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A Historical View on Shakedown Theory 

Dieter Weichert and Alan Ponter 

Abstract. Plastic design started in the early 20th century with the arrival of steel 
constructions in civil engineering. The objective was to determine the load carry-
ing capacity in particular of steel bridges and steel skeleton buildings beyond the 
elastic limit. The related studies were first focused on monotonically increasing, 
“dead” loading. From this point of view they were directly related to the ancient 
question of determining the load carrying capacity of masonry construction like 
domes of churches.  

It was in the extension of these studies that the problem of plastic design under 
variable loads came into the picture. Martin Grüning was the first to be attracted 
by the beneficial effect of limited plastic deformation in redundant elements in 
hyperstatic structures and opened the door to the fascinating theory of shakedown. 
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1 From the Beginnings to the Formulation of the Classical 
Theorems of Shakedown Theory 

The usual path to solve problems in solid mechanics today starts with an appropri-
ate formulation of the set of differential equations governing kinematics, balance 
laws and material behaviour. In particular in the non-linear case, generally the 
evolutionary or rate formulation of the problem is chosen, which is then reformu-
lated in weak form. This opens the way to approximation methods by introducing 
appropriate test functions. Solutions are then constructed in discrete form by a 
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cascade of systems of linear algebraic equations.-The finite element method most 
prominently represents this strategy, which we may call “classical” in what  
follows.  

This highly successful methodology relies on several important assumptions: 
The loading history is deterministically known, test functions and material law 
formulation are sufficient smooth and, above all, means for solving a cascade of 
very large systems of linear algebraic equations are available. - Non-linear mate-
rial behaviour such as plasticity renders the problem within this strategy more 
complicated than linear elasticity which is a simple linear mapping of the space of 
stresses onto the space of strains. As well-known example, the elastic-perfectly 
plastic material model rather badly fits into this scheme.  

Going back a century, there was no question of adequate computational tools 
nor did there even exist a general mathematical framework for non-linear solid 
mechanics. Nevertheless, the question whether a mechanical structure may fail or 
not under variable loads is as old as engineering activity itself. It is therefore very 
difficult to pinpoint the instant when mathematical models were first used to pre-
dict with rational arguments if a structure will resist the acting forces or collapse. 
Edoardo Benvenuto [1] gives an excellent view on early developments, going 
back to antiquity. – We choose more or less arbitrarily the prominent and repre-
sentative “Poleni’s problem” as the starting point for the rational treatment of limit 
states of structures. By his study published in 1748 [2] G. Poleni answered the 
question, whether the dome of St. Peter’s would collapse due to cracks that had 
formed on its top? He solved this problem, that would today be classified as a 
problem of limit analysis with unilateral material behaviour, semi-empirically: he 
used Hooke’s analogy between the “hanging chain problem” and the “arch-
problem” (“as hangs the flexible line, so but inverted will stand the rigid arch” 
cited from J. Heyman [3]) which needed to translate the plane problem of the arch 
to a shell problem (for details see J. Heyman’s paper on Poleni’s problem already 
quoted before [3]).  

This typical limit-analysis problem does not involve the characteristic features 
of a shakedown problem which are variable loads, material ductility and residual 
stresses. However, it illustrates several important historical aspects:  

 
(i) Long before mechanical engineering had gained significant importance, 

in civil engineering safe design, that means avoiding collapse of masonry 
structures, was of crucial importance.   

(ii) Irreversible material behaviour is present through cracks and pseudo-
hinges. 

(iii) Elastic behaviour is neglected. 
 
In the beginning of the 20th century, steel was increasingly used to construct 

bridges and buildings. Very soon engineers found that elastic design, commonly 
used at that time, was excessively conservative and plastic design became an issue 
for this type of structures in the 2nd decade. In particular methods to determine the 
load carrying capacity of beams and trusses under monotonically increasing loads 
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were investigated both from experimental and theoretical point of view (Maier-
Leibnitz in 1928 [4], Schaim in 1930 [5], Fritzsche 1931 [6]). But as early as 
1926, Martin Grüning (Fig.1) discussed the influence of plasticity in hyperstatic 
truss systems under repeated loading: He observed the beneficial effect of redun-
dant elements in case of repeated loading: Redistribution of stresses caused by 
plastic deformation occurring in first loading cycles may be such that in subse-
quent loading, the members of the structure may be operating solely in the elastic 
domain for higher load levels than determined if the initial elastic limit would be 
taken as reference. This might be considered as the first appearance, yet in embry-
onic form, of the idea of shakedown. Grüning published his results shortly after 
his famous work “Die Statik des ebenen Tragwerks” [7] in 1925 (still available 
today) in a 30-pages booklet entitled “Die Tragfähigkeit statisch unbestimmter 
Tragwerke aus Stahl bei beliebig häufig wiederholter Belastung” [8]: The decisive 
sentence in German: 

