Chapter 8
Failure Theories of Piezoelectric Materials

Abstract In this chapter failure experiments and theories in piezoelectric materials
are discussed. In present time the precision of experiments should still be improved.
The failure theory in solids is very complicated and there is no unified critical
criterion. It is clear that the critical energy for different failure version is different.
Especially the version of brittle tension failure is significantly different with other
versions. In piezoelectric ceramics the failure energy density of an electric field
is much higher than that in mechanical loading. In this chapter the generalized
stress intensity factor criterions; total, mechanical, and local energy release rate
criterions; strain energy density factor criterion; modal strain energy density factor
theory; small-scale domain switching theory; failure criterion of conductive cracks
with charge-free zone model are studied. Some simple electric breakdown theories
of solid dielectrics are also discussed.

Keywords Failure theories * Generalized stress intensity factor « Energy release
rate « Modal strain energy ¢ Charge-free zone model ¢ Electric breakdown

8.1 Experimental Studies

The change of the microstructure, including plastic yielding, phase transformation,
and failure theory, in solids is very complicated, and in present time there is no
unified critical criterion to show these changes exactly. In general the change
of the internal microstructure in the materials is caused by deformation, electromag-
netic field and temperature. Experiments show that except the failure under tension,
before failure the continuous deformation is revealed and then follows the change of
the microstructure, so the failure and plastic yielding, etc. often posses the similar
criterion. However, the failure of a brittle material under tension is less connected to
the continuous deformation, so it should often be discussed in different theory. The
experiments are necessary to get the practical failure criterions in engineering. Many
experiments for failure have been carried out. Because the piezoelectric specimens
are thin and small, manufacturing an ideal crack is very difficult. Usually the crack
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Fig. 8.1 Compact tension (CT) specimen

is a narrow slit with a circular end. The precision of the experimental results is not
very well, and the experiments are needed in the future. The fatigue failure is not
discussed in this book.

8.1.1 Test on Compact Tension Specimens

Park and Sun (1995) carried out the mode-I fracture tests of the compact tension (CT)
specimen for PZT-4 ceramic. Two silver-coated faces at the upper and
lower surfaces of the sample were used as electrodes. The sizes of the specimen
are 25.5 x 19.1 x 5.1 mm?® with crack length 11.5 mm as shown in Fig. 8.1. The
polarization x3-axis is perpendicular to the crack. The crack was created by cutting
with a 0.46 mm thick diamond wheel and further cut by a sharp razor blade with
diamond abrasive. Because the electric field exceeded 5Kv/m the electric
discharging between electrodes through the air was observed, the specimen was
immersed in a tube filled with silicone oil. The tests were to increase the tensile load
until failure occurred under a certain electric field. Some experimental results can
be found in Fig. 8.13. The results showed that the positive electric fields enforce the
crack propagation or decrease the apparent fracture toughness K;., while negative
electric field impede crack propagation or increase the apparent fracture toughness.

Fang et al. (2004) carried out the tensile tests of the plate specimen with a central
crack for PZT-5 ceramic. The sizes of the specimen are 40 x 20 x 3 mm? with the
polarization x3-axis. Their results are similar to that of Park and Sun.

8.1.2 Three-Point Bending Test with Asymmetric Crack

Park and Sun (1995) carried out the mixed-mode fracture tests on the three-point
bend specimen with unsymmetrical crack for PZT-4 ceramic. The sizes of the
specimen are 19.1 x 9 x 5.1 mm?>, and the poling direction was perpendicular to
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the crack as shown in Fig. 8.2. The length of the crack is 4.0 mm and located at
the midspan, 2mm,4mm from the midspan, respectively. The center-cracked
specimens produced mode-I fracture, and other two kinds of specimens exhibited
mixed-mode fracture. The experimental results showed that the fracture in this test
exhibits the same behaviors as that in CT specimens. It is also shown that the crack
deviated from the midspan will increase the fracture load.

8.1.3 Three-Point Bending Test of Smooth Specimens

Fu and Zhang (2000) carried out three-point bending tests of smooth specimens to
study the effect of an electric field on bending strength for PZT-841 ceramic
(Fig. 8.3). The sizes of the specimen are 10 x 4 x 3.2mm? and the span distance
was 6.0 mm. The poling direction was perpendicular to the load. Two silver-coated
faces at the ends of the sample were used as electrodes. The specimens were
thermally depoled at 400 °C for 30 min. Both the loading jig and supports were
insulated from the loading system. The generalized stresses will be calculated by
the finite element method. Under a mechanical load of 340 N, the electric field was
monotonically increased until fracture occurred. The results are shown in Fig. 8.4.
Results show that for the depoled specimens, the positive and negative fields all
decrease the bending strength.

8.1.4 Test on Conducting Crack

Heyer et al. (1998) carried out the mode-I fracture tests of the four-point bending
specimen for PZT-PIC 151 ceramic. Two silver-coated faces at the upper and lower
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Fig. 8.6 Plot of the stress and electric field intensity factors (Reprinted from Heyer et al. 1998,
with permission from Acta Materialia)

surfaces of the sample were used as electrodes. The thickness is 3 mm. The crack is
filled with NaCl solution and its depth a = 0.9 ~ 2.2 mm as shown in Fig. 8.5. The
generalized stress intensity factors are calculated by numerical method. The results
are shown in Fig. 8.6.
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8.1.5 Vicker Indentation Test

The Vicker indentation test technique is pressing a square diamond pyramid into
a specimen with a given external force. The resulting wedge force drives radial
half penny-shaped cracks. The crack growth version in a Vicker indentation test is
quite different with that in the CT test. In the direction perpendicular to the poling
direction, the crack length is longer than that in the direction parallel to poling
direction (Fig. 8.7). Experiment results (Jiang and Sun 2001) pointed out that for
small loading (9 N), increasing the positive electric field increased the crack and
increasing the negative electric field (absolute value) decreased the crack. For a
larger loading (49 N), increasing the positive or negative electric field increased
the crack, but in a negative electric field, the crack growth is smaller than that in
the positive electric field. In the test of Wang and Singh (1997), the results are
somewhat different.

