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Abstract. Dendrograms are used in hierarchical classification. They
also are useful structures in image processing, for segmentation or fil-
tering purposes. The structure of a hierarchy is univocally expressed by
a ultrametric ecart. The hierarchies form a complete lattice on which two
adjunctions will be defined.

1 Introduction

Hierarchies are the classical structures for representing a taxonomy. The most
famous taxonomy is the Linnaean system. Each genus is the union of all species
it contains, which in turn is the union of animals it contains.

As hierarchies are nested partitions of a domain, they are also encountered
in image segmentation. Multiple segmentations of increasing coarseness are pro-
duced. Each level of the hierarchy contains a partition of the image and from
level to level only fusions of regions take place [4].

Partitions are thus the simplest hierarchies, with only one level. The algebraic
structure of partitions has been studies by Heijmans, Serra and Ronse [2], [11],
[7]. Often one is not interested in partitioning the total domain of an image,
but one wants to get the masks of some objects of interest. These masks are
disjoint sets but do not partition the domain ; they constitute a partial partition
as introduced by Ch. Ronse [5].

A series of nested partitions, where each coarser partition is obtained by
merging regions of finer partitions, constitutes a hierarchy. We have a partial
hierarchy or dendrogram, if the lowest level contains particular interest zones ;
in higher levels, some preexisting regions become larger, eventually merge and
others appear. Consider a topographic surface which is flooded such that all
lakes have the same altitude. For each flooding level, the lakes form a partial
partition. From one level to a higher level, the extension of a lake may grow,
new lakes appear, existing lakes merge. The corresponding partial hierarchy is
called min-tree [8] and is often used for image filtering.

The paper is organized as follows. A first part gives an axiomatic definition
of dendrograms and hierarchies. The second derives an ultrametric half distance
derived from a stratification index. An order relation between dendrograms orga-
nizes the hierarchies as a complete lattice. Finally, two adjunctions are defined on
dendrograms. Combining erosion and dilation in an adjunction produces open-
ings and closings, from which the classical morphological filters may then be
derived [3].
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2 Dendrograms and Hierarchies

The axiomatic definition of dendrograms and hierarchies is due to Benzecri [1].
Let E be a domain with a finite number of elements are called points (for instance
the pixels of an image) and P(E) the family of subsets of E. Let X be a subset
of P(E), on which we consider an arbitrary order or preorder relation relation
≺ (in the present work ≺ is the inclusion relation ⊂ between sets) The union of
all sets belonging to X is called support of X : supp(X ). The subsets of X may
be structured into:

* the summits : Sum(X ) = {A ∈ X | ∀B ∈ X : A ≺ B ⇒ A = B}
* the leaves : Leav(X ) = {A ∈ X | ∀B ∈ X : B ≺ A ⇒ A = B}
* the nodes : Nod(X ) = X − Leav(X )
* the predecessors : Pred(A) = {B ∈ X | A ≺ B}
* the immediate predecessors :
ImPred(A) = {B ∈ X | {U | U ∈ X , A ≺ U and U ≺ B} = (A,B)}

* the successors : Succ(A) = {B ∈ X | B ≺ A}
Fig.5, at the end of the document, presents a dendrogram in which the letters
represent subsets of P(E) ; and A → B means that B ≺ A. Then A is the
summit ; B is the predecessor of (D,E, F,H, I) and the immediate predecessor
of (D,E, F ) ; (H, I,E, F, J,G) are leaves ; (J,G) are successors of A and C, and
immediate successors of C.

2.1 Dendrograms

We now structure X as a tree or a dendrogram (also called "partial hierarchy")

Dendrograms : X is a dendrogram if and only if the set Pred(A) of the prede-
cessors of A, with the order relation induced by ≺ is a total order. The maximal
element of this family is a summit, which is the unique summit containing A.

Proposition 1. The following properties are equivalent:
1)X is a dendrogram
2) U, V,A ∈ X : A ⊂ U and A ⊂ V ⇒ U ⊂ V or V ⊂ U
3) U, V ∈ X : U � V and V � U ⇒ U ∩ V = ∅
4) Any element A ∈ X− Sum(X ) possesses a unique immediate predecessor
(valid as we suppose E and X finite)

Proposition 2. A family (Ai)i∈I of sets in X with a non empty intersection is
completely ordered for ⊂.

