
Chapter 2
A Class of Robust Solution for Linear
Bilevel Programming

Bo Liu, Bo Li and Yan Li

Abstract Under the way of the centralized decision-making, the linear bi-level
programming (BLP) whose coefficients are supposed to be unknown but bounded
in box disturbance set is studied. Accordingly, a class of robust solution for linear
BLP is defined, and the original uncertain BLP was converted to the deterministic
triple level programming, then a solving process is proposed for the robust solu-
tion. Finally, a numerical example is shown to demonstrate the effectiveness and
feasibility of the algorithm.

Keywords Box disturbance � Linear bilevel programming � Robust optimization �
Robust solution

2.1 Introduction

Bilevel programming (BLP) is the model with leader-follower hierarchical
structure, which makes the parameter optimization problems as the constraints
(Dempe 2002). In its decision framework, the upper level programming is con-
nected with not only the decision variables in its level but also with the optimal
solution in the lower level programming, while the optimal solution in the lower
lever programming is affected by decision variables in the upper level
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programming. Due to the leader-follower hierarchical structure problems widely
exist in the realistic decision-making environment, the scholars have been paying
great attention to BLP and have brought about good results on the theory and
algorithms (Bialas and Karwan 1982; Fortuny-Amat and McCarl 1981; Mathieu
et al. 1994; Lai 1996). Some degree of uncertainty exists in realistic decision-
making environment, such as the inevitable error of measuring instrument in data
collection, incompleteness in data information, the approximate handle for the
model and other factors; hence it is necessary to study on the uncertain Bilevel
programming. For the uncertainty problem, the fuzzy optimization and stochastic
optimization have been applied widely. However, it is difficult for decision-makers
to give the precise distribution functions or membership functions which are
required in above methods. Thus, the robust optimization become an important
method, because it can seek for the best solution for the uncertain input without
considering the parameter distribution of uncertain parameters and is immune from
the uncertain data (Soyster 1973).

For the uncertain BLP, the definition of robust solution is influenced by the
dependent degree of the upper and lower levels in the decision-making process.
When the dependent degree is relative independence, the robust solution to the
uncertain BLP is defined by the way of the decentralized decision-making (Li and
Du 2011); when the dependent degree is relative dependence, the robust solution
to the uncertain BLP is defined by the way of the centralized decision-making, that
is, when the lower level seeks its own robust solution, it considers the influence to
the robust solution of the upper level firstly. In the paper, the latter case will be
discussed, and the coefficients of BLP are supposed to be unknown but bounded in
box disturbance set. By the transform of the uncertain model, the robust solution of
BLP is obtained. Finally, a numerical example is shown to demonstrate the
effectiveness and feasibility of the algorithm.

2.2 The Definition of Robust BLP

2.2.1 The Model and the Definition

In this paper we consider Linear BLP formulated as follows:

min
x

Fðx; yÞ ¼ cT
1 xþ dT

1 y

s:t:where y solves

min
y

f ðx; yÞ ¼ cT
2 xþ dT

2 y

s:t:Axþ By� h

x; y� 0

ð2:1Þ
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In model (2.1),

x 2 Rm�1; y 2 Rn�1; cl 2 Rm�1; dl 2 Rn�1; l 2 f1; 2g;
A 2 Rr�m; B 2 Rr�n; h 2 Rr�1;

there is some uncertainty or variation in the parameters c1; d1; c2; d2;A;B; h. Let
ðc1; d1; c2; d2;A;B; hÞ 2 l, l is a given uncertainty set in Box disturbance as
follows:

l :¼ ðcl; dl;A;B; hÞ

cli ¼ c�li þ uclð Þi;� uclð Þ
�
i � uclð Þi� uclð Þ

�
i

dlj ¼ d�lj þ udlð Þj;� udlð Þ
�
j � udlð Þj� udlð Þ

�
j

aki ¼ a�ki þ uAð Þki;� uAð Þ�ki� uAð Þki� uAð Þ�ki

bkj ¼ b�kj þ uBð Þkj;� uBð Þ�kj� uBð Þkj� uBð Þ�kj

hk ¼ h�k þ uhð Þk;� uhð Þ�k � uhð Þk � uhð Þ�k
l ¼ f1; 2g; i 2 1; . . .;mf g;
j 2 1; . . .; nf g; k ¼ 1; . . .; rf g:

