Chapter 8
The Law of Large Numbers for the Free
Multiplicative Convolution

Uffe Haagerup and Soren Moller

Abstract In classical probability the law of large numbers for the multiplicative
convolution follows directly from the law for the additive convolution. In free
probability this is not the case. The free additive law was proved by D. Voiculescu in
1986 for probability measures with bounded support and extended to all probability
measures with first moment by J.M. Lindsay and V. Pata in 1997, while the free
multiplicative law was proved only recently by G. Tucci in 2010. In this paper
we extend Tucci’s result to measures with unbounded support while at the same
time giving a more elementary proof for the case of bounded support. In contrast
to the classical multiplicative convolution case, the limit measure for the free
multiplicative law of large numbers is not a Dirac measure, unless the original
measure is a Dirac measure. We also show that the mean value of In x is additive
with respect to the free multiplicative convolution while the variance of In x is not
in general additive. Furthermore we study the two parameter family ((q ) g0 Of
measures on (0, oo) for which the S-transform is given by Sy, ,(z) = (—2%( +
)%, 0<z<1.
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8.1 Introduction

In classical probability the weak law of large numbers is well known (see for
instance [14, Corollary 5.4.11]), both for additive and multiplicative convolution
of Borel measures on R, respectively, [0, co).

Going from classical probability to free probability, one could ask if similar
results exist for the additive and multiplicative free convolutions H and X as
defined by D. Voiculescu in [16] and [17] and extended to unbounded probability
measures by H. Bercovici and D. Voiculescu in [4]. The law of large numbers for
the free additive convolution of measures with bounded support is an immediate
consequence of D. Voiculescu’s work in [16] and J. M. Lindsay and V. Pata proved
it for measures with first moment in [11, Corollary 5.2].

Theorem 1 ([11, Corollary 5.2]). Let u be a probability measure on R with
existing mean value o, and let ,: R — R be the map ¥, (x) = %x. Then

Va(uB---Bp) - 8
N e’

n times

where convergence is weak and 8 denotes the Dirac measure at x € R.

Here ¢ (i) denotes the image measure of 4 under ¢ for a Borel measurable
function ¢: R — R, respectively, [0, 00) — [0, 00).

In classical probability the multiplicative law follows directly from the additive
law. This is not the case in free probability, here a multiplicative law requires
a separate proof. This has been proved by G.H. Tucci in [15, Theorem 3.2] for
measures with bounded support using results on operator algebras from [6] and [8].
In this paper we give an elementary proof of Tucci’s theorem which also shows that
the theorem holds for measures with unbounded support.

Theorem 2. Let p be a probability measure on [0, 00) and let ¢, [0, 00) — [0, 00)
be the map ¢, (x) = xn. Set§ = w({0}). If we denote

Vn Z(Z.Sn(:un) Z(ﬁn(ﬂg"'gﬂ)
%/_/

then v, converges weakly to a probability measure v on [0,00). If  is a Dirac
measure on [0,00) then v = . Otherwise v is the unique measure on [0,00)

characterised by v ([0, ﬁ]) =t forallt € (§,1)andv({0}) = 8. The support
i
of the measure v is the closure of the interval

00 -1 e
(a,b>=<(/0 x_ldu(x)) , /0 xdu(x)),

where 0 <a < b < co.
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Note that unlike the additive case, the multiplicative limit distribution is only
a Dirac measure if p is a Dirac measure. Furthermore S, and hence (by [17,
Theorem 2.6]) i can be reconstructed from the limit measure.

We start by recalling some definitions and proving some preliminary results
in Sect. 8.2, which then in Sect. 8.3 are used to prove Theorem 2. In Sect. 8.4 we
prove some further formulas in connection with the limit law, which we in Sect. 8.5
apply to the two parameter family (i« g)« >0 0f measures on (0, co) for which the

_ (=f

W,O<Z<l.

S-transform is given by S, ,(z)

8.2 Preliminaries

We start with recalling some results we will use and proving some technical tools
necessary for the proof of Theorem 2. At first we recall the definition and some
properties of Voiculescu’s S-transform for measures on [0, c0) with unbounded
support as defined by H. Bercovici and D. Voiculescu in [4].

Definition 1 ([4, Sect.6]). Let i be a probability measure on [0, co0) and assume
that § = u({0}) < 1. We define ¥, (1) = fooo -du(?) and denote its inverse
in a neighbourhood of (§ — 1,0) by x,. Now we define the S-transform of u by
Su(z) = “yu(z) forz € (8 — 1,0).

Lemma 1 ([4, Proposition 6.8]). Let (1 be a probability measure on [0, 00) with
8§ = n({0}) < 1then S, is decreasing on (8§ — 1, 0) and positive. Moreover, if § > 0
we have S, (z) — oo ifz > §— 1.

Lemma 2. Let i be a probability measure on [0, 00) with § = u({0}) < 1. Assume
that  is not a Dirac measure, then S[L (z) < O0forz e (§—1,0). Inparticular S,, is
strictly decreasing on (6§ — 1,0).

Proof. For u € (—o0,0),

/ _ oo z
wﬂ(u)_/o —(l_m)zd,u(l‘)>0. (8.1)

Moreover lim, - ¥, (1) = 0 and lim, oo ¥, (1) = 6 — 1. Hence v, is a strictly
increasing homeomorphism of (—oo, 0) onto (§ — 1, 0). For u € (—o0, 0), we have

WM(”) +1
S U)=—-u
Ly = P
Hence
a v () U U@ W) + 1) — ud, ()
— (InS u))) =— a - = =
qu M Su W) = = T 1 U @) (U0 + D)

(8.2)
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where the denominator is positive and the nominator is equal to

([ o) ([ o) - [ o
/ / (1- ,js;r(f )dN(S)d,u(t)
2 / / ( - MS)2 ( —tm)z) du(s)dp(z)

(s —1)?
= __/ / 0= )2 (1 — a2 HOAR )

where we have used that

(s + )1 —us)(1 — ut) — s(1 — ut)® — t (1 — us)*> = —u(s —1)*.
Since p is not a Dirac measure,

(nx p) ({(s.1) €0,00)% : s #1}) >0

and thus

o0 o0 B 2
/0 /0 (1-— b(,ss)z(tl)_ a2 dp(s)du(r) > 0

which shows that the right hand side of (8.2) is strictly positive. Hence
d
d_Z (ln SIL(Z)) <0

for z € (§ — 1, 0), which proves the lemma.

