Chapter 10
Complements on Plate Problems

In this chapter, we shall present a few among many applications of mixed methods
to plate problems. In the first section, we shall describe a mixed method for the
linear thin plates theory and in the second, a dual hybrid method. In the last section,
we shall report some recent results on the discretisation of the Mindlin-Reissner
formulation for moderately thick plates.

10.1 A Mixed Fourth-Order Problem

10.1.1 The ¥ — ® Biharmonic Problem

Let us now see, as a new example of application of the abstract results of
Chaps. 4 and 5, some simple cases of fourth-order problems. We shall start with
formulation (1.3.65) which we may now rewrite in the form (4.2.6) by setting

V:=H'\R), 0 := H} (), (10.1.1)

a(w, ) = / w¢ dx Yo, ¢ €V, (10.1.2)
2

b(u,p) = / grad u - grad ¢ dx YueQ,¢pelV. (10.1.3)
Q

We shall denote by (w, ) instead of (u, p) the solution of the problem in order
to be consistent with the usual physical notations. It is easy to see that we are
now in the situation of Sect.3.6: the bilinear form a(w, ¢) is not coercive on V
(nor is it on KerB but only on H := L?(£2)). A loss of accuracy is therefore to
be expected. Another pitfall is that we cannot use the abstract existence results of
Chap. 4 for the continuous problem and that we must deduce the existence of a
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576 10 Complements on Plate Problems

solution through another channel. In the present case, we know that the solution of
our mixed problem: find ¥ € H} ($2) and » € H'(82) such that

/w¢dx+/ggd1//-g@d¢dx=0 Vo € H'(2),
2 2

(10.1.4)
[ edo-gndupax= [ fudr vuenj@),
2 2
should be a solution of a biharmonic problem
A = f, ¥ € HI(R). (10.1.5)

From a regularity result on the biharmonic problem, we know, for instance, that if
£ is a convex polygon [234,281,362], for f € H~'(£2), the solution of (10.1.5)
belongs to H3(£2) so that @ = —Avy belongs to H'(£2). It is then direct to
verify that we have thus obtained a solution of (10.1.4). This is an example of an
“ill-posed” mixed problem. It should be remarked that the discussion of existence
made above does not apply when the right-hand side of the first equation of (10.1.4)
is not equal to zero.
To get a discrete problem, we take, following the notations of Chap. 2,

Vii=LL, Qn:=LLNHNR), k >2. (10.1.6)

The case k = 1 requires a more special analysis [197, 226, 344]. We then have that
the constant S (), appearing in (5.2.40), can now be bounded by S(h) < ch™! so
that a direct application of Proposition 5.2.6 gives

lw—awnllo + ¥ — ¥l < ch* . (10.1.7)

Indeed, the inf-sup condition is quite straightforward. The operator B is nothing
here but the Laplace operator from H!(£2) to H~!(£2), which is obviously
surjective. To check the discrete condition, we use the criterion of Proposition 5.4.3:
given w € H'(R2), we want to build w, € Vj, such that

/g@dwh~g@duhdx=/ gradw - grad up dx, Vpup € Qp. (10.1.8)
2 2

We recall, however, that we have chosen Q) C V}, so that (10.1.8) will, a fortiori,
hold if we take w;, € V;,. However, (10.1.8) is then nothing but a discrete Neumann
problem for which a solution exists and can be chosen (it is defined up to an additive
constant) so that

lonll < ¢ llefh. (10.1.9)

It must be noted that the condition O, C Vj} is essential to the above result.
In practice, this is not a restriction as (10.1.6) is a natural and efficient choice.
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Result (10.1.7) is far from optimal and may suggest at first sight that the method is
not worth being used. It can however be sharpened in two ways. First it is possible
to raise the estimate on |w — wy|o by half an order [197,345] by a quite intricate
analysis using L°°-error estimates. The second way is a more direct variant of the
duality method of Sect. 5.5.5 and shows that the expected accuracy can be obtained
for Y € H3(£2), that is,

I — vl < ch*, (10.1.10)

and under a supplementary regularity assumption
I — ¥allo < ch**. (10.1.11)

We refer the reader to [107, 189,342,345] and [192] for this analysis.

On the other hand, the particular structure of problem (10.1.4) allows the use
of sophisticated but effective techniques for the numerical solution [150, 225, 227],
so that this method and its variants have a considerable practical interest. In fact, it
provides a correct setting for the widely used {» — w approximations in numerical
fluid dynamics. We refer to [222] for more informations on this subject. Still in the
case of fourth-order problems, we could also consider instead formulation (1.3.70)
which is more related to plate bending problems. We now set

V= (H' (2)7? Q= H}(2), (10.1.12)
and we define, following (1.3.70) for a and T inV,

2
a(o, 1) = M/[(l +v)a: r—vtr(o)tr(r)]dx (10.1.13)

In order to consider a weaker form of the saddle point problem (1.3.70), we
introduce

b(v,7) = /(le) gradvdx—/ Z Oz dv (10.1.14)

0x; 3x,

This enables us to look for w € H](£2) instead of HZ($2), the second boundary
condition being implied by this variational formulation as a natural condition. This is
again an “ill-posed” mixed problem: we must obtain existence of a solution through
a regularity result on the standard problem. Two approaches have been followed in
the approximation of this mixed problem. One of them consists in taking (see [300])

Vi = (L0)P2, Q:= L, N Hy (). (10.1.15)

With respect to (10.1.14), it is, however, possible to use a second approach and
to work notin V' = (H'(£2))?*? but in the weaker space

H(div: 2), :={z |15 = 1, 7 € L}(R2), divz € (L*(2))*}. (10.1.16)
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Discretisations of this space can be built through composite elements. We refer
to [262] and [27] for the analysis of this case.

In the first case, the results are the same as for the ¥ —® approximation discussed
above. We get, by Proposition 5.2.6, an error estimate which is O(h*~!). Duality
methods (see [192]) would enable us to lift the estimate on ¥ at the right level. For
the second case, we can have optimal error estimates (see the above references).

10.1.2 Eigenvalues of the Biharmonic Problem

We now briefly consider the possibility of computing eigenvalues of the biharmonic
problem using the elements introduced above. If we refer to Sect. 1.2.1 of Chap. 6,
we are considering a (0, g) situation. This means that, fortunately for us, we do not
need a coercivity condition. Our eigenvalue problem can indeed be written as: find
V€ Hy(2) and o € H'(82) such that

/w¢dx+/ grady - grad¢pdx = 0 Vo € H'(R2),
e @ (10.1.17)

/ggdw-gr_adudx=l/ Ypdx V€ Hy(82).
2 2

In the notation of Sect.6.5.5, we have V = H!(£2) and Q = H/(£2). We take
Hp = L?(£2) and we assume that 2 is a convex polygon. We then have

Vy, ={z€ H'(R2): v € Hj(2) withz = Av}

(10.1.18)
={ze H'(2): (z,u) =0V € L*(2) with Au = 0}
so that with obvious notation
VS = H¥R) N H (). (10.1.19)

For any given polygon, V;), and Q(I){ will be slightly more regular, according to the
maximum angle (see e.g. [233]).

For every given regular sequence {7} of triangulations of £2 and for every
integer k > 2, we can take as in [152,224,298]:

vk.=r}

10.1.20
Qf ==L, NH}(R). ( )

Notice that Qﬁj = th N H{(£2). We can now define IT,w in V} as the solution of:

(ATyw, Avy) = (Aw, Avy) Vv, € VX (10.1.21)
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Clearly, (6.5.54)-(6.5.56) hold. Similarly, (6.5.53) holds by taking pl (here 1//1)
as the usual interpolant. On the other hand, to check (6.5.52), we have to assume
quasi-uniformity of the decomposition and then proceed, as we did for Dirichlet’s

problem in (7.1.43), using an inverse inequality to obtain: for v, € KerBj and
g € H¥(2) N HA(2),

(Avy, Ag) = (Avy, Ag — Ag") < Ch™|valla C?Igl]5.

This shows the utility of the requirement k > 2. However, a more sophisticated
proof, following the arguments of Scholz [344], shows that (1.2.50) also holds for
k=1

We thus have checked all the hypotheses of Theorem 6.5.3 and our eigenvalue
problem is properly posed.

10.2 Dual Hybrid Methods for Plate Bending Problems

We now consider as a final example an application of our general theory to hybrid
methods. We go back again to Example 1.3.8 and set, for the sake of simplicity,
v = 0 and Ef/12 = 1. The consideration of the true values would not change
the mathematical structure of the problem, but would result in more lengthy
formulae. The condition D3 (zr) = f in (1.3.74) is, in general, difficult to enforce
directly. Hence, following [321], we may think of working with stresses satisfying
Dj (z) = f inside each element of a given decomposition. This will imply that we
have to enforce some continuity of the stresses by means of a Lagrangian multiplier;
moreover, it will be convenient to assume f € L?(£2). In order to make the
exposition clearer, we need some Green’s formulae. We have indeed, on any triangle
K of a triangulation 7}, of 2,

/K; :D (v)dx = /K D (»)vdx + /3K[Mnn(£)g_2 - Ky(»vlds  (10.2.1)

forall z € (H*(T))?? and v € H*(T), where

M,,n(Q = (;Q) -n, (10.2.2)

ad d
K,(7) := PP tr(z) — g[(z -n) - t], t = tangent unit vector. (10.2.3)
= no = =
It is essential, in the definition of K, to consider the derivative d/0dt in the
distributional sense, that is, to take into account the jumps of (t -n) - ¢ at the corners
of K (the so-called corner forces). -
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It is easy to check that the condition D} (r) = f in £2 is equivalent to

D;(g) = fineach T,

v 5 (10.2.4)
Z/ M, (1) — — K, (x)v]ds =0, Vv e HZ(R).
X oK = 0n -
Setting
v
be) =Y [ (a5 - K@olds
R e
(10.2.5)
= [ :D (v)dx— /D*(dex,
/.Q_ 2, XT: =
Vi(Th) = {z|z € (L*(2))7?. Dy (z) = f ineach K}, (10.2.6)
the problem can now be written as
1
inf  sup §||t||0 b(z,v). (10.2.7)

€V (Th) veHE

If now o/ is a given element of V¢ (Ty), that is, a particular solution of D} (o) = f
in each K, we have

@+’ D-bz.w)=0  Vrel(T).
- - - R - (10.2.8)
b’ +o/.v)=0  VveHj).

where obviously o a + crf = ¢. Problem (10.2.8) has now the form (4.2.6), where
V = W), 0 = H2, a(g., _) (o.7), and b(z, v) is given by (10.2.5). The
right-hand side is obviously (_f , 7) for the first equation and —b (o /, v) for the
second equation. It is natural to use in V the L2-norm, and in Q the norm ||v lo =
||£2v||v = ||22v||0. It is clear that condition (4.2.12), that is, the ellipticity of
a(-,+), is trivially satisfied in the whole V' (and not only in KerB) with « = 1.
A different value for E, ¢, v would obviously yield a different value for o, but the
V -ellipticity will still be true. It is clear that KerB’ cannot be empty; indeed, any
v with support in a single K will satisfy b(z,v) = 0 for all 7, and hence is a zero
energy mode. However, it is not difficult to see that ImB is closed.

Proposition 10.2.1. The image of B is a closed subset of Q' := H™%(£2).

