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Abstract We consider a d -dimensional affine stochastic recursion of general type
corresponding to the relation

XnC1 D AnC1Xn CBnC1; X0 D x: (S)

Under natural conditions, this recursion has a unique stationary solution R, which
is unbounded. If d > 2, we sketch a proof of the fact that R belongs to the
domain of attraction of a stable law which depends essentially of the linear part
of the recursion. The proof is based on renewal theorems for products of random
matrices, radial Fourier analysis in the vector space Rd , and spectral gap properties
for convolution operators on the corresponding projective space. We state the
corresponding simpler result for d D 1.

1 Notations and Main Result

Let V D R
d be the d -dimensional Euclidean space endowed with the scalar product

< x; y >D Pd
iD1 xiyi and the corresponding norm jxj D .

Pd
iD1 jxi j2/1=2. We

denote by G D GL.V / (resp.H DAff.V /) the linear (resp. affine) group of V and
we fix a probability measure� (resp. �) onG (resp.H ) such that � is the projection
of �. We consider the affine stochastic recursion .S/ on V defined by

XnC1 D AnC1Xn C BnC1; X0 D x; (S)
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where .An; Bn/ are i.i.d. random variables with law �, hence An (resp. Bn) are i.i.d.
random matrices (resp. vectors). We assume that .S/ has a stationary solution R
which satisfies in distribution

R D AR1 C B

where R1 has the same law as R and is independent of .A;B/. We are interested in
the “asymptotic shape” of the law � of R. Our focus will be on the case d > 1. For
d D 1, corresponding results are described in Sect. 4.

We denote by � � � the convolution of a probability measure � on H with a
positive Radon measure � on V i.e. � � � D R

ıhx d�.h/ d�.x/. Also �n denotes
the nth convolution iterate of �. With these notations, the law �n of Xn is given by
�n D �n � ıx , and a �-stationary (probability) measure � satisfies � � � D �.

We denote by ˝ the product space H˝N, by P the product measure �˝N on ˝ ,
and by E the corresponding expectation operator. Provided that

E.j log jAjj/C E.j log jBjj/ < 1;

it is well known (see [12] for example) that a �-stationary measure � exists and is
unique if the top Lyapunov exponent

L� D lim
n!1

1

n
E.log jAn : : : A1j/

is negative. For informations on products of random matrices we refer to [2, 5, 9].
Since the properties of � play a dominant role for the “shape” of �, we give now

a few corresponding notations. Let S (resp. T ) be the closed subsemigroup of G
(resp.H ) generated by the support supp� (resp. supp�) of � (resp. �) and write

Sn D An : : : A1; k.s/ D lim
n!1.E.jSnj

s//1=n .s � 0/:

Then log k.s/ is a convex function on I� D fs � 0I k.s/ < 1g and we write
s1 D supfs � 0I k.s/ < 1g.

We denote by S
d�1 (resp. Pd�1) the unit sphere (resp. projective space) of V and

observe that in polar coordinates:

V nf0g D S
d�1 � R

�C:

If PV denotes the factor space of V nf0g by the group f˙Id g, we have also

PV D P
d�1 � R

�C:

For x 2 V nf0g; g 2 G, we write Qx (resp. Nx) for the projection of x 2 V on S
d�1

(resp. Pd�1), g � Qx (resp. g � Nx) for the projection of gx on S
d�1 (resp. Pd�1).
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For some moment conditions on �, the quantity �.g/ D sup.jgj; jg�1j/ will be
used. The dual map g� of g 2 GL.V / is defined by < g�x; y >D< x; gy > and
the push-forward of � by g ! g� will be denoted ��.

From now on, we assume d > 1. An element g 2 G is said to be proximal if
g has a unique simple dominant eigenvalue �g 2 R with j�gj D limn!1 jgnj1=n.
In this case we have the decomposition V D Rwg ˚ V <

g where wg is a dominant
eigenvector and V <

g a g-invariant hyperplane. We say that a semigroup ofG satisfies
condition i � p if this semigroup contains a proximal element and does not leave
any finite union of subspaces invariant.

One can observe that, if d > 1, the set of probability measures � on G such that
S satisfies condition i � p is open and dense in the weak topology. Also, condition
i � p is satisfied for S if and only if it is satisfied for the closed subgroup Zc.S/,
the Zariski closure of S , which is a Lie group with a finite number of components.
Thus condition i � p is in particular satisfied, if Zc.S/ D G.

