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Abstract In the case of several rigid plastic models, the equivalent strain rate
(quadratic invariant of the strain rate tensor) approaches infinity in the vicinity of
maximum friction surfaces. The strain rate intensity factor is the coefficient of the
leading singular term in a series expansion of the equivalent strain rate in the vicinity
of such surfaces. This coefficient controls the magnitude of the equivalent strain rate
in a narrow material layer near maximum friction surfaces. On the other hand, the
equivalent strain rate is involved in many conventional equations describing the evo-
lution of parameters characterizing material properties. Experimental data show that
a narrow layer in which material properties are quite different from those in the bulk
often appears in the vicinity of surfaces with high friction in metal forming processes.
This experimental fact is in qualitative agreement with the aforementioned evolution
equations involving the equivalent strain rate. However, when the maximum friction
law is adopted, direct use of such equations is impossible since the equivalent strain
rate in singular. A possible way to overcome this difficulty is to develop a new type
of evolution equations involving the strain rate intensity factor instead of the equiv-
alent strain rate. This approach is somewhat similar to the conventional approach
in the mechanics of cracks when fracture criteria from the strength of materials are
replaced with criteria based on the stress intensity factor in the vicinity of crack tips.
The development of the new approach requires a special experimental program to
establish relations between the magnitude of the strain rate intensity factor and the
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evolution of material properties in a narrow material layer near surfaces with high
friction as well as a theoretical method to deal with singular solutions for rigid plastic
solids. Since no numerical method has been yet developed to determine the strain
rate intensity factor, the present chapter focuses on analytical and semi-analytical
solutions from which the dependence of the strain rate intensity factor on process
and material parameters are found. In particular, the effect of pressure-dependency
of the yield criterion on the strain rate intensity factor is emphasized using the double
shearing model.

1 Introduction

In the case of rigid perfectly plastic solids, the maximum friction surfaces are defined
by the condition that the friction stress at sliding is equal to the shear yield stress of
the material [1]. In the case of planar flow, this definition is equivalent to the statement
that the maximum friction surface coincides with a characteristic or an envelope of
characteristics. The latter definition is naturally generalized on the double shearing
model [2]. A distinguished feature of maximum friction surfaces is that the second
invariant of the strain rate tensor (this quantity is also called the equivalent strain rate)
approaches infinity in the vicinity of such surfaces for several rigid plastic models
[1-5]. This theoretical feature of the solutions can be related to the formation of a
layer of intensive plastic deformation in the vicinity of frictional interfaces in real
metal forming processes [6—8], though no specific theory is available. Therefore,
it is of interest to understand the effect of material and process parameters on the
magnitude of the strain rate intensity factor. The traditional finite element method
cannot be used to find the strain rate intensity factor because it is the coefficient of
a singular term. The extended finite element method [9] is in general applicable in
this case but no specific code has been developed yet. Therefore, semi-analytical
solutions available in the literature are used in the present chapter to reveal the effect
of pressure-dependency of the yield criterion on the strain rate intensity factor. The
solutions for pressure-independent material are based on Tresca’s yield criterion and
its associated flow rule. The solutions for pressure-dependent material are based on
the double-shearing model [10].

2 Strain Rate Intensity Factor

The strain rate intensity factor has been previously introduced for several rigid plastic
models. Most of solutions in which the strain rate intensity factor appears are available
for the classical phenomenological theory of plasticity and the double shearing model.
The former is a model of pressure-independent plasticity. A great account on this
model is given in [11]. The double shearing model is a model of pressure-dependent
plasticity based on the Mohr-Coulomb yield criterion. This model is described in
detail in [10].
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The constitutive equations of the rigid perfectly plastic pressure-independent
model are a yield criterion and its associated flow rule. By assumption, the yield
criterion is independent of the first invariant of the stress tensor (or the hydrostatic
stress). Therefore, it can be represented by a locus in two-dimensional space, where
the second and third invariants of the stress tensor are taken as Cartesian coordi-
nates. The second invariant of the stress tensor is also called the equivalent stress, 7. .
A number of yield criteria independent of the hydrostatic stress (pressure-independent
yield criteria) have been proposed in the literature, though it is commonly accepted
that the criteria due to von Mises and Tresca are most representative of initial yielding
in isotropic, metallic materials [12]. The monograph [11] mainly deals with the von
Mises criterion. It is worthy of note that the formulation of plane strain problems
in dimensionless form is independent of the yield criterion chosen. In other words,
any plane strain solution for the von Mises criterion is the solution for any other
pressure-independent criterion. The model based on Tresca’s yield criterion under
conditions of axial symmetry is described in detail in [13, 14].

The constitutive equations of the double shearing model are the Mohr-Coulomb
yield criterion, the equation of incompressibility and the equation that connects
stresses and velocities. Extensions of this theory to include plastic volume change
are also available in the literature (see, for example, [15]) but they are not considered
in the present chapter. At a specific set of parameters, the double shearing model
reduces to the model of classical pressure-independent plasticity based on Tresca’s
yield criterion. Since the objective of the present chapter is to demonstrate the effect
of pressure-dependency of the yield criterion on the strain rate intensity factor, the
Tresca’s yield criterion will be used to determine the strain rate intensity factor in
axisymmetric problems for pressure-independent materials.

The strain rate intensity factor has been defined in [1] as the coefficient of the
leading singular term in a series expansion of the equivalent strain rate in the vicinity
of maximum friction surfaces. This work has been restricted to the classical pressure-
independent model. The term maximum friction surface is used to indicate that the
maximum friction law is adopted on that surface. The original formulation of the
maximum friction law for pressure-independent material is

Tf=Ts (1)

at sliding. Here 7 is the friction stress and 7 is the shear yield stress. It is worthy to
note that 75 is constant for perfectly plastic materials. It is known from the general
theory (see, for example, [14]) that the equations of plane strain and axisymmetric
deformation are hyperbolic (in the latter case, Tresca’s yield criterion should be
adopted). Moreover, the characteristics for the stresses and the velocities coincide
and, therefore, there are only two distinct characteristic directions at a point. The
shear stress along the characteristic is equal to 7. Thus the boundary condition (1) is
equivalent to the statement that the friction surface coincides with a characteristic or
an envelope of characteristics. Let ¢ be the angle between the major principal stress
o1 and the tangent to the friction surface, measured from the tangent anti-clockwise.
In the case of the model of pressure-independent plasticity the characteristics are
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Fig. 1 Orientation of the characteristic directions relative to the tangent to friction surfaces.
a arbitrary friction surface. b maximum friction surface with ¢ > 0. ¢ maximum friction surface
with ¢ <0

inclined to the direction of o at 7 /4. However, for later convenience it is assumed
here that this angle is £. It is evident that the original case is obtained at v = 7/4.
The characteristic directions at a generic point, M, on an arbitrary friction surface
are illustrated in Fig. 1a. If the maximum friction law is valid on this surface then the
orientation of the characteristics becomes such as shown in Fig. 1b, c. It is evident
that ¢ =  in Fig. 1b and ¢ = —~ in Fig. lc. Therefore, since v = 7 /4 in the case
under consideration, the boundary condition (1) is equivalent to

m
¢—i4 )
at sliding.

The equations of the double sharing model are also hyperbolic [10]. Therefore,
the maximum friction law in the form of Eq. (2) can be extended to this model with no
difficulty. In particular, it has been shown in [10] that in the case of plane strain and
axisymmetric deformation v = 7/4 4 /2 (Fig. 1). Here ¢ is the angle of internal
friction, a material constant. Eq. (2) transforms to

s=2(3+9

at sliding. The strain rate intensity factor for this model has been introduced in [2].
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When the maximum friction law is adopted, two qualitatively different options are
possible. A natural way to distinguish these options is to use the maximum friction
law in the form of Eqgs. (2) and (3). Either of these equations is valid if the maximum
friction surface coincides with (i) a characteristic or (ii) an envelope of characteristics.
Option (i) imposes severe restrictions on the velocity field. In particular, the rate of
extension along the friction surface is zero in the case of plane strain deformation
of pressure-independent material. Therefore, in most cases Option (ii) occurs and it
will be assumed throughout this chapter.

In order to precisely define the strain rate intensity factor, it is necessary to intro-
duce the equivalent strain rate. The standard definition for this quantity involves the
equivalent stress and the rate of plastic work [11]. In this chapter, however, the equiv-
alent strain rate is understood as a pure kinematic quantity (the quadratic invariant
of the strain rate tensor) defined by

2
eq =4/ gfij&‘j, 4)

where §;; are the components of the strain rate tensor. This definition coincides with
the standard definition for the von Mises yield criterion combined with its associated
flow rule. The equivalent strain rate approaches infinity in the vicinity of maximum
friction surfaces. In particular,

=2 to(L) as s—o, 5)
s NG

where s is the normal distance to the friction surface and D is the strain rate inten-
sity factor. Under various assumptions concerning the pressure-independent yield
criterion and modes of deformation, this result has been obtained in [1, 16-20].
For materials obeying the double shearing model the asymptotic expansion (5) for
plane strain and axisymmetric flow has been found in [2, 21], respectively. Particular
solutions show that (5) is also satisfied for other rigid plastic models [3-5, 22-25].
Reviews of solutions for the strain rate intensity factor are given in [26, 27].

It is always possible to choose such a coordinate system that the normal strain
rates are bounded and one of the shear strain rates approaches infinity in the vicinity
of maximum friction surfaces. Denote this shear strain rate by &,. Then, it follows
from (4) and (5) that

V3D 1

=——+0|—]) as s—0. 6

€71 PN ( ﬁ) (6)

In order to provide some insights into distinguished features of the maximum

friction law and material models leading to (5), this asymptotic expansion is below
derived for plane strain deformation of pressure-independent materials.

It is convenient to introduce a Cartesian coordinate system (x, y, z) whose z-axis
is orthogonal to planes of flow. Let o, 0yy and oy, be the components of the stress
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tensor in this coordinate system. Then, any pressure-independent yield criterion can

be written in the form

2
(0rx — ayy)” + 4a§y =472, (7

The flow rule associated with this yield criterion is
gxx =A (Uxx - O'yy) , gyy =A (Uyy - Uxx) s gxy = 2)\(7xy (®)

where £y, {yy and & are the components of the strain rate tensor in the Cartesian
coordinates and A > 0. Eliminating X in (8) gives

gxy _ Oxy
gxx - gyy Oxx — Oyy

gxx + gyy =0, 9)

The first equation of this system is the equation of incompressibility. The strain rate
components are expressed through the velocity components, u, and u,y, as

Ouy Ouy, 1 (Ouy  Ouy
= = =2 === . 10
Srx 0x & dy Sxy 2 ( 0x + dy (10)

Substituting (10) into (9) yields

Ouy  Ouy Ouy  Ouy Ouy  Ouy
— = —_— —Oyy) =2 - — .o (11
Ox + Oy 0 ( Oy + Ox (00 = o) Ox dy oy (D

The constitutive equations should be supplemented with the equilibrium equations

Ooxx  Ooyy . Ooyxy 0oy

Ox dy  Ox oy

— 0. (12)

The system of five Egs. (7), (11) and (12) in the five unknowns oy, oyy, Oxy, Uy, Uy,
is the basis for the calculation of the distribution of stress and velocity in the plastic
region. It is known that this system is hyperbolic [11]. The characteristic directions
make an angle of 7/4 with the major principal stress direction. Let ¢ be the angle
between the major principal stress o and the x-axis, measured from the axis anti-
clockwise. Then, the orientation of the characteristic curves relative to the x-axis is
(Fig.2)

¢>2=1/)+7T

<Z51=7/1—7T T

-, 13
7 (13)

Let w be a tool surface (curve in planes of flow) where the condition (2) is satisfied,
and consider Eqs. (7), (11) and (12) at an arbitrary point, M, on that surface. The
tool is regarded as fixed. The Cartesian coordinate system is taken to be situated
at M with the y-axis directed along the normal to w, away from the rigid tool and
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characteristic
direction 4, o

characteristic
direction

Fig. 2 Orientation of the major principal stress and characteristic directions relative to the x-axis
towards the plastic material (Fig.3). Since the condition (2) is equivalent to (1), in
this coordinate system

|loxy| = 75 (14)
at M. Therefore, it follows from (7) that

xx = Oyy (15)

at M. Using (11); Eq. (11) can be rewritten as

Ou Ouy Ou
( 3; + a—;) (00x — Oyy) = 4a—;axy. (16)

Substituting (14) and (15) into (16) shows that it is necessary to examine the cases

Ouy
—0 at y=0 (17)
Ox
and
Our L Oy| , o 0 (18)
— as y — 0.
ady 0x Y

It follows from (17) and the orientation of the x-axis (Fig.3) that the rate of exten-
sion along the friction surface is zero. Since M is an arbitrary point on the friction
surface, this means that a characteristic curve coincides with the friction surface.
Such solutions have been excluded from consideration. Therefore, it is necessary to
assume that Eq. (18) is valid. In order to determine the asymptotic behaviour of the
velocity field in the vicinity of the friction surface, some additional assumptions are
necessary. In particular,
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Fig.3 Orientation of the local
coordinate system at M

y

Y

plastic
material

rigid tool
(motionless)

(i) Velocity components are bounded at M,
(ii) In-surface derivatives of the velocity components are bounded at M,
(iii) Solution can be represented by a power series in the vicinity of M.

With no loss of generality, it is possible to choose the direction of the x-axis such
that £, > 0 at M. In particular, its direction should coincide with the direction of
the velocity vector, u, of a material particle located at M at a given instant (Fig. 3).
In Fig. 3, n is the outer normal to the plastic material and 7 is the friction stress
applied to this material. Then, using assumptions (ii) and (iii) Eq. (18) transforms to

Ouy
dy

=uiy “+o (y_“) as y— 0, (19)

where u1 may depend on x and u; > 0. Integrating (19) yields

Uy = ug + y'= 40 (yl_a) as y — 0, (20)

I-a
where 1 may depend on x and ug > 0. It follows from assumption (i) and (20) that
a < 1. (21)

On the other hand, (18) is satisfied if and only if @ > 0 in (19). Combining this
inequality and (21) leads to
O<a<l. (22)

Using (20) Eq. (11)1 can be transformed to

dug yl_o‘ duy  Ou, I—a
—_—+ — =0 0. 23
dx+(l—a)dx+8y —l—o(y ) sy 23)

Integrating with the boundary condition u, = 0 for y = 0 (at point M) and taking
into account (22) gives

d
ﬂy—i—o(y) as y — 0. 24)

Uy, = —
Y dx



Effect of Pressure-Dependency of the Yield Criterion 261

Using (10), (20) and (24) the non-zero strain rate components can be represented as

dug up _, _
Ga=—by=——"Fo0), Ly=7y"+0(y") a y—>0 (25
It is worthy to note here that, by assumption, &, # 0 (or dug / dx #0)and u; #0
at M. Since &y, > 0 by the choice of the coordinate system, it follows from (8)3 that
oxy > 0 as well. Therefore, using assumption (iii) the distribution of stresses in the
vicinity of the friction surface can be represented as

Ory = U)(c())c) + U)(Ck)y‘m +o (y’m) ,

Oy = Uﬁ?}) + aily)yWn +o (yﬁzz) . (26)

Oxy = U;(c(;) + U)(Cly)ymz +o (y%z)

as y — 0. Here a)(c(,)v), a)(clx), 0')(,(;) R ayy), a)(c(;), and a)gy) can depend on x. Equations (14)

and (15) demand

o® =0 and o) =17 @7)

atx = 0 (at point M). Substituting (19), (24) and (26) into (16) and using (27) yields

e (=) - 49

to leading order. Since the right hand side of this equation is O (1) as y — 0, itis
necessary to examine the cases
Y1 —a=0 (29)

and
Y22 —a=0. (30)

Substituting (26) into (12) gives

4o | dotd

711 &) 2=l _ o 31
T 1o ) T oy . (€29)
© o
doyy doyy )

712 2=l _ o
dx dx + o)y 22y
to leading order. Combining (30) and (31), yields « = 1 or 72 = a— 1. The former
contradicts (22). The latter combined with (22) leads to 12 < 0. According to (26)
this inequality results in |0xy| — oo as y — 0. Therefore, it is necessary to assume
that (29) is valid. Then, substituting (26) into (7) and using (27) yields

2 2
¥ [0l — oDy D] 1 a[ry 4 0Dym] = a2 (32)
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as y — 0. Using straight multiplication, Eq. (32) is simplified to
2 1 2 1),,7
Yo [@;] +8r,0y12 =0 as y - 0. (33)
It follows from this equation that
20 = Y12- (34)

Substituting (29) and (34) into (31); shows that 2ac — 1 = a or 2aa — 1 = 0. The
former gives = 1 and therefore contradicts (22). The latter results in

_ ! 35

The asymptotic expansion (5) immediately follows from (4), (25) and (35).

