
Chapter 1
Formation Control of Autonomous
Underwater Vehicles Based on Finite-
Time Consensus Algorithms

Jian Yuan, Zhong-Hai Zhou, Hua Mu, Yu-Ting Sun and Lei Li

Abstract Formation control of autonomous underwater vehicles is investigated.
A finite-time consensus algorithm for second-order system is proposed, the
consensus on velocities of AUV (linear velocity and angular velocity) and posi-
tions (displacement and attitude) are carried out with the finite-time consensus.
Because of the limited communication range, the communication ranges of AUVs
are predefined, so the AUVs system is modeled as a networked system with
variable communication topologies. We demonstrate the formation control of
multiple AUVs with different communication ranges, which show that the finite-
time consensus on positions and velocities is obtained. Finally, we demonstrate
the formation control of multiple AUVs with constraints on maximum velocity.
Simulation results verify the effectiveness of the proposed control algorithms.

Keywords Autonomous underwater vehicle � Formation control � Finite-time
consensus

1.1 Introduction

Cooperative control of multiple autonomous underwater vehicles (AUV) plays an
important role on marine scientific investigation and marine development. The
formation of multi-AUV can significantly enhance applications on the marine
sampling, imaging, surveillance and communications. Compared to the formation
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control of multi-robot, the formation control of multi-AUV is particularly difficult,
especially on controlling attitude and direction of AUV; what is more, the com-
munication method among AUVs is acoustic. When communication distance
increases, the communication qualities deteriorate quickly; this mainly makes
time-delay, signal attenuation and distortion. Although formation control of
multiple AUVs obtains a wide range of attention in recent years, the fruits on
formation control problem are less than ones on land multi-robot problems. For
example, Fiorelli conducted a collaborative and adaptive sampling research of
multi-AUV at the Monterey Bay [1]; Yu and Ura carried out the cable-based
modular fast-moving and obstacle-voidance experiments, and presented an inter-
connected multi-AUV system with three-dimension sensors. On the aspect of
formation control framework [2–4] proposed a four-layer cooperative control
strategy based on hierarchical structure; Ref. [5] proposed a hierarchical control
framework based on hybrid model. In addition, Yang converted a nonholonomic
system to a chain one and designed a controller to implement a leader-follower
formation for multiple AUVs in [6]. Formation control of land multi-robot has
appeared more sophisticated control methods. Kalantar and Zimmer [7] studied the
distributed formation control. References [8, 9] adopted the centralized formation
control based on virtual structure; Refs. [10–13] used a distributed formation
framework based on virtual structure to realize the formation control. Do studied
the control of robot formation with limited communications [14], Dong and Farrell
[15] studied collaboration control of robots with nonholonomic constraints, Kumar
et al. [16] studied the cooperative control of robots with nonholonomic constraints
based on omni-direction vision and designed distributed controllers and estimators.
The authors proposed synchronization methods for two categories of complex
networks: linearly and nonlinearly time-delay coupled networks with multiple
agents in [17]. Convergence analysis of decentralized slot time synchronization
algorithms for wireless Ad Hoc networks is shown with multiple-agent technol-
ogies in [18]. The formation control for multiple autonomous underwater vehicles
is rather different than the control methods for other vehicles, because the for-
mation control for AUVs is of its characteristics, such as the large-scale distri-
bution in space. The finite-time consensus controller designing based on finite-time
control and consensus problem has important theoretical and practical signifi-
cance. Wang and Xiao [19] proposed a finite-time formation control framework
for the large-scale multiple agents. The formation information is divided into the
global information and local information, the former decides the formation shape
of the whole formation, and only the leader can obtain such whole information but
followers can only obtain the local information. This framework can greatly
reduce the amount of communication between the agents. And then they designed
a nonlinear consensus algorithm to time-varying, time invariant formation and
trajectory tracking control. Wang and Hong [20] proposed a few kinds of algo-
rithms for agents’ network with a dynamic coupled topology. And then they
designed a finite-time consensus protocol with Lyapunov function and graph
theory and proposed a time invariant nonsmooth controller.
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The decentralized controller methods for the autonomous underwater vehicle
are applied more and more, but they ignore the coupling relationship between
them. Another method is that an AUV is modeling as an agent, but this method
ignores attitude characteristics of AUV’s (pitch, roll and yaw). In this paper, we
consider the cooperative control problem in three dimensional spaces. The pro-
posed algorithm is based on finite-time consensus algorithms to realize the for-
mation control for underwater vehicles. Finally, the simulation results show the
effectiveness of the control strategy.