It is known that, if the probability measure � satisfies E.j log jAjj/ < 1 and
supp� generates a closed semigroup S satisfying condition i � p, then the top
Lyapunov exponent of � is simple (see [2]). In this case log k.s/ is strictly convex
and analytic on Œ0; s1Œ (see [9]). Also the set Sprox of proximal elements in S is
open and the set of corresponding positive dominant eigenvalues generates a dense
subgroup of R�C. Furthermore, the action of � on P

d�1 has a unique �-stationary
measure � and supp� is the uniqueS -minimal subset of Pd�1; the set	.S/ D supp�
is the closure of f NwgIg 2 Sproxg and has positive Hausdorff dimension.

Under condition i � p and for the action of S on S
d�1, there are two cases

I, II, say, regarding the existence of a convex S -invariant cone in V . In case I
(non-existence), the inverse image Q	.S/ of 	.S/ in S

d�1 is the unique S -minimal
invariant set in S

d�1. In case II (existence), Q	.S/ splits into two symmetric S -
minimal subsets Q	C.S/ and Q	�.S/.

Returning to the affine situation, we need to consider the compactification
V [ S

d�11 of V by the sphere at infinity S
d�11 and we identify Q	.S/ (resp.

Q	C.S/; Q	�.S/) with the corresponding subset Q	1.S/ (resp. Q	1C .S/; Q	1� .S/) of
S
d�11 . We observe that Sd�11 isH -invariant and the correspondingH -action reduces

to the G-action.
If h D .g; b/ is such that jgj < 1, then h has a fixed point x 2 V , and this point

is attractive, i.e. for any y 2 V; limn!1 hny D x. The set
a.T / of such attractive
fixed points of elements h 2 T plays an important role in the description of supp �,
for � �-stationary.

On the other hand, if for some s > 0 we have k.s/ > 1 and condition i � p is
satisfied, then one can show the existence of g 2 S with limn!1 jgnj1=n > 1. This
implies that supp� is unbounded, if supp� has no fixed point in V .

We have the following basic (see [10], Proposition 5.1)

Proposition 1. Assume E.log �.A//C log jBj/ < 1 and

L� D lim
n!1

1

n
E.log jSnj/ < 0:
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Then Rn D Pn
1 A1 : : : Ak�1Bk converges P-a.e. to

R D
1X

1

A1 : : : Ak�1Bk;

and for any x 2 V; Xn converges in law to R. If ˇ 2 I� satisfies k.ˇ/ < 1;

E.jBjˇ/ < 1, then E.jRjˇ/ < 1.
The law � of R is the unique �-stationary measure on V . The closure 
a.T / D

	a.T / in V is the unique T -minimal subset of V and 	a.T / D supp �. If the
semigroup S satisfies condition i � p and supp� has no fixed point in V , then
�.W / D 0 for any affine subspaceW . Furthermore, if T contains an element .g; b/
with limn!1 jgnj1=n > 1, then 	a.T / is unbounded.

The first part of the proposition is well known (see for example [12]).
For s � 0, we denote by ls (resp. hs) the s-homogeneous measure (resp. function)

on R
�C given by l s.dt/ D t�.sC1/dt; l0 D l (resp. hs.t/ D t s). We observe that

the cone of Radon measures on PV which are of the form � ˝ l s with � a positive
measure on P

d�1 is G-invariant. Also g.�˝ ls/ D .�s.g/�/˝ ls with

�s.g/� D
Z

jgxjsıg�xd�.x/:

One can show that if the subsemigroup S associated to � satisfies condition i � p

and s 2 I�, there exists a unique probability measure �s on P
d�1 such that equation

� � .�s ˝ l s/ D k.s/�s ˝ l s is satisfied. Furthermore �s gives mass zero to any
projective hyperplane and supp �s D 	.S/.

We denote by Q�s the unique symmetric positive measure on S
d�1 with projection

�s on P
d�1 and (in case II) by Q�sC; Q�s� its normalized restrictions to Q	C.S/; Q	�.S/

hence Q�s D 1
2
. Q�sC C Q�s�/. Then we have

� � . Q�s ˝ ls/ D k.s/ Q�s ˝ ls

and

� � . Q�sC ˝ ls/ D k.s/ Q�sC ˝ ls; � � . Q�� ˝ l s/ D k.s/ Q�s� ˝ ls:

If there exists ˛ 2 I� such that k.˛/ D 1, the measures Q�˛ ˝ l˛; Q�˛C ˝ l˛; Q�˛� ˝ l˛

enter in an essential way in the description of the “shape” of �. We need first to
discuss the action of S on S

d�11 , if supp � is unbounded. In this case supp � \ S
d�11

is a non trivial closed S -invariant set, hence three cases can occur, in view of the
above discussion of minimality.

