Some Wellposedness Results
for the Ostrovsky—Hunter Equation
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Abstract The Ostrovsky-Hunter equation provides a model for small-amplitude
long waves in a rotating fluid of finite depth. It is a nonlinear evolution equation.
In this paper the welposedness of the Cauchy problem and of an initial boundary
value problem associated to this equation is studied.
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1 Introduction
The non-linear evolution equation
8,((8,14—}—8)(]’(14)—,38)3(”14) = yu, (1)

with 8,y € Rand f(u) = % was derived by Ostrovsky [20] to model small-
amplitude long waves in a rotating fluid of finite depth. This equation generalizes the
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Korteweg-deVries equation (corresponding to y = 0) by an additional term induced
by the Coriolis force. It is deduced by considering two asymptotic expansions of the
shallow water equations, first with respect to the rotation frequency and then with
respect to the amplitude of the waves [8].

Mathematical properties of the Ostrovsky equation (1) have been studied recently
in great depth, including the local and global well-posedness in energy space [7, 12,
14,25], stability of solitary waves [10, 13, 15], and convergence of solutions in the
limit of the Korteweg-deVries equation [11, 15]. We shall consider the limit of the
no high-frequency dispersion 8 = 0, therefore (1) reads

Ox (u + 0 f(u) = yu. 2

In this form, Eq. (2) is known under various different names such as the reduced
Ostrovsky equation [21, 23], the Ostrovsky-Hunter equation [3], the short-wave
equation [8], and the Vakhnenko equation [18,22].

Integrating (2) with respect to x we obtain the integro-differential formulation of
(2) (see [16])

s =y [ ute iy
which is equivalent to
diu+ 0y f(u) = yP, 0, P = u.
Due to the regularizing effect of the P equation we have that

uelL®

loc

= P € L®((0,T); W), T > 0.
The flux f is assumed to be smooth, Lipschitz continuous, and genuinely
nonlinear, i.e.:

feC®), [ueR f"w=0=0. f(©O=0  [fO=L,
(3)

and the constant y is assumed to be real

Since the solutions are merely locally bounded, the Lipschitz continuity of the
flux f assumed in (3) guarantees the finite speed of propagation of the solutions
of (2).

This paper is devoted to the wellposedness of the initial-boundary value problem
(see Sect.2) and the Cauchy problem (see Sect. 3) for (2). Our existence argument
is based on a passage to the limit using a compensated compactness argument [24]
in a vanishing viscosity approximation of (8):

Oue + 0y f(ug) = yPe + 88)2;);’4& 0y P, = u,.
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On the other hand we use the method of [9] for the uniqueness and stability of the
solutions of (2).

2 The Initial Boundary Value Problem

In this section, we augment (2) with the boundary condition

u(t,0) =0, t>0, “4)
and the initial datum
u(0, x) = up(x), x> 0. 5)
We assume that
o0
up € L*(0,00) N L2 (0, 00), / ug(x)dx = 0. (6)
0

The zero mean assumption on the initial condition is motivated by (2). Indeed,
integrating both sides of (2) we have that u(¢,-) has zero mean for every ¢ > 0,
therefore it is natural to assume the same on the initial condition.

Integrating (2) on (0, x) we obtain the integro-differential formulation of the
initial-boundary value problem (2), (4), (5) (see [16])

deu+ 0y f(w) =y [y ult, y)dy, t>0, x>0,
u(t,0) =0, t>0, (7N
u(0, x) = up(x), x > 0.

This is equivalent to

du+ 0y f(u) = yP, t>0, x>0,

0, P = u, t >0, x>0, )
u(t,0) = P(t,0) =0, t>0,

u(0, x) = up(x), x > 0.

Due to the regularizing effect of the P equation in (8) we have that

ue L2 ((0,00)%) = P € LL((0,00); W, (0, 00)). 9)

loc
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Therefore, if amap u € L7 ((0, 00)?) satisfies, for every convex map 1 € C2(R),

dn(u) + g — v WP <0, q(u) = / FEn©dE (10)

in the sense of distributions, then [5, Theorem 1.1] provides the existence of a strong
trace uj on the boundary x = 0.