Proof. We have to show that if a sequence y, := B T convergesto y in H™2, then
x = Bz forsome t € Vy(7,) =: V. We first note that

if £ € Vo(7;) and ¢ € HE(82), then b(z. §) = (z. D). (10.2.9)
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which is quite obvious from (10.2.5) and (10.2.6). Now let ¢ € HOZ(.Q) be such that
A%p = yandlett := qub (so that D}z = y). For every ¢ € H?, we have

(Xﬂ ¢>H_2XH02 = (D;;, ¢>H—2x1-102 = (27%(]5) (10210)

Now, since x, = Bz, — x in H ™2, we have

(z,.D,9)=b(z . .¢) = (B .¢)=(tn¢) > (x.¢) = (x.D,¢). (102.11)
that is, (;l -z 22¢) — O forall ¢ € Hg(.Q). This easily implies D;‘; = 0in

each T, so that;_e Vo(7n). Hence, (x.¢) = (z. D ¢) = b(z. ¢) = (Bz, ), that
is, y € ImB. O

Proposition 10.2.2. We have KerB' = [] HZ(K).
K

Proof. It is obvious from (10.2.5) that if ¢|x € HZ(K) for all K, then b(z, ¢p) = 0
Vz and hence ¢ € KerB’. Therefore, we only need to prove that KerB’ C
[T HZ(K). For this, let ¢ € KerB', that is,

K

b(z.¢) = (g,gch) =0 vz € Vo(7p). (10.2.12)
We want to show that ¢ € [ (HZ(K)), that is,
$lx € HZ(K) forall K. (10.2.13)
Let i be defined in each K by
¥ € H}(K) and A%y = A%; (10.2.14)
clearly, (;, 221//) = 0 for all T in V(7o) so that from (10.2.12),
by —¢)=@D,W—9)=0 Ve W) (10.2.15)

However, D> D (1// ¢) = A’(Y —¢) = 0in each K, so that we can take =
D (w ¢) in (10 2.15) and obtain D, (w ¢) = 0. Since both ¥ and ¢ are in
HZ(.Q) this implies ¥ = ¢ so that from (10.2.14), we get (10.2.13). O

Proposition 10.2.3. We have
g llo/kersr = 112, llo. (10.2.16)
where ¢ is the function in Hg([?) such that

¢ — ¢ € HZ(K) for each K, (10.2.17)
A%p =0 in each K. (10.2.18)
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Proof. By definition, we have

I@lloers = inf I = ¥lo. (10.2.19)
Now from Proposition 10.2.2 and the definition of || x||o := ||22)(||0, we have
Ipllo/ers: = inf [ D*(¢—v)lok- (10.2.20)
vellg H()z( —

It is now an easy matter to check that, for each K,

inf D, (¢-¥loxk= inf D vl5x=ID0lck (10221
VEH;(K) — (V—¢)EHG(K) — _

for ¢ defined in (10.2.17) and (10.2.18). Hence, (10.2.21) and (10.2.20)
prove (10.2.16). O

We are now able to prove the inf-sup condition

bz.9) XD
sup —

————— = sup -
cevimy Nzlol@llo/kan — senimy Izlol2, Bl

D ¢,D
> —2245 _=22¢) =1 (10.2.22)
12,813

because ¢ — ¢ is the projection (in Q) of ¢ onto KerB' so that ¢ and ¢ — ¢ are
orthogonal in Q.

Remark 10.2.1. A way of getting rid of KerB’ (which is infinite dimensional) is to
consider as a space of Lagrange multipliers the space

0 :={¢|¢p e H}(R), A’ = Oineach T}. (10.2.23)

This is what has been done in [114, 127]. The drawback in the choice (10.2.23) is
that the actual transversal displacement w does not belong to Q so that, as a solution,
we have the unique function w in Q that coincides with w (with its first derivatives)
at the inter-element boundaries (as in (10.2.17) and (10.2.18)). O

Let us continue our analysis of problem (10.2.8). We already noted that (4.2.12) is
satisfied in our case. Hence, we have to check that the right-hand side of the second
equation in (10.2.8) (that is —b(c/, v)) is in ImB; this means that we have to find a
particular solution of (10.2.8), which is obvious by taking o/ := Q2w —o/.

We can now go to the discretisation of (10.2.8); for this, we have to choose
subspaces Vj, C Vo(7,) and Q, C Q. For instance, for any triple (m,r,s) of
integers, we may choose
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Vit = (Lo (Ta)7 0 Vo(T) (10.2.24)

i
1= | € HX(R), plar € T,(OT), %m € R,@T) VT €T}
(10.2.25)

Note that Vj, is made of tensor-valued polynomials of degree <m which are
completely discontinuous from one element to another and verify Dz =0 in
each 7. On the other hand, Q) is clearly infinite dimensional (which is quite
unusual); however, this does not show up in the computations, where only the values
of ¢ and d¢/dn on &, are considered. To get coercivity, we now have to choose
(m,r,s) in such a way that KerB,’l C KerB’. This means, in our case, that we have
to show

if¢p €0, andb(z,¢) =0 Yz eV, (thatis, if ¢ € KerB)),

(10.2.26)
then ¢ = grad¢ = 0 on &, (thatis, ¢ € KerB?).

The proof of (10.2.26) (or, rather, the finding of sufficient conditions on m for
having (10.2.26)) will be easier with the following characterisation of V;".

Lemma 10.2.1. We have
Vil = S [(Ly 11 (Tn)), (10.2.27)

where S is defined, for g = (o, p),

[len

: dar/dy —1(3a/dx + 3B/3y)
@ ( —1(0a/9x + 9B/dy) ’ 9B/ dx ) . (10.2.28)

Proof. The inclusion S (o +1(’]}1))2] C V" is trivial; the opposite inclusion is an
exercise (see [127] for more details). |

We now notice thatif 7 = S(g), then
0
b(z,v) = Z/ gradv - —q ds, (10.2.29)
= — Jax 1

where ¢ is the tangent to d7". We also notice that

¢ € Hg(.Q) and grad¢ = constanton &, (10.2.30)
imply ¢ = 0 and grad¢p = Oon &j,.
We may now use (10.2.27)—(10.2.30) in (10.2.26) which becomes
. rs 0
itg 0 and Y [ enadgeSqds=0 Vg€ (Lo (T,
= JK (10.2.31)

then grad ¢ = constant on &,.
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Now, (10.2.31) is implied by

ad
itge 0 and [ emdpSqds=0 Vg e (PR
dK - -

(10.2.32)
then grad¢ = constant on 9T
(but not vice-versa). Now let k be the degree of grad ¢ on 97, that is,
k = max(s,r —1). (10.2.33)
The following technical lemma is proved in [127].
Lemma 10.2.2. If¢ € H'(K) and ¢|,; € Pi(e;) (i = 1,2,3), and if
dq
¢—ds=0 Vqe P (K), (10.2.34)
el
then
Ple, = cli(s) +c1, (i =1,2,3), (10.2.35)

where, on each e;, we define E}'{ as the kth Legendre polynomial (normalised with
value 1 in the second endpoint in the anticlockwise order).

Formula (10.2.35), for k odd, directly implies that ¢ is constant on 0K . We therefore
have a first result.

Proposition 10.2.4. Ifm + 1 = k = max(r — 1,s) and k is odd, then (10.2.32)
holds.

If m + 1 is even, we can apply Lemma 10.2.2 to both d¢/dx and d¢ /0y and get
¢

—_— :Ce;{ + ¢y,

0 .
LU (10.2.36)
ox

dy

on each e¢;. If now r — 1 # s, there must exist a combination of d¢/dx and d¢/dy
on each e; (to get d¢p/dn) which has degree lower than k. This easily implies that
both d¢p/dx and d¢p/dy are constants on dK. We therefore have the following result:

Proposition 10.2.5. Ifm + 1 =k = max(r — 1,s) andr — 1 # s, then (10.2.32)
holds.

We are finally left with the last and worst case in which r —1 = s is even. We have
several escapes. First, brutally, we may take m + 1 = k + 1. It is easy to see that,
then, (10.2.32) always holds. As a second possibility, we may take m + 1 = k and
enrich (L)), (73))* into (L)) ,,(74))2,, by adding, in each K, a pair of functions ¢
in (Py+41)? such that dg, /dt|,, = €; (j = 1,2 and = 1,2,3). Again, it is easy to
check that (10.2.32) is satisfied if we take the enriched space (L, ,(75))2,, instead
of the original one. Then, of course, we must consider V" == S [(co +1(’]}l))§m]
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instead of V},. Finally, we might give up (10.2.32) and go directly to (10.2.31). It is
easy to check that in (10.2.36), the values of ¢, ¢, y, and y; must remain constants
from one K to another due to the continuity of grad ¢)|, across the edges. Hence,
since ¢ € HE(£2), we must have ¢ = ¢; = y = y; = 0 and, actually, (10.2.31)
holds form + 1 = k = max(r — 1, s) in any case, that is, also forr — 1 = 5 =
even. However, we shall see in a moment that (10.2.32) has other basic advantages
over (10.2.31) that we are not very willing to give up. We summarise the results in
the following theorem.

Theorem 10.2.1. The condition KerBj, C KerB' holds whenever
m+ 1>k =max(r —1,s). (10.2.37)

Moreover, (10.2.32) holds when (10.2.37) is satisfied, unlessr — 1 = s = even. In
that case, (10.2.32) is satisfied by taking m + 1 > k or by using an enriched V!

h.enr
(between th_l and th ) as described above.

The condition KerB; = KerB' implies, by Proposition 5.5.2, the existence of an
operator [T, from V(7;) to V" such that

b(z —Mz,v) =0 Yve Q)" (10.2.38)

However, in view of the use of Proposition 5.4.3, we would also like to show that
there exists a 1, which satisfies (10.2.38) and

ITizlo < clizho. ¥z € Vo(Th), (10.2.39)

with ¢ independent of h. Since V;" is finite dimensional, (10.2.39) will always
hold, but the constant might depend on /. Now, if (10.2.32) holds, we see that
IT, can be defined element by element. Now, the dimension of V)""|x depends
only on m, but not on A. A continuous dependence argument on the shape of the
element can now prove (10.2.39) without major difficulty (but, to be honest, not
quickly); we refer to [127] for a detailed proof of (10.2.39). Once we have (10.2.38)
and (10.2.39), we apply Proposition 5.4.3 to prove the discrete inf-sup condition.
Then, Theorem 5.2.5 immediately gives

lg —a,llo = 112,(w—wi)llo
. 0 . (10.2.40)
< cf inf o~ zllo+ inf 12,00 = #)lo}.
o’ —zlo+ inf ID

m
€V

where wj, is the (unique) element in Q,’f that satisfies A2y, = f in each K and
belongs to the set of discrete solutions.
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Theorem 10.2.2. I[fm + 1 > max(r —1,s) (andm + 1 > s forr — 1 = s is even),
we have

~ 1
lo =g, llo+ 12,00 = w)llo < ch’ (Iwllia+ Y la’IFx)?  (102.41)
K

witht = min(m + 1,r — 1, ).

Proof. The proof is obvious from (10.2.40) and the standard approximation results.
O

We end this section with a few computational remarks. First, we notice that our
discretisation of (10.2.8) has obviously the matrix structure

A B!
(B o ) (10.2.42)

where A, corresponding to the approximation of the identity in V}”, is obviously
block diagonal because V}" is made of discontinuous tensors. Hence, one usually
makes an a priori inversion of A, to end with the matrix BA~! B’ which operates on
the unknown wj and is symmetric and positive definite. However, the computation
of the right-hand side is, in general, a weak point in the use of dual hybrid methods,
unless f is very special (zero, Dirac mass, constant, etc.) and allows the use of a
simple o/. A few computational tricks for dealing with more general cases can be
found in [127,289,290]. Here, we recall from [115] a simple method that works for
low-order approximations (more precisely, when ¢ in Theorem 10.2.2 is <2). We
first define the operator R := orthogonal projection onto V},. We then remark that
the discretisations (10.2.24) and (10.2.25) of (10.2.8) may be written as

@ +a’.D=DwnD VIeV,

, (10.2.43)
@, +o/.D.¢)=(f.d) Ve
Solving a priori in gg from the first equation and substituting into the second
equation, we obtain

(RD,wi.D,¢) = (f¢)— (¢’ —Ra/.D ¢) VpeQy  (10244)

Now, the left-hand side of (10.2.44) corresponds to the matrix BA~! B’ acting on
the unknown wy,. The right-hand side is actually computable because both ( f, ¢) —
(a/, quﬁ) and (Ro/, quﬁ) depend (looking carefully) only on the values of ¢ and
its gradient at the inter-element boundaries. However, the computation, in general, is
not easy. Therefore, in some cases, it can be convenient to use a rough approximation
of it, for instance

3
(f.¢)- (@' —Ra/.Dgp) =) %(K) S SOV, (10.245)
K

=1
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Fig. 10.1 Some common
choices for the space Q;*

r=3 r=3

s=1 s=2

r=3 r=4

s =3 s =3

r=>5 r=>5

s =3 s =3
Symbol Values of

. ¢

O] grad ¢

9°$/0,0,

- D

X 0¢/on

I dp/0t, Dp/dt, 8¢/ 0,0,

where the V; are the vertices of K. It can be shown (see [115]) that this involves an
additional error of order O (h?) (essentially because V}, contains all piecewise linear
stress functions and therefore |0/ — Ra/ |l < ch?) and hence this procedure is
recommended whenever ¢ < 2 in (10.2.41).

