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Abstract. Given a graph G = (V, E), a subset B C V of vertices is a
weak odd dominated (WOD) set if there exists D C V\ B such that every
vertex in B has an odd number of neighbours in D. x(G) denotes the size
of the largest WOD set, and £’ (G) the size of the smallest non-WOD set.
The maximum of x(G) and |V| — k'(G), denoted kg (G), plays a crucial
role in quantum cryptography. In particular deciding, given a graph G
and k > 0, whether kg(G) < k is of practical interest in the design of
graph-based quantum secret sharing schemes. The decision problems as-
sociated with the quantities x, " and k¢ are known to be NP-Complete.
In this paper, we consider the approximation of these quantities and
the parameterized complexity of the corresponding problems. We mainly
prove the fixed-parameter intractability (W[1]-hardness) of these prob-
lems. Regarding the approximation, we show that kg, k and ' admit
a constant factor approximation algorithm, and that x and ' have no
polynomial approximation scheme unless P=NP.

1 Introduction

The odd domination problem is a domination type problem on a graph G =
(V, E) that consists of finding a set D of vertices such that each vertex has an
odd number of neighbours in D, equivalently each vertex is in the close odd
neighbourhood of D defined as Odd[D] = {u € V,|N[u] N D| = 1 mod 2}. The
odd domination falls into the general framework of (o, p)-domination [5/9]. The
parameterized complexity of these problems has been studied, in particular in
the parity cases [4]. Weak odd domination is a variation of odd domination,
which does not fall into the general framework of (o, p)-domination. Given a
graph G = (V, E), a Weak Odd Dominated (WOD) set is a set B C V such that
there exists D C V'\ B with B C Odd(D) :={v € V\ D,|N(v)ND| = 1 mod 2},
in other words, every vertex in B has an odd number of neighbours in D. The
Lemma 1 in [3] gives a good characterization of non-WOD sets: B C V is not
WOD if and only if 3C' C B such that |C| = 1 mod 2 and Odd(C) C B. Since
a subset of a WOD set is WOD and a superset of a non-WOD is non-WOD, we
focus on the largest WOD set and the smallest non-WOD set:

Definition 1. Given a graph G = (V, E),
k(@) = max |B| = max|Odd(D)| K(G) = mi%\)BA = min |[CUOdd(C)|
BWOD DCV B-WOD  CCV,|C|=1 mod 2
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Weak odd dominated sets have a simple interpretation in a variant of the sigma-
game with fragile bulbs: given a graph G, to each vertex is attached a bulb
which has three possible states: ‘on’, ‘off’, and ‘broken’; when one plays on a
bulb, it makes this bulb ‘broken’ and flips the states ‘on’/‘off’ of its neighbours.
In the initial configuration all bulbs are ‘oft’. The size x(G) of the largest WOD
set corresponds to the largest number of (unbroken) ‘on’ bulbs one can obtain.
Indeed, when one plays a set D of bulbs, Odd(D) is the set of ‘on’ bulbs.

Weak odd domination is strongly related to graph-based quantum secret shar-
ing protocols, defined in [8]. These protocols are represented by graphs in which
every vertex represents a player. It has been proved in [3], that for a quan-
tum secret sharing protocol based on a graph G of order n, kg(G) defined as
max(k(G),n—k'(G)) is the minimal threshold such that any set of more than
kg (G) players can recover the secret. Graphs with a small quantum threshold
(i.e. kKg(G)<0.811n for a graph G of order n) have been proved to exist using non
constructive methods [3]. In fact, a random graph has a small k¢ with high prob-
ability (see [3] for details). Thus, deciding whether a graph has a small threshold
is crucial for the generation of good graph-based quantum secret sharing proto-
cols. Unfortunately this problem has been proved to be NP-complete [3].

Since the decision problem associated with kg, as well as those associated
with x and k' are NP-complete [3], we consider two approaches to tackle the
hardness of these problems: parameterized algorithms and approximations.

Parameterized Complexity. Several NP-Complete problems, like deciding
whether a graph of order n has a vertex cover of size at most k, have been
proved to be fixed parameter tractable, i.e. they can be solved in time f(k:).no(l)
for some computable function f. The parameterized complexity hierarchy [IJ:
FPT C W1 C W[2] C ... C XP is, roughly speaking, a way to distinguish the
problems which are fixed parameter tractable (FPT) from those which are not.

Approximation. An optimization problem belongs to APX if it admits a con-
stant factor approximation algorithm. It admits a polynomial approximation
scheme if for any € > 0 it admits a (1 + ¢)-approximation [I1].