1.2 A Modeling of AUV in Three-Dimension Space

Firstly, we establish two coordinate frames: the geocentric inertial coordinate frame
O-xyz and the body-fixed coordinate frame E-xhz. The origin O in inertial coor-
dinate frame is defined in some point at sea level, the O-x and O-y are in horizontal
level, and O-x is parallel with the longitude and points northwardly, O-y is parallel
with the latitude and points eastwardly, and O-x is perpendicular to horizontal level
and points to the earth’s core. The three axes form the right-hand screw relation.
The origin O in body-fixed coordinate frame is defined in some point at the AUV’s
cancroids. E-x is defined in longitudinal section plane and points to the orientation
of linear velocity, E-h is perpendicular to the portrait section plane and points to the
right-hand orientation, and E-z is in the longitudinal section plane and points to the
down orientation. Also the three axes form the right-hand screw relation. E-x,
E-h and E-z are inertia principal axis of an AUV. The coordinates of AUV i in
inertial coordinate frame are shown in Fig. 1.1.

The transformation matrix from the inertial coordinate frame to the body-fixed
coordinate frame is

Ti ¼
Tvi 0
0 Twi

� �
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Fig. 1.1 The coordinates of
AUV i in coordinate frame
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Tvi ¼
cos bi cos ai � sin bi cos ci þ cos bi sin ci sin ai sin bi sin cii þ cos bi cos ci sin ai

sin bi cos ai cos bi cos ci þ sin bi sin ci sin ai � cos bi sin ci þ sin bi cos ci sin ai

� sin ai sin ci cos ai cos ci cos ai

2
4

3
5

Twi ¼
1 tan bi sin ci tan bi cos ci

0 cos ci � sin ci

0 sin ci= cos bi cos ci= cos bi

2
4

3
5

where ai is the roll angle of AUV i, bi is the pitch angle of AUV i and gi is the yaw

angle of AUV i. We define Xi ¼ xsi ysi zsi fi qi ji½ �T, which denotes the

positions and attitudes, and vi ¼ ½ ui vi wi pi qi ri �T which denotes the
linear velocity and the angular velocity in body-fixed coordinate frame. So
_Xi ¼ T�1

i � vi ¼ Vi. Then we define Ui ¼ _V as acceleration in the inertial coor-
dinate frame. So the dynamics equation is modeled as the following second-order
system

_Xi ¼ Vi

_Vi ¼ Ui

ð1:1Þ

1.3 Finite-Time Second-Order Consensus Control
Algorithm Based on Positions of Virtual Leader

The proposed formation control scheme is only based on the position information
of the virtual leader, which makes a consensus on the distance Hi with its position
vector minus the range from its position to the virtual leader. That means
the position vector of the virtual leader belonging to every AUV Xi

vl

(Xi
vl ¼ Xið1 : 3Þ �Hi) will reach a consensus: Xi

vl ! X j
vl; i 6¼ j. So AUVs form a

fixed shape shown in Fig. 1.3. The proposed control algorithm still require linear
velocity vector, angular velocity vector and angular position vector in inertial
coordinate frame to reach a consensus in finite time and obtain a consensus on
position vectors of the virtual leader for every AUVs. So there is a time ts when
t � ts the following equations hold