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

8

>>>>>>>>>>>><

>>>>>>>>>>>>:

9

>>>>>>>>>>>>=

>>>>>>>>>>>>;

ð2:2Þ

For l ¼ f1; 2g; i 2 1; . . .;mf g; j 2 1; . . .; nf g; k ¼ 1; . . .; rf g, c�li; d
�
lj; a
�
ki; d

�
kj; h

�
k

are the given data, and uclð Þ
�
i ; udlð Þ

�
j ; uAð Þ�ki; uBð Þ�kj; uhð Þ�k are the given nonnegative

data.
Under the way of the centralized decision-making, the robust solution of

uncertain BLP (1) is defined as follows:

Definition 1
(1) Constraint region of the linear BLP (1):

X ¼ ðx; yÞ Axþ By� h; x; y� 0; ðA;B; hÞ 2 ljf g

(2) Feasible set for the follower for each fixed x

XðxÞ ¼ y Axþ By� h; x; y� 0; ðA;B; hÞ 2 ljf g

(3) Follower’s rational reaction set for each fixed x

MðxÞ ¼ y y 2 arg min
cT

2 xþ dT
2 y; y 2 XðxÞ;

ðA;B; hÞ 2 l

( )�
�
�
�
�

( )

(4) Inducible region:

IR ¼ ðx; yÞ ðx; yÞ 2 X; y 2 MðxÞjf g:
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Definition 2 Let

F :¼ ðx; y; tÞ 2 Rm � Rn � R
cT

1 xþ dT
1 y� t

ðx; yÞ; ðc1; d1Þ 2 l

�
�
�
�
�

( )

The programming

min
x;y;t

t ðx; y; tÞ 2 Fjf g ð2:3Þ

is defined as robust counterpart of uncertain linear BLP(1); F is defined as the
robust feasible set of uncertain linear BLP(1).

2.2.2 The Transform of Uncertain BLP Model

Under the way of the centralized decision-making, based on the original idea of
robust optimization that the objective function can get the optimal solution even in
the worst and uncertain situation, the transform theorem can be described as
followings:

Theorem The robust linear BLP (1) with its coefficients unknown but bounded in
box disturbance set l is equivalent to Model (2.4) with certain coefficients as
followings:

min
x

Fðx; yÞ ¼
Xm

i¼1

c�1i þ lc1

� ��
i

� �

xi þ
Xn

j¼1

d�1j þ ld1

� ��
j

� �

yj

s:t:where d2 solves

max
d2

Xm

i¼1

c�1i þ lc1

� ��
i

� �

xi þ
Xn

j¼1

d�1j þ ld1

� ��
j

� �

yj

s:t: d�2j � ud2ð Þ�j � d2j� d�2j þ ud2ð Þ�j ; j ¼ f1; . . .; ng;
where y solves

min
y

f ðx; yÞ ¼ dT
2 y

s:t:
Xm

i¼1

a�ki � lAð Þ�ki

� �

xi þ
Xn

j¼1

b�kj � lBð Þ�kj

� �

yj� h�k þ ðlhÞ�k ;

k ¼ 1; . . .; rf g
x; y� 0:

ð2:4Þ

Proof (1) Firstly, the constraint region X of the linear BLP (1) is transformed into
the certain region. Consider the constraint region of the linear BLP (1):
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X ¼ ðx; yÞ Axþ By� h; x; y� 0; ðA;B; hÞ 2 ljf g

