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Abstract

The basic ideas of the effective core potential approach allowing for valence-only
quantum chemical calculations implicitly including the most important relativis-
tic effects are briefly outlined. The model potential and pseudopotential variants
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are described in their forms mostly applied for molecular electronic structure
calculations. Effective core polarization potentials allowing to overcome some
of the basic approximations underlying the effective core potential approach are
also discussed.

Keywords
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valence orbitals • Core polarization potentials • Frozen-core approximation •
Frozen-core errors • Core-valence separation • Breit interaction • Quantum
electrodynamics • Valence-only Hamiltonian • Relativistic effects • Compu-
tational effort • Error-balanced basis sets • Correlation-consistent basis sets •
Electronic structure • Excited states • Calibration • Copper • Roentgenium

Introduction

The effective core potential (ECP) approach is one of the oldest and still one of the
most frequently used methods in relativistic quantum chemistry [1, 2]. Following
chemical intuition, an atom is partitioned into a core and a valence electron system.
The chemically inert core of the atom is considered to be frozen. It is removed
from the explicit quantum chemical treatment, and its influence on a valence
electron is modeled by an effective Hamiltonian, i.e., the ECP [3]. Thus, basic
approximations underlying the ECP approach are the core-valence separation and
the frozen-core approximation. On the one hand, ECPs lead to significant savings
in the computations, especially for heavier atoms, since compared to an all-electron
(AE) treatment only the smaller number of valence electrons has to be described
explicitly. On the other hand, the corresponding valence-only model Hamiltonian
can be constructed by replacing the relativistic operators with their nonrelativistic
analogues, e.g., the nonrelativistic kinetic energy and the nonrelativistic Coulomb
interaction, and still accounting for relativistic contributions implicitly by a suitable
parametrization of the ECP to relativistic reference data.

The accuracy of a specific ECP thus depends on the accuracy of the underlying
relativistic AE Hamiltonian it is designed to model. It also depends to a certain
extent on the electronic structure method used to generate the suitable AE reference
data for the adjustment of the ECP parameters. Last but not least, it is determined
by the size of the core modeled by the ECP as well as by the chosen analytical
ansatz for the ECP. In most approaches the ECP for a many-valence electron
system is constructed as a sum over effective one-electron operators. Depending
on whether the radial nodal structure of the AE valence orbitals is kept or simplified
in the valence-only scheme, one works within the model potential (MP) [4] or the
pseudopotential (PP) [5] approach.

The formal transformation from valence orbitals with the correct number of
radial nodes used at the AE or MP level to the so-called pseudo-valence orbitals
of the PP schemes exhibiting less radial nodes allows for the usage of smaller
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valence basis sets and thus leads to considerable computational savings. However,
the elimination of radial nodes from the valence orbitals also leads to changes in
the electron interaction between the valence electrons, which is not in all cases
sufficiently compensated by the PP parametrization. Therefore, when using the same
core-valence separation, the MP approach is potentially more accurate than the PP
approach. Concerning the latter, aside from smaller frozen-core errors, small-core
PPs usually exhibit smaller errors due to the pseudo-orbital transformation than
large-core ones and are thus preferred for accurate calculations.

When going from an atom to a molecule, it is usually assumed that the atomic
contributions behave additively, i.e., the molecular ECP is a superposition of the
atomic ECPs. This assumption allows for an atomic parametrization of the ECPs, as
well as an atomic optimization of the corresponding valence basis sets. In view
of the about 120 elements in the periodic table as well as the various possible
choices for the core size and the modeled relativistic Hamiltonian, this assumption
is mandatory for efficiently generating consistent sets of ECPs which can be applied
for all combinations of elements occurring in molecules.

Corrections to the assumption of superposition of atomic ECPs are nevertheless
necessary for large cores, which exhibit in addition to the leading Coulomb
repulsion between the cores modeled as point charges also deviations in their
Coulomb interaction due to their extended and polarizable electron distributions
as well as a noticeable additional repulsion due to the Pauli principle. Typically, the
corresponding Pauli repulsion and mutual charge distribution penetration correc-
tions can be approximated by those pairwise interactions between frozen spherical
atomic cores, which go beyond their simple Coulomb point charge repulsion [6].

The ECPs further can be combined with so-called core polarization potentials
(CPPs), which are effective one- and two-electron operators and allow to correct
somewhat for both the frozen-core approximation and the core-valence separation
[7]. CPPs thus take into account the static polarizabilities of the atomic cores, as
well as their dynamic polarizabilities, i.e., core-valence correlation [8]. In contrast
to ECPs, the CPPs for many-valence electron systems are not merely sums of one-
electron operators. Moreover, although constructed from atomic contributions, the
molecular CPPs are not just superpositions of atomic terms. CPPs can be adjusted
to both AE and experimental reference data.

Besides a parametrization based on ab initio AE reference data, the PP approach,
usually then applied in combination with CPPs, also offers the possibility to adjust
the free parameters in the analytical ansatz for the PP to experimental data [3].
Semiempirical energy-adjusted PPs based on experimental data for one-valence
electron atoms and ions were derived for main group elements [9] as well as
transition metals in configurations with closed d10 shells [6]. Difficulties arise for
transition metals with open d and f shells, since due to the difficulties to accurately
account for valence electron correlation effects a rigorous semiempirical adjustment
is only possible for one-valence electron systems. However, when going from the
corresponding one-valence electron ions to the neutral atom, large frozen-core errors
arise, especially for elements with open d and f shells. Therefore, due to their more
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general applicability to all elements of the periodic table, the current article mainly
focuses on the ab initio PP approaches.

The present article will briefly discuss the at present most frequently used ECPs,
as well as CPPs, for standard molecular quantum chemical calculations. PPs used
for quantum Monte Carlo (QMC) calculations or PPs used in connection with plane
wave basis sets for density functional theory (DFT) calculations of solids are not
described here. The list of references provided in this article is merely a selection of
some representative articles, and as such it is incomplete. Further information on the
topic, including the items omitted here, can be found in numerous review articles;
cf., e.g., Schwerdtfeger [10] or Cao and Dolg [11] and the references cited therein.

General Considerations

A fundamental question before setting up an ECP approach is which AE Hamil-
tonian should be modeled by it. Various approximate relativistic many-electron
schemes are at hand nowadays to generate suitable AE reference data for the ECP
adjustment. In order to avoid any bias by finite basis sets, it is desirable to work
with atomic structure codes using a finite difference scheme and to optimize suitable
valence basis sets after the ECP has been constructed.

All-Electron Reference Approach

Consider a generic AE Hamiltonian for an atom with n electrons, i.e.,

OH D
nX

iD1

Oh.i/ C
nX

iDj C1

n�1X

j D1

Og.i; j /; (1)

where i and j stand for electron indices. Here and in the following, the expression
X.i/ denotes the dependence of the preceding term X on the position vector ri ,
whereas the dependence on only the distance is denoted by X.ri /. Atomic units are
used in the equations.

For a relativistic calculation, the one-electron operator Oh might be chosen as the
Dirac (D) Hamiltonian

OhD.i/ D c Ǫ i � Opi C . Ǒ
i � I4/c2 C OV .ri /; (2)

where the rest energy c2 of the electron was subtracted in order to get the same
zero of energy as in the nonrelativistic case. Here, c stands for the velocity of light
(c � 137.0359895 a.u.). I4 corresponds to the 4 � 4 unit matrix. Ǫ and Ǒ denote the
4 � 4 Dirac matrices
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Ǫ D
�

02 O�
O� 02

�
and Ǒ D

�
I2 02

02 �I2

�
; (3)

which can be written in terms of the three-component vector of the 2 � 2 Pauli
matrices O� ,

O� x D
�

0 1

1 0

�
; O� y D

�
0 �i

i 0

�
; O� z D

�
1 0

0 �1

�
; (4)

the 2 � 2 unit matrix I2, and the 2 � 2 zero matrix 02. Opi D �i Or i is the momentum
operator acting on the i -th electron, with the vector differential (del or nabla)
operator Or i D .@=@xi ; @=@yi ; @=@zi /.