O

Remark 1. Furthermore, by [4, Proposition 6.1] and [4, Proposition 6.3] ¥, and
Xy are analytic in a neighbourhood of (—o0, 0), respectively, (—1,0), hence S, is

analytic in a neighbourhood of (§ — 1, 0).

Lemma 3 ([4, Corollary 6.6]). Let i and v be probability measures on [0, 00),

none of them being 8o, then we have Sz, = S, S,.

Next we have to determine the image of S,,. Here we closely follow the argument
given for measures with compact support by F. Larsen and the first author in [6,

Theorem 4.4].

Lemma 4. Let |4 be a probability measure on [0, c0) not being a Dirac measure,

then S, ((§ —1,0)) = (b~',a™"), where a, b and § are defined as in Theorem 2.
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Proof. First assume § = 0. Observe that for u — oo we have

/oo “ d(t)—>/oold ()=a' and /oo M) — 1
- =da an .
0 l—l—ut'u 0 Z‘“ 0 l—l—ut'u

Hence

_Ilfu(_u) _ © ut o u —1
m - (/o 1 —|—mdﬂ([)> (/o 1 —I—utd'u(t)) —a foru— oo.

Similarly, for u — 0 we have

—du(t) —» tdu(t) = b d ——du(t 1.
/0 —au) /0 W) =b an /0 ) —

Hence

—Yu(—u) _ IOOO l-iurd“(t)

= b f 0.
e B By o H T S

As x, is the inverse of ¥, we have

Y (—u) + 1

u(u(—u) +1)
% (—u) '

Su(l/fu(_“)) = v (_u)
"

X;L(W;L(_”)) =

By (8.1) and Lemma 2 v, is strictly increasing and continuous and S, is strictly
decreasing and continuous so S, (¥, ((—00,0))) = S,((—1,0)) = (b~1,a™ ).

If now § > 0 we have by Lemma 1 that S,(z) — oo for z — § — 1, so in this
case continuity gives us S, ((§ — 1,0)) = (b, 00), which is as desired as a = 0 in
this case. O

8.3 Proof of the Main Result

Let u be a probability measure on [0, co) and let v be as defined in Theorem 2. If u
is a Dirac measure, then v, = u for all n and hence v, — v = u weakly, so the
theorem holds in this case. In the following we can therefore assume that p is not
a Dirac measure. We start by assuming further that ©({0}) = 0, and will deal with
the case u({0}) > 0 in Remark 2.

Lemma 5. Forallt € (0,1) and all n > 1 we have

/oo 1—1¢ -1
(1 TREILE - 1)”x") dv, (x) = 1.
0 t
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Proof. Lett € (0,1) and set z =t — 1. By Definition 1 we have
2+ 1=, (@) +1

_ 0 Xun(Z)x

o0 1
= /0 (= s @ Hr )

~ -1
:/0 (I—Z_’_LISW(Z))C) dpe, (x)

o -1
= /(; (1 — Zf_ ISM(Z)nX) dpy (x).

In the last equality we use multiplicativity of the S-transform from Lemma 3.
Now substitute t = z + 1 and afterwards y” = x and use the definition of v, to
get

00 —1
‘ =/0 (1 + ;Sﬂ(t - 1)"x) djun (x)
/oo 1—1 n.n -
= | (1 + TSM(t - D"y ) dv, (). O

Now, using this lemma, we can prove the following characterisation of the weak
limit of v,.

Lemma 6. For all t € (0, 1) we have t = Tim, oo v, ([0, 52 |).
n

Proof. Fixt € (0,1) and let ' € (0,¢). Then

% 1—1¢ !
t = / (1 + Su(t' — 1)”x") dv, (x)
0

Z/
o0 1—1¢ !
< / (1 + TS“([/ - 1)"x”) dv, (x)
0
S0 o0
5/ 1dv,,(x)+/
0 S0=h

e oo 1—1 (S, =)\
5/ u )1dvn(X)+/ 1 (1+ t (Su( 1)) ) dv, (x)
0 Spa=0 ;A(t_ )

1 1=t (S, —1)\"\ '
E”’1([0’Su<r—1>D+(1+ t (Sm—l))) |

1—1 l n.,.n -
1+ TS,L(I —1)'x dv,(x)




8 The Law of Large Numbers for the Free Multiplicative Convolution 163

Here the first inequality holds as ¢ < ¢ while S, (" — 1)"x" > 0, the second holds
as 1 + %L’SM(Z’ — 1)"x" > 0, and the last because v, is a probability measure.
S,('—1)

By Lemma 2, §,(t — 1) is strictly decreasing, and hence S0 1. This
implies
L=t (St =D\
lim 1+ p7 = 1) =0.
n—00 t S, (t=1)
And hence

1
/ . .
=t ([0 50 ])

As this holds for all ¢’ € (0,7) we have

o 1

On the other hand if ¢ € (¢, 1) we get

4

o) —1
t// — /(; (1 + TSM(t// _ 1)nxn) dvn(x)
* 1—1 ” n.n -
> | 1+ TS,L(I —1)"x dv,(x)

S(+_l) 1—1 " n..n B
> 1+ —S5,0"—-1)"x dv,(x)
0

t

Sy =18, =1\
/(; (1 + T—Sﬂ(l _ 1)n ) dv,,(x)
1 L=t (S, (" =D\
ZW(PWAP4J)(H'z (&a—n))

Here the first inequality holds as ¢ > ¢ while S, (t” — 1)x" > 0, and the second to
last inequality holds as S, (# — 1) is decreasing.

v

S, (t"—1)
S.a—1)

, 1—t (S, —1)\"\ '
1 1 = =1.
13&(+'r (&a—n))

Again as S, (¢ — 1) is strictly decreasing we have < 1, hence

This implies

1
t"” > limsup v, (|:O, —:|) )
=y S —1)
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As this holds for all ” € (¢, 1) we have

. 1

Combining (8.3) and (8.4) we get

. 1
- ([ 5=5)

as desired. O

For proving weak convergence of v, to v it remains to show that v, vanishes in
limit outside of the support of v.