Finally, we provide a few remarks on the choice of the degrees of freedom in
V" and Q;". As we have seen, the unknown 0" is usually eliminated a priori at
the element level due to the complete discontinuity of V,". As a consequence, the
choice of the degrees of freedom in V}" is of little relevance. In general, it is more
convenient to start from (£Y, | ,(7;))* and to derive Vj, through (10.2.27).

When m is “large” (say m > 4, to fix the ideas), however, the resulting matrix A
can be severely ill-conditioned unless the degrees of freedom in V" are chosen in a
suitable way. We refer to [289,290] for a discussion of this point. On the other hand,
the degrees of freedom in O ;lv are the ones that count in the final stiffness matrix,
and, besides, they have to take into account the C~! continuity requirements. We
sketch in Fig. 10.1 some commonly used choices for different values of r and s.

Remark 10.2.2. Tt is impossible to say what is, in general, the best choice for r
and s. Numerical evidence shows obviously that the accuracy/number of degrees of
freedom ratio is improved for large r and s, at least when the solution is smooth.
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However, it is clear that the simplest (and most widely used) choice r = 3, s = 1
allows a much easier implementation. Similar considerations also hold with the

choice of m, in particular in the case of an even r — 1 = s, for instance for
r = 3, s = 2. The use of the enriched Vhlem implies a smaller matrix to be inverted

on each element than with the “brutal” choice th (11 x 11 instead of 17 x 17), but
the latter may allow some simplification in writing the program. O

Remark 10.2.3. We have used, so far, homogeneous Dirichlet boundary condi-
tions corresponding to a clamped plate. Nothing changes when considering non-
homogeneous Dirichlet conditions. If, instead, a part of the plate is simply supported
(w = given; M,,, = 0) or free (M,,, = 0; K,, = 0), then we have two possibilities
for dealing with them. Let us discuss a simple case: let 3§22 = I'p U I'y and assume
that w = dw/dn = Oon I'p and M, = K, = 0 on I'y. One possibility is to
choose 0} so that its elements vanish only on I'p, and to let V;”" unchanged. In this
case, the conditions M,, = K,, = 0 on I'y will be satisfied only in a weak sense.
A second possibility is to choose V" in such a way that its elements satisfy, a priori,
the boundary condition M,, = K, = 0 on I'y. However, care must be taken in
this case to enrich conveniently the stress field in the boundary elements so that the
inf-sup condition still holds. Otherwise, a loss in the order of convergence is likely
to occur. O

Remark 10.2.4. One may think to use other discretisations of the dual hybrid
formulations than the ones discussed here (see, for instance, the previous remarks).
In any case, the inf-sup condition should be checked. Although this is not evident
from our discussion (because we wanted to deal with many cases at the same time),
nevertheless, it is true that to check the inf-sup condition in hybrid methods is
basically an easy task. What is really needed is the following: for any element K,
the only displacement modes with zero energy on K, that is, the only modes ¢ such
that

/ (M,m(g)qb/n - Kn(g)q&) ds=0 VzeW, (10.2.46)
0K - - -

must be the rigid modes (that is, grad¢ = constant on 7). If this condition is
violated, one can expect trouble (minor or major, depending on the cases). O

10.3 Mixed Methods for Linear Thin Plates

We consider the variational formulation of a problem discussed in Chap. 1 which
we recall here for the convenience of the reader. We had

L(o,w) = inf sup L(z,¢) (10.3.1)
- 1e(L2(Q2)P? peHZ(R2)

where
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L@¢%=l(£)/m+Wzi—WMQﬂﬁ
. 1040z v

2 \ EA
(10.3.2)
- £:D¢dx+/f¢dx
/.Q_ =2 2
E = Young’s modulus, (10.3.3)
t = thickness of the plate, (10.3.4)
v = Poisson’s ratio, (10.3.5)
f = transversal load / unit surface, (10.3.6)
w = transversal displacement, (10.3.7)
g = stresses (in the Kirchoff assumption). (10.3.8)
In order to use a more compact notation, we set
1
Cz:= E15;3((1 + )z — v r(2)d) (10.3.9)
and write L(z, ¢) as
1
Lz.¢)=5(Cr0) @ D,¢)+ (/.9 (10.3.10)

Assume that we are given a triangulation 7, of £2 and that we are willing to
discretise the stress field o by means of piecewise polynomials for which the normal
bending moment

Mu(o) =(a-n)n (10.3.11)

is continuous from one element to another. We recall the following Green’s
formulae,

3
/L:Qcpdx: —/ divg-gr_adqbdx+/ M,m(‘c)—d)ds
k= —2 K = K = 0n
(10.3.12)

d
+ / Mnt(L)_d)dS,
9K = ot

—/divgg@dd)dx:/ D;(L)dulx—/ 0,(1) ¢ ds, (10.3.13)
K = Kk ~ = K

valid for all = and ¢ smooth in K; we recall again that, here, ¢ is the unit tangent
(anticlockwise) vector and

Mu(D) = (z-n) £ Qu(®) = div(r) n. (10.3.14)
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If M,,,(z) is continuous and ¢ is smooth, we can write

LLE,q&):% ;_)+Z{/ div(z) - grad¢dx—/ M,,,Q }+(f,¢).
(10.3.15)

A little functional analysis shows that every integral in (10.3.15) makes sense
(at least as a suitable duality pairing), provided z and ¢ are, respectively, in the
following spaces: -

Vi={zl|zlk € (H'(£2))>°, M,,(z) continuous }, (10.3.16)
0 :=Ww'r(2), p>2. (10.3.17)

Remark 10.3.1 (For mathematicians). We have to choose p > 2 in (10.3.17)
because for ¢ € H'(K) we have d¢/dr € H~'/*(dK) whereas M,,(z) is in

[1., H'/*(e;) but not in H'/?(dK). On the other hand, for ¢ € W'?, we have
d¢p/dt € W1/rr(9K). Since My (z) is in H*(0K) for all s < 1/2 and since

w-Yrr(@K) c H~'(IK) for s > 1/p, the boundary integral which appears
in (10.3.15) can now be interpreted as a duality pairing between H ~*(0K) and
H*(0K) for 1/p < s < 1/2 (which is possible since p > 2). O

The Euler equations of (10.3.15) can now be written as:

(Co,7) + E div(z) - gradwdx — Mm(r)a—d) ds; =0 VzeV,
== 7 Jk T K = ot =
(10.3.18)

;{/Kdivg)-g@d¢dx—/aKMng)%—(de}=(—ﬁ¢) Vg 0.
(10.3.19)

which has the form (5.1.9) if we set

a(g,z) == (Ca, 1), (10.3.20)

b(a,¢) = Z{/K div(;)-gr_adqbdx—/a]( Mm(;)%—(f ds}. (10.3.21)

K

Unfortunately, problem (10.3.18) and (10.3.19), as it stands, does not satisfy any of
the conditions given in Chap.4 in order to have a well posed problem. However,
we know that the original problem (1.2.4) has a solution w. If & = C _I(sz) is
in H l(SZ), that is if the solution w of (1.2.4) is smooth enough, it is easy to check
that the pair (o, w) solves (10.3.18) and (10.3.19). Hence, we only have to prove the
uniqueness of the solution of (10.3.18) and (10.3.19).
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Proposition 10.3.1. Problem (10.3.18) and (10.3.19) has a unique solution.
Proof. 1t is obvious that
a.n) > a|zllj. VzeV (10.3.22)
Let us now check a weaker inf-sup condition. For every ¢ in Q, we define T (¢) by
=t =¢, 11 =11 =0. (10.3.23)

It is immediate to check that M,,(z) is continuous across the inter-element
boundaries, so that

> / M,,,@(¢))a—¢ds =0 (10.3.24)
= Jok = ot
and therefore
b(z($).9) = |]7 o (10.3.25)

It is also easy to check, using (10.3.23) and the Poincaré’s inequality (1.2.14), that
lz@)llv <clolie: (10.3.26)
hence, we have from (10.3.25) and (10.3.26) that
bed) L bE®).¢)

inf sup > inf ——— "
peni@ ey Izllviehe ~ geni@ IZ@)vIolie
B (10.3.27)
> l#1.2 . 1 = o,
lz@lly ~ ¢
Now using (10.3.22) and (10.3.27), we have the desired uniqueness by standard
arguments. O

We are now ready to discretise our problem. Following [132] and [261], for any
integer k > 0, we set

Vi = (LHP?NV (10.3.28)
On =Ly, (10.3.29)

with the notation of Chap. 2. Note that the space V}, in (10.3.28) is made of tensors
whose normal bending moment is continuous across the inter-element boundaries.
The degrees of freedom for Q) will be the usual ones (see Sect.2.2). As degrees of
freedom for V},, we may choose, for instance, the following ones:

/Mnn@p(s) ds Vp e Pr(e), Vee&y, (10.3.30)

/;: pdx  ¥pe(P(T)>* VK €T, (k> 1). (10.3.31)
T_ = =
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The possibility of choosing (10.3.30) and (10.3.31) as degrees of freedom in V},
is shown by the following lemma and by a standard dimensional count.

Lemma 10.3.1. Let T € (Px—1(T));*? be such that

/ My (Dp(s)ds=0  Vpe Pele), (i =1,2,3), (10.3.32)
/ T:pdi=0 Vp e (Pe—i(T)>, (k > 1). (10.3.33)
K_ = =

Then, = 0.

