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Abstract The vortex-induced vibration of two elastic cylinders in tandem has
been numerically simulated based on the Galerkin finite element method and
dynamic mesh technique. Influences of the reduced velocity to the amplitude of
vibration displacement of the cylinders was investigated, with cylinder spacing of
L/D = 5 and a Reynolds number of 1,000. In the simulation, several classic
vortex-induced vibration modes have been obtained, such as beat vibration and
resonance. It was found that vortices shed periodically from both the upstream and
downstream cylinders. The downstream cylinder undergoes larger amplitude of
oscillations in both transverse and streamwise directions than those of the
upstream cylinder. Variations in the maximum amplitudes of the oscillation dis-
placement were found to agree with the ‘‘three-branch’’ model.

1 Introduction

Flow-structure interaction in an arrangement of two cylinders in tandem is an
important project for the research works of fluid mechanics, which has not been
well understood. Previous works reveal some characteristics of this kind of flow
phenomenon. Assi et al. (2006) experimentally investigated the oscillations of the
downstream cylinder in a two-tandem circular cylinder arrangement. They
observed that the oscillating amplitude of the cylinder increased with the reduced
velocity. For the same reduced velocity, this amplitude is 50 % larger than that of
a single cylinder. Price et al. (2007) experimentally investigated the vortex pattern
and the vortex shedding frequency as the upstream cylinder vibrates in the
transverse direction. Kim et al. (2009a, b) investigated experimentally flow-induced
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oscillations of two cylinders in tandem arrangement. Five wake vortex flow pat-
terns have been observed in their experiments. Flow-induced oscillation of two
cylinders in tandem has been investigated numerically by Prasanth and Mittal
(2009) for a low Reynolds number of 100. In their work, mass ratio m* = 10,
damping ratio fs = 0, cylinder spacing L/D = 5.5. They found that the variation in
the amplitude of the transverse oscillation is in accordance with a three-branch
model which is suitable for that of a single cylinder. Numerical studies have been
conducted for one-degree-of-freedom and two-degree-of-freedom vortex-induced
vibrations of the downstream elastic circular cylinder in tandem arrangement by
Chen et al. (2004, 2005). Their results showed that the peak value of the dis-
placement of the cylinder for two degree of freedom is larger than that for one
degree of freedom, and the lift of the downstream cylinder is larger than the
upstream cylinder, while it is contrary for the drag. Although many research works
have been made on the flow-structure interactions, numerical studies on the flow-
induced vibration of two cylinders in tandem for a higher Reynolds number are
still lacking. In this work, flow-structure interactions of two cylinders in tandem
were investigated numerically at a Reynolds number of 1,000.

2 Mathematic Model and Calculation Method

2.1 Governing Equation

For the unsteady incompressible flow of the fluid-induced vibration issue in this
study, the continuity and momentum equations are:
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The dimensionless parameters in the equations are Xi ¼ xi=D, Ui ¼ ui=U, P ¼
ðp� p0Þ=qU2 and s ¼ Ut=D, where the characteristic length D is the diameter of
the cylinder, U is the uniform flow velocity, p0 is the inlet pressure, the Reynolds
number Re ¼ UD=t; and m is the kinematic viscosity.

Introducing the spring damping vibration model, the vibration equation of the
cylinder for two degree of freedom is:
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In which, Yi is the displacement of the cylinder in x and y directions, fs is the
dimensionless damping coefficient of the structure, Fi ¼ ðCD; CLÞ is the cylinder’s
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stress coefficient, mass ratio m� ¼ 4m=qpD2, m is the mass of unit length of the
cylinder, q is the fluid density, the reduced velocity Ur ¼ U=fnD, fn is the natural
frequency of the cylinder.