Lemma 7. For all x < a and y > b we have v,([0,x]) — 0, respectively,
v, ([0, y]) — 1.

Proof. To prove the first convergence, let t < a and s € (0, 1). Now we have that

t < # from Lemma 4 and hence
u(s—1)

lim sup v, ([0,¢]) < limsup v, ([ ;}) =y.

07
n—>00 n—00 Su(s—=1)

Here the inequality holds because v,, is a positive measure and the equality comes
from Lemma 6. As this holds for all s € (0, 1) we have limsup,,_, ., v, ([0,¢]) < 0
and hence lim sup, _, ., v, ([0, 7]) = O by positivity of the measure.

For the second convergence we proceed in the same manner, by letting > b and

s € (0,1). Now we have that r > ﬁ from Lemma 4 and hence

1
imint (0.1) = tmint (0.5 ) =

Again the inequality holds because v, is a positive measure and the equality comes
from Lemma 6. As this holds for all s € (0, 1) we have limsup,,_, o, v, ([0, ¢]) > 1
and hence lim sup,_, ,, v, ([0,7]) = 1 as v, is a probability measure. O

Lemmas 6 and 7 now prove Theorem 2 without any assumptions on bounded
support as weak convergence of measures is equivalent to point-wise convergence
of distribution functions for all but countably many x € [0, c0).

Remark 2. In the case § = u({0}) > 0, S, is only defined on (6 — 1,0) and
S,.(z) = oo when z — § — 1. This implies that Lemma 5 only holds for ¢ € (8, 1),
with a similar proof. Similarly, Lemma 6 only holds for z € (8, 1), and in the proof
we have to assume ¢’ € (8, ¢). Similarly, in the proof of Lemma 7 we have to assume
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s € (8, 1). Moreover, in Lemma 7 the statement, 0 < x < @ implies v, ([0, x]) — 0
for n — oo, should be changed to ¢ = 0 and v, ({0}) = = v({0}) foralln € N.

Using our result we can prove the following corollary, generalizing a theorem
([8, Theorem 2.2]) by H. Schultz and the first author.

Let (.#, t) be a finite von Neumann algebra .# with a normal faithful tracial
state t. In [7, Proposition 3.9] the definition of Brown’s spectral distribution
measure 7 was extended to all operators T € .#*, where .#* is the set of
unbounded operators affiliated with .# for which (In*(|T|)) < oo.

Corollary 1. If T is an R-diagonal in .#* then d’(,U«(T*)”T”) — Yr(ur) weakly,
where Y (z) = |z|% z € C, and ¢, (x) = x'/" for x > 0.

Proof. By [7, Proposition 3.9] we have M?L’T = p(r*y» and by Theorem 2 we
have q'b(p,?ﬁT) — v weakly. On the other hand observe that v = v (ur) by [7,
Theorem 4.17] which gives the result. O

Remark 3. In [8, Theorem 1.5] it was shown that ¢, (=) = Vr(ur) weakly
for all bounded operators 7 € .. It would be interesting to know, whether this
limit law can be extended to all T € .Z4.

8.4 Further Formulas for the S -Transform

In this section we present some further formulas for the S-transform of measures
on [0, 00), obtained by similar means as in the preceding sections and use those to
investigate the difference between the laws of large numbers for classical and free
probability. From now on we assume p({0}) = 0. Therefore i can be considered
as a probability measure on (0, co).

We start with a technical lemma which will be useful later.

Lemma 8. We have the following identities

1 2

t
/ m(——)ar =21
0 1—1¢ 3

1

/ In®tdr =2
0

1
/ In*(1 —¢)dt =2

0

1 72
/ Intln(1—#)dt =2 — —.
0 6
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Proof. For the first identity we start with the substitution x = ﬁ which gives us

= x = _dx
=113 and dr = ESIE

1
/ In? (L) dt
A 1—1

and hence

/°° In? x
— = dx
0 (1 +)C)2

2 [*® x
- | = 4
do? /0 (1+x)?2 x

d2
= dT‘(zB(l —i—ot,l—ot)

o

a=0

a=0

_ &  rno
~ do?sin(ra) |,—,
G

do? 3!

a=0

a2 ( 72 2
= — 1 + —u + . .) —_

do? 6 weo 3

where B(-,-) denotes the Beta function. The second and the third identity follow
from the substitution ¢ > exp(—x), respectively, 1 — ¢ — exp(—x).
Finally, the last identity follows by observing

2 1
t
”-:/m2 —ar
3 Jo 1—1

1
= / It +In(1 — ) —2Inz In(1 — £)dt
0

1
= 4—2/ Int In(1 — ¢)dt
0

which gives the desired result. O

Now we prove two propositions calculating the expectations of Inx and In? x
both for u and v expressed by the S-transform of p.