Proof. We only give a hint of the proof. From (10.3.32), we get M,,(z) =0. We
first show that D;‘(Q =0. This is trivial for k < 1; fork > 1, takeg = gzb with

b = b3D31 in (10.3.33) to get [} b3(D5(x))*dx = 0 and hence D;(z) = 0. Now
use the formula (see Sect. 10.2) h h

) x d¢
/K; : gzqﬁ = /KDZ(Q ¢+ /3K[Mnn(g)% —IC,,(;)(;&] ds (10.3.34)
for ¢ € Px4+1(T); thus, we get

Ka(x)ds=0 Ve € Pryi(T), (10.3.35)
0K -

and easily obtain that IC,,(Q = 0. It is now simple to show that z = § (9)

(see (10.2.27) for the definition of S) for some ¢ € (Pr11(K))? with_c_j = 0 on
0K . Therefore, ¢, (for instance) has the form b3z with z € Pr_,(K). Let us now
choose, in (10.3.33), p;; such that dp;/dy and p1» = prr = 0. We then get

ad
0:/ tllp“dx:/ ﬂp“dx:_/ Q1Zd)€:—/ b3Z2dx (10336)
K Kk 0y K K

so that z = 0 and g¢; = 0. Similarly, one proves that g, = 0. O

We are now able to define the operator IT,. We set, for Te v,
/M,m(nhg—;) p(s)ds=0 Vp € Pile), Vee&, (10.3.37)
/ (IMz—7):pds=0  Vpe (P_1(K)>?, VK €7,. (10.3.38)
K - - = =

Lemma 10.3.2. Let I}, be defined by (10.3.37) and (10.3.38). Then, we have

IMhzlly =clizlly  VYzeV (10.3.39)
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and
b(g— th, ¢n) =0 V; eV Von € Qp. (10.3.40)

Proof. Formula (10.3.39) is easy to check. Let us prove (10.3.40). From (10.3.12)
and (10.3.21), we have

d¢
b(z—Miz.¢) = _ZK:{/K(;— ITy7) : D ¢ dx— /M Mnn(;—nhg)a_nds}

(10.3.41)
and from (10.3.41), (10.3.37), and (10.3.38), we get (10.3.40). O
Lemma 10.3.3. If Z, € V3, is such that
b(z,.¢n) =0, Véu € O, (10.3.42)
then
b(gh,qb) =0, V¢ € 0. (10.3.43)

Proof. We have, from (10.3.13) and (10.3.21),

b0 == S [ Dicpart [ ey - 0iwplas). 0344

K

Integrating f ok Mur, ar 9 gs by parts and recalling the definition of K, in (10.2.3), we
then have

b(z,.$) = —XK:{/K Di(z,) ¢ dx—/aK Koz, ds}. (10.3.45)

Note that (10.3.45) holds for any © " and ¢ piecewise smooth. If now (10.3.42) holds,
we first have D} (;h) = 0 by choosing ¢|x = b3 D} (Lh) (for k > 2, otherwise the
property is trivial). Hence, we are left with B

Z/aK Ki@,)¢nds =0 V¢ e Q. (10.3.46)
K

Since K, is made of Dirac measures at the vertices and of polynomials of degree less
or equal to kK — 1 on each edge, it is easy to see that (10.3.46) implies K, (_ ) =0.
Therefore, we have proved that if z, € Vj satisfies (10.3.42), then D} (‘L’ ) = 0and
K, (_ ) = 0. We now insert those two equations into (10.3.45) and we get (10.3.43).

O

This last property was denoted, in Chap.5, as Z,(0) C Z(0). We have seen that,
together with the existence of the operator I}, this property is so important that it
can provide optimal error estimates even in desperate situations (no ellipticity, no
inf-sup condition) like ours.
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Actually, we first remark that (10.3.27) and Lemma 10.3.2 provide, through
Proposition 5.4.3, the following inf-sup type condition:

, b(z,.pn) _
inf sup —=—— > ¢ > 0 (c independent of /). (10.3.47)
pneonz,evi 1Z,llvldnh

On the other hand, since @, and V) are finite dimensional, (10.3.22)

and (10.3.47) ensure that the discrete problem has a unique solution. We are now
ready for error estimates.

Proposition 10.3.2. If (g, w) is the solution of (10.3.18) and (10.3.19) and
(gh, wy,) is the discrete solution of (10.3.18) and (10.3.19), then, through (10.3.28)
and (10.3.29), we have

lo.—g,llo < ¢ lg = Migllo (103.48)

|

The proof is immediate from the standard theory of Chap. 5.
From (10.3.48) and standard approximation results, we then have

lo — g, llo < eh* Mg llx+1. (10.3.49)
Proposition 10.3.3. With the notation of Proposition 10.3.2, we have
w—walli < ¢ ¢ *Mgllesr + B wlira) (10.3.50)
Proof. Let ¢ € Qy to be chosen. From (10.3.47), we have for some T, € Vi
clign —wallillz, v < b(z, . dn—wn)
= bLEh,th —w)+bL£h,w—wh) (10.3.51)
=bE, d-wtalc-g,.z).

It is now elementary to see that ¢, can be chosen in such a way that
ad
pE(W —¢p)ds =0 Vp e Pr(e), Vee&, (10.3.52)
e

lw = @nlli < ch*FIwlliyo. (10.3.53)

With such a choice, we have



10.3 Mixed Methods for Linear Thin Plates 595

bz, v =90 = Y [ divie,) el — guads
K K

10.3.54
<z, Ivlw = ¢uls (10.3.54)
< ch*! Iz, v Ilwlli+2.
so that from (10.3.51), (10.3.54) and (10.3.49) we get (10.3.50). O

Remark 10.3.2. Result (10.3.50) is not optimal as far as the regularity of w is
involved. Actually, it says

w—willi <ch® |wls42 (s <k +1), (10.3.55)
while an (s + 1)-norm on w should be enough for optimality. Furthermore, a more
sophisticated analysis [44, 192] shows that

[w—=will, <ch"wlls (s <k+2,0<r=<1) (10.3.56)
for k > 1 and
lw—wallo < ch? |wlls fork = 0. (10.3.57)

In particular, the approach of [44] has a special interest because, by a suitable
use of mesh-dependent norms in V;, and Qp, they can show that the discretised
problem (in the new norms) satisfy the abstract assumptions (5.2.33) and (5.2.34)
so that optimal error estimates (in the new norms) can be directly obtained by
Theorem 5.2.5. Their approach also works for other fourth-order mixed methods,
like those analysed in Sects. 10.1 and 10.2. O

Remark 10.3.3. For the actual solution of the discretised problem, the most con-
venient method is to disconnect the continuity of g, n and to enforce it back
via Lagrange multipliers A;,. Then, one eliminates o, a, at the element level and one
solves a symmetric and positive definite system for the unknowns A; and wy,. The
procedure is identical to the one described in Sect.7.2 and we refer to it for a
detailed description. As far as the error estimates for the Lagrange multipliers A,
are concerned, recent results have been obtained in [158]. O

Remark 10.3.4. Itis interesting to analyse the relationship between the mixed meth-
ods described here and some nonconforming methods for fourth-order problems.
For instance, the following result is proved in [23]. Let us consider the space built
by means of the Morley element E%’N € described in Example 2.2.6 and let us define

E 3
an(Yn. n) = Tt—lﬂ) ;/K[(l =)D Vi D i + v AV Ady] dx.
(10.3.58)
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For every ¢, € E%’N €, let q&,{ be the piecewise linear interpolant of ¢, (that is ¢;{ S
E} and ¢;{ = ¢y, at the vertices). Consider now the modified Morley problem: find
Yy € ﬁ%’NC such that

an(n.dn) = (f.0)) Ve € L3V (10.3.59)
Then, we have
Dyn=g, Vi=w, (10.3.60)

where (gh, wy,) is the discrete solution of the mixed problem (10.3.18) and (10.3.19)
through (10.3.28) and (10.3.29) for k = 0. We note explicitly that, in the
case of variable coefficients, the equivalence is more complicated. Also note that
ayy/dn|, = Ayl for all e € &, where A, is the Lagrange multiplier introduced in
the previous remark. Notice that we have, from [23],

n —wlhin < ch® [lwls, (10.3.61)

which improves (10.3.50) and (10.3.57) since it requires only H *-regularity on w.
This is particularly striking since the cost for computing v, is cheaper (or equal,
using Aj) than the cost for computing (gh, Wh). O

10.4 Moderately Thick Plates

10.4.1 Generalities

We end this chapter with a hint on the theory for the so-called “Mindlin—Reissner
plates”. The corresponding model stands somehow in between the standard three-
dimensional linear elasticity and the two-dimensional Kirchhoff theory for thin
plates. Let us recall it briefly. Assume that we are given a three-dimensional elastic
body that, in absence of forces, occupies the region £2 x |—¢, t[, where £2 C R2?isa
bounded smooth domain and ¢ > 0 is “small” (but not “too small””) with respect to
diam(£2). This is what we call a “moderately thick” plate. We shall assume, for the
sake of simplicity, that the plate is clamped along the entire boundary 052 x |—¢, ]
and that a vertical load f = (0,0, f3) is imposed.

Here below, we present the “Mindlin-Reissner” model following the classical
engineering “derivation”. Such derivation is questionable, from the mathematical
point of view, at some points, but it has the clear merit of being short and
simple. From the mathematical point of view, the derivation of [35] is much more
convincing, but it is surely longer and more complicated. As the aim of this book
is mainly concentrated on the mathematical properties of models and on their
discretisations rather than on the modelling aspects, we decided to stick to the
simpler choice.



10.4 Moderately Thick Plates 597

The Mindlin model assumes that the “in plane” displacements u; and u, have
the form

ur(x, y,2) = —z601(x, ), uz(x,y,2) = —z6x(x. y) (10.4.1)

and that the “transversal” displacement u3 has the form
us(x,y,z) = w(x,y). (10.4.2)

The corresponding strain field therefore takes the form:

€11 = —z 001/0x; e = —z 06,/dy; €33 = 0;
2812 = —z(891/8y + 802/8x); 2813 = aw/ax — 91; 2823 = aw/ay — 92;

(10.4.3)
and assuming a linear elastic material, the stress field is
on = (en + ven) E/(1—v?): om = (exn + vi) E/(1 —v?);
(10.4.4)
oj=¢&;E/(1+v);i,j=123,i#]
If we now write the total potential energy
1
I = —/ (c:e—2 f-u)dxdydz (10.4.5)
2 Qx]—tt — T -

in terms of 8 and w through (10.4.1)—(10.4.4), we obtain (after some calculations)

13 At
1= E(a(Q,Q) + 7/ |deW—Q|2dxdy—/ fswdxdydz, (10.4.6)
2 2

X]—t,t]

where the symmetric bilinear form a is identified by

“0.0= s [[G )5+ (5 55

ax 0x W dy
(1=v) /36, 36>\, dn1  On (104.7)
-V 1 2 1 2
— 4+ — ) — + —) | dxdy,
2 (ay + 8x><8y + 3x>] ray
where
E k

and k is a correction factor which is often used to account for the “nonconformity”
of (10.4.4). Indeed, from (10.4.1)-(10.4.4), we deduce that 03 and 0,3 are constants
in z, whereas the physical problem has 013 = 023 = 0 on the upper and lower face
of the plate: £2 x {t} and £2 x {—t}; hence, (10.4.4) is often corrected by assuming
that 073 and 0,3 behave parabolically in z, vanishing for z = £7 and assuming the
value (10.4.4) for z = 0. For a mathematically more convincing justification of the
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classical 5/6 factor, we refer again to [35]. Actually, for the sake of simplicity, we
shall assume, from now on, that

A=1
In fact, as far as we do not expect the true value (10.4.8) to go to zero or to 4oo,
assuming A = 1 will just change the numerical value of the constants appearing in

the stability estimates or in the a priori error estimates, but it will not change the
behaviour in function of the thickness ¢ or the mesh-size 4.

10.4.2 The Mathematical Formulation

The assumed boundary conditions lead to the kinematic constraints

0, =0, =w=0on0ds2. (10.4.9)
Hence, we define the spaces
O:=(H{(R)* Z:=H)(2); V:=0xZ (10.4.10)
with the norm
12 O = lInlF + 1215 (104.11)

When convenient, the generic element of V' will be denoted v = (7, ) with n =
(n1,m2) € ® and ¢ € Z. We finally recall the Korn inequality

3 akorm > 0 such that a(n, n) > akom [0ll7 ¥ € O, (10.4.12)
where, from now on in this section, the symmetric bilinear form a will be the one
given in (10.4.7).

It is easy to check that, for any fixed # > 0, functional (10.4.5) has a unique
minimiser (8, w) on V' which satisfies

3 a8, n)—}—t/(g@dw—Q)'ndxdy:O Vn e o, (10.4.13)
s o i i

Z/(g@dw—@-g@dédxdy:/ f3ldxdydz VteZ. (104.14)
Q2 Q

X]—t.t[

In particular, we have

r !
et + 3 [ lemdt—nPdsdy= e (il + 161, (10419
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for any v = (n,{) € V. Note that for fixed ¢, (10.4.15) always guarantees
that (10.4.13), (10.4.14) is a nice linear elliptic problem so that, for instance, any
reasonable conforming approximation of V' will have optimal order of convergence.

