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Abstract The multi-agent optimal control problem involves a decision process with
multiple agents, where each agent solves an optimal control problem with the indi-
vidual cost functional and strategy set, and the cost functional is dependent on all
the other agents’ state and/or control variables. Here the “agent” can be understood
as a true decision maker, or as an abstract optimization criterion. The strategy sets,
along with admissible control set, are often described by a system of parameterized
ordinary differential/difference equations (the state dynamic) or partial differential
equations, and in realistic settings they may be dependent on the rivals’s variables
due to, for example, certain constraints from the common resources. This chapter
describes the multi-agent optimal control problem, and studies the reformulation
of a system of differential equations constrained by parameterized variational in-
equalities, along with some initial and/or boundary conditions. This reformulation
presents differential equations, variational inequalities, and equilibrium conditions
in a systematic way, and is advantageous since it can be treated as a system of differ-
ential algebraic equations, for which abundant theory and algorithms are available.

1 Optimal Control Problems
In a multi-agent optimal control problem each agent solves an optimal control prob-

lem that is dependent on the rivals’ states and decisions. Let us begin the study with
the single-agent case: the standard optimal control problem.
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For more details on optimal control problems and on the multi-agent extension
we refer to the basic books by Leitmann (1976, 1981).

1.1 Problem Description

Let the terminal time 7 > 0 and the initial point x* € R” be given, let U C R" be
an open bounded set, & € R be convex and closed, let (£2, F, P) be a probability
space and {W (s)}o</<r be a d-dimensional Brownian motion, let .A be a subset of
all progressive measurable stochastic processes u(-) : [0, T] x £2 — Z. Given the
following four functions, of which the first two constitute the dynamic and the last
two give the cost functional:

f:00,T] x R" x & — R”" (drift term),
o:[0,T] xR" x & — R4 (diffusion term),
¢:[0,T] x UxEZ—>R (running cost),

¥ :[0,T] x U x & — R (terminal cost).

For a t > 0 and for every u(-) € A and (s, x) € [t, T] X U, the state dynamic is a

stochastic differential equation (SDE for short) which is to find an It6 process x(s)

satisfying:

{dX(S) = f(s,x(s),u(s))ds + o (s, x(s), u(s))dW(s) )
x(t)=x

for s € (¢, T], where a u(-) € A is called the control, and x (-) is called the state. We
define the cost functional J : [0, T] x R” x A:— R by:

T
T(t,x, x(),u()) :=E{/ o (s, x(s), u(s))ds + w(mm)}, )
t

where E means the expectation over the statistics of {W (s)}. Denote J (x(-), u(-)) =
J(,x% x (), u(")) for simplicity if the state x(-) starts from x¥ at r = 0. Then the
optimal control problem is just to find a pair (x(-), #(-)) minimizing J(x(-), u(-))
under the constraint given by the SDE (1):

min J (x(-), u(-))
s.t.dx(s) = f(s, x(s), u(s))ds + a(s, x(s), u(s))dW(s) 3)
x(0) = x°.
For the SDE (1), one of the problems of the most interest is its solvability. For
the details on this issues we refer to Pksendal (2003). Here we just mention the

conditions required in part for guaranteeing the existence and the uniqueness of the
strong solution with continuous paths of (1) for any choice of u(-):
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£ x.u)—= f@s.y.w)|,+ o x.u)—o(s,y.w)| < C(lx = ylla+ |t — s)
[f@ x.w|,+ o x.w], <C(1+lxll),
where || - || denotes the Frobenius norm, f (s, x, u) and o (s, x, u) are assumed in

CY0,T] x R"* x &) and f(G,,u)and o(-,-,u) are in CL([0, T1 x R") for every
ueZ,and C >0isaconstant,u € 5, x,y € R" and ¢, s € [0, T] are arbitrary.