Proposition 1. Let u be a probability measure on (0, 00) and let v be as defined in
Theorem 2. Then [;° |Inx|du(x) < oo if and only iffo1 [In S, (t —1)|dt < oo and
if and only iffooo [In x| dv(x) < oco. If these integrals are finite, then

0o 1 00
/0 Inxdu(x) = —/0 InS,(t—1)dt :/0 In xdv (x).
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Proof. For x > 0, put InT x = max(In x, 0) and In~ x = max(—In x, 0). Then one
easily checks that

InT x <In(x+1) <InTx+1In2

and by replacing x by % it follows that

1

InT x < ln()C + ) <In"x+1In2.
X
Hence
o0 o0
/ Int xdu(x) < 00 & / In(x 4+ 1)du(x) < oo
0 0
and

o0 o0 1
/ In~ xdu(x) < 0o & / In (x + )d,u(x) < 00.
0 0 X

We prove next that

/oo In(x + Ddu(x) = /ooln_ uyy;, (—u)du (8.5)
0 0

and

o0 X +1 o0 ,
/0 ln( . )du(x) = /0 In™ wy) (—u)du. (8.6)

Recall from (8.1), that

! _ oo t
(ST —/0 e SONNE

Hence by Tonelli’s theorem

00 N - B 00 - B 00 poo X
/0 In™ uy,, ( u)du—/1 Inuy, ( u)du—/0 / —(1+ux)2 In ududp (x)

1

and similarly,

0o _ , _ 00 1 X 1
/0 In M'WM(—M)dM = /0 /0 m In (;) dudp,(x)
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By partial integration, we have

o0 X Inu u = x+1
—— hudu=|——+1n =1In
1 (1 + ux)? 1+ ux 14 ux) |,— x

and similarly,

box 1 Inu u u=l
———In|{ - |du= —1In
o (14 ux)? u 1+ ux 14+ux) |,—

u=1

= |: i Inu + In(1 + ux):| =In(x + 1)
1+ ux =0

which proves (8.5) and (8.6). Therefore

o0 o0
/ [In x| du(x) < oo & / |Inu| ¥, (—u)du < oo
0 0

and substituting x = v, (—u) + 1 we get

] 1 1
/ [Inul ), (—u)du = f |In (—xu(t = 1)| dr = f 1n(1 ! [) + InS,(t —1)|dr.
0 0 0 -
Since [ |In (15)] df < oo it follows that
00 1
/0 |Inul ¥}, (—u)du < 0o & /0 |In S, (1 — )| dt < oo.
If p is not a Dirac measure, the substitution x = S,(r — 1)7,0 < 7 < 1

gives t = v((0,x]) fora < x < b, where as before a = (fooo x‘ld,uv(x))_1 and
b= fooo xdu(x). The measure v is concentrated on the interval (a, b). Hence

oo b
/0 [In x| dv(x) =/a |lnx|dv(x):/01 In (ﬁ)

This proves the first statement in Proposition 1. If all three integrals in that
statement are finite, we get

/oolnxd,u(x) = /ooln(x + Ddp(x) — /ooln (x + 1) du(x)
0 0 0 X

o0

= /Ooo (ln_ u—Int u) w;(—u)du = —/0 In m//l;(—u)du,

1
dt =f [In S, (r —1)|dr.
0
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By the substitution t = ¥, (—u) + 1 we get

1 1 1—1¢ !
/Oln(—xﬂ(t—l))dt=/0 (ln( . )+1nSM(t—l))dt=/O InS, @t — 1)dr.

Hence [;° Inxdpu(x) = — fol In S, (¢t — 1)dz. Moreover, by the substitution x =
Syt =110 <t <1weget

o] 1 1 o]
/0 1nxdp,(x)=/0 In (m) dr :/0 In xdv(x).

Finally, if u = 8y, x € (0, 00), this identity holds trivially, because v = §, and
S‘,(z):%,0<z<l. O

Corollary 2. Let (11 and u, be probability measures on (0,00). If E,, (Inx) and
E,, (In x) exist then E,,, &, (Inx) also exists and

Eﬂlgﬂz(lnx) = ]EMI (Inx) + EMz (Inx)

where B, (f) = [;° f(x)du(x).

Proof. The statement follows directly from Proposition 1 and multiplicativity of the
S-transform. O

For further use, we define the map p for a probability measure p on (0, 0o) by

1
,o(,u):/0 ln(lt_t)lnS,L(t—l)dt.

Note that p(u) is well-defined and non-negative for all probability measures on
(0, o0) because

I e RECEEN G RS
Su(=3)

where the first term on the right hand side is non-negative for all # € (0, 1) and the
second term is integrable with integral 0.

Lemma9. Let u be a probability measure on (0, 00), then

1/2
0<p(p) < % (/Ollnz Sult — 1)dt) :

Furthermore, p(it) = 0 if and only if i is a Dirac measure. Moreover, equality

holds in the right inequality if and only if S, (z) = (ﬁ)yfor some y > 0 and in
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this case p(u) = y%z. Additionally, if 1, (1o are probability measures on (0, 00)
we have p(p1 & p2) = p(p1) + p(p2).

Proof. We already have observed p > 0. For the second inequality observe that

p()* < (/01 In? (;) dr) (/01 In® S, (t — l)dt)

by the Cauchy-Schwarz-inequality, where the first term equals ”72 by Lemma 8.

If 4 = 8, for some a > 0 we have S, (z) = 5, hence In §, (¢ — 1) is constant so
the oddity of ln(l%’) gives us p(p) = 0. On the other hand, if p(i) = 0, the first
term in (8.7) has to integrate to 0, but by symmetry of In (:£) and the fact that S,
is decreasing, this implies that S, must be constant, hence y is a Dirac measure.

Equality in the second inequality, by the Cauchy-Schwarz inequality happens
precisely if In S, (r — 1) =y ln(lt;’) for some y > 0 which is the case if and only
if S, —-1)= (?)y, and in this case p(u) = y%z by Lemma 8.

For the last formula we use multiplicity of the S-transform to get

1 _
p(r X wo) :/o ln(l

1 _
Z/ ln(ltZ)(lnS,Ll(t—1)+1nS,L2(t—1))dt
0

= p(r1) + p(p2). o

t
) In S50, (t — 1)dr

Proposition 2. Let 1 be a probability measure on (0, 00), and let v be defined as
in Theorem 2. Then

00 1
/ In® xdu(x) = / In® S, (¢ — 1)dt + 2p()
0 0

o0 1
/ In® xdv(x) = / In? S, (t — 1)dt

0 0
Vu(nx) =V,(Inx) 4+ 2p(n)

as equalities of numbers in [0, 00|, where V,(In x) denotes the variance of In x with
respect to a probability measure o on (0, 00). Moreover,

0<p(p) < %Vvanx)%.

