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Abstract. In Propositional Projection Temporal Logic (PPTL), a well-formed
formula is generally formed by applying rules of its syntax finitely many times.
However, under some circumstances, although formulas such as ones expressed
by index set expressions, are constructed via applying rules of the syntax in-
finitely many times, they are possibly still well-formed. With this motivation,
this paper investigates the relationship between formulas specified by index set
expressions and concise syntax expressions by means of fixed-point induction
approach. Firstly, we present two kinds of formulas, namely \/,. No O!P and
V, eNo P*, and prove they are indeed well-formed by demonstrating their equiv-
alence to formulas O P and P respectively. Further, we generalize \/ iENG O'Q
to V¢ No P® A OQ and explore solutions of an abstract equation X = Q V
P A OX. Moreover, we equivalently represent ‘U’ (strong until) and ‘W’ (weak
until) constructs in Propositional Linear Temporal Logic within PPTL using the
index set expression techniques.

1 Introduction

Temporal Logic (TL) [11] is a useful formalism for specifying properties of concur-
rent systems. Variants of TL have been proposed, such as Linear Temporal logic (LTL)
[13]], Computational Tree Logic (CTL) [lLI], Interval Temporal Logic (ITL) [12]], and
Projection Temporal Logic (PTL) [3l4] etc. Propositional PTL (PPTL) [3] is a propo-
sitional subset of PTL with a usual next construct Q)P and a new projection construct
(P1,...,Py)prj Q as its basic constructs. At present, a decision procedure [[6] and an
axiomatic system [[7] for PPTL are available, which enables PPTL to be utilized in both
model checking [2] and theorem proving [9.8]].

In general, a well-formed formula in PPTL is obtained through applying rules of
its syntax finitely many times. However, under some circumstances, although formu-
las such as \/, No (P with Ny the set of non-negative integers (called index set ex-
pression), are formed via applying rules of the syntax countably infinitely many times,
they are actually well-formed since their equivalent well-formed PPTL formulas can
be found. Thus, we are motivated to identify some such formulas and prove they are
indeed well-formed.
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Our contributions are three-fold: (1) We present two kinds of formulas with index
set expressions, namely \/; No O!P and Vic No P?, and prove they are indeed well-
formed by means of demonstrating their equivalence to &P and P+ respectively with
fixed-pointinduction method [T5]. (2) We generalize \/; v, O'Qto V¢, POANOQ
and explore the least and great fixed-points of the abstract equation X = Qv PA(X.
(3) We equivalently represent the operator ‘U’ (strong until) and ‘W’ (weak until) of
Propositional LTL (PLTL) within PPTL using the index set expression technique.

This paper is organized as follows. Section 2l briefly introduces PPTL. In Section[3]
some fixed-point issues concerning \/;c . O°P, Ve n, P’ and V¢ y, PO AO'Q are
given. Moreover, SectionHis devoted to equivalently denoting ‘U’ and ‘W’ constructs
of PLTL within PPTL. Finally, conclusions are drawn in Section

2 Propositional Projection Temporal Logic

Propositional Projection Temporal Logic (PPTL) [3l4] is an extension of Propositional
ITL (PITL) [12] with a new projection construct [5]. Let Prop be a countable set of
atomic propositions and B = {true, false} the boolean domain. Usually, we use small
letters, possibly with subscripts, like p,q,r to denote atomic propositions and capital
letters, possibly with subscripts, like P, Q, R to represent general PPTL formulas. Then
the formulas of PPTL are defined by the following grammar:

Pu=p|-P|P APy OP|(P,...,Py)prj P| Pt

where p € Prop, O (next), + (chop-plus) and prj (projection) are temporal operators,
and —, A are similar as that in classical propositional logic.

We define a state s over Prop to be a mapping from Prop to B, s : Prop — B.
We write s[p| to denote the valuation of p at state s. An interval o = (s, $1,...) is a
non-empty sequence of states, which can be finite or infinite. The length of o, |o|, is
the number of states in o minus one if ¢ is finite; otherwise it is w. To have a uniform
notation for both finite and infinite intervals, we will use extended integers as indices,
that is, N, = Ny U {w} and extend the comparison operators, =, <, <, to N,, by
considering w = w and for all i € Ny, i < w. Moreover, we write < as < —{(w,w)}.
Let 0 = (sp, s1,...) be an interval and 71, ..., r, be integers (h > 1) such that 0 <
r1 < ... < 1, = |o|. The projection of o onto 7, ..., 7y, is the projected interval,

ol (ri,...,rn) def (Stys Sty - - -5 St,), Where t1,..., ¢ are attained from rq,...,7p
by deleting all duplicates. In other words, %1, ...,%; is the longest strictly increasing
subsequence of 71, ..., 7r,. The concatenation(-) of an interval ¢ with another interval
o’ is represented by ¢ - ¢’ (not sharing any states).