1.2 Hamilton—Jacobi-Bellman Equation

Define the value function:

v(t, x) :=min J (¢, x, x(-), u ("))
s.t. dx(s) = f(s, x(s), u(s))ds + a(s, x(s), u(s))dW(s)

x(t) = x.
Denote x (¢, x,u) = %Ho(t, X, u)||2 , and denote
H(t,x,u, Vv, Av) = x(t,x,u) Av(t, x) + (f(t, x,u), Vo(t, x)) + @(t, x,u). (4)
Suppose that H(¢, x, u, Vv, Av) is continuously differentiable in u. Then the opti-

mal control problem (3) can be reformulated as the Hamilton—Jacobi—Bellman equa-
tion (HJB equation for short):

du(t, .
v( x)—i—mmH(t,x,u,Vv(x,t),Av(l,x))=O, (@)

dt uegd

along with the terminal condition v(7T, x) = ¥ (T, x), where Av(¢, x) and Vu(¢, x)
denote the Laplacian and the gradient of v in x, respectively. Normally, the HIB
equation does not have a classic solution, for this one has to use another notion of
solution: viscosity solution (refer to Fleming and Rishel 1975, for example).

1.3 Constrained Hamilton System

For the deterministic case: o (¢, x, u) = 0, we introduce the costate variable p(t) =
Vu(t, x(t)). Then the Hamiltonian defined in (4) reads:

H(t,x,u,p)= ft,x, )" p+o(t, x,u), (6)
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and by simple calculus we obtain the following Hamilton system from the HJB
equation:

p(t) ==V H(t,x(),u(t), p(t)

x(1) =V, H(t, x(t), u(t), pt))

u(t) € argmin{H (¢, x(t), z, p(t)), s.t. z € &}
x(0)=x"and p(T) = V¥ (T, x(T)),

)

where V.1 (T, x) denotes the gradient of (¢, x) with respect to x.

1.4 VI Based Reformulations

Variational inequality (VI for short) is a powerful model for characterizing the op-
timal condition of optimization problems in a general setting (Facchinei and Pang
2003). Given a closed and convex subset £2 € R™ and a mapping G : £2 — R. Then
by the minimum principle, we know that a local minimizer x* of G (-) over the feasi-
ble domain £2 must satisfy the variational inequality (VI for short) of the following
form

(x—x*)'VG(x*) =0, Vrxeg®. @®)

We remind us that &' is assumed convex and closed set. Here we allow us an abuse
of the notation u: it means the control variable in the general case and means also
a local minimizer of H (¢, x, -, Vv, Av) in some specific cases, which can be read-
ily distinguished in the context. Then by the minimum principle, we know that u
satisfies the VI

(z—uw)'V,H(t,x,u,Vv, Av) >0 Vze &, 9)

where V,H (t,x,u, Vv, Av) denote the gradient of H (¢, x,u, Vv, Av) in u. We
denote by SOL(&, V,H (¢, x, -, Vv, Av)) the solution set of the above VI. Further
known is that if moreover V, H is convex in u, then a solution of the VI is just a
global minimizer of H.

Now we arrive at the position for reformulating the HIB equation as the following
PDE, which is constrained by a VI

WD 4 H (2, x, u, Vo(t, x), Av(t, x)) =0
ueSOL(E,V,H(t, x,-, Vu(t, x), Av(t, x))
(T, x) =y (T, x).

It is well known that u € SOL(&, V,H (¢, x, -, Vv, Av)) if and only if

U= Prg(u -V, H(t,x,u, Vv, Av)),
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where Prz (-) denotes the projection onto ='. Then the HIB equation can further be
reformulated as the PDE constrained by a system of algebraic equations

WD 1 H (¢, x,u, Vu(t, x), Av(t,x)) =0
u=Prg(u—V,H(,x,u, Vu(t,x), Av(t, x))) (10)

u(T, x) = (T, x).

Note that the projection operation often leads to the nonsmoothness of the algebraic
system in the above hybrid system.

For the constrained Hamilton system (7), the VI formulation gives the following
system:

p(t) ==V H(t, x(t),u(t), p(t))

X(1) =VpH(t, x(t),ut), p(t))

u(t) =Prg (u(t) — VyH(t, x(1), u(t), p(1)))
x(0) =x%and p(T) = V¥ (T, x(T)),

(1)

where H(t, x, u, p) is defined by (6). This is a system of ordinary differential equa-
tions constrained by a parameterized VI, called differential variational inequality
(DVI for short). For a comprehensive treatment of the DVI, we refer to Pang and
Stewart (2008).