Proof. We first prove the following identity

]T2

/ In* uyy), (—u)du = / In? xdu(x) + (8.8)
0 0 3
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Since ¥/ (—u) = fooo mdx, we get by Tonelli’s theorem, that

/OOO In? uyy, (—u)du = /Ooo (/Oooln2 umdu) du(x)

:/0 (/0 In® (%) a jlrvu)2)d”(x)'

Note next that

® L, dv )
In (—) s = co+cilnx +cIn" x
0 x/ (1+v)
2
where co = [i° dipdv, of = =2 [ qimpdv, and ¢ = [ qrpdv = 1

Moreover, by the substitution v = % one gets ¢c; = —c; and hence ¢; = 0. Finally,

by the substitution v = -=,0 <7 < 1 and Lemma 8,

1 2
t
coz/ln2 —— dt:ﬂ—.
0 1—t¢ 3

2 _ ({2 77_2
/0 In uwu(—u)du—/o (ln x + 3 )du(x)

which proves (8.8). Next by the substitution # = v/, (—u) + 1, we have

Hence

[ele] 1
/ In” ), (—u)du = / In® (—y,.(t —1))dt = (8.9)
0 0
1
/ (In =L +1n.S,(c — 1))’ dr.
0

Since ¢ — In (?) is square integrable on (0, 1) the right hand side of (8.9) is finite
if and only if

1
/ In (S,(r — 1))* dr < oo,
0

Hence by (8.8) and (8.9) this condition is equivalent to

o0
/ In? xdp(x) < oo,
0
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so to prove the first equation in Proposition 2 is suffices to consider the case, where
the two above integrals are finite. In that case p(i1) < oo by Lemma 9. Thus by
Lemma 8 and the definition of p(u),

2

2
/l (m(l_’) —i—lnSM(t—l)) dr = /llnz(SM(t—l))dt+2p(,u)+n_.
0 t 0 3

Hence by (8.8) and (8.9)

o) 1
/ In® xdu(x) = / In? (S, (r — 1)) dr + 2p(p).
0 0
The second equality in Proposition 2

o0 1
/ In® xdv(x) = / In? S, (t — 1)dt
0 0

follows from the substitution x = S, (¢ —1)~! in case p is not a Dirac measure, and
it is trivially true for Dirac measures. By the first two equalities in Proposition 2, we
have

/ - In? xdpu(x) = / - In® xdv(x) + 2p(1). (8.10)
0 0

If both sides of this equality are finite, then by Proposition 1,

/Ooolnxdu(x) = /Ooolnxdv(x)

where both integrals are well-defined. Combined with (8.10) we get
Vu(nx) =V, (Inx) +2p(n) (8.11)

and if [;° In? xdu(x) = +oo, both sides of (8.11) must be infinite by (8.10).

As the S-transform behaves linearly when scaling the probability distribution
in the sense that the image measure p, of u under x — cx for ¢ > 0 gives us
Su. (z) = ¢71S,(z) we have for p that

1
p(ie) = /0 In (1 t_t) In(c™'S,,(t — 1))dr

1 _ 1 _
=/ 1n(1 t)lnS,L(t—l)dt+/ 1n(1
0 ! 0

t
) c7ldt = p(u) + 0
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by anti-symmetry of the second term around ¢ = % Using this for ¢ =
exp (E, (Inx)), we get

(w) = p( <l(/1(1n5(t—1)—E (lnx))zdt)%
p() = p(HUe _\/g A w v

1
(/ (In S, = 1) = 2B, (nx)? + E, (Inx)?) dt)
0

V3

T

V3

(V,(Inx))? . o

Now we can use the preceding lemmas to investigate the different behavior of
the multiplicative law of large numbers in classical and free probability. Note that
in classical probability for a family of identically distributed independent random
variables (X;)?, we have the identity V(In([T/2, X;)) = nV(nX;). In free
probability by Propositions 1 and 2 we have instead

VMXI” (ln l‘)

[els) S 2
= / In” (™) (1) — (/ lntd(ux")(t))
0 0

1 0
= / In® S, =, (t — 1)dz + 20(u®") — (—/ InS, = (Z)dZ)
0 1

2

1 0 2
= n2/ In? S, (t = 1)dz+2np(p) — n’ (/ In S,L(z)dz)
0 —1
=n’V,(Inx) + 2np(p).

Hence Vuxn (Int) = nV,(nt) + n(n — 1)V,(Int) > nV,(n¢) forn > 2if p is
not a Dirac measure and V,(Inz) < oo, which shows that the variance of In¢ is not
in general additive.

Lemma 10. Let 1 be a probability measure on (0, 00) and let v be defined as in
Theorem 2. Then

00 _sin(ry) (11—t -
/0 xVdu(x) = o /0( ; SM(I—I)) dr

for—1 <y < 1and

[od) 1
/0 xVdv(x) :/0 St —1)77dt

fory € R as equalities of numbers in [0, o].
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Proof. By Tonelli’s theorem followed by the substitution u = yx we get

Yl (—y)dy = ™ L2 dydu(x)
/0 / / 1+ yx)

- /0 X7 /0 (li—u)zdud,u(x)

o0
— B -y147y) / (),
0

where B(s,1) = [;° (1+ )H, —____du is the Beta function. But B(1 —y,1 + y) = ““(”V)
by well-known properties of B. Substitute now x = —y,(—z)andz=1—1¢to get

00 B , _ 1 - B 1 1—¢ y
/0 X Vwﬂ(—x)dx —/(; (_X;/,(_Z)) dZ —/(; (TSM(I - 1)) dl,

which gives the first identity. The second identity follows from the substitution x =
S, (t — 1)~! and the properties of v from Theorem 2. O

8.5 Examples

In this section we will investigate a two parameter family of distributions for which
there can be made explicit calculations.

Proposition 3. Let o, B > 0. There exists a probability measure 1o on (0, 00)
which S-transform is given by

(—2)”
(1 +2)2°

Sﬂa,ﬁ (Z) =

Furthermore, these measures form a two-parameter semigroup, multiplicative under
X induced by multiplication of (a, B) € [0, 00) X [0, 00).

