Chapter 15
Reduced Simplex Method

In this chapter and the following two chapters, some special forms of the LP
problem, introduced in Sect.25.1, will be employed to design new LP methods.
In particular, this chapter will handle the so-called “reduced problem” (25.2), i.e.,

min X, 41,
. 15.1
s.t. (A:a,,+1)( . )zb, x>0, ( )
Xn+1
where a,4+; = —en+1. Note that the objective variable x,4; is in the place of f

(thereafter the two will be regarded equal), and hence there is no sign restriction on
Xn+1-

In the conventional simplex context, x,+; appears as a dependent variable. In
each iteration, variation of the basic solution as well as the value of x,+; comes
from variation of a chosen nonbasic variable, x,, corresponding to a negative cost.
In contrast, the key of the “reduced simplex method”, presented in this chapter, is
to use x,4; as a special nonbasic variable, an argument, which decreases in each
iteration to push the associated basic solution toward optimality.

Effectiveness of algorithms derived in this chapter is to be investigated. There are
no related numerical results available at this stage.

15.1 Derivation

Consider the reduced problem (15.1). As it plays a particular role, the objective
variable x, 4+ will be separated from the set of nonbasic variables.

Assume that the constraints of (15.1) are converted to the following equivalent
canonical form by a series of elementary transformations:

xg=b—Nxy — Xy41dn+1 =0, xy >0, (15.2)
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358 15 Reduced Simplex Method

where @, 1, = —B e, # 0, and
B={ji.-* . jm+1}, N=A\B, n+1¢B. (15.3)

Lemma 15.1.1. Ifa,4+1 > 0, then problem (15.1) is infeasible or unbounded below.

Proof. Assume that (X, X,+1) is a feasible solution to (15.1), satisfying
¥ =b— NXy — Xpp1dns1 > 0. (15.4)
Thus, for any o > 0 and
AN = XN, Xpgp1 = X1 — 1,
it holds that
X5 =b—Niy — Ry1Gnt1 = (b — NXy — Xyg1@pt1) + G100 > 0,

where the right-most inequality comes from (15.4), @,+; > 0 and ¢ > 0. This
indicates that (X, X,+1) is a feasible solution, and

Xp+1 — —00, as @ — +00.

Therefore, the problem is unbounded below. O

Setting xy = 0 in (15.2) leads to the following system of inequalities:
X = b = Xy41dnt1 = 0. (15.5)
Introduce the set of solutions to the system
®(B) = {Xyt1 | b — Xu41dn41 > O}
If this set is nonempty, then (15.5) is said consistent, and (15.2) is a feasible

canonical form.
It is clear that any given x,4+; = X,+ corresponds to a solution to (15.1), i.e.,

XB b — Xut1Gn+1
v | = 0
Xn+1 )En+1

Using the above notation, we have the following result.
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Proposition 15.1.1. (X, X,+1) is a feasible solution to problem (15.1) if and only if
Xnt+1 € ©(B).

Proof. Note that the constraints of (15.1) and (15.2) are equivalent. If X, € ®(B),
then (X, X,+1) clearly satisfies (15.2), hence is feasible. If, conversely, (X, X,+1) is
a feasible solution, then X, +; € ®(B) follows from (15.2). O

Definition 15.1.1. If, for some p € {1,---,m + 1}, it holds that
%, =0, dpat1#0, (15.6)
then (X, X,+1) is a basic solution; if, in addition,

X, =20, i=1--,m+1, (15.7)

it is a basic feasible solution. If
)_le.>0, Vl=1,,m+1, &i,n+1<0, (158)

the basic feasible solution is said to be nondegenerate.

The preceding definitions of basic solution and basic feasible solution coincide with
the same named items in the conventional simplex context. In fact, when (15.6)
holds, X is just the basic solution, associated with the conventional simplex tableau,
resulting from entering x,+; to and dropping x;, from the basis; and if (15.7)
holds, then components of the basic solution are all nonnegative, hence it is feasible.
Therefore, the two will not be distinguished. It is noted however that the definition
of nondegeneracy here is somewhat different from the conventional.

If ®(B) is nonempty, it is logical to find the basic feasible solution, associated
with its greatest lower bound. To this end, the following rule applies.

Rule 15.1.1 (Row rule) Assume d,+; # 0. Select pivot row index
p € argmax{b; /@i yi1 | Gipp1 <0, i =1,---,m+1}. (15.9)

Let p be selected row index. Define

)ACB 5_(l;p/ﬁp,n+l)&n+l
iv | = 0 . (15.10)
an+1 bp/&p,nH

Using the preceding notation, we have the following result.

Lemma 15.1.2. Assume ®(B) # @. If a,4+1 # 0, then X, is its greatest lower
bound, and (X, X, +1) is a basic feasible solution.

Proof. Note that condition @, +; # 0 ensures that (15.9) is well-defined.
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Introduce notation
I={i=1,---,m+1]|a; ,+1 <O0}.
It is known from (15.9) and (15.10) that
Rt = bifaiaq1, i€l
from which it follows that
bi — fn41dins1 >0, i€l
Note that (15.9) implies

dpas1 <0, (15.11)

Now we show X,4+; € ®(B). If, otherwise, it does not hold, then there is an
ref{l,---,m+ 1} such that

br - xn+1&1',n+l < Oa &r,n+l = 0.

There are following two cases arising:

Case () ar,.n+1 =0, b, < 0. It clearly holds in this case that ®(B) = @.
Case (ii) b, — Xy41dr.n+1 < 0, @y y+1 > 0. Then, it is known that

bp/apnt1 = fng1 > by /drnyi. (15.12)
‘We show that
bp = Xnt1dpn+1 = 0 (15.13)
and
by — Xut1drn41 > 0 (15.14)

are inconsistent, as leads to ®(B) = @. In fact, for any x;H_l satisfying (15.13), i.e.,
Bp - x;/1+1511~,n+1 >0,
it follows from (15.11) and (15.12) that

’ - - T -
Xpt41 = bp/ap,n+1 > by [@r.p+1,
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hence it is known by a, ,+; > O that
b, — x,/,+1c_lr,n+l <0,

which indicates that x;, 41 does not satisfy (15.14).

Since either of the two cases leads to ®(B) = @, contradicting the assumption,
it holds that f € ®(B).

For any x; 41 € ®(B), furthermore, it holds that

b — Xy 41dnt1 > 0,
hence
bi i1 < Xiyy, i€,
which together with (15.9) and (15.10) gives
Ent1 < X4

Therefore, X+ is the greatest lower bound of ®(B).
According the Lemma 15.1.1, on the other hand, (X, X,+) is a feasible solution.
It is verified that

%;, = 0. (15.15)

Thus noting (15.11), it is known from Definition 15.1.1 that (X, X,+;) is a basic
feasible solution. O

After row index p determined, the following column rule is relevant.