A dendrogram is said to be connected if it possesses a unique summit. Finite
dendrograms are classically represented as a tree : each element A ∈ X is a node
of the tree, and is linked by an edge with its unique immediate predecessor.

Consider a dendrogram Π verifying : A ∈ supp(Π) ⇒ Pred(A) = A. Such
a dendrogram has only one hierarchical level is called partial partition (partial
partitions have been introduced by C.Ronse in [5]). If supp(Π) = E, then it is
called partition.
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2.2 Hierarchies

Definition 1. We call hierarchy H a dendrogram verifying
⋃
Leav(H) =

supp(H)

Proposition 3. A dendrogram X is a hierarchy if and only any element A of
X is the union of all other elements of X contained in A:
∀A ∈ X :

⋃ {B ∈ X | B ⊂ A ;B 	= A} = {A, ∅}
For understanding the difference between dendrograms and hierarchies, we give
an example of each used all along the paper.

Hierarchy : A prototype of hierarchy is a series of nested partitions, where
each coarser partition is obtained by merging regions of finer partitions. The
leaves are the regions of the finest partition ; their union constitutes the support
of the hierarchy.

Dendrogram : A prototype of a dendrogram is constituted by the lake distri-
bution of a topographic surface. Each lake is included in all lakes with a higher
level. The leaves are the lakes when they just cover the regional minima. The
union of all lakes is larger than the union of the leaves. For each flooding level,
the lakes form a partial partition. From one level to a higher level, the extension
of a lake may grow, new lakes appear, existing lakes merge.

2.3 Stratification Index and Partial Ultrametric Distances (PUD)

Consider a dendrogram or hierarchy X ; X is a stratified hierarchy, if it is
equipped with an index function st from X into the interval [0, L] of R which is
strictly increasing with the inclusion order:
∀A,B ∈ X : A ⊂ B and B 	= A ⇒ st(A) < st(B).
As E is finite, the number of distinct stratification levels is finite. We suppose
that for all A ∈ X : st(A) < L and set st(∅) = L.

Each dendrogram X with a stratification index st induces on the points
p, q ∈ E a partial ultrametric distance χ(p, q). If no set of X contains both
p and q, then χ(p, q) = L. Otherwise, the family (Ai)i∈I of sets of X containing
both p and q has a non empty intersection, and as established above, is com-
pletely ordered for ⊂ . Thus it possesse a smallest element A and χ(p, q) = st(A).
In particular χ(p, p) is the stratification index of the smallest set X of containing
p ; if no set of X contains p, then χ(p, p) = st(∅) = L ; such a point is called
"alien" of X .

Properties : χ has the following properties:
∀p, q ∈ E : χ(p, q) = χ(q, p)
∀p, q, r ∈ E : χ(p, q) ≤ max {χ(p, r), χ(r, q)}
Remark: χ is not a distance but an ecart as χ(p, q) = 0 does not necessarily
imply p = q. We call it partial ultrametric distance.
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Properties of the Balls of a Partial Ultrametric Distance
Closed balls, defined as Ball(p, ρ) = {q ∈ E | χ(p, q) ≤ ρ} have strange
properties:

* Each element of a closed ball Ball(p, ρ) = {q ∈ E | χ(p, q) ≤ ρ} is centre of
this ball.
* Two closed balls Ball(p, ρ) and Ball(q, ρ) with the same radius are either
disjoint or identical.
* The radius of a ball is equal to its diameter. If A is a set of the dendrogram,
p an arbitrary point of A, then A is the ball of center p and of radius equal to
the diameter of A (the maximal distance between two points of A.

Inversely, the closed balls of a partial ultrametric distance χ form a
dendrogram X .

2.4 Partial Partitions by Thresholding Partial Hierarchies

Consider a partial hierarchy X with its associated PUD χ. By thresholding the
PUD at level λ one obtains a partial binary ultrametric half distance
(PBUD):

πλ(x, y) =
1 if χ(x, y) > λ
0 if χ(x, y) ≤ λ

associated to a partial partition Πλ.