8.2 Some Practical Failure Criterions

8.2.1 Generalized Stress Intensity Factor Criterion

In the linear- and small-scale yielding fracture mechanics for mode-I problem, the
stress intensity factor Ky or the energy release rate G or Jy integral is used as the
fracture criterion. For mixed fracture problem, the combination of K, Ky and Ky is
used. These theories are successful in engineering, but what combination should
be used is still a problem. It is natural to extend these theories to electroelastic
fracture problem, i.e., for the mixed fracture problem in piezoelectric material, the
fracture criterion takes the following form:

f (K1, Kir, K, Kp) = K. 8.1)

However, it should be noted that the role of K, is not fully the same as that of K7, Ky
and Ky. Many experiments show that the electric energy at failure of a piezoelectric
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material is much larger than that in the mechanical fracture. Otherwise the large
electric field can produce electric sparking to breakdown the dielectric. As
examples Heyer et al. (1998) gave a fracture criterion fitting their measured data

in the range — 50 < Kg < 25 (KVm~!/2) for material PET-PIC 151 is
Ki(MPam'/?) = 0.90 — 0.01 Kg(KVm'/?) — 0.00002 K3 (8.2)

Fang et al. (2004) gave a fracture criterion fitting their measured data in the range
Ki < 1.5Pam!/? and —2.5x 10*°Vm Y2 < Kg < 4 x 10*Vm~Y/2 for material
PET-5 is

Ki(Pam'/?) 4+ 18.193Kg(Vm™"/2) — 2.641 x 107*K2 = 803505.949  (8.3)

8.2.2 Energy Release Rate Criterion

1. Total Energy Release Rate Criterion
For linear electroelastic theory, the original energy criterion of the crack extension
is

G=R, G=-0U-W)/da, R=d(y,+7y;)/da (8.4

where G is the energy release rate, R is crack extension resistance, U is the internal
energy, W is the work done by the external force, y, is the energy to formed a new
surface, and y; is the irreversible work at the crack tip. But we often use the electric

enthalpy release rate G as the energy release rate. If the crack tip is selected at the
coordinate origin, Gis (Suo et al. 1992)

N ) 1
G=lma

A
< [ ol @ =) = @ =l a =) (@ =) Jar
(8.5)

where A is the crack virtual extension, r is the distance in front of the crack tip on
axis x; and A — r is the distance behind the crack tip.
The J integral expressed with the electric enthalpy is defined as

J= / (gn1 — oynuiy —niDip 1) dl, g = (1/2)(oyu;; +Dig;) (8.6)
r

where I is the integration contour around the crack tip and g is the electric enthalpy
density. In the linear- or small-scale yielding case, it can be proved that G=1J.
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For the mode-I fracture tests of the compact tension (CT) specimen, as shown in
Sect. 8.1.1, Park and Sun (1995) gave

Gr == (7a/2)[229 x 1071 (635)° + 235 x 10 0TS — 878 x 107 (EF)*|N/m
8.7

Equation (8.7) shows that when the contribution of an electric field is larger than
that of the mechanical stress, the total energy release rate becomes negative and the
crack cannot be extended. For the small stress and large electric field, the electric
field always impedes crack propagation. It is contrary to the experimental results.
2. Mechanical Strain Energy Release Rate Criterion
Park and Sun (1995) proposed a mechanical strain energy release rate GM
criterion for the piezoelectric materials. For the CT test, they got

G = lim o / {ow()[uf (4~ 1) —us (4~ )]}

= (na/2) [2.28 x 107" (633)% + 1.21 x 10’“0§§E§°}N/m

(8.8)

Equation (8.8) shows that the positive electric field (the direction of the external
electric field is consistent with the poling electric field) increases the mechanical
strain energy rate and decreases the fracture toughness. The results calculated from
this criterion are consistent with that in test, as shown in Fig. 8.13. However, if the
stresses are all zeros, Eq. (8.8) shows that the crack cannot be extended; it is also
contrary with the experiment. It can be considered that for larger mechanical stress
this criterion is well.

3. Strain Energy Density Factor Criterion

In elastic fracture mechanics, Sih (1973) proposed the strain energy density
factor as the fracture criterion. Zuo and Sih (2000) and Shen and Nishioka (2000)
extended this theory to the piezoelectric materials. The strain energy density factor
S is defined as

S = lin(l)rdU/dV = 1ir% rA, A =dU/dV = oj¢;/2 + DiE; /2 (8.9)

where 2 is the strain energy density. The strain energy density factor criterion is
assumed:

(a) At the crack tip, the minimum strain energy density Smi, happened at 8 = 6y,
(08/00)y_y, =0, and (628/892)6:90 >0, where 0 is the polar angle. Crack
initiation will start at the direction of the max Sp,;,.

(b) When max .Sy, reaches the critical value S., the crack begins propagation.

This theory is based on the stress state before crack extension. This theory is
not related to the crack virtual extension which is demanded by the energy release
rate theory.



402 8 Failure Theories of Piezoelectric Materials

According to Eq. (3.222) in general case, the stress asymptotic field near the
crack tip for a piezoelectric material with polarized x3-axis is

3 = —(l/\/27rr>ReB<;4k/\/9k>B_1K, 5 = <1/\/2ﬂr>ReB<l/\/@k>B‘1K
@k = \/COSG +Mk sinG, KI = (Fggx/ﬂ'd, KH = ()'?T\/ﬂ'a, KIH = 0';3\/71'07 KD = D;’C\/na
(8.10)

Discuss the plane strain problem in the (x;,x3) plane. In this case E; = 0, &2, = 0,
S0 o262 = 0,D,E, = 0. The strain energy density factor becomes

S = limo A =(1/2) limo r[(ETsl +E§£2) + (031831 + 623823)]
r— r— 8.11)
e = (e11, 62,63, E1)", €2 = (e21,6m,23,E)"

where generalized strains can be obtained from the constitutive equations, so S can be
expressed by the generalized stress intensity factors. Their numerical calculation results
show that for the material PZT-4 in the range — 0.6 (kV/cm) < E3 < 0.8 (kV/cm),
the theoretical results are consistent with previous experimental results.

8.2.3 Small-Scale Domain Switching Theory

Experiments show that under mechanical and electrical loadings, the intensified
generalized stresses near a crack-like flaw lead to domain reorientation. An electric
field can rotate the polar direction of a domain by either 180° or 90°, but a stress
field rotates it only by 90°. Let the initial poling direction of a domain form an angle
¢ with x;-axis and the variation of the polarization vector AP, and the transformation
strain tensor Agg after a 90° rotation of a domain (Fig. 8.8) be, respectively,

_ cos(¢p +3x/4) | —cos2¢p sin2g
AP, = V2P, [sin(gb +37/4) } Ago = 80[ sin2¢  cos2d (8.12)

where Pj is the spontaneous polarization, & is the spontaneous strain, and + 37 /4
are corresponding to the anticlockwise and clockwise, respectively.

