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Abstract From the point of view of algebraic logic, this paper presents an
algebraic analysis for binary intuitionistic lattice-valued fuzzy relations based on
lattice implication algebras, which is a kind of lattice-valued propositional logical
algebras. By defining suitable operations, we prove that the set of all binary
intuitionistic lattice-valued fuzzy relations is a lattice-valued relation algebra, and
some important properties are also obtained. This research shows that the algebraic
description is advantageous to studying of structure of intuitionistic fuzzy
relations.
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1 Introduction

Fuzzy relations, introduced by Zadeh [24] in 1965, permit the gradual assessment
of relativity between objects, and this is described with the aid of a membership
function valued in the real unit interval [0,1]. Later on, Goguen [9] generalized this
concept in 1967 to lattice-valued fuzzy relation (L-fuzzy relation for short) for an
arbitrary complete Brouwerian lattice L instead of the unit interval [0,1]. Intui-
tionistic fuzzy relation, defined by Atanassov in 1984 [1–3], is another kind of
generalization for Zadeh’s fuzzy relation, give us the possibility to model hesi-
tation and uncertainty by using an additional degree. An intuitionistic L-fuzzy
relation (ILFR for short) R between two universes U and V is defined as an
intuitionistic L-fuzzy set (ILFS) in U � V , assigns to each element ðx; yÞ 2 U � V
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a membership degree lRðx; yÞð2 LÞ and a non-membership degree mRðx; yÞð2 LÞ
such that lRðx; yÞ6NðmRðx; yÞÞ, where N : L! L is an involutive order-reversing
operation on the lattice ðL; 6 Þ. When L ¼ ½0; 1�, the object R is an intuition fuzzy
relation (IFR) and the following condition holds: ð8ðx; yÞ 2 U � VÞð06
lRðx; yÞ þ mRðx; yÞ6 1Þ. For all ðx; yÞ 2 U � V , the number pRðx; yÞ ¼
1� lRðx; yÞ � mRðx; yÞ is called the hesitation degree or the intuitionistic index of
ðx; yÞ to R. As we know, the structures and properties of operations on intuitionistic
fuzzy relations have always been important topics in ILFS community. For that, P.
Burillo and H. Bustince discussed the properties of several kinds of operations on
ILFRs with different t-norms and t-conorms and characterized the structures of
ILFRs in [4, 5]. In [6], G. Deschrijver and E. E. Kerre probed into the triangular
compositions of ILFRs. In addition, the applications of ILFRs have also been
developed rapidly in recent years, see [11, 13, 23].

As a fundamental conceptual and methodological tool in computer science just
like logic, since the mid-1970s, relation algebras have been used intensively in
applications of mathematics and computer science, and it also provides an appa-
ratus for an algebraic analysis of ordinary predicate calculus, see e.g., [10, 18].
Following the idea of classical relation algebras, fuzzy relation algebras have been
also considered by several researchers in [7, 8, 12]. Taking L to be a complete
Heyting algebra, Furusawa developed the fuzzy relational calculus [7], and proved
the representation theorems for algebraic formalizations of fuzzy relations in 1998.
Furusawa’s fuzzy relations algebras are equipped with sup-min composition and a
semiscalar multiplication. In [8], Furusawa continued to study Dedekind catego-
ries with a cutoff operator, in which the Dedekind formula holds. In [16, 17],
Popescu established the notion of MV-relation algebra based on MV-algebras,
investigated their basic properties, and given a characterization of the ‘‘natural’’
MV-relation algebras. In order to provide a kind of algebraic model for lattice-
valued first-order logic, based on complete lattice implication algebras [22], Pan
introduced the notion of lattice-valued fuzzy relation algebra [14]; its basic
properties and cylindric filters have also been established. For other categorical
description of fuzzy relations, we refer readers to [19–21].

Along the line of the algebraic formalization of fuzzy relations, the present
paper aims at investigating the arithmetical properties of mathematical structures
formed by binary ILFRs based on the theory of L-fuzzy relation algebras (LRA).
The paper is organized as follows. We recall some fundamental notions and
properties of lattice implication algebras, Intuitionistic L-fuzzy relations and LRA
in Sect. 2.2. Section 2.3 devotes to arithmetical properties of ILFRs. We conclude
the paper in Sect. 2.4 with some radical suggestions for further problems.