The system (11) usually has no classic solution, and we have to seek the weak
solution (x(t), p(t), u(t)), where x and p are absolutely continuous and « is inte-
grable on [0, T] such that VO <s <t < T:

t
x(t)—x(s):/ V,H (7, x(1), u(r), p(r))dr,
and

t
p(®) —p@s) = —/ ViH (7, x(1), u(7), p(v))dr,

and u(t) =Prz(u(t) — V,H(t,x (1), u(t), p(¢))) holds for almost all ¢ € [0, T'].

2 Multi-agent Optimal Control Problems

2.1 Problem Description

The multi-agent optimal control problem involves a decision process with multiple
agents, where each agent solves an optimal control problem with his own cost func-
tional and admissible control set. Each agent’s cost functional is, and its admissible
control set may be, dependent on all the other agents’ state and control variables.
Such a problem is also referred as the Nash equilibrium problem, where the agent
is usually called as player.
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Denote by x,, € R" and u, € R™ the v-th player’s state and control variables,
respectively. The control is also called as strategy, action or decision. Collectively
write x = (x,)_ | € R", u = (u,)Y_ e R™, x_, = (xy)yzy e R"™ and u_, =

(Uy)yy € R where n = Zivzl ny, and m = Zivzl m,. When we emphasize
the v-th player’s state and strategy variables, we use the block form x = (x,, x_)
and u = (u,, u_,) torepresent x and u, respectively. For the v-th player, we denote

e admissible control set (the strategy set) by
Ey(u_y) = {uu|hv(’4v) <0,g(y,u_y) < O},

where 4, () : R"™ — R» and g(-,u_,) : R — R¥;
e the state dynamic by

{dxv(l) = fo(t, x (@), uy (D))dt + 0 (£, X0 (1), uy (£))d W (1) (12)

x,(0) = x7),

where x8 € R™ is the initial state, f, : [0, T] x R"™ x & — R" is the drift term,
oy 1[0, T] x R x & — R™*dv ig the diffusion term;
e the cost functional by

T
Jo(x (), u(-) ::E{/O (p,,(t,x(t),u(t))dt—f-wv(T,xu(T))}, (13)
where ¥, : [0, T] x R"™ — R and ¢, : [0, T] x R" x R — R, and T > 0 is the
terminal time.
Writing
Jo(x (), u()) = Ty (00 (), xp (), 0 (), 1 (),

the solution (or called the equilibrium point) of the multi-agent optimal control
problem is a state-control pair (x*(-), u*(-)) satisfying: for fixed x* (-) and u* (),
(x3(-), u3(-)) is a solution of the following optimal control problem

min J, (x, (), x5, (), 0y (), 1, ()
s:t. dxy(0) = fult, %o (@), s (D)t + 0y (1, 20 (1), wy (0)dW (1)
x(0) = x}

uy(t) € 8,(u* (1)) foralmostall s € [0, T].

(14)

Note that =, (-) is a set-valued mapping given by the shared constraint g(u,, u_,) <
0, namely, the v-th player’s strategy set is dependent on its rivals’ states and controls.
Without the shared constraint, the strategy set =, is constant, and then the problem
(14) reduces to the standard dynamic Nash equilibrium problem.

Here we make the following blanket assumptions on the convexity of the strategy
set.

