/. If moreover M
is �-torsion, Fit�. QM/ D char�. QM/ D char�.M/. The difficulty when passing
from� to A is that the Auslander-Buchbaum result is no longer available. We shall
use instead a weak substitute due to Greither. Recall that A D �ŒH�, where H D
Gal.F1=k1/.

Lemma 6 (Greither 2000, propos. 2.4). If an A-noetherian torsion module N
is cohomologically trivial over H and has no non-trivial finite submodule, then
pdA.N / 	 1.

In the sequel, we shall work over E1 D F.�p1/, fix an odd m 2 Z, m 6D 1, and
consider the moduleM WD H2

Iw.E1;Zp.m//. According to Proposition 4 and after
taking lim � with respect to corestriction maps, we have an exact sequence:

0! X 0.E1/.m � 1/!M ! Wm.E1/! 0 ;

where Wm.E1/ is defined tautologically and will be given an explicit description
below. This shows in particular that M0 D X 0.E1/0.m � 1/. We want to get hold
of QM DM=M0. Applying the snake lemma to the commutative diagram:
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we get an exact sequence 0 ! CX 0.E1/.m � 1/ ! QM ! Wm.E1/ ! 0.
We intend to apply Greither’s lemma to the rightmost module Wm.E1/, which

is the inverse limit of the kernels Wm.En/ D Ker
�
˚

v2Sf
H2.En;v;Zp.m// '

˚
v2Sf

H0.En;v;Qp=Zp.1 � m//� ! H0.En;Qp=Zp.1 � m//�
�

. The limit

of the semi-local modules is ˚
v2Sf

H2
Iw.E1;v;Zp.m//, which is perfect (for the

same reason as in Lemma 2), hence H -cohomologically trivial. As for the limit
of the global H0.: /�’s, note that the transition maps reduce to pa-power maps
between twisted roots of unity; since Hi.H; lim / D lim Hi.H; : / and H is finite,

we readily get the H -cohomological triviality of the limit.
Summarizing, Lemma 6 applies and Wm.E1/ has projective dimension 	

1. Going down to F1; we get an exact sequence 0 ! em�1 QX 0.E1/ !
H2
Iw.F1;Zp.m// ! Wm.F1/ ! 0, with pdAWm.F1/ 	 1. Since m is odd,

the leftmost module lives in the “plus” part. Let E.m�1/1 be the subfield of E1 cut
out by the character !m�1 (notations of Theorem 2).

Assume Greenberg’s conjecture for E.m�1/1 =E.m�1/, which is equivalent to the
vanishing of em�1 QX 0.E1/ and yields an exact sequence:

0! em�1X 0.E1/0 ! H2
Iw.F1;Zp.m//! Wm.F1/ D HH2

Iw.F1;Zp.m//! 0

(3)

Since pdAWm.F1/ 	 1, the Fitting ideal behaves multiplicatively and we
have: FitAH2

Iw.F1;Zp.m// D FitA
�
em�1X 0.E1/0

�
:FitAWm.F1/. More-

over, FitAWm.F1/ D charAWm.F1/ D charA
HH2
Iw.F1;Zp.m// D

charAH2
Iw.F1;Zp.m// (the last equality is obtained by the already used

localization argument). Finally:

Theorem 3. For any odd m 2 Z; m 6D 1; assume Greenberg’s conjecture for
E
.m�1/1 =E.m�1/: Then:

1. At infinite level,

FitAH2
Iw.F1;Zp.m// D FitA.em�1 X 0.E1/0/: .em�1D.1/.E1//# :

2. At any finite level n � 0,

FitZpŒGn� H
2
S .Fn;Zp.m// D FitZpŒGn� .em�1 X 0.E1/0/� pn : .em�1Dn.E//

# :

Remark. The perfectness of the two last terms in the exact sequence (3) implies
that of the first term, hence the existence of charA.em�1 X 0.E1/0/. But the usual
localization argument shows that this ideal is (1), and we recover a particular case
of Theorem 2(ii).
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4.5.2

Recall that the module Dn.E/ was defined in Sect. 2.2 and its quotient modpn

was described explicitly in kummerian terms. The interest of Theorem 3(ii)
lies in its comparison with already known results on refinements (for m

odd) of the Coates-Sinnott conjecture on Galois annihilators of the modules
H2
S.Fn;Zp.m//'K2m�2.OFn Œ1=S�; Zp.m// (by Quillen-Lichtenbaum’s con-

jecture, now a theorem – more precisely a consequence of the so called
Milnor-Bloch-Kato conjecture, proved by Voevodsky and others; see e.g. Weibel
(2009) and the references therein). Note that for m odd, the usual formulation of
Coates-Sinnott gives no information other than “zero kills everybody”. A refined
conjecture was formulated by Snaith (2006) (resp. Nickel 2011) in terms of leading
terms (rather than values) of ArtinL-functions at negative integers for abelian (resp.
general) Galois extensions of number fields, and shown to be a consequence of the
equivariant Tamagawa number conjecture (ETNC) for the Tate motives attached to
these extensions. Let us return to the situation of the introduction, where F=k is an
abelian extension with group G, k is totally real and F is CM . We need to recall
quickly the construction of a “canonical fractional ideal” by Snaith and Nickel. We
follow the presentation of Nickel (2011), adapting it to our situation:

– For the algebraic part, fix m � 2 and let H1�m.F / D
S̊1

.2�i/m�1Z, with

action of complex conjugation (diagonally on S1 and on .2�i/m�1). The Borel
regulator �1�m W K2m�1.OF / ! HC1�m.F /˝ Q yields the existence of a QŒG�-

isomorphism �1�m W H1�m.F /C ˝ Q
�!K2m�1.OF / ˝ Q. This allows, by

applying the Quillen-Lichtenbaum conjecture (now a theorem), to construct a G-
equivariant embedding (we fix m and drop the index) � W H1�m.F /C ˝ Zp ,!
H1
S.F;Zp.m// (note that this H1

S.: / does not depend on S � Sp, by the
localization exact sequence in étale cohomology, see Soulé 1979, III 3). The
algebraic part of the canonical ideal will be FitZpŒG�..coker �/�/.

– For the analytic part, consider the ring R.G/ of virtual characters of G with
values in Q and let L be a finite Galois extension of Q such that each
representation of G can be realized over L; let also V� be an LŒG�-module with
character �. We can form regulator maps:

R�1�m W R.G/ �! C
�

� 7! det
�
�1�m: �1�m j HomG.V_

�
;HC1�m.F /˝ C

�

(where
_
� denotes the contragredient character).

Define then a function AS
�1�m

W R.G/ ! C
�, � 7! R�1�m.�/=L

�
S .1 � m;�/,

where LS.s; �/ is the S -truncated Artin L-function and L�S .1�m;�/ is the leading
term of this function at .1�m/. Gross’ higher analogue of Stark’s conjecture states
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that AS
�1�m

.�
 / D AS
�1�m

.�/
 for all 
 2 Aut .C/. Assuming this conjecture and
choosing an identification C ' Cp; we can now define the “p-adic canonical ideal”
(we drop the index in �1�m).

Definition 3. KS1�m.p/ D .FitZpŒG�
�
coker �/�: .AS

� /
�1�/#.

NB: this is actually an “intermediate” ideal in the construction of Snaith-Nickel, but
it is all we need.

Theorem 4 (Snaith 2006 and Nickel 2011). Suppose that Gross’ conjecture, and
also the ETNC for the pair .Q.1 � m/F ;ZŒ 12 �ŒG�/, m � 2, hold for the abelian
extensionF=k, where k is totally real andF isCM . Then FitZpŒG�H

2
S .F;Zp.m// D

KS1�m.p/.

Proof. See Nickel (2011), end of the proof of thm 4.1, as well as remark, p. 14.

Remarks and forecasting:

1. For evenm � 2, further calculations show that Theorem 4 contains the p-part of
the usual Coates-Sinnott conjecture.

2. If k D Q, Gross’ conjecture and the ETNC hold true, and Theorem 4 becomes
unconditional. Its comparison with Theorem 3 could give an analytic meaning to
the parasite modules .em�1X 0.E1/0/� pn . “Numerical” information could also
be obtained by computing the orders of the groups K2m�2.OFn ;Zp.m//. For
example, in the semi-simple case, where �n intervenes in place of Gn, this order
was computed by Martin (2011) in terms of values of Lp-functions at positive
integers.

3. Instead of leading terms of Artin L-functions, one could also appeal to deriva-
tives as in Burns et al. (2012). A natural (but resting only on thin air) query
would be: is there any conceptual link with Theorem 2, knowing that Dn.E/

can be interpreted as a module of “p-adic Gauss sums” (Nguyen Quang Do and
Nicolas 2011, ( 4.1)?

4. A natural expectation would be the extension of Theorem 2 to the relative abelian
case .k 6D Q/. But then a serious obstacle is the absence of special elements
(at least non conjecturally). Partial progress has been made by Nicolas (2013),
starting from the idea of replacing special elements by Lp-functions over k; this
is a natural idea since, when k D Q, special elements and Lp-functions are
“equivalent” by Coleman’s theory.

5. Finally, one would of course wish to deal with the non abelian case, in view of the
non commutative EMC recently proved by Kakde (2013) and Ritter and Weiss
(2011). But a non commutative analogue of the “limit theorem” is missing.

Acknowledgements It is a pleasure for the author to thank Dr. Malte Witte for many useful
discussions on his “limit theorem”, as well as the referee for his careful reading of the manuscript.
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Nearly Overconvergent Modular Forms

Eric Urban

1 Introduction

The purpose of this paper is to define and give the basic properties of nearly
overconvergent (elliptic) modular forms. Nearly holomorphic forms were
introduced by G. Shimura in the 1970s for proving algebraicity results for special
values ofL-functions (Shimura 1976). He defined the notion of algebraicity of those
by evaluating them at CM-points. After introducing a sheaf-theoretic definition, it
is also possible to give an algebraic and even integral structure on the space of
nearly holomorphic forms, allowing to study congruences between them. This
naturally leads to the notion of nearly overconvergent forms. For that matter, we
can think that nearly overconvergent forms are to overconvergent forms what nearly
holomorphic forms are to classical holomorphic modular forms. The notion of
nearly overconvergent forms came to the author when working on his joint project
with C. Skinner (see Urban (2013) for an account of this work in preparation
(Skinner and Urban in preparation)) and appears as a natural way to study certain
p-adic families of nearly holomorphic forms and its application to Bloch-Kato
type conjectures. In the aforementioned work where the case of unitary groups1 is
considered, the notion is not absolutely necessary but it is clearly in the background
of our construction and keeping it in mind makes the strategy more transparent.

An important feature of nearly overconvergent forms is that its space is equipped
with an action of the Atkin operatorUp and that this action is completely continuous.
This allows to have a spectral decomposition and to study p-adic families of
nearly overconvergent forms. Another remarkable fact which is not really surprising

1It will be clear to the reader that it could be generalized to any Shimura variety of PEL type.
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but useful is that this space embeds naturally in the space of p-adic forms. In
particular, this allows us to define the p-adic q-expansion of these forms. All the
tools and differential operators that are used in the classical theory are also available
here thanks to the sheaf theoretic definition and the Gauss-Manin connection.
In particular, we can define the Maass-Shimura differential operator for families
and the overconvergent projection which is a generalization in this context of the
holomorphic projection of Shimura. Our theory is easily generalisable to general
Shimura varieties of PEL type. To make this notion more appealing, I decided to
include an illustration (which is not considered in Skinner and Urban in preparation)
of its potential application to the construction of p-adic L-functions in the non-
ordinary case. In the works of Hida (1985, 1988) on the construction of 3-variable
Rankin-Selberg p-adic L-functions attached to ordinary families, the fact that the
ordinary idempotent is the p-adic equivalent notion of the holomorphic projector
makes it play a crucial role in the construction of Hida’s p-adic measure. Here the
spectral theory of the Up-operator on the space of nearly overconvergent forms and
the overconvergent projection play that important role.

We now review quickly the content of the different sections. In the Sect. 2, we
recall the notion of nearly holomorphic forms and give its sheaf-theoretic definition.
This allows to give an algebraic and integral version for nearly holomorphic forms
and define their polynomial q-expansions as well as an arithmetic version of
the classical differential operators of this theory. We also check that Shimura’s
rationality of nearly holomorphic forms is equivalent to ours. In Sect. 3, we
introduce the space of nearly overconvergent forms and we prove it embeds in the
space of p-adic forms. We also study the spectral theory of Up on them and give a
q-expansion principle. Then we define the differential operators in families and the
overconvergent projection. In the last section we apply the tools introduced before
to make the construction of the Rankin-Selberg p-adic L-functions on the product
of two eigencurve of tame level 1. When restricted to the ordinary locus, this p-adic
L-function is nothing else but the 3-variable p-adic L-function of Hida.

After the basic material of this work was obtained, I learned from M. Harris
that he had also given a sheaf theoretic definition2 using the theory of jets which
is valid for general Shimura varieties of Shimura’s nearly holomorphic forms in
Harris (1985, 1986) and the fact his definition is equivalent to Shimura’s has been
verified by his former student Mark Nappari in his Thesis (Nappari 1992). It should
be easy to see that our description is equivalent to his in the PEL case. However,
Harris did not study nor introduce the nearly overconvergent version. I would
like also to mention that some authors have introduced an ad hoc definition of
nearly overconvergent forms as polynomials in E2 with overconvergent forms as
coefficients. However this definition cannot be generalized to other groups and is not
convenient for the spectral theory of the Up-operator (or the slope decomposition).
Finally we recently learned from V. Rotger that H. Darmon and V. Rotger have
independently introduced a definition similar to ours in Darmon and Rotger (to

2His definition follows a suggestion of P. Deligne.
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appear) using the work Coleman et al. (1995). The reader will see that our work
is independent of loc. cit. and recover the result of Coleman et al. (1995) has a
by-product and can therefore be generalized to any Shimura variety of PEL type.

This text grew out from the handwritten lecture notes of a graduate course the
author gave at Columbia University during the Spring 2012. After, the work Skinner
and Urban (in preparation) was presented at various conferences3 including the
Iwasawa 2012 conference held in Heidelberg, several colleagues suggested him to
write up an account in the GL.2/-case of this notion of nearly overconvergent forms.
This text and in particular the application to the p-adic Rankin-Selberg L-function
would not have existed without their suggestions.

Notations. Throughout this paper p is a fixed prime. Let Q and Qp be, respec-
tively, algebraic closures of Q and Qp and let C be the field of complex numbers.
We fix embeddings �1 W Q ,! C and �p W Q ,! Qp . Throughout we implicitly view
Q as a subfield of C and Qp via the embeddings �1 and �p . We fix an identification
Qp Š C compatible with the embeddings �p and �1. For any rigid analytic space
X over a p-adic number field, we denote respectively by A.X/; Ab.X/; A0.X/

and F.X/ the rings of analytic function, of bounded analytic function, of analytic
functions bounded by 1 and of meromorphic functions on X.

2 Nearly Holomorphic Modular Forms

2.1 Classical Definition

In this paragraph, for the purpose to set notations we recall4 some classical
definitions and operations on modular forms.

2.1.1 Definition

We recall that the subgroup of 2� 2 matrices of positive determinant GL2.R/C acts
on on the Poincaré upper half plane

h WD f� D x C iy 2 C j y > 0g

3The first half of this note was also presented in my lecture given at H. Hida’s 60th birthday
conference.
4Those facts are mainly due to Shimura
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by the usual formula

	:� D a� C b
c� C d for 	 D � a bc d

� 2 GL2.R/C and � 2 h

Let f be a complex valued function defined on h. For any integer k � 0 and 	 2
GL2.R/C, we set

f jk	.�/ WD det.	/k=2.c� C d/�kf .	:�/

Let r � 0 be another integer. We say that f is a nearly holomorphic modular form
of weight k and order 	 r for an arithmetic group � � SL2.R/ if f satisfies the
following properties:

(a) f is C1 on h,
(b) f jk	 D f for all 	 2 � ,
(c) There are holomorphic functions f0; : : : ; fr on h such that

f .�/ D f0.�/C 1

y
f1.�/C � � � C 1

yr
fr .�/

(d) f has a finite limit at the cusps.

If f is a C1 function on h, we set following Shimura’s �:f the function of h
defined by

.�:f /.�/ WD 8�iy2 @f
@ N� .�/ (1)

It is easy to check that the condition .c/ can be replaced by the condition

(c’) �rC1:f D 0
Moreover if f is nearly holomorphic of weight k and order 	 r , then �:f is nearly
holomorphic of weight k�2 and order	 r�1. We denote by Nr

k.�;C/ the space of
nearly holomorphic form of weight k, order 	 r and level � . For r D 0, this is the
space of holomorphic modular form of weight k and level � and we will sometimes
use the standard notation Mk.�;C/ instead of N0

k.�;C/.

2.1.2 The Maass-Shimura Differential Operator

We recall the differential operator ık on the space of nearly holomorphic forms of
weight k defined by

ık:f WD 1

2i�
y�k

@

@�
.ykf / D 1

2i�
.
@f

@�
C k

2iy
f /
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An easy computation shows that ık:f is of weight k C 2 and its degree of near
holomorphy is increased by one. For a positive integer s, let ısk be the differential
operator defined by

ısk WD ıkC2s�2 ı � � � ı ık
The following easy lemma is due to Shimura and is proved by induction on r . We
will generalize it to nearly overconvergent forms in the next section.

Lemma 1. Let f 2 Nr
k.�;C/. Assume that k > 2r . Then there exist g0; : : : ; gr

with gi 2Mk�2i .�;C/ such that

f D g0 C ık�2g1 C � � � C ırk�2rgr

It is easy to check, the forms gi ’s are unique. When the hypothesis of this lemma
are satisfied, Shimura defines the holomorphic projection H.f / of f as the
holomorphic form defined by

H.f / WD g0

Remark 1. The conclusion of this lemma is wrong if the assumption k > 2r is not
satisfied. The most important example is given by the Eisenstein seriesE2 of weight
2 and level 1.

2.2 Sheaf Theoretic Definition

2.2.1 Sheaves of Differential Forms

Let Y D Y� WD � nH and X D X� WD � n.h t P1.Q// be respectively the
open modular curve and complete modular curve of level � . Let E be the universal
elliptic curve over Y� and let p W NE ! X� be its Kuga-Sato compactification over
X� . We consider the sheaf of invariant relative differential forms with logarithmic
poles along @ NE D NEnE which is a normal crossing divisor of NE.

! WD p�˝1NE=X.log.@ NE//

It is a locally free sheaf of rank one in the holomorphic topos ofX . We also consider

H1
dR WD R1p�˝	NE=X.log.@ NE//

the sheaf of relative degree one de Rham cohomology of NE overX with logarithmic
poles along @ NE. The Hodge filtration induces the exact sequence

0! ! ! H1
dR ! !_ ! 0 (2)
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and in the C1-topos, this exact sequence splits to give the Hodge decomposition:

H1
dR D ! ˚ !

2.2.2 Complex Uniformization

More concretely, let � be the projection h! Y� and ��E be the pull back of E by
� . We have

��E D .C � h/=Z2

where the action of Z2 on C � h is defines by .z; �/:.a; b/ D .z C a C b�; �/ for
.z; �/ 2 C � h and .a; b/ 2 Z2. The fiber E� of ��E at � 2 h can be identified with
C=L� with L� D ZC �Z � C. We have

��! D Ohdz

with Oh the sheaf of holomorphic function on h. Note also that

E D � nC � h=Z2

with the action of � on C � h=Z2 given by 	:.z; �/ D ..c� C d/�1z; 	:�/. We
therefore have

	�dz D .c� C d/�1dz

From this relation and the condition at the cusps, it is easy and well known to see that

H0.X� ; !
˝k / ŠMk.�;C/

Let C1h the sheaf of C1 functions on h. Then the Hodge decomposition of ��H1
dR

reads

��H1
dR ˝ C1h D C1h dz˚ C1h d z

On the other hand, by the Riemann-Hilbert correspondence, we have

��H1
dR D ��R1p�Z˝ Oh D Hom.R1p�Z;Oh/ D Oh˛ ˚ Ohˇ

where ˛; ˇ is the basis of horizontal sections inducing onH1.E� ;Z/ D L� the linear
forms ˛.a C b�/ D a and ˇ.aC b�/ D b so that we have

dz D ˛ C �ˇ and d z D ˛ C �ˇ
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From the action of � on the differential form dz, it is then easy to see that

	� �
�

dz

ˇ

	

D
�
.c� C d/�1
�c

0

.c� C d/
	�

dz

ˇ

	

We define the holomorphic sheaf of X� :

Hr
k WD !˝

k�r ˝ Symr .H1
dR/

Then we have the following proposition.