In this paper, the approximation and parameterized complexity of weak odd
domination problems are explored. Section Plis dedicated to bounds on the weak
odd domination. We prove a lower bound on x and an upper bound on x’ using
probabilistic methods. We also prove a strong duality property between s and &’.
In section B we define the parameterization of the weak odd domination problems,
then we prove using cyclic reductions that WOD SET OF Si1ZE AT LEAST n—k,
NoN-WOD SET Of SizE AT MoST k£ and QUANTUM THRESHOLD AT LEAST
n—k are equivalent to ODDSET, which has been proved to be hard for W[1] and to
belong to W[2] in [2], even for bipartite graphs, thus they have no FPT-algorithms
unless the parameterized hierarchy collapses with W[1] = FPT. Finally, in section
@ we define the optimisation version of the weak odd domination problems and
then prove that MAX NON-ACCESSIBLE SET is in APX and that MAX WOD SET
and MIN NON-WOD SET are complete for APX, by reduction from MAX 3-SAT
B which is hard for APX [I0], thus MAaXx WOD SET and MIN NON-WOD SET
have no polynomial approximation scheme unless P=NP.
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2 Bounds on WOD Sets

In this section we improve the known bounds on the largest WOD and smallest
non-WOD sets in a graph. These improved bounds are essential for the choice
of the parameterization of the corresponding problems. The largest WOD set
of a graph G of order n and degree A satisfies A<k(G)< A”fl [3]. The bound
k(G)>A is coming from the simple fact that any vertex is oddly dominating its

neighbourhood. We improve this bound using probabilistic methods.

Lemma 1. For any graph G of order n and minimal degree § > 0,

K(G) 2 (3= 5 ) n

Moreover, k(G) > "t when § > 1, and k(G) > 57 when § > 2.

Proof. The proof consists in evaluating the expected size of the odd neigh-

bourhood of a randomly chosen set of vertices. Given ¢ € [0.5,1], let D be

a subset of vertices created by choosing each v € V(G) independently with

probability 1—q. The expected size of D is (1—g)n. For every v, the probabil-

ity that v € Fven(D) := {u € V \ D,|N(u) N D] = 0mod 2}, is Py(v) =
o)/ (5(“)) (1—q)%#¢*) =2k _and the probability that v € Odd(D) is Py (v) =
k=0 2k )

q. i(zu())/z (25,§1)1)(1fq)2k+1q5(”)*2k*1. Notice that v is not in D with probabil-

ity Po(v)+Pi(v) = g, moreover Py(v)—Pi(v) = qu(:v()) (5(}:))(q—1)kq5(”)—k =
q(2¢—1)°™. As a consequence, P;(v) = 1(g—q(2¢—1)°®")), and the expected
size of Odd(D) is E[|Odd(D)[] = 3_,ev(c) 3(g—q(2¢—1)°™). Let = 2¢—1 and
§ the minimal degree of G, E[|Odd(D)|] > " (2+1)(1—2°), which is maximal for
x =0 when § = 1, so E[|Odd(D)|] > ;. Thus there exists D C V(G) such that
|Odd(D)| > "t so k(G) > "t. When § = 2, '} (z+1)(1—2?) is maximal for z = },
so E[|Odd(D)|] > 52. In the general case, E[|Odd(D)|] > 7 (1+x—22%), which

27"
is maximal for z = (26)7s-1. So E[|Odd(D)[] > 7(14(26) -1 —2(26)s°1) =
0g(29) o o
1405t ) > m (14051 (110820 )) (L 1 1os(20) O

The bound of lemma [I] is not known to be tight. For the graph C¥ of order
n = 5k composed of the disjoint union of k Cs, k(CF) = 2n/5. Regarding
connected graphs, the largest WOD set of a comb graph of order 2k (a path Py
with a pending vertex on every vertex of the path) is of size k. We conjecture
that for any connected graph G, x(G) > [n/2].

Most of the graphs of order n have no WOD set larger than 0.811n. In-
deed, theorem 8 in [3] implies that a random graph G(n,1/2) (graph of or-
der n where every possible pair of vertices has an edge with probability 1/2),
Pr(k(G(n,1/2)) <0.811n) > 1 — }.

Similarly to the largest WOD set, the smallest non-WOD set of a graph G
of order n and minimal degree § satisfies %, < «'(G) < é+1 [3]. The bound
k'(G) < 541 is coming from the fact that any vertex together with its neighbour-
hood is not a WOD set. Notice that a similar probabilistic technique as of the
proof of Lemma [I] fails to improve this bound: the expected size of D U Odd(D)
for a randomly chosen subset D does not produce an upper bound on the



110 D. Cattanéo and S. Perdrix

smallest non-WOD set because of the additional constraint that D must be of
odd size. Instead, we improve the upper bound for the smallest non-WOD set
by strengthening the duality property «'(G)+x(G)>n proved in [3] as follows:

Lemma 2. For any graph G of order n, n — k(G) < k'(G) <n — ”(QG),

Proof. The proof consists in showing that for any graph G, '(G)<n— “(QG ). To

this end, first we show that IDCV(G) s.t. |D|=1 mod 2 and |Odd(D)|> ”(QG)‘ In-
deed let DCV(G) be a non empty set s.t. |Odd(D)|=x(G). If | D|=1 mod 2 then
we obviously have |Odd(D)|> ”(QG)‘ Othewise, if D is of even size then YveD,
[N (v)|+]0dd(D\{v})|>]|0dd(D)|=x£(G). So either {v} or D\{v}, which are both
of odd size, has an odd neighbourhood larger than ”(QG). Thus, ICCV(G) s.t.
|C]=1mod 2 and \Odd(C’)|2“(2G). Since |C|=1mod 2 implies that Yo ¢ C,
ve0dd(C) & v¢0dd,(C) (where Odd(C) is the odd neighbourhood of C' in
G), |CUOdd,,(C)|<n—" . Thus x'(G)<|CUOdd(C)|<n—"{S). O

Corollary 1. For any graph G of order n and degree A <n —1,
3, l+log(2(n—A-1
K(G) < and  K'(G) < (Z + g(g?g_(z_l) )> n

The restriction A < n — 1 in Corollary [Ilis crucial since for any n, &'(K,) = n,
where K, is the complete graph of order n. Similarly, the condition § > 0 in
lemma [T] is necessary since k(K,,) = 0. We consider the class of graphs which do
not satisfy these conditions, i.e. graphs having a universal vertex or an isolated
vertex, and show that such graphs satisfy a stronger duality property:

Lemma 3. For any graph G of order n with a universal or isolated vertez,
K (G)+k(G)=n

Proof. If G has an isolated vertex then x'(G)=1 and x(G)=n—1. Otherwise, let
u be a universal vertex in G. Let DCV(G) s.t. |Odd, (D)|=k(G). Notice that u is
isolated in G, so |Odd(D®{u})|=|0dd(D)|=r(G), where @ denotes the sym-
metric difference. Since either D or D@{u} is of odd size, 3Ce{D, D®{u}} s.t.
|C|=1mod 2 and |Odd(C)|=k(G). Moreover |Oddg(C)|=n—k(G), so v'(G) <
n—k(G), which implies «'(G)=n—k(G) since k'(G)>n—~k(G) for any graph. O

The strong duality property gives a way to get ride of the universal and isolated
vertices in the computation of k(G) and x(G). For instance, if G has a universal
vertex u, K'(G) =n — k(G) = n — k(G \ u), since u is isolated in G.

3 Parameterized Complexity

3.1 Parameterization of Weak Odd Domination Problems

The results of the previous section imply that when parameterised by the size
of the WOD set, the largest WOD set problem is in FPT. More precisely, given
a graph G and a parameter k, deciding whether x(G) > k is fixed parameter
tractable using the following algorithm Kappa(G, k):
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e Remove all isolated vertices. Let n be the order of the resulting graph G’
o If £ < then ‘true’
e Else if VD C V(G’), |Odd(D)| < k then ‘false’ else ‘true’.

The first step of the algorithm is correct since for any isolated vertex u, x(G) =
k(G \ {u}). The complexity of the algorithm is O*(2") and since in the worst
case k = "/ the complexity in fonction of k is O* (24F), so the problem WOD of
size at least k is FPT.

Regarding the smallest non-WOD set, given a graph G of order n and a
parameter k, deciding whether x'(G) < n—Fk is fixed parameter tractable using

the following algorithm Kappa’ (G, k):

e If G has a universal vertex u then Kappa(G \ u, k)
e Else if £ <n/8 then ‘true’
. Else if VD of odd size |D U Odd(D)| > n — k then ‘false’ else ‘true’.

The correctness of the first step is based on Lemma B} if G has a universal vertex
u, K'(G) =n—k(G) =n— k(G \ u).

The fixed parameter tractability of the problems WOD of size at least k
and non-WOD of size at most n—k is not relevant because only based on the
existence of bounds for x(G) and «’'(G). As a consequence, we focus in the rest
of this paper on the dual parameterization of these problems:

WOD SET OF S1zE AT LEAST n—k NON-WOD SET OF SizE AT MOST k

input: A graph G of order n input: A graph G of order n
parameter: An integer k parameter: An integer k
question: Is kK(G) > n—k? question: Is &'(G) < k?

Concerning the quantum threshold problem, given a graph G of order n and a
parameter k deciding whether kg (G)=max(k(G),n—«'(G))>k is in FPT since
ko (G)>0.506n [6]. As a consequence we consider its dual parameterization:

QUANTUM THRESHOLD AT LEAST n—k
input: A graph G of order n

parameter: An integer k

question: Is kg (G) > n—k?