Assumption 1 Suppose that all the components of %, and g are convex for any v.
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2.2 Reformulation of System of HJB Equations

Define the value function for the v-th player:

(7, x) :=min Jy, (x, (), x*, (), uy (), u* ()
s.t. dx,(s) = f, (s,x,)(s), u,,(s))ds + oy (s,x,, (s), u,,(s))dW(s)
Xy (1) = xy

uy(s) € By(u* ,(s)) foralmostall s [z, T].
Denote x,(t, x,u) = %Hov(t,x, u)||%, and denote

H,(t,x,u, vavva Axvvv)
= xo(t, Xy, up) Ay, 0y (1, %) 4 ( fo (8, X0, 1), Vi, 00 (1, %)) + @, x, 1), (15)

Ay, vy(t, x) and V, v, (¢, x) denote the Laplacian and the gradient of v, in x,, re-
spectively. We suppose in our setting that H, (¢, x, u, Vy v,, Ay, v,) is continuously
differentiable in u,. Write v, (T, x) = v, (T, x,, x_,). Then the HIB equation (5) for
the problem (14) has the following form:

a”"(’ x) +ming ez, w_,) Hv(t, x,u, Vi, vy, Ay, vy) =

(16)
Uv(T: Xv, X)) =Y (T, xy).

Applying the VI formulation (9) to characterize the optimality of the minimization
in (16), it gives

0D 4 Hy (¢, %, 1, Vi, Uy, Ay, vy) =0,
u, € SOL(&, (u—,), Vi, Hy(t, x,u, Vi vy, Ay, vy)) (17)
v (T, xp, x_y) =Y (T, xy).

Now we have for each player one partial differential equation, which is parame-
terized by the rivals’ states and controls, and is subject to the parameterized VI. We
are going to collect all such equations into one system, whose solution may give an
equilibrium state of the multi-agent optimal control. Denote

N
HE‘,(u ), (R"=R™)

here we mention that & is a set-valued mapping. Collecting all the value functions,
we have the value function profile:

Ve, x) = (v, 0)Y_ . (10,T1xR" - RY)
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which is to be computed. Collecting all the terminal payoff, we have the profile:
w(t,x) = (Yo, ). (10, T1xR" - RY)

Collecting the functions defining the HJB equations, we have

F(t.x,u, V)= (Hy(t,x.u, Vs,vp, Ag,v0))")

v=1’

and collecting the functions defining the parameterized VIs, we have
N
G(ta X, U, V) = (VMVHV(tv X, U, VXV Uy, Axvvu))uzl

Then by concentrating the HIB equations of the form (17) and the parameterized
VIs for all the players, we have the following system

WAL L F(t,x,u, V) =
u eSOL(u(u),G(t,x,u, V)) (18)
V(T,x)=¥(T,x).

Here u € SOL(Z (1), G(¢, x,u, V)) is meant given ¢, x, V fixed, it holds
z—w)TG(t,x,u,V)=0, VzeZ(@u).

This is just a quasi variational inequality (QVI for short). Then (18) is a system of
partial differential equations constrained by a QVI.

Because of the complex structure of & (1), it is hard to analyze the solvability and
the convergence of numerical algorithms for solving (18). Here we try to propose a
VI-based formulation, instead of the quasi one. Denote

5 = {u € R" hy(u,) <0, g(uy, u_y) <0}. (19)

Assumption 1 ensures that = is closed and convex. The following lemma states that
the solvability of the VI implies the solvability of the quasi VI.

Lemma 1 (Facchinei et al. 2007) For any fixed t, x and V, we have
SOL(Z,G(t,x,-,V)) CSOL(E (), G(t,x,-, V)).
This lemma justifies the VI-based reformulation of the multi-agent optimal con-
trol problem:

aV(rx) +F(t,x,u,V)=
ue SOL(H, G(t,x,u, V))
V(T,x)=v¥(T,x).

Moreover, using the projection formulation of the VI, we equivalently rewrite the
above system of HIB equations as the following form, which is a system of partial
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differential equations, along with the boundary value conditions and the algebraic
constraints:

aV(zx) + F(t,x,u,V)=
u_Prd (u—G(t,x,u,V)) (20)
V(T,x) =W (T, x).

Note that the algebraic constraints is defined by a system of equations that is nons-
mooth, as the projection operator is nonsmooth.