Proposition 1. The Hodge decomposition induces a canonical isomorphism

H0.X� ;H
r
k/ Š Nr

k.�;C/

Proof. Let � 2 H0.X� ;H
r
k/. Then ���.�/ D Pr

lD0 fl .�/dz˝k�l ˇ˝l where the
fl ’s are holomorphic functions on h. Since we have ˇ D 1

2iy
.dz� d z/, we deduce:

���.�/ D
rX

lD0

fl .�/

.2iy/l

lX

iD0
.�1/i

�
l

i

	

dz˝k�i d z˝i

The projection of ��� on the .k; 0/-component of H0.h; ��Hr
k/ is therefore given

by f .�/dz˝k with

f .�/ D
rX

lD0

fl .�/

.2iy/l

It is clearly a nearly holomorphic form. It is useful to remark that the projection
on the .k; 0/-component is injective.5 Conversely, if f .�/ D Pr

lD0
fl .�/

yl
is

a nearly holomorphic form of weight k and order 	 r , using the injectivity
of the projection onto the .k; 0/-component, it is straightforward to see that
Pr

lD0.2i/lfl .�/dz˝k�l ˇ˝l is invariant by � and defines an element ofH0.X� ;H
r
k/

projecting onto f .�/dz˝k via the Hodge decomposition. ut
The quotient by the first step of the de Rham filtration of Hr

k induces by Poincaré
duality the following canonical exact sequence

0! !˝k ! Hr
k ! Hr�1

k�2 ! 0 (3)

The map Hr
k ! Hr�1

k�2 induces the morphism � of (1).

5We will see a similar fact in the p-adic case. See Proposition 6.
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2.3 Rational and Integral Structures

2.3.1 Rational and Integral Nearly Holomorphic Forms

Let N be a positive integer and let us assume � D �1.N / with N � 3. Then
X� D X1.N / is defined over ZŒ 1

N
� as well as !, H1

dR and Hr
k . Recall that Y� D

Y1.N / classifies the isomorphism classes of pairs .E; ˛N /=S whereE=S is an elliptic
scheme over an ZŒ 1

N
�-schemes S and ˛N is a �1.N /-level structure for E (i.e. an

injection of group scheme: �N =S ,! EŒN �=S ). Moreover the generalized universal
elliptic curve is defined over X1.N / and we can define the sheaves !, H1

dR and Hr
k

overX1.N /=ZŒ 1N �
as in the previous paragraph. The exact sequence (3) is also defined

over Q. For any ZŒ 1
N
�-algebra A, we define Mk.N;A/ and Nr

k.N;A/ respectively
as the global section of !˝k=A and Hr

k=A. This gives integral and rational definitions
of the space of nearly holomorphic modular forms.

2.3.2 Nearly Holomorphic Forms as Functors

It follows from the exact sequence (2) that H1
dR is locally free over Y1.N /ZŒ1=N �. A

similar result would hold for general Shimura varieties of PEL type. In that case the
torsion-freeness result from the basic properties of relative de Rham cohomology
(for example see Katz 1970). We may therefore consider T the B-torsor over
.Y1.N //Zar of isomorphisms  U W H1

dR=U Š OU ˚ OU inducing an isomorphism
 1U W !=U Š OU ˚ f0g such that the isomorphism .H1

dR=!/=U Š OU induced by
 U is dual to  1U for all Zariski open subset U � Y� .

For any ringR, we denote byRŒX�r the R-module of polynomial in X of degree
	 r . LetB the Borel subgroup of SL2 of upper triangular matrices. Then we consider
the representation �rk of B.R/ on RŒX�r defined by

�rk.
�
a b
0 a�1

�
/:P.X/ D akP.a�2X C ba�1/

Then over Y1.N /, for any ZŒ 1
N
�-algebra, we have

T �B AŒX�r .k/ Š Hr
k=A

This can be checked easily for principal rings and this implies the isomorphism
above since the formation of both left and right hand sides commute to base change.

Concretely, we can see it the following way. For an elliptic scheme E=R
we consider a basis .!; !0/ of H1

dR.E=R/ such that ! is a basis of !E=R D
H0.E;˝1

E=R/ and h!;!0idR D 1. Then f 2 Nr
k.N;A/ can be seen as a functorial

rule assigning to any A-algebra R and a quadruplet .E; ˛N ; !; !0/=R a polynomial

f .E; ˛N ; !; !
0/.X/ D

rX

lD0
blX

l 2 RŒX�r
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defined such that the pull-back of f to H1
dR.E=R/ is

Pr
lD0 bl!˝

k�l ˝ !0˝l . For
any a 2 R�; b 2 R, we have

f .E; ˛N ; a!; a
�1!0 C b!/.X/ D a�kf .E; ˛N ; !; !0/.a2X � ab/

The condition that f is finite at the cusps is expressed in terms of q-expansion as
usual. It will be defined in the next paragraph.

Proposition 2. Let f 2 Nr
k.N;A/ and �:f 2 Nr�1

k�2.N;A/ the image of f by the
projection (3). Then for any quadruplet .E; ˛N ; !; !0/=R, we have

.�:f /.E; ˛N ; !; !
0/.X/ D d

dX
f .E; ˛N ; !; !

0/.X/

Proof. For any ring R, we have the exact sequence:

0! RŒX�0.k/! RŒX�r .k/! RŒX�r�1.k � 2/

where the right hand side map is given by P.X/ 7! P 0.X/. It is clearly B.R/-
equivariant. By taking the contracted product of this exact sequence with T, we
obtain the exact sequence of sheaves (3) which implies our claim. Notice that the
map of sheaves inducing � is surjective only if rŠ is invertible in A. ut

2.3.3 Polynomial q-Expansions

We consider Tate.q/ the Tate curve over ZŒ 1
N
�..q// with its canonical invariant

differential form !can and canonical �1.N / level structure ˛N;can . We have the
Gauss-Manin connection:

r W H1
dR.Tate.q/=ZŒ

1

N
�..q///! H1

dR.Tate.q/=ZŒ
1

N
�..q///˝˝1

ZŒ 1N �..q///=ZŒ 1N �

and let

ucan WD r.q d
dq
/.!can/

Then .!can; ucan/ form a basis of H1
dR.Tate.q/=ZŒ 1

N
�..q/// and ucan is horizontal;

moreover h!can; ucanidR D 1 (see for instance the appendix 2 of Katz 1972). For any
ZŒ 1

N
�-algebra A and f 2 Nr

k.N;A/, we consider

f .q;X/ WD f .Tate.q/=A..q//; ˛can; !can; ucan/.X/ 2 AŒŒq��ŒX�r :

We call it the polynomial q-expansion of the nearly holomorphic form f .

Remark 2. We can think of the variable X as �1
4�y

.
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2.3.4 The Nearly Holomorphic Form E2

It is well-known that the Eisenstein series of weight 2 and level 1 is a nearly
holomorphic form of order 1. Its given by

E2.�/ D � 1
24
C 1

8�y
C
1X

nD1

1nq

n

where 
1n is the sum of the positive divisor of n and q D e2i�� .
We can define E2 as a functorial rule. Let R be a ring with 1

6
2 R and E be an

elliptic curve overR. Recall (see for instance Katz 1972, Appendix 1) that any basis
! 2 !E=R defines a Weierstrass equation for E:

Y 2 D 4X3 � g2X � g3
such that ! D dX

Y
and � D X dX

Y
form a R-basis of H1

dR.E=R/. Moreover if we
replace ! by �!, � is replaced by ��1�. Therefore ! ˝ � 2 !E=R ˝H1

dR.E=R/ is
independent of the choice of !. It therefore defines a section of H1

2 over Y=ZŒ 16 �
. If

.!; !0/ is a basis of H1
dR.E=R/ such that h!;!0idR D 1 then we can put

QE2.E; !; !0/ D h�; !0idR CXh!; �idR

where h�; �idR stands for the Poincaré pairing on H1
dR.E=R/.

Its polynomial q-expansion is given by

QE2.q;X/ D QE2.Tate.q/; !can; ucan/.X/ D P.q/

12
CX

because ucan D �P.q/12
!can C �can and h!can; �canidR D 1 and where P.q/ is defined

in Katz (1972) by

P.q/ D 1 � 24
1X

nD1

1nq

n

Since the q-expansion of QE2 is finite at q D 0, QE2 defines a section of H1
2 over X .

From the q-expansion, it is easy to see that QE2 D �2E2. We clearly have �: QE2 D 1
(i.e. is the constant modular form of weight 0 taking the value 1).

Remark 3. We can see easily that multiplying by QE2 is useful to get a splitting
of H1

k :

0! !˝k ! H1
k ! !˝k�2 ! 0
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In particular, that shows that nearly holomorphic forms are polynomial in E2 with
holomorphic forms as coefficients. As mentioned in the introduction, this provides
a way to give an ad hoc definition of nearly overconvergent forms.

2.4 Differential Operators

Recall that the Gauss-Manin connection

r W H1
dR ! H1

dR ˝˝X1.N/=ZŒ 1N �
.log.Cusp//

induces the Kodaira-Spence isomorphism !˝2 Š ˝X1.N/=ZŒ 1N �
.log.Cusp// and a

connection

r W Symk.H1
dR/! Symk.H1

dR/˝˝X1.N/=ZŒ 1N �
.log.Cusp// Š Symk.H1

dR/˝ !˝
2

The Hodge filtration of Symk.H1
dR/ is given by F il0 � � � � � F ilk � F ilkC1 D

f0g with

Filk�r D Hr
k D !˝

k�r ˝ Symr .H1
dR/ for 0 	 r 	 k

Since r satisfies Griffith transversality, when k � r � 0, it sends Filk�r into
Filk�r�1 ˝ ˝X1.N/=ZŒ 1N �

.log.Cusp//. We therefore get the sheaf theoretic version

of the Maass-Shimura operator6:

ık W Hr
k ! HrC1

kC2 for 0 	 r 	 k

We still denote ık the corresponding operator

ık W Nr
k.N;A/! NrC1

kC2.N;A/

The following proposition gives the effect of ık on the polynomial q-expansion.

Proposition 3. Let f 2 Nr
k.N;A/. Then the polynomial q-expansion of ıkf is

given by:

.ıkf /.q;X/ D XkD.X�kf .q;X//

6We leave it as an exercise to check that this operator corresponds to the classical Maass-Shimura
operator via the isomorphism of Proposition 1.
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where D is the differential operator on AŒŒq��ŒX� given by D D q @
@q
� X2 @

@X
. In

other words, if f .q;X/ DPr
iD0 fi .q/Xi , we have

.ıkf /.q;X/ D
rX

iD0
q
d

dq
fi .q/X

i C .k � i/fi .q/XiC1

Proof. The pull-back of f to ��Hr
k with � W Spec .A..q/// ! X1.N /=A

corresponds to .Tate.q/; ˛N;can/=A..q// is given by

��f D
rX

iD0
fi .q/!

˝k�i
can ˝ u˝ican

Since r induces dq
q
Š !2can, r.q ddq /.!can/ D ucan and r.q ddq /.ucan/ D 0, we have:

r.q d
dq
/.��f / D

rX

iD0

d

dq
fi .q/!

˝k�iC2
can ˝ u˝ican C .k � i/fi .q/!˝

k�i�1

can ˝ u˝iC1can

This implies our claim by the definition of the polynomial q-expansion. ut
Remark 4. We can rewrite the formula for ık in the following way:

ık D D C kX

Using the relation ŒD;X� D �X2, we easily show by induction that

ırk D
rX

jD0

�
r

j

	
� .k C r/

� .k C r � j / :X
jDr�j (4)

Notice in particular that for s 	 r and h holomorphic, we have

.�skC2r ı ırk/h D
rX

jDs

�
r

j

	
� .k C r/� .j C 1/

� .k C r � j /� .j C 1 � s/ :X
j�s.q

d

dq
/r�j h (5)

2.5 Hecke Operators

Let R1.N / be the abstract Hecke algebra attached the pair .�1.N /;�1.N // by
Shimura (1971, chapt. 3). This algebra is generated over Z by the operators Tn for
n running in the set of natural integers. If ` is a prime dividing N , the operator T`
is sometimes called U`. These operators act on the space of nearly holomorphic
forms by the usual standard formulas and preserve the weight and degree of
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nearly holomorphy. Moreover the Hecke operators respect the rationality. After an
appropriate normalization, it can be seen that integrality is preserved as well.

For any ring A � C, we then denote by hrk.N;A/ � EndC.N
r
k.N;C// the

subalgebra generated over A by the image of the Tn’s. If ZŒ 1
N
� � A � B , then the

above remark shows that we have

hrk.N;A/˝A B Š hrk.N;B/
An easy computation shows that, for each integer n and f 2 Nr

k.N;C/ we have:

.ık:f /jkC2Tn D n:ık.f jkTn/
�:.f jkTn/ D n:.�:f /jk�2Tn

Remark 5. From these formulae, we see that if f is a holomorphic eigenform of
weight k. Then ırkf is a nearly holomorphic eigenform of weight kC2r . Moreover
the system of Hecke eigenvalues of ırkf is different than the one of any holomorphic
Hecke eigenform of weight k C 2r if r > 0.

2.6 Rationality and CM-Points

2.6.1 Evaluation at CM-Points

We review quickly the rationality notion introduced by Shimura. For K � Q
an imaginary quadratic field and � 2 h \ K, the elliptic curve E� has complex
multiplication by K and is therefore defined over Kab � Q the maximal abelian
extension of K by the theory of Complex Multiplication. We then denote by !�
an invariant Kähler differential of E� defined over Kab and we denote by ˝� the
corresponding CM period defined by

!� D ˝�dz

Then .!� ; !� / forms a basis of H1
dR.E�=K

ab/. Let E be a number field and f 2
Nr
k.N;E/. Let ˛N;� the �1.N /-level structure of E� induced by 1

N
Z=Z � C=L� .

Then the polynomial f .E� ; ˛N;� ; !� ; !� /.X/ belongs to EKabŒX�. Since we have
!� D ˝�d z, we deduce that f .E� ; ˛N;� ; !� ; !� /.0/ is the left hand side of (6) and
that we therefore have

f .�/

˝k
�

2 EKab (6)

According to Shimura, a nearly holomorphic form is defined as rational if and only
if it satisfies (6) for any imaginary quadratic field K and almost all � 2 h\K. It can
be easily seen his definition is equivalent to our sheaf theoretic definition.
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Proposition 4. Let f 2 Nr
k.N;C/ and E be a number field such that for any

imaginary quadratic field K � Q and almost all � 2 h \K, we have

f .�/

˝k
�

2 E:Kab;

then, f 2 Nr
k.N;EQab/.

Proof. We just give a sketch under the assumption k > 2r since the general case
can be deduced after multiplying f byE2. Thanks to a Galois descent argument, we
may assume E contains the eigenvalues of all Hecke operators acting on Nr

k.N;C/.
By Lemma 1, we can decompose f as

f D f0 C ık�2f1 C � � � C ırk�2rfr
with fi holomorphic of weight k�2i . Now we remark that if T is a Hecke operator
defined over E , then f jkT satisfies (6). This follows easily from the definition of
the action of Hecke operators using isogenies. Moreover from Remark 5, the system
of Hecke eigenvalues of nearly holomorphic forms ıih and ıi

0

h0 are distinct for any
two holomorphic forms h and h0 when i ¤ i 0; we deduce that ıifi satisfy (6).
We may assume therefore f D ırk�2rg for an holomorphic form g of weight
k � 2r . In fact using a similar argument, we may even assume g is an eigenform.
Then g D �:g0 with g0 defined over E . Since ırk�2rg0 is defined over E , we
deduce from Sect. 2.6.1 that ırk�2rg0 satisfies (6) and therefore � 2 EKab and
f 2 Nr

k.N;EKab/. Since this can be done for any K the result follows. ut

3 Nearly Overconvergent Forms

In this section, we introduce our definition of nearly overconvergent modular forms
and show they arep-adic modular forms of a special type. We use the spectral theory
of the Atkin Up-operator on them and we define p-adic families of such forms. We
study also the effect of differential operators on them and define an analogue of the
holomorphic projection. These tools are useful to study certain p-adic families of
modular forms and also to study p-adic L-functions.

3.1 Katz p-Adic Modular Forms

3.1.1 Definition

We fix p a prime. Let Xrig be the generic fiber in the sense of rigid geometry of
the formal completion of X=Zp along its special fiber. Let A 2 H0.X=Fp ; !

˝p�1 / be
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the Hasse invariant and let QAq be a lifting of Aq to characteristic 0 for q sufficiently
large. For � 2 pQ \ Œp�1=pC1; 1�, we write X�� for the rigid affinoid subspace of
Xrig defined as the set of x 2 Xrig satisfying j QAq.x/jp � �q . For � D 1 we get the
ordinary locus of Xrig and we denote it Xord. The space of p-adic modular forms of
weight k is defined as

M
p�adic
k .N / WD H0.Xord; !

˝k /

The space of overconvergent forms of weight k is the subspace of p-adic forms
which are defined on some strict neighborhood of Xord so:

M
�

k .N / WD lim
!
�<1

H0.X��; !˝k /

3.1.2 Frobenius and �

Let ' W Xord ! Xord the lifting of Frobenius induced on Yord by .E; ˛N / 7!
.E.'/; ˛

.'/
N / where E.'/ WD E=EŒp�ı and ˛.'/N is the composition of ˛N and the

Frobenius isogeny E ! E.'/. We get a '�-linear morphism obtained as the
composite

˚ W H1
dR ! '�H1

dR D H1
dR.E

'=Xord/! H1
dR

This morphism stabilizes the Hodge filtration of H1
dR and we know by Dwork that

there is a unique ˚-stable splitting, called the unit root splitting:

H1
dR=Xord D !=Xord ˚ U=Xord

such that ˚ is invertible on U and U is a free sheaf of rank 1 generated by its sub-
sheaf of horizontal sections for the Gauss-Manin connection. This unit root splitting
induces a splitting of Hr

k=Xord and therefore of a canonical projection

Hr
k=Xord ! !˝k=Xord

(7)

We now recall the definition of the Theta operator on the space of p-adic modular
forms of weight k. At the level of sheaves, � is defined as the composite of the
following maps of sheaves over the ordinary locus:

!˝k=Xord

ık! H1
kC2=Xord ! !˝kC2=Xord

where he second arrow is the one given by (7) for r D 1. This defines

� W Mp�adic
k .N /!M

p�adic
kC2 .N /
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It follows from Propositions 3 and 6 below that on the level of q-expansion, we have:

�.f /.q/ D q d
dq
f .q/

for all f 2 M
p�adic
k .N /. The following proposition will be useful in the next

paragraph.

Proposition 5. For any � < 1 and any Zariski open V � X��, the unit root
splitting on Vord WD U \ Xord does not extend to a splitting of the Hodge filtration
of H1

dR over any finite cover of V .

Proof. We show it by contradiction. Let us assume that this splitting extends to
some finite cover S of V for some � < 1.

