Chapter 6
Complements: Stabilisation Methods,
Eigenvalue Problems

In this chapter, we shall consider two special topics related to the approximation of
saddle-point problems. The first one is about stabilised methods, which are more and
more widely used in many applications where it is difficult to build approximations
satisfying both the ellipticity in the kernel and the inf-sup properties. The second
section will be devoted to an abstract presentation of eigenvalue problems for
mixed problems, where an emphasis will be put on both necessary and sufficient
conditions.

6.1 Augmented Formulations

6.1.1 An Abstract Framework for Stabilised Methods

Stabilisation techniques have become quite popular and new methods have been
introduced along many avenues. Taking into account the enormous variety of
possible applications, stabilisation techniques would require a book of their own.
On the other hand, we might conceive stabilisation techniques as an arsenal of
tricks to manipulate the problem and transform it into one for which the general
stability theories (as the ones described in this book), can be applied. Hence, we
just give the flavour of some of these tricks, and refer to the specialised literature
for applications on the various particular problems. We will start with some general
considerations regarding augmented formulations (that are the basis of the so-called
“stabilisations a la Hughes-Franca”). Then, following [123], we shall describe a
general framework for the study of stability issues, in which one tries to reduce
the stabilising modifications at the strictly necessary minimum (whence the name
“minimal stabilisations”).

We have seen previously, in Sect. 1.5, that some augmented formulations cannot
be written as Euler’s equations of a Lagrangian but rather through an antisymmetric
bilinear form. To include these formulations, among others, in our framework, we
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start by introducing an abstract framework, that contains the mixed methods studied
in the previous chapters as a special case.

Let therefore W be a Hilbert space, let A be in L(W, W) (the space of linear
continuous operators from W to W’ as defined in Sect. 4.1.4), and let F' be in W'.
We consider the problem: find X € W such that,

AX = F, (6.1.1)
which in variational formulation can be written as
(AX,Y)wriew = (F.Y)wrxww  YY eW. (6.1.2)

From now on, we shall always assume that the bilinear form associated to A is
positive semi-definite, that is

(AY,Y) >0 VY eW. (6.1.3)
Remark 6.1.1. As we are mostly interested in mixed problems, it is worth showing

that this abstract formalism contains the usual theory for these problems. Indeed, let
W:=V x Q,with X := (u, p),and Y := (v, q), and define

(AX,Y) :=a(u,v) + b(v, p) —b(u,q), 6.14)
(F.Y) = (fv)yxy —(g.9)o'x0-
In this context, it is clear that (6.1.2) is just another way of writing
a(u,v) +b(v, p) =(f,v YveV,
§ (,v) +b(v. p) = (fv)y 6.15)
b(u.q) = (g.9) VgeQ.

It must however be noted that we are implicitly using the non symmetric form

(5 0) ()= (%) 619

rather than the symmetric one

(2 9)()=() 61

As a consequence of this choice, assuming
a(v,v) >0 Yvel, (6.1.8)

we clearly have that (6.1.3) holds. O
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6.1.2 Stabilising Terms

We shall consider here a very wide class of stabilisations, the so-called augmented
formulations. Philosophically, we could think of them as based on the following
observation. Suppose that we are given a general problem of the type: find X € W
such that

(.AX, Y)W’XW = (F, Y)W/XW VY eW, (6.1.9)

and assume that 4 is an isomorphism from W to W’ (so that our problem has
a unique solution). In general, as we observed already in Remark 1.5.1, given a
subspace W, C W, we cannot be sure that the discretised problem: find X;, € W,
such that

(AXh, Y)W’XW = (F, Y)W’XW VY e W, (6.1.10)

has a unique solution as well. On the other hand, still following Remark 1.5.1, if we
assume that we have an ellipticity condition of the form

Ja > 0 suchthat (AY,Y )y > a||Y||%/v VY e W, (6.1.11)

(that clearly implies stability, with constant 1/«, and unique solvability of (6.1.9))
then for every subspace W, C VW, we will immediately have

Ja > 0 suchthat (AYy, Yidwrw > a|[YValdy, VY eW,  (6.1.12)

and we have unique solvability of (6.1.10) (with the same stability constant 1/«)
without any need to be smart. Hence, although simple-minded, the general idea
is: given the problem (6.1.9), try to present its solution as the solution of another
problem for which an ellipticity condition of the type (6.1.11) holds true. In these
precise terms, this is very easy. Indeed, the solution X of (6.1.9) will also be a
solution of the problem: find X € W such that:

(AX, AY )y = (F, AY )y VY € W. (6.1.13)
Note that if A is an isomorphism between W and its dual W, then forevery Y € W,

we obviously have ¥ = A~!(AY) and problem (6.1.13) will satisfy the ellipticity
condition

Y 2
(AY, AY )y = |AY I3 > 1Yl VY e W. (6.1.14)

— AT

At this level of generality, it is difficult to explain why, in several applications, we
are not happy with this “solution”, and we still want to look for some different trick.
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Just to make an example, if A is a differential operator (say, the Laplace operator),
then problem (6.1.14) will correspond to a differential operator in which the order
is doubled (in our example: the biharmonic operator) and for which discretisation
would produce a matrix that is more ill-conditioned than the original one discretising
A. In this subsection, we will see some of these possible alternative techniques. We
develop our discussion in the general setting of [46] but we shall mostly restrict our
examples to the specific case of mixed methods.

We come back to the operator 4. At a general level, the operator A has a
symmetric part Ay, defined as

Ay = (A+ A)/2 (6.1.15)
and an antisymmetric part A,, defined as
A, = (A-A"/2. (6.1.16)
It is immediate to see that, for every ¥ € WV, we have
(AY,Y) =(AY,Y) and (A,Y,Y)=0. (6.1.17)

We point out that, keeping the assumption (6.1.3), we now have that A; is
symmetric and non-negative. Hence, we can use Lemma 4.2.1 and then (6.1.17)
to obtain

LAY 5y < (AYY) JA N = (AVY) LA VY e W (6.1.18)

We then define, for ¢t € R,
A = Ay +t A (6.1.19)

and we consider for p > 0 the following augmented problem: find X € W such
that

WAAX — F.Y )y + p(AX — F, A Y)y =0 YY e W. (6.1.20)

Remark 6.1.2. We call the attention of the reader on the difference between A’
(the transposed operator of .4) and A, defined by (6.1.19). We apologise for the
similarity of these two symbols that have, however, a totally different meaning. 0O

It is clear that every solution X of the original problem (6.1.9) will also
be a solution of the augmented problem (6.1.20). A possible advantage of the
formulation (6.1.20) over (6.1.13) is that we can hope to be allowed to take y small
enough, so that the condition number of the resulting matrix will not be much worse
than the condition number of the matrix coming from the discretisation of .A.
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Example 6.1.1. As we already stated, we shall restrict our examples here to the case
of mixed methods, that we write again in the form (6.1.6):

A B
A_(_B o)' 6.1.21)

We shall assume here that the bilinear form a(-, -) defining A4 is symmetric and non-
negative, as in (5.5.1) (or in (4.2.28)). As already pointed out, the non-negativity of
a(-,-) will imply, in particular, that (6.1.3) is satisfied. The symmetry of a(-,-), on
the other hand, will imply that the symmetric part of the operator A is given by

A0
Ay = ( 0 0) (6.1.22)

and the antisymmetric part is given by

0 B
Aa—(_B O)' (6.1.23)

From the symmetry and non-negativity of a, using (4.2.30) we have
| Aull}, < llalla(u,u) = || Al (Au, u)y <y (6.1.24)

that represents (6.1.18) in our particular case. It is not difficult to check that the
stabilising term (AX, A; Y ), for X = (u, p) and Y = (v, g) now becomes

(AX, A, Y )w = (Au+ B'p,tAv + B'q)y’ + (Bu, Bv) o/
= t(Au + B'p, Av)ys + (Bu, Bv)o' + (Au + B'p, B'q)ys. (6.1.25)

|

Example 6.1.2. The treatment of advection dominated equations is surely outside
the scope of this book. However, it might be interesting to see how the general
setting above can deal with a problem of the type: find u € Hg (§2) such that

—eAu+c-gradu = f in 2 (6.1.26)
where ¢ is a given positive and “small” number, ¢ is a given smooth vector field (that,
for simplicity, we assume to be divergence-free), and f is a given forcing term, say,
in L2(£2). In this case, the stabilising term would be

(Au, Av)w = (—eAu + ¢ gradu, —teAv + ¢ - gradv) y—i (o). (6.1.27)

|
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Remark 6.1.3. The structure of an augmented problem can be described as follows.
First, we observe that the equation AX — F = 0 takes place in the dual space
W . Indeed, in its variational formulation (6.1.2), the equation is tested on a generic
element Y € W, giving (AX — F,Y) = 0 for all Y. In the augmented problem,
we keep this term, and we sum to it (with a suitable multiplier ;) a term containing
the same equation, but this time tested on a term of the type A,Y (always for ¥
generic in W). Since the term A,Y is itself in W (as the difference AX — F),
this new term cannot be written as a duality between W and W, and we must take
the scalar product of the two terms in WW'. The idea of adding a term made by the
scalar product of the equation times a suitable operator acting on the test function
Y is, somehow, the essence of the original idea of Hughes and Brooks, that has been
extended and exploited in a more general setting by Hughes, Franca, and various co-
authors, and became popular under the name of stabilisation a la Hughes-Franca.
However, as we shall see, to take the inner product in W is, in general, not so easy
and the stabilising terms that are found in the literature (starting from the earliest
ones by Hughes and his group) do not have exactly this form. Indeed, a big variety of
different stabilising terms have been introduced, studied, and used in the literature of
the last two or three decades (see, for instance, [10], [193], [214], [250] and [339])),
all (or almost all) based on L? inner products (possibly multiplied by some suitable
power of the mesh-size /) rather than on the W’ inner product. However, as pointed
out in [46], we could think at most of these variants as being different attempts to
mimic, in one way or another, the effect of u(AX — F, 4, Y ). O

6.1.3 Stability Conditions for Augmented Formulations

Now, we want to study the behaviour of augmented problems of the type of (6.1.20).
To start with, we look for sufficient conditions on ¢ and p ensuring that the
augmented problem (6.1.20) has a unique solution.

Theorem 6.1.1. Let W be a Hilbert space, and A € LW, W') be an isomorphism
which verifies (6.1.3). If t € R and p© > 0 verify

(1l —1)* < 4]l A7, (6.1.28)
then there exists 0y, > 0 such that
(AY, Y wrow + R(AY, A Y ) > aua|AY [}, YY eW,  (6.1.29)

where A, is defined in (6.1.19).
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Proof. We apply (6.1.18) and (6.1.19), and then Cauchy-Schwarz to obtain

(AY’ Y)W’XW + /uL(AY, AIY)W/

> ”A ” —— A Y [, +u(||AaY|IW/ +tAY 3y + (1 +1) (ALY, ASY)W/)

1
2 (i 10 IAY B+ RIAY By = 1+ LAY o LAY
(6.1.30)

The last line of (6.1.30) is a quadratic form in ||.4;Y || and |.A,Y|. Hence, the
desired (6.1.29) will be satisfied for some oz, > O if

(m + m) > (1 + 1))~ (6.1.31)
This can be written as
4 —4ut = p —1)>%, (6.1.32)
[l Al
and the result follows. O

Remark 6.1.4. We note that condition (6.1.28) implies in particular that the coeffi-
cient of ||A;Y || in the last line of (6.1.30) is positive. This is clear if we note that
(6.1.31) is actually equivalent to (6.1.28). ]

Remark 6.1.5. Tt is immediate to see that, for t = 1, we have that (6.1.28) is
satisfied for every value of ;& > 0. This is not so unreasonable since, for t = 1,
we have A, = A. One could then argue that t = 1 is the best choice and that
other values for ¢ have no interest. However, as we shall see, in several applications,
including mixed formulations and advection dominated elliptic equations, both the
choices t = 0 and ¢ = —1 have been abundantly used. O

Essentially with the same proof, one has the following result, which is slightly
more general.

Theorem 6.1.2. Under the same assumptions as in Theorem 6.1.1, let M be a
continuous, bilinear form on W' x W' and let M and o be positive constants
such that

MX, YY) < M| X lw 1Y lw VX, Y eW (6.1.33)

and

woll Y[y < MY, Y) VY eW. (6.1.34)
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Ift € Rand p > 0 verify

410
w(M?>(1 +10)> —4u2r) < ——, (6.1.35)
( °> [[As |l

then there exists 0y, > 0 such that
(AY. Y ywosw + w M(AY, AY) = aua|AY 3, YY €W, (6.1.36)
where A, is always defined in (6.1.19).

Proof. We use (6.1.18), (6.1.19), (6.1.34), and then (6.1.33) to obtain

(AYs Y)W’XW + HM(AY, A[Y)

> IIA ” Y||W/+M<Ho||AaY||W/+t,M0 [AY 13 +(1+1) M(ALY, ASY)W/)

g2t IAY By + pptoll AdY Iy =T+ MIAGY [ ALY owr.

= (uAsn
(6.1.37)

The last line of (6.1.30) is a quadratic form in ||.4;Y || and | A,Y|. Hence, the
desired (6.1.36) will be satisfied for some oz, > O if

2 2
4uuo(”A i + ppot) > ML+ 072, (6.138)

and the result follows. ]

Remark 6.1.6. We note that condition (6.1.35) implies in particular that the coeffi-
cient of || A;Y || in the last line of (6.1.37) is positive. This is again clear if we note
that (6.1.38) is actually equivalent to (6.1.35). ]

Remark 6.1.7. Looking at the proof of Theorems 6.1.1 and 6.1.2, we see that we
could also write more specialised estimates, of the type

AY 3,
a( : IA |:|W— + u||AaY||2W,) < (AY, Y)wrxw + _RM(AY, A, Y).  (6.1.39)

This would prove relevant in cases like advection dominated problems (6.1.26),
where || A || >~ € and ||Asv||%/v, ~ ||£Av||%/v/ ~ ||5v||§11. |

Remark 6.1.8. Theorem 6.1.2 reproduces Theorem 6.1.1 when we use M to define
the scalar product in W’ (so that M = po = 1). O

Remark 6.1.9. Itis also obvious that the exact solution X of (6.1.2) will also satisfy
the augmented formulation of the problem: find X € W such that
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(AX = F,Y)wiw + U MAX —F,AY)=0 VY eW.  (6.1.40)
O

Remark 6.1.10. In the same assumptions as in Theorem 6.1.2, and essentially with
the same proof, one could show that there exists an wg, depending only on ||.As]|, ¢,
M, and [, and an «p > O such that, for every @ with 0 < w < wp and for every
Y € W, one has

(AY Y hwraw + 0> MCAY, AY) = ao(IAY By + 0PI AT Iy (6.1.41)

The interest of this variant, as we shall see, is that we would be allowed to take an
o = w(h) that goes to zero with A. O

We now consider our main example, that is, mixed formulations (6.1.5) inserted
in the present framework through (6.1.4). We have seen that the general stabilising
term takes the form (6.1.25). We point out that, in particular,

(AY, A V) = (|| Avlly + (1 + 0)(Av. B'q)yr + | B'q|l}, + | Bl (6.1.42)
while
[AY W = [[Av]yr  and A Y |3 = B gl + |Bvl5.  (6.1.43)

It is clear that the general philosophy, requiring that the stabilising term vanishes
when X is the exact solution, would still be respected by taking a more general
term, instead of (AX — F, A,;Y). Hence, in some sense, we could specialise the
result of Theorem 6.1.2 and adapt it to the case (here most interesting) of mixed
methods. For instance, for general positive constants w1 and p, we could consider
a stabilising term of the form

(Au+ B'p— fitAv + 1 B'q)y' + (Bu— g, 12 Bv) . (6.1.44)

It is clear that if (u, p) is a solution of (6.1.5), then it is also a solution of

V/(AM+ Btp — f;U)V - Q’(Bu—qu>Q/

+ u((Au +B'p— fitAv + B'q)y + (Bu—g. va)Q,) =0 (6.1.45)

forallv € V and forallg € Q.
Concerning the stability (and hence, in particular, the uniqueness of the solution
of (6.1.45)), we note that

(Av + B'q.tAv + 1 B'q)y + (Bv, u2 Bv) o
= 1] Avl[}, + (t + ) (Av. B' Qv + pallB'ql3 + pal Bl (6.1.46)
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Hence, mimicking the proof of Theorem 6.1.1, we easily have that

V/(Av+th, U)V—Q/(BU,q)Q+M(AU+th,lAU+,U,1th)V/+,u(BU, H2Bv)or

1
= A+ (1 AV () v B v+ B gl + By )

1
= (e 1AeI 4 (1B a1 iz Bl Iyl vl 1 )

= C (1140l + will B'gly + 2l Buliy ) (6.1.47)
whenever u is small enough, and precisely,

4p
[l Al

wi(t —pi)? < (6.1.48)

We can make this result more explicit in the following theorem.