CASE I: S has no proper convex invariant cone and 	a.T / � Q	1.S/.
CASE II’: S has a proper convex invariant cone and 	a.T / � Q	1.S/.
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CASE II”: S has a proper convex invariant cone and 	a.T / contains only one of
the sets Q	1C .S/; Q	1� .S/, say Q	1C .S/ hence Q	1� .S/ \	a.T / D ;.

The push-forward of a measure � on V by the dilation x ! tx .t > 0/ will be
denoted t:�. For d > 1, our main result in [10] is the following

Theorem 1. With the above notations, assume that S satisfies condition i � p,
that T has no fixed point in V , that L� < 0, and that there exists ˛ > 0 with
k.˛/ D 1 and E.jAj˛�ı.A// < 1; E.jBj˛Cı/ < 1 for some ı > 0. Then supp �
is unbounded and we have the following vague convergence on V nf0g:

lim
t!0C t

�˛.t:�/ D C.�˛ ˝ l˛/ D 	;

where C > 0; �˛ is a probability on S
d�1 and the Radon measure 	 satisfies

� �	 D 	. Moreover,

�˛ D

8
ˆ̂
<

ˆ̂
:

Q�˛ in Case I;

CC Q�˛C C C� Q�˛� for some CC; C� > 0 in Case II’;

Q�˛C in Case II”:

The measures Q�˛ ˝ l˛ (case I), Q�˛C ˝ l˛ and Q�˛� ˝ l˛ (cases II’, II”) are minimal
�-harmonic measures.

The above convergence is valid on any Borel function f with �˛ ˝ l˛-negligible
set of discontinuities such that jwj�˛j log jwj1C"jf .w/j is bounded for some � > 0,
hence

lim
t!0C t

�˛
E.f .tR// D 	.f /:

The theorem shows that � belongs to the domain of attraction of a stable law, a
fact conjectured by F. Spitzer. It plays a basic role in the study of slow diffusion for
random walk in a random medium on Z (see [7]), and also in extreme value theory
for GARCH processes. The proof of the theorem shows that the above convergence
is valid on the sets HC

w D fx 2 V I< x;w > 1g for w 2 V nf0g under the weaker
hypothesis E.jAj˛ log �.A/ C jBj˛Cı/ < 1. Then, using [1], it follows that the
theorem is valid if ˛ … N. Actually, [1] implies also the validity of the theorem
under the above weaker hypothesis, in the following situations:

CASE I and ˛ … 2N,
CASE II” and ˛ > 0,
CASE II’ and CC D C�; ˛ … 2N.

As observed in [14], the condition CC D C� occurs if � is symmetric, in
particular if the law of B is symmetric (for example if B is Gaussian). In the
context of extreme value theory the convergence stated in the theorem says that
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� has “multivariate regular variation”. This property is basic for the development of
the theory for “ARCH processes” (see [14]).

The proof given in [10] (Theorem 6) is long. For a short survey of earlier work,
see [8]. Here we will give a sketch of a few main points of the proof.

2 Some Tools for the Proof of the Theorem

2.1 The Renewal Theorem for Products of Random Matrices
(d > 1)

We use the notations already introduced above: � is a probability measure on
G D GL.V /, S the closed subsemigroup of G generated by supp�; L� the top
Lyapunov exponent of �; � the �-stationary measure on P

d�1 etc. Under condition
i � p, the following is the d -dimensional analog of the classical renewal theorem
(see [4]) and follows from the general renewal theorem of Kesten [13] for Markov
random walks on R.

Theorem 2. Assume that the semigroup S associated with � satisfies condition
i �p, that log �.g/ is�-integrable, and thatL� D limn!1 1

n

R
log jgjd�n.g/> 0.

Then, for any w 2 V ,
P1

0 �k � ıw is a Radon measure on PV and we have

lim
w!0

1X

0

�k � ıw D 1

L�
�0 ˝ l:

in the sense of vague convergence. This convergence is also valid on any bounded
continuous function f on PV with

P1
�1 supfjf .w/jI 2l � jwj � 2lC1g < 1.