Xi
vl � X j

vl

�� �� ¼ 0
Xið4 : 6Þ � Xjð4 : 6Þ
�� �� ¼ 0

Vj � Vi

�� �� ¼ 0; i 6¼ j; j 2 Nj

8<
:
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where Nj denotes the set of all neighbor AUVs, �k k denotes the vector norm and Hi

denotes the distance vector from AUV i to the virtual leader. The expression of Hi

with seven AUVs is as follows

Hi ¼
sinð3p=4Þ rði� 4Þ 0:5r rð4� iÞ½ �T; i ¼ 1; 2; 3; 4

cosð3p=4Þ rð4� iÞ 0:5r rð4� iÞ½ �T; i ¼ 5; 6; 7

(

where r denotes the predefined unit distance.
For the second-order system in Eq. (1.1), we propose a following consensus

protocol with the second-order dynamic equation

Ui ¼
X
j2Nj

ðasgnðX j
vl � Xi

vlÞ ðX
j
vl � Xi

vlÞ
�� ��vþ bsgnVj � ViÞ Vj � Vi

�� ��vÞ ð1:2Þ

where 0 \ a; b � 1 and 0 \ v \ 1 are the convergence coefficients, �j j denotes the
absolute value of every element, and sgnð�Þ denotes the vector sign function with

the expression sgnðrÞ ¼ signðr1Þ � � � signðriÞ � � � signðrnÞ½ �T where r ¼ r1 � � �½
ri � � � rn 2 Rn� denotes a vector with

signðriÞ ¼
1; ri [ 0

0; ri ¼ 0

�1; ri\0

8><
>:

We define sigðrÞq ¼ sgnðrÞ rj jq¼ signðr1Þ r1j jq� � � signðriÞ rij jq� � � signðrnÞ½
rnj jq�T.

So Eq. (1.2) can be written as

Ui ¼
X
j2Nj

ðasigðX j
vl � Xi

vlÞ
v þ bsigðVj � ViÞvÞ:

In the following section the boundedness of the closed loop system is verified
with consensus protocol in (1.2).

Proof (The sign � denotes the product of corresponding elements of a vector)
We define a vector Lyapunov function

V ¼
Xn

i¼1

Xn

j¼1

Z X j
vl�Xi

vl

0
asigðsÞv � ds þ

Xn

i¼1

Vi � _Vi

,
2:

Solve the differential coefficients along the closed loop system trajectory, and

we notice that sigðX j
vl � Xi

vlÞ
c is odd function, we obtain
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_V ¼
Xn

i¼1

Vi � _Vi þ
Xn

i¼1

Xn

j¼1

asigðXi
vl � X j

vlÞ
v � ds

¼
Xn

i¼1

Vi �
Xn

i¼1

ðasigðX j
vl � Xi

vlÞ
v þ bsigðVj � ViÞvÞ �

Xn

i¼1

Xn

j¼1

asigðX j
vl � Xi

vlÞ
v � Vi

¼
Xn

i¼1

Xn

j¼1

bVi � sigðVj � ViÞv

¼ 1
2

Xn

i¼1

Xn

j¼1

ðbþ bÞVi � sigðVj � ViÞv

Notice that ðVi � VjÞ � sigðVj � ViÞv ¼ Vi � Vj

�� ��1þv
, so

_V ¼ 1
2

Xn

i¼1

Xn

j¼1

bðVi � VjÞ � sigðVj � ViÞv � 0:

Because of the limited communication range of every AUV, which means the
AUV communicate only with the AUVs in communication range (noted as
SetDis). In the formation shaping procedure the communication topology is
dynamic which means the matrix AðtÞ is time variant.

1.4 Numerical Simulations

We simulate some squares in space as AUVs with velocity and attitude. The
effectiveness of the control scheme is shown with two simulation results. Choose
a ¼ 1; b ¼ 1; v ¼ 0:3 and SetDis ¼ 30ðmÞ. Simulation results is shown in
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Fig. 1.2 Formation control with 7 AUVs
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Figs. 1.2, 1.3 and 1.4. From the simulation results, we notice that the AUVs form
the desired shape in the finite time and the attitudes of all AUVs reach a consensus
in finite time.

1.5 Conclusions

The formation control problem based the proposed consensus algorithm in two
cases is investigated. The effectiveness of the proposed finite-time consensus is
verified. Typically the velocity of AUV can not instantaneously increase to
infinity; it will definitely lengthen the synchronization time or lead the formation
can not achieve the desired formation shape in the presence of maximum speed
constraint. So the formation fault diagnosis and formation reconfiguration problem
is the next focus of our research.
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Fig. 1.3 Consensus on position x
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Fig. 1.4 Consensus on linear velocity x
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