The domain switching plays an important role in the crack extension theory.
Zhu and Yang (1997) and Yang and Zhu (1998) proposed a small-scale domain
switching theory to qualitatively discuss the fracture toughness variation which is
related to the fracture criterion. In their discussion, they assumed outside the
switching zone, the interaction between the stress and electric field is neglected
and the material is assumed isotropic. In Sect. 5.1.3, the electric field of a permeable
elliptic cavity in an electrostrictive material was studied under the assumption that
the effect of the stress on the electric field was neglected, so the results in Sect. 5.1.3
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can be used here. When the external electric field is only E5°, the electric asymptotic
field near the right end of a narrow ellipse in a local coordinate system with the
origin at the focus of the ellipse is (see Eq. (5.34))

1 a _. 1426
Ey ~EX{—— —iofzy — T 8.13
2 2{1+5\/5e T3+ (8.13)

In Eq. (8.13) the first term is a singular electric field, while the second term is a
homogeneous electric field. When §is small, the singular electric field is dominant,
while § is large, the homogeneous field is dominant. Outside the switching zone,
the stress asymptotic field is

oy = (Kuan V22 )150) (8.14)

where Ky, is the apparent stress intensity factor. The domain switching criterion
can approximately expressed as (Hwang et al. 1995)

6:Ae +E: AP > 2P.E, (8.15)

where E_ is the coercive electric field. Substitution of Eqgs. (8.12), (8.13), and (8.14)
into Eq. (8.15) roughly yields the boundary of the switching zone R as:

) 1 (K, KiP, \
\/ROZ\/:BR(97ﬁ>5)>O§ P (ﬂ)) p= Z , Kg=E*Vma

~ 8z \ P.E, Kapp€o
V2 3z 6 36 EX 5 32\17"
R= in(p+2 7)) +sin@sin(2p+2 ) [ |1 = 2— % §in[p+2
[1+f<ﬁsm(¢ 4 2>+Sm Sm("“é*)“ ﬁEc1+5sm<¢ 4)}

(8.16)

In mono-domain switching case, numerical results showed that when 5=10%,
the uniform electric field is dominant and a positive electric field reduces the
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size of the switching zone, while the negative electric field enlarges the size. When
& = 1073, the singular electric field is dominant, and both the positive and negative
electric fields enlarge the size of the switching zone.

At the crack tip region, the domain switching occurred. Solved the shape and the
size of the switching zone, the toughness increment can be obtained by the
transformation theory (Eshelby 1957; McCmeeking and Evans 1982; Budiansky
et al. 1983). Zeng and Rajapakse (2001) and Rajapakse and Zeng (2001) discussed
the toughness increment by domain switching also. Huang and Kuang (2003)
discussed the influence of the switching wake on the facture toughness of ferro-
electric materials. The domain switch theory need be improved.

8.3 The Local Energy Release Rate Theory

Usually a piezoelectric material has high mechanical strength, brittleness, and small
deformation, but the electric saturation can be occurred under large electric field.
Analogous to the Dugdale model in elastoplastic fracture mechanics, Gao et al.
(1997) proposed the strip electric saturation model and local energy release rate
theory to explain the effect of the electric field on the failure of a crack specimen in
piezoelectric material. This model considers that near the crack tip the mechanical
deformation is elastic, but the electric field is saturated on a line in front of the crack
tip or treats dielectric ceramic as mechanically brittle and electrically ductile
(Fig. 8.9). The fracture behavior is determined by the local J integral around the
crack tip x; = a only and does not enclosed the electric saturation end x; = c.

1. Poling Axis Perpendicular to the Crack

Discuss an infinite plate with a central crack of length 2a located on the axis x;.
The polarization x3-axis is perpendicular to the crack (Fig. 8.9). In order to clearly
explain the physical phenomenon, Gao et al. (1997) adopted the following
simplified constitutive equation:

o1l M = = 0 0 0 O 0 e[ €

022 * M x 0 0 0 O 0 e €2

033 * * M 0 0 0 O 0 —e £33

o3 0O 0 0 M 0 0O O —e O 2¢e3n

o3 p,=10 0 0 0 M 0O — 0 O 2¢e31 (8.17)
o1 O 0 0O 0O 0 = 0 0 O 2¢e12

D, 0 0 0 0 e 0 €€ 0 O E;

D, 0 0 0 e 0 O O € 0 E,

Ds l—e —e e 0 0 0 O 0 € 1| E;s

where * means that the corresponding material constant does not appear in this
model and is omitted. Here the plane strain problem is discussed.
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Fig. 8.9 The local J integral 3
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In Eq. (8.17) there are only three independent material constants M, e, €.
Assume the displacement only along x3 direction, i.e.,
uy =0, w3 =uz(x1;,x3), Ei=—¢; (8.18)

1
)

The equilibrium equation along direction x; is satisfied automatically due to u; = 0,
so o1 is not needed. Substitution of Eq. (8.18) into Eq. (8.17) yields

o013 =Muz 1 +ep,, o033 =Muzz+ep;

Dy =eusy —ep;, D3=eus3—e€ps ®.19)
Inserting Eq. (8.19) into generalized equilibrium equation ¢;;; = 0 and D;; =0
yields
Viu; =0, Vip=0 (8.20)
Introduce complex potentials U(z) and @(z), and let
u3; =Im[U(2)]; @ =Im[®@(2)]; o033 +i031 = MU'(z) + e@'(z) 821)

D3 +iD; = eU'(z) — e (2); E3;+iE; = —@'(z); z=x1 +ix

Now discuss the strip electric saturation model. Assume in front of the crack that
electric field reaches saturation ona < x; < ¢, x3 = 0. The boundary conditions are

033 +i031 =06, E;+iE; =E™; when |z] - o0
033 =0, D3 =0; when |)C1| <a, x3=0 (8.22)
w;" =u3”, D3y=Dy when a<|x;|<c¢, x3=0

where 6> and E* are real constants. It is noted that 63, cannot be zero in |x;| < adue
to u; = 0 is assumed. The solution satisfying Eq. (8.22) is

c1z 3z Cc4z Dy
U/(Z):\/ﬁ’ CD/(Z):\/22_a2+\/22_62_7w(2)
eE>™ + o™ e(eE™ + 6) (€* + eM)E™ + ec™
1= oy 3= w0 C4 = — M (8.23)
w(z) = 2 arccot (a 2= C2> — : arccos (f)
7 z V2 —a? V2 — 2 c
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where @(z) is similar to that in the Dugdale model and has the following behaviors:

o(z) =0, when z—oo; Imw(z)=0, when |x|>c

(8.24)
Rew(z) =0, when |x;|<a; Rew(z)=1, when a<|x|<c

The condition that the stresses are finite at |x;| = ¢ yields the size of the saturation
zone

7 (€* + eM)E® + ec™ 7 D>
— - — — — = — — .2
p=c—a=asec (2 MD. ) a asec(2 Ds) a (8.25)

Near the crack tip the stress field is singular, but the electric field is finite.
The singular parts of the stresses are

o33 = Re{MU'(2) + e®/ ()} = M~

cf@atr) e[%w+”‘lﬁw@]
Vi 4+ 2ra ViZ+2ra € (8.26)
=Im{U(z)} =c1Va®> —x?, —a<x<a

The local J integral J, at the crack tip (Fig. 8.9) is:

a

M

1+ ) 0B 4 o) 8.27)
+M(e +0™) (8.

