
Chapter 9
A Review on Self-oscillating Relay Feedback
Systems and Its Application to Underactuated
Systems with Degree of Underactuation One

Luis T. Aguilar, Igor Boiko, Leonid Fridman, and Rafael Iriarte

Abstract. A tool for the design of a periodic motion in underactuated systems via
generating a self-excited oscillation of a desired amplitude and frequency driven by
a variable structure control is reviewed. In this chapter, we overview the capabili-
ties of the two-relay controller to induce oscillations in dynamical systems. In this
chapter, we will focus on underactuated mechanical systems with degree of under-
actuation one, that is, n degrees-of-freedom and n−1 actuators only. Three methods
to set the frequency and amplitude of oscillation and its application to one-degree
of underactuation systems are reviewed: describing function method, Locus of the
perturbed relay system design (LPRS), and Poincaré map based design. Theoretical
and practical open problems are also discussed.

9.1 Introduction

Researchers have been investigating and applying limit cycle behaviour to many
different engineering fields. We can find several research works on this subject (see,
e.g., [[26]]) but in the present survey we will focus on limit cycles induced by relay
feedback systems only. In this chapter, we review the control of one of the simplest
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types of functional motion: generation of a periodic motion in underactuated sys-
tems which could be non-minimum-phase. Current representative works on periodic
motions and orbital stabilization of underactuated systems involve finding and using
a reference model as a generator of limit cycles (see, e.g., [[9,25]]), thus considering
the problem of obtaining a periodic motion as a servo problem. Orbital stabilization
of underactuated systems finds applications in electrical and mechanical systems.

Electrical systems. In power electronics applications, the idea of using self-oscillating
switching has been explored in dc–dc inverters [[22]] because zero sensitivity to load
changes and high performance have been demonstrated. Such inverters are attrac-
tive to operate in dc–ac converters since two buck-boost dc–dc inverters are com-
monly used. Several topologies have been proposed to design these converters, for
example, Sanchis et al. [[27]] design a buck-boost dc–ac inverter using a double-loop
control for both buck-boost dc–dc converter. Youssef and Jain [[32]] present a self-
sustained oscillating controller for power factor correction circuits. Several circuit
topologies for nonconventional dc–ac inverters are illustrated in J. Lai [[19]]. Under
the framework of the present chapter, the dc–ac converter will consists of a two re-
lay controller and a second order filter. For example, in an uninterruptible power
supply (UPS) units, the desired voltage and frequency will be taken as 120 Vrms and
60 Hz, respectively according to North America standard. Thus, the purpose of the
two relay controller is to induce a periodic voltage at the output of the filter with
desired frequency and amplitude avoiding fast switching.

Underactuated mechanical systems. In particular, one of the most interesting appli-
cations of self-oscillation is to develop motion-planning algorithms which allow an
underactuated robot to execute reliable maneuvers which is still a challenge for this
class of systems for example in the coordinated motion of biped robots [[12]]. The
formulation is different from the typical formulation of the tracking control problem
for fully actuated mechanical systems [[30]] where the reference trajectory can be ar-
bitrarily given, because underactuated systems are not feedback linearizables due to
the insufficient number of actuators. Therefore, special attention is required in the
selection of the desired trajectory for the systems under study. Different approaches
for orbital stabilization have been proposed. For example, Shiriaev et al. [[29]] intro-
duces a constructive tool for generation and orbital stabilization of periodic motion
in underactuated nonlinear system through virtual constraint approach. Grizzle et
al. [[18]] demonstrate asymptotic tracking for an unactuated link by finding condi-
tions for the existence of a set of outputs that yields a system with a one-dimensional
exponentially stable zero dynamics. In Orlov et al. [[24]] and Santiesteban et al. [[28]]
an asymptotic harmonic generator was introduced through a modified Van der Pol
equation tested on a friction pendulum to solve the swing up problem for an in-
verted pendulum. Berkemeier and Fearing [[9]] derive a set of exact trajectories of
the nonlinear equations of motion of Acrobot, which involve inverted periodic mo-
tions. Martı́nez et al. [[21]] made a study of motion planning and oscillatory control
for underactuated systems under geometric control theory.

In this chapter, underactuated systems are considered as the systems with internal
(unactuated) dynamics with respect to the actuated variables. It allows us to propose
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a method of generating a periodic motion in an underactuated system where the
same behavior can be seen via second order sliding mode (SOSM) algorithms, that
is, generating self-excited oscillations using the same mechanism as the one that
produces chattering. However, the generalization of the SOSM algorithms and the
treatment of the unactuated part of the plant as additional dynamics result in the
oscillations that may not necessarily be fast and of small amplitude.