Rule 15.1.2 (Column rule) Determine pivot column index

in a,;. 15.1
g € argmin a, (15.16)
Theorem 15.1.1. Assume ®(B) # @.If d,q > 0, then (X, x,11) is a basic feasible

solution.

Proof. From a,, > 0 and (15.15), it is known that the pth row of N is
nonnegative, i.e.,

eyN > 0. (15.17)
By Lemma 15.1.2, (%, f) is a basic feasible solution to (15.1). Assume that it is
not optimal. Then there is a feasible solution, say (X, X,41), satisfies X,+1 < X;+1.

Consequently, from (15.2) it follows that

~ = T T ~ - ~
Xj, =bp—e€,NXy —ap nt1Xn+1,
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combining which, Xy > 0, (15.11), (15.15) and (15.17) leads to
)~ij < l;p —c_lp’,,+1)?n+1 = )%jp =0,

as contradicts that ¥ is a feasible solution. Therefore X is a basic feasible solution.
O
Now assume a,, < 0. Carry out the basis change by dropping j, from and
entering ¢ to the basis. Assume that the new basis is

é:{jlv”'7jp—laq7jp+la"'yjm+l}, NZA\E,

where ¢q is the pth index of B.The according elementary transformations turn (15.2)
to a new canonical form, setting x3 = 0 in which gives the following system of
inequalities:

Xp=b—Xyt1G441 > 0. (15.18)
Theorem 15.1.2. Assume that the solution set ®(B) = {x, 11 | 5—xn+1&n+1 > 0}

10 (15.18) is nonempty, and that Xn+1 € <I>(l§). Iqu(é) is bounded below, then the
largest lower bound of ®(B) is less than or equal t0 X, 1.

Proof. Ax + Xp+1a,+1 = b and x5 > 0 together are equivalent to
X3 =0b—Nxg—Xyr1dn11 > 0.

By Lemma 15.1.2, X defined by (15.10) is a basic feasible solution, hence satisfying
the preceding expression. Substituting it to the preceding and noting (15.15) gives

5 =b—Sup1dn11 > 0,
Therefore it holds that £,1, € ®(B). That ®(B) is bounded below implies d,+1 #
0, because it is unbounded below by Lemma 15.1.1, ogherwise.
By Lemma 15.1.2, the greatest lower bound of ®(B) is

n= l;p//flp/,nﬂ = max{éi/&i,n+l |Gipy1<0,i=1,--- ,m+1}. (15.19)

Therefore, it < X,41.
an+1 can expressed in term of @, 4 as follows (see the first expression of (3.15)):

a_i,n+l - (&p,n"l‘l/&pl])&iQs i=1,--- m+1,i 7é D,
ép,n+1/épq7 i =p,

ain+1 =
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Hence, from (15.15) and a,, < 0, it follows that

ap,n-l—l = C_lp,n+l/apq > 0.
In addition, it is known from (15.19) that
Ap a1 <0, (15.20)

Therefore p’ # p. From (15.19) and X satisfying the p’th expression of (15.18), it
follows that

-’Acn+l = (bp’ _)chp/)/&p’,n+l =Hn _)chp//&p/,n+lv

combining which, p’ # p, (15.7) and (15.20) leads to i < X,+41. O

According to the preceding Theorem, such an iteration results in a new feasible
canonical form, with objective value not increasing. It will be shown in Sect. 16.1
that under the nondegeneracy assumption, the objective value strictly monotonically
decreases, and hence the solution process terminates in finitely many iterations,
achieving optimality or detecting unboundedness of the problem.

15.2 Reduced Simplex Method

Based on the previous derivation, this section formulates the algorithm first, and
then formulates its revised version.

Assume that via a series of elementary transformations, the initial tableau (A -
em+1 | b) of the reduced problem (15.1) becomes

xg xiT\, Xn+1 RHS
1 N an+1 b

(15.21)

which is termed reduced (simplex) tableau. If the system of inequalities

b —Xxpt1dy4+1 =0

is consistent with respect to variable x, 4, tableau (15.21) is said to be feasible.
Thereby, the overall steps described in Sect. 15.1 can be put in the following
algorithm.

Algorithm 15.2.1 (Reduced simplex algorithm: tableau form). Initial: feasible
reduced simplex tableau of form (15.21). This algorithm solves reduced prob-
lem (15.1).

1. StOp ifa,+1 > 0.
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2. Determine row index p such that
Xnt1 =bp/ap nt1 = max{b; /@i n+1 | Gip1 <0, 0 =1,-+- . m+ 1}

3. Determine column index g € argmin;ey d, ;.

.Ifa,, >0, then compute xp = b — Xn+1an+1, and stop.

5. Convert a,, to 1, and eliminate the other nonzeros in the column by elementary
transformations.

6. Go to step 1.

N

Theorem 15.2.1. Assume termination of Algorithm 15.2.1. It terminates at

(i) Step 1, detecting unboundedness of the problem; or at
(ii) Step 4, providing a basic feasible solution X.

Proof. The validity is shown by Theorems 15.1.2, 15.1.1 and 15.1.1, as well as
related discussions in Sect. 15.1. ]

Note It is possible to start solution process directly from a conventional feasible
simplex tableau. To do so, assume availability of the following conventional simplex
tableau, with f replaced by x,,41:

xXp xiT\, Xni1 RHS
1 N b
Zy —1

where b > 0. Starting from it, the first iteration of Algorithm 15.2.1 needs to be
replaced by the following steps:

< lpy1 = —epy1 Z 0.

c Xp1 = O/(_l) =0.

. g €argminey Z;.

. Optimality is achieved if ¢, > 0.

. Carry out elementary transformations to obtain a feasible reduced tableau by
taking the entry in the bottom row and x, column as the pivot.

6. Go to step 1.

[ I SO T (R

Example 15.2.1. Solve the following problem by Algorithm 15.2.1:

min Xxj90 = —2x1 + 4x + 3x3 — 3x4 — 4xs,

s.t. —2x1 —6x2 + 1x3 —3x4 — X5 + Xg =4,
—X1 — 9%, — 6x3 + 2x4 + 3x5 + x7 =3,
8x1 — 6x3 + 3x3 + 5x4 + Txs5 + X3 =2,
3x1 —2xy —4x3 — x4 — 2X5 + x9 =1,

x; >0, j=1,---.9.
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Answer The problem has the following initial tableau:
X1 Xo X3 X4 X5 X6 X7 Xg X9 X10 RHS
-2 —6 1 =3 -1 1 4
-1 -9 —6 2 3 1 3
8 —6 3 5 7 1 2
3 -2 —4 -1 -2 1 1
-2 4 3 =3 —4% -1

The right-hand side (3, 7, 4, 5)T of which is nonnegative. Call Algorithm 15.2.1.