H1
dR.E=S/ D !E=S ˚ U.E=S/:

Let Sord D S �Vord V . Since U.E=S/ ˝ OSord is stable by ˚ so is U.E=S/. Since
V is a strict neighborhood of Vord, we can find a finite extension L of Qp and x 2
S.L/nSord.L/. Then, we will obtain a splitting H1

dR.Ex=L/ D !Ex=L ˚ U.Ex=L/

with ˚x inducing a semi-linear invertible endomorphism of U.Ex=L/. Let kL be
the residue field of L. By the results of Berthelot and Ogus (1978, chapt. 7),
the pair .H1

dR.Ex=L/; ˚x/ is isomorphic to .H1
crys.Ex;0=W.kL// ˝ L;F � ˝ idL/

whereH1
crys.Ex;0=W.kL// stands for the crystalline cohomology of the special fiber

Ex;0=kL of Ex over the ring of Witt vectors of kL and where ˚x D F � ˝ idL where

F � is the “crystalline” Frobenius induced by the Frobenius isogeny Ex;0 ! E
.p/
x;0 in

characteristic p. Since it has a splitting of the form H1
crys.Ex;0=OL/ D F il1 ˚ U

with F � inversible on U , Ex;0 has to be ordinary which is a contradiction since
x … Sord.L/. ut

3.2 Nearly Overconvergent Forms as p-Adic Modular Forms

3.2.1 Definition of Nearly Overconvergent Forms

For each �, H0.X��;Hr
k/ is naturally a Qp-Banach space for the Supremum norm

j � j� and if �0 < � < 1, the map H0.X��0 ;Hr
k/ ,! H0.X��;Hr

k/ is completely
continuous. We define the space of nearly overconvergent forms of weight k and
order 	 r by

N
r;�

k .N / WD lim
!
�<1

N
r;�

k .N /

with N
r;�

k .N / WD H0.X��;Hr
k/. We can define the operators ık and � on nearly

overconvergent forms since they are defined at the level of sheaves. Moreover we
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can define the polynomial q-expansion of a nearly overconvergent form and it is
straightforward to check that the action of ık and � on this q-expansion is the same
as for nearly holomorphic forms.

Remark 6. For any nearly overconvergent form f of weight k and order at most r ,
we can easily show that there exist overconvergent forms g0; : : : ; gr such that

f D g0 C g1:E2 C � � � C gr :Er
2

where for i D 0; : : : ; r , gi is of weight k � 2i . This could be used as an ad hoc
definition of nearly overconvergent forms but it would be uneasy to show this space
is stable by the action of Hecke operators and that it has a slope decomposition as
we will see in the next sections. Moreover, this definition would not be suited for
generalization to higher rank reductive groups.

3.2.2 Embedding Into the Space of p-Adic Modular Forms

We now want to consider nearly overconvergent modular forms as p-adic modular
forms. Using (7), we get a map

H0.X��;Hr
k/! H0.Xord;H

r
k/! H0.Xord; !

˝k / (8)

We have the following

Proposition 6. The maps (8) induces a canonical injection

N
r;�

k .N / ,!M
p�adic
k .N / (9)

fitting in the commutative diagram:

where the bottom map is induced by evaluatingX D 0.

Proof. The fact that the diagram commutes follows from the fact that ucan belongs
to the fiber of the unit root sheaf U at the Zp..q//-point defining Tate.q/. Indeed, it
is explained in the appendix 2 of Katz (1972) that ucan is fixed by Frobenius. We are
left with proving the injectivity. We consider f in the kernel of this map. Let U �
X�r \ Yrig be an irreducible affinoid. It is the generic fiber in the sense of Raynaud
of an affine formal scheme Spf .R/ with R a p-adically complete domain. Let E=R
the universal elliptic curve overR. Let us choose a basis .!; !0/ of H1

dR.E=R/ as in
the previous section and such that h!;!0idR D 1. Let h 2 R be a lifting of the Hasse
invariant of E �R Spec.R=pR/ and let S WD2RŒ1=h� where the hat here stands for
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p-adic completion. Then E=S has ordinary reduction and the unit root splitting over
S defines a basis .!; u/ of H1

dR.E=S/. We must have

u D !0 C �:!

with � 2 S . But U is a strict neighborhood of Uord D U \ Xord which is the
generic fiber of Spf .S/, we know by the previous proposition that � is not algebraic
over R. Let Q.X/ WD f .E=R; ˛N ; !; !

0/.X/ 2 RŒX�r . We want to show that
Q.X/ D 0. By assumption, we know that Q.�/ D f .E=S ; ˛N ; !; !

0 C �!/.0/ D
f .E=S ; ˛N ; !; u/.0/ D 0. Since � is not algebraic over R, this is possible only if
Q.X/ D 0. Since this can be done for any pair .!; !0/ we conclude that f � 0. ut

If f is a nearly overconvergent form, the p-adic q-expansion of f is by definition
the q-expansion of the image of f in the space of p-adic forms. The following
corollary can be thought of as a polynomial q-expansion principle for the degree of
near overconvergence.

Corollary 1. Let f 2 N
r;�

k .N /. If f .q;X/ is of degree r then there is no g 2
N
r�1;�
k .N / having the same p-adic q-expansions.

Proof. We prove this by contradiction. Let us assume that such a g exists. Let
h D f � g. Since f .q;X/ is of degree r and g 2 N

r�1;�
k .N /, h.q;X/ is still

of degree r and therefore h is non-zero. However, by assumption h.q; 0/ D 0.
This implies that h D 0 by the diagram of the previous proposition, which is a
contradiction. ut

3.2.3 E2, � and Overconvergence

In the following two corollaries, we recover the main results of Coleman et al.
(1995) using the polynomial q-expansion principle. It can be easily generalized to
modular forms for other Shimura varieties.

Corollary 2. The p-adic modular form E2 is not overconvergent.

Proof. By the Corollary 1, this is immediate since the polynomial q expansion of
E2 is of degree 1. ut
Corollary 3. If f is overconvergent of weight k and k ¤ 0, then �:f is not
overconvergent.

Proof. It follows from Propositions 3 and 6, that �:f is the image of the nearly
overconvergent form ık:f in the space of p-adic modular forms by the map (9).
Moreover

.ık:f /.q;X/ D q d
dq
f C kXf .q/

It is therefore of degree 1 since k ¤ 0 and the result follows from Corollary 1. ut
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3.2.4 The Overconvergent Projection

We give a p-adic version of the holomorphic projector.

Lemma 2. Let f be a nearly overconvergent form of weight k and order	 r such
that k > 2r . Then for each i D 0; � � � ; r , there exists a unique overconvergent form
gi of weight k � 2i such that

f D
rX

iD1
ıik�2i :gi

Proof. This is special case of the proof of Proposition 9 below. ut
We define the overconvergent projection H�.f / of f by:

H�.f / WD g0
It is an overconvergent version of the holomorphic projection since if f is
holomorphic, then we clearly have:

H�.f / D H.f /

which means that H�.f / is holomorphic.

Remark 7. Let f 2 N
r;�

k .N;Qp/ and g 2 N
s;�

l .N;Qp/ such that k C l > 2s C 2r .
Then the following holds H�.f ıml g/ D .�1/mH�.gımk f /. One can also show that
when a Hecke equivariant p-adic Petersson inner product is defined then ı and � are
very close to be adjoint operators. This implies a formula of the type hf; gip�adic D
hf;H�.g/ip�adic when f is overconvergent.We hope to come back to this in a future
paper.

3.2.5 Action of the Atkin-Hecke Operator Up

If � > p�1=pC1, it follows from the theory of the canonical subgroup (Katz-Lubin)
that we can extend canonically ' on Xord into

' W X�� ! X��p :

Let E=X��p be the generalized universal elliptic curve overX��p and let E.'/=X��
be its pullback by '. We have degree p isogeny

E
F'! E.'/

over X�� and we denote V' W E.'/ ! E the dual isogeny. On the level of sheaves,
the operator Up is defined as the composition of the following maps.
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Hr
k=X��

V �'�! H
r;.'/

k =X�� D Hr
k=X��

p ˝'� O=X��
Id˝ 1

p �T r! Hr
k=X��

p
j! Hr

k=X��

where j is induced by the completely continuous inclusion OX��p ! OX�� defined
by the restriction of analytic function on X��p to X�� and T r is induced by the
trace of the degree p map '� W OX��p ! OX�� . Since j is completely continuous,
Up induces a completely continuous endomorphism of Nr;�

k .N;Qp/. The following
proposition is easy to prove.

Proposition 7. Let f 2 N
r;�

k .N;Qp/. Let us write its polynomial q-expansion as:

f .q;X/ D
1X

nD0
a.n; f /.X/qn

Then we have:

(i) .f jUp/.q;X/ DP1nD0 a.np; f /.pX/qn
(ii) �.f jUp/ D p:.�f /jUp

(iii) .ıkf /jUp D pık.f jUp/
Proof. (i) follows from a standard computation and (ii) and (iii) follow from (i) and
the effect of ık and � on the polynomial q-expansion explained in Sect. 2. ut

Let ON1;�k .N;Qp/ be the p-adic completion of

N
1;�
k .N;Qp/ WD

[

r�0
N
r;�

k .N;Qp/:

Then we have:

Corollary 4. The action of Up on ON1;�k .N;Qp/ is completely continuous.

Proof. It follows easily from the lemma below for the sequenceMi D N
i;�

k .N / and
the relation (ii) of the previous proposition. ut
Lemma 3. Let Mi be an increasing sequence of Banach modules over a p-adic
Banach algebra A. Let u be an endomorphism on M WD Si Mi such that

(i) u induces a completely continuous endomorphism on each of the Mi ’s.
(ii) Let ˛i be the norm of the operator on the Hausdorff quotient of Mi=Mi�1

induced by u. Then the sequence ˛i converges to 0.

Then u induces a completely continuous operator on the p-adic completion of M .

Proof. This is an easy exercise which is left to the reader. ut
Remark 8. We can give a sheaf theoretic definition of ON1;�k . Let A be the ring of
analytic functions defined over Qp on the closed unit disc. It is isomorphic to the
power series inX with Qp-coefficient converging to 0. We denote it Ak if one equips
it with the representation of the standard Iwahori subgroup of SL2.Zp/ defined by:



Nearly Overconvergent Modular Forms 421

.
�
a b
c d

�
:f /.X/ D .aC cX/kf .b C dX

aC cX /

If we restrict this representation to the Borel subgroup we get a representation that
contains ZpŒX�r .k/ for all r . In fact, it is the p-adic completion of ZpŒX�.k/ DS
r ZpŒX�r .k/. It is not difficult to see, one can define a sheaf of Banach spaces

on X�� (in the sense of Andreatta et al. to appear) by considering the contracted
product

H1k WD T �B Ak

Then, we easily see that

ON1;�k D H0.X��;H1k /

3.2.6 Slopes of Nearly Overconvergent Forms

Let f 2 N
r;�

k .N;Qp/ which is an eigenform for Up for the eigenvalue ˛. If � ¤ 0,
we say f is of finite slope ˛ D vp.�/. The following proposition compares the
slope and the degree of near overconvergence and extends the classicity result of
Coleman to nearly overconvergent forms.

Proposition 8. Let f 2 N
1;�
k .N;Qp/, then the following properties hold

(i) If f is of slope ˛, then its degree of overconvergence r satisfies r 	 ˛,
(ii) If f is of degree r and slope ˛ < k � 1 � r , then f is a classical nearly

holomorphic form.

Proof. The part (i) is easy. If r is the degree of near overconvergence of f , then
g D �r :f is a non trivial overconvergent form and by Proposition 7 its slope is ˛�r .
Since a slope has to be non-negative, (i) follows. The part (ii) is a straightforward
generalization of the result for r D 0 which is a theorem of Coleman (1996). We
may assume that r is the exact degree of near overconvergence. By the point (i), we
therefore have ˛ � r . From the assumption, we deduce k � 1 � r � r . Therefore
k > 2r and we may apply Lemma 2:

f D
rX

iDo
ıik�2i gi

with gi overconvergent of weight k � 2i for each i . By uniqueness of the gi ’s, we
see easily that the ık�2igi are eigenforms for Up with the same eigenvalue as f . So
for each i , gi is of slope ˛� i < k�1�r� i 	 .k�2i/�1. Therefore it is classical
by the theorem of Coleman. This implies f is classical nearly holomorphic. ut
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3.3 Families of Nearly Overconvergent Forms

3.3.1 Weight Space

Let X be the rigid analytic space over Qp such that for any p-adic field L �
Qp X.L/ D Homcont .Z�p ; L�/. Any integer k 2 Z can be seen as the point
Œk� 2 X.Qp/ defined as Œk�.x/ D xk for all x 2 Z�p . Recall we have the
decomposition Zp D � � 1 C qZp where � � Z�p is the subgroup of roots of
unity contained in Z�p and q D p if p odd and q D 4 if p D 2. We can decompose
X as a disjoint union

X D
G

 2 O�
B 

where O� is the set of characters of � and B is identified to the open unit disc of
center 1 in Qp . If � 2 X.L/ then it correspond to u� 2 B .L/ if �j� D  and
�.1C q/ D u� .

3.3.2 Families

Let U � X be an affinoid subdomain. It is known from the works of Coleman-
Mazur (1998) and Pilloni (to appear), that there exist �U 2 Œ0; 1/\ pQ such that for
all � � �U, there exists an orthonomalizable Banach space M�

U over A.U/ such that
for all � 2 U.Qp/, we have

M
�

U ˝� Qp Š H0.X��; !�/

We consider the sheaf7 ˝U over U�X�� associated to the A.U�X��/-module M�

U

and we put

Hr
U WD ˝U ˝Hr

0

For any weight k 2 Z such that Œk� 2 U.Qp/, we recover Hr
k by the pull-back

.Œk� � idX��/�Hr
U Š Hr

k (10)

For general weight � 2 U.L/, we define the sheaf Hr
� D !� ˝ Hr

0 where !� is
the invertible sheaf defined in Pilloni (to appear, §3). We define the space of nearly
overconvergent forms of weight � by

7In Pilloni (to appear), this sheaf is constructed in a purely geometric way and the existence of M�

U

is deduced from it.
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Nr;�
� .N;L/ WD H0.X��;Hr

� =L/

and the space of U-families of nearly overconvergent forms:

N
r;�

U .N / WD H0.X��;Hr
U/

We also define N
r;�
� .N / and N

r;�

U .N / the spaces we obtain by taking the inductive
limit over �. The space N

r;�

U .N / is a Banach module over A.U/ and for any weight
� 2 U.L/, we have

N
r;�

U .N /˝� L D Nr;�
� .N;L/

This follows easily from (10) and the fact that X�� is an affinoid.
As in the previous section, one can define an action of Up on these spaces and

show it is completely continuous. For any integer r , any affinoid U � X and � � �U,
we may consider the Fredholm determinant

P r
U.X/ D P r

U.�;X/ WD det.1� X:UpjNr;�

U / 2 A.U/ŒŒX��

because one can show as in Pilloni (to appear) that Nr;�

U .N / is A.U/-projective.
A standard argument shows this Fredholm determinant is independent of �. For
U D f�g, we just write P r

� .X/. If r D 0, we omit r from the notation.
For any integer m, we consider the map Œm� W X ! X defined by � 7! �:Œm�

and we denote UŒm�, the image of U by this map. We easily see from its algebraic
definition, that the operator � can be defined in families and induces a short exact
sequence:

0!M
�

U! N
r;�

U ! N
r�1;�
UŒ�2� ! 0

From Proposition 7 and the above exact sequence one easily sees by induction on
r that

P r
U.�;X/ D

rY

iD0
PUŒ�2i �.�:Œ�2i�; pi :X/

Let us define ON
1;�
U .N / as the p-adic completion of N1;�U .N / WD

[

r�0
N
r;�

U .N /. Then

it follows from Lemma 3 again that Up acts completely continuously on it with the
Fredholm determinant given by the converging product

P1U .�;X/ D
1Y

iD0
PUŒ�2i �.�:Œ2i �; piX/
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Definition 1. Let U � X be an affinoid subdomain and Q.X/ 2 A.U/ŒX� be a
polynomial of degree d such that Q.0/ D 1. The pair .Q;U/ is said admissible
for nearly overconvergent forms (reps. for overconvergent forms) if there is a
factorization

P1U .X/ D Q.X/R.X/ .resp: PU.X/ D Q.X/R.X/ /

with P andQ relatively prime andQ�.0/ 2 A.U/� with Q�.X/ WD XdQ.1=X/.

If .Q;U/ is admissible for nearly overconvergent forms, it results from Coleman-
Riesz-Serre theory (Coleman 1997) that there is a unique Up-stable decomposition

N
1;�
U D NQ;U ˚ SQ;U

such that NQ;U is projective of finite rank over A.U/ with

(i) det.1 � UpX jNQ;U/ D P.X/
(ii) Q�.Up/ is invertible on SQ;U

It is worth noticing also that the projector eQ;U of N
1;�
U onto NQ;U can be

expressed as S.Up/ for some entire power series S.X/ 2 XA.U/X . If we have two
admissible pairs .Q;U/ and .Q0;U0/, we write .Q;U/ < .Q0;U0/ if U � U0 and ifQ
divides the image Q0jU.X/ of Q0.X/ by the canonical map A.U0/ŒX�! A.U/ŒX�.
When this happens, we easily see from the properties of the Riesz decomposition
that

eQ;U ı .eQ0;U0 ˝A.U0/ 1A.U// D eQ;U (11)

We have dropped � from the notation in NQ;U since this space is clearly

independent of � by a standard argument. We define N
f s

U as the inductive limit
of the NQ;U over the Q’s. Since NQ;U is of finite rank and Up-stable it is easy to
see that there exists r such that

NQ;U � N
r;�

U

Remark 9. If ˛Q;U is the maximal8 valuation taken by the values of the analytic
functionQ�.0/ 2 A.U/ on U, then one can easily see that r 	 ˛Q;U by the point (i)
of Proposition 8.

3.3.3 Families of q-Expansions and Polynomial q-Expansions

By evaluating at the Tate object we have defined in Sect. 2, we can define
the polynomial q-expansion of an element F 2 N

r;�

U .N / that we write

8This maximum is <1 since Q�.0/ 2 A.U/�.
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F.q;X/ 2 A.U/ŒX�r ŒŒq��. The evaluation F�.q;X/ at � of F.q;X/ is the
polynomial q-expansion of the nearly overconvergent form of weight � obtained by
specializing F at �. We also denote F�.q/ D F�.q; 0/ the p-adic q-expansion of the
specialization of F at �. In what follow, we show that when the slope is bounded a
family of q-expansion of nearly overconvergent forms is equivalent to a family of
nearly overconvergent forms.