There exist two approaches to analysis of periodic motions in sliding mode sys-
tems due to the presence of additional dynamics: the time-domain approach, which
is based on the state space representation, and the frequency-domain approach. The
Poincaré maps [[31]] are successfully used to ensure the existence and stability of pe-
riodic motions in the relay control systems (see, e.g., [[16]]). We can find application
of Poincaré maps in several tasks such as biped locomotion [[23]] and switched con-
verter systems [[13]]. The describing function (DF) method [[15]] allows approximate
values of the frequency and the amplitude of periodic motions to be found in systems
with linear plants driven by sliding mode controllers. The locus of perturbed relay
system (LPRS) method [[10]] provides an exact solution of the periodic problem in
discontinuous control systems, including finding exact values of the amplitude and
the frequency of the self-excited oscillation.

Biped robots, gymnastic robot, and mechanical systems that evolve coordinated
motion in order to emulate human walking patterns and climbing are examples of
slow motion systems while switching power supplies are examples where fast os-
cillations are required. In this chapter, we will focus in underactuated mechanical
systems with degree of underactuation one, that is, n degrees-of-freedom and n− 1
actuators. Examples of such systems are inertia wheel pendulum, acrobot, pendubot,
among others.

9.2 Problem Statement

Let the underactuated mechanical system, which is a plant in the system where a
periodic motion is supposed to occur, be given by the Lagrange equation:

M(q)q̈+H(q, q̇) = Su (9.1)

where q(t) ∈ R
m is the vector of joint positions; u(t) ∈ R is the vector of applied

joint torques where m < n; S = [0(m−1),1]
T is the input that maps the torque input to

the joint coordinates space; M(q) ∈ R
m×m is the symmetric positive-definite inertia

matrix; and H(q, q̇)∈R
m is the vector that contains the Coriolis, centrifugal, gravity,

and friction torques.
The following two-relay controller is proposed for the purpose of exciting a pe-

riodic motion:
u =−c1 sign(y)− c2 sign(ẏ), (9.2)

where c1 and c2 are parameters designed such that the scalar output of the system
(the position of a selected link of the plant)
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y = h(q) (9.3)

has a steady periodic motion with the desired frequency and amplitude.
The analysis and design objectives are formulated as follows: Find the parameter

values c1 and c2 in (9.2) such that the system (9.1) has a periodic motion with the
desired frequency Ω and desired amplitude of the output signal A1. Therefore, the
main objective of this research is to find mapping G to be able to tune c1 and c2

values.

9.3 Methodologies Review

In Aguilar et al. [[5, 6]] was demonstrated the capabilities of the two relay controller
to induce oscillations in nonlinear dynamical systems. Indeed, due to the simplicity
of the controller to solve such problem, it looks attractive for its physical imple-
mentation. The TRC were successfully tested in academic underactuated systems
(inverted pendulums). However, we can found in literature many underactuated sys-
tems with certain degree of complexity where motion control is required. Analysis
of periodic motions in variable structure system were studied by Fridman [[17]]. The
introductory works [[2–4]] were motivated by the original works of Boiko and Frid-
man compiled in [[11]]where the analysis of chattering in linear systems was pursued
using frequency domain tools such as describing function and locus of a perturbed
relay systems (LPRS) methods.

9.3.1 Describing Function

Let firstly, the linearized plant be given by:

ẋ = Ax+Bu
y = Cx

, x ∈R
n, y ∈R, n = 2m (9.4)

which can be represented in the transfer function form as follows:

W (s) =C(sI −A)−1B.

Let us assume that matrix A has no eigenvalues at the imaginary axis and the relative
degree of (9.4) is greater than 1.