Frequently, instead of the Coulomb point charge model

OV .r/ D �Z

r
(5)

a finite nuclear model is used, e.g., a Gaussian-type charge distribution

��.r/ D �0;� exp.���r2/ with 4�

Z 1

0

dr r2��.r/ D Z�: (6)

The parameter �� can be determined from the nuclear radius R�, which is related to
the nuclear mass according to

�� D 3=.2R2
�/ with R� D 2:2677 � 10�5M

1=3

� : (7)

Other nuclear models, e.g., a hard sphere nucleus or a nucleus with a Fermi-type
charge distribution, are also in use. It is important to note that the accuracy of
modern ECPs can be so high that the parametrization can also include finite nucleus
effects which are noticeable for heavy elements.

For the two-electron terms Og, the simplest choice is the nonrelativistic Coulomb
(C) interaction

OgC .i; j / D 1

rij

: (8)

Inclusion of the magnetic interaction between the electrons leads to the Gaunt (G)
interaction

OgCG.i; j / D 1

rij

� Ǫ i � Ǫ j

rij

; (9)
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which includes the most important correction of the nonrelativistic Coulomb (C)
interaction. Including the retardation of the interaction due to the finite velocity of
light leads to the Breit (B) interaction in its low-frequency limit for the exchanged
photon

OgCB.i; j / D 1

rij

� 1

2rij

"
Ǫ i � Ǫ j C . Ǫ i � rij /. Ǫ j � rij /

r2
ij

#
: (10)

Inserted together with the Dirac Hamiltonian OhD (Eq. 2) into the generic
Hamiltonian (Eq. 1), these three choices for Og lead to the Dirac-Coulomb (DC),
Dirac-Coulomb-Gaunt (DG), and Dirac-Coulomb-Breit (DCB) Hamiltonian,
respectively. For heavy atoms, the latter Hamiltonian has to be augmented to
include also low-order effects from quantum electrodynamics (QED), i.e., a
frequency-dependent expression of the Breit interaction, the electron self-energy,
and the vacuum polarization, leading to the best Hamiltonian which can currently
be applied routinely in atomic structure calculations, e.g., using computer codes
such as GRASP (general relativistic atomic structure package) [12]. These are
usually carried out at the multi-configuration finite difference Dirac-Hartree-Fock
(MCDHF) level to obtain suitable reference data for the determination of the
ECPs.

When answering the initial question which relativistic Hamiltonian the valence-
only approach should model, one has to consider the errors inherent to the ECP
approach as well as possible errors due to the use of finite basis sets and the applied
computational method in practical calculations. It is well known that the total
nonrelativistic energy of an atom roughly increases with the nuclear charge to the
second power, whereas relativistic corrections to it increase with the nuclear charge
to the fourth power. In contrast to this, for a fixed number of valence electrons,
the elements of a group of the periodic table are treated on equal footing within
the ECP schemes, and the corresponding ECP errors are roughly the same for all
members of the group. Thus, whereas for light elements the DC point nucleus
Hamiltonian or approximations to it are usually sufficiently accurate, reference
data based on at least the finite nucleus DCB Hamiltonian becomes mandatory
for heavy elements. Since nowadays atomic electronic structure codes featuring the
DC and DCB Hamiltonians are at hand, modern ECPs use the corresponding AE
reference data. Some older, but nevertheless still very popular, sets of ECPs are
based on approximate relativistic schemes such as the Wood-Boring [13] or Cowan-
Griffin [14] relativistic HF approaches.

Table 1 lists relative energies of selected low-lying electronic states of roent-
genium (Rg, eka-Au, Z = 111) calculated at the HF and MCDHF level using
various forms of the Hamiltonian. The corresponding differential effects, i.e.,
contributions to the energy differences, are provided in Table 2. It is clear that for
an element as heavy as Rg relativistic contributions arising from the Dirac one-
particle Hamiltonian �DC are huge and have to be included. This is also obvious
from the corresponding huge orbital contraction (7s1=2 vs. 7s) and noticeable



14 Relativistic Effective Core Potentials 455

Table 1 Energies (eV) relative to the ground J level of selected low-lying electronic states of
roentgenium (Rg) (Z = 111) [12]

Configuration J P HF DHF/DC

+B lfl +B+QED

pn pn fn fn fn

Rg d9 s2 5/2 + 0 0 0 0 0

3/2 + 0 2:3516 2:3663 2:2975 2:3000

d10 s1 1/2 + �6:2398 2:9685 2:7419 2:6740 2:6107

Rg� d10 s2 0 + �6:3094 �0:1471 �0:2157 �0:2583 �0:2793

RgC d8 s2 4 + 14:5812 9:7898 8:9056 8:9450 8:9670

HF Hartree-Fock (nonrelativistic), DHF Dirac-Hartree-Fock (relativistic), DC Dirac-Coulomb
Hamiltonian, +B perturbative treatment of the Breit interaction, lfl low-frequency limit, QED low-
order quantum electrodynamic contributions (self-energy, vacuum polarization), pn point nucleus,
fn finite nucleus

Table 2 Various contributions to energies (eV) relative to the ground J level of selected low-lying
electronic states of roentgenium (Rg) (Z D 111) [12]

Configuration J P �DC �f n �B �QED

Rg d9 s2 3/2 + 2:3516 0:0147 �0:0688 0:0025

d10 s1 1/2 + 9:2083 �0:2266 �0:0679 �0:0633

Rg� d10 s2 0 + 6:1623 �0:0686 �0:0426 �0:0210

RgC d8 s2 4 + �4:7914 �0:8842 0:0394 0:0220

�DC , DHF/DC pn vs. HF pn; �f n, DHF/DC fn vs. DHF/DC pn; �B , DHF/DC+B lfl fn vs.
DHF/DC fn; �QED , DHF/DC+B+QED fn vs. DHF/DC+B lfl fn; cf. Table 1 for other abbreviations

expansion (6d5=2 vs. 6d) of the valence orbitals depicted in Fig. 1. However, also the
contributions due to a finite nuclear model �f n, the Breit two-electron interaction
�B , and even low-order quantum electrodynamic contributions �QED are above the
accuracy typically achieved for modern ECP approaches in such energy differences,
i.e., 0.01 eV or better.

Frozen-Core Approximation

The most straightforward approach to formally reduce the explicit treatment to
the valence electron system is the frozen-core approximation. The valence-only
Hamiltonian can be written as

OHv D
nvX

iD1

h
Ot .i/ C OVcv.i/

i
C

nvX

iDj C1

nv�1X

j D1

Og.i; j /: (11)

Here nv denotes the number of explicitly treated valence electrons, which adds up
with the number of core electrons nc to the total number of electrons n D nv C nc .
Ot represents the kinetic energy operator in the one-electron Hamiltonian Oh in Eq. 1,
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6d3/2
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Fig. 1 Large components of the relativistic 6d3=2, 6d5=2, and 7s1=2 MCDHF/DC AE spinors
of roentgenium (Rg) (Z D 111) in its 6d9 7s2 ground state configuration in comparison to
corresponding nonrelativistic HF orbitals [12]. For the corresponding orbital energies, cf. Fig. 2

and OVcv is the nonlocal potential for the interaction of a valence electron with the
nucleus and the fixed core electron system. Besides the Coulomb potential arising
from the nucleus, the latter contains a sum over Coulomb operators OJk and exchange
operators OKk constructed from the nc=2 doubly occupied core orbitals, i.e., in the
case of a point nucleus, it reads

OVcv.i/ D �Z

ri

C
nc=2X

kD1

h
2 OJk.i/ � OKk.i/

i
: (12)

Clearly, the computational savings are small, if they are present at all, since the core
orbitals have to be determined in advance and the full primitive AE basis sets are
required to correctly describe the valence orbitals. However, atomic frozen-core AE
calculations are a useful tool to assess the potential accuracy of ECPs applying a
corresponding core definition.

Atomic Effective Core Potentials

Effective core potentials are constructed to model the DCB finite nucleus Hamil-
tonian, or some approximation of it, by using a parametrized valence-only Hamil-
tonian circumventing or at least simplifying the explicit construction of OVcv from
AE solutions. Hereby, a suitable compromise between computational efficiency
and accuracy is sought. The valence-only Hamiltonian is thus kept simple, but
still offers enough flexibility to compensate the approximations underlying the



14 Relativistic Effective Core Potentials 457

ECP approach by a suitable adjustment to AE reference data. In most of the ECP
schemes, the nonrelativistic kinetic energy is used in Oh, and the nonrelativistic
Coulomb interaction between electrons is assumed for Og. In the resulting, formally
nonrelativistic valence-only model Hamiltonian

OHv D �1

2

nvX

iD1

r2
i C

nvX

iDj C1

nv�1X

j D1

1

rij

C
nvX

i

OVcv.i/ (13)

the core-electron interaction terms OVcv have to be chosen so that results of
calculations using the underlying AE Hamiltonian are reproduced as closely as
possible in calculations using a corresponding method for approximately solving
the Schrödinger equation, e.g., by matching results of AE calculations at the DHF
level and corresponding ECP calculations at the two-component HF level. The
whole machinery of nonrelativistic quantum mechanics can be used if a spin-free
form of OVcv is used. Either spin-orbit (SO) coupling is neglected or averaged out
at the level of the AE reference calculations prior to the parametrization of a one-
component ECP, or the two-component ECP adjusted to AE reference data including
SO effects is averaged after the adjustment. The resulting scalar-relativistic valence-
only Hamiltonians might lead to slightly different results.