2 Preliminaries

In this section, we review some basic definitions about intuitionistic L-fuzzy
relations, lattice implication algebras, and lattice-valued relation algebras for the
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purpose of reference and also recall some basic results which will be frequently
used in the following, and we will not cite them every time they are used.

Definition 1 [22] A bounded lattice ðL;_;^;O; IÞ with order-reversing involu-
tion 0 and a binary operation! is called a lattice implication algebra if it satisfies
the following axioms:
(I1) x! ðy! zÞ ¼ y! ðx! zÞ,
(I2) x! x ¼ I,
(I3) x! y ¼ y0 ! x0,
(I4) x! y ¼ y! x ¼ I ) x ¼ y,
(I5) ðx! yÞ ! y ¼ ðy! xÞ ! x;
(L1) ðx _ yÞ ! z ¼ ðx! zÞ ^ ðy! zÞ,
(L2) ðx ^ yÞ ! z ¼ ðx! zÞ _ ðy! zÞ,
for all x; y; z 2 L.

Example 1 [22] Let L ¼ ½0; 1�. If for any a; b 2 L, put

a _ b ¼ maxfa; bg; a ^ b ¼ minfa; bg; a0 ¼ 1� a;

a� b ¼ maxf0; aþ b� 1g; a! b ¼ minf1; 1� aþ bg:

Then, ðL;_;^;�;!;0 Þ is called the Łukasiewicz algebra. Here, ! is called the
Łukasiewicz implication, � is called the Łukasiewicz product, and another
operation �, a� b ¼ minf1; aþ bg, is called the Łukasiewicz sum. It is easy to
show that ðL;_;^;!;0 ; 0; 1Þ is also a lattice implication algebra.

Theorem 1 [22] Let (L;_;^;0 ;!; 0; 1) be a lattice implication algebra, then
(L;_;^) is a distributive lattice.

In what follows, we list some well-known properties of lattice implication
algebras that will often be used without mention. In a lattice implication algebra L,
we define binary operation � and � as follows: for any x; y 2 L,
a� b ¼ ða! b0Þ0; a� b ¼ a0 ! b:

Proposition 1 Let L be a lattice implication algebra, then for any x; y; z 2 L, we
have the following:

(1) x! y ¼ I if and only if x6 y;
(2) x! y>x0 _ y;
(3) ðx� yÞ0 ¼ x0 � y0; ðx� yÞ0 ¼ x0 � y0;
(4) O� x ¼ O; I � x ¼ x; x� x0 ¼ O;O� x ¼ x; I � x ¼ I; x� x0 ¼ I;
(5) x� y ¼ ðx _ yÞ � ðx ^ yÞ; x� y ¼ ðx _ yÞ � ðx ^ yÞ;
(6) x� ðy _ zÞ ¼ ðx� yÞ _ ðx� zÞ; x� ðy ^ zÞ ¼ ðx� yÞ ^ ðx� zÞ.

In [14], by generalizing the classical (Boolean) relation algebras, we introduce
the notion of lattice-valued relation algebra based on complete lattice implication
algebras L.

An Algebraic Analysis for Binary Intuitionistic L-Fuzzy Relations 13



Definition 2 A lattice-valued relation algebra (LRA for short) is an algebra
L ¼ ðL;_;^;0 ;!;O; I; ; ;^;MÞ, where

(1) ðL;_;^;0 ;!;O; IÞ is a lattice implication algebra;
(2) ðL; ; ;MÞ is a monoid (a semigroup with identity, M);
(3) ðx _ yÞ; z ¼ ðx; zÞ _ ðy; zÞ;
(4) ðx! yÞ^ ¼ x^ ! y^;
(5) x^^ ¼ x;
(6) M0 _ M ¼ I;
(7) ðx; yÞ^ ¼ y^; x^;
(8) y0 ¼ y0 _ ðx^; ðx; yÞ0Þ;
(9) ða� xÞ; ðb� yÞ6 ða; bÞ � ðx; yÞ.