The describing function (DF), N, of the variable structure controller (9.2) is the
first harmonic of the periodic control signal divided by the amplitude of y(t) [[8]]:

N =
ω
πA1

∫ 2π/ω

0
u(t)sin(ωt)dt + j

ω
πA1

∫ 2π/ω

0
u(t)cos(ωt)dt (9.5)

where A1 is the amplitude of the input to the nonlinearity (of y(t) in our case) and ω
is the frequency of y(t). However, the algorithm (9.2) can be analyzed as the parallel
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connection of two ideal relay where the input to the first relay is the output variable
and the input to the second relay is the derivative of the output variable. For the first
relay the DF is:

N1 =
4c1

πA1
,

and for the second relay it is [[8]]:

N2 =
4c2

πA2
,

where A2 is the amplitude of dy/dt. Also, take into account the relationship between
y and dy/dt in the Laplace domain, which gives the relationship between the ampli-
tudes A1 and A2: A2 = A1Ω , where Ω is the frequency of the oscillation. Using the
notation of the algorithm (9.2) we can rewrite this equation as follows:

N = N1 + sN2 =
4c1

πA1
+ jΩ

4c2

πA2
=

4
πA1

(c1 + jc2), (9.6)

where s = jΩ . Let us note that the DF of the algorithm (9.2) depends on the ampli-
tude value only. This suggests the technique of finding the parameters of the limit
cycle via the solution of the harmonic balance equation [[8]]:

W ( jΩ)N(a) =−1, (9.7)

where a is the generic amplitude of the oscillation at the input to the nonlinearity,
and W ( jω) is the complex frequency response characteristic (Nyquist plot) of the
plant. Using the notation of the algorithm (9.2) and replacing the generic amplitude
with the amplitude of the oscillation of the input to the first relay this equation can
be rewritten as follows:

W ( jΩ) =− 1
N(A1)

, (9.8)

where the function at the right-hand side is given by:

− 1
N(A1)

= πA1
−c1 + jc2

4(c2
1 + c2

2)
.

Equation (9.7) is equivalent to the condition of the complex frequency response
characteristic of the open-loop system intersecting the real axis in the point (−1, j0).
The function −1/N is a straight line the slope of which depends on c2/c1 ratio. The
point of intersection of this function and of the Nyquist plot W ( jω) provides the
solution of the periodic problem.

Here, we summarize the steps to tune c1 and c2:

a) Identify the quadrant in the Nyquist plot where the desired frequency Ω is lo-
cated, which falls into one of the following categories (sets):
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Q1 = {ω ∈ R : Re{W ( jω)} > 0, Im{W( jω)} ≥ 0}
Q2 = {ω ∈ R : Re{W ( jω)} ≤ 0, Im{W( jω)} ≥ 0}
Q3 = {ω ∈ R : Re{W ( jω)} ≤ 0, Im{W( jω)} < 0}
Q4 = {ω ∈ R : Re{W ( jω)} > 0, Im{W( jω)} < 0}.

b) The frequency of the oscillations depends only on the c2/c1 ratio, and it is possi-
ble to obtain the desired frequencyΩ by tuning the ξ = c2/c1 ratio:

ξ =
c2

c1
=− Im{W ( jΩ)}

Re{W ( jΩ)} . (9.9)

Since the amplitude of the oscillations is given by

A1 =
4
π
|W ( jΩ)|

√
c2

1 + c2
2, (9.10)

then the c1 and c2 values can be computed as follows

c1 =

⎧
⎪⎨

⎪⎩

π
4

A1
|W ( jΩ)|

(√
1+ ξ 2

)−1
if Ω ∈ Q2 ∪Q3

− π
4

A1
|W ( jΩ)|

(√
1+ ξ 2

)−1
elsewhere

(9.11)

c2 = ξ · c1. (9.12)

9.3.2 Locus of a Perturbed Relay System Design (LPRS)

The LPRS proposed in [[10]] provides an exact solution of the periodic problem in
a relay feedback system having a plant (9.4) and the control given by the hysteretic
relay. The LPRS is defined as a characteristic of the response of a linear part to an
unequally spaced pulse control of variable frequency in a closed-loop system [[10]].
This method requires a computational effort but will provide an exact solution. The
LPRS can be computed as follows:

J(ω) =
∞

∑
k=1

(−1)k+1Re{W(kω)}+ j
∞

∑
k=1

1
2k− 1

Im{W [(2k− 1)ω ]} . (9.13)

The frequency of the periodic motion for the algorithm (9.2) can be found from the
following equation [[10]]:

ImJ(Ω) = 0.

In fact, we are going to consider the plant being nonlinear, with the second relay
transposed to the feedback in this equivalent plant. Introduce the following function,
which will be instrumental in finding a response of the nonlinear plant to the periodic
square-wave pulse control.
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L(ω ,θ ) =
∞

∑
k=1

1
2k− 1

(sin[(2k− 1)2πθ ]Re{W [(2k− 1)ω ]}

+ cos[(2k− 1)2πθ ]Im{W [(2k− 1)ω ]}).
(9.14)

The function L(ω ,θ ) denotes a linear plant output (with a coefficient) at the instant
t = θT (with T being the period: T = 2π/ω) if a periodic square-wave pulse signal
of unity amplitude is applied to the plant:

L(ω ,θ ) =
πy(t)

4c

∣
∣
∣∣
t=2πθ/ω

with θ ∈ [−0.5,0.5] and ω ∈ [0,∞], where t = 0 corresponds to the control switch
from −1 to +1.