Choice of the Core

A basic question, besides which Hamiltonian the valence-only approach should
model, is how large the atomic core to be replaced by the ECP should be. Larger
cores make the calculations less expensive, whereas smaller cores usually allow for
a higher accuracy due to smaller frozen-core errors as well as a better transferability
from the atom to the molecule. A suitable compromise has to be found for routine
calculations. Criteria for assigning shells to the core and valence space, respectively,
are orbital energies and the shape of the corresponding radial functions. Some hints
for an efficient choice of the core can also be obtained by performing atomic AE
frozen-core calculations. It frequently turns out that the chemical core, e.g., the core
implied by the ordering of the elements in the periodic system, is not a very accurate
choice, and smaller cores are preferable.

A spatial criterium for separating core and valence orbitals based on the extension
of the radial functions leads to smaller cores and usually to more accurate valence-
only schemes than the energetic criterium based on orbital energies, which favors
larger cores. Thus, a separation including all occupied shells of a given main
quantum number n, as well as those with higher main quantum numbers, in the
valence is favored nowadays. In the case of nd (n D 3; 4; 5; 6/ transition metals, this
corresponds to ns, np, nd, and .nC1/s in the valence space, whereas for nf elements
(n D 4 lanthanides, n D 5 actinides) ns, np, nd, nf, .n C 1/s, .n C 1/p, .n C 1/d,
and .n C 2/s are attributed to the valence space for accurate parametrizations [15].
For heavy main group elements, e.g., those which have one or more filled d shells,
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a choice analogous to the one made for the transition metals provides a sufficiently
high accuracy.

Table 3 lists frozen-core errors for a small-core (1s – 5f) and medium-core (1s –
6p) approximation for roentgenium (Rg). Only the small-core choice can provide
an accuracy of 0.01 eV or better. The medium-core approximation is suggested by
the orbital energies plotted in Fig. 2, both at the nonrelativistic and the relativistic
level. However, the radial overlap of 6d and the 6s, 6p semicore orbitals is obviously
too large to allow high accuracy, and, e.g., noticeable errors in energy differences
depending on the 6d occupation number arise. Clearly, the large-core (1s – 6d)
option is not possible for Rg due to the relativistically induced d9s1 ground state
configuration. The differential relativistic effect in the d10s1 - d9s1 energy difference
amounts to more than 9 eV; cf. Table 2. Figure 2 shows the strong stabilization of 7s
and the destabilization of 6d due to dominating direct and indirect relativistic effects,
respectively. The corresponding orbital contraction and respective expansion are
visualized by the hri expectation values in Fig. 3. The large-core choice is also too
inaccurate for the lighter homologue Au despite its d10s1 ground state configuration,

Table 3 Frozen-core errors (eV) in total MCDHF/DC energies relative to the ground J level of
selected low-lying electronic states of roentgenium (Rg) (Z D 111) using the Rg d9 s2 ground
state configuration core orbitals [12]

Configuration J P �14 �16

Rg d10 s1 1/2 + 0:0053 0:0187

Rg� d10 s2 0 + 0:0021 0:0198

RgC d8 s2 4 + 0:0023 0:0316

�14, 14 core shells frozen (1s – 5f); �14, 16 core shells frozen (1s – 6p)

nrel rel
–6

–5

–4

–3

–2

–1

0

1

or
bi

ta
l 
en

er
gy

 (
H

ar
tr

ee
)

5f
6s

6p

6d
7s

6p1/2

6s1/2

5f7/2

5f5/2

6p3/2

6d3/2

7s1/2

6d3/2

Fig. 2 Orbital energies of roentgenium (Rg) (Z D 111) in its 6d9 7s2 ground state configuration
from nonrelativistic HF and relativistic MCDHF/DC AE calculations [12]
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0 1 2 3 4

<r> (Bohr)

nrel

rel

7s6d6p6s5f

6s1/26p1/2 6p3/25f5/2,7/2 6d3/2 6d5/2 7s1/2

Fig. 3 Radial expectation values hri of roentgenium (Rg) (Z D 111) in its 6d9 7s2 ground state
configuration from nonrelativistic HF and relativistic MCDHF/DC AE calculations [12]

but it works reasonably well for the still lighter members of the group Ag and
especially Cu [6].

In special cases it is even possible to define open-shell cores, which correspond
to an average over all states arising from the core electron configuration. In the
case of lanthanides as well as (heavier) actinides, the f-in-core approximation can
be successfully used in electronic structure calculations to treat an atom/ion with a
given valency, corresponding to a fixed f occupation number, in molecules [11].

Nodes or No Nodes?

Another important question is if the radial nodal structure of the AE valence
orbitals should be kept in the valence-only scheme or if a formal transformation
to pseudo-valence orbitals with less radial nodes should be performed. Keeping the
radial nodal structure unchanged has the advantage of being able to use unchanged
AE operators in the calculations, whereas for pseudo-valence orbitals at least the
operators sampling mainly the core region have to be transformed or effective
operators have to be constructed. A typical and important example is the SO term
of Pauli-type relativistic Hamiltonians, e.g., the Wood-Boring Hamiltonian, which
exhibit a Z=r3 dependence. If such operators are used in calculations with pseudo-
valence orbitals, the (effective) nuclear charge Z is merely an adjustable parameter
and loses it physical meaning. It also turned out, especially for large cores, that
valence correlation energies as well as, e.g., multiplet splittings are more accurate
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Fig. 4 Large components of the 6d3=2, 6d5=2, and 7s1=2 MCDHF/DC AE spinors of roentgenium
(Rg) (Z D 111) in its 6d9 7s2 ground state configuration in comparison to corresponding pseudo-
valence orbitals of a MCDHF/DC+B-adjusted small-core PP (Q = 19) [12, 18]

when the radial nodal structure of the valence orbitals is kept unchanged. This
is related to a possible overestimation of exchange integrals, especially between
valence orbitals for which a different number of radial nodes was removed [16].
On the other hand, it was found that for energy differences of chemical interest the
related errors often cancel [17].

The main advantage of using pseudo-valence orbitals is the reduced basis set
requirements, since the oscillations of the valence orbitals in the core region
resulting from explicit orthogonality constraints with respect to the core orbitals
are replaced by a smooth shape. A comparison between AE valence orbitals [12]
and the corresponding pseudo-valence orbitals of an energy-consistent PP [18] is
provided for roentgenium in Figs. 4 and 5. As seen from Fig. 4, the pseudo-valence
orbitals virtually agree with the corresponding AE valence orbitals in the spatial
valence region, e.g., for distances of more than 1.5 Bohr from the nucleus. In the
spatial core region, which is emphasized by the logarithmic scale of the r axis in
Fig. 5, the pseudo-valence orbitals decay quickly and smoothly when approaching
the nucleus. The two options, keeping the number of radial nodes unchanged and
reducing it, lead to the model potential (MP) [4] and pseudopotential (PP) [19, 20]
approach, respectively.