From the above definition, an LRA is an expansion of the corresponding lattice
implication algebra with the operations ^; ; ;M, where ^ is called the converse
operation and ; the relative multiplication operation and M the diagonal element.
The class of LRAs will be denoted by LRA.

Let (L;_;^;0 ;!; 0; 1) be a complete lattice implication algebra. An intui-
tionistic L-fuzzy relation R from a universe U to a universe V is an intuitionistic
fuzzy set in U � V , i.e. an object having the form R ¼ fððx; yÞ; lRðx; yÞ;
mRðx; yÞÞjx 2 U; y 2 Vg, where lR : U � V ! L and lR : U � V ! L satisfy the
condition ð8ðx; yÞ 2 U � VÞðlRðx; yÞ6 ðmRðx; yÞÞ0Þ. The set of all intuitionistic L-
fuzzy relations from U to V will be denoted by ILFRðU � VÞ. We say the
intuitionistic L-fuzzy relation R is contained in the intuitionistic L-fuzzy relation S,
written R � S if lRðx; yÞ6 lSðx; yÞ and mRðx; yÞ>mSðx; yÞ for all ðx; yÞ 2 U � V .
The zero relation OU�V and the full relation IU�V are intuitionistic L-fuzzy rela-
tions with lOU�V

ðx; yÞ ¼ O, mOU�V ðx; yÞ ¼ I and lIU�V
ðx; yÞ ¼ I, mIU�V ðx; yÞ ¼ O for

all ðx; yÞ 2 U � V , respectively. It is trivial that � is a partial order on ILFRðU �
VÞ and OU�V � R � IU�V for all intuitionistic L-fuzzy relations R. The union,
intersection complement, and converse of intuitionistic L-fuzzy relations are
defined as follows:

R [ S ¼ fððx; yÞ; lRðx; yÞ _ lSðx; yÞ; mRðx; yÞ ^ mSðx; yÞÞjðx; yÞ 2 U � Vg;
R \ S ¼ fððx; yÞ; lRðx; yÞ ^ lSðx; yÞ; mRðx; yÞ _ mSðx; yÞÞjðx; yÞ 2 U � Vg;

R0 ¼ fððx; yÞ; mRðx; yÞ; lRðx; yÞÞjðx; yÞ 2 U � Vg;
R^ ¼ fððx; yÞ; lRðy; xÞ; mRðy; xÞÞjðx; yÞ 2 U � Vg:

It is easy to show that ðILFRðU � VÞ;[;\;OU�V ; IU�VÞ is a complete lattice.
Let R 2 ILFRðU � VÞ and S 2 ILFRðV �WÞ, the relative multiplication (or
composition) R; S is defined as follows:

R; S ¼�
ðx; zÞ;

_
y2V

�
lRðx; yÞ � lSðy; zÞ

�
;
^
y2V

�
mRðx; yÞ � mSðy; zÞ

�
jðx; zÞ 2 U �W

�
;
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then
W

y2V

�
lRðx; yÞ � lSðy; zÞ

�
6

�V
y2V

�
mRðx; yÞ � mSðy; zÞ

�0
for any ðx; zÞ 2

U �W . Let R; S 2 ILFRðU � VÞ, R! S is also an intuitionistic L-fuzzy relation
on U � V , where lR!Sðx; yÞ means the truth degree of the sentence, if xRy, then
xSy; and mR!Sðx; yÞ means the truth degree of the sentence, if xRy does not hold,
then xSy does not hold.

Throughout this paper, unless otherwise stated, L always denotes a complete
lattice implication algebra. For more details of lattice implication algebras, we
refer readers to [15, 22].

3 The Arithmetical Properties of ILFRðU � UÞ

In this section, we study the arithmetical properties of intuitionistic L-fuzzy
relations on the universe U.

Theorem 2 Let U be any non-empty set. The union, intersection, complement,
converse, and composition of intuitionistic L-fuzzy relations in U are defined as
that in Sect. 2.2. We also define the operations !;�;� on ILFRðU � UÞ, for
any R; S 2 ILFRðU � UÞ,

R! S ¼ ððx; yÞ; mRðx; yÞ � lSðx; yÞ; lRðx; yÞ � mSðx; yÞjðx; yÞ 2 U � UÞ;
R� S ¼ ððx; yÞ; lRðx; yÞ � lSðx; yÞ; mRðx; yÞ � mSðx; yÞjðx; yÞ 2 U � UÞ;
R� S ¼ ððx; yÞ; lRðx; yÞ � lSðx; yÞ; mRðx; yÞ � mSðx; yÞjðx; yÞ 2 U � UÞ;

and define the identity relation MU is an intuitionistic L-fuzzy relation on U such
that for any ðx; yÞ 2 U � U,

l
MU
ðx; yÞ ¼

I if x ¼ y;

O; otherwise.