Ja :/ (g}’ll — o,jnjujJ —Djnj¢’1)d

where g = (1/2)(0;¢;j — D;E;) is the electric Gibbs free energy. Equation (8.26)
can also be obtained by substituting Eq. (8.23) into Eq. (8.5) (Fang et al. 1999).
The apparent J integral J. whose integral path encloses the crack tip and the end of
the strip electric saturation is

Je= / (gm — oynju;y — Dinjgp 1 )ds = Jo + Ds(¢" — 7)), _,

2 2 00 00
ra ‘ » 4Dga 7 (e + eM)E® + ec
1 EX 4 o%) — 34 z
M ( * M) (eE™ +0%) = n[sec (2 MD,
wa

~ (00 = (& + (e

(8.28)

When p < a, the approximate equality is held in Eq. (8.28), which is just the
solution for the linear problem. It is obvious that J. # J,. If using J. =J as
the fracture criterion, where J; is the critical value at fracture of J integral, both the
positive and negative electric fields decrease J, so increases the fracture toughness.
If using J, = J.; as the fracture criterion, the positive electric fields decrease the
apparent fracture toughness, while negative electric field increases the apparent
fracture toughness. This is consistent with the experiment facts.
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2. Poling Axis Parallel to the Crack
Let the crack be located on the axis x3 (polarized axis) (Fig. 8.10). Take

us =0, wu =u(x;,x3); Dy =—-w; D3=y, (8.29)
In the coordinate system shown in Fig. 8.10, the constitutive equations are

o13=Muiz+ey;, o1 =Mu+ey,
Ez =eu; — y Ey = —eu3+ €y 3 (8.30)
M=M+e*le, e=ele, €¢=—1]e
According to E1 3 = E3 1 and 01,1 + 0133 = 0, it can still be derived that u3 and y
are all the harmonic functions. Introduce complex potentials U(z) and ¥(z)

and let

uy =Im[U(2)], w=1Im[¥(2)]; o1 +ici3=MU(z)+e¥(z)

8.31
Es—iE, =eU'(z) —e¥'(z); D3 —iD; =¥'(z); z=x3+1ix (555

The solution for a central crack is

0>z e(ME>® — ec6™) ME> — e6>
U'(z) = il Y )= - — 8.32
(2) Ve —@ | MMt &) @) Mc + & 832)
and

Je =Jo = 10 |2M = nra ¢ 6°* | [2M(eM + &%) (8.33)

Equation (8.33) shows that the parallel electric field does not influence the fracture
when the poling direction is parallel to the crack. It is also consistent with the
experiment facts. If let x3 = x, x; =y, the above formulas are identical with that in
the paper of Gao et al. (1997).

Wang (2000) and Fulton and Gao (1997) discussed the fracture problem for the
strip electric saturation model in a more general situation and pointed out that
the local J integral criterion is consistent with the experimental results obtained by
Park and Sun in a certain electric field range.
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8.4 Failure Criterion of Conductive Cracks with Charge-Free
Zone Model

8.4.1 Basic Concept of the Charge-Free Zone

In electronic and electromechanical devices made of piezoelectric ceramics, the
embedded soft electrodes are widely used. These soft electrodes may be considered
as conducting cracks. When an external electric field is parallel to the conducting
crack, the induced charge will be produced on the crack surface in order to make the
electric field inside the conducting crack remains zero. The same sign charges will
be on the upper and lower surfaces near the crack tip, so the repellent force will
open the crack. Zeller and Schneider (1984) proposed a model; they assumed that
the charge mobility has a finite value when E > E., while the charge mobility is
zero when E < E., where E, is a critical value. Zhang et al. (2003, 2004) based on
the above model proposed a charge-free zone (CFZ) model to discuss the failure
behavior of conducting crack: When the electric intensity factor at the crack tip
reaches a critical value, charges could be emitted from the tip. The emitted charges
may form a charge cloud around the tip and shield the external electric field, so
form a charge-free zone in front of the tip. Therefore the generalized stress field is
singular at the crack tip because there is no electric charge in charge-free zone and
the failure criterion can be expressed by the generalized stress intensity factors. The
CFZ model is the extension of the dislocation-free model in elastic—plastic fracture
mechanics (Ohr 1985; Majumdar and Burns 1983; Kuang et al. 1998).

8.4.2 Interaction of the Crack and a Point Charges
in Front of It

Discuss an infinite piezoelectric material polarized along positive x;-axis with a
semi-infinite crack located on the minus xj-axis subjected to a point electric charge g
at zo (Fig. 8.11). The crack tip is selected as the origin of the coordinate system.
At first discuss the interaction of a single point electric charge in front of the crack
tip. Zhang et al. (2004) adopted the simplified constitutive equations shown in
Eq. (8.17) with appropriate rearrangement, because the polarized axes are different.
In order to discuss the problem qualitatively, it is assumed that

uy =0, w3 =us(xy,x3) (8.34)

o3 =Mus; +eps, o033 =Muz3—eq,

8.35
Dy = —eusz —c@;, Di=euz1 —cp; ( )
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Fig. 8.11 A semi-infinite x
crack parallel to the poling q
direction Crack .z
o Ty

Poling direction

where u3 and ¢ are all harmonic functions, so they can be expressed by complex
functions U(z) and &(2):

uz =Im[U(2)], @ =Im[®(2)]; z=2x +ixs
033 + 103; = MUI(Z) + ie(P'(z); £33 +12e31 = U’(Z) (8.36)
Dy —iDy = —eU'(z) +ied'(2); E; +iE, = —@'(2)

The boundary conditions on a conducting crack surface are
c33=0, E;=0; when x; <0, x=0 (8.37)
The solution satisfying the boundary conditions is
U=0, &=—— 1n(\/_ V7o) + In(v/z — V7o) (8.38)

Substitution of Eq. (8.38) into Eq. (8.36) yields

CiEy = id () =L VETREED
E| —iE; = id/(2) 4re Z[z + Vz(v70 — V70) — V00| (8.39)

033 +i631 = €(E1 — lEg), Dl — iD3 = E(El — lEg), £33 =+ i2€31 = 0

When zp = x¢; is on the xj-axis, Eq. (8.39) yields

. q Vo1 . . q
E\—iEs=——"—— Kg=1lmV2nz(E, —iE3) = ————
VO e lr—x] T 0 Er—iks) €V2mXo1 (8.40)

Ka = lm(]) V 277,'2(633 —|— i0'31) = eKE, KD = lm(]) V 277.'2(D1 — 1D3) = EKE
Z—> Z—>

8.4.3 The Condition to Form a Charge-Free Zone

Neglecting the effect of the deformation on the electric field the solution of an
infinite material subjected to a point electric charge ¢ is