According to the process of the transformation (Lobo et al. 1998), we can
obtain

Axþ By� h; ðA;B; hÞ 2 l

, 0� min
lA;lB;lh

Xm

i¼1

akixi þ
Xn

j¼1

bkjyj � hk

aki ¼ a�ki þ uAð Þki;

� uAð Þ�ki� uAð Þki� uAð Þ�ki;

bkj ¼ b�kj þ uBð Þkj;

� uBð Þ�kj� uBð Þkj� uBð Þ�kj;

hk ¼ h�k þ uhð Þk;

� uhð Þ�k � uhð Þk � uhð Þ�k ;

i 2 f1; . . .;mg; j 2 f1; . . .; ng;

k 2 f1; . . .; rg

�
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�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

8

>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>:

9

>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>;

, 0�
Xm

i¼1

a�kixi þ
Xn

j¼1

b�kjyj � h�k

þ min
lA;lB;lh

Xm

i¼1

uAð Þkixi þ
Xn

j¼1

uBð Þkjyj � uhð Þk

� uAð Þ�ki� uAð Þki� uAð Þ�ki

� uBð Þ�kj� uBð Þkj� uBð Þ�kj

� uhð Þ�k � uhð Þk � uhð Þ�k
i 2 f1; . . .;mg; j 2 f1; . . .; ng;

k 2 f1; . . .; rg

�
�
�
�
�
�
�
�
�
�
�
�
�
�

8

>>>>>>>><

>>>>>>>>:

9

>>>>>>>>=

>>>>>>>>;

,
x;y� 0

8k2f1;...;rg
0�

Xm

i¼1

a�ki � uAð Þ�ki

� �

xi þ
Xn

j¼1

b�kj � uBð Þ�kj

� �

yj � h�k þ uhð Þ�k
� �

,
Xm

i¼1

a�ki � uAð Þ�ki

� �

xi þ
Xn

j¼1

b�kj � uBð Þ�kj

� �

yj� h�k þ uhð Þ�k ; k 2 f1; . . .; rg

ð2:5Þ

So the linear BLP (1) is transformed into the model (2.6) as followings:
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min
x

Fðx; yÞ ¼ cT
1 xþ dT

1 y

s:t:where y solves

min
y

f ðx; yÞ ¼ cT
2 xþ dT

2 y

s:t:
Xm

i¼1

a�ki � uAð Þ�ki

� �

xi þ
Xn

j¼1

b�kj � uBð Þ�kj

� �

yj� h�k þ uhð Þ�k

k ¼ 1; . . .; rf g
x; y� 0

ð2:6Þ

(2) Next, according the equivalent form (Lobo et al. 1998)

min
x

f ðxÞ
s:t: x 2 D

,
min

x;t
t

s:t: f ðxÞ� t
x 2 D

and the K-T method, the model (2.6) can be transform-ed into the model (2.7) (Li
and Du 2011):

min
x;t

Fðx; yÞ ¼ t

s:t: cT
1 xþ dT

1 y� t

where y solves

min
y

f ðx; yÞ ¼ cT
2 xþ dT

2 y

s:t:
Xm

i¼1

a�ki � ðuAÞ�ki

� �

xi þ
Xn

j¼1

b�kj � ðuBÞ�kj

� �

yj� h�k þ ðuhÞ�k

k ¼ 1; . . .; rf g
x; y� 0

ð2:7Þ

(3) Similar to the transformation (2.5),

cT
1 xþ dT

1 y� t; ðc1; d1Þ 2 l ,
x;y� 0Pm

i¼1
c�1i þ lc1

� ��
i

� �

xi þ
Pn

j¼1
d�1j þ ld1

� ��
j

� �

yj� t

So the model (2.7) can be transformed to the model (2.8) as follows:
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min
x;t

Fðx; yÞ ¼
Xm

i¼1

c�1i þ lc1

� ��
i

� �

xi þ
Xn

j¼1

d�1j þ ld1

� ��
j

� �

yj

s:t:where y solves

min
y

f ðx; yÞ ¼ cT
2 xþ dT

2 y

s:t:
Xm

i¼1

a�ki � uAð Þ�ki

� �

xi þ
Xn

j¼1

b�kj � uBð Þ�kj

� �

yj� h�k þ uhð Þ�k ;

k 2 f1; . . .; rg;
x; y� 0

ð2:8Þ

(4) Next, because the optimal solution of BLP (1) is not influenced by the value of
c2, we only consider how to choose the value of d2. Based on the original idea of
robust optimization, the model (2.8) is transformed into the model (2.4) above.