Aliens and Singletons

Aliens and singletons of partial partitions. We define aliens and singletons of a
partial partition π:

* Singletons are characterized by: ∀p, q ∈ E , p 	= q, : π(p, q) = 1 and π(p, p) = 0.
* The support of π is the set of points p verifying : π(p, p) = 0
* Aliens, which are points outside the support are characterized by: ∀p ∈ E :
π(p, p) = 1 implying ∀q ∈ E : π(p, p) ≤ π(p, q) ∨ π(q, r) so that π(p, q) = 1

Aliens and singletons of dendrograms. Consider a PUD χ and its thresholds
πλ at level λ. For increasing values of λ, the partial partitions πλ obtained
by thresholding χ have increasing supports suppλ(χ) = {p ∈ E : χ(p, p) ≤ λ} .
Let p ∈ E be a point verifying χ(p, p) = λ and the partition πμ obtained by
thresholding χ at the level μ. And consider ν =

∧

q �=p

χ(p, q). Since χ(p, p) ≤
χ(p, q) ∨ χ(q, p), we have ν ≥ λ. The status of p will vary in the partitions πν

for increasing levels ν :

* μ < λ : πμ(p, p) = 1 and p does not belong to the support of πμ and is an alien
* λ ≤ μ < ν : πμ(p, p) = 0 but for q 	= p, πμ(p, q) = 1 and p is a singleton
* ν ≤ μ : πμ(p, p) = 0 and for there exists q 	= p such that πμ(p, q) = 0 and p is
a regular node.
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3 The Lattice of Hierarchies

3.1 Order Relation between Hierarchies and Partial Hierarchies

Let A and B be two dendrograms with their associated PUD : χA and χB. The
following relation defines an order relation between the hierarchies: B ≤ A ⇔
∀p, q ∈ E χA (p, q) ≤ χB (p, q)

It follows that ∀p ∈ E : BallB(p, ρ) ⊂ BallA(p, ρ). We say that the hierarchy
A is coarser than the hierarchy B and that the hierarchy B is finer than the
hierarchy B.

For each p /∈ supp(A) : χA (p, p) = L which implies that χB(p, p) = L, so
that p /∈ supp(B).

The smallest dendrogram has an empty support and contains only aliens, i.e.
points p verifying ∀q ∈ E , χ(p, q) = L.

The smallest hierarchy has E as support and contains only singletons ∀p 	=
q ∈ E, χ(p, q) = L, and ∀p ∈ E, χ(p, q) = 0. The largest hierarchy is E itself,
whose PUD verifies: ∀p, q ∈ E : χ (p, q) = 0

To binary PUDs χA and χB correspond partitions and partial partitions.
Their closed balls verify : BallB(p, 0) ⊂ BallA(p, 0), the aliens remaining outside
the balls. Hence the tiles of the finer partition B are included in the tiles of
the coarser partition A which is coherent with the usual definition of the order
between partitions.

3.2 The Lattice of Dendrograms

Consider a family of dendrograms (Ai)i∈I , the PUD of the dendrogram Ai

being χi.

Infimum of Hierarchies. The infimum ∧Ai is the largest dendrogram which is
smaller than each Ai and its PUD is the smallest verifying for all elements of the
family χ∧Ai ≥ χi. As the supremum of PUDs is a PUD, we have χ∧Ai =

∨

i

χi.

And suppλ χ∧Ai =
∧

i

suppλ Ai.

Supremum of Dendrograms. The supremum ∨Ai is the smalles dendrogram
which is larger than each Ai and its PUD is the largest verifying for all elements

of the family χ∨Ai ≤ χi. Unfortunately
∧

i

χi is not a PUD and χ∨Ai =
︷︸︸︷∧

i

χi

is the largest partial ultrametric distance which is lower than
∧

i

χi. It exists as

the set of ultrametric distances lower than
∧

i

χi is not empty and contains the

largest dendrogram whose PUD verifies ∀p, q ∈ E, χ(p, q) = 0. As this family is
closed by supremum it has a largest element.

Illustration
Fig.1 presents two hierarchies HA and HB through their nested partitions. The
supremum and infimum of both hierarchies also are represented. The infimum
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Fig. 1. Two hierarchies HA and HB and their derived supremum and infimum

takes for each threshold the intersection of the corresponding partitions, obtained
through intersection of the tiles. The supremum is obtained by keeping only the
boundaries existing in each component.

4 Adjunctions on Partial Hierarchies

4.1 Erosion and Dilations by a Structuring Element of Binary Sets

Adjunctions are the mother of morphology. Consider a lattice, A,B two arbitrary
elements of the lattice ; the operator δ and ε iff δA < B ⇔ A < εB [9]. Then δ
and ε are increasing operators, δ a dilation and ε an erosion, εδ a closing and δε
an opening.

