
Chapter 4
Saddle Point Problems in Hilbert Spaces

In the first chapter of this book, we introduced a large number of saddle point
problems or generalisations of such problems. In most cases, the question of
existence and uniqueness of solutions was left aside. In the previous chapter, we
considered the solvability of finite dimensional problems in mixed form, together
with the stability of sequences of such problems. We now introduce an abstract
frame that is sufficiently general to cover all our needs, from the problems of
existence and uniqueness in infinite dimension to the stability of their Finite Element
discretisations.

As a first step, we shall recall some basic definitions of Functional Analysis:
Hilbert spaces, continuous functionals, bilinear forms, and linear operators associ-
ated with bilinear forms.

In Sect. 4.2, we discuss conditions that ensure existence and uniqueness for
mixed formulations in Hilbert spaces. Several examples of mixed formulations
related to Partial Differential equations will illustrate the theoretical results. Dif-
ferent stability estimates will then be provided for different sets of assumptions.

The last section (Sect. 4.2.2) will be devoted to the study of perturbed problems
(whose algebraic aspects were discussed in Sect. 3.6 of the previous chapter).

We shall follow essentially the analysis of [112] and [122]. We also refer the
reader to other presentations, as can be found in the books [41, 106, 222, 315, 337].

4.1 Reminders on Hilbert Spaces

In this section, we recall some basic notions on Hilbert spaces. Most readers, and
in particular those with a better mathematical background, will already be familiar
with all the contents of the section. For them, the aim of the section will just be to
fix the notation. For other people with a weaker mathematical background, it could
be useful to refresh some notions. On the other hand, we do not pretend to provide
a complete mastering of Hilbert spaces to people that never heard of them before.
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198 4 Saddle Point Problems in Hilbert Spaces

For these people, a superficial reading will be enough to convince them that things,
in Hilbert spaces, are very similar to their counterparts in finite dimensional spaces.

4.1.1 Scalar Products, Norms, Completeness

We assume that the reader is familiar with the concept of linear space over R. This,
roughly speaking, means that you are allowed to sum two elements of the space, and
to multiply each element of the space times a real number.

LetH1 andH2 be two linear spaces overR. A map a W H1�H2 ! R is said to be
a bilinear form onH1�H2 if, for every u1; v1;w1 2 H1, for every u2; v2;w2 2 H2

and for every �;� 2 R, we have

a.�u1 C �v1;w2/ D �a.u1;w2/C �a.v1;w2/

a.w1; �u2 C �v2/ D �a.w1; u2/C �a.w1; v2/:
(4.1.1)

When both H1 and H2 coincide in a single linear space H , we shall often say that
a is a bilinear form on H , meaning that it is a bilinear form onH �H .

A bilinear form a onH is said to be symmetric if, for every u; v 2 H , we have

a.u; v/ D a.v; u/: (4.1.2)

A bilinear form s on H is said to be a scalar product if it is symmetric and if,
moreover,

s.v; v/ � 0 8 v 2 H and s.v; v/ D 0 ) v D 0: (4.1.3)

We assume that we have a scalar product given on H � H , and from now on
we shall write .u; v/H (or simply .u; v/ when no confusion can occur) instead of
s.u; v/. To a scalar product, we can always associate a norm

kvkH WD
�
.v; v/H

�1=2 8 v 2 H: (4.1.4)

Again, we shall simply write kvk instead of kvkH when no confusion is likely
to occur. It is interesting to note that the norm, as defined in (4.1.4), has the usual
properties of the norms in finite dimension:

k�vk D j�j kvk 8 v 2 H; 8� 2 R;

kvk � 0 8 v 2 H and kvk D 0 ) v D 0;

kv1 C v2k � kv1k C kv2k 8 v1; v2 2 H:
(4.1.5)
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It is also worth noting that, even in infinite dimension, we have the Cauchy
inequality

.u; v/H � kukHkvkH 8 u; v 2 H; (4.1.6)

whose proof can be easily done mimicking the proof of Lemma 3.3.1 of the previous
chapter.

It is a strong temptation to start defining a norm first (as a mapping fromH to R

satisfying (4.1.5)), and then getting a scalar product out of it, for instance by

.u; v/ WD
�
ku C vk2 � ku � vk2

�
=4: (4.1.7)

Smart, isn’t it? But doomed. That would work if and only if the norm you started
with satisfies the so called parallelogram identity:

kv C uk2 C kv � uk2 D 2.kuk2 C kvk2/: (4.1.8)

A norm that satisfies (4.1.5) and (4.1.8) is said to be a pre-Hilbert norm, and
induces a scalar product associated to it through (4.1.7).

A linear space H with a norm k � kH that satisfies (4.1.5) is called a normed
space. If, on top of that, the norm satisfies the parallelogram identity (4.1.8), then
we say that H is a pre-Hilbert space.

As soon as we have a norm (no matter if it is a pre-Hilbert norm or not), we can
talk about convergence and limits. We say that the sequence fvng of elements ofH
converges to v 2 H (or that v is the limit of vn for n ! C1) if

lim
n!C1 kvn � vkH D 0: (4.1.9)

The limit in (4.1.9) is obviously the one of elementary calculus (dealing with
sequences of real numbers). When the type of norm to be used cannot be confused,
we will also write, more simply, vn ! v.

Example 4.1.1. It is immediate to see that for every integer k � 1 the space R
k

with the usual Euclidean norm (3.1.6) used in the previous chapter is a pre-Hilbert
space. Indeed, the Euclidean norm does come from a scalar product, so that

kxCyk2Ckx�yk2 D kxk2Ckyk2C2xT yCkxk2Ckyk2�2xT y D 2.kxk2Ckyk2/:
On the other hand, for instance R2 with the norm kxk1 WD jx1j C jx2j, already seen
in (3.0.4), is not a pre-Hilbert space, since the norm k � k1 does not satisfy (4.1.8):
try it with u D .1; 0/ and v D .0; 1/. ut

Once we have a norm inH , we can measure the distance of two elements u and v
ofH by ku�vk. Given a non-empty subset T � H , we can measure its diameter by

diam.T / WD sup
u;v2T

ku � vk: (4.1.10)
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Loosely speaking, the diameter of T is the “maximum” distance of any two elements
in T . It is obvious that for two subsets S and T , if T � S , then diam.T / � diam.S/
(if you increase the set of possible choices, the supremum cannot go down).

Now, for every sequence fvngn2N of elements ofH , and for every integerm 2 N,
we can consider its m-th tail Tm, defined as the set

Tm WD fvm; vmC1; vmC2 : : :g � fvnj n � mg: (4.1.11)

We clearly have TmC1 � Tm for everym 2 N (the farther you cut, the lesser is left in
the tail). Hence, whatever the sequence fvng from which you started, the sequence
of real numbers diam.Tm/ that you get out of it is obviously non increasing: that is,
diam.TmC1/ � diam.Tm/ for every m. Hence, the sequence diam.Tn/ will always
have a limit, which is � 0. A sequence fvng of elements of a normed space H is
said to be a Cauchy sequence in H if the sequence of real numbers fdiam.Tm/g
that you get out of it verifies

lim
m!C1 diam.Tm/ D 0: (4.1.12)

Note that, in order to speak about Cauchy sequences, what you need is to be able
to measure the distance of two objects. This is always possible if, as in our case,
you have a norm. This is also possible in more general situations, but we are not
interested in them here.

A normed linear space H is said to be complete if for every Cauchy sequence
fvng in H there exists an element v 2 H such that vn ! v in the sense of (4.1.9).
In other words, a normed linear space is complete if every Cauchy sequence has a
limit. We are almost done.

Definition 4.1.1. A Banach space is a normed linear space that is complete.

Definition 4.1.2. A Hilbert space is a pre-Hilbert space that is complete.

Note that we could have defined alternatively a Hilbert space as a Banach space
whose norm satisfies the parallelogram identity (4.1.8). Hence, every Hilbert space
is also a Banach space, but the converse is not true: in Hilbert spaces, you have a
scalar product, and in Banach spaces that are not Hilbert spaces, you do not (and
can not) have one.

Example 4.1.2. It is immediate to have, from elementary Calculus, that for every
integer k � 1 the space R

k , with the usual Euclidean scalar product and norm, is a
Hilbert space. In particular, R itself is a Hilbert space if we take the usual product
of two numbers as scalar product (and hence the absolute value as norm). We also
saw in the previous chapter that, for instance in R

2, the norm kxk1 WD jx1j C jx2j
is equivalent to the Euclidean norm (in the sense of (3.0.5)). On the other hand, we
have already seen in Example 4.1.1 that R2 with the norm k � k1 is not even a pre-
Hilbert space, and hence it cannot be a Hilbert space although, still by elementary
Calculus, it is easily seen to be a Banach space. Actually, it is not difficult to check
that the property of being complete is not lost if you exchange your norm with an
equivalent norm (while the property (4.1.8) might indeed be lost). ut
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Example 4.1.3. Regarding the functional spaces already used in the first chapter,
we can see that if˝ is a bounded open domain, then L1.˝/ (the space of Lebesgue
integrable functions over˝), with the norm

kvkL1.˝/ WD
Z

˝

jv.x/j dx (4.1.13)

is a Banach space, but not a Hilbert space. Note that, as we did already in the first
chapter (and as we are going to do all over this book), we used the term functions in
lieu of the (more precise) classes of measurable functions.

Instead, the space L2.˝/ (the space of Lebesgue square integrable functions
over˝), with the norm

kvk2
L2.˝/

WD
Z

˝

v2.x/ dx (4.1.14)

is a Hilbert space, and the corresponding scalar product is given by

.u; v/L2.˝/ WD
Z

˝

u.x/v.x/ dx: (4.1.15)

Similarly, the space H1
0 .˝/ with the scalar product

.u; v/H1
0 .˝/

WD
Z

˝

grad u.x/ � grad v.x/ dx (4.1.16)

is a Hilbert space. ut
In the following discussion, we shall mostly use only Hilbert spaces. Hence, from

now on, we shall mainly concentrate on them, although most of the concepts and
results could be extended easily to Banach spaces.

4.1.2 Closed Subspaces and Dense Subspaces

Definition 4.1.3. A subset T of a Hilbert space H is said to be closed if, for every
Cauchy sequence fvngn2N of elements of T , the limit v (which surely exists in H ,
since H is complete) belongs to T as well.

If T is a linear subspace of a Hilbert space H , and if T is closed, then we will
say that T is a closed subspace of H . Then T itself will be a Hilbert space, with
the same norm as H .

Example 4.1.4. For instance, in L2.˝/, we can consider the subspace L20.˝/made
of functions that have zero mean value in ˝ . It is easy to see that it is a closed
subspace (since the L2-limit of functions with zero mean value has itself zero
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mean value). On the other hand, C0.˝/ is a linear subspace of L2.˝/, but it is not
closed: for instance, for˝ D �� 1; 1Œ, the sequence fn.x/ WD arctan.nx/ converges
in L2.˝/ to f1.x/ WD .�=2/ sign .x/, which does not belong to C0.˝/. ut
Definition 4.1.4. LetH be a Hilbert space, and letZ be a subset ofH . The closure
of Z, that we denote by Z, is the set of elements v 2 H such that there exists a
sequence fzngn2N of elements of Z that converges to v.

We abviously have that Z is closed if and only if Z D Z.
Another important concept regarding subspaces is that of a dense subspace.

Definition 4.1.5. A subset Z of a Hilbert space H is said to be dense if its closure
Z coincides with the whole space H . If Z is also a linear subspace of H , then we
say that it is a dense subspace.

In other words, Z is dense in H if for every element v of H there exists a
sequence fzngn2N of elements of Z such that

lim
n!C1 kv � znkH D 0:

Example 4.1.5. It is not difficult to see that Z WD H1
0 .˝/ is a dense subspace of

H D L2.˝/. It is also clear that Z is not a closed subspace of H : for instance, for
˝ D � � 1; 1Œ, the sequence of functions defined by

zn.x/ WD min .1; n � njxj/ �
(

1 when jxj � 1 � 1=n

n.1 � jxj/ when jxj > 1 � 1=n
verifies zn 2 H1

0 .˝/ for all n, and its limit in L2 equals the constant 1, which is not
in H1

0 .˝/ (as it does not vanish at the boundary). ut
Note that a dense closed subspace of a Hilbert space H coincides necessarily with
the whole space H . Hence, in general, we consider subspaces that are closed, but
not dense, and subspaces that are dense, but not closed. These two categories of
subspaces are both very important, and we cannot restrict our attention to just one
of them. We point out however, from the very beginning, that closed subspaces are
the ones that, loosely speaking, inherit most of the properties of subspaces of finite
dimensional spaces. In particular, a finite dimensional subspace is always closed
and is never dense (unless it coincides with the whole space).

4.1.3 Orthogonality

Some very useful instruments available in Hilbert spaces (and not in Banach spaces)
are related to the concept of orthogonality. We say that two elements u and v of
a Hilbert space H are orthogonal if .u; v/H D 0. It is the same as in the finite
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dimensional case, with the only difference that there, the scalar product was denoted
by vT u. IfZ is a linear subspace of a Hilbert spaceH , we can define its orthogonal
complement Z?

Z? WD fw 2 H such that .w; z/ D 0 8 z 2 Zg: (4.1.17)

It is not difficult to see that an orthogonal complement Z? is always closed (even
when Z itself is not closed). As in (3.1.24), if Z1 and Z2 are both subspaces of a
Hilbert space H , then

Z1 � Z2 ) Z?
2 � Z?

1 : (4.1.18)

Moreover, we have the following useful property.

Proposition 4.1.1. Let H be a Hilbert space, let Z be a subspace of it, and let Z
be its closure. Then,

Z
? D Z?: (4.1.19)

Proof. SinceZ � Z, we obviously haveZ
? � Z?. On the other hand, let w 2 Z?.

We want to see that .z;w/H D 0 for all z 2 Z. Indeed, for every z 2 Z, there exists
a sequence fzngn2N of elements of Z that converges to z. As w 2 Z?, we have
.zn;w/H D 0 for all n. Hence,

.z;w/H D lim
n!C1.zn;w/ D 0: (4.1.20)

ut
Remark 4.1.1. Note that, as we had in Remark 3.1.3, the notion of orthogonal space
depends heavily on the choice of the “whole space” H . Indeed, if H1 and H2 are
Hilbert spaces, and Z is a subspace of H1 and also a subspace of H2, then the
orthogonal of Z in H1 will, in general, be different from the orthogonal of Z in
H2. This is rather obvious. However, the common notation (that we are using here)
does not distinguish among the two (we should, for this, use something like Z?H1

and Z?H2 , which would be tremendously ugly). As a consequence, one should be
careful when confusion is possible. ut

As we did in the finite dimensional case, if Z is a closed subspace, we can define
the projection operator �Z W H ! Z defined for every v 2 H by

�Zv 2 Z and .�Zv � v/ 2 Z?: (4.1.21)

Compare with (3.1.31) to see that we are just extending the definitions given in the
previous chapter for the finite dimensional case. As we had in the finite dimensional
case, �Zv can be seen as the element in Z that minimises the distance from v,
namely

k�Zv � vkH D min
z2Z kz � vkH : (4.1.22)
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Remark 4.1.2. In the definition of �Z , we assumed that Z was a closed subspace
of H . Of the two properties (of being closed, and of being a subspace), the second
is not very important. Indeed, it is easy to see that (4.1.22) can be used to define
the projection mapping �Z in more general cases, for instance when Z is not a
subspace but simply a closed convex subset, as for instance a closed affine manifold
(which, roughly speaking, is the translation of a closed subspace). On the other hand,
closedness is more essential. To see what can happen when you remove it, assume
thatZ is a dense subspace. Then, for v inH but not inZ, the projection�Zv cannot
be defined: indeed, we recall that, from Proposition 4.1.1, if Z is dense (and hence
Z D H ), then Z? D H? D f0g. Hence, looking at the definition (4.1.21), if Z
is dense the only w 2 H such that .w � v/ 2 Z? is w D v. However, such a w is
not in Z, so that there is no element that we could choose as �Zv that satisfies both
properties required in (4.1.21). Hence, �Zv does not exist. Note that the alternative
definition (4.1.22) would not be of any help either. Actually, always for Z dense
and v 2 H with v … Z, the minimum of kz � vk for z 2 Z does not exist, and the
infimum is equal to zero. ut

It is easy to check that ifH is a Hilbert space, and ifZ is a closed linear subspace,
then every element v of H can be split in a unique way into its two components in
Z and in Z?:

v D vZ C vZ? ; (4.1.23)

just by setting vZ WD �Zv.

Example 4.1.6. For instance, if H WD L2.˝/ and Z WD L20.˝/, then Z? is the
(one-dimensional) space made of constant functions. The projection of v 2 L2.˝/

onto Z is given by

�Z D v � 1

j˝j
Z

˝

v.x/ dx; (4.1.24)

where j˝j is the Lebesgue measure of ˝ . ut
We have, moreover, the following property.

Proposition 4.1.2. Let H be a Hilbert space and Z a closed subspace of it. Then,
either Z � H or Z? is not reduced to f0g.

Proof. If Z does not coincide with H , then there exists a v 2 H such that v … Z.
Hence, �Zv � v ¤ 0. As (4.1.21) also gives �v � v 2 Z?, the proof is concluded.

ut
We can now see the equivalent of (3.1.23) in general Hilbert spaces.

Proposition 4.1.3. Let H be a Hilbert space, and Z � H a subspace. Then,

�
Z?�? D Z iff Z is closed: (4.1.25)

Proof. Indeed, if Z � .Z?/?, then Z, being the orthogonal of something, is
closed. To see the converse, we remark first that we always have the inclusion
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Z � .Z?/?. If Z is closed, suppose, by contradiction, that Z does not coincide
with .Z?/?. From Proposition 4.1.2 (applied with H D .Z?/?), we should have
a v 2 .Z?/?, with v ¤ 0, that is orthogonal to all z in Z. As such, v will hence be
also in Z?. However,Z? \ .Z?/? D f0g and this contradicts the fact that v ¤ 0.

ut
Moreover, we have the following additional property.

