Divergence-Measure Fields on Domains with
Lipschitz Boundary
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Abstract In this work we are particularly interested in analyzing some conse-
quences of the additional assumption that the domain has a Lipschitz boundary, in
the investigation of the properties of the divergence-measure fields, especially those
which are vector-valued (Radon) measures whose divergence is a signed (Radon)
measure.
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1 Introduction

The purpose of this paper is to establish further properties of the (extended)
divergence-measure fields introduced by Chen and Frid [2—4], whose theory was
further developed by Silhavy [10, 11], under the additional assumption that the
underlying domain has a Lipschitz boundary. We begin by briefly reviewing the
basic theory, and then we make the assumption that the domain possesses a Lipchitz
deformable boundary, analyzing some consequences of this assumption. We refer
to [9] for a more detailed review of the theory of the divergence-measure fields
up to this date. We also refer to [6] and the papers already mentioned for a more
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complete bibliography on the theory of divergence-measure fields, as well as many
of its possible applications.

2 Divergence-Measure Fields

We begin by recalling the definition of the divergence-measure fields.

Definition 1. Let U C R" be open. For F € LP(U;RV),1 < p < o0, or F €
M(U;RN), set

|div F|(U) := sup{/ Vo-F : 9eCi(U), lpx)| <1, xeU}. (1)
U

For 1 < p < oo, we say that F is an L”-divergence-measure field over U, i.e.,
F e DM?U),if F € L?(U;R") and

| Fllomew) == 1F | Lpw:ryy + |div F|(U) < oo. ()

We say that F is an extended divergence-measure field over D, ie., F €
DM (U),if F € M(U;R") and

”F”DM"X’(U) = |F|(U) + |d1V F|(U) < oQ. (3)

If F € DM*(U) for any open set U € RY, then we say F € DM _(RV).

In order to introduce notation and go directly to the heart of the matter, we recall
the following product rule proved in [2], whose proof is almost entirely transposed
to prove the main product rule that we will state subsequently, which is the key to
establishing the Gauss-Green formula (see Theorem 3 below).

Theorem 1 (Chen and Frid [2]). Given F € DM*>®(U) and g € BV(U) N
L*®U), then gF € DM®*U) and

div(gF)=gdivF 4+ F - Vg, )
in the sense of Radon measures in U, where g (equal to g a.e.) is the limit of
a mollified sequence for g through a symmetric mollifier; and F - Vg is a Radon
measure absolutely continuous with respect to |V g|, whose absolutely continuous
part with respect to the Lebesgue measure in U satisfies

(F-V2ae =F - (V).  aeinl. &)

Moreover, |F - Vg|(U) < |[F|loo|Vg|(U).



Divergence-Measure Fields on Domains with Lipschitz Boundary 209

Proof. Let g5 = ws * g, where ws(x) = §V n(5) with a positive symmetric
mollifier w. One easily deduces that

div(gsF) = gsdivF + F - Vgs. 6)

Now, it is well known that g5 converges to a Borel function g, H"!-a.e.in U (this
function equals g a.e. in U).

We claim that, for a Borel set A C U, HV~!(A) = 0 implies | div F|(4) = 0.
Indeed, since |div F'| is a Radon measure, we may assume that A is compact. Also,
we may assume that div F(4) = |div F|(A4). Hence, given ¢ > 0, we may cover A
with a finite number of balls B; = B(x;;r;),i =1,...,J,

J
AC A, = Uijle,-, such that ZriN_l <e. @)

i=1

We may also assume that |div F'[(0B;) = 0,i = 1,..., J, since otherwise we can
modify r; slightly to satisfy this property and (7). By using an approximation of the
identity sequence, we obtain a sequence Fs € C®°(U;R") such that F5 — F a.e.
in U, and |div Fs| — |div F| in M(U). Again, we may assume that Fs — F a.e. in
0B;,i =1,...,J.Now, by the usual Gauss-Green formula for smooth vector fields
and domains with Lipschitz boundaries, we have

/divngx:/ Fs-vdHN
e 0.

&

so that, passing to the limit when § — 0, we obtain

J
/divF:/ FvdH"™ <c|[Flloo D 1’7" < cl|Flloce.
. )

e i=1
Since A is compact, x, — x, everywhere in U, and by dominated convergence
applied to the measure |div F'|, we get |div F|(A) = div F(A) = 0, which proves
the claim.

Then, using the claim we just proved, we get

gsdiv F — gdiv F, in M(U),
as a consequence of dominated convergence applied to the measure div F.