Consider the classical erosion and dilation of binary sets by a structuring
element. Chosing a point O in the domain E, we associate to each point x the
vector

−→
Ox. Inversely we associate to each affine vector

−→
Ox its extremity x. We

write x+ b for the extremity of the vector
−→
Ox+

−→
Ob and define Xb =

⋃
x∈Xx+ b,

the set X translated by the vector
−→
Ob (X−b for the translation

−→
bO). We have

the following equivalence: Bp ⊂ X ⇔ ∀b ∈ B : p + b ∈ X ⇔ ∀b ∈ B : p ∈ X−b

from which we derive two classical and equivalent formulations of the erosion of
a set X by a structuring element B : X �B = {p ∈ X | Bp ⊂ X} =

∧

b∈B

X−b. It

appears that each of these formulations, which are equivalent for sets lead to
two distinct adjunctions in the case of partial hierarchies.

4.2 A First Adjunction Based on the Supremum and Infimum
of Translated PUD

Consider a dendrogram X and its PUD χ. If we translate all elements of X
by a translation

−→
bO we get a new hierarchy X−b with a PUD χb defined by
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χb(p, q) = χ(p− b, q− b). To the eroded hierarchy X �B =
∧

b∈B

X−b corresponds

the PUD
∨

b∈B

χ−b defined by
∨

b∈B

χ−b(p, q) =
∨

b∈B

χ(p − b, q − b | b ∈ B). The

adjunction dilation is then X ⊕B =
∨

b∈B

Xb with the associated PUD
︷ ︸︸ ︷∧

b∈B

χb . For

showing that the first X � B =
∧

b∈B

Xb is an erosion and the second X ⊕ B =
∨

b∈B

Xb a dilation, we have to show that they form an adjunction: for any two

hierarchies X ,Y ∈ X (E) : X ⊕B < Y ⇔ X < Y �B.
We will prove the adjunction through the PUD χ and ζ associated to the

hierarchies X and Y: X < Y �B ⇔ χ >
∨

b∈B

ζ−b ⇔ ∀b ∈ B : χ > ζ−b ⇔ ∀b ∈ B :

χb > ζ ⇔ ∧

b∈B

χb > ζ

Remains to establish :
∧

b∈B

χb > ζ ⇔
︷ ︸︸ ︷∧

b∈B

χb > ζ :

*
︷ ︸︸ ︷∧

b∈B

χb > ζ ⇒ ∧

b∈B

χb > ζ since
︷ ︸︸ ︷∧

b∈B

χb is the largest ultrametric ecart below
∧

b∈B

χb

* Suppose now
∧

b∈B

χb > ζ. Since ζ is an ultrametric ecart below
∧

b∈B

χb, it is

smaller or equal to the largest ultrametric ecart below
∧

b∈B

χb, that is
︷ ︸︸ ︷∧

b∈B

χb

This completes the proof :

X < Y �B ⇔ χ >
∨

b∈B

ζ−b ⇔
∧

b∈B

χb > ζ ⇔
︷ ︸︸ ︷∧

b∈B

χb > ζ ⇔ X ⊕B < Y
The expression of the PUD is

χ�B(p, q) =

[
∨

b∈B

χ−b

]

(p, q) =
∨ {χ(p− b, q − b) | b ∈ B}

χ⊕B(p, q) =

[ ︷ ︸︸ ︷∧

b∈B

χb

]

(p, q) =
︷ ︸︸ ︷∧ {χ(p+ b, q + b) | b ∈ B}

If there exists a b ∈ B, such that χ(p − b, p− b) = λ, then χ � B(p, p) ≥ λ ;
in other words, aliens of E for χ are dilated by the structuring element B.

We illustrate in figures 2 and 3 the erosion and the opening of a one dimen-
sional hierarchy by a structuring element made of three pixels.

4.3 Adjunction on Hierarchies and Partial Hierarchies, Defined
on a Tile by Tile Basis

Adjunctions on Partial Partition. The second formulation of the erosion
for sets {p ∈ X | Bp ⊂ X} will now be adapted to a partial partition with its
PUD χ. Two points p and q belong to the same tile of the partition eroded by a
structuring element B, if they are centers of disks entirely included in the same
tile of the initial partition (see fig.4), which is the case if and only if all pairs
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Fig. 2. Erosion and opening by a segment of 3 pixels: intermediate steps