An interpretation is a tuple Z = (o, k, j), where o = (sg, s1,...) is an interval, k
is a non-negative integer, and j is an integer or w, such that 0 < k < j < |o|. We
write (o, k, j) to mean that a formula is interpreted over a subinterval oy, ... ; with the
current state being sj,. We utilize I* _ to stand for the state interpretation at state sy,.

prop
The satisfaction relation |= for formulas is given as follows:

I = piff silp] = 1., [p] = true

IE-Piff TP
IEP ARffT =P andT = P,
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Tl OPiffk <jand (0,k +1,j) E P

Tk (P,...,Py,) prj P iff there exist integers rq, ..., Tm,and k =19 < ...
< Pm—1 X rm < jsuchthat (o,7_1,7) = P, forall 1 <[ < m and
(¢’,0,|0']) |E P for o’ given by :

D7y <jando’ = ol (ro,...,"m) - O(rp+1,....5)
2)rym=jando’ = o (ro,...,rp) forsome 0 < h <m
T | PT iff there are finitely many integers 7, ...,r,andk =ro <73 < ...

<rp_1 X1y, =7(n>1)suchthat (o,r_1,r) | Pforalll <[ <mn;
or j = w and there are infinitely many integers k =g <711 <719 < ...
such that lim r; = wand (o,7-1,7;) E P and forall I > 1.

71— 00

A formula P is satisfied by an interval o, signified by o = P if (0,0,|0]) E P. A
formula P is called satisfiable if o |= P for some o. Furthermore, P is said to be valid,
denoted by = P, if 0 |= P for all intervals o.

Some derived formulas of PPTL are shown below, which are explained in [443]. The
abbreviations true, false, V, — and <> are defined as usual.

€ def = O true p* e prve

OP def (true, P)prj € more def .

op ¥ _o.p finP) % oE - P)

halt(P) &' O(c « P) keep(P) % O(=e — P)

P;Q € (PQpie P3Q ¥ (P;Q)V(PAOmore)

mo o SR

inf %" Omore PIQ % (PA(Q;strue)) Vv (QA (P strue))

Commonly, = O(P <« Q) is represented by P = Q (strong equivalence), meaning
that P and Q have the same truth values at all states in every model.

3 Fixed-Point Issues

A well-formed formula in PPTL is generally constructed by applying rules of the syn-
tax finitely many times. However, although some formulas are formed via applying
rules of the syntax countably infinitely many times, such as index set expressions (e.g.
Vic No (O!P), they are still well-formed due to the existence of their equivalent well-
formed formulas. In this section, we identify two types of such formulas and prove
they are indeed well-formed by means of the fixed-point induction approach [15]. Be-
sides, we generalize one of them to a more generic form and investigate some related
properties of an abstract equation X = Q V P A OX.

3.1 Two Kinds of Index Set Expressions

(D Vien, O'P |
On one hand, \/iENo OP=PVvQOPV(QO?PV(O3PV ... is adisjunction of
countably infinitely many ()¢ P, where OYP = P. Intuitively, this formula means P
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necessarily holds at some state from now on over an interval, which might be specified
by the operator ©. On the other hand, < P indeed can be rewritten as:

OP=PVvQOP
=PvO(PVOOP)
=PvQPVQO20P

= PVOPVORPVOPPY... (%)

From the above, we observe that \/; No (O P seems to be equivalent to &P, which will
be affirmed in Theorem/[Il

@ Vien, P!
For a chop formula P; ; ... 3 Py, ifall P, = P (1 < i < m), we can acquire:

P;...;P
~ ~ -
m times

which is briefly represented as P™. For instance, P! = P, P? = P ; P, and particularly
P = false. Thus, Vien, Pt denotes PV (P 3 P)V (P ; P;P)V....Further, we have
the equation about PT:

Pt =PV (P;P")
=PV (P;(PV(P;PT))
=PVP;PVP;(P;P")

=PV(P;P)V(P;P;P)V...
Hence, we can declare that \/,_  P* = P* in Theorem[Il

Theorem 1. The following logical laws hold:

1. Vien, O'P = OP
2. Vien, PP = P*

Proof. The two laws can be proved in an analogous way and we only prove \/, No OP
= OP. The proof proceeds by fixed-point induction approach.