Definition 1. We say that u € L%°((0, 00)?) is an entropy solution of the initial-

loc

boundary value problem (2), (4), and (5) if:

(i) u is a distributional solution of (7) or equivalently of (8);
(ii) for every convex function n € C?(R) the entropy inequality (10) holds in the
sense of distributions in (0, c0) x (0, 00);
(iii) for every convex function n € C?(R) with corresponding ¢ defined by ¢’ =
f’n’, the boundary entropy condition

T 2
05 0) —a0) — 7' © D < g an

holds for a.e. t € (0, co), where uj(?) is the trace of u on the boundary x = 0.

We observe that the previous definition is equivalent to the following inequality
(see [2]):

/0 /0 (= cldrd + sign (u — ¢) (f(u) — £(©))dx)dr dx
+ y/ooo /Ooo sign (u — ¢) Pdtdx
- /0 sign () (f(G () — f(e))di
+ /oo |uo(x) — c|¢p (0, x)dx > 0,
0

for every non-negative ¢ € C *°(IR?) with compact support, and for every ¢ € R.
The main result of this section is the following theorem.

Theorem 1. Assume (3), (5), and (6). The initial-boundary value problem (2), (4),
and (5) possesses a unique entropy solution u in the sense of Definition 1. Moreover,
if u and v are two entropy solutions (2), (4), (5) in the sense of Definition I the
following inequality holds

lJu(t,-) = vt ) L1 < e u(0, ) — (0, Mero.r+re - (12)

for almost everyt > 0, R, T > 0, and a suitable constant C > 0.
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Our existence argument is based on a passage to the limit in a vanishing viscosity
approximation of (8). Fix a small number ¢ > 0, and let u, = u.(¢, x) be the unique
classical solution of the following mixed problem

Ot + 0y f(us) = yP, + 88)20(148, t >0, x>0,

0y Py = ug, t>0, x>0, (13)
us(t,0) = P,(¢,0) = 0, t >0,
ue (0, x) = ue0(x), x>0,
where u, o is a C°°(0, co) approximation of g such that
o0
ol 000 = lolloey - [ teae)ds =0, (14)
0
Clearly, (13) is equivalent to the integro-differential problem
Oiue + 0y f(us) =y fOx ug(t, y)dy + 9> ue, t>0, x>0,
u.(z,0) =0, t>0, (15)

ME(()? -x) = Ms,O(x)a X > 0.

The existence of such solutions can be obtained by fixing a small number § > 0
and considering the further approximation of (13) (see [4])

Qitte s + Oy f(Ueg) = YPes + €02 Ue s, t>0, x>0,
802 Pes + 05 Pes = e, t>0, x>0,
ues(t,0) = Pos(¢,0) = 0, Pe5(¢,0) =0, t >0,
U 5(0,x) = e 0(x), x>0,

and then sending § — 0.
Let us prove some a priori estimates on u,.

Lemma 1. The following statements are equivalent

o
/ u(t,x)dx =0, t=>0, (16)
0
o o0
— uldx + 28/ (Oyue)?dx =0, t>0. (17)
dr Jo 0

Proof. Let t > 0. We begin by proving that (16) implies (17). Multiplying (15)
by u. and integrating over (0, co) gives
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1d o o
——/ u?dx:/ U0y ugdx
2dt J, 0
o0 o0 o0 X
= s/ ugaﬁxusdx—/ g f/ (ug)dupdx + y/ us(/ ugdy>dx
0 ) 0 0 0

o0 (@) X
= —8/ (8xu£)2dx+ y/ ug(/ usdy>dx.
0 0 0

For (13),

o0 X o0 1
/ u(/ ugdy)dx =/ Pu(t,x)0, Pu(t, x)dx = = P2(t. 0).
0 0 0 2

Then,
o o0
— ugdx + 28/ (Oyue)’dx = yPsz(t, Q). (18)
dr Jo 0
Thanks to (16),
0o 2
lim P2(t,x) = (/ ug(t,x)dx) —0. (19)
X—>00 0

