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Abstract. A colouring of a graph G = (V, E) is a mapping ¢ : V —
{1,2,...} such that c(u) # c(v) if wwv € E; if |¢(V)| < k then ¢ is a
k-colouring. The COLOURING problem is that of testing whether a given
graph has a k-colouring for some given integer k. If a graph contains no
induced subgraph isomorphic to any graph in some family H, then it
is called #H-free. The complexity of COLOURING for H-free graphs with
|| = 1 has been completely classified. When |H| = 2, the classifica-
tion is still wide open, although many partial results are known. We
continue this line of research and forbid induced subgraphs {H1, H2},
where we allow H; to have a single edge and H> to have a single non-
edge. Instead of showing only polynomial-time solvability, we prove that
COLOURING on such graphs is fixed-parameter tractable when parame-
terized by |Hi| + |Hz2|. As a byproduct, we obtain the same result both
for the problem of determining a maximum independent set and for the
problem of determining a maximum clique.

1 Introduction

Graph colouring involves the labelling of the vertices of some given graph by
integers called colours such that no two adjacent vertices receive the same colour.
The COLOURING problem is that of deciding whether or not a graph can be
coloured with at most & colours for some given integer k. Because COLOURING
is NP-complete for any fixed & > 3, its computational complexity has been
widely studied for special graph classes, see for example the surveys of Randerath
and Schiermeyer [23] and Tuza [26]. In this paper, we consider the COLOURING
problem for graphs characterized by two forbidden induced subgraphs. Before
we summarize related results and explain our new results, we first state the
necessary terminology.
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1.1 Basic Terminology

We only consider finite undirected graphs without loops or multiple edges. We
refer to the textbook of Diestel [I0] for any undefined graph terminology. Let
G = (V, E) be a graph. A colouring of G is a mapping ¢ : V' — {1, 2, ...} such that
c(u) # ¢(v) whenever uwv € E. We call ¢(u) the colour of u and {u € V' | c(u) = i}
for some i > 1 a colour class of c¢. A k-colouring of G is a colouring ¢ of G with
1 < e(u) <k for all uw € V. The smallest integer k for which G has a k-colouring
is called the chromatic number of G, denoted x(G); a x(G)-colouring is said
to be optimal. The k-COLOURING problem is that of deciding whether a given
graph admits a k-colouring. Here, k is fized, that is, not part of the input. If k&
is part of the input, then we denote the problem as COLOURING.

Let G = (V,E) be a graph. A graph H is an induced subgraph of G if H
can be obtained from G by deleting zero or more vertices. In this case we write
H C; G. For aset S CV, welet G[S] = (S,{uv € E | u,v € S}) denote the
subgraph of G induced by S. Let {Hy,...,H,} be a set of graphs. We say that
G is (H,...,Hp)-free if G has no induced subgraph isomorphic to a graph in
{H1,...,Hp}; if p=1, we may write that G is Hy-free instead of (H;)-free.

The complement of a graph G = (V| E), denoted by G, has vertex set V' and
an edge between two distinct vertices if and only if these vertices are not adjacent
in G. The disjoint union of two graphs G and H with V(G) NV (H) = 0 is the
graph with vertex set V(G) UV (H) and edge set E(G) U E(H), and we denote
this by G + H. We denote the disjoint union of r copies of G by rG.

For r > 1, the graph P, denotes the path on r vertices, that is, V(P,.) =
{u1,...,u.} and E(P.) = {uwju;q1 | 1 < i < r —1}. Adding the edge uiu, to
this graph yields the cycle on r vertices, denoted C,.. The graph sP; denotes
the independent set on s vertices. The INDEPENDENT SET problem is that of
testing whether a given graph has an independent set of size at least k for some
given integer k. The graph K; denotes the complete graph on t vertices, that is,
V(K) = {u1,...,u} and E(K;) = {uu; | 1 <i < j <t}. The vertex set of a
complete graph is called a cliqgue. The CLIQUE problem is that of testing whether
a given graph has a clique of size at least k for some integer k. The graph K; —e
denotes the graph obtained from K, after removing exactly one edge.