On the other hand, we claim that {div (gsF)} is uniformly bounded in M(U).
Indeed, this follows from

<div(gsF),¢>=—/UgaF-V¢dx=—/UF-V<gs¢)dx+/U¢F-Vgsdx

=< lgllooldiv F|(U) + [ Fllo|VEI(U).
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forall¢ € C°(U), with ||¢|lcc = 1.
Now, div (gs F') converges to div (gF'), in the sense of distributions over U . Then,
div (gsF) — div (gF) in M(U). Hence,

F.-Vgs —~ F -Vg:=div(gF)— gdiv F.

Now we prove that F - Vg is absolutely continuous w.r.t. |[Vg|. Let A C D be
such that [Vg|(A4) = 0. We are going to prove that |F - Vg|(A) = 0. It suffices to
consider any compact set A with |Vg|(A4) = 0. Given ¢ > 0, we can cover A by a
finite number, J, of balls so that

ACU/L_ B(xiir), ri<e |Vg|(Uijle(xi;ri)) <e.

We may assume that |Vg|(dB(x;;ri)) = 0,1 = 1,---,J. Let ¢ €
Co(Ui]=lB(x,- ;7:)). Thus

(FVe.9) = lim [ 400 Fx) - Vis(o)
= 18loellF oo V1 (U, B3 ) = ell@loel F o

from the fact that [Vgs|(B) — |Vg|(B), for all open sets B C D with |Vg|(dB) =
0. Hence, we obtain

FVgl(4) < |F-Vg|(uf=13<xi;ri)) < el Flle.

The proof of (5) is a little more technical and, for that, we simply refer to [2] since
it escapes our purposes here. O

We now recall a result of Silhavy in [11] that is in some sense a dual formulation
for the previous result, in the sense that it compensates a relaxation on the regularity
of the vector field F, which now may be just a vector measure, by imposing more
regularity on the function g, which now is assumed to be in W' (U). As we will
see, its proof follows exactly the same lines as that of Theorem 1 just recalled.

Theorem 2 (Silhavy [11]). Given F € DM (U) and g € W' (U), then gF €
DM (U) and

div(gF) =gdivF +Vg-F, 8)

in the sense of Radon measures in U, where Vg - F is a Radon measure absolutely
continuous with respect to | F|. Moreover,

@) Vg FI(U) = [[Vgllool FIU).

(i) Ifh e Wt®(U), V(gh)- F =hVg-F +gVh-F =Vg-hF +Vh-gF.
(iii) IfV C U is an open set, then (Vg|V - F|V)y =Vg- Fy|V.
() (Vg Flae = Vg - (Fae.
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Proof. We again define gs as above and obtain (6). We have that gs converges
locally uniformly to g so that the first term on the right-hand side of (6) converges
to g div F, in the sense of Radon measures. It is also easy to see that Vgs - F is
uniformly bounded in M(U). Therefore, the left-hand side of (6) is also compact
in M(U), in the weak star topology, and since it converges to div (gF') in the sense
of distributions, it follows that div (gF') is indeed a Radon measure and the whole
sequence div (gs F') converges to div (gF). Hence, the whole sequence Vgs - F
converges to the Radon measure

Vg-F :=div(gF)—gdiv F.

The assertions (i)—(ii) are proved in the standard way. Assertion (iii) is called the
localization property in [11]; it follows trivially from the definitions. Finally, the
proof of (iv) is entirely similar to that of the analogous assertion in Theorem 1. 0O

We recall the Gauss-Green formula for general divergence-measure fields, first
proved in [3,4] and extended by Silhavy in [11].

Theorem 3 (Chen and Frid [3, 4], Silhavy [11]). If F € DM (U) then there
exists a linear functional F - v : Lip(0U) — R such that

Foo(elot) = [ Voo + [ gaivr, ©)
U U

for every g € Lip(RY) N L>®(RN). Moreover,
|F-v(h)| = |FlpmwlhlLipeu). (10)

forall h € Lip(QU), where we use the notation
|&lLip(c) = sup [g(x)[ + Lipc (8)-
xeC

Proof. A major step in the proof of this result is to prove that the right-hand side of
(9) depends only on the values of g restricted to U, that is, that if g € Lip(R"),
with g(x) = 0, for x € dU, then