As proved in [10], if S satisfies i � p, s 2 I� and
R jgjs log �.g/d�.g/ < 1,

then the top Lyapunov exponent L�.s/ D limn!1 1
n

R jgjs log jgjd�n.g/ exists,

is simple and satisfies L�.s/ D k0.s�/

k.s/
< 1. Also there exists a unique positive

function es on P
d�1 such that �s.es/ D 1 and

� � ıw.e
s ˝ hs/ D k.s/.es ˝ hs/.w/:

Then, using [13] again, we have the following result which includes information on
the fluctuations of Snw:

Theorem 3. Assume that L� < 0; ˛ 2 I� exists with ˛ > 0; k.˛/ D 1;R jgj˛ log �.g/d�.g/ < 1, and S satisfies condition i � p. Then we have the
following vague convergence on PV , for any w 2 PV



Homogeneity at Infinity of Stationary Solutions of Multivariate Affine . . . 125

lim
t!0C t

�˛
1X

0

�k � ıtw D .e˛ ˝ h˛/.w/

L�.˛/
�˛ ˝ l˛:

This convergence is actually valid on any continuous function f on PV such that
f˛.w/ D jwj�˛f .w/ is bounded and

P1
�1 supff˛.w/I 2l � jwj � 2lC1g < 1.

In particular for some A > 0 and any w 2 V

lim
t!1 t˛ Pfsup

n�1
jSnwj > tg D A.e˛ ˝ h˛/.w/:

The last formula is the so-called Cramér estimate of ruin in collective risk
systems if d D 1 [4].

For the convergence proof in Theorem 1, we will need an analogue of Theorem 3
with PV replaced by V nf0g. For u 2 S

d�1, the function e˛.u/ can be lifted to S
d�1

and we have
Z

jguj˛ e
˛.g:u/

e˛.u/
d�n.g/ D 1

for any n 2 N. Hence the family of probability measures jguj˛ e˛.g:u/
e˛.u/ d�

˝n.g/ with

g D g1 : : : gn defines a projective system on the spaces G˝n and one can consider
the projective limit Q˛

u on G˝N. Referring again to [13], we get the following

Theorem 4. Assume � and ˛ are as in Theorem 3. Then, for any u 2 S
d�1, we

have the vague convergence

lim
t!0C t

�˛
1X

0

�k � ıtu D 1

L�.˛/
e˛.u/ Q�˛u ˝ l˛;

where Q�˛u is a probability measure on S
d�1 and Q�˛u ˝ l˛ is a �-harmonic Radon

measure on V nf0g. The convergence is valid on any continuous function f such
that f˛.w/ D jwj�˛f .w/ is bounded and satisfies

1X

�1
supfjf˛.w/jI 2l � jwj � 2lC1g < 1:

There are two cases:

Case I: Q�˛u D Q� has support Q	.S/.
Case II: Q�˛u D p˛C.u/ Q�˛C C p˛�.u/ Q�˛�, where p˛C.u/ (resp. p˛�.u/) is the entrance
probability under Q˛

u of Sn � u into the convex envelope of Q	C.S/ (resp. Q	�.S/).

These results improve earlier ones by Kesten [12] and Le Page [16].
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2.2 A Spectral Gap Property for Convolution Operators
(d > 1)

As above we consider the operatorP on PV defined by Pf .w/ D .��ıw/.f / and its
action on s-homogeneous functions. The Euclidean norm on V extends to a norm
on the wedge product

V2
V : For x; y; x0; y0 2 V , we put

< x ^ y; x0 ^ y0 > WD det

�
< x; x0 > < x; y0 >
< y; x0 > < y; y0 >

�

:

This allows to consider the distance ı on P
d�1 defined by ı.x; y/ D jx ^ yj, where

x; y correspond to unit vectors Qx; Qy in S
d�1. We will denote byH".P

d�1/ the space
of "-Hölder functions on P

d�1 with respect to the distance ı. We write

Œ'
" D sup
x 6Dy

j'.x/ � '.y/j
ı.x; y/"

; j'j D sup
x

j'.x/j; j'j" D Œ'
" C j'j;

and we observe that ' ! j'j" defines a norm on H".P
d�1/.

If z 2 C; z D s C it, and the z-homogeneous function f on PV is of the form
f D ' ˝ hz, with ' 2 H".P

d�1/, the action of P on f defines an operator P z

on ' by

Pf D P z' ˝ hz; i.e. P z'.x/ D
Z

'.g � x/ jgxjz d�.g/:

Then we have the following (see [10], Theorem A)

Theorem 5. Let d > 1 and assume that the closed subsemigroup S generated by
supp� satisfies condition i � p. For s 2 I�, assume

R jgjs�ı.g/d�.g/ < 1 for
some ı > 0. Then, for any " > 0 sufficiently small, the operator P s on H".P

d�1/
has a spectral gap, with dominant eigenvalue k.s/:

P s D k.s/.�s ˝ es C Us/;

where �s ˝ es is the projection on Ces defined by �s; es and Us is an operator
with spectral radius less than 1 which commutes with �s ˝ es . Furthermore, if
=z D t 6D 0; z D s C it, then the spectral radius of P z is less than k.s/.