1.2 Our Results

We show fixed-parameter tractability results for three problems, namely for
COLOURING, INDEPENDENT SET and CLIQUE, restricted to (sPy + P, K; — e)-
free graphs. In parameterized complexity theory, the problem input consists of
a pair (I, p), where I is the problem instance and p is the parameter. A problem
is fized-parameter tractable (fpt) with parameter p if it can be solved in time
f(p) - [I1°M for some function f that only depends on p. In our case, a natural
parameter is s + t. In Section [2] we show that COLOURING is fixed-parameter
tractable with parameter s+ ¢ when restricted to (sP; + Pa, Ky — e)-free graphs,
that is, can be solved in time f(s +t)(n + k)®™) for some function f that only
depends on s+ t. In the same section, we show that the INDEPENDENT SET and
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CLIQUE problems are also fixed-parameter tractable with parameter s+t when
restricted to (sPy + Py, Kt —e)-free graphs. However, the main motivation for our
research comes from the area of graph colouring, as we explain in Section [[L3] In
Section [3] we give some directions for future research. There, we also show that
COLOURING is polynomial-time solvable for (2P, K; — e)-free graphs.

Finally, it should be noted that many classes of (H;, Hs)-free graphs are known
to have bounded clique-width (see Section [[J), in which case it follows that
COLOURING is polynomial-time solvable [19]. The graph classes we consider only
have bounded clique-width for small values of s and t; the proof of this claim
has been omitted due to space restrictions. Thus our results (which are stronger
than mere polynomial-time solvability) do not fall into this category.

1.3 Motivation and Related Work

The complexity of MAXIMUM INDEPENDENT SET restricted to H-free graphs
has only been partially classified. For instance, the complexity status of this
problem on Ps-free graphs is a notorious open case (see [24] for a subexponential
algorithm). Because a graph has an independent set of size at least k if and only
if its complement has a clique of size at least k, the complexity classification
of the CLIQUE problem on H-free graphs is also far from being settled. Our
research on the COLOURING problem, which is the main focus of our paper, is
well embedded in the literature. As a starting point, Kral’ et al. [I§] completely
determined the computational complexity of COLOURING for H-free graphs.

Theorem 1 ([18]). Let H be a fized graph. If H is a (not necessarily proper)
induced subgraph of Py or of Py + Ps, then COLOURING can be solved in polyno-
mial time for H-free graphs; otherwise it is NP-complete for H-free graphs.

Theorem [ initiated a study of the computational complexity of the
k-COLOURING problem on H-free graphs. This classification is still open (see
[12] for a survey). Due to Theorem [I] the COLOURING problem restricted to
graph classes characterized by two forbidden induced subgraphs has received a
significant amount of attention as well. We survey known results below.

We observe that Theorem [ implies that COLOURING is polynomial-time solv-
able for (Hy, Ho)-free graphs if one of Hy, Hs is an induced subgraph of P, or
of P, + Ps. Another straightforward case is as follows. For positive integers s
and t, the Ramsey number R(s,t) is the smallest number n such that all graphs
on n vertices contain an independent set of size s or a clique of size t. Ramsey’s
Theorem (see e.g. [10]) states that such a number exists for all positive integers
s and t. As an immediate consequence, COLOURING is polynomial-time solvable
on (sPy, Ky)-free graphs for all s and ¢. Hence, it is natural to consider graph
classes that can be obtained by adding one edge to the first forbidden induced
subgraph and removing one edge from the second. This leads to the class of
(sPy + Py, K; — e)-free graphs; note that this class includes all (sP;, K; — e)-free
graphs and all (sPy + Py, K;_1)-free graphs. As explained in Section[[.2] we have
fpt algorithms with parameter s+t for solving COLOURING on (sP; + Py, Ky —e)-
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free graphs (and consequently for (sP;, K;—e)-free graphs and for (sP; + Py, K¢ )-
free graphs). This result adds to the body of existing work on COLOURING for
(Hy, Hs)-free graphs, which we further discuss below.