3 Plane Strain Solutions for Pressure-Independent Material

3.1 Basic Equations

Section 3 is concerned with plane strain solutions for pressure-independent materials.
In this section, two coordinate systems will be used, namely a Cartesian coordinate
system (x, y, z) and a cylindrical coordinate system (r, 6, z). All the solutions
considered are independent of z. The constitutive equations in the Cartesian coor-
dinate system are (7) and (9). The orientation of the characteristic curves relative
to the x-axis is given by (13). The strain rate components &, &, and &y, as well
as the stress components oy, and oy, vanish. The non-zero strain rate components
are expressed through the velocity components according to (10). The equilibrium
equations are given by (12). The transformation equations for stress components in
xy-planes are (Fig.2)

01—502 7y C0S 2, Ty = 01—502

Oxx = — Ty €08 21), Oxy = Ty sin21). (36)
It has been taken into account here that Eq. (7) in terms of the principal stresses o

and o, becomes
o1 — 0p = 27%. 37

Let oy, 099, 07z, 0rz, 0,9 and 0,9 be the components of the stress tensor in
the cylindrical coordinate system. The components o,, and o9 vanish. The yield
criterion (7) transforms to
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(0rr — 009)* + 407y = 477 (38)

Let &+, &0, E225 &2y €20 and &9 be the components of the strain rate tensor in the
cylindrical coordinate system. The components &, &, and £.¢ vanish. Equation (9)
become

§ro Org

— . (39)
Sr—E8o0 o — 0w

frr + 509 =0,

Equation (13) is valid but v is to be understood as the angle between the major
principal stress o1 and the r-axis, measured from the axis anti-clockwise (Fig. 4).
Thus the orientation of the characteristic directions relative to the r-axis is

¢1:w—§, ¢z=w+§. (40)

The non-zero components of the strain rate tensor are

Ouy 1 /0 1 /0 1 Ou,
by =) gee=—(ﬁ+ur), fre=5(ﬂ—”—”+— ”) @1

or r \ 00 or r r 00

where u, and uy are the radial and circumferential velocities, respectively. The equi-
librium equations are

oy 1 0ovg Orr — 000 dorg 1 Oogy 2079
- =0, - =0. 42
or + r or + r or r 060 r (42)

The transformation equations for stress components in rf-planes are (Fig.4)

o1+ o2 o1+ o2
Opp = ——=—— + T3€08 29, ogg = —

> — T COS 20, 09 = Ty Sin2ep. (43)

Here Eq. (37) has been taken into account.

Fig. 4 Orientation of the characteristic
major principal stress and direction
characteristic directions
relative to the r-axis

characteristic
direction
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3.2 Compression of a Plastic Layer Between Parallel Plates

Consider compression of a wide plastic layer between two parallel plates. An approx-
imate solution of this problem, known as Prandtl’s problem, can be found in any
monograph on plasticity theory (see, for example, [11]). The thickness of the layer
is 2H and its width is 2L. By assumption, H/L <« 1. It is possible to choose the
Cartesian coordinate system such that its axes x and y coincide with the axes of
symmetry of the layer (Fig.5). Therefore, it is sufficient to find the solution in the
domain 0 < x < L and 0 < y < H. The maximum friction law is valid at y = H.
The velocity boundary conditions are

uy =0 (44)
aty =0,

uy =-V (45)
aty = H and

u, =0 (46)

atx = 0. Here V is the speed of the plate. The stress boundary conditions, in addition
to the friction law, are
oxy =0 47

aty=0,x =0and x = L and
oxxy =0 (48)

at x = L. The solution given in [11] ignores the boundary condition (47) at x = 0
and x = L. The boundary conditions (46) and (48) are replaced with the following
integral conditions

H
| s =0 @
0
Fig. 5 Illustration of the v
boundary value problem
y
I |
&
Ty
2H 0
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and
H

/ oaxlerdy =0, (50)
0

respectively. Under the assumptions formulated, the velocity field satisfying Eq. (9)
as well as the boundary conditions (44) and (45) is given by [11]

x ¥\ y
wy =V +2v 1_<E) +U. uy =V (51)

where U is a constant of integration. Its value can be determined from the boundary
condition (49). However, it has no effect on the strain rate intensity factor and,
therefore, is not found here. It has been shown in [11] that the stress field used to
determine the value of the right hand side of (9), satisfies Eqs. (7) and (12) as well
as the boundary conditions (1) at y = H, (47) at y = 0 and (50). Using (10) the
components of the strain rate tensor are determined from (51). Then, the equivalent
strain rate is found from (4) as

2 \%
_%\/Hz—yz'

In the case under consideration s = H — y. Therefore, Eq. (52) can be represented

in the form
2V 1
=, /—-——+4+0o|— as s — 0. 53
Seq V'3 /sVH (ﬁ) 53)

Comparing (5) and (53) gives
D= \F 4 (54)
RN

3.3 Flow of Plastic Material Through an Infinite Wedge-Shaped
Channel

Eeq (52)

This is also one of the classical problems of plasticity. Its solution used in this section
has been given in [11]. The process is illustrated in Fig. 6. Material flows to the line
of intersection of two plates. The plates are inclined to each other at an angle 2. The
axis 6 = 0 of the cylindrical coordinate system coincides with the axis of symmetry
of the flow. Therefore, it is sufficient to find the solution in the domain 0 < 0 < «.
The maximum friction law is supposed at § = «.. The velocity boundary conditions
are
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Fig. 6 Illustration of the boundary value problem

ug =0 (55)
at # = 0 and § = «. The stress boundary condition, in addition to the friction law, is
o9=0 (56)

at @ = 0. The velocity field satisfying Eq. (39) as well as the boundary conditions
(55) are
B

(e —2cos2v)’ ug =0, 7)

U, =

where B is proportional to the material flux, ¢ can be determined numerically using
the maximum friction law and the boundary condition (56), and ) is related to 6 by
the following equation

dy c
290 —+1) == 58
cos 2 (d@ + ) > (58)
whose solution is
2\ /2 -172
0 = —1 4 carctan |:(c+_2) tan 1/1:| (c2 — 4) . 59)
c—

It has been shown in [11] that the stress field used to determine the value of the
right hand side of (39), satisfies Egs. (38) and (42).
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The maximum friction surface is determined by the equation § = «. Therefore,
¢1 = 0 or ¢ = 0 in (40). In order to choose between these two options, it is
necessary to take into account that 0,9 > 0 at § = « (Fig. 6). Then, it is evident from
(43) that 0 < @ < /2 at @ = «. The equation ¢ = 0 contradicts this inequality.
Therefore, ¢; = 0 and ¢ = w/4 at § = «. The equation for c is obtained from (59)
at 0 = « and ¥ = 7 /4. The resulting equation has been solved numerically and its
solution is illustrated in Fig.7. Using (41) the components of the strain rate tensor
are determined from (57). Then, the equivalent strain rate is found from (4) as

2 B
beg = V372 (c —2c0s2¢)) cos 20 (60)

Expanding the right hand side of this expression in a series near ¢ = 7/4 and
using (59) give

= ﬁB +o0
~ VBreye(a—0)'?

Eeq [(a - 9)_1/2] as 0 — a. 61)

Comparing (5) and (61) it is possible to conclude that the strain rate intensity

factor is
D=,/ : B (62)
V3 (rc)3/2.

Let O be the material flux per unit length. Then,

e}

0=-— /urrdﬂ. (63)

0

Substituting (57) into (63) and replacing integration with respect to 6 with integration
with respect to 1) by means of (58) result in

Fig. 7 Variation of ¢ with c
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Fig. 8 Variation of the d
dimensionless strain rate Ll
intensity factor with « '
0.8
04
0.0 : : : : o
0.2 0.4 0.6 0.8 1.0
/4 -1
cos2
B2 / —¢2d¢ . (64)
4 (¢ — 2 cos 29))

0

Eliminating B in (62) by means of (64) shows that the strain rate intensity factor is
a linear function of Q. In order to reveal the effect of « on the strain rate intensity
factor, it is convenient to introduce its dimensionless representation by

D2
d= o (65)

It follows from (62), (64) and (65) that

/4
1 / cos 2
d=
2/6¢3/2 ) (c —2cos2)

v | (66)

Since the dependence of ¢ on « has been found (Fig. 7), the variation of d with « is
immediately determined from (66). This dependence is illustrated in Fig. 8.

3.4 Compression of a Plastic Layer Between Cylindrical Surfaces

The boundary value problem is illustrated in Fig. 9. Its solution has been given in [28].
The outer surface of radius R; is rigid and motionless whereas the inner surface of
current radius R expands. The rate of this expansion is R1. The solution is restricted
to instantaneous flow. It is natural to use the cylindrical coordinate system shown in
Fig.9. The flow is symmetric with respect to the axis 8 = 0. It is therefore sufficient
to obtain the solution in the region 0 < 6 < 6y where 6 is the orientation of the
edge of the layer. The velocity boundary conditions are
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Fig. 9 Illustration of the
boundary value problem

X
R,

u, =0 at r = Ro, 67)
ur =Ry at r=R, (68)

and
ug=0 at 6=0. (69)

The stress boundary conditions, in addition to the maximum friction law, are

og=0 at =0 and 60 =0, (70)

and
ogp =0 at 0 =40. 71)

It is evident that the problem under consideration can be viewed as a generalization
of the Prandtl’s problem (Sect.3.2). Therefore, the same assumptions are made. In
particular, end effects are neglected such that the solution is not valid in the vicinity
of 6 = 0 and # = 6. Accordingly, the boundary conditions (70) are ignored, and
the boundary conditions (69) and (71) should be replaced with integral conditions.
On the other hand, the boundary conditions at » = Rj and r = Rj are exactly
satisfied. These boundary conditions include (67), (68) and the maximum friction
law at r = Ry and r = R». Since the maximum friction law acts on both contact
surfaces, two strain rate intensity factors are obtained. The velocity field satisfying
Eqgs. (39) as well as the boundary conditions (67) and (68) are [28]

Ur up dU,
— =U, , — = — U, )0+ U, s 72
3 r(r) 3 (V o T r) + Uy (r) (72)

where U, (r) and Uy (r) are functions of r given by
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R (7 BY)
Ur=—r3 7
r (Ri — R3)
V2R,

Up = 72 %
R? 4+ R?> + (R? — R?) sin2¢
2 1 2 1
up /w [R3 + 3R? + (R3 — R}) sin 2] sin 2y
' [R2+ R + (RZ = R}) sin21]

/4

where v is a dummy variable of integration and 1 is related to r by the following
equation
2R?R? R; + R}
sin2¢) = ———12 2—(§ ;). (73)
(R3 —R{)r? (R —RY)

It has been shown in [28] that the stress field used to determine the value of the right
hand side of (39), satisfies Egs. (38) and (42) as well as the boundary condition
(1)atr = Ry and r = R3. Using (41) the components of the strain rate tensor are
determined from (72) and (73) as

RlRl (r2 + R%)

R1R1 (R% +r2)
IR R T

== CECIE

& = tan21).

Then, the equivalent strain rate is found from (4) as

2RiR; (R? +r?
geq: 1 1( 2+i’) . (74)
V3 (R3 — R?)r2cos2ip

It has been assumed here that —7/4 < ¢ < 7 /4. It follows from (73) that o) = w/4
atr = Ry and ¢y = —7/4 atr = R;. Eliminating in (74) the value of r by means of
(73) and expanding the right hand side of (74) in a series in the vicinity of ¢ = 7 /4
(orr = Ry)and ¢y = —m/4 (or r = Ry) gives

3 Ry (R + R}) [ T —1} ™
feq - \/§R1 (R% - Rlz) (71_/4 _ ¢) +o (4 1/)) as ¢ — 7 (75)
foq = 2R Ry +o0 [(w+ f)_l} as > —
T VB(RE—RY) (p+ /4 4 4’

On the other hand, Eq. (73) in the vicinity of the maximum friction surfaces is rep-
resented in the form
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1y V2R /T =R +0( /71’—131) as 1 — Ry,
2 _ p2
Ry (RS — Ry) (76)
%+¢=M+O(\/R2—r) as r — Ro.

Ry (R} — RY)
Substituting (76) into (75) leads to
Ry (R + R? 1
§eq = 1(2 1) —I-o( R)’ as r — R
V6R: /Ry (R} — R})/r — Ry =K

€ 2 R]«/Rz n |: 1 :| R
eq =./z 0 as r — Rp.
SR -R YR = LVR—r

(77)

Comparing (5) and (77) it is possible to find that the strain rate intensity factors are

Rl (1+R%/R%) 2R1

D = , Dy = . (78)
V6JRi\J1 — R?/R3 V6JRy, /1 — R?/R?

Here D corresponds to the maximum friction surface »r = Rj and D> to the maxi-
mum friction surface r = R». It is convenient to represent the final result in the form
of the ratio D /D> because it is non-dimensional. It follows from (78) that

Dy 1+R{/R;
Dy 2(Ri/R)V*

The variation of A with R;/R> is depicted in Fig. 10. It is seen from this figure
that A > 1 in the region R{/Ry> < r¢ and A < 1 in the region R{/Ry > 7
where o, & 0.3. Using the hypothesis that the strain rate intensity factor controls
the formation of the layer of intensive plastic deformation in the vicinity of friction

Fig. 10 Variation of A with A
the ratio of the radii

0.5 ' ' : — R\/R;
0 0.25 0.5 0.75 1
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surfaces [8], it is possible to conclude from these inequalities that the thickness of
this layer is larger near the friction surface r = Ry if R1/R> < rer, and it is larger
near the friction surface r = Ry if R1/Ry > r¢r.

3.5 Compression of a Plastic Layer Between Rotating Plates 1

The boundary value problem is illustrated in Fig. 11. Two semi-infinite rough plates
hinged together at their ends and inclined to each other at an angle 2« rotate towards
each other with angular velocity of magnitude w about an axis O through the hinge.
The cylindrical coordinate system is taken with & = 0 taken as the perpendicular
bisector of the angle 2. Since § = 0 is an axis of symmetry for the flow, it is
sufficient to find the solution in the region § > 0. By definition, w is taken to be
positive for the clockwise rotation of the upper plate. The maximum friction law is
assumed at § = «. The solution of this problem has been proposed in [29]. In fact, that
solution was given for tension of the layer and, moreover, a velocity discontinuity
surface appeared instead of the maximum friction surface in the problem under
consideration. However, since the model is pressure-independent, these distinctions
have no effect on the velocity field other than the sense of the velocity components.
Qualitative behavior of the solution depends on the value of «. In particular, the
solution exhibits sticking at the plates together with arigid zone in the region adjacent
to the plates for o > 7 /4. In this case the velocity field is not singular and, therefore,
the solution is not of interest for the purpose of the present chapter. The sliding
regime of friction accompanied by a singular velocity field occurs for o < 7 /4. The
special case o = /4 will be treated separately.
The velocity boundary conditions are

up=0 at 0 =0 (79)

and

Fig. 11 Tllustration of the
boundary value problem
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ug = —wr at 0 =a. (80)

It is also assumed that there is no material flux through O. The stress boundary
condition, in addition to the maximum friction law, is

o9=0 at 0=0. (81)

The velocity field found in [29] is
wr .
U, = - (c —2cos2vy), up = wrsin2y, (82)

where c is constant and v is related to 6 by the following equation

ﬂ (¢ —2co0s21)

do ~  2cos2iy (83)

The constraints imposed on the flow demand u, > 0 and 0, > 0py. A consequence
of the former inequality is 0,9 < 0 at § = «. It follows from this inequality, the
inequality o, > ogp and Eq. (43) that

_§§¢go. (84)

Since the friction surface is determined by the equation § = «, the maximum friction
law demands ¢; = 0 or ¢, = 0 in (40). Using (84) it is possible to conclude that
¢2 = 0 and, therefore, 1) = —m /4 for = «.. The solution of Eq. (83) satisfying this
condition is

¥
2vd
0—at2 / _coscyay (85)
(c —2cos27)
—m/4
where 7y is a dummy variable of integration. Substituting the condition ¢ = —7 /4

at § = « into (82) also shows that the boundary condition (80) is satisfied. It follows
from (43), (81) and (84) that ) = 0 at § = 0. Therefore, the equation for c is obtained
from (85) in the form

0

2vd

oz:—Z/ M_ (86)
(c —2cos27)

—m/4

Substituting the condition ¢ = 0 at § = 0 into (82) also shows that the boundary
condition (79) is satisfied. The variation of ¢ with « found from (86) is depicted in
Fig. 12. Expanding the right hand site of (83) in a series in the vicinity of ¢ = —7 /4
gives
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Fig. 12 Variation of ¢ with v 0 a

[g(w—kg)—l—o(zﬂ—i—%)}dw:w as ) —> —L.