We firstly define D = {d_1,do,...,dy,...,dy},whered_1 = O~ P = false, d; =
QP V...VO'P (i € No),duw = Vien, O'P. Let N, = No U {w} with w =
w,w + ¢ = w (cis an integer) and for all ¢ € Ny, < w. Further, a binary relation <
over D is formalized as

d; < d;iffi <j(i,j € Nyu{-1})
Moreover, let f : D — D be a function given by

fldi) = PV Od;
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Then f(d;) = PV O(PV ...V O'P) = diyq fori € {—1} U Ny, and f(d,) =
PVOWNVien, O'P) = PVVen, O P =V, ey, O'P = d,,. Obviously, we have
di|_|dj :di\/dj :dj ifd; < dj.
L Vien, (P is the least fixed-point of f
(1) (D, X) is a complete partial order

(D, %) is a partial order, since it satisfies the properties below:

- reflexivity: for all d; € D, clearly we have d; < d; duetoi < 1.

- anti-symmetry: if d; < d; and d; < d;, then we obtain ¢ < j and j < ¢, leading to
i = j. Hence d; = d;.

- transitivity: if d; < d;, d; < di, then¢ < j < k. Thus, d; < di.

Furthermore, for any non-empty subset S = {d;,,...,d;, } of D, where —1 < i; <
oo Lipo1 R iy < w, if Sis finite, as d; U d; = d;, we obtain the least upper bound
d;, € D, where i, is the biggest index in .S; otherwise, S is infinite, there exists a least
upper bound | |; <n di, =V, en, din = (PVOPV...VO"P)V (PVOPV
...V O®2P) V... = d,, which obviously belongs to D. Thus, (D, <) is a complete
partial order.

(2) f is a continuous function
Suppose that d; < d;, theni < j,s0¢+1 < j + 1. As aresult,

f(di) = dit1 < djy1 = f(d;)

Hence, f is monotonic. Moreover, for an arbitrary w-chainin D, d;;, < d;, < ... =
d;, < ... if there exists an element d; suchthatd; =< d; < ..., itis apparent that
d;,, is the least upper bound of this w-chain. Thus, we have

fCU di,)=fldi,) =di,y1=di, Udi, 1= || di, Udi, 11

in€No in€No
=doU | di,+1
in €Ng
= U di,y1= U fldi,)
in€No in€No

Otherwise, we can obtain the following:

U fldi,)= U diy1=dot | dipy1= |l di,

in€No in €No in €No in€No

= dw = f(dw) = f( |_l din)

in€No

Therefore, f is a continuous function. Hence, by Kleene Fixed-point Theorem [15110],
there exists a least fixed-point:

fmu(f): Ll f"d-1)= |l dp-1=drU |] dn

neNy neNy neNy

= | dv=du=V OiP

n€Ng 1€No

2. V;en, O'P is equivalent to OP
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By the equation (x), each PV QP V ...V O!P (i € Ny) is called a prefix of OP.
Particularly, false is also a prefix of & P. Then we construct a subset B of D as follows:

B = {d;| d; € D and d; is a prefix of the formula G P}

For any w-chaind;, < d;, < ... < d;, < ...in D, suppose eachd;, = PV QP V
...VO™"P (i, € No) is a prefix of OP, i.e. d;, € B. Thenas d; Ud;y1 = dit1,
L, en, din = PVOPV...V O!P V ... is also a prefix of O P and belongs to B.
Thus, we can obtain that B is an inclusive subset of D.

Moreover, the bottom element false is obviously a prefix of O P, thus false € B.
With the assumption of d; € B, when i € Ny U {—1}, since f(d;) = PV O(d;) =
PVOPV...vO'P)=PVOPV...vOIP, f(d;) is also a prefix of ©P and
f(d;) € B; wheni = w, f(d,) = d,, € B. According to Scott’s fixed-point induction
(13, fiz,(f) = Vien, O'P belongs to B and is a prefix of & P. Besides, as fiz,(f)
is the upper bound of all the elements in D and B, fiz,(f) is the longest prefix of OP.
Therefore, \/;c v, O'P = OP. O

It is clear that ©P and Pt are well-formed formulas in accordance to the syntax of
PPTL. Further, by Theorem [I| index set expressions \/;cy. O°P and \/,c . P’ are
equivalent to OP and P™ respectively. Hence, we can assert that Ve No QP and
Ve No P are well-formed formulas.