Proposition 4.1.4. Let H be a Hilbert space, and let Z be a subspace of H . Then,

Z? D f0g iff Z is dense: (4.1.26)

Proof. Assume first that Z is dense. Then, Z � H and hence Z
? D f0g, and the

result follows from Proposition 4.1.1. Assume conversely that Z? D f0g. Always

from Proposition 4.1.1, we have now Z
? D f0g. However, Z is closed, and hence,

by Proposition 4.1.2 Z D H , and Z is therefore dense. ut

4.1.4 Continuous Linear Operators, Dual spaces, Polar Spaces

We can now recall several other important definitions.

Definition 4.1.6. Let V and W be Hilbert spaces, and let M be a linear mapping
from V to W . We say that M is bounded or that it is continuous if there exists a
constant �� such that

kMvkW � ��kvkV 8 v 2 V: (4.1.27)

Note that we have two different names for that (bounded and continuous) because
the two definitions do not coincide if the operator is not linear. Actually, for a
more general operator, (4.1.27) defines a bounded operator, while continuity can
be taken as in the usual Calculus books: for every v 2 V and for every sequence vn
converging to v, we have that Mvn converges to Mv. Here, however, we only deal
with linear operators, and the two concepts coincide.

Example 4.1.7. For instance, the operator v ! @v

@x1
is continuous from H1

0 .˝/

to L2.˝/. Similarly, if � is a given (fixed) bounded function, then the mapping
v ! � v is continuous from L2.˝/ into itself. ut

The following definition is less common but very useful.

Definition 4.1.7. Let V and W be Hilbert spaces and let M be a linear mapping
from V to W . We say that M is bounding if there exists a constant �� such that

kMvkW � ��kvkV 8 v 2 V: (4.1.28)
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In other words, bounding operators are injective operators whose inverse is
continuous.

The set of all linear continuous operators from a Hilbert space V into another
Hilbert space W is also a linear space (after defining, in an obvious way, the sum
of two operators or the multiplication of an operator times a real number). Such a
space is usually denoted by L.V;W /. In L.V;W /, we can also introduce a norm:

kM kL.V;W / WD sup
v2V

kMvkW
kvkV : (4.1.29)

When no confusion can occur, the norm in (4.1.29) is simply denoted by kM k.
Hence, for instance, (4.1.29) implies

kMvkW � kM k kvkV 8 v 2 V: (4.1.30)

One can prove that (4.1.29) actually defines a norm, and that such a norm verifies
(4.1.8), so that with this norm L.V;W / is itself a Hilbert space.

A remarkable result concerning linear continuous and one-to-one operators is the
following one, due to Banach.

Theorem 4.1.1 (Banach Theorem). Let V and W be Hilbert spaces and let
M 2 L.V;W / be a one to one mapping. Then, its inverse operator M�1, from
W to V , is also continuous.

Proof. The proof can be found in any book of Functional Analysis. ut
As we did for finite dimensional spaces, given a subspace Z � V , we can

consider the extension operator EZ!V , from Z to V which to every z 2 Z

associates the same z, thought as an element of V . If there is no risk of confusion,
this will, more simply, be denoted by EZ as we did in the previous chapter. Always
in agreement with the finite dimensional case, given an operatorM 2 L.V;W /, we
can consider the restrictionMZ of M to Z, that could be defined as

MZ z D M EZ z 8z 2 Z: (4.1.31)

Since for every z 2 Z � V we have obviously MZ z D M z, in several occasions,
the extension operator EZ will not be explicitly written. In other cases, however,
such notation will turn out to be very useful.

If we assume that Z is a closed subspace of V , that S is a closed subspace of W
andM 2 L.V;W /, we can also consider its restriction MZS, defined as

MZS z D �S M EZ z 8z 2 Z: (4.1.32)

It is easy to check thatMZS 2 L.Z; S/. Conversely, given an operatorL in L.Z; S/,
we can always consider its extension QL 2 L.V;W / defined by
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QLv D ES L�Z v 8v 2 V: (4.1.33)

A particular case of linear operators, of paramount importance, is found when
the arrival space is R. In this case, linear operators V ! R are called linear
functionals on V . The space of all linear continuous functionals on a Hilbert
space V is called the dual space of V , and is usually denoted by V 0. Hence,
V 0 � L.V;R/. As a particular case of the previous situation, V 0 is itself a Hilbert
space, and its norm (often called the dual norm of k � kV ) is given by

kf kV 0 WD sup
v2V

jf .v/j
kvkV : (4.1.34)

We easily recognise the definition of dual norms that were given in finite dimension.
The value of f at v (denoted by f .v/ in (4.1.34)) is often denoted in a different way:
either by V 0hf; viV or by hf; viV 0�V , or simply hf; vi when no confusion can occur.
It is not too difficult to check (although we shall not do it here) that, if V is a Hilbert
space, then the dual space of V 0 (often called the bi-dual space), actually can be
identified with V itself (see the Ritz representation Theorem (4.1.37) here below).

Example 4.1.8. For instance, in one dimension, it is easy to see that the mapping
ı0 W v ! v.0/ 2 R is continuous fromH1

0 .� � 1; 1Œ/ to R: indeed,

v.0/ D
Z 0

�1
v0.t/ dt �

� Z 0

�1
12 dt

�1=2� Z 0

�1
.v0.t//2 dt

�1=2

� 1
� Z 1

�1

�
v0.t//2 dt

�1=2 D kvkH1
0 . ��1;1Œ /: (4.1.35)

Hence, ı0 is an element of the dual space of H1
0 . � � 1; 1Œ / (usually denoted by

H�1. � � 1; 1Œ /). Note that a similar result does not hold in dimension d > 1.
Indeed, if ˝ is the disk centred at the origin O and radius 1=

p
e, a simple explicit

computation shows that the function

v.x; y/ WD log j log.x2 C y2/j
is indeed in H1

0 .˝/. Setting

vn.x; y/ WD minfn; v.x; y/g;
it is not difficult to see that vn converges to v in H1

0 .˝/. However, vn.0; 0/ D n so
that the bound

vn.0; 0/ � CkvnkH1
0 .˝/

cannot be true with a constant C (no matter how big) independent of n, as the left-
hand side tends to C1 and the right-hand side stays finite. Similarly, the estimate
(4.1.35) becomes false if we try to replace, in the right-hand side, theH1 norm with
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the L2 norm: consider, for instance, the sequence of functions defined by

vn.x/ D
(

1 for x in Œ�1=n; 1=n�
0 for x outside Œ�1=n; 1=n�:

We have

kvnk2L2��1;1Œ D
Z 1

�1
v2n.x/ dx D

Z 1=n

�1=n
1 dx D 2

n
! 0

while vn.0/ D 1 for all n. Hence, there is no constant C (independent of n) such
that

vn.0/ � C kvnkL2. ��1;1Œ /: ut

Example 4.1.9. Let us also see an example of dual norm: let n be an integer (larger
than 1) and consider in ˝ D �0; �Œ the function fn.x/ WD sin.nx/. It is immediate
to check that

kfnkL2.˝/ D p
�=2 and that kfnkH1

0 .˝/
D n

p
�=2:

To fn we can associate an element, that we still call fn, ofH�1.˝/ (that is the dual
space of H1

0 .˝/) as follows

hfn; 'iH�1�H1
0

WD
Z �

0

'.x/fn.x/ dx 8' 2 H1
0 .˝/:

Let us compute the norm of fn in H�1.˝/. For every ' 2 H1
0 .˝/ we have

(integrating by parts):

hfn; 'i D
Z �

0

fn.x/'.x/ dx D
Z �

0

sin.nx/'.x/ dx

D 1

n

Z �

0

cos.nx/' 0.x/ dx � 1

n
k cos.nx/kL2 k'kH1

0
D

p
�=2

n
k'kH1

0
;

giving us, always for every ' 2 H1
0 .˝/:

hfn; 'i
k'kH1

0

�
p
�=2

n
: (4.1.36)

On the other hand, it is not difficult to see that, taking ' � sin.nx/, we get
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hfn; 'i
k'kH1

0

D �=2

n
p
�=2

D
p
�=2

n
;

showing that .1=n/
p
�=2 actually realises the supremum (over all possible '’s) of

the left-hand side of (4.1.36). In conclusion, we have

kfnkL2.˝/ D
p
�=2 kfnkH1

0 .˝/
D n

p
�=2 kfnkH�1.˝/ D

p
�=2

n
:

This shows that the three norms k � kL2 , k � kH1
0
, and k � kH�1 cannot be equivalent.

This also shows that a high frequency function can have, at the same time, an L2-
norm (and a maximum norm) of the order of 1, a huge H1-norm (' energy norm),
and a tiny H�1-norm. This will show up in the next chapter, when the use of finer
and finer grids will allow the presence of highly oscillating piecewise linear (or
piecewise polynomial) functions. ut

While several properties that we saw and that we will see hold in a much more
general setting (for instance, in all Banach spaces), the following theorem is, in a
certain sense, characteristic of Hilbert spaces.

Theorem 4.1.2 (Ritz’s Theorem). Let H be a Hilbert space, and let RH be the
operator H ! H 0 that to each z 2 H associates the functional fz D RH z 2 H 0
defined as

hfz; viH 0�H D .z; v/H 8v 2 H: (4.1.37)

Then, RH is one to one, and kRH kL.H;H 0/ D kR�1
H kL.H 0;H/ D 1. Moreover, if we

identify (as it is natural)H with .H 0/0, then R�1
H D RH 0 .

Proof. The proof can be found in every Functional Analysis textbook. ut
Another result that we are going to use later on is the following theorem, that can

be seen as a particular case of a more general result, known as the Kato Theorem.

Theorem 4.1.3 (Kato Theorem). Let V and W be Hilbert spaces and let T1 and
T2 be in L.V;W /. If T1 is bounding, then there exists an "0 > 0 such that for all
" 2 R with j"j � "0 the perturbed operator T1 C "T2 is also bounding, and we have
moreover

kT �1
1 � .T1 C "T2/

�1kL.W;V / � C j"j (4.1.38)

with C depending on "0 but independent of ".

If Z is a subspace of a Hilbert space H , we can spot a special subset of H 0,
usually called the polar space of Z, made of all functionals f 2 H 0 that vanish
identically on Z. The polar space of Z is usually denoted by Z0: hence, we have

Z0 WD ff 2 H 0 such that hf; ziH 0�H D 0 8 z 2 Zg: (4.1.39)
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It is clear that the definition of polar space of Z makes sense only when Z is
considered as a subspace of another space (in this case, H ). In particular, the polar
space of Z D f0g coincides with the whole H 0 while the polar space of Z D H is
reduced to the zero functional.

Remark 4.1.3. It is easy to check that a polar space is always closed. Indeed,
roughly speaking, if hfn; zi D 0 for every n and for every z, and if fn ! f in
H 0, then hf; zi D 0 for all z. ut
The concept of polar space is commonly used for general Banach spaces. In Hilbert
spaces, however, it becomes particularly simple using the Ritz Theorem. Indeed,
from (4.1.39), we immediately have

Z0 � RH.Z
?/: (4.1.40)

From this and Proposition 4.1.3, we then have

�
Z0

�0 D Z iff Z is closed; (4.1.41)

and from (4.1.26),

Z0 D f0g iff Z is dense: (4.1.42)

Remark 4.1.4. Property (4.1.42) is a particular case (or, if you want, the restriction
to Hilbert spaces) of a fundamental theorem of Functional Analysis, known as the
Hahn-Banach Theorem. ut
Remark 4.1.5. As we had in Remark 4.1.1 for orthogonal spaces, if Z can be seen
as a subspace of two different spaces H1 and H2, then the polar of Z in H

0

1 will be
different from the polar of Z in H

0

2 . ut
Similarly to (4.1.18), when Z1 and Z2 are subspaces of the same space H , then

Z1 � Z2 ) Z0
2 � Z0

1: (4.1.43)

4.1.5 Bilinear Forms and Associated Operators; Transposed
Operators

Another important particular case is that of bilinear forms. Assume that V and Q
are Hilbert spaces: we say that a bilinear form b from V �Q to R is continuous if
there exists a constant �b such that

b.v; q/ � �bkvkV kqkQ 8 v 2 V; 8 q 2 Q: (4.1.44)

The norm of the continuous bilinear form kbkL.V�Q;R/ is then defined as
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kbkL.V�Q;R/ WD sup
v2V
q2Q

b.v; q/

kvkV kqkQ ; (4.1.45)

and it will be denoted simply by kbk when no confusion can occur. Hence, from
(4.1.44) and (4.1.45), we have

b.v; q/ � kbk kvkV kqkQ 8 v 2 V; 8 q 2 Q: (4.1.46)

It is important to note that continuous bilinear forms on V �Q are strictly connected
to linear continuous operators from V toQ0: indeed, if b is a bilinear form on V �Q,
we can associate to it a linear operator B from V to Q0, defined as

hBv; qiQ0�Q WD b.v; q/ 8 v 2 V; 8 q 2 Q: (4.1.47)

Conversely, if B is a linear operator from V toQ0, we can associate to it the bilinear
form

b.v; q/ WD hBv; qiQ0�Q 8 v 2 V; 8 q 2 Q: (4.1.48)

It is elementary to check that B is continuous (from V to Q0) if and only if the
associated bilinear form b is continuous from V �Q to R. To B W V ! Q0 we can
also associate another operator, that we call transposed operator Bt W Q ! V 0,
given by

hv;BtqiV�V 0 WD hBv; qiQ0�Q D b.v; q/: (4.1.49)

Example 4.1.10. It is easy to see that if V WD R
n and Q WD R

m, then the linear
operators from V toQ0 ' Q are just .m�n/ matrices. In particular, the transposed
operator will simply be the transposed matrix. ut

It is worth noting that the continuity of the three objects b, B , and Bt is just the
same property. In particular we have

kBkL.V;Q0/ � kBtkL.Q;V 0/ � kbkB.V�Q;R/ � sup
v2V
q2Q

b.v; q/

kvkV kqkQ : (4.1.50)

For a linear operator M from a Hilbert space V to another Hilbert space W , we
can define the kernel and the image (or range) as we did in (3.1.7) for the finite
dimensional case:

KerM WD fv 2 V such that Mv D 0g;
ImM WD fw 2 W such that 9 v 2 V with Mv D wg: (4.1.51)

Remark 4.1.6. Note that the kernel of a continuous operator M is always closed.
Indeed, ifMvn D 0 and vn ! v in V , the continuity ofM will imply thatMv D 0.
This is not true for the image. Referring to the case of Example 4.1.5, take V D
H1
0 .˝/ andW D L2.˝/, withMv D v for every v 2 V . Clearly,M is continuous,
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but ImM D V is not a closed subspace of W . This fact (that the image might not
be closed) puts pains thousandfold upon the mathematicians (whether Achaians or
not). However, as you will see, one can survive. ut

We concentrate now our attention on the case of linear operators B from V

to W D Q0, with their associated bilinear form b and transposed operator Bt ,
as in (4.1.49). In this case, we can see that KerB and KerBt can be written,
respectively, as

KerB W D fv 2 V such that b.v; q/ D 0 8 q 2 Qg
D fv 2 V such that hv;BtqiV�V 0 D 0 8 q 2 Qg (4.1.52)

and

KerBt W D fq 2 Q such that b.v; q/ D 0 8 v 2 V g
D fq 2 Q such that hBv; qiQ0�Q D 0 8 v 2 V g: (4.1.53)

In finite dimensional problems (see Proposition 3.1.2), we did interpret (4.1.52)
and (4.1.53) as

KerB D .ImBT /? and KerBT D .ImB/? (4.1.54)

respectively. This, however, cannot be done in the present infinite dimensional case,
because, for instance, ImB is not a subset of Q but a subset of Q0 (the two spaces
were identified in finite dimension without telling you anything; sorry for that!). We
have, however introduced a special definition for that: the polar space (see (4.1.39)).
Hence, we can interpret (4.1.52) and (4.1.53) as

KerB D .ImBt/0 and KerBt D .ImB/0 (4.1.55)

respectively. In finite dimension, in Theorem 3.1.1, we also had ImBT D .KerB/?
and ImB D .KerBT /?. Here we might hope to have

.KerB/0 D ImBt and .KerBt/0 D ImB: (4.1.56)

Actually, for instance, the equality

.KerB/0 D ImBt (4.1.57)

will follow easily from the second of (4.1.55) using (4.1.41) if we only knew
that ImB is closed. However, unfortunately, this is not always the case. On the
other hand, if ImB is not closed, then (4.1.57) is hopeless, as a polar space is
always closed. Indeed, we can see that we have the following generalisation of
Corollary 3.1.1 and Theorem 3.1.1 to the infinite dimensional case.

Theorem 4.1.4. Let V and Q be Hilbert spaces, and B a linear continuous
operator from V toQ0 (that is: B 2 L.V;Q0/). Then, the following three properties
are equivalent:
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ImB is closed in Q0 (4.1.58)

ImB D .KerBt/0 (4.1.59)

9LB 2 L.ImB; .KerB/?/ and ˇ > 0 such that:

B LB g D g 8 g 2 ImB and ˇkLB gkV � kgkQ0 8 g 2 ImB:
(4.1.60)

Proof. We already discussed the equivalence of (4.1.58) and (4.1.59). Moreover,
if (4.1.58) holds, then B (or actually its restriction to .KerB/?) becomes (with the
same argument used in Proposition 3.1.1) a continuous one-to-one operator between
the two Hilbert spaces .KerB/? and ImB , and Theorem 4.1.1 gives us (4.1.60).
Finally, (4.1.60) easily implies (4.1.58): if gn D B vn is a Cauchy sequence in Q0
then, using (4.1.60), we have that vn (equal to Lgn) is a Cauchy sequence in V .
Then, it converges to a v 2 V , and the continuity of B implies that gn converges to
B v in Q0. Hence, the limit of gn is in ImB . ut

Exchanging B and Bt , we immediately have the equivalence of the three
properties

ImBt is closed in V 0 (4.1.61)

ImBt D .KerB/0 (4.1.62)

9LBt 2 L.ImBt ; .KerBt/?/ and ˇ > 0 such that:

Bt LBt f D f 8 f 2 ImBt and ˇkLBt f kQ � kf kV 0 8 f 2 ImBt:

(4.1.63)

What is somehow remarkable is that, actually, the two triplets of properties (4.1.58)–
(4.1.60) and (4.1.61)–(4.1.63) are equivalent to each other. This actually follows
easily from the following proposition.