4
Integrating with the use of the boundary condition ¢ = —m /4 for § = « results in
T NJ—c(a—10)
—= -0 0 . 87
W+ 7 7 +o (x/a_ ) as 0 — « (87)

It is worthy to note here that ¢ < 0 (Fig. 12). The strain rate components are found
from (41), (82) and (83) as

Er = —Epp = —“5’ (c —2c0820), &= %tanZw (c — 2cos2t)) .

Then, it follows from (4) that

w (2cos2y —c¢)
J3 cos 21
It has been taken into account there that ¢ < 0 (Fig.12) and cos 2 > 0 accord-

ing to (84). Using (87), Eq.(88) in the vicinity of the maximum friction surface is
represented as

geq = (88)

e wa/—c [ 1

- \/Ex/oz—e—i_o Ja—0

Comparing (5) and (89) leads to the strain rate intensity factor in the form

} as 0 — a. (89)

D=uw|— (90)

It follows from the solution that ¢ vanishes at « = 7 /4. Then, it is evident from
(90) that the strain rate intensity factor vanishes at o« = 7 /4. Therefore, the solution
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Fig. 13 Variation of the d
dimensionless strain rate
intensity factor with « 08l
0.6}
0.4+
0.2+
0.0 1 1 1
0.1 0.3 0.5 0.7 @

is singular for 0 < a < 7/4 and is not singular at « = 7 /4. The variation of
the dimensionless strain rate intensity factor defined by d = D/ (wﬁ) with « is
illustrated in Fig. 13.

3.6 Compression of a Plastic Layer Between Rotating Plates 11

The statement of the boundary value problem solved in the previous section is now
slightly modified assuming that u, < 0. This change in the direction of the radial
velocity leads to the corresponding change in the direction of the friction stress
(Fig. 14). The boundary conditions (79), (80) and (81) are valid. The maximum
friction law is supposed at § = .. As before, it is sufficient to find the solution in the
region 6 > 0. The stress boundary conditions coincide with those in Sect. 3.3. Since
1) is solely determined from the stress equations, Eq.(58) is valid in the case under
consideration. The velocity field is sought in the form

Fig. 14 TIllustration of the
boundary value problem
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w o= erde@ G W)
T2 db r’

up = —wrg (), oD

where g (v) and G () are arbitrary functions of ¢. It is possible to verify by inspec-
tion that the velocity field (91) automatically satisfies the incompressibility Eq. (39);.
The inequality u#, < 0 demands 0,9 > 0 at § = «. Therefore, it follows from
(43) that w/2 > 1 > 0. The constraints imposed on the flow demand o,, > ogg.
A consequence of this inequality and (43) is 7/4 > ¢ > —x /4. Finally,

=y =0. 92)

Since the friction surface is determined by the equation = «, the maximum friction
law demands ¢; = 0 or ¢, = 0 in (40). Using (92) it is possible to conclude that
¢1 = 0 and, therefore, ¢ = 7/4 for § = «. The same boundary condition was
used in Sect.3.3. Therefore, the solution (59) of Eq.(58) is valid in the case under
consideration. The variation of ¢ with « is depicted in Fig.7.

Substituting (91) into (41) yields

wdgdy wG

Sr=—80=305a9 " 7

¢ _wd’¢ | wdGdy  w|d’g (dy 2 dg d*y w dG dv
T 4a0r T 22 dg do 4 | dy? \do dvp d6? 2r2 dyp df”

Eliminating here d+//d# and d*) /d@2 by means of (58) gives

w(c—2cos2vY)dg wG
Gr=—-80="F——"—F5 "7~ 73
4 cos 21 dy r
w (c —2cos2) d*g dg
§r9 = m [(C — 2C082¢) W + 2ctan21/J—
w (c—2cos2Y)dG

dy
4r2  cos2y  dyp’ ©3)

Substituting (93) into (39); and eliminating stress components by means of (43)
result in

(¢ — 2cos 2¢))? (dzg dg (c —2cos2) dG 1
= =227 (22 4 2tan2y-2 e 4+ Gtan2y | = =0.
T6cos22y  \ag2 P22V )T | " Jeos2p ap T O 2

This equation may have a solution if and only if

d? d dG
cos 2 & + 2sin2¢—g =0, (c—2cos2v) w +4Gsin2y =0. (94)

dy? dy
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Using (91) and taking into account that ) = 0 at# = 0 and ¢ = w/4 at § = « the
boundary conditions (79) and (80) are transformed to

g=0 (95)

at1 = 0 and
g=1 (96)

at ¢ = m/4, respectively. The solution to (94); satisfying these boundary conditions
is

g = sin 2. 97)
The general solution to (94); is
G=_—2° (98)
¢ —2cos2y’

where G is a constant of integration. In order to find its value, a boundary condition
in integral form similar to (49) should be prescribed. For example,

«

/ Url,—pdf =0, (99)

0

where the value of R should be prescribed. Using (91) and taking into account (95)
and (96) the condition (99) is written in the form

o
2
1+F/Gd020
0

Replacing here integration with respect to 6 with integration with respect to 1 by
means of (58) and using (98) yields

cos 2
. 1
/ (¢ — 2cos 20)? 9 (100)

It follows from (93), (97) and (98) that

e w6
&rr = —&pp = 2 (¢ —2cos29) r? (¢ —2cos2¢) ,

2Go sin 29) (10D
[(c — 2c0s 27)) sin2¢p — _m}

g - w
= 2 cos 24
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It is evident that the normal strain rates are bounded and |{,9| — 0o as ¢ — w/4.

Therefore, Eq. (6) in which & is replaced with &, is valid. Using (101) the shear
strain rate in the vicinity of the friction surface is represented as

_ wce _ZGO 1 z
Tl e R e BRI AL

Equation (58) transforms to

G reG) e

Integrating with the boundary condition 6 = « at ¢ = 7/4 gives
2 2 2
a—@:z(g—w) +o[(g—¢)] as ¢—>§. (103)

Replacing 7/4 — 1) in (102) with a@ — 6 by means of (103) results in

 wV2e 2Go 1
&ro = YW (1 - r2c2) +o (ﬁ) as 0 — a. (104)

It is seen from Fig. 7 that ¢ > 2 and from Eq. (100) that Gy < 0. Therefore, &9 > O.
Then, combining (6) and (104) gives

Zwﬁgﬁ(l_%)'

Since the dependence of ¢ on « is known (Fig.7), it follows from (100) that the
dimensionless strain rate intensity factor defined by d = D/ (wﬁ) depends on «
and the ratio /R. Its variation with r /R at several values of « is depicted in Fig. 15
(curve 1 corresponds to o = 7/36, curve 2to o = 7/18, curve 3to o = /12, curve
4toa =m/9, and curve 5 to a = 7/6). In the solution for compression of a plastic
layer between parallel plates (see Sect.3.2) a rigid zone appears at the center of the
layer [11]. The length of this zone at the friction surface is of order of the thickness
of the layer. By analogy to this solution it is reasonable to assume that there is a rigid
zone near the cross-section r = R and that its length at the friction surface is equal
to Ra. The solution found is not valid in the rigid zone. Therefore, the right ends of
the curves in Fig. 15 are determined by the equation r/R = 1 — a.. The dependence
of d on « at several values of r/R is illustrated in Fig. 16 (curve 1 corresponds to
r/R =0.4,curve2tor/R = 0.3,curve 3tor/R = 0.25,and curve 4 tor/R = 0.2).

D (105)




Effect of Pressure-Dependency of the Yield Criterion 279

d
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Fig. 16 Variation of the dimensionless strain rate intensity factor with « at several r/R- values

3.7 Simultaneous Shearing and Expansion of a Hollow Cylinder

The boundary value problem considered in this section consists of a planar defor-
mation comprising the simultaneous shearing and expansion of a hollow cylinder
(Fig.17). The internal and external radii of the cylinder are denoted by a and b,
respectively. It is convenient to use the cylindrical coordinates whose z-axis coin-
cides the axis of the cylinder. In this coordinate system, the internal surface of the
cylinder is determined by the equation » = a and the external surface by the equation
r = b. The deformation of the cylinder is caused by an expanding and rotating rod
inserted into its hole. The radius of the rod is a and the rate of its expansion is a. The
angular velocity of the rod is w and its direction is shown in Fig. 17. The external
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Fig. 17 Illustration of the
boundary value problem

radius of the cylinder is fixed against rotation. Therefore, the velocity boundary
conditions are

ur =a (106)
for r = a and

ug =0 (107)
for r = b. One of the stress boundary conditions is o, = —p, < 0 forr = a. p, is

given, but its value has no effect of the strain rate intensity factor. The final boundary
condition is the maximum friction law at » = a. In general, two different regimes
may be identified at this boundary, sticking and sliding. However, the velocity field is
singular if and only if the regime of sliding occurs. Therefore, the solution considered
in this section is restricted to this regime. The general solution is provided in [30].
The direction of w requires o, > 0. On the other hand, it is evident that o, < ogy.
Therefore, it follows from (43) that

<y < (108)

I
N

The maximum friction surface is orthogonal to the r-axis. Therefore, the maximum
friction law demands ¢| = 7/2 or ¢» = n/2 atr = a. Comparing (40) and (108)
gives

Y= (109)

N

forr = a.
The solution satisfying Egs. (38), (39) and (42) as well as the boundary conditions
formulated has been given in [30]. The regime of sliding when (109) is valid requires
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The velocity field in the case of sliding is

aa ar at at
P N P R 110
Ur . up a \/ b4 \/ }"4 ( )

Substituting (110) into (41) leads to

. . —1/2
aa aa3 1 a4 /
frr—_ft%—_r_Z’ grﬁ—r_4 —r—4 .

Then, the equivalent strain rate follows from (4) as

2 aa
NN
Expanding the right hand side of this equation is a series in the vicinity of the surface
r = a gives

geq =

a 1
=—+4o|—— ] as r—a. (111)
= Ajavr—a ( - a)
It follows from (5) and (111) that the strain rate intensity factor is
D=2 (112)

4 Axisymmetric Solutions for Pressure-Independent Material

4.1 Basic Equations

Section4 is concerned with axisymmetric solutions for pressure-independent mater-
ial. In this section, two coordinate systems will be used, namely a cylindrical coordi-
nate system (r, 6, z) and a spherical coordinate system (r, 6, 1}). The solutions in the
cylindrical coordinate system are independent of # and the solutions in the spherical
coordinate system are independent of ). Let o, o7 and o3 be the principal stresses.
Then, Tresca’s yield criterion adopted in this section can be written in the form

loy — o2l <275, |02 — 03| <27, o3 — 01| <275, (113)
This yield criterion is represented by aregular hexagonal prism in a three-dimensional

space where the principal stresses are taken as Cartesian coordinates. The cross-
section of this prism by the plane o1 + 02 + 03 = 0 is shown in Fig. 18. It is seen
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Fig. 18 Tresca’s yield locus

from this figure that the yield surface is singular. Therefore, various plastic regimes
can in general arise. However, of particular interest are those corresponding to edges
of the yield surface (corners in Fig. 18). The circumferential stress is one of the
principal stresses. It is possible to assume that o3 is the circumferential stress. It is
also possible to assume, with no loss of generality, that 01 > o03. The case 01 = o7
is not considered here. Therefore, o1 > o and Egs. (113) reduce to

01— 0y =215, 01 —03=2T (114)

or
o1 — 02 =27, 03— 0y = 2Ty. (115)

Equations (114) correspond to point A and Eq. (115) to point B (Fig. 18).

Let oy, 099, 0,2, Oz, 029 and 0,9 be the components of the stress tensor, and &,
&oo » €22, €2y €20 and &9 be the components of the strain rate tensor in the cylindrical
coordinate system. In the case under consideration, &9 = &9 = 0, 0,9 = 0,9 =0
and the circumferential velocity ugp = 0. The non-zero strain rate components are
expressed through the velocity components, u, and u,, as

ou, u, Ou, 1 (Ou, Ou,
I R . S Z=). 116
&rr or 06 r Saz 0z &z 2 ( 0z + or (116)
The equilibrium equations are
0oy 00y,  Opp — Ogg do,, 0oy, O
—0, 7z _o. 117
o oz T o oz T (17

Taking into account (114) or (115) the transformation equations for stress components
in rz-planes are represented as

1 1
Opp = 3 (o1 + 02) + 75 €082, 0, = 3 (o1 + 02) — 75 cOs 29, (118)

Oz = Tg SN 21,
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Fig. 19 Orientation of the characteristic
major principal stress and direction 5
characteristic directions z :

relative to the r-axis of cylin-
drical coordinates

characteristic
direction

where 9 is the orientation of the principal stress o relative to the r-axis (Fig. 19).
These equations show that o, 4+ 0,; = o1 + 3. Then, it follows from Egs. (114)
and (115) that

1
03 =009 = 3 (orr +0z) + T3, (119)

where ¢ can take the values %1. It is evident that ¢ = —1 corresponds to point A and
€ = +1 to point B (Fig. 18).

The flow rule associated with the yield criterion (114) or (115) leads to the equa-
tion of incompressibility and the isotropy condition. Using (116) the equation of
incompressibility & + &pg + &z; = 0 is transformed to

ou, ur Ou,
—+ —+—=—=0. 120

or r 0z (120
The isotropy condition is

Orz grz

(orr —022) - &r — gzz).

Substituting (118) into this equation gives

2£rz
(frr - gZZ)

The conditions that an element of the material shall be in a state of stress corre-
sponding to points A and B (Fig. 18) are that the associated velocity field satisfies
the inequalities

= tan 2. (121)

2

u

cur 20, (&r —&)* +4€1, 2 7 (122)

It is known (see, for example, [14]) that the characteristic directions make angles
£ /4 with the direction of the principal stress o. Therefore (Fig. 19),
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$r=1— =, ¢2=w+§ (123)

4
where ¢ and ¢; are the angles between the characteristic directions and the r-axis.

Let oy, 0gg, 099, 0r9, 0yg and 0,9 be the components of the stress tensor, and &,
o0, 99, s Evp and &9 be the components of the strain rate tensor in the spherical
coordinate system. In the case under consideration, &9 = £yg = 0, 0,9 = ogg = 0
and the circumferential velocity uy = 0. The non-zero strain rate components are
expressed through the velocity components, u, and uy, as

ou, 1 [Ouy
Srr =5, 506‘—;(%+Mr),

1 1 /0 1 Ou,
€99 = (uy sin 0 + uy cos ), f,e=—(ﬂ—@+— - ) (124)

rsin 6 2\ Or r o r 00
The equilibrium equations are

dory | 100vg (200 — 099 — oy + orgcott)

12
or r 00 r 0 (125)
dorg 10049 (099 — o) cotd + 30,6 0
or r 00 r o

Taking into account (114) or (115) the transformation equations for stress components
in r@-planes are represented as

1 1
Opr = 3 (o1 + 02) + 75 c082¢), o0pyg = 3 (o1 + 02) — 75 cOS 29D, (126)
09 = Ty SIN 21,
where 1) is the orientation of the principal stress o relative to the r-axis (Fig.20).

These equations show that o, + ggg = o1 + 02. Then, it follows from Eqgs. (114)
and (115) that

1
03 = 099 = 5 (0rr + 099) + €75 (127)
As before, ¢ = —1 corresponds to point A and € = +1 to point B (Fig. 18).

Using (124) the equation of incompressibility, & + &gp + Eyy = 0, is transformed
to

Ou, 1 [ Oug 1 .
o + - (W + ur) + —ind (uy sin + ug cos ) = 0. (128)

7 sin
Using (126) the isotropy condition, ,¢9(&, — &gg) = (0, — T99)&rp, 1S Written as

25}’0

[ 2. 129
(grr - 599) an 1/} ) )
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characteristic
direction

axis of

characteristic
direction

Fig.20 Orientation of the major stress and characteristic directions relative to the r-axis of spherical
coordinates

The inequalities (122) in the spherical coordinate system become

(uy sin 0 + ug cos 0)?
r2sin® 0

£ (uy sin @ + ugcos0) > 0, (&, — Egp)* + 4€%, > (130)
Since the characteristic directions make angles £ /4 with the direction of the
principal stress o7y, it is seen from Fig. 20 that

¢1=w—§, ¢2=w+§, (131)

where ¢ and ¢; are the angles between the characteristic directions and the r-axis.

