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Abstract. Let k be a positive integer and let G be a graph of order n > 3k + 1,
X be a set of any k distinct vertices of G. It is proved that if d (x) + d (y) >
n + 2k — 2 for any pair of nonadjacent vertices z,y € V (G), then G contains k
disjoint cycles 71, - - -, T such that each cycle contains exactly one vertex in X,
and |T;| = 3 foreach 1 <4 < k or |Ti| = 4 and the rest are all triangles. We
also obtained two results about disjoint 6-cycles in a bipartite graph.
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1 Introduction

In this paper, we only consider finite undirected graphs without loops or multiple edges
and we use Bondy and Murty [1]] for terminology and notation not defined here. Let
G = (V, E) be a graph, the order of G is |G| = |V| and its size is £ (G) = |E|. A
set of subgraphs is said to be vertex-disjoint or independent if no two of them have any
common vertex in G, and we use disjoint or independent to stand for vertex-disjoint
throughout this paper. Let G; and G5 be two subgraphs of G or a subsets of V(G). If
G; and G4 have no any common vertex in G, we define E(G1,G2) to be the set of
edges of G between G and G, and let E(G1,G2) = |E(G1,G2)|. Let H be a sub-
graph of G and u € V(G) a vertex of G, N (u, H) is the set of neighbors of u contained
in H. We let d(u, H) = |N(u, H)|. Clearly, d(u, G) is the degree of v in G, we often
write d(x) to replace d(x, G). The minimum degree of G will be denoted by 6(G). If
there is no fear of confusion, we often identify a subgraph H of G with its vertex set
V(H), foravertex v € V (G) — V (H), we also denote Ny (x) = Ng (z) NV (H)
and dgr (x) = |Npg (x)|. For a subset U of V(G), G [U] denotes the subgraph of G
induced by U. If H is a subgraph in G, we define dyy (U) = > zevdn (z). Let C and
P be a cycle and a path, respectively, we use [ (C) and [ (P) to denote the length of C'
and P, respectively. That is, [ (C) = |C| and [ (P) = |P| — 1. A Hamiltonian cycle
of G is a cycle which contains all vertices of GG, and a Hamiltonian path of G is a path
of G which contains every vertex in G. Let vy, ..., v be k distinct vertices in GG, and
let C1,...,C} be k disjoint cycles passing through vy, . . . vy, respectively, in G. Then
we say that G has k disjoint cycles C1, . .., Cy, with respect to {v1,...vx}. A cycle of
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length 3 is called a triangle and a cycle of length 4 is called a quadrilateral. For a cycle
C with [ (C) = k, we call that C be a k-cycle. Let v be a vertex and H is a subgraph
of G, we say H is a v-subgraph if v € V (H). In particular, a v-cycle or a v-path is a
cycle or path passing through v, respectively. For a graph G, we define

02 (G) = min{d (z) +d(y) [zy ¢ E(G)}

When G is a complete graph, we define o2 (G) = oo.In 1963, Corradi and Hajnal
[2] proved Erdos’s conjecture in the early 1960s which concerns independent cycles
in a graph. They proved that if G is a graph of order n > 3k with § (G) > 2k, then
G contains k disjoint cycles. In particular, when the order of G is exactly 3k, then G
contains k disjoint triangles. In the same year, Dirac [3] obtained the following result.

Theorem 1. (Dirac [3]) Let k, n be two positive integers and let G be a graph of order
n >3k If 6 (G) > (n+ k) /2, then G contains k independent triangles.

Many people have studied the problems of cyclability, which concerns that for a given
subset S of vertices, whether there exists a cycle or several independent cycles that cov-
ering S.Which motivated us to be interested in the following problem, for any k inde-

pendent vertices vy, . . . , Ui, what ensures that there exist £ disjoint triangles C, . . . , C
with respect to {v1, . .., v}, such that each C; (i € {1,2,...,k}) contains exactly one
vertex of v; (i € {1,2,...,k}). For the disjoint triangles covering, Li et al. [6] have

obtained the following result.

Theorem 2. (H.Li [6l]) Let k, n be two positive integers and let G be a graph of or-
der n > 3k, X a set of any k distinct vertices of G. If the minimum degree 6 (G) >
(n+2k)/2, then G contains k disjoint triangles such that each triangle contains ex-
actly one vertex of X.