Corollary 1. \/,_ . OP and Vien, P? are well-formed formulas.
Proof. This is the direct consequence of Theorem/[Il a

According to Theorem[I] we can also infer that P can be represented by the projection
construct prj since PV is equivalent to \/ie N, I and P* is an abbreviation of
P;...;P=(P,...,P)prje
~ -~ - ~ ~ -
i times i times
Thus, with techniques in this paper, 4+ can be regarded as a derived operator within
PPTL.
In order to show the practical use of such index set expressions, we give an example.

Example I. Let P % cin Vien, O'P. Then

\/ O'e = 0= =fin

1€ Np

which claims the interval is finite and will terminate at some point. Further, we can
obtain \/;c y, O'e V inf = Ge vV Omore = true.

It is interesting to consider Theorem[Il from another viewpoint. Since < P can be rewrit-
tenas PV OOP, namely OP = PV (OCP, we can abstract it as a recursive equation
X = PV OX with the equality ‘=" and one solution &P. Then \/,_ No O!P can
also be treated as a solution of the recursive equation due to its equivalence to O P. It is
similar for the recursive equation X = PV P ; X, whose solutionis P, i.e. \V i€No Pt
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3.2 Generalization of \/; .\ O'Q

In this subsection, we generalize \/ .y, O'Q to V;cn, P A O'Q, where PO =

true, P = P, P = PAQP,...and P™ = PAQPA...AQ" 'P (n € Ny).In

particular, when P = true, \/;c n. true AOQ can be exactly reduced to Vien, OQ.
Further, for the recursive equation X = Q V P A ()X, we have:

X=QVPAOX
=QVPAOQVPAOX)
=QVPAOQVPAOPANQO?X

E.Cé.\/P/\OQ\/P/\OP/\OQQ\/P/\OP/\OQP/\O?’Q\/...

We can see that \/, P () AO*@Q might have something to do with the above equation,
which is declared in Theorem[2l

Theorem 2. For a recursive equation X = Q V P AN OX, where X, P and Q are
PPTL formulas, its least fixed-point is \/ ;. No PW A O'Q and its greatest fixed-point
is \V/;en, P A O'Q v O(P A more).

Proof. Atfirst, we prove that \/,. v, P AOQ'Qand \/, . P AQ'QVO(P Amore)
are two fixed-points of the equation X = @V PA()X by means of simple replacement:

(@) QVPAONViey, PV AOQ)
=QV viEN pli+l) A OiJrlQ
=Viex, 2 1 O'Q
B QVEAOWN ey, PV ACIQYO(P A more))
=QVPAOWN,en, PP AO'Q)V P AQOD(P A more)
= Vien, P A O'Q Vv O(P A more) (P A QU(P A more) = O(P A more))

Then we respectively employ Kleene Fixed-point Theorem [[15/10]] and Knaster-Tarski
Fixed-point Theorem [15/14] to prove \/;c n, PO A O'Q and Vien, PO AOQV
O(P A more) are the least and greatest fixed-points.

Letd_; = false,dy = Q,d, = QVPAQOQVPAQOPAQO?QV...VvPM™MA
O"Q (n € No),duw, = Vien, PP AO'Q and duy, = Ve, PP AO'Q V O(P A
more). Then we define aset D = {d_1,do, ..., dn, ...} U{dw,, dw, }. Further, a binary
relation < over D is formalized as

Ji<jandi,j€ NoU{-1}
1€ NgU{—1}and j = w; or wsy

(1
DR N0))
di < dj if (3)i=wy and j = w; or wo
4)

(
Moreover, let g : D — D be a function given below
g(di;) =QV P A(Qd;

Then, fori € NgU{-1},9(di)) = QVPAQOQVPAOQV...VvPDANDQ)=
QVPAQOQVPAQOPAQO!QV...VPUHY AOHQ = di; further, for

i:wgandj:wg
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i = wy or way, by (a)(b), we know that d,, and d,, are fixed-points of g, that is,
g(dwl) = dwl,g(dw2) = dw2. Obviously, we have d; L dj =d; VvV dj = dj ifd; < dj.
As aresult, we can obtain the following two facts:

(1) (D, =) is a complete partial order and a complete lattice
(D, =) is a partial order, since it satisfies the properties given below:

- reflexivity: for ¢ € Ny U {—1}, we have d; < d; due to ¢ < i. Further, by the
definition of <, we obtain d., < du;, dw, <X duw,-

- anti-symmetry: for i,j € No U {—1},if d; < d; and d; < d;, then we obtain
i < jandj <4,leading to i = j. Hence d; = d;. For other cases, according to the
definition of =, d; < d; 7= d; < d;.