Proof. Note first that @ = 8 = 0 gives S,,, = 1, which by uniqueness of the
S-transform results in poo = 81, hence we can in the following assume (o, 8) #
(0,0).

Define the function vy g: C \ [0, 1] = C by

Vo,p(2) = Bln(—z2) —aln(l +2)
forallz € C\ [0, 1].

In the following we for z € C denote by argz € [—m, 7] its argument. Assume
z=x+1iy and y > O then
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1
In(—z) = 5 In (x2 + yz) +iarg(—x —1iy)

where arg(—x —iy) < 0, which implies that In(C™) € C~. Similarly, if we assume
z=Xx 41y and y > 0 then

In(1+2z) = %m ((x + 1)? + y?) +iarg((x + 1) +1iy)

where arg((x + 1) +iy) > 0, which implies that —In(1 + C*) € C~ and hence
Vep(CT) C C. Furthermore, we observe that for all z € C, vy 4(2) = vq(2).
By [4, Theorem 6.13 (ii)] these results imply that there exists a unique X-infinitely
divisible measure (i, g with the S-transform

(=2
s @ = EX0(0(2) = exp(BIn(—2) — (1 +9) = ==
The semigroup property follows from multiplicativity of the S-transform. O

The existence of py0 was previously proven by T. Banica, S.T. Belinschi,
M. Capitaine and B. Collins in [2] as a special case of free Bessel laws. The case
Moo 18 known as a Boolean stable law from O. Arizmendi and T. Hasebe [1].

Furthermore, there is a clear relationship between the measures (i, g and pgq.

Lemma 11. Leta, > 0, (a, B) # (0,0) and let {:(0,00) — (0, 00) be the map
£(t) = 17" Then we have upy = ((jop), where ¢ denotes the image measure
under the map ¢.

Proof. Puto = é(,ua,ﬂ). Then by the proof of [7, Proposition 3.13],

1 _ (—2)* _5
Sues(—1—2)  (1+42)f "1

So(2) =

for0 <z < 1.Hence o = ugg. O

Lemma 12. Let (o, 8) # (0,0). Denote the limit measure corresponding to (Lo g
by vy g. Then vy g is uniquely determined by the formula

t()t
o () =

for0 <t <1, where Fy g(x) = vo,8((0, x]) is the distribution function of v g.
Proof. The lemma follows directly from Lemma 3 and Theorem 2. O

For  =0and o > O,
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Similarly, fora« = 0and 8 > 0

0<x<l1

F ={"
05() (1 —x)_%, x> 1.

Hence vg g is the Pareto distribution with scale parameter 1 and shape parameter %

Moreover, if @ = 8 > 0 we get Fyo(x) = (1 + x7/*)~! for x € (0, 00),
which we recognize as the image measure of the Burr distribution with parameters
(1,a™ ") (or equivalently the Fisk or log-logistic distribution (cf. [9, p. 54]) with
scale parameter 1 and shape parameter & ') under the map x > x~!

On the other hand, we can make some observations about the distribution ji4 g,
too. For the cases (o, 8) = (1,0) and («, 8) = (0, 1) we can recognize the measures
10 and 1o from their S-transform, as Sy, ,(z) = (1 + z)~! is the S-transform of
the free Poisson distributions with shape parameter 1 (cf. [18, p. 34]), which is
given by

1 X
Mo =~ L(0.4)(x)dx,

while S, (z) = —z according to Lemma 11 is the S-transform of the image of the
above free Poisson distribution under the map ¢ 1

1 v4x -1
Mo = w2 1(%’00)(x)dx,

which is the same as the free stable distribution with parameters « = 1/2 and
p = l as described by H. Bercovici, V. Pata and P. Biane in [3, Appendix A1]. More
generally, (1o g is the same as the free stable distribution vy, with @ = ﬂ# and

1
ol
_)/ b

|V

p = 1, because by [3, Appendix A4] v, is characterizedby X, ,(y) = (

._.

y € (—00,0), and it is easy to check that

Sve0(@) = iy (%ﬂ)—(—z)a = #01 @, 0<z<l0<a<l

From the above observations, we now can describe a construction of the measures
,U«m e

Proposition 4. Let m, n be nonnegative integers. Then the measure [Ly, » is given by

an—ﬂlmgﬂ

Proof. By multiplicativity of the S-transform we have that
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m n (_Z)n
Sﬂ%nxm%n (2) = S0 (@ Sy, )" = aro = Sy, (2),

which by uniqueness of the S-transform gives the desired result. O
Proposition 5. Foralla, >0

Eu,,(nx) =B —a

2
plitap) = =@+ B)

2
Vi, (InX) = (@ — B)> + %(aﬂ +a+p).

Proof. These formulas follow easily from Propositions 1 and 2 and Lemma 8. O

Furthermore, we also can calculate explicitly all fractional moments of i, g by
the following theorem.

Theorem 3. Let o, B > 0 and y € R then we have

00 sin(zy) F(Ity+tye)[(A—y=yf)  _ 1 _, _ _1
/ xyd,ua,ﬂ(-x) — Ty T (2+ya—yp) 1+«a 14 1+8 (8.12)
0 o0

otherwise
o0 r(1+y+ye) > _ L
/ dpgo(x) = ) TTMeHea V7 T (8.13)
0 ’ 00 otherwise
00 I(1—y=yB) <L
/ xVdpog(x) = ri-nre—yp V= 1+p (8.14)
0 ' (%9) otherwise.