Theorem 6.1.3. Let V and Q be Hilbert spaces, and a and b bilinear forms on
V xV and V x Q, respectively, as in Assumption AB of Chap.4 (Sect.4.2.1).
Assume that a is symmetric and positive semi-definite as in (6.1.8), and assume that
the continuous problem (6.1.5) is well posed (that is, a is elliptic on the kernel of B,
and b satisfies the inf-sup condition). Let t € R and let u, {11, and [, be positive
real numbers. If (6.1.48) is satisfied, then there exists an oy > 0 such that, for
every (v,q) € V x Q, we have

au (1401 + 1B gl + el Bo )y )

<y(Av+ B'q,v)y — o/{(Bv,q)o (6.1.49)
+ u(Av + B'q, tAv + 11 B'q)ys + j(Bv, paBv)gr.

6.1.4 Discretisations of Augmented Formulations

The augmented formulations (6.1.40) or (6.1.45) can then be transported into the
discretised problem.

Starting from the more general case of (6.1.40), we consider therefore the discrete
stabilised problem: find X;, € W, such that

(AXh, Yh)W’xW + MM(.AX},, AtYh)

(6.1.50)
=(F,Yh)w/xw+,u/\/l(F,.A,Yh) VYhGWh.
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It is clear that, whenever (6.1.35) holds true, the ellipticity property (6.1.36)
will be inherited by the discrete problem, that will therefore be stable. Hence, we
immediately have the following result.

Theorem 6.1.4. Let W be a Hilbert space, and A € LW, W') be an isomorphism
which verifies (6.1.3). Let moreover M be a continuous, bilinear form on W' x W'
and let M and g be positive constants such that (6.1.33) and (6.1.34) are satisfied.
Finally, let t € R and u > 0 verify (6.1.35), and let A, be defined as in (6.1.19).
Then, for every F € W' and for every finite dimensional subspace W, denoting
by X and X}, the solutions of the continuous problem (6.1.40) and of the stabilised-
discretised one (6.1.50), respectively, we have

[X = Xullw < C _inf [ X —Yilw, (6.1.51)
Yyewy,

where C is a constant depending on | A™"||, ||All, u, M, t and on the constant o,
appearing in (6.1.36), bounded on bounded subsets, but independent of the choice
OfWh.

Proof (Hint). As usual, for every X; € W}, we apply the stability estimate (6.1.36)
to the difference 6X := X;—X. Then, in the right-hand side, we substitute X in lieu
of X}, using the fact that they are the solutions of (6.1.2) and (6.1.50), respectively.
Finally, we use the continuity of A, of A~ and M to have an estimate of || X, —
X/ |lw in terms of | X — X;||yy. Then, we add and subtract X and use the triangle
inequality. Finally, since X is generic in Wj,, we replace | X — X || with the infimum
of | X — Yj|| for Y} varying in W, O

Remark 6.1.11. In the simplified case where M is the scalar product in W, the
above problem (6.1.50) could formally be obtained by writing

(AXp, — F, Y, + uAY,) =0 VY, eW, (6.1.52)

and we could call this a “Petrov-Galerkin” method as the test functions are not in
the same space as the solution. However, unless W can be identified to W/, (6.1.52)
has no sense. One must make a certain number of additional manipulations in order
to reach a viable formulation. O

Shifting now to the particular case of mixed formulations, and considering
(6.1.45), we assume that Vj, and Q}, are finite dimensional subspaces of V and Q,
respectively. It might be convenient to recall some definitions from the previous
chapters. We do it quickly:

By :=my BEy B = myBEg Ap:=my AEy (6.1.53)
K:=KerB ={veVst Bv=0},

(6.1.54)
K, ;= Ker B;, = {vh €V s.t. Byuy = 0}.
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We now consider the discretised problem: find (un, pr) € Vi, x Qp such that

v (Aup + B py — fron)v + o/ (Bun — g.qn) o’
+ w(Auy + Btpf — fitAv, + i B'q)y (6.1.55)
+ u(Bup — g, oBop)gr =0 Vv, € VyVg; € Qp.

It is clear that the stability result of Theorem 6.1.3 can now be used to get the
following error estimate.

Theorem 6.1.5. In the same assumptions as in Theorem 6.1.3, assume further that
the continuous problem (6.1.5) is stable (that is, a is elliptic in the kernel, and b
satisfies the inf-sup condition). Let Vj, C V and Q; C Q be finite dimensional
subspaces, and for | € V' and g € Q’, let (u, p) and (uy,, p;) be the solutions of
the continuous problem (6.1.45) and of (6.1.55), respectively. Then, we have

lu—will} + lp = pully = € (it u—vally + inf Ju—villv) (6.1.56)
vy EV) vn €V

where C is a constant depending on |A™"||, | All, 1, M, t and on the constant ay
appearing in (6.1.49), bounded on bounded subsets, but independent of the choices
of Vi and Q.

Proof. The proof follows exactly the same lines as the proof of Theorem 6.1.4, and
the classical form of all the “stability+consistency” error bound. O

We shall now make explicit problem (6.1.45) in a few special cases. It is not
difficult to see that (6.1.45) corresponds to have a linear “augmented operator” of
the type

A B!
Miap =
(4

(6.1.57)
A'A A'B! 0 0 B'B 0
t .
+“<( 0 0 )+“1(BA BB’)JF”Z( 0 0))
Let us see, for © = 1, three typical values of ¢, namely + = 1, ¢ = 0 and
r=—u.
(i) Caset =1
The augmented system is:
(Auh + Btph - fv Uh)V/XV + (Auh + Btph - fs AUh)V/
+ p2(Bup — g, Bup)or =0 Vv, € Vi, (6.1.58)

(=Bun + g.9)0'x0
+ wi(Aup + B'pp— f.B'qn)yr =0 Ygj € Q.



6.1 Augmented Formulations 349

(ii)) Caset =0
The augmented system is:

(Aup + B'pp — fovn)vixy
+u2(Bup — g, Bup)gr =0 Vv, €V,

6.1.59
(=Bup + g.q)o'x0 ( )
+ 1 (Auy, + B'py — £, B'qn)vr =0 Vg, € Q.
(iii) Caset=—puy
The augmented system is:
(Aup + B'pp, — foon)vrxv — wi(Au, + B' pp — f. Avp)y s
+ pa(Buy — g, Bup)or =0 Vv, €V, (6.1.60)

(=Bup + g,9)0'x0
+ 1 (Aup + B' py — f.B'qn)yr =0V gy € Q.

Remark 6.1.12. From the point of view of “economy”, the case t = 0 implies the
smallest number of extra terms and would be our favourite. On the other hand, we
have seen that, in several cases, the choice t = 1 guarantees stability for every value
of the stabilisation parameter p in (6.1.50), and this is also a nice feature. Finally,
for the choice t = — 1, we can see that the final expression of M, in (6.1.57) is

— t t t__ t pt
M, = (A wA'A+ wB'B B u1A'B ) (6.1.61)

—B + 1 BA (1 BB

which, changing the sign of the second equation, becomes symmetric since obvi-
ously we have (B' — u; A’ B")' = B — 1 BA. In conclusion, all the three choices
present some interesting aspects. O

Remark 6.1.13. 1Tt is not too difficult to spot the role of each of the extra terms in
(6.1.58) and (6.1.57). Indeed, we can easily see that if A is coercive on the kernel
of B (a property that, in general, will not be inherited by the discretised problem),
then, according to Proposition 4.3.4,

(Au,u)yrxy + pa(Bu, Bu)grxgr > @llull}, YueV, (6.1.62)

for a suitable constant &, a property that will be inherited by the discretised problem.
It is then clear that the extra term on the first equation (that is, the term containing
12) will allow to bypass problems related to the coercivity of the bilinear form a.
On the other hand, the extra term in the second equation will help in controlling p
as the (continuous) inf-sup condition implies

11 (B'q. B'q)yrxyr = will Bl = w1 Bllqlp- (6.1.63)
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The choice between the three possibilities above will obviously depend on the
type of discretisation that we want to use, as well as on many other possible
considerations. We will see some of them in the following chapters. O

Remark 6.1.14. We point out that, in most applications, things are usually not
totally bad: in general, we will either have a lack of coercivity on the kernel but
a good inf-sup condition or the reverse. Very roughly speaking, the lack of the inf-
sup condition will occur when V, is not big enough, compared with O}, (so that,
for instance, the image of B; will not fill Q;l). On the other hand, if V},, compared
with Oy, is too big, then the kernel K of Bj will contain elements that are not
in the kernel K of the operator B, and the ellipticity in the kernel, for the discrete
problem, would fail. In these cases, we can limit ourselves to a lighter stabilisation.
Two typical cases are

1. To retrieve coercivity of a: in (6.1.61),take t = pu; =0

{ (Aup + B pp, — foon)vixv + pa(Buy — g, Bup)gr =0 Vv, €V,

(—Bup + g.qn)o'x0 =0 VY qj € Q.
(6.1.64)

2. To retrieve the inf-sup condition for b: in (6.1.61) take t = up, =0

{ (Aup + B pp, — fion)yixy =0 Y, €V,

(—=Bun + g.qn) 0'x0 + m1(Aup + B' py — f.B'qp)y =0V q; € Q.
(6.1.65)

It is easily seen, following the path of Theorem 6.1.1, that the above problems
are stable under suitable conditions. The simplest case would be that 4 is defined
by a bilinear form which is coercive on V' such as in the Stokes problem. This will
be developed in Chap. 8. In that case, a stabilisation such as in (6.1.65) would be
sufficient. The first case (6.1.64) is nothing but the discretised version of (1.5.10).
We will come back to this line of thought in the next section. O

Remark 6.1.15 (Caveat emptor). We recall that we have used the exact normsin V'’
and Q. In many cases, (e.g. when this would imply the use of the H ! norm) this
may well be impossible (or very difficult) to implement numerically, and we shall
have to introduce an approximation of our stabilised problem. This will typically be
done by applying, in the discretised problem, the differential operators element-
wise, and then substituting the H ™' scalar product with h? times the L? scalar
product. O

6.1.5 Stabilising with the “Element-Wise Equations”

To give an idea of the techniques mentioned in the above remark, we consider the
following variant of Theorem 6.1.4. As we shall see, the variant follows the spirit
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of Remark 6.1.10, and is closely connected with the family of methods of the next
subsection. For this, however, we have to introduce some new objects. We assume
that we have a space W™ (made of smoother functions) and a Hilbert space H (that
we identify with its dual space H’) such that

WHrcWcH=H W (6.1.66)
and
AW CH, A OWT)CH, (6.1.67)
and for all &
A.(Wp) CH. (6.1.68)

We also assume that we have, for all /, a linear operator
SpH+ AWy + AWy > H (6.1.69)
such that
IShY ll2e = 1Yl VY €H, (6.1.70)
and we note that, together with (6.1.68), this gives
Sh(AcYi)ll = | AaYnlle  YYh € Wh. (6.1.71)

We assume further that there exists a monotonically increasing functionw : Ry —
R such that

oM S (A Yl < | A Yullwr  wherer =sora, VY, € Wy, (6.1.72)

Remark 6.1.16. In the applications that we have in mind, the space H will be either
L? or a Cartesian product of several copies of L, and the operator S;, will be the
one that allows to take the element-by-element derivatives of functions that are
smooth (typically, polynomials) inside each element but might be discontinuous
from one element to the next (or are continuous but not C'', when you take second
derivatives). In mathematical words, S;,(y) would take the restriction y|7 to each
individual open triangle T, and then consider the L? function that in each triangle
T is equal to 7. In this way, possible Dirac masses concentrated on the inter-
element boundaries would be dropped. Having this in mind, it should be clear that
the assumption in (6.1.68) is a very strong one, and in all the applications that we
considered, it requires either that the antisymmetric part of A is an operator of lower
order (as it happens for advection dominated flows) or that the elements of W, have,
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in a certain sense, more continuity than strictly necessary (as when using continuous
pressures in the Stokes problem). O

Assuming further that
FeH (6.1.73)

where F is the right-hand side of (6.1.1), we can consider the discretised problem:
find X, € Wy, such that

(AXy — F, Vi) wrsaw + pa?(h)(Si(AXy — F), Sp(A YY) =0 (6.1.74)

forall Y, € Wj,. Proceeding as in Theorems 6.1.1 and 6.1.2, it is not difficult to see
that if

4
(1 —1)pw?h) < AT (6.1.75)

then there exists o > 0 such that
(AYn, Yi)wrxw + @ (h) (Sh(AYa). Si( A Yn))n
> (A Ry + 1 WS (AYI})  VYi € Wi (6.1.76)

We can now apply the above estimate to have a bound on the error.

Theorem 6.1.6. Let W be a Hilbert space and A € LW, W') be an isomorphism
which verifies (6.1.3). Assume that all the additional assumptions (6.1.66)—(6.1.73)
are satisfied, and assume further that the solution X of problem (6.1.2) belongs to
WT. Fort € R and for i > 0, let X, be the solution of (6.1.74). If (6.1.75) is
satisfied, then there exists a constant C, depending only on «y, t, and [, such that

[A(X = Xi)llwr + o) ]| S (Aa(X = Xn) |1

: -1
<C inf (11X = Yilw + 07 WX ~ Vil 6.177)

+ ()81 (Au(X = Yi)lrc).

Proof. We first observe that the Galerkin orthogonality equation
(AX = Xn), Y)wrsow + po? () (S (AKX = X1)), Si(AYi)n =0 (6.1.78)
holds for all ¥}, € Wj,. Then let X; be a generic element of W, and set as before

60X := X;, — Xy and §; := X — X;. We apply the estimate (6.1.76) to X and then
we add and subtract X and use (6.1.78) to obtain
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a0 (IAB8X By + 1 ()81 (A X))
< (A8X,8X)ywrsw + () (Sp(ASX), Sh(A8X))n (6.1.79)
= (A8, 8X)wrxw + 1> (h) (Sh(A81), Si(A8X))x.