2.3 Reformulation of Hamilton System

For the deterministic case: o, (¢, x,,u,) =0 for v =1, ..., N, we introduce the
costate variable p, = V, v, (¢, x). Then for the v-th player the Hamiltonian reads

Hv(ﬂ .x, Ll, pl)) z(fl)(tsxvy ul))s pv)+§0v(ta -xv M)v

and we have the following constrained Hamilton system

pv(t) = —vaHv(t,x, u, py)

Xu(t) =V, Hy(t, x,u, py)

uy(t) € SOL(E) (u—_y), Vu, Hy(t,x,-,u_y, pv)),
x,(0) =xY and py(T) = V., ¥, (T, x(T)),

2L

where we write H, (¢, x, u, py,) = H,(t, x, u,,u_,, p,) for emphasizing the depen-
dence of the mapping H, (¢, x, u, p,) on the rivals’ control variables u_,, and where
Vi, ¥ (t, x,) denotes the gradient of v, (¢, x,) with respect to x,,.

Collectively write

N
G(t,x,u,p)= (V,,UH,,(I, X, u, pv))]):1

and
x%,(0) — x0 ) N
— Vo (T, x(T))

Concatenating (21) forv =1, ..., N, we can formulate the multi-agent optimal con-
trol problem as the following differential quasi VI:

r(x(0), p(0), x(T), p(T)) = (pu(T)

p(t) = (—Va, Hy(t, x. 1, p))1_ ).

i) = (Vp, Hot,x,u, p)_ |,

u(t) € SOL(Z (u), G(t, x, -, p))
0= T (x(0), p(0), x(T), p(T)).

(22)
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Again, Lemma 1 implies a VI-based reformulation of the multi-agent optimal
control problem:

. N
Py = (=Y, Hy(t, x,u, pv)),

i) = (Vp, Holt, x,u, py)_,.
u(t) € SOL(E,G(1, x, -, p))
0= I (x(0), p(0), x(T), p(T)),

where Z is defined by (19). Moreover, we use the projection operator to reformulate
the system (23) into the following system of differential algebraic equations:

(23)

. N
p(t) = (_vvav(t7x»’4a pU))Uzlv

. N
X([) - (vaHv(tv-xv M, pv))v:p

u(t) =Prz (u —G(t,x,u, p))
0= (x(0), p(0), x(T), p(T)).

Write ¢, (¢, x,u) = @, (t, Xy, X_y, Uy, u_,). Suppose for any v =1, ..., N that
Yy (T, ) and each components of 4, and g(-,u_,) are convex, and suppose that
@u(t, -, x—y, -, u_,) and each component of V, H, (¢, x,u, p,) are convex and con-
tinuously differentiable for any fixed x_, and u_,, suppose that V,, H,(t, x,u, py)
is linear with respect to (x,,u,). Here we call (x,u) as a feasible pair of the
multi-agent optimal control problem if u € & and x,(t) = V,, H,(t, x,u, p,) for
v=1,..., N. Then we can show that

(24)

Theorem 1 Let (x*, u™) be a weak solution of (23). Then (x*, u™) is a solution of
the multi-agent optimal control problem in the following sense: for any feasible pair
(x,u), we have forv=1,...,N:

VAEHORAMONNORANO) EFAEMO AN ONWO NN O)

Proof The details of the proof can be found in Chen and Wang (2013b). 0

3 Approximation of Variational Inequality

The systems (20) and (24) concern the projection equation u = Prz(u — G(¢, x,
u,V))andu =Prz(u— G(t, x, u, p)), respectively, which may have no solution, or
have multiple (possibly infinitely many) solutions. Finding a solution of the systems
involves solving optimization problems without standard constraint qualifications at
each grid. Let G : R™ x R¥ — R be given for defining the concerned parameter-
ized VI, where the parameter vector is taken in the space of R¥. Denote

D(u,x)=u —Prg(u — G(u,(x)),
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where « is a parameter, and we are interested in finding for a given parameter o a
vector u satisfying

P (u,a)=0. (25)

Here we propose a regularized smoothing method to find a solution of (25). Our
main idea is to replace @ (u, ) by the following regularized and smoothing function

Dy (1, a) =/ [u —Prz (u —G(u,a) —Au — ,use)],o(s)ds, (26)
R

where A > 0 and @ > 0 are the regularization and smoothing parameters. The inte-
gration is performed componentwise with e = (1,1,..., 1)T and p(-) is a density
function with