�
and mMU ðx; yÞ ¼

O if x ¼ y;

I; otherwise.

�

Then, ðILFRðU � UÞ;[;\;0 ;!;OU ; IU ; ; ;^;MUÞ is an LRA.

Proof The zero relation and the full relation on U are denoted by OU and IU ,
respectively. As we have discussed above, ðILFRðU � UÞ;[;\;OU ; IUÞ is a
bounded lattice. For any R; S; T 2 ILFRðU � UÞ, since

lR!ðS!TÞðx; yÞ ¼ mRðx; yÞ � lS!Tðx; yÞ ¼ mRðx; yÞ � ðmSðx; yÞ � lTðx; yÞÞ
¼ mSðx; yÞ � ðmRðx; yÞ � lTðx; yÞÞ ¼ mSðx; yÞ � lR!Tðx; yÞ
¼ lS!ðR!TÞðx; yÞ;

and mR!ðS!TÞðx; yÞ ¼ mS!ðR!TÞðx; yÞ can also be proved similarly, I1 holds. In this
way, we can validate I2; . . .; I5 and L1; L2. Hence, ðILFRðU � UÞ;[;\;0 ;!
;OU ; IUÞ is a lattice implication algebra. The associativity ðR; SÞ; T ¼ R; ðS; TÞ and
the unitary law R;MU ¼ MU ; R ¼ R and the zero law R; OU ¼ OU ; R ¼ OU are
obvious. So far, we have proved ð1Þ; ð2Þ in definition 2. (4), (5), and (6) are
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obvious. The rest is to prove (3), (7), (8), and (9). Note that L is an infinite
distributive lattice, hence,

mðR[SÞ;Tðx; zÞ ¼
^
y2U

�
ðmRðx; yÞ ^ mSðx; yÞÞ � mTðy; zÞ

�

¼
^
y2U

�
ðmRðx; yÞ � mTðy; zÞÞ ^ ðmSðx; yÞ � mTðy; zÞÞ

�

¼
^
y2U

�
ðmRðx; yÞ � mTðy; zÞÞ

�
^
^
y2U

�
ðmSðx; yÞ � mTðy; zÞÞ

�

¼ mR;Tðx; zÞ ^ mS;Tðx; zÞ ¼ mðR;TÞ[ðS;TÞðx; zÞ:

lðR[SÞ;Tðx; zÞ ¼ lðR;TÞ[ðS;TÞðx; zÞ is similar. Thus, (3) holds. In this way, we can
obtain (7). In order to prove (8), we only need to prove R^; ðR; SÞ06 S0, or�
R^; ðR; SÞ0

�0
>S. As

lðR^;ðR;SÞ0Þ0 ðx; yÞ ¼
^
z2U

�
ðlR^ðx; zÞÞ0 �

_
w2U

�
lRðz;wÞ � lSðw; yÞ

��

¼
^
z2U

�
ðlRðz; xÞÞ0 �

_
w2U

�
lRðz;wÞ � lSðw; yÞ

��

¼
^
z2U

_
w2U

�
ðlRðz; xÞÞ

0 �
�
lRðz;wÞ � lSðw; yÞ

��
;