The first term in the last line of (6.1.79), using (6.1.19), (6.1.68), and then (6.1.71),
can be estimated by

(A81. X wrew = 181 llw - ASX lwr + 1181 [l - | AGSX [l
< 1871w - IASX wr + @™ (B)I81 3¢ - 0 (B) S (AaSX) 124, (6.1.80)
< (181w + @™ W81 1) - IASX [l + @ (R) S5 (AadX) l17¢)

while the second term, using (6.1.19) and then (6.1.72), is easily estimated by

@”(h) (Sh(AS1). Sh(Ai8X))n
< o(h) [[Su(AS) |1 - @(”)[[Sp(A8X) |11 (6.1.81)

= () 1A e - (111IABX Iy + @) IS (AuSX) ¢

The result (6.1.77) now follows easily by a repeated use of the arithmetic-geometric
mean inequality and finally, the use of the triangle inequality to estimate X — X}, in
terms of §X and §;. Note that the last term in the right-hand side of (6.1.77) appears
only in this final step (using the triangle inequality).

Remark 6.1.17. In most applications, the constant (/) corresponds to some inverse
inequality applied to piecewise polynomial functions. The same constant (in terms
of powers of /) will often appear if we compare the best approximation of a smooth
function X taken in the norm of H rather than in the (stronger) norm of W. As a
result, the first two terms appearing in the right-hand side of (6.1.77) will, in general,
be of the same order, and the third will be either of the same order or smaller. O

Remark 6.1.18. As we can see, the strong assumption (6.1.68) has been used only
to estimate the term (4,87, §X) in (6.1.80). In a certain number of applications, one
could take advantage of some particular feature of the problem at hand, and survive
without it. To do so when dealing with the abstract problem would be, however, very
complicated. Hence, we defer the analysis of the different applications of the above
theory to the following chapters, mostly to Chap. 8 concerning the Stokes problem,
and we just consider here below some example of the possible stabilisations of
Laplace operator in mixed form. O

Example 6.1.3 (Stabilisation of the mixed Poisson problem). In Sect.1.5.1 of
Chap. 1, we have considered many augmented methods for the mixed formulation
of the Dirichlet problem. Most of these methods can be written in the framework
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that we have just developed. For simplicity, we refer to the simplest formulations
(1.5.2) and (1.5.9), that we briefly recall for the convenience of the reader:

(u, )+ (divy, p)—(divu+ f,q) =0, Vv e H(div;2)Vq e L*(2) (6.1.82)
and
(u—grad p,v) + (u.gradq) — (f,q) =0 Vv e L*(2)Vq € Hj($2). (6.1.83)

Other examples will be seen in the following chapters. We have therefore, for the
formulation (6.1.82), W = H(div; £2) x L*(£2) and, for the formulation (6.1.83),
W = (L*(2))? x H}(£2). In all cases, we take H := (L*(£2))? x L*(£2), and we
use the symbol (-, -) to denote the inner product in L*(£2) or in (L?(£2))¢. We also
assume, for simplicity, that the solution (u, p) belongs to (H'(£2))¢ x H*(2) N
H_ (£2). Finally, following the common usage, we denote by grad, ¢ the element-
wise gradient Sj,(grad g) and by div, v the element-wise divergence S (div v). In
the first case (that is when using the formulation (6.1.82)), we have

(u,v)+(divy, p) — (divu + f.q)
+ 1k (1w v) + (dive, p)) (6.1.84)
— w1 (u— grad, p, grad, q) + pa(divu + f, divy)) =0,

while in the second case (that is when using the formulation (6.1.83)), we have
instead

(u—grad p,v) + (u, gradq) — (f,q)
+ b (1(u — grad p. v) (6.1.85)

— 1 (u — grad p, grad q) + pa(divy u + f, divy y)) =0.

Let us see some particular cases related to this last example. In all cases, we will
take, for simplicity, u = 1.

(i) Caset = 1. In this case, the augmented formulation is

(1+h%)(u—grad p,v) + poh*(divau + f,divav) =0 Vv € (L*(2))%,
(1—p1h?)(u, grad q) + p1h*(grad p, gradq) — (f.q) =0 VY q €H} (R2).
(6.1.86)

Note that stability holds for every choice of p, > 0.
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(ii) Caset = 0. In this case, the augmented formulation is

(u—grad p,v) + poh*(divyu + f,divyv) =0 Vv e (L*(2))%,
(1—p1h?)(u, grad q) + pih*(grad p, gradq) — (f,q) =0 ¥ q €Hy(£2).
(6.1.87)

This formulation, in particular with p; = 0, is particularly appealing for
discretisations in which the inf-sup condition holds already but the ellipticity
in the kernel is lacking.

(iii) Caset = —p . In this case, the augmented formulation is

(1 = pih?) (u—grad p, v) + poh®(divy u + f,divy v) = 0 Vv € (L*(2))?,

(1—1h?)(u, grad q) + pi1h*(grad p, gradq) — (f.q) =0 ¥ q €H} ().
(6.1.88)

Note that, changing the sign of the second equation, we reach a symmetric
problem, as already pointed out in Remark 6.1.12. O

6.2 Other Stabilisations

In this subsection, we still want to deal with methods for transforming the problem
in a stable one, but not necessarily reaching a formulation where ellipticity holds. In
particular, here, we want to analyse methods to fix discretisations that have already
some sort of stability, in a spirit similar to the one of Remark 6.1.14.

6.2.1 General Stability Conditions

We go back to our original abstract formulation (6.1.1) which we re-write for the
convenience of the reader. We consider the problem: find X € W such that

AX = F, (6.2.1)
together with its variational formulation
(AX,Y)W/XW = (F,Y)W/XW VY e W. (6.2.2)

We also recall that we assumed the non-negativity condition (6.1.3) that we also
repeat here

(AY,Y)wrxw >0, VY € W. (6.2.3)
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The following result is an exercise of functional analysis, but, for the convenience
of the readers, we sketch a proof.

Proposition 6.2.1. If (6.2.3) holds, then the two following conditions are equiva-

lent:
(i) Ais an isomorphism from W onto W’ (6.2.4)
(ii) 3D e LOW,W) and a constant agp > 0 such that
(AY, (V) wisw = ao Y |13y VY eW. (6.2.5)
Proof. Let J = Ry be the Ritz operator from W' to W as defined in

Theorem 4.1.2. The implication (i) = (ii) follows by taking ® = J.A. To
prove the converse implication, we denote by /d the identity operator in W, and
we remark that, if (6.1.3) holds, then for every positive real number s, we have, for
allY e W,

(5@ + 1d) AY, Y Yyyrw = (AY, (s® + Id)Y hwxw > sao|[Y |3

This easily implies that (s@ + Id)" A is an isomorphism from W onto WW'. On the
other hand, we know that s® + Id is an isomorphism for s small enough (see for
instance Theorem 4.1.3), so that (s@ + Id)" will also be an isomorphism, as well
as its inverse (s@ + Id)™". Hence, A = [(s® + Id)7"]|[(s® + Id)" A] (as product
of two isomorphisms) is also an isomorphism, and (i) holds. O

Remark 6.2.1. 1f we further assume A = A’ (that is, if we assume the bilinear form
(AY, Y) to be symmetric), then, using Lemma 4.2.2, we see that in (6.2.5) we could
always use @ = Id, and the equivalence would still hold. O

Remark 6.2.2. 1f (6.1.3) is not satisfied, we always have (i) = (ii) but the
converse is false. This can be seen by considering in L2(]0, +oc[) the mapping:

(Au)(x) = u(x — 1) forx > 1
(Au)(x) =0for0 < x <1

(corresponding to shifting the graph of u to the right by 1, and inserting O in the
interval (0, 1)). Clearly, (i) is satisfied by taking @u := Au, but (i) is not, as A is
injective but not surjective. For an operator that does not satisfy (6.1.3), we would
need two conditions instead of (6.2.5), that is: 3@, @, € L(W, W) such that, for
allY e W,

(AY, 21(Y))wrsw = [ Y |13y,

(6.2.6)
(D2(Y), AY Yy = aa||Y |13

implying that A is both injective and surjective. O
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Remark 6.2.3. It must be noted that the stability constant of Problem (6.1.2), that
is, the smallest constant C such that

X < ClAX]| VX eWw, (6.2.7)
isnot 1/ag (see (6.2.5)) but rather
C=|2|/as. (6.2.8)

|

Remark 6.2.4. We now consider again the case of (6.1.4), in which the abstract
problem (6.2.2) is just a different way of writing the mixed problem (6.1.5). For this
case, we want to get an explicit construction of some @ that satisfies (6.2.5) starting
from the usual stability conditions developed previously in Chap. 4. In other words,
we are going to see the equivalence of (6.2.5) with the ellipticity in the kernel and
inf-sup conditions. We thus consider, for any given X* = (u*, p*) in V x Q, two
auxiliary problems, which have a unique solution if the mixed problem (6.1.5) is
well posed:

— Find (uy, p1), solution of

a(.up) + b, p1) = W v)y Yvev, (6.2.9)
blur.q) =0 vaeo.
— Find (uy, p»), solution of
{ a(v, ) + b(zi, p2) =0 Vvev, (6.2.10)
b(uz.q) = (p*.q)o VageQ.

In other words, we take (u;, p;) = A~ (Ryu*,0) and (42, p2) = A~1(0, Rop*),
where Ry and Ry are the Ritz operators from V to ¥’ and from Q to Q’,
respectively (see (4.1.37)). We now set @((u*, p*)) := (u; + u2,—p1 — p2) and
we have:

AX*, @(X™) = a(™, u; + up) + b(uy + uz, p*) + b(u*, p1 + p2)

6.2.11)
= lu*[I5 + lp* 15 = 1X 15y

O

Remark 6.2.5. Problems (6.2.9) and (6.2.10) could, by linearity, be combined into
one. We preferred to make more explicit the separate control of ||u* |y and || p*|lo.
One should also note that (see Remark 6.2.3) the stability constant in (6.2.7)
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(which, using (6.2.8), is now equal to ||@||, since by (6.2.11) we have ap = 1)
depends through (6.2.9) and (6.2.10) on the usual constants defining, for example,
the coercivity in the kernel and the inf-sup condition. No free lunch. O

6.2.2 Stability of Discretised Formulations

Let us now turn to the discretisation of problem (6.1.2). For a given sequence of
subspaces W, of W (usually of finite dimension), we consider, for each £, the
discrete problem: find X, € Wj, such that

(AX),Yy) = (F.Y) VY, €W, (6.2.12)

In general, for an arbitrary choice of the sequence {W,}, (6.2.12) will not be
stable, that is, we cannot ensure that there exists a sequence of linear operators
@, € LWy, Wh), uniformly bounded in £, such that for some ag > 0 independent
of h:

(AYy. @y(Yh)) = aollVallly Y Yi € Wi (6.2.13)
We suppose that we have, for each 4, a stabilising term R with the structure
R(Xn,Yn) :== L(Xn, Yn) + (N, Ys) (6.2.14)

where N, which is possibly null, will depend on F, and where L(Xy,Y;) is a
continuous bilinear form on W), with a continuity constant ¢y,

[L(Xn, Yi)| < eI XnllwlYallw. (6.2.15)

In practice, we shall build R(X},, Y};,) in such a way that it can be used as a stabilising
term in a sense that will be defined in hypothesis H.0 below. All the stabilisations
of the previous section (see, for instance, (6.1.20) or (6.1.40)) had indeed the above
structure. Here, however, we shall often use just the bilinear part L (X}, Yy,).

We shall now consider an abstract error estimate based on the following
hypothesis.

H.0 We have:

(i) A continuous problem
(AX,Y) = (F,Y) VY e W, (6.2.16)

which we assume to have a unique solution,
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(i1) A sequence of stabilised discrete problems
(AXp, Y3) +rR(Xy, Yy) = (F. Y}) VY, €Wy, (6.2.17)

where R(X}, Y,) is of the form (6.2.14) and r > 0 is a scalar,

(iii) Two constants ¢ and @g, and an operator ®;, € L(Wj,, Wj,) such that

(V)] < EallYall VYW (6.2.18)

and
(AYi, B (Y)) /s + TL (Vs @1 (Yh)) = o |V [5y- (6.2.19)
O

Under the assumption H.0, we have the following error bound.

Proposition 6.2.2. Assume that H.0 holds, and let X and X, be the solutions of
(6.2.16) and (6.2.17) respectively. For every X; € W), let us set

R(X;.Y,
R(X;) := sup R(X1. Yi) (6.2.20)
vew,  1Yall
We then have
a
X0 = Xall < JALIX = X[+ rRX)). (6.2.21)
[}
and consequently
CollAll + & ForR(X
IX — X < Cﬂlal&”;( x| + SR (6.2.22)
(]

Proof. Set X = X; — Xj and Y, = &, (6X). From (6.2.18), we immediately
have

V3]l < éo ||I8X]. (6.2.23)

On the other hand, using (6.2.19), adding and subtracting X and using (6.2.14), then
using (6.2.16) and (6.2.17), and finally (6.2.20), we obtain:

Qo |8X > < (ASX, Y)) + r L(8X, Y))
= (A(X; — X). Y) + (AX. ¥))) — (AXp. Y) — rR(X. ¥3) + rR(X ;. ¥),)
= (A(X; — X),Y3) + rR(X[, Yy)
< IVl (IANIX7 = X + rR(X)))
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and (6.2.21) follows immediately using (6.2.23). Finally, (6.2.22) follows from
(6.2.21) using the triangle inequality. O

On many occasions, as we have seen in the previous section, the perturbation
term R can be chosen in such a way that the strong consistency property (usually
called Galerkin orthogonality) still holds. In these cases, the solution X of (6.2.16)
would verify

R(X,Y,) =0 VY, € Wi, (6.2.24)
implying that for the discrete stabilised problem we have
(AX,Yn) +rR(X,Yy) = (F,Ys) VY, € Wy (6.2.25)

In this case, we have, essentially by the same proof as in Proposition 6.2.2, the
following corollary.

Corollary 6.2.1. Assume that H.0 holds, and let X and X; be the solutions of
(6.2.16) and (6.2.17) respectively. Assume moreover that X satisfies the strong
consistency condition (6.2.24). Then, we have

CollAl +rer) + 8o o 0 1X = Y| (6.2.26)

X — Xal <
(07} Y W)

where ¢y, is defined in (6.2.15).

Remark 6.2.6. 1t is clear that the above results, and in particular Corollary 6.2.1,
could be applied to the methods of the previous section. O

The results of Proposition 6.2.2 and of Corollary 6.2.1 are of a general nature and, in
order to obtain sharper results, we shall have to specialise somehow the construction
of R(X},Y)) and its properties. This will be done in the following subsection.

6.3 Minimal Stabilisations

In several applications, we will have that there exists a subspace W), € W and a
positive constant ¢ such that

(AZ.Z) = a|myw, ZI?  YZ e W, (6.3.1)
or, more generally,

wAZ, Py(Z))w = Ty, Zllw [P1(2)|  VZ € Wy, (6.3.2)
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for some linear mapping @), from W, to W, In these cases, we can consider that
the part of the solution that belongs to W), will somehow be “under control” and
will not need to be stabilised.