The following result, which we will use later on, is due to Gyarfas [15].

Theorem 2 ([15]). Let ¢,t > 1 be two integers. Then every (Py, Kt)-free graph
can be coloured with at most (¢ — 1)'=2 colours.

Theorem 2] was slightly improved by Gravier, Hodng and Maffray [I4], who
showed that every (P;, K;)-free graph that is not a complete graph can be coloured
with at most (¢ — 2)!=2 colours. Each of these two results implies that COLOUR-
ING is polynomial-time solvable on (F, K;)-free graphs, whenever F' is the disjoint
union of one or more paths such that k-COLOURING is polynomial-time solvable
on F-free graphs for all £ > 1. Combining this observation with such existing
results for k-COLOURING [6JOI16] gives us a number of polynomial-time solvable
cases [IT]. Also, the fact that COLOURING can be solved in polynomial time on
graphs of bounded clique-width [19] directly leads to polynomial-time results for
COLOURING restricted to (K1 3, Cs + Py)-free graphs [1], (Py + Py, P1 + Py)-free
graphs [3], (Ps, P1 + Py)-free graphs [2] and (P, + Py, Ps)-free graphs [2]. Here, the
graph K , denotes the graph with vertices w,v1,...,v, and edges uvy, ..., uv,.
Other results on COLOURING for (Hi,Hsz)-free graphs can be found
in [ABPIT7TITRI2002TI22I25], all of which are summarized in Theorem [ together
with the above results and a weaker formulation of our new result (Statement (ii)-
8). For details we refer to Golovach and Paulusma [11], who formulate the same
theorem without Statement (ii)-8. In this theorem, C3 denotes the paw, which is
the graph with vertices a, b, ¢, d and edges ab, ac, ad, bc.

Theorem 3. Let Hy and Hs be two fixed graphs. Then the following holds:

(i) COLOURING is NP-complete for (Hy, Ha)-free graphs if

H, D; C, for somer >3 and Hy O; Cs for some s > 3
Hy, Dy K13 and Hy D; Ky 3
H, and Hy contain a spanning subgraph of 2P5 as an induced subgraph
H, 2, C5 and Hy D; Ky, for somer > 5
H, 2;C, forr >4 and Hy D; K13
Hy 2; C3 and Hy D; Pygy
Hy, O; C, for r > 5 and Hs contains a spanning subgraph of 2P> as an
induced subgraph
8 H12,C,+ P, for3<r <4 or H DO;C, forr>6, and Ha contains a
spanning subgraph of 2P as an induced subgraph
9. H1 2,’ K4 or H1 2,’ K4 — €, and H2 :_)Z K173.
(ii) COLOURING is polynomial-time solvable for (Hy, Ha)-free graphs if
1. Hy or Hy is an induced subgraph of Py + Ps or of Py
2. H1 9 Kl’g and H2 QZ 03 + P1
3. H1 # Ky 5 is a forest on at most six vertices and Hy C; C;
4. Hy C; 8Py or H) C; sPy + Ps for s > 1, and Hy C; C;

NS G Lo~
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6. Hi C; P+ Py or H C; Ps, and Hy C; P+ Py
7. H Gy Pi+ Py or Hi C; 2P, and Hy C; Ps
8 HyC; sPi+ P, fors>0 or HH =2P,, and Hy C; Ky — e fort > 2.

5. H1 Qi SP2 OTHl CiSP1+P5 fOTSZl, anngthfort24

The following result is the only parameterized result known for COLOURING
of H-free graphs. Recall that k is the number of colours permitted.