Iteration 1:

1. ay # 0.
2. 10 =max{0/(-1)} =0, p = 5.
3. min{—2,4,3,-3,—4} = —4,¢q = 5.
5. Multiply row 5 by —1/4, and then add 1, —3, —7, 2 times of row 5 to rows 1,2,3 .4,
respectively:
X1 X2 X3 X4 X5 X¢ X7 Xg X9 X10 RHS
—3/2 -7 1/4 —9/4 1 /4 | 4
—5/2 —6 —15/4 —1/4 1 —3/4 | 3
9/2 1 33/4 —1/4* 1 -7/4 | 2
4 -4 —11/2 1)2 1 12| 1
1/2 -1 —3/4 3/4 1 1/4

Iteration 2:

o #0.

N W N =

rows 1,2,4,5, respectively:

- Xi0 = max{3/(=3/4).2/(=7/4)} = 2/(-7/4) = =8/7. p = 3.
. min{9/2,1,33/4,-1/4} = —1/4, q = 4.
. Multiply row 3 by —4, and then add 9/4,1/4,—1/2,—3/4 times of row 3 to

X1 Xo X3 Xy X5  X¢ X7 Xg X9 X10 RHS
—42 =16 —74 1 -9 16 | —14
-7 A V) 1 -1 1 1
—18 —4 =33 1 —4 7 —8
13 -2 11 2 1 -3 5
14 2 24 1 3 =5
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Table 15.1 Equivalence Quantity Reduced Relation Revised reduced
betwgep the associated Objective column Gnt — —B ent
quantities The righ-hand side & = B~'b

Pivot row eIN = e;BT'N

Pivot column a, = B™la,

Iteration 3:
1. ajo # 0.
. X10 = max{5/(-3),6/(-5)} = —6/5,p = 5.
. min{14,2,24,3} > 0.
. X10 = —6/5,
g =b— X10dns1 = (—14,1,-8,5,6)T — (=6/5)(16,1,7, -3, —=5)T
= (26/5.11/5,2/5,7/5.0)".
B =1{6,7,4,9,5}.

Basic optimal solution and according objective value are

H W N

% =(0,0,0,2/5,0,26/5,11/5,0,7/5)T, %, = —6/5.
Now let us derive the revised version of Algorithm 15.2.1.
Let (15.21) be the current reduced tableau, associated with basis and nonbasis

matrices B, N. Premultiplying (4: — e,,41|b) by B~" gives a so-called “revised
reduced tableau”, as written

Xy Xy Xp,41 | RHS

1 BN B_lc_l,,_H B71p

(15.22)

Like in the conventional simplex context, reduced and revised reduced tableaus,
associated with the same basis are equivalent; that is, their associated entries are
equal. Based on such equivalence, it is easy to transform any reduced tableau to a
revised version, and vice versa. As for the implementation of the reduced simplex
method, the reduced tableau as a whole is not indispensable, and only a part of its
entries are needed. Table 15.1 indicates equivalence relationship between quantities
in reduce tableau (15.21) and revised reduced tableau (15.22). _

Based on Table 15.1, Algorithm 15.2.1 can be revised as follows, in which b and
a,+1 are generated recursively (see (17.13) and (17.15)).

Algorithm 15.2.2 (Reduced simplex algorithm). Initial: (B, N), B'bh =
B~'(b",0)", @,41 = —B 7 'e,41, and consistent b — fa,y; > 0. This algorithm
solves the reduced problem (15.1).

1. Stop if a,+1 = 0 (Unbounded).
2. Determine X,+; and row index p such that

Fudt = bp/ap ni1 = max{b; /@ py1 | Ginpr <0, i =1, ,m+ 1}
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3. Compute oy = NTB7Te,.
4. Determine column index ¢ € argmin;ey 0.
5. If oy > 0, then compute X = b— Xn+1dn+1, and stop (optimality achieved).
6. Compute 4, = B~'a,, v = —d, ,11/04, and t = —b,/0,.
7. If v # 0, update d, 1 = ant1 + v(ay —ep).
8. If 7 # 0, update b = b + T(ag —ep).
9. Update B~! by (3.23).
10. Update (B, N) by exchanging j, and g.
11. Gotostep 1.

It is noted that the preceding algorithm is practicable, compared with its tableau
form, though the former is preferred in illustration in this book.

15.3 Reduced Phase-I: Single-Artificial-Variable

In general, an initial reduced simplex tableau is not feasible, from which the reduce
simplex algorithm cannot get started. However, the algorithm can get started from a
conventional feasible simplex tableau (see Note after Algorithm 15.2.1), and hence
any conventional Phase-I method is applicable. In particular, the single-artificial-
variable method, presented in Sect. 13.2, deserves attention, as the associated
auxiliary program, involving a single artificial variable, is amenable to be solved
by the reduced simplex method.

Assume b = B~'h # 0, N = B~!N. Given some m-dimensional vector X5 >
0, and set @,4+1 = b — X 5. Based on the canonical form of the constraint system, an
auxiliary program of form (13.16) can be constructed, i.e.,

min X, 41,
st. xp=2»b — dp+1Xn+1 — Nxy,
X, Xp4+1 > 0.

The preceding program is lower bounded, associated with the feasible solution
XB = XB, -’%N :0, )’5,,4_1 =1.

As the according auxiliary tableau of form (13.18) is itself a feasible reduce simplex
tableau, it can be solved by the following slight variant of the reduced simplex
algorithm.

Algorithm 15.3.1 (Tableau reduced Phase-I: single-artificial-variable). Initial:
reduced simplex tableau of form (13.18). @,4+, = b — Xp, Xp > 0. This algorithm
finds a feasible reduced simplex tableau.

1. Determine X, and row index p such that

Xo+1 =bp/ap nr1 = max{b;/a; yy1 | Gin+1 <0, i =1,--- ,m}.
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2. Select column index g € argmin;ey ap ;.

3. Stopif @, 4 > O (infeasible problem).

4. Convert a, to 1, and eliminate the other nonzeros in the column by elementary
transformations.

5. If b > 0, restore the original objective column, and stop (feasibility achieved).

6. Go to step 1.

Example 15.3.1. Solve that following problem, using Algorithm 15.3.1 as reduced
Phase-I:

min Xj9 = —2x1 + 4x, + 3x3 — 3x4 — 4Xx5,

s.t.  —2x; —6x2 + 1x3 —3x4 — X5 + x¢ = -3,
—X1 — 9x, — 6x3 + 2x4 + 3x5 + x7 = -7,
8x1 — 6x7 + 3x3 + 5x4 + 7x5 + xg = 4,
3x1 — 2xy — 4x3 — x4 — 2X5 + X9 = =5,

X;>0, j=1,-,9.