In these cases, the stabilising term R in (6.2.14) could be chosen of the form

R(Xp, Yn) = (Gp X — N, GpYn)n (6.3.3)

for some suitable Hilbert space H, a suitable N in A (either equal to O or
depending on f), and a suitable linear operator G, from W, to H. Conditions
for (G, X, GpYy)x to be stabilising will be given in the subsections below. Often,
roughly speaking, one would take N = 0 and use a G, with

Ker G, = W, (6.3.4)

so that G;, will act only on the part of W, that is not in W, In other cases, as we
already did at the end of the previous section, we have to deal with several equations,
and Gy, will act differently on each of them. Moreover, in several cases, W, will
contain all the low frequencies of VW, so that a smooth solution X € W could be
approximated fairly well by elements X, € Wj,. Then, for every X; € W, and for
every X, € W), we will have that the term R(X;) in (6.2.21) can be estimated by

RX1, YW _ R(X; — X5, Yn)
1Yl 1Yl

<crllXr = Xull < c(1Xr = X[+ 1X = XD,

so that, from (6.2.21), we have in this case
a _
£||X1 — Xull < (VI + ren) 1 X = Xgll +ren| X = Xl (6.3.5)

and the error estimate will depend on the approximation properties of both W, and
V_Vh, on the value of ¢, and on the choice of r. We shall now provide a precise and
sharper analysis of some of these situations.

We still suppose that the discrete problem defined by (6.2.12) is not stable. We
may however suppose that a partial stability holds for some semi-norm [Y}];, on W,.

Remark 6.3.1. In general, the “biggest semi-norm” one could consider is clearly

(AX. Y,
[X]p:= sup wAAX Ya)yy (6.3.6)
new,  I1Yallw

However, in many applications, simpler (and more explicit) norms can be preferred.
|

The following assumption expresses in a precise way the fact that a certain semi-
norm [X}]y, is “under control”:
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H.1 For every h, there exists

(i) A semi-norm[-], on W,
(ii) An operator @, € LWy, Wh),
(iii) A constant cg such that

[Pr(Yi)llw < collYnllw VY Yy € Wh,
(iv) A constant ap > 0 such that

(AYy, &y (Y1) > ap[YVil; VY, € W

(6.3.7)

(6.3.8)

O

Assumption H.1 might seem cumbersome or difficult to realise in practice. This is
not the case. Indeed, before proceeding, we point out that Assumption H.1 is indeed
verified in a number of applications. In particular, we consider the following (rather

typical) situations.

Minimal stabilisation of mixed formulations. Assume that (AX, Y) is defined as

in (6.1.4), and recall the definitions (6.1.53) and (6.1.54).

For every fixed X;, = (up, pn) € Wi, we consider, in the spirit of Remark 6.3.1,

A AG, o), (v,
S(X») = sup w (A(un, pi), (i, gn))w
a1 €Vix ) I wn. gn)llw

Assuming that (6.1.8) holds, we will always have

wr (A, pp), (un, pn)yw

S(Xy) >
' I wns pi)llww
alun, un) lun
T N n, el s p)

Similarly, we have (always without any assumptions on 1}, or Qj,)

a(up, vp)
Sz sup ST o Ay,
(vn.0)€K), x{0} lvllv '
b(un, qn)
S(Xp) = sup  ——=— = |Byullo.

©Oqneioyxo, lgnllo

S(X)) > sup a(up, vp) + b(vy, pr)

(u.0)eK; L x{0} lloally

= llmkp A vn + By anllv,

(6.3.9)

(6.3.10)

6.3.11)

(6.3.12)

(6.3.13)



6.3 Minimal Stabilisations 363

but, in general, we would not be able to get estimates of the type
S(Xh) = C”Ahuh”V or S(Xh) = ”B}tl”Q’ (6314)

separately. In most particular cases, however, one might have some good property
and exploit it. We have seen in the previous chapters that sufficient conditions that
ensure stability and error estimates are the ellipticity in the kernel K} (elker) of the
bilinear form a(-, -) and the discrete inf-sup condition for the bilinear form b(-,-).
We also pointed out that the two conditions play, in a certain sense, one against
the other: taking a bigger V), helps in ensuring the inf-sup condition but increases
the kernel and makes elker more at risk and the other way round. It is therefore
not unreasonable to assume that we already took care of one of the two conditions
(just by increasing or decreasing one of the two spaces), and ask the help of some
stabilising trick in order to take care of the other. More precisely, we assume, to start
with, that we have a continuous problem that is well posed.

Al We suppose that (AX,Y) is defined as in (6.1.4) and that
(i) The bilinear form a(-,-) is K-elliptic, that is,

Jap > 0s.t. a(,v) >alv|?  YveK =KerB; (6.3.15)
(it) The bilinear form b(v, q) satisfies the inf-sup condition in V x Q where

B := inf sup _b.q)

: (6.3.16)
vevgeo [lvllvllglle

O
In what follows, we will discuss the cases in which one of the two conditions is not
satisfied for the discretised problem.

Example 6.3.1 (Minimal stabilisation of the inf-sup condition). For simplicity, we
further assume that the ellipticity condition holds on the whole V/, that is,

Ja>0st. a(w,v)>alp]} VYveV (6.3.17)

We know that the full ellipticity in V' (6.3.17) implies automatically the full
ellipticity in V},. On the other hand, this is not true, in general, for the inf-sup
condition. Hence, as we consider methods in need to be stabilised, we suppose
that the discrete inf-sup condition does not hold with a constant independent of /.
In order to see that, however, Assumption H.1 is satisfied; we consider the following
semi-norm:

[Yh]i = [(Uhs qh)]z = ”Uh”%/ + I[qh]]i (6.3.18)

where
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b(vn,qn)

lgn]n := sup = || Bqnllv’ Y qn € Q. (6.3.19)

v, €V ”vh”V

The following proposition states that, in this framework, Assumption H.1 holds.

Proposition 6.3.1. Let A be of the form (6.1.4) and assume that A.1 holds, together
with the full ellipticity (6.3.17). Then, H.1 also holds. In particular, (6.3.7) and
(6.3.8) hold with

o 1
op = —min | 1, —) , (6.3.20)
2 ( lal?
cop =14+ — (6.3.21)
lal?

and with the semi-norm [ -]y, defined in (6.3.18) and (6.3.19).

Proof. For a given Y}, := (vs, qy), let v;’ € Vj, be such that

b(vy, qn) ~w b(wn,qn)

il s, Ty b (6322)
scaled in such a way that
o llv = Tanda- (6.3.23)
We now choose
@,(Yy) = (v + vy . qn). (6.3.24)

with § a positive real number to be specified later on. We have from (6.1.4) and
(6.3.24):

(AY), @5,(Yy)) = a(vp. vp) + 8a(vy, vy)
+ b(vh, qn) + 8b(vy . qn) — b(vn, qn)
> allvll} = Sllallllvallv Ivillv + 8lgnlallvy v

= allually, = 8llalllvallvlgnln + 8lanli.  (6.3.25)

having used (6.3.17), (6.3.22), and, in the last step, (6.3.23). It is now clear that,
choosing § = a/||al|?, (6.3.25) implies

o )
(A, &u(V)) = S vnlly + 5Ll (6.3.26)
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having used 2ab < a® + b%. Hence, we have (6.3.8) with the constant ap given by
(6.3.20). On the other hand, (6.3.23) and the choice of § imply (6.3.7) and (6.3.21)

since
v — vyl < llvall + 8llvy | = llvall + 8lgnla- O

Remark 6.3.2. Looking at the above proof, we can see that, actually, we proved,
instead of (6.3.7), the stronger inequality

1Pn (Yl < colYuln ¥ Yn € Wi (6.3.27)

O

Example 6.3.2 (Minimal stabilisations of the ellipticity condition). Another possi-
ble case in which H.1 is satisfied is the following one, in which we suppose, this
time, that the discrete inf-sup condition does hold with a constant independent of £,
but the ellipticity in the kernel does not. For instance, we might have that a is elliptic
on the kernel K of B, but the kernel K, of Bj, is not a subset of K, and ellipticity
does not hold for all v;, € Kj,.

In particular, we assume that A1 holds, that the discrete inf-sup condition

b )
36* > 0 such that = inf sup — D > g (6.3.28)
vev qeo Ivllv llgllo

holds with 8* independent of &, and that, moreover, as in (5.2.37) and (5.2.38), there
exists a Hilbert space V' * with V' < V* such that

Ja* > Osuch that a(v,v) > a*||v[}+  VYveV, (6.3.29)
together with
I M such that a(u,v) < M |ully= ||v]v* Yu,vev. (6.3.30)

Then, we consider the following semi-norm:

[Yals = [wn.gn))” == lvally= + lgall- (6.3.31)

The following proposition states that in this framework, Assumption H.1 holds.

Proposition 6.3.2. Let A be of the form (6.1.4) and assume that A.1 holds, together
with assumptions (6.3.28)-(6.3.30). Then, H.1 also holds. In particular, (6.3.7) and
(6.3.8) hold with
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a Bi

Ay = Emln (1, (Ma*)z)’ (6.3.32)
L

co =1+ M) (6.3.33)

and with the semi-norm [ -], defined in (6.3.31).

Proof. For a given Y}, := (vy, q5,), we use (6.3.28) to choose v, € V}, such that

*
% = sup % > Bullgnlp- (6.3.34)
scaled in such a way that
ity = llanllo- (6.3.35)
We now choose
D3 (Yy) = (vi + vy, qn), (6.3.36)

with § a positive real number to be specified later on. We have from (6.1.4) and
(6.3.36):

(AY), @5,(Yy)) = a(vp. vp) + 8a(vy, vy)
+ b(vhv Qh) + Sb(v;s (Ih) - b(vhv Qh)
> o™ valle — M villv+llvyllve + 8Bxllgnllollvillv

= a*|lully, = M lollv lanllo + 8Bsllanly.  (6.3.37)

having used (6.3.15), (6.3.34), and, in the last step, (6.3.35). It is now clear that,
choosing § = a* /(M })?, (6.3.25) implies

8B«
2

(Y ®,(0) = - ol + =[]} (6.3.38)

having used 2ab < a* + b%. Hence, we have (6.3.8) with the constant ae given by
(6.3.32). On the other hand, (6.3.35) and the choice of § imply (6.3.7) with (6.3.33),
since

lon = Svill < lvall + 8llvg Il = llvall + 8ligall- o

Remark 6.3.3. Looking at the above proof, we can see that, together with (6.3.7),
we could also prove the inequality
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[Dr(YW)]h < colYuln VY, €W, (6.3.39)

which in this case is stronger than (6.3.7). O

Remark 6.3.4. 1t is important to note that @,(vy,qp), defined by (6.3.24) or
(6.3.36), leaves the second component of (vj, g;) unchanged. This property can
be useful in several circumstances. O

General results on minimal stabilisations. Having seen that Assumption H.1 is
indeed a reasonable one, we are now going to see how to use it in order to stabilise
the problem. Roughly speaking, as we have already mentioned, we are going to
add a bilinear form L(X},Y;) on W, x W, assuming that it could take care of
“the remaining part of the V¥V norm”, that is “the part of the VV norm which is not
controlled by the semi-norm [-],”.

For technical reasons, we are going to make this assumption in two steps: we shall
first assume in H.2 that L(Y}, Y;) controls a suitable intermediate term |G Y5 |3,
(to be discussed later on), and then we shall assume, in H.3, that this intermediate
term, together with the semi-norm [ -], can control the whole W norm. Let us see
this in a more precise way.

H.2 There exist a Hilbert space 'H, a bilinear form L € L(H,H), three positive
constants cg, ¢i and og, and, for every h, an operator G, € LWy, H),
with|| G || cow,. 1) < cq, such that

L(GyZy, GpYy) < cL|GrZnlln |GnYnll# VY, Zp € Wy, (6.3.40)
L(GyYn. GhYy) = agllGuYally, VY Yy € Wi (6.3.41)

|

Remark 6.3.5. 1t is clear that hypothesis H2 is tailored for using a stabilising term
R of the form (6.3.3). O

We now consider, for some positive real number r, the stabilised operator A defined
as

(AX), Vi) = (AXp, ¥i) + rL(GuXp, GiYa) ¥ X, Yy €W, (6.342)
and the corresponding regularised problem
(AXj, Y)) = rL(N.GyYy) + (F.Y;) VY €Wy, (6.3.43)

We have the following result.

Lemma 6.3.1. Assume that H.1 and H.2 hold, and assume moreover that, for the
mapping Py, considered in H.1 and the map Gy, considered in H.2, we have

G (@u(Yi)) I+ < ccallGn(Yn)lle YYn € Wy (6.3.44)
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for some constant Cgo independent of h. Then, there exist a linear mapping ®;° €
LWy, Wh) and two constants o)y and c}, depending only on ag, co g, and cg
such that, for every h, for every r and for every Y, € W, we have

125 (Y)lw < call¥ullw. (6.3.45)
1G1(Dy YD) lln < callGr(Yn) 2 (6.3.46)
and
(¥, @ () = o (T} + r1GL ()13, (6.3.47)
where A is given in (6.3.42). O
Proof. We set
&, (Yy) ==Y + 8Pu(Y5) (6.3.48)

with § to be chosen later on. Then, using first (6.3.42) and (6.3.48), then (6.3.8),
(6.3.41), and using (6.3.44) to bound the last term, we have:

(AYh s QD}T (Yh)>

(6.3.49)
> Sap [Yali + rac |Gh(Yn) 3 — recllGh(Yn) 1S | Gr(Ya) 2.
and the result follows easily for r§ smaller than 4agae /(cp cG¢)2. O
Remark 6.3.6. 1t is easy to check that (6.3.44) holds easily whenever
L(Xn, Pn(Yn)) = L(Xn, Yn), (6.3.50)

implying that L(Xj, Y,) depends only on the part of Y, which is left unchanged
by &j,. O

We finally need a further assumption that connects the right-hand side of (6.3.47)
with the norm in W,.

H.3 With the notation of assumptions H.1 and H.2, we further assume that there
exist two positive constants v, and y3 such that

Vl} + »2llGhYall3, = vallYalsy Y Yh € Wh. (6.3.51)

|

It is clear that, if Assumption H.3 is also verified, then (6.3.47) will give a
stability result of type (6.2.13), where the explicit value of the constant ag can
be easily deduced from the values of the other constants. On the other hand, the
estimate (6.3.47) will also be used in the sequel in cases when some constant
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(r mostly, and sometimes y,) might depend on #, so that it is convenient to leave it
in its present form.

We now consider the problem of error estimates. As we introduced sufficient
conditions to ensure stability, the question will be to check consistency, and in
particular the effect on consistency of the extra stabilising terms. As we said, in
many applications, the constants r, y», and y3 appearing in (6.3.51) might be allowed
to depend on A. Hence, it is important that we keep track of them in our abstract
estimates. Mimicking (6.2.20), we now set

L(GyX; — N,GpYy)
R(X;7) ;= su . (6.3.52
XD = S G Tl )

Theorem 6.3.1. Let X and X, be the solutions of (6.2.16) and (6.3.43) respec-
tively. Assume that H.1, H.2, and H.3 hold. Then, for every X; € W, we have

(X, — X024+ rllGh (X, — Xi) |12,

=C (—r r—;jz IAIPIX — X |* + r(R(XI))z) . (6.3.53)

where the constant C depends on og, o, cg and cg, but does not depend on the
other parameters.