If s D 0; P s reduces to convolution by � on P
d�1 and convergence to the

unique �-stationary measure �0 D � was a basic property studied in [5]. In
this case the spectral gap property is a consequence of the simplicity of the top
Lyapunov exponent of � (see [2, 9]). The spectral gap properties of P s are basic
ingredients for the study of precise large deviations for the product of random
matrices Sn D An : : : A1 (see [16, 18]). Here the theorem will be used for the study
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of s-homogeneous P -eigenmeasures on PV and V nf0g. In the context of V nf0g we
need to replace Pd�1 by S

d�1 and to use an analogous theorem (see [10]).

2.3 A Choquet-Deny Property for Markov Walk

Here .S; ı/ is a compact metric space and P is a Markov kernel on S�R D Y which
commutes with the R-translations and acts continuously on the space Cb.S � R/ of
continuous bounded functions on S �R. Such a set of datas will be called a Markov
walk on R. We define for t 2 R the Fourier operator P it on C.S/ by

P it'.x/ D P.' ˝ eit/.x; 0/;

where eit is the Fourier exponential on R; eit.r/ D eitr. For t D 0; P it D P0 is
equal to NP , the factor operator on S defined by P . We assume that for " > 0 P it

preserves the space of "-Hölder functionsH".S/ on .S; ı/ and is a bounded operator
on H".S/.

We denote Œ'
" D supx 6Dy
j'.x/�'.y/j
ı.x;y/"

; j'j D supx j'.x/j for � 2 C.S/.

Moreover, we assume that P it and P satisfy the following conditionD:

1. For any t 2 R, one can find n0 2 N; �.t/ 2 Œ0; 1Œ and C.t/ � 0 for which

Œ.P it/n0'
" � �.t/Œ'
" C C.t/j'j:

2. For any t 2 R, the equation P it' D ei�'; ' 2 H".S/; ' 6D 0, has only the
trivial solution ei� D 1; t D 0; ' D constant.

3. For some ı > 1 W Mı D supx2S
R jajıP..x; 0/; d.y; a// < 1.

Conditions 1 and 2 above imply that NP has a unique stationary measure � and the
spectrum of NP in H".S/ is of the form f1g [ 
, where 
 is a compact subset of
the open unit disk (see [11]). They imply also that for any t 6D 0, the spectral radius
of P it is less than one.

If Y D PV , P is the convolution operator by � on PV D P
d�1 � RC .d > 1/,

hence S D P
d�1 and R

�C D expR. Theorem 5 implies that condition D is satisfied
if I� 6D 0 and condition i � p is valid.

Furthermore, for s 2 I� one can also consider the Markov operator Qs on PV
defined by

Qsf D 1

k.s/es ˝ hs
P.fes ˝ hs/:

If for some ı > 0;
R jgjs�ı.g/d�.g/ < 1, Theorem 5 implies that conditions D

are also satisfied by Qs .
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We will say that a Radon measure � on Y D S � R is translation-bounded if for
any compact K 	 Y there exists C.K/ > 0 such that �.K C t/ � C.K/ for any
t 2 R, whereK C t is the set obtained fromK by translation with t . Then we have
the following Choquet-Deny type property

Theorem 6. With the above notations if the Markov operator P on Y D S � R

satisfies the condition D. Then any translation-boundedP -harmonic measure on Y
is proportional to � ˝ l with l D dt .

This theorem can be used for Y D PV and P D Q˛ if 0 < ˛ < s1.

2.4 A Weak Renewal Theorem

As in the Sect. 2.3, we consider a Markov walk P on R with compact factor space
S , a probability � on S such that � ˝ l is P -invariant. A path starting from S for
this Markov chain will be denoted .Xn; Vn/ withXn 2 S; Vn 2 R and the canonical
probability measure on the paths starting from x 2 S will be denoted by a

Px. We
write also a

P� D R
a
Pxd�.x/.

For a non negative Borel function on S � R, we write U D P1
0 P

k .
We observe that if .x; t/ 2 S � R,  D 1K , then U .x; t/ is the expected
number of visits to K starting from .x; t/ 2 S � R. In other words U .x; t/ D
Ex

�P1
0  .Xk; t C Vk/

�
. Then we have the following weak analogue of the renewal

theorem.