Now (18) and (19) give (17).
Let us show that (17) implies (16). We assume by contraddiction that (16) does
not hold, namely:

o0
/ ug(t, x)dx # 0.
0
For (13),
00 2
P2(t,00) = (/ us(t,x)dx) £0.
0
Therefore, (18) gives

o0 o
— ugdx + 28/ (0yue)?dx # 0,
dt Jo 0

which contradicts (17). |

Lemma 2. Foreacht > 0, (16) holds true. In particular, we have that

t
[Jue (2, ')”i%o,oo) + 25/0 [[0xute (s, ')”iZ(o,oo) ds < ||”0||12(0,oo)- (20)
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Proof. We begin by observing that u.(¢,0) = 0 implies d;u.(¢,0) = 0. Thus, thanks
to (3),

€02 u:(t,0) = d,ue(t,0) + f(us(t,0))0,us(t,0) — y /Ooug(t,x)dx =0. (21
Differentiating (15) with respect to x, we have
O (Bpite + By f (ue) — e0ue) = yue.
For (21) and the smoothness of u,, an integration over (0, co) gives (16). Lemma 1

says that (17) also holds true. Therefore, integrating (17) on (0, ¢), for (14), we
have (20). O

Lemma 3. We have that

{e}eso is boundedin L5°((0,00)%). (22)
Consequently,
{Pc}es0 isboundedin L5 ((0, 0)?). (23)

Proof. Thanks to (15), (20), and the Holder inequality,

Bt + 0, £ — et =y [ ey < v| [ wteay
0 0

X
v [ ) ldy =7 e 00
0
< yV/x U0l 120,00 -
Let v, w, v¢, and w, be the solutions of the following equations:
atv + axf(v) =Y ”uO“Lz(O,oo) \/)_Cs > va > Os

v(t,0) =0, t>0,

v(0, x) = up(x), x>0,

a[W + BXf(W) = -y ”MO”LZ(O,OO) ﬁ, > O,X > 0,
w(t,0) =0, t >0,

w(0, x) = up(x), x>0,
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8;1)5 + 8xf(v5) =Y ||M0||L2(O,OO) ﬁ + 58)20(\)5, > O,x > 0,
ve(1,0) = 0, t >0,

ve(0, X) = ug0(x), x>0,

dwe + 0y f(We) = =y lluoll 120,00y VX + 05We, 1> 0,x >0,
we(t,0) = 0, >0

Ws(()’x) = “a,O(x)7 x>0,

respectively. Then u,, v, and w, are respectively a solution, a supersolution, and a
subsolution of the parabolic problem

dq+0:f(q) =y [y uet,y)dy + ed2q. t>0, x>0,
4(1,0) = 0, >0,
q(0,x) = ug0(x), x > 0.

Thus, see [6, Chap. 2, Theorem 9],
We = U < V.

Moreover, {w;}¢~o and {v;},-o are uniformly bounded in L ((0,00)?) and con-

verge to w and v respectively, see [1, 17]. Therefore the two functions

W = infw,, V =supv,
>0 >0

belong to L ((0, 00)?) and satisfy

loc
W <w.<u v, < V. (24)

This gives (22). Since

X X
ol =] [ wtenw] < e,

(23) follows from (22). O

Let us continue by proving the existence of a distributional solution to (2), (4),
and (5) satisfying (10).

Lemma 4. There exists a function u € Li)‘i,((O,oo)z) that is a distributional

solution of (8) and satisfies (10) for every convex entropy n € C*(R).