Proof. We set §X := X; — Xj, and Y}, := @, (6X), with @ given in Lemma 6.3.1.
Using Lemma 6.3.1, then the continuous equation (6.2.16) and the stabilised discrete
one (6.3.43), and then (6.3.40), (6.3.45), and (6.3.46), we get

o [8X]; + rac | GréX | < (AGBX). @5 (6X)) + rL(Gy(8X). Gi(®; (8X)))
= (A(X; = X), &, (8X)) + rL(Gy X1 — N, G (®;; (6X)))
< callANXr = X[ 18X | + rR(XDIGr8X||.  (6.3.54)

We now use H.3 to bound ||6X |

e (6.3.55)

[BX1; + n||Gh5X||2)v2 _ BX1h + 7, 1Gi8X |
V3 N Y3 '

I8x1l =< (

At this point, we need, just for a while, a lighter notation. We denote one of the two
terms on the right-hand side of (6.3.53) by D; := ||A| || X; — X|| and the other
by D, := ||G,(X;)|». We also denote the second term in the left-hand side by
g = ||G1(8X)||. With this notation, the inequality that we have to prove becomes
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+

X2 + rg® < c( D2+ D2) (6.3.56)

and what we have got, inserting (6.3.55) into (6.3.54) and using the new notation,
can be written as

1/2
0X; + e = € (3001 + D1 (L) g 4 12D ). 6357
/2 rys

1
Then, we apply the inequality ab < Ea2 + —b? with suitable choices of ¢, move

c
three terms to the left and multiply the resulting equation by a suitable constant to
get (6.3.53). O

As an immediate consequence of Theorem 6.3.1, we have the following error
estimate.

Theorem 6.3.2. Let X and X, be the solutions of (6.2.16) and (6.3.43) respec-
tively. Assume that H.1, H.2 and H.3 hold, and assume that the operator Gy, could
be extended to a space W(h) C W containing both W, and X . Then, there exists a
constant C = C(ug, a¢, cL, Cp) such that

[X — Xul2 +rlGu(X — X%,

<C inf ( tr
X eWw, ry

IAIPIX = X012 + r(R(X)?). (6.3.58)

Moreover, we have the following important corollary.

Corollary 6.3.1. Keep the same assumptions as in Theorem 6.3.2, and assume
moreover that for every h we have a space W(h) containing both W), and the
exact solution X of (6.2.16) such that Gj, could be extended to an operator in
LOW(h), H), with norm cg uniformly bounded in h, and such that (6.3.40) and
(6.3.41) still hold for Yy, and Zj, in W(h). Finally, assume that, for the exact solution
X of (6.2.16), we have

L(GyX — N,GpYy) =0 VY, e Wy, (6.3.59)

so that, with the notation of (6.3.52), we have R(X) = 0. Then, there exists a
constant C = C(ug, a¢, cL, Cp) such that

[X — X2 + 1| Gu(X — Xp) I3

<C inf ( e
X1 eW, r

JAIRIX = X/ 1P + FIGu(X = XD 1) (63.60)
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Remark 6.3.7. 1t is not difficult to see that the approach described here, and in
particular the result of Corollary 6.3.1, has much in common with the ones described
and analysed in the previous section. Actually, many stabilising techniques available
on the market can be set equally well in the framework of the previous section as in
that of the present one. Still, in certain cases, one of the two would be easier to use,
and in other cases, only one of these two approaches will be usable. O

As we mentioned already, in different applications, we might allow some of
the constants (and mainly r and y,) to depend on /. Hereafter, we shall rapidly
see some typical cases, taking as simplest example the one-dimensional version of
mixed formulations for the Poisson problem, already seen in (6.1.82) and (6.1.83).
Other examples will be seen in the following chapters, for different applications.

The first, and main difference, is whether the constant y, can be assumed to tend
to zero (and fast enough) when % tends to zero. We first consider the case in which
it is more convenient to take a y, that does not depend on /4. In a certain number of
cases, Theorem 6.3.2 or Corollary 6.3.1 can be applied with all the constants (7, y»,
and y3) independent of /.

Example 6.3.3 (Both r and y, are independent of h). 1t is clear that Corollary 6.3.1
is the natural candidate to be applied in these cases. Most augmented formulations
and their variants can be analysed in this way. Just to see an example, consider the
one-dimensional Poisson problem (6.1.82), and assume that we take V}, := E% and
O = Eg. We have already seen in the previous Chapter (in Sect. 5.2.4) that this
choice leads to a total disaster, due to the failure of the elker condition. However,
adding a term

R(X1,Yy) = R((up. pn). (i, qn)) = (u, + f.vp) (6.3.61)

will restore the full ellipticity and give a good solution. On the other hand, the bound
(6.3.12) tells us, in this case, that the projection of Bu; = uj, onto Q) is already
under control, and a further analysis would show that indeed the term in (6.3.61)
could be multiplied by h? and still provide a sufficient stabilisation (see [125]). O

Example 6.3.4 (Taking y, fixed and r depending on h). 1In this case, we are allowed
to use directly Theorem 6.3.1. The bound (6.3.53) will provide (for r “small”) an
estimate of the type

1
X, + rllGhX) 3, = € (;HXI - X+ r||G;,(X1)||%) . (63.62)
which, when (6.3.4) holds, can become
1 -
BXY; + rIGiX P = € (11 = X1+ 71X, ~ X )

1
<C (—h‘Yl + rh“'z), (6.3.63)
r
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by usual interpolation estimates with, in general, s; > s, > 0. Then, by taking
r = h*, we get

X7 + 1 [|GhdX ||> < C (R~ + h™s) (6.3.64)
with the optimal choice given by s = (51 — s2)/2. We further develop such a case

in the following example. O

Example 6.3.5 (Penalty methods for the inf-sup condition). Coming back to the
case of Proposition 6.3.1, a large class of stabilisations to cure methods where
the inf-sup condition fails can be built taking a subspace Qh of Qj, denoting by
P the projection operator on Q 1, and setting

G i) = P(qn),

- - (6.3.65)
R((upn, pr). (n.qn)) :== (P pn, Pqn)o.

The subspace O, will be chosen so that H.3 holds. This means that, using the
notation (6.3.19), we should have

[9n15 + v21Pg,anll* = v3llanlp (6.3.66)

for some positive constants y, and y3. The stabilised problem then becomes

a(up,vp) + b(n, pr) = (f,vn) Y, € Vy,

. (6.3.67)
b(up,qn) —r(Ppn, Pqr) = (g.q1) Yaqn € Oy

In this case, the estimate (6.3.53) would yield

lur = unlls + [pr — puli + 1P (pr = P11

r+y
< CT(“AHZHMI —uly + lpr —ply)

+r1P(pr = p)lp +riIP(p)G. (6.3.68)

We now consider three cases:

(i) Stable penalty. The inf-sup condition is satisfied. In this case, we obviously
have [gn]n = llgnllo. We can then take y, = 0 and Q;, = @, which means
that P = I. We can take r as small as we want and there is an O(r) term in the
right-hand side. This means that the penalty is used as a computational trick to
obtain an otherwise good solution.

(i) Brute force penalty. We have no (usable) inf-sup condition (roughly speaking:
[gx]» = O for any g;,). We take again Q;, = Q) and P = I but we now need
y2 = O(1). The error estimate becomes,
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ler — wnlly; + rllpr = pallg

1
=< C;(”A”Z”“I —ully +llpr = ply) +rlply. (6.3.69)

In that case, we only get a bound on ||u; — u;||. Suppose, to fix ideas, that we
would expect an O(h*) from the usual error estimates. It is clear that the best
that we can do is to take r = O(h*) and get a final bound in O(h*/?) instead
of O(h¥).

(iii) Clever-penalty. Let us suppose that there is a subspace O, C Qj such that
Vi, x Q, satisfies the inf-sup condition and let P be the projection onto Q,,.
We set P = (I — P) and we now need y, = O(1). The bound would now be

lur —unlly + 1151 = Pull® + r (L = P)(pr — p)lp
<cl APy — ul? —pl)? I—P)pl%. (6.3.70
< r(ll I“llwr —ully + lpr = plig) + rliC )plp- (6.3.70)

Two possibilities arise, depending on the approximation properties in @h. Ifall
the terms ||u; —ullv, | pr — pllo, and | (I — P)p|| o in the right-hand side have
a similar order in %, then any positive r will provide an estimate of the best
possible order. Such stabilising methods have been considered in [349]. On the
other hand, suppose that the last term is of lower order than the other ones.
One could use a small value of r to get a better accuracy but to the expense of
loosing on the first terms. If, for instance, we expect

(lur —ully; + lpr = plig) = Oh*) and |[(I = P)(p)lp = O(?),

then the choice r = O(h) will yield an estimate of O(#*?) on ||u — uy ||y and
of O(h) on ||p — pxullo. Such a procedure was introduced by Lovadina and
Auricchio [284] for the Stokes problem. O

Example 6.3.6 (Using a y, that depends on h). We now consider the cases in which
it is possible, and convenient, to use a y, that tends to zero with /. At first sight,
one might think that this never (or almost never) occurs. However, this is not true.
Assume, for instance, that

[gnln = 11gx 22> (6.3.71)
where g, is the L? projection of g;, onto the space of piecewise constant functions.

It is elementary, by the Poincaré inequality, to see that, for a ¢, piecewise in H', we
have

lgnl2> < G4l + C h?|| grad, gul|%., (6.3.72)
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where, as before, grad,, is the piecewise gradient and C is a constant that depends
only on the minimum angle of the decomposition (and where, for simplicity, we
assumed a quasi-uniform decomposition). Hence, in this case, we would have

[gnl; + Bl erad, gu 3> = v3llgnll; - (6.3.73)

with a constant y3 independent of /: a formula of the type of (6.3.51) with y, = h2.
Looking at (6.3.53), it seems natural, when y; is small, to take r as small as y, (that
is, going to zero with the same order). It is what we consider in the next example. O

Example 6.3.7 (Both r and y, depend on h). We consider the case in which both
r and y, depend on /, and go to zero. For simplicity, we assume that we take,
brutally, r > y,, but everything will work just taking, say, » > kY, with a constant
k independent of /. Then, we have

[6XT; + rlGh(8X)|I3 = [8X1; + 120G (8X) 7, = w3l8X |17 (6.3.74)

so that applying (6.3.53) to the left-hand side of (6.3.74) gives
2
v I8X|I? < € (%HAHZHXI - X+ "”Gh(XI)”%-L) : (6.3.75)

For instance, dealing with the one-dimensional version of (6.1.82) and starting from
V, := Ll and Q) := L], itis easy to see that [(vh,qh)]ﬁ > ||l + (19,13, where
again g, is the projection of g, on piecewise constants. In view of (6.3.72), we can
then take

R((u, p), (v, q)) = (p".q") (6.3.76)

and r = y, = h?. This will give linear convergence for both u and p. O

6.3.1 Another Form of Minimal Stabilisation

We now develop a more sophisticated variant of the previous case (where y, depends
on ) that is based, instead of (6.3.71), on a (possible) estimate of the type

[anln = llgnll > — C h?| grad g |17 (6.3.77)

Estimates of this type are met in situations like the one analysed in Sect. 5.4.5 (see, in
particular Eq. (5.4.22)) and related to the technique known as Verfiirth’s trick [375]
that we discussed in the previous chapter. We still suppose that Assumption A.1
holds and we complete it by the following assumption.
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A.2  There exists a Hilbert space H with V < H = H’ < V' such that
B'(Qn) C H (6.3.78)

(where B" : Q —> V' is, as usual, the linear operator associated with the
bilinear form b(v, ¢)), and there exist a monotone function w : Rt — R* and a
positive constant ¢, independent of %, such that

o lvallv = vl Y, € Vi, (6.3.79)
oM)IB'qrlle < larllo  Van € On (6.3.80)
and

[v—myvlla <ocw®|vly YvelV. (6.3.81)

O

We note that, setting
b(vy, , B!
lgnln := sup M = sup M’ (6.3.82)
wevy Nvnllv wen, lually

from (6.3.79) we have

(vi, B'qn) u llvnlla
[gn]n = sup > w(h) Iy B'qulln = o) Bgnl -
wevi Mvelle oy

(6.3.83)

In agreement with the general procedure of this section, we can now take H = H
with

Gn((vn,qn)) = B'qy — Bign = (I — th/)Bt(Ih (6.3.84)

and define:

R((uhs Ph)7 (Uhv qh)) = (Btph - B;,Phs quh - B}thh)H . (6385)

It is clear that both (6.3.40) and (6.3.41) will hold with constants independent of
h, so that H.2 holds. We are left with H.3 which will be proved in the next two
propositions using essentially the so-called Verfiirth’s trick [375] that we already
discussed in Sect. 5.4.5.

Lemma 6.3.2. Assume that A.1 and A.2 hold. Then,

b(vy,
gl = sup 29 o ol — o) B'asly Yan€ O (6.3.86)
v EV) ||vh||V

where B is the inf-sup constant appearing in (6.3.16), w(h) is given in (6.3.79)—
(6.3.81), and o is given in (6.3.81).
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Proof. The proofis essentially the same as the one that was used to prove (5.4.22) in
the last chapter. Let us see it briefly. We start from the inf-sup condition (6.3.16), we
add and subtract the projection 7y, v of v over V}, and then use (6.3.82) and (6.3.81):

b(v,qn) b(mv,v,qn) | b(v — 7y, qn)
Blignllo = su = su
vev lvllv veV [vllv [vllv

b(my,v, qn) 4 (v — 7y, v, B'gy)u
vev v vlly - ver vllv (6.3.87)

b(vn. qn) lv — 7y, vllu | B' (gn) | u

+ sup
wevi lvnlly ey lollv

< lanln + o) B qullu Y qn € Qh.

We can now easily get the following result.

Lemma 6.3.3. Under Assumptions A.1 and A.2, there exists a constant ,3, inde-
pendent of h, such that

lgnl; + @MW B qn — v, B'qullyy = Bllanly Y qn € On. (6.3.88)
Proof. Indeed, by the triangle inequality, we have, for every g, € Qp:
1B qn — 7wy, B'qullr + 7wy B 'l = |1 B' gl - (6.3.89)

On the other hand, summing (6.3.86) plus o times (6.3.83), we have

1+ 0)gds = Blanllo + oot (I B'aslln = |1 B'ailln) — (6.3.90)
so that

(1 + 0)lgnln + o0 M)|B'gn — 7y B'qullr = Blignllo (6.3.91)

and the result follows easily. O
Remark 6.3.8. Actually, by Pythagora’s theorem, we obviously have, for every g, €
On:
1B qullz = 1B"qn — 7y B'qullyy + vy B gul - (6.3.92)
However, as we have seen, the triangle inequality (6.3.89) is enough for our proof.
O

Lemma 6.3.3 implies that H.3 holds, with the above choices for [-]; and G}, with a
constant y; independent of /2, and with y, = w?(h).
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Remark 6.3.9. In certain cases, it would be more convenient to introduce another
finite element space V;, € H, and use a stabilising term like

R((un, pn), (. qn)) = (Btph - Hz;BtPh, B'q, — ”Vh/BIQh)H (6.3.93)

instead of (6.3.85). Then, Lemma 6.3.3 will still hold (and consequently H.3 will
also hold), provided that we have some additional result that guarantees, in the
particular case under study, that

1B qulln = CUIB"qn — 7y B'qull + Iy B'qulln)  Van € Qn (6.3.94)

for some constant C independent of 4. O

In view of the above remark, it might be convenient to treat the two cases (that is:
using (6.3.85) or (6.3.93) when (6.3.94) also holds) together. For this, we introduce
the following assumption.