Pseudopotentials

Pseudopotentials (PPs), in a semiempirical form, were historically the first [3]
and, in their ab initio form, are still the most widely used [10] ingredients for the
core-electron interaction OVcv in the valence-only Hamiltonian (Eq. 13) of an atom.
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Fig. 5 As in Fig. 4, but for a logarithmic scale of the radius r

The theoretical foundation for the PP approach was set in 1959 by Phillips and
Kleinman within an effective one-valence electron framework [5]. A generalization
to many-valence electron cases was provided in 1968 by Weeks and Rice [21]. In
the so-called generalized Phillips-Kleinman (GPK) equation, the valence electron
Hamiltonian OHv is supplemented by the GPK PP OV GPK ,

� OHv C OV GPK
�

j˚pi D Evj˚pi: (14)

Here, Ev denotes the total valence energy, and j˚pi is a many-electron pseudo-
valence eigenfunction. The term pseudo used here means that, e.g., ˚p is built
from orbitals which may have a different radial nodal structure than the AE
valence orbitals. The original AE valence eigenfunction ˚v is assumed to fulfill
the following Schrödinger equation:

OHvj˚vi D Evj˚vi: (15)

˚v and ˚p are related by a projection operator 1 � OPc , which projects out any core
components in the wave function it acts on, i.e.,

j˚vi D .1 � OPc/j˚pi: (16)

By substituting ˚v in Eq. 15 by this expression, acting from the left with 1 �
OPc , exploiting the idempotency of OPc , and comparing to Eq. 14, one arrives the

following expression for the GPK PP

OV GPK D � OHv
OPc � OPc

OHv C OPc
OHv

OPc C Ev
OPc; (17)
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which is a nonlocal, energy-dependent many-electron operator still requiring the
notion of the solutions for the core electron system.

Eqs. 14, 15, 16, and 17 are by no means easier to solve than corresponding
frozen-core HF AE equations. They demonstrate, however, that the correct total
valence energy can be obtained by a valence electron eigenfunction which has a
simplified form, e.g., a simpler radial nodal structure of the underlying orbitals. An
explicit orthogonality of the core and valence electron wave functions is not required
anymore. This can be more easily seen by looking at the case of a single valence
electron outside a closed-shell core treated at the HF level. The valence Hamiltonian
OHv then reduces to a Fock operator OF ; the AE and pseudo-valence wave functions

˚v and ˚p then correspond to the AE valence and PP pseudo-valence orbitals 'v

and 'p , respectively. The total valence energy Ev is replaced by the valence orbital
energy �v . Assuming that the core orbitals 'c are also eigenfunctions of the Fock
operator OF with eigenvalues �c , one can set up the so-called Phillips-Kleinman (PK)
equation

 
OF C

X

c

.�v � �c/j'cih'c j
!

j'pi D �vj'pi: (18)

Any pseudo-valence orbital 'p which is a mixture of the original AE valence orbital
'v and the core orbitals 'c satisfies this equation and yields the correct eigenvalue
�v . One can now seek solutions for which the energetically lowest one is free of
radial nodes and thus requires only a reduced basis set for an accurate description.

However, for practical calculations, both the PK and the GPK equations are of
no use, since in both cases the core-type solutions also have to be known. Moreover,
restricting the pseudo-valence orbitals to be linear combinations of the original
valence orbitals and the core orbitals leads to too compact radial functions and to
related errors in molecular calculations, e.g., too short bond distances and too high
binding energies. Therefore, for practical applications, further simplifications are
necessary, and, in principle, the (formal) admixture of virtual orbitals has also to be
allowed when building the pseudo-valence orbitals.

Essentially all PP approaches neglect the many-electron character and the energy
dependence of the PK and GPK potentials, i.e., they use sums of effective one-
electron Hamiltonians. The leading term of the core-valence interaction is the
Coulomb interaction between the core, assumed as a point charge Q D Z � nc ,
and the valence electron i

OV PP
cv .i/ D �Q

ri

C � OVcv.i/: (19)

The analytical forms of the correction � OVcv are discussed in the following.
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Local Form

Historically, a local potential of Yukawa type was used by Hellmann [3] in his 1935
study of the K atom:

� OVcv.i/ D 2:74

r
e�1:16r : (20)

One disadvantage of the local ansatz is, e.g., that the valence energies for a given
pseudo-main quantum number Qn increase with the angular momentum quantum
number l . This ordering is not always fulfilled, e.g., the (n�1)d1 2D states of CaC,
SrC, and BaC are found experimentally below the np1 2P states.

Semilocal Form

For the deviation from the Coulomb potential, a semilocal form is used in modern
PPs [20], e.g., for scalar-relativistic calculations, the ansatz is

� OVcv.i/ D
lD1X

lD0

Vl .ri / OPl.i/: (21)

Here, OPl denotes an angular momentum projection operator based on spherical
harmonics jlmi

OPl.i/ D
mDlX

mD�l

jlmihlmj: (22)

Usually, the radial potentials Vl are very similar for angular momenta which are
higher than those present in the core. Thus, a simpler approximate ansatz can be
used, i.e.,

� OVcv.i/ Š VL.ri / C
L�1X

lD0

ŒVl .ri / � VL.ri /� OPl.i/; (23)

where L � 1 denotes the largest angular momentum of any of the core orbitals.
Relativistic calculations including SO coupling require a modified semilocal

ansatz [22, 23] such as

� OVcv.i/ D
lD1X

lD0

j DlC 1
2X

j Djl� 1
2 j

Vlj .ri / OPlj .i/; (24)
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where now OPlj denotes the projector on spinor spherical harmonics jljm >

OPlj .i/ D
mDjX

mD�j

jljmihljmj: (25)

Again, the summation over angular symmetry may be truncated at L, when L � 1

stands for the highest angular quantum number present in the core, i.e.,

� OVcv.i/ Š VL.ri / C
lDL�1X

lD0

j DlC 1
2X

j Djl� 1
2 j

ŒVlj .ri / � VL.ri /� OPlj .i/: (26)

SO coupling usually lowers the symmetry and therefore makes quantum chemical
investigations more expensive. It is thus advisable to use SO coupling as late as
possible in the calculations. The options are, e.g., to perform a SO-CI after standard
SO averaged configuration interaction (CI) or coupled cluster (CC) calculations for
the interacting states in the basis of correlated scalar-relativistic (LS or 	S ) states, to
perform the SO-CI in the basis of determinants and thus include electron correlation
and SO coupling on the same footing, or to include it from the very beginning in
the SCF process. The latter one-step approach is closest to modeling the underlying
two- or four-component Hamiltonian, but it is also more costly than the two previous
two-step procedures.

For the two-step procedures in which SO coupling is treated after the scalar-
relativistic HF or even CI level, the relativistic PP in Eqs. 24 or 26 is splitted up in
a spin-free (spin-dependent terms neglected or averaged, av) and a spin-dependent
(spin-orbit, so) part

� OVcv.i/ D � OVav.i/ C � OVso.i/: (27)

The one-component PP � OVav can be obtained from the two-component one by
applying the relations for the projection operators

OPl.i/ D
X

j

OPlj .i/ D OPl;jl� 1
2 j.i/ C OPl;lC 1

2
.i/ (28)

and radial potentials

Vl.ri / D 1

2l C 1
ŒlVl;jl� 1

2 j.ri / C .l C 1/Vl;lC 1
2
.ri /�: (29)

The scalar-relativistic PP � OVav formally corresponds to the PPs defined in Eqs. 21
or 23. The corresponding SO term reads as

� OVso.i/ D
L�1X

lD1

�Vl.ri /

2l C 1
Œl OPl;lC1=2.i/ � .l C 1/ OPl;l�1=2.i/�: (30)
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Here, �Vl is the difference between the relativistic radial potentials for the
corresponding l value

�Vl.ri / D Vl;lC 1
2
.ri / � Vl;jl� 1

2 j.ri /: (31)

A simpler form of the SO PP � OVso, which is especially suited for use in SO-CI
calculations following a scalar-relativistic HF solution, was proposed by Pitzer and
Winter [24]:

� OVso.i/ D
L�1X

lD1

2�Vl.ri /

2l C 1
OPl.i/Oli � Osi

OPl.i/: (32)

An alternative way to include SO coupling in PP calculations is the usage of a
Pauli-type SO operator

� OVso.i/ D ˛2

2

Zeff

r3
i

Oli � Osi : (33)

In contrast to Eq. 32, this form of the SO term is not variationally stable and can only
be used in perturbation theory. Moreover, due to the altered shape of the pseudo-
valence orbitals in the core region, the parameter Zeff takes values which are far
from those of an effective nuclear charge.

The angular parts of the ECPs given in Eqs. 23 and 26 are fixed in the semilocal
ansatz. The radial potentials however have to be parametrized. In order to be able
to perform calculations on multicenter systems, where mainly Gaussian basis sets
are applied, the radial potentials are usually represented by linear combinations of
Gaussian functions multiplied by powers of r

Vm.ri / D
X

k

Akmr
nkm

i e�akmr2
i with m D l; lj; L: (34)

The free parameters Akm, akm have to be determined by a suitable adjustment to
AE reference data, as will be discussed in section “Adjustment”. For integrability,
nkm � �2 is required. Integrals over semilocal PPs as well as the corresponding SO
terms for Cartesian Gaussian basis functions were derived, e.g., by McMurchie and
Davidson [25] and Pitzer and Winter [24, 26].