In this paper, we obtain the following result.

Theorem 3. Let k be a positive integer and let G be a graph of order n > 3k + 1, X
a set of any k distinct vertices of G. If 02 (G) > n+ 2k — 2, then G contains k disjoint
cycles T, ... Ty, such that each cycle contains exactly one vertex in X, and |T;| = 3
foreach 1 <i <k or|Ty| = 4 and the rest are all triangles.

Remark 1. The condition n > 3k + 1 in Theorem 1.3 is necessary since there exists a
graph G with |V (G)| > 4k and o3 (G) = |V (G)| + k — 1 such that G does not even
contain k vertex disjoint triangles (see [3])).

The remainder of this paper is organized as follows. In Section 2, we list several lemmas
which will be used to prove Theorem 1.3 in Section 3. In Section 4, we obtain two
results about disjoint 6-cycles in a bipartite graph and conclude this paper in Section 5
by proposing two related problems.
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2 Lemmas

Lemma 1. [4] Let P = ujuy...us(s > 2) be a path in G, uw € V (G) — V (P),
when vuy ¢ E(G), if d(u, P) + d(us, P) > s, then G has a path P' with vertex
set V(P') = V (P) U {u} whose end vertices are u and uy. When uu; € E (G), if
d (u, P)+d (us, P) > s+1, then G has a path P’ with vertex set V (P’) =V (P)U{u}
whose end vertices are u and uq.

Lemma 2. [4] Let P = wjus...us be a path with s > 3 in G. If d (us, P) +
d(uy, P) > s, then G has a cycle C with V (C) =V (P).

3 Proof of Theorem 1.3

Proof. Suppose that G does not contain & disjoint cycles 77, ...,T}) such that each
cycle contains exactly one vertex in X and |T| = 4 and the rest are triangles. We prove
that G contains k disjoint triangles 77, . . . T}, such that each cycle contains exactly one
vertex in X. Suppose this is false, let G be an edge-maximal counterexample. Since
a complete graph of order n > 3k + 1 contains k disjoint triangles such that each
triangle contains exactly one vertex of X, thus, GG is not a complete graph. Let u and
v be nonadjacent vertices of G and define G’ = G + wv, the graph obtained from G
by adding the edge uv. Then G’ is not a counterexample by the maximality of G, that
is, forany X = {v1,...,vx} C V (G), G’ contains k disjoint triangles T, ... T}, with
respect to {v1, ..., v}

Claim. k> 2

Proof. Otherwise, suppose & = 1. By the classical result of Ore, G contains a
Hamiltonian cycle C' = y19y2 - - - y,y1. We may assume that v; = ¥, otherwise, we
can relabel the index of C.

We consider the path P = y1y2y3y4. Then y1ys ¢ F (G), yoys ¢ E (G),

N(@,C—V(P) N N(ys,C-V(P) = ¢ and N(ys,C—V(P) N
N (y4,C =V (P)) = ¢. Then it follows that 2n < X, cy(pyd(z,G) <
6 + 2 (n —4) = 2n — 2, a contradiction.

By the choice of G, there exists v € {v1,vs ..., v;} such that G contains k— 1 triangles
Ti,...Te—1 with respect to {vy, vz ..., ve} — {v}, v ¢ V (U f:_llTi). Subject to this,
we choose v € {v1,v2...,v;} and k — 1 triangles T7, . . ., Tj,—1 with respect to

{v1,v2...,v5} — {v} such that
k-1
The length of the longest v-path in G — V < U TZ> . (H
i=1

Let P = u; ... us be alongest v-pathin G — V (| f:_llTi). Subject to (1), we choose

v € {v1,v2...,v}, k — 1 vertex disjoint triangles T4,...,T;_1 with respect to
{v1,v2...,v5} — {v} and P such that

A (v, P). 2
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Without loss of generality, suppose that v = vy and v; € V (T;) for each i €
{1,2,...,k—1}. Let H = U"!T;, D = G — H and |D| = d. Clearly, d > 4 as

n > 3k + 1. Furthermore, by the choice of G, s > 3.
Claim. P is a Hamiltonian path of D.