K =/ Is|p(s)ds < oo.
R

Suppose that G (-, «) is monotone for any fixed . Then when p = 0, the regu-
larized system

D) o(u,a) :=u—Prg (u —Gu,a) — Au) =0

has a unique solution « for any fixed o, but @, o and u may not be differentiable with
respect to (¢, x). To overcome the non-smoothness of the projection operator, we
adopt the smoothing approximation. The regularized smoothing function ®;, , (4, )
has the following properties

|Ps.0(, @) — D, @) ||, < Allul

and
||¢A.,l/l.(u7 a) - ¢A,O(uﬂ a) ||2 =< K\/Ell«

For fixed o € R¥, » > 0 and 1 > 0 the mapping ®;. (-, ) is continuously differen-
tiable and the system

D) (u,a)=0 27

has a unique solution u;_, (o), which is continuously dependent on «. For A, i | 0
(A, n chosen in an appropriate way—see also the second point in the summary) we
approximate the solution of (25).

Namely, we approximate (20) by the following differential algebraic system

WD 4 F(t,x,u, V) =0,
D) u(t,x,u,V)=0 (28)
V(T,x)=W(T,x),
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and approximate (24) by the following differential algebraic system

pt) = (—vaHv(t,X, u, p))ivzl’

. N
x(t) = (Vpl,Hv(t,x, u, p))vzl,
0 = @)L,[L(tv-x5 u, p)

0= (x(0), p(0), x(T), p(T)).

(29)

We mention four points on this methodology.

e Finding an equilibrium point of the multi-agent optimal control problem is of
the great practical importance, which is quite hard because the problem is cou-
pled by the optimization problems, dynamical systems and the side constraints.
Existing methods normally can not treat the generalized case: the problem with
coupled strategy sets (see for example Krabs et al. 2000; Krabs 2005; Krabs and
Pickl 2010). The methodology proposed here is promising since it reformulates
the multi-agent optimal control problem as a differential algebraic equation, for
which abundant theory and algorithms can be utilized. This new approach will be
extended in the future.

e The convergence of the solution of the approximating system to the original
one is of the most interest. Suitable notions of convergence, for example the I"-
convergence, have to be carefully selected. The convergence may be considerably
dependent on the dependence between X and u, different dependence defines dif-
ferent regularized smoothing system, and therefore the different system of differ-
ential algebraic equations. Now we are in the position to touch the next point.

e Smoothing approximation and regularization have been studied extensively in
solving the static VI (Facchinei and Pang 2003). However, to the best of our
knowledge, the impact of the dependence between the smoothing and regulariza-
tion parameters on the convergence behavior has not been studied. An example
can be found in Chen and Wang (2013a, 2013b), which shows that for different
relations of the two parameters A, w, the solution u; _, () of (27) can be diver-
gent, or convergent to different solutions of the original projection equation (25).
For the system (27), if u = o(}) is taken, then u;_, () is convergent to the least
norm element of the solution set of (25). Note that finding the least norm solu-
tion is significant since it can provide a stable solution (refer to Chen and Wang
2013b, for more details).

e Our methodology is variational, which employs the comparison of solutions in a
neighborhood of the optimal one to derive the necessary conditions, and to obtain
candidate of the optimal solutions. Of course we need to impose additional condi-
tions for ensuring the optimality. A different approach, namely the direct method,
is also available, which offers global optima by using coordinate transformations
instead of comparison techniques (Leitmann 1962). This method can also be ap-
plied to a class of differential games (Leitmann 1976). It is our aim to combine
these destinguished approaches in the future.
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e As mentioned before the multi-agent optimal control problem involves a certain
decision process with multiple agents, where each agent solves an optimal control
problem with the individual cost functional and strategy set. As a specialty the
cost functional itself is dependent on all the other agents’ state and/or control
variables.

In a forthcoming contribution we would like to apply this specific model to
decision problems in the context of complex aviation management processes. It
is our aim to apply the gained algorithms to the solution of concrete decision
problems which occur in this innovative context of Operations Research.
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