3.2 Fixed Parameter Intractability

In this section we show that the three problems WOD SET OF S1ZE AT LEAST
n—k, NON-WOD SET OF SizE AT MoST k, and QUANTUM THRESHOLD AT
LEAST n—k are all hard for W[1] and belong to the class W[2]. W[1]-hardness im-
plies the fixed parameter intractability of these problems (unless FPT = W[1]).
W[2] membership and W([1]-hardness of these problem are proved using reduc-
tions from the ODDSET problem:

ODDSET OF SIZE AT MOST k

input: A bipartite graph G = (RU B, E)

parameter: An integer k

question: Is there a subset R’ C R, |R’| < k such that B = Odd(R')?
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This problem is known [2] to be W[1]-hard and W[2]. We prove the following
circular reductions, where B — A stands for A is FPT-reducible to B:

[Theorem ODDSET [Theorem [I]
QUANTUM THRESHOLD LARGEST WOD SET
SMALLEST
[Theorem [M] NON-WOD SET [Theorem

As a consequence, all these problems are FPT-equivalent to ODDSET. More-
over we show that they remain FPT-equivalent to ODDSET when restricted to
bipartite graphs.

3.2.1 Largest WOD Set Problem

Theorem 1. WOD ST OF SiZE AT LEAST n—Fk is harder than ODDSET by
an FPT-reduction.

Proof. Given (G, k) where G=(RUB, E) an instance of ODDSET let (G’, k') (see
Figure [I) be an instance of WOD SET OF S1zE AT LEAST n’'—k’ such that
G'=(AUDUFUc, E1UE3UEs), n'=|R|4+(k+2)|B|+(k+2)+1 and k'=k+1 where:

A={a,,ucR} Ei={cfi,1 <i < k+2}
D={d, ;,ueB,1 < i< k+2} Ey={ca,,ucR}
F={f;,1 <i<k+2} Es={aydy,wwel, 1 <i < k+2}

If (G',K') is a positive instance of WOD SET OF SIZE AT LEAST n/—k/, let
CCV(G') be the smallest set such that |Odd(C)|>n'—k'. F is an independent
set of size k+2>k’ so there exists f€FNOdd(C). Since ¢ is the unique neigh-
bour of f, ¢ belongs to C. For every u€B, the subset D,={dy ;, 1<i<k+2} is
an independent set of size k+2 > k' whose neighbourhood is included in A,
thus YueB, D,,COdd(CNA) so DCOdd(CNA). Since ceC and ACOdd({c}), by
minimality of C', DNC=0. Let R'={u€R, a,C}, of size |R'|=|CNA|=|C|-1<k.
Since YueB,u€0dd(R’') < D,C0dd(C), BCOdd(R') so (G,k) is a positive
instance of ODDSET.

If (G,k) is a positive instance of ODDSET, there exists R'CR, s.t. |R/|<k
and B=0dd(R’). Let A’={a,,ueR'}, since YueB,ucOdd(R') < D, COdd(A"),
DCOdd(A”) so DCOdd(A'U{c}). Since AUF' is an independent set dominated
by ¢, (FUAUD)\A'=V (G')\ (A'U{c})COdd(A’U{c}). Moreover |Odd(A'U{c}) >
n'—(k+1)=n'—FK, so (G', k') is a positive instance of WOD SET OF SIZE AT
LEAST n'—Fk'. O

Since ODDSET is hard for W[1], so is WOD SET OF S1zE AT LEAST n—k.
Moreover, notice that the graph used in the proof of Theorem [Ilis bipartite (see
figure[l), as a consequence:
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Fig.1. Left: Reduction from ODDSET to WOD SET OF SizE AT LEAST n—k; Right:
Reduction from WOD SeT OF SiZzE AT LEAST n—k to NON-WOD SeET OF SizE AT
MosT k

Corollary 2. WOD SET OF S1ZE AT LEAST n—k is hard for W[1] even for
bipartite graphs.

3.2.2 Smallest Non-WOD Set Problem
In this section we prove that NON-WOD SET OF SizE AT MOST k is hard for
WI1] even for bipartite graphs.

Theorem 2. NON-WOD SET OF SizE AT MoST k is harder than WOD SET
OF S1zE AT LEAST n—k by an FPT-reduction.

Proof. Given (G, k) where G = (V, E) and n = |V| an instance of WOD SET OF
S1ZE AT LEAST n—k, let (G', k') (see Figure[Il) be an instance of NON-WOD
SET OF SiZE AT MoST k' such that G’ = (AU B U {c}, By U Ey U E3) and
k" = k + 2 where:

A={a;,1<i<k+3} E; ={byby,uv € E}
B = {b,,ucV} Ey ={a;c,1 <i<k+3}
E3:{buai,u€‘/,1§i§k‘+3}

If (G,k) is a positive instance of WOD SET OF S1ZE AT LEAST n—Fk, there
exists C' C V such that |Odd(C)| > n—k. There are two cases: if |C| = 0 mod 2,
let ¢’ = {by,u € C}U{a}, where a is any vertex in A. Since A is connected by a
complete bipartite graph to B, A C Even(C’) and ¢ € Odd(C"). Since a € C' is
connected to all the vertices in B, for every u € Odd(C) in G, b, ¢ Odd(C") in
G, 50 |C"UOdd(C")| < k+2 =K. Otherwise, if |C| =1 mod 2, let C’ = {b,,u €
C} U {a,c}, where a is any vertex in A. A is connected by a complete bipartite
graph to B and each vertex in A is connected to ¢ since |B N C’| = 1 mod 2,
A C Even(C'). Similarly |0dd(C")JC’| < k+2 = k. Thus in both cases (G', k')
is a positive instance of NON-WOD SET OF SizE AT MOST k.