Answer Phase-I: To turn to Phase-II conveniently, it might be well still put the
original objective row at the bottom of the tableau, but which will not take a part

in pivoting in Phase-1. Set X3 = (1,1,0,1)T, a0 = (—4,-8,0,—6)T, and take xo
column as the auxiliary objective column. Then the initial auxiliary tableau is

X1 X2 X3 X4 X5 X6 X7 Xg X9 X10 RHS
-2 —6 1 -3 —1 1 —4 -3
—1 —9* —6 3 1 —8 =7
—6 3 7 1 4
-2 —4 -1 -2 1 —6 -5
-2 4 3 -3 —4 —

The auxiliary program has feasible solution x = (1, 1,0, DT, %0 = 1.
Phase-I: Call Algorithm 15.3.1.

Iteration 1:

1. max{-3/—4,-7/—8,-5/—-6}="7/8, p =2.

2. min{—1,-9,-6,2,3} = -9<0, g =2.

4. Multiply row 2 by —1/9, and then add 6, 6, 2, —4 times of row 2 to rows 1,3,4,5,
respectively:

X1 Xo X3 X4 X5 X6 X7 Xg X9 X10 RHS
—4/3 5 —13/3 -3 1 —2/3 4/3 5/3
1/9 1 2/3 —2/9 —1/3 —1/9 8/9 7/9
26/3 7 11/3 5 —-2/3 1 16/3 26/3
29/9 —8/3 —13/9*  —=8/3 -2/9 1 —38/9 =31/9
—22/9 1/3 —19/9 —8/3 4/9 — —28/9
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Iteration 2:

1. max{(—31/9)/(—38/9)} = 31/38, p = 4.
2. min{29/9,-8/3,—13/9,—-8/3,-2/9} = -8/3 <0, g = 4.
4. Multiply row 4 by —9/13, and then add 13/3,2/9, —11/3, 19/94 times of row 4

to rows 1,2,3,5, respectively:

369

X1 Xo X3 X4 X5 X6 X7 Xg X9 X10 RHS
—11 13 5 1 =3 14 12
=5/13 1 14/13 1/13 —1/13 —2/13 20/13 | 17/13
219/13 3/13 —23/13* —-16/13 1 33/13 | =70/13 | —1/13
—29/13 24/13 1 24/13 2/13 —9/13 38/13 | 31/13
—93/13 55/13 16/13 10/13 —19/13 — 25/13

Iteration 3:

1. max{(—1/13)/(—=70/13)} = 1/70, p = 3.
2. min{219/13,3/13,-23/13,—-16/13,33/13} = —=23/13 < 0, ¢ = 5.
4. Multiply row 3 by —13/23, and then add —5, —1/13,—24/13,—16/13 times of
row 3 to rows 1,2,4,5, respectively:
5. b > 0, Take the original objective column to overwrite the current x;o column,
resulting in a feasible reduced tableau below:

X1 Xo X3 X4 X5  Xg X7 Xg X9 X10 RHS
842/23 314/23 1 —80/23 65/23 96/23 271/23
8/23 1 25/23 —3/23 1/23 —1/23 30/23
—219/23 —3/23 1 16/23 —13/23 —33/23 1/23
353/23 48/23 1 —26/23 24/23 45/23 53/23
105/23 101/23 —2/23* 16/23 7/23 | —1 43/23

Phase-II: Call Algorithm 15.2.1.

Iteration 4:

1. ay # 0.
2. X10 = max{(43/23)/(—1)} = —43/23, p = 5.
3. min{105/23,101/23,-2/23,16/23,7/23} = =2/23 <0, ¢ = 7.
5. Multiply row 5 by —23/2, and then add 80/23,3/23,—-16/23,26/23 times of
row 5 to rows 1,2,3.4, respectively:
X1 Xo X3 X4 X5 X6 X7 Xg X9 X10 RHS
—146 —162 1 —=25 —8 40 —63
—13/2 1 —11/2 -1 —-1/2 3/2 | —3/2
27 35 1 5 1 —8 15
—44 =55 1 —8 -2 13 —22
—105/2 —101/2 1 -8 —7/2 | 2372 | —43/2
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Iteration 5:

2. X10 = max{15/(-8)} = —15/8, p = 3.
3. min{27,35,5,1,} =1>0.
4. Basic optimal solution and according objective value:

% =1(0,21/16,0,19/8,0,12,1/16,0,0)", %0 = —15/8.

15.4 Dual Reduced Simplex Method

This section describes a dual version of Algorithm 15.2.2, still using notations in
the previous two sections. To this end, firstly established are optimality conditions
and related properties in the reduced simplex context.

Theorem 15.4.1. (x, x,+1), where xp = b — Xn41an+1, Xy = 0, is an optimal
solution to (15.1) if the following conditions are satisfied:

(i) b= Xpg1dns1 =0, by —Xyg1dpnt1 =0, (primal feasibility)
(ii) e;N >0, dpn+1<0. (dual feasibility)

Proof. The validity comes from Theorems 15.1.2, 15.1.1 and 15.1.1, as well as
related discussions in Sect. 15.1. O

The pth row of the reduced simplex tableau, giving the according objective value,
is called objective row.

Lemma 15.4.1. Assume that
e,N >0, pefl,--- . m+1}. (15.23)

Ifap n+1 =0and 517 < 0, then there is no feasible solution to (15.1).
Ifap ni1 # 0and X, satisfies

bp - )_Cn-l-l&p,n-i-l = (<) 0,

then for any feasible value x,, , | (if any), the following hold:

(i) x;/1+l < (<)Xp+1 when C_lp!n_H > 0.
(ii) x;/1+l > (>))_Cn+1 when C_lp!n_H < 0.

Proof. The pth equality constraint of (15.2) is

_ e B
X, =b,— €,NXN —dp nt1Xn+1.
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Let X > 0 be a feasible solution, associated with objective value x; T Substituting
it to the preceding gives

Xp=by—€)NIy —apnt1X,). (15.24)
In addition, from (15.21) and X > 0, it follows that
—e,Niy <0. (15.25)

Condition @, ,+1 = 0 and b » < 0 together with (15.25) leads to negativity of the
right-hand side of (15.24), as contradicts the nonnegative lett-hand side. Therefore,
there is no feasible solution to (15.1).

(i) Whend, ,+1 > 0and x, ; > (>)X,+1, it holds that

by —ap 1%y < () bp —apnr1Xns1 = (<)0, (15.26)

combining which and (15.25) leads to negativeness of the right-hand side
of (15.24), as contradicts the nonnegative lett-hand side. Therefore, x; 1 =
(<))_Cn+l~

(ii)) When a@, ,4+1 < 0 and x;,,; < (<)X,+1, (15.26) still holds, as also leads
to negativity of the right-hand side of (15.24), leading to a contradiction.
Therefore, x;, | > (>)Xu+1. O

As was shown, the reduced simplex method pursues dual feasibility while main-
taining primal feasibility. Conversely, pursuing primal feasibility while maintaining
dual feasibility will lead to its dual version.