 
“Überschreiten die Spannungen in n Stäben eines n-fach statisch unbestimmten Fach-
werks, die als Überzählige eines stabilen (statisch bestimmten) Systems aufgefaßt wer-
den können, infolge einer Belastung die Elastizitätsgrenze, so gehen sie unter hinrei-
chend häufig wiederholter Be-und Entlastung in und unter Umständen unter die Elasti-
zitätsgrenze zurück, sofern die Spannung in keinem Stabe des stabilen Systems sich 
über die Elastizitätsgrenze hebt“. 
(“Do the stresses in n bars of a n-times over-determined bar-system, which can be con-
sidered as redundant elements of a stable (statically determined) system, exceed the 
elastic limit due to some loading, so they go, under sufficiently often repeated loading 
and unloading, back to, or under circumstances below the elastic limit, in case that the 
stress in none of the bars of the stable system goes beyond the elastic limit”)      

 

 
 
We see the vicinity to the limit-load problem of civil engineering on one hand, 

but also the differences that are decisive for the different strands that take shake-
down-theory and limit-analysis: Metal ductility combined with elasticity, at the 
origin of residual stresses, which are introduced as key element and can only play  
 

Fig. 1 (Bernhard) Martin Grüning 
(10.12.1869 – 30.6.1932) was a civil engi-
neer, had several positions in German  
administration before he became in 1918 
professor in Statics and Steel Construction 
(Eisenbau) at TH Hannover and in 1923 
professor in Statics (Baustatik) at TH Wien. 
The above cited papers were published under 
his affiliation to TH Hannover. 



172 D. Weichert and A. Ponter 

 

their role in repeated loading, in contrast to monotonically increasing loading in 
limit analysis that does not need to introduce elasticity and residual stresses in 
order to determine limit loads. 

It was Hans Bleich (Fig.2) from TH Wien who picked up and generalised in 
1932 Grünings findings [9], who’s studies concerned only locally stationary re-
peated loads. This restriction was removed by Bleich, who also introduced the 
notion of “Selbstspannung”, nowadays commonly used in its English half-adopted 
equivalent “eigenstress”. One may assume that Bleich’s work was inspired by 
Grüning not only through his publication but also by his presence in Vienna, but 
this is not confirmed. - With Bleich’s work, we come already close to today’s 
notion of shakedown theory. 

 

 
 
Hans Bleich, together with his father Friedrich Bleich had been in close contact 

with Ernst Melan (Fig.3), publishing together in 1927 the book “Die gewöhn-
lichen und partiellen Differentialgleichungen der Baustatik” [10]. It might be this 
contact, but also the contact to Grüning, at that time professor in Vienna, that had 
inspired Melan to his path-breaking works in 1936 and 1938 in which he, rightly 
referring to Grüning and Bleich,  formulated the general lower bound shakedown 
theorem in his key contribution “Der Spannungszustand eines Mises-
Hencky’schen Kontinuums bei veränderlicher Belastung” [11]:  

„Wir verzeichnen somit folgendes Ergebnis: Unter den gemachten Voraussetzungen be-
sitzt das Integral (15) stets einen nicht negativen Wert. Dieser Wert bleibt unverändert, 
wenn das Material an keiner Stelle des Körpers fließt oder wenn bleibende Dehnungen 
auftreten, die keine Zwangsspannungen hervorrufen. Fließt aber das Material, so nimmt J 
wegen ܬሶ ൏ 0 immer nur ab“ (page 86, lines 6-12)  

(“We note therefore the following result: under the given assumptions, the integral (15) 
has always a non-negative value. This value remains unchanged, if the material does not 
flow in any point of the body or if permanent strains occur, that do not cause enforced 
stresses. If however the material flows, then the integral J decreases monotonically because 
of ܬሶ ൏ 0”) 