Nonlocal Form

The integral evaluation over semilocal pseudopotential operators is quite involved
and may become quite costly if many centers in the system are bearing PPs. Pélissier
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et al. therefore proposed a transformation of the atomic semilocal part Vl
OPl of the

PPs in Eqs. 21 and 23 into a nonlocal form [27]

OQV l.i/ D
X

j

X

k

Ajkjgj .i/ihgk.i/j: (35)

Here, the jgj i are orthonormalized linear combinations of Cartesian Gaussian
functions

˝
rjgj

˛ D
X

k

Bjkxljx yljy zlj ze�bjkr2

with ljx C ljy C lj z D l: (36)

The parameters in Eq. 35 can be determined by minimizing the sum S of squared

differences of matrix elements over OQV l and Vl for a large atom-centered basis set
fj
j gi of appropriate angular symmetry l

S D
X

jk

�
h
j j OQV l j
ki � h
j jVl j
ki

�2

: (37)

The nonlocal operator OQV l can further be cast into a simpler form by diagonalizing
the matrix of the coefficients Ajk :

OQV l.i/ D
X

j

NAj j Ngj .i/ih Ngj .i/j: (38)

Here, NAj and j Ngj i denote the resulting eigenvalues and eigenvectors of the ŒAjk�

matrix in the original fjgj ig basis. The integral evaluation in molecular calculations
is thus reduced to the calculation of overlap integrals between the molecular basis
and the expansion basis fj Ngig. Similarly, the evaluation of derivatives of PP matrix
elements with respect to the nuclear coordinates, which are needed in energy
gradients for geometry optimizations, involves only the computation of derivatives
of these overlap integrals.

Adjustment

For the adjustment of the free parameters in the radial PPs of the semilocal ansatz,
two approaches differing in the type of AE reference data are in use today, i.e.,
the shape-consistent approach based on one-particle energies and wave functions
(e.g., orbital energies and orbitals or spinor energies and spinors) or the energy-
consistent approach relying exclusively on total valence energies. Thus, whereas
the shape-consistent approach makes use of quantities defined only within an
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effective one-particle picture, the energy-consistent approach is based on quantum
mechanically observable energy differences, i.e., excitation energies, ionization
potentials, and electron affinities, and makes no use of wave function information.

Shape-Consistent Approach
The main idea of the shape-consistent approach [28, 29] is to select one suitable
atomic reference state, to keep the orbital energy �p of the PP calculation at the value
of the AE reference calculation �v and to reproduce with the pseudo-valence orbital
'p;lj exactly the radial shape of the AE valence orbital 'v;lj in the spatial valence
region, e.g., outside a reasonably chosen critical radius (r � rc). In the spatial core
region (r < rc), the pseudo-valence orbital is represented by an auxiliary function
flj , i.e.,

'p;lj .r/ D
�

'v;lj .r/ for r � rc

flj .r/ for r < rc

and �p;lj D �v;lj : (39)

Usually, a polynomial is used for flj , which is required to be radially nodeless
and smooth, fulfills certain matching conditions at rc , and leads to a normalized
pseudo-valence orbital. In the case of reference data taken from, e.g., MCDHF/DC
calculations, the renormalized upper (large) components of the spinors are used for
'v;lj . The lower (small) components influence the radial density mainly in the core
region, which is modified by the usage of flj anyhow, and can thus be neglected.

Once the pseudo-valence orbital 'p;lj has been constructed, the radial part Vlj .r/

of the corresponding semilocal PP � OVcv can be determined for each lj -value from
the radial Fock equation for the chosen atomic reference state:

�
�1

2

d 2

dr2
C l.l C 1/

2r2
C V PP

lj .r/ C OWp;lj .f'p0;l 0j 0g/
�

'p;lj .r/ D �v;lj 'p;lj .r/:

(40)
Here, the radial kinetic energy operator is represented by the first two terms in
the square brackets, whereas the last term OWp;lj stands for the effective valence
Coulomb and exchange potential acting on 'p;lj . The radial potential Vlj can be
determined pointwise on a grid by inversion. It is usually approximated by a linear
combination of Gaussian functions, possibly multiplied by powers of r ; cf. Eq. 34.
By repeating this procedure for each lj -combination, the complete PP in semilocal
form can be constructed. The construction of scalar-relativistic PPs and their radial
potentials Vl , e.g., based on Cowan-Griffin [14] HF reference data, is performed in
analogous fashion using the AE valence orbital 'v;l and its orbital energy �v;l .

In order to generate compact Gaussian expansions for the radial potentials Vl

or Vlj , Durand and Barthelat proposed to minimize the following operator norm
[30, 31]:

jj OOjj D
D
'pj OO2j'p

E1=2

with OO D Q�vj Q'p ih Q'pj � �vj'p ih 'pj: (41)
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Here, the quantities without tilde correspond to the exact Vl or Vlj from a radial Fock
equation such as Eq. 40, whereas those with tilde are calculated with an analytical
potential QVl or QVlj .

One advantage of the shape-consistent approach is that (in optimal cases) only
one converged reference state is needed to derive a PP. Thus, even derivations of
0-valence electron potential modeling, e.g., rare gas elements, are possible. On the
other hand, the restriction to one reference state may also lead to a bias of the PP
between this state and others which might be equally important. Here, a suitable
averaging might help. Another drawback is the requirement that the pseudo-valence
orbitals in Eq. 39 have to be nodeless due to the necessary inversion of the radial
Fock Eq. 40. Thus, the adjustment sometimes has to be performed for highly charged
ions, which might lead to noticeable frozen-core errors when the PP is applied for
the neutral atom or lower charged ions. Prescriptions to overcome this restriction
were advised in the generalized relativistic effective core potential (GRECP) ansatz
[32]. However, due to the necessary extension of the semilocal PP by nonlocal terms,
the approach leads to a more complicated valence-only Hamiltonian and is thus not
widely used.

The most popular shape-consistent PP sets using the semilocal ansatz, which
is applicable for most standard quantum chemistry codes, are those of Hay and
Wadt [33], Christiansen and collaborators [34], and Stevens, Krauss, and cowork-
ers [35]. Whereas the first set is based on scalar-relativistic Cowan-Griffin AE
HF calculations, the latter two sets use DHF/DC AE reference data. The set of
Christiansen and collaborators covers essentially all elements of the periodic table.
For a complete list of references to these PP sets, cf. Ref. [11].

Energy-Consistent Approach
In the energy-consistent approach [10, 15], first an analytical ansatz for the radial
potentials Vl or Vlj in the PP is made. The free parameters therein are then adjusted
to reproduce best the total valence energies of a multitude of electronic states of
the neutral atom and its (not too highly charged) ions. This is usually achieved by
minimizing the following quantity:

S D
X

I

wI .EPP
I � EAE

I C �Eshift/
2 WD min: (42)

Here, EAE
I and EPP

I represent the total valence energies for a state I at the AE
and PP level. The weights wI could in principle be used to increase the accuracy
for states of special interest, but they are usually set to one or to values leading
to equal weights for all configurations included in the fit. The global shift �Eshift

amounts usually to a small fraction of the total valence energies. It allows for each
state I a systematic deviation of the total PP valence energy from the AE reference
value (e.g., the sum of all valence ionization potentials for the ground state), but
usually leads to much better energy differences between the states included in
the adjustment (e.g., the lower ionization potentials, excitation energies, and the
electron affinity).
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A disadvantage of the energy-consistent approach is that a quite large number
of states, which are partly not necessarily of direct physical interest, have to be
included in the adjustment. For example, in order to describe semicore shells well,
energetically high-lying states with excitations and ionizations from these have to
be included in the reference data set. Sometimes, the reference data set has to
be unwillingly restricted due to convergence difficulties. On the other hand, one
advantage is that a large number of states of interest can be described in a balanced
way and that the reference energies might also include contributions which are not
treated self-consistently at the AE reference level, e.g., the Breit interaction or QED
contributions.