Assume now that the dual feasibility condition (ii) holds. Define X as follows:

Xot1 = by/dpart. Xp =bg—Xyt1@npr. Xy =0. (15.27)

Itis clear that X;, = 0.
If X > 0 holds, then the primal feasibility condition (i) is satisfied. Thus, X is an
optimal solution to (15.1). Assume Xg # 0. Then the following rule is applicable.

Rule 15.4.1 (Dual row rule) Select row index r such that

X, =min{%;, [i=1,---,m+1} <0.

If e,TN # 0, in addition, the following rule is well-defined:

Rule 15.4.2 (Dual column rule) Select column index ¢ such that

B = —dpy/drg = min{—d,;/d,; |G, <0, j € N} >0.

If B > 0, the reduced simplex tableau is said to be dual nondegenerate.
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Once a pivot is determined, a basis change is executed to drop x, from and enter
Xy to the basis. It is not difficult to show that the resulting pth row still satisfies
e;N >0.Ifap n+1 < 0, then go to the next iteration.

The solution steps are summarized to the following algorithm.

Algorithm 15.4.1 (Dual reduced simplex algorithm: tableau form). Initial:
Reduced simplex tableau of form (15.21), where e;N > 0, apn+1 < 0. This
algorithm solves the reduced problem (15.1).

. Compute Xn+1 = bp/{jp',,.H.

. Compute X3 = b — Xp4+1an+1-

. Select row index r € argmin{x;, |i =1,--- ,m + 1,i # p}.

. Stop if x;, > 0.

.ItJ ={jeNla; <0} =0,set p=randgotostep 8.

. Determine 8 and column index ¢ such that 8 = —d,,/d,q = minjey —dp;/as;.

. Convert a,, to 1, and eliminate the other nonzeros in the pivot column by
elementary transformations.

8. Gotostep lifa, ,4+1 <0.

9. Stop.

~N N W=

Theorem 15.4.2. Assuming dual nondegeneracy, Algorithm 15.4.1 terminates
either at

(i) Step 4, achieving a basic optimal solution X; or at
(ii) Step 9, detecting infeasibility of the problem.

Proof. Termination is shown first. Assume that it does not terminate at the current
iteration. It is known from steps 1 and 2 that the basic solution X is associated with
objective value

Xnt+1 = bp/&p,n+l-

And x;, < 0implies that
by — Xn41drns1 < O. (15.28)
From the preceding two expressions and @, ,+1 < 0, it follows that

brép pi1 — bpir i1 > 0. (15.29)

There are the following two cases only:

(i) Passing from step 7 to step 8 to go to the next iteration. The new entry in the
pthrow and n + 1 column yielded from the basis change in step 7 satisfies

&p,n-l—l = C_lp,n-l—l + ,Bar,n+l < 0. (15.30)
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and the pth component of the new right-hand side is equal to
b,b, + Bb,. (15.31)

In step 1 of the next iteration, the objective value calculated from the preceding
two impressions is then
. by b, +Bb
Xn+1 = % =z — )
Ap n+1 Ap n+1 +,3ar,n+l

The difference between the new and old objective values is

bpap w1+ Bbrap nt1 —bpdp nv1 — Bbplr n+1
&P,n+l(&]),n+l + IB&r,n+l)

Xp+1— Xp+1 =

IB(br&p,n+l - bp&r,n+l)
ap n+1(@p nv1 + Barnt1)

Itis known from @, ,+1 < 0 and (15.30) that the denominator in the preceding
expression is positive, whereas it is known from 8 > 0 and (15.29) that the
numerator is nonnegative, therefore the objective value never decreases. Under
the dual nondegeneracy assumption, the objective value strictly increases.

(ii) Passing from step 5 to step 8 to go to the next iteration. It is noted that @, ,+; <
0 holds in this case. The difference between the new and old objective values is

br bp _ br&p,n+l _bp&r,n+l

)

C_lr,n+l C_lp,n+l &r,n+l&p,n+l

where the denominator is clearly positive whereas, by (15.29), the numerator is
also positive. Therefore, the objective value strictly increases.

If the algorithm does not terminate, then under the dual nondegeneracy assump-
tion, the objective value strictly increases monotonically, hence no cycling occurs.
This means that there are infinitely many basic solutions, as is a contradiction.
Therefore, the algorithm terminates.

Note that e;N > 0 always holds for the algorithm. By Lemma 15.4.1, optimality
is achieved while termination occurs at step 4. Now assume that it occurs at step 9,
hence the new entry in the pth row and n + 1 column satisfies

&p,n-l—l = &p,n-l—l + ,Bar,n+l > 0. (1532)
Since d, ,+1 < 0, in this case the 8, determined in step 6, is positive. Assume there

is a feasible solution, associated with objective value x;, , . It is clear that the X, 11,
determined in step 1, satisfies
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l;p - )_Cn+la_p,n+l =0, (1533)
and a, ,+1 < 0. Thus it holds by Lemma 15.4.1 that
Xy = Xpgl. (15.34)

In case when passing through steps 7 — 8 — 9, on the other hand, it follows
from (15.31), (15.32), (15.33), (15.28) and 8 > O that

Z;p_-)en-l—lép,n+lZ(Z;p_-)en-l—ldp,n+1)"',8(l;l'_)z-n+lér,n+1):,3(l;r_~)z-)1+lc_lr,n+l) < 0.
(15.35)

If Gp nt1 > 0, then it is know by Lemma 15.4.1 that
-x;,.H < Xp+1,

which contradicts (15.34), therefore there is no feasible solution; if a p.on+1 = 0, then

it is known by (15.35) that b » < 0; consequently, there is still no feasible solution,
by Lemma 15.4.1. In case when passing through steps 5 — 8§ — 9,

e/N >0, G put1>0

and (15.28) hold. Then it can be similarly shown that there is no feasible solution.
O

Example 15.4.1. Solve the following problem by Algorithm 15.4.1:

min Xj0 = x; + 4x, + 3x3 + 2x4 + 9x5,

st. — X1+ 5x —4x4 — 2x5 + X6 = -1,
—3x; —2xp —6x3 + X4 — X5 + x7 = -7,

— X2 +4x3 — 6x4 + 4x5 + X3 = 4,

5x1 4+ 3xp — 3x3 + 3x4 + 5x5 + x9 = 0,

X;>0, j=1,---,9.