 
 
 
 

Fig. 2 Hans Heinrich Bleich (24.3.1909 – 8.2.1985) was, 
like Grüning, civil engineer and had graduated in 1931 in 
Structural Engineering from TH Wien. In 1939, Bleich left 
Austria for England and moved in 1945 to the USA, where 
he continued his career first in industry and then as highly 
appreciated and prominent professor at Columbia Univer-
sity’s school of Engineering. 
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It may surprise that, in particular, Melan’s powerful general theorem from 1938 

remained without resonance in the scientific community for many years. However, 
one must not forget the atrocious situation in Germany and, after WWII had 
started, in the entire world, at that time. Many brilliant German-Jewish scientists 
in mechanics had to struggle for their lives and to find new places to live for them-
selves and their families, if they had the chance to survive. In addition, the rele-
vant papers had been published in the German language, which was evidently not 
very popular in these and the coming years. It was Prager (Fig.4), then at Brown 
University, who came back to the problem in his contribution “Problem Types in 
the Theory of Perfectly Plastic Materials” [12], presented at the Symposium on 
Plasticity held at Brown University in 1948. There, he refers to the less far reach-
ing formulation of the lower bound theorem for bar-systems by Melan [13]. It was 
also Prager, at that time funded by the US Office of Naval Research, who intro-
duced the denomination “Shakedown”, which is known in shipyards to describe 
the process of accommodation of parts in new ships due to dynamic loading by 
engine vibration after putting them into operation for the first time (O. Mahren-
holtz, private communication).  

 

 
  
Brown University with its scientifically particularly fertile atmosphere at that 

time can be considered as a kind of cradle for the further development of shake-
down theory. Besides Prager, also should be mentioned Paul Southworth Symonds 
(20.8.1916 – 28.3.2005) (Fig.5) and B.G. Neal as particularly active in the field of  
 

Fig. 3 Ernst Melan (16.11.1890 – 10.12.1963) was Civil 
Engineer graduated from the German Technical Univer-
sity of Prague from where he also obtained his Dr-degree 
in 1917. In the same place he became extraordinary 
professor after holding 1916 and 1923 different positions 
in Austrian administration and industry. In the same 
place he became extraordinary professor after holding 
between 1916 and 1923 different positions in Austrian 
administration and industry. 

Fig. 4 William Prager (23.5.1903 – 16.3.1980) graduated 
as engineer from the Technical University Darmstadt, 
where he also obtained his Dr-degree. He then held posi-
tions in Göttingen and Karlsruhe (as youngest professor in 
Germany at that time) before being forced to leave Germa-
ny after the Nazi-regime came into power. After moving to 
Turkey he was appointed professor at Brown University in 
the USA, where, except for a short period at the University 
of California San Diego, he continued his brilliant career 
until retirement. 
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determination of limit loads for frame structures 
under proportional and variable loads. [14-19]. 
Special importance has their paper “Recent 
Progress in the Plastic Methods of Structural 
Analysis” [17] as it anticipates the general  
upper bound theorem of shakedown. In his 
contribution [20], Paul Symonds gives an 
enlightening personal insight into the develop-
ments of shakedown theory at that time at 
Brown University and Cambridge University.  

Generally speaking, in the U.K. to our know-
ledge, it was basically the group by John Baker 
working in structural plasticity in the same 

period and their interest was mainly limit analysis (see also the multi-volume work 
“The Steel Skeleton”, by Baker, Horne and Heyman [21]). 

 

 
 

W.T. Koiter (Fig.7), who had been visitor to Brown University at that time, has 
the merit of not only formulating the upper bound theorem of shakedown in a 
general form in 1956 in his paper “A new general theorem on shakedown of elas-
tic-plastic structures” [23], but also to revalue shakedown theory as a whole 
through his fundamental work “General Theorems for Elastic-Plastic Solids” [24] 
that summarises pretty well the state of the art at that time in a very accessible 
manner. We stress however that the contribution by Paul Symonds concerning the 
upper bound theorem should not be undervalued [25] as it has been in the past. He 
formulated in fact the first time an upper bound approach in shakedown theory, 
not in general form, as Koiter did, but for frames. Symonds also greatly simplified 
the proof of Melan’s lower bound theorem [15] in the general case in a form 
adopted by Koiter [24]. 