and for any z 2 U,

_
w2U

�
ðlRðz; xÞÞ0 �

�
lRðz;wÞ � lSðw; yÞ

��

¼
_

w2U;w 6¼x

�
ðlRðz; xÞÞ0 �

�
lRðz;wÞ � lSðw; yÞ

��_

�
ðlRðz; xÞÞ0 �

�
lRðz; xÞ � lSðx; yÞ

��

¼
_

w2U;w 6¼x

�
ðlRðz; xÞÞ0 �

�
lRðz;wÞ � lSðw; yÞ

��_

�
lRðz; xÞ ! ðlRðz; xÞ ! ðlSðx; yÞÞ

0Þ0
�

¼
_

w2U;w 6¼x

�
ðlRðz; xÞÞ0 �

�
lRðz;wÞ � lSðw; yÞ

��_

�
ðlSðx; yÞ ! ðlRðz; xÞÞ0Þ ! ðlRðz; xÞÞ0

�

¼
_

w2U;w 6¼x

�
ðlRðz; xÞÞ0 �

�
lRðz;wÞ � lSðw; yÞ

��_�
lSðx; yÞ _ ðlRðz; xÞÞ0

�

> lSðx; yÞ:

Similarly, we can prove mðR^;ðR;SÞ0Þ0 ðx; yÞ6 mSðx; yÞ. Thus, (8) holds. For (9), we
only validate the part of the degree of membership, the other part is similar.
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lðS�RÞ;ðT�UÞðx; yÞ ¼
_
z2U

�
lS�Rðx; zÞ � lT�Uðz; yÞ

�

¼
_
z2U

�
lSðx; zÞ � lRðx; zÞ � lTðz; yÞ � lUðz; yÞ

�

¼
_
z2U

�
lSðx; zÞ � lTðz; yÞ � lRðx; zÞ � lUðz; yÞ

�

6

_
z2U

�
lSðx; zÞ � lTðz; yÞ

�
�
_
z2U

�
lRðx; zÞ � lUðz; yÞ

�

¼ lðS;TÞ�ðR;UÞðx; yÞ:

Thus, (9) holds. To sum up, ðILFRðU � UÞ;[;\;0 ;!;OU ; IU ; ; ;^;MUÞ is an
LRA.

Corollary 1 Let U be any non-empty set. For any R; S 2 ILFRðU � UÞ, the
following identities are true:

(1) I^U ¼ IU ;M
^
U ¼ MU ;O^

U ¼ OU ;
(2) ðR0Þ^ ¼ ðR^Þ0;
(3) ðR _ SÞ^ ¼ R^ _ S^, ðR ^ SÞ^ ¼ R^ ^ S^;
(4) ðR� SÞ^ ¼ R^ � S^, ðR� SÞ^ ¼ R^ � S^.

According to Definition 2, the following conclusions can be obtained. Here, we
only prove (5); for more details, please refer to [14].

Proposition 2 Let U be any non-empty set. For any R; S; T 2 ILFRðU � UÞ,
the following conclusions are true:

(1) R; ðS _ TÞ ¼ ðR; SÞ _ ðR; TÞ;
(2) S0 ¼ S0 _ ððS; R^Þ0; RÞ;
(3) R; S6 T 0 , R^; T 6 S0 , T ; S^6R0;
(4) R6 IU ; R; IU , IU ¼ IU ; IU;
(5) R; ðS� TÞ6 ðR; SÞ � ðIU ; TÞ, ðR� SÞ; T 6 ðR; TÞ � ðS; IUÞ;
(6) IU ; ðR! SÞ; IU 6 ðIU ; R0; IUÞ0 ! ðIU ; S; IUÞ;
(7) ðIU ; R0; IUÞ06 IU ; R; IU ;
(8) R^6 S^ if and only if R6 S.

Proof (5) We only prove the first inequality, the second can be proved similarly.
Since

�
R^; ðR; SÞ0

�
�
�
IU ; ðIU ; TÞ0

�
> ðR^ � IUÞ;

�
ðR; SÞ0 � ðIU ; TÞ0

�

¼ R^;
�
ðR; SÞ0 � ðIU ; TÞ0

�
;

and note that R^; ðR; SÞ06 S0 and IU ; ðIU ; TÞ0 ¼ I^U ; ðIU ; TÞ06 T 0, thus

R^;
�
ðR; SÞ0 � ðIU ; TÞ0

�
6 S0 � T 0 ¼ ðS� TÞ0;
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this is equivalent to R^; ðS� TÞ6
�
ðR; SÞ0 � ðIU ; TÞ0

�0 ¼ ðR; SÞ � ðIU ; TÞ.