/Vg-F+/ gdivF =0. (1r)
U U

Clearly, we may as well assume g(x) = 0, for x € RV \ U (cf. Lemma 3.2 in [11]).
We first prove (11) in the case where supp g is a compact subset of U. In this case,
for § > O sufficiently small we have supp gs C U, where, as above, g5 = g * w;.
Then, by the definition of the divergence of the (vector-valued) distribution F, we
have
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/Vgg-F+/ gsdivF =0. (12)
U U

Hence, taking the limit when § — 0 in (12), using the definition of Vg - F, we
obtain (11) in this case. We now consider the case where g € Lip(R") and g(x) =
0, forx € RV \ U.Let¢ : R — R be given by

0, ifr <1/2,
() =120t —1/2), if1/2<r<1,
1, ift > 1,

and for each & > 0 let 4, : RY — R be defined by

L(e7\dist (x, 90)), xeU,

he(x) :=
’ 0, x e RV\ U
Observe that /i, is a Lipschitz function satisfying h.(x) = 1,ifx e U, :={x € U :
dist (x,0U) > e&}. Then the function h.g is a Lipschitz function which coincides
with g on U, and

V(h,g)-F =h,Vg-F +gVh,-F.

By what we have already proved, we have

/hSVg'F—i—/ thg'F—}-/ hegdivF = 0. (13)
U U U

Now, we have

/ths'F:/ gVh, - F,
U U\UZE

since Vh, = 0in U,. Also, |Vh,| < 2¢7!, and |g(x)| < 2Lip(g)e, for x € U \ Ua,.
Therefore,

lim | gVh,-F = lim gVh.-F =0,
e—>0 U e—>0 U\UZS

by dominated convergence. Hence, letting ¢ — 0 in (13), since h, — 1, as ¢ — 0,
everywhere in U, we finally get (11).

The assertion just proved shows that the right-hand side of (9) depends only on
gloU. Also, the inequality (10) is clear from (9), in the case where h = H|dU,
where H € Lip(R"), and

[H |Lipwyy = |1Lip@au)-
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Now, Kirszbraun’s Theorem (see, e.g., [7, 8]) guarantees, for any 2 € Lip(dU),
the existence of H € Lip(R") such that H|dU = h and Lipgy (H) = Lip, (h).
Moreover, a trivial cut-off procedure ensures that || H || jcomv) = [|h]|Lu); this
completes the proof. O

We now discuss a direct way of defining the normal trace functional
F -v : Lip(QU) — R. The formula was first obtained in [3,4], under regularity
restrictions on the boundary, and in [11], for general boundaries. Before stating the
corresponding result, we recall the following lemma, which is a slight modification
of Lemma 3.3 of [11].

Lemma 1 (Silhavy [11]). If F € DM*'(U), m € Lip(U),t € Rand if T C
m~(t) is a compact subset of U, then the restriction Vm - F|T of Vm-F to T
satisfies

Vm-F|T =0. (14)

Proof. Clearly, we can take ¢t = 0. Also, multiplying m by a suitable function in
Cs°(U), if necessary, we can assume that m has compact support in U. Therefore,
we can assume that m is a Lipshitz function vanishing on RNM\W,with W = U\T,
and, in particular, also on RN \ U. Therefore, for any n € C§°(U), we have

/ V(nm)'F—}-/ nmdiv F =0, (15)
w w

/V(nm)-F—i—/ nmdiv F = 0. (16)
U U

Subtracting (15) from (16), since nm vanishes on T', we get

0:/V(nm)-F:/an-F—i—/mVn-F:/an-F,
T T T T

and so, since 7 is arbitrary, we arrive at (14). O

The following result gives a simple formula to compute the normal trace of
DM -fields. This formula, displayed in (i) of the statement below, was first obtained
in [3,4] under some regularity restrictions on the boundary, and later was extended to
general domains in [11]. Item (ii) gives a useful necessary condition for the normal
trace to be a measure over dU established by Silhavy [11].

Theorem 4. Let F € DM®(U) and m : RN — R be a nonnegative Lipschitz
Sfunction with suppm C U which is strictly positive on U, and for each ¢ > 0 let
L.={xeU :0<m(x)<e} Then:

(i) (cf [3,4]and [11]) If g € Lip(RY) N L®RY), we have

F -v(g|oU) = —11%5—1/ gd (Vm-F). (17)
£—> Le
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(i) (cf. [11D) If

liminfe ! |Vm - F|(L,) < oo, (18)
e—0

then F - v is a measure over oU .
Proof. We repeat the proof given in [11].