Answer The initial tableau is

X1 Xo X3 X4 X5 X¢ X7 Xg X9 | Xio RHS
-1 5 -4 =2 1 -1
-3 =2 -6 1 -1 1 -7

—1 4 —6 4 1 4
5 -3 3 1
1* 3 -1
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Iteration 1:

To convert it to a reduced simplex tableau, take the smallest, 1, among the first 5
entries in the bottom row (in x; column) as pivot. Add 1, 3, —5 times of row 5 to
rows 1,2,4, respectively:

X1 Xo X3 X4 X5 X6 X7 Xg X9 X10 RHS
9 3 -2 7 1 -1 -1
10 3 7 26 1 =3 -7
—1 4 —6 4 1 4
—17 —18* =7 —40 1 5
1 4 3 2 9 -1

which is a dual feasible reduced tableau with p = 5.
Call Algorithm 15.4.1.

Iteration 2:

1. Xjo =0/(=1)=0.

2. x5 =(—1,-7,4,0,0)7.

3. min{—1,-7,4,0,0} = -7 <0, r =2.
5.0 =0, p=2.

8. 6_12’10 =-3<0.

Iteration 3:

X0 =(=7/(=3)=1/3.

Xg =(-1,-7,4,0,00T—(7/3)(—1,-3,0,5,—1)T=(4/3,0,4,-35/3,7/3)".
min{4/3,4,-35/3,7/3} = —-35/3 <0, r = 4.

J ={2,3,4,5}#0.

B =min{—10/(-17),-3/(—18),—7/(=7),—=26/(—40)} = 3/18, q¢ = 3.

. Multiply row 4 by — 1/18, and then add — 3, —3, —4, 3 times of row 4 to rows
1,2, 3,5, respectively:

N LWL~

X1 Xo X3 X4 X5 X¢ X7 Xg X9 X10 RHS
37/6 —19/6%* 1/3 1 1/6 —1/6 | —1
43/6 35/6 58/3 1 1/6 | —13/6 | —7
—43/9 —68/9 —44/9 1 2/9 10/9 4
17/18 1 7/18 20/9 —1/18| —=5/18
1 7/6 5/6 7/3 1/6 —1/6

8. 52,10 = —13/6 < 0.
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Iteration 4:

1. %10 = (=7)/(~13/6) = 42/13.

. ¥p = (=1,-7,4,0,0)" — (42/13)(—1/6,—13/6,10/9,-5/18,—1/6)"
= (—6/13,0,16/39,35/39,7/13)".

[\

3. min{—6/13,16/39,35/39,7/13} = —6/13 <0, r = 1.
5.J ={4}#0.
6. 8 = min{—(35/6)/(—19/6)} = 35/19, q = 4.
7. Multiply row 1 by — 6/19, and add — 35/6,68/9,—7/18,—5/6 times of row 1
torows 2, 3,4, 5, respectively :
X1 Xo X3 Xg X5 X6 X7 Xg X9 X10 RHS
—37/19 1 —2/19  —6/19 —1/19 1/19 6/19
352/19 379/19 35/19 1 9/19| —47/19| —168/19
—1,111/57 —108/19 —136/57 1 —10/57| 86/57| 364/57
97/57 1 43/19 7/57 —2/57| —17/57| —=7/57
1 53/19 46/19 5/19 419 —4/19| —5/19

8. 5_12,10 = —47/19 < 0.

Iteration 5:

1. X0 = (—168/19)/(—47/19) = 168/47.
2. Xp = (6/19,—168/19,364/57,—7/57,—5/19)T
—(168/47)(1/19,—47/19,86/57,—17/57,—4/19)T
= (6/47,0,140/141,133/141,23/47)T > 0.
4. Basic optimal solution and according objective value:

¥ = (23/47,0,133/141,6/47,0,0,0,140/141,0)T, X0 = 168/47.

Based on the equivalence between the reduced tableau (15.21) and the revised
tableau (15.22), it is not difficult to transfer Algorithm 15.4.1 to its revision.

Algorithm 15.4.2 (Dual reduced simplex algorithm). Initial: (B, N), B~',b =
B~ 'b,dyy, = —B eyt o = e;B_lN > 0, dpy+1 < 0. This algorithm
solves the reduced problem (15.1).

Compute Xn+1 = bp/c_lp’,,.H.

Compute Xg = b — Xp+1an+1-

Determine row index r € argmin{x;, |i =1,--- ,m 4+ 1,i # p}.

Stop if x; > O (optimality achieved).

Compute wy = NTB Te,.

If/J ={jeN|w; <0} =0,set p=r, oy = wy, and go to step 14.

AN o e
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7. Determine 8 and column index ¢ such that 8 = —0,/w, = min;e; —0; /w;.
8. Solve Ba, = a, for a,, and compute v = —a, ,11/w, and T = —l;,./a)q
9. Update: ;41 = ay+1 + v(ay — er), where.

10. Update: b = b + 7(aq — e;), where.

11. Update B~ by (3.23) (p = r).

12. Update (B, N) by exchanging j, and g.

13. Solve BTh = e, and compute oy = NTh.

14. Gotostep lifa, ,+1 <O0.

15. Stop (infeasible problem).

It is possible to improve the dual reduced method by replacing the row
Rule 15.4.1. Analogous to the dual largest-distance rule (Sect.12.3), some rule
based on how much the point (X, /) violates the constraints seems to be attractive
as derived as follows.

Introduce a set of row vectors

W' =e BTN (N |ayt1), i=1,---,m+1.

Foranyi = 1,...,m + 1, the signed distance from point (Xy, f ) to the boundary
(associated with the i th row of the canonical form)

(B7'b)i = (W) (xy. /)T =0
is defined by (see Sect.2.1)
Xji/ Wl
Rule 15.4.3 (Dual row rule: largest-distance) Select pivot row index r such that
=min{x;,/|w| i =1,--+,m+1}.

Xj

r

The recurrence formulas of ||w'|?,i = 1,---,m are the same as (12.13)
and (12.14).

Alternatively, the following approximate formulas may be used to simplify
computations.

Rule 15.4.4 (Dual row rule: approximate largest-distance) Select pivot row
index r such that

Xj, = min{X; /|@;i 1 | i =1,--- .m + 1},

It is promising if the other rules, described in Chaps. 11 and 12, are adapted
within the reduce simplex framework.
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15.5 Dual Reduced Phase-1: The Most-Obtuse-Angle

Algorithm 15.4.1 requires availability of a dual feasible reduced tableau. Dual
Phase-I methods presented in Chap. 14 may be applied to provide a conventional
dual feasible simplex tableau of (15.1). Then, letting the objective variable x,
leave the basis gives a dual feasible reduced tableau. However, it would be more
direct and effective to achieve the goal in the reduced simplex context based on the
most-obtuse-angle heuristics.

The procedure can be written as follows.

Algorithm 15.5.1 (Tableau dual reduced Phase-I: the most-obtuse-angle). Ini-
tial: Reduced simplex tableau of form (15.21). This algorithm finds a dual feasible
reduced simplex tableau.