Proposition 4.1.5. Let V and Q be Hilbert spaces, and B a linear continuous
operator from V to Q0 (that is: B 2 L.V;Q0/). Then, ImB is closed iff ImBt is
closed.

Proof. In view of the above equivalences, we only need to prove that (4.1.58)–
(4.1.60) imply (4.1.61). For this, consider q 2 .KerBt/? and set g D RQq where
RQ is the Ritz operator Q ! Q0. Using (4.1.40) we have g 2 . KerBt/0. Hence,
using (4.1.59), we have g 2 ImB so that g D Bx for x D LBg and from (4.1.60):
ˇkxkV � kgkQ0 D kqkQ. Then, we have

kqk2Q D Q0hRQq; qiQ D Q0hg; qiQ D Q0hBx; qiQ

D V hx;BtqiV 0 � kxkV kBtqkV 0 � 1

ˇ
kqkQ kBtqkV 0 (4.1.64)
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which easily gives

ˇkqkQ � kBtqkV 0 8q 2 .KerBt/? (4.1.65)

which, in turn, proves that ImBt is closed by the same argument used in the proof
of Theorem 4.1.4 ut

We can summarise the above results in the following theorem, that is a particular
case of a more general (and important) theorem, also due to Banach, and mostly
known as the Closed Range Theorem.

Theorem 4.1.5 (Banach Closed Range Theorem). Let V and Q be Hilbert
spaces and let B be a linear continuous operator from V to Q0. Set

K WD KerB 	 V and H WD KerBt 	 Q: (4.1.66)

Then, the following statements are equivalent:

• ImB is closed in Q0,
• ImBt is closed in V 0,
• K0 D ImBt ,
• H0 D ImB ,
• 9LB 2 L.ImB;K?/ and 9ˇ > 0 such that B.LB.g// D g 8 g 2 ImB and

moreover ˇkLBgkV � kgkQ0 8 g 2 ImB ,
• 9 LBt 2 L.ImBt ;H?/ and 9ˇ > 0 such that Bt.LBt .f // D f 8 f 2 ImBt

and moreover ˇkLBt f kQ � kf kV 0 8 f 2 ImBt . ut
In the following treatment, we shall often assume that B is surjective. Let us see

what the Closed Range Theorem has to say in this case.

Corollary 4.1.1. Let V andQ be Hilbert spaces, and let B be a linear continuous
operator from V to Q0. Then, the following statements are equivalent:

• ImB D Q0,
• ImBt is closed and Bt is injective,
• Bt is bounding: 9ˇ > 0 s.t. kBtqkV 0 � ˇkqkQ 8 q 2 Q,
• 9 LB 2 L.Q0; V / such that B.LB.g// D g 8 g 2 Q0, with kLBk D 1=ˇ.

The proof is immediate.
A useful consequence of Corollary 4.1.1 is the well known Lax-Milgram Lemma:

Theorem 4.1.6 (Lax-Milgram Lemma). Let V be a Hilbert space, and let a.� ; �/
be a bilinear continuous form on V . Assume that a is coercive, that is

9˛ > 0 such that a.v; v/ � ˛ kvk2V ; 8 v 2 V: (4.1.67)

Then, for every f 2 V 0, the problem: find u 2 V such that
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a.u; v/ D hf; viV 0�V 8 v 2 V (4.1.68)

has a unique solution.

Proof. Note that (4.1.68) is equivalent to Au D f , where A 2 L.V; V 0/ is the
operator associated to the bilinear form a. We have to prove that A is injective and
surjective. Condition (4.1.67) immediately implies that A is bounding:

kAvkV 0 D sup
w2V nf0g

a.v;w/

kwkV � a.v; v/

kvkV � ˛kvkV : (4.1.69)

Hence, A is injective. With an identical proof, we see that At is also bounding.
Hence, At is injective and (due to Corollary 4.1.1) A is surjective. ut
Remark 4.1.7. Roughly speaking, we can summarise the result of the Closed Range
Theorem by saying that operators with a closed range have essentially all the
well-known properties of operators in finite dimensional spaces (whose range is
always trivially closed) that we have seen in the previous chapter. In particular,
Corollary 4.1.1 is exactly what we need to extend the properties and the results of
Sect. 3.4 to the infinite dimensional case. See in particular Proposition 3.4.4. ut

4.1.6 Dual Spaces of Linear Subspaces

We have seen two (very different) types of subspaces: closed subspaces and dense
subspaces. We shall see now that they also behave quite differently when we
consider their dual spaces. Let us see the difference.

Assume first that Z is a closed subspace of a Hilbert space H. Then, we already
pointed out that, using onZ the same norm that we already have onH , the space Z
becomes itself a Hilbert space, and, as such, it will have a dual space Z0 of its own.
It is easy to see thatZ0 could be identified with a particular subset ofH 0, made of all
functionals f 2 H 0 that vanish identically on the orthogonal complementZ? ofZ.
Note that we already have a name for that space, that is .Z?/0. We have therefore,
in a natural way,

Z0 � .Z?/0 � RH.Z/ 	 H 0 and .Z?/0 � Z0 � RH.Z
?/ 	 H 0: (4.1.70)

Hence, the dual space Z0 of a closed subspace Z 	 H can be identified with
a closed subspace of H 0. Once this identification is made, we can also consider
the extension operator EZ0!H 0 (that we shall often denote simply as EZ0), and
the projection operator �Z0 from H 0 to Z0. Note that, for � 2 Z0, the functional
EZ0!H 0� can also be described as

H 0hEZ0!H 0�; viH WD Z0h�; �ZviZ (4.1.71)
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while for  2 H 0 the functional �Z0 can be described as

Z0h�Z0 ; ziZ WD H 0h ;EZ!H ziH : (4.1.72)

In other terms

.�Z0/t � .EZ/ (4.1.73)

and

.�Z/
t � .EZ0/: (4.1.74)

Example 4.1.11. For instance, if H D L2.˝/ and Z is the space of constant
functions, it is not difficult to see that Z? D L20.˝/ (the space of functions having
zero mean value). Now, the dual space ofZ will be the space of functionals that can
be written as

q ! k

Z

˝

q dx k 2 R

(meaning that for each k 2 R we have a different functional). On the other hand,
the dual space of Z? will be the space of functionals that can be written as

q !
Z

˝

k q dx k 2 Z?

(meaning that for each k 2 Z? we have a different functional). On the other
hand, .Z?/0 could also be identified with the subset of H 0 made of functionals
that vanish identically on constant functions (that is, with the polar set of the space
of constants, which is the polar set ofZ, as in (4.1.70)). Using the Ritz operatorRH
of Theorem 4.1.2, we could write Z0 D RH.Z/ and .Z?/0 D RH.Z

?/. If, as is
done almost every time, we identify L2.˝/ with its dual space, then we could write
Z0 D Z and .Z?/0 D Z?. ut

Let us consider now the case of a dense subspace S 	 H of a Hilbert space H .
If we take on S the same norm as on H , we cannot (in the present setting) consider
its dual space, as S will not be closed (unless S � H , a case without any interest).
Hence, we assume that on S we take a different norm. More precisely, we assume
that on S we are given another norm, k � kS , that makes S a Hilbert space. We
assume, moreover, that this other norm is (up to a multiplicative constant) bigger
than the k � kH norm:

9CSH > 0 such that kskH � CSHkskS 8 s 2 S: (4.1.75)

In this case, we will say that S is continuously embedded in H . Indeed, (4.1.75)
means exactly that the identity operator is continuous from S into H . There is a
special symbol for that: instead of S 	 H , we write S ,! H .

Example 4.1.12. If we take, as in Example 4.1.5, S D H1
0 .˝/ and H D L2.˝/,

then inequality (4.1.75) is just the Poincaré inequality. ut
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Now S , being a Hilbert space, has a dual space S 0. Let us see the relationship
between S 0 and H 0. As S 	 H , for each element g 2 H 0, we can consider its
restriction gjS 2 S 0 defined by hgjS ; siS 0�S D hg; siH 0�H for all s 2 S . Indeed,
from (4.1.75) we have easily for every s 2 S

hgjS ; siS 0�S � hg; siH 0�H � kgkH 0 kskH � CSH kgkH 0 kskS ; (4.1.76)

implying the continuity of gjS W S ! R, as well as the continuity of the restriction
operator: namely,

kgjSkS 0 � CSHkgkH 0 : (4.1.77)

Using the Hahn-Banach theorem (here simplified to (4.1.42)), we see that we
cannot have in H 0 two different g’s having the same restriction to S : indeed, if g1

and g2 have the same restriction to S (that is, if g1jS D g2jS ), then the difference

g1 � g2 is in S0, and hence it must be zero.
We can then summarise the above discussion by saying that: every g 2 H 0 has

a restriction gjS in S 0 and the mapping g ! gjS from H 0 to S 0 is injective. This
allows us to identify H 0 with a subset of S 0:

H 0 � S 0: (4.1.78)

On the other hand, there are, in general, elements in S 0 that cannot be presented as
the restriction of any g 2 H 0: indeed, S has a norm which is bigger than that of H ,
and g could be continuous from S to R and not from H to R. As we have seen for
instance in Example 3.1.6, for I WD � � 1; 1Œ, takingH WD L2.I / and S WD H1

0 .I /,
the mapping v ! v.0/ belongs to S 0 but cannot be seen as the restriction to S of an
element of H 0

In other words, (4.1.77) cannot be reversed. Hence, we haveH 0 	 S 0, and using
(4.1.77), we see that we actually have H 0 ,! S 0, and in general the inclusion is
strict. On the other hand, one can also prove that H 0 is dense in S 0. Moreover, out
of the previous discussion, we easily have that

hg; siS 0�S D hg; siH 0�H whenever g 2 H 0 and s 2 S: (4.1.79)

Hence, if we have two Hilbert spaces S and H with S 	 H and S dense in H ,
then

S ,! H ) H 0 ,! S 0: (4.1.80)

The difference between the two cases, (4.1.70) and (4.1.80), that might be surprising
at first sight, is due to the fact that in the first case we used on S the same norm that
we had on H , while in the second case we used a different, stronger norm.

Example 4.1.13. We have already seen the example of ı0, which belongs to the dual
space of S WD H1

0 . ��1; 1Œ / but not to the dual space ofH WD L2. ��1; 1Œ /. Let us
see another simple example. For a general domain ˝ , taking always S D H1

0 .˝/

andH D L2.˝/, and taking in H 0 the functional
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v !
Z

˝

v dx;

it is clear that its restriction to S leaves the functional (essentially) unchanged. On
the other hand, for f fixed in L2.˝/, the functional

v !
Z

˝

f
@v

@x
dx;

linear and continuous on S , cannot be extended to a continuous functional onH .
ut

4.1.7 Identification of a Space with its Dual Space

It is usually a strong temptation, when dealing with Hilbert spaces, to use the Ritz
Theorem 4.1.2 to identify a Hilbert space with its dual. After all, this is what
is done most of the times when dealing with finite dimensional spaces. However,
when dealing with functional spaces (that is, spaces made of functions), it is highly
recommended to limit such identification to L2 with its dual (or of a closed
subspace Z of L2 with its dual Z0). Every other identification will be calling for
a total disaster. Let us see why. Assume that in (4.1.80) we have H D L2.˝/ and
S D H1

0 .˝/. Identifying L2 with its dual space, we would have H � H 0, and
(4.1.80) will become

S ,! H � H 0 ,! S 0: (4.1.81)

So far, so good. Everybody does that, and nobody suffers. Assume, however, that,
in spite of all recommendations, you also identify S with S 0. Then, in (4.1.81), you
compress the four spaces S � H � H 0 � S 0 into one, identifying at the same
time a function with itself and with its Laplacian. This is the beginning of the end.
Now, the question that everybody asks (the first time one hears about that) is “What
is so special with L2?”. It is a very good question. Actually, there is nothing special,
mathematically, about it, apart from the fact that we are so used to identify a function
f 2 L2.˝/ with the mapping (defined for ' 2 L2.˝/):

' !
Z

˝

f ' dx (4.1.82)

that we do it all the time, without even realising it. In principle, we might as well
identify a function f 2 H1

0 .˝/ with the mapping (defined for ' in H1
0 .˝/):

' !
Z

˝

grad f � grad' dx (4.1.83)
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and don’t use the identification (4.1.82). This will be mathematically correct but
psychologically very, very difficult; and before the rooster crows, you will have used
(4.1.82) three times. Hence, our advice is: No matter whether the above discussion
was clear or not, just avoid any identification of a functional space that is notL2 (or
a multiple copy of it, or, exceptionally, a closed subspace of it) with its dual space!
This, of course, unless you are very skilled in Functional Analysis. Although, if you
are : : :why are you reading all this? ut

4.1.8 Restrictions of Operators to Closed Subspaces

We shall now deal briefly with a situation that we will meet constantly in the
following chapter. We have (as before) two Hilbert spaces V andQ, we have a linear
continuous operator B 2 L.V;Q0/, and we have two closed subspaces Z 	 V and
S 	 Q. In the applications of the next chapter, Z and S will typically be finite
dimensional spaces (and hence automatically closed).

As we have seen, B (and its transposed operator Bt ) can be associated to a
bilinear form b defined on V �Q. It is not difficult to see that, restricting the bilinear
form to Z � S , we have as associated operators

BZS0 � �S 0BEZ and Bt
SZ0 � �Z0BtES (4.1.84)

and obviously .BZS0/t D Bt
SZ0 .

Remark 4.1.8. As we have already pointed out in Remark 3.1.11 of the previous
chapter, in general, we cannot expect the kernel of BZS0 to be a subspace of the
kernel of B , nor the image of BZS0 to be a subset of the image of B . The same is
obviously true for the images and the kernels of Bt

SZ0 and Bt . ut
Proposition 4.1.6. Let V andQ be Hilbert spaces, let B 2 L.V;Q0/, and let Z 	
V and S 	 Q be closed subspaces, with S finite dimensional. Then, the inclusion

KerBt
SZ0 � KerBt (4.1.85)

holds iff we have

�S 0.ImB/ � ImBZS0 : (4.1.86)

Proof. Assume first that (4.1.85) (that, to be precise, we should actually write as
ESKerBt

SZ0 � KerBt ) holds, and let g D Bv 2 ImB . As ImBZS0 is closed (since
S is finite dimensional), to show that �S 0g 2 ImBZS0 , we just have to check that
�S 0g 2 .KerBt

SZ0/
0, that is,

Q0hg; qiQ D 0 8q 2 KerBt
SZ0 : (4.1.87)
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If the inclusion (4.1.85) is satisfied, then every q 2 KerBt
SZ0 will also be in KerBt .

However, for q 2 KerBt we have

Q0hg; qiQ D Q0hBv; qiQ D V hv;BtqiV 0 D 0; (4.1.88)

giving (4.1.87) and ending the first part of the proof.
Assume now that (4.1.86) holds, and let qs 2 S be in KerBt

SZ0 , that is:
�Z0Btqs D 0. For such a qs we have, for every z 2 Z, that

Shqs; �S 0BziS 0

D Qhqs; BziQ0 D V 0hBtqs; ziV D Z0h�Z0Btqs; ziZ
D 0;

(4.1.89)

meaning that qs is in the polar space of ImBZS0 . Inclusion (4.1.86) together with
(4.1.43) implies then that qs is in the polar space of �S 0ImB , so that for all v 2 V

we have S hqs; �S 0 BviS 0 D 0, hence V 0hBtqs; viV D 0 and therefore qs 2 KerBt .
ut

Remark 4.1.9. The assumption that S is finite dimensional, in Proposition 4.1.6,
is clearly stronger than necessary. Indeed, looking at the proof, we see that for the
first part we only need ImBZS0 to be closed, while the second part does not even
need that. However, as we said, we are going to use the result in the case of Z
and S being finite dimensional, so that we did not struggle to minimise this type of
assumptions. ut

Exchanging the roles of B and Bt , we have, moreover, in the same assumptions
of Proposition 4.1.6 (but requiringZ to be finite dimensional instead of S ), that

KerBZS0 � KerB (4.1.90)

is equivalent to

�Z0.ImBt/ � ImBt
SZ0 : (4.1.91)

The case in which the subspaces Z and S are related to the kernels and images
of a linear operator B 2 L.V;Q0/ (and of its transposed) is obviously of special
interest. In particular, we can present a corollary of the Closed Range Theorem 4.1.5
that will often be useful.

Corollary 4.1.2. In the same assumptions of Theorem 4.1.5, if one of the six
equivalent properties is satisfied, then LB 2 L.K?;H0/ is the transposed operator
of LBt 2 L.H?; K0/ and in particular,

kLBkL.K?;H0/ D kLBt kL.H?;K0/ DW �: (4.1.92)

Moreover, setting ˇ WD 1=� we have
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ˇkvkV � kBvkV 0 8 v 2 K?; (4.1.93)

and

ˇkqkQ � kBtqkV 0 8 q 2 H?: (4.1.94)

Proof. If, say, ImB is closed, then B will be an isomorphism from K? to ImB
which, however, coincides with H0. Similarly, Bt will be an isomorphism from
H? to ImBt that coincides with K0. Hence, LB coincides with .BK?H0/�1 and
LBt coincides with .Bt

H?K0/
�1. We also recall from (4.1.70) that

.K?/0 D K 0 K0 D .K?/0 .H?/0 D H 0 H0 D .H?/0 (4.1.95)

so that it is immediate to see that LBt is the transposed operator of LB . Now
(4.1.92) will follow immediately from (4.1.50). Finally, (4.1.93) and (4.1.94) are
now immediate since, for v 2 K?, we have v D LB.Bv/ and for q 2 H?, we have
q D LBt .B

tq/. ut

4.1.9 Quotient Spaces

Assume that Q is a Hilbert space and let H be a closed subspace of Q. We also
assume thatH is a proper subspace, meaning thatH does not coincide withQ. We
consider then the quotient space Q=H defined as the space whose elements are the
equivalence classes induced by the equivalence relation:

v1 Š v2 if and only if .v1 � v2/ 2 H: (4.1.96)

In other words, two elements are equivalent if their difference belongs to H . It is
immediate to see that all the elements of H will then be equivalent to 0. In view of
this definition, an element ofQ=H will then be a subset ofQ made by elements that
are all equivalent to each other.