U:O, (P:—iln(z—zo) E] 1E3
27e

9
2mc 7 — Zo

(8.41)
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The image field Eﬁi), Egi) introduced by the crack is Eq. (8.39) minus (8.41), i.e.,

. V7o + V%o 1
E3 271’6 [2f[Z+J(f_f) \/ZO—Z] 7 — 2 (8.42)

When zy = x¢;, the image field of a point z; = x; near the crack tip is

£ _ 4 [ Vi 1 ] _ 4 ! (8.43)
1 - - B
2re ./xl[xl 7)(01] X1 — Xo1 2me /X1 [,/)C] +\/X01]
and image force acted on q is
2
) g 1
Fi=qF) = ——— 8.44
4+ 2re 2)6()1 ( )

So the image force is always to push the electric charge towards the crack. On the
other hand, the external field exerts a driving force F, on the charge. For simplicity
discuss a charge, which is on the axis xp;. The driving force is given by

Fo = Kgq / N (8.45)

where K is electric field intensity factor produced by the external field. According
to Zeller and Schneider’s model (1984), when the algebraic sum of the driving force
and image force is larger than gE,, the charge will be emitted from the crack tip, or
the condition to form a charge-free zone is

~ 4 SR, (8.46)

There are two points x; = a and x, = b (Fig. 8.12) satisfying Eq. (8.46):

20E 1/2
KEi(Ké— 1 c>
€

(8.47)

1
VX =——r1—
Y2 2\ 24E.,

According to Zeller and Schneider’s model (1984), a charge moves forward in the
region (xy,x;) due to F, + F; > gE. and stops at point x, due to F, + F; = gE..
When more and more charges are emitted from the crack tip, charges will pile up
and form a charge trap zone (b,c) followed by the charge-free zone (0,b). It is
assumed that b and c are constants.



8.4 Failure Criterion of Conductive Cracks with Charge-Free Zone Model 411

Fig. 8.12 A charge-free zone f \
model N.F
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8.4.4 Failure Criterion of Charge-Free Zone Model

Assume the charge density in the charge trap zone isf (x) withf(b) = f(c) = 0. The
critical electric field is E., and the external applied stress intensity factor is Kéa).

Using Eqgs. (8.40) and (8.45) the equilibrium condition in the charge trap zone is

(a) c £ 7

K X))/

E_ 9 dell —E, b<x <c (8.48)
2rx)  2me J, /x (xl fx’l)

In order to guarantee the existence and uniqueness of the solution of f(x) in
Eq. (8.48), it must be f(b) = f(c) = 0 or (Majumdar and Burns 1983)

E. K9 /2
/ \/_ / \/_” -0 (8.49)
Equation (8.49) yields
K = 2V2rcEE(n/2,k) /n (8.50)

where E(z/2,k) is the complete elliptic integral of the second kind and
k= +/1—b/c. The solution of Eq. (8.48) is

f()al)z 4eEbf Ve —x, l;r xi(c—b) k] 851)

rgy/c x| (x] —b) 2’ c()c1 —b)’

where II[z/2,n? k] is the complete elliptic integral of the third kind. Using
Eq. (8.40) the electric intensity factor produced by the electric charges is

= ot [Pt =y () (5.0 = - s
K = e(@ - DK, Kf;)= (@- DK, Q=\/§F(%k)/5(§k)

(8.52)
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where F(r/2, k) is the complete elliptic integral of the first kind. The local electric
field intensity factor at the crack tip is the sum of the applied intensity factor and the
intensity factor produced by the charges in the charge trap zone. So we can get

K =K + Ky = 0K, Ko =K'+ @ - DK = e(l + )z@ KLY
Ko = K‘(’a) + e('Q - 1)KI(Ea>’ K, = Kga) = |:K§a) - €KEa)} /M
(8.53)

Using Eq. (8.53) the local J integral J, is obtained:

= (1/2)(K.K. + KpKg) = (1/2M) <K§a> - eK,<;‘>)2 +(¢/2) (,QKS")Z (8.54)

Assuming J,, is the critical value of J,, Eq. (8.54) yields the fracture criterion:
@) @)?
2MJ, = <K§a> — ek ) + eM(QKE ) = 2MJ, (8.55)

Under purely mechanical loading we can get the critical stress intensity factor
Ko and under purely electrical loading we can get the critical electric field intensity
factor Kg, or

K, =2Mly, (eMQ*+e*)Kg, =2MJ; or

Ky = /MIer, Ko = %/2MIce | (MQ + )

(8.56)

where Kg ., can be taken as positive or negative value. Using Eq. (8.56), Eq. (8.55)
can be rewritten in dimensionless form:

2

2
K(a) e K(a) K(a) K(a)
(K_) :F—I/Z(KU ) ) () =1 68
ocr (éMQZ + 62) ocr Ecr Ecr

where the negative sign is for positive electric loading, while the positive sign
for negative electric loading. From the derivation process, it is known that the
following relation should be held:

KZ, = (M@ + *)Kg,, (8.58)
The above relation may not be held for a real material. So from the engineering
view, this constraint condition may be abandoned. It may be considered that K, .,
and Kg. are two independent experimental parameters and introduce weight
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coefficients in Eq. (8.57). If so, the criterion is more like the generalized stress
intensity factor criterion Eq. (8.1), but it has certain theoretical foundation. For the
problem with general constitutive equations, the results are also consistent with that
in experiments (Zhang et al. 2003, 2004).

8.5 Modal Strain Energy Density Factor Theory

8.5.1 Normalized Generalized Stress and Strain Vectors
in Piezoelectric Materials

As in the elastic case, the first kind of constitutive equations in Eq. (2.83) can be
expressed in terms of Voigt vector, i.e.,

r=s-%
r= [ng Eyy €5V yzs Vaxs Yy D,, Dya Dz]7 2= [6.\'1 Oy, 0z, Tyzy Tzxy Ty, E,, Ey; Ez]
(8.59)

where y,.,7.., 7y, are the engineering shear strain. Analogous to Eq. (1.40) the

normalized generalized stress vector ¥ and strain vector I in piezoelectric materials
are defined as

r=p'.r, s—p.x, P:PT:diag[l 11v2V2V211 1}
(8.60)
r

[=5-2, s=P'.5.P"T
where § is the normalized generalized compliance matrix. Let the transform matrix
of the coordinate systems ¢’ and ¢ be Q = [Qy], O = cos (ik, i;(), then

=}

=A%, I'=B-I, =P-A-P'.3 I'=P'-B-P.- T (861)

where
All 2A12 0 A11 A12 0
A=Ay An 0], B=|24 An 0|, AT=B' (862
0 0 Q 0 0 Q

where A11,A2,A1,A are shown in Eq. (1.39). It is easy to show that

H=P-A-P'=P'.B.P, H' =H!
, (8.63)