We construct a solution by passing to the limit in a sequence {u,},. , of viscosity
approximations (13). We use the compensated compactness method [24].
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Lemma 5. There exist a subsequence {u;, }ren of {ue}e>0 and a limit function u €
L5°((0, 00)?) such that

ue, — uae. andin L? ((0,00)%), 1 < p < oco. (25)
Moreover, we have
P, — P ae.andin L? (0,00 W27 (0,00)), 1 < p < o0, (26)

where
X
P(t,x) = / u(t, y)dy, t>0, x>0.
0

Proof. Let n : R — R be any convex C? entropy function, and ¢ : R — R be the
corresponding entropy flux defined by ¢’ = f’n’. By multiplying the first equation
in (13) by 7’ (1) and using the chain rule, we get

0 (ug) + 0xq(us) = 88)2()(7](”8) _877//(”8) (axlfi&)2 +)’7’I/(us)Pa,
———
=L, =Lre =:L3,

where L ¢, L3, L3, are distributions.
Thanks to Lemma 2

Lie— 0in H,1((0,00)%),
{L3¢}e=0 is uniformly bounded in L}OC((O, oo)z).
We prove that

{L3.}e=0 is uniformly bounded in L} ((0, 00)?).

Let K be a compact subset of (0, 00)?. For Lemma 3,

I/ @ Pl iy = v [f @ Paras

IA

v || 77/(“5) HLOO(K) ”PS ||L°°(K) |K|
Therefore, Murat’s lemma [19] implies that
{0:n(ue) + 0xq(ue)} - lies in a compact subset of ngcl ((0,00)%). (27

The L7 bound stated in Lemma 3, (27), and Tartar’s compensated compactness

method [24] give the existence of a subsequence {u,, }ren and a limit function u €
L7 ((0, 00)?) such that (25) holds.
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Finally, (26) follows from (25), the Holder inequality, and the identities

X
P, (t,x) = /0 ug, (¢, y)dy, 0x P, = .

Moreover, [5, Theorem 1.1] tells us that the limit # admits a strong boundary

trace u at (0,00) x {x = 0}. Since, arguing as in [5, Sect.3.1] (indeed our
solution is obtained as the vanishing viscosity limit of (8)), [5, Lemma 3.2] and
the boundedness of the source term P (cf. (9)) imply (11). ]

We are now ready for the proof of Theorem 1.

Proof (Proof of Theorem 1). Lemma (5) gives the existence of an entropy solution
u(t, x) of (7), or equivalently (8).

Let us show that u(¢, x) is unique, and that (12) holds true. Since our solutions
is only locally bounded we use the doubling of variables method and get local
estimates based on the finite speed of propagation of the waves generated by (2).
Let u, v be two entropy solutions of (7), or equivalently of (8), and 0 < t < T.
By arguing as in [2,9], using the fact that the two solutions satisfy the same boundary
conditions, we can prove that

O (Ju = vl) + 9x((f(w) — f(v))sign (u —v)) — ysign (u —v) (P, — P,) <0

holds in the sense of distributions in (0, c0) x (0, c0), and

llu(t,-) = v Iy = llwo —voll o)

t 0<t<T, (28
+y / / sign (u —v) (P, — P,)ds dx,
0 JI(s)

where

X

Put.x) = /0 Cu(ty)dy, P, = /0 Wt y)dy, 1(s) = (0. R+ L(t — 5)).

and L is the Lipschitz constant of the flux f.
Since

t t
y // sign(u —v) (P, — P))dsdx <y // | P, — P,|dsdx
0 JI(s) 0 JI(s)

t X
< y// ()/ |u—v|dy‘)dsdx
0Jiis) Mo
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(] e e

t
VA )] (s ) — v0s. ) 1 sy ds

IA

(29)
and
[I(s)| =R+ L(t—s) <R+ Lt <R+ LT, (30)
we can consider the following continuous function:
G(1) = llu@t,) =v@E. Mgy, t=0. (31)
Using this notation, it follows from (28)—(30) that
t
G) =G0 +C [ Gwds
where C = y(R + LT). Gronwall’s inequality and (31) give
Ju(t,-) —v(t, ) L1o.r) < e Nuo — voll L1 o, r+L1) »
that is (12). O

3 The Cauchy Problem

Let us consider now the Cauchy problem associated to (2). Since the arguments are
similar to those of the previous section we simply sketch them, highlighting only
the differences between the two problems.