1. Select pivot row index p € argmin{a; ,+1 |i = 1,--- ,m + 1}.

2. Stopifa, ,4+1 = 0.

3. Select pivot column index g € argminjey ap;.

4. Stopifa,, > 0.

5. Convert a,, to 1, and eliminate the other nonzeros in the pivot column by

elementary transformations.
6. Go to step 1.

Theorem 15.5.1. Assume finiteness of Algorithm 15.5.1. It terminates either at

(i) Step 2, detecting infeasibility or lower unboundedness of the problem; or at
(ii) Step 4, obtaining a dual feasible reduced simplex tableau.

Proof. When it terminates at step 4, dual feasibility condition is satisfied clearly.
Assume that termination occurs at step 2. If X is a feasible solution to the problem,
then it satisfies

xgp=b—Nxy —Xy418y41 >0, xy >0.

Since —a,+; < 0, the preceding expression holds for all x,4; satisfying x,4+; <
Xn+1, therefore the problem is unbound below. ]

The preceding Algorithm is used as a dual Phase-1 procedure in the following
three examples. In the first example, the infeasibility of the problem will be detected
after dual Phase-1. In the second, an optimal solution will be found at the end of
the dual Phase-I. In the third, an optimal solution will be achieved after the first
iteration of Phase-II.
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Example 15.5.1. Solve the following problem by two-phase dual reduced simplex
method:

min Xx7 = X1 — X» — 2X3,

St. —Xx1+ X2+ X3+ X4 = 0,
X1 —2x2 + X3 + X5 = 1,
X1 4+ 2x — 2x3 + x¢ = —8,

X; >0, j=1.-.6.

Answer Dual Phase-I: Initial tableau is

X1 X2 X3 X4 X5 X6 X7 RHS
-1 1 11
1 -2 1 1 1
1 2 =2 1 -8
1 -1 —2% -1

Iteration 1: To drop x7 from the basis, take p = 4. min{0, —1, =2} = —2,¢q = 3.
Multiply row 4 by —1/2, and add —1,—1,2 times of row 4 to rows 1,2,3,
respectively, obtaining the following reduced simplex tableau:

X1 X2 X3 X4 X5 Xg X7 RHS
—1/2% 1/2 1 —1/2
3/2  =5/2 1 —1/2 1
3 1 1 —8
—1/2 1/2 1 1/2

Phase-I: Call Algorithm 15.5.1.
Iteration 2:
. min{—1/2,1/2} = —-1/2, g = 1.

. Multiply row 1 by —2, and add —3/2,1/2 times of row 1 to rows 24,
respectively:
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X1 X2 X3 X4 X5 X6 X7 RHS
1 -1 -2 1
—1* 3 1 -2 1
3 1 1 —8
1 -1 1

Iteration 3:

1. min{l,-2,1,1} = =2, p = 2.
3. min{—1,3} = -1, ¢ = 2.
5. Multiply row 2 by —1, and add 1, —3 times of row 2 to rows 1,2, respectively:

X1 X2 X3 X4 X5 X6 X7 RHS
1 -5 —1 —1
1 -3 —1 -1
9 3 1 =5 =5
1 —1 1

Iteration 4:

1. min{3,2,-5,1} = =5, p =3.
3. min{9,3} =3 > 0.
4. Dual feasibility achieved.

Dual Phase-II: Call Algorithm 15.4.1.
Iteration 5:

1. X7 =(=5/(-5 =1.

2. Xxp =(=1,-1,-5,00" =1 x (3,2, -5, 1) =(-4,-3,0,-1)", B={1,2,6,3}.

3. min{—4,-3,0,—1} = —4,r = 1.

6. 8 = min{—9/(-5),-3/(-1)} =9/5, g = 4.

7. Multiply row 1 by —1/5, and add 3,—9,1 times of row 1 to rows 2,34,
respectively:

X1 X2 X3 X4 X5 X6 X7 RHS
—-1/5 1 1/5 =3/5 1/5
=3/5 1 —=2/5 1/5 —=2/5

9/5 6/5 1 2/5 | —34/5
—1/5 1 1/5 2/5 1/5

8. as7=2/5>0.
9. Stop, detecting infeasibility of the problem.
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Example 15.5.2. Solve the following problem by two-phase dual reduced simplex
method:

min X7 = X1 — ZXZ — SX3,

s.t. =2x1 + X2 + X3 +Xx4 = 1,
2x1 — 3x, + X3 +X5 = —1,
X1 + 2x — X3 +x¢ = 2,

X;>0, j=1,---,6.

Answer Initial tableau is

X1 Xo X3 X4 X5 X6 X7 RHS

-2 1 1 1 1
2 -3 1 1 -1
1 2 —1 1 2
1 -2 -5 —1

Iteration 1: p = 4, min{1, -2, -5} = -5, = 3.
Multiply row 4 by —1/5, and add —1,—1,1 times of row 4 to rows 1,2,3,
respectively:

X1 Xo X3 X4 X5 Xg X7 RHS
—9/5% 3/5 1 —1/5 1
11/5 —17/5 1 —1/5 -1

4/5 12/5 1 1/5 2
—-1/5 2/5 1 1/5

Dual Phase-I: Call Algorithm 15.5.1.
Iteration 2:

1. min{—1/5,-1/5,1/5,1/5} = —1/5, p = 1.

3. min{—9/5,3/5} = -9/2,q = 1.

5. Multiply row 1 by —5/9, and add —11/5, —4/5, 1/5 times of row 1 to rows 2,34,
respectively:

X1 Xo X3 X4 X5  Xg X7 RHS
1 —1/3 —=5/9 1/9 | =5/9
—8/3* 11/9 1 —4/9 2/9

8/3 4/9 1 1/9 | 22/9

1/3 1 —1/9 2/9 | —1/9
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Iteration 3:

1. min{1/9,—-4/9,1/9,2/9} = —4/9, p = 2.
3. min{—8/3,11/9} = —8/3, ¢ = 2.
5. Multiply row 2 by —3/8, and add 1/3, —8/3, —1/3 times of row 2 to rows 1,3.4,

15 Reduced Simplex Method

respectively:
X1 X2 X3 X4 X5 Xe X7 RHS
1 —17/24 —1/8 1/6 | —=7/12
1 —11/24 —3/8 1/6 | —1/12
5/3 1 1| —1/3 8/3
1 1/24 1/8 1/6 | —1/12

min{1/6,1/6,—1/3,1/6} = —1/3,p

achieved.

Dual Phase-II: Call Algorithm 15.4.1.

Iteration 4:

1. x; =(8&/3)/(-1/3) = -8.
2. g = (=7/12,-1/12,8/3,—1/12)T — (—8)(1/6,1/6,—1/3,1/6)T

= (3/4,5/4,0,5/4)T > 0.
4. Basic optimal solution and according objective value:

X =(3/4,5/4,5/4,0,0,0)T,

X7 = —8.