Example 4.1.14. For a bounded domain ˝ 	 R
d , we take Q WD L2.˝/ and

we consider the (one-dimensional) subspace H made of constant functions. Then,
Q=H will be made of classes of functions that differ from each other by a constant
function. ut

Note that if two classes C1 and C2 have an element v�in common, then they must
coincide. Indeed, for every v1 in C1, we have v1 � v� 2 H and, for every v2 2 C2,
we have v2 � v� 2 H . As a consequence, for every v1 2 C1 and every v2 2 C2, we
have v1 � v2 D .v1 � v�/ � .v2 � v�/ 2 H (as difference of two elements of H ).
This implies that for every v1 2 C1 and for every v2 2 C2, we have v1 Š v2, which
is to say that the two classes C1 and C2 coincide. We conclude that two different
classes have no elements in common.
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It is then easy to verify that there is a one-to-one correspondence between Q=H

and the orthogonal complementH? of H in Q. Let us see it in more detail. Let q�
be an element of H?: to it we associate the class Cq� defined by

Cq� WD fv 2 Qj v Š q�g � fv 2 Qj v � q� 2 H g: (4.1.97)

It is clear that the mapping q� ! Cq� , from H? to Q=H , is injective: indeed,
assume that q� and q�� are two elements in H? such that the two corresponding
classes Cq� and Cq�� coincide. This implies that, say, q�� 2 Cq� , that is q�� �q� 2
H . Since q�� � q� must also belong to H? (as difference of two elements both in
H?), we conclude that q�� D q�.

Let us see that the mapping q� ! Cq� is also surjective: let therefore the
class C � be an element of Q=H and let Nq 2 C �. The class C � could then be
characterised as

C � WD fv 2 Qj v Š Nqg � fv 2 Qj v � Nq 2 H g: (4.1.98)

At this point, it is not difficult to see that C � is a closed convex subset of Q and
hence (see (4.1.22) and Remark 4.1.2) we can define q�

C� as the projection �C0 of
0 on C � (that can also be seen as the element of C � having minimum norm). It is
then elementary to check that

.q�
C� ; v/ D 0 8 v 2 H; (4.1.99)

implying that q�
C� 2 H? and that, actually, C � � Cq�

C�
. This also allows us to

define a norm in Q=H : for every C 2 Q=H , we define

kCkQ=H
WD k�C 0kQ � kq�

C kQ: (4.1.100)

Hence, if we prefer, we could choose in each class (D element of Q=H ) the
unique element, in the class, which belongs to H?, and identifyQ=H with H?.

Example 4.1.15. Let us go back to the case of Example 4.1.14 whereQ WD L2.˝/

and H is the subspace made of constant functions. We recall that Q=H is made of
classes of functions that differ from each other by a constant function. For every
such class, we could always take one function q in the class, and describe the class
as the set of all functions of the form q C c with c constant. In doing so, we could
however decide to choose as “representative” the unique function, in the class, that
has zero mean value. This is the same as picking q� 2 H?, since H? is clearly the
subspace of Q made of functions having zero mean value. ut
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4.2 Existence and Uniqueness of Solutions

4.2.1 Mixed Formulations in Hilbert Spaces

From here to the end of this chapter, we will consistently remain in the same
notational framework. As this framework will also include some assumptions, we
summarise all these assumptions under the name of Assumption AB.
Assumption AB: We are given two Hilbert spaces, V and Q, and two continuous
bilinear forms: a.� ; �/ on V � V and b.� ; �/ on V � Q. We denote by A and B ,
respectively, the linear continuous operators associated with them. We also set

K WD KerB and H WD KerBt : (4.2.1)

We recall from the previous subsection that we have

ja.u; v/j � kak kukV kvkV ; (4.2.2)

and that the two linear continuous operators A W V ! V 0 and At W V ! V 0 satisfy

hAu; viV 0�V D hu; AtviV�V 0 D a.u; v/; 8 v 2 V 8 u 2 V: (4.2.3)

Similarly,

jb.v; q/j � kbk kvkV kqkQ; (4.2.4)

and the two linear operators B W V ! Q0, and Bt W Q ! V 0 satisfy

hBv; qiQ0�Q D hv;BtqiV�V 0 D b.v; q/ 8 v 2 V; 8 q 2 Q: (4.2.5)

We now consider our basic problem. Given f 2 V 0 and g 2 Q0, we want to find
.u; p/ 2 V �Q solution of

(
a.u; v/C b.v; p/ D hf; viV 0�V ; 8 v 2 V;
b.u; q/ D hg; qiQ0�Q; 8 q 2 Q: (4.2.6)

Note that problem (4.2.6) can also be written as
(
Au C Btp D f in V 0;

Bu D g in Q0;
(4.2.7)

and from now on we shall consider the formulations (4.2.6) and (4.2.7) to be the
same, referring to one or the other according to the convenience of the moment. We
now want to find conditions implying existence and possibly uniqueness of solutions
to this problem.

Remark 4.2.1. If the bilinear form a.�; �/ is symmetric, the equations (4.2.6) are the
optimality conditions of the minimisation problem
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inf
BvDg

1

2
a.v; v/ � hf; viV 0�V : (4.2.8)

The variable p is then the Lagrange multiplier associated with the constraint
Bu D g, and the associated saddle point problem is

inf
v2V

sup
q2Q

n1
2
a.v; v/C b.v; q/� hf; viV 0�V � hg; qiQ0�Q

o
: (4.2.9)

This is the reason for the title of this chapter, in spite of the fact that we deal in fact
with a more general case. ut
Remark 4.2.2. The two equations in (4.2.6) can sometimes be written as a unique
variational equation, setting

A..u; p/; .v; q// D a.u; v/C b.v; p/� b.u; q/ 8.u; p/; .v; q/ 2 V �Q
(4.2.10)

and then requiring that

A..u; p/; .v; q// D hf; viV 0�V � hg; qiQ0�Q 8.v; q/ 2 V �Q: (4.2.11)

One can obviously go from (4.2.6) to (4.2.11), subtracting the two equations, and
from (4.2.11) to (4.2.6) by considering separately the pairs .v; 0/ and .0;�q/. ut

It is clear from the second equation of (4.2.7) that, in order to have existence
of a solution for every g 2 Q0, we must have ImB D Q0. Following the path of
the previous chapter, we first consider a simpler case, in which we have sufficient
conditions on a and b for having a unique solution.

Theorem 4.2.1. Together with Assumption AB, assume that ImB D Q0 and that
the bilinear form a.�; �/ is coercive on K , that is

9˛0 > 0 such that a.v0; v0/ � ˛0 kv0k2V ; 8 v0 2 K: (4.2.12)

Then, for every .f; g/ 2 V 0 �Q0, problem (4.2.6) has a unique solution.

Proof. Let us first prove the existence of a solution. From the surjectivity of B
and Corollary 4.1.1, we have that there exists a lifting operator LB such that
B.LBg/ D g for every g 2 Q0. Setting ug WD LBg, we therefore have Bug D g.
We now consider the new unknown u0 WD u � ug and, in order to have Bu D g,
we require u0 2 K . For every v0 2 K , we obviously have b.v0; q/ D 0 for every
q 2 Q, so that the first equation of (4.2.6) now implies

a.u0; v0/ D hf; v0iV 0�V � a.ug; v0/; 8v0 2 K; (4.2.13)

and the Lax-Milgram Lemma, using (4.2.12), ensures that we have a unique u0 2
KerB satisfying (4.2.13). Remark now that the functional
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v ! `.v/ WD hf; viV 0�V � a.ug C u0; v/; (4.2.14)

thanks to (4.2.13), vanishes identically for every v 2 K . Hence, ` 2 K0 (the polar
space of K), which, due to Theorem 4.1.4, coincides with ImBt . Hence, ` is in the
image of Bt , and there exists a p 2 Q such that Btp D `. This means that

hBtp; viV 0�V D h`; viV 0�V D hf; viV 0�V � a.ug C u0; v/ (4.2.15)

for every v 2 V , and since u D ug C u0, the first equation is satisfied. On the other
hand, Bu D Bug C Bu0 D g and the second equation is also satisfied.

We now prove uniqueness. By linearity, assume that f D 0 and g D 0: then,
u 2 K . Testing the first equation on v D u we get a.u; u/ D 0 and then u D 0

from (4.2.12). Using u D 0 and f D 0 in the first equation of (4.2.7), we have then
Btp D 0, and from Corollary 4.1.1 we have p D 0. Then, problem (4.2.6) has a
unique solution. ut
Remark 4.2.3. The coercivity of a.�; �/ on K may hold while there is no coercivity
on V . We have already seen examples of this situation in finite dimension and we
shall see in the next chapters many other examples coming from partial differential
equations. ut

The result of Theorem 4.2.1 will be the most commonly used in our applications.
However, as we had in the finite-dimensional case of the previous chapter, it is clear
that it does not give a necessary and sufficient condition. To get it, we must weaken
the coercivity condition (4.2.12). For this, we recall that K is a closed subspace
of V , and hence it is itself a Hilbert space (with the same norm as V ). As such, as
we have seen, K has a dual space, that we denote by K 0. Moreover, we note that,
restricting the bilinear form a.� ; �/ to K , we have two operators, which, according
to the notation (4.1.84), we denote by AKK0 and AtKK0 , from K to K 0, given as in
(4.2.3) by

hAKK0u0; v0iK0�K D hu0; A
t
KK0v0iK�K0 D a.u0; v0/; 8 u0; v0 2 K: (4.2.16)

We also recall thatK 0 could be identified, through (4.1.70), to a subspace ofQ0, and
precisely to .K?/0 (the polar space of K?). Moreover, it is easy to check that

AKK0 D �K0AEK (4.2.17)

coincides, in the finite dimensional case, with the operator that (identifying K
andK 0) was denoted by AKK in the previous chapter.

We are now ready to state and prove the following theorem, which is, from
the theoretical point of view, the most relevant of this section. As we shall
see, it generalises Theorem 4.2.1 and gives the required necessary and sufficient
conditions.

Theorem 4.2.2. Assume that AB holds, and let AKK0 be defined as in (4.2.16).
Then, problem (4.2.6) has a unique solution for every .f; g/ 2 V 0 � Q0 if and
only if the two following conditions are satisfied:
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AKK0 is an isomorphism from K to K 0; (4.2.18)

ImB D Q0: (4.2.19)

Proof. Assume first that (4.2.18) and (4.2.19) are satisfied. The existence and
uniqueness of the solution of (4.2.6) follow as in the proof of Theorem 4.2.1. The
only difference is in the solution of (4.2.13), which in the present notation can be
written as

AKK0u0 D �K0f � �K0Aug: (4.2.20)

Indeed, here we now have to use (4.2.18) (in order to get the existence of a
solution u0) instead of Lax-Milgram as we did there.

Assume conversely that the problem (4.2.6) has a unique solution for every
.f; g/ 2 V 0 �Q0. It is clear that, in particular for every g 2 Q0, we can take .0; g/
as right-hand side in (4.2.6) and have a u 2 V such that Bu D g (from the second
equation of (4.2.7)). Hence, ImB D Q0 and therefore (4.2.19) holds. To show that
(4.2.18) also holds, we proceed as follows.

First, for every � 2 K 0, we take in (4.2.7) f D EK0!V 0� (as defined in (4.1.71)),
and g D 0. By assumption, we have a unique solution .u�; p�/, and we observe that
u� 2 K since g D 0. Testing the first equation of problem (4.2.6) on v0 2 K , and
using (4.1.71), we have

a.u�; v0/ D hf�; v0iK0�K � h�; v0iK0�K 8 v0 2 K: (4.2.21)

This implies that AKK0u� D �, and hence that AKK0 is surjective. Hence, we are
left to show that AKK0 is also injective. Assume, by contradiction, that we had
AKK0w D 0 for some w 2 K different from zero. Then, we would have a.w; v0/ D 0

for all v0 2 K , implying that Aw 2 K0. Due to Corollary 4.1.1 (as we already saw
that (4.2.19) holds), this would imply Aw 2 ImBt and we would have the existence
of a pw 2 Q such that Btpw D Aw. Then, the pair .w;�pw/ (different from zero)
would satisfy the homogeneous version of problem (4.2.6), and uniqueness would
be lost. Hence, such a w ¤ 0 cannot exist. This shows that AKK0 must also be
injective, and hence (4.2.18) holds. ut

4.2.2 Stability Constants and inf-sup Conditions

In this subsection, we would like to express condition (4.2.19) and condition (4.2.18)
in a different way, to emphasise the role of the stability constants.

Let us start from condition (4.2.19). According to Corollary 4.1.1 of the Closed
Range Theorem, we already know that (4.2.19) holds if and only if the operator Bt

is bounding, that is, if and only if there exists a constant ˇ > 0 such that

kBtqkV 0 � ˇkqkQ 8 q 2 Q: (4.2.22)
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Always from the same corollary, we have that this is also equivalent to the existence
of a lifting LB W Q0 ! V of the operator B

B.LB.g// D g 8 g 2 Q0; (4.2.23)

with its norm being bounded by:

kLBkL.Q0;V / � 1

ˇ
; (4.2.24)

where ˇ is the same constant as in (4.2.22) and ImLB D K?.
We now want to define, somehow, the best possible constant that would fit in

(4.2.22). For this, we note that (4.2.22) is equivalent to

inf
q2Q

kBtqkV 0

kqkQ � ˇ; (4.2.25)

which, recalling the definition of norm in a dual space (4.1.34) and (4.1.49), becomes

inf
q2Q

sup
v2V

b.v; q/

kvkV kqkQ � ˇ; (4.2.26)

which is possibly the most commonly used among the many equivalent formulations
of assumption (4.2.19).

With similar arguments, we see that condition (4.2.18) is equivalent to saying
that there exists an ˛1 > 0 such that

inf
v02K

sup
w02K

a.v0;w0/

kv0kV kw0kV � ˛1

inf
w02K

sup
v02K

a.v0;w0/

kv0kV kw0kV � ˛1: (4.2.27)

Remark 4.2.4. Note that in (4.2.25), in (4.2.26), and in (4.2.27), as we did in the
previous chapter and we shall do in the rest of the book, we assumed implicitly that
for fractions of the type

`.v/

kvkV or
j`.v/j
kvkV

where `.�/ is a linear functional on a Banach space V , the supremum and the
infimum are taken for v ¤ f0g, and therefore we wrote the supremum (or infimum)
for v 2 V rather than for v 2 V n f0g (as it would have been more correct, since
these fractions do not make sense for v D f0g). ut
We now want to point out, for future use, the following extension of Lemma 3.3.1
of the previous chapter, that is an important ingredient in the proof of the present
Theorem 4.2.3.
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Lemma 4.2.1. Let V be a Hilbert space and let a.� ; �/ be a symmetric bilinear
continuous form on V . Assume that

a.v; v/ � 0 8 v 2 V: (4.2.28)

Then, we have

.a.v;w//2 � a.v; v/ a.w;w/ 8 v;w 2 V (4.2.29)

and, for the associated operator A,

kAvk2V 0 � kak a.v; v/ � kAkhAv; vi 8 v 2 V: (4.2.30)

Apart from the different notation, the proof is identical to that of Lemma 3.3.1.
Moreover, under the assumptions of the previous lemma, we also have the

following result.

Lemma 4.2.2. Let V be a Hilbert space, and let a.� ; �/ be a symmetric bilinear
continuous form on V . Assume that

a.v; v/ � 0 8 v 2 V: (4.2.31)

Then, (4.2.27) implies ellipticity on the kernel (4.2.12).

Proof. Indeed, from (4.2.27), we have for v0 2 K , using (4.2.29),

˛21kvk2V � sup
w2K

a.v;w/2

kwk2V
� sup

w2K
a.v; v/a.w;w/

kwk2V
� kaka.v; v/; (4.2.32)

hence the result with ˛0 D ˛21=kak. ut

4.2.3 The Main Result

As we had in the previous chapter (in Theorems 3.4.1 and 3.4.2), we have here the
following final result, that could be considered as the main result of this chapter.

Theorem 4.2.3. Together with AB, assume that there exist two positive constants ˛
and ˇ such that the inf-sup condition (4.2.26) on b.�; �/, and the double-inf-sup con-
dition (4.2.27) on the restriction of a.�; �/ to K are satisfied. Then, for every f 2 V 0
and for every g 2 Q0, problem (4.2.6) has a unique solution that is bounded by

kukV � 1

˛1
kf kV 0 C 2kak

˛1ˇ
kgkQ0 ; (4.2.33)

kpkQ � 2kak
˛1ˇ

kf kV 0F C 2kak2
˛1ˇ2

kgkQ0 : (4.2.34)
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If, moreover, a.�; �/ is symmetric and satisfies

a.v; v/ � 0 8 v 2 V; (4.2.35)

then we have the improved estimates

kukV � 1

˛0
kf kV 0 C 2kak1=2

˛
1=2
0 ˇ

kgkQ0 ; (4.2.36)

kpkQ � 2kak1=2
˛
1=2
0 ˇ

kf kV 0 C kak
ˇ2

kgkQ0 ; (4.2.37)

where ˛0 is the constant appearing in (4.2.12).

The proof is identical to that given in the previous chapter for Theorems 3.4.1
and 3.4.2. This is indeed the gift of the Closed Range Theorem, which allows us
to extend all the instruments that were used in finite dimension to the more general
case of Hilbert spaces.

Remark 4.2.5. As we did in Theorem 3.5.2, we could restate Theorem 4.2.2 in
terms of necessary and sufficient conditions. In the present context, this means that if
the bounds (4.2.33) and (4.2.34) hold for all right-hand sides f and g, then (4.2.27)
and (4.2.26) hold. Indeed, for an arbitrary u0 2 K , let us define f0 2 K 0 by

hf0; v0i D a.u0; v0/ 8 v0 2 K: (4.2.38)

We then use the prolongationEK0f0 of f0 to V 0, as in (4.1.71), and we take g D 0.
We now have that .u0; 0/ is solution of (4.2.6) with f D f0, and by (4.2.33) we have

kukV � 1

˛1
kf0kV 0 D 1

˛1
sup

w02K
a.u0;w0/

kw0k : (4.2.39)

Similarly, taking hfp; vi D b.v; p/ and again g D 0, we have that .0; p/ is solution
of (4.2.6) with f D fp , and (4.2.34) implies (4.2.26). All this can be seen as the
natural extension of Lemma 3.5.2 to the infinite dimensional case. ut

If the bilinear form a.�; �/ is coercive on the whole space, we have immediately
the following corollary (particularly useful for Stokes addicts that do not even want
to know what a kernel is).