Y=H.¥ I'=H- I, I'=H-IT'=§-%, §=H-5-H'

Equation (8.63) shows that ¥ and I' are vectors in a nine-dimensional space with the
orthogonal coordinate transform tensor H.


http://dx.doi.org/10.1007/978-3-642-36291-0_2
http://dx.doi.org/10.1007/978-3-642-36291-0_1
http://dx.doi.org/10.1007/978-3-642-36291-0_1
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8.5.2 Eigen Material Constants and Material Modes

Equation (8.60) shows that each component of I are related to all nine components
of X. Kuang et al. (2003) extended the Kelvin theory (Chen 1984; Ruhlevskii 1984;
Arramon et al. 2000) to piezoelectric materials. In material there is a direction M,
along which I" and X are parallel in the nine-dimensional space. The coordinates
paralleling to M are called the material principle coordinates. In the material
principle coordinates, I is denoted by I', Z by X, and

5—Al)-M=0, I'=A-% A=diag[A] = (A)

(8.64)
s—AIl=0; or [P7'-s-PT—AI=0
For the nondegenerate case, Eq. (8.64) has nine different A;, where A; is called ith
eigen-compliance and A is called the eigen-compliance matrix. Usually § is real
symmetric, so A takes real value. For each A; there is an eigenvector or material
mode M; with one arbitrary component. M; and M; are orthogonal to each other

when i # j. The normalized orthogonal eigenvectors M can be established by
M= M = [M,M,,.... M), M;=M/\M;|, MM =1  (8.65)

M is called the material mode matrix. The space spanning by basis vectors along M
is called the mode space. Usually the eigen-equation in Eq. (8.64) is degenerate due
to the certain symmetry in the real materials, so the number of independent
eigenvalues is less than nine, i.e., there are repeated roots in A. However, the
eigen-matrix in Eq. (8.64) is semisimple for the real material, so for a multiple root
A, the number of the independent eigenvectors is the same as its multiplicity. Under
the coordinate transformation ¢ to ¢’ we have§' = HsH ™!, i.e.,§' and § are the similar
matrix, so in coordinate systems ¢ and ¢’, the eigen-compliance matrix A is the
same, but the eigenvector changes to M’ = H™'M.

Analogous to the above discussion, we can also discuss the eigen elastic
coefficient matrix A:

S=A-T, A=A" (8.66)

8.5.3 Modal Stress, Modal Strain, and Modal Energy Density

Any normalized generalized stress vector X and strain vector I" can be decomposed
in a modal space:

=) 5= 5M, =) I;=% 1M, (8.67)

J=1 J=1 Jj=1 J=1
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where iy r ; are the j-th modal stress and strain vectors, respectively and b) i I | are

their norms, respectively. Obviously I T =A ji’ - The modal strain energy density 2;
of ith mode is

A; = 3T%;/2 = A;2?/2, no sum on i (8.68)

8.5.4 Modal Energy Density Factor (MEDF) Theory

It is believed that the energy possesses the central role in the change of the
microstructure and failure. Because the resistance against the change of the micro-
structure is different in different deformation direction and mechanism, the role of
the energy produced in different deformation version and mechanism is different.
This fact shows that in the change of the microstructure and failure process, the
energy possesses material structure anisotropic behavior. In the small-scale electric
saturation case for the self-similarity extended crack, the failure criterion can be
determined by the generalized stresses near the tip, so the modal energy density
theory can be used. The MEDF failure theory can be expressed as follows:

Assume A, is an r-repeated root and its corresponding independent modes are
M,;,i=1,2,...,r. The subspace spanning by the basic vectors consisted of M,
is an isotropic subspace for A,. Experiences show that the contribution to the
failure of each deformation version in this subspace can be considered the same, so
M, +My; + - - - + My, can be considered as one independent mode. Therefore, in
the modal strain energy density, the modified number of the independent mode is
N < 9. For the failure problem, the direction (tension or compression) of the
generalized stress is also important. Experiments also show that the mechanism
of the tension failure is somewhat different with other failure version, so the tension
failure criterion should be given alone. Considering these factors, the modal strain
energy density theory can be given as

N
D (@ % + A7) = A+ A (8.69)
i=1

where N is the modified number of the independent modes, a;" and a; are the weight
coefficients considering the different modal energy, and the superscripts “+ " and
“ —” express the different direction, f# and f; are the weight coefficients considering
deformation direction. For the plastic deformation a; =a;, f=p;=1. If all
coefficients a = 1,5 = p; = 1, Eq. (8.69) is the total energy density criterion.
If the generalized stress field is singular with singularity 1/+/7, Eq. (8.69) needs

multiply .
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8.5.5 FEigen-Compliances and Material Modes
of Some Materials

In practical calculation, Eq. (8.64), (P~'-s-P~T — AI)M = 0, is often used.
1. Transverse Isotropic Material with Polarized x3-Axis

_511 —A 512 513 0 0 0 0 0 d31

S12 sip—A 523 0 0 0 0 0 d}]

513 8§23 8533 —A 0 0 0 0 0 d33

0 0 0 %S44 —A 0 0 0 %dIS 0

A= 0 0 0 0 %S44 —A 0 %d]s 0 0

0 0 0 0 0 (S]] - S]z) —A 0 0 0

0 0 0 0 \/Lidlj 0 €11 —A 0 0

0 0 0 #15 0 0 0 €11 —A 0
L da dai ds3 0 0 0 0 0 e3—Al
(8.70)

The first and second eigen-compliances are repeated roots A; = A, and associated
with two material modes

Ay = (2611 + Sa4 + \/(2611 —s44)” + 8d%5>/4

MY = {o, 0,0,0, (—2611 + sus + \/(26” —su)’ + 8d%5> /2\f2d15,0, 1,0,0]

MTZ = |:O, 0,0, (—2611 + S44 + \/(2611 — .5‘44)2 + 8d%5> /2\/56115,0,00, 1,0:|
(8.71)

These two material modes represent the combined version of the shear strains
out of the plane (x,x,) and the electric field in the plane (x1,x;). The third and
fourth eigen-compliances are repeated roots A3 = A4 and associated with two
material modes

Azq =11 — 512

Mj, =[-1,1,0,0,0,0,0,0,0], M3, =][0,0,0,0,0,1,0,0,0] (®.72)
31 — y Ly Yy Uy Uy Uy Uy Uy Vs 32 — [V Yy Yy Yy U 1y Uy Yy

These two material modes represent the 2D plane strain in (x1,x;) and uncoupled
with the electric field. The fifth and sixth eigen-compliances are repeated roots
As = Ag and associated with two material modes

ASA,G = <2611 + S44 — \/(2611 — S44)2 + 8d%5>/4

M;rl = |:O7 0,0,0, (—2611 + S4q4 — \/(2611 — S44)2 + 8d%5> /2\/56115,0, 1,0,0]