(i) For each ¢ > 0 we define m.(x) = ¢ ! min{m(x),e}. We see that m, is a
Lipschitz function vanishing on U . We have that gm, € Lip(R") and

Vigm,) -F =m/ Vg-F+gVm,-F,
by the properties of the pairing Vg - F. Since gm, vanishes on dU, we have
/msd(Vg~F)+/gd(Vmg~F)+/gmgdivF:O. (19)
U U U
Now, m.(x) — 1 everywhere in U, so that dominated convergence implies

[ mea@e P~ [ awep

and fU gm.divF — fU g div F. On the other hand, we have m, = ¢ 'm in

L,, so Vim, = ¢ 'Vm, ae. in L,, which gives Vm,-F = ¢ 'Vm - F, over
L. Moreover, since U \ L, = m;l(l), by Lemma 1, we have Vi, - F = 0
on U \ L.. Hence, we obtain (17) from (19) when ¢ — 0, by the definition of
F -v(g|loU) in (9).

(ii) By (18), we have |Vm - F|(L.) < Ce, for some C > 0 independent of &, at
least for a subsequence of ¢ — 0, so that

gl / gd(Nm-F)

< Cllglloomnys

for each g € Lip(RY) N L>®(RY). Therefore, given g € Lip(dU), we may
extend g to a Lipschitz function on RY so that ||g|dU || oo vy = gl oo @),
and so, by (17), we deduce that | F - v(g)| < C||g||roc@v), Which implies, by
the Riesz representation theorem, that F - v is a measure on U, as asserted. O

Remark 1. A typical example of m in the statement of Theorem 4 is provided by
m(x) = dist (x, dU), for x € U, and m(x) = 0, for x € RN \ U.

Remark 2. The following interesting example from [11] shows cases where F - v
is a measure over dU and cases where F - v fails to be a measure. Namely, for
I <a<3,let F:R?\ {0} — R? be defined by
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Hmlﬂm,m

andlet U = {x = (x1.x3) € R? : |x| < 1, x, < 0}. Clearly, div F = 0, in
R?\ {0}, and we easily verify that

F e DMP(U:R?*) withl1<p<2/(e—1),forl <a<3,and p = oo, fora = 1.
Now, if g € Lip(dU) and suppg C {(x1,x2) € R? : x; = 0, |x;| < 1}, we may
use (18) with m satisfying m(x) = —x,, for —gg < x, <0, and |x{| < 1 — g9, with
&0 > 0 small enough so that g(x) = 0, if |x;| > 1 — &. Also, we may consider an

extension of g to R? such that g(x1, x2) = g(x;,0), for |x2| < &y. Applying (18)
with m and the extension of g so defined, we get

Pt =t [ [ e

which gives

1
F-v(g) = / g(t,0)sgn(1)|t|" ™ dr, forl <a <2,
-1
and
F-vig) = lim/ g(t,0)sgn(1)|t] ™ dt, for2 <a < 3.
e—>0 |>e

This shows that, for 1 < o < 2, F - v is a measure, while, for2 <o < 3, F-v is
not a measure on dU .

Remark 3. For gy > 0 sufficiently small and 0 < s < &y, we may consider the open
set Uy := {x € U : m(x) > s}, for m as in Theorem 4. By Theorem 4, for the
normal trace F - v|dUs, we have the following formula similar to (17),

F-v(gldUs) = —1im8_l/ gd (Vm-F), (20)
e—>0 {s<m(x)<s+e}

and, again, we have that the condition

limiélfs_IWm CFl({s <m(x) < s+ ¢€}) < oo, (21)
£—>

implies that F - v|dU; is a measure on dU;. If we consider the monotone function
V(s) = |Vm- F|({0 < m(x) < s}), for s € (0, &), we see that the left-hand side
of (21) is the right-derivative of V' at s, except possibly for a countable subset of
(0, &0), and we know that it exists for a.e. s € (0, &y). Therefore, F - v|dUj is a
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measure for a.e. s € (0, &), and in this sense we may assert that “for almost all
boundaries” dU the normal trace F - v|dU is a measure.

3 Domains with a Lipschitz Deformable Boundary

We now enter into the main subject of the present paper, beginning with the
definition of a deformable Lipschitz boundary.