Proposition 2. Suppose that  is a bounded, non-negative and compactly sup-
ported Borel function on S�R. Further suppose that the potentialU D P1

0 P
k 

is locally bounded and that, for any " > 0,

lim
n!1

a
Pv

� ˇ
ˇ
ˇ
ˇ
Vn

n
� �

ˇ
ˇ
ˇ
ˇ > "

�

D 0 with � < 0

holds true. Then

lim
t!1

1

t

Z t

0

ds

Z

s

U .x; s/d�.x/ D 1

j� j
Z Z 1

�1
 .x; s/d�.x/ds:

If  is a non-negative Borel function on S such that limt!1U .x; t/ D 0 �-a.e.,
then  D 0 � ˝ l-a.e.

3 Elements of Proof of Theorem 1

3.1 Convergence for Radon Transforms

For a finite measure � on V we write O�.w/ D �.HC
w / where u D tw; t > 0; u 2

S
d�1; HC

w D fx 2 V I< x;w >> 1g. We observe that O� can be considered as an
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integrated form of the Radon transform of �. Observe that 1� � �.w/ D .�� �ıw/. O�/,
hence convolution equations on G � V can be transformed to functional equations
for Radon transforms.

We will not be able to apply directly the renewal Theorem 4 to the convolution
equation��� D � corresponding toR D AR1CB but rather to functional equations
for O� and ��. We denote by �1 the law of R � B and we begin with the

Proposition 3. With the hypothesis of Theorem 4, we denote by � Q�˛u the positive
kernel on S

d�1 given by Theorem 4 and associated with ��. Then one has the
equations on V nf0g

� D
1X

0

�k � .� � �1/; O�.w/ D
1X

0

..��/k � ıw/. O� � O�1/:

For u 2 S
d�1, if ˛ 2
0; s1Œ; k.˛/ D 1, the function t ! t˛�1. O� � O�1/.u; t/ is

Riemann-integrable on 
0;1Œ and one has, with r˛.u/ D R 1
0
t˛�1. O� � O�1/.u; t/dt

lim
t!1 t˛ O�.u; t/ D

�e˛.u/
L�.˛/

� Q�˛u .r˛/ D C.�˛ ˝ l˛/.HC
u /;

where C � 0 and the probability �˛ on Q	.S/ satisfies � � .�˛ ˝ l˛/ D �˛ ˝ l˛ .
There exists b > 0 such that PfjRj > tg � bt�˛ . Furthermore supp� is unbounded
and: In case I: �˛ D Q�˛, in case II: C�˛ D CC Q�˛C C C� Q�˛�; CC; C� � 0.

Sketch of Proof

Since jg�j D jgj, the function k.s/ is equal to the corresponding function for ��,
condition i � p is satisfied for �� and L��.˛/ D L�.˛/. We observe that the
stationarity equation R � B D AR1 can be written in distribution as � � �1 D
� � � � �. Also �.f0g/ D 0, hence we get

� D
1X

0

�k � .� � �1/; O�.w/ D
1X

0

..��/k � ıw/. O� � O�1/

on V nf0g.
In order to use Theorem 4, we need to regularize O� � O�1 by multiplicative

convolution on R
�C with 1Œ0;1
, hence to consider

r˛.u; t/ D 1

t

Z t

0

x˛�1. O� � O�1/.u; x/dx:
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Clearly jr˛.u; t/j � ˛�1t˛�1. By using the conditions E.jAj˛Cı/ < 1 and
E.jBj˛Cı/ < 1, one can show the existence of ı0 > 0; c.ı0/ > 0 such that for
t � 1;

jr˛.u; t/j � c.ı0/t�ı0

:

Then Theorem 4 can be applied to f˛.w/ D r˛.u; t/, whence, by a Tauberian
argument as in [6], we get the convergence of t˛ O�.u; t/ towards 1

L�.˛/
�e˛.u/� Q�˛u .r˛/.

From the existence of ˛ 2
0; s1Œ with k.˛/ D 1, one can deduce the existence of
g 2 S with jgj > 1, hence supp� is unbounded.

The above formulae and the description of �e˛; �˛ in terms of Q�˛; Q�˛C; Q�˛� give
the harmonicity equation��.�˛˝l˛/ D �˛˝l˛ . The boundedness of t˛P fjRj > tg
follows from the convergence of t˛ O�.u; t/.

3.2 Homogeneity at Infinity of �

The boundedness of t˛P fjRj > tg stated in Proposition 3 implies that the family of
Radon measures ft�˛.t:�/I t 2 RCg is relatively compact in the vague topology.

Proposition 4. Given the situation of Theorem 1, assume that � is a vague limit
of a sequence t�˛n .tn � �/ as tn ! 1. Then � is translation-bounded and satisfies
� � � D �. If � and � ˝ l˛ satisfy

�.HC
u / D .� ˝ l˛/.HC

u /;

for any u 2 S
d�1 and some positive measure � on S

d�1, then � D � ˝ l˛.