Proof. Let first —1 < y < 1. Then (8.12)—(8.14) follow from Lemma 10 together
with the formula I'(1 + ) ['(1 —y) = % Since S, ,(z) = W is analytic in
a neighborhood of 0, 14 ¢ has finite moments of all orders. Therefore the functions

o0
s»—>/ X’ dpg0(x)
0

N I'l+s+sa)
r'ad+s)rre+ soa)

N

are both analytic in the half-plane fs > 0 and they coincide for s € (0, 1). Hence
they are equal for all s € C with fs > 0 which proves (8.13). By Lemma 11 (8.14)
follows from (8.13). O

Remark 4. By Theorem 3 (8.12) we have
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1. If 8 > 0, then fooo xdfte g(x) = oo. Hence sup(supp(ie,g)) = oo. Similarly, if
a > 0 then fooo x'dpe p(x) = oo. Hence inf(supp(uq,p)) = 0.
2. If B = 0, then by Stirling’s formula

o0 l a+1
: ” m_(@+])
sup(supp(ie.0)) = Olggo (/0 t dﬂa,o(l)) = 7

aOL

Hence by Lemma 11, we have fora = 0

. _ B
inf(supp(po.p)) = W
Note that sup(supp(itn.0)) = ("4';—,3”1, n € N was already proven by F. Larsen in

[10, Proposition 4.1] and it was proven by T. Banica, S. T. Belinschi, M. Capitane
and B. Collins in [2] that supp(ite0) = [O, (‘)‘4';—3,“1] Note that this also follows
from our Corollary 3.

If « = B it is also possible to calculate explicitly the density of pty 4. To do this
we require an additional lemma.

Lemma 13. For —1 <y < land —w < 0 < m we have

/4

sin 6 /°° 124 dr sin(fy)
o t242cos(B)t +1 sin(my)

Proof. Note first that by the substitution t = e* we have

o0 24 00 evx
/ ar =1 / L A—
o t2+2cos(O) +1 2 J_oo coshx + cos 6

The function

evr

cosh x + cos 6

is meromorphic with simple poles in x = +i(w — 6) + p27, p € Z. Apply now the
residue integral formula to this function on the boundary of

{zeC:—R <Rz <R,0<3Jz<2m}

and let R — oo. The result follows. |

The density of u, was computed by P. Biane [5, Sect. 5.4]. For completeness
we include a different proof based on Theorem 3 and Lemma 13.
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Theorem 4 ([5]). Let a > 0 then Ly has the density fyq(t)dt, where

sin (T)

wt ( a+1 + 2cos (T) + t_a+r1)

Jou(t) =

fort € (0,00). In particular j11 1 has the density (m/t(1 + t))~'dt and |15, has
the density

V3
————dt.
2w (1 4+ 13 4+ 13)

Proof. To prove this note that for [y| < ;7= +

o
oo ©  qin (Z— +1 y(e+1)
[0 e [ SRl Dy
0 0 n(y+ZCos(aLH)+y_l) y

(oz—i—l)sm( +1)/°° prt
T 0oy +2c:os( +1)y+1

dy

using the substitution y = X1, Now by Lemma 13 and Theorem 3 (8.12) we have

/ P foa()dx = / ” ditya () < 0.
0 0

This implies by unique analytic continuation that the same formula holds for all
y € Cwith [Ry| < . In particular

/ " fua(x)dx = [ " At ()

for all s € R, which shows that the image measures under x — Inx of f(x)dx
and [y 4 have the same characteristic function. Hence 1y o = fo.o(x)dx. O

Proposition 6. For all o, > 0, (a,8) # (0,0), the measure p,p has a
continuous density fo g(x), (x > 0), with respect to the Lebesgue measure on R and

hm Xfop(x) = hm xfaﬁ(x) =0. (8.15)

Proof. By the method of proof of Theorem 4, the integral

hop(s) = / X dpgp(x), seR
0
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can be obtained by replacing y by is in the formulas (8.12)—(8.14). Moreover,

hap(s) :/0 exp(ist)doy g (1)

where 0, g is the image measure of ji, g by the map x — logx, (x > 0). Hence
by standard Fourier analysis, we know that if i, 4 € L'(R) then 0,4 has a density
8a,p € Co(R) with respect to the Lebesgue measure on R and hence (14 g has density
Jap(x) = %gaﬁ (log x) for x > 0, which satisfies the condition (8.15). To prove
that i g € L'(R) forall &, 8 > 0, (a, B) # (0,0), we observe first that

Tz
I'l—-9I'l4+z=——, zeC\Z
sinmz

and hence by the functional equation of I"

wz(1 — 22
re-ore+9="4"9 _cc\z
sinwz
In particular, we have
IF1+is))P = —=_ seR
sinh s
1 2
IrQ2+is)? = M s €R.
sinh s

Applying these formulas to (8.12)—(8.14) with y replaced by is, we get
hap(s) = O (Is|7*?), fors — +oo
for all choices of or, B > 0, (v, B) # (0, 0). Thus by the continuity of A g it follows
that i, 3 € L'(R), which proves the proposition. O
Note that by Remark 4 it follows that f,o(x) can only be non-zero if x €

a+ .
(O, (‘“‘;—31) and fy g(x) can only be non-zero if x € ((ﬁflw

have seen, that po,4 coincides with the stable distribution vy, with & = 717 and
p = 1 we have from [3, Appendix 4] that

Theorem 5 ([3]). The map

oo) Since we

. sin ¢ sin® (B¢)
sinf T (B + 1))’ ﬂ

is a bijection of the interval (O, ,3L+1) onto ((ﬂ+1)l3+1 , )
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L 0<p< -2 (816)

sin ¢ sin (B¢) sinf *2((B + 1)¢)
Jop = B+1

sinf T1((B + 1)¢) wsinf T (Bg)

Proof We know that o5 = v SIENT the stable distribution with parameters o =

En] +1 and p = 1. Moreover, we have from [3, Proposition A1.4], that v, ; has density

Yq.1 on the interval (05(1 — )/ ) given by

Va1 (x) = — smH'a 0 sin"u (1 — )0),
where 6 € (0, ) is the only solution to the equation
X = sin"u 6 sini_l((l —a)0)sinab.