Definition 2. Let  C RY be an open set. We say that 92 is a deformable Lipschitz
boundary if the following hold:

(i) Foreach x € %2, there exist an r > 0 and a Lipschitz mapping y : RV ™! — R
such that, upon rotating and relabeling the coordinate axis if necessary,

QﬂQ(x,r):{y GRN : V(J’la 7YN—1)<J’N}HQ(XJ’),

where Q(x,7r) ={y e R : |y; —x;| <r, i =1,---,N}. We denote by
the map y = (¥,y (), ¥ = (1., yn—1)._

(ii) There exists a map ¥ : dQ x [0,1] — € such that W is a bi-Lipschitz
homeomorphism over its image and W (x, 0) = x, forall x € Q2. Fors € [0, 1],
we denote by W, the mapping from 92 to Q given by W(x) = ¥(x,s), and
set 02, := W, (09Q2).

We say that the Lipschitz deformation ¥ : 9Q x [0, 1] — € is regular, and that Q
has a regular Lipschitz deformable boundary, if, besides (i) and (ii), we have

(iii)) J[V¥;0y] — J[Vy], as s — 0, in the weak star topology of L°°(B) for any
bounded open set B C R¥~! such that (B) C 92, with 7 as in (i), where
J[Vg] denotes the Jacobian of Vg (see, e.g., [7]).

Remark 4. In [2] the additional condition (iii) for defining a regular Lipschitz
deformation was stated in a slightly stronger way, asking that V¥; o y — Vy,
ass — 0, in L! (B). Nevertheless, the weak convergence of the Jacobian is already
enough to guarantee the validity of the formula

F-v|,, =ess.lim(F -v5) oWy, in the weak star topology of L®0Q, HN ),
(22)

which holds for DM®°-fields, as established in [2].

Actually, condition (iii) is equivalent to J [d W] := det(d ¥} d ¥;)"/> — 1 in the
weak star topology of L>°(9R2), where, for each w € Q, d ¥U,(w) : T, (0Q) — RV
is the differential mapping of W at w € dQ and d ¥*(w) : RN — T,(3R2) denotes
the adjoint mapping. This follows from the Cauchy-Binet formula for the Jacobian
(see, e.g., [7]).

We start our discussion by introducing the level set function h:RY — R,
defined by
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0, forx e RN\ Q,
h(x) =15, forx e i,
1, forx e Q\ VYO x[0,1]).

By formula (17) we have
F -v(g|oU) = — lim 5—1/ gd (Vh-F), (23)
e—>0 Le

for any F € DM (Q), and any g € Lip(RY) N L®°(RY), with L, = {x € Q :
0 < h(x) < &}

Remark 5. The following standard example of a domain with a regular deformable
Lipschitz boundary shows that, for the sake of studying local properties of the
normal trace operator, any domain with a Lipschitz boundary may be viewed as
a domain with a regular deformable Lipschitz boundary. So, let

U::{XGRN : )/(xlv"'s-xN—l)<xN}v (24)

where y : R¥=! — R is a Lipschitz function. U is then an unbounded open set,
aU is the graph of y, 0U = {(%,xy) € RV : ¥ € RV, xy = p(X)}, and
it is very easy to define a regular Lipschitz deformation for U by simply setting
U((X,y(%)),s) = (X, y(X) + 58), ¥ € RV7!, 5 € [0,1], where § > 0 is arbitrary.
It turns out that, by property (i) in Definition 2, for test functions g, as in (9),
with support contained in a sufficiently small neighborhood, say, a neighborhood
like those appearing in Definition 2(i), the normal trace operator given by (9) may
be defined using (23) where / is the level set function associated to this trivial
standard deformation. More specifically, in this case, the level set function is simply
defined by

0, ifxy <y(x),
h(x) = {s, ifxy = p(&) + 58, fors € [0, 1],
1, ifxy >y(X)+4.

Therefore, considered as distributions in RY with support contained in 9%, the
normal trace operators associated to DM“-fields can always be split in a countable
sum of distributions, whose supports possess the finite intersection property, each of
which may be defined like the normal trace operator for a standard domain as just
described. Indeed, it suffices to employ a partition of unity subordinate to a suitable
covering of 9.

The above remark is important in connection, for instance, with the theory of
hyperbolic systems of conservation laws (see, e.g., [6]). Namely, if RV is the
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space-time space R"*! so N = n + I, with points denoted (x,?), suppose
F(x,t) = (n(u(x,1)),q(u(x,t))) where n : R" — Rand g : R" — R” form
an entropy-entropy flux pair for a hyperbolic system of conservation laws, and
u: R"x (0, 00) — R™ is a weak entropy solution for this system, and let  C R**!
be an open set. It is an important question to determine whether there is a measurable
function u, : 32 — R™ such that the normal trace operator may be represented by
(n(ur(@)), g(u; (w))) - v(w), where v(w) is the outer unit normal vector at w € J<2.
Through the splitting of the normal trace operator mentioned in the above remark,
this question, for a general domain with Lipschitz boundary, may be reduced to the
corresponding one for a hyper-graph domain as U in (24).