If (G, k') is a positive instance of NON-WOD SET OF S1zE AT MOST k,
there exists C’ C V(G’) such that |C" U Odd(C")] < k and |C’| = 1 mod 2.
A is an independent set of size k + 3 > k', so there exists a € A such that
a € Even(C’). Since A is connected to V(G’) \ A by a complete bipartite graph
and |C'] = 1mod 2, |C' N A] = 1 mod 2 then by minimality |C' N A| = 1, let
a be this vertex. Let C' = {u,b, € C'}, since a is connected to every vertex in
B, Yu € Vb, € 0dd(C") < u € Even(C) so |Even(C)| < k thus (G,k) is a
positive instance of WOD SET OrF Si1ZE AT LEAST n—k. O

Corollary 3. NON-WOD SET OF S1ZE AT MOST k is hard for W[1].
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The proof of the W[1]-hardness of NON-WOD SET OF S1ZE AT MosT k does
not respect the bipartition of the graph. However we prove that the problem is
W]1]-hard even for bipartite graph by reduction from the general case:

Theorem 3. NON-WOD SET OF S1ZE AT MOST k in bipartite graphs is harder
than NON-WOD SET OF SizE AT MosT k by an FPT-reduction.

Proof. Given an instance (G, k) of NON-WOD SET OF S1ZE AT MOST k let
(G', k') (see Figure) be a bipartite instance of NON-WOD SET OF SiZE AT
MosT k with:

G/:(AUBlUBQUDUFUH,E1UE2UE3UE4UE5), k' =2k

A={ay,ueV} Eqy = {aubiv,i € {1,2},uv € E}

By = {bLu,u S V} Fy = {aubzu,u € V}

By = {bgvu,u S V} E3 = {bi,udi,u,jvi S {1,2},

D = {di i€ {1,2}, weV,1<j<2%k+1}
u€eV,1<7<2k+1 Ey = {di,u,jfi,u,j,lai € {1,2},}

F={fiujunic{l,2}, weV,1<4,1<2k+1}
ueV, 1< j,l <2k+ 1} Es = {fi,u,j,lhpai S {1,2},

H={h;,1 <i<2k+1} ueV,1<j,l,p<2k+1}

If (G, k) is a positive instance of NON-WOD SET OF S1ZE AT MOST k, there
exists C' C V such that |C' U Odd(C)| < k. Let ¢’ = {ay,u € C}, notice that
|Odd(C") N By| = |0dd(C)| since Yu,v € V,ayb1, € E1 < uv € E. Moreover,
|0dd(C") N Ba| = |0dd(C)®C|, since Yu,v € V, aybs, € E1 < uv € E and
Yu € Vyaybe € E2. So |C"UOdd(C")| = |C| + |0dd(C)| + |0dd(C)aC| =
2|CU0dd(C)| < 2k = k' thus (G', k') is a positive bipartite instance of NON-
WOD SET OF SizE AT MOST k.

If (G', k') is a positive bipartite instance of NON-WOD SeT OF SIZE AT
MosT k, there exists C’' C V’ such that |C"UOdd(C")| < 2k and |C’| = 1 mod 2.
Notice that H is an independent set of size 2k + 1 > k’, so there exists h € H
such that h € Even(C"), since H is connected by a complete bipartite graph to
F thus |[FNC’| = 0 mod 2. F is composed of (2k+1)2|V| > k' independent sets
F; of size 2k +1 > k' so Vi € [1, (2k + 1)2|V||3f; € F; such that f; € Even(C").
Since each Fj is connected to a vertex d € D and connected to H by a complete
bipartite graph, |[F N C’| = 0mod 2 and D N C' = (). By minimality of C’



Parameterized Complexity of Weak Odd Domination Problems 115

|[FNC'| =0 mod 2 implies C'NF = . D is composed of 2|V| > k’ independent
sets D; of size 2k +1 > k', so there exists i € [1,2|V|] such that D; C Even(C"),
since each D; is connected to a vertex b € By U By, C' N (By U Bg) = 0. Thus
C' C Aand Odd(C’) C By UBag, let C ={u€V,a, € C'}, so |C'"UOdd(C")| =
|C| + |0dd(C)| + |0dd(C)®C| = 2|C U Odd(C')|. Since |C" U Odd(C")| < K/,
|C'UOdd(C)| < k which implies that (G, k) is a positive instance of NON-WOD
SET OF S1zE AT MOST k. O

Corollary 4. NoN-WOD SEeT OF S1zZE AT MOST k is hard for W[1] even for
bipartite graphs.

