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Abstract. The issue of quantum states’ transfer — in particular, for so-
called Perfect State Transfer (PST) — in the networks represented by the
spin chains seems to be one of the major concerns in quantum computing.
Especially, in the context of future communication methods that can be
used in broadly defined computer science. The paper presents a definition
of Hamiltonian describing the dynamics of quantum data transfer in one-
dimensional spin chain, which is able to transfer the state of unknown
qudits. The main part of the paper is the discussion about possibility
of entangled states’ perfect transfer, in particular, for the generalized
Bell states for qudits. One of the sections also contains the results of
numerical experiments for the transmission of quantum entangled state
in a noisy quantum channel.
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1 Introduction

The problem of Perfect State Transfer (PST), raised i.a. in [1], generates a very
important area of quantum computing, which is naturally combined with the
context of information transfer in quantum channels. More information on PST
can be found in [2] and [3].

A quantum state’s transfer from the specified start position to another po-
sition is called a perfect state transfer, if the Fidelity value of the initial and
the final quantum state is equal to one. The possibility of perfect transmission
not only in XX-like and XY-like spin chains is shown in [446] and in previously
cited |2, 13]. The individual chain’s elements are inhomogeneously coupled. The
spin chains with homogeneous coupling provide the transfer only for short chains
— containing three or four elements. It is important that the transfer does not
require any additional intervention except the influence of dynamics described
by the corresponding Hamiltonian. The techniques of spin construction for PST
are also significant — examples in |7, I§].
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Naturally, the main task of perfect state transfer protocols is addressed to
transfer quantum state in qubits/qudits 1D chains, and also in more complex
quantum networks, e.g. 2D grid or graphs. However, the use of chain to transfer
entangled states |9] is also possible, but at least two chains must be used — see
paper [10].

It should be also mentioned, that the perfect state transfer systems are mainly
used to construct other primitive protocols e.g. GHZ and W states preparation,
general entanglement generation, initialisation of system’s state, signal amplifi-
cation in measurements, realisations of quantum walks and universal quantum
computation.

The main objective of this paper is to verify whether the entangled state can
be also transferred to a higher-dimensional space with use of spin chains with
suitably chosen dynamics.

The content of this paper is as follows: in Sect. Rlthe definition of Lie algebra’s
generator is presented and it is combined with the Hamiltonian definition, which
is responsible for sending a quantum state by the spin chain. The spin chain
described in introduction of publication [11] is briefly characterised in Sect. [
The definition of transferred entangled states and the construction of a spin chain
is presented in Sect. [l In Section[f]are shown: numerical simulations of entangled
states’ transfer and exemplary simulations of transfer process in an environment
where noise is present. The summary and short term objectives are outlined in
Sect. [l The paper’s last section consists of acknowledgments and a list of cited
literature.

2 Generators of Lie Algebra

In proposed definition of the XY-like Hamiltonian for qudits’ chain (given in the
Sect. @ of this paper), Lie algebra’s generators for a group SU(d), where d > 2,
will be used to define a suitable operator which is responsible for transfer’s
dynamics. For clarity, the following well known set construction procedure of
SU(d) generators will be recalled: in the first step, a set of projectors is defined

(Pk,j)v,u = |k><.7| = 6U7j61t,k‘,a 1<wv, p<d. (1)
The first suite of d(d — 1) operators from the group SU(d) is specified as
OfI =PI 4 pIt g = —i(PM — PP (2)

and 1 <k<j<d.
The remaining (d — 1) generators are defined in the following way

2 L
" \/r(r +1) ZPH —rPrm 3)
j=1

and 1 < r < (d —1). Finally, the d® — 1 operators belonging to the SU(d) group
can be obtained.
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Remark 1. For d = 2 obtained suite of SU(d) operators is the set of Pauli
operators:

01 0—1 10
CTIX(l()), UyY(iO)’ 022(0_1), (4)

while for d = 3 the set of Gell-Mann operators \; will be obtained:

010 0-i0 100
M=62=(100], X=p2=i00]|, N=np'=|0-10],
000 000 000
001 00 —i 000
M=0=[000], M=s3=[000], x=623=[001],
100 i00 010
000 100
Me=p2=100-i|, dg=n*2= 1010
0i 0 00 -2

(®)
To define the XY-like dynamics all listed above operators are not necessary —
only operators ©%7 and %7 according to Equation (2)) are used.

3 Definition of Hamiltonian for Qudits

In this paper the following Hamiltonian HXY< (firstly presented in [11]) is used
to realise the perfect transfer of quantum information in qudits chains. It is also
claimed that each qudit has the same level and d > 2:

J. - _

XYq _ i [ okd ok, kg ok,

HXYe= 3T (66 + 8 By - (6)
(i,i+1)EL(G)

where J; is defined as follows: J; = \/i(évfi) for1 <k < j<dand 92’{, 68)] are

SU(d) group operators defined by (2)) applied to the (i)-th and (i + 1)-th qudit.