 
 

Fig. 6 This photograph was 
taken at Brown University in 
April 1960 on the occasion of 
the Second Plasticity Sympo-
sium organized by the US 
Office of Naval Research.  

 

Fig. 5 P.S. Symonds 
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One can say, that with Koiter’s formulation of the lower and the upper bound 

theorems of shakedown theory in the context of continuum mechanics the first 
chapter of development was closed, leaving evidently many questions open.  

2 Theoretical Extensions and Development of Numerical 
Methods 

Open questions left by pioneers are also opportunities for interesting research 
subjects for the younger generation. In case of shakedown theory, the interest was 
double: On one side, the theory had an evidently high practical potential and on 
the other side, basic assumptions were rather restrictive and the application to 
industrial problems not easy. One can grossly summarize this to two major  
questions:  

 
(i)  How can these powerful theorems be applied in practical engineering?  
(ii) How to get rid of the very coercive assumptions on which the classical 

proofs of shakedown theory were based? 
 
Many of the young scientists who had been on visit at Brown University in the 

50 and 60ties had been inspired by the strong plasticity group and carried on their 
research in this field after returning home. They tried to find answers to these 

questions. Among them, Giulio Maier (*8.3.1931) 
(Fig.8), back from Brown University where he had 
been as visiting scholar in 1964, continued his work 
in Milano, Italy, focusing together with his co-
workers on the problems of non-associated flow rules 
[26], geometrical non-linearities [27] and dynamic 
effects [28]. Non-associated flow rules are particu-
larly important for frictional materials such as soils, 
masonry, but also, more recently investigated, porous 
and heterogeneous materials [33-35]. Also, account-
ing for the progress in numerical methods and in 

Fig. 7 Warner Tjardus Koiter (16.6.1915 – 2.9.1997), gradu-
ated as mechanical engineer from Delft University of  
Technology in 1936. He worked at the Dutch National 
Aeronautical Research Institute (NLL) in Amsterdam, the 
Government Patent Office and the Government Civil Avia-
tion Office. In 1949, he was appointed Professor of Applied 
Mechanics in Delft where he stayed until his retirement in 
1979. His contributions to shell theory and plasticity influ-
enced significantly the development of modern mechanical 
sciences.  

 

Fig. 8 G. Maier 
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view of industrial applications, Maier adapted shakedown theory to the so-called 
linear programming methods [26]. His very rich scientific oeuvre in the field of 
shakedown theory, partly referred to in this chapter (ref. [26-41]) was initially 
stimulated by problems in civil engineering but triggered many research activities 
in the field of limit analysis in general with greatest impact worldwide, not only in 
Italy. To mention, from Italian side, are in this context the contributions e.g. by  
L. Corradi, R. Contro, F. Genna, A. Corigliano, U. Perego, and in recent years,  
V. Carvelli and G. Cocchetti, in the same group as Giulio Maier. 

Equally back from Brown University where he stayed 
1964-1965, first to Cambridge and later to Leicester, Alan 
Ponter (*13.2.1940) (Fig.9) as applied mathematician inter-
ested in problems of mechanics engineering design ex-
tended the lower bound theorem to creep behaviour of 
materials. Due to the explicit time-dependence, absent in 
plasticity, this problem was (and still is) particularly chal-
lenging. He showed that if the cycle time is regarded as a 
variable, solutions for very short and very long cycle times 
possessed bounding properties for intermediate finite cycle 
times. For short cycle times, the residual stress remained 
constant and hence behaviour could be related to shake-

down, resulting in the Creep Modified Shakedown Limit [43-46]. He also derived 
displacement bounds in shakedown conditions [47] and more general bounding 
theorems in plasticity [48,49]. These works were carried out in cooperation with 
Fred Leckie, John Martin and others and influenced both high temperature design 
and life assessment methods considerably. We note that Martin had also been at 
Brown University and spent a year at Leicester with Ponter while he wrote his 
book [42]. Bree’s complete solution for a particular problem involving thermal 
and loading of a tube [50] was an important impulse for the design community to 
grasp the complete range of possible behaviour, including shakedown, reverse 
plasticity and ratchetting. This decisively paved the way for the acceptance of 
shakedown limit solutions as a basis for design in the nuclear design community. 