Corollary 4.2.1. Let the assumptions AB hold. Suppose that there exist two
positive constants ˛ and ˇ such that the inf-sup condition (4.2.26) on b.�; �/, and the
global coercivity condition (4.1.67) on a.�; �/ are satisfied. Then, for every f 2 V 0
and for every g 2 Q0, problem (4.2.6) has a unique solution that is bounded by

kukV � 1

˛
kf kV 0 C 2kak

˛ˇ
kgkQ0 ; (4.2.40)

kpkQ � 2kak
˛ˇ

kf kV 0 C 2kak2
˛ˇ2

kgkQ0 : (4.2.41)
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If, moreover, a.�; �/ is symmetric, then we have the improved estimates

kukV � 1

˛
kf kV 0 C 2kak1=2

˛1=2ˇ
kgkQ0 ; (4.2.42)

kpkQ � 2kak1=2
˛1=2ˇ

kf kV 0 C kak
ˇ2

kgkQ0 : (4.2.43)

4.2.4 The Case of ImB ¤ Q0

We now want to discuss briefly the case in which the inf-sup condition on the bilinear
form b does not hold.

Essentially, if ImB does not coincide with Q0, we can distinguish two cases.
Either ImB is closed in Q0, or it is not (everybody surely agrees with that).

If ImB is not closed, then we are in deep trouble. Generally speaking, we should
better look for a different formulation.

If instead the image of B is closed, we survive rather easily. Let us analyse the
situation. We first observe that in this case H D KerBt will be a closed subspace
of Q that is not reduced to f0g. In this case, it is clear that problem (4.2.7) cannot
have a unique solution for every f 2 V 0 and for every g 2 Q0. To start with, if
ImB ¤ Q0, and if g 2 Q0 does not belong to ImB , we cannot have a solution.
Hence, the existence of the solution will not always hold. Moreover, if by chance
we have g 2 ImB and we have a solution .u; p/, then for every p� 2 H with
p� ¤ 0, we easily have that .u; p C p�/ is another, different solution. Hence, the
uniqueness of the solution will never hold. Apparently, we are not so well off.

However, if we have g 2 ImB , then there is an easy way out. Indeed, we observe
first that ifAKK is non-singular, we could proceed as we did in the finite dimensional
case (see Proposition 3.2.1) and deduce that we still have at least one solution, whose
first component is unique and whose second component is unique only up to an
element of H . Moreover, we could note that b.v; q/ D 0 for every q 2 H . Hence,
following what has been done in Remark 3.2.4 (for the finite-dimensional case),
we can consider the restriction Qb of b to V �H? without loosing any information.
However, this time, QB will be surjective from V to .H?/0. Indeed, using (4.1.70) we
have that .H?/0 D H0 .D . KerBt/0/. On the other hand, from the Closed Range
Theorem 4.1.5, we have .KerBt/0 D ImB , and joining the two we get .H?/0 D
ImB and everything works.

Hence, the theory developed so far in the case of B surjective applies to the case
where ImB is closed and g 2 ImB , by just replacingQ with H?.

An alternative path (whose difference from the one above is mainly psychologi-
cal) consists in replacingQ with the quotient space

QQ WD Q=H: (4.2.44)
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We recall that the elements of QQ are subsets of elements of Q that differ from each
other by an element of H . As we have seen in Sect. 4.1.9, QQ can be identified to
H?. Hence, as we said, the difference between using V �H? and using V �Q=H is
mainly psychological. Nevertheless, some people seem to be in love with this second
option and dislike the first. Just for them, we re-state one of our previous results
in terms of the original space Q and the original bilinear form b in the following
theorem, which is just Theorem 4.2.3 applied to V �Q=H , and stated in terms of V
andQ.

Theorem 4.2.4. Together with Assumption AB, assume that ImB is closed and
that the double-inf-sup condition (4.2.27) is satisfied. Then, for every f 2 V 0
and for every g 2 ImB , problem (4.2.6) has a solution .u; p/ where u is uniquely
determined, and p is determined up to an element of H . Moreover, setting

Q̌ WD inf
q2Q

sup
v2V

b.v; q/

kvkV kqkQ=H

(4.2.45)

we have

kukV � 1

˛1
kf kV 0 C 2kak

˛1 Q̌ kgkQ0 ; (4.2.46)

kpkQ=H
� 2kak
˛1 Q̌ kf kV 0 C 2kak2

˛1 Q̌2 kgkQ0 : (4.2.47)

If, moreover, a.�; �/ is symmetric and satisfies

a.v; v/ � 0 8 v 2 V; (4.2.48)

then we have the improved estimates

kukV � 1

˛0
kf kV 0 C 2kak1=2

˛
1=2
0

Q̌ kgkQ0 ; (4.2.49)

kpkQ=H
� 2kak1=2

˛
1=2
0

Q̌ kf kV 0 C kak
Q̌2 kgkQ0 ; (4.2.50)

where again ˛0 is the constant appearing in (4.2.12). ut
Remark 4.2.6. We point out that the estimates (4.2.46) and (4.2.47), valid for every
f 2 V 0 and for every g 2 ImB , imply in particular that, under the assumptions
of Theorem 4.2.4, the image of the operator M W .u; p/ ! .Au C Btp;Bu/ from
V �Q to V 0 �Q0 is also closed. ut
Remark 4.2.7. Another type of generalisation was considered in [312] and [68].
They consider a problem of type (4.3.1) but employing two bilinear forms b1.�; �/
and b2.�; �/ on V �Q, that is,
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(
a.u; v/C b1.v; p/ D hf; viV 0�V ; 8 v 2 V
b2.u; q/ D hg; qiQ0�Q; 8 q 2 Q: (4.2.51)

Conditions for existence of a solution are now that both b1.�; �/ and b2.�; �/ should
satisfy an inf-sup condition of the type (4.2.45), and a.u; v/ should satisfy an
invertibility condition from KerB2 on .KerB1/0, that is,

inf
u02KerB1

sup
v02KerB2

a.u0; v0/

ku0k kv0k � ˛1; (4.2.52)

inf
v02KerB1

sup
u02KerB2

a.u0; v0/

ku0k kv0k � ˛1: (4.2.53)

This condition is in general rather hard to check, and the ellipticity on the whole
space V , when applicable, can bring a considerable relief.

For more details, we refer to [68]. ut
Remark 4.2.8 (Special cases .f; 0/ and .0; g/). We have considered these special
cases in the Sect. 3.5.3 in the finite dimensional framework. In these cases, it is
possible to obtain existence and stability results under weakened assumptions. We
shall not make them explicit here. However, we refer to the proofs of Theorem 3.4.1
and the following ones in Sect. 3.4 where detailed proofs of related situations are
presented. We just want to point out here that in the case .f; 0/, the a priori estimates
(e.g. (4.2.46)) on u do not depend on the inf-sup constant of B . Conversely, in the
case .0; g/, for a.�; �/ symmetric and positive semi-definite, the estimates on p (e.g.
(4.2.50)) do not depend on the constant ˛0. ut

4.2.5 Examples

To fix ideas, we shall apply the results just obtained to some of the examples
introduced in Chap. 1.

Example 4.2.1 (Mixed formulation of the Poisson problem). We consider here the
case of Example 1.3.5. Given f in L2.˝/, we look for u 2 H.divI˝/ DW
V andp 2 L2.˝/ DW Q such that:

8
ˆ̂<
ˆ̂:

Z

˝

u � v dx C
Z

˝

p div v dx D 0; 8 v 2 H.divI˝/;
Z

˝

.div u C f /q dx D 0; 8 q 2 L2.˝/:
(4.2.54)

Here we have
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b.v; q/ D
Z

˝

div v q dx; (4.2.55)

and B is the divergence operator from H.divI˝/ into L2.˝/. It is not difficult
to check that it is surjective: for instance, for every g 2 L2.˝/, consider the
auxiliary problem: find  2 H1

0 .˝/ such that � D g. Its (traditional) variational
formulation is

Z

˝

grad � grad � dx D �
Z

˝

g � dx 8� 2 H1
0 .˝/; (4.2.56)

and it has a unique solution thanks to the Lax-Milgram lemma. Then, take vg WD
grad and you immediately have vg 2 H.divI ˝/ and div vg D g as wanted.
The kernel of B is made of the vectors v0 2 H.divI˝/ such that div v0 D 0. The
bilinear form a is given by

a.u; v/ D
Z

˝

u � v dx; (4.2.57)

while we remember that in (1.3.44) the norm in H.divI˝/ was defined as

kvk2H.divI ˝/ WD kvk2
.L2.˝//2

C k div vk2
L2.˝/

: (4.2.58)

Hence, a is coercive on KerB (although it is not coercive on H.divI˝/). Our
abstract theory (in particular Theorem 4.2.1) applies immediately, and we have
existence and uniqueness of the solution. ut
Example 4.2.2 (The Stokes problem). Let us go back to Example 1.3.1. We take
V WD .H1

0 .˝//
2, Q WD L2.˝/, and, given f 2 V 0, we look for .u; p/ 2 V �Q,

solution of

8
ˆ̂<
ˆ̂:

2�

Z

˝

"D.u/ W "D.v/ dx �
Z

˝

p divv dx D
Z

˝

v � f dx; 8 v 2 V;
Z

˝

q div u dx D 0; 8 q 2 Q:
(4.2.59)

Here, we have g D 0. Moreover, the bilinear form a.u; v/ D 2�
R
˝
"D.u/ W "D.v/ dx

is coercive on V , due to the Korn inequality [183, 362]

9 � D �.˝/ > 0 s.t. k"D.v/k
2
.L2.˝//4

� �jvj21;˝ 8v 2 .H1
0 .˝//

2: (4.2.60)

On the other hand, we have

b.v; q/ D �
Z

˝

q div v dx (4.2.61)
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and B is the divergence operator from .H1
0 .˝//

2 into L2.˝/. This time, the study
of its image is much harder than in the previous example. Due to a non-trivial result
by O. Ladyzhenskaya, we have [272, 362] that

ImB D L20.˝/ D fq j q 2 L2.˝/;
Z

˝

q dx D 0g (4.2.62)

and that this subspace of L2.˝/ is closed and has co-dimension one. In agreement
with the Closed Range Theorem, KerBt has also dimension 1:

KerBt D Ker.� grad/ D fqj q is constant on ˝g: (4.2.63)

We are therefore in the case where Bt is not injective. As we did in the last
subsection (see Sect. 4.2.4), we can easily survive by considering QQ, defined as
in (4.2.44), instead of Q. However, in this case, the space QQ (that is the space of
classes of functions in L2.˝/ that differ from each other by an additive constant) is
often identified with the space H? of functions in L2.˝/ having zero mean value,
as discussed in Example 4.1.14. Actually, in practice, we simply take

Q WD
n
qjq 2 L2.˝/;

Z

˝

q dx D 0
o

� L20.˝/ (4.2.64)

and we can apply directly Theorem 4.2.1, which will give the existence and
uniqueness of the velocity u, together with the existence of a pressure p that is
unique up to an additive constant.

The example of Stokes’ problem is paradigmatic of the typical escape that is
usually performed when ImB is closed but different fromQ0. ut
Example 4.2.3 (Domain decomposition for the Poisson problem). Referring to
Example 1.4.2, we have to solve the following problem: find .p; u/ with p 2
X.˝/ DW V; u 2 H.divI˝/ DW Q, solution of

8
ˆ̂̂̂
ˆ̂<
ˆ̂̂̂
ˆ̂:

Z

Ki

gradpi � grad qi dx �
Z

@Ki

u � ni qi d	 D
Z

Ki

f qi dx;

8 qi 2 H1.Ki /; 8Ki;

X
i

Z

@Ki

v � ni pi d	 D 0;8v 2 H.divI˝/:

(4.2.65)

We thus have b.q; v/ D � P
i

R
@Ki
v �ni qi d	 , and the operatorB , roughly speaking,

associates to q 2 X.˝/ its “DG jumps” qini C qj nj on the interfaces eij D @Ki \
@Kj . The kernel of B is nothing but H1

0 .˝/ and the problem corresponding to
(4.2.65) is the standard Poisson problem. To prove the existence of u, we shall have
to prove that ImB is closed in .H.divI˝//0 and we shall have to characterise KerBt .
This will be done in Chap. 7. ut
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We shall of course come back to these problems when studying more precisely
mixed and hybrid methods. Checking the closedness of ImB , even if existence
proofs can be obtained through other considerations, is a crucial step ensuring that
we have a well-posed problem and that we are working with the right functional
spaces. This last fact is essential to obtain “natural” error estimates.

We end this subsection with a few rather academic examples, just in order
to see formulations that do not work (or present some sort of difficulty) and
understand why.

We shall consider the problem (very loosely related to plate bending problems,
as in Example 1.2.4, or to the Stokes problem in the so-called streamline-vorticity
formulation):

�2 D f in ˝ (4.2.66)

on a reasonably smooth domain ˝ (for instance, a convex polygon). We introduce
! WD �� , and we are going to consider various boundary conditions, and
different possible mixed formulations.

• We start with the easiest choice of boundary conditions, that is

 D ! D 0 on 
: (4.2.67)

In this case, we can set V � Q WD H1
0 .˝/, and consider the formulation

8
ˆ̂<
ˆ̂:

Z

˝

! � dx �
Z

˝

grad� grad dx D 0; 8� 2 V;

�
Z

˝

grad! grad' dx D �hf; 'i; 8 ' 2 Q:
(4.2.68)

In this case, both the operators B and Bt coincide with the Laplace operator
� W H1

0 .˝/ ! H�1.˝/, which is an isomorphism. In particular, ImB D Q0
and KerB D f0g, so that the ellipticity in the kernel (4.2.12) is also trivially
satisfied. All is well and good. However, one could object that, with the boundary
conditions (4.2.67), we are almost cheating. Indeed, the problem is equivalent to
the cascade of sub-problems: ��! D f and �� D ! which are both well
posed if we look for ! 2 H1

0 and  2 H1
0 .

• We now consider the “clamped plate” boundary conditions

 D @ 

@n
D 0 on 
: (4.2.69)

Setting V WD L2.˝/ and Q WD H2
0 .˝/, it is immediate to see that .!;  /

satisfies the equations

8
ˆ̂<
ˆ̂:

Z

˝

! � dx C
Z

˝

�� dx D 0; 8� 2 V;
Z

˝

! �' dx D �hf; 'i; 8 ' 2 Q:
(4.2.70)
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Here, the operator Bt is just the Laplace operator from H2
0 .˝/ to L2.˝/, and it

is clearly injective and bounding, since k'k2;˝ � C k�'k0;˝ for some constant
C . Hence, the image of B coincides with Q0. The kernel of B is a little more
sophisticated. With some work, we discover that it can be characterised as

KerB D .L2harm/
?; (4.2.71)

where L2harm is the (closed) subspace of L2.˝/made of harmonic functions (that
is, functions w such that �w D 0 in the distributional sense). Indeed, for such
functions, it is not difficult to see that .w; �'/ D 0 for all ' 2 H2

0 .˝/. In any
case, we don’t care too much about KerB , since the bilinear form a is coercive
on the whole V . Our theory applies, and we are happy.

• Still with the “clamped plate” boundary conditions (4.2.69), if we are not willing
to use spaces involving two derivatives (asH2

0 .˝/), we could take V WD H1.˝/

and Q WD H1
0 .˝/. It is not difficult to see that .!;  / solves

8
ˆ̂<
ˆ̂:

Z

˝

! � dx �
Z

˝

grad� grad dx D 0; 8� 2 V;

�
Z

˝

grad! grad' dx D �hf; 'i; 8 ' 2 Q:
(4.2.72)

This time,B is the Laplace operator fromH1.˝/ toH�1.˝/ (dual space ofH1
0 ),

which is clearly surjective. However, its kernel is made of the harmonic functions
inH1.˝/ and the bilinear form a (which in this case is just theL2-inner product)
cannot be coercive (in H1.˝/), not even if you restrict it to the harmonic
functions. If you are not convinced of that, consider in ˝ WD �0; �Œ� �0; 1Œ the
sequence of functions

�k WD sin.kx/ eky:

Clearly, ��k D 0 for all k. However, a simple computation shows that

k grad�kk20;˝ D 2k2k�kk20;˝
and you cannot bound k�kk2V (that is k grad�kk20;˝ ) with a.�k; �k/ (that is
k�kk20;˝ ) uniformly in k. Hence, formulation (4.2.72) is not really healthy, as the
ellipticity in the kernel fails. Indeed, if for instance the domain ˝ is not convex,
you are likely to have a problem without existence, as  usually will not be in
H3.˝/ and therefore ! might not be in H1.˝/. We shall see in the following
chapters that methods based on this formulation might exhibit a suboptimal rate
of convergence.

• We now consider the boundary conditions

@ 

@n
D @!

@n
D 0 on 
: (4.2.73)
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Here, we can take V WD L2.˝/ and Q WD 0H
2.˝/ defined as

0H
2.˝/ WD f' j ' 2 H2.˝/;

@'

@n
D 0 on 
 g

and use the formulation (4.2.70). We see that Bt is again the Laplace operator,
but this time 0H

2.˝/ ! .L2.˝//0 � L2.˝/. If, for instance, the domain ˝ is
convex, then H WD KerBt is the space of constants, and ImBt will be the subset
of V 0 � V D L2.˝/ made of functions with zero mean value. The kernel of B
will also be the space of constants, and the image of B will be the polar set of
KerBt , made of those functionals that vanish on constants. We are in a situation
similar to that faced for the Stokes problem in Example 4.2.2. Here, we can adjust
everything by redefiningQ as the subset of 0H2.˝/made of functions with zero
mean value (that is, Q D H?). The compatibility condition hf; ci D 0 for every
constant c will still have to be required, in order to have f 2 Q0 (now D .H?/0).
Doing that, we have that a is elliptic on V and ImB D Q0 (the new Q0, of
course), and everything will work.