Theorem 4 ([7]). The COLOURING problem on (sPy + Ps)-free graphs is fized-
parameter tractable with parameter k + s.

Very few parameterized results on INDEPENDENT SET are known [§]. In par-
ticular, we need the following one. Recall that k£ is the minimum number of
independent vertices required.

Theorem 5 ([8]). The INDEPENDENT SET problem on (K; — e)-free graphs is
fized-parameter tractable with parameter k + t.

We remark that the running times of the algorithms of Theorems M and [l are
(k4 5)n°® and g(k + t)n®D), respectively, with k in the exponent of both f
and g, whereas in our setting k is part of the input.

2 The Proofs of Our Results

In this section, we show that the COLOURING, INDEPENDENT SET and CLIQUE
problems on (sP; + P, K; — e)-free graphs are fixed-parameter tractable with
parameter s + t. We need the following additional terminology.

Let G = (V, E) be a graph. Then N(u) = {v € V | uv € E} is the neighbour-
hoodof u € V.For S CV, we write N(S) = {v € V\S | uv € E for some u € S}.
A subset M C E is a matching if no two edges in M share an end-vertex. A
matching M is A-saturating for some subset A C V if every vertex of A is an end-
vertex of some edge in M; if M is V-saturating, then M is a perfect matching.
A graph is p-partite if its vertex set can be partitioned into at most p indepen-
dent sets, which we call partition classes. If p = 2, the graph is bipartite. The
complement of a p-partite graph is called a co-p-partite graph (whose partition
classes are cliques).

Before stating the proofs of our results, let us first give an outline. Because
a graph is (sP, + P2, K; — e)-free if and only if its complement is ((t — 2)P; +
Py, K49 — e)-free, the results for the CLIQUE problem follow immediately from
those for the INDEPENDENT SET problem. In Lemma [I] we show that every
(sPy+ Py, Ky —e)-free graph is ((s +1)P1, Ky —e)-free or (sPy + P, K2 (1—3)42)-
free. This enables us to do as follows. We first show our results for COLOURING
and INDEPENDENT SET on (sP; + Py, K;)-free graphs in Lemmas 2 and B] re-
spectively, and on (sP;, K; — e)-free graphs in Lemmas [l and [ respectively. To
prove these lemmas, we will use Theorems 2], 4] and Bl We also use Lemma 2] to
prove Lemma[3 and Lemma [l along with some structural results (Lemmas BHT)
to prove Lemma[8 We then combine our intermediate steps to prove Theorem [6]
in which we state our main results.
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As noted, we start with Lemma [Il

Lemma 1. Let G be a (sPy+Ps, Ki—e)-free graph. Then G is ((s+1)Py, Ki—e)-
free or (sPy + Py, Kg2(;_3)12)-free.

Proof. Let G = (V, E) be a (sP, + Py, K — e)-free graph. Suppose that G is not
(s 4 1) Pi-free. We will show that G must then be K2 (;_3) o-free.

Because G is not (s + 1)P;-free, G contains an independent set S on at least
s+ 1 vertices. We assume that S is maximal (with respect to set inclusion). Let
Uq,...,up be the vertices of S for some p > s+ 1. Let X1 = N(uy), and for
i=2,...,p, let X; denote the set of vertices in V' \ S that are adjacent to u;
but not to any vertex in {uy,...,u;—1}. By maximality of S, every vertex of G
is either in S or in some X;.

We claim that X; = () for ¢ > s+ 1. Indeed, if i > s+ 1 and = € X; then
G[{u1,...,us,z,u;}] would be isomorphic to sP; + Ps.