Energy-consistent PPs adjusted to Wood-Boring AE HF reference data are
available for most main groups as well as d- and f-transition metals. More recent
parametrizations are based on MCDHF/DC+B or even MCDHF/DC+B+QED AE
reference data and are available for heavy main group elements [36], d-transition
metals [37,38], some actinides [15], as well as some superheavy elements [39]. For
a complete list of references to these PP sets, cf. Ref. [11].

Model Potentials

Model potentials (MPs) [4], in contrast to pseudopotentials, retain the correct radial
nodal structure of the AE valence orbitals. They are based on the Huzinaga-Cantu
equation [40]

 
OF C

X

c

.�2�c/h'c jj'ci
!

j'vi D �vj'vi (43)

and bridge the gap between PPs and AE frozen-core calculations. A shift operator
added to the Fock operator OF , i.e., the second term in parentheses in Eq. 43, moves
the energies of the core orbitals upward by �2�c , so that a desired valence orbital
is the lowest energy solution. Hereby, unlike in the PP approach where core and
virtual orbitals are admixed to the valence orbital to yield a nodeless pseudo-valence
orbital, the MP valence orbital keeps the nodal structure of the corresponding AE
valence orbital. It is obvious that the primitive basis sets used in MP calculations
have to be larger than those of PP calculations.

The interaction between a valence electron i and the atomic core is written in the
MP approach as

OV MP
cv .i/ D �Q

ri

C � OVC .i/ C � OVX .i/ C OP .i/: (44)

Here, � OVC .i/ is the Coulomb (C ) interaction between the core electrons and the
valence electron
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� OVC .i/ D �nc

ri

C 2
X

c

OJc.i/ (45)

and � OVX .i/ stands for the corresponding exchange (X ) interaction

� OVX .i/ D �
X

c

OKc.i/: (46)

OJc.i/ and OKc.i/ denote for the Coulomb and exchange operators for the core orbital
j'ci. The shift operator

OP .i/ D
X

c

.�2�c/j'c.i/ih'c.i/j (47)

prevents the MP valence orbitals to collapse into core-like solutions.

Ab Initio Model Potentials

One of the most successful variants of the MP approach is the ab initio model
potentials (AIMPs) developed by Seijo, Barandiarán, and coworkers [41]. The
Coulomb interaction of a valence electron and the core is represented by a local
spherically symmetric potential

� OVC .i/ D �VC .ri / D 1

ri

X

k

Cke�˛kr2
i : (48)

A least-squares fit to the AE potential is used to determine the parameters ˛k , Ck

under the constraint
P

k Ck = Z�Q = nc enforcing the correct asymptotic behavior.
A spectral representation is used for the nonlocal exchange part

� OVX .i/ D
X

p;q

j
p.i/iApqh
q.i/j: (49)

This MP operator yields the same Coulomb and exchange (one-center) integrals
as the AE reference calculation, provided that sufficiently accurate expansions are
used in Eqs. 48 and 49. The shift operator in Eq. 47 is constructed with core orbitals
represented in sufficiently large AE basis sets.

Scalar-relativistic effects are taken into account implicitly. Using a Cowan-
Griffin [14] scalar-relativistic AE reference calculation, the parameters in the
Coulomb term (Eq. 45) and the shift operator (Eq. 47) are modified accordingly.
In addition, the spectral representation of the mass-velocity and Darwin terms are
added to the nonlocal representation of the exchange part (Eq. 49).
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In order to take also SO coupling into account, an effective one-electron operator
similar to the form proposed by Pitzer and Winter [24] for PPs is added [42]:

� OVcv;so.i/ D
X

l

 
X

k

Blk

r2
i

e�ˇlkr2
i

!
OPl.i/Oli � Osi

OPl.i/: (50)

Here, Oli D Ori � Opi and Osi denote the operators of orbital angular momentum and
spin, respectively. The coefficients Blk and exponents ˇlk are determined by means
of a least-squares fit to the radial components of the Wood-Boring [13] AE SO term.

Model Core Potentials

The model core potential (MCP) approach advocated by Klobukowski and cowork-
ers [43, 44] uses a simpler, entirely local approximation for the Coulomb and
exchange terms than the AIMP approach, i.e.,

� OVC .i/ C � OVX .i/ D �Q

ri

X

k

Akr
nk

i e�˛kr2
i : (51)

The values of nk are restricted to 0 and 1. The model potential parameters Ak and
˛k are determined by a simultaneous fit to orbital energies and corresponding radial
functions for a given reference state.

Molecular Effective Core Potentials

The molecular valence-only Hamiltonian for a system with N atoms

OHv D �1

2

nvX

iD1

r2
i C

nvX

iDj C1

nv�1X

j D1

1

rij

C
nvX

i

OVcv.i/ C Vcc (52)

is usually constructed by using a superposition of the atomic potentials

OVcv.i/ D
NX

ID1

OV I
cv.i/: (53)

Here and in the following, I and J stand for nuclear indices. The interaction
between the nuclei and cores I , J

Vcc D
NX

J DIC1

N �1X

ID1

�
QI QJ

rIJ

C �V IJ
cc .rIJ /

�
(54)
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has as leading term the Coulomb interaction between the point charges QI and
QJ , which equal the nuclear charges or the core charges depending on whether the
centers are treated at the AE or ECP level. The pairwise corrections �V IJ

cc .rIJ /

describe deviations from the Coulomb repulsion of the point charges, e.g., for
mutually penetrating cores, where besides modified electrostatic contributions
also orthogonality constraints and the Pauli repulsion between the electron shells
localized on different cores have to be considered.

For large cores, the point charge approximation used in Eq. 54 is not sufficiently
accurate, and core-core/nucleus repulsion corrections have to be added, e.g.,

�V IJ
cc .rIJ / D BIJ e�bIJ rIJ : (55)

The parameters BIJ , bIJ can be fitted to the deviations of the core-core and/or core-
nucleus interactions from the point charge model as obtained from AE HF or DHF
calculations for pairs of interacting frozen cores [6].

Core Polarization Potentials

For large, easily polarizable cores, a core polarization potential (CPP) OVcpp can
be added to the Hamiltonians (Eqs. 13 and 52) in order to account for static core
polarization effects occurring already at the HF level as well as for dynamic core
polarization effects related to core-valence correlation, i.e.,

OVcpp D �1

2

X

I

˛I
Of2

I : (56)

Here, ˛I is the static dipole polarizability of the core I , and OfI denotes the electric
field produced by all valence electrons as well as all other cores and nuclei at the
core I

OfI D �
X

i

riI

r3
iI

C
X

J ¤I

QJ

rJI

r3
JI

: (57)

For short distances between the polarizing particles and the polarized core, problems
arise due to the breakdown of this expression. The electric field is therefore
multiplied by a cutoff function F , i.e.,

OfI D �
X

i

riI

r3
iI

F .riI ; ıI
e / C

X

J ¤I

QJ

rJI

r3
JI

F .rJI ; ıI
c /: (58)

A suitable ansatz for F was proposed by Meyer and coworkers [8] in the framework
of AE calculations and was successfully adopted for large-core PPs [7]:
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F .riI ; ıI / D Œ1 � exp.�ıI r2
iI /�n with x D i; I: (59)

The dipole polarizability ˛I of the core I can be, e.g., evaluated at the coupled
HF or DHF level, whereas the cutoff parameter ıI can be fitted to match ionization
potentials of one-valence electron systems from correlated calculations. Alterna-
tively, the parameters can also be taken from experimental data, if this is available
with sufficiently high accuracy.

It should be noted that unlike the ECPs (PPs, MPs), the CPP of a many-
valence electron atom has one- and two-electron contributions and the CPP for a
multicenter system is not a simple superposition of atomic one-electron potentials.
The square of the electric field OfI in Eq. 56 leads to modified electron-electron and
core-core/nuclei interactions. Integrals over the above CPP operator for Cartesian
Gaussian basis functions have been derived and implemented by Schwerdtfeger and
Silberbach [45].

The usage of CPPs is especially popular for semiempirical large-core PPs,
e.g., when treating alkaline and alkaline earth elements as one- and two-valence
electron atoms, respectively [7, 46]. CPPs are also used in combination with
semiempirical large-core PPs for main group elements [9] or when treating the
group 11 and 12 metals with closed d10 shell as one- and two-valence electron atoms,
respectively [6]. In the latter case, the extension to include higher-order effects, e.g.,
the quadrupole polarizability, has also been explored [47]. Their usage of CPPs
together with ab initio small-core PPs as well as with MPs in general has not yet
been sufficiently investigated, despite their quite successful applications at the AE
level [8].