With L(ω ,θ ) available, we obtain the following expression for Im{J(ω)} of the
equivalent plant:

Im{J(ω)}= L(ω ,0)+
c2

c1
L(ω ,θ ). (9.15)

The value of the time shift θ between the switching of the first and second relay can
be found from the following equation

ẏ(θ ) = 0.

As a result, the set of equations for finding the frequency Ω and the time shift θ is
as follows:

c1L(Ω ,0)+ c2L(Ω ,θ ) = 0, c1L1(Ω ,−θ )+ c2L1(Ω ,0) = 0. (9.16)

The amplitude of the oscillations can be found as follows. The output of the system
is:

y(t) =
4
π

∞

∑
i=1

{c1 sin[(2k− 1)Ω+ϕL((2k− 1)Ω)]

+ c2 sin[(2k− 1)Ω t+ϕL((2k− 1)Ω)+ (2k− 1)2πθ ]}AL((2k− 1)Ω)

(9.17)

where ϕL(ω) = argW (ω), which is a response of the plant to the two square pulse-
wave signals shifted with respect to each other by the angle 2πθ . Therefore, the
amplitude is

A1 = max
t∈[0;2π/ω]

y(t). (9.18)

Yet, instead of the true amplitude we can use the amplitude of the fundamental
frequency component (first harmonic) as a relatively precise estimate. In this case,
we can represent the input as the sum of two rotating vectors having amplitudes
4c1/π and 4c2/π , with the angle between the vectors 2πθ . Therefore, the amplitude
of the control signal (first harmonic) is
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Au =
4
π

√
c2

1 + c2
2 + 2c1c2 cos(2πθ ), (9.19)

and the amplitude of the output (first harmonic) is

A1 =
4
π

√
c2

1 + c2
2 + 2c1c2 cos(2πθ )AL(Ω), (9.20)

where AL(ω) = |W ( jω)|. We should note that despite using approximate value for
the amplitude in (9.20), the value of the frequency is exact. Expressions (9.16),
(9.20) if considered as equations for Ω and A1 provide one with mapping F . From
(9.16) one can see that the frequency of the oscillations depends only on the ra-
tio c2/c1 = ξ . Therefore, Ω is invariant with respect to c2/c1: Ω(λc1,λc2) =
Ω(c1,c2). It also follows from (9.20) that there is the following invariance for the
amplitude: A1(λc1,λc2) = λA1(c1,c2). Therefore, Ω and A1 can be manipulated
independently in accordance with mapping G considered below.

Mapping G (inverse of F) can be derived from (9.16), (9.20) if c1, c2 and θ are
considered unknown parameters in those equations. For any givenΩ , from equation
(9.16) the ratio c2/c1 = ξ can be found (as well as θ ). Therefore, we can find first
ξ = c2/c1 = h(Ω), where h(Ω) is an implicit function that corresponds to (9.16).
After that c1 and c2 can be computed as per the following formulas:

c1 =
π
4

A1

AL(Ω)

1
√

1+ 2ξ cos(2πθ )+ ξ 2
(9.21)

c2 =
π
4

A1

AL(Ω)

ξ
√

1+ 2ξ cos(2πθ )+ ξ 2
. (9.22)

9.3.3 Poincaré-Map-Based Design

To construct the Poincaré map, one has to choose a surface of section S in the state
space R

4 and consider the points of successive intersections of a given trajectory
with this surface. Switching occur on the level surfaces defined by

S1 = {x : y = 0, ẏ < 0}, S2 = {x : y < 0, ẏ = 0},
S3 = {x : y = 0, ẏ > 0}, S4 = {x : y > 0, ẏ = 0}. (9.23)

The space R
4 is divided into four regions by Si, i = 1, . . . ,4:

R1 = {x : y < 0, ẏ < 0}, R2 = {x : y < 0, ẏ > 0},
R3 = {x : y > 0, ẏ > 0}, R4 = {x : y > 0, ẏ < 0}. (9.24)

Depending on the state, the system is governed by one of the four models defined
by
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M1 : ẋ = Ax+B(c1+ c2),

M2 : ẋ = Ax+B(c1− c2),

M3 : ẋ = Ax−B(c1+ c2),

M4 : ẋ = Ax+B(−c1+ c2).