This proposition is based on the moment conditions satisfied by R;A;B , and on
Theorem 6. Using furthermore Propositions 4 and 3, we get the

Theorem 7. With the hypothesis of Theorem 1, we have the following vague
convergence

lim
t!0C t

�˛.t:�/ D 	 D C.�˛ ˝ l˛/;

where C � 0.
The above convergence is also valid on any Borel function f such that the set

of discontinuities of f is .�˛ ˝ l˛/-negligible and such that for some " > 0, the
function jwj�˛j log jwjj1C"jf .w/j is bounded.
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3.3 Positivity of CC; C�

We need to consider processes (dual to Xn) and taking values in .V nf0g/ � R or
S
d�1 � R and we write

S 0
n D A�

n : : : A
�
1 :

LetM be a S�-minimal subset of Sd�1 i.e.M D Q	.S�/ in case I andM D Q	C.S�/
(or . Q	�.S�// in case II. We denote by 	�

a .T / the set of u 2 S
d�1 such that the

projection of � on the line Ru.u 2 S
d�1/ is unbounded in direction u. The following

is the essential step in the discussion of positivity.

Proposition 5. With the hypothesis of Theorem 1, if 	�
a .T / � M , then for any

u 2 M

CM.u/ D lim
t!1 t˛Pf< R; u >> tg > 0:

In order to explain the main points of the proof, we need to introduce some
notations. We observe that Rn satisfies the recursion

< RnC1;w >D< Rn;w > C < BnC1; S 0
nw >;

hence .S 0
nw; rC < Rn;w >/ is a Markov walk on V nf0g �R based on S

d�1 �R. If
we write

t 0 D r�1; w D jwju; p D r jwj�1

with u 2 S
d�1 this Markov walk can be expressed on .Sd�1 � R/ � R

� as

unC1 D g�
nC1:un; pnC1 D pnC < bnC1; un >

jg�
nC1unj

; t 0nC1 D t 0n.jg�
nC1unjpnC1p�1

n /
�1:

We denote by � OP the corresponding Markov kernel. Since .S 0
nw; rC < Rn;w >/

has equivariant projection S 0
nw on V nf0g, we have � OP .�e˛˝h˛/ D� e˛˝h˛ , hence

we can consider the new relativized kernel � OP˛ and the corresponding Markov walk
.un; pn; t 0n/ over the chain .un; pn/ 2 X D M � R.

We denote

�q˛.u; g/ D jg�uj˛
�e˛.g�:u/

�e˛.u/

and for h D .g; b/ 2 H;

hup D 1

jg�uj.pC < b; u >/I
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then the Markov kernel � OQ˛ of the chain .un; pn/ is given by

� OQ˛'.u; p/ D
Z

'.g� � u; hup/�q˛.u; g/d�.h/:

We have L�.˛/ > 0 and M is minimal, hence it is easy to show that � OQ˛ has a
unique stationary measure � on X , and with respect to the Markov measure � OQ˛

u on
X � ˝ we have E

˛
u .logC jpj/ < 1 and lim supn!1 jS 0

nujjpnj D 1. We observe
that, since L�.˛/ > 0, the Markov walk .un; pn; t 0n/ on X � R

� has negative drift,
in additive notation.

The condition	�
a .T / � M implies

�.M�
0;1Œ/ > 0; lim sup
n!1

jS 0
nujpn D 1;

for p > 0.
We now consider the following N [ f1g-valued stopping time � on X � ˝

defined by

� D Inf fn > 1Ip�1 < Rn; u >> 0g;

and we observe that, by definition of pn :

� D Inf fn > 1Ip�1pnjS 0
nuj > 1g;

hence p�1p� > 0. Hence � (resp. p�1p� jS 0
�ujj/ can be interpreted as the first ladder

epoch (resp. height) of the Markov walk p�1pnjS 0
nuj (see [4]).

Using Poincaré’s recurrence theorem and limn!1 jS 0
nuj D 1 � OQ˛

u -a.e. we infer
that � < 1 � OQ˛

� -a.e.

Let � OP � ; � OQ� be the stopped kernels of � OP ; � OQ, respectively, defined by � and
let � OP �

˛ ;
� OQ˛;� be the corresponding relativised Markovian kernels. Then we have

the

Lemma 1. With tw D u 2 S
d�1; t > 0, we write on X � R

�

 .w; p/ D Pfp�1 < R; u >> tg;  � .v; p/ D Pft < p�1 < R; u >< t C p�1 < R� ; u >g
 ˛ D .�e˛ ˝ h˛/�1 ;  ˛� D .�e˛ ˝ h˛/�1 � :

Then  D P1
0 .