3.2.3 Quantum Threshold Problem

In this section we consider the quantum threshold problem. The quantum thresh-
old kg (G) of a graph G of order n is defined as kg(G) = max(k(G),k(G)) =
max(k(G),n—k'(G)). Like the largest WOD set problem, this problem is proved
to be hard for W[1] by a reduction from NON-WOD ST OF S1zE AT MOST k.

Theorem 4. QUANTUM THRESHOLD AT LEAST n—k is harder than NON-
WOD SEeT OF SizE AT MosST k by an FPT-reduction.

Proof. Given (G, k) an instance of NON-WOD SET OF S1ZE AT MOST k let
(G¥*1 k) be an instance of QUANTUM THRESHOLD AT LEAST n—k where G is
the graph obtained by copying p times G. Since kg (G) = max(k(G),n — k'(G))
by Lemma 6 of [3], there are two possibilities for kg (G**1) > (k+1)n—k, either
k(G**1) or n(k + 1) — &’ (GF*1) is maximal:

o If K(G**1) > (k+1)n—F, since the k+1 copies of G are independent the largest
WOD set of GF*! is k + 1 copies of the largest WOD set of G, so (k+ 1)k(G) >
(k+1)n — k. Thus k(G) > n — (k-lf-l)’ but k_’f_l < 1s0 k(G) > n. On the other
hand, for any graph G of order n we have xK(G) < n so there is a contradiction.
o If (k+1)n—r'(G**1) > (k+1)n—k. Since the k+1 copies are independent the
smallest non-WOD set of G**! is one of the smallest non-WOD set in a copy
of G, so k' (G**1) < k < k/(G) < k which is equivalent to (G, k) is a positive
instance of NON-WOD SET OF S1ZzE AT MOST k. g

Notice that the reduction preserves the bipartition of the graph, so QUANTUM
THRESHOLD AT LEAST n—k is W[1]-hard even for bipartite graphs.

Corollary 5. QUANTUM THRESHOLD AT LEAST n—Fk is hard for W[1] even
for bipartite graphs.

Now we have proved that all the problems related to weak odd domination
are hard for W[1], by successive FPT-reductions starting from ODDSET. These
problems are not only harder than ODDSET but equivalent to ODDSET and
belong to W[2]. Indeed, ODDSET is harder than QUANTUM THRESHOLD OF
S1zE AT LEAST n—k by an FPT-reduction:

Theorem 5. ODDSET is harder than QUANTUM THRESHOLD AT LEAST n—k
by an FPT-reduction.
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Proof. Given an instance (G, k) of QUANTUM THRESHOLD AT LEAST n—k, let
(G', k') (see Figure) be an instance of ODDSET with:

G'=(AUu{di} U{d2} U{c}, E1 UEyU EsUEy U E5 U {dy1c} U {dac})
A= U Aij  Eir={a12u010,j € {4,5},uv € E}

U4l x>

{am,uvu eV} By ={az2u02.,J €{4,5},uv ¢ £}
Es = {ai,j,uai,l,ua ’iG{l, Q}v jE{l, 3}v 16{4’ 5}v uGV}
Ey ={dia; ju,t €{1,2},j € {4,5},uv € E}
E5 = {a@g,uai@u,i S {1, 2}, u e V}
And with B = Ai,4 U Ai’g, U {C}, R = Ai,l U Ai’g U AZ sand k' =2k + 1.

‘A1 1] /Az 1]
M
><A1 4 ‘Az 4] ‘

‘A12‘

>{A1 5] ‘A2 5><
‘A1 3| \AQ 3l

If (G, k:) is a positive instance of QUANTUM THRESHOLD AT LEAST n—k, since
ko (G)=max(k(G), k(G)), either k(GQ) or k(G) is greater than n—Fk:

o If kK(G) > n—k, there exists C such that |Odd(C)| > n—k. let C' C R be
{a12,u,u € CYU{a1,14,u € Even(C)}U{a; 34, u € COEven(C)}U{d2} where @
is the symmetric difference. Since dy € C’, then ¢, As 4 and Ay 5 are in Odd(C").
Since a1,2,4a1,40 € E1 < wv € E and {a1,2,4,u € C} C €', then {a1,4.,u €
0dd(C)} C Odd(C"). Ay is connected to Ay 4 by a matching and {a1,1,4,u €
Even(C)} C C"so{a1,4,u,u € Even(C)} C Odd(C") thus Ay 4 C Odd(C"). Since
Aj 5 is connected to Aj o like Ay 4 plus a matching, {a1 54,4 € Odd(C)®C} C
0dd(C’' N A12) and {a1,5.4,u € Even(c)®C} C Odd(C' N Ay 3), thus A5 C
0dd(C"). So B C 0dd(C"), and |C'| = |C| + |Even(C)| + |Even(C)®C| + 1 =
2|Bven(C)UC|+1 < 2k+1 =K, thus (G', k) is a positive instance of ODDSET.
o If K(G)>n—k then d; € C’ instead of dy and using the same process with
neighbourhood relations of G instead of G we obtain (G’, k') is a positive instance
of ODDSET.