Proof. Suppose s < d. We choose an arbitrary vertex xg € D—V (P). Clearly, zou; ¢
E (GQ) and zous ¢ F (G).Note s > 3, by (1) and Lemma 2.1, d (zg, P) + d (u1, P) <
s—1.Sinced (x9,D =V (P)) <d—s—1andd(u1,D — V (P)) = 0, it follows that
d(zo, D) + d(u1,D) < d — 2. By the assumption on the degree condition of G, we
have

d(zo, H)+d(u, H) > (n+2k—-2)—(d—2)=5(k—-1)+2

This implies that there exists T; € H, say T4, such that d (zo, Th) + d (u1,T1) = 6. Let
T1 = viwiwevy. If we replace T7 with zgwov; g, we obtain a path P’ = wyug ... us
with | P’| = | P| + 1, contradicting (1).

Claim. If X\ (vg, P) = 0 or 1, then D is Hamiltonian.

Proof. By Claim 3.2, D contains a Hamiltonian path P = wu; ... uq passing through
vg. If uyug € E (G), then we have nothing to prove. So, u1uq ¢ E (G). By symmetry,
if A(vg, P) = 0, we may assume that vy, = uy. If A (v, P) = 1, we assume that
Vi = U2.

If there exists 7; € Hy such that d(u1,T;) + d (uq,T;) = 6, then there exists
w € V (T;) with uyw € E (G) such that T; — w + ug contains a triangle 7}’ passing
through v;. If we replace T} with T}', we see that D contains a vg-path P/ = P — ug +
w. However, A (vg, P’) = A(vg, P) + 1, contradicting (2) while (1) still maintains.
Hence,d (u1,T;) + d(uq,T;) < 5 foreach T; € H and so d (uy, H) + d (ug, H) <
5 (k — 1). It follows that

d(ui,D)+d(ug, D) >n+2k—-2-5(k—-1)=d.
By Lemma 2.2, D contains a Hamiltonian cycle. This proves the claim.

Case 1. d = 4.

By Claim 3.3, D contains a Hamiltonian cycle C. Then G contains k£ — 1 disjoint trian-
gles Ty, Ty, ..., Tk—1 and a quadrilateral C' with respect to {v1,va, ..., vy}, a contra-
diction.

Case2.d > 5.

By Claims 3.2 and 3.3, for each vi-path P’ of length 4 in D, we may assume that
A(vg, P') = 2. Let P’ = y1y2y3yays be an arbitrary vy-path of length 4, then vy, =
ys. Since D does not contain a triangle passing through ys = vy, hence, y1ys ¢
E(GQ) and yoys ¢ E(G). Let P’ = P’ — y5. Since D contains no quadrilateral
passing through v, = ys, then N (y;, D — V (P”)) N N (y3,D — V (P")) = ¢ and
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N (y2, D =V (P"))NN (ya, D =V (P")) = ¢.S0, 3
6 = 2d — 2. This gives that

sev(pryd (2.D) < 2(d — )+

> d(x,H)>2(n+2k-2)—(2d—2) =10(k—1)+2
xzeV(P')
This implies that there exists T; € H, say Ty, such that E (P"”,Ty) > 11. That is, there
is at most one edge absent between P and T. Let T} = vywiwovy.
We claim that d (y3, T1) = 2. Otherwise, say d (ys,T1) = 3. If G [{y1, Y2, v1}] con-
tains a triangle, denoted by 7', then G contains & disjoint triangles T4/, T», ... Ty _1,

yswiways with respect to {v1,va, ..., vy}, a contradiction. Hence, E (v1,y1y2) < 1
and E (P”,T1) < 11, which yields to d (y4,71) = 3 and yawe € E (G). Conse-
quently, G contains k disjoint triangles yswyv1 Y4, To, - - ., Tk—1, Y2ysway2 With respect
to {v1,v2,..., v}, a contradiction.

Since d (y3,T1) = 2, without loss of generality, say ysws € E (G). Furthermore,
we have d (y;,T1) = 3 for each ¢ € {1,2,4}. Then G contains k disjoint triangles
Y1Y20191, T2, . . . Tk—1 and ysyswoys with respect to {v1, ve, . .., vk}, a contradiction.
This completes the proof of Case 2 and the proof of Theorem 3.