For simplicity, in what follows, we will always assume that Q is a bounded
open set with a regular deformable Lipschitz boundary. We emphasize that, for the
purpose of getting local information about the normal trace operator, as has been
already mentioned, this assumption does not represent any additional restriction
beyond that of possessing a Lipschitz boundary. The fact that 2 is bounded allows
us to restrict our discussion to just two cases, namely, that for fields in DM (Q)
and that for fields in DM®(L2), since the boundedess of Q implies DMP () C
DM (Q), forall 1 < p < co. Let us then focus our attention in these two cases.

Theorem 5. Let Q2 be a bounded open set with a deformable Lipschitz boundary
and F € DMY(Q). Let ¥ : 9Q x [0,1] — Q be a Lipschitz deformation of 9%2.
Then, for almost all s € [0, 1], and all ¢ € C°(RY),

/ ¢ divF :/asz ¢>(a))F(a))'vs(a))dHN_l(a))—/Q F(x)-Vo(x)dx, (25)

where vy is the unit outward normal field defined H" ~'-almost everywhere in 32,
and 2 is the open subset of Q bounded by 0€2;.

Proof. For ¢ € C°(RY), let

£ols) = /a _HOF@ @ @), se D),

where v; is as in the statement. Let 5o € [0, 1] be a Lebesgue point for {4, for ¢ in
a countable dense set in C{°(R"). For § > 0 sufficiently small, let g5 : R — R be
defined as

0, s < so—6,
gs(s) = {0t 5o —8 <5 <s50+38,
1, s > 5o+ 6.

Set Y5 = gs o h¢, where h is the level set function associated to the Lipschitz
deformation W. By the Gauss-Green formula, we have
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0=/§2F-V1ﬂ5dx+/91ﬂgdivF
:/qbgg(h(x))F-Vhdx—l-/ gg(h(x))F-V¢dx+/ Ysdiv F,
Q Q Q

which gives, by the coarea formula,

1 so+38

0= ¢F'deHN_l(w)ds+/ gg(h(x))F-Vd)dx—i—/ Vs div F.
Q Q

28 Jsy—s Jog,

Letting § — 0, we obtain (25) for s = s, where s¢ is an arbitrary Lebesgue point
of {4, for ¢ in a countable dense subset of C§* (RM), and, so, (25) holds for almost
all s € [0, 1] as was to be proved. O

From Theorem 5 and the Gauss-Green formula (9), when F € DM!(Q), it
follows that, for any g € Lip(RY) N L>(R"), we have the following formula for
the normal trace functional F - v : Lip(dQ2) — R,

(F v, g|loQ2) = ess. 1111(1)/ gF(®) - v(w) dHY (w), (26)
5—0 Jaq,

where the limit on the right-hand side exists by applying dominated convergence to
the other two terms in (25). Therefore, for any ¢ € Lip(d2), we have

(F -v.) = ess.lim [ 4o U @F@ @ dH o)
or, by using the area formula,
(Fv.g) =ess.lim [ $(@)F 0 W(@) v (W (@)W1 1 )
—ess.lim [ 4()F 0 Ui(0) 18 (0) dH )

where we have used the fact that W is a regular Lipschitz deformation. Therefore we
have proved the following formula for the normal trace for a DM !-field.

Theorem 6. Let F € DM (), where Q is a bounded open set with a Lipschitz
boundary admitting a regular deformation W : dQ x [0,1] — Q. Denoting by
F - v|sq the continuous linear functional Lip(dQ2) — R given by the normal trace
of F at 02, we have the formula

F -v]jq = ess. liII(l) F o Wy() - vy (Ws(4)), 27
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with equality in the sense of (Lip(02))*, where on the right-hand side the
functionals are given by ordinary functions in L' (382).

We now turn to the case where F' € DM“'(2). Let us again consider the level
set function % associated to the regular Lipschitz deformation W : dQ2 x [0, 1] — €.
Let us consider the measure p over ¥(3<2 x [0, 1]) given by

= |Vh-F| | w3 x [0, 1]).

We consider the pull back of 1 by ¥, W#y, which is the measure on Q2 x [0, 1]
defined by

(Wi, @) = (9o W), Vge COQx[0.1]).