Ponter was then attracted by the problem of mechanical parts in power plants 
operating at elevated temperatures, related to the European Fast Reactor-project, 
which was later cancelled. This involved extending shakedown theory to the 
evaluation of the ratchet limit, and this was achieved, in an approximate way, for 
the characteristic problems of Fast Reactor design [51-53]. Methods for obtaining 
the rate of ratchet strain growth in excess of shakedown were also obtained 
[54,55]. He wrote together with Sami Karadeniz, Keith Carter and Alan Cocks 
four reports for the EC and many papers, including both creep deformation and 
creep rupture effects. The final EC report [56], describes the background to a 
design code for thermal loading as part of the European Fast Reactor Project.  

In more recent years, Ponter focused on rolling contact problems [57], compos-
ites [58,59] and the development of methods of how to solve most efficiently 
shakedown and related problems by numerical methods. He introduced the so-
called “Linear Matching Method” [60,61] and implemented it successfully into 

Fig. 9 A. Ponter
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commercial software for design purposes [62,63]. As well as shakedown limits, 
ratchet limits in excess of shakedown are also obtained. This work continues at the 
University of Strathclyde by a research group led by H. F. Chen.  

Variable thermal loads was also the field David Aronovich Gokhfeld (31.7.1919 
- 14.3.2004) (Fig.10) from the South Ural University, USSR, was deeply involved 
in. He studied in the beginning of the 60ties of the last century ratchetting of me-

chanical parts in furnaces and observed that under moving 
thermal loads even without any mechanical loading large 
deformations may occur that render the considered part 
unusable [64]. These studies, always joining theoretical 
and experimental work, were extended to other types of 
elements such as turbine blades, parts in nuclear reactors 
and pressure vessels in chemical processing. Aware of the 
work of Ponter, Williams and Leckie on creep, he and his 
co-workers developed an alternative way of taking creep 
into account by adjusting appropriately the yield limit of 
the material. - This idea resembles the concept of “sanctu-

ary of elasticity” by Nayroles and Weichert, put forward many years after in an-
other context [168]. - Gokhfeld, O.F.Cherniavsky and co-workers published more 
than 100 papers in the field, almost all of them in Russian language [64-66] and 
therefore largely unknown outside of the Russian speaking scientific community. 
Special mention deserves the book “Theory of shakedown and strain accumulation 
under thermal cycling” from 1980 in English which is still today an invaluable 
source of information. – The work from this group is today successfully continued 
in a modern computational environment by A. Cherniavsky and co-workers, with 
new fields of application like hydrogenated metals, crack forming and use of trav-
eling heat sources for controlled metal forming. 

Another question, not addressed by classical theory, was the problem of dy-
namic (inertia) effects. Here also, in a different way than in case of viscoplasticity, 
time enters the formulation of the problem explicitly. This subject was first ad-
dressed first by Giulio Ceradini from Rome in his theorem on dynamic shakedown 
in 1969 [68], still of great importance in particular in earthquake engineering. 

To come back to Italy, Castrenze Polizzotto from 
Palermo who came from a more mathematically 
than engineering-driven background, contributed to 
the problems of variational formulations, extended 
classes of material behaviour, dynamics and bound-
ing theorems [69-78]. His work is continued by the 
groups of Guido Borino, Paolo Fuschi, Aurora Pis-
ano and others.  

Particularly important for the development of 
shakedown theory was research conducted at the 
Polish Academy of Sciences: There was a long 
Polish tradition since the times of Tytus Maksymi-
lian Huber (4.1.1872 – 9.12.1950) (Fig.11) in the 

Fig. 10 D. Gokhfeld  

 
Fig. 11 T.M. Huber 
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Fig. 12 W. Olszak 
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work with Lutfi Raad and others on problems in 
pavement mechanics [127-131]. Later, at Lille Uni-
versity in France, Weichert initiated and carried out a 
number of studies on numerical methods, dynamic 
shakedown and the problem of shakedown including 
material damage and cracked bodies [132-137]. He 
continued this work back to Germany at Aachen Uni-
versity of Technology with applications to composites 
[138-140] and with the aim to apply shakedown 
theory to large scale industrial problems [141-146]. 
Weichert and his co-workers concentrated on the 
lower bound theorem and used in the beginning stress-
based numerical approaches, which delivered very good results, but which are 
difficult to combine with displacement-based commercial finite element codes. 
Today, his group works primarily with displacement-based approaches. 