Now suppose that for some i, X; contains a clique K on at least s(t — 3) +
1 vertices. If t — 2 vertices of K were adjacent to u; for some j # i, then
these ¢ — 2 vertices, together with u; and u;, would induce a K; — e in G.
Therefore, for each j # 4, at most ¢t — 3 vertices of K can be adjacent to u;.
Hence, there must be a vertex x € K that is not adjacent to any vertex in
{u1, ..., wi—1,%it1,...,ust1}. However, then G[{u1,...,ust1,2}] is isomorphic
to sP; + P,. This is a contradiction. Thus all sets X7, ..., X can only contain
cliques of size at most s(t — 3). Because S is an independent set and X; =  for
i > s+ 1, this means that the largest clique in G has size at most s2(t — 3) + 1.
We conclude that G is K2 (,_3)4o-free, as desired. O

We are now ready to prove Lemmas 2] and

Lemma 2. The COLOURING problem on (sPy + P2, K;)-free graphs is fized-
parameter tractable with parameter s +t.

Proof. We observe that every (sP; + Py, Ky)-free graph is (Pas42, K¢)-free, and
consequently can be coloured with at most (2s+1)!=2 colours due to Theorem 21
Hence we can apply Theorem ll In fact, Theorem [ gives us an explicit optimal
colouring, rather than just the chromatic number. Hence, even the problem of
finding an optimal colouring in a (sP; + P, K;)-free graph is fixed-parameter
tractable with parameter s + t. a

Lemma 3. The INDEPENDENT SET problem on (sPy + P, K)-free graphs is
fixed-parameter tractable with parameter s +t.

Proof. Let G be a (sP; + P2, Kt)-free graph on n vertices. By (the proof of)
Lemma 2] we can find an optimal colouring ¢ of G in fpt time with parameter
s + t. Because G is (Pasya, K¢)-free, ¢ uses k < (2s + 1)!=2 colours due to
Theorem 2l Let C1,...,Cy be the colour classes of c. We may assume that C
is a maximal independent set (with respect to set inclusion) in G, and that for
1 =2,...,k, the set C; is a maximal independent set in G \ (C; U--- U C;_1).
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Indeed, if some = € C; has no neighbours in C; for some j < i, we can move x
to Cj in order to obtain another optimal colouring of G.

We branch by choosing an index b to be the largest index such that C} contains
a vertex of the maximum independent set I that we are searching for. There are
at most (2s + 1)=2 ways of doing this. We then branch further by choosing a
vertex z in Cp that we assume will be in I. This leads to at most n branches
altogether. By maximality, z has a neighbour in C, for every a < b. Let J, be
the set of vertices in C, that are not adjacent to z. Because G is (sP; + P)-
free, J, contains at most s — 1 vertices. Let H, = J; U--- U Jy_1. By the
definition of the sets J; and the choice of x, we find that I'\ H,, C Cj,. We branch
further by choosing an independent set I’ C H,. Because H, has size at most
B=0b-1)(s—1) < ((2s+1)72 — 1)(s — 1), there are at most 2° ways of
doing this. We then extend I’ by adding all vertices of C} that do not have a
neighbour in I’. The final independent set is a candidate for being a maximum
independent set. After considering all independent sets obtained in this way,
we choose one that has maximum size. Because we considered all possible ways
of constructing a maximum independent set, the above algorithm is correct.
Because our algorithm constructs at most n2? independent sets, it runs in fpt
time when parameterized by s + ¢. O

Here is Lemma [4] the proof of which we have omitted.

Lemma 4. The INDEPENDENT SET problem on (sPy, Ki—e)-free graphs is fized-
parameter tractable with parameter s + t.

To prove Lemma [ we need three structural lemmas, the first of which is
well-known and can be found in [I0].

Lemma 5 (Hall’s Marriage Theorem). A bipartite graph G with vertex
partition AU B has an A-saturating matching if and only if |N(X)| > |X]| for
all X C A.

Lemma [6] follows from Lemma Bt we omit the proof details. Note that in
a bipartite graph with partition classes A and B an A-saturating matching is
perfect if |A| = |B|.

Lemma 6. Let G be a bipartite graph with partition classes A and B. Let p, q,
n be integers such that |A| = |B| = n > p+q. If every vertex in A has degree at
least n — p and every vertex in B has degree at least n — q, then G contains a
perfect matching.