Valence Basis Sets

For the MP approach, the computational savings arising from the use of specially
optimized valence basis sets are relatively small, since the MP valence orbitals
keep all radial nodes which are present in their AE counterparts. The situation is
quite different for the PP approach, since here the number of radial nodes in the
pseudo-valence orbitals is reduced for most angular quantum numbers with respect
to the AE case. Since the shape of the PP in the core region is to a certain extent
arbitrary, each PP requires an individually optimized valence basis set. The usage
of (truncated) AE basis sets or valence basis sets adopted from another PP may
lead to significant errors in the total valence energies and in consequence possibly
also to errors in the calculated atomic and molecular properties. The PP approach
has the advantage to lead to relatively small basis set superposition errors. This
advantage however may be lost when basis sets not optimized for the specific PP are
used. Many of the published sets of PPs come together with corresponding valence
basis sets, which therefore should be used in unchanged form or might be further
extended, e.g., by adding diffuse, polarization, and correlation functions.
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During the last decades, it became quite popular to use series of basis sets,
e.g., in order to estimate the basis set limit from results of, e.g., double-, triple-,
and quadruple-zeta quality by extrapolation techniques. For energy-consistent PPs,
two types of such systematic basis sets have been developed for a large number
of elements, i.e., the correlation-consistent generalized contracted basis sets of
Peterson and collaborators (e.g., cc-pVXZ-PP and cc-pwCVXZ-PP, X = D, T, Q,
5) [36–38] and the error-balanced segmented contracted basis sets of Weigend and
coworkers (def2-XVP and dhf-XVP, X = S, TZ, QZ) [48, 49]. The focus in the
latter basis sets was also put on their performance in two-component HF and DFT
calculations (dhf-XVP-2c, X = S, TZ, QZ). Further references to these and other
basis sets for ECPs are provided in Ref. [11].

Calibration

A successful adjustment of an ECP for an atom at a certain level of theory, e.g., at
the HF or DHF level, does not guarantee its success in calculations using different
computational methods, e.g., correlated approaches, or when the ECP is used in
a molecular environment. Calibration calculations with a rigorous comparison to
results of accurate AE calculations, preferentially using the Hamiltonian the ECP
aims to model and basis sets of comparable quality, or experimental data are
therefore mandatory for ECPs.

Figure 6 summarizes results for the ground state of Cu2 when Cu is treated
as a one-valence electron ion [6]. The underlying large-core PP replacing the
1s2 : : :3d10 core is designed to model scalar-relativistic DHF/DC results. The core-
core repulsion correction elongates the bond by more than 0.3 Bohr, whereas the
inclusion of static core polarization and core-valence correlation by means of a CPP
shortens the bond by more than 0.2 Bohr. After including valence correlation with a
local correlation density functional, the bond distance agrees within 0.1 Bohr with
the experimental value. The better performance of the PP at the HF level without any
corrections is most likely due to error cancellations. This becomes obvious from the
corresponding results for the binding energy and the vibrational frequency, which
approach the experimental values very systematically upon adding the corrections.

An example for a correlated atomic calibration study of a MCDHF/DC+B-
adjusted small-core PP for the roentgenium atom is provided in Table 4. AE DCB
Fock-space coupled cluster (FSCC) results of Eliav et al. [50] using very large basis
sets are compared to corresponding PP MRCI data using standard basis sets [18],
which are applicable also in molecular calculations [39]. The agreement with the AE
reference data is on the average within 0.15 eV (3 %) provided that, as necessary in
the FSCC approach, the spinors are taken from the closed-shell d10 s2 1S0 anion
ground state. Larger deviations occur when spinors individually optimized for each
configuration are used in the PP MRCI calculations, which points to substantial
relaxation effects not covered by the FSCC approach. The deviations between AE
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Fig. 6 Equilibrium distance Re , binding energy De , and vibrational frequency !e of Cu2 from
HF calculations with a DHF/DC-adjusted one-valence electron PP, including a core-core (cc)
repulsion correction, a core polarization potential (CPP), and valence correlation (corr) by means
of the Vosko-Wilk-Nusair local correlation functional [6]. Experimental values are indicated by the
horizontal dashed lines

Table 4 Electron affinity (EA), excitation energies (EE), and ionization potentials (IP) of
roentgenium (Rg) (Z D 111) from MRCI PP calculations in comparison to AE DCB FSCC results
(eV) [18, 50]

AE FSCC PP MRCI
DC DCB Basis a Basis b

EA d9 s2 2D5=2 – d10 s2 1S0 1:542 1:565 1:588 0:991

EE d9 s2 2D5=2 – d9 s2 2D3=2 2:719 2:687 2:629 2:511

d9 s2 2D5=2 – d10 s1 1S1=2 3:006 2:953 2:691 3:070

IP d9 s2 2D5=2 – d8 s2 3D4 10:57 10:60 10:859 9:852

d9 s2 2D5=2 – d9 s1 3D3 12:36 12:33 12:408 11:925

d9 s2 2D5=2 – d10 1S0 15:30 15:23 14:989 14:912

m.a.d. 0:15 0:39

m.r.d. 3:0 13:6

AE FSCC: 26s21p16d9f7g5h, atomic spinors from d10 s2 1S0

PP MRCI basis a: (12s11p9d3f)/[5s7p5d3f], atomic spinors from d10 s2 1S0

PP MRCI basis b: (12s11p9d3f)/[5s7p5d3f], individual atomic spinors for each configuration
Mean absolute deviations (m.a.d., eV), mean relative deviations (m.r.d., %)



476 M. Dolg

Table 5 Bond distances Re (Å) and force constants ke (N/m) for the monohydride of roentgenium
from AE and PP calculations [39]

Method DHF MP2

Re ke Re ke

AE, DCG 1:520 453:10 1:502 477:95

PP, DC+B 1:518 451:98 1:498 477:45

and PP data in these calculations are much larger than in the PP fit: in the case
of Rg, the energy adjustment was performed for 37 nonrelativistic configurations
corresponding to 309 J levels. The mean absolute errors in the total valence energies
were below 0.01 eV both for the nonrelativistic configurations and the J levels.

Table 5 lists results for the equilibrium distance and the force constant of the
monohydride of roentgenium using the same MCDHF/DC+B-adjusted small-core
PP for roentgenium in two-component HF and MP2 calculations [39]. Comparison
is made to corresponding AE DHF/DCG results, i.e., the Gaunt term was used
instead of the full Breit term. In view of the very large relativistic bond length
contraction of about 0.5 Å the obtained accuracy of better than 0.004 Å (0.27 %)
of the PP results for the bond distances is quite satisfactory. The agreement of the
force constants is better than 0.25 %.

Summary

The effective core potential approach, i.e., its model potential and pseudopotential
variants, and the effective core polarization potential approach have been briefly
reviewed. Despite the development of efficient, i.e., not too costly but still accurate,
relativistic all-electron schemes, effective core potentials will still remain the
workhorse for relativistic quantum chemical calculations on larger systems. The
possibility to include besides the Dirac relativity also the Breit interaction as well
as quantum electrodynamic effects implicitly in the calculations for heavy elements
renders the approach quite attractive, besides the computational savings due to the
reduced number of electrons to deal with.

References

1. Pyykkö P (1978) Relativistic quantum chemistry. Adv Quantum Chem 11:353–409
2. Pyykkö P (1988) Relativistic effects in structural chemistry. Chem Rev 88:563–594
3. Hellmann H (1935) A new approximation method in the problem of many electron electrons.