We may apply the disintegration process to W*u (see, e.g., Theorem 2.28, p.57
in [1]) to write W*yu = o ® jiy, for the Radon measure o on [0, 1] given by the
projection of W* 1 onto [0, 1], and so o (E) = W (dQ x E) for any Borel set E C
[0, 1], and Radon measures iy such that s — i, is o-measurable, ji;(02) = 1,
o-a.e. in [0, 1], so that we have

/ (p(a),s)d\lfﬁu =/ (/ o(w,s) d,tls(a))) do(s), Yo € C(02x]0, 1]).
0,11 \Jaa
AQx[0,1]
(28)

Therefore, by pushing forward the equation ¥¥y = o ® fi, by ¥, we obtain
=08 s, s = (Ws)pils,
where, for any ¢ € C(99;),
((Wo)pits. €) = (fts, § o Ws).

In particular, for any ¢ € C(RY), with supp¢p N Q C W(IQ x [0, 1]), we have

/ $(x)d(Vi - F) = / ( ¢(x)e(x)dus) do(s). (29
Q [0,1] 092

where 0 is the p-measurable function, with |0| = 1, p-a.e., such that
Ou =Vh-F|¥0Q x[0,1]).

Now, we have the decomposition 0 = H(s) ds + 0iing, for some non-negative
H € L'([0,1]), and 04ne = o|N, for some Borel set N' C [0,1] of one-
dimensional Lebesgue measure zero, by the Lebesgue decomposition theorem (see,
e.g., [7], p-42). We then define
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(Vi -F)y := 0 H(s) s. (30)

We have the following analogue of Theorem 5 when F € DM (Q).

Theorem 7. Let 2 be a bounded open set with a deformable Lipschitz boundary
and F € DM®(Q). Let ¥ : 9 x [0, 1] — Q be a Lipschitz deformation of 0.
Then, for almost all s € [0, 1], and all ¢ € C°(RY),

pdivF = /m qb(w)d(Vh-F)s—/ Vé(x)- F. (31)

s

Qs

Proof. The proof is nearly identical to that of Theorem 5, the only difference being
that now we must choose sp € [0, 1]\, with A/ as above, such that s is a Lebesgue
point of

£ols) = /m ¢ d(ViF),

for ¢ in a countable dense set in C{°(R"), and we take g5 only for small § > 0 such
that [((VA - F)|(0Q4,+5) = 0. O

Similarly to what was done for DM!-fields, from Theorem 7 we get the
following result.

Theorem 8. Ler F € DM (Q2), where Q is a bounded open set with a Lipschitz
boundary admitting a regular deformation W : dQ x [0,1] — Q. Denoting by
F - v|sq the continuous linear functional Lip(dQ2) — R given by the normal trace
of F at 02, we have the formula

F - vy = ess. lim W d(Vh- F),, (32)

with equality in the sense of (Lip(02))*, where on the right-hand side the
functionals are given by the pull back by V of the measures d(Vh - F);, resulting
from the disintegration of d(Vh - F).

4 Application to Time-Regularity of Entropy Solutions to
Hyperbolic Conservation Laws

Letn,d € N, R’iﬂ = R? x (0,00), and U C R” be an open and convex set. We
consider the N -dimensional system of n conservation laws

d
WU+ 0,F*(U)=0,  inRYT! (33)

a=1
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with U(x,t) € U and F* : U — R", where d, denotes the partial derivative with
respect to xg.
Together with (33), we consider the initial data

U(x,0) = Up(x). (34)

The following result provides time-regularity information about entropy
solutions of the problem (33) and (34). It extends a result established in [6]
(Theorem 4.5.1), which follows from the theory for L°° divergence-measure fields.

Theorem 9. Let Uy € L}OC(R‘J), andlet U € L}OC(R”] % [0, 00)) be a weak solution
of (33) and (34), in the sense that, for any ¢ € C° (R4*1), we have

d
/Rdjl UG dp + Y FO(U)dadp drdt + /Rd Uo(x)¢p(x,0)dx = 0.  (35)

a=1

Letn : U — [0,00) be a strictly convex function, with n(U) > c||U| + ¢, for
some ¢y > 0, ¢ € R, such that n(U(x,t)) € LP(K N Ri+l), for any compact
set K C RI*L, for some p > 1. Suppose that there exists a vector measure Q €
MK N RiH; RY), for any compact set K C RY*1, such that n(U(x, t)) satisfies

InU) +div,Q <0,  inRLH, (36)

in the sense of distributions, where M(Q;R?) denotes the RY-valued Radon
measures with finite total variation on Q2. Then,

U € C((0.00) \ S: L, (RY)), (37)

for some at most countable set S C (0,00). Moreover, if we have, for all
nonnegative \ € CCOO(R”H'I),

[ ey axdr+ 9.0+ Q3+ [ nU)wx0)dr =0,
RY R

(38)
then the above strong continuity holds on the right for t = 0.