- transitivity: if d; < d;, d; < dg, (@) 4, j, k € NoU{—1}: by assumption, i < j < k,
sod; < dg; (b)i € NgU{—1},j € NoU{—1,w1,wz}, k € {w1,ws}: according
to case (2) in the definition of <, we can acquire d; < di; (¢) i, J, k € {w1,wa}, it
is clear that d; < dj by the cases (3) and (4) in the definition of <.

Furthermore, for any non-empty subset S = {d;,,...,d;, } of D, we consider the
following cases:

(a) S includes neither d,,, nor d,,,:

In this case, if S is finite, as d; U d; = d; (i < j), we obtain the least upper bound
d;, € D with i, the biggest index in S; otherwise, S is infinite, there exists a least
upper bound | |; <y di, = V; cn, din = (Q@VPAOQV ...V PO A ORQ) V
(QVPAQQV...VPEIANO2Q)V...=QVPAOQVPAOPAQO?*QV...=
Vien, P A O'Q = d.,, which evidently belongs to D.

(b) S involves d,,, or d,,,:

If d,,, is contained in S, it is the least upper bound in S; otherwise, d,,;, is the least
upper bound in S.

Thus, (D, <) is a complete lattice, which is also a complete partial order.

(2) g is a continuous function

Suppose that d; < dj, then (a) wheni,j € NoU{—1}:i <j,soi+1<j+ 1 As
aresult, g(d;) = dit1 < dj+1 = g(d;); (b) when i € No U {—1} and j = w; orwo,
9(di) = dig1 < duw, = g(dw,) (t =1,2);(c) wheni, j € {wi,wa2}, g(di) =di < dj =
g(d;). Hence, g is monotonic.

Further, for an arbitrary w-chainin D, d;;, < di, < ... < d;,, < ..., if there exists
an element d;, suchthatd;, < d;, < ..., itisobvious thatd;  is the least upper bound
of this w-chain. Thus, we acquire

g( U di,)=g9g(di,) =di,+1=di, Udi,s1=( || di,)Udi, 11

in in

in€ENo in €No
= U di,+1= I 9(di,)
in€No in€No
Otherwise,
U g(di,)= U dipy1=dol | dipt1= [ di,
in€No in €No in €No in €No

:dw1 :g(dwl):g( I_l din)
in €No
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Therefore, g is a continuous function. Based on these, we can prove:

1. Vien, P A O'Q is the least fixed-point
Since (D, <) is a complete partial order, whose bottom element is false, and g is a
continuous function, by Kleene fixed-point theorem, there exists a least fixed-point:

fixu(g): |_] gn(d—l): |_] dn—1=d_1 U |_] dy

n€Ng n€Nog n€Ng

= | dn

n€Ng

= dw1 = viGNo P(l) A OZQ

2. Vien, PO AO'Q Vv O(P A more) is the greatest fixed-point

Let {z € D|z < g(x)} be the set of post fixed-points of g. As d; < d;11 =
g(d;) (i € NoU{—1})and dy,; < du,; = g(dw,;) (j = 1,2), we obtain {z € D|z <
g(z)} = D. In other words, all the elements in D are post fixed-points of g. Further,
(D, =) is a complete lattice, whose bottom element is false, and ¢ is monotonic. Ac-
cording to Knaster-Tarski fixed-point theorem, the greatest fixed-point is:

fiz,(9) = {z € Dlz < g(2)} = ¢|7|D
= \7i2€No PO A O'Q v O(P A more)

O

Corollary 2. For a recursive equation X = Q V OX, where X and @ are PPTL
Sformulas, its least fixed-point is OQ) and its greatest fixed-point is Q) V Omore.