Corollary 2 Let U be any non-empty set. For any R; S 2 ILFRðU � UÞ, then,

(1) R ¼ R^, or R and R^ are incomparable, in notation, RkR^;
(2) if S6MU, then R>R; S and R>S; R; if S>MU, then R6R; S and R6 S; R.

In the following, for any R; S 2 ILFRðU � UÞ, we let hU ¼ M0U ;
RyS ¼ ðR0; S0Þ0, where hU is called the diversity element in ILFRðU � UÞ, y is

called relative addition. By Theorem 2, Corollary 1, and Proposition 2, the fol-
lowing conclusions can be obtained, the proofs are omitted.

Proposition 3 Let U be any non-empty set. For any R; S; T 2 ILFRðU � UÞ,
then,

(1) RyðSyTÞ ¼ ðRySÞyT;
(2) ðRySÞ^ ¼ S^yR^;
(3) R^; ðR0ySÞ6 S;
(4) h^

U ¼ hU ;
(5) RyðS ^ TÞ ¼ ðRySÞ ^ ðRyTÞ, ðR ^ SÞyT ¼ ðRyTÞ ^ ðSyTÞ;
(6) R; ðSyTÞ6 ðR; SÞyT ;
(7) ðRySÞ; T 6RyðS; TÞ;
(8) MU 6RyðR0Þ^, R; ðR0Þ^6hU;
(9) MU 6RyS if and only if MU 6 SyR if and only if MU 6R^yS^ if and only if
MU 6 S^yR^;

(10) RyhU ¼ hUyR ¼ R; RyIU ¼ IUyR ¼ IU ;

Theorem 3 Let U be any non-empty set and R; S;P 2 ILFRðU � UÞ. Then,
ðS^; R0Þ0 ¼

W
S;T 6R T: In particular, P^ ¼

W
P0;T 6hU

T .

Proof For the first equality, on the one hand, by Definition 2, we have
S; ðS^; R0Þ06R; on the other hand, if S; T 6R, by Proposition 2, this is equivalent
to S^; R06 T 0, that is T 6 ðS^; R0Þ0. Hence, ðS^; R0Þ0 ¼

W
S;T 6R T . Let

S ¼ P0;R ¼ hU , we can obtain the second equality.

In what follows, we prove the main properties of the ILFRs using the calculus
of the algebraic theory. Let R 2 ILFRðU � UÞ. We say that R is reflexive if
R>MU , antireflexive if R6hU , symmetrical if R ¼ R^, and transitive if R>R; R.

Theorem 4 Let U be any non-empty set and R; S 2 ILFRðU � UÞ: Then,

(1) R is reflexive if and only if R0 is antireflexive;
(2) R is symmetrical if and only if R0 is symmetrical;
(3) R is transitive if and only if R^ is transitive.
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Proof

(1) R is reflexive if and only if R>MU if and only if R06 ðMUÞ ¼ hU if and only
if R0 is antireflexive.

(2) By Corollary III.1 (2), we have ðR0Þ^ ¼ ðR^Þ0, so R is symmetrical if and
only if R ¼ R^ if and only if R0 ¼ ðR^Þ0 ¼ ðR0Þ^ if and only if R0 is
symmetrical.

(3) If R is transitive, then R>R; R, by Proposition III.1(8), we have
R^> ðR; RÞ^ ¼ R^; R^; hence, R^ is transitive, and vice versa.

Corollary 3 Let U be any non-empty set and R 2 ILFRðU � UÞ: The following
conclusions hold:

(1) if R is reflexive, then so are R; R and R^;
(2) if R is symmetrical, then so are R; R and R^;
(3) if R is transitive, then so are R; R and R^;
(4) if R is antireflexive, then R>RyR.

4 Conclusion

In this paper, we present an algebraic analysis for binary intuitionistic lattice-
valued fuzzy relations based on lattice implication algebras. For the theory and
application of intuitionistic L-fuzzy relations, the algebraic description shows its
advantages. More importantly, by the algebraization of the set of intuitionistic L-
fuzzy relations, we can obtain a denotational semantics of intuitionistic L-fuzzy
theory and hence a mathematical theory to reason about notions like correctness.
Consequently, one may prove such properties using the calculus of the algebraic
theory, the results, and methods of applications of fuzzy theory may be described
by simple terms in this language.
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