3 2 1 4 2

3 2 2 2 2 2 4 2 2 2

Opening by

3 points

Initial image

Fig. 3. Dendrogram of an initial image and its opening by a segment of 3 points

Fig. 4. The points p and q belong to the same tile of the partition eroded by a disk,
as they are centers of disks entirely included in the same tile of the initial partition
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x, y ∈ Bp ∪ Bq belong to the same tile of the partition, i.e. χ(x, y) = 0. Hence
the PUD εχ of the eroded hierarchy is δχ(p, q) =

∨ {χ(x, y) | x, y ∈ Bp ∪Bq}.
Consider now a point p such that Bp is not included in any tile of the

partition χ. For each Bp, there exists s, t ∈ Bp such that χ(s, t) = 1, hence
δχ(p, p) =

∨ {χ(x, y) | x, y ∈ Bp ∪Bp} = 1, showing that p is an alien in the
eroded partition χ. On the other hand if there exists a tile of the partition
containing Bp and the erosion of this tile is reduced to a singleton p, then
δχ(p, p) =

∨ {χ(x, y) | x, y ∈ Bp ∪Bp} = 0. In other terms, this erosion of par-
tial partitions adjusts the support of the partial partition by including aliens
when necessary, and is identical with the erosion defined by Ronse in [7] (but
distinct from the adjunction defined by J.Serra for partitions [10], where each
tile of a partition is eroded and dilated separately, empty spaces being filled with
singletons).

Adjunctions on Dendrograms. The expression established for partial parti-
tions is still valid for arbitrary dendrograms:
δχ(p, q) =

∨ {χ(x, y) | x, y ∈ Bp ∪Bq} .
It may be reformulated as the supremum of three terms:
δχ(p, q) =

∨ {χ(x, y) | x, y ∈ Bp ∪Bq} =
∨ {χ(p+ b1, p+ b2) | b1, b2 ∈ B}

∨∨ {χ(p+ b1, q + b2) | b1, b2 ∈ B} ∨∨ {χ(q + b1, q + b2) | b1, b2 ∈ B} .
The first and last terms are dominated by the central term. Indeed, for each
couple b1, b2 ∈ B : χ(p+ b1, p+ b2) ≤ χ(p+ b1, q + b2) ∨ χ(q + b2, p+ b2).

We obtain like that a simpler expression for this dilation : δχ =
∨{

χ(p+ b1,

q + b2) | b1, b2 ∈ B
}
, PUD of the erosion of the hierarchy εX . The adjunct

dilation δX (x, y) of the dendrogram is defined by the erosion of its PUD

εχ(x, y) =
︷ ︸︸ ︷∧ {χ(x− b1, y − b2) | b1, b2 ∈ B} .

The couple (εX , δX ) forms an adjunction for the partial hierarchies.

4.4 Ordering the Adjunctions on Partial Hierarchies or Partitions

Both adjunctions established above are ordered as:

–
∨ {χ(p+ b, q + b) | b ∈ B} ≤ ∨ {χ(p+ b1, q + b2) | b1, b2 ∈ B} , showing
that the partial hierarchy εX is coarser than the partial hierarchy X �B

–
︷ ︸︸ ︷∧ {χ(p− b1, q − b2) | b1, b2 ∈ B} ≤

︷ ︸︸ ︷∧ {χ(p− b, q − b) | b ∈ B} showing that
the partial hierarchy δX is finer than the partial hierarchy X ⊕B

A

B C

D E F

J G
IH

Fig. 5. A dendrogram
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If the origin belongs to the structuring element we have the following order
relations between the partial hierarchies εX ≤ X �B ≤ X ≤ X ⊕B ≤ δX .

5 Conclusion

We have established two adjunctions for partial hierarchies, also valid for hi-
erarchies, partitions and partial partitions through the associated PUD. The
adjustment of the supports is treated automatically thanks to the introduction
of aliens. Aliens and singletons have distinct definitions and distinct fates in the
transformations. The morphological corpus can now be derived from these ad-
junctions. Iterating erosions or dilations increase their sizes. An erosion followed
by its adjunct dilation produces an opening γ, a dilation followed by its adjunct
erosion a closing ϕ. The classical filters γϕ, ϕγ, γϕγ, ϕγϕ may then be derived.
Alternate sequential filters may be obtained by concatenating alternatively open-
ings and closings of increasing sizes. One may also imagine geodesic dilations of
hierarchies, by iterating an elementary geodesic dilation of a hierarchy under a
hierarchy : δX ∧ Y and εX ∨ Y.
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