Let F.q/ 2 A.U/ŒŒq�� and ˙ � U.Qp/ a Zariski dense subset of points. We
say that F.q/ is a ˙-family of q-expansions of nearly overconvergent form of
type .Q;U/ if for all but finitely many � 2 ˙ the evaluation F�.q/ of F.q/ at �
is the p-adic q-expansion of a nearly overconvergent form of weight � and type
Q� (i.e. is annihilated by Q�� .Up/). Let N˙

Q;U be the A.U/-module of families
of q-expansion of nearly overconvergent forms of type .Q;U/. Similarly, we can
define N˙;pol

Q;U � A.U/ŒX�ŒŒq�� the subspace of polynomial q-expansion satisfying a
smiler property for specialization at points in ˙ with an obvious map:

N
˙;pol

Q;U ! N˙
Q;U

given by the evaluationX at 0. Then we have:

Lemma 4. The q-expansion map and polynomial expansion maps induce the
isomorphisms

NQ;U Š N
˙;pol

Q;U Š N˙
Q;U:

Proof. From Proposition 6, it suffices to show that the q-expansion map induces:

NQ;U Š N˙
Q;U:

The argument to prove this is well-known but we don’t know a reference for it. We
therefore sketch it below. Notice first that for any �0 2 U.Qp/ the evaluation map
at �0 induces an injective map:

N˙
Q;U ˝�0 Qp ,! QpŒŒq�� (12)

Indeed if F 2 N˙
Q;U is such that F�0.q/ D 0 then if $�0 2 A.U/ is a generator of

the ideal of the elements of A.U/ vanishing at �0, we have F.q/ D $�0:G.g/ for
some G 2 A.U/ŒŒq��. Clearly for any � 2 ˙nf�0g, we haveG�.q/ D 1

$�0 .�/
F�.q/ is

the q-expansion of a nearly over convergent for of weight � and typeQ� . Therefore
G 2 N˙

Q;U and our first claim is proved. Now let � 2 ˙ . We have the following
commutative diagram:
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Since (2) and (4) are injectives and (1) is an isomorphism, we deduce (3) is injective.
Now since the image of (2) is included in the image of (4) and (1) is surjective,
we deduce that (3) is an isomorphism of finite vector spaces. Since N˙

Q;U is torsion

free over A.U/ such that N˙
Q;U ˝� Qp has bounded dimension when � runs in ˙ ,

a standard argument shows that N˙
Q;U is of finite type over A.U/ (see for instance

Wiles 1988, §1.2). Notice that the injectivity of (3) below is true for all � and
therefore we deduce that the map

NQ;U ! N˙
Q;U (13)

is injective with a torsion cokernel of finite type. We want now to prove the
surjectivity. Let F.q/ 2 N˙

Q;U and let IF � A.U/ be the ideal of element a such
that a:F.q/ is in the image of (13) and let aF be a generator of IF . Let G 2 NQ;U

whose image is aF :F.q/. For any �0 such that aF .�0/ D 0, we get that G�0 D 0.
By the isomorphism (1), G is therefore divisible by $�0 and thus aF

$�0
2 IF which

contradicts the fact that aF is a generator of IF . Therefore aF does not vanish on U

and F is in the image of (13). This proves the surjectivity we have claimed. ut
More generally, for any Qp-Banach space M , we can define N˙

Q;U.M/ the

subspace of elements F 2 A.U/ ŐMŒŒq�� such that for almost all � 2 ˙ , the
evaluationF� at � of F.q/ is the q-expansion of an element ofNQ�;�.M/ D NQ�;�˝
M . Similarly, one defines N˙;pol

Q;U .M/. Then it is easy to deduce the following:

Corollary 5. We have the isomorphisms:

NQ;U ŐM Š N
˙;pol

Q;U .M/ Š N˙
Q;U.M/:

Proof. Left to the reader. ut

3.3.4 Maass-Shimura Operator and Overconvergent Projection
in p-Adic Families

The formula for the action of the Maass-Shimura operators on the q-expansion
suggests it behaves well in families. We explain this here using the lemma (13).
This could be avoided but it would take more time than we want to devote to this
here. We explain this in a remark below.

We defined the analytic function Log.�/ on X by the formula:

Log.�/ D logp.�.1C q/t /
logp..1C q/t /

where logp is the p-adic logarithm defined by the usual Taylor expansion
logp.x/ D �P1nD1 .1�x/

n

n
for all x 2 Cp such that jx � 1jp 	 p�1 and t is
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an integer greater than 1=vp.�.1 C q//. Of course, from the definition we have
Log.Œk�/ D k. Moreover Log is clearly an analytic function on X.

If F.q;X/ DP1nD0 an.X; F /qn 2 A.U/ŒX�r ŒŒq��, we define

ıF.q;X/ WD D:F.q;X/C Log.�/XF.q;X/

where

D D q @
@q
� X2 @

@X
:

If F.q;X/ 2 N
˙;pol

Q;U for a Zariski-dense set of classical weight ˙ , it is clear that

ı:F.q;X/ 2 N
Q̇ ;pol
QQ;U with Q̇ D ˙Œ2� and QQ.�;X/ D Q.�:Œ�2�; pX/. We therefore

thanks to Lemma 4 deduce we have a map

ı W N�;r;fs
U ! N

�;rC1;fs
UŒ2�

Remark also, it is straightforward to see that the effect of the operator � on the
polynomial q-expansion of families is the partial differentiation with respect to X :

.�:F /.q;X/ D @

@X
F.q;X/ 8F 2 N

�;r;fs
U

Remark 10. Like in Remark 8, we can give a sheaf theoretic definition of ON1;�U .
For simplicity, let us assume that all the p-adic characters in U are analytic on Zp .
Let AU WD A.U/ Ő A. Elements in AU, can be seen as rigid analytic functions on
U � Zp . It is equipped with the representation of the standard Iwahori subgroup of
SL2.Zp/ defined by:

.
�
a b
c d

�
:f /.�;X/ D �.aC cX/f .b C dX

aC cX /

Again as in Remark 8, one can define but now using the technics of Pilloni (to
appear) a sheaf of Banach spaces on X�� � U

H1U WD T �B AU Š !U ˝H10

and show that we have:

ON1;�U D H0.X�� � U;H1U /

Since AU is a representation of the Lie algebra of sl2, it would be possible to define
a connection using the BGG formalism like in the algebraic case (see for instance
Tilouine 2011, §3.2)

H1U ! H1UŒ2�
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One would then obtain the Maass-Shimura operator in family without the finite
slope condition:

ı W ON�;1
U ! ON�;1

UŒ2�

It is then easy to verify that ı.N�;r

U / � N
�;rC1
UŒ2� . We leave the details of this

construction for another occasion or to the interested reader.
Finally, we want to mention that Robert Harron and Liang Xiao (2013) have also

given a geometric construction of this operator in family using a splitting of the
Hodge filtration and showing the definition is independent of the chosen splitting.
The above sketched construction can be done without such a choice but it probably
boils down to a similar argument.

Now we have the following proposition.

Proposition 9. Let U � X be an open affinoid subdomain and F 2 N
�;r;fs
U , then

for each i 2 f0; : : : ; rg there exists

Gi 2 1
Q2r
jD2.Log.�/� j /

N
�;0;fs
UŒ�2i �

such that

F D G0 C ı:G1 C � � � C ır :Gr
Moreover, this decomposition is unique.

If U D f�g such that Log.�/ 62 f2; 3; : : : 2rg, the result holds as well.

Proof. It is sufficient to prove this when U is open since we can obtain the
general result after specialization. We prove this by induction on r . Notice that
for G 2 N

�;0;fs
UŒ�2r�, we have by (4)

�r :ır :G D rŠ:
rY

iD1
.Log.�/� r � i/:G

since the left hand and right hand sides coincide after evaluation at classical weights
bigger than 2r . We put

Gr WD 1

rŠ:
Qr
iD1.Log.�/� r � i/

�rF

then Gr 2 1Qr
iD1.Log.�/�r�i /N

�;0;fs
UŒ�2r� and F � ır :Gr is by construction of degree of

nearly overconvergent less or equal to r � 1. We conclude by induction. ut
Then we define

H�.F / WD G0
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This is the overconvergent (or holomorphic) projection in family since it clearly
coincides with the holomorphic projection for nearly holomorphic forms of weight
k > 2r .

Lemma 5. For any nearly overconvergent family of finite slope F 2 N
�;r;fs
U , and

Heke operator T , we have

H�.T:F / D T:H�.F /:

In particular, for any admissible pair .Q;U/ and we have

eQ;U.H
�.F // D H�.eQ;U.F //:

Proof. It follows easily from the relation ıj .T .n/:F / D nj T .n/:ıj .F / and the
uniqueness of the Gi ’s in the decomposition of Proposition 4. ut

4 Application to Rankin-Selberg p-Adic L-Functions

Let E be the eigencurve of level 1 constructed by Coleman and Mazur (1998). In this
section, we give the main lines of a construction of a p-adic L-function on E�E�X.
The general case of arbitrary tame level can be done exactly the same way. The
restriction of our p-adic L-function to the ordinary part of the eigencurve, gives
Hida’s p-adic L-function constructed in Hida (1988, 1993). Our method follows
closely Hida’s construction for ordinary families of eigenforms. We are able to treat
the general case using the framework of nearly overconvergent forms. We will omit
the details of computation that are similar to Hida’s construction and will focus on
how we get rid of the ordinary assumptions. We don’t pretend to any originality
here. We just want to give an illustration of the theory of nearly overconvergent
forms to the construction of p-adic L-functions in the non-ordinary case.

4.1 Review on Rankin-Selberg L-Function for Elliptic
Modular Forms

We recall the definition and integral representations of the Rankin-Selberg
L-function of two elliptic modular forms and its critical values. Let f and g

be two elliptic normalized newforms of weights k and l with k > l and nebentypus
 and  respectively of level M . We denote their Fourier expansion by:

f .z/ D
1X

nD1
anq

n and g.z/ D
1X

nD1
bnq

n
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Shimura is probably the first one to study in Shimura (1976) the algebraicities of
the critical values of

DM.s; f; g/ WD L. ; k C l � 2s � 2/.
1X

nD1
anbnn

�s/

More precisely he proved that for every integer m 2 f0; : : : ; k � l � 1g, then

D.l Cm; f; g/
�lC2mC1hf; f iM 2 Q

Here hf; f iM is the Petersson inner product of f with itself. Recall it is defined by
the formula

hf; giM D
Z

�1.M/nh
f .�/g.�/yk�2dxdy

When 0 	 2m < k � l , the essential ingredient in the proof of Shimura was to
establish a formula of the type

DM.l Cm; f; g/ D hf; gımk�l�2mEiM D hf;H.gımk�l�2mE/iM
where E is a suitable holomorphic Eisenstein series of weight k � l � 2m.

When f and g vary in Hida families and m is also allowed to vary p-adically,
Hida has constructed a 3-variable p-adic L-function interpolating a suitable
p-normalization these numbers. We now recall the precise formula that is used
to interpolate these special values in Hida (1988). We first need some standard

notations. For any integer M , we put �M D
�
0
M
�1
0

�
and for any modular form h,

we denote by h� the form defined by h�.�/ D h.�N�/ for � 2 h. For any Dirichlet
character � of level M and any integer j � 2 such that �.�1/ D .�1/j , we denote
by Ej .�/ the Eisenstein series of level M , nebentypus � and weight j whose
q-expansion is given by

Ej .�/.�/ D L.1 �m;�/
2

C
1X

nD1
.
X

d jn
.d;M/D1

�.d/d j�1/qn

Proposition 10 (Hida 1988, Thm 6.6 ). Let L be an integer such that f and g
are of level Lpˇ, then we have

DLp.lCm; f; g/ D t:�lC2mC1hf �jk�Lpˇ ;H.gjl �Lpˇ ımk�l�2m.Ek�l�2m;Lp. /iLpˇ
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with

t D 2kClC2m.Lpˇ/ k�l2 �m�1i l�k

mŠ.l Cm � 1/Š :

andm 2 Z with 0 	 m < .k � l/=2.

4.2 The p-Adic Petersson Inner Product

For simplicity, we assume the tame level is 1. Fix and admissible pair .R;V/
for overconvergent forms and let MR;V the corresponding associated space of V-
families of overconvergent forms. Let TR;V the Hecke algebra acting on MR;V. A
standard argument using the q-expansion principle shows that the pairing

MR;V ˝A.U/ TR;V ! A.V/

given by

.T; f / WD a.1; f jT /

is a perfect duality. Since the level9 is 1, we also know that TR;V is reduced.
Therefore, the trace map induces a non-degenerate pairing on TQ;U with ideal
discriminant dR;V � A.V/ whose set of zeros is the set of weight where the map
EQ;U ! U is ramified. In particular, we have a canonical isomorphism:

MR;V ˝ F.V/ Š TR;V ˝ F.V/ (14)

4.2.1

From this, we deduce a Hecke-equivariant pairing

.�;�/R;V W MR;V ˝A.V/ ˝MR;V �! F.V/

Let now F be a Galois extension of F.V/ the field of fraction of A.V/. We assume
that for each irreducible component C of ER;V, F contains the function field F.C/
of C. For each irreducible component C, we define the corresponding idempotent
1C 2 TR;V ˝ F and we write FC for the element defined by

9When the level is not 1, one uses the theory of primitive forms which described the maximal
semi-simple direct factor of TR;V˝ F.V/
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FC WD
1X

nD1
�C.Tn/q

n 2 FŒŒq��

where�C is the character of the Hecke algebra defined by T:1C˝idF D 1C˝�C.T /.
If we denote by .�;�/F the scalar extension of .�;�/R;V to F then the Hecke
invariance of the inner product implies that

a.1; 1C:G/ D .FC; G/F

is the coefficient of FC when one writes G as a linear decomposition of the eigen
families FC’s.

Remark 11. This construction can be easily extended to the space NR;V for any
admissible psi .R;V/ for nearly overconvergent forms.

4.3 The Nearly Overconvergent Eisenstein Family

We consider the Eisenstein family E.q/ 2 A0.X/ŒŒq�� such that for each weight
� 2 X.Qp/, its evaluation at � is given by

E.�; q/ D
1X

nD1
a.n;E; �/qn WD

1X

nD1
.n;p/D1

X

d jn
hd i�:d�1qn:

where for anym 2 Z�p , hmi� 2 A.X/ stands for the analytic function ofX defined by

� 7! �.m/

In particular, when � D Œk�: with  a ramified finite order character of Z�p , then
E.�; q/ is the q-expansion of

E
.p/

k . /.�/ WD Ek. /.�/ �Ek. /.p�/:
We define the nearly overconvergent Eisenstein family �:E 2 A0.X � X/ŒŒq�� by

�:E.�; �0/ WD
1X

nD1
.n;p/D1

hni�a.n;E; �0/qn

Lemma 6. If � D Œr� and �0 D Œk� , the evaluation at .�; �0/ of �:E is

�:E.�; �0/ D �r:E
.p/

k . /.q/:

It is the p-adic q-expansion of the nearly holomorphic Eisenstein series ırkE
.p/

k . /.
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Proof. The first part is obvious and the second part follows from the formula (4)
and the canonical diagram of Proposition 6. ut

4.4 Construction of the Rankin-Selberg L-Function
on E � E � X

4.4.1 Some Preparation

Let .Q;U/ be an admissible pair for overconvergent forms of tame level 1 and let
TQ;U be the corresponding Hecke algebra over A.U/. By definition it is the ring of
analytic function on the affinoid subdomainEQ;U sitting over the affinoid subdomain
ZQ;U associated to .Q;U/ of the spectral curve of the Up-operator. Recall that

ZQ;U DMax.A.U/ŒX�=Q�.X// � ZUp � A1
rig � U

whereZUp is the spectral curve attache to Up (i.e. the set of points .˛; �/ 2 A1
rig�U

such that P0
� .˛/ D 0) and

TQ;U D A.EQ;U/ with EQ;U D E˝ZUp ZQ;U
The universal family of overconvergent modular eigenforms of type .Q;U/ is
given by

GQ;U WD
1X

nD1
T .n/qn 2 TQ;UŒŒq��

Tautologically, for any point x 2 EQ;U of weight �x 2 U, the evaluation GQ;U.x/
at x of GQ;U is the overconvergent normalized eigenform fx of weight �x
associated to x.

Let

GE
Q;U WD GQ;U:�:E 2 TQ;U ˝ Ab.X �X/ŒŒq�� D Ab.EQ;U � X � X/ŒŒq��

The Fourier coefficients of this Fourier expansions are analytic functions on
EQ;U � X � X. Let now .R;V/ be an admissible pair for nearly overconvergent
forms of tame level 1. Then we consider

GE
Q;U;R;V.q/ 2 Ab.V � EQ;U � X/ŒŒq��

defined by

GE
Q;U;R;V.�; y; �/.q/ WD eR;V:GE

Q;U.y; �; ��
�1
y ��2/.q/
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and where eR;V D S.Up/ for some S 2 X:A.V/ŒŒX�� is the projector of N1;fsV

onto NR;V.

Proposition 11. With the notation above GE
Q;U;R;V.q/ is the q-expansion of

an element of GE
Q;U;R;V 2 NR;V ˝Qp A

b.EQ;U � X/. Moreover if we have

.Q;U/ < .Q0;U0/ and .R;V/ < .R0V0/, thenGE
Q;U;R;V is the image ofGE

Q0;U0;R0 ;V0

by the natural map

NR0 ;V0 ˝Qp A
b.EQ0;U0 � X/! NR;V ˝Qp A

b.EQ;U �X/

Proof. By Corollary 5, with (Q;U/ replaced by .R;V/ and with M D
Ab.EQ;U � X/, it is sufficient to show that the specialization at a Zariski dense
set of arithmetic points of .Œk�; x; Œr�/ 2 V � EQ;U � X is the q-expansion of a
nearly holomorphic form of weight k annihilated by R�Œk�.Up/. It is sufficient to
choose the triplet .Œk�; x; Œr�/ such that �x D Œl � with l 2 Z�2, r � 0 such that
k � l � 2r � 0 since such triplets form a Zariski dense set of V � EQ;U � X.
The evaluation at such a triplet is easily seen to be the p-adic q-expansion of
eR;k.gx:�

r :Ek�l�2r /. By definition of eR;k it follows that this form belongs to
NR;k . The second part of the proposition is a trivial consequence of (11). ut

4.4.2 A 3-Variable p-Adic Meromorphic Function

Let ZR;V � A1rig � V the affinoid of the spectral curve Z1Up attached to P1V .
This affinoid is a priori not contained in the spectral curve attached to Up but the
eigencurve is still sitting over it since ZUp � Z1Up . We can therefore consider

ER;V D EN �Z1U�p ZR;V
and the ER;V’s form an admissible covering of EN when the .R;V/ vary.

Let C � ER;V be an irreducible component. Then we set

DC;Q;U WD a.1; 1C:H�.GE
Q;U;R;V// 2 F.C/˝ F.EQ;U � X/

Remark 12. If HC � A.C/ is a denominator of 1C, then the poles of DC;Q;U

come from the zeros of HC and the poles of the overconvergent projector.
Therefore we have:

HC:

2rR;VY

iD2
.Log.�/� i/:DC;Q;U 2 A.C � EQ;U � X/ (15)
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We denote by DR;V;Q;U the unique element of

F.ER;V � EQ;U � X/ D
Y

C�ER;V
i rreducible

F .C/˝ F.EQ;U � X/

restricting to DC;Q;U on C� EQ;U �X for each irreducible component C of ER;V. It
can be constructed as the image of H�.GE

Q;U;R;V/ in TR;V˝F.V/˝F.EQ;U�X/ D
F.ER;V � EQ;U � X/ by the map (14) tensored by F.EQ;U � X/

We have the following result:

Lemma 7. There exist a meromorphic function D on E � E � X whose restriction
to F.ER;V � EQ;U �X/ givesDR;V;Q;U for any quadruplet .R;V;Q;U/.

Proof. If we have pairs .R;V/; .Q;U/; .R0;V0/; .Q0;U/ with .R;V/ < .R0;V0/
and .Q;U/ < .Q0;U0/ then we have by (11) eR0;V0 jV ı eR;V D eR;V and
eQ0;U0 jU ı eQ;U D eQ;U. Since the overconvergent projection is Hecke equivariant,
we deduce that

eR;V ˝ eQ;V:.DR0 ;V0;Q0 ;U0 jV�U/ D DR;V;Q;U

and that theDR;V;Q;U’s glue to define a memormorphic function D 2 F.E�E�X/.

4.4.3 The Interpolation Property

For x 2 E.Qp/, we denote �x the corresponding character of the Hecke algebra. If
x is attached to a classical form, we denote by fx the eigenform attached to x. By
definition,

�p ı ��11 .fx.q// D
1X

nD1
�x.Tn/q

n

We denote by kx its weight,  x its nebentypus and pmx its minimal level with mx

a positive integer. We will always assume kx � 2 and that pmx is the conductor of
 x . We consider the complex numberW.fx/ defined by

hx WD f �
x j�pmx D W.fx/fx

It is a complex number of norm 1 called the root number of fx .
If E is smooth at x, then there is only one irreducible component containing it

and if C is the irreducible component of an affinoid ER;V containing x, then

HC.�x/ ¤ 0 (16)

In that case, we can define the specialization 1x 2 TR�x ;�x of 1C at �x and it satisfies:
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Tn:1x D �x.Tn/:1x 8n

In general, TR�x ;�x is not semi-simple so 1x is not necessarily the (generalized)
�x-eigenspace projector. But if the projection map E ! X is étale at x then it is.
We know it is the case when x is non-critical; recall that x is said non-critical if

vp.�x.Up// < kx � 1:

If all the slopes of R�x are strictly less that kx � 1 (something that we can assume
after shrinking ER;V), the image of 1C into the Hecke algebra acting on the space
of forms MR�x ;�x

is the projector 1fx attached to the new form fx . Moreover we can
show by the same computations as Hida (1985, sect. 4) that

a.1; 1fx :g/ D a.p; fx/mx�n:p.n�mx/.kx=2�1/
hf �
x j�pn ; gipn
hhx; fxipmx (17)

for any g 2MR�x ;�x
of level pn with n � mx.