The troubles start when we take a small ¢; then, the constant in (10.4.15)
deteriorates and so does the constant in front of the optimal error bound. In practice,
it is well known that if we use “any reasonable conforming approximation of V', we
will get pretty bad answers for small 7. Here, we shall make an analysis of the nature
of the trouble. We shall also give some sufficient conditions on the discretisation so
that it stays good for ¢ smaller and smaller. The one-dimensional case was treated
in [15], but the two-dimensional case, as we shall see, is more complicated.

The first thing that we have to do is to construct a sequence of physical problems
P; (fort > 0 and, say ¢t < Tp) that fulfil the following requirements:

(1) Each P; is of type (10.4.13) and (10.4.14) and so has a unique solution 6(¢),
w(1);
(2) There exists two constants ¢y, ¢, with 0 < ¢; < ¢, such that

1 18O + lw)h < e vt €0, Tol. (10.4.16)

A possible answer is to fix £2, E, and v, and to choose, for each ¢ > 0, the load
f3(x, y,z) of the form

2
filx,y,2) = %f(x,y), (10.4.17)

with g(x, y) fixed (once and for all) independent of ¢. It is clear that (10.4.17)
implies

/ fawdxdydz = t3/ fwdxdy = 3(fiw), (10.4.18)
2x]—t,t] 2

where as usual ( f, w) denotes the L?(£2) inner product or (with an abuse of notation)
whenever f is assumed to be only in H ' (£2), the duality pairing between H ~'(£2)
and H(}(£2). Hence, dividing (10.4.6) by 73, each problem P, will amount to
minimise, in V,

1 2
1,0, w) = 5a(@.6) + - [ gradw— 6 dxdy— (fw).  (104.19)

Proposition 10.4.1. Let 6(t), w(t) be the minimiser of (10.4.19) in V.
Then, (10.4.16) holds with ¢ and ¢, independent of t.

Proof. We obviously have

a(8,0) + 17|l gradw — 61§ = (£ w). (10.4.20)
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Using (10.4.12) and a little algebra, we deduce from (10.4.20) that
1617 + 1wl < claxom) Il f -1 11wl (10.4.21)

which implies the boundedness of ||8|; + ||w|; from above. Then, one observes
that the minimum of I1; over all V is surely smaller than the minimum of I1; over
Vo = {(n.¢) | n = grad {} (which is clearly independent of 7 and negative). Hence,

1 12
EG(Q,@ + TII gradw — 05— (fiw) < —c <0 (10.4.22)

for some positive ¢ independent of ¢, which immediately gives
(fiw)=c>0 (10.4.23)

which implies that ||wl|lo (and hence ||8]; + |w]|/1) is bounded from below by a
positive constant. This completes the proof. O

According to Proposition 10.4.1, we have now a sequence of problems, indexed
by the thickness 7, whose solutions are bounded uniformly (in #) and also bounded
uniformly away from zero.

For the convenience of the reader, we repeat explicitly the general problem of
our sequence.

The sequence of minimum problems. Given a bounded domain 2 C R? with
diameter 7 := diam(£2) and an element f € L?($2), for every thickness ¢ €]0, T'[,
we consider the problem: find (6(1), w(t)) in V := (H} (£2))? x H(82) such that

m,8.w) < M,(n,2) V(n.2) € V. (10.4.24)

where [I1; is given by (10.4.19).

The sequence (10.4.24) is what we need to analyse the performance of numerical
methods. Indeed, we expect a “good and reliable” numerical method to perform
uniformly well on all the problems of our sequence, regardless of the possible
smallness of 7. We therefore look for error bounds (in terms of powers of the mesh-
size i) which hold uniformly in ¢.

10.4.3 Mixed Formulation of the Mindlin-Reissner Model

It will be convenient, in order to carry on the analysis, to introduce the auxiliary
variable

y(1) := 1 (grad w(t) — 6(1)) (10.4.25)
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which is related to the shear stresses but does not go to zero with 7 (and could
be considered as a sort of normalised shear stress). We can now write the Euler
equations for I7; in the form

a@.n) + (y.gradl—n) = (0. Y@.OeV, (10.4.26)

y =t *(gradw — 9). (10.4.27)

This is now taking the form of the abstract problems studied in Chap. 4, especially
in Sect. 4.3. In particular, we can define the bilinear forms

A, w), (n.2)) :==a(8,n), (10.4.28)

where a is defined in (10.4.7), and

B((n.¢).8) := (grad ¢ —n, ) (10.4.29)
corresponding to the operator
B:(n,8) — (grad¢ —n), (10.4.30)
and finally the functional
F.(.0) = (£.9). (10.4.31)
With this notation, Egs. (10.4.26) and (10.4.27) can be written as
A(@.w), (0.) + B((1.0).y) = F.(n.5) Ym0 eV, (10.4.32)
B((@.w).8) —1*(y.5) =0 V8§ (10.4.33)

As we have already seen on several other examples, it is convenient, from many
aspects, to consider (10.4.32) and (10.4.33) as a perturbation of the “limit problem”
that we have for = 0, namely

Ao w0), (1, 0) + B0,y = (F.(0.0) V(L0 €V, (10434)
B((6y.w0).8) =0 V8. (10.4.35)

It is easy to check that the kernel K := KerB is given by
K ={(n.9)](1.¢) € V such that y = grad {}. (10.4.36)

It is then clear that the Korn inequality (10.4.12) implies that the bilinear form A,
defined in (10.4.28), is elliptic in the kernel K of B:

A((1.9). 1. 9) = a0l (. DIl V(1.0 €K, (10.4.37)

with o depending only on the Korn constant «k,,, appearing in (10.4.12).
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On the other hand, we note that we did not decide yet what the space Q should
be, and hence where § is allowed to vary in (10.4.33) or in (10.4.35). Recalling the
general theory of Chap. 4, we observe that the space Q should be defined in such a
way that the operator B, associated with the bilinear form B, is surjective from V to
Q’ (or, at least, that its image is a closed subspace of Q). It is therefore clear that
the next, crucial, step has to be the characterisation of the image of B, that is B(1')
with V given in (10.4.10).

In what follows, we are going to use the notation introduced in Chap.?2 for the
two-dimensional operators

ad ad
curl : ¢ —> curl¢p = —¢,——¢ ,
dy  Ox
(10.4.38)
. i . 0
curl: y — curl y = —— + —.
= = dy ax

Note as well that (for the same reason) we are using here (x, y,z) instead of
(x1, X2, Xx3).

Proposition 10.4.2. The mapping B is surjective from V onto the space I' =
Hy(curl, §2) defined by
Ho(curl; 2) = {y| x € (LX(2))*, curl y € L*(2), x-t = 00n 382} (10.4.39)

12 Wty curtzy == 120G =+ Il curl Y15 (10.4.40)

(where t is the unit tangent to 52 ) and admits a continuous lifting.

Proof. We shall show that there exists a Bgy > 0 such that: for every X €
H(rot; §2) there exists (1, {) € V' verifying

x =grad{ —n = B(1n,{), (10.4.41)
and
160 + Il = 5~ Nzlngemor (10.4.42)
For this, we first choose v € (HOI)2 such that
divy = — curll, (10.4.43)
vl < cll curl xllo: (10.4.44)

this is obviously possible because

/ curl ydxdy = / x-tds=0. (10.4.45)
2 - a2
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Then, we set

n = (n,n2) := (—v2,01) (10.4.46)
so that from (10.4.43) and (10.4.44) we have

curlﬂ = —curll, (10.4.47)
Il =< [ curl x[lo. (10.4.48)

Now choose ¢ as the unique solution in H, (£2) of
AL =divy +divy € H™'(2): (10.4.49)
we have, using (10.4.48) and (10.4.49),
Il < ¢ (Idiv xll-1 + [[divgll-1) < ¢ (I xllo + [l curl xJlo). (10.4.50)
We now have
div(grad{ —n) = div y in £2,
curl(grad ¢ — n) = curl y in £2, (10.4.51)
(gradf —mn)-t = x-t =00nds2,

which easily implies (10.4.41). On the other hand, (10.4.42) follows from (10.4.48)
and (10.4.50). O

Proposition 10.4.2 tells us how fo choose Q in order to have that B is surjective
from V to Q’. Actually, we have little choice: Q' must be equal to the space I’ =
Hy(curl, §2) defined in (10.4.39). As we are dealing with Hilbert space, this implies
that Q has to be the dual space of I":

Q = TI'" := (Ho(curl; 2)). (10.4.52)
On the other hand, a little functional analysis allows us to characterise I"’ as follows:
I’ := (Hy(curl; £2))’
= H™'(div; 2) (10.4.53)
={ylyeH(2) divy e H(2)}

with the norm

Iyl = lylI7 = lly 2, + I div )12, . (10.4.54)
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Then, the Closed Range Theorem (see Sect. 4.2.2) tells us that Proposition 10.4.2
can be written in the form of an inf-sup condition:

radC —n) - ydxd
ABry > O such that inf sup fg(g_ §—n)- xdxdy

reomoey 1@ Olviixlle

Hence, to start with, we can make precise the limit problem (10.4.34) and
(10.4.35) as follows

find (8,, wo) € V and Y, € 0 such that

A(E.w), (0.8) + B((1.O.y) = (£ Y@.0 eV, (10.4.56)
B((€y.w0).8) =0 Vie Q.

From (10.4.37) and (10.4.55), using Theorem 4.2.3, we then have the following
result on the limit problem (10.4.34) and (10.4.35) in the form (10.4.56).

Proposition 10.4.3. Let A and B be defined as (10.4.28) and (10.4.29), respec-
tively. Then, for every f € L*(£2), the limit problem (10.4.56) has a unique solution
(8. wo, &) and we have

1€0llt + lIwolls + lly llr =< el f -1 (10.4.57)
O

Remark 10.4.1. Actually, the abstract theory of Chap. 4 tells us that we could take
any framework that is much more general than the one used for problem (10.4.56).
For instance, we could have allowed a general F € V’ (not necessarily of the
form (10.4.31)) in the right-hand side of the first equation. Besides, we did not
need to assume f € L%*(2),as f € H~'(£2) would clearly have been sufficient.
Moreover, a right-hand side in @’ = I" would also be allowed (instead of zero) in
the second equation. We decided, however, to present the result in the framework of
our original plate problem. O

Remark 10.4.2. 1t is not difficult to check that the unique solution of (10.4.56) is
related to the solution of the Kirchhoff model: find wg € HZ(£2) such that

E

by the relations

wy = Wk, QO = gr_adwK. (10.4.59)

O

Remark 10.4.3. In the case of beam problems, the space I"’ is replaced by L2,
which makes things much easier. O
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Remark 10.4.4. We now remark that, with our choice, we have Q= H,
(curl; 2) < (L?*(22))>. As Q' is clearly dense in (L?(£2))?, we also have
(identifying, as usual, (L?(£2))?> with its dual space) (L?(£2))> < Q. This
implies that the perturbation introduced, for positive ¢, in the full problem (10.4.32)
and (10.4.33) has to be regarded as a singular perturbation of the limit
problem (10.4.34) and (10.4.35). Hence, it has to be dealt with using the instruments
of Sect.4.3.2. O

In view of the previous remark, we introduce the space
W= (L*(2))* (10.4.60)

and set the mathematical framework for the Mindlin-Reissner problem (10.4.32)
and (10.4.33) as follows

find (6(¢), w(t)) € V and y (1) € W such that
A1), w)), (1.0) + B((n. ), y() = (£.§) Y. eV, (10.4.61)
B, w), p) = (v, Ow Yy e W =(L*(2)).

Having chosen W as well as O, we can now prove the following result.