We need Lemma [6] to prove Lemma [l Lemma [7is a key lemma. It gives us a
sufficient condition on the number of edges that we may allow between mutually
vertex-disjoint cliques without increasing the chromatic number of their union.

Lemma 7. Let k,a,b be integers such that k > 2a(b—1). Let G be a co-b-partite
graph with partition classes X1, ..., Xy, all of size at most k. If every vertex in
Xi has at most a neighbours in X; for all 1 < 4,5 < b when i # j, then G is
k-colourable.
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Proof. Without loss of generality, we may assume that every clique X; contains
exactly k vertices. We use induction on b. The case b = 1 is trivial. Let b > 2.
Let G' = G[X1 U+ U Xp_1]. Because k > 2a(b— 1) > 2a(b — 2), we can apply
our induction hypothesis to find that G’ is k-colourable. Let ¢ be a k-colouring
of G, and let X = {x1,...,zr}. We construct an auxiliary bipartite graph F’
as follows. For each colour 1 < ¢ < k we create a vertex u;. This yields the set
U = {u,...,ux}. For each vertex z; € X; we introduce a copy x; This yields
the set X = {af,...,z}}. The partition classes of F are U and X. We add an
edge from u; to x; in F' if and only if ¢ does not assign colour 4 to any neighbour
of z;. We observe that ¢ can be extended to a k-colouring of G if and only if F
has a perfect matching. Hence, it remains to show that this is indeed the case.

Because every X; is a clique of size k, every colour of ¢ occurs b — 1 times.
Recall that we assume that every vertex in X; has at most a neighbours in X;
for all 1 < 4,7 < b, where 7 # j. By combining these two facts we find that
every u; has degree at least k — a(b — 1) and that every z; has degree at least
k—ab—1). Ask>2a(b—1)=a(b—1)+ a(b— 1), we may apply Lemma [f] to
find that F' has a perfect matching. O

We are now ready to prove Lemma [8

Lemma 8. The COLOURING problem on (sPy, Ky — e)-free graphs is fixed-pa-
rameter tractable with parameter s +t.

Proof. Let G be an (sPi, K; — e)-free graph on n vertices. We may assume
without loss of generality that s > 2 and ¢ > 3, as the proof is straightforward
for s <1 ort < 2. We first find a maximum independent set S of G. According
to (the proof of) Lemma [l we can do this in fpt time with parameter s + ¢.

We may assume without loss of generality that S is of size s — 1; otherwise
G is ((s — 1)P, K; — e)-free. Let uq,...,us—1 be the vertices of S. For 1 <
i < j<s—1,let X;; be the set of vertices adjacent to both u; and u;. If
some X, ; contains a clique on ¢ — 2 vertices, then the vertices of this clique
together with w;,u; form an induced K; — e. Hence, every X, ; is (sPy, Ki—2)-
free. Recall that R(s,t) is the Ramsey number for integers s and t. Because X; ;
is (sPy, K¢—9)-free, X; j contains at most R(s,t—2)—1 vertices. Let D = J X ;.
Then |D| < (851) (R(s,t—2)—1). Hence, the size of D is bounded by a function
of s and ¢.

Let X; consist of u; and those vertices that are adjacent to u; but not to any
other vertex in S. Each X; must be a clique, since if x,y € X; were non-adjacent,
then {z,y} U S\ {u;} would be an independent set larger than S, contradicting
the fact that S is a maximum independent set. Note that every vertex of G is
either in D or in some X; (see Fig.[I]). Hence, we find that the vertices of G can
be partitioned into s — 1 cliques X1,..., Xs_1 and a set D. However, from these
s sets, we only know that D has bounded size (in terms of s and ¢).