• It is time to see a really weird case. Consider, to fix the ideas, the case of
˝ WD �0; �Œ��0; 1Œ, and split its boundary into the bottom part 
b WD�0; �Œ�f0g,
the top part 
t WD �0; �Œ�f1g, and the lateral part 
` WD @˝ n .
b [ 
t /.
Consider now the boundary conditions

 D @ 

@n
D 0 on 
bI ! D @!

@n
D 0 on 
t I @ 

@n
D @!

@n
D 0 on 
`

(4.2.74)
and the spaces V WD L2 andQ WD QH2 defined as

QH2 WD f' j ' 2 H2.˝/; ' D @'

@n
D 0 on 
b and

@'

@n
D 0 on 
`g:

It is clear that, if you have a solution .!;  / of the problem, then it will satisfy

8
ˆ̂<
ˆ̂:

Z

˝

! � dx C
Z

˝

�� dx D 0; 8� 2 V;
Z

˝

! �' dx D �hf; 'i; 8 ' 2 Q:
(4.2.75)

This time, Bt will be the Laplace operator from QH2 to L2.˝/. A non-trivial result
of complex analysis (Cauchy-Kovalewskaya Theorem) ensures that KerBt D f0g
(the boundary conditions at the bottom are enough to give you that). However, we
can check that Bt is not bounding. To see that, consider the sequence

�k WD 1

k2
cos.kx/.1 � cosh.ky//:
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It is clear that �k 2 QH2 for all k. A simple computation shows that ���k D cos.kx/,
so that

k��kk2L2.˝/ D �

2
:

On the other hand, it is also simple to check that

k�kk2L2.˝/ ' e2k

k4

goes to C1 for k ! C1, so that a uniform bound (in k) of the form

k�'kL2.˝/ � ˇk'k QH2 8' 2 QH2

is hopeless. Hence, ImBt is not closed and therefore ImB is not closed either.
Indeed, the problem is severely ill posed, and you cannot solve it in practice unless
you add some sort of regularisation.

4.3 Existence and Uniqueness for Perturbed Problems

Some applications, in particular nearly incompressible materials (Sect. 8.13), will
require a more general formulation than Problem (4.2.6). Although the first
generalisation introduced will appear to be simple, we shall see that its analysis
is rather more intricate.

4.3.1 Regular Perturbations

We assume that we are also given a continuous bilinear form c.� ; �/ on Q �Q, and
we denote by C its associated operatorQ ! Q0.

We now consider the following extension of problem (4.2.6): given f 2 V 0 and
g 2 Q0, find u 2 V and p 2 Q such that

(
a.u; v/C b.v; p/ D hf; viV 0�V ; 8 v 2 V;
b.u; q/� c.p; q/ D hg; qiQ0�Q: 8 q 2 Q: (4.3.1)

Remark 4.3.1. Whenever a.�; �/ and c.�; �/ are symmetric, this problem corresponds
to the saddle point problem

inf
v2V

sup
q2Q

1

2
a.v; v/C b.v; q/� 1

2
c.q; q/ � hf; vi C hg; qi

and it is no longer equivalent to a minimisation problem on u. ut
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Remark 4.3.2. As in Remark 4.2.2, the two equations in (4.3.1) can sometimes be
written as a unique variational equation, setting

A..u; p/; .v; q// D a.u; v/C b.v; p/� b.u; q/C c.p; q/ 8.u; p/; .v; q/ 2 V �Q
(4.3.2)

and then requiring again that

A..u; p/; .v; q// D hf; viV 0�V � hg; qiQ0�Q 8.v; q/ 2 V �Q: (4.3.3)

ut
We now want to look for conditions on a; b and c ensuring the existence and

uniqueness of a solution to (4.3.1), together with the proper stability bounds.
Let us first consider a special case. We assume that c.�; �/ is coercive onQ, that is

9 � > 0 such that c.q; q/ � � kqk2Q; 8 q 2 Q (4.3.4)

and that a.�; �/ is also coercive on V :

9˛ > 0 such that a.v; v/ � ˛ kvk2V ; 8 v 2 V: (4.3.5)

Then, we have the following proposition.

Proposition 4.3.1. Together with Assumption AB, assume that (4.3.4) and (4.3.5)
hold. Then, for every f 2 V 0 and g 2 Q0, problem (4.3.1) has a unique solution
.u; p/. Moreover, we have:

˛

2
kuk2V C �

2
kpk2 � 1

2˛
kf k2V 0 C 1

2�
kgk2Q0 : (4.3.6)

Proof. The proof is elementary (using, for instance, Lax-Milgram Lemma (4.1.6)
on the bilinear form (4.3.2)). ut

The estimate (4.3.6) is unsatisfactory. Actually, in many applications, we will
deal with a bilinear form c.�; �/ defined by

c.p; q/ D �.p; q/Q; � � 0; (4.3.7)

and we would like to get estimates that provide uniform bounds on the solution for
� small (say 0 � � � 1). Clearly, if c.�; �/ has the form (4.3.7), one has � D �

in (4.3.4) and the bound (4.3.6) explodes for vanishing �. This fact has practical
implications, as we shall see, on the numerical approximations of some problems,
for instance when dealing with nearly incompressible materials. On the other hand,
Proposition 4.3.1 makes no assumptions on b.�; �/ (except the usual (4.2.4)) and it is
then quite natural for the choice c � 0 to be forbidden.
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It is then natural to start assuming, as we did in Sect. 3.6 of the previous chapter,
that the corresponding unperturbed problem (corresponding to the case c � 0) is
well posed, and try to find sufficient conditions on c that ensure the well-posedness
of the perturbed problem.

We shall start with the simplest case, generalising Proposition 3.3.1 in an obvious
manner.

Proposition 4.3.2. Together with Assumption AB, assume that AKK0 is an isomor-
phism from K to K 0 and that ImB D Q0. Then, there exists an "0 > 0 such that, for
every " with j"j � "0, condition kck � " implies that problem (4.3.1) has a unique
solution for every f 2 V 0 and for every g 2 Q0. ut
As for Proposition 4.3.1, the proof is immediate, this time using the Kato
Theorem 4.1.3.

The result of Proposition 4.3.2 is also unsatisfactory. For once, it does give us
a result only for " small enough. Besides, "0 will be very difficult to compute in
practice. Without it, we basically never know, in every particular case, whether we
are solving a well posed problem or not, which is clearly a quite unhappy situation.

We therefore have to look for better results. We could start, as in the previous
subsection, by assuming that ImB D Q0, and then try to adapt the results to the
case in which ImB is closed but not equal to Q0. We remark, however, that, this
time, the passage from the case when ImB D Q0 (when H D f0g) and the case
when ImB is simply closed is no longer so simple, as the bilinear form c could
mix together the components of p in H and in H?. Therefore, it is better to look
directly at the case where we simply have ImB closed. On the other hand, we have
already seen in the previous chapter that assuming symmetry of both a and c gives
much better stability bounds. Hence, we decide to concentrate on that case. This is
particularly reasonable since, in most applications, the symmetry assumptions are
satisfied.

Therefore, to start with, we enlarge our Assumption AB to include the additional
bilinear form c and the additional properties that we are going to use throughout this
subsection.
Assumption ABC: Together with Assumption AB, we assume that we are given
a continuous bilinear form c.� ; �/ on Q � Q, and we denote by C its associated
operator Q ! Q0. We assume, moreover, that ImB is closed, and that both a.� ; �/
and c.� ; �/ are symmetric and positive semi-definite:

a.v; v/ � 0; 8 v 2 V c.q; q/ � 0; 8 q 2 Q: (4.3.8)

We now introduce some additional notation, and a few related properties that hold
when a and c are symmetric and positive semi-definite, and ImB is closed.

We define the semi-norms

jvj2a WD a.v; v/ jqj2c WD c.q; q/; (4.3.9)

and we note that, thanks to the continuity of a and c,
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jvj2a � kak kvk2V 8 v 2 V and jqj2c � kck kqk2Q 8 q 2 Q: (4.3.10)

We also note that, from (4.2.29), we have

a.u; v/ � juja jvja and c.p; q/ � jpjc jqjc; (4.3.11)

and from (4.2.30),

kAuk2 � kak juj2a and kCpk2 � kck jpj2c : (4.3.12)

Setting againK D KerB andH D KerBt as in (4.1.66), we can split each v 2 V
and each q 2 Q as

v D v0 C v q D q0 C q; (4.3.13)

with v0 2 K , v 2 K?, q0 2 H , and q 2 H?, and we note that

b.v; q/ D b.v; q/ D b.v; q/ D b.v; q/: (4.3.14)

In a similar way, we can split each f 2 V 0 and each g 2 Q0 as

f D f0 C f g D g0 C g (4.3.15)

with f0 2 K 0, f 2 .K?/0 � K0, g0 2 H 0 and g 2 .H?/0 � H0, and we note that

hf; vi D hf0; v0i C hf ; vi hg; qi D hg0; q0i C hg; qi (4.3.16)

with obvious meaning of the duality pairings.
We therefore have the following result, in which the roles of a and c are perfectly

interchangeable.

Theorem 4.3.1. Together with Assumption ABC, assume that a.� ; �/ is coercive on
K and c.� ; �/ is coercive on H . Let therefore ˛0, ˇ, and �0 be positive constants
such that

˛0kv0k2V � a.v0; v0/ 8 v0 2 K; (4.3.17)

inf
q2H?

sup
v2V

b.v; q/

kqkQ kvkV D inf
v2K?

sup
q2Q

b.v; q/

kqkQ kvkV D ˇ > 0; (4.3.18)

�0kq0k2Q � c.q0; q0/ 8 q0 2 H: (4.3.19)

Then, for every f 2 V 0 and g 2 Q0, we have that the problem

(
a.u; v/C b.v; p/ D hf; viV 0�V ; 8 v 2 V;
b.u; q/� c.p; q/ D hg; qiQ0�Q; 8 q 2 Q (4.3.20)
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has a unique solution, that moreover satisfies

kukV C kpkQ � C
�
kf kV 0 C kgkQ0

�
(4.3.21)

with C constant depending only on the stability constants ˛0, ˇ, �0 and on the
continuity constants kak and kck. More precisely, we have:

kukV � kckkf k
ˇ2

C
p
2ˇ2 C �2kck1=2 kf0k

˛
1=2
0 ˇ2

C .ˇ C �/kgk
ˇ2

C 3
p
ˇ2 C �2kck1=2kg0k

�
1=2
0 ˇ2

; (4.3.22)

ku0kV � kck kak1=2 kf k
˛
1=2
0 ˇ2

C 2.ˇ2 C �2/kf0k
˛0ˇ2

C .ˇ C �/kak1=2kgk
˛
1=2
0 ˇ2

C 3�
p
ˇ2 C �2kg0k
�
1=2
0 ˛

1=2
0 ˇ2

; (4.3.23)

kpkQ � .ˇ C �/kf k
ˇ2

C 3
p
ˇ2 C �2kak1=2 kf0k

˛
1=2
0 ˇ2

C kakkgk
ˇ2

C
p
2ˇ2 C �2kak1=2 kg0k

�
1=2
0 ˇ2

; (4.3.24)

kp0kQ � C .ˇ C �/kck1=2kf k
�
1=2
0 ˇ2

C 3�
p
ˇ2 C �2kf0k
˛
1=2
0 �

1=2
0 ˇ2

C kak kck1=2kgk
�
1=2
0 ˇ2

C 2.ˇ2 C �2/kg0k
�0ˇ2

; (4.3.25)

where � is defined by

�2 WD kak kck: (4.3.26)

Proof. As the problem is symmetric, we just have to prove that the mapping M W
.u; p/ ! .f; g/ is bounding (that is, we have to prove that the bounds (4.3.22)–
(4.3.25) hold true). Then, M will be injective and Mt � M will be surjective, and
the theorem will be proved.
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Then, we note that there is another (fundamental) symmetry in our assumptions
when we exchange a with c, u with p and B with Bt . Hence, we can start proving
our bounds for the case, say, f D 0. These bounds, due to the above symmetry, will
imply similar ones for the case g D 0 (exchanging u with p, ˛0 with �0, and so on).
Then, by linearity, we will sum the estimates for f D 0 and those for g D 0, and
obtain the final estimates for the general case.

Hence, we proceed by assuming f D 0. We first observe that, for f D 0, we
have from the first equation

a.u; u0/ D �b.u0; p/ D 0 (4.3.27)

since u0 2 KerB . Hence, using (4.3.9), u0 D u � u, and (4.3.11),

ju0j2a D a.u0; u0/ D �a.u; u0/ � juja ju0ja; (4.3.28)

which, combined with the ellipticity condition (4.3.17) and then with (4.3.10), gives

ku0kV � 1

˛
1=2
0

ju0ja � 1

˛
1=2
0

juja: � kak1=2
˛
1=2
0

kukV : (4.3.29)

We also note that, in operator form, Eqs. (4.3.20), for f D 0, give

Au D �Btp (4.3.30)

and

Bu D Cp C g: (4.3.31)

Moreover, taking in (4.3.20) v D u in the first equation, q D p in the second
equation, and subtracting, we have

a.u; u/C c.p; p/ D �hg; pi; (4.3.32)

implying through (4.3.12) that

kAuk2V 0

kak C kCpk2Q0

kck � �hg; pi: (4.3.33)

At this point, it will be convenient to further distinguish the cases g0 D 0 and g D 0,
to make the estimates separately, and then sum them. We start with the easier case
g0 D 0. Then, (4.3.33) becomes

kAuk2V 0

kak C kCpk2Q0

kck � �hg; pi: (4.3.34)
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On the other hand, p � p D p0 2 H so that Btp D Btp. Hence, using (4.3.30),
then (4.3.34), and then (4.1.94), we have

kBtpk2V 0 DkBtpk2V 0 D kAuk2V 0

� kak kgkQ0kpkQ � kak kgkQ0

1

ˇ
kBtpkV 0

(4.3.35)

which, using again (4.1.94), gives

kpkQ � 1

ˇ
kBtpkV 0 � kak

ˇ2
kgkQ0 : (4.3.36)

At this point, we remark that, from the second equation of (4.3.20) tested on q D p0,
we have

c.p; p0/ D b.u; p0/� hg; p0i D 0 � 0 D 0; (4.3.37)

since Btp0 D 0 and hg; p0i D 0 as in (4.3.16). Proceeding exactly as in (4.3.27)–
(4.3.29), we then have

jp0jc � jpjc: (4.3.38)

Using the ellipticity condition (4.3.19), then (4.3.38), (4.3.10) and the previous
estimate (4.3.36) on p, we have

kp0kQ � 1

�
1=2
0

jp0jc � 1

�
1=2
0

jpjc � kak kck1=2
�
1=2
0 ˇ2

kgkQ0 : (4.3.39)

The estimates on u and u0 can be obtained in a similar way: indeed we can use
(4.3.31), then (4.3.34), and then again (4.3.36) to obtain

kBu � gk2Q0 D kCpk2Q0 � kck kgkQ0kpkQ � kck kak
ˇ2

kgk2Q0 ;

giving

kBukQ0 � .kck kak/1=2
ˇ

kgkQ0 C kgkQ0 � �C ˇ

ˇ
kgkQ0 ; (4.3.40)

where in the last step we used the definition of � given in (4.3.26). Hence, using
(4.1.93), Bu D Bu, and (4.3.40), we have

kukV � 1

ˇ
kBukQ0 D 1

ˇ
kBukQ0 � �C ˇ

ˇ2
kgkQ0 : (4.3.41)

Finally, we can use (4.3.29) to obtain
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ku0kV � kak1=2
˛1=2

kukV � .�C ˇ/kak1=2
˛1=2ˇ2

kgkQ0 : (4.3.42)

The estimates in the case g0 D 0 are therefore completed.
We now consider the case g D 0. Using the definition (4.3.9), then (4.3.13), and

then the second equation of (4.3.20) with q D p0, we have

jp0j2c D c.p0; p0/ D c.p; p0/� c.p; p0/

D b.u; p0/ � hg0; p0i � c.p; p0/ D �hg0; p0i � c.p; p0/

� kg0kQ0kp0kQ C jpjc jp0jc
(4.3.43)

where the last equality holds since p0 2 KerBt . We also note that, due to (4.3.19),

kp0kQ � 1

�
1=2
0

jp0jc: (4.3.44)

Joining (4.3.43) and (4.3.44), we then have

jp0j2c � kg0kQ0

�
1=2
0

jp0jc C jpjcjp0jc; (4.3.45)

implying

jp0jc � kg0kQ0

�
1=2
0

C jpjc; (4.3.46)

and using once more (4.3.44), and then (4.3.10),

kp0kQ � 1

�
1=2
0

�kg0kQ0

�
1=2
0

C jpjc
�

� kg0kQ0

�0
C kck1=2

�
1=2
0

kpkQ: (4.3.47)

Proceeding as in (4.3.35), and then using (4.3.47), and finally (4.1.94), we now have

kBtpk2V 0 D kBtpk2V 0 D kAuk2V 0 � kak kg0kQ0kp0kQ

�kak kg0k2Q0

�0
C kak kg0kQ0

�
1=2
0

kck1=2kpkQ

�kak kg0k2Q0

�0
C kak kg0kQ0kck1=2

ˇ�
1=2
0

kBtpkV 0 :

(4.3.48)

Using the classical inequality xy � .x2 C y2/=2 on the last term of (4.3.48), we
obtain
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1

2
kBtpk2V 0 � kak kg0k2Q0

�0
C kak2 kg0k2Q0kck

2ˇ2�0
� .2ˇ2 C �2/kak kg0k2Q0

2�0ˇ2
;

(4.3.49)
implying easily

kBtpkV 0 � .2ˇ2 C �2/
1=2kak1=2 kg0kQ0

�
1=2
0 ˇ

: (4.3.50)

From (4.3.50), using once more (4.1.94), we obtain the estimate on p

kpkQ � .2ˇ2 C �2/1=2kak1=2 kg0kQ0

�
1=2
0 ˇ2

; (4.3.51)

which, using (4.3.47), also gives the bound on p0:

kp0kQ � kg0kQ0

�0
C kck1=2

�
1=2
0

.2ˇ2 C �2/1=2kak1=2 kg0kQ0

�
1=2
0 ˇ2

D ˇ2 C �.2ˇ2 C �2/1=2

�0ˇ2
kg0kQ0 � 2.ˇ2 C �2/

�0ˇ2
kg0kQ0 : (4.3.52)

This, in turn, gives us a bound on kCpkQ0 . Indeed, using (4.3.33) and remember-
ing that in this case

hg; pi D hg0; pi D hg0; p0i (4.3.53)

and then using (4.3.52), we easily have

kCpk2Q0 � �kck hg0; p0i � kck 2.ˇ2 C �2/

�0ˇ2
kg0k2Q0 : (4.3.54)

On the other hand, the second equation of (4.3.20) gives Bu D Cp C g0, so that
using (4.3.54),

kBukQ0 �
�kck1=2 p

2.ˇ2 C �2/

�
1=2
0 ˇ

C 1
�
kg0kQ0 � 3

p
ˇ2 C �2kck1=2
�
1=2
0 ˇ

kg0kQ0 ;

(4.3.55)

where we used the fact that �0 � kck. We now note that Bu D Bu, so that, using
(4.1.93) and (4.3.55), we have the estimate on u

kukV � 1

ˇ
kBukQ0 � 3

p
ˇ2 C �2kck1=2
�
1=2
0 ˇ2

kg0kQ0 : (4.3.56)
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The estimate on u0 then follows from (4.3.29), that is,

ku0kV � kak1=2
˛
1=2
0

kukV � 3�
p
ˇ2 C �2

�
1=2
0 ˛

1=2
0 ˇ2

kg0kQ0 : (4.3.57)

As already discussed, the estimates for the cases g D 0 and f D f or f D f0 are
“symmetrical”, and the proof is completed. ut
Remark 4.3.3. Following the path of Theorem 3.6.1, we could have proved stability
also for the case in which a or c are not symmetric (at least in the case ImB D Q0).
However, the dependence of the stability constants upon ˛0 and ˇ would have been
much worse. ut

A very particular (but important) case is met when c has the form, as in (4.3.7),

c.p; q/ D �.p; q/Q; � � 0 (4.3.58)

where .� ; �/Q is the scalar product inQ. We decided therefore to dedicate a theorem
especially to it.