Proposition 10.4.4. Let the spaces V, Q, and W be defined as in (10.4.10)-
(10.4.60), respectively, and let the bilinear forms A and B and the opera-
tor (10.4.30) be defined in (10.4.28), (10.4.29) and (10.4.30), respectively. Then,
there exists an & > 0 such that

&l Ol < A 9. (1.9) + 1B Ol - (10.4.62)

Proof. The result is essentially trivial. Indeed, using (10.4.11), the triangle inequal-
ity, and the Poincaré inequality (1.2.14), we have first

1. O < Inlli + Cill grad ¢[1§ < Co(linll; + || grad ¢ — nllp).

where C; and C, depend only on the Poincaré constant. Then, we can use the Korn
inequality (10.4.12) and the definition of .4 and B to obtain

1

InlF + 1l grad ¢[I < A1), (1.9)) + 1B(@. D5,

Korn

and the result follows. O

We can now apply Theorem 4.3.4 (with g = 0) and obtain the following result.
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Theorem 10.4.1. With the same assumptions as in Proposition 10.4.4, for
every f €V’ and for every t €]0, 1|, problem (10.4.61) has a unique solution
(8(2),w(t), y(t)). Moreover, there exists a constant ¢, depending only on £2,
such that

10O + w1 + Iy Ol + tlly(llo < el fllv. (10.4.63)
u]

We can now study the behaviour of the solutions of problem (10.4.61) when
t — 0.

Proposition 10.4.5. With the same assumptions as in Theorem 10.4.1, we have
0(t) = 8, in (Hy (£2))%,
w(t) = wo in H} (R2), (10.4.64)
y(t) =y, in r’,

where (8, wo, Zo) is the solution of the limit problem (10.4.56).

Proof. The weak convergence (a priori, up to a subsequence) in (10.4.64)
just follows from (10.4.16) and (10.4.57). A passage to the limit in (10.4.61)
gives (10.4.56). O

Remark 10.4.5. Additional results in this direction can be found in [171]. |

We can now apply the results of Proposition 4.3.5 and of Remarks 4.3.12
and 4.3.14 to estimate the convergence rate as a function of #> which plays here the
role of A. This leads us to a convergence rate in VA = t. In order to improve this
bound and also to enable us later to get sharper error estimates, we now introduce a
decomposition principle for (10.4.26) and (10.4.27).

10.4.4 A Decomposition Principle and the Stokes Connection

We shall first prove the following decomposition principle for vector-valued func-
tions in I’ = Hy(curl; £2).

Proposition 10.4.6. Every elementy € I’ " can be written in a unique way as

y = grady + curl p, (10.4.65)

with y € H}(2), p € L*(2)/R, and curl p = {—ap/By, Bp/ax}. Moreover, we

may use
Y17 = 115 ) + 121220z (10.4.66)

asanormon I,
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Proof. Set £ := divy € H~'(£2). We define ¥ to be the unique solution of
Ay =&, ¢ € Hol_(.Q) and we set « = y — grad Y. One has divae = 0 so
that « = curl p and p is determined up to a constant in L?(£2). Condition (10.4.66)
is then immediate. O

Remark 10.4.6. The decomposition introduced in Proposition 10.4.6 also holds for
(L*(£2))? and H (curl; £2). The difference between these spaces lies in the regularity
of the p component. Indeed, taking y = grad y +curl p with ¢ € H, (£2), we have

y e (L*(2)) & peH (2)/R, (10.4.67)
y e Hrot: 2) & p e H*(2)/R, (10.4.68)
3
y € Ho(rot; 2) & p € H*(£2)/R and 3—” = 0o0n 9. (10.4.69)
- n
O

It is now a simple exercise to transform problem (10.4.61) in terms of the new
unknowns 6(¢), w(t), ¥ (¢), and p(z). We have indeed the following basic theorem,
which is of considerable help in understanding the nature of the Mindlin-Reissner
equations.

Theorem 10.4.2. Any solution of (10.4.61) is a solution of the following
problem (and conversely) through the change of variables (10.4.65): find
O(@t), w(t), ¥ (1), p(t)) in © x Z x H}(£22) x L*(£2)/R such that

(grad vy, grad ) = (f,§) V& € Hj(82), (10.4.70)
a(0(t).n) — (curl p(t).n) = (grady.n)  Vn € (Hy(22))".
— (0t), curl ) — t*(curl p(t),curlq) =0 Vg € H'(2)r,

(gradw(t), grad x) = (0(t), grad y) + t*(grad yr, grad ) ¥y € H{ ().
(10.4.72)

(10.4.71)

Proof. The proof is immediate: it is enough to make the substitution (10.4.65), and
observe that both (10.4.61) and (10.4.70)-(10.4.72) have a unique solution. O

Remark 10.4.7. Tt must be noted that (10.4.71) implies dp/dnlse = O and p €
H?*(2) so that y = grady + curl p is indeed an element of I" = Ho(curl; £2).
Note also that ¥/ (¢) is actually independent of ¢. O

Remark 10.4.8. It is important to note that although (10.4.70)-(10.4.72) seems,
at first sight, a system of four equations, it actually decomposes immediately
into equation (10.4.70) (which allows to compute ¥ directly from f), plus
equations (10.4.71) (which allow to compute 6(¢) and p(¢) once we know ) plus
equation (10.4.72) (which allows to compute w(t) once we know () and ). We
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have thus reduced, through Theorem 10.4.2, our original problem into the following
sequence

— A Dirichlet problem (10.4.70) that is independent of ¢,
— A “Stokes-like” problem (10.4.71),
— A Dirichlet problem (10.4.72).
0

The decomposition provided by Theorem 10.4.2 shows us that it is the p
component of y which depends on ¢. Before coming back to the quantification of
this dependency, we rapidly develop the analogy between (10.4.71) and a Stokes
problem. Let us set 7 = {—7,, 71} . We can write (10.4.71) in the form

a@t. 0t + (p.div t) = (gradynt) Vot e (HJ(2))%
- - - - (10.4.73)
(div 0*.q) = 1* (grad p.gradq) Vg € H'(2)/R.

The limit problem (¢ = 0) is thus a standard Stokes problem and we shall be able
to rely on results of Chap. 8 to build approximations. We shall not analyse here the
case ¢ # 0 in too much detail. However, it is important to see the behaviour of p as
t — 0.

Proposition 10.4.7. Let 0(t), w(t), p(¢), and ¥ be the solution of (10.4.70)-
(10.4.72). We then have

10Oz + w2 + ¥ Ol2 + lpOl + 1 lp@ll2 = c [ fllo (10.4.74)

where the constant c is independent of t. O

We refer to [122] for the proof of this result which is based essentially on the
regularity properties of the Dirichlet problem and the Stokes problem.

An important point is that (10.4.74) does not improve too much for a more
regular f (even in a smooth domain). It is not possible to bound || p(¢)||» uniformly
in z. The reason is that the normal derivative of p(¢) vanishes although this is not the
case for the solution p(0) of the limit problem. We thus have a boundary layer effect
which has been studied in [29]. This analysis shows that an analogue of (10.4.74)
exists for ||6 ||% and || p|| 3 but not for more regular spaces.

Remark 10.4.9. We can now try to apply Remarks 4.3.12 and 4.3.14 to our problem.
Denoting Wy := {p | p € H*(£2)/R, dp/dn|ye = 0}, it is clear that we have

|(curl p. curlg)| < cllplly, N9l 20 5 (10.4.75)

Whenever the solution py of the limit problem is regular enough (this is the case for
smooth data and a smooth domain), we shall have
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3
po € [L*(2),Wils VO < 7 (10.4.76)

No improvement is possible because of the fact that dp(0)/dn # 0. We can thus
apply Remark 4.3.14 to get for 6 < %

19t) — 0,ll1 + 1 p(2) = pollo + llw(®) —wolli < ct? |Ipolle,  (10.4.77)

where || po|l¢ is the norm of pg in [L2(£2), W4]y . We can summarise (10.4.77) by
saying that we have an O(t*/>~%) convergence. This requires, however, a smooth
domain. In the case where 942 is only Lipschitz continuous, the best we can get
is O(t). O

10.4.5 Discretisation of the Problem

We now turn our attention to the discretisation of our problem (10.4.26) and
(10.4.27). Let us thus assume that we are given finite-dimensional subspaces ©),
and Z, of ® and Z and use V;, = ©®,, x Z;, as a subspace of V. We also discretise
the space W = (L%(£2))?> by I}, and we consider the discretised problem: find
©", wh, y,) such that

a(@.n,) + (y,.grad&y—n,) = (&) Y(1,.) € Vi

5 (10.4.78)
(gradwy — 8. x,) = 1°(y,. x,) =0V, €I
This could also be written with the notation of Sect. 10.4.3, that is, in particular,
making use of the bilinear form 4 and B defined in (10.4.28) and (10.4.29). The
discrete problem (10.4.78) becomes: find ((8,,, wy). Zh) € Vi, x Qy, such that

Ay wn), (0:O) + B((1.9).y,) = F.(0.0) Y (1.0) € Vi,

) (10.4.79)
B((@.w). ) —t"(y.x) =0 VyxeQy=T
In what follows, we shall use either the form (10.4.78) or the form (10.4.79),
according to the notational convenience.

Remark 10.4.10. Note that from the second equation of (10.4.78), we do not have
in general Y, = At™2(gradwy, — 6,,) unless we take @, Z;, and I'y such that
grad Z;, — ®, C I;. This, as we shall see, could be a problem regarding the actual
implementation of the method. Indeed, in the common engineering practice, one
prefers to solve the discrete problems in terms of 8, and wy, alone. In this case, the
use of the mixed formulation (and the introduction of the variable y ) should be
regarded as a mathematical artefact used in order to have a better understanding of
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the mathematical structure of the discretised problem. We will come back several
times to this important point. O

It is easy to check that, now, the discrete kernel K := KerB, is given by

Ky ={(n.0)1n.0) € Vi, (n—grad¢.8) =0 V8 € I}, (10.4.80)

and we consider the problem of having, for our discrete problem, the ellipticity in
the discrete kernel,

A((1.0).(0.0) = gl DI Y (n.0) € K. (10.4.81)

For the continuous case, the Korn inequality (10.4.12) implied that the bilinear form
A is elliptic in the kernel K (see (10.4.37)). As the variable ¢ does not appear in the
actual expression of A((n, ¢), (1, {)), we deduce that the only possibility in order to
have the ellipticity in K, is that the following property holds

e >0s.t.{(n.¢) € Kn} = {l¢ll =«linli} (10.4.82)
and a simple necessary condition for it is that
{(grad§,8) =0 V8 € I} = {grad{ = 0}. (10.4.83)
This can easily be satisfied assuming for instance that
grad(Zy,) € I. (10.4.84)
As we shall see, the above condition (10.4.84) is not difficult to enforce when

choosing the finite element spaces and the vast majority of the good and reliable
methods will satisfy it. On the other hand, the discrete inf-sup condition

rad® —n) - ydxd
dBry > O such that inf sup fg(g_ ¢ Q) 4 Y

> Bry (10.4.85)
XEQn (1.0)EVh ”(ﬂv g)”V”l”Q

is a major difficulty, and most methods will be designed in order to get around
it. For this, the first methods that we are going to consider are those based on the
decomposition principle given in Proposition 10.4.6 and on the re-formulation of
the problem given in Theorem 10.4.2.

Remark 10.4.11. It will often be convenient to look as well at the limit problem:
find (6,. WOh’ZOh) € Oy, x Zy, x I, such that

ap-n,) + (v,,-grad s —n,) = (&) V(0,.84) € Vi,

(x,-gradwo, —by;,) =0 Vy, €T,

(10.4.86)
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that could also be expressed in the form (10.4.79) with t = 0. It also comes from
the results of Sects.4.3.2 and 5.5.3 that to get a good approximation of (10.4.61)
by (10.4.79) (that is, with convergence properties independent of ¢), it is necessary
for (10.4.86) to be a good approximation of (10.4.34) and (10.4.35). O

‘We shall first consider the most “naive” case.