The solution of M1 on the time interval [0; t1], where t1 is the transition time from S1

to S2, subject to the initial conditions x(0) = ρp, where “(·)p” stands for “periodic”,
such that (without loss of generality)

y(0) =C x(0) =Cρp = 0,

ẏ(0) =C (Ax(0)+Bu) =C Aρp < 0
(9.25)

is given by

x(t) = eAtx(0)+
∫ t

0
eAτdτBu,

where ∫ t

0
eAτdτ =

∞

∑
i=1

Ai−1ti/i! = A−1(eAt − I)

and u = c1 + c2. The transition to S2 and switching to u = c1 − c2 is ensured under
the technical transversality condition

ÿ(t1) =C A2ηk > 0. (9.26)

Under this condition, the trajectory will enter the region R2, and since the matrix A
is Hurwitz it will reach either S3 or return back to S2. We will assume for now that
the latter does not happen.

Analogously, for the case of the twisting projection of the motion onto the (y, ẏ)-
plane, the four state transitions initiated at ρk = ρp are given by

ηk = eAt1ρk +A−1(eAt1 − I)B(c1 + c2),

ρ−k = eAt2ηk +A−1(eAt2 − I)B(c1 − c2),

η−
k = eAt3ρ−k −A−1(eAt3 − I)B(c1 + c2),

ρk+1 = eAt4η−
k −A−1(eAt4 − I)B(c1 − c2),

(9.27)

where t2 is the time interval between S2 and S3, t3 is the time interval between S3

and S4, and t4 is the time interval between S4 and S1.
The fixed point of the Poincaré map, corresponding to an isolated periodic so-

lution of system (9.4) driven by the two-relay controller, is determined by equation
ρk+1 = ρk = ρp. Skipping the sequential numbers of switching in (9.27) and us-
ing the principle of symmetry one can write the following: ρ−p = −ρp. For the T -
periodic (symmetric) solution we will use the following notation: t1 = t3 = θ1, t2 =
t4 = θ2 = T/2−θ1.

The equation for the fixed point together with the switching conditions can be
rewritten as follows:
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−ρp = eAθ2ηp +A−1(eAθ2 − I)B(c1 − c2) (9.28)

and, with the help of y(0) = ẏ(θ1) = 0 and CB = 0,

ηp = eAθ1ρp +A−1(eAθ1 − I)B(c1 + c2)
Cρp = 0, CAηp = 0, CAρp < 0, CA2ηp > 0.

(9.29)

We assume in (9.28) and (9.29) that there are no additional switches on intervals
t ∈ (0;t1) and t ∈ (t1;t2), respectively since ẏ < 0 initially and y monotonically
decreases from zero and cannot cross zero before ẏ changes sign at t = t1. This
condition can easily be verified after parameters θ1 and θ2 are determined.

It is left to formalize the condition ensuring transition from S2 to S3 without leav-
ing R2. Defining two hypothetical (for the fixed control input u = c1 − c2) boundary
crossing times as t̄2 and t2, we have

t2 = min
{

t > 0 : C
(
eAtηp +A−1(eAt − I)B(c1 − c2)

)
= 0

}

and
t̄2 = min

{
t > 0 : CA

(
eAtηp +A−1(eAt − I)B(c1 − c2)

)
= 0

}
.

Hence, we require
t2 < t̄2 (9.30)

to ensure that our analysis of the limit cycle with exactly four switches is correct. In
the case when the transition time is sufficiently small, dropping smaller-order terms
in the definitions of t2 and t̄2, one can derive the following simplified approximate
algebraic assumption1

0 < t2 ≈− 2CA2ηp

CA3ηp + c2 − c1
<

√
2Cηp

−CA2ηp
≈ t̄2.

Let us move onto defining the amplitude and frequency of the oscillations.
The system (9.28) and (9.29) can be considered as a system of algebraic equa-

tions for design of the two-relay controller providing for the system (9.4) the desired
periodic solution with a given frequency Ω and amplitude A1. Taking into account
that

y(θ1) =Cηp = A1, θ1 +θ2 = π/Ω = T/2 (9.31)

(9.28), (9.29), and (9.31) can be reduced to a system of five nonlinear algebraic
equations with respect to five variables: c1,c2,θ1 and the first and the second coor-
dinates of the vector ρp. Once the resolving set of parameters is found, the two-relay
controller gains that provide the periodic solution of the system (9.4) with the de-
sired amplitude and frequency are designed. This can be summarized as follows.