A.3 With the notation of Assumption A.2, we consider a space V, € H and we
assume that there exists a positive constant K, independent of h, such that

v, B'qnllm + | B'qn — 7wy B'qnlln = & |B'qnlln ¥ qn € Qn. (6.3.95)

O

Assumption A.3 obviously holds, for instance, if V, = {0}, or more generally
whenever Vh C V},. The case of a Vh larger than 1}, instead, will work only in
some special case, and will require an ad hoc (and sometimes delicate) proof. We
can collect the result of Lemma 6.3.3 and the above discussion in the following
theorem.

Theorem 6.3.3. Assume that Assumptions A1, A.2, and A.3 hold. Assume more-
over that the full ellipticity condition (6.3.17) holds. Assume that we are given
subspaces V;, C V and Qn C Q, and we take W, := V, x Qy, with (6.3.18)
and (6.3.19). Set

Gi((vh.qn)) == B'qn — 7y, B'q. (6.3.96)

Then, H.3 holds with a constant y3 independent of h, and with y, = »*(h).

We are therefore in a situation very similar to that of Example 6.3.6. A very
reasonable choice would then be to use an r that also behaves as w(h)? as in
Example 6.3.7. Then using Theorem 6.3.1 as in (6.3.75), we have the following
theorem.

Theorem 6.3.4. Assume that A.1, A.2, and A.3 hold, and let (u, p) be the solution
of Problem (6.1.5). Assume that, in (6.2.17), R is defined through (6.3.85), and
that r is a positive number > w(h)?. Then, Problem (6.2.17) has a unique solution
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(up, pr) and there exists a constant C, independent of h and r, such that, for every
(ur, pr) € Vi, x Qy, we have:

luer =l + o1 = pally
(6.3.97)
= C (lu=wl} +llp = prly + rIGa(0. p1)I?).

Proof. The proof is an immediate consequence of (6.3.53) as in (6.3.74) and
(6.3.75). O

Remark 6.3.10. The convenience in using r > w?(h) (including the case of an r
fixed that does not depend on %) can occur when the term |G (0, pr)|# in (6.3.97)
is already small. Indeed, with a choice of the type (6.3.93), we would have

1Gn (0, pDll2e = | B' pr — 7, B' prlin
< ||B"(pr = p) = 7y, B'(p1 = p)|n + || B p — 7y, B p| (6.3.98)
< ClIB"(p = pDlln + I = 7wven) B' plln

that could be small whenever B’ p is smooth and V, has good approximation
properties. O

Remark 6.3.11. 1Tt is clear that the condition r > w?(h) could be replaced with
r > kw?*(h) for some k > 0 independent of /. This, indeed, will make the notation
in the proof heavier, but the final result will end up in a different value of the constant
C in (6.3.97). O

Remark 6.3.12. As usual, we can then take #; and p; as the best approximations
of u and p, respectively (in the respective norms), and then deduce an estimate for
lu —unllv + llp — pillo by the triangle inequality. O

We now consider the case of an r smaller that w?(h).

Theorem 6.3.5. In the same assumptions as in Theorem 6.3.4, taking r < w?*(h),
we have:

lur = unlly, + Lpr = pal* + rllpr — pull

202(h) (6.3.99)

r

= C(Z2dlu=wil} + lp = prly) + G0, p)IP)-

Proof. The proof is again an easy consequence of (6.3.53) in Theorem 6.3.1.

Remark 6.3.13. In applications, the choice of the form of r(h) will be done in
order to get the best possible estimate. In particular, the choice r = kaw(h)? will
be the best choice when 1}, = 0 and first order approximations are employed.
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This situation will be met for instance in the Brezzi-Pitkdranta stabilisation for the
Stokes problem considered in Chap. 8, that however could be treated by the simpler
estimates of Example 6.3.7. O

6.4 Enhanced Strain Methods

The so-called “enhanced strain” methods have become popular as a stabilising
device. We shall try to give a feeling of how they work and the way they can be
applied to mixed methods. We shall however first consider a more classical setting.
Let us thus consider two Hilbert spaces V' and Q. To simplify the notation, we
assume, from the very beginning, that Q is identified with its dual space, that is
QO = Q. We then assume that we have a continuous operator B from V to Q = Q'
and a continuous isomorphism ¢ from Q onto Q. We want to solve a variational
problem of the form,

1
vlglf/ E(GBU, Bv)o — (fiv)vixy. (6.4.1)

As usual, we consider an analogous problem in subspaces V;, and Q; where we
make the assumption that B(V},) € Q. We want to solve

. 1
inf —(€Bvy, Bun)o — {f, vn)v/xv. (6.4.2)

v €V

In some cases, for instance in an almost incompressible elasticity problem, the
numerical solution may behave badly: a locking phenomenon can occur when
problem (6.4.2) is too stiff. To build an enhanced method, we introduce a new space
E;, C Q and we change the problem into

1
inf E(G(th + ). (Bvy +10)o — (frvn)vxv, (6.4.3)

v EVNEE)

where n € Ej is some ‘“enhancement” of Bvy. In terms of mathematical
programming, this would be called a “slack variable”. The optimality conditions
of (6.4.3) are

(€(Bup +n), Bup)o — (fivn)vrxy =0, Y, €V,
(6.4.4)
(G(Buh+n),8)Q =0, VdéeE,.
Assuming, for simplicity, that €(E,) € Ej, (as it is almost always the case in
practice), and denoting by Pg the projection on Ej, the last equation of (6.4.4) can
be read:

€y = —PrGBu, (6.4.5)
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and taking this expression into the first equation, we obtain
(€I — Pg)Buy, Bup)g — (fovn)v'xy =0, Vv, €V, (6.4.6)

which is clearly a weaker formulation of the original problem. This idea has
been used to obtain stable formulations for a variety of problems such as nearly
incompressible elasticity or simulation of very thin structures.

We shall now see briefly, following [284], how this idea can be extended to the
case of a mixed formulation (that we repeat once more for the sake of convenience)

a(u,v) + b, p) = (fiv)y VYvel,

(6.4.7)
b(u,q) = (g.9)0 Vqe0,

assuming again that Q is identified with its dual space.

We shall not try to cover all cases: to avoid unnecessary technicalities, we shall
concentrate on the inf-sup condition. We shall then suppose that the bilinear form
a(u, v) can be decomposed as

a(u,v) =ap(u,v) + x(Bu, Bv), (6.4.8)

where a p (u, v) is coercive on the kernel of B so that, according to Proposition 4.3.4,
a(u, v) is coercive on the whole space V' if y > 0. We write explicitly:

aD(uh,vh)+)((Buh,th)+(th,ph): (f,vh) Yo, €V,

6.4.9
(Bun, qn) = (g, 4n) Ygn € Q. (649)

Following the idea of enhanced methods, we introduce a subspace Ej of O and we
change the problem into

ap(up, vp) + x(Buy + 1, Bvp) + (Bog, pr) = (fovp) Yo, € Vi,
x(Bup +n,8) + (8, pr) =0 V§eE, (64.10)

(Bup +n,49n) = (8. qn) Yqn € O
The second equation of (6.4.10) can be read as
n=—PgBuy,— (1/x) Pt px. (6.4.11)

Bringing (6.4.11) into the first and the last equation of (6.4.10), we get:

ap(up,vp) + x((I — Pg)Buy, Bvy) + b(vy, (I — Pe)pi) = (fivp) Yo, €V,
b(up, (I — Pe)qn) — (1/ x)(PE pn, Peqn) = (g, 4qn) Y gn € Qn,
(6.4.12)
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where in the second equation we used the fact that ((I — Pg)Buy, qp) is equal to
b(up, (I — Pg)qn).

We can now consider two interesting special cases. In the first one, we choose
Ej so that Pg Bv, = 0 for any v;,. Equations (6.4.12) now simplify to

ap (up, vy) + x(Buy, Bup) + b(vp, pr) = (fivp) Yop € Vi,

6.4.13
b(up, qn) — (1/ x)(Pepi. Peqn) = (g.q1) Vg € Q. ( )

This is clearly like using a penalty method to stabilise p;, as we have seen already
in Remark 4.3.7. We have already seen these methods in Example 6.3.5, and we
shall discuss their applications at various occasions in the following chapters, and
in particular in Chap. 8.

It is also interesting to give a look at the case where we choose as Ej, a subspace
of Q},. Let us denote by Q, the orthogonal complement of Ej, andby P = I — Pg
the projection onto Q. We can now write (6.4.12) as

ap(up,vp) + )((FBuh,?th) + b(vh,ﬁph) = (f,vp) Yv, €V,

v 6.4.14
b(un. Pau) — (1 )(Pe pi. Peqi) = (g.41) Va0 OHY

Writing the second equation for g, = ¢, € @h and then for ¢, = § € Ej, we have
bun @) = (&.0) V@ €0, (6.4.15)

plus
cPppn = Prg. (6.4.16)

Thus, we have simply written a discrete problem in V}, x Q:

ap(un, vi) + x(Bup, Bup) + b(vn, y) = (fivn) Y v € Vi,

" - BT (6.4.17)
b(un,qy) = (&:9r) Vg, € O,

with B = P(B), and then corrected p;, = p,, + (1/y) Prg.

Is that all? By no means! There are more things in Heaven and Earth, Horatio,
than are dreamt of in your philosophy.
And among all those things, “stabilisation methods” hold a non negligible place.

6.5 Eigenvalue Problems

We shall consider in this section a general setting for the approximation of
eigenvalue problems associated with the mixed problems introduced in Sect.5.1.
To make the presentation clearer, we recall some basic assumptions. We thus have
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two Hilbert spaces,V and Q. Moreover, a(v, v) and b(v, ¢) are continuous bilinear
formson V x Vand V x Q,

AM, >0 VYuveV a(u,v) = Mlullvllvlly

IMy >0 YveV,VgeQ bv.q) < Mlbliviigllo. ©3D
To simplify the presentation, we also assume that
a(-,-) is symmetric and positive semi-definite. (6.5.2)
Setting ||v||, := (a(v,v))"/? (which in general will only be a semi-norm on V),
this immediately gives
Yu,v eV a(u,v) < ||ulla|v]la. (6.5.3)

These properties will be assumed to hold throughout all the section. For any given
pair (f,g) in V' x Q’, the standard mixed problem is then to find (u, p) in V x Q
such that

a(u,v) +b(,p)={(fiv) YVveV

6.5.4
b(u,q) = (g.q) Vg € Q. 034

We now know that in order to have existence, uniqueness and continuous depen-
dence from the data for problem (6.5.4), it is necessary and sufficient that the bilinear
forms a(-,-) and b(:,-) satisfy conditions (5.1.6) and (5.1.1). We thus suppose to
have on b(-, -) the inf-sup condition.

There exists 8 > 0 such that

b(v,
inf sup& >

> B. (6.5.5)
qe0vev [|Vllvilgllo

We shall, for simplicity, assume the ellipticity on the kernel (5.1.7) instead of (5.1.1).
There exists « > 0 such that

a(v,v) > a||v||? Vv e KerB (6.5.6)
where the kernel KerB is defined as:
KerB = {v € V suchthatb(v,q) =0 Vg € Q}. (6.5.7)

In Chap. 1 (see Sect. 1.3.4), we have seen many examples of mixed formulations
of boundary value problems related to various applications in fluid mechanics and
in continuous mechanics and we have shown that there are eigenvalue problems
associated with most of them. We shall be interested, here, in the approximation
of these eigenvalue problems. We thus consider the discrete analogue of (6.5.4).
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We assume that we are given two families of finite dimensional subspaces V), and
Q) of V and Q, respectively, and we consider the discretised problem: find (u;, p;)
in Vi x Qy, such that

a(up, vp) + b(vg, pr) = (fivn) Yo, € V),

6.5.8
bwn, qn) = (g, qn) Yau € On. (6.5.8)

We have seen in Chap. 5 that discrete analogues of (6.5.5) and (6.5.6) are sufficient
to ensure solvability of the discrete problem together with optimal error bounds.
More precisely, the spaces V}, and Q) should satisfy two conditions:

* The discrete ellipticity on the kernel: there exists > 0, independent of %, such
that

a(vp, vp) > oc||vh||%, Vv, € KerBjy,, (6.5.9)
where the discrete kernel Ker B, is defined as
KerBy, = {v;, € V}, such that b(vy, vy) = 0 Vv, € Vj,},
* The discrete inf-sup condition: there exists § > 0, independent of %, such that

inf sup —2Wd) g (6.5.10)

qh€Qn vhEV), ||U]1||V||qh||Q -

Then, we have unique solvability of (6.5.8) and the following error estimate

=l +11p = plly = € (of lu=vllv + inf llp=allo) . 6511
vEV), qEQ)

We now turn to the eigenvalue problems. As we have seen, the eigenvalue problem
which is naturally associated with the corresponding boundary value problem in
strong form does not correspond to taking (Au, Ap) as right-hand side of (6.5.4).
Instead, according to the different cases, the natural eigenvalue problem is obtained
by taking (Au,0) or (0, —Ap) as right-hand side of (6.5.4). One expects, as for
instance in [299], that (6.5.9) and (6.5.10), together with suitable compactness
properties, are sufficient to ensure good convergence of the eigenvalues. However,
when the problem is set in mixed variational form, compactness is more delicate
to deal with. It was shown in [82] that, for the particular case of (1.3.85) for the
mixed Poisson problem, even if the operator mapping g into u is clearly compact,
assumptions (6.5.9) and (6.5.10) are not sufficient to avoid, for instance, the presence
of spurious eigenvalues in the discrete spectrum. Here, we address a more general
problem, in abstract form, and we look for sufficient (and, possibly, necessary) con-
ditions in order to have good approximation properties for the eigenvalue problems
having either (A u, 0) or (0, —A p) at the right-hand side. As we shall see, in each of
the two cases, (6.5.9) and (6.5.10) might be neither necessary nor sufficient for that.
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Our approach will be more similar to the one of [188] than to the one of [112]
or [40]. Important references for the study of eigenvalue problems in mixed form
are [43,299,316]. With respect to sufficient conditions, our development introduces
minor differences. For instance, our bilinear form a(:,-) is not supposed to be
positive definite. Moreover, previous related papers deal mostly with cases in which
the two components of the solution of the direct problem are both convergent,
while we accept discretisations that can produce singular global matrices. On the
other hand, having assumed symmetry of a(-, -), we do not have to consider adjoint
problems as in [188]. However, in practical cases, the actual gain is negligible. The
major interest of the present setting consists in showing that our sufficient conditions
are, mostly, also necessary, thus providing a severe test for assessing whether a
given discretisation is suitable for computing eigenvalues or not. This justifies, in
our opinion, the apparently excessive generality of our abstract approach. Indeed,
as we shall see, convergence of discrete eigenvalues does not even imply, for mixed
formulations, the non-singularity of the corresponding global matrices.

Finally, we point out that we do not look here for a priori estimates for eigenvalues
and eigenvectors, but only deal with convergence. This is somehow in agreement with
the fact that necessary conditions are a major issue here. However, in most cases, a
priori error estimates can be readily deduced, checking the last step in the proofs of
sufficient conditions and/or applying the general instruments of, say, [43, 109, 299]
(see also [76] for a review).

6.5.1 Some Classical Results

Before considering the case of eigenvalue problems in mixed form, we need to recall

some classical facts. Let H be a Hilbert space and T : H — H be a self-adjoint

compact operator. To simplify the presentation, we assume that 7" is non-negative.
We are interested in the eigenvalues A € R defined by

ATu=u, withue H)\ {0}. (6.5.12)

In the above assumptions, it is well-known that there exists a sequence {A;} and an
associated orthonormal basis {u;} such that

AiTM,' = U;,
0<A <A <--<A <, (6.5.13)
i—>00

We also set, fori € N, E; = span(y;).