For any � 2 X.Qp/, we write k� WD log.�/. We say � is arithmetic if k� 2 Z and
we denote  � the finite order character such that � D Œk� �: � .

We have the following theorem.

Theorem 1. Let L be a finite extension of Qp and .x; y/ 2 E � E.L/ and any
arithmetic � D Œr�: � such that �x , �y are arithmetic and satisfy the following

(i) kx � ky > r � 0,
(ii) x is classical and non-critical,

(iii) y is classical,
(iv) The level of f �

y equals the level of f �
y j �

(v)  x and  y are ramified.

Then we have

D.x; y; �/ D .�1/kyW.fx/W.f �
y /a.p; fx/

mx�mypmx.1�
kx
2 /Cmy.rC

ky
2 / (18)

�� .ky C r/� .kx C 1/ Dpn.fx; f
�
y j �; ky C r/

.2i�/kxCkyC2rC1�1�kx hfx; fxipmx
Proof. This computation follows closely those of Hida (1993). We treat the case
kx�ky > 2r � 0. The case kx�ky > r � .kx�ky/=2 can be treated similarly (see
for instance Hida 1993) and is obtained using the functional equation for the nearly
holomorphic Eisenstein series. We also assume  � is trivial to lighten the notations.

By our hypothesis, we can choose a quadruplet .R;V;Q;U/ such that

(a) .x; y/ 2 ER;V � EQ;U.L/

(b) The eigenvalues of R��x .X/ 2 LŒX� are of valuation smaller than kx � 1
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Then, D.x; y; Œr�/ D DR;V;Q;U.x; y; Œr�/. By the condition (b), we know that
TR�x ;�x D TR;V ˝�x L is semi-simple and therefore the map ER;V ! V is étale
at x. In particular, ER;V is smooth at x and x belongs to only one irreducible
component C of ER;V. By construction, we have:

DR;V;Q;U.x; y; Œr�/ D a.1; 1x ıH�.eR�x ;�x .GQ;U.y/�E.Œr�; �x�
�1
y Œ2r��1////

D a.1; 1fx .H
�.eR�x ;�x .fyı

r
kx�ky�2rE

.p/

kx�ky�2r ////

D a.1; 1fx ı eR�x ;�x .H�.g///

with g D fyı
r
kx�ky�2rE

.p/

kx�ky�2r . x 
�1
y /. Since g is nearly holomorphic of order

	 r and weight kx > 2r , we have H�.g/ D H.g/ is holomorphic. Since H.g/ is
an holomorphic form of level pn with n DMax.mx;my/, we have

DR;V;Q;U.x; y; Œr�/ D a.1; 1fx ı eR�x ;�xH.g// (19)

D a.p; fx/
mx�n:p.n�mx/.

kx
2 �1/:

hf �
x j�pn ;H.g/ipn
hhx; fxipmx

D a.p; fx/
mx�n:p.n�mx/.

kx
2 �1/:

hf �
x j�pn ; gipn
hhx; fxipmx

As in Hida (1993), we now transform fy a little:

fy D .�1/kyfy j�pn j�pn D .�1/ky :p
ky
2 .n�my/:fy j�pmy Œpn�my �j�pn

D .�1/kyW.f �
y /:p

ky
2 .n�my/:f c

y jŒpn�my �j�pn

By replacing this in the expression above we get for (19):

a.p; fx/
mx�n:.�1/kyW.f �

y /:p
.n�mx/. kx2 �1/:p

ky
2 .n�my/: � (20)

hf �
x j�pn ; f c

y jŒpn�my �j�pnE.p/

kx�ky�2r . x 
�1
y /ipn

hhx; fxipmx D

a.p; fx/
mx�n:.�1/kyW.f �

y /:p
n.kyCr/Cmx.1� kx2 /�my

ky
2 �

.kx C ky C r C 1/ŠrŠ: Dpn.fx; f
�
y jŒpn�my �; ky C r/

�kyC2rC12kxCkyC2r iky�kx hhx; fxipmx
Now using the fact that for p dividingM , we have:

DM.f; gŒp
m�; s/ D a.p; f /mp�msDM .f; g; s//
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we deduce that (19) is equal to

a.p; fx/
mx�my :.�1/kyW.f �

y /:p
mx.1� kx2 /Cmy.rC

ky
2 / �

.ky C r � 1/ŠrŠ: Dpn.fx; f
�
y jŒpn�my �; ky C r/

�kyC2rC12kxCkyC2r iky�kx hhx; fxipmx
and the specialization formula stated in the theorem follows. ut
Remark 13. (a) This result is still true if x is classical and critical if it is not

�-critical. The condition (iv) and (v) are not necessary and could be removed at
the expanse to modify the formula by adding some Euler factors at p.

(b) From the construction, we see that this meromorphic function has possible
poles along certain hypersurfaces of E � E � X corresponding to intersections
of the irreducible components of the first variable and also along certain
hypersurfaces created by the overconvergent projection. This happens when
the overconvergent form fx is at the same time the specialization of a family
of overconvergent forms and a family of positive order nearly overconvergent
forms. It is easy to see that implies x is �-critical. In the next section, we
review the definition of a �-critical point and compute the residue of D when
the weight map at this point is étale.

4.4.4 Residue at an étale �-Critical Point

Let x1 2 E.L/ of classical weight k1 � 2 and slope k1 � 1. We say that x is
�-critical if there exist x0 of weight k0 D 2 � k1 such that fx1 D �k1�1fx0 . Here
we denote fx0 the ordinary form of weight k0 D 2 � k1 attached to x0. We then
write x1 D �.x0/. We have the following result.

Theorem 2. Let x0 and x1 as above. Assume that � W E ! X is étale at
x1 D �.x0/ or equivalently that E is smooth at x0. Then the order of the pole of
D.x; y; �/ at x1 is at most one and

ResjxDx1.D.x; y; �// D
Qk1�2
jD0 .Log.��y/� j /.Log.�/� j /

.k1 � 1/Š D.x0; y; �Œ1 � k1�/
(21)

for all .y; �/ 2 E � X

Proof. The fact that E
�! X is étale at x1 is equivalent to E smooth at x0 is

well-known and follows from R. Coleman’s work.
We choose .R0;V0/ such that x0 2 ER0;V0 .L/. Consider the pair .R1;V1/ with

R1.�;X/ D R0.�Œ2 � 2k1�; pk1�1X/ and V1 D V0Œ2k1 � 2�.
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For i D 0; 1, let Ci be the (unique) irreducible component of ERi ;Vi containing xi
and let consider Fi D FCi the corresponding Coleman family. Let G D GE

R1;V1;Q;U

for some admissible pair .Q;U/.
Let F be an extension of F.V/ as in Sect. 4.2.1. Then by definition of

D D DC1;Q;U and of the overconvergent projection, we have

G D D:F1 CD0ık1�1F0 CH (22)

with some D0 2 F ˝ Ab.EQ;U � X/ and H 2 NR1;V1 ˝ Ab.EQ;U � X/ such that
.H; Fi /F D 0 for i D 0; 1 where .�;�/F is the p-adic Petersson inner product
defined in Sect. 4.2.1. Notice that by our hypothesis, F1.x1/ D fx1 D ık1�1F0.x0/.
Since G is regular at Œk1� and F1 and ık1�1F0 are the only families of nearly
overconvergent forms of finite slope specializing to fx1 , this implies thatDCD0 is
regular at x1. Therefore in particular the order of the pole of D at x1 is the same as
the order of the pole of D0 at x1 and

ResjxDx1.D.x; y; �// D �ResjxDx1.D0.x; y; �// (23)

From (22), we have

�k1�1G.�x; y; �/ D
k1�2Y

jD0
.2 �Log.�x/C j /D0.x; y; �/:F0 C �k1�1H (24)

Since the eigencurve is smooth at x0, this implies that
Qk1�2
jD0 .2 �Log.�x/C j /D0

is regular at x D x1 and therefore the pole of D0 at x1 is at most simple. Moreover,
we get

ResjxDx1.D0.x; y; �// D
.�1/k1
.k1 � 1/Š :a.1; 1C0 :�

k1�1G.Œk1�; y; �// (25)

Now we want to evaluate �k1�1G.�; y; �/. For any classical triplet .�; y; �/ D
.Œk�; y; Œr�/ with k � ky > 2r � 0 and  D  y x1 , we deduce from the evaluation
of (5) at X D 0 that

�k1�1G.x; y; �/.q/ D �k1�1eR1;V1fy�
r :Ek�ky�2r . /.q/

D eR0;V0�
k1�1fy�r :Ek�ky�2r . /.q/

D eR0;V0fy�
k1�1�r :Ek�ky�2r . /.q/

D � .k�ky�r/rŠ
� .k�ky�r�k1C1/.r�k1C1/Š eR0;V0fy�

r�k1C1Ek�ky�2r . /.q/

We deduce that
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�k1�1G.�; y; �/ D
k1�1Y

jD1
.Log.���1y ��1/� j /.Log.�/� j C 1/

�GE
R0;V0;Q;U

.�Œ2 � 2k1�; y; �Œ1 � k1�/

since the left and right hand sides of the above have the same evaluations on a
Zariski dense set of point of X � EQ;U � X. Evaluating at � D Œk1� gives:

�k1�1G.Œk1�; y; �/ D
k1�2Y

jD0
.j � Log.��y//.Log.�/� j /

�GE
R0;V0;Q;U

.Œ2 � k1�; y; �Œ1 � k1�/ (26)

Since

a.1; 1C0G
E
R0;V0;Q;U

.Œ2 � k1�; y; �// D D.x0; y; �/

for .y; �/ 2 EQ;U � X, the formula (21) follows from (23), (25) and (26). ut
Remark 14. This residue formula has a flavor similar to the work of Bellaiche
(2012) in which it is proved that the standard p-adic L-function attached to a
�-critical point is divisible by a similar product of p-adic Log’s.

Remark 15. It is also possible to define a two variable Rankin-Selberg p-adic
L-function interpolating the critical values Dp.fx; fy; kx � 1/ by replacing
�:E.�; �0/ by Eord.�/ in our construction where for � D Œk�: � and k 2 Z�2
we have

Eord.�/ D L.1 � k; /
2

C
1X

nD1
.
X

d jn
.n;p/D1

�.d/d�1/qn:

Since E.�/ has a pole at � D Œ0�, this two-variable p-adic L-function would have
a pole along the hypersurface defined by �x D �y . It should be easy to compute the
corresponding residue and obtain a formula similar to the one of Hida’s Theorem 3
Hida (1993, p. 228).
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Noncommutative L-Functions for Varieties
over Finite Fields

Malte Witte

1 Introduction

Let F be an `-adic sheaf on a separated scheme X of finite type over a finite field F

of characteristic different from `. TheL-function of F is defined as the product over
all closed points x ofX of the characteristic polynomials of the geometric Frobenius
automorphism F at a geometric point  over x acting on the stalk F :

L.F; T / D
Y

x

det.id � FT
deg x WF/�1:

The Grothendieck trace formula relates the L-function to the action of the
geometric Frobenius FF on the `-adic cohomology groups with proper support over
the base change

X D X �SpecF SpecF

of X to the algebraic closure F of F:

L.F; T / D
Y

i2Z
det.id � FFT WHi

c.X;F//
.�1/iC1 :

It was used by Grothendieck to establish the rationality and the functional equation
of the zeta function of X , both of which are parts of the Weil conjectures.

The Grothendieck trace formula may also be viewed as an equality between two
elements of the first K-group of the power series ring Z`ŒŒT ��. Since the ring Z`ŒŒT ��
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is a semilocal commutative ring, K1.Z`ŒŒT ��/ may be identified with the group of
units Z`ŒŒT ��

� via the map induced by the determinant. For each closed point x
of X , the Z`ŒŒT ��-automorphism id � FT on Z`ŒŒT �� ˝Z`

F defines a class in
K1.Z`ŒŒT ��/. The product of all these classes converges in the profinite topology
induced on K1.Z`ŒŒT ��/ by the isomorphism

K1.Z`ŒŒT ��/ Š lim �
n

K1.Z`ŒŒT ��=.`
n; T n//:

The image of the limit under the determinant map agrees with the inverse of the
L-function of F. On the other hand, the Z`ŒŒT ��-automorphisms

Z`ŒŒT ��˝Z`
Hi
c.X;F/

id�FFT�����! Z`ŒŒT ��˝Z`
Hi
c.X;F/

also give rise to elements in the group K1.Z`ŒŒT ��/. The Grothendieck trace formula
may thus be translated into an equality between the alternating product of those
elements and the class corresponding to the L-function.

In this article, we will show that in the above reformulation of the Grothendieck
trace formula, one may replace Z` by any adic Z`-algebra, i.e. a compact, semilocal
Z`-algebra � whose Jacobson radical is finitely generated. These rings play an
important role in noncommutative Iwasawa theory.

A central step in this reformation is the development of a convenient framework,
in which one can put the K-theoretic machinery to use. This was accomplished
in Witte (2008), using the notion of Waldhausen categories. For any adic ring �,
we introduced in loc. cit. a Waldhausen category of perfect complexes of adic
sheaves of �-modules on X . Furthermore, we presented an explicit construction
of a Waldhausen exact functor R�c.X;F	/ that computes the cohomology with
proper support for any perfect complex F	.

By suitably adapting the classical construction, we define the L-function of such
a complex F	 as an element L.F	; T / of K1.�ŒŒT ��/. The automorphism id � FFT

on�ŒŒT ��˝�R�c.X;F	/ gives rise to another class in K1.�ŒŒT ��/. Below, we shall
prove the following theorem.

Theorem 1. Let F	 be a perfect complex of adic sheaves of�-modules onX . Then

L.F	; T / D



�ŒŒT ��˝� R�c.X;F	/
id�FFT�����! �ŒŒT ��˝� R�c.X;F	/

��1

in K1.�ŒŒT ��/.

The rough line of argumentation in the proof is as follows. As in the proof of the
classical Grothendieck trace formula, one may reduce everything to the case of X
being a smooth geometrically connected curve over the finite field F. Moreover, one
can replace� by Z`ŒGal.L=K/�, where L is a Galois extension of the function field
K of X . By the classical Grothendieck trace formula, we know that our theorem
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is true if we further enlarge Z`ŒGal.L=K/� to the maximal order M in a split
semisimple algebra. The crucial step is then to show that

SK1.Z`ŒGal.L=K/�ŒŒT ��/ D ker K1.Z`ŒGal.L=K/�ŒŒT ��/! K1.M ŒŒT ��/

vanishes in the limit as L tends to the separable closure of K . This is achieved as
follows: By using results of Oliver (1988) we prove that

SK1.OF ŒG�ŒŒT ��/ D SK1.OF ŒG�/

for any finite group G and the valuation ring OF of any finite extension F of
Q`. (This fact also has some other interesting applications, see e.g. Chinburg et al.
(2012).) The vanishing of

lim �
L

SK1.OF ŒGal.L=K/�/

then follows by using an argument from Fukaya and Kato (2006).
Outline. Section 2 recalls briefly Waldhausen’s construction of algebraic

K-theory. In Sect. 3 we introduce a special Waldhausen category that computes
the K-theory of an adic ring. A similar construction is then used in Sect. 4 to
define the categories of perfect complexes of adic sheaves. In Sect. 5 we prove the
abovementioned results for SK1.Z`ŒG�ŒŒT ��/. In Sect. 6 we define the L-function of
a perfect complex of adic sheaves. Section 7 contains the proof of the Grothendieck
trace formula for these L-functions.

2 Waldhausen Categories

Waldhausen (1985) introduced a construction of algebraic K-theory that is both
more transparent and more flexible than Quillen’s original approach. He associates
K-groups to any category of the following kind.

Definition 1. A Waldhausen category W is a category with a zero object �,
together with two subcategories co.W/ (cofibrations) and w.W/ (weak equiva-
lences) subject to the following set of axioms.

1. Any isomorphism in W is a morphism in co.W/ and w.W/.
2. For every object A in W, the unique map � ! A is in co.W/.
3. If A ! B is a map in co.W/ and A ! C is a map in W, then the pushout
B [A C exists and the canonical map C ! B [A C is in co.W/.

4. If in the commutative diagram
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the morphisms f and g are cofibrations and the downwards pointing arrows
are weak equivalences, then the natural map B [A C ! B 0 [A0 C 0 is a weak
equivalence.

We denote maps from A to B in co.W/ by A � B , those in w.W/ by A
��! B .

If C D B [A � is a cokernel of the cofibration A � B , then we denote the natural
quotient map from B to C by B � C . The sequence

A � B � C

is called exact sequence or cofibre sequence.

Definition 2. A functor between Waldhausen categories is called (Waldhausen)
exact if it preserves cofibrations, weak equivalences, and pushouts along cofibra-
tions.

If W is a Waldhausen category, then Waldhausen’s S -construction yields a
topological space K.W/ and Waldhausen exact functors F WW ! W0 yield
continuous maps K.F /WK.W/! K.W0/ (Waldhausen 1985).

Definition 3. The n-th K-group of W is defined to be the n-th homotopy group of
K.W/:

Kn.W/ D �n.K.W//:

Example 1.

1. Any exact category E may be viewed as a Waldhausen category by taking
the admissible monomorphisms as cofibrations and isomorphisms as weak
equivalences. Then the Waldhausen K-groups of E agree with the Quillen
K-groups of E (Thomason and Trobaugh 1990, Theorem 1.11.2).

2. Let Komb.E/ be the category of bounded complexes over the exact category
E with degreewise admissible monomorphisms as cofibrations and quasi-iso-
morphisms (in the category of complexes of an ambient abelian category A) as
weak equivalences. By the Gillet-Waldhausen theorem (Thomason and Trobaugh
1990, Theorem 1.11.7), the Waldhausen K-groups of Komb.E/ also agree with
the K-groups of E.

3. In fact, Thomason showed that if W is any sufficiently nice Waldhausen category
of complexes and F WW ! Komb.E/ a Waldhausen exact functor that induces
an equivalence of the derived categories of W and Komb.E/, then F induces
an isomorphism of the corresponding K-groups (Thomason and Trobaugh 1990,
Theorem 1.9.8).

Remark 1. In the view of Example 1.(3) one might wonder wether it is possible
to define a reasonable K-theory for triangulated categories. However, Schlichting
(2002) shows that such a construction fails to exist.
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The zeroth K-group of a Waldhausen category can be described fairly explicitly
as follows.

Proposition 1. Let W be a Waldhausen category. The group K0.W/ is the abelian
group generated by the objects of W modulo the relations

1. ŒA� D ŒB� if there exists a weak equivalence A
��! B ,

2. ŒB� D ŒA�ŒC � if there exists a cofibre sequence A � B � C .

Proof. See Thomason and Trobaugh (1990, §1.5.6). ut
There also exists a description of K1.W/ for general W as the kernel of a

certain group homomorphism (Muro and Tonks 2007). We shall come back to this
description later in a more specific situation.

3 The K-Theory of Adic Rings

All rings will be associative with unity, but not necessarily commutative. For any
ring R, we let

Jac.R/ D fx 2 Rj1 � rx is invertible for any r 2 Rg

denote the Jacobson radical of R, i.e. the intersection of all maximal left ideals. It
is the largest two-sided ideal I of R such that 1C I � R� (Lam 1991, Chapter 2,
(4). The ring R is called semilocal if R= Jac.R/ is artinian.