The Hamiltonian (B]) will be also called the transfer Hamiltonian.
It is not hard to show that

N

[HXY‘Z, 77(,?;] 0 ()

i=1

for 1 <r < (d—1), as in the definition of the XY-like Hamiltonian for qubits.

4 Transfer’s Example for Entangled States

The entangled states — so-called Bell states — for two qubits are:

1
%

1

£\

, (100) £ [11)), ) = , (01) £ [10)) . (®)
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It means there are four Bell states for two-qubit system (respecting the sign).
For qudits with d levels, more complex units than qubits, the equivalent of state
) is

1

+\
W)—\/d

(100) £ |nm)) 9)
where n =d — 1.

The definition of generalised Bell states for qudits with freedom level d is as
follows

d—1

1 ..
g TG + gy modd) 0<pg<d=1,  (10)

j=0

qu> =

where i represents an imaginary unit. Generally exist d? Bell states for two
d-level qudits.

It is convenient to express the last equation as a circuit of quantum gates for
generalised EPR pair.

Wl = Ta® Xa)" (Ha® 1) - (Zq4 ® I3)? - CNOTq - |00) (11)

Remark 2. The above form of EPR pair is also used in a process of transferred
state’s correction — for the transfer of maximally entangled qudits, the transferred
qudit is still maximally entangled, but the values of amplitudes usually represent
other maximally entangled state. Other examples of the use of entangled states
in transfer procotol can be found i.e. in |12].

For unknown pure state of one qudit

d—1
[) = apl0) + a1 |1) +...+ag—1|d—1) and Z la;|* = 1, where a;, € C, (12)
=0

the transfer process (or transfer protocol) in a one-dimensional chain of n qudits
is expressed as a transformation of the state |%;,) into the state [Wout):
Win) = 491000 ..0) == |[Wour) = [000...0)[¢) . (13)

n—1 n—1

If the transfer is performed on entangled state of two qudits, the transfer protocol
realises the transmission of both qudits’ quantum state. Naturally, the entan-
glement — as the state’s feature — have to be also transferred. The state |Wo,t)
corresponds to |[i,) according to selected value of Fidelity:

i) = ) 000 0) = Wou) = 000 Qi) . (14)

n—2 n—2

where |1,4) is a two-qudit system. The spin chains for transferring qudits’ states
are briefly shown at the Fig. 1l
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[0) 1) |42) [Yhn—2) [¥n—1)
| |
[Win) W)

(a) one-dimensional chain to transfer state of one qudit

W) W)

(b) two one-dimensional chains to transfer of entangled state of two qudits

Fig. 1. The realisation of information transfer in qudits chains for single (a) and entan-
gled states (b), the interactions between qudits are performed only between adjacent
qudits

An exemplary transfer of Bell state |¢)*) with use of Hamiltonian (@) for
four-qubit spin chain is a perfect state transfer. It means there is no additional
correction needed. After the transfer process the obtained state is |[¢)*) Bell
state. Generally, during the transfer the chain’s state is:

|¥:) = ap|0000) 4+ cr1|0011) + a5]0110) + 3|1001) + a4|1100) , (15)
and the final chain’s state may be expressed as:
|&) = ap|0000) + 1]0011) . (16)

For Bell state |¢) its transfer is a perfect state transfer in terms of Fidelity
value. However, it has to be taken into account that the amplitudes’ values are
multiplied by imaginary unit i.

Remark 3. Naturally, the Hamiltonian (@) for qubits is XY-like Hamiltonian
1, 1.

It is easy to calculate the index of each node for a n-node spin chain. Of course,
these values depend on transferred state. For the transmission of Bell state |1)™)
— using binary codding and realising bit shift operations — the states are used
where bit value (11) is shifted through all chain’s nodes:

111000 .. 000)
01100 ..000)
00110 ..000)
00011 . ..000) (17)
100000 ..110)
)

100000 ..011
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the similar action for (1001)s:

11001000 . . . 00000)
10100100 . . . 00000)
10010010 . . . 00000) (1)
10001001 . . . 00000)

10000000 .. . 10010)

10000000 . ..01001)

where the complement states are:
|1000...001) and |00000...000) .

The entangled states may also be changed (according to the length of spin chain),
if the qudits are transferred with use of the Hamiltonian (B]). Mentioned change
respects to the phase form and to the entangled state itself. However, the ob-
tained state is still maximally entangled.

Just like for |¢)) the transfer of state:

1
Y

is perfect (PST) and no additional conversion is needed. Just like before, adding
the fifth qudit to the spin chain will change the state after the transfer as follows:

[y =5 (100)+[11) +[22)) (19)

1
) = x/3(|00>**|11>**|22>) : (20)
For the transfer of state:
1
) = /3 (101) + [12) + [20)) (21)

the state after transfer is:

1
[¢) =

V3

The double use of gate X is needed on the second qudit of state [¢)') to obtain
the entangled state. Of course, this local operation will not change the level of
entanglement.