4.2 Compression of a Hollow Cylinder on a Rigid Fibre

The boundary value problem is illustrated in Fig.21. An axisymmetric hollow cylin-
der of internal radius a and external radius b is subject to compression by pressure p
uniformly distributed over its outer surface. The length of the cylinder is 2L. A rigid
fibre of radius a is inserted into the hole of the cylinder. The cylindrical coordinate
system is chosen such that the plane z = 0 coincides with the plane of symmetry
of the cylinder. Then, it is sufficient to find the solution in the domain 0 < z < L.
Symmetry demands

u, =0 (132)

and
o,,=0 (133)
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Fig. 21 [Illustration of the |
boundary value problem

/ -

for z = 0. Since the fibre is rigid,
u, =0 (134)

for r = a. The rate of contraction of the external radius of the cylinder is denoted
by U. Then,
u =-U (135)

for r = b. The surface z = L is traction free. Therefore,
or;,=0 (136)

and
0e =0 (137)

for z = L. By assumption, the surface r = b is free of shear stress. Then,
or; =0 (138)

for » = b. The final boundary condition is the maximum friction law at » = a. The
direction of the friction stress is shown in Fig.21. Therefore, the maximum friction
law becomes

Orz = Ts (139)

for r = a. The boundary value problem defined is an axisymmetric analogue to the
problem considered in Sect.3.2. Its approximate solution proposed in [31] ignores
the boundary conditions (133) and (136). The boundary conditions (132) and (137)
are replaced with the following integral conditions
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b
/ ugl,—ordr =0 (140)
a
and
b
/ 0zzl,—p rdr =0, (141)

a

respectively. Thus the solution is not valid in the vicinity of z =0 and z = L.
The velocity field proposed in [31] is

ur b(r2 —a2) (142)
U r(pr-a?)’

u; b (3r2+a2)f(r) _a (b2 —r2)
U—m 2Z+/—dr +K, f(r)——

r2,/1—f(r)2 r(bz_az)

Here K is the constant of integration. Its value can be found by means of the boundary
condition (140). However, it is not necessary for determining the strain rate intensity
factor. It is possible to verify by inspection that the velocity field (142) satisfies the
equation of incompressibility (120). It has been shown in [31] that the velocity field
also satisfies the inequalities (122) if ¢ = —1. Then, the associated state of stress
must correspond to point A (Fig. 18). Such a stress field satisfying Eqs. (114), (117),
(119) and (121) as well as the boundary conditions (138), (139) and (141) has been
found in [31]. Substituting (142) into (116) yields

Ub(rz—i-az) . Ub(r2—a2) €. = 2Ub
P2 —a2) 0= P —a2) T (-2

Ub(3r2 +a?) f (r)
2 (b2 —a?)r2/1— f(r)?

Since f (a) = 1, itis evident that the normal strain rates are bounded and &, — o0
as r — a. Therefore, Eq. (6) in which &; is replaced with &, is valid. Eliminating
the function f(r) in (143) by means of (142) the shear strain rate in the vicinity of
the maximum friction surface r = a is represented as

& = — (143)

frz =

Combining (6) and (144) gives

&re (144)
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Fig. 22 Variation of the d
dimensionless strain rate
intensity factor with the ratio
a/b

_ 2J2Uba
VAV —at

It is convenient to introduce the dimensionless strain rate intensity factor by

(145)

d = DVb/U.

Then, it follows from (145) that

4N —1/2
d= % (1 — %) . (146)

The variation of d with a/b is shown in Fig.22.

4.3 Flow of Plastic Material Through an Converging Conical
Channel

Consider a converging conical channel (total angle 2«v) through which plastic material
is being forced (Fig. 23). The material flows to the virtual apex O. The origin of the
spherical coordinate system is taken at O and the surface of the channel is determined
by the equation # = «.. The maximum friction law is supposed at = «. The direction
of friction stresses 7 is dictated by the direction of flow (Fig.23). The solution used
in this section has been proposed in [32]. The velocity boundary conditions are

at # = 0 and 6 = a. The stress boundary condition, in addition to the maximum

friction law, is
o9 =0 (148)
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Fig. 23 Illustration of the
boundary value problem

atd = 0.Itisassumed in [32] that ug = 0 everywhere. Then, the boundary conditions
(147) are automatically satisfied. In the case of Tresca’s yield criterion the radial
velocity is given by [32]

B
-3

0
t
=—— —d |, 149
Uy 3 Xp / NiTe v (149)
«

where B is proportional to the material flux, ¢ is a function of # and ~ is a dummy
variable of integration. The function 7 () is determined by the following equation

dt
ﬁ+tcot9+3\/1—t2=c, (150)

where ¢ is a constant of integration. The physical meaning of the function 7 (0) is
that 0,9 = 75t (). Therefore, it follows from (148) and the maximum friction law
(1) that

t=0 (151)

at® = 0 and
r=1 (152)

at 6 = «. It is convenient to introduce the following substitution

t = CoS li. (153)
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Then, Eq. (150) transforms to

d
—sinu£+cos,ucot9+3sinu=c (154)

and the boundary conditions (151) and (152) to
M:% at =0 (155)

and
u=0 at 0=q, (156)

respectively. It is seen from (155) that the second term in (154) reduces to the expres-
sion 0 - oo at = 0. Assume that

,u=%+a19+0(9) as 0 0. (157)

Substituting (157) into (154) it is possible to express a; in terms of ¢. Then, (157)

becomes
7 L B3—-o0)
=3 2

0+0(@) as 60— 0. (158)

Since the coefficient of the derivative in (154) vanishes at f = q, it is convenient to
rewrite this equation as

do i
a_ e . (159)
dp 3sinp4cospcotf —c
Using (158) the function 6 (1) is represented as
GG ems
=—7\z - o|l= — —.
c—3\2 # 2 H k=3
It follows from this equation that
244
0, = 161
=3 (161)

to leading order. Here 6, = /2 — u, << 1. Using the boundary condition 6 = 6,
for © = p, at some value of ¢ Eq.(159) can be solved numerically in the range
0 < p < pg. Then, an iterative procedure should be adopted to find the value of
¢ satisfying the boundary condition (156). The variation of ¢ with « is depicted in
Fig.24. It has been shown in [32] that there exists a distribution of the normal stresses
associated with the velocity field considered and the solution of Eq. (159) found. The
state of stresses corresponds to point A of the yield surface (Fig. 18) and satisfies the
equilibrium Eq. (125).
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Fig. 24 Variation of ¢ with v C
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Using (153) Eq. (149) transforms to

0
B
Up = —— exp —3/Cot,ud'y . (162)
r

«

The components of the strain rate tensor are determined from (124). It is evident that
the normal strain rates are bounded and &,y — 00 as § — «. Therefore, Eq. (6) in
which & is replaced with &,¢ is valid. Using (124) and (162) the shear strain rate in
the vicinity of the maximum friction surface 6 = « is represented as

U
£ = r—3,u_1 to (u—l) as p— 0, (163)

where
o

3B
U= TGXP 3/cotud9 . (164)
0

Equation (159) in the vicinity of the friction surface # = « can be written as

do 1

—=— as 0— qa.
dp  cota—c

Integrating with the boundary condition (156) yields

,u:«/c—cota\/a—ﬂ—f—o(\/a—ﬁ) as 0 — a. (165)

Substituting (165) into (163) gives

U 1
9= +o|l—) a 00—« 166
&ro r3c —cotavo — 40 0(«/@—9) “ (166)
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Comparing (6) and (166) shows that

p=>2__Y _,sn (167)
\/3 v/ ¢ —cota
The material flux is defined by
«
0= —27r/urr2 sin 0d6. (168)
0
Substituting (162) into (168) gives
o 0
Q =27B / exp | —3 / cot pud~y | sin 6d6. (169)
0 «
It is convenient to introduce the dimensionless strain rate intensity factor as
Drs/2
d= . (170)
0
Then, it follows from (164), (167), (169), and (170) that
« « « -1
d V3 e 3/cot do /e 3/cot d~ | sin0d6
= —— X X 1
2m\/c — cota P a P e
0 0
171)

Using the solution of Eq. (159) along with the value of ¢ found (Fig. 24) the integrals
involved in this equation can be evaluated. As a result, the variation of d with « is
obtained. This variation is illustrated in Fig. 25.

4.4 Radial Flow Between Two Conical Surfaces

Consider radial flow between two conical surfaces shown in Fig.26. The material
flows to the virtual apex O. The origin of the spherical coordinate system is taken at
O and the surfaces of the channel are determined by the equations § = g and § = 6.
The maximum friction law is supposed at both § = 6y and § = 6. The direction of
friction stresses 7 is dictated by the direction of flow (Fig.26). A solution to this
problem for the von Mises yield criterion has been proposed in [33]. It was based on
the general solution given in [32] where the solution for the Tresca yield criterion
considered in the previous section was also proposed. The latter will be adopted in
the present section to describe radial flow between two conical surfaces.
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Fig. 25 Variation of the d
dimensionless strain rate
intensity factor with o 20 ¢
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Fig. 26 Illustration of the |
boundary value problem

The velocity boundary conditions are
up=0 at 6 =0y and 6 =0. (172)
Therefore, the assumption that uy = 0 everywhere adopted in the previous section
is applicable in the case under consideration. Then, the radial velocity is given by

(149). Using (153) this equation is transformed to (162). Equations (154) and (159)
are valid. However, the boundary conditions (155) and (156) are replaced with

p=n at 0=40 (173)

and
uw=20 at 0 =0,. (174)
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Fig. 27 Variation of ¢ with Cc
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Solving Eq. (159) along with the boundary conditions (173) and (174) numerically
gives the dependence of ¢ on 6y and 0. The variation of ¢ with Af = 0 — 6 at
several values of 6y in the range /36 < 6y < 7/4 is depicted in Fig.27. It is seen
from this figure that the value of c is practically independent of 6y and 6; separately
(no difference between the curves is visible in the figure). Equation (162) is replaced
with

0
B
up =——exp| =3 [ cotudy|. (175)
r

o

The components of the strain rate tensor are determined from (124). It is evident
that the normal strain rates are bounded and |£,9| — oo as 8§ — 6y and 6 — 6.
Therefore, Eq. (6) in which & is replaced with &, is valid. Using (124) and (175) the
shear strain rate in the vicinity of the maximum friction surfaces 6 = 6| and 6 = 6
is represented as

U
&ro = r—3u_1 +o (u_l) as 11— 0 (176)
and
3B -1 -1
frg = —F (7'[' — /,[,) +o I:(Tl' - M) ] as pu — m, (177)
respectively. Here
0
3B :
U = - exp —3 [ cot udf | . (178)
o

Using (173) and (174) Eq. (154) in the vicinity of points 4 = 0 and p# = 7 can be
represented as

dup  cotby+c

FT R— -}-0[(#—71’)71] as pu— T (179)



Effect of Pressure-Dependency of the Yield Criterion 295

and

d tO; — 1
—M=—CO ! C—i—o —) as u— 0. (180)
do jz I

Integrating (179) and (180) with the use of the boundary conditions (173) and (174)
yields

77—,u=\/2(cot0()+c)\/9—00+0(\/9—90) as 0 — 6 (181)

and

uz\/Z(c—cotel)\/Gl—9+0<\/91—9) as 60— 0,  (182)

Substituting (181) into (177) and (182) into (176) gives

3B 1
o= — 4ol —— 60— 6 183
&t 2r3./2 (cot By + c)/0 — Bo 0(«/9—00) R (183)
and
§ v + ( ! ) 0— 0 (184)
= o as 0 — 0y,
T 32 — ol — 0 SO — 0 !
respectively. Comparing (6) with (183) and (184) gives
D= 2B s (185)
2 /fcotBy + ¢
and Y
2
Dex = —Lr’s/z. (186)
/3 /¢ —cotf;

Here D;, is the strain rate intensity factor related to the inner friction surface § = 6
and Dy is the strain rate intensity factor related to the outer friction surface 6§ = 0.
The material flux is defined by

01
0=—2r / pr? sin 0d0. (187)
o
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Substituting (175) into (187) gives

0 0
(0] :27rB/exp —3/cotud7 sin 0d6. (188)
6o 0o

As before, it is convenient to introduce the dimensionless strain rate intensity factor
by Eq. (170). Then, it follows from (170), (178), (185), (186), and (188) that

-1

0, 0
d V6 / 3/ t pud in 6d6 (189)
in = ——— exp | — co sin
" 4 eot 0y + ¢ P e
fo 0o
and
0, 61 [ -1
d Vo 3/ t pud 6 / 3/ t pud in 0d6
x=———=—¢xp| —3 [ cotp exp| —3 [ cotp sin
¢ 4ma/c — cot b P / P pa
fo fo fo
(190)
Using (159) the integrals involved in these equations are represented as
0, T
CcOS 11
tpudf = — du,
/co,u (3sin p + cos ppcot @ — ¢) a
0o 0
01 0
/exp —3/cot pud~y | sinfdo
0o fo
_ / exp | 3 ' cos dr ' sin 6 sin p dp.
(3siny + cosycotf —c) (3sin pt + cos pcot B — ¢)
0 "

Using the solution of Eq. (159) along with the value of ¢ found (Fig. 27) these integrals
can be evaluated. As aresult, the variation of d;;, and d.yx With 8y and 0 is obtained. As
before, itis convenient to use the parameters 6 and Af instead of 6y and ;. Figures 28
and 29 illustrate the dependence of d;;, and dex on A6 at several values of . It is also
of great interest to understand the variation of the ratio d, = dex/di, = Dex/Din
with process parameters. Its dependence on A# at several values of 6 is illustrated
in Fig.30. In Figs. 28, 29 and 30, curve 1 corresponds to 6y = 7/36, curve 2 to
0o = w/18, curve 3 to fp = /9, curve 4 to 6y = 7/6, and curve 5 to 6y = 7/4.
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Fig. 28 Variation of the dimensionless strain rate intensity factor d;,, with A0 at several y-values
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Fig. 29 Variation of the dimensionless strain rate intensity factor dex with A6 at several y-values
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Fig. 30 Variation of the ratio of the strain rate intensity factors with A@ at several 6y-values
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5 Plane Strain Solutions for the Double-Shearing Model

5.1 Basic Equations

Section 5 is concerned with plane strain solutions for the double-shearing model.
In this section, two coordinate systems will be used, namely a Cartesian coordinate
system (x, y, z) and a cylindrical coordinate system (r, ¢, z). All the solutions con-
sidered are independent of z. The principal stress coinciding with the stress o is
denoted by 03. The constitutive equations in terms of stress and strain rate have been
given in [10, 34]. In particular, the Coulomb-Mohr yield criterion is

q — psingp =kcosyp (191)

where k is the cohesion and

o1+ o2 o1 — 02
= _ , = 0. 192
p > q > (192)

Using the transformation equations for stress components in xy-planes and (192) the
stress components in the Cartesian coordinates are expressed as (Fig.2)

Oxx = —p+qcos2Y, oy =—p—qcosyP, oy, =gqsiny. (193)

It follows from these equations that

Oxx + Tyy

1
p=—To R g = E\/(a,m —oyy)’ + 402, (194)

It is seen from this equation that the yield criterion (191) reduces to the pressure-
independent yield criterion (7) at ¢ = 0 assuming that 7y = k. The velocity equations
are

Sxx &y =0, 28y cos2y — (fxx - gyy) sin2¢) +2sin ¢ (wxy + 1/)) =0, (195)
where wy is the component of spin relative to the Cartesian coordinates. By defini-

tion,
1 (Oux  Ouy ;oY oY oY
Wy = a(ay a—x)’ V=g Ty Ty (199

where 01/ 0t is the derivative of 1 at a point which is fixed relative to the Cartesian
coordinates. Equation (195); coincides with (9);. Using (193) to eliminate ¢ Eq.
(195), is reduced to (9); at ¢ = 0. Substituting (10) and (196); into (195) yields
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Oux | Ouy

=0,
Ox ady

197)

(cos 29 + sin ) %ﬂ + (cos 2y
y

Ouy  Ouy . . .
_(8x —8—y)sm21/1+251nm/1—0.

The constitutive equations should be supplemented with the equilibrium Eq. (12).
It is known that the resulting system is hyperbolic [34]. The stress and velocity
characteristics coincide. The orientation of the characteristic curves relative to the
Xx-axis is — —
—p— - — L = — 4+ 198
hr=v-—,-5 w=v+t +7 (198)
Figure 2 can serve as a geometric interpretation of these relations if 7 /4 is replaced
with 7/4 4 ¢/2.
Similar equations are valid in the cylindrical coordinates. In particular,

Orr = —P +QCOS 21/)7 099 = —Pp — ¢ COS 21/)7 0rg = ¢ sin 21/)7 (199)

where

Orr + 009

1
p=-———F q= E\/ (0rr — 0g9)* + 402, (200)

As before, ¢ is now understood as the orientation of the stress o relative to the
r-axis (Fig.4). The velocity equations are

Er + 800 =0, 280008 2) — (& — Egp) sin 200 + 2sin ¢ (wyg +¢) = 0, (201)

where
1 (Ou,  Oup ug o 81/) 31/} ug OY
“’”’_z(rae_ar_r)’ v= “or T a0 (202)
Substituting (41) and (202); into (201) yields
au, Oug
79 , =0,
+ 20 +u
(cos 24 — sin ) —9 (24 0 (cos 26 + sin ©) (203)
or rof r
Ou, Oup u,
— ( o o0 7) sin 21) + 2 sin pth = 0.