Proof. In Theorem[] let P = true. Then for the equation X = QV ()X, its least fixed-
pointis \/,. y, (true) D AO'Q =V, v, O'Q. Further, by Theorem[ll \/, . v, O'Q =
<Q, so Q) is the least fixed-point of the equation X = QV (X . Moreover, its greatest
fixed-point is \/, y, (true) ™ A OQ V O(true A more) = ©Q V Omore. O

In fact, Corollary2lis a special case of Theorem[2]as well as the equation X = Qv (X
is an instance of X = Q V P A (OX with P = true but has well-formed formulas as
its least and greatest fixed-points. In addition, Theorem 2] also tells us that there are at
least two fixed-points for the equation X = QV PA(OX. Actually, X = QVPAOX
has and only has two fixed-points, namely the least and greatest fixed-points, which is
confirmed by Theorem 3

Theorem 3. The recursive equation X = QV PAN(X has and only has two solutions,
ie.\lien, PYANO'Qand \/ iy, PP A O'Q V O(P A more).

Proof. Itis clear that \/;. v P A O'Q and \/,c v, P A O'Q vV O(P A more) are
two fixed-points of X = Q V P A ()X by Theorem[2l Further, we prove the equation
only has two fixed-points. We assume that there exists a third solution R such that R =
QVPAQR. Since /¢y, P®AQQ is the least fixed-point, Vien, POANO'Q X R.
Further, according to the proof of Theorem[2l we can acquire \/, N P OAO'QUR =
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Vien, PP AO'QV R = R. Thus, R must be in the form of \/;. v, PP AO'QV R
Therefore, we have,

Vien, PO NO'QV R
;QVPAONEMP@AO@VR)
=QVPAOWNen, PP AO'Q)VPAOR
=Vien, PP N O'QV PAQOR

Accordingly, we can infer " = P A(QR’, which can only be satisfied when R’ = false
or ' = 0O(P Amore) within PPTL. As aresult, if ' = false, R = \/,_ POANOQ
while if R’ = O(P A more), R = \/;,cy, P A O'Q v O(P A more). Hence, the
equation only has two fixed-points. a

3.3 Examples

To intuitively understand the above theorems, we present some examples below.

Example 2. Let P 4f R and Q 4 R Ac. Then X = QV P A (X can be instantiated

as
X=RAeVRAOX (3.3.1)

According to Theorem 2] we can respectively obtain the least and greatest fixed-points
of the equation (3.3.1) as

\/ ROANQ(RAe) and \/ RO AQ'(RAe)VO(RAmore)
i€No ieNg
where the greatest fixed-point claims that R always holds either over an interval with
the length ¢ or over an infinite interval. On the other hand, since the logical law

OR=RAeVRAQOR

can be satisfied, we can infer that OR is one solution of the equation (3.3.1)), and must
be equivalent to either the least or the greatest fixed-points by Theorem[3] In accordance
with the meaning of OR, we can see that the greatest fixed-point exactly characterizes
OR and acquire the following:

\/ RO AQ'(RAe)VO(RAmore) =0OR
i€No
which convinces us \/, ¢ R A OYR A¢) is well-formed.
Example 3. Let P 4 true and Q 4f RAe. Then X = QV PA(X can be instantiated

as
X=RAevOX (3.3.2)

whose least and greatest fixed-points respectively are:

\/ O RANe)=CO(RAe) and \/ OYR Ae) V Omore = O(R A g) V Omore
€Ny i€Ny
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Particularly, the greatest fixed-point states that R will hold and terminate at some point
over a finite interval or the interval is infinite. Further, we have the logical law

fin(R) = RA eV Ofin(R)

so fin(R) is one solution of the equation (3.3.2)) and equivalent to the greatest fixed-
point by its meaning. Thus, we can obtain:

fin(R) = \/ OYR Ae)V Omore = O(R Ae) V Omore
1€ No

Example 4. Let P ' R and Q 4f - Then X = @V P A (X can be instantiated as
X=eVRANOX (3.3.3)
whose least and greatest fixed-points can be attained as:
\/ R A O'e and \/ RY A Ofe vV O(R A more)
i€No i€No

In particular, the greatest fixed-point tells us that R is true at every state over an infinite
interval or over a finite interval with ignoring the final state. Further, the logical law

keep(R) =&V R A QOkeep(R)
holds and implies keep(R) is one solution of the equation (3.3.3). Since keep(R) pre-
cisely specifies the meaning of the greatest fixed-point, we have:
keep(R) = \/ RW A O'e v O(R A more)
1€ No
which makes \/, No RW A O'e well-formed.