Proof. The result follows by applying Theorem 8 to the domains Q[fp+] :=
{(x,t) : t > to}, o > 0, with regular Lipschitz deformation Q[tp+]; =
Qo + s)+], s € [0,1], and Q[to—] = {(x,1) : —00 < t < fy}, tp > O,
with regular Lipschitz deformation Q[tp—]; = Q[(tp — s)—], s € [0, 1]. Here, for
simplicity, we may view U(x, ) as extended to t < 0 as 0, as well as n(U(x, 1)), as
n(0), and Q as the null measure, for ¢t < 0. We then obtain that, for a.e. zy > 0,

Jra Ux,10) ¢(x) dx = ess. limy s, [oa U(x,1)¢(x) dx,

Jra N(UCx 10))¢(x) dx = ess. limy g, [a n(U(x,1))$(x) dx, o
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for all ¢ € C§°(Rd). Now, using (37), for almost all 0 < § < s <t < T, and
R > 0, there exists an A(R, 8, T) > 0 such that

/ n(U(x,t))dx < / n(U(x,s))dx+ A(R,8,T). (40)
|x|<R

|x|<R

This gives that, for any § > 0, f|X|< g MWU(x,1))dx is uniformly bounded for
§ <t < T, for almost all R > 0. Using the assumptions on 7, we conclude that
f|X|<R |U(x,t)] dx is also uniformly bounded for ¢ > §, for almost all R > 0. Hence,
we may take ¢ € L7 (R?), with compact support, in (41), with p’ = p/(p — 1).
Now, since 7 is strictly convex, we conclude the proof in a standard way. O

As an example, in [5], Chen and Perepelitsa prove the convergence of the
solutions (p°, p®u®) to the Cauchy problem for the Navier-Stokes equations

= O’
pr + (pu)x i A1)
(pu)t + (pu + pr)x = EUyx,
with initial data
p(x,0) = po(x), u(x,0) = up(x), (42)

where y > 1 and k > 0, by a scaling defined by x = (y — 1)?/4y. Using energy
estimates and compensated compactness with Young measures with unbounded
support, they prove the convergence in L'(K N R%) of (p°, m?), with m® = p°uf,
to some (p(x, 1), m(x,1)) € Li (R%), and also the convergence in L' (K NR% ) of

loc

n*(p°(x, 1), m®(x,1)) to n*(p(x,t), m(x, 1)), where

1 m? K
n*(p,m) = >+ pe(p), e(p) =
P y —

y—1
T

for any compact K. Nevertheless, passing to the limit in the inequality
€
0™ (f,m) + 9xq” (p*m*) < S03 ("), 43)

which holds for each ¢ > 0, with

" _ 1 m? ,
q”(p,m) = - — + me(p) + pme'(p),
2 p?

we obtain an inequality of the form

qn*(p(x,1),m(x,1)) + 9, 0(x,1) <0,  inRZ, (44)
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in the sense of distributions, for some Q € M(K N Rﬁ_), for any compact K C R2.
Because of the presence of the term p®(u?)* in ¢* (o, m®), whose estimates obtained
in [5] only guarantee the uniform boundedness in L!'(K N Ri), for any compact
K C R?, we can only deduce that

(g% (p*.m®). 0:9) — (Q.9:¥),

forany v € C° (Ri), for some (signed) Radon measure Q in R? , with finite total
variation in K N Rﬁ_, for any compact K C R?.
Actually, from the results in [5] we obtain

/ (™ (o, m) didi + Yy dQ} + / VG O (o0 (). () d = 0, (45)
]Ri_ R

for all nonnegative ¥ € C2°(R?), under suitable conditions on the initial data.

We can then apply Theorem 9 to conclude that the weak solution of the
compressible isentropic Euler equations, (p(x,t),m(x,t)), obtained in [5] as the
limit of the vanishing viscosity solutions of the corresponding Navier-Stokes
equations, satisfies

(p,m) € C((0,00) \ S Lo (R)),

for some at most countable subset S C (0, 00), and, moreover, (p(-,t), m(-, 1)) —
(po(')s m())’ ast \L 0, in Llloc(R)'
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