The constitutive equations should be supplemented with the equilibrium Eq. (42).
The orientation of the characteristic curves relative to the r-axis is given by the
following equations similar to (198)
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™ ™
=¢—-—-—-=, = -+ = 204
hr=v-,-75 h=v+t +7 (204)
Figure 4 can serve as a geometric interpretation of these relations if 7 /4 is replaced
with 7/4 + /2.

5.2 Compression of a Plastic Layer Between Parallel Plates

This boundary value problem has been formulated and solved for pressure-indepen-
dent material in Sect.3.2 (see Fig.5). An extension of this solution to the double
shearing model has been proposed in [35]. In particular, the velocity field is given by

Uy X cos2y uy y
—_— == - u, —=-=, 205
V. H A + Vv H (205)

where U and A are constants of integration and ¢ is related to y by the following
equation
v A

. d
(sin ¢ + cos 2%)) E =g (206)

The value of U is not essential for determining the strain rate intensity factor. It is
evident that the distribution of u,, in (205) satisfies the boundary conditions (44) and
(45). The maximum friction surface is determined by the equation y = H. Therefore,
¢1 =0or ¢ = 0aty = H in (198). The direction of the friction stress (Fig.5)
dictates that oy, < Oaty = H.Therefore, it follows from (193) that —7/2 < ¢ < 0
at y = H. Equation ¢; = 0 contradicts this inequality. Therefore, ¢» = 0 and

P

w=ww=_ 5

T
— 207
) (207)
at y = H. On the other hand, it is reasonable to assume that oy > oyy at y = 0.
Then, taking into account the boundary condition (47) at y = 0 and (193) it is

possible to conclude that
=0 (208)

at y = 0. Integrating (206) with the use of the boundary condition (207) results in

hd

2A(%—1)=2sin<p(w+%+2)+sin2w+cos<p. (209)

Substituting the boundary condition (208) into this solution determines A as

o z f _COSSD
A= smgo( n ) o (210)

42
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Eliminating A in (206) by means of (210) it is possible to represent the resulting
equation in the vicinity of the friction surface as

@ B _tangp(ﬂ+2<p)+2
dy — 8H () —u)

Integrating with the use of the boundary condition 1 = 1, at y = H yields

+o[(¢—¢w)—1] as ¥ — by, @11)

tany (7 + 2¢) + 2]

[
2 _
(w_ww) - 4H

(H—y)+o(H—y) as y— H. (212)

Substituting (205) into (10) and using (206) give

Vv Vv Vv sin 24

Cx=—, &y= g Exy = ﬁm (213)

H

Substituting (213) into (4) and expanding in a series in the vicinity of ¢ = 1), yield

c _iz\/H sin? 2¢)
. _V\/§ H (sin ¢ + cos 2¢) 214)
_ _ —1
= iy rele -] w v
Combining (212) and (214) gives
o = 2V n ( ! ) —~ H. (215)
“T JBHTang (r+2p) +2VH -y \VH—y) "7 T

It follows from (5) and (215) that

2V

D = . 216
V3H [tang (1 + 2¢p) + 2] 16)

The strain rate intensity factor given by (54) is recovered from (216) at ¢ = 0. In
order to demonstrate the effect of pressure-dependency of the yield criterion on the
strain rate intensity factor, it is convenient to introduce the dimensionless strain rate
intensity factor, d, as the ratio of the strain rate intensity factor given by (216) to the
strain rate intensity factor given by (54). As a result,

V2

- Viang (m +2¢) + 2 @17)

The variation of d with ¢ is depicted in Fig.31. It is seen from this figure that the
strain rate intensity factor decreases as the value of ¢ increases.
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Fig. 31 Variation of the d
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5.3 Flow of Plastic Material Through an Infinite Wedge-Shaped
Channel

This boundary value problem has been formulated and solved for pressure-indepen-
dent material in Sect.3.3 (see Fig.6). An extension of this solution to the double
shearing model has been proposed in [36]. In particular, the velocity field is given by

B
=— , =0, 218
i r (cos 2y + sinp — ¢) "o 218)

where B and c are constants of integration and ) is related to € by the following
equation

(sin ¢ + cos 2¢)) (% + 1) =c. (219)

It is evident that the distribution of ugy in (218) satisfies the boundary condition (55)
at 6 = 0 and € = . The maximum friction surface is determined by the equation
0 = a. Therefore, ¢1 = 0 or ¢ = 0 in (204). The direction of the friction stress
(Fig.6) dictates that .9 > 0 at & = «a. The equation ¢ = 0O contradicts this
inequality. Therefore, ¢; = 0 and

=1y =

+ (220)

(SRS

™
4

at # = «. On the other hand, it is reasonable to assume that o, > ogg at @ = 0. Then,
taking into account the boundary condition (56) and (199) it is possible to conclude
that

=0 (221)

at § = 0. The solution to Eq. (219) satisfying the boundary condition (220) is



Effect of Pressure-Dependency of the Yield Criterion 303

'l/)w
' 2
9:a—/( (sinp +cos2y) (222)
b

¢ — sin @ — cos 2) o

Here 7y is a dummy variable of integration. Substituting the boundary condition (221)
into the solution (222) gives the following equation for ¢

Pw
(sin ¢ + cos 2)

=/ (c—sin © — cos 27) i
0

(223)

This equation has been solved numerically. The variation of ¢ with « for several
p-values is shown in Fig.32. The broken line corresponds to ¢ = 0 (pressure-
independent material), curve 1 to o = 0.1, curve 2 to ¢ = 0.2, and curve 3 to
¢ = 0.3. Equation(219) in the vicinity of the maximum friction surface is repre-
sented as

@ _

S -l
d9_2003<p(1/)w—¢)+0[(¢w ¥) ] as 1 — Py, (224)

Integrating with the use of the boundary condition (220) yields

1/2
ww—wz( < ) (a—9)1/2+0[(a—0)1/2] as 0> a.  (225)
cos @

It has been taken into account here that ¢ > 0 (Fig.32). The shear strain rate is
determined from (41), (218) and (219) as

0.1 0.2 0.3 0.4 0.5

Fig. 32 Variation of ¢ with « at several (p-values
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_ B sin 29
~ r2(sinp + c0s 21)) (cos 21 +sinp —¢)

&r (226)

It is evident that the normal strain rates are bounded and &,y — 00 as b — y,.
Therefore, Eq. (6) in which & is replaced with £,¢ is valid. Expanding the right hand
side of (225) in a series in the vicinity of ¥ = 1, gives

&0 = srelwe-—w] a v @)

B
2¢r? (Py, —

Combining (225) and (227) leads to

B B./cos ¢ ~1/2
§0=" s g [(a — ) ] as 0> a.  (228)

Comparing (6) and (228) shows that

B /cos g
D= ~ A (229)

Substituting (218) into (63) and using (219) yields

J —1
Yw
i 2
__@ (sin p + cos 2¢) _dy | (230)
2 J (cos 2 + sinp — ¢)

Since ¢ has been found (Fig. 32), the integral here can be evaluated. Eliminating B in
(229) by means of (230) shows that the strain rate intensity factor is a linear function
of Q. In order to reveal the effect of « and ¢ on the strain rate intensity factor, it is
convenient to introduce the dimensionless strain rate intensity factor, d, as the ratio
of the strain rate intensity factor given by (229) to the strain rate intensity factor given
by (62). The variation of d with « at several (p-values is depicted in Fig.33. In this
figure, curve 1 corresponds to ¢ = 0.1, curve 2 to ¢ = 0.15, curve 3 to ¢ = 0.2,
curve 4 to ¢ = 0.25, and curve 5 to ¢ = 0.3. It is seen from this figure that the
strain rate intensity factor at ¢ 7 0 is smaller than the strain rate intensity factor for
pressure-independent material in the entire range of parameters used in this study.

5.4 Compression of a Plastic Layer Between Cylindrical Surfaces

This boundary value problem has been formulated and solved for pressure-indepen-
dent material in Sect.3.4 (see Fig. 10). An extension of this solution to the double
shearing model has been proposed in [37]. Let v, be the value of ¥ at r = R; and
s be the value of 1) at r = R. The direction of flow in the region § > 0 demands
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Fig. 33 Variation of the dimensionless strain rate intensity factor with « at several p-values
o9 > 0 in the vicinity of the surface r = R; and 0,9 < 0 in the vicinity of the
surface r = Rj. Then, it follows from (199) that

T T
0<¢w<§ and §<1/1f<7r. (231)

The maximum friction surfaces are orthogonal to the 7-axis. Therefore, ¢ = /2
or ¢pp = /2 in (198). The condition ¢ = 7/2 contradicts (231) for v,,, and the
condition ¢ = /2 contradicts (231) for ¢ y. Therefore,

AS)

m
qp:quzz—a for r =Ry (232)

and

3
¢=¢f=§+ for r=Ry. (233)

(SRS

It is seen from (232) and (233) that ¢ is independent of # at the maximum friction
surfaces. Therefore, a natural assumption to find an approximate solution is that
is independent of 6. In this case substituting (199) into (42) and eliminating p by
means of (191) result in

(cos2ysingp — 1) dlng i Olng
+s

2
sin ¢ or in2y rof
2 2
Cosinapd¥ 20020 (234)
dr r
(cos2tsinp + 1) dlng dy  2sin2y

0.

01
+ sinZw% +200521/)d—r +

sin ¢ rof r

Eliminating the derivative 0 In g /Jr between these two equations gives
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01 d 2sin2
—cosgocotgoﬁnoq+2(cos2w—singa)d—1f+ o qu

0. (235)

Since 1) is independent of 6, the first term of this equation must be independent of 6
as well. It is possible if and only if

In (%) _ 22y Lo @) (236)
cos
and 4
r (cos 2¢) — sin &) d—¢ = ¢ — sin 2¢). (237)
r

Here c is constant and Q (1) is an arbitrary function of . The function Q () has
no effect on the strain rate intensity factor. Therefore, Eq. (236) is not considered in
the present chapter. The solution for the function Q (v) is given in [37]. Equation
(237) can be integrated in elementary functions. It is however more convenient to
represent its solution satisfying the boundary condition (232) in the form

o
r / (cos 27y — sin ) J

In — = -
(c — sin27)

R, (238)

Yw

Here ~ is a dummy variable of integration. Substituting the boundary condition (233)
into (238) leads to the following equation for ¢

P

P f
R 2y —si
mRe_ [leos2ymsing) (239)
Ry (c — sin27)
P

Numerical solution to this equation is illustrated in Fig.34. The broken line corre-
sponds to ¢ = 0 (pressure-independent material), curve 1 to ¢ = 0.1, curve 2 to
¢ = 0.2, and curve 3 to ¢ = 0.3.

The main assumption concerning the velocity field is that the radial velocity
is independent of 6. Since v is also independent of 6, the radial velocity can be
represented as )

ur = Riv (@), (240)

where v(1)) is an arbitrary function of . It follows from (67), (68), (232) and (233)
that the function v(¢)) must satisfy the conditions

v=0 at =9y (or r =Rp) (241)

and
v=1 at Y =1, (or r=Ry). (242)
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Substituting (240) into (203); and taking into account that v(¢)) is independent of ¢

yields
Oug _d (rv) 243)
R0 dr

The right hand side of this equation is independent of §. Therefore, integrating (243)
gives
d
ﬁ _ o (rv)
R dr

+V @), (244)

where V (1) is an arbitrary function of .

A distinguished feature of the present solution, as compared to the solutions given
in Sects.5.2 and 5.3, is that w # 0. In particular, substituting (237) and (240) into
(202), and taking into account that 91)/90 = 0 and 9/t = R19¢ /IR, gives

i_@_w v (¢ — sin 21))
R, ORy  r(cos2y —sing)’

(245)

In order to find the derivative 01)/0Ry, it is necessary to differentiate (238). Since
1y 1S constant, one gets

¥
o (e= sin 21)) (c — sin27)) dc [(cos 2y — siny) d 1 IR
" r (cos 2t — sin ) (cos2y) —sinp)|dRy (¢ — sin27)? K R I
Yuy

It follows from this equation that

¥
oY (c—sin2y) dc (cos 2y — sin <p)d
OR| ~ (cos2¢ —sing) | dRi ) (c—sin29)? | R

Yw

(246)

In order to find the derivative dc/d Ry, it is necessary to differentiate (239). Since
Yw, ¥y and R, are constant, one gets

p -1

f
dc 1 (cos2y — siny)

— = Rt A | . 247
dRy R (c —sin27)? 7 (247)
Substituting (247) into (246) gives
by -1

« ¥
o _ (c — sin 2v)) (cos 2y — sin ) (cos2y — siny) J

G _ . —1].
OR;  Rp(cos2y — sinp)

(¢ — sin ny)2

) (c —sin2v)?

(248)
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Using (240), (243) and (244) Eq. (203); transforms to

d* (rv) . d(rv)
772 ~+ (cos 29 + sin ) I ]

0 |:—r (cos 2t — sin )
dv d
+r(cos2y —sinp) — +2 |:v — ﬂ:| sin 24
dr dr
. 2r1/.1 .
— (cos2y +sinp) V + N sin p = 0. (249)
1

Since v, 1&, v and V are independent of 6, this equation may have a solution if and
only if

d? d
r (cos 21y — sin ) (rv) — (cos 21 + sin ) (rv) =0
dr? dr
dv
r (cos 21 — sin ) " (cos 21y +singp) V (250)
r

dov] . 2
+2|v———|sin29 + —sinp =0.
dr Ry

Introduce the following notation Y (1) = d (rv)/dr. Then, Eq. (244); transforms to

7(0052¢—Sin§0)j—i% — (cos2y +sinp) Y = 0. 251)

Eliminating in this equation the derivative d+//dr by means of (237) and integrating
yields

P

d 2 i
dr (c —sin27)

Yw

Y

Here Yy is a constant of integration. Replacing integration with respect to » with
integration with respect to ¥ in (252) by means of (237) and integrating with the
boundary condition (242) result in

(0

v(w):& Yo/exp

r

U
(cos 2y + sin ) J (cos2n —sinp) r

. - dn+1
(c — sin27) K (c —sin2n) Ry K
Y Y
(253)
Here 7 is a dummy variable of integration. The value of Y is determined from the

solution (253) and the boundary condition (241) as
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-1

Yy U
Yo = — /exp (cos 2y + sin <p)d (cos2n - sin ) Ldn . @54)
(c — sin 27) (c—sin2n) R
19911) w“?

Since the value of ¢ has been found (Fig. 34), eliminating r/ Ry by means of (238) the
integrals in (253) and (254) can be evaluated numerically. Since /R and d (rv)/dr
are known functions of 1 due to (238), (252), (253), and (254), it is evident that
Eq. (250); is a linear ordinary differential equation for V (¢/). Its general solution is

P
V(W) = 27 (&) /{

Yw

[ (7) — v ()] sin 2y — sin @ur /Ry }
(c—=sin2y)Y ()

dy+Vy|. (255)

Here Vj is a constant of integration. The integral in (255) can be evaluated numeri-
cally. The value of Vj is found from the condition (69) integrated over the thickness
of the layer. Using (238), (245) and (248) the quantity ¥r /R is represented as

ﬂ _ (c—sin2y)

R @os2i—sinp "

" ,
m @) =vtexp| [ 82 ZSinY) (256)
(c — sin27)

Yy
-1
vf : v .
(cos 2y — sin ) (cos 2y —siny)
a2 a2 dr-1
(c — sin27) (c —sin27v)

Y Pw

Fig. 34 Variation of ¢ with R /R, at several p-values
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In order to determine the strain rate intensity factors, it is necessary to find the values
of zl}rlél_l at the maximum friction surfaces. Moreover, it follows from the boundary
conditions (241) and (242) that the right hand side of (256) reduces to the expression
0/0 at ¢p = 1, and ©p = . It is evident that the derivative of the denominator
with respect to 1 is equal to a finite value at 1) = 1, and ¢ = 2 ¢. It follows from
(237) and (253) that 9r /01 = 0 and 9v/0p = 0 at these points. Therefore, applying
I’Hospital’s rule, )

% =0 at ¥ =1 andy =vy. 257)

1

The shear strain rate is determined from (41) where differentiation with respect to r
is replaced with differentiation with respect to ) by means of (237). Then,

Oug (¢ —sin2¢y)  up (258)

20 = @ (cos 29 — sin () r

It has been taken into account here that Ju, /00 = 0. It is now necessary to find the
derivative Jug/0% at 1) = 1y, and 1) = 1) . It follows from (244) and (252) that

0 dy dv
R iy (259)
Uoy dy  dy
The derivative dY /d+ at ¢ = 1y, and ¢ = )7 is found from (252) as
d_Y _ 2Yosinap7 d_Y :2wYosincp’ (260)
Ay |y, c—cosp dy Y=ty ¢+ cosyp
vy
(cos 27y + sin )
w = exp -
(¢ — sin 27)
Uy

It is seen from (255) and (260) that the derivative dV /dv is finite at v = 1, and
1 = 1)r. Therefore, it is evident from (258) that || — o0 as ¢ — 2, and
1 — 1) 7. The second term in (258) has no effect on this singular behaviour of the
shear strain rate since the value of uy is finite. Therefore, expanding cos 2) — sin ¢
in a series in the vicinity of points ¢ = 1, and v = ¢ Eq.(258) is represented as

__Rieocosp) (V. dv !
frﬁ = 4R, cos (d’l/) 0d¢) ot W Py)
+olw—vn) ] as v vy 261)
__Uletcosy) (dV_ pdY — )
o= frans (a5 ")), ¥

+0[(¢f —w)_l] as ¢ — Py,
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Here Eq.(259) has been taken into account. Differentiating (255) with the use of
(241), (242), (252), (257), and (260) gives

dv
dip
dv

o = (c—czosga) [2YoVp sinp + (Yo — 1) cos o],
T avw (262)
[2 (Vo + w1) sinp — cos ],

dy '/Lp:wf ~ (c+ cos ®)

where

'L/}f . . . .
Wi =/ {lY (v) — v ()]sin2y — sinpyr /Ry }

(c—sin27) Y (7) 7. (263)

Pw

Substituting (260) and (262) into (261) yields

&g =— = [2¥oVosinp + (Yo — 1) cos ¢ — 0¥ sin @] (¥ — 1)~
2R; cos
tol@=-vn] as v v, (264)
UY, _
&9 = Oww [2 (Vo + wy) sin @ — cos o — fsin ] (¢ — )"

B 2R> cos

+0[(¢f—w)71] as ¢ — Yy.