2.3 Solving Process of the Model

The deterministic triple level programming (2.4) can be written as the following
programming (2.9) by the K-T method.

min
x

max
d2;y;u;v

Fðx; yÞ ¼
Xm

i¼1

c�1i þ lc1

� ��
i

� �

xi þ
Xn

j¼1

d�1j þ ld1

� ��
j

� �

yj

s:t: d2j ¼
Xr

k¼1

uk b�kj � uBð Þ�kj

� �

þ vj

d�2j � ud2ð Þ�j � d2j� d�2j þ ud2ð Þ�j

uk

Xm

i¼j

a�kj � lAð Þ�
� �

xi þ
Xn

j¼1

b�kj � lBð Þ�kj

� �

yj � ðh�k þ lhð Þ�kÞ
" #

¼ 0

vjyj ¼ 0
Xm

i¼1

a�ki � lAð Þ
�
ki

� �

xi þ
Xn

j¼1

b�kj � lBð Þ
�
kj

� �

yj� h�k þ lhð Þ
�
k ;

j ¼ 1; . . .; nf g; k ¼ 1; . . .; rf g;
x; y; u; v� 0:

ð2:9Þ

According to the literature (Wang 2010), the model (2.9) can be transformed
into the model (2.10) as follows
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min
x;d2;y;u;v

t

s:t:
Xm

i¼1

c�1i þ lc1

� ��
i

� �

xi þ
Xn

j¼1

d�1j þ ld1

� ��
j

� �

yj� t

d2j ¼
Xr

k¼1

uk b�kj � uBð Þ�kj

� �

þ vj;

d�2j � ud2ð Þ�j � d2j� d�2j þ ud2ð Þ�j ;

uk

Xm

i¼1

a�ki � lAð Þ�ki

� �

xi þ
Xn

j¼1

b�kj � lBð Þ�kj

� �

yj � h�k þ lhð Þ�k
� �

" #

¼ 0;

vjyj ¼ 0;
Xm

i¼1

a�ki � lAð Þ�ki

� �

xi þ
Xn

j¼1

b�kj � lBð Þ�kj

� �

yj� h�k þ lhð Þ�k ;

j ¼ 1; . . .; nf g; k ¼ 1; . . .; rf g;
x; y; u; v� 0:

ð2:10Þ

By introducing a large constant M, the model (2.10) above can be transformed
into a mixed integer programming as follows (Fortuny-Amat and McCarl 1981):

min
x;d2;y;u;v;t;w

t

s:t:
Xm

i¼1

c�1i þ lc1

� ��
i

� �

xi þ
Xn

j¼1

d�1j þ ld1

� ��
j

� �

yj� t

d2j ¼
Xr

k¼1

uk b�kj � uBð Þ�kj

� �

þ vj;

d�2j � ud2ð Þ�j � d2j� d�2j þ ud2ð Þ�j ;
yj�Mtj;

vj�M 1� tj
� �

;

uk�Mwk;

Xm

i¼1

a�ki � lAð Þ
�
ki

� �

xi þ
Xn

j¼1

b�kj � lBð Þ
�
kj

� �

yj � h�k þ lhð Þ
�
k

� �

�M 1� wkð Þ

Xm

i¼1

a�ki � lAð Þ�ki

� �

� xi þ
Xn

j¼1

b�kj � lBð Þ�kj

h i

� yj� h�k þ lhð Þ�k ;

j ¼ 1; . . .; nf g; k ¼ 1; . . .; rf g; tj 2 0; 1f g;wk 2 0; 1f g;
x; y; u; v� 0:

ð2:11Þ

The model (2.11) can be solved by the software Lingo 9.0
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2.4 A Numerical Example

We give a numerical example to demonstrate the proposed approach as follows:

min
x

F ¼ c11xþ d11y1 þ d12y2

s:t: 2:5� x� 8

where y1; y2 solve

min
y1;y2

f ¼ d21y1 þ d22y2

s:t: a11x1 þ b11y1 þ b12y2� h1

a21x1 þ b21y1 þ b22y2� h2

a31x1 þ b31y1 þ b32y2� h3

a41x1 þ b41y1 þ b42y2� h4

y1� 0;

y2� 0

where a11 ¼ 0; b21 ¼ 1; a31 ¼ 0; a41 ¼ 0; b41 ¼ 0; b42 ¼ �1:
And the others are the uncertain data, the given variables and disturbances are

c�11 ¼ 1:5; d�11 ¼ �1:5; d�12 ¼ �2;

d�21 ¼ 1:5; d�22 ¼ �3:5;

b�11 ¼ 1:75; b�12 ¼ �1:15; h�1 ¼ 2:5;

a�21 ¼ �3:5; b�22 ¼ �1:5; h4 ¼ 5:75:

h�2 ¼ �11; b�31 ¼ �3:5; b�32 ¼ �1:25; h�3 ¼ �23;

uc1ð Þ�1¼ 0:5; ud1ð Þ�1¼ 0:5; ud1ð Þ�2¼ 3; ud2ð Þ�1¼ 0:5; ud2ð Þ�2¼ 0:5;

ubð Þ�11¼ 0:25; ubð Þ�12¼ 0:15; uhð Þ�1¼ 0:5;

uað Þ�21¼ 0:5; ubð Þ�22¼ 0:5; uhð Þ�2¼ 1;

ubð Þ�31¼ 0:5; ubð Þ�32¼ 0:25; uhð Þ�3¼ 1; uhð Þ�4¼ 0:25:

According to the theorem and these data above, robust model transformed is
demonstrated as
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min
x;y;u;v;g;z

t

s:t: 2x� y1 þ y2� t

2:5� x� 8;

y2� 5:5;

1:5y1 � 1:3y2� 3;

� 4xþ y1 � 2y2� � 10;

� 4y1 � 1:5y2� � 22;

� 1� 1:5u1 þ u2 � 4u3 þ v1� 2;

� 4� � 1:3u1 � 2u2 � 1:5u3 � u4 þ v2� � 3;

y1�Mg1; y2�Mg2;

v1�M 1� g1ð Þ; v2�M 1� g2ð Þ;
uk �Mzk; k ¼ 1; 2; 3; 4:

1:5y1 � 1:3y2 � 3� 1� z1ð Þ;
� 4xþ y1 � 2y2 þ 10� 1� z2ð Þ;

� 4y1 � 1:5y2 þ 22� 1� z3ð Þ;
� y2 þ 5:5� 1� z4ð Þ;
x; y; u; v; g; z� 0;

g1; g2 2 0:1f g; zk 2 0:1f g; k ¼ 1; 2; 3; 4:

By the software Lingo 9.0, the robust solution is obtained as follows:

ðx; y1; y2Þ ¼ ð2:5201; 4:6443; 2:2819Þ;

The robust optimal value is Fmin ¼ 2:6779.

2.5 Conclusion and Future Work

Under the way of the centralized decision-making, a class of robust solution for
uncertain linear BLP is defined, which expands further the application of BLP in
different circumstances. And based on the original idea of robust optimization, the
uncertain BLP was converted to the deterministic triple level programming. The
solving process is proposed to obtain the robust solution of uncertain linear BLP.
Finally, a numerical example is shown to demonstrate the effectiveness and fea-
sibility of the algorithm.
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