4 Bipartite Graph

In this section, we consider the disjoint 6-cycles in a bipartite graph. We list several
useful lemmas.

Lemma 3. Let C be a 6-cycle of G. Let x € V1 and y € Vs be two distinct vertices not
onC. Ifd(x,C) +d(y,C) > 5, then there exists z € V (C) such that C — z+ z isa
6-cycle and yz € E (G).

Proof. Without loss of generality, let C = z125 ... z¢x1 wWitha; € V1. If d (z,C) = 3,
since d (y, C') > 2, take any neighbor of N (y, C) as z, the lemma is obvious. Hence,
we may assume that d (z,C) =2 and d (y,C) = 3. If N (z,C) = {2, 24}, then C —
x3+x is a 6-cycle with yzz € E (G), we are done. By symmetry, we have N (z,C) =
{2, x6}. Then C — x1 + x is a 6-cycle with yx; € E (G). This proves the lemma.

Lemma 4. [7] Let C be a 6-cycle, P, P, and P3 be three paths in G with
1(P) = l(P2) = l(P;) = 1. Suppose that C, P\, P, and Ps are disjoint and
E(C,PLUP,UP;) > 13, then G|V (CU P, UPyU Ps)| contains a 6-cycle C' and
a path P of order 6 such that C' and P are disjoint.

Lemma 5. [[/]] Let P, and Py be two disjoint paths in G with 1 (P1) = 1 (Py) = 5. If
E (P, Py) > 7, then G|V (P U Py)] contains a 6-cycle.

Lemma 6. [[7] Let C be a 6-cycle, Py and Py be two paths in G with | (P1) =
1 (P2) = 5. Suppose that C, Py and P» are disjoint and E (C, P, U Py) > 25, then
G [V (C U Py U Py)] contains two disjoint 6-cycles.

Theorem 4. Let k be a positive integer and G = (Vi, Va; E) a bipartite graph with
|Vi| = |Va| = 3k. Suppose 6 (G) > 2k, then G contains k — 1 disjoint 6-cycles and a
path of order 6 such that all of them are disjoint.
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Proof. Suppose on the contrary, G does not contain k disjoint 6-cycles and a path of
order 6. Let G be an edge-maximal counterexample. Since a complete bipartite graph
with |V} | = V2| = 3k contains k disjoint 6-cycles and a path of order 6 such that all of
them are disjoint. Thus, G is not a complete bipartite graph. Take any nonadjacent pair
u € Vi andv € Vo, G+xy contains k disjoint 6-cycles and a path of order 6 such that all
of them are disjoint. This implies G contains k& — 2 disjoint 6-cycle Q1, @2, . .., Qr—_1
and a subgraph D. We divide the proof into two cases:

Case 1. D contains a 6-cycle, denoted by Q.

Let H = U¥ Q; and D = G — V (H). We may assume that D contains at least one
edge. Otherwise, take any pair of u € Vi N D and v € Vo N D. Then uv ¢ E (G) and
d(u, D) + d (v, D) = 0. Consequently, d (u, H) + d (v, H) > 4 (k — 1) + 4, which
implies that there exists (); € H such that d (u,Q;) + d (v,Q;) > 5. By Lemma 3,
G [V (Q:) U {u,v}] contains a 6-cycle ;" and edge e such that ;" and e are disjoint.
Replace Q; with Q;’, we see D contains an edge.

Let uv be an edge in D with v € Vi3 N D. An argument analogous to the process
of above can lead to D contains three disjoint edges. Denoted by uv, xy and ab with
{u,z,a} C Vi. Now we will prove that D contains a path of order 6. Otherwise,
E (D) < 5 and so we have

> d(z,H)>12k—10=12(k - 1) + 2
zeV (D)
This implies that there exists Q; € H suchthat }° i pyd(z,Q;) > 13. By Lemma 4,

G [V (Q; U D)] contains a 6-cycle Q;" and a path P of order 6 such that C’ and P are
disjoint. Replace Q; with Q;’, we see that D contains a path of order 6, a contradiction.

Case 2. D contains two disjoint paths of order 6, denoted by P; and P».