The following mapping will be useful. Let m : N — N be the application which
to every N associates the dimension of the space generated by the eigenspaces of
the first N distinct eigenvalues; that is
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m(l):dim{eaiEi:/\,-:/ll}, (6.5.14)
m(N + 1) = m(N) + dim {@,‘E,‘ A= /\m(N)-H}- o

Clearly, A1y, ..., Amevy (N € N) will now be the first N distinct eigenvalues
of (6.5.12).

Assume that we are given, for every & > 0, a self-adjoint non-negative operator
T, : H — H with finite range. We denote by A” € R the eigenvalues of the problem

AThwu =u, withue H\ {0}. (6.5.15)

Let Hj, be the finite-dimensional range of T}, and dim H;, =: N(h); then, T}, admits
N (h) real eigenvalues denoted Af? such that

0<A < =Al <. M, (6.5.16)
The associated discrete eigenfunctions u,’-’, i = 1,...,N(h), give rise to an
orthonormal basis of Hj with respect to the scalar product of H. Let EI' :=
span(ul).
We assume that
]}i_l)r(l)HT—ThHg(H) =0. (6.5.17)

It is a classical result in spectrum perturbation theory that (6.5.17) implies the
following convergence property for eigenvalues and eigenvectors:

Ve >0, VN € N 3Fhy > 0suchthat Vi < hy
h
max |Ai = A <€, (6.5.18)

i=l1,..., m

S@"VE; "V Em <,

i=1

where § (E, F), for E and F linear subspaces of H, represents the gap between E
and F and is defined by

§(E. F) = max[§(E. F).8(F. E)].
S(E,F)=  sup  inf [lu—vl|y. (6.5.19)

weE, |lullg=1 V€F

Vice versa, it is not difficult to prove that (6.5.18) is a sufficient condition
for (6.5.17).

6.5.2 Eigenvalue Problems in Mixed Form

Let us go back to the abstract framework introduced above. In particular, assume,
for the moment, that (6.5.5) and (6.5.6) are satisfied and that (6.5.8) has a solution
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for every (f,g) in V' x Q’. Problems (6.5.4) and (6.5.8) then define, in a natural
way, two operators S(f,g) = (u, p) (solution of (6.5.4)) and S;(f, g) = (un, pn)
(solution of (6.5.8)). To make things precise, we introduce, for every i > 0, the dual
norms:

(f,vn) (g.qn)
1 f1ly; = sup lIgllg; = sup

. (6.5.20)
v, €V ||Uh||V qr€0h ”qh”Q

From Theorem 3.4.4 of Chap. 3, we know that (6.5.10) and (6.5.9) imply that the
discrete operator Sj, is bounded from Vh’ X QZ to V' x @, uniformly in /4, and we
have the bounds (3.4.103) and (3.4.104) (with X = u;, and 'y = pp). Moreover,
Lemma 3.5.2 tells us that the converse holds true.

Lemma 6.5.1. If there exists a constant C > 0 such that, for every h > 0 and for
every quadruplet (uy,, p,, 1. g) € Vi, x Qp x V' x Q' satisfying (6.5.8), one has

155/ @llvxa < CULFllyy + llgllop): (65.21)

then (6.5.10) and (6.5.9) are verified with B = 1/C and « = 1/(C*M,). Then,
(6.5.8) has a solution for all f €V, and g € Q7.

Proof. This is a mere rewriting of Lemma 3.5.2. O

We now consider the eigenvalue problem. For the sake of simplicity, let us
assume for the moment that there exist two Hilbert spaces Hy and Hy such that
we can identify

HV = HI//’

5.22
Hp = H’Q 6.5.22)
and such that
VCHyCV
0c HZ o (6.5.23)

hold with dense and continuous embedding, in a compatible way.

The restrictions of S and S, to Hy x H g now define two operators from Hy x Hyp
into itself.

As a consequence of (6.5.11) and Lemma 6.5.1, it is immediate to prove the
following proposition.

Proposition 6.5.1. Assume that (6.5.10) and (6.5.9) hold. Then, S, converges
uniformly to S in L(Hy x Hg) if and only if S (from Hy x Hg into itself) is
compact. O

This proposition concludes the convergence analysis for the eigenvalue prob-
lems associated to (6.5.4) and (6.5.8). However, in the applications, one usually



6.5 Eigenvalue Problems 387

finds eigenvalue problems associated to (6.5.4) and (6.5.8) when one of the two
components of the datum is zero. Let us set these eigenvalue problems in their
appropriate abstract framework introducing the following operators:

Cy:V >V xQ' Co:0' -V xQ

6.5.24
Cr(f) = (£.0) Cog) = (0.g) (0.2

and their adjoints

Cr:VxQ—->V C5:Vx0—0
Cy(v.g)=v Cov.q) =gq.

We shall say that (6.5.4) is a problem of the type (f, 0) if the right-hand side
in (6.5.4) satisfies g = 0. Similarly, we shall say that (6.5.4) is a problem of the
type (0, g) if the right-hand side in (6.5.4) satisfies f = 0. Correspondingly, we
shall study the approximation of the eigenvalues of the following operators:

(6.5.25)

Ty =CjoSoCy: V' — V, for problems of the type (f, 0),

To=C5080Cgo: Q" — Q, for problems of the type (0, g). (6.5.26)

Whenever the associated discrete problems are solvable, we can introduce the
discrete counterparts of Ty and T as:

Th=CpoS,oCy: V' —V, forproblems of the type (£, 0),

Té = ChoS8p0Co: Q" — Q, for problems of the type (0, g). (6.5.27)

6.5.3 Special Results for Problems of Type (f,0) and (0, g)

In the remaining part of this section, we recall the results obtained in Sect. 3.5.3
on the solvability and boundedness of the discrete operators with either the discrete
inf-sup condition or the discrete ellipticity on the kernel for the special type of data
associated with our eigenvalue problems.

Problems of the type ( f, 0): From Proposition 3.5.2, we have the following result.

Proposition 6.5.2. If the discrete ellipticity on the kernel (6.5.9) holds and g = 0,
then problem (6.5.8) has at least one solution (uy, py). Moreover, uy is uniquely
determined by f and

1
unllv < =111l (6.5.28)
o

where « is the constant appearing in (6.5.9). O

We also have the reciprocal from Proposition 3.5.3.
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Proposition 6.5.3. Assume that there exists a constant C > 0 such that for every
h > 0 and for every quadruplet (uy,, py, 1,0) € Vi x Q, xV'x Q' satisfying (6.5.8),
one has

unlly < CILf v, (6.5.29)

then the operator T& is defined in all V' and the discrete ellipticity on the
kernel (6.5.9) holds witha = 1/(C*M,), M, being the continuity constant of a(-, -)
(see (6.5.1)). O

Problems of the form (0, g): In the same way, we have from Proposition 3.5.5 the
following result.

Proposition 6.5.4. Assume that the following weak discrete inf-sup condition
holds: for every h > 0, there exists a constant B, > 0 such that

b )
inf sup —20mdn) o g (6.5.30)

qn€Qh VEV) ||Uh||V||qh||Q

Then, forevery g € V' and | = 0, problem (6.5.8) has at least one solution (uy, py)
and py, is uniquely determined by g. O

Proposition 6.5.5. Assume that there exists a constant C > 0 such that for every
h > 0 and for every quadruplet (uy, py,0,g) € Vi x Qnx V' x Q' satisfying (6.5.8),
one has

lpallv = Cliglly,. (65.31)

Then, the operator Té is defined in all Q' and the weak discrete inf-sup con-
dition (6.5.30) holds. In general, (6.5.31) does not imply the discrete inf-sup
condition (6.5.10). ]

Proof. As in Proposition 6.5.5, the assumption (6.5.31) implies that, with obvious

notation, B} is injective, therefore B;, will be surjective and this implies (6.5.30).
However, (6.5.10) cannot be deduced in general: consider the case when a(-,-) =

0, V4 = Qp and b(-,-) is h times the scalar product in V},. O

Proposition 6.5.6. Assume that there exists a constant C > 0 such that for every
h > 0 and for every quadruplet (uy, py,0,g) € Vi x Qpx V' x Q' satisfying (6.5.8),
one has

llunllv +1lpallo = Cllgllo; . (6.5.32)

then both Tg and C}j 0 S0 Cg are defined on Q' and (6.5.10) holds with § = 1/C.
O

Proof. This results directly from Proposition 6.5.6. O

Moreover, we have the following proposition.
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Proposition 6.5.7. If there exists C > 0 such that

||C5 o Sh o CV”L‘,(V,,:,V//,) S C (6.5.33)
forevery h > 0, then (6.5.10) holds with = 1/C. O
Proof. The proof can be done as we did for Lemma 3.5.2. O

We therefore see from Propositions 6.5.3 and 6.5.7, that for problems of the type
(f. 0), the estimate (6.5.29) on u;, implies (6.5.9) and the estimate (6.5.33) on py,
implies (6.5.10). Analogue properties do not entirely hold for problems of the type

©, ).

6.5.4 Eigenvalue Problems of the Type (f, 0)

In this section, together with (6.5.1) and (6.5.2), we assume that ellipticity on the
kernel (6.5.6) and the inf-sup condition (6.5.5) are verified. We also assume that we
are given a Hilbert space Hy (that we shall identify with its dual space H|,) such
that

VCHycV (6.5.34)

with continuous and dense embeddings. We consider the eigenvalue problem: find
(A, u) in R x V, with u # 0 such that there exists p € V verifying

a(u,v) + b, p) = Au,v)y, YvelV,

bl g) = 0 Voo (6.5.35)

In the formalism of Sect. 6.5.2, this can be written as
ATvu = u. (6.5.36)
We assume that the operator 7Ty is compact from Hy to V.
Suppose now that we are given two finite dimensional subspaces V}, and Q) of V/

and Q, respectively. Then, the approximation of (6.5.35) is: find (A, up) in R x Vj,
with up, # 0 such that there exists p;, € Qy, verifying

a(up, vp) + b(op, pn) = Ap(up, va)Ey Yop € Vi,

(6.5.37
b(ur. qi) = 0 Vi € O, )

which can be written as

An T1]/1ul1 = Up. (6.5.38)
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We are now looking for necessary and sufficient conditions that ensure the
uniform convergence of T"} to Ty in L(Hy, V) which, as we have seen, implies
the convergence of eigenvalues and eigenvectors (see (6.5.18)).

To start with, we look for sufficient conditions and for this, we introduce some
notation. Let V7 and Q¥ be the subspaces of V and Q, respectively, containing all
the solutions # € V and p € V, respectively, of problem (6.5.4) when g = 0; that
is, with the formalism of the Sect. 6.5.2,

Vi =CJoSoCy(Hy)=Ty(Hy)
ol = Cé oS oCy(Hy). (6.5.39)
Notice that the following inclusion holds true:

VOH C KerB.

The spaces VOH and Qéf will be endowed with the natural norm: that is, for instance,

ol ygr = infl] 0]l Tvn = v:

. (6.5.40)
lgllgz := inf{{[nllm,, C5oSoCyn=gqj.

Definition 6.5.1. We say that the weak approximability of Q is verified if there
exists w; (h), tending to zero as & tends to zero, such that for every p € Q{,

b(vy, p)

v, €KerBy, ”Uh ||V

= or(W||pllgys- (6.5.41)

Notice that, in spite of its appearance, (6.5.41) is indeed an approximability
property. Actually, as v, € KerBy,, we have b(vi, p) = b(vi, p — pr) for every
p1 € O, which has, usually, to be used to verify (6.5.41).

Definition 6.5.2. We say that the strong approximability of V[ is verified if there
exists w,(h), tending to zero as & tends to zero, such that for every u € V7, there
exists u; € KerB;, such that

llu—urlly < ()| |ullyp- (6.5.42)

Theorem 6.5.1. Let us assume that the discrete ellipticity on the kernel (6.5.9)
is verified. Assume moreover the weak approximability of Q& and the strong
approximability of VOH . Then, the sequence Tlﬁ’ converges uniformly to Ty in
L(Hy,V), that is, there exists w3 (h), tending to zero as h tends to zero, such that

Ty f =T} fllv < osW fllm,, forall f € Hy. (6.5.43)
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Proof. Let f € Hy and let (u,p) € VOH X Qg’ be solution of (6.5.4):
(u, p) = S(f,0). As we assumed (6.5.9), Proposition 6.5.2 ensures that Tlﬁl is well
defined on V’. Recall that u := Ty (f). Let u, := T}!(f) and let p; be such that
(un, pr) is a solution of (6.5.8) (such a p; might not be unique). In order to prove
the uniform convergence of 7}! to Ty, we have to estimate the difference ||u—uy||y.
We do it by bounding the term ||u; — u;||v, where u;y is given by (6.5.42), and then
by using the triangular inequality. We have

alluy —upll3 < alur — wp, up — up)
=au; —u,ur —up) + a(u —up, uy — up)
< My|lur —ullv|lur —uplly — b(ur —up, p — pn)

b(vy, p — (6.5.44)
Maljur —ully + sup PPN
v;, €KerBy, I Ivh I I |4

b(vs,
=<Ma||u1—u||y+ sup ( p))||u1—uh||y.

v, €KerB), ”Uh ||V

IA

The result then follows immediately from the strong approximability of V7 and the
weak approximability of Q[!. In particular, we can take w3 (h) = (14 M, /a)w2 (h)+
wi(h)/a . O

In the following theorem, we shall see that the assumptions of Theorem 6.5.1 are
also, in a sense, necessary for the uniform convergence of T"} toTy in L(Hy,V).

Theorem 6.5.2. Assume that the sequence T}! is bounded in L(V', V), and con-
verges uniformly to Ty in L(Hy, V) (see (6.5.43)). Then, the ellipticity in the kernel
property (6.5.9) holds true. Moreover, both the strong approximability of V! and
the weak approximability of Q[ are satisfied.

Proof. Condition (6.5.9) can be obtained applying Proposition 6.5.3. Let u be an
element of V7. Then, by definition of V7, there is f € Hy such thatu = Ty f.
Define u; := Tlﬁl f. Uniform convergence implies the strong approximability of
V.

In a similar way, let p be an element of Q{f . Then, by definition of Q{f ,p =
Cé oS oCy f forsome f € Hy. There might be more than one such f. We choose

S such that || |, < 3inf f{1/1lm : C5oSoCvf = p} = 3lpllgy. Let

u := Ty f. Correspondingly, let 1), := T"}? and let p; be such that (uy, py) is a
solution of (6.5.8) with the same right-hand side (such a p;, might not be unique).
Then, we obtain

b(vp. p) “w b(vw,p—pn) _ a(u — up, vp)
v, €KerB), ”thIV v, €KerB), ||Uh||V vy €KerB), ”vh”V
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3
= Mallu —unllv = Maws (|| 1l = 5 Maws(W]lpll gy

which gives (6.5.41) with w;(h) = %Maw3 (h), that is, the weak approximability
of 1. u]

Remark 6.5.1. We shall present examples of eigenvalue problems of type ( f, 0) for
the Stokes problem in Sect. 8.11. O

6.5.5 Eigenvalue Problems of the Form (0, g)

In this section, together with (6.5.1) and (6.5.2), we assume that, for every given
g € Q' and f = 0, problem (6.5.4) has a unique solution (u, p) and that there
exists a constant C (independent of g) such that

llullv + lIpllo = Cllgllo- (6.5.45)
It is easy to see that this implies the inf-sup condition (6.5.5) but not the ellipticity

on the kernel (6.5.6).