Equation (237) in the vicinity of points 1) = v, and ) = 1) 7 is represented as

dvy (c —cosp) [ _1

W +ol@-vn)] s v v,

d 2R — Yy

gy ™ (265)

—1
dr =_2chosg0(1/;f_¢)+0[(wf_w) ] as ¢ — vy,

respectively. Integrating the first of these equations with the boundary condition (232)
gives

=y = —w r—R1+0(\/r—R1) as r — Rj. (266)
Ricosp

Integrating (265), with the boundary condition (233) gives

Y —t = _w,/Rz—r—{-o(m) as r — R». (267)

R> cos ¢

Since the normal strain rates are finite as r — Rj and r — Rj, Eq.(6) in which &,
should be replaced with &, is valid. Substituting (266) into (264); and comparing
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to (6) show that

R, [2Yo Vo sin g + (Yo — 1) cos p — 0Yp sin |
/3R cos Jcosp —c¢ ’
where D is the strain rate intensity factor corresponding to the maximum friction

surface » = Rj. Analogously, it follows from (265),, (267) and (6) that the strain
rate intensity factor corresponding to the maximum friction surface r = R; is

D =

(268)

Ri |Yow| |2 (Vo + wy) sin p — cos ¢ — O sin |
/3R> cos V= (c+cosp) '
The right hand sides of (268) and (269) can be evaluated using (254) and (263) .

It is of interest to introduce the ratio A = D1/ D,. It follows from (268) and (269)
that

Ao Ry 2YyVy sinp + (Yo — 1) cos ¢ — 8Y( sin | o/— (¢ + cos ©)
"V Ry [Yow||2(Vo+ wy)sing —cosp — fOsing| Jcosp —c

D, =

(269)

(270)

The variation of A with R1/R, atf = 1 and 6 = 1.5 is shown in Figs. 35 and 36,
respectively. The broken line corresponds to the solution for pressure-independent
material (see Sect.3.4) curve 1 corresponds to ¢ = 0.1, curve 2 to ¢ = 0.15, curve
3to ¢ = 0.2, curve 4 to ¢ = 0.25, and curve 5 to ¢ = 0.3. The dependence of
A on 6 for several values of Ri{/R> at ¢ = 0.1, p = 0.2 and ¢ = 0.3 is depicted
in Figs.37,38 and 39, respectively. Curve 1 corresponds to R;/Ry = 0.5, curve 2
to Ri/Ry = 0.7, and curve 3 to R;/Ry = 0.9. In order to illustrate the effect of
pressure-dependency of the yield criterion on the strain rate intensity factors, it is
convenient to introduce the ratios of the strain rate intensity factors given in (268) and
(269) to the respective strain rate intensity factors from the solution for the pressure-
independent model. These ratios are denoted by d; and d, where d; is related to the
surface r = R and d> to the surface r = Rj. Since the strain rate intensity factors
for the model of pressure-independent plasticity are given in (78), the values of d;
and d> can be found with no difficulty. It is evident from (78), (268) and (269) that
d; and d; are linear functions of 6. The dependence of dj on § at ¢ = 0.1, p = 0.2
and ¢ = 0.3 is depicted in Figs.40, 41 and 42, and the dependence of d> on 6 at
the same values of ¢ in Figs.43, 44 and 45 (curve 1 corresponds to Ry/R, = 0.5,
curve 2 to Ri/Ry = 0.7, curve 3 to R1/Ry = 0.9). The variation of d; and d, with
R1/Ry at § = 1 is depicted in Figs.46 and 47, respectively. In these figures, curve
1 corresponds to ¢ = 0.1, curve 2 to ¢ = 0.15, curve 3 to ¢ = 0.2, curve 4 to
¢ = 0.25, and curve 5 to ¢ = 0.3. It is seen from Figs. 40, 41,42, 43, 44, 45, 46 and
47 that d; < 1 and d» < 1. Thus pressure-dependency of the yield criterion leads
to a decrease in the magnitude of the strain rate intensity factor in the process under
consideration.
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Fig. 35 Variation of A with Rj/Ry atf =1
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0.6
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Fig. 36 Variation of A with Rj/Ry at = 1.5

A

1.L10
1

1.00
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Fig. 37 Dependence of A on 6 at ¢ = 0.1 and several R;/R»-values
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1.0

08

06"

Fig. 38 Dependence of A on 6 at o = 0.2 and several R|/R;-values

A
1.6

1.4
12¢

1.0 L 1 1

0.8

0.6

Fig. 39 Dependence of A on § at ¢ = 0.3 and several R|/R>-values

5.5 Compression of a Plastic Layer Between Rotating Plates 1

This boundary value problem has been formulated and solved for pressure-indepen-
dent material in Sect.3.5 (see Fig.11). An extension of this solution to the double
shearing model has been proposed in [38].

Let v, be the value of ¢ at the maximum friction surface § = «. The direction
of flow (Fig. 11) dictates that 0,9 < 0 near the friction surface. Therefore, it follows
from (199) that

- g < by < 0. 71)

The maximum friction surface is parallel to the r-axis. Therefore, ¢1 = 0 or ¢ = 0
in (204). The equation ¢; = 0 contradicts (271). Therefore, ¢ = 0 and
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Fig. 40 Dependence of dj on 0 at ¢ = 0.1 and several R;/R;-values
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Fig. 41 Dependence of d; on # at ¢ = 0.2 and several R;/R;-values
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Fig. 42 Dependence of d; on # at ¢ = 0.3 and several R;/R;-values
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Fig. 43 Dependence of d» on 6 at ¢ = 0.1 and several R;/R,-values

dy
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09F
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Fig. 44 Dependence of d> on 0 at ¢ = 0.2 and several R;/R>-values
d;
Llp 3
1.0 . . : . . / 0
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Fig. 45 Dependence of d; on 0 at ¢ = 0.3 and several R;/R;-values
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Fig. 46 Variation of d; with R|/R> at § = 1 and at several p-values

Y=1,=———L for =a. (272)

The main assumption accepted in [38] is that ¢/ is independent of r. Note that this
assumption is in agreement with (272). Substituting (191) and (199) into (42) gives

2psing — 1) 91 1 d
r(cos w.smgo )anq+sin21/)—a nq+200521/1 —¢+1 =0,
sin ¢ or 00 df (273)
2psi 1) ol ) d
(cos20sing + DOMG 4 Gnop 9 4 ainay (49X 41) =0,
sin a0 or do

Eliminating the derivative 0 In ¢ /00 between these equations yields

ralnq _ 2 sin ¢ (sin ¢ + cos 2¢)) (@ + 1). (274)

or cos? do
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The right hand side of this equation is independent of r. Therefore, integrating gives

_ 2sinp (sinp + cos 21))

In
a cos?

(%—i—l)]nr—i— 0 (), 275)

where Q () is an arbitrary function of #. Substituting (275) into (273), results in

2 (cos2ysinp+ 1) d ) dy
_ o o7 |:(sm @ + cos 2v) (% + 1)j| Inr (276)

dQ (cos2ysinp + 1)  2sin24 (1 + sinpcos2y) (dy
_ = . + — +1)=0.
do sin cosZ

do

This equation can have a solution if and only if the coefficient of Inr vanishes.
Therefore,

d
(sin ¢ + cos 29)) (d—qg + 1) =c, 277)
where c is constant. Substituting (277) into (276) results in

dQ 2c sin @ sin 29
df  cos? o (sinp + cos21p)

(278)

Replacing here differentiation with respect to 6 with differentiation with respect to
1) by means of (277) and integrating yield

csin .
0= 3 In|c — sin ¢ — cos 29| + Qo, (279)
cos”

where Qo is a constant of integration. The solution to Eq. (277) satisfying the bound-
ary condition (272) is

Yu
(sin ¢ 4 cos 27)
(c — sin ¢ — cos27) o
%

0=oa-—

(280)

where ~y is a dummy variable of integration. It follows from (37) and (81) that ¢ = 0
at @ = 0. Using this condition the equation for c is obtained from (280) in the form

wu:
/ (sin ¢ + cos 27)
o =
(
0

- y. (281)
¢ — sinp — cos 27)

Numerical solution to this equation is illustrated in Fig.48. The broken line corre-
sponds to pressure-independent material, curve 1 to ¢ = 0.1, curve 2 to ¢ = 0.2,
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and curve 3 to ¢ = 0.3. In the case of ¢ = 0 Eq.(281) is immediately integrated to
give a = /4 + /2. It is seen from Fig.48 thatc < O fora < w/4 + ¢/2.

It is necessary to find the derivative dc/d« to determine the strain rate intensity
factor. Differentiating (281) gives

/ —1
Yw

ﬁ _ / (sin'go + cos2y) ; (282)
da ) (c — sin @ — cos 2)
At c = 0 one gets
f (sin ¢ + cos 2() f d¢
sin cos
1) = / . ~d¢ = / =
/ (A —sin ¢ — cos 2() " (sin ¢ + cos 2Q)
cos ¢ tan ¢ 1
= arctanh - .
1+sin¢ J cos¢
Hence hI{/l I (v0) = —o0 and it follows from (282) that
=1y
dc
— =0 at ¢=0. (283)
da
The velocity field is sought in the form [38]
a I
w= T By g @ ), (284)
c
2t
4t
—6F
—8F
—10F

Fig. 48 Variation of ¢ with « at several (p-values
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where g (¢, «) is an arbitrary function of ¢) and «.. The velocity field (284) automat-
ically satisfies the equation of incompressibility (203);. Using (284) the boundary
conditions (79) and (80) transform to

g=0 for =0 (or ¥ =0) (285)

and
g=1 for 6=« (or ¢ =1,). (286)

Substituting (284) into (203), gives
o dhg o dg : 4
(cos 2t + sinp) — — 2sin2¢p— +4gsinp +4sinp— = 0. (287)
do? do w

The derivative di)/d6 is found from (277). Subsequent differentiation of this deriv-
ative with respect to 6 gives

d*y _ 2¢sin24) (¢ — sinp — cos 21))

== . 288
do? (sin ¢ + cos 2¢))> (288)
On the other hand,
dg _dgdy d’s _d’g (dv\'  dgd*® (259)
do  dy do’ do*  dy? \ do diy do?’

Replacing in (287) differentiation with respect to § with differentiation with respect
to ) by means of (289) and using (277) and (288) leads to

d? d
(sin ¢ + cos 21)) ﬁ + 2sin Z@ZJﬁ

4 sin ¢ (sin @ + cos 21)? 1/} (290)
+ 4 d (g + —) =0.

(c — sin — cos 21/})2

Since Jv /0t = —w0 /0« it follows from (202) and (277) that

(291)

- sin ¢ + cos 2y

é o (c— singo—cosZw)
w 06

Differentiating (280) gives
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(sin ¢ + cos 21))
(¢ —siny — cos 2¢))
P
d i 2
4 1+_C / (SIII.QO‘FCOS ) 2d’}/ do—do =0. (292)
do (c —sinp — cos 27)
Y

Determining the derivative 0v/0« from this equation and substituting it into (291)
lead to

. Yw
dc sin p 4+ cos 2
Yot g / (sin Dy (293)
w da (¢ — sinp — cos 27)
P
» (c — sinp — cos 2%))

(sin i + cos 21))

Eliminating w /w in (290) by means of (293) results in a linear ordinary differential
equation for g () in the form

d? d
(sin @ + cos 2¢)) ﬁ + 2sin2w£ + P () g =Py,

4 sin ¢ (sin ¢ 4 cos 29) (2sin p + 2cos 21 — ¢)
(¢ — sinp — cos 2¢)2

Py () = , (294)

Y
4 sin o (sin ¢ + cos 2 dc sin ¢ + cos 2
Po () = — w{ ® Y) ) de ( .<p ) iy |11
(c — sinp — cos 2%) do (¢ — sinp — cos 27)
P

Expanding the coefficients of this equation in series in the vicinity of 1) = 1, gives

sin  + cos 2t =2cos @ (Y — yy) + 2sinp (Y — Uw)?
4
—Seosp @ —u)’ +o W -,
2sin21) = —2cosp — 4sinp (Y — 1y,) + 4cosp (P —ww)2
+ S sing @ — b’ + o[ @ = p?].

4sin2¢p W — ) — 8sin% ¢
C C

in2p (1  2cos’
Sl g"(-+ = g”)(¢—¢w)3+o[<w—ww>3],

Py () =— W — w)? (295)

¢ 3 2
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4sin2¢p 8siny (1 + cos2p + csin )

PO(w)Z_ c (1//_1/%11)_ )

4sin2 d
_ 4sinZp 2(3_62+30052¢+6CSin¢)_300590—6 (1/1—1%)3
33 da

+o|@ -]

(W) — Yw)?

as ) — y,. Itis seen from (295) that ¢ = 1), is a regular singular point of Eq. (294).
Using a standard procedure it is possible to find that the two linearly independent
primitive solutions of the corresponding homogeneous equation are represented as

gr=0[w—v)?] as v, (296)

and
g=PW)+CgrIn(@—1y), (297)

where P (1) is a function of ¢ represented by a Taylor series in the vicinity of
1 = 1, and C is an arbitrary constant. It is possible to show (see [38]) that C must
vanish and that P (1) does not contain the term O (¢ — v,) as ¥» — 1. Then, it
follows from (296), (297) and the boundary condition (286) that the function g (1)
is approximated by

g=1+4c(— 1) +c3 (W — )’ (298)

in the vicinity of point ¢ = ),,. Substituting (295) and (298) into (294) yields

(299)

It has been shown before that ¢ < 0 (Fig.48). However, it follows from (295) and
(299) that the special case ¢ = 0 should be treated separately. In order to clarify the
general structure of the solution for values of ¢ in the vicinity of ¢ = 0, it is necessary
to find the radial velocity at ¢ = ,, (i.e. at the maximum friction surface). It follows
from (277), (284), (295), and (298) that

wr ccp

- +o(l) as ¥ — . (300)
2 cosyp

Itis seen from this equation that u, at 1) = ), vanishes if ¢ = 0. This means that the
regime of sticking occurs. Let o, be the value of a corresponding to the condition
¢ = 0. Assume that
™, 9
0<ag < 1 + > (301)
Then, the general structure of the solution is as follows. The found solution at sliding
is valid if & < . The condition (301) ensures that ¢ < O (Fig. 48). Then, since
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Fig. 49 The variation of ag, with ¢

u, > 0, it follows from (300) that
cy < 0. (302)

A limit case occurs at o = . In this case the found solution is valid but the regime
of sticking takes place at the maximum friction surface. If & > «r, a rigid zone
appears near the plate. This case is not important for the present chapter since the
solution is not singular. In order to show that the structure of the solution proposed
is possible, it is necessary to verify (301). To this end Eq. (294) has been solved
numerically at ¢; = 0. The representation of the solution given in (298) has been
used in the range ¥, > ¥ > 1, (1 — ) where 0 < § << 1. The value of ¢3 in
this representation has been eliminated by means of (299). The solution found must
satisfy the boundary condition (285). The value of ¢ corresponding to the limit case
is determined from this boundary condition. It is evident that this value is related to
acr by Eq. (281) in which « should be replaced with a,. The numerical solution is
illustrated in Fig. 49. It is seen from this figure that the inequality (301) is satisfied.
In what follows, it is assumed that o < .