Definition 4. A ring � is called an adic ring if it satisfies any of the following
equivalent conditions:

1. � is compact, semilocal and the Jacobson radical is finitely generated.
2. For each integer n � 1, the ideal Jac.�/n is of finite index in � and

� D lim �
n

�= Jac.�/n:

3. There exists a twosided ideal I such that for each integer n � 1, the ideal I n is
of finite index in � and

� D lim �
n

�=In:

Example 2. The following rings are adic rings:

1. Any finite ring,
2. Z`,
3. The group ring�ŒG� for any finite groupG and any adic ring �,
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4. The power series ring �ŒŒT �� for any adic ring � and an indeterminate T that
commutes with all elements of�,

5. The profinite group ring �ŒŒG��, when � is a adic Z`-algebra and G is a
topologically finitely generated profinite group whose `-Sylow subgroup has
finite index in G.

Note that adic rings are not noetherian in general, the power series over Z` in two
noncommuting indeterminates being a counterexample.

We will now examine the K-theory of �.

Definition 5. LetR be any ring. A complexM 	 of leftR-modules is called strictly
perfect if it is strictly bounded and for every n, the moduleMn is finitely generated
and projective. We let SP.R/ denote the Waldhausen category of strictly perfect
complexes, with quasi-isomorphisms as weak equivalences and injective complex
morphisms as cofibrations.

Definition 6. Let R and S be two rings. We denote byRop-SP.S/ the Waldhausen
category of complexes of S -R-bimodules (with S acting from the left, R acting
from the right) which are strictly perfect as complexes of S -modules. The weak
equivalences are given by quasi-isomorphisms, the cofibrations are the injective
complex morphisms.

By Example 1 we know that the Waldhausen K-theory of SP.R/ coincides with
the Quillen K-theory of R:

Kn.SP.R// D Kn.R/:

For complexesM 	 and N 	 of right and left R-modules, respectively, we let

.M ˝R N/	

denote the total complex of the bicomplex M 	 ˝R N 	. Any complex M 	 in
Rop-SP.S/ clearly gives rise to a Waldhausen exact functor

.M ˝R .�//	WSP.R/! SP.S/:

and hence, to homomorphisms Kn.R/! Kn.S/.
Let now � be an adic ring. The first algebraic K-group of � has the following

useful property.

Proposition 2 (Fukaya and Kato 2006, Prop. 1.5.3). Let� be an adic ring. Then

K1.�/ D lim �
I2I�

K1.�=I /

In particular, K1.�/ is a profinite group.
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It will be convenient to introduce another Waldhausen category that computes
the K-theory of �.

Definition 7. Let R be any ring. A complex M 	 of left R-modules is called DG-
flat if every moduleMn is flat (but not necessarily finitely generated) and for every
acyclic complex N 	 of right R-modules, the complex .N ˝R M/	 is acyclic.

Remark 2. The notion of DG-flatness goes back to Avramov and Foxby (1991).
Every bounded above complex of flat modules is DG-flat, but a DG-flat complex
does not need to be bounded above and not every unbounded complex of flat
modules is DG-flat. We refer to the cited reference for examples. Unbounded
complexes will appear quite naturally in later constructions. If one desires, one
can avoid the homological algebra of unbounded complexes by using appropriate
truncation operations, but the author feels that the concept of DG-flatness is the
more elegant solution. See also Remark 5 in this regard.

We shall denote the lattice of open ideals of an adic ring� by I�.

Definition 8. Let � be an adic ring. We denote by PDGcont.�/ the following
Waldhausen category. The objects of PDGcont.�/ are inverse system .P 	I /I2I�
satisfying the following conditions:

1. For each I 2 I�, P 	I is a DG-flat complex of left �=I -modules and perfect, i.e.
quasi-isomorphic to a complex in SP.�=I /,

2. For each I � J 2 I�, the transition morphism of the system

'IJ W P 	I ! P 	J

induces an isomorphism

�=J ˝�=I P 	I Š P 	J :

A morphism of inverse systems .fI WP 	I ! Q	I /I2I� in PDGcont.�/ is a weak
equivalence if every fI is a quasi-isomorphism. It is a cofibration if every fI is
injective and the system .cokerfI /I2I� is in PDGcont.�/.

To see that PDGcont.�/ is indeed a Waldhausen category one uses that the
category PDGcont.�/ is a full subcategory of the category of complexes over the
abelian category of I�-systems of �-modules which is closed under shifts and
extensions; see Witte (2008, Prop. 5.4.5) for a detailed proof.

Proposition 3. The Waldhausen exact functor

SP.�/! PDGcont.�/; P 	 ! .�=I ˝� P 	/I2I�
identifies SP.�/ with a full Waldhausen subcategory of PDGcont.�/. Moreover, it
induces isomorphisms

Kn.SP.�// Š Kn.PDGcont.�//:
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Proof. The main step is to show that for every object .Q	I /I2I� in PDGcont.�/, the
complex

lim �
I2I�

Q	I

is a perfect complex of �-modules. This is proved using the argument of Fukaya
and Kato (2006, Proposition 1.6.5). The assertion about the K-theory is then an easy
consequence of the Waldhausen approximation theorem. We refer to Witte (2008,
Proposition 5.2.5) for the details. ut

We will now extend the definition of the tensor product to PDGcont.�/.

Definition 9. For .P 	I /I2I� 2 PDGcont.�/ and M 	 2 �op-SP.�0/ we set

�M
�
.P 	I /I2I�

� D . lim �
J2I�

�0=I ˝�0 .M ˝� PJ /	/I2I�0

and obtain a Waldhausen exact functor

�M WPDGcont.�/! PDGcont.�0/:

Note that the annihilator

A D ˚x 2 � j �0=I ˝�0 M 	x D 0
�

is an open two-sided ideal of � and therefore, an element of I�. If J 2 I� is
contained in this annihilator, then we have

�0=I ˝�0 .M ˝� PJ /	Š .�0=I ˝�0M ˝�=A�=A˝�=J PJ /	Š�0=I ˝�0 .M ˝� PA/	:

In particular, since I� is filtered,

lim �
J2I�

�0=I ˝�0 .M ˝� PJ /	 Š �0=I ˝�0 .M ˝� PA/	:

With this description, it is clear that �M
�
.F	I /I2I�

�
is indeed an object in the

category PDGcont.X;�0/. We refer to Witte (2008, Prop. 5.5.4) for the easy proof
that �M is Waldhausen exact.

Proposition 4. Let M 	 be a complex in �op-SP.�0/. Then the following diagram
commutes.
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Proof. Let P 	 be a strictly perfect complex in SP.�/. There exists a canonical
isomorphism

�
�0=I ˝�0 .M ˝� P /	

�
I2I�0 Š . lim �

J2I�
�0=I ˝�0 .M ˝� �=J ˝� P /	/I2I�0 :

ut
From Muro and Tonks (2007) we deduce the following properties of the group

K1.�/.

Proposition 5. The group K1.�/ is generated by the weak autoequivalences

.fI WP 	I
��! P 	I /I2I�

in PDGcont.�/. Moreover, we have the following relations:

1. Œ.fI WP 	I
��! P 	I /I2I�� D Œ.gI WP 	I

��! P 	I /I2I��Œ.hI WP 	I
��! P 	I /I2I�� if for

each I 2 I�, one has fI D gI ı hI ,

2. Œ.fI WP 	I
��! P 	I /I2I�� D Œ.gI WQ	I

��! Q	I /I2I�� if for each I 2 I�, there exists

a quasi-isomorphism aI WP 	I
��! Q	I such that the square

commutes up to homotopy,

3. Œ.gI WP 0	I
��! P 0	I /I2I�� D Œ.fI WP 	I

��! P 	I /I2I��Œ.hI WP 00	I
��! P 00	I /I2I�� if for

each I 2 I�, there exists an exact sequence PI � P 0I � P 00I such that the
diagram

commutes in the strict sense.

Proof. The description of K1.PDGcont.�// as the kernel of

D1PDGcont.�/
@�! D0PDGcont.�/

given in Muro and Tonks (2007) shows that the weak autoequivalences are indeed
elements of K1.PDGcont.�//. Together with Proposition 2 this description also
implies that relations (1) and (3) are satisfied. For relation (2), one can use
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(Witte 2008, Lemma 3.1.6). Finally, the classical description of K1.�/ implies
that K1.PDGcont.�// is already generated by isomorphisms of finitely generated,
projective modules viewed as strictly perfect complexes concentrated in degree 0.

ut
Remark 3. Despite the relatively explicit description of K1.W/ for a Waldhausen
category W in Muro and Tonks (2007) it is not an easy task to deduce from it a
presentation of K1.W/ as an abelian group. We refer to Muro and Tonks (2008) for
a partial result in this direction.

In particular, one should not expect that the relations (1)–(3) describe the group
K1.PDGcont.�// completely. However, they will suffice for the purpose of this
paper.

4 Perfect Complexes of Adic Sheaves

We let F denote a finite field of characteristicp, with q D p� elements. Furthermore,
we fix an algebraic closure F of F.

Write Schsep
F

for the category of separated F-schemes of finite type. For any
scheme X in Schsep

F
and any adic ring � we introduced in Witte (2008) a

Waldhausen category PDGcont.X;�/ of perfect complexes of adic sheaves on X .
Below, we will recall the definition.

Definition 10. Let R be a finite ring and X be a scheme in Schsep
F

. A complex
F	 of étale sheaves of left R-modules on X is called strictly perfect if it is strictly
bounded and each Fn is constructible and flat. A complex is called perfect if it is
quasi-isomorphic to a strictly perfect complex. It is DG-flat if for each geometric
point of X , the complex of stalks is DG-flat.

Definition 11. We will denote by PDG.X;R/ the category of DG-flat per-
fect complexes of R-modules on X . It is a Waldhausen category with quasi-
isomorphisms as weak equivalences and injective complex morphisms with cok-
ernel in PDG.X;R/ as cofibrations.

Definition 12. LetX be a scheme in Schsep
F

and let� be an adic ring. The category
of perfect complexes of adic sheaves PDGcont.X;�/ is the following Waldhausen
category. The objects of PDGcont.X;�/ are inverse system .F	I /I2I� such that:

1. For each I 2 I�, F	I is in PDG.X;�=I /,
2. For each I � J 2 I�, the transition morphism

'IJ W F	I ! F	J

of the system induces an isomorphism

�=J ˝�=I F	I Š F	J :
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Weak equivalences and cofibrations are those morphisms of inverse systems that are
weak equivalences or cofibrations for each I 2 I�, respectively.

We refer to Witte (2008, Cor. 4.1.4, Prop. 5.4.5) for the straightforward verifica-
tion that PDG.X;�/ and PDGcont.X;�/ are indeed Waldhausen categories.

Remark 4. If � is a finite ring, the zero ideal is open and hence, an element in
I�. In particular, the following Waldhausen exact functors are mutually inverse
equivalences for finite rings�:

PDGcont.X;�/! PDG.X;�/; .F	I /I2I� 7! F	.0/;

PDG.X;�/! PDGcont.X;�/; F	 7! .�=I ˝� F	/I2I�:

We use these functors to identify the two categories.

If � D Z`, then the subcategory of complexes concentrated in degree 0 of
PDGcont.X;Z`/ corresponds precisely to the exact category of those constructible
`-adic sheaves onX in the sense of Grothendieck (1977, Exp. VI, Def. 1.1.1, Exp. V,
Def. 3.1.1) which are flat. In this sense, we recover the classical theory.

If f WY ! X is a morphism in Schsep
F

, we define a Waldhausen exact functor

f �WPDGcont.X;�/! PDGcont.Y;�/; .F	I /I2I� 7! .f �F	I /I2I�:

We will also need a Waldhausen exact functor that computes higher direct images
with proper support. For the purposes of this article it suffices to use the following
construction.

For any X in Schsep
F

and any complex G	 of abelian étale sheaves on X we
let G	X G denote the Godement resolution of G	 (Witte 2008, Def. 4.2.1). We note
that G	X G is a complex of flabby sheaves quasi-isomorphic to G	 (Witte 2008,
Lemma 4.2.3, Prop. 4.26). Moreover, for any finite ring� the Godement resolution
is a Waldhausen exact functor

G	X WPDG.X;�/! PDG.X;�/

(Witte 2008, Cor. 4.2.8).

Remark 5. We point out that with the above definition, G	X G is in general not
bounded above, even if G	 is concentrated in degree 0 and that Gn

X G is not a
constructible sheaf of �-modules, even if this is true for all Gn, n 2 Z. Since
X is of finite Krull dimension, one can also work with a truncated version of the
Godement resolution that preserves boundedness of complexes, but we do not know
of any resolution with good functorial properties taking strictly perfect complexes
to strictly perfect complexes.

By a theorem of Nagata (1963, Thm. 2) there exist a factorisation f D p ı j
for any morphism f WX ! Y in the category Schsep

F
of separated schemes of finite
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type over F such that j WX ,!ı X 0 is an open immersion and pWX 0 ! Y is a proper
morphism.

Definition 13. Define a Waldhausen exact functor

RfŠWPDGcont.X;�/! PDGcont.Y;�/

.F	I /I2I� 7! .p�G	X 0 jŠFI /I2I�

For the verification that the definition of RfŠ makes sense and produces a Wald-
hausen exact functor we refer to Witte (2008, Prop. 4.3.4, Prop. 4.3.8, Def. 5.4.13).

Obviously, this definition depends on the particular choice of the compactifica-
tion f D pıj . However, all possible choices will induce the same homomorphisms

Kn.RfŠ/WKn.PDGcont.X;�//! Kn.PDGcont.Y;�//

and this is all we need.

Remark 6. In Witte (2008, Section 4.5) we present a way to make the construction
of RfŠ independent of the choice of a particular compactification.

Proposition 6. Let f WX ! Y be a morphism in Schsep
F

.

1. Kn.RfŠ/ is independent of the choice of a compactification f D p ı j .
2. Let F0 be a subfield of F and consider f as a morphism in Schsep

F0
. Then Kn.RfŠ/

remains the same.
3. If gWY ! Z is another morphism in Schsep

F
, then

Kn.R.g ı f /Š/ D Kn.RgŠ/ ı Kn.RfŠ/

4. For any cartesian square

in Schsep
F

we have

Kn.f
� R gŠ/ D Kn.Rg0Šf 0

�
/

Proof. All of this follows easily from Artin et al. (1972, Exposé XXVII). See also
Witte (2008, Section 4.5). ut
Definition 14. Let X be a scheme in Schsep

F
and write hWX ! SpecF for the

structure map, sWSpecF ! SpecF for the map induced by the embedding into the
algebraic closure. We define the Waldhausen exact functor



Noncommutative L-Functions for Varieties over Finite Fields 455

RF �c.X;�/WPDGcont.X;�/! PDGcont.�/

to be the composition of

RhŠWPDGcont.X;�/! PDGcont.SpecF; �/

with the section functor

PDGcont.SpecF; �/! PDGcont.�/; .F	I /I2I� ! .� .SpecF; s�F	I //I2I�:

Remark 7. If F0 is a subfield of F, then RF �c.X;�/ and RF0 �c.X;�/ are in fact
quasi-isomorphic and hence, they induce the same homomorphism of K-groups.
Nevertheless, it will be convenient to distinguish between the two functors. We will
omit the index if the base field is clear from the context.

The definition of �M extends to PDGcont.X;�/.

Definition 15. For .F	I /I2I� 2 PDGcont.X;�/ and M 	 2 �op-SP.�0/ we set

�M
�
.F	I /I2I�

� D . lim �
J2I�

�0=I ˝�0 .M ˝� FJ /
	/I2I�0

and obtain a Waldhausen exact functor

�M WPDGcont.X;�/! PDGcont.X;�0/:

Proposition 7. Let M 	 be a complex in �op-SP.�0/. Then the natural morphism

�M R�c.X;�/! R�c.X;�M.�//

is a weak equivalence. In particular, the following diagram commutes.

Proof. See Witte (2008, Proposition 5.5.7). ut
Finally, we need the following result. Let X be a connected scheme and f WY !

X a finite Galois covering of X with Galois group G, i.e. f is finite étale and the
degree of f is equal to the order of G D AutX.Y /. We set

Z`ŒG�
]
X D .Z`ŒG�=I ˝ZŒG� fŠf

�
Z/I2IZ` ŒG�

:
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Then Z`ŒG�
]
X is a system of locally constant sheaves which we may view as

an object of PDGcont.X;Z`ŒG�/ concentrated in degree 0. It corresponds to the
continuous Galois module Z`ŒG� on which the fundamental group of X acts
contragrediently.

Lemma 1. Let X be a connected scheme in Schsep
F

. Let R be a finite Z`-algebra
and let F	 be a bounded complex of flat, locally constant, and constructible sheaves
of R-modules. Then there exists a finite Galois covering Y of X with Galois group
G and a complex M 	 in Z`ŒG�

op-SP.R/ such that

F	 Š �M.Z`ŒG�]X /

in PDG.X;R/.

Proof. Choose a large enough Galois covering f WY ! X such that f �F	 is a
complex of constant sheaves and set M 	 D � .Y; f �F	/. This is in a natural way a
complex in Z`ŒG�

op-SP.R/ and

M 	 ˝Z`ŒG� Z`ŒG�
]
X Š F	

See Witte (2008, Section 5.6) for further details. ut

5 On SK1.Z`ŒGŒŒT /

In this section, we will fix a finite extension F of Q` and write OF for the valuation
ring of F . Let G be a finite group and let T denote an indeterminate that commutes
with every element of OF ŒG�. In the end, we will only need the caseF D Q`, but the
more general results of this section may be interesting also for other applications.

Recall that there exists a finite extension F 0 of F such that F 0ŒG� is split
semisimiple:

F 0ŒG� Š
rY

kD1
Endop

F 0.F
0sk /

for some integers r; s1; : : : ; sr . Let M be a maximal OF -order in F 0ŒG�, i.e. an
OF -lattice in F 0ŒG� which is a subring and which is maximal with respect to this
property. Then

M Š
rY

kD1
Endop

OF 0
.O

sk
F 0/
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according to Oliver (1988, Theorem 1.9). In particular, the determinant map induces
an isomorphism

K1.M/ Š
rM

kD1
O�F 0 :

If OF ŒG� �M , then Theorem 2.5 of loc. cit. implies

SK1.OF ŒG�/ D ker K1.OF ŒG�/! K1.F ŒG�/ D ker K1.OF ŒG�/! K1.M/:

Analogously, we define a subgroup in K1.OF ŒG�ŒŒT ��/.

Definition 16. Let G be a finite group and choose a finite extension F 0 of F such
that F 0ŒG� is split semisimple. We set

SK1.OF ŒG�ŒŒT ��/ D ker K1.OF ŒG�ŒŒT ��/! K1.M ŒŒT ��/

whereM denotes a maximal OF -order in F 0ŒG� containing OF ŒG�.

Remark 8. Let Q be an algebraic closure of the fraction field of OF ŒŒT ��. Then

SK1.OF ŒG�ŒŒT ��/ D ker K1.OF ŒG�ŒŒT ��/! K1.QŒG�/

such that our definition agrees with the definition given in Chinburg and Pappas
(2013).