If (G',K') is a positive instance of ODDSET, there exists C’ C R such that
B C 0dd(C"). ¢ is dominated either by dq or ds. If d2 € C’, then Ay 4 and Az 5
are in Odd(C"). Since A; 4 is connected to Ay 1 by a matching Ay o NC" # 0, let
C = {u,a1,2, € C'} be a set of vertices in V, so similarly |C’| = 2|Even(C) U
C| + 1 which implies that |C'| = 2|0dd(C)| + 1, so k(G) > n—k thus (G, k)
is a positive instance of QUANTUM THRESHOLD OF SI1ZE AT LEAST n—k. If
dy € C', similarly x(G) > n—k, so (G,k) is a positive instance of QUANTUM
THRESHOLD AT LEAST n—k. (]
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Corollary 6. All the following problems: WOD SET OF SI1ZE AT LEAST n—k,
NoN-WOD SET OF SiZzE AT MOST k and QUANTUM THRESHOLD AT LEAST
n—k even for bipartite graph are FPT-equivalent to ODDSET and thus are all
hard for WI1] and in W[2].

4 Approximability

Weak odd domination problems WOD SET OF S1ZE AT LEAST n—k, NON-
WOD SeT OrF S1ZE AT MOST k, and QUANTUM THRESHOLD AT LEAST n—k
are not fixed parameter tractable unless FPT = WJ1] (see section B)). In this
section we consider the question of the existence of an approximation algorithm
for optimisation problems associated with the weak odd domination:

Max WOD SET MiIN NON-WOD SET
input: A graph G = (V, E) input: A graph G = (V, E)
cost function: D — |Odd(D)| cost function D — |D U Odd(D)|

output: DCV s.t. |0dd(D)|=k(G) output: DCV s.t. |D U Odd(D)|=r'(G)
MAX NON-ACCESSIBLE SET
input: A graph G = (V, E)
cost function D — max(|Oddg(D)|,|Odd(D)|)
output: D C V s.t. max(|Oddg (D)|,|0Odd(D)|) = kq(G)

Notice that MAX NON-ACCESSIBLE SET is in APX as it admits the 2-approxima-
tion algorithm which consists in outputting any vertex of the graph. Indeed, given
a graph G=(V, E) of order n, VeV, kg(G)>max(|N(v)|, [V\N(v)|-1) > ";*.
Since kg(G)<n—1, it produces a 2-approximation.

In the rest of the section, we prove the APX-completeness of Max WOD
SET and MIN NON-WOD SET, which implies the non-existence of polynomial
approximation scheme for these problems unless P=NP.

4.1 Maximum WOD Set
Theorem 6. The MAX WOD SET problem is complete for APX.

The proof of the harness consists in a reduction from MAX 3-SAT B proved to
be hard for APX in [I0], for any B € N,
MAX 3-SAT B
input: a 3-CNF formula ¢ where every variables occurs at most B times
output: an assignment of variable of 1 s.t. the maximum number of clauses
is satisfied

Lemma 4. For any B>0 MAX WOD SET is harder than MAX 3-SAT B by an
L-reduction.

Proof. Given 9 an instance of MAX 3-SAT B with n clauses, let f such that
f() = G’ (see Figure) be an instance of Max WOD SET such that G’ =
(CUDUF, Ey U Ey) where:
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C = {a,ala is a variable of ¥} Ey = {ad; g, ad; qb, ad; gc,
F = {f,,|a is variable ad; abelt € [1,n]}
of ¢, j € [1,4B + 1]} Ey ={afa,j afa,;
D; = {di,a, dip, dic, diab, diac, di pes disabe|a, b, jeL,4B+1],F;; C I}
are the literals of the i'" clause of ¢}
D= | D
i€[1,n]

dia dib dicdiab dijac dipe dijabe

SRS AT

Let g such that given X C V(G’) a set of G’, g(X) is an assignment of v
such that the variable a is true if the vertex a € D (even if @ € D) and is false
otherwise. g is computable in polynomial time and since G’ is polynomial in ||,
f is computable in polynomial time.

In &, |C] < 6n and |D| = 7n, and since each variable of ¢ is in a most
B clauses then |F| < 3n x 4B + 1, so the size of G’ is linear in the size of
1. Let MaxSAT (1) be the value of the number of true clauses in the optimal
solution of MAX 3-SAT B on %, since |G'| = a|¢| and that MaxzSAT () > ‘;M,
k(G < 2aMazxSAT ().

Given C' C C, let (a VbV c) be the i'" clause of ¥, C' N {a,b,c} # () if and
only if |Odd(C”) N D;| = 4 since:

o If |C'| =1, let a € C' then d; 4, di,ab, di ac, di.abe € Odd(C') and
di b, dic,di pe € Even(C’) and symmetrically for b and c.

o If |C'| =2, let a,b € C' then d; 4, d; b, di ac, dipe € Odd(C") and
di ¢y di ab, i abe € Even(C') and symmetrically for b, ¢ and a, c.

o If |C'| =3, let a,b,c € C' then d; 4,d; b, di ¢, diabe € Odd(C") and
d@ab, di,aa di,bc € Even(C’).