1 Here we have used the identities CAηp = 0, CB =CAB = 0, and CA2B = 1, and dropped
the third-order terms in the series expansions for the matrix exponents.
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Theorem 9.1. Suppose the system (9.28), (9.29), and (9.31) possesses a solution
satisfying (9.30). If the desired amplitude A1 is sufficiently small to avoid singular-
ity in the matrix M(q) defined in (9.1) and assuming that there are no additional
switches on intervals t ∈ (0;t1) and t ∈ (t1; t2), then the closed-loop system (9.1)–
(9.2) has the desired periodic solution.

Note however that (9.28), (9.29), and (9.31) is a system of nonlinear algebraic equa-
tions and might be hard to solve and even have no solutions for a particular values
of A1 and Ω .

It turns out that the linearity of the (transformed) plant and the fact that the control
in the periodic motion can be represented as a sum of two relay controls, with finding
the response of the plant as a linear combination (sum) of the two periodic relay
controls of amplitudes c1 and c2, allows for a reduction of complexity of the original
problem. Let us develop an approach that might simplify finding fixed points of the
Poincaré map utilizing the concepts of the locus of a perturbed relay system method.

9.4 Linearized-Poincaré-Map-Based Analysis of Orbital
Stability

Let us use (9.27) to analyze the deviation of a trajectory initiated on the surface S1 at
x(0)= ρk =ρp+δρ from a periodic trajectory initiated from some ρp for sufficiently
small initial deviations δρ . Using the equation in (9.27) for ηk, the equation in (9.29)
for ηp, and the Taylor expansion eAt1 = eAθ1 + eAθ1AΔ t +O

(
Δ t2), Δ t = t1 −θ1 one

can proceed as follows:

ηk = eAt1(ρp + δρ)+A−1(eAt1 − I)B(c1 + c2)

=
(

eAθ1 + eAθ1AΔ t
)
(ρp + δρ)+O

(
Δ t2)

+A−1
(

eAθ1 +(eAθ1 − I+ I)AΔ t − I
)

B(c1 + c2)

so that

ηk = eAθ1
(
δρ+AδρΔ t

)
+(I+AΔ t)ηp +B(c1+c2)Δ t +O

(
Δ t2) .

Now, since CAηk =CAηp = 0, premultiplying this equation by CA which results in

CAeAθ1
(
δρ+AδρΔ t

)
+CA(Aηp +B(c1 + c2))Δ t =O

(
Δ t2) ,

one immediately concludes thatΔ t =O(δρ) and obtains an estimate for t1 = θ1+Δ t,
that can be substituted back:

ηk = ηp + δη = ηp +ϕ1δρ +O(δ 2
ρ ),

where
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ϕ1 =

(
I− v1CA

CAv1

)
eAθ1 , v1 = Aηp +B(c1 + c2). (9.32)

Following the second equation in (9.27) and computing t2 using Cρ−k = Cρp = 0,
one, in a similar way, obtains

ρ−k =−ρp + δρ− =−ρp +ϕ2δη +O(δ 2
ρ ),

where

ϕ2 =

(
I− v2C

Cv2

)
eAθ2 , v2 = Aρp +B(c1 − c2). (9.33)

Following the third equation in (9.27) and computing t3 using CAη−
k =CAηp = 0,

one obtains
η−

k =−ηp + δη− =−ηp +ϕ3δρ−+O(δ 2
ρ ),

where ϕ3 = ϕ1.
Following the last equation in (9.27) and computing t4 using Cρk+1 = Cρp = 0,

one obtains
ρk+1 = ρp +ϕ4δρ−+O(δ 2

ρ ),

where ϕ4 = ϕ2.
Finally, we have for small δρ = ρk−ρp: ρk+1−ρp =Φ ·(ρk −ρp)+O(δ 2

ρ ), with

Φ = (ϕ2 ·ϕ1)
2. (9.34)

Since we have just computed a linearization for the Poincaré map, we conclude with
the following.

Theorem 9.2. Suppose that the parameters c1 and c2 induce a periodic trajectory
for the closed-loop system controlled by the two-relay algorithm, that is, (9.1)–(9.2).
This solution is orbitally exponentially stable if and only if all the eigenvalues of the
matrix Φ , defined by (9.32), (9.33), and (9.34), are inside the unit circle.