Lemma 2. For any finite group G,

SK1.OF ŒG�ŒŒT ��/ Š lim �
n

SK1.OF ŒG � Z=.`n/�/:

Proof. Let F 0 and F 00 be splitting fields for OF ŒG� and OF ŒG � Z=.`n/�, respec-
tively and denote the corresponding maximal orders by M and M 0. The commuta-
tivity of the diagram

implies that

SK1.OF ŒG � Z=.`n/�/ D ker K1.OF ŒG � Z=.`n/�/! K1.M ŒZ=.`n/�/:
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By Neukirch et al. (2000, Theorem 5.3.5) the choice of a topological generator
	 2 Z` induces an isomorphism

OF ŒŒT �� Š lim �
n

OF ŒZ=.`
n/�; T 7! 	 � 1:

In particular, we have compatible isomorphisms

K1.OF ŒG�ŒŒT ��/Š lim �
n

K1.OF ŒG � Z=.`n/�/; K1.M ŒŒT ��/Š lim �
n

K1.M ŒZ=.`n/�/

by Proposition 2. Hence, we obtain an isomorphism

SK1.OF ŒG�ŒŒT ��/ Š lim �
n

SK1.OF ŒG � Z=.`n/�/

as claimed. ut
Proposition 8. For any finite group G,

SK1.OF ŒG�ŒŒT ��/ Š SK1.OF ŒG�/:

Proof. By Lemma 2 it suffices to prove that the projection OF ŒG � Z=.`n/� !
OF ŒG� induces an isomorphism

SK1.OF ŒG � Z=.`n/�/ Š SK1.OF ŒG�/:

Let g1; : : : ; gk be a system of representatives for the F -conjugacy classes of
elements of order prime to ` inG. (Two elements g, h of order r prime to ` are called
F -conjugated if ga D xhx�1 for some x 2 G, a 2 Gal.F.�r /=F / � .Z=.r//�.)
Let ri denote the order of gi and set

Ni.G/ D
˚
x 2 G j xgix�1 D gai for some a 2 Gal.F.�ri /=F /

�
;

Zi .G/ D
˚
x 2 G j xgix�1 D gi

�
:

Furthermore, let

Hab
2 .Zi .G/;Z/ D Im

0

B
@

M

H
Zi .G/
abelian

H2.H;Z/! H2.Zi .G/;Z/

1

C
A

denote the subgroup of the second homology group generated by elements induced
up from abelian subgroups of Zi.G/. According to Oliver (1988, Theorem 12.5)
there exists an isomorphism
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SK1.OF ŒG�/ Š
kM

iD1
H0.Ni.G/=Zi .G/;H2.Zi .G/;Z/=Hab

2 .Zi .G/;Z//.`/:

Now, .g1; 0/; : : : ; .gk; 0/ is a system of representatives for the F -conjugacy classes
of elements of order prime to ` in G � Z=.`n/ and

Ni.G � Z=.`n// D Ni.G/ � Z=.`n/; Zi .G � Z=.`n// D Zi.G/ � Z=.`n/:

By Oliver (1988, Prop. 8.12), we have

H2.Zi .G/ � Z=.`n/;Z/=Hab
2 .Zi .G/ � Z=.`/n;Z/ D

H2.Zi .G/;Z/=Hab
2 .Zi .G/;Z/ �H2.Z=.`

n/;Z/=Hab
2 .Z=.`

n/;Z/

and clearly,

H2.Z=.`
n/;Z/ D Hab

2 .Z=.`
n/;Z/:

From this, the claim of the proposition follows. ut
Remark 9. In the case that F is unramified over Q` the above equality was
independently observed by Chinburg, Pappas, and Taylor (Chinburg and Pappas
2013) (using a different approach) some years after the first version of this article
had been made available.

The following proposition was proved in Fukaya and Kato (2006, Proposi-
tion 2.3.7) in the case of number fields and F D Q`.

Proposition 9. Let Q be a function field of transcendence degree 1 over a finite
field F and let ` be any prime. Then

lim �
L

SK1.OF ŒGal.L=Q/�/ D 0:

where L runs through the finite Galois extensions of Q in a fixed separable closure
Q of Q.

Proof. Let F 0 be a totally ramified extension of F . Using Oliver (1988, Theo-
rem 8.7.(i)) and the functoriality of the construction of the isomorphism in Oliver
(1988, Theorem 12.5) one checks that the inclusion OF ! OF 0 induces an
isomorphism

SK1.OF ŒG�/! SK1.OF 0 ŒG�/

for any finite group G. Hence, we may assume that F is unramified over Q`. We
then have a surjection
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H2.G;OF ŒGr �/! SK1.OF ŒG�/

with OF ŒGr � denoting the OF -module generated by the elements inG of order prime
to ` (Oliver 1988, Theorem 12.10).

By the same argument as in the proof of Proposition 2.3.7 in Fukaya and Kato
(2006), it now suffices to prove that

H2.Gal.Q=L/; F=OF / D 0

for any finite extension L of Q.
If ` is different from the characteristic of F, then the vanishing of this group can

be deduced via the same argument as the analogous statement for number fields
given in Schneider (1979, ( 4, Satz 1): Let

L1 D
[

n

L.�`n/:

Then

H2.Gal.Q=L/; F=OF / D H1.Gal.L1=L/;H1.Gal.Q=L1/; F=OF //

and by Kummer theory,

H1.Gal.Q=L1/; F=OF / D L�1 ˝Z F=OF .�1/:

Now

H1.Gal.L1=L/;L
�
1˝ZF=OF .�1//D lim�!

n

H1.Gal.L1=L/;L.�`n/
�˝ZF=OF .�1//

by Neukirch et al. (2000, Proposition 1.5.1) and

H1.Gal.L1=L/;L.�`n/� ˝Z F=OF .�1// D
�
L.�`n/

� ˝Z F=OF .�1/
�

Gal.L1=L/

by loc. cit., Proposition 1.6.13. Since the latter group is a factor group of

�
L.�`n/

� ˝Z F=OF .�1/
�

Gal.L1=L.�`n //
D 0;

the claim is proved.
If ` is equal to the characteristic of F, then the cohomological `-dimension of

Gal.Q=L/ is known to be 1 (Neukirch et al. 2000, Theorem 10.1.11.(iv)) and hence,
the second cohomology group of F=OF vanishes for trivial reasons. ut
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6 L-Functions

Consider an adic ring � and let �ŒŒT �� denote the ring of power series in the
indeterminate T (where T is assumed to commute with every element of �). The
ring �ŒŒT �� is still an adic ring whose Jacobson radical Jac.�ŒŒT ��/ is generated by
Jac.�/ and T . In particular, we conclude from Proposition 2 that

K1.�ŒŒT ��/ D lim �
n

K1.�ŒŒT ��= Jac.�ŒŒT ��/n/

is a profinite group.
Let F be a finite field. We write X0 for the set of closed points of a scheme X in

Schsep
F

. If x 2 X0 is a closed point, then

x D x �SpecF SpecF

consists of finitely many points, whose number is given by the degree deg.x/ of x,
i.e. the degree of the residue field k.x/ of x as a field extension of F. Let

sx Wx ! X

denote the structure map. For any complex

F	 D .F	I /I2I�
in PDGcont.X;�/, we write

F	x D .� .x; s�xF	I //I2I�:

This defines a Waldhausen exact functor

PDGcont.X;�/! PDGcont.�/; F	 7! F	x:

Note that F	x can also be written as the product over the stalks of F in the points of x:

F	x Š
Y

2x
..F	I //I2�:

The geometric Frobenius automorphism

FF 2 Gal.F=F/

operates on F	x through its action on x. Hence, it also operates on ��ŒŒT ��.F	x/. Here,

��ŒŒT ��WPDGcont.�/! PDGcont.�ŒŒT ��/
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denotes the change of ring functor with respect to the �ŒŒT ��-�-bimodule �ŒŒT ��,
as constructed in Definition 9. The morphism

id � FFT W��ŒŒT ��.F	x/! ��ŒŒT ��.F
	
x/:

is a natural isomorphism whose inverse is given by

1X

nD0
F
n
F
T n:

Definition 17. The class

Ex.F
	; T / D Œ��ŒŒT ��.F	x/

id�FFT�����! ��ŒŒT ��.F
	
x/�
�1

in K1.�ŒŒT ��/ is called the Euler factor of F	 at x.

One can easily verify that the Euler factor is multiplicative on exact sequences
and that

Ex.F
	; T / D Ex.G	; T /

if the complexes F	 and G	 are quasi-isomorphic. Hence, the above assignment
extends to a homomorphism

Ex.�; T /WK0.PDGcont.X;�//! K1.�ŒŒT ��/:

Lemma 3. Let  2 x be a geometric point. Then

Ex.F
	; T / D Œ��ŒŒT ��.F	 /

id�Fk.x/T deg.x/

���������! ��ŒŒT ��.F
	
 /�
�1:

Proof. The Frobenius automorphism FF induces isomorphisms F	
Fk
F

Š F	 for

k D 1; : : : ; deg.x/. For k D deg.x/ we have Fk
F
 D  and the isomorphism is

given by the operation of Fk.x/ on F	 . Hence, we may identify F	x with the complex

.F	 /deg.x/, on which the Frobenius FF acts through the matrix

0

B
B
B
B
B
@

0 : : : : : : 0 Fk.x/

id 0 : : : : : : 0

0 id 0 : : : 0
:::
: : :

: : :
: : :

:::

0 : : : 0 id 0

1

C
C
C
C
C
A

:

Let A be the automorphism of ��ŒŒT ��..F	 /deg.x// given by the matrix
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0

B
B
B
B
B
B
@

id 0 : : : : : : : : : 0

idT id 0 : : : 0

idT 2 idT id 0
:::

:::
: : :

: : :
: : : 0

idT deg.x/�1 : : : idT 2 idT id

1

C
C
C
C
C
C
A

Then A.id � FFT / corresponds to the matrix

0

B
B
B
B
B
@

id 0 : : : 0 �Fk.x/T
0 id 0 : : : �Fk.x/T 2
:::

: : :
:::

0 : : : 0 id �Fk.x/T deg.x/�1
0 : : : : : : 0

�
id � Fk.x/T

deg.x/
�

1

C
C
C
C
C
A

Moreover, we have ŒA� D 1 in K1.�ŒŒT ��/. Hence,

Œ��ŒŒT ��.F
	
x/

id�FFT�����! ��ŒŒT ��.F
	
x/� D Œ��ŒŒT ��.F	 /

id�Fk.x/T deg.x/

���������! ��ŒŒT ��.F
	
 /�

as claimed. ut
Proposition 10. The infinite product

Y

x2X0
Ex.F

	; T /

converges in the profinite topology of K1.�ŒŒT ��/.

Proof. For each integerm, there exist only finitely many closed points x 2 X0 with
deg.x/ < m. If deg.x/ � m, then we conclude from Lemma 3 that the image of
Ex.F

	; T / in K1.�ŒT �=.T
m// is 1. ut

Definition 18. The L-function of the complex F	 in PDGcont.X;�/ is given by

LF.F
	; T / D

Y

x2X0
Ex.F

	; T / 2 K1.�ŒŒT ��/

Remark 10. If F0 is a subfield of F, then Lemma 3 implies that

LF0.F
	; T / D LF.F

	; T ŒFWF0�/ 2 K1.�ŒŒT ��/:

Remark 11. If � is commutative, the determinant induces an isomorphism

detWK1.�ŒŒT ��/! �ŒŒT ���:
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In particular, we see that the L-function agrees with the one defined in Deligne
(1977, Fonction L mod `n) in the case of commutative adic rings.

7 The Grothendieck Trace Formula

In this section, we will prove the Grothendieck trace formula for our L-functions.

Definition 19. For a scheme X in Schsep
F

and a complex F	 in PDGcont.X;�/ we
let LF.F

	; T / denote the element

�
��ŒŒT ��

�
RF �c.X;F

	/
� id�FFT�����! ��ŒŒT ��

�
RF �c.X;F

	/
���1

in K1.�ŒŒT ��/.

Theorem 2 (Grothendieck trace formula). Let F be a finite field of characteristic
p and let � be an adic ring such that p is invertible in �. Then

LF.F
	; T / D LF.F

	; T /

for every scheme X in Schsep
F

and every complex F	 in PDGcont.X;�/.

We proceed by a series of lemmas, following closely along the lines of Milne
(1980, Chapter VI, §13).

Lemma 4. Let U be an open subscheme of X with closed complement Z.
Theorem 2 is true for X if it is true for U and Z.

Proof. Write j WU ,!ı X and i WZ ,!Í X for the corresponding immersions,

uWU ! SpecF; xWX ! SpecF; zWZ ! SpecF

for the structure morphisms. Clearly,

LF.F
	; T / D LF.j

�F	; T /LF.i
�F	; T /

On the other hand, we have an exact sequence

R xŠjŠj
�F	 � R xŠF

	 � RxŠi�i�F	

and (chains of) quasi-isomorphisms

R uŠj
�F	 ' R xŠjŠj �F	 R zŠi

�F	 ' RxŠi�i�F	:

Hence,

ŒR xŠF
	� D ŒR uŠj

�F	�ŒR zŠi
�F	� (1)
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in K0 PDGcont.SpecF; �/ by Proposition 1. Using Proposition 5 one checks that the
assignment

G	 7! Œ��ŒŒT ��.� .SpecF; s�G	// id�FFT�����! ��ŒŒT ��.� .SpecF; s�G	//��1

extends to a homomorphism

K0 PDGcont.SpecF; �/! K1.�ŒŒT ��/;

which preserves relation (1). ut
Lemma 5. Let�0 be a second adic ring andM 	 be a complex in�op-SP.�0/. For
any F	 in PDGcont.X;�/ we have

K1.�M˝��ŒŒT ��/.LF.F
	; T // D LF.�MF	; T /;

K1.�M˝��ŒŒT ��/.LF.F
	; T // D LF.�MF	; T /

in PDGcont.�0ŒŒT ��/.

Proof. For LF.F
	; T /, this follows from the definition and from Proposition 7. It is

true for LF.F
	; T / because it is true for all Ex.F	; T /, x 2 X0. ut

Next, we prove that the formula is compatible with change of the base field.

Lemma 6. Let F0 be a subfield of F and X a scheme in Schsep
F

. Then

LF0.F
	; T / D LF.F

	; T ŒFWF0�/:

Proof. Let r WSpecF! SpecF0 be the morphism induced by the inclusion F
0 � F

and write

hWX �SpecF SpecF! X; h0WX �SpecF0 SpecF! X

sWSpecF! SpecF; s0WSpecF! SpecF0

for the corresponding structure morphisms. For any F	 in PDGcont.X;�/, the
complexes r� R hŠF	, R rŠ RhŠF	, and R h0ŠF	 in PDGcont.SpecF0; �/ are quasi-
isomorphic. Moreover, for any complex G	 in PDGcont.SpecF; �/, the following
diagram is commutative:
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As in the proof of Lemma 3 one concludes

�
��ŒŒT ��

�
RF0 �c.X;F

	/
� id�F

F0T�����!��ŒŒT ��
�

RF0 �c.X;F
	/
��D

�
��ŒŒT ��

�
� .SpecF; s�r�r� RhŠF	/

� id�F
F0T�����!��ŒŒT ��

�
� .SpecF; s�r�r� RhŠF	/

��D
�
��ŒŒT ��

�
� .SpecF; s� RhŠF	/

� id�FFT
ŒFWF0 �

��������!��ŒŒT ��
�
� .SpecF; s� RhŠF	/

��D
�
��ŒŒT ��

�
RF �c.X;F

	/
� id�FFT

ŒFWF0 �

��������! ��ŒŒT ��
�

RF �c.X;F
	/
��
:

ut
Clearly, Theorem 2 is true for schemes of dimension 0. Next, we consider the

case that X is a curve.

Lemma 7. The formula in Theorem 2 is true for any smooth and geometrically
connected curve X , � D Z`ŒG�, and F	 D Z`ŒG�

]
X , where ` is a prime different

from the characteristic of F and G is the Galois group of a finite Galois covering
of X .

Proof. Let Q be the function field of X and let F the function field of a finite
Galois covering of X , i.e. F=Q is a finite Galois extension unramified in the closed
points of X . Let dF denote the element

dF D L.Z`ŒGal.F=Q/�]X ; T /L.Z`ŒGal.F=Q/�]X ; T /
�1

in K1.Z`ŒGal.F=Q/�ŒŒT ��/.
Note that dF does not change if we replace X by an open subscheme of X .

Hence, by shrinkingX appropriately, we may extend the definition of dF to arbitrary
finite Galois extensionsF ofQ. If F � F 0 and F 0=Q is Galois, then dF 0 is mapped
onto dF under the canonical homomorphism

K1.Z`ŒGal.F 0=Q/�ŒŒT ��/! K1.Z`ŒGal.F=Q/�ŒŒT ��/:

To see this, choose X sufficiently small such that F 0=Q is unramified in the closed
points of X and apply Lemma 5.

Let L be a splitting field for Q`ŒGal.F=Q/� and

M � LŒGal.F=Q/�

a maximal Z`-order containing OLŒG�. Recall that

M D
rY

kD1
Endop

OL
.Pk/
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for some finitely generated free OL-modules Pk and some r > 0 (Oliver 1988,
Theorem 1.9). We may thus consider Pk as an element in Z`ŒG�

op-SP.OL/. By
the classical Grothendieck trace formula (Deligne 1977, Fonction L mod `n,
Theorem 2.2.(a)) applied to the OL-sheaves�Pk .Z`ŒGal.F=Q/�]X / and by Lemma 5,
the image of dF under the homomorphism

K1.Z`ŒGal.F=Q/�ŒŒT ��/! K1.M ŒŒT ��/
Š�!

rM

kD1
OLŒŒT ��

�

is trivial; hence dF 2 SK1.Z`ŒGal.F=Q/�ŒŒT ��/ D SK1.Z`ŒGal.F=Q/�/. From
Proposition 9 we conclude dF D 1. ut
Lemma 8. The formula in Theorem 2 is true for any scheme X in Schsep

F
of

dimension less or equal 1, any adic ring � with p 2 �� and any complex F	
in PDGcont.X;�/.

Proof. By Proposition 2 it suffices to consider finite rings �. The `-Sylow
subgroups of � are subrings of � and � is equal to their direct product. Since
p is invertible, the p-Sylow subgroup is trivial. Hence, we may further assume that
� is a Z`-algebra for ` ¤ p.

ShrinkingX if necessary we may assume thatX is smooth, irreducible curve and
that F	 is a strictly perfect complex of locally constant sheaves. By replacing F with
its algebraic closure in the function field of X and using Lemma 6, we may assume
that X is geometrically connected. By Lemmas 1 and 5 we have

L.F	; T / D K1.�M˝Z`ŒG�
Z`ŒG�ŒŒT ��/.L.Z`ŒG�

]
X ; T //

for a suitable Galois groupG and a complex M 	 in Z`ŒG�
op-SP.�/. Likewise,

L.F	; T / D K1.�M˝Z`ŒG�
Z`ŒG�ŒŒT ��/.L.Z`ŒG�

]
X ; T //:

Now the assertion follows from Lemma 7. ut
We complete the proof of Theorem 2 by induction on the dimension d of X . By

shrinking X if necessary we may assume that there exists a morphism f WX ! Y

such that Y and all fibres of f have dimension less than d . Then Proposition 6.(3)
and the induction hypothesis imply

L.F	; T / D L.R fŠF	; T / D L.R fŠF	; T /:

Let now y be a closed point of Y . Write fy WXy ! X for the fibre over y. Then

Ey.RfŠF
	; T /D ���ŒŒT ��

�
R�c.Xy; f

�
y F
	/
� id�FFT�����! ��ŒŒT ��

�
R�c.Xy; f

�
y F
	/
���1

D L.f �y F	; T /
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by Proposition 6.(4) and the induction hypothesis. Since clearly

L.F	; T / D
Y

y2Y0
L.f �y F	; T /;

Theorem 2 follows.

Remark 12. The formula in Theorem 2 is also valid if � is a finite field of
characteristicp, see Deligne (1977, FonctionLmod `n, Theorem 2.2.(b)). However,
it does not extend to general adic Zp-algebras. We refer to loc. cit., (4:5 for
a counterexample. More precisely, if � is a commutative Zp-algebra, then the
difference between LF.F

	; T / and LF.F
	; T / is given by a unit in

�hT i D lim �
I2I.�/

�=I ŒT �

(Emerton and Kisin 2001). In Witte (2013) we generalise this result to noncommu-
tative Zp-algebras�.
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On OZ-Zeta Function

Zdzisław Wojtkowiak

1 Introduction

In this note we propose a definition of zeta function forQwhich generalizes or rather
incorporates all p-adic L-series of Kubota-Leopoldt for Q. It also incorporates so

called Soulé classes – which we call `-adic polylogarithms evaluated at
!
10 – which

are elements of H1
et.QIZ`.n//.