J Chem Phys 3:61
4. Bonifacic V, Huzinaga S (1974) Atomic and molecular calculations with the model potential

method. I. J Chem Phys 60:2779–2786
5. Phillips JC, Kleinman L (1959) New method for calculating wave functions in crystals and

molecules. Phys Rev 116:287–294



14 Relativistic Effective Core Potentials 477

6. Stoll H, Fuentealba P, Dolg M, Flad J, v. Szentpály L, Preuß H (1983) Cu and Ag
as one-valence-electron atoms: pseudopotential results for Cu2, Ag2, CuH, AgH, and the
corresponding cations. J Chem Phys 79:5532–5542

7. Fuentealba P (1982) On the reliability of semiempirical pseudopotentials: dipole polarizability
of the alkali atoms. J Phys B: At Mol Phys 15:L555–L558

8. Müller W, Flesch J, Meyer W (1982) Treatment of intershell correlation effects in ab initio
calculations by use of core polarization potentials. Method and application to alkali and
alkaline earth atoms. J Chem Phys 80:3297–3310

9. Igel-Mann G, Stoll H, Preuss H (1988) Pseudopotentials for main group elements (IIIa through
VIIa). Mol Phys 65:1321–1328

10. Schwerdtfeger P (2003) Relativistic pseudopotentials. In: Kaldor U, Wilson, S (eds) Progress in
theoretical chemistry and physics: theoretical chemistry and physics of heavy and superheavy
elements. Kluwer Academic, Dordtrecht, pp 399–438

11. Cao X, Dolg M (2012) Relativistic pseudopotentials: their development and scope of applica-
tions. Chem Rev 112:403–480

12. Dyall KG, Grant IP, Johnson CT, Parpia FA, Plummer EP (1989) GRASP –
a general-purpose relativistic atomic structure program. Comput Phys Commun 55:
425–456

13. Wood JH, Boring AM (1978) Improved Pauli Hamiltonian for local-potential problems. Phys
Rev B 18:2701–2711

14. Cowan RD, Griffin DC (1976) Approximate relativistic corrections to atomic radial wave
functions. J Opt Soc Am 66:1010–1014

15. Cao X, Dolg M (2012) Relativistic pseudopotentials. In: Barysz M, Ishikawa Y (eds)
Relativistic methods for chemists. Challenges and advances in computational physics, vol 10.
Wiley, Chichester, pp 200–210

16. Pittel B, Schwarz WHE (1977) Correlation energies from pseudopotential calculations. Chem
Phys Lett 46:121–124

17. Dolg M (1996) On the accuracy of valence correlation energies in pseudopotential calculations.
J Chem Phys 104:4061–4067

18. Hangele T, Dolg M, Hanrath M, Cao X, Schwerdtfeger P (2012) Accurate relativistic energy-
consistent pseudopotentials for the superheavy elements 111 to 118 including quantum
electrodynamic effects. J Chem Phys 136:214105-1-11

19. Schwarz WHE (1968) Das kombinierte Näherungsverfahren. I. Theoretische Grundlagen.
Theor Chim Acta 11:307–324

20. Kahn LR, Goddard WA (1968) A direct test of the validity of the use of pseudopotentials in
molecules. Chem Phys Lett 2:667–670

21. Weeks JD, Rice SA (1968) Use of pseudopotentials in atomic structure calculations. J Chem
Phys 49:2741–2755

22. Lee YS, Ermler WC, Pitzer KS (1977) Ab initio effective core potentials including relativistic
effects. I. Formalism and applications to the Xe and Au atoms. J Chem Phys 67:5861–5876

23. Hafner P, Schwarz WHE (1978) Pseudopotential approach including relativistic effects. J Phys
B: At Mol Phys 11:217–233

24. Pitzer RM, Winter NW (1988) Electronic-structure methods for heavy-atom molecules. J Phys
Chem 92:3061–3063

25. McMurchie LE, Davidson ER (1981) Calculation of integrals over ab initio pseudopotentials.
J Comput Phys 44:289–301

26. Pitzer RM, Winter NW (1991) Spin-orbit (core) and core potential integrals. Int J Quantum
Chem 40:773–780

27. Pélissier M, Komiha N, Daudey JP (1988) One-center expansion for pseudopotential matrix
elements. J Comput Chem 9:298–302

28. Durand P, Barthelat JC (1974) New atomic pseudopotentials for electronic structure calcula-
tions of molecules and solids. Chem Phys Lett 27:191–194

29. Christiansen PA, Lee YS, Pitzer KS (1979) Improved ab initio effective core potentials for
molecular calculations. J Chem Phys 71:4445:4450



478 M. Dolg

30. Durand P, Barthelat JC (1975) A theoretical method to determine atomic pseudopotentials for
electronic structure calculations of molecules and solids. Theor Chim Acta 38:283–302

31. Barthelat JC, Durand P (1978) Recent progress of pseudo-potential methods in quantum
chemistry. Gazz Chim Ital 108:225–236

32. Titov AV, Mosyagin NS (1999) Generalized relativistic effective core potential: theoretical
grounds. Int J Quantum Chem 71:359–401

33. Hay PJ, Wadt WR (1985) Ab initio effective core potentials for molecular calculations.
Potentials for the transition metal atoms Sc to Hg. J Chem Phys 82:270–282

34. Pacios LF, Christiansen PA (1985) Ab initio relativistic effective potentials with spin-orbit
operators. I. Li through Ar. J Chem Phys 82:2664–2671

35. Stevens WJ, Basch H, Krauss M (1984) Compact effective potentials and efficient shared-
exponent basis sets for the first- and second-row atoms. J Chem Phys 81:6026–6033

36. Peterson KA, Figgen D, Goll E, Stoll H, Dolg M (2003) Systematically convergent basis sets
with relativistic pseudopotentials. II. Small-core pseudopotentials and correlation consistent
basis sets for the post-d group 16–18 elements. J Chem Phys 119:11113–111123

37. Peterson KA, Figgen D, Dolg M, Stoll H (2007) Energy-consistent relativistic pseudopotentials
and correlation consistent basis sets for the 4d elements Y – Pd. J Chem Phys 126:124101-1-12

38. Figgen D, Peterson KA, Dolg M, Stoll H (2009) Energy-consistent pseudopotentials and
correlation consistent basis sets for the 5d elements Hf – Pt. J Chem Phys 130:164108-1-12

39. Hangele T, Dolg M (2013) Accuracy of relativistic energy-consistent pseudopotentials for
superheavy elements 111–118: molecular calibration calculations. J Chem Phys 138:044104-
1–8

40. Huzinaga S, Cantu AA (1971) Theory of separability of many-electron systems. J Chem Phys
55:5543–5549

41. Seijo L, Barandiarán Z (1999) The ab initio model potential method: a common strategy for
effective core potential and embedded cluster calculations. In: Leszczynski J (ed) Computa-
tional chemistry: reviews of current trends, vol 4. World Scientific, Singapore, pp 55–152

42. Seijo L (1995) Relativistic ab initio model potential calculations including spin-orbit effects
through the Wood-Boring Hamiltonian. J Chem Phys 102:8078–8088

43. Klobukowski M, Huzinaga S, Sakai Y (1999) Model core potentials: theory and application. In:
Leszczynski J (ed) Computational chemistry: reviews of current trends, vol 3. World Scientific,
Singapore, pp 49–74

44. Zheng T, Klobukowski M (2009) New model core potential for gold. J Chem Phys 130:204107-
1–12

45. Schwerdtfeger P, Silberbach H (1998) Multicenter integrals over long-range operators using
Cartesian Gaussian functions. Phys Rev A 37:2834–2842

46. Fuentealba P, Preuss H, Stoll H, v Szentpály L (1982) A proper account of core polarization
with pseudopotentials: single valence-electron alkali compounds. Chem Phys Lett 89:418–422

47. Stoll H, Fuentealba P, Schwerdtfeger P, Flad J, v Szentpály L, Preuß H (1984) Cu and Ag as
one-valence-electron atoms: CI results and quadrupole corrections for Cu2, Ag2, CuH, AgH. J
Chem Phys 81:2732–2736

48. Weigend F, Ahlrichs R (2005) Balanced basis sets of split valence, triple zeta valence and
quadruple zeta valence quality for H to Rn: design and assessment of accuracy. Phys Chem
Chem Phys 7:3297–3305

49. Weigend F, Baldes A (2010) Segmented contracted basis sets for one- and two-component
Dirac-Fock effective core potentials. J Chem Phys 133:174102-1–11

50. Eliav E, Kaldor, U, Schwerdtfeger P, Hess, BA, Ishikawa Y (1994) Ground state electron
configuration of element 111. Phys Rev Lett 73:3203–3206


	14 Relativistic Effective Core Potentials
	Contents
	Introduction
	General Considerations
	All-Electron Reference Approach
	Frozen-Core Approximation
	Atomic Effective Core Potentials
	Choice of the Core
	Nodes or No Nodes?

	Pseudopotentials
	Local Form
	Semilocal Form
	Nonlocal Form
	Adjustment
	Shape-Consistent Approach
	Energy-Consistent Approach


	Model Potentials
	Ab Initio Model Potentials
	Model Core Potentials

	Molecular Effective Core Potentials
	Core Polarization Potentials
	Valence Basis Sets
	Calibration
	Summary
	References