def

Example 5. Let P 4 _Rand Q = RAe.Then X = QV PA (X can be instantiated

as
X=RAeV-RAOX (3.3.4)

By Theorem[2] its least and greatest fixed-points respectively are:
\/ R AQI(RAe) and \/ (~R)D AOQ'(RAe) VO(~R A more)
i€No i€No

where the greatest fixed-point asserts that R is only true at the final state over a finite
interval or =R always holds over an infinite interval. Moreover, we have known that

halt(R) = R Ae VvV -R A Ohalt(R)

which indicates halt(R) is one solution of the equation (33.4). As halt(R) exactly
expresses the greatest fixed-point, we can get:

halt(R) = \/ (-R)D A OR A€) VO(-R A more)
1€ No

which further convinces us \/; n. (=R)D A O (R A ) is well-formed.
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Example 6. Let P 4 true and Q 4 . Then X = @V P A (X can be instantiated as
X=ev(OX 3.3.5)

Further, the least and greatest fixed-points can be acquired as

\/ true® AO'e = \/ O'e and \/ true™ AO’e v Omore = \/ (e VOmore

1€ Np 1€ No 1€ No 1€ No

which respectively says that the interval is finite and the interval is finite or infinite. On
the other hand, we have:

fin=Ce =e v (OOe and true = ¢V Otrue

which suggests that e and true are the solutions of the equation (3.3.3). Hence, ac-
cording to their meanings, we can attain:

\/ O'e = e =fin and \/ O'e V Omore = true
i€Nog i€ Nog

which is consistent with Example [T}

4 Representation of ‘U’ and ‘W’ of PLTL within PPTL

Linear Temporal Logic (LTL) [13] is a well-known temporal logic, which is based on
a linear-time perspective and often defined over an infinite path (i.e. an infinite inter-
val). Propositional LTL (PLTL) is a propositional subset of LTL and has been widely
used in practice. In PLTL, the most prominent operators are ‘U’ (strong until) and ‘W’
(weak until), where ‘W’ is a weak version of ‘U’. Their intuitive semantics are shown in
Figure[Ila) and (b) respectively and more details can be found in [2]. Except U and W
operators, other operators of PLTL can be directly formalized over an infinite interval
in PPTL. In this section, we employ techniques proposed in Section 3] to equivalently
express ‘U’ and ‘W’ constructs within PPTL.
In PLTL, the following laws have been proved:

PUQ =(PA-Q)UQ PUQ =QVPAOPUQ)
PWQ=(PA-QWQ PWQR=QVPAOPWQ)
PWQ=({PUQVvOP -~QP =Q-P

Hence, P U @) can be reduced as follows:

PUQ=(PA-Q)UQ

V(PA=Q)ANOW(PA-Q)UQ)

V(PA=Q)ANO@QV (PA-Q)ANO(PA-Q)UQ))
V(PA=Q)ANOQV (PA-Q)AOPA-Q)AO*((PA-Q)U Q)
VIPA-QAOQV(PA-Q)AOQPA-Q)ANO?*QV ...

From the above, we find that the recursive equation of P U @ can be treated as the form
of X =QV PA-QANQOX (xx) with one solution P U Q. Further, by Theorem[]and

Q
Q
Q
Q
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the semantics of P U @, we can obtain the least fixed-point \/; v (P A=Q)) A O'Q
of the equation (xx), which corresponds to P U Q. In other words, P U @ is equivalent
t0 Ve n, (P A=Q) AO'Q. However, formulas in PPTL can be interpreted over both
infinite and finite intervals whereas formulas in PLTL can only be satisfied by infinite
paths. Therefore, in order to force a PPTL formula to hold just over an infinite interval,
an additionally PPTL formula Omore is needed. Thus, we can equivalently represent
P U @ within PPTL as follows:

def

PUQ = ( \/ (PA=Q)D AO'Q) ADOmore (%% *)

1€ Ng

Similar to P U @, the recursive equationof PW Qis PW Q = (PA-Q)W Q =
QV(PA-Q)ANO((PA—Q)W Q) and also in the form of the equation (x*). Further,
according to the semantics of P W @Q and by Theorem2l P W Q is equivalent to the
greatest fixed-point \/; v (P A =Q)™) A O'Q V O(P A —Q A more) of the equation
(%%). Therefore, with the requirement of an infinite interval, we have the following:

PW Q déf ( \/ (P AN —\Q)(Z) N OZQ V D(P A —\Q A more)) A Omore
i€ No

=(V (PA=Q) AO'Q) A DOmore v O(P A =Q A more)
1€ No

=PUQVO(PA—Q Amore)

With techniques presented in this paper, we can see that P U @ is the least fixed-point
while P W @ is the greatest fixed-point of the equation (xx), which is coherent with
that in [2]].