ML, = {o, 0,0, (—2611 + Sa4 — \/(2611 — s44)” + 8d125> /2\@115,0,0,0, 1,0]
(8.73)
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These two material modes are the counterparts of the first two material modes. The
last three eigen-compliances are single roots

) q 2, (P4 7\, (P _a 8.74
A R R e
s w\/ 2tV ) T3 TV 2) T3
5 q q\2 D\ 3 3 q q\? M3 a
S R CRICR ENCGR
9“’\/2*2*3“’2 2) TG) 73
where
p=>b-— 02/3, q= 2a3/27 —ab/3+c, a=—(s33+s11+512+¢€33)
b= —2s%, + 533511 + 5338512 + 533633 + 511633 + S12633 — diy — 2453,
c= 2633S%3 + (Sll + S12)(d§3 — S33€33) — 4s13d31d33 + 2d§1S33, W= (—1 + l\/§) /2
(8.75a)
and the corresponding material modes are
[ K S12 — A7)d3z — 2s13d K S12 — Aq7)dsz — 2s13d31 |
M; ~ |11, (811 + 512 7)d33 S13d31 10,0,0,0,0, (811 + 512 7)d33 S13d31
(833 — A7)d31 — s13d33 (€33 —A7)s13 —daidss |
[ K S12 — Ag)dzz — 2s13d K s12 — Ag)dsz — 2s13d31 |
M;;r ~ |11, (811 + 512 8)d33 S13d31 10,0,0,0,0, (s11+ 512 8)ds3 S13d31
(833 — Ag)d31 — s13d33 (€33 — Ag)s13 —dsidsz |
[ — Ag)ds3 — 2513d. — Ag)dsz — 2s13d3; |
Mg ~ |1, 17(S11 + s12 9)d33 S13d31 10,0,0,0,0, (811 + 512 9)ds3 S13d31
(833 — Ag)d31 — s13d33 (€33 — Ag)s13 — dads3

(8.75b)

These three material modes represent the axial symmetric strains and the electric

field out of the plane (x1,x7).
2. Eigen-compliances of a cubic crystal

Ay =511+ 2812, Azz =511 — S12,

_ 1 1 1 2 2 2
Ass56 = €11 + 7544 +Z\/4 €1 — 4844 €11 + 554 + 8diy,

(8.76)

_1 1 1 /g2
A789 = 5611 + 3544 — ;\/4611 — 4544 €1

|+ 59, + 8d3,
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3. Eigen-compliances of a hexagonal crystal

Ay =e€33, Arz=S11 — Si2,

_1 1 1 1 2 2
Ay = 3811 + 3512 + 3533 + 5\/(—S11 — 512 —s33)" — 4(—2E5 + s11533 + s12533)

_1 1 1 I 2 5
As = 3511 + 3812 + 5533 — 5\/(—811 — 512 — 833)" — 4(—2¢}; + s11533 + 512933),

1 1 1 /4.2 2 2
Ag7 =561 + 50 + z\/4611 — 4s4q €11 + 554 + 8diy,

Ago =511 + 4544 — i\/‘k%l — dsaq €11 + 3, + 8d3,
8.77)

4. Eigen-compliances of a tetragonal crystal

1 _ _
Ay =356, A2 =633, A3=s11—512,

1 1 1 1 2 2
Ag =351 + 3512 + 3533 + 5\/(—811 — 512 — $33)" — 4(—2¢}; + s11833 + 512933),

1 1 1 1 2
As = 3511 + 5512 + 3833 — 5\/(—811 —s12 = 533)" — 4(=261; + 51153 + $12533)

_1 1 1 42 2 2
Ao = 5611 + 3524 + Z\/4C11 — 4sag€nr + s34 + 8diy,

Ago = Xer1 + Ssas — }1\/46%1 — dsuerr + 53, +8dyy
(8.78)

5. Eigen-compliances and material modes of an isotropic elastic material

Ay =511+ 252 =1/K, Ayzase=s11—s812=1/2G,

M' = [1/@,1/@,1/\6,0,0,0}, MI = {0,1/\6,—1/\6,0,0,0},
M3, = [V2/3,-V/176.-1/176,0,0,0], M3, =[0,0,0,1,0,0],

M3, =[0,0,0,0,1,0], Mj5=1[0,0,0,0,0,1]
My = M}, + M}, + My, + My, + M

= [\/2—/:;-’\/7_\/%’_\/1—/—_\/1/—6717171}

(8.79)

where K and G are the volume compression modulus and shear modulus. In many
cases M1, i =1~ 5 can be replaced by Mg Therefore, for an isotropic elastic
material, there are only two different deformation versions: M, and M,
corresponding to shape and volume changes, respectively. This is the theoretical
foundation of the plastic yielding and the failure theory of the elastoplastic
materials. The modal energy density theory is more complex, but more rational.
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8.5.6 Example

The CT failure test of PZT-4 (Park and Sun 1995) is used as a numerical example to
demonstrate the suitability of the MEDF theory. Material constants can be obtained
from Sect. 4.4.1 by conversion. The eigen-compliances are

App =13025 x 107%(m?/N), A3 =1.1494 x 10°%, Ays5=1.634x 107",
Ag =9.9855 x 10712, A;5 =9.0006 x 10712, A9 = 3.5413 x 1072

and the corresponding material modes are

M, +M,, =10,0,0,—0.02011,0.02011,0,0.7068, —0.7068, O]T
M; =[-0.01174,-0.01174,0.02068, 0,0, 0, 0,0, 0.9995]T
My +My = [—0.5,0.5,0,0,0,0.70711,0,0,0]T
=[0.3617,0.3617, —0.8587,0,0,0,0,0,0.03091]T
M7 + M7, =[0,0,0,—0.7068, —0.7068,0,0.02011,0.02011,0]T
= [0.6075,0.6075,0.5118,0,0,0,0,0, 0.000918]T
It is seen that the deformation versions are three kinds: M; + M, and M7, + M7,
represent the shear strain out of the plane and the in-plane electric field. In
M, + M, the role of the electric field is larger, but in M, + M7, the shear strain is
larger; M4, + M4, represents the in-plane stress; M3, Mg and Mg represent the axial
symmetric strain and the electric fields out of the plane.