Example 10.4.1 (The direct approach). Let us suppose that we are given @, C &
and Z;, C Z, and let us choose

I, = grad(Z,) — Oy,. (10.4.87)
This choice implies that
KerB;, = {(Qh, &) Iﬂh = grad {;} C KerB, (10.4.88)

so that the ellipticity in K} (10.4.81) evidently holds. It is important to note that
the choice (10.4.87) is very easy to use on the computer, as it actually corresponds
to minimising the energy functional I, given by (10.4.19) on V}, = ©), x Z; and
that you do not even see Y, (nor I7},). The choice (10.4.87) is then one of the most
widely used choices for Fh although in general, one does not realise it.

Howeyver, in the limit 1 — 0, one is lead to minimise

I, = a(n,.n,) = (f.4) (10.4.89)

on KerB;,. Now, a quick glance to KerB;, will make us understand that we have a
long way to go. Consider nh = {—nn, nin}, that is, a rotation of 7/2 of n,- Itis
clear that if (nh, 1) belongs to Ker B, we then have, by (10.4.88),

div Q; = curly, = 0. (10.4.90)

Therefore, with choice (10.4.87), we are minimising I1; in (10.4.89) on a subset of
functions n_ satisfying (10.4.90). However, we have already seen in Chap. 8, for the
linear Stokes problem, that it is not recommended to work with velocity fields which
are exactly incompressible (because there are too few of them in general). A direct
application of (10.4.87) is likely to lead to bad results (e.g. locking) unless a very
special choice of @, and Z; has been made. O

In what follows, we shall mainly concentrate on two groups of finite ele-
ment approaches: the Methods based on the decomposition principle, and the
Methods based on a nonconforming approximation of the original minimisation
problem (10.4.24).
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10.4.5.1 Methods Based on the Decomposition Principle

The first group of methods that we present is directly guided by the decomposition
principle of Propositions 10.4.6 and 10.4.2 in which a Stokes-like problem explicitly
appears. For the sake of simplicity, we shall describe one possible method in
this group, based on the MINI element for Stokes. However, it will be clear that
starting from every finite element stable approximation for the Stokes problem using
continuous pressures, one can derive a Reissner-Mindlin method belonging to the
present group.

The basic idea is to give up a direct approximation of y and to approximate
instead each component of its decomposition into grad v, + curl pj,. Moreover,
as (10.4.71) shows us that 6, and pj, are analogous to a velocity field and a pressure
field in a Stokes problem, we shall try to use some results of Chap.8 to build a
suitable approximation.

We assume that £2 is a convex polygon and that we are given a sequence {7} of
partitions of §2 into triangles. Let &), be built by employing the MINI element of
Chap. 8 , that is, in the notations of Chap. 2,

On = (LINHL(2))? & B,

(10.4.91)
Zy =L'NH\ Q).

These are spaces of piecewise linear polynomials enriched by a bubble function in
the case of ®;. We also introduce

I, := grad(£} N H} (2)) ® curl £} = grad Z), @ curl £]. (10.4.92)

This space is then a strict subspace of piecewise constant vector functions
constructed by discretising the ingredients of the decomposition principle of
Proposition 10.4.6 and Remark 10.4.6.

It is straightforward to check that KerB, is made of the pairs (Qh, {p) in Oy X Zy,
such that

(n,.curlgy) =0 Vg, € Ly, (10.4.93)
(grad ¢y, grad ¢y) = (n,. grad¢n) Ve € Zy = L] N Hy(2).  (10.4.94)
Now, condition (10.4.94) is especially nice as it implies

lalh <cllm, . V(n,.5) € KerBy, (10.4.95)

and hence, (10.4.82) holds and we have the ellipticity in the kernel (10.4.81).
We still have to check the inf-sup condition (10.4.85) and we can do it using
Proposition 5.4.3: given (1, {), we must then be able to build (Qh, &) = (. 9)
such that
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B((1.¢) = (n,:81).8,) =0 V§,, (10.4.96)
with

I, I+ 18all < ¢ Clinlly + 1) (10.4.97)
Using the structure § = grad ¢, + curl g5, condition (10.4.96) becomes:

(grad ¢y, n, — grad &) — (grad ¢, n — grad§) =0 V¢, € Z,

. (10.4.98)
(curlgn,n, —grad ) — (curlgy, n —grad¢) =0 Vg, € L;.

In order to construct the operator IT,, we use the result already obtained in
Chap. 8 to deal with the inf-sup condition for the MINI element. In particular, we
proved that there exists an operator ITg, from ® = (H, (£2))? into ©)}, such that

(gradgn.n—Ms(n) =0 Vg € L}, (10.4.99)

with [[ITs()[l1 < C [nll; and C independent of /. With the same arguments, we

can obviously prove that there exists an operator [T from @ = (H, (£2))* into @,
such that

(curlgn, n—Mr(n) =0 Vg e L' -1, (10.4.100)
with
TR < C lInlli, (10.4.101)

with C independent of /. Condition (10.4.100), taking into account the fact that
(curlgy, grad ¢,) = (curlg;, grad¢) = 0 (by Green’s formula), tells us that the
second equation of (10.4.98) is satisfied if we take n, = 11, (Q). We now observe
that the first equation of (10.4.98) reduces to

(grad ¢, grad§y) = (grad ¢y, gradl —n+ ITr(n))  Véu € Zy, (10.4.102)

and this is a discrete Dirichlet problem for the Laplace operator for which we have
easily [|nlli = ¢ (€]l + lInll1), yielding the second part of (10.4.97).

Remark 10.4.12. 1t should be clear from our construction that the crucial step is to
have an operator [T satisfying (10.4.100) and (10.4.101). This, always changing as
we did the div operator into rot, essentially means that we could take, instead of the
MINI element, any other finite element pair that is stable for the Stokes problem and
which uses continuous pressures. O

Having proved the inf-sup condition (10.4.85), we can therefore apply to the limit
problem (10.4.86) the basic results of Chap.5. We can summarise this in the
following proposition.
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Proposition 10.4.8. Problem (10.4.86) with the choice (10.4.91) and
(10.4.92) has a unique solution. Moreover; if (8,,, wo., Zo) is the solution of (10.4.34)
and (10.4.35), we have

100=0onll1 + Iwo—wonllt + lly,—v,, Il

= chilwolls + lly la@v:ey}.  (10.4.103)

|

Remark 10.4.13. The result of Proposition 10.4.2 can be applied to the discrete
problem in the present case. Indeed, we built, a priori, I}, in order to obtain
a decomposition principle. Problem (10.4.78) can be written in the form: find
(04(1), wa (1), Yu (1), pu(1)) in @), x Zy x Zj x L1/R such that

(grad vy, grad§) = (f.§) V& € Zy, (10.4.104)
a(®y,.n) — (curl pp,n) = (grad ¥;,.m)  Vn € O,

(10.4.105)
— (8, curlg) — £*(curl pj, curlg) =0 Vg € Lj

(gradwy, grad y) = (6, grad x) +*(grad . grad y) ¥y € Z.  (10.4.106)

These problems can be solved sequentially and (10.4.105) is a Stokes-like problem
using the MINI element of Chap. 8. This approximation has been introduced and
studied for ¢t # 0 in [122]. Using this decomposition and Proposition 10.4.8,
recalling that

lylrr = 11¥ih + lpllo/r. (10.4.107)

and bringing in the regularity result of Proposition 10.4.7, we have, for = 0, the
following estimate:

Yo — ¥olli + [lpo — porlloyr < ch {llwoll2 + l[Voll2 + I polli} < ch || f1lo.

(10.4.108)
From a numerical point of view, (10.4.104)—(10.4.106) can lead to an efficient
method, provided one has a Stokes solver available. O

Remark 10.4.14. An easy duality argument would also show that we have the
estimate

185 = Oopllo + lIwo — wonllo < ch*{lIwolls + lly llzcaivi}- (10.4.109)
|

To end the discussion on this group of methods, we rapidly show how the results
of Sect. 5.5 can be applied to the case ¢ # 0. We consider the error estimate (5.5.52)
from Remark 5.5.5, where we denote V = (H}(£2))* x H)(2), Q = I’ and
W = (L%*(R2))%. The parameter A is, of course, > in the present case. It is
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easily verified that all conditions are satisfied and that we have, taking into account
regularity properties of Remark 10.4.6,

10 =8, D1} + Iw@—wa @I + Iy )=y, OF

+ 2y () =y, 1 = € (inf10) = n, I} + inf w(r) — gl

—h

+inflly )=y, I} + 2y =y, I3).  (104.110)

Lh

Using the decomposition principle and the estimate (10.4.74), we can recover the
following result of [122].

Theorem 10.4.3. For every t €]0,T[, problem (10.4.104)—(10.4.106) with the
choices (10.4.91) and (10.4.92) has a unique solution (8,,(t), wi(t), Y (t), pu(2)).
If moreover (6(t),w(t), ¥ (t), p(t)) is the solution of (10.4.70)-(10.4.72), then we
have

18(t) — 0,1} + [[w(t) — wi(t) |13
V@) =3 + [p@) — P + 2 1p (@) — pr)|1}
< chRH0O15 + w13 + v O3 + IpOIF + 2lp@)133.  (10.4.111)

with ¢ independent of h and t.

We therefore have an O(h) convergence uniform in ¢. This result cannot be
(much) improved because of the boundary layer effect already described.

10.4.5.2 Nonconforming Approximations of the Minimum Problem

The previous class of methods is, although interesting, rather remote from the
actual engineering practice in which one tries to stick as closely as possible to
the original formulation. In particular, as already pointed out in Remark 10.4.10,
what is preferred in the engineering practice is to work only in terms of the original
unknowns @ and w, and, possibly, having their degrees of freedom at the same nodes
(in particular if one wants to extend the methods to shell problems).

As we have seen, however, in Example 10.4.1, working directly on the minimi-
sation problem (10.4.24) would require approximations 8,,(¢) and wy,(¢) that, in the
limit for ¢ — 0, satisfy 6,(0) = grad w;,(0), and if we want to use a conforming
approximation @, C © this would require w, € Z; to belong to HZ(£2), which is
not so easy to obtain, in particular for low degree elements.

The most common escape to the troubles that we are facing is to use some
kind of numerical integration (or a nonconforming approximation) for the term
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t72|| grad w — 6|*> which appears in (10.4.19), thus weakening condition (10.4.90).
A way of formalising it is the following. We assume that we are given a linear
operator r which maps @, x Z,, into (for instance) L?(£2). To see an example,
consider for instance the possible, but not necessarily recommended, choices:

r(n,f) € Eg and r(n, {)|x = mean value of (grad{ —n) on K (10.4.112)
or

r(n.¢) € £y and r(1.¢)|x = value of (grad ¢ — n) (10.4.113)

at the barycentre of K. Then, one minimises, instead of I7; (as in (10.4.24)), the
functional

1 t72
M = Ea(Q,Q) + 7||r(Q, w)lls = (fiw) (10.4.114)

on &, x Zy. This can be regarded as obtained from the problem find (8,,, wp, Y h) €
Oy, x Z, x I}, such that

a0 0,) + (v, 7 (0, ) = (£:&) =0 ¥(n,.8) € Vi,

(10.4.115)
(X, @ wi)) = () =0 Vg, €T,
whenever its second equation is equivalent to
v, =171 wh). (10.4.116)
This will always be the case for choices of I}, that verify
r(On, Zp) < T (10.4.117)

In this case, the limit problem (for ¢ = 0) will be: find (8,,, wy, Zh) € OyxZ,x1TI;
such that

a1, + (v, 71, ) — (£E) =0 V(1. &) € Vi
(lh’r@h,Wh))zo VthFh.