� OP � /k � ;  
˛ D P1

0 .
� OP �

˛ /
k ˛� .

The proof is analogous to the first part of Proposition 3, in order to get the Poisson
equation  � D  �� OP � . Since p�1p� > 0, the operator � OQ˛;� preserves XC D
M�
0;1Œ. If 	�

a .T / � M , then �.XC/ > 0. Since E
˛
� .logC jpj/ < 1, one can

show that the Markov kernel � OQ˛;�
x has an ergodic stationary measure ��C which is
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absolutely continuous with respect to 1XC
�. Also we have, using the interpretation

of � as a return time in the dynamical system associated with � OQ˛
x and the bilateral

shift,

E
˛
0 .�/ D

Z

E
˛
u .�/d�

�C.u; p/ < 1; �˛� D E
˛
��

C

.log.p�1p� jS 0
�uj// 2
0;1Œ

with �˛� D L�.˛/E
˛
0 .�/.

Now we can consider the Markov walk defined by � OP �
˛ on XC � R

�C. In view of

the above observations we can apply Proposition 2 to � OP �
˛ and ��C˝l . We recall that,

in additive notation, this Markov walk has negative drift ��˛� < 0. If for some u 2
M we haveCM.u/ D 0, then forp > 0 and u D tw .t > 0/ limt!1  ˛.w; p/ D 0.

Using Proposition 3 we get limt!1  ˛.w; p/ D 0 for any u D tw 2 M . In
particular, this is valid ��C-a.e., hence Proposition 2 implies  ˛� D 0 ��C ˝ l-a.e., i.e.

Pft < p�1 < R; u >< t C p�1 < R� ; u >g D 0:

Since p�1 < R� ; u >> 0, we get p�1 < R; u >� 0 ��C ˝ P-a.e., i.e. < R; u >�
0 P-a.e. This contradicts	�

a .T / � M . One can show that 	�
a .T / D S

d�1 in cases
I, II’ and	�

a .T / � Q	C.S�/ in case II”, hence CC > 0.

4 The One-Dimensional Case

If d D 1, the notations and definitions introduced in Sect. 1 make sense. Then
G D R

� and H D H1 is the affine group “ax C b” of the line. Condition i � p is
always satisfied for any probability � on R

�, and the analogue of Proposition 1 is
valid verbatim. For the analogue of Theorem 1 one needs to consider the possibility
that S resp. � are arithmetic, i.e. S is contained in a subset of R� of the form f˙ang
for some a > 0. The function k.s/ has the explicit form

k.s/ D
Z

jajsd�.a/:

Also L� D R
log jajd�.a/ D k0.0/. Then, Theorem 1 has the following

analogue, with weaker moment conditions.

Theorem 8. Assume that the probability measure � onH1 and � on R
� satisfy the

following conditions

(a) E.log jAj/ < 0; k.˛/ D 1, for some ˛ > 0.
(b) S is non arithmetic and T has no fixed point.
(c) E.jBj˛/ < 1 and EjAj˛j log jAjj/ < 1.
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Then one has the following convergences:

lim
t!1 t˛PfR > tg D CC

lim
t!1 jt j˛PfR < �tg D C�:

Either supp� D R and then CC; C� > 0 or supp� is a half-line Œc;1Œ (resp.

 � 1; c
) and then CC > 0; C� D 0 (resp. C� > 0;CC D 0).

With respect to [6], the main new situation occurs for the discussion of positivity
of CC, if An > 0 and the r.v. Bn may have arbitrary sign. The proof [17] uses
only the classical renewal theorem and a spectral gap property for the Markov chain
pn on R. If supp� does not preserve a half-line 
 � 1; c
, one considers � as the
entrance time of pn into 
0;1Œ. The spectral gap property gives the finiteness of
E
˛
p.�/ for any p 2 R; using Wald’s identity for the random walk log jSnj, one

gets the finiteness and positivity of log jS� j and then one concludes as for d > 1.
Under stronger assumptions, the positivity of CC has been obtained also in the more
general context of [3], using a complex analytic method for Mellin transform due to
E. Landau, and familiar in analytic number theory. The positivity of CC C C� was
obtained in [6], using P. Levy’s symmetrisation method. For an analytic proof of
these facts, using also Wiener-Ikehara theorem, see ([10], Appendix). In contrast to
Theorem 1 and due to the Diophantine character of the hypothesis, the convergences
stated in Theorem 8 are not robust under perturbation of � in the weak topology.
From that point of view, the respective roles of stable laws and of the Gaussian law
are different for d D 1 and for d > 1.
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