Now suppose that some vertex z € X; had ¢ — 2 neighbours in X; for some
J # 4. Then these ¢ — 2 neighbours, together with  and u;, would induce a
K; — e in G. Hence, every vertex in X; has at most ¢ — 3 neighbours in every
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Fig. 1. Decomposition of the graph G into sets X1,..., Xs—1,D

X, with j # 4. Consequently, each vertex in X; has at most (¢ — 3)(s — 1) + | D|
neighbours outside of X;.

We now start a branching procedure by first colouring the vertices of D in
every possible way using colours from the set C' = {1,...,|D|}. After colouring
D, for each i = 1,...,s — 1, we choose a subset C; C C of size |C;| < |X,],
which we let consist of exactly those colours from C' that will occur on X;. We
branch over all possibilities for choosing such sets C;. After choosing the sets C;
we branch further. For all cliques X; of size at most v = (|D| + 2)(s — 2)(t —
3) + (t — 3)|D| + |D| (we explain this number later) we branch by trying every
possible way of colouring a subset of X; of size |C;| with the colours from C;.
This yields a partial colouring of G. The total number of these partial colourings

is at most
s—1
DI 27 2, Jied
i=1 i

which only depends on s and ¢, and which may be strictly less because whenever
two adjacent vertices are assigned the same colour, we naturally cut the branch.

Now let ¢ be a partial colouring that is obtained in this way. Assume that
¢ uses k. colours. We let total(c) denote the smallest number of colours of a
colouring ¢’ of G subject to the following two conditions:

(i) ¢ extends ¢;
(ii) ¢ does not use any colours from C\C; on vertices of X;.

Let Z be the set of vertices that are not coloured by c. We may assume without
loss of generality that § = |X1| — |C1| = max{|X;| — |Ci| | 1 <i < s—1}.

First suppose that X; has size at most -, in which case Z has size at most
> 1(Xi| = 1C5]) < (s — 1)y. By definition of the sets Cj, we are required to use
colours on Z that are not in C. In other words, we are to colour Z independently
from the way we coloured the rest of G. Because in this case |Z| only depends
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on s and ¢, we use brute force to compute the chromatic number x ¢z of G[Z].
Hence we find that total(c) = k. + x¢[z] in this case.

Now suppose that X7 has size at least v + 1. We observe the following. Let
v be any vertex in D. If v is adjacent to all vertices of a clique X;, then c¢(v)
does not appear in C;, as otherwise we can cut the branch. If v is adjacent
to a set X/ of ¢ — 2 vertices of a clique X; but not to some vertex w € X;,
then X/ U {v,w} induce a K; — e in G, which is not possible. Hence, we may
assume without of generality that every vertex in D is adjacent to at most t — 3
vertices in every clique X;. This means that the total number of vertices in X;
that have a neighbour in D is at most (¢ — 3)|D|. Also recall that every vertex
in X; has at most ¢t — 3 neighbours in any X; with j # 7. We may assume
without loss of generality that for some h < s — 1, the cliques X;,..., X} are
precisely those for which |X;| > v+ 1. We apply the following greedy approach
for assigning colours from C; to every clique X; with 1 <4 < h. We arbitrarily
colour a set X of |C1| vertices of X; that are not adjacent to any vertices in
D with colours from C;. We then arbitrarily colour a set X3 of |Cs| vertices of
X9 that are not adjacent to any vertices in D U X with colours from Cs, and
so on, until we have processed Xj. We can follow this greedy approach, because
a clique X; with 1 <4 < h has a size that is sufficiently large, that is, at least
v+1=(|D|+2)(s—2)(t—3)+ (t —3)|D| +|D| + 1. (Note that we could have
chosen 7 to be smaller here, but this value simplifies the arguments in the next
paragraph.) Let ¢* denote the resulting partial colouring. Note that ¢* extends
c.