Using (277), (284), (288) and (289) the shear strain rate is determined from (41)
as

w (c — sin p — cos 29))

b0 = 4 (sin ¢ + cos 21/1)2

d’g 2csin2y  dg
dvy? + (sin ¢ + cos 2)) dw] '

(303)
Substituting (298) into (303) and using (295) and (299) yield the representation of
the shear strain rate in the vicinity of the maximum friction surface in the form

[(c — sin ¢ — cos 2¢))

W [4sing + ¢ (c2 + tany) ]
4cosp W —Yw)

€0 = +olw-wvn] as v

(304)
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In the vicinity of the maximum friction surface (277) is written as

dy c

-1
E——ZCW@_%)H[W—W) | as v

Integrating with the use of the boundary condition (272) gives

J—c

Substituting (305) into (304) yields

W — Py = (a—9)1/2+0[(a—9)1/2] as 0 — o (305)

|§r€| =

w [4 sinp + ¢ (Cz + taIlz(P)] -1/2
+ —0 / 0 .
4,/cosp JvJ—eva—0 0 [(O‘ ) ] t (206)

Equation (6) in which &, should be replased with ¢ is valid. Therefore, the strain
rate intensity factor is given by

w [4sing + ¢ (2 + tan®p) | /7

D= (307)
243 /cos P V—=c
It is convenient to introduce the dimensionless strain rate intensity factor by
d= b (308)
=7

The same definition for the dimensionless strain rate intensity factor has been adopted
for the pressure-independent model in Sect.3.5 (see Fig. 12). The variation of the
dimensionless strain rate intensity factor found by means of (307) and (308) as well
as the dimensionless strain rate intensity factor for the pressure-independent model
is depicted in Fig. 50. The broken line corresponds to pressure-independent material,
curve 1 to ¢ = 0.1, curve 2 to ¢ = 0.2, and curve 3 to ¢ = 0.3. The right ends
of these curves are determined by the condition o = ay;. It is seen from this figure
that the strain rate intensity factor for pressure-independent material is larger than
the strain rate intensity factor for pressure-dependent material at smaller values of
« and smaller than the strain rate intensity factor for pressure-dependent material at
larger values of a.

5.6 Compression of a Plastic Layer Between Rotating Plates I1

This boundary value problem has been formulated and solved for pressure-indepen-
dent material in Sect.3.6 (see Fig. 14). An extension of this solution to the double
shearing model has been proposed in [39].
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Fig. 50 Variation of the dimensionless strain rate intensity factor with « at several p-values

Let v, be the value of v at the maximum friction surface § = «. The direction
of flow (Fig. 14) dictates that 0,9 > 0 near the friction surface. Therefore, it follows
from (199) that

0 <ty < g (309)

The maximum friction surface is parallel to the r-axis. Therefore, ¢1 = 0 or ¢ = 0
in (204). The equation ¢, = 0 contradicts (309). Therefore, ¢; = 0 and
T p

¢:¢W:Z+E for 0 =a. (310)

The main assumption accepted in [39] is that ¢/ is independent of r. Note that this
assumption is in agreement with (310). The general solution for the stress equations
given in the previous section is valid. In particular, the dependence of ¢ on 6 follows
from (277) or, after integration, from (280). Then, the value of ¢ involved in (277) is
determined from (281) where v, should be eliminated by means of (310). Numerical
solution of this equation is illustrated in Fig. 51. The broken line corresponds to the
solution for pressure-independent material, curve 1 to ¢ = 0.1, curve 2 to ¢ = 0.2,
and curve 3 to ¢ = 0.3. It is seen from this figure that ¢ > 0. The derivative dc/d
is given by (282). The velocity field is sought in the form [39]

_wr g (¥, a) G, a
Uy = — +w s

, > 20 . ug = —wrg (Y, o), (311

where g (1, «) and G (¥, «) are arbitrary functions of ¢ and «. It is possible to
verify by inspection that (203); is automatically satisfied. Using (310) and (311) the
boundary conditions (79) and (80) are transformed to
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Fig. 51 Variation of ¢ with v

g=0 at 6=0 (or ¥»=0) (312)

and
g=1 at O=a (or ¥ =1y), (313)

respectively. Substituting (311) into (203); yields

2

0 d '
(cos 200+ sin ) 28— 25in 20028 4 dg sin g+ dsin oL

2 dGg
+— | (cos 29 4 sin ) — + 2G sin2y | = 0.
r2 do

Since ¢ and ¢ are independent of r, this equation may have a solution if and
only if

2 9 ]
(cos 20+ sing) L& — 25in2028 4 agsing +asinpl =0, (15)
902 90 w

oG
(cos 21 + sin ) 20 +2Gsin2y = 0.
Replacing here the derivatives 6°g/06% and 0g/06 with the derivatives 9%g /0>

and 0g /v by means of (289) and eliminating the derivatives d*)/d6? and d)/d6
by means of (277) and (288) result in
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&g . 0g
8_'(/)2 + 2 Sin 211)%

+4sin<p(sin<p+cos2w)2( w):o,

(sin ¢ + cos 21))

+_

(c—simp—cosZw)2 8 w
dG+ 2G sin 21 .
diy = c—sing —cos2y

Integrating (316), gives

B

G = ,
¢ — sinp — cos 2y

327

(316)

(317)

where B is a constant of integration. The derivative P is given by (293). Therefore,
Eq.(316); transforms to (294). However, in contrast to (295), it is now necessary to
investigate the coefficients of Eq. (294) in the vicinity of v» = v, = w/4 4+ /2.

Expanding these coefficients in series near this point yields

sin ¢ + cos 2¢ :—ZCosgo(zZJ—ww)+25in<p(z/1—ww)2
4
+ 3080 (¥ — )} + o[ — v,
28in2¢) = 208 — 4sin (Y — 1) — 4cos p (P — ty,)?

8
+ 3800 @ — )’ o[ —vw)’].

4sin2 8 sin2
Pl (d)): S“; 90(1/)—%)— Sl: w(w_'(/}w)z
_ 881n2(p l 2C052<P B 3 ~ 5
. (3+ YE )w V) + oW — )],
PO(¢)=4sir:2ga (w_ww)_8singp(1+coCs22<p+Asin¢)
4sin290[2(3_ 2 | 300520 + 6¢ sin )
303 c cos 2 + 6¢sin

d
+ 3 cos @d;:| (- ww)g’ +o [(¢ - ww)3]

(W) — w)?

(318)

as ¥ — . It is seen from (294) and (318) that b = ), is a regular singular point
of Eq. (294). Using a standard procedure it is possible to find that the solution to this

equation in the vicinity of ¢ = 1, is represented by

g=14+c2 (W — ) +e3@— ).

(319)
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It has been taken into account here that the solution must satisfy the boundary con-
dition (313). Substituting (318) and (319) into (294) and collecting the coefficients

of (¢ — 1/)w)2 give

2 4sin2¢p
c3 = —gcztancp + 32 (320)
The shear strain rate is determined from (41) and (311) as
19? 1 0G
&o _10% (321)

o 4902 T2 o0

Replacing here differentiation with respect to 6 with differentiation with respect to
1 by means of (289), eliminating G by means of (317) and using (277) and (288)
result in

_w (¢ —sing —cos2y
6?9_4( Sing&—}—COSZdJ )Q(rvz/])v
(¢ —sinp —cos2yP %g
Q)= ( sin ¢ + cos 24 ) o2
2c sin 29 0g 4B sin 29

—_— = . 322
(sin ¢ 4 cos 2¢0)2 OV r2 (¢ — sin  — cos 21))? (522)

Substituting (319) into (322), eliminating c¢3 by means of (320) and expanding the
resulting expression in a series in the vicinity of ¢ = 1),, yield

&o=—> (3 + ot tan@) W= +o[wn -0 (323)

2 \cr?  2cosgp
as Y — Py.

In the vicinity of this point Eq. (277) is represented as

@_ c

—1
da—m‘i‘O[(ww—lﬂ) ] as P — .

Integrating with the boundary condition (310) gives

Yy == [ — Va—9+o(\/a—6) as 0 — a. (324)

cos

Substituting (324) into (323) yields

w ( B cc cos
ol == 2 (= + = ttanp) [ L (@—0) (329
2 \cr 2cos c

+o[(a—0)_1/2] as 0 — a.
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Equation (6) in which & should be replaced with &, is valid. Therefore, the strain
rate intensity factor is determined from (325) as

B
_wr (_+£+m ¢) cosy
V3 ¢

cr?  2cosp

The value of ¢ is found from numerical solution of Eq. (294). The variation of ¢, with
« at several values of ¢ is illustrated in Fig. 52. The broken line corresponds to the
model of pressure-independent material. In this case c; = —2 . Curve 1 corresponds
top = 0.1, curve 2to ¢ = 0.15, curve 3 to ¢ = 0.2, curve 4 to ¢ = 0.25, and curve
5top =0.3.

The direction of friction stress (Fig. 14) demands u, < 0 at § = « (or ¢ = Uy,).
Taking into account (311), (317) and (319) this inequality is rewritten as

D=

(326)

recp B
— + — <0.
2cosp  rc

ur|0:a =

Therefore, the solution found is valid in the range

1 [2Bcosp
r<rg=-— |———. (327)
c 2

The values of ¢ and ¢, have been already determined (Figs.51 and 52). In order to
find the value of B, it is necessary to formulate an additional condition in integral
form (similar to the condition (49) accepted in the classical problem considered in
Sect.3.2). A reasonable condition is

«

/ Ur|,_g df = 0. (328)
0

2=

Fig. 52 Variation of ¢, with « at several ¢-values
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Here R is some prescribed radius. Substituting the radial velocity from (311) into
(328), eliminating G by means of (317) and replacing integration with respect to 6
with integration with respect to 1) by means of (277) result in

-1

B=-—
2

by
2 .
R / (sin ¢ + cos 21)) (329)

(c — siny — cos 21/1)2
0

Eliminating B in (327) by means of (329) determines the dependence of r¢/R
on ¢ and a. The dependence of r.;/R on « at several values of ¢ is depicted in
Fig. 53. The broken line corresponds to the model of pressure-independent material,
curve 1 to ¢ = 0.1, curve 2 to ¢ = 0.15, curve 3 to ¢ = 0.2, curve 4 to ¢ = 0.25,
and curve 5 to ¢ = 0.3. Eliminating B in (326) by means of (329), it is possible to
conclude that the strain rate intensity factor depends on ¢, o and r/ R. Consider first
the dependence of D on ¢ and « assuming that /R = 1 = constant < r¢/R. It is
convenient to introduce the dimensionless strain rate intensity factor, d, as the ratio
of the strain rate intensity factor given by (326) to the strain rate intensity factor for
pressure-independent material given by (105). The variation of d with « at several
values of ¢ is shown in Fig. 54 at © = 0.3, Fig. 55 at © = 0.2, and Fig. 56 at u = 0.1.
In these figures, curve 1 corresponds to ¢ = 0.1, curve 2 to ¢ = 0.15, curve 3
to ¢ = 0.2, curve 4 to = 0.25, and curve 5 to ¢ = 0.3. In order to illustrate
the variation of the strain rate intensity factor with r/R, it is necessary to take into
account that r.; /R depends on ¢ (Fig.53). Therefore, it is more convenient in this
case to introduce the dimensionless strain rate intensity factor by

d= D/(w\/ﬂ.

0.8

06

04r

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 53 Variation of r.; /R with « at several (p-values
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Fig. 54 Variation of the dimensionless strain rate intensity factor with « at several -values and
n=2023
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Fig. 55 Variation of the dimensionless strain rate intensity factor with « at several p-values and
n=02

Note that the same definition has been adopted for the dimensionless strain
rate intensity factor depicted in Fig. 15. The variation of d with r/R in the range
0.2 < r/R < r¢/R is illustrated in Figs.57, 58, 59 and 60. In Figs.57 and 58 the
value of « is fixed (o« = 7/36 in Fig.57 and o = 7/6 in Fig.58) and the curves
correspond to different values of ¢ (the broken line corresponds to the model of
pressure-independent material, curve 1 to ¢ = 0.1, curve 2 to ¢ = 0.2 and curve 3
to ¢ = 0.3). In Figs. 59 and 60 the value of @ is fixed (¢ = 0.1 in Fig. 59 and ¢ = 0.3
in Fig. 60) and the curves correspond to different values of « (curve 1 corresponds
toa = m/36, curve 2to o = 7w/18, curve 3 to a = w/12, curve 4 to o = /9, and
curve 5 to o = 1/6).
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Fig. 56 Variation of the dimensionless strain rate intensity factor with « at several p-values and
n=0.1

r
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Fig. 57 Variation of the dimensionless strain rate intensity factor with /R at several (-values and
a=m/36

It is seen from Figs.54, 55, 56, 57 and 58 that the strain rate intensity factor
for pressure-dependent material is smaller than the strain rate intensity factor for
pressure-independent material.

5.7 Simultaneous Shearing and Expansion of a Hollow Cylinder

This boundary value problem has been formulated and solved for pressure-independent
material in Sect. 3.7 (see Fig. 17). An extension of this solution to the double shearing
model has been proposed in [5].
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Fig. 58 Variation of the dimensionless strain rate intensity factor with /R at several (p-values and
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Fig. 59 Variation of the dimensionless strain rate intensity factor with /R at several c-values and
p=0.1

Let v, be the value of v at the maximum friction surface r = a. The direction
of rotation of the rigid rod (Fig. 17) dictates that 0,9 > 0 near the friction surface.
Therefore, it follows from (199) that

0 < by < g (330)

The maximum friction surface is perpendicular to the r-axis. Therefore, ¢; = 7/2 or
¢2 = m/2 in (204). The equation ¢ = 7/2 contradicts (330). Therefore, ¢ = 7/2
and T

¢:¢W:Z—E for r =a. (33D

The solution is independent of . Therefore, the equilibrium Eq. (42) become
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Fig. 60 Variation of the dimensionless strain rate intensity factor with /R at several c-values and
=203

oy, + Orr — 000 -0, Jorg + 209 -0 (332)
or r or r
The general solution to Eq. (332); is
o9 C?
== 333
k r2 (333)

where C is a constant of integration. Using (191), (200) and (333) the normal stresses
are expressed as

Oyr C? (1 — cos 29 sin )
— =coty — - - ,
12 sin 24) sin ¢ (334)
a60 ot — C? (1 4 cos 29 sin ¢)
KO r2sin2¢sing

Substituting (334) into (332); gives the following equation for v

0 in2
% _ sy (335)
or r (cos 2y — sin )
Integrating this equation with the boundary condition (331) results in
r_ cos ), tan™ 1/’w’ = 1-— singo. (336)
a cos 1 tan™ 1) 2

This equation determines 1 as a function of r in implicit form. Let v, be the value
of ¢ at r = b. Then, it follows from (336) that
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b cos 1y, tan” oy,
a

= . 337
cos Yy, tan iy, (337

This equation should be solved numerically to find the value of /.
Since the solution is independent of 6, the solution to the incompressibility
Eq. (302); satisfying the boundary condition (106) is
aa
Uy = —. (338)

r

Since v is independent of 6, dv/0r is given by (335) and 0v/0t = ady/0a,
Eq. (301), becomes

oY aa sin 24

Oa  r?(cos2y —singp)’

v=a (339)

Here the radial velocity has been eliminated by means of (338). Substituting (338)
and (339) into (302), gives

2aa sin 2
sin Zw% + (cos 2y + sin ) uy — M — 2ar sin goa—¢ (340)
oY r da

2aa sin sin 2v

r (cos 2¢) — sin () -

Since v, is constant, it follows from (336) that

in 2
W _ sm2p (341)
Oa  a(cos21 — sin )
Substituting (336) and (341) into (340) leads to
Oug  (cos 2 + sin )
Oup | COSZOEIME), _ p ),
o sin 29
2a tan™ 1) cos
P ) = 0 .
Cos Yy, tan’ 1y, (cos 21 — sin )
sin o cos ¢ tan¥i" ¥ ) .
X ( e gy Sin 20 4+ cos2y —2sinp ). (342)

Applying I’Hospital’s rule it is possible to find that wlir?p P (¢b) = 2a > 0. Then, it
follows from (342) that

88—”;5 — 2 (d — ugtany) . (343)

=ty
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Here u, is the value of the circumferential velocity at » = a. Taking into account that
the solution is independent of # and replacing differentiation with respect to r with
differentiation with respect to v by means of (335) the shear strain rate is determined
from (41) as

(@ — ugtanyp)

" 2a (¢ — )

Here Eq. (343) has been used to eliminate the derivative dug /0. Equation (335)
in the vicinity of r = a (or ¢y = 1),,) is represented as

& tolw-vn| as v G4

oY 1

_ _ -1
i [k O R BER R U

Integrating this equation with the boundary condition (331) gives

=y = i/:a—i-o(«/r—a) as r — a. (346)
a

Substituting (346) into (344) leads to

(a — ugtanyp)

2Jar —a

Equation (6) in which &, should be replaced with &, is valid. Therefore, the strain
rate intensity factor is determined using (347) as

o = +o [(r — a)_l/z] as r — a. (347)

(a — ugtanyp)

V3a

It is convenient to introduce the dimensionless strain rate intensity factor, d, as the
ratio of the strain rate intensity factor given by (348) to the strain rate intensity factor
given by (112). As a result,

D= (348)

d=1-"ang. (349)
a

The solution of Eq. (342) satisfying the boundary condition (107) is

t m
“ LS (350)
a  costhy tan™TSINe ) sin )

W . .
/ [sin ¢ cos ¢ tan®*i"¥ 5 + tan®1" ¥ 1)y, sin 27 (cos 2y — 2sin )]
X
(cos 2y — sin )

dv.
b
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Fig. 61 Variation of the d
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Here « is a dummy variable of integration and v, is determined from the solution of
Eq.(337). It follows from the definition for u, and (350) that

U

Ug 2 / [sin ¢ cos ¢ (tan v/tan )™ 4 sin 27 (cos 2y — 2 sin o] 4
a  cosg (cos 2y — sin ) o
'l/}lﬂ

(351)
The integrand reduces to the expression 0/0 at v = ,,. Applying I’Hospital’s rule
yields

lim

Y= Yw

[ sin ¢ cos @ (tan ycot ¢y, )" ¥ + sin 2 (cos 2y — 2 sin ¢)
= Cos .