Force and stress-based methods have been in-
tensively developed at Liège University, starting in 
the 60ties. There was a strong group around Bau-
douin Fraeijs de Veubeke (3.8.1917 – 16.9.1976) 
(Fig.19), Ch. Massonnet, G. Sanders, C. Fleury, 
mainly involved in general mechanics, limit analy-
sis of plates and shells, and optimization. M. Save 
and G. Guerlement continued the work at the Poly-
technic School of Mons.  

Later, in particular Patrick Morelle and Nguyen 
Dang Hung applied the tools that had been devel-
oped in the innovative scientific environment of 
Liège University to shakedown analysis [147-152]. 
Their and their co-workers efforts were aimed at 
the numerical exploitation of duality principles. 

Manfred Staat from Jülich Research Center continued successfully this work in 
recent years [153-157].  

The path of force methods has been followed in an original manner by Kostas 
Spiliopoulos, with application to frame structures, based on graph theory and 
linear programming [158-160].  

Géry de Saxcé, who had also started his career at Liège University [161] before 
moving first to the Polytechnic School of Mons and then to Lille University, in-
troduced the so-called bi-potential theory [162-163] as generalization of Fenchel’s 
inequality, opening new doors to take into account more complex, friction-type 
material laws in limit analysis and shakedown theory [164]. This novel approach 
has a high potential and is far from being fully exploited at the time being. 

The research by de Saxcé is therefore linked to the scientific tradition of  
the Belgian group, but also to the French, mathematically inclined community  
of mechanics, strongly involved in the 70s and 80s of the last century in the  
development and application of Convex Analysis which is based on the Fenchel 
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inequality and so carries further the idea of classical potential-based principles. 
Convex Analysis had been developed in the 70s by T. Rockafellar in the context 
of operational research and by J.J. Moreau [165] in the context of mechanics. B. 
Nayroles together with O. Debordes, both at that time in Marseille, applied this to 
the shakedown problem [166,167] and contributed essentially to the strengthening 
of the mathematical basis of the theory. In this context, the important work by 
Quoc-Son Nguyen has to be mentioned, who contributed strongly to the under-
standing of the effect of hardening from mathematical point of view [169-171]. 
Very fruitful because well suited to extend the classical theorems to larger classes 
of material behavior was the introduction of the so-called Standard Material Mod-
el by B. Halphen and Nguyen Quoc Son [172] as had already been shown by 
Mandel in 1976 [173]. Radenkovic’s work on non-associated flow rules from 
1961 [174], although basically related to limit analysis played an important role in 
the sequel also in shakedown theory and should be mentioned in this place.  

Independently and application oriented, Joseph Zarka and his group developed 
the so-called Simplified Method [175,176], particularly useful for applications 
involving alternating plasticity and fatigue problems in mechanical engineering as 
has been shown by Geneviève Inglebert and her co-workers [177]).  

Coming back to typical problems of civil engineering (which, as mentioned in 
the beginning, in some sense has triggered limit- and shakedown analysis), there 
were some important but for long time spared-off areas, which are mechanics of 
soils, foundations and pavements. Here, just as in case of concrete and reinforced 
concrete structures, the complexity of the material behavior and the difficulty to 
develop realistic material models that fit the framework of shakedown theory are 
important obstacles. In particular for pavements, other effects like rutting, crack 
development, moisture, freezing and thawing cycles are very important aside of 
plasticity as to their long-time behavior; in case of foundations, mostly the fluctua-
tion of loads is by far less important than gravitational “dead loads”.  

Apart from the groups mentioned before, there is a tradition in this field of re-
search in Australia and New Zealand. Pioneering work on pavements goes back to 
John Robert Booker (24.7.1942 – 13.1.1998) (Fig.20) 
and R.W. Sharp from Sydney University in 1984 
[178], basing their approach on the particular stress 
pattern that develops in the rolling contact on roads.  