This is very important because the Soulé class in H1
et.QIZ`.n// is an analog of

the real number �.n/. Both determine an extension of Z.0/ by Z.n/ in different
realizations.

We shall define this new OZ-zeta function as a measure more precisely as
a cocycle on GQ with values in measures. This point of view on p-adic zeta
functions is indicated in de Shalit (1987, pages 15–16). This measure appears
naturally when studying the representation of the absolute Galois group GQ on

�et
1 .P

1NQ n f0; 1;1g;
!
01/.

During the meeting IWASAWA 2012 in Heidelberg Prof. John Coates mentioned
the need of zeta functions defined on OZ and with values in OZ, if the author of the
present note understood correctly his remark. The measure we are studying, has
perhaps some properties required by him. Therefore the author decided to write this
note.

Another remark, which somebody made during his talk was that in the p-adic
case one must work very hard to prove congruence relations and then construct a
measure. In this approach one gets immediately measures which however depend
on elements of Galois group.
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Some time ago the author has planned to write together with Hiroaki Nakamura
a paper on adelic polylogarithms, which should generalize our work (Nakamura and
Wojtkowiak 2002). Though we never even started such a paper, this project served
also as a motivation to write the present note.

The action ofGK on �et
1 .E NKnf0g;

!
0 /, whereEK is an elliptic curve overK , leads

also to measures (see Nakamura 1995, 2013). We do not know if one gets p-adic
non-Archimedean zeta functions of EK in this case. However if the elliptic curve
has a complex multiplication then it seems clear that the obtained measure leads
to p-adic non-Archimedean zeta functions of the elliptic curves with a complex
multiplication. This was our impression when we looked at various papers on the
subject, for example Yager (1986) or de Shalit (1987).

On the other side in Wojtkowiak, studying the action of GQ on torsors of
paths on P

1NQ n f0; 1;1g we get measures on .Zp/r , which should lead to p-adic
non-Archimedean multi-zeta functions. We do not have generalizations of these
measures to OZ˝Q-valued measures on . OZ/r .

2 Formulation of Main Results

Let us define

OZ WD lim �Z=NZ ;

where the structure maps are the projections

Z=MNZ! Z=NZ :

We define the Iwasawa algebra

OZŒŒ OZ�� WD lim �Z=NZŒZ=MZ� ;

where the structure maps are

Z=NN1ZŒZ=MM1Z�! Z=NZŒZ=MZ� :

We define an action of the group OZ� on OZŒŒ OZ��. We define this action on finite levels.
If c 2 OZ� and

PN�1
iD0 ai Œi � 2 OZŒZ=NZ� then

c
� N�1X

iD0
ai Œi �

� D
N�1X

iD0
cai Œc

�1i � ; (1)

where Œa� denotes the class of a moduloN .
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Let � W GQ ! OZ� be the cyclotomic character. Composing � with the action of
OZ� on OZŒŒ OZ�� defined above, we get an action of GQ on OZŒŒ OZ��. Let

Z1.GQ; OZŒŒ OZ��/

be the set of cocycles on GQ with values in the GQ-module OZŒŒ OZ��.
Using the action of GQ on the tower of coverings P1NQ n .f0;1g [ �N / of P1NQ n

f0; 1;1g we get an element belonging to Z1.GQ; OZŒŒ OZ��/ and which we denote by

O�Q :

In fact this element already appeared in Nakamura and Wojtkowiak (2002) and
before in Ichimura and Sakaguchi (1987). In Nakamura and Wojtkowiak (2002)
it is called adelic Kummer-Heisenberg values.

For any rational prime p there is a projection

prp W OZŒŒ OZ��! ZpŒŒZp��

compatible with the action of GQ on OZŒŒ OZ�� and ZpŒŒZp��. Composing O�Q with the
projection prp we get an element which we denote

�p 2 Z1
�
GQ;ZpŒŒZp��

�
:

In Wojtkowiak where we are dealing only with one fixed prime, the element �p is

denoted K1.
!
10/. The element �p allows to recover p-adic L-functions of Kubota-

Leopoldt. We recall definitions and results from Wojtkowiak.
Let ! W Z�p ! �p�1 � Z

�
p be the Teichmüller character. For x 2 Z

�
p we set

Œx� WD x!.x/�1 :

We denote by �p W GQ ! Z
�
p the cyclotomic character restricted to

Gal.Q.�p1/=Q/.

Definition 1. Let p be a rational prime. Let 0 	 ˇ < p�1. We define the function

Zˇp W Zp �GQ ! Zp

by the formula

Zˇp.1 � s; 
/ WD
Z

Z�p

Œx�sx�1!.x/ˇd�p.
/.x/ :
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Theorem 1 (see Wojtkowiak, Corollary 8.3). Let p be a rational prime. Let ˇ be
even and 0 	 ˇ < p � 1. Let 
 2 GQ be such that .�p.
//p�1 ¤ 1. Then

Zˇp.1 � s; 
/ D
1

2

�
Œ�p.
/�

s!.�p.
//
ˇ � 1�Lp.1 � s; !ˇ/ ;

where Lp.1� s; !ˇ/ is the Kubota-Leopoldt p-adic L-function.

We recall that p-adic L-functions were first defined in Kubota and Leopoldt
(1964). The definition we used in Wojtkowiak is that of Lang (1990).

Now we shall look at functions Zˇp for ˇ odd.

Definition 2. Let s 2 Zp . Let 
 2 GQ and let x 2 Zp . We define a GQ-module

Zphsi

defining the action of GQ on Zp by


.x/ WD Œ�p.
/�sx :

Let 0 	 ˇ < p � 1. We define a GQ-module

�
!.�p/

ˇ
�

defining the action of GQ on Zp by


.x/ WD .!.�p.
///ˇx :

We denote by

Zphsi ˝Zp

�
!.�p/

ˇ
�

the Zp-module Zp equipped with the action of GQ given by


.x/ WD Œ�p.
/�s.!.�p.
///ˇx :

Observe that if k is an integer then

Zp.k/ D Zphki ˝Zp

�
!.�p/

k
�
:

In Theorem 1 we have seen that for ˇ even the element O�Q gives non-Archimedean
p-adic L-series. The next result shows that for ˇ odd we get Soulé classes for the

field Q (`-adic Galois polylogarithms evaluated at
!
10).
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Theorem 2. Let p be a rational prime and let ˇ be an integer such that 0 	 ˇ <
p � 1.

(i) For a fixed s 2 Zp , the function

GQ 3 
 7! Zˇp.1 � s; 
/ 2 Zphsi ˝Zp

�
!.�p/

ˇ
�

on GQ with values in a GQ-module Zphsi ˝Zp

�
!.�p/

ˇ
�

is a cocycle;
(ii) Let ˇ be odd and let k be a positive integer such that k � ˇ modulo p � 1.

Then

Zˇp.1� k; 
/ D .1 � pk�1/.k � 1/Šlk.
!
10/.
/ D sk.
/ ;

where lk.
!
10/ is the p-adic Galois polylogarithm (see Wojtkowiak 2005) and sk

is the Soulé class (see Soulé 1987).

(The point (ii)) of the theorem is of course well known, see Ihara (1986, Corollary
of Theorem 10) and Deligne (1989). The proof of the point (i) of the theorem is
indicated in Sect. 3.)

3 Measures

In this section we define the element O�Q. Let

VN WD P
1NQ n .f0;1g[ �N /

and let

f MN
N W VMN ! VN

be given by f MN
N .z/ D zM . We get a projective system of finite coverings of

V1 D P
1NQ n f0; 1;1g :

Applying the functor �et
1 we get a projective system of pro-finite groups

f�et
1 .VN ;

!
01/gN2N : (2)

We fix an embedding NQ � C. Hence we have a comparison homomorphism

�1.VN .C/;
!
01/! �et

1 .VN ;
!
01/



476 Z. Wojtkowiak

and therefore the natural topological generators of �et
1 .VN ;

!
01/. We denote by

xN

(loop around 0) and by

yi;N

(loop around iN ) for 0 	 i < N , the standard free generators of �et
1 .VN ;

!
01/. We

denote by

� 2�et
1 .VN ;

!
01/

the commutator subgroup of the group �et
1 .VN ;

!
01/.

We have

.f MN
N /�.xMN/ D .xN /M (3)

and

.f MN
N /�.yi;MN/ � yi 0;N mod � 2�et

1 .VN ;
!
01/ (4)

for 0 	 i < MN and where i 0 � i modulo N and 0 	 i 0 < N .

Let pN be the canonical path on VN from
!
01 to 1

N

!
10, the interval Œ0; 1�. For any


 2 GQ, the elements

fpN .
/ WD p�1N � 
.pN / 2 �et
1 .VN ;

!
01/

form a coherent family of the projective system (2).
Here and later our convention of composing a path ˛ from y to z with a path ˇ

from x to y will be that ˛ � ˇ is defined as a path from x to z.
For N 2 N and 0 	 i < N we define elements

˛Ni .
/ 2 OZ

by the congruence

fpN .
/ �
N�1Y

iD0
.yi;N /

˛Ni .
/ mod � 2�et
1 .VN ;

!
01/ : (5)

It follows immediately from the congruences (4) that the functions

Z=NZ 3 i 7! ˛Ni .
/ 2 OZ (6)
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form a distribution on OZ with values in OZ, hence they form a measure. This measure
we denote by

O�Q.
/ :

The element O�Q.
/ belongs to OZŒŒ OZ��. Hence we get a function

O�Q W GQ ! OZŒŒ OZ�� :

Definition 3. The function

O�Q W GQ ! OZŒŒ OZ��

we call OZ-zeta function of the field Q.

We shall study properties of the function O�Q. First however we state a result about

the action of GQ on �et
1 .VN ;

!
01/. Next we shall calculate explicitly the coefficients

˛Ni .
/.
We recall that NQ � C. We set

m WD e 2�
p
�1

m

for any m 2 N.
Below the suffix i�.
/ at yi�.
/;N means the unique integer 0 	 r < N such that

i�.
/ � r modulo N . The same remark applies to other situations when suffixes
are in f0; 1; : : : ; N � 1g.
Proposition 1. Let 
 2 GQ. We have


.xN / D .xN /�.
/

and


.yi;N / � .yi�.
/;N /�.
/ mod � 2�et
1 .VN ;

!
01/

for 0 	 i < N .

Proof. Let z be a local parameter at 0 corresponding to
!
01. We apply 
 �yi;N �
�1 to

the germ of .1� �i�.
/N z/
1
m at

!
01. After applying 
�1 we get .1� �iN z/

1
m . Then we

apply yi;N and we get m.1��iN z/
1
m . Hence finally after acting by 
 we get �.
/m .1�


�i�.
/
N z/

1
m . The effect is the same as applying .yi�.
/;N /�.
/ to .1 � �i�.
/N z/

1
m . �

Proposition 2. The coefficient

˛Ni .
/ D
�
˛
N;m
i .
/

�
m2N 2 lim �

m

.Z=mZ/ D OZ
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is given by the formula



�
.1 � �i�.
�1/N /

1
m

�

.1 � �iN /
1
m

D ˛
N;m
i .
/
m

for 0 < i < N and by the formula


.N�
1
m / D ˛

N;m
0 .
/
m N�

1
m

for i D 0.

Proof. We act on the germ of .1� �iN z/
1
m by the path p�1N � 
.pN /. Notice that the

local parameter at 1 corresponding to 1
N

!
10 is s D N.1 � z/. We get that

p�1N � 
.pN / W .1 � �iN z/
1
m ! 


�
.1 � �i�.
�1/N /

1
m

�

.1 � �iN /
1
m

.1� �iN z/
1
m :

On the other side it follows from the congruences (5) that we get 
˛
N;m
i .
/
m .1��iN z/

1
m .

Hence we get the formula for 0 < i < N .
To calculate the coefficient ˛N0 .
/ we act on the germ of .1� z/ 1m . Applying pN �


�1 to .1�z/ 1m we getN� 1
m s

1
m . Next applyingp�1N �
 we get 
.N� 1

m /N
1
m .1�z/ 1m .

�

We indicate the cocycle and the continuity properties. Let � and 
 belong to GQ.
Then it follows from the equality

fpN .�
/ D fpN .�/ � �.fpN .
//

(see for example the proof of Wojtkowiak 2004, Proposition 1.0.7) that

˛Ni .�
/ D ˛Ni .�/C �.�/˛Ni�.�/�1 .
/ : (7)

The direct consequences of the equality (7) are the point (i) of Theorem 2 and the
following result.

Proposition 3. (i) The function

O�Q W GQ ! OZŒŒ OZ��

is a cocycle.
(ii) Let k be a positive integer. We have
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Z

Zp

xk�1!.x/ˇd�p.�
/ D

Z

Zp

xk�1!.x/ˇd�p.�/C �p.�/k!.�p.�//ˇ
Z

Zp

xk�1!.x/ˇd�p.
/ :

Observe that in the point (ii) of the proposition we recover the cocycle property of

p-adic Galois polylogarithms lk.
!
10/ (Soulé classes for the field Q), see for example

Wojtkowiak (2005, Corollary 11.0.12.).
The proof of the continuity of the function Z

ˇ
p.s; 
/ is also straightforward, so

we formulate only the result.

Proposition 4. The function of two variables

Zˇp W Zp �GQ ! Zp

is continuous.

Theorem 1 is the main reason that we call the cocycle O�Q, the OZ-zeta function of
the field Q. The paper Wojtkowiak is still not published. Hence we give a sketch of
a proof of Theorem 1.

Proof of Theorem 1.

Proof. It follows from Nakamura and Wojtkowiak (2002, Proposition 3) that

lk.
!
10/.
/ D 1

.k � 1/Š
Z

Zp

xk�1d�p.
/.x/ : (8)

In Wojtkowiak (2009, Proposition 3.1) we have shown that

l2k.
!
10/.
/ D � B2k

2.2k/Š
.�p.
/

2k � 1/ ; (9)

whereB2k is the 2kth Bernoulli number. (The result is already stated in Ihara (1990)
without proof.) It is an elementary property of the measure �p.
/ that

Z

Zp

xk�1d�p.
/.x/ D 1

1 � pk�1
Z

Z�p

xk�1d�p.
/.x/ : (10)

It follows immediately from the equalities (8)–(10) that

2

.�p.
/2k � 1/
Z

Z�p

x2k�1d�p.
/.x/ D �.1 � p2k�1/B2k
2k

:

Theorem 1 follows from the last equality. �
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4 Relations with Iwasawa Theory

We recall that we have defined the action of Z�p (which we identify with the group
Gal.Q.�p1/=Q/ via the cyclotomic character �p) on ZpŒŒZp�� via the formula (1).
This action of Z�p is the consequence of the equality

fpN .�
/ D fpN .�/ � �.fpN .
// :
Let M1 be the maximal abelian pro-p extension of Q.�p1/, which is unram-

ified outside p. In the Iwasawa theory the action of Z
�
p D Gal.Q.�p1/=Q/ on

Gal.M1=Q.�p1// is given via inner automorphisms. If 
 2 Gal.M1=Q.�p1//,
� 2 Z

�
p and Q� is a lifting of � to Gal.M1=Q/ then

�.
/ WD Q�
 Q��1

(see Coates and Sujatha 2006, page 5).
It follows from Wojtkowiak (2004) that for any �; 
 2 GQ we have

fpN .�
�
�1/ D fpN .�/ � �.fpN .
// �

�
.�
��1/..fpN .�/�1/

�

Hence comparing coefficients modulo � 2�ét
1 .VN ;

!
01/ we get

˛Ni .�
�
�1/ D ˛Ni .�/� �.
/˛Ni�.
/�1 .�/C �.�/˛Ni�.�/�1 .
/ :

Now we assume that N D pn and 
 2 GQ.�p1 /. Then we get

˛
pn

i .�
�
�1/ D �p.�/˛p

n

i�p.�/�1
.
/ :

Hence for 
 2 GQ.�p1 /, the Iwasawa action of Z�p on measures �p.
/ is given by
the formula (1).

Let n � m. We set

Kn;m WD Q.�pn/
�
.1 � ipn /

1
pm j 0 < i < pn�

and

K1 WD
[

n�m�1
Kn;m :

It follows from Proposition 2 that the cocycle �p W GQ ! ZpŒŒZp�� factors through
the quotient group

Gal.K1=Q/

of GQ.
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Observe that K1 is an abelian pro-p extension of Q.�p1/ which is unramified
outside p. Moreover K1 is Galois over Q. Hence we have a surjective morphism
of ZpŒŒZ�p ��-modules

Gal
�
M1=Q.�p1/

�! Gal.K1=Q.�p1// :

Proposition 5. (i) The cocycle �p W GQ ! ZpŒŒZp�� vanishes on GK1 , hence it
induces

�p W Gal.K1=Q/! ZpŒŒZp�� :

(ii) The restriction of �p to Gal.K1=Q.�p1// is a morphism of ZpŒŒZ
�
p ��-

modules.
(iii) The cocycle �p W Gal.K1=Q/! ZpŒŒZp�� is injective.

Proof. The points (i) and (iii) follow from Proposition 2. The point (ii) was shown
in the discussion before the proposition when we observe that the Iwasawa action
on measures �p.
/ for 
 2 GQ.�p1 / is given by the formula (1). �

Let p > 2. The action of �1 2 Z
�
p decomposes any Z

�
p -moduleM on the direct

sum

M D MC ˚ M� ;

where �1 acts onMC as the identity and on M� as the multiplication by �1.

Proposition 6. Let p > 2. The image of Gal
�
K1=Q.�p1/

�
in ZpŒŒZp�� by �p is

contained in ZpŒŒZp��
�.

Proof. Let 
 2 GQ.�p1 /. Observe that the involution induced by �1 maps the

element
Ppn�1

iD0 ˛
pn

i .
/Œi � into �Ppn�1
iD0 ˛

pn

�i .
/Œi �. It follows from Proposition 2
thatPpn�1

iD0 ˛
pn

i .
/Œi � �
Ppn�1

iD0 ˛
pn

�i .
/Œi � D 0. Hence �p.
/ 2 ZpŒŒZp��
�. �

Corollary 1. The plus part of Gal
�
K1=Q.�p1/

�
is 0.

We denote by .�1/� the morphism induced by �1 2 Z
�
p . We denote by ı0 the

Dirac distribution on Zp concentrated at 0.
We recall the definition of the Bernoulli measure E1;c on Zp (see Lang 1990).

Let c 2 Z
�
p . The Bernoulli measure

E1;c D
�
E
.n/
1;c W Z=pnZ! Qp

�
n2N

on Zp is defined by

E
.n/
1;c .i/ D

i

pn
� c hc

�1ii
pn

C c � 1
2



482 Z. Wojtkowiak

for 0 	 i < pn, where 0 	 hc�1ii < pn and hc�1ii � c�1i modulo pn.

Proposition 7. Let p > 2 and let 
 2 GQ. We have

�p.
/C .�1/��p.
/ D E1;�p.
/ C
1 � �p.
/

2
ı0 :

Proof. It follows from Wojtkowiak, Lemma 4.1 (see also Nakamura and
Wojtkowiak 2012, proof of Proposition 5.13) that ˛p

n

i .
/ � ˛p
n

�i .
/ D E
.n/

1;�p.
/
.i/

for 0 < i < pn. On the other side E.n/

1;�p.
/
.0/ D �p.
/�1

2
for any n. Hence the

proposition follows. �

We were hoping that studying the representation of GQ on the étale fundamental

group �ét
1 .P

1NQ nf0; 1;1g;
!
01/pro�p we can recover the Main Conjecture (see Coates

and Sujatha 2006, Theorem 1.4.3). It seems however that it is not the case. In
fact in Ichimura and Sakaguchi (1987) one can find more relations with the Main
Conjecture that in the present paper.

On the other side the Main Conjecture should appear, manifest somewhere, when
studying representations of GQ on �1.
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