Assume that ¢* uses k¢« colours. We claim that total(c) = ke + | X1| — |Ch|.
Note that total(c) < ke~ + | X1| — |C1] is not possible, because of condition (ii)
and the fact that X; is a clique. Hence, we are left to show that all uncoloured

vertices of G can be coloured with at most |X;| — |Cy] colours. This follows
immediately from Lemma [0 by taking k = | X;| — |C1],a=t—3 and b=s— 1.
We may apply this lemma for the following two reasons. First, for i = 1,... A,

we have | X;| — |C;] < |X1| — |C1| by definition. Second, we have | X;| — \C’l| >
v+ 1—|Ci| > 2(s—2)(t —3).

As we branched in all possible ways, we find that the smallest total(c) is the
chromatic number of G. Note that our algorithm runs in fpt time with parameter
s+ t, as required, and that it also produces an optimal colouring of G. a

We are now ready to state and prove our main theorem.

Theorem 6. The COLOURING, INDEPENDENT SET and CLIQUE problems on
(sPy + P2, K; — e)-free graphs are fized-parameter tractable with parameter s+ t.

Proof. First recall the following. Because a graph is (sP; + P, K; — e)-free if
and only if its complement is (P, + (t — 2) Py, K512 — e)-free, we only have to
consider the INDEPENDENT SET and COLOURING problems.

Let G be a (sP; + P, K; — e)-free graph. We start by checking whether
G contains an independent set on s + 1 vertices. We can do this in fpt time
with parameter s + ¢ by Theorem [ If it does, then G is not (s + 1)P;-free. By
Lemmal/[I] this means that G' must be (sPy + Py, K2(;_3)42)-free. In this case, we



Colouring of Graphs with Ramsey-Type Forbidden Subgraphs 211

can solve COLOURING and INDEPENDENT SET by Lemmas [Pl and Bl respectively.
Otherwise, that is, if G contains no independent set on s + 1 vertices, then G
is ((s + 1)Py, Kt — e)-free. In that case, we can solve INDEPENDENT SET and
COLOURING by Lemmas [ and ] respectively. O

3 Final Remarks

The ultimate goal is to complete Theorem [Bl This requires new proof techniques
to deal with a number of nontrivial cases, such as when H; is the claw K 3
and H, is a long path. As regards our result it seems natural to settle, as a
next step, the complexity status of COLOURING for (sPs, K; — e)-free graphs.
Our next result (proof omitted) shows that the case s = 2 is polynomial-time
solvable.

Theorem 7. The COLOURING problem on (2P, K;—e)-free graphs can be solved
in polynomial time for all t > 1.

Another possible generalization of our result on COLOURING is to consider the
following variant of graph colouring. In PRECOLOURING EXTENSION we assume
that a (possibly empty) subset W C V of a graph G = (V, E)) is precoloured by a
precolouring cy : W — {1,2,..., k} for some given integer k, and the question is
whether we can extend ¢y to a k-colouring of G. The classification of PRECOLOUR-
ING EXTENSION on H-free graphs is known [13]. However, the classification of PRE-
COLOURING EXTENSION on (Hj, Ha)-free graphs is still open. In this respect, we
note that our results cannot be generalized to another even more general variant
of graph colouring called list colouring. A list assignment of a graph G = (V, E) is
a function £ that assigns a list L(u) of so-called admissible colours to each u € V.
We say that a colouring ¢ : V. — {1,2,...} respects L if ¢(u) € L(u) for all
u € V. The L1sT COLOURING problem is that of testing whether a given graph has
a colouring that respects some given list assignment. Golovach and Paulusma [11]
completely classified the complexity of the LiIsST COLOURING problem for (Hy, Hs)-
free graphs by showing that this problem is polynomial-time solvable for (Hq, Hs)-
free graphs in the following three cases: (i) Hy C; Ps or Hy C; Ps, (ii) H; C; Cs
and Hy C; K1 3 and (iii) H; = sP; for s > 3 and Hy = K, for t > 3, whereas it is
NP-complete for all other pairs (Hy, Hs).
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