Example 7. We consider a LTL formula O)3p U (g, where p, ¢ are atomic propositions.
Three possible paths are shown in Figure [[{c)(1-3). Further, according to the equation
(#*), an equivalent PPTL formula can be acquired as (\/; y, (O*pA=Ogq) OAO'O
q) A Omore. Next we reduce the PPTL formula to obtain the three paths for showing
the correctness of the equation (x % *).

Firstly, we know that

(V (O*pA=0aq)PAO" O q) ATmore

1€ No

=(V (O»AO~ 0P AO" O q) AOmore

= (Z)EqN;\ Omore V (O*p A O—q) A O O g A OmoreV
(O*pANOq) NO(O*p AO—q) AO* O g A DOmore V ...

Then (g A Omore characterizes path (1), (O*p A O—q) A O?*q A Omore describes
path (2) and (O%*p A O—¢) A O(O?*p A O—q) A O>q A Omore specifies path (3). We
merely reduce (O3p A O—q) A O(O3*p A O—q) A O3q A Omore to illustrate how to
get the relevant path and others can be obtained in a similar manner.

(O*p AO=q) AO(OP*p A O—g) A OPq A Omore
= OO’ A=g AO*p A O—~g A O*q A Omore)
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PATG pAN-g pA—qg g PATG pAN=g pA-Gg pA=g PATG pA—g
So S S S3 Sy Ss So Sh So Ss Sy Ss
(a): pUgq b): pWgq
q -q q P
So Sy Sa So Sh Sa Ss Sy
1) @)

—q -q qAp p
So S S, Ss Sy Ss
®3)
(©): O*»U Oq

Fig. 1. Intuitive meaning of p U ¢ and p W ¢ and some models of O3p U Q¢

Thus true holds at state sg. Next, at state s1, we continue to reduce

O*pA=g AO*p AO=gAO*qABmore = g AO(Op AO*pA—g A Og ABmore)

From this, we can see —q holds at state s;. Further, at state s,
OpAO?*pA—=gAQOgABmore =-gAO(pAOpA g A Omore)
Therefore, —q is satisfied by state so. At state s3, we go on reducing and get below:
pAQOpAgABOmore=pAgAO(pABOmore)
Then p A g holds at state s3. Subsequently, at state s4,
p A Omore = p A O(COmore)

which makes p hold at state s4 and all the successive states over an infinite path be
satisfied by true (i.e arbitrary propositions). Hence, we attain the path (3).

5 Conclusion

This paper investigated some fixed-point issues within PPTL. Particularly, we give two
kinds of index set expressions \/, No O!P and Vic No P?, which are formed by apply-
ing rules of the PPTL syntax infinitely many times. Further, we proved that these formu-
las expressed by index set expressions are still well-formed PPTL formulas. Moreover,
Vien, O'Q is generalized to \/, v, P AO'Q and the least and greatest fixed-points
of the equation X = Q V P A (X are explored. In addition, the operators ‘U’ and ‘W’
in PLTL are equivalently represented within PPTL in terms of \/; . PO A ONQ.

In this paper, we only demonstrate some instances of the index set expression \/; No

P® A O'Q with specific formulas as P and @ are well-formed PPTL formulas but do
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not give its equivalent generic well-formed formulas. As a challenge, we will attempt to
find out its concrete well-formed formula in the near future. Further, we will work out
the conditions for the solutions of X = QV PA()X, so that we know when X takes the
least fixed-point and when X takes the greatest fixed-point. Moreover, formulas under
investigation possess a common feature that during their recursive rewriting, only one or
two formulas appear repeatedly. For example, in \/, No (O!P, P occurs iteratively for
infinite number of times, and so do P and Q in \/, P A (OQ. However, for these
formulas such as \/ iENo O!P;, where P;’s might be different for distinct i, whether or
not they are well-formed is an open question. We will study the problem in the future.
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