(10.4.118)

With the notation (10.4.28) for A and setting

Bi(0.0). ) = (.. D2y Y. €V Yyeli (104.119)

we can write the problem (10.4.115) as
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find (8,,(¢), wx(t)) € Vj and Zh([) € W, = I}, such that
A5,(0), wi (1)), (0. 0) + Bu((m,©). v, @) = (£, Y (1.0 € Va,

Bi((8,(0), wn()), ) = (. pw ¥ x € W = (L*(2)).
_ B (10.4.120)
The kernel of the operator B, associated with I3 will then be

KerB, = {(1,. ) € Vi such that (r(n,. &), x) =0V y € I},
(10.4.121)

which, assuming that (10.4.117) is satisfied, can also be written as
KerB;, = {(ﬁh ¢n) € Vi such that r(ﬂh, &n) = 0}, (10.4.122)

All this should be connected to the ellipticity in the kernel, or, better, to the following
(more powerful) property, strongly related to (5.5.46)

3Gy > 0 such that A((n. ). (.0) + t 2| Ba(n. O3

= A((.9). (1.0)) +12lIr (1. O3
> apull (. OIF Y (0.0) e Vi Vrelo.T[, (104.123)

where T is always the diameter of £2 as in (10.4.19).
We have for this the following result.

Proposition 10.4.9. Let A and By, be defined as in (10.4.28) and (10.4.119) for
an r that satisfies (10.4.117). If moreover we have

d¢, and Cr > 0 such that ||r (1, CI3 = G|l grad )2 — Cr||Q||% v (1.8) € Vi,
(10.4.124)
then (10.4.123) holds.

Proof. The proof is almost immediate using the Korn inequality (10.4.12). It is
sufficient to combine the two inequalities

A0, (1.0) + 2 r(m. Ol = A(. ). (1. 0) = akomllnlly
and

A((,8), (0,8) + 12 1r (. Ol

> T2 (1,013 = T72(Cll grad €3 — e 1)),

Condition (10.4.124) might look cumbersome. We have, however, a simple
sufficient condition for that.
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Proposition 10.4.10. Assume that r (1, {) has the form

r(n,¢) == Ru(n) — gradg, (10.4.125)

where R is a mapping from ©y, to I, such that
IR (Mo < Crlinll1, (10.4.126)

for some constant Cg independent of h. Then, (10.4.124) holds.

The proof is an easy exercise.
We can now use Theorem 5.5.5 and obtain the following abstract error bound.

Theorem 10.4.4. Assume that R is an operator from Oy, to I', satisfying (10.4.126),
and assume that the bilinear form B is defined through (10.4.125) and (10.4.119).
For every t €]0, T, let (0(1),w(t),y(t) be the solution of Problem (10.4.61)
and let (8,(t), wy(t), Y, (t) be the solution of (10.4.120). Then, for every
@, (), wr (@), Y, (t) in O, x Zj, x I}, such that

Ri(8,) — gradw; = 1%y, (10.4.127)

we have

18,,(1) = 8, @Il + wi () —wi (Dl +2lly, @) =y, Ol
=C (IIQ(Z) =0, + w@) =wi @l + lly() =y, Ol

Rin.y) — (.
+Sup( W y) (ﬂzﬂ)

€6y Inll1

(10.4.128)

where C is a constant independent of t and h.

Proof. The proof is elementary: using (10.4.126) and Proposition 10.4.10, we
obtain (10.4.124). Using Proposition 10.4.9, we obtain (10.4.123), which is the
crucial assumption needed to apply Theorem 5.5.5. O

Remark 10.4.15. In many cases, the last term in the right-hand side of (10.4.128)
can be better estimated by

(Ryn, —n.y) my=v)
sup - = == + sup == =1 (104129)
n€B, Il neo,  lnlh

which, in a sense, separates the errors |y () — Y, (t)||-1 and || Rj, — Identity||. It has
to be pointed out that, in most cases, the d1fference Rhn — 1 will be orthogonal to
all (vector-valued) polynomial of a certain degree £ so that
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(Run, —=n.y)
sup ———L—== < Chlly —myllo (10.4.130)
n€6y, 7l - -
where 7y is the projection operator on polynomials of degree £. O

As we did for the previous class of methods (the ones based on the decompo-
sition), we will not present here a list of all methods of this type available on the
market. We will instead present a single method, as an example, in order to show
the general guidelines that rule their construction.

We assume again that £2 is a convex polygon and then we are given a sequence
{7},} of partitions of §2 into triangles. We set, with the notation of Chap. 2,

Oy = (L3 + B3)* N (Hy (2))%, Zy:= (L4 B3) N Hy(22), (10.4.131)
Dii={x e (L)’ s.t. x| x-1 € Pi(e)Vedgee} N Hy(curl: 2). (10.4.132)
Note that this is the rotated BDF M,, following Remark 2.3.2. Together with the

spaces (10.4.131), we consider the operator I, from, say, (H ' (£2))? into I}, defined
in each triangle K by

/(th—g) Luds=0 Ve€dK Vu € Pi(e), (10.4.133)
e
/(th—n)-qu=0 Yq € RT(K), (10.4.134)
T Dd 4

where R7 (K) is the lowest order Raviart-Thomas space (see Chap. 2).
We can now define the operator r. Following the structure (10.4.125), we set

r(ﬂh, é'h) = g@dé’h — Hhﬂh (S Fh. (10.4.135)

The kernel of B;, as defined in (10.4.121) is now easily characterised as the set of
(Qh, {p) such that

I, = grad §j. (10.4.136)

Proposition 10.4.10 and then Proposition (10.4.9) to get

Since || T}, 7;h||0 < C||7’}h||1 for some constant ¢ independent of 4, we can apply

A((,8), (0.8)) + 1210, OII5 = Grull (0. O (10.4.137)

that is, more precisely, condition (10.4.137). In order to apply Theorem 10.4.4, we
just need to check that condition (10.4.127) holds for suitable 8,,w,, y; having
optimal approximation properties. For the construction of 8,,wy, y;, we can use
the following lemma. o
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Lemma 10.4.1. Assume that

{x € I'y such that curl y = 0} S grad(Zy). (10.4.138)
Set Y, = Iy and assume that we can find 0" and w verifying

curl IH(0" —0) =0 I, (gradw' — gradw) = 0. (10.4.139)
Then, from (10.4.138) and (10.4.139), one obviously has
(0" = 0) = grad{; (10.4.140)
for some &, € Z),. Then setting
0,:=0"  wi=w -0, (10.4.141)
one has (10.4.127) as well as

1T, — Ol + wr —wli < 21Tw(@ = Oy + llwi —wlh.  (10.4.142)

Note that, in other words, inequality (10.4.142) tells us that we can “arrange”
(10.4.127) without losing accuracy. The proof is simple: first we check that

11,0, — gradw;
= I,0' — gradw; = IT,0 + (1,6, — IT,0) — grad w;
= IT,0 + grad §; — grad w; = IT,0 — grad w'
= M8 — I gradw' = [T, (8 — grad w') = IT,,(1°y)
= ’211’ (10.4.143)
giving us (10.4.127). Inequality (10.4.142) then follows immediately from
lwr =wli < Iwi =wih + 18l < lwi =wlh + [T2(0" — O], (10.4.144)

O

Then, we just have to construct 6" and w' satisfying (10.4.139). The construction

of 0" is easy. Indeed, denoting IIcr the B-compatible operator for the Couzeix-

Raviart element for the Stokes problem and by 71 the projection onto £Y, one has
from Example 8.6.1

sy curl(@ — curl ITegf) = 0 (10.4.145)

and similarly, from the properties of the BDF M element,

mry curl @ — curl IT, 60 = 0. (10.4.146)
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We deduce that
curl [7,0 = my curl @ = my curl [1cgrO = curl [T, I1cR86. (10.4.147)
This says that the choice
0" := Mcrd (10.4.148)

will satisfy the first condition of (10.4.139). On the other hand, taking

w (P) = w(P) for all node P in 7, (10.4.149)
/(wi —w)ds =0 for all edge e in 7, (10.4.150)

and
/K W —w)dx=0 for all triangle K in 7, (10.4.151)

we easily have that

/g@d(w" —w) -ty ds =0 VedgeeinZ,, Vu; € Pi(e) (10.4.152)
e

and

/Tg@d(wi —w)-qdx=0 VtrangleT in7,, VqeRTn(T), (10.4.153)

implying the second condition of (10.4.139).
We can therefore use Theorem 10.4.2 and standard interpolation estimates
(together with Remark 10.4.15) to obtain the following result.

Theorem 10.4.5. Consider the discretised problem (10.4.120) with the choices
(10.4.131)—(10.4.135). Then, for every t €]0,T[, it has a unique solution
(Qh(t),wh(t),zh(t). Let moreover (0(1),w(t),y(t) be the solution of Prob-
lem (10.4.61). Then we have

18,(1) = 8, @Il + wi (@) —wir (D]l + 2 lly, @) =¥, Ollo
= (10015 + WOl + 1ly Ol + 1V le))  (10.4154)

where C is a constant independent of t and h.

As we already noted, this estimate is overoptimistic because it ignores the
boundary layer effects. From the results of [29], an O(h*/?) convergence rate should
be expected.
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Remark 10.4.16. Similar estimates have been obtained in [117] for the presently
discussed element and related ones, including elements defined on quadrilaterals.
More refined estimates can be found in [126]. A recent review of different Mindlin-
Reissner approximations, including the Linked interpolation techniques (that have
not been considered here), can be found in [190]. ]

Remark 10.4.17. The choice of second-order accuracy has been made only for the
sake of simplicity. Higher-order elements are possible and we shall indicate at
the end of this chapter a general framework within which they could be built. On the
contrary, lower-order elements are more difficult to get; see for instance [54] for the
convergence analysis of a similar method, which is only O(h) accurate [55, 258].
We also refer to [28, 54, 122,126, 181, 182,323] for other examples. O

Remark 10.4.18. Tt is possible to use a duality argument to get an O (h?) estimate
for [} — 8, lo and [lw — wo. See [126]. 0

Now to end this lengthy section, we are in a position to present general guidelines
for the discretisation of Mindlin—Reissner problems.

We must emphasise again that the decomposition principle makes apparent a
direct link with the Stokes problem. Indeed, all examples for which a satisfactory
analysis could be achieved contained an already proven Stokes element. If we distin-
guish the case of continuous pressure approximation and the case of discontinuous
pressure element, we get two types of strategies.

10.4.6 Continuous Pressure Approximations

— Suppose one knows @, x Qj, to be a good approximation of the Stokes problem
with Q) C H'(£2).

— Choose Zj an approximation of H|(£2) of the same order of accuracy.

— Write I, = grad Z;, + curl Q.

In this context, the definition of I}, does not lead, in general, to a standard space
and the decomposition principle of Theorem 10.4.2 and Remark 10.4.5 is the only
way to handle things from a computational point of view. It may, however, happen,
for a clever choice of Z; and Qj, that I, turns out to be a standard polynomial
space. Such a situation has been encountered in [28] where, using for @), x Q) the
MINI element, but taking Z, to be Ei’N €, thatis, a nonconforming P; approximation
of Hy (£2), I'; comes to be the whole space (£])? and not a proper subspace. For an
extension of the Arnold-Falk element to higher degree, see [14,26].

10.4.7 Discontinuous Pressure Elements

This second class of approximations to the Stokes problem has been the basis for the
“reduced integration” method of the last subsection. Here, we shall try to outline the



10.4 Moderately Thick Plates 623

principal features of this strategy in order to provide a guide for possible extensions,
some of which can be found in [117].

1.

Here again, our starting point is an approximation of the Stokes problem &}, x O,
Q) being a space of discontinuous polynomial functions. This approximation
should, of course, satisfy the inf-sup condition.

. We need to match this with an approximation '}, of Hy(curl, £2). More precisely,

we need a couple of spaces (I}, @) (where Q) is the same as before) and a
uniformly bounded linear operator IT;, — I}, such that we have the commuting
diagram:

curl

H -2 12(2)
nhl P”l (10.4.155)

curl
Fh — Q h

where ® = (H'(£2))?> N Hy (curl, £2) and Py, is the L2-projection operator.

. We finally need a space Z, C H_ (£2) such that

grad Z, = {8, € Iy, curl §, = 0}. (10.4.156)

Ingredients (1), (2), (3) will produce a plate element for which one can essentially
repeat the proof of Theorem 10.4.5 and obtain optimal error estimates for § and w.
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