Remark 6.5.2. An example of this situation can be found in Sect. 10.1.1 for the
Y — o formulation of the biharmonic problem. O

In the following, we assume that we are given a Hilbert space Hy (that we shall
identify with its dual space H, ’Q) such that
QCHpcQ (6.5.46)

with continuous and dense embeddings. For simplicity, we assume that for every
q € Q,wehave ||q||n, < |lq|lo (with constant equal to 1).

We consider the eigenvalue problem: find (A, p) in R x V, with p # 0 such that
there exists u € V verifying

a(u,v) +b(v,p) =0 VYveV

(6.5.47)
b(u,q) = —Mp.q)H, Vg€ Q
which in the formalism of Sect. 6.5.2 can be written as
ATop = —p. (6.5.48)

As we shall see, problems of the type (0, g) are more closely related to the
abstract theory of [188] than problems of the previous type (f, 0).
From now on, we assume that the operator T is compact from Hg into Q.
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We introduce two finite dimensional subspaces V} and Qp of V and O,
respectively. Then, the approximation of (6.5.47) reads: find (A;, py) in R x Qy,
with p, # 0 such that there exists ueVy, verifying

a(up,vy) +bp, pr) =0 Vv, €V

(6.5.49)
b(un, qn) = —An(pnsqn)ay  Yqn € On,
that is,
ATl pn = —p- (6.5.50)

We are now looking for necessary and sufficient conditions that ensure the
uniform convergence of Té to Tp in L(Hgp, Q), which implies the convergence
of eigenvalues and eigenvectors (see (6.5.18)).

To start with, we look for sufficient conditions.

We introduce some notation. Let V5 and QY be the subspaces of V and Q
respectively, containing all the solutions u € V and p € O, respectively, of
problem (6.5.4) when f = 0; that is, with the formalism of Sect. 6.5.2,

V) =CpoSoCo(Hp)

(6.5.51)
QY =CgoS0Co(Hg) = To(Ho).
It will also be useful to define the space V), as the image of Cyf o S o C (from
Q'to V).
As before, the spaces V), QY% and VS, will be endowed with their natural norms
(see for instance (6.5.40)).

Definition 6.5.3. We say that the weak approximability of QY% with respect to a(-,-)
is verified if there exists w4 (%), tending to zero as h goes to zero, such that for every
p € Q¥ and for every v, € KerBy,

b(un, p) = wa(M[pll gy, l1valla- (6.5.52)

Notice that (6.5.52) is indeed an approximation property, as we already pointed out
for its counterpart (6.5.41).

Definition 6.5.4. We say that the strong approximability of Q(}{ is verified if there
exists ws(h), tending to zero as /i goes to zero, such that for every p € Q(}{ there
exists p! € Q}, such that

llp—p'llv < wsh)l|pllgy,- (6.5.53)
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Notice that (6.5.52) and (6.5.53) are (much) weaker forms of assumption H.7
of [188].

Definition 6.5.5. Following Sect. 5.4.3, we say that an operator /7, from V (or from
a subspace of it) into V}, is a B-compatible operator with respect to the bilinear form
b(-,-) and the subspace Q) C Q if it verifies, for all v in its domain,

b(v—1ITyv.q;) =0 Vg, € Oy, (6.5.54)
and there exists a constant Cyy, independent of %, such that:

il s,y = Cr- (6.5.55)

We now introduce a stronger form of (6.5.55).

Definition 6.5.6. B-Id-compatible operator

We shall say that the operator I1;, is B-Id-compatible if it satisfies (6.5.54), (6.5.55)
and if moreover it converges to the Identity operator in norm, that is, if there exists
wg(h), tending to zero as & tends to zero, such that for every v € V13’ we have

[l = Myvlla < ws(R)][v]]y0. (6.5.56)

Remark 6.5.3. In Sect.5.4.3, we have seen that (6.5.54) and (6.5.55) imply the
discrete inf-sup condition (6.5.10). Notice that (6.5.56) is strongly related to
assumption H.5 of [188]. As we shall see, the condition that w¢ (%) goes to 0 with £ is
actually necessary for the convergence of eigenvalues. In [188], it is only assumed to
be bounded, that is, essentially (6.5.55). Indeed, their interest was in a priori bounds
(and not on necessity) and, moreover, they were dealing with direct problems (and
not with eigenvalues). In particular, (6.5.56) is not necessary to obtain point-wise
convergence of Tg to Tp where the discrete ellipticity on the kernel (6.5.9) and the
discrete inf-sup condition (6.5.10) are sufficient. Notice that, from Remark 5.4.3, the
inf-sup (6.5.5) and its discrete counterpart (6.5.10) imply (6.5.55), but not (6.5.56).

|

We can now prove the following result.
Theorem 6.5.3. Let us assume that there exists a B-Id-compatible operator I, :

VQO, — Vi, that is satisfying (6.5.54)—(6.5.56). Assume moreover that the strong

approximability of QOH is verified (see (6.5.53)) as well as the weak approximability
of QOH with respect to a (see (6.5.52)). Then, the sequence Tg converges to Ty
uniformly from Hg into Q, that is, there exists w7(h), tending to zero as h goes to
zero, such that

ITog — TSgllv < w:(W)|glln,. forallg € Hy. (6.5.57)
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Proof. As we recalled above (6.5.5) and (6.5.54)—(6.5.55) imply the discrete inf-sup
condition (6.5.10). Thanks to Proposition 6.5.4, TS is then well defined.

Let g € Hp and let (4, p) € Vj x QY% be the solution of (6.5.4) with f = 0.
Recall that p = Tpg. Let pj := Tg g and let uy, be such that (uy, py) is a solution
of (6.5.8) (such a u;, might be not unique). In order to prove the uniform convergence
of Té’ to T, we have to find a priori estimates for the error || p — py||o. Let g € Q'
be such that (g, p — pr) = ||p — pullg and ||g]|o» = 1. Take vt := Cf 0 S0 Cpg,
hence ||vt||V3, < 11gllo» = 1 (see (6.5.40)). Then, we have

[lp— pullo = (&, p— pn) = b(vt, p— pn)
:b(vt_nhvtsp_ph)+b(nhvtvp_ph) (6558)
= b(vt — ITyvt, p — pI) —a(u — uy, [Tyvt).

Let us estimate separately the two terms in the right-hand side:
b(vt — IMyvt, p — pI) < My||vt — Iyvtllv|lp — pIllo

< My (||vt|ly + [[Tvt]lv) [lp = pIllo (6.5.59)

a(u —up, Iyvt) < [[MTpvt||q]lu — up||a-
Using (6.5.55), we obtain the following estimate for I, v¢

[1Tyvi]ly < Callotllys, < Cr. (6.5.60)
Putting together (6.5.58)—(6.5.60) and using (6.5.53), we obtain

llp — pullo = My(1 + Cp)llp — pIllo + Crllu— uplla

(6.5.61)
< My(1+ C)os()|[pll gy, + Crrllu = ula-

To conclude the proof, there remains to estimate ||u — uyl||,. Thanks to the
triangular inequality and to (6.5.56), we bound only ||IT,u—uy||, using also (6.5.52)
and (6.5.54). Notice that IT,u — uy, belongs to Ker B,

|| Tpu — up||2 = a(Ipu — w, Myu — up) + a(u — wp, yu — up)

< |lu— Hyul|o || Tpu — uplla — b(Ipu — up, p — pi)
= |lu — Hyul|a|[IThu — uplla — b(IThu — uyp, p)

< = walla (Il = Mol + oa ()l pll g, )

(6.5.62)
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which, due to (6.5.56), gives

e —unlla < 2||u—= Myulla + wsM|pllgo, < 2w6()|[ullyo + wa(M)pllgo,
(6.5.63)

and (6.5.57) holds with w7(h) = My(1 + Cr)ws(h) + 2Crws(h) + Crws(h). O

Remark 6.5.4. In Theorem 6.5.3, we have proved the uniform convergence of TS
to T in L(Hp, Q). However, in Sect.6.5.2, we have seen that the convergence
of the spectrum is equivalent to the uniform convergence of TS to Tp in L(Hp).
Indeed, the latter holds under the weaker assumption that there exists a B-compatible
operator satisfying only (6.5.56) as we shall see in the following theorem. O

Theorem 6.5.4. Let us assume that there exists a B-compatible operator
(see (6.5.54)) I}, : VQO, — V), satisfying (6.5.56). Assume moreover that both

the strong approximability of QY% (see (6.5.53)) and the weak approximability
of QY with respect to a(-,) (see (6.5.52)) are verified. Then, the sequence Té
converges uniformly to To in Hg.

Proof. We observe that (6.5.5) and (6.5.54) imply the weak discrete inf-sup
condition (6.5.30). Thanks to Proposition 6.5.4, Té is then well defined.

Let g € Hyp and let (u, p) € V) x QY be the solution of (6.5.4) with f = 0.
Recall that p = Tpg. Let p, 1= ng and let uy be such that (up, pp) is a solution
of (6.5.8) with right-hand side (0, g) (such a u, might be not unique). We estimate
[lp — pulluy. Using a duality argument, let (ut, pt) € V x V be defined by
(ut, pt) := S(0, p — pp). Due to the definition (6.5.51), ut belongs to Vlg with
the following estimate ||ut||V2 <lp = pnllu, (see (6.5.40))

lp = pallsry = (P = P P — 1) = b(ut. p — pi)

= b(ut — yut, p) + b(ITyut, p — pi)

= —a(u,ut — Myut) — a(u — uy, [Tyut)
[ullallut — Myut || + [lu— unlla| [ Thut|la
=< lullaws (W) [|ut|lyo + 2[|u — wuplallut|[yo

< (@s(W[ulla + 2[|u = unlla) [|p = Pallg

IA

having assumed wg(h) < 1. Hence,

Ilp = pilly = ws()|ulla + 2[|u — upla-

The rest of the proof follows the same lines as the one of Theorem 6.5.3,
using (6.5.52) and (6.5.56) (see (6.5.62) and (6.5.63)). O

The remaining part of this section is devoted to see what one can deduce from
the uniform convergence of TS to Tp.
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Theorem 6.5.5. Assume that the sequence Tg is boundedin L(Q’, Q). Then, there
exists a B-compatible operator (see (6.5.54)) I1j, : VQO, — V}, such that

[l = Myulla < Cllullys,- (6.5.64)

Proof. Letu belong to V3, Then, by definition,u = CjfoSo Cogforsomeg € Q’.
There is only one g in this condition, and therefore, by definition, ||u||,0 = ||g||o’
Q/

(see (6.5.40)). Let p € Q be such that (#, p) = S(0, g). Let p;, := ng; notice that,
by assumption, || px|lo < C||gl||o’- By Propositions 6.5.5 and 6.5.4, there exists at
least one u;, such that (up, pp) € Vi x Qp is a corresponding discrete solution
of (6.5.8). If such a uj, is unique, we define IT,u := u;. Otherwise, we still define
ITju as the u;, having minimum norm in V. By construction, we have (6.5.54) and

1 Thull; = (. p) < llgllorITggllo < Cliglly = CIIMII%,g/- (6.5.65)

Let us bound ||u — IThu||,:

|u — Myu||2 = a(u — Myu,u — yu)
= a(u,u — ITyu) — a(IThu, u — Iyu) (6.5.66)
= —b(u— ITyu, p) — a(u — [yu, [THu).

The first term in the right-hand side can be handled as follows:

b(u— Iyu, p) = b(u— Iyu, p — py)
= (g.p — pn) — b(UTpu, p — pi) (6.5.67)
= (g, p — pn) + a(u— Myu, I[Tyu).

Inserting (6.5.67) in (6.5.66), we obtain

llu — Myul|2 = —(g. p — pn) — 2a(u — Myu, Myu)
<llgllo’llp — pullo + 2||u — Myul|a||IThulla (6.5.68)
< llgllor (Ilpllo + llprllo) + 2llu — Myulla| [ Thulla,

and then the boundedness of TS and (6.5.65) imply (6.5.64). O

Theorem 6.5.6. Assume that the sequence Té’ converges to To uniformly in

L(Hg, Q). Then, for all p € QY, there exists p' € Qy such that (6.5.53) holds
true.

Proof. Let p belong to Q(}I, then p = Tpg for a suitable g in Hy. Let p, :=
Té’ g be the corresponding discrete solution, then we define p’ := p;, and the
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inequality (6.5.53) is an easy consequence of the uniform convergence of Tg g to
Togin Q. O

Theorem 6.5.7. Let us assume that the sequence TS is bounded in L(Q’, Q) and
converges uniformly to Tg in L(Hg, Q). In addition, we assume that the following
bound holds for the solutions of (6.5.8) with f =0

[lun|lv < Cllgllor- (6.5.69)

Then, there exists a B-compatible operator II), : VB, — V), satisfying (6.5.55)
and (6.5.56). Moreover, we have the discrete inf-sup condition (6.5.10) and the weak
approximability of QY with respect to a(-, ) (see (6.5.52)) holds.

Proof. From Proposition 6.5.5, we have that CJ o S o Cyp is also well defined
and (6.5.10) holds. Let us check (6.5.55). For u € V(S,, there exists g € Q' and
p € Q such that (u, p) = S(0,g). We set [Tju := C o S, o Cpg. As we have
seen, (6.5.54) holds trivially, and now (6.5.55) also holds in virtue of (6.5.69), with
Cn =C.

Now, let us check (6.5.56). Let u belong to V}J; by definitionu = Cf 0 S 0 Cp g
for some g € Hgp. As in the proof of Theorem 6.5.5, g is unique, and ||u||V2 =

H,. Let = Tog; clearly, e 0Y. Let p, := T!g. By construction,

&llHg P 08 Y. p H P 08- BY

ITyu, py) solves (6.5.8) with the right-hand side (0, g). Moreover, by the same
p g g y

computations as above, we arrive at (see the first line in (6.5.68))

|lu— Myull; = —(g. p — pa) — 2a(u — Myu, Myu).
From this, we have

|lu— Myull}; = —(g, p — pn) = 2b(Iyu, p — p1)
< (llgllg + 2Mp || Tuullv) [|p = pullo
= (1 +2M,C)lIgllorwr(h)||g |y (6.5.70)
< (1 +2M,C)er (W),
= (14 2M,C)a; (W) |ul 2

0
VH

where we used (6.5.69) and the uniform convergence of Tg to Tp in L(Hp,V)
(see (6.5.57)). The bound (6.5.70) gives (6.5.56) with:

ws(h) = (1 +2MpC)or(h)"/2.
Now, let us check (6.5.52). If p € Q(}I, then p = Tpg for a suitable g in Hyp.

Let u be such that (u, p) = S(0, g) and set p;, := ng and uy, := IT,u. Then we
get, for every v;, € KerB;,
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b(Uh, 17) = b(vhvp - ph)

(6.5.71)

= a(Hhu —u, vh) < Ma||17hu — u||u||vh||a

and (6.5.56) (already proved) ends the proof since, by definition:
lllyy = llgllio = 111l g, 0

Examples for the mixed formulation of second order linear elliptic problems will
be presented in Chap.7, Sect.7.1.3. We also refer to Sect. 10.1.2 for an example
with the ¥ — @ approximation of the biharmonic problems.
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