In this section we augment (2) with the initial datum

u(0, x) = up(x), x e R. (32)

We assume that

up € L*(R) N L(R), / uo(x)dx = 0. (33)
R

Indeed, integrating both sides of (2) we have that u(¢, -) has zero mean for every

t > 0, therefore it is natural to assume the same on the initial condition. We rewrite

the Cauchy problem (2), (32) in the following way
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deu+ 0y f(w) =y [y u(t, y)dy. >0, x €R, (34)
u(0, x) = up(x), x € R,
or equivalently
ou ~+ 0y f(u) = yP, t >0, x eR,
0, P =u, t >0, x eR, (35)
P(,0) =0, t >0,
u(0, x) = up(x), x € R.

Due to the regularizing effect of the P equation in (35) we have that

((0,00) x R) = P € LZ((0, 00); W2 P (R)).

loc

ue L

loc

Definition 2. We say that u € L°((0, 00) x R) is an entropy solution of the initial
value problem (2), and (32) if:

(1) wu is a distributional solution of (34) or equivalently of (35);
(ii) For every convex function n € C2(RR) the entropy inequality

In@) +0xq) —yn' WP <0,  qu) = /u f'En'§)de. (36)

holds in the sense of distributions in (0, co) x R.
The main result of this section is the following theorem.

Theorem 2. Assume (32) and (33). The initial value problem (2) and (32) possesses
a unique entropy solution u in the sense of Definition 2. Moreover, if u and v are two
entropy solutions (2) and (32), in the sense of Definition 2 the following inequality
holds

() = v ) roy < € 1u0.) =vO. ) 1 geri s - BT
for almost everyt > 0, R, T > 0, and a suitable constant C > 0.

Our existence argument is based on a passage to the limit in a vanishing viscosity
approximation of (35).

Fix a small number ¢ > 0, and let u, = u.(¢, x) be the unique classical solution
of the following mixed problem

drue + 0y f(ue) = yP, + sa)zuug, t >0, x eR,
axPszlfts’ t >0, x eR,
P.(t,0) =0, t>0,

us(0, x) = ugo(x), x eR,

(38)
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where u, o is a C ®°(R) approximation of 1, such that

ol = ol [ watoide =0, (39)
R
Clearly, (38) is equivalent to the integro-differential problem

Qtte + 0y f(ue) =y [y ue(t, y)dy + €0%,u,, t >0, x eR,

(40)
(0, x) = uep(x), x eR.

The existence of such solutions can be obtained by fixing a small number § > 0 and
considering the further approximation of (38) (see [4])

Otttes + 0x f(utes) = yPes + safxug,g, t >0, x eR,

_53)2:xP€,5 + 0y Pes = ues, t >0, x eR,
PS,S(tvo):Oa t>0,
us.ﬁ(oa X) = Mg,()(x), x € R,

and then sending § — 0.
Let us prove some a priori estimates on u.. Arguing as in Lemma 1 we have the
following.

Lemma 6. Let us suppose that
P.(t,—00) =0, t>0, (or Pt,o0)=0), 41
where P,(t, x) is defined in (38). Then the following statements are equivalent
/ ue(t, x)dx =0, =0, (42)
R
d 2 2
— | u;dx+2¢e | (0us)"dx =0, t>0. (43)
dt Jr R
Lemma 7. Foreacht > 0, (42) holds true, and

P.(t,00) = P.(t,—00) = 0. (44)

In particular, we have that

t
e (. 172y + 26 /0 19 t4e (5, )72y ds < Nuoll7 2y - (45)
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Proof. Differentiating (40) with respect to x, we have
0, (0rue + 0y f(ue) — 58;20(’48) = Ug.