Generalising, the length of spin chain for transferring entangled states affects
on amplitudes’ phase shifts (it is important if the number of nodes is odd or
even). The transmission of state [1)™) in spin chain with five nodes causes that
the state |¢~) will be obtained. Naturally, the state will be still maximally
entangled.

(102) +[10) — [12)) . (22)

Remark 4. The issue of phase shift or amplitudes’ permutation in maximally
entangled states causes no problems, because there are deterministic procedures
of Bell states detection both for qubits |[13] and qudits [14] in generalised Bell
states. Using the circuits described in the cited papers it is possible to undoubt-
edly identify, without any damage on EPR pair, the quantum state after the
process of transfer.
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The package QCS (Quantum Computing Simulator) — developed at the Uni-
versity of Zielona Gora — was used in the experiment for the numerical simulation
of spin chain’s behaviour. The program’s main loop for transfer’s simulation is
briefly presented at Fig.

import qcs # simulation loop
s=0
# five qudits with d = 3 while ¢ < 8:
q = gqcs.QuantumReg(5,3) ... other operations
q.Reset() q.ApplyOperator( op )
... other operation
# transfer operator ... e.g. noise introduction

op = q.XYTranHamiltonian(
_fromqudit=0,

_toqudit=4, # display state of
__step = 8) # quantum register
q.Pr()

# create generalised Bell state
# e.g. [00) + |11) + |22)

# at qudits zero and one
q.SetGBellState(0,1,0,0)

Fig.2. A Python script using QCS package to simulate entangled states’ transfer in
qudit chain. The process of transfer is realised by eight simulation steps.

5 Transfers of Entangled States in Noisy Channels

The research in the field of quantum circuits, where noise is present, is a very im-
portant issue of quantum computing because of the decoherence phenomenon —
e.g. the paper [15] shows the impact of noise in quantum channels on: amplitude-
damping, phase-damping and bit-flip in Grover’s algorithm for database search.
In this paper only the phase-dumping influence on qudit chain for entangled state
transfer will be presented. However, in the case of qudit the phase-damping op-
eration does not have a unique representation. The model discussed in the work
[16] is an example of the phase-damping operation and it will be used in this

paper:

n-Lron 5= (7)) e e

where 0 < p < 1.

Remark 5. It should be noted that expression (23] can be regarded as a special
case of Weyl’s channel |16]:

d—1
Ep)= D mmalZ"X™M)p(X" 2™, (24)

m,n=0
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where elements of the matrix 7 satisfy the following conditions: 0 < mp, , <1
and ny;lpo Tm,n = 1. The operators Z and X are generalised Pauli matrices
for the sign changing and negation operations on qudits.

At the Fig. [ the process of transfer with noise-adding operation is shown.
The noise type is phase-damping — presented in Equation (23). The diagram of
Fidelity value for entangled qudit state transfer 1)) = 1/v/3 (|00) + |11) + |22)),
with d = 3, is shown at the Fig. dl Increasing the value of p parameter means the
reduction of phase-damping impact on transfer process and the value of Fidelity
will be raising in accordance with next stages of the process. It should be pointed
that the value of Fidelity is insensitive for the change of the sign or probability
amplitudes’ phase-shift. However, in the case analysed in this paper, the distor-
tion of transfer process does not change the transferred state, but only distorts
the level of entanglement. Of course, the transferred state is not a maximally
entangled state. It means that the small noise level, for example p = 0.05, is
acceptable and still provides the high value of Fidelity.

| HY L E(p) HXYa |l E(p) |
H Lo o] H ] )

Fig. 3. The transfer of entangled state in a noisy channel implemented as a quantum

circuit. The first part of the transfer is the operation XX Y. The second part of the cir-

cuit represents the noise. The transfer process consists of discrete stages, so the stages
of operation X*Y¢ and noise operation must be repeated.

Fidelity of transfer

0.00

Probability of noise (p)

0.75

1.00
& 0 2 4 8 10 12 14 16

Tragg. N
Ansfe). step, Transfer step

%

Fig. 4. The diagram of Fidelity value for maximally entangled state transfer in five
qutrits’ chain. The p parameter describes the phase distortion for each qudit. The trans-
fer process consists of sixteen discrete steps.
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6 Conclusions

Naturally, for entangled states transfer the next step is multi-qudit-state trans-
mission. It is expected that this type of operation is possible, although the num-
ber of additional local corrections performed on transferred state will be greater
than the number of these operations for EPR pairs.

The analytical solutions for spin chains are direct consequence of the correct-
ness of the Hamiltonian (). However, their form and the correctness of Hamilto-
nian’s construction is analysed in presently prepared work [17]. It should be also
mentioned that the analytical form of spin chain, with strictly specified number
of nodes, makes the effective numerical calculations possible, because the num-
ber of nodes in qudit chain is much lower than the number of states in quantum
register.

Another very important issue is the entangled states engineering, e.g. |18
20], which may be implemented by modified Hamiltonian describing transfer’s
dynamics in spin chains. The described problem is worth of further investigation
in other areas of quantum computer science e.g. in [21] and [22].
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