In this case, G contains k — 2 disjoint 6-cycles Q1, Q2, . Qr—2. Let H' = Uf:_f i- By
Case 1, we may assume that G [V (P U P;)] contains no 6-cycle. Thisleadsto E (P;) <
7and F (P2) < 7and FE (P;, P,) < 6 by Lemma 5. Consequently, we obtain

> d(x,H) > 24k — 40 =24 (k — 2) + 8
€V (P1UPs)
This implies that there exists Q; € H' such that }° .y (p p,)d(z,Qi) = 25. By

Lemma 6, G [V (Q; U P, U P,)] contains two disjoint 6-cycles. By Case 1, we obtain
a contradiction. This completes the proof of Theorem 4.

Theorem 5. Let k be a positive integer and G = (V1,Va; E) a bipartite graph with
[Vi| = |Va| = 3k. Suppose § (G) > 2k, then G contains k disjoint 6-cycles or k — 1
disjoint 6-cycles and a quadrilateral such that all of them are disjoint.

Proof. Suppose that G does not contain k — 1 disjoint 6-cycles and a quadrilateral such
that all of them are disjoint, we will show that G contains k disjoint 6-cycles. Suppose
that this is not true. Let G be a edge-maximal counterexample. That is, for any pair
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of nonadjacent vertices u € V; and v € V5, G + wwv contains k disjoint 6-cycles. This
implies G contains k — 1 disjoint 6-cycles 1, . .. Qx—1 and a path P of order 6. Denote
H = UL,Qs.

Since G [V (P)] does not contain a quadrilateral or a 6-cycle, we see that E (P) = 5.
Therefore, 3y (pyd (z, H) > 12k — 10 = 12 (k — 1) + 2. This implies that there
exists Q; € H suchthat } - . pyd (z,Q;) > 13. By our assumption, G [V (Q; U P)]
contains two disjoint 6-cycles or two disjoint cycles with one quadrilateral and the other
6-cycle.

Without loss of generality, say QQ; = ajaz...a¢a; and P = z1x5...%6%1
with {a1,21} C Vi. Set d (a1, P) = max{d(a;, P)|i € {1,2,3,4,5,6} }. Clearly,
d(a1,P) > ['?] = 3, which means N (x1, P) = {2, 24, z¢}. Furthermore, we ob-
serve that d (z;,Q;) < 1foreach j € {1, 3,5}. Otherwise, without loss of generality,
say d (z1,Q;) > 2.1f {as,a6} C N (z1,Q;), then G [V (Q; U P)] contains a 6-cycle
P —1x1+a1, which disjoint from a quadrilateral 1 a4asa6x1, a contradiction. Hence, by
symmetry, we may assume that {az,a6} C N (21, Q;). Then G [V (Q; U P)] contains
two disjoint 6-cycles P —x1 +a and C — a1 + 21, a contradiction. Consequently, it fol-
lows that £/ (Q;, P) < 3+ 3+ 6 = 12, which contradicts the fact that £ (Q;, P) > 13,
a final contradiction.

Remark 2. The degree condition in Theorem 4 is sharp in general. To see this, we con-
struct bipartite graph G for positive integer as follows. Let G1 = (A, B; Eq) and G2 =
(X,Y; E2) be two independent complete bipartite graph with |A| = |Y| = 2(k—1)
and |B| = |X| = k 4 2. Then G consists of G1, G1 and a set of & + 2 indepen-
dent edges between B and X, and finally, join every vertex in A to every vertex in Y.
Clearly, (AU X, BUY) is a bipartition of G. It is easy to see that G' does not contain
k — 1 disjoint 6-cycles and a path of order 6 such that all of them are disjoint. We see
that the minimum degree of G is 2k — 1.

5 Conjectures

To conclude this paper, we propose the following two conjectures for readers to discuss.

Conjecture 1. Let k > 2, n be two positive integers and let G be a graph of order
n > 3k + 1, X aset of any k distinct vertices of G. If 02 (G) > n+ 2k — 1, G contains
k disjoint triangles 77, . . . T}, such that each triangle contains exactly one vertex in X .

Conjecture 2. Let k be a positive integer and G = (17, Va; E) a bipartite graph with
|[Vi| = |Vz2| = 3k. Suppose 6 (G) > 2k, G contains k disjoint 6-cycles.

If Conjecture 2 is true, the degree condition is also sharp by Remark 2.
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