Theorem 4.3.2. In the framework of Assumption ABC, assume further that the inf-
sup condition (4.2.26) and the ellipticity requirement (4.2.12) are satisfied, and that
c is given by (4.3.58) with � > 0. Then, for every f 2 V 0 and for every g 2 Q0,
problem (4.3.20) has a unique solution, and we have the estimate

kukV � ˇ2 C 4� kak
˛0ˇ2

kf kV 0 C 2kak1=2
˛
1=2
0 ˇ

kgkQ0 (4.3.59)

and

kpkQ � 2 kak1=2
˛
1=2
0 ˇ

kf kV 0 C 4 kak
�kak C 2 ˇ2

kgkQ0 : (4.3.60)

Proof. As we are already used to, we shall split the two cases f D 0 and g D 0,
and then combine the estimates by linearity. Let us first consider the case f D 0,
and assume that u, p and g satisfy

(
a.u; v/C b.v; p/ D 0; 8 v 2 V;
b.u; q/� �.p; q/Q D hg; qiQ0�Q; 8 q 2 Q: (4.3.61)

In operator form, (4.3.61) can be written as
(
Au C Btp D 0;

Bu � �RQp D g;
(4.3.62)

where RQ is the Ritz operatorQ ! Q0 (see (4.1.37)).
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Using (4.1.94) together with the first equation of (4.3.62), we obtain

ˇkpkQ � kBtpkQ0 D kAukV 0 : (4.3.63)

On the other hand, we already noted (see (4.3.32)) that

a.u; u/C �kpk2Q D �hg; piQ0�Q: (4.3.64)

Using (4.3.12), Eq. (4.3.64) and finally (3.4.17), we have

kAuk2V 0 � kaka.u; u/ � kakkpkQ kgkQ0 ; (4.3.65)

which, combined with (4.3.63), yields

kAukV 0 � kak
ˇ

kgkQ0 ; (4.3.66)

and using again (4.3.63),

kpkQ � kak
ˇ2

kgkQ0 : (4.3.67)

Using the lifting operator LB defined in Theorem 4.1.5, we set

Qu WD LB.g C �R�1
Q p/ (4.3.68)

and we have from (3.4.43)

BQu D g C �R�1
Q p: (4.3.69)

Setting now

u0 WD u � Qu; (4.3.70)

we have from (4.3.69) and the second equation of (4.3.62) that u0 2 K . We then
note that, testing the first equation of (4.3.61) with v D u0, we have, as in (4.3.27):

a.u; u0/ D �b.u0; p/ D 0: (4.3.71)

Moreover, using (4.3.70), (4.3.71) and (4.3.11), we have as in (4.3.28)

a.u0; u0/ D �a.u0; Qu/ � ju0jajQuja; (4.3.72)

which easily gives

ju0ja � jQuja: (4.3.73)

Hence, we can use (4.2.12) and (4.3.73) to obtain

˛0ku0k2V � ju0j2a � jQuj2a; (4.3.74)
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and finally from (4.3.74) and (4.3.10),

ku0kV �
�kak
˛0

�1=2kQukV : (4.3.75)

Finally, we can collect (4.3.70) and (4.3.75) and have an estimate for u:

kukV � ku0kV C kQukV �
�
1C

�kak
˛0

�1=2�
kQukV : (4.3.76)

We now consider the first equation of (4.3.61) with v D u, getting

a.u; u/C b.u; p/ D 0: (4.3.77)

Recalling that a is positive semi-definite (see (4.3.8)), we obtain

b.u; p/ � 0;

and substituting p D ��1R�1
Q .Bu � g/:

0 � hBu; ��1R�1
Q .Bu � g/iQ0�Q

D ��1
�
kBuk2Q0 � hBu; R�1

Q giQ0�Q
�
; (4.3.78)

which easily implies

kBuk2Q0 � hBu; R�1
Q giQ0�Q � kBukQ0 kgkQ0 ; (4.3.79)

giving

kBukQ0 � kgkQ0 : (4.3.80)

Using once more the inf-sup condition (4.1.93),

kQukV � 1

ˇ
kBQukQ0 � 1

ˇ
kBukQ0 � 1

ˇ
kgkQ0 ; (4.3.81)

and inserting (4.3.81) in (4.3.76), then using ˛0 � kak, gives

kukV �
�
1C

�kak
˛0

�1=2�kQukV � 2kak1=2
ˇ˛

1=2
0

kgkQ0 : (4.3.82)
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We note at this point that we have another way to obtain an estimate for p, apart
from (4.3.67); actually, from the second equation of (4.3.62), and (4.3.80):

kpkQ � 1

�
kBu � gkQ0 � 2

�
kgkQ0 : (4.3.83)

With some manipulations, we see that (4.3.67) and (4.3.83) can be combined into

kpkQ � 4 kak
kak�C 2 ˇ2

kgkQ0 : (4.3.84)

We now consider the case in which g D 0 and assume that u, p and f satisfy

(
a.u; v/C b.v; p/ D hf; viV 0�V ; 8 v 2 V;
b.u; q/� �.p; q/Q D 0; 8 q 2 Q; (4.3.85)

which in operator form reads:

(
Au C Btp D f

Bu � �RQp D 0;
(4.3.86)

where againRQ is the Ritz operatorQ ! Q0 (see (4.1.37)). We use again the lifting
operator LB of Theorem (4.1.5), this time setting Qu WD LB�RQp so that

BQu D Bu D �RQp; (4.3.87)

and, defining again u0 as in (4.3.70), we still have u0 2 K . Taking v D Qu as test
function in the first equation of (4.3.86), and substitute p D R�1

Q �
�1Bu:

a.u; Qu/C b.Qu; R�1
Q �

�1Bu/ D hf; Qui: (4.3.88)

As BQu D Bu, we can rewrite (4.3.88) as follows

��1kBuk2Q0 D hf; Qui � a.u; Qu/ � kf kV 0 kQukV � a.u; Qu/: (4.3.89)

We leave (4.3.89) for a while, and we estimate �a.u; Qu/. Using the fact that
u D Qu C u0 and (4.3.11), we obtain

� a.u; Qu/ D �a.Qu C u0; Qu/ � �jQuj2a C jQuja ju0ja: (4.3.90)

On the other hand, testing the first equation with v D u0, we get

a.u; u0/ D hf; u0i; (4.3.91)
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yielding

ju0j2a D a.u0; u0/ D a.u; u0/� a.Qu; u0/ � kf k ku0kV C jQuja ju0ja: (4.3.92)

On the other hand, (4.3.17) gives

˛0ku0k2V � ju0j2a (4.3.93)

which, together with (4.3.92), yields

ju0ja � kf kV 0

˛
1=2
0

C jQuja: (4.3.94)

Inserting this into (4.3.90), we have

� a.u; Qu/ � �jQuj2a C jQuja
� 1

˛
1=2
0

kf kV 0 C jQuja
�

D jQuja 1

˛
1=2
0

kf kV 0 : (4.3.95)

Inserting this into (4.3.89), then using (4.3.10), and finally using (4.1.93) gives

��1kBuk2Q0 � kf kV 0 kQukV C jQuja 1

˛
1=2
0

kf kV 0

�
�
1C kak1=2

˛
1=2
0

�
kf kV 0kQukV �

�
1C kak1=2

˛
1=2
0

�
kf kV 0

1

ˇ
kBukQ0

D ˛
1=2
0 C kak1=2
ˇ˛

1=2
0

kf kV 0kBukQ0 : (4.3.96)

Using again (4.1.93) and then (4.3.96), we have therefore

kQukV � 1

ˇ
kBukQ0 � �.˛

1=2
0 C kak1=2/
ˇ2˛

1=2
0

kf kV 0 : (4.3.97)

Using (4.3.93), (4.3.94), and (4.3.10) and then (4.3.97), we have then

ku0kV � 1

˛
1=2
0

ju0ja � kf kV 0

˛0
C jQuja
˛
1=2
0

� kf kV 0

˛0
C

�kak
˛0

�1=2kQuk

�
� 1
˛0

C �.˛
1=2
0 C kak1=2/kak1=2

˛0ˇ2

�
kf kV 0 : (4.3.98)
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From the second equation of (4.3.86) and (4.3.97), we also derive the estimate for p

kpkQ D k��1BukQ0 � ˛
1=2
0 C kak1=2
ˇ˛

1=2
0

kf kV 0 : (4.3.99)

We collect the results for g D 0, using the fact that ˛0 � kak. From (4.3.97) and
(4.3.98), we have the estimate on u

kukV � kQukV C ku0kV

�
�� .kak1=2 C ˛

1=2
0 /

˛
1=2
0 ˇ2

C 1

˛0
C �.kak C .kak˛0/1=2/

˛0ˇ2

�
kf kV 0

� ˇ2 C 4�kak
˛0ˇ2

kf kV 0 ; (4.3.100)

while from (4.3.99) we have the estimate on p

kpkQ � 2 kak1=2
˛
1=2
0 ˇ

kf kV 0 : (4.3.101)

The final results can then be obtained collecting (4.3.82), (4.3.84), (4.3.100) and
(4.3.101). ut
Corollary 4.3.1. In the framework of Assumption ABC, assume that ImB is closed,
that the ellipticity requirement (4.2.12) is satisfied and that c is given by (4.3.58)
with � � 0. Set g D g C g0 with g 2 H0 and g0 2 H 0 (with H WD kerBt , as
usual), and set p D pCp0 with p 2 H? and p0 2 H . Then, for every f 2 V 0 and
for every g 2 Q0, problem (4.3.20) has a unique solution, and we have the estimates

kukV � ˇ2 C 4� kak
˛0ˇ2

kf kV 0 C 2kak1=2
˛
1=2
0 ˇ

kgkQ0 ; (4.3.102)

kpkQ � 2 kak1=2
˛
1=2
0 ˇ

kf kV 0 C 4 kak
�kak C 2 ˇ2

kgkQ0 ; (4.3.103)

kp0kQ � 1

�
kg0kQ0 : (4.3.104)

Proof. It is immediate to check that, actually, the problem splits into two sub-
problems: find .u; p/ 2 V �H? such that

(
a.u; v/C b.v; p/ D hf; viV 0�V ; 8 v 2 V;
b.u; q/� �.p; q/Q D hg; qi.H?/0�H? ; 8 q 2 H?;

(4.3.105)
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and

�p0 D g0: (4.3.106)

For problem (4.3.105), we can apply the results of Theorem 4.3.2 usingH? instead
of Q (with the same norm). Problem (4.3.106) is trivial. ut

In the case where c has the form (4.3.58), as in Theorem 4.3.2, it is also
interesting to estimate the distance between the solution of the perturbed problem
(4.3.20) and the solution of the limit problem, for � ! 0.

We have in particular the following proposition.

Proposition 4.3.3. Together with Assumption AB, assume that a.� ; �/ is symmetric,
positive semi-definite and elliptic on K , and that ImB is closed. Let f 2 V 0, let
g 2 ImB , and let .u�; p�/ be the solution in V �H? of the problem

(
a.u�; v/C b.v; p�/ D hf; viV 0�V ; 8 v 2 V;
b.u�; q/ D hg; qiQ0�Q; 8 q 2 Q: (4.3.107)

Let moreover, for � > 0, .u�; p�/ be the solution in V �Q of
(
a.u�; v/C b.v; p�/ D hf; viV 0�V ; 8 v 2 V;
b.u�; q/ � �.p�; q/Q D hg; qiQ0�Q; 8 q 2 Q: (4.3.108)

Then, we have

ku� � u�kV C kp� � p�kQ � C �; (4.3.109)

where C is a constant depending only on ˛0, kak and ˇ.

Proof. Setting ıu WD u� � u� and ıp WD p� � p� and taking the difference of
(4.3.108)–(4.3.107), we easily have

(
a.ıu; v/C b.v; ıp/ D 0; 8 v 2 V;
b.ıu; q/� �.ıp; q/ D � .p�; q/Q; 8 q 2 Q: (4.3.110)

Hence, we can apply estimates (4.3.59) and (4.3.60) with g D �RQp
�. ut

Remark 4.3.4. We point out that the validity of (4.3.109) for � ! 0 could have
been obtained directly from Theorem 4.3.2 and the Kato Theorem (4.1.3). ut

We also point out the following result, that is particularly useful if one is not too
keen on spotting the best dependence of the stability constants.

Proposition 4.3.4. Together with Assumption AB, assume that a.� ; �/ is symmetric,
positive semi-definite, and elliptic on K , and that ImB is closed. Then, for every
� > 0, there exist a constant Q̨ , depending on �, kak, ˛0 and ˇ (defined in (4.3.18)),
such that

Q̨ kvk2V � a.v; v/C �kBvk2Q0 8 v 2 V: (4.3.111)
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Proof. It is easy to check that, for every " 2 �0; 1Œ,

a.v; v/C �kBvk2Q0 D jv0j2a C jvj2a C 2a.v0; v/C �kBvk2Q0

� jv0j2a C jvj2a C �ˇkvk2V � 2jv0jajvja

� jv0j2a C jvj2a C �ˇ2kvk2V � "jv0j2a � 1

"
jvj2a

D .1� "/jv0j2a C .1 � 1

"
/jvj2a C �ˇ2kvk2V

� .1 � "/jv0j2a C .kak � kak
"
/jvj2V C �ˇ2kvk2V

D .1� "/jv0j2a C �ˇ2"C kak" � kak
"

kvk2V

� ˛0.1 � "/kv0k2V C �ˇ2"C kak" � kak
"

kvk2V ;

and the result follows by taking " D �ˇ2 C 2kak
2�ˇ2 C 2kak . ut

Remark 4.3.5. It is clear that, conversely, the property (4.3.111) implies the ellip-
ticity of a on the kernelK of B . ut
Remark 4.3.6. Looking at the proof of Proposition 4.3.4, we can analyse the
dependence of the constant Q̨ on �ˇ2, on kak, and on ˛0. Indeed, setting k WD �ˇ2

andm WD kak, for " D k C 2m

2k C 2m
we have

k"Cm"�m

"
D .k=2/Cm �m

"
D k=2

"
D k.k Cm/

k C 2m
(4.3.112)

while

˛0.1 � "/ D ˛0.2k C 2m � k � 2m/
2k C 2m

D ˛0 k

2k C 2m
: (4.3.113)

On the other hand, since ˛0 � m D kak, we have

k.k Cm/

k C 2m
� k˛0

2k C 2m
(4.3.114)

which finally gives (looking at the last line of the proof of Proposition 4.3.4)

Q̨ � �ˇ2˛0

2�ˇ2 C 2kak : (4.3.115)
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It is easy to see (taking the derivative) that the right-hand side of (4.3.115), as a
function of �, is monotonically increasing. Hence, we can say that, for every fixed
�� > 0, we have that for every � � ��,

Q̨ � ˛� WD ��ˇ2˛0
2��ˇ2 C 2kak : (4.3.116)

ut
Remark 4.3.7. In the above theorem, there is no mention of any bilinear form c,
and one may wonder why the theorem has been put in this subsection. However, the
bilinear form a.u; v/C �.Bu; Bv/Q0 is exactly what we get from problem (4.3.20)
for c.p; q/ D �.p; q/Q (that is, in the case of the problem (4.3.108)). Indeed, in
this case, the second equation of (4.3.108) can be written as: Bu D �RQp C g

whereRQ is the Ritz operator in Q, as defined in Theorem 4.1.2. Solving for p and
substituting in the first equation gives

a.u; v/C 1

�
hR�1

Q Bu; BviQ�Q0 D hf; viV 0�V C 1

�
hR�1

Q g;BviQ�Q0 :

Then, we use the fact that R�1
Q � RQ0 , we set � D 1=�, and we obtain that the

problem (4.3.108) is equivalent to

(
a.u; v/C �.Bu; Bv/Q0 D hf; viV 0�V C �.g;Bv/Q0 8 v 2 V;
p D �RQ0.g � Bu/;

(4.3.117)

where clearly the first equation can be solved by itself, and its solution u used to
express the solution p of the second equation. ut

We conclude the subsection on regular perturbations with the following general
theorem, which is often useful in these kinds of problems.