9.5 Robust Control Design

The system (9.1)–(9.2) is not a free-disturbance system except if there exist a de-
sired frequency and amplitude such that the coefficients of (9.2) satisfy the twisting
condition c1 > c2 > wmax > 0, where wmax is the upper bound of disturbance w(t),
that is ‖w(t)‖ ≤ wmax. Moreover, the system (9.1) is nonlinear and the design was
done considering the linearization of the model, which might result in a closed-loop
that is not robust in the presence of unknown inputs. In particular, in Aguilar et
al. [[7]], imperfections of oscillation characteristics due to Coulomb friction forces,
dead zone, mechanical vibrations, etc., were reported. Motivated by the need of a
robust closed-loop scheme, we present a non-autonomous scheme to deal with this
problem.
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Fig. 9.1 Block diagram of the two-relay controller for real-time trajectory generation for
orbital stabilization of inertia wheel pendulum

Let us start by explaining how to find a set of desired oscillations around its
upright position. To begin with, let us rewrite (9.1) in terms of the reference positions
and velocities (qr, q̇r)

M(qr)q̈r +H(qr, q̇r) = Su(yr, ẏr). (9.35)

We need to find u(yr, ẏr) ∈ R to produce a set of desired periodic motion of the ref-
erence model (yr) such that its output has a periodic motion with desired frequency
and amplitude. Figure 9.1 shows a block diagram of the control applied to the inertia
wheel pendulum with the real time trajectory generator.

Finally, a feedback law must be designed to ensure

lim
t→∞‖yr(t)− y(t)‖= lim

t→∞‖σ(t)‖= 0 (9.36)

where σ(t) ∈R stands for the output error, and yr(t) is the desired output while pro-
viding boundedness of q̇2 and attenuating external disturbances where the reference
output yr(t) is computed online from (9.35).
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9.5.1 Case of Study: Inertia Wheel Pendulum

We will illustrate the procedure to find the set of reference trajectories for the inertia
wheel pendulum. Let us consider the dynamics of the wheel pendulum in terms
of the reference positions and velocities (qr, q̇r) without considering the viscous
friction force [

J1 J2

J2 J2

][
q̈1r

q̈2r

]
+

[
hsinq1r

0

]
=

[
0
1

]
τr. (9.37)

We need to find the reference torque τr ∈ R to produce a set of desired periodic
motion of the underactuated link (y= q1r) such that the output has a periodic motion
with desired frequency and amplitude. As will be shown later, viscous friction is not
required in the above equation since it acts as a damping force thus ensuring the
stability of the closed-loop system.

In the results published in [[1, 5, 6]], the self-oscillations were generated in an
inertia wheel pendulum using the two relay controller without tracking control. Con-
sequently, the closed-loop system becomes sensitive to disturbances and uncertain-
ties of the model. Now, the proposed framework for trajectory generation under the
same methodology and the robust state-feedback tracking controller contributes to
avoid sensitivity to external disturbances and unknown dynamics. Here, we mean
that the deviation of the frequency and amplitude of the periodic trajectory at the
output of the closed-loop structure proposed in [[1, 5, 6]] with respect to the desired
ones, depended on the uncertainties of the parameters of the model because formu-
las to compute the two values of the two-relay controller (c1 and c2) depends of
the values of the inertia, length of the link, and masses, only; while viscous friction
level was not considered as part of the formulas however exists in the system. Now,
the proposed scheme is robust with respect to effect of viscous friction and exter-
nal disturbances which will be rejected using a second-order sliding mode tracking
controller.

The inertia wheel pendulum has underactuation degree one and satisfies certain
structural property noted in [[18]]. As a result, it is possible to make exact lineariza-
tion thus achieving local stability of zero dynamics. Following [[18]], let us take

p1 = q1r −π+ J−1
1 J2q2r

η = J1q̇1r + J2q̇2r +K p1

where K > 0 is a constant. It is easy to verify that

J1 ṗ1 = η−K p1

while

η̇ = KJ−1
1 J2q̇2r − hsin(q1r)+Kq̇1r,

η̈ =−hcos(q1r)q̇1r −KJ−1
1 hsin(q1r),

...
η = R(q1r, q̇1r)+H(q1r)τr
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where

H(q1r) =
hcos(q1r)

J1 − J2
,

R(q1r, q̇1r) = h
(
q̇2

1r +H(q1r)
)

sin(q1r)− hK
J1

q̇1r cos(q1r).