This work was followed by others, like Scott 
Sloan (* 2.7.1954) (Fig.21) from Newcastle Universi-
ty and his group [179-181], Ian Collins from Auck-
land University New Zealand [182,183,131]. In his 
later work, there was a link to Ponter, Weichert and 
Raad through the fact that Mostapha Boulbibane, a 
former PhD-student of Weichert, had been active in 
all three groups. But also shakedown of structures 
such as bridges has been widely investigated in  
Australia: It was Paul Grundy from Monash University who started as early as 
1969 to study in many papers the shakedown behavior of mechanical elements, in 
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particular linked to bridge constructions [184,185]. 
His work is continued by Francis Tin Loi and his 
coworkers at the University of New South Wales. - It 
is from Australia, Newcastle University that from 
Sloans group Hai-Sui Yu brought back to the U.K. at 
Nottingham University shakedown. Yu and his co-
workers concentrate on the numerical application of 
Melan's theorem to compute lower bounds to the 
shakedown limit for rolling contact problems for 
Mohr-Coulomb type yield conditions for road pave-
ment design [186-190].   

We can however have another way to look at the historical evolution of shake-
down analysis, detached from the individual researcher and research groups and 
their connections and relations: The onset was the observation that residual 
stresses due to plasticity in redundant elements of hyperstatic bar-structures are 
beneficial for their survival under variable loads, what differentiates shakedown 
theory essentially from limit load theory. Application did not appear for long time 
due to the lack of means how to translate the theory to calculation methods. First 
applications appear in special types of structures like beams, plates and shells, 
where by appropriate assumptions and semi-analytical methods the complexity of 
the problem can be reduced drastically. As the theory of plasticity is genuinely 
linked to metals, the fields of application were on the side of mechanical engineer-
ing pressure vessels and pipes, on the side of civil engineering steel frame struc-
tures. This first “bifurcation” was not methodological, but naturally imposed by 
engineering practice. In the sequel, on both sides, application-driven theoretical 
extensions were carried out: More complex material models for metals, for  
concrete and for soil-like materials, material damage and cracks, temperature 
influence, geometrical non-linearity are the major strands, accompanied by the 
development of appropriate and more rigorous mathematical foundations, such as 
the proper formulation of the theorems as optimization problems. The break-
through to modern engineering however is due to the tremendous development of 
numerical methods and computer technology: Discretization of structures of al-
most arbitrary shape connected with fast linear solvers and highly performing 
optimization algorithms render the theorems of shakedown today easily applicable 
in practical engineering. 

And it is the modern formulation of the theory which makes that the differences 
between shakedown theory and theory of limit analysis in practice almost vanish-
es: Limit analysis became a particular case of shakedown analysis and today both 
are subsumed under the notion of “Direct Methods”. 
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3 Final Remarks 

To keep “the beauty of shakedown theory” evoked by Giulio Maier, can be un-
derstood as a warning against theoretical overstretching. The beauty of the theory 
is obvious: without information about the path of loading in an arbitrarily complex 
loading space, one predicts, if a dissipative mechanical system will fail or not. No 
need to walk step-by-step through the evolution of a system, which is not only 
cumbersome but in many cases simply impossible, because the loading history of 
the considered element is unknown.  

What sounds a bit like a miracle, is, from mathematical point of view, due to 
convexity of the potentials involved and the existence of subgradients describing 
the evolution of the material. This reflects the physical features of small geometric-
al transformations and stable material behavior, as particular case of the validity of 
the second law of thermodynamics in form of the Clausius-Duhem inequality.  

The price to pay for this miracle is loss of information about the evolution of 
local quantities during the process and, most important, about deformation, al-
though certain bounding properties have been proven. This price comes along with 
rather harsh assumptions about material behavior, in many cases too rough for 
sophisticated investigations and, if one applies the theorems directly, a rather 
complex resolution methodology. And here is the risk of overstretching: If the 
evolution of a system inherently depends on the evolution of local quantities, it 
becomes very tricky, if not impossible, to find adequate theoretical extensions of 
shakedown theory. So, to find the border line of usefulness is an important issue.  

But this is true for any kind of modeling and we have to keep in mind the issue 
of our efforts: confronted to a concrete problem, one has to decide about the ade-
quate methodology to solve it. And in this sense, there is plenty of room for the 
further development and application of shakedown theory. 

The authors of this short and far from being comprehensive historical view 
wish to thank particularly O. Mahrenholtz, E. Stein, G. Maier, Z. Mróz and O.F. 
Cherniavsky for their advice and valuable information on their personal historical 
witness.   
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