For all variable a of 9, there exists F, = {fa ;|j € [1,4B + 1]} an independent
set of size 4B + 1 connected only to a and a. Given C’ C C, since |Odd(C") N
D;| < 4 and that a variable a appears in at most B clauses in 9, if a,a € C’,
|Odd(C" \ a)| > |0Odd(C")| thus there is no a,a pairs in the optimal solution of
Max WOD SET.

Let X,p: be the optimal solution of MAX WOD SET, since there is no a,a
pairs in Xop, then F' C Odd(X,p) and the number of D; dominated by X,p
is MaxSAT (). Let X be a solution of MAX WOD SET and ! the number of
satisfied clauses by g(X). MaxzSAT () — I = k implies that g(X) satisfies k
minus clauses than g(X,p). Thus X oddly dominates at least & minus D; than
Xopt or contains a, a, so X oddly dominates at least 4k minus vertices than X .
This implies that MaxSAT () — 1 < B(k(G") — |0Odd(X)]). O



Parameterized Complexity of Weak Odd Domination Problems 119

Proof of Theorem [6l For all B > 3 MaX 3-SAT B is hard for APX and
there exists an L-reduction from MAX 3-SAT B to MAX WOD SET, thus MAXx
WOD SET is also hard for APX. The completeness is obtained by applying
the conditional probabilities method [13] on the linear bound of x(G) given by
Lemma [Tl which gives a polynomial 4-approximation of .

Corollary 7. There exists € > 0 such that there is no polynomial time (1 + €)-
approzimation of MAX WOD SET unless P=NP.

4.2 Minimum Non-WOD Set
Theorem 7. The MIN NON-WOD SET problem is complete for APX.

The proof of the hardness consists in a reduction from MAX WOD SET proved
to be hard for APX in Theorem [6l

Lemma 5. MIN NON-WOD SET is harder than MAX WOD SET by an L-
reduction.

Proof. Given G = (V, E) an instance of Max WOD Set of size n, let f such that
f(G) = G’ be an instance of MIN NON-WOD SET such that G’ = (VUd, E1UE3)
where By} = {w|u € V,v € V,uv ¢ E} and Ey = {ud|u € V}. Let g such that
given X C V(G') a non-WOD set of G', g(X) is a WOD set of V(G) defined
by g(X) = {ulu ¢ X,u # d}. Since X is a non-WOD set there exists D C X
such that |D|] = 1mod 2 and Odd(D) C X, so X C Even(D), thus in G’
X C 0dd(D). Since d is isolated in G', X C Odd(D) in G thus g(X) is a
WOD set in G and |g(X)| = n — | X]|. g is computable in polynomial time and
since G’ is polynomial in |¢|, f is computable in polynomial time. By Lemma
B «(G') + k(G') = n+ 1, since G’ is G and an isolated vertex and that an
isolated vertex does not change the value of k, then k'(G') = n + 1 — k(G).
By Lemma [l #(G) > 7, thus x(G’) < ax(G). By adding |g(X)| = n — |X] to
k' (G") =n+1— k(G) we have that for all solution X of MIN NON-WOD SET,
15(C) — ()| < als! (@) — |X]. O

Proof of Theorem [Tl Max WOD SET is hard for APX and there exists an L-
reduction from MAaX WOD SET to MIN NON-WOD SET, thus MIN NON-WOD
SET is also hard for APX. Similarly to MAX WOD SET the completeness is given
by applying the conditional probabilities method [I3] on Corollary [[l which gives
a polynomial 8-approximation of ’.

Corollary 8. The exits € > 0 such that there is no polynomial time (1 + €)-
approximation of MIN NON-WOD SET unless P=NP.

5 Conclusion

In this paper we have explored the parameterized complexity and approximation
of weak odd domination problems: largest WOD set, smallest non-WOD set,
quantum threshold, and their respective related quantities s, & and rg. We
have proved bounds on these quantities. These bounds imply that for any of these
problems, there is a parameterization which is FPT. However, if one considers
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a more natural parameterization of these problems, it turns out that all the
variants of weak odd domination problems are hard for W[1] and in W[2] even
for bipartite graphs. More precisely we show that they are equivalent to ODDSET.
Regarding the approximation we have proved that (1) maximum WOD set and
minimum non-WOD set are complete for APX, so they have no polynomial
approximation scheme unless P=NP; and (2) maximum non-accessible set is in
APX with a trivial constant factor approximation. The existence of a polynomial
approximation scheme for maximum non-accessible set, which would be of great
interest for the design of graph-based quantum secret sharing schemes, remains
open. Regarding the parameterized complexity, tight bounds on k, k' and kg
would allow for above guarantee technics to tackle the existence of FPT-algo-
rithms only based on the existence of bounds on the parameter (see [12] details).
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