It is now easy to check that fog(x) = ¥ —— (x) has the form (8.16) by using the

substitution ¢ = O

0
BF1
Corollary 3. The map

sin®t (o + 1))

> —, < < —
¢ sin ¢ sin® («¢p) ¢ a+1
is a bijection of the interval (0, T) onto (O (a+;3a+1) and

7 sin® (o + 1)¢)’ <¢<a+1‘

sin®* (o + 1)) _ sin” ¢ sin® ! (ag)
Juao sing sin®(ag) |

Proof. Since 4 o is the image measure of (19, by the map ¢ %, (t > 0), we have

1 1
fuo®) = 5 foa (;) >0,

The corollary now follows from Theorem 5 by elementary calculations. O
We next use Biane’s method to compute the density f, g forall o, 8 > 0.
Theorem 6. Let a, B > 0. Then for each x > 0 there are unique real numbers
é1, d2 > 0 for which
T=(a+ Do+ B+ 1) (8.17)
a+l ¢

= s1nﬁ+l o sinf~ (1 + P2). (8.18)
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Moreover

. B2

sin" "y 4

Sy (x) = TSt sin® P~ (g1 + o). (8.19)
Proof. As [iq g has the S-transform S, ,(z) = ((1:2; we by Definition 1 observe
that
_(_Z)ﬂ+l (_Z)ﬁ+l
Xllu,ﬁ (Z) = W whence 1//#01,,6 —W =z

for z in some complex neighborhood of (—1, 0). Now it is known that

1
Gy (7) =1 (14 yu())
for every probability measure on (0, co). Hence

(1 +Z)a+1 (_Z)ﬂ+1
Cas (_ Pt )= “a+oe (820

for z in a complex neighborhood of (—1, 0).
Let H denote the upper half plane in C:

H ={zeC:3z>0}.
Forz € H, put
¢1 = ¢1(z) = arg(l +z) € (0, 7)
¢ = ¢2(2) = 7 —arg(z) € (0, 7).

Basic trigonometry applied to the triangle with vertices —1, 0 and z, shows that
¢1 + ¢ < 7w and

sing; _ singy  sin(w — 1 — o)
lzZl |14z 1 '

Hence

sin sin
o= — S g 1=

sin(¢1 + ¢») sin(¢1 + ¢2)

from which
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sin ¢ i and % — sin ¢ sin ¢

= TS + )¢ YT Sin(gr £ )

It follows that @:z — (¢1(2), $2(z)) is a diffeomorphism of H onto the triangle
T = {(¢1.¢) € R?: ¢, ¢ > 0,9, + ¢ < 7} with inverse

sin ¢ —itn
sin(¢; + ¢»)

Put Hop = {z € H : (a+1)¢1(2)+(B+1)¢2(z) < w}. Then Hyp = @' (Tup)
where Ty g = {(¢1,¢2) € T : (@ + D1 + (B + D)o < 7}.
In particular H, g is an open connected subset of H . Put

D (p1, ) = — . (P19 €T

(1 +Z)a+l N
F(z) = o Jz > 0.
Then
a+1
Fy = 11 |+|ﬁzll @+ D91 Q)+ B+ a0 ) 8.21)
Z

so for z € Hyp, SF(z) < 0. Therefore G, ,(F(z)) is a well-defined analytic
function on H, g, and since (—1, 0) is contained in the closure of H, g it follows
from (8.20)

1+z
F(z)

for z in some open subset of H, g and thus by analyticity it holds for all z € H, g.
Let x > 0 and assume that ¢, ¢, > O satisfy (8.17) and (8.18). Put

Gy (F2) = (8.22)

sin ¢ —ig

— -1 T T (b LA
= @ (¢17 ¢2) - Sin(d)l + ¢2)

Then by (8.21)

F(z) =

1+ z*t" ( sin ¢ )”‘+1 (sin(¢1 + ¢2))ﬂ+1 _
zlf+1 \sin(¢) + ¢2) sin ¢ B

Since [« g has a continuous density fo g on (0, 00) by Proposition 6, the inverse
Stieltjes transform gives

1 1
=—— 1 SG =— i SG .
fa'ﬁ(X) T w—>xl,nﬁlw>0 ’ Hap (W) T w—>x1,I£I‘slw<0\S Ha.p (W)
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For0 <t < 1,putz, = @ (t¢1,1¢,). Then
z € 7' (Tup) = Hup.

Thus JIF(z;) < 0. Moreover, z; — z and F(z;) — F(z) = x fort — 17. Hence by
(8.22),

1 1 1 3 i i
Jup(x) = — lim 3Gy, (F(z) = — lim 3 (Zf + ) - _ _shbising,
T t—>1— : T t—>1"

F(z)) wx wxsin(@ + ¢»)

which proves (8.19). To complete the proof of Theorem 6, we only need to prove
the existence and uniqueness of ¢, ¢ > 0. Assume that ¢, ¢, satisfy (8.17) then

T—0 0

P =T +1

for a unique 6 € (0, 7). Moreover,

dgy 1 do» 1
— = and — = ——.
dé a+1 do +1
Hence, expressing u = % sinf = (¢, + ¢,) as a function u(6) of 6, we get
du(6) ) ) )
@+ DB+ D = B+ D cotdy + @ + 1P cotd = 2a = B cotl@r + )

_ A1, ¢2)
sin ¢ sin ¢, sin(¢p; + ¢»)

where
A(¢1.¢2) = (@ + 1) sing; cos ¢ + (B + 1) cos ¢y sing)” + (a0 — B)* sin® ¢, sin’ .

For a # B A(¢1,¢2) > (a — B)?sin® ¢y sin® gy > 0 and for @ = B A(¢y, ) =
(a+1)?sin(¢; +¢2) > 0. Hence u(6) is a differentiable, strictly increasing function
of 6, and it is easy to check that

lim u(d) =0 and lim u(f) = oco.
f—0t 0—>m—

Hence u(6) is a bijection of (0,7) onto (0, 00), which completes the proof of
Theorem 6. O

Remark 5. It is much more complicated to express the densities fy g(x) directly
as functions of x. This has been done for § = 0, « € N by K. Penson and
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K.

Zyczkowski in [13] and extended to the case @ € Q' by W. Miotkowski,

K. Penson and K. Zyczkowski in [12, Theorem 3.1].
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