Theorem 4.3.3 (The shadow solution). Assume that H is a Hilbert space, and that
M and D are linear continuous operators from H into its dual space. Assume that
ImM is closed and that there exists a �� > 0 such that, for every � positive with
� � ��, we have

�kxk2H � C hMx C �Dx; xiH0�H 8 x 2 H; (4.3.118)

for some C independent of � and x. Let F 2 ImM and consider, for every � positive
with � � ��, the solution x� of the perturbed equation

Mx� C �Dx� D F : (4.3.119)
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Then, x� has a unique limit x� for � ! 0C and

kx� � x�kH � C� (4.3.120)

where C is independent of �.

Proof. We give a hint of the proof. As F 2 ImM, we have F D Mx for some
x 2 .KerM/? with kxkH bounded by kFkH0 . Then,

hM.x � x�/; .x � x�/i C �hD.x � x�/; .x � x�/i D � hDx; .x � x�/i;
showing that

kx� � xk2H � C0 hDx; .x � x�/i � C1kFkH0kx� � xkH; (4.3.121)

with C0 andC1 independent of �. Hence, x��x is bounded, and (up to the extraction
of a subsequence) converges weakly in H. We define then x� as the weak limit (for
� ! 0C) of x�: Then, we can go back to the first inequality in (4.3.121), and see that
the convergence is strong. Now we remark that, for every �, equation (4.3.119) gives
that Dx� belongs to the image of M. As the image is closed, its limit Dx� is also in
the image. Let y� 2 .KerM/? be such that My� D Dx�. Set now y� WD x� � x�,
y WD �y� and G WD My. We easily have that

My� C �Dy� D �Dx� D M.�y�/ D G: (4.3.122)

Proceeding as in the previous part of the proof, we have then

hM.y � y�/; .y � y�/i C �hD.y � y�/; .y � y�/i
D � hDy; x � x�i D �2 hDy�; y � y�i;

showing that

ky� � yk2H � C0 � hD.y�/; .y � y�/i � �C2ky � y�kH; (4.3.123)

with C2 independent of �. Hence, ky� � ykH D O.�/. Recalling the definition of
y� and y, we have then kx� � x� � �y�kH D O.�/ and finally (4.3.120). ut
Remark 4.3.8. We note that x and x� will both solve the limit equation Mx D F ,
and they have the same component in .KerM/?. However, the perturbation �D,
although vanishing in the limit, leaves a unique choice of the part of the solution
that belongs to .KerM/: it is the shadow of the perturbation. ut
Remark 4.3.9. The above theorem applies for instance to perturbed mixed formula-
tions as (4.3.20) when a and c are positive definite, with H D V �Q. In this case,
we can set M.u; p/ D .Au C Btp;�Bu/ and D.u; p/ D .0; Cp/ and the theorem
applies. Note that ImM will be closed due to Remark (4.2.6). ut
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4.3.2 Singular Perturbations

An important variant of problem (4.3.20) will occur in applications (cf. Sect. 10.4).
Assume that we are given a Hilbert space W continuously embedded in Q (that is
W ,! Q) and dense in Q. We recall that, as in (4.1.75), the continuous embedding
means that W � Q and, moreover,

kwkQ � CWQkwkW 8 w 2 W (4.3.124)

(and without loss of generality we can assume here that CWQ D 1). As discussed in
Sect. 4.1.6, the density implies thatQ0 ,! W 0, thatQ0 is dense inW 0, the inequality

kwkW 0 � kwkQ0 8 w 2 Q0; (4.3.125)

and finally that

hg; qiW 0�W D hg; qiQ0�Q whenever g 2 Q0 and q 2 W: (4.3.126)

Remark 4.3.10. Having assumed already that CWQ D 1, and also in order to keep
the formulae reasonably simple, throughout this subsection, we implicitly assume
that the problem has been adimensionalised, so that all the quantities we deal with
are pure numbers. ut
We now consider for every � > 0 a perturbation of the type c.p; q/ D � .p; q/W ,
that is, we consider problems of the form: find .u�; p�/ in V �W such that:

a.u�; v/C b.v; p�/ D hf; viV 0�V ; 8 v 2 V; (4.3.127)

b.u�; q/ � � .p�; q/W D hg1; qiQ0�Q C hg2; qiW 0�W ; 8 q 2 W: (4.3.128)

Depending on which space is identified to its dual space, we shall meet cases where
W ,! Q � Q0 ,! W 0 or where Q0 ,! W 0 � W ,! Q. In all cases, roughly
speaking, the solution of a problem in V � Q is approximated by the (smoother)
solution of a problem in V �W . To put the problem in the right frame, we suppose
first, for simplicity, that a.�; �/ is coercive on V and b.�; �/ continuous on V � Q

(hence on V �W ) with ImB closed inQ0. We suppose in (4.3.128) that g1 2 ImB .
Taking as usual (4.3.127) with v D u� and subtracting (4.3.128) with q D p�, and
then using the coercivity of a, we have immediately

˛ku�k2 C �kp�k2W � kf kV 0ku�kV C kg1kQ0kp�kQ C kg2kW 0kp�kW ; (4.3.129)

where, as usual, p is the component of p in H?, with H D KerBt . On
the other hand, with the usual arguments, one still has from (4.3.127) that
ˇkp�kQ � kak ku�k C kf kV 0 . By classical arguments, one then gets the estimate

ku�k2V C kp�k2Q C �kp�k2W � C .kf k2V 0 C kg1k2Q0 C 1

2�
kg2k2W 0/; (4.3.130)
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where (here and in the sequel of this subsection) we denote by C any constant
that depends only on the bilinear forms a and b. If we have g2 D g2.�/

with kg2.�/k2W 0=� bounded independently of �, then the solution will become
unbounded inW for � ! 0 but will remain bounded inQ=KerBt , and we expect it
to converge to the solution of problem (4.2.6).

Before discussing further this matter, we would like to relax the ellipticity
condition on a, assuming ellipticity only in the kernel of B . This, however, will
produce unnecessary technical difficulties, so that we will compromise on a slightly
stronger condition: We have seen in Proposition 4.3.4 and in Remark 4.3.5 that,
when ImB is closed and a is symmetric, the ellipticity in the kernel of a is equivalent
to the property (4.3.111). Here, taking into account Remarks 4.3.7 and 4.3.6 as well,
we are going to assume that for every �� > 0 there exists an ˛� > 0 such that:

8� > �� 9 Q̨ > ˛� s. t. Q̨ kuk2V � a.v; v/C �kBvk2W 0 8 v 2 V: (4.3.131)

Note that, as W 0 is bigger than Q0 (and has a smaller norm), condition (4.3.131) is
stronger than the corresponding condition (4.3.111).

Finally, as we are interested in the case of � small, we will not care about the
possible behaviour for � ! C1, and we can limit ourselves to the case ���0
(implying that � is bigger that some fixed ��). In the next theorem, it will be
convenient to take �0 D 1=2, just to have slightly nicer formulae.

Theorem 4.3.4. Together with Assumption AB, assume that ImB is closed in Q
and that a.� ; �/ is positive semi-definite and verifies (4.3.131). Assume moreover
that W is a Hilbert space, continuously embedded in Q and dense in Q. Then,
for every � with 0 < � � 1=2, for every f 2 V 0, for every g1 2 ImB , and for
every g2 2 W 0, the problem (4.3.127) and (4.3.128) has a unique solution which,
moreover, satisfies

ku�kV Ckp�kQC�1=2kp�kW � C .kf kV 0 Ckg1kQ0 C 1

�1=2
kg2kW 0/; (4.3.132)

where p� is the component of p� in H?.

Proof. Since we do not yet have the existence of the solution, we apply a
regularisation argument. We first substitute a with a" given by

a".u; v/ D a.u; v/C ".u; v/V ;

with " > 0. Then, we prove a-priori bounds independent of " and we have the
solution in the limit for " ! 0C. For brevity, we do not re-write problem (4.3.127)
and (4.3.128) with a" in place of a, and we do not indicate the dependence of the
solution of the regularised problem on ". Taking the first equation (4.3.127) with
v D u�, and subtracting the second equation (4.3.128) for q D p�, we get

"ku�k2V Ca.u�; u�/C �.p�; p�/W

Dhf; u�i C hg1; p�iQ0�Q C hg2; p�iW 0�W :
(4.3.133)
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We note that we still have from the first equation that

ˇkp�kQ � C.ku�kV C kf kV 0/; (4.3.134)

and since we assumed g1 2 ImB , we have

hg1; p�i D hg1; p�i � Ckg1kQ0.ku�kV C kf kV 0/: (4.3.135)

On the other hand, we also have

hf; u�i � kf kV 0 ku�kV (4.3.136)

and

hg2; p�i � 1

�1=2
kg2kW 0�1=2kp�kW � 1

2�
kg2k2W 0 C �

2
kp�k2W : (4.3.137)

Inserting (4.3.135), (4.3.136), and (4.3.137) in (4.3.133) and dropping the term
with the " (which is positive), we then easily have

a.u�; u�/C �kp�k2W
� C

�kg1kQ0.ku�kV C kf kV 0/C kf kV 0 ku�kV C 1

�
kg2k2W 0

�

� C
�
ku�kV .kf kV 0 C kg1kQ0/C kf k2V 0 C kg1k2Q0 C 1

�
kg2k2W 0

�
:

(4.3.138)

On the other hand, from the second equation we have that �RW p� (where RW
is the Ritz operator in W, as in Theorem 4.1.2) is equal to Bu� � g1 � g2. Hence,

�kp�k2W D �kRW p�k2W 0 D 1

�
kBu� � g1 � g2k2W 0 : (4.3.139)

Hence, using .a C b/2 � 2a2 C 2b2, the assumption � � 1=2, (4.3.139) and
(4.3.125), we have:

kBu�k2W 0 � 2kBu� � g1 � g2k2W 0 C 2kg1 C g2k2W 0

� 1

�
kBu� � g1 � g2k2W 0 C 4kg1kW 0 C 4kg2kW 0

� �kp�k2W C 4kg1kQ0 C 4kg2kW 0 ;

(4.3.140)

which, joined with (4.3.138), gives immediately
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a.u�; u�/C kBu�kW 0 C �kp�k2W
� C

�
ku�kV .kf kV 0 C kg1kQ0/C kf k2V 0 C kg1k2Q0 C 1

�
kg2k2W 0

�
:

(4.3.141)

Finally, using (4.3.134) together with (4.3.131) and (4.3.141) gives

ku�k2V C kp�k2Q C �kp�k2W
� C1

�
ku�k2V C kf k2V 0 C �kp�k2W

�

� C2

�
a.u�; u�/C kBu�kW 0 C kf k2V 0 C �kp�k2W

�

� C3

�
ku�kV .kf kV 0 C kg1kQ0/C kf k2V 0 C kg1k2Q0 C 1

�
kg2k2W 0

�
;

(4.3.142)

which easily yields the result (4.3.132) ut
As we shall see, a particularly interesting case is met when both g1 and g2 are

zero. In fact, it is remarkable that in this case we do not need the inf-sup condition
(meaning that we do not need ImB to be closed). We have indeed the following
proposition.

Theorem 4.3.5. Together with Assumption AB, assume that a.� ; �/ is positive
semi-definite and verifies (4.3.131). Assume, moreover, that W is a Hilbert space,
continuously embedded in Q and dense in Q. Then, for every � with 0 < � � 1=2,
and for every f 2 V 0, the problem: find .u�; p�/ in V �W such that

a.u�; v/C b.v; p�/ D hf; viV 0�V ; 8 v 2 V; (4.3.143)

b.u�; q/ � � .p�; q/W D 0; 8 q 2 W; (4.3.144)

has a unique solution, that moreover satisfies

Q̨ ku�k2V C �kp�k2W � 4kf k2
V 0

Q̨ ; (4.3.145)

where Q̨ is given in (4.3.131).

Proof. Mimicking the proof of Theorem 4.3.4, we now have, using (4.3.131), then
(4.3.139), and finally (4.3.133):

Q̨ ku�k2V C �kp�k2W
� a.u�; u�/C 1

�
kBu�k2W 0 C �kp�k2W D a.u�; u�/C 2

�
kBu�k2W 0

� 2
�
a.u�; u�/C 1

�
kBu�k2W 0

�
� 2hf; u�iV 0�V ; (4.3.146)
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and the result follows immediately since

2hf; u�iV 0�V � 2kf k2
V 0

Q̨ C Q̨ku�k2V
2

: ut

As we consider the augmented problem as a perturbation, we shall now try to get
an estimate on ku � u�kV and kp � p�kQ as � ! 0C.

Proposition 4.3.5. With the same assumptions of Theorem 4.3.4, and assuming
moreover that g2 D 0, let .u�; p�/ 2 V �W be the solution of problem (4.3.127)–
(4.3.128) and .u; p/ 2 V �Q be the solution of problem (4.2.6). We then have

ku � u�kV C kp � p�kQ � C inf
pw2W

h
kp � pwkQ C

p
� kpwkW

i
: (4.3.147)

Proof. Subtracting (4.3.127)–(4.3.128) from (4.2.6) with q 2 W , one easily has

(
a.u � u�; v/C b.v; p � p�/ D 0; 8v 2 V;
b.u � u�; q/ D � .p�; q/W ; 8q 2 W: (4.3.148)

The argument of Proposition 4.3.3 cannot be applied, for it would require (in the
second equation of (4.3.148)) q 2 Q. However, let pw be any element of W . We
rewrite (4.3.148) as

(
a.u � u�; v/C b.v; pw � p�/ D b.v; pw � p/; 8 v 2 V;
b.u � u�; q/C � .pw � p�; q/W D �� .pw; q/W ; 8 q 2 W: (4.3.149)

We can now apply Theorem 4.3.4 with hg2; qi D �.pw; q/W , and use estimate
(4.3.132) to get

ku � u�k2V C kpw � p�k2Q � C .kpw � pk2Q C � kpwk2W /: (4.3.150)

From the triangle inequality and the arbitrariness of pw, one deduces (4.3.147). ut
Remark 4.3.11. The right-hand side of (4.3.147) will, in general, tend to zero with
� whenever p is more regular than just p 2 Q. For instance, if p 2 W , we can take
pW D p and (4.3.147) will give

ku � u�kV C kp � p�kQ � C
p
�: (4.3.151)

See also Remark 4.3.14 here below. ut
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Remark 4.3.12. The above result is not optimal. For instance, it does not reduce to
the estimate (4.3.109) of Proposition 4.3.3 when W D Q. Let us suppose however,
for simplicity, that ImB D Q0, and consider the space W C defined as

W C WD R�1
W .Q

0/; (4.3.152)

where RW is as usual the Ritz operator inW as defined in Theorem 4.1.2. Since Q0
is a dense subspace of W 0, we easily have that W C is a dense subspace of W , and
moreover,

W C ,! W ,! Q: (4.3.153)

Furthermore, for every pC 2 W C, there exists, from the definition (4.3.152), a
g 2 Q0 such that

.pC; q/W D .R�1
W g; q/W D hg; qiW 0�W (4.3.154)

and, using (4.1.76), we have, for every q 2 W ,

.pC; q/W D hg; qiW 0�W D hg; qiQ0�Q � kgkQ0kqkQ 8 q 2 W; (4.3.155)

where we also used (4.3.126). We can think of W C as a subspace of W made of
more regular functions. Taking now pw D pwC

2 W C, we can now go back to
(4.3.149), considering this time that the right-hand side of the second equation (that
is � .pw; q/W ) corresponds to the choice g2 D 0 and hg1; qi D � .pwC

; q/W when
using Theorem 4.3.4. From (4.3.132), we now have

ku � u�kV C kp � p�kQ � C
�

inf
pwC

2WC

kp � pwC
kQ C � kpwC

kWC

�
(4.3.156)

where we also took into account that we assumed ImB D Q0 and hence p� D p�.
Now, (4.3.156) is optimal for W C D Q. ut
Remark 4.3.13. The argument of the above remark can easily be extended to the
case in which ImB is closed but does not coincide with Q0. We simply have to take
W C WD R�1

W H
0 (whereH0 is the polar space ofH � KerBt ), so that .pwC; q/W �

CkqkQ. In general, such a W C will not be dense in W , but in many applications p
(belonging to H?) will still belong to its closure (that is, you can still approximate
p with a sequence of elements in W C). ut
Remark 4.3.14. In the spirit of Remark 4.3.11, we observe that, here again, the
right-hand side of (4.3.156) can be bounded in terms of � whenever p is more
regular. In particular for p 2 W C, we would have

ku � u�kV C kp � p�kQ � C �: (4.3.157)

ut
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Remark 4.3.15. In both (4.3.147) and (4.3.156), an intermediate regularity
betweenQ andW C can provide an intermediate speed of convergence for � ! 0.
More precisely, let us suppose that p belongs to ŒW C;Q�
;1 for 0 < 
 < 1. The
space ŒW C;Q�
;1 is an interpolation space between W C and Q. We refer the
reader to [62] for more details on these spaces. Here, we just recall that

kpkŒW C;Q�
;1
D sup

�>0

inf
pwC

2WC

.��
kp � pwC
kQ C �1�
 kpwC

k/: (4.3.158)

As a consequence, if p 2 ŒW C;Q�
;1, then we have

inf
pwC

2WC

.kp � pwC
k C � kpwC

kWC/

D �
 inf
pwC

2WC

.��
kp � pwC
kQ C �1�
 kpwC

k/

� �
kpkŒW C;Q�
;1

(as in [62], Theorem 3.12). Hence, (4.3.156) can be written as

ku � u�kV C kp � p�kQ � C �
kpkŒW C;Q�
;1
: (4.3.159)

Note that, in particular if W C WD H1.˝/ and Q WD L2.˝/, we have that

H
.˝/ ,! ŒW C;Q�
;1:

Hence, if p 2 H
.˝/, we will also have p 2 ŒW C;Q�
;1, and estimate (4.3.159)
will hold true. Clearly, a similar argument could be applied to the estimate (4.3.147)
for p having an intermediate regularity betweenQ and W . ut
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