(9.38)

Hence, we can take

τr = H−1(q1r)(ur − a0η− a1η̇− a2η̈−R(q1r, q̇1r)) , (9.39)

where H(qr) is nonsingular around the equilibrium point (q�1r, q̇
�
1r) = (π ,0), a0,a1,

and a2 are positive constants. Introducing the new state coordinates x=(x1,x2,x3)=
(η , η̇ , η̈), we obtain

⎡

⎣
ẋ1

ẋ2

ẋ3

⎤

⎦=

⎡

⎣
0 1 0
0 0 1

−a0 −a1 −a2

⎤

⎦

⎡

⎣
x1

x2

x3

⎤

⎦+

⎡

⎣
0
0
1

⎤

⎦ur, (9.40)

ṗ1 =−K
J1

p1 +
1
J1

yr, yr =
[
1 0 0

]
x. (9.41)

The following two-relay controller is proposed for the purpose of exciting a periodic
motion in (9.40):

ur =−c1 sign(yr)− c2 sign(ẏr) (9.42)

where c1 and c2 are scalars parameters designed such that the scalar-valued function
output yr(t) has a periodic motion with the desired frequency Ω and amplitude A1.
Let us recall that the difference between (9.42) and the second order sliding mode
controller given, for example, in [[20]] is that c1 is not constrained to be positive and
greater than c2.

Let us define the tracking error as:

σ(t) = q1r(t)− q1(t)
˙̃q2(t) = q̇2r(t)− q̇2(t).

(9.43)

The second-order sliding mode controller can be straightforwardly synthesized from
(9.43) obtaining:

τ =−Δ
J2

(
α1 sign(σ)+α2 sign(σ̇)+β1σ +β2σ̇ − γ ˙̃q2

)

− hsin(q1r −σ)+ fs(q̇2r − ˙̃q2)− Δ
J2

q̈1r (9.44)

where Δ = (J1 − J2)J2. The role of γ ˙̃q2 is to avoid that the wheel velocity saturates
after a while because the pendulum is influenced by the acceleration of the wheel.
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Fig. 9.2 Periodic reference signal atΩ = 2π [rad/s] and A1 = 0.07 generated by the two-relay
controller reference model under the parameters c1 = 2, c2 =−0.1, K = 1×10−4, a0 = 350,
a1 = 155, and a2 = 22 (left). Tracking error of the underactuated link σ under disturbances
and perturbed velocity of the disk (right).

Fig. 9.2 shows the trajectory of the reference signal for the reaction wheel pendu-
lum used as reference model. Figure 9.2 also shows the experimental trajectories of
the pendulum for the unperturbed and perturbed case, respectively. Details in using
quasi-continuous high-order sliding modes is presented by Estrada et al. [[14]].

9.6 Comments

Of course, the considered two-relay control algorithm is not the only one that can
be used for the purpose of inducing oscillations in dynamical systems. Development
of efficient algorithms for purpose of inducing oscillations in mechanical systems,
methods of their analysis and design is still an open problem mainly for systems
with degree of underactuation higher than one. In fact, the described method just
presents a new approach, which is promising in the authors’ opinion. In particular,
this concerns the use of such simple and efficient methods as the describing function
and LPRS methods. In the describing function analysis, sacrificing of exactness of
amplitude/frequency computing in favor of simplicity is quite justified by the avail-
ability of qualitative results and important conclusions. The LPRS method provides
the same functionality even without sacrifice of exactness.

The key feature of the proposed method is that the underactuated system can
be considered as a system with unactuated dynamics with respect to the actuated
variables. For generation of the self-excited oscillations with desired output ampli-
tude and frequencies, a two relay controller is proposed. A systematic approach for
two-relay controller parameter adjustment is proposed. The DF method provides ap-
proximate values of the controller parameters for the plants with the low-pass filter-
ing properties. The LPRS gives exact values of the controller parameters for linear
plants. The Poincaré maps provides the values of the controller parameters ensur-
ing the existence of the locally orbitally stable periodic motions for an arbitrary
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mechanical plant. The effectiveness of the proposed design procedures is supported
by experiments carried out on the Furuta pendulum and inertia wheel pendulum
from Quanser.

Open questions and problems arising from the above presented results include
(a) define conditions of orbital stability for nonlinear plants, (b) generalization of
the results for systems that are exactly linearizable, (c) analysis and formulas for
bounded control input and bounded outputs systems, (d) define the two-relay con-
troller formulation for underactuated systems with degree of underactuation higher
than one.
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