2.2 Computation Model and Grid

The computations were carried out with Galerkin finite element method, at a Rey-
nolds number 1,000, and spacing ratio L/D = 5. The two cylinders can vibrate with
two degrees of freedom. The mass ratio is m* = 20.0, and the non-dimensional
damping ratio is fs = 0.0. A dynamic grid technology was introduced to calculate the
vibration of the two elastic cylinders. The k-e model was chosen for the turbulence
flow.

Two cylinders of equal diameter are placed in a 60 9 20 D rectangular domain,
in which the length from the inlet to the upstream cylinder is 10 D. After defining
u and v are the mean values of the streamwise and vertical velocity, the boundary
conditions were set as: the inlet dimensionless u = 1 and v = 0, the outlet
dimensionless pressure P = 0. The Neumann condition is employed in the inlet
velocity, i.e., ou=ox ¼ 0 ; ov=ox ¼ 0. The non-slip boundary condition is
employed in the upper and lower walls, u = 0, v = 0. The six-node triangle mesh
was introduced in the computational domain and the mesh near the cylinder was
refined. The number of grids is more than 60,000.

3 Results and Discussions

Figure 1 shows the time histories of the lateral displacement of the cylinder
vibration. It is found that as the reduced velocity is increased, the vibration mode
undergoes successively small vibration, beat, resonance, and small beat vibration.
The upstream and downstream cylinders appear to be of similar varying rule in
terms of the vibration mode, but the amplitude of the downstream cylinder is larger
than that of the upstream. As the relative values of the natural frequency of the
cylinder and the vortex shedding frequency varying, i.e., the value of Ur was set at
different values, the clap-frequency is varied consequentially. There are five and
two beats at Ur = 5 and Ur = 5.5, as shown in Fig. 1b and c.

Figure 2 presents the variations of maximum oscillating displacement ampli-
tudes of the cylinder as the reduced velocity is changed. When the natural
frequency of the cylinder fn was set at 0.175 and Ur = 5.75, the natural frequency
is the same with vortex shedding frequency in magnitude, resonance phenomenon
occurs both on the upstream and downstream cylinders, the displacement ampli-
tudes reach maximum values. With the reduced velocity continuously increasing,
the streamwise amplitudes of the upstream and downstream cylinders are both
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increasing, and the amplitude of the upstream cylinder is larger than that of the
downstream cylinder (Fig. 2a). With regard to the maximum lateral displacement
amplitude (Fig. 2b), the variation tendency of the upstream and downstream
cylinders is the same. As being affected by the trailing vortex of the upstream, the
amplitude of the downstream cylinder is larger than the upstream cylinder. The
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Fig. 1 Transverse vibration displacement curve of the upstream cylinder (left) and the
downstream cylinder (right). (a) Ur = 4.0 (b) Ur = 5.0 (c) Ur = 5.5 (d) Ur = 8.0
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lateral variations of the two cylinders present a ‘‘three branch’’ mode. At the initial
part, the amplitudes are very small. While for the middle part, the amplitudes reach
maximum values, and those for the larger reduced velocity are smaller. These
results are similar to the observations of Prasanth and Mittal’s (2009) and Khalak
and Williamson (1999), in spite of some differences in data magnitude due to the
difference in the Reynolds number, spacing ratio, and mass ratio.

4 Conclusions

A numerical simulation has been carried out on the vortex-inducted vibrations of
cylinders in tandem at the spacing ratio of L/D = 5, with two degrees of freedom.
The behaviors of flow-induced responses of the cylinders were examined as the
reduced velocity is varied. The main conclusions are summarized as follows:

1. The maximum lateral vibration amplitude of the downstream cylinder is larger
than that of the upstream. The lateral vibration amplitude trend shows ‘‘three-
branch’’ mode, which is similar to that of a single cylinder.

2. With the reduced velocity varied, several vortex-induced vibration modes were
captured, i.e., small amplitude vibration, beat, and resonance. When the reso-
nance occurs, the vortex shedding frequency is increased.
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Fig. 2 The maximal vibration displacement amplitudes of the cylinder
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