= 3; min{5/3,1} > 0, dual feasibility

Example 15.5.3. Solve the following problem by two-phase dual reduced simplex

method:
min X9 = —2x1 — Xp + 2x3 + 4Xxy4,
st. x; —2xp +4x3 — X4+ x5 = 4,
2x1 —3x, — X34+ X4 + Xe = —6,
X1 + X3+ x4 + x7 = 2,
2x1 + Xxp — x3 —4xy + x3 = —1,
x; >0, j=1,---,8.
Answer Initial tableau is
X1 X2 X3 X4 X5 X6 X7 Xg X9 RHS
1 -2 4 —1 1 4
2 -3 —1 1 1 —6
1 1 1 1 2
2 1 —1 —4 1 —1
—2% —1 2 4 —1
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Iteration 1:

To drop objective variable xg from the basis, take p = 5; min{—2,—1,2,4} =

—2,q9 = 1.
Multiply row 5 by —1/2, and add —1, —2, —1, —2 times of row 5 to rows 1,2,3,4,
respectively:
X1 Xo X3 X4 X5 X6 X7 Xg X9 RHS
—5/2 5 1 1 —1/2 4
—4* 1 5 1 —1 —6
—-1/2 2 3 1 —1/2 2
1 -1 —1
1 12 -1 =2 1/2

Dual Phase-I: Call Algorithm 15.5.1.

Iteration 2:

1.

min{—1/2,—1,—1/2,—-1,1/2} = -1, p =2.

3. min{—4,1,5} = —4,q = 2.

5.

Multiply row 2 by —1/4, and add 5/2,1/2, —1/2 times of row 2 to rows 1,3,5,
respectively:

X1 X2 X3 X4 X5 X6 X7 Xg X9 RHS
35/8 —17/8 1 —5/8 1/8 31/4
1 —1/4 —=5/4 —1/4 1/4 3/2
15/8 19/8 —1/8 1 —3/8 11/4
1 1 -1 -1
1 —-7/8  —11/8% 1/8 3/8 —3/4

Iteration 3:

1.
3.

min{l1/8,1/4,-3/8,—1,3/8} = —1,p = 4.
min{1, 0,0} > 0. Dual feasibility achieved.

Dual Phase-II: Call Algorithm 15.4.1.

Iteration 3:

1.
. Xp = (31/4,3/2,11/4,—1,-3/4)T— (1/8,1/4,—3/8,—1,3/8)T

[\

~N N Lt W

Xo = (=D/=D) =1

= (61/8,5/4,25/8,0,—9/8)".

. min{61/8,5/4,25/8,0,—9/8} = —9/8 < 0,r = 5.

. J =1{3,4} #0.

- min{—1/(=7/8),0/(=11/8)} = 0,0 < (=1)/(=3/8).q = 4.

. Multiply row 5 by —8/11, and add 17/8,5/4,—19/8 times of row 5 to rows

1,2,3, respectively:



384 15 Reduced Simplex Method

X1 Xo X3 X4 X5 X6 X7 X3 X9 RHS
—17/11 63/11 1 —9/11 —5/11 98/11
—10/11 1 6/11 —4/11 —1/11 24/11

19/11 4/11 1/11 1 3/11 16/11

1 1 —1 —1
—8/11 7/11 1 —1/11 —3/11 6/11

Iteration 4:

1. Xg =(-1)/(-1)=1.

2. Xp = (98/11,24/11,16/11,—1,6/11)T™—(1)(=5/11,-1/11,3/11,—1,-3/11)T
= (103/11,25/11,13/11,0,9/11)T > 0.

4. Basic optimal solution and according objective value are

% =(0,25/11,0,9/11,103/11,0,13/11,0)T, X = I.

15.6 Notes

The reduced simplex method can be traced back to the publication of the “bisection
simplex method” (Pan 1991, 1996a), which bisections an interval, including the
optimal value, iteration by iteration until achieving optimality. Pan wrote (1991,
p. 724).

Finally, we indicate that justifications of ...in fact describes an approach to improving
feasible solutions with dual type of canonical form,! in a manner similar to that in the
conventional method. We are not interested in on this line though, and will develop another
method. ..

At that time, the reduced simplex method seemed ready to come out at one’s call.
But unfortunately it had been overlooked by not regarding its prospects favorably
until recently drawing attention again from the author.

Although there are no numerical results available at present, the method is
promising for the following reasons, at least:

Firstly, while its computational effort per iteration is about the same as the
conventional simplex method, a novel pivot rule is employed. Consequently, the
resulting search direction corresponds to the negative reduced objective gradient
as a whole (since the objective function involves a single variable), as seems
to be advantageous to the conventional search direction which corresponds to a
negative component only. In each iteration, as a result, the decrement in the objective
variable’s value is just equal to decrement in the original objective value (see also
Vemuganti 2004).

't is noting but the reduced simplex tableau.
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Secondly, as was mentioned in Sect.3.9, the numerical stability of the con-
ventional simplex method is actual not good enough, since it could select a too
small pivot in magnitude. Occasionally, it must restart from scratch to handle
the troublesome case when the basis matrix is close to singularity (Sect.5.1). In
contrast, the reduced simplex method is numerically stable, since it tends to select
a large pivot in magnitude. Consequently, the risk of using the restarting remedy
is significantly reduced, if not avoided completely. In the stability point of view,
therefore, Harris practicable row rule becomes unnecessary, although it would
remain useful in the sense of the most-obtuse-angle heuristics (see Sect. 5.6).

Thirdly, a variant of the reduced simplex method shows a bright application
outlook, as it seems to be a desirable framework for the implementation of the
so-called ““controlled-branch method” for solving ILP problems; favorably the
associated LP relaxation subprograms can be handled without increasing their sizes
at all (see Sect.25.7).

Finally, the reduced simplex method would become more powerful if the basis is
generalized to allow the so-called “deficient-basis” (Sect. 20.6). Moreover, a method
for generating an initial deficient-basis and an associated Phase-I method can be
derived using the reduced simplex framework (Sect. 20.7). These methods seems to
be simple as well as efficient.

As for sparsity, on the other hand, a large amount of fill-ins could yield from
transforming the conventional simplex tableau to a reduced one if nonzero costs
in the original problem occupy a high proportion (see Sect. 15.2). In this case, the
column, firstly selected to enter the basis, should be as sparse as possible. It would be
a good idea to obtain a reduced simplex tableau directly from some crash procedure
(Sect. 5.5) (excluding the objective variable from the set of basic variables).

On the other hand, some particular scaling should be applied with respect to the
objective function, as the reduced simplex method would be sensitive to it.
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