Since u, is a smooth solution of (40), an integration over R gives (42).
Again for the regularity of u,, from (38), we get

lim (0;us + 0y f(u) — 53)2“'45) = )// ug(t,x)dx = yPs(t,—00) = 0,
X—>—00 0

lim (0;sus + 0y f(ue) — eaﬁxus) = y/ us(t, x)dx = yP(t,00) = 0,
X—>00 0

that is (44).
Lemma 6 says that (43) also holds true. Therefore, integrating (43) on (0, ¢), for
(39), we have (45). O

Arguing as in Lemma 3 we obtain the following lemma:

Lemma 8. We have that

{ue}eso is boundedin Ly,

((0, 00) x R). (46)
Consequently,

{P:}eso is boundedin LSS

loc

(0, 00) x R). 47)

Let us continue by proving the existence of a distributional solution to (2) and
(5) satisfying (36).

Lemma 9. There exists a function u € L{2((0,00) x R) that is a distributional

solution of (35) and satisfies (36) for every convex entropy n € C2(R).

We construct a solution by passing to the limit in a sequence {u,},. , of viscosity
approximations (38). We use the compensated compactness method [24].

Lemma 10. There exists a subsequence {ug, }ren Of {Us}e>0 and a limit function

u € L2 ((0,00) x R) such that
ug, — ua.e.and in LZC((O, o0) xR), 1 < p < oo. (48)
Moreover, we have
P, — Pae.andin L?_((0,00); W.P(R)), 1 < p < o0, (49)

where

X
P(t,x) =/ u(t,y)dy, t>0, xeR.
0
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Proof. Let n : R — R be any convex C? entropy function, and ¢ : R — R be the
corresponding entropy flux defined by ¢’ = f'n’. By multiplying the first equation
in (38) by 7’ (u.) and using the chain rule, we get

Bl‘n(uf) + axq(uf) = Saixn(uf) _577”(“8) (axua)z +)/7]/(M€)P£,
——
=Ly =1L, =:L3

where L ¢, L3, L3 are distributions.
Arguing as in Lemma 5, we have that

Lie— 0in Hy!((0,00) X R),
{L5:}e=0 and {L3 ; }¢~0 are uniformly bounded in L;,.((0, 00) x R).

Therefore, Murat’s lemma [19] implies that

{0 (ue) + 0xq(ue)} .~ lies in a compact subset of ngcl (0, 0) x R). (50)
The L7 bound stated in Lemma 8, (50), and Tartar’s compensated compactness
method [24] imply the existence of a subsequence {u, }ren and a limit function
u € L ((0,00) x R) such that (48) holds.

loc

Finally, (49) follows from (48), the Holder inequality, and the identities

X
P, (t,x) = / ug, (¢, y)dy, 0y Pe, = Uty O
0

We are now ready for the proof of Theorem 2.

Proof (Proof of Theorem 2). Lemma (10) gives the existence of an entropy solution
u of (7), or equivalently (35).

Let us show that u is unique, and that (37) holds true. Let u, v be two entropy
solutions of (7) or equivalently of (35) and 0 < ¢ < T. Arguing as in [9] we can
prove that

llu(t,-) = v Iy = llwo —voll 10

! O0<t<T, (5D
+y / / sign (u —v) (P, — P,)ds dx
0 JIs)

where

X

P,(t,x) = /Ox u(t, y)dy, P,= A v(t,y)dy, I(s) =(—R—L(t—s), R+L(t—ys)),

and L is the Lipschitz constant of the flux f.
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Since

t t
y/ / sign (u —v) (P, — P))dsdx < y/ / | P, — Py|dsdx
o JIGs) o Jies)

t X
< y/ / () / |u — v|dy‘)dsdx
o Jis) MJo
t
< y/ / () / |u— v|dy))dsdx
0 JI(s) 1(s)
t
= [ OG5, = 65, s .
(52)
and
[I(s)] =2R +2L(t —s) <2R+ 2Lt <2R +2LT, (53)
we can consider the following continuous function:
G(1) = [lu(t,) =v(t, M@y, =0 (54)
It follows from (51) to (53) that
t
6() = 60)+ € [ G
0
where C = y(2R + 2LT).
Gronwall’s inequality and (54) give
lu(t,) =v(&. ) 1 —rr) = e Jlug — voll .t (—r—Le.R+ L) -
that is (37). O
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