(cos 2y — sin )
(352)
Using (352) the integral in (351) can be evaluated numerically with no difficulty.
Substituting the value of u, found into (349) gives the dimensionless strain rate
intensity factor. Its variation with the ratio a/b at several values of ¢ is depicted in
Fig.61 (curve 1 corresponds to ¢ = 0.1, curve 2 to ¢ = 0.15, curve 3 to ¢ = 0.2,
curve 4 to ¢ = 0.25, and curve 5 to ¢ = 0.3). It is seen from this figure that the strain
rate intensity factor for pressure-independent material is smaller than the strain rate
intensity factor for pressure-dependent material.

6 Axisymmetric Solutions for the Double-Shearing Model
6.1 Basic Equations

Section 6 is concerned with axisymmetric solutions for the double-shearing model. In
this section, a spherical coordinate system (r, 8, 1) will be employed. The solutions
are independent of ¥, the stress oy is one of the principal stresses and the velocity
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uy vanishes. A cross-section of the Mohr-Coulomb yield surface by a plane oyy =
constant is shown in Fig. 62. In general, various regimes of flow arise depending on
the relative magnitudes of oyy, o1 and 0. However, in what follows, regime A only
is of interest. In this regime

o1 (1 +sinp) = 2kcosp + ogy (1 —sing), o3 = oyy. (353)

Using the transformation equations for stress components in rf-planes the stress
components in the spherical coordinate system are expressed as (Fig.21)

O = —p4+qcos2p, opg=—p—qcos2y, o9 =qsin2y. (354)
Here p and g are given by (192). Using (354) the yield criterion (353) transforms to
q— psinp =kcosp, oyy=—p—q. (355)

The velocity equations have been given in [10]. Those are

Err + 00 + Sow = 0, (356)
26,9 €08 20 — (& — Egg) sin 20 + sin  (wyg + ) = 0.

The components of the strain rate tensor are given by (124). Equation (356); is
equivalent to (128). The only non-zero spin component is

| (0u, O
w:_( - —rﬂ—ug). (357)
2r

00 or
Since uy = 0, the derivative ) is given by

oY oY ug oY

h= — U+ — 358
T T (358)
Fig. 62 Cross-section of the o, 4
Mohr-Coulomb yield surface
by plane oyy = constant
O;
(0]
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Equation (131) is replaced with

S =1 — (359)

The equilibrium equations are given by (125).

6.2 Flow of Plastic Material Through an Converging Conical
Channel

This boundary value problem has been formulated and solved for pressure-indepen-
dent material in Sect.4.3 (see Fig.23). An extension of this solution to the double
shearing model has been outlined in [10].

Let v, be the value of 1 at the maximum friction surface § = «a. The direction
of flow (Fig.23) dictates that 0,9 > 0 near the friction surface. Therefore, it follows
from (354) that

0 <ty < g (360)

The orientation of the maximum friction surface shows that ¢; = 0 or ¢ = 0 in
(359). The equation ¢, = 0 contradicts (360). Therefore, ¢; = 0 and

=¥ —
w—ww_4+2 for 0= q. (361)

The main assumptions accepted in [10] are that ¢ is independent of r and uy = O.

Note that the former is in agreement with (361) and the latter automatically satisfies
the boundary conditions (147). Equation (128) reduces to

ou, u,
2— =0.
or r

The general solution of this equation is

U )
r2

(362)

U, = —

where U (0) > 0 is an arbitrary function of 6. The solution for stresses is sought in
the form [40]
g =explf O]r". (363)

Here f (0) is an arbitrary function of # and n = constant. Using (355) and (363) it
is possible to find that
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_explf )17
, = SO

sin ¢

1
ogy = —exp[f (D" (— + 1) + k cot .
sin

k cot ¢, (364)

Substituting (363) and (364) into (354) gives the stresses in terms of f (f) and r.
Substituting these stresses and oy from (364) into the equilibrium Eq. (125) results
in the following equations for ¢ (6) and f (6)

@ _n cos? ¢ — sin @wo (1), 0)

= , 365
deo 2 sin ¢ (sin ¢ 4 cos 29)) (365)
wo (1, 0) = 3sinp + 1 4 cos 24 (3 + sin ) + cot sin 2¢) (1 + sin ) ,
and
df  nsin2¢ —sinp[cotd (1 — cos21)) + sin 21)] (366)
do sin ¢ + cos 21 ’
respectively. Using (365) Eq. (366) can be rewritten as
df  2sinp{nsin2y —sinp[cot§ (1 — cos21)) + sin 2¢)]} (367)

dy n cos? ¢ — sin pwo (1), 0)

An advantage of Eq.(367) over Eq. (366) is that the denominator in (366) vanishes
at ¢ = 1. For the same reason, it is advantageous to rewrite Eq. (365) as

do 2 sin ¢ (sin @ + cos 21))
— = : . (368)
dy  ncos?p — sin pwy(1, )

The process is stationary. Therefore, 0¢/0t = 0. Moreover, by assumption,
ug = 0 and Oy /0r = 0. Therefore, it follows from (358) that ) = 0. Then, using
(124) and (357) it is possible to simplify Eq.(356); to

0 0
(cos 2y + sin @) % — sin 2% (V% — u,) =0.
Substituting (362) into this equation gives
. du .
(cos 21 + sin ) 0 43U sin2y = 0. (369)

The coefficient of the derivative vanishes at ¢ = 1,. Therefore, using (368) it is
advantageous to rewrite (369) as

dUu . —6U sin ¢ sin 29
dip ~ ncos?p — sinpwy(ih, 0)

(370)
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In the case under consideration, the shear strain rate is determined from (124), (362)
and (369) as
1 dU 3U sin 27

2340 T 23 (cos 2t) + sin )’

§ro = (371)

Let U,, be the value of U at § = « (or ¢ = 1),,). Then, expanding the right hand side
of (371) in a series in the vicinity of ¢ = v, yields

3U,, 1
gy tolamy) B o
Equation (368) in the vicinity of ¢ = v, (or § = «) becomes
ﬁ . 4sin @ (1, — )
diy)  ncose — sin g [cos p + cota (1 + sin )]
+o@Ww—1) as P — .

Integrating this equation gives

(e — 1/))2 _ {ncosy —sing [cosg.o—f— cota (1 + siny)]} (@—0) 373)
2sin @

to leading order. Substituting (373) into (372) gives

34/2sin U,
§ro = - . (374)
4r3./ncos p — sin p[cos ¢ + cot o (1 + sin ) [vVa — 0
1
+o0 as 0 — a.
(va - 9)

The normal strain rates are bounded in the vicinity of the maximum friction surface
and |£,9] — oo as § — «. Therefore, Eq. (6) in which &; should be replaced with
& 1s valid. Then, it follows from (6) and (374) that the strain rate intensity factor is

J6sin U,

= 2572 /ncosp — sing [cos g F cota (I £ sin )]

(375)

A difficulty with solving (367), (368) and (370) numerically is that the right hand
sides of these equations contain the expression 0-oco as # — 0 and ¢ — 0. Represent
the function 1 (0) in the form

b () = Ab + BO® + O (93) as 6 — 0. (376)

Substituting this representation into (365) gives
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1
A+239=§( —n—4—2A)—B6‘ as 0 — 0. (377)

sin ¢

Therefore,

n 1
A=—1+—(. —1), B=0
4 \sinp

and Eq. (376) becomes

w<9>=[§(.1 —1)—1}9+0(93) as 0 — 0. (378)

sin

Substituting this representation into (367) and (370) yields

df 1 1 \
Yoz ——Vo+0(o -0 379
v n(2+1+sin<p) + ( ) as 0= (379)
and AU 6U
— = f4+0(¢ 6 — 0, 380
b~ (tsmg) T ( ) » v (380)

respectively. It follows from (378)-(380) that

n sin (3 4 sin ) ) )
= 0’
S =t i sing) n (1 —sing) —dsing] " to(v?) s v
U 12sing

In—=— ; :
Uy [ cos? p —4sing (1 + singp)]

w2+o(¢2) as b —0,  (381)

where fo and Uy are constants of integration. It is seen from (375) that the function
f () is not involved in the expression for the strain rate intensity factor. Therefore,
Eq. (367) is not solved here. The solution of Eq.(370) is

U=Uyw®), (382)

w (1) = exp —6sing0/ 5
ncos? ¢

Uy

sin 2y
. dry
— singwo [, 0(7)]

Equation (168) should be used to determine U,,. In particular, substituting (362) and
(382) into this equation gives

«

0= 27TUW/W(1/)) sin 0d6.

0
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Replacing here integration with respect to 6 with integration with respect to ¥ by
means of (368) yields

-1

d| . (383)

0 7 sin 0 (sin ¢ + cos 2¢)) w (1)

" 4rsing n cos? ¢ — sin pw (1, 0)

In order to make comparison with the solution for pressure-independent material
(Sect.4.3), it is convenient to introduce the dimensionless strain rate intensity factor,
d, by (170).

Using (378) Eq.(368) can be solved numerically if a value of n is specified. An
iterative procedure should be adopted to determine the value of n using the boundary
condition (361). The variation of n with « at several values of ¢ is depicted in Fig. 63
(curve 1 corresponds to ¢ = 0.1, curve 2 to ¢ = 0.15, curve 3 to ¢ = 0.2, curve 4
to ¢ = 0.25, and curve 5 to ¢ = 0.3). Having the solution to Eq. (368) the integrals
in (382) and (383) can be evaluated. Finally, the dimensionless strain rate intensity
factor is determined from (170) and (375). The variation of d with « at several values
of ¢ is depicted in Fig. 64. The broken line corresponds to the model of pressure-
independent plasticity. It is seen that the effect of ¢ on d is not significant (the solid
curves cover the range 0.1 < ¢ < 0.3). It is more pronounced at smaller a-angles
(Fig.65). In this figure, curve 1 corresponds to ¢ = 0.1, curve 2 to ¢ = 0.15,
curve 3 to ¢ = 0.2, curve 4 to o = 0.25, and curve 5 to ¢ = 0.3. It is seen that the
dimensionless strain rate intensity factor increases with . It is interesting to mention
that the opposite tendency occurs at larger a-angles (Fig. 66).

12+ 5

&

0.1 0.3 0.5 0.7

Fig. 63 Variation of n with « at several p-values
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O 1 1 1 1 1 J a
0.1 0.2 0.3 0.4 0.5 0.6 0.7

Fig. 64 Variation of the dimensionless strain rate intensity factor with « at several ¢-values

d

14
12

K,
10

6

0.14 0.16 0.18 0.20 0.22 0.24 @

Fig. 65 Variation of the dimensionless strain rate intensity factor with v at several ¢-values (small
a-values)

6.3 Radial Flow Between Two Conical Surfaces

This boundary value problem has been formulated and solved for pressure-
independent material in Sect.4.4 (see Fig.26). An extension of this solution to the
double shearing model has been given in [40].

Let v ¢ be the value of ¢ at the maximum friction surface § = 6y and 1,, be the
value of ¢ at the maximum friction surface # = 6;. The direction of flow (Fig.26)
dictates that 0,9 < 0 near the friction surface # = 6y and 0,9 > 0 near the friction
surface 6 = 0. Therefore, it follows from (354) that

—g<¢f<o and 0<¢w<g. (384)
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d
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-

0.0 1 1 1 a
0.50 0.54 0.58 0.62

Fig. 66 Variation of the dimensionless strain rate intensity factor with « at several p-values (large
«a-values)

The orientation of the normal to the maximum friction surfaces shows that ¢; = 0
or ¢ = 0 in (359). Equation ¢; = 0 contradicts (384); and equation ¢, = 0 to
(384),. Therefore,

3

¢=¢f=—z—§ for 6 =6, (385)

and T
=1y =—+~= for 0=0. (386)
4 2
The velocity boundary conditions (172) are automatically satisfied assuming that
ug = 0. Then, the radial velocity is given by (362). The general solution for stresses
given in the previous section is also valid. In particular, the dependence of ¢ on 6
and the value of n are determined from (368) and the boundary conditions (385) and
(386). Equations (370) and (371) are also valid. Since the boundary condition (386)
coincides with (361), the strain rate intensity factor corresponding to the maximum
friction surface & = 6 is given by (375). Using the nomenclature of the present
section the expression for this strain rate intensity factor becomes

J6sin U,

Dex = 5/2 z - .
2r5/2/n cos o — sin p [cos  + cot 01 (1 + sin )]

(387)

Here U, is the value of U at = 6. Expanding the right hand side of (371) in a
series in the vicinity of ¢ = 1 ¢ (or 6 = 6) yields

_ 30Uy 1
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Here Uy is the value of U at § = 6. Equation (368) in the vicinity of 1 =
becomes

do 4sing (¢ —1by)
diy)  ncosg — sin @ [cos g — cot by (1 + sin )]

+0(1/)—1/Jf) as 1/)—)1/1f

(389)
Integrating this equation gives
2 {ncosy —siny[cosp — cothy (1 + sin )]}
(=) = L 4 2? 200  (390)
sin
to leading order. Substituting (390) into (388) yields
32 sinU
& = ! (391)

473 /ncos @ — sin p[cos ¢ — cot By (1 + sin @) [+/0 — b

1
+0(ﬁ) as 9—)90

The normal strain rates are bounded in the vicinity of the maximum friction surface
0 =6y and &9 — oo as  — Op. Therefore, Eq. (6) in which &, should be replaced
with &g is valid. Then, it follows from (6) and (391) that the strain rate intensity
factor corresponding to the friction surface § = 6 is

. A 6sim Uy
2152 /ncos ¢ — sin @ [cos ¢ — cot by (1 + sing)]

Din (392)

The solution of Eq.(370) is given by (382). The condition (187) should be used to
determine U,,. In particular, substituting (362) and (382) into this condition results in

0y

0= 27er/w(w) sin 6d6.

o

Replacing here integration with respect to 6 with integration with respect to 1 by
means of (368) yields

-1

ww"
ﬂ _ 1. / sin 6 (sin ¢ —i—'cos 29) w (V) i ’ (393)
Q 4msing n cos?  — sin pwy (1, 0)
/l/)f

where wo (%, 0) is defined in (365). The value of U s is found from (382) as

U =Uyw (wf) . (394)
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In order to make comparison with the solution for pressure-independent material
(Sect.4.4), it is convenient to introduce the dimensionless strain rate intensity factors,
dex and d;,, by Eq.(170). Then, using Eqgs. (387), (392) and (394) yields

V65sinp Uy
dex = = ~ A (395)
24/ncos p — sinp[cos p + cot B (1 +sinp)] \ O
and '
din = Vosinpw (/) (U—) (396)
" 2 /ncosp —sinplcosg —cotfy (1 +sinp)] \ Q)

The ratio U,,/ Q in Egs. (395) and (396) should be eliminated by means of (393).

7 Concluding Remarks

The present chapter provides a comprehensive review of solutions for the strain rate
intensity factor for the model of classical pressure-independent plasticity and the
double-shearing model of pressure-dependent plasticity. Comparison made allows
one to estimate the effect of pressure-dependency of the yield criterion on the magni-
tude of the strain rate intensity factor. The importance of this quantity for applications
is that it controls the intensity of plastic deformation and, as a consequence, the inten-
sity of physical processes in a narrow layer near frictional interfaces. Some theories
have been already proposed to use the strain rate intensity factor in constitutive
equations [41, 42]. In certain sense, these theories are similar to some theories in
the mechanics of cracks based on the stress intensity factor [43]. Since the latter are
very successful in engineering applications, it is expected that the theories based on
the strain rate intensity factor can be successful as well.
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