For the CT specimen in Park and Sun’s test (1995), the generalized stress
intensity factors are

=oy¥\/ma, oF =44F/tc =6.16 x 10'F(MPa); Kp = D{\/7a
The normalized generalized stress X is

N
= /a/2[8093F — 1.298E5°,6922F + 10.2E5, 6163F,0,0,0,0,0, 1440F + 0.974E3]"

where £5° = D3° X 108 — 1479F is obtained from the constitutive equations. Under
the above loading the modal energy densities of M3, M4, M4, and Mg are not zero,
and they are

(r/a)s = (5 x 1072652 + 0.4170EY + 8.69 x 10°ES?) /4

(r/a)(a1 + As) = (1. 47 x 10753657 = 1.79 x 107 "6TES + 5.4 x 107'°EY?) /2
(r/a)y = (1.4 x 1071652 + 7. 64 x 10115 PEY +1.039 x 1071°E32) /4
(r/a)s = (5.44 x 10796572 + 1.51 x 10~ 120§°E°° +1.055 x 107 "ES?) /4 = 0


http://dx.doi.org/10.1007/978-3-642-36291-0_4
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Fig. 8.13 Variations of the fracture load with the electric field

where 2ls can be neglected. The following criterions (by fitting the test data)
are used:

(r/a)o = Ay or

a
(14><10 1652 +7.64 x 10” “a§°E°°+1039x10 0EF?) /4 = 117.9 @
(r/a)(0.0223 + 0.0524 + 0.93%Ag) = A,, or ®
(129 x 10652 +8.78 x 1076 E§°+5.82>< 10719E3%%) /4 = 112.9
(r/a)(As + Ay + Ae + Ag) == A, or ©

C

(1.95 x 107 "65°2 +4.59 x 107"°6FET +9.98 x 10 7EY?) /4 = 152.1

Figure 8.13 shows that the theoretical results calculated from Eqs. (a) and (b)
are consistent with the results in experiments when — 6kV/cm < E® < 6kV/cm,
but after F3 > 6kV/cm, the difference is obvious. It can be modified that after
E; > 6kV/cm, we let E3 = 6kV/cm due to saturation. After this modification,
the results calculated from Egs. (a) and (b) are consistent with the results of
experiments (Park and Sun 1995) in entire applied loading range. The formula (c) is
the same as the total strain energy density factor theory, and the results calculated
from it may be appropriated in a narrow loading region only.

8.6 Electric Breakdown of Solid Dielectrics
8.6.1 Energy Criterion

In electric apparatus electric breakdown is often happened. The breakdown is very
complicated, here we only qualitatively discuss this problem from the view of the
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Fig. 8.14 An extending FExternal electrode
electric tubular channel v

model Crack tunnel

yANEYARY S
Y

Inner electrode

fracture mechanics. The breakdown strength is sensitive to defects, electrodes, and
environment. An insulating crack can intensify the field applied perpendicular to the
crack, while a conducting crack intensifies the field applied parallel to the crack.
Usually dielectric breakdown causes damage along a fine tubular channel. The
tubular channel extends forward under external loading. Extending the Griffith theory
(1921), Suo (1993) proposed an energy criterion to discuss the electric breakdown in
dielectrics. Suo (1993) pointed out that the applied work is partly reversibly stored in
the body and partly irreversibly spent to form the thin channel, i.e.,

f-du+ pdp, = dA +ydl, d2A = o;de; + EdD; (8.80)

where f, @, p., 2l are the body force, electric potential, electric charge density, and
internal energy density; y is the work to create a unit length of channel; and d/ is the
increment of the channel. On the other hand, the driving force of the channel can be
obtained by solving the electroelastic boundary problem, i.e.,

dlf = -Gdl, G=-911/0l, dll=dA—f-du— @dp, (8.81)
where [T is the total potential energy. The energy criterion demands
G>y (8.82)

As an example, Fig. 8.14 shows a slender dielectric cylinder of radius a, inserted a
needle-shaped inner electrode and on the cylindrical surface coated metal as the
external electrode. The voltage between two electrodes is V. When the voltage reaches
a critical value, a conductive channel, radius » and length L, emanates from the needle
tip. When L >> a, this problem can be considered as a coaxial transmission line, so the
electric potential at a distance r from the center of the channel is

q _ 2ze(gy — @)

e - .
e p 1 In(a/b) (8:83)

P =@

where ¢, and ¢, are the potentials on the inner channel and external cylindrical
surface and ¢ is the electric charge on the channel of a unit length and is constant
duo to constant ¢, — ¢,. The work done by the external electric field isq(¢@, — @, )L,
so we obtain

2
qL mel(py — @
M= (g — )tk = 2o —0n)

2 In(a/b) (8:34)
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The energy release rate is

G— _3_17 o me(py — 902)2 - meV?
0L In(a/b)  In(a/b)

(8.85)

According to the energy criterion Eq. (8.82) when G > v, the channel will be
extended.

8.6.2 ] Integral Method

Beom and Kim (2008) discussed the application of J integral to breakdown
analysis. From Eq. (2.143), it is known that the following conservation integral is
held if the closed integral surface S is not enclosed singular point:

/ P;;dV = j'{ (98 — ZojUa,i)njda = 0 (8.86)
Vv a

where P is the energy-momentum tensor, g is the Gibbs free energy density, and »;
is the outward normal of the surface S. From this theory, it is easy to derive the
three-dimensional J integral. For the pure electric loading case we have

Ji = / (985 — Djg;)njda (8.87)
s

where the surface S with outward normal n is initiated from and stopped on a curve
located on the surface defect. Analogous to 2D problem, J integral is equal to the
energy release rate. When the channel is fixed, according to the virtual work
principle it yields

/ SgdV — / T;du; da — / Dinidpda =0 (8.88)
Vv S+S. S+S.

When the channel extends with velocity v in a similar version, the variation of the
total potential energy 1 is

517:5/ng—/ Tiéuida—/ Diniop da
\4 ag ap

:/5ng+/ gv,-(itmidaJr/ T,-('Su,daJr/ Din;iép da (8.89)
v Se Su S,

P

:/ gv,-étm,«da—i—/ T,ﬁu,»da—i—/ D,m,-éqada
Se S

e u Sy
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where m is the external normal of the defect head, so comparing with n in Eq. (8.87)
we have m = —n . On S, u; is given; on S, ¢ is given. Using the relation

op = —g@,v;6t, on S; ©0;,=0, 6p=0, on S-S (8.90)

So Eq. (8.89) can be written as

5H/5[ = / go;m; da + / Din1,-vjEj da (8.91)
Let the channel of length /is located on axisx; and extends alongxy, sov; = §;;dl/dz.
Noting the outward normal n = —m of the channel head, so the energy release
rate G is
~ oIl 1611
G: —_—— = = = (gl’ll +n,D,E1)dS (892)

ol | ot s

Equation (8.92) is identical with Eq. (8.87), i.e.,J = G. Using Eq. (8.87) or (8.92),
the effect of the defect shape can be considered.

As an example we discuss a semi-infinite medium with a conductive hemispher-
ical defect of radius @ = ¢ = R subjected to a remote uniform electric field Ey as
shown in Fig. 8.15. The solution of a conductive sphere embedded in an infinite
dielectric under a remote uniform electric field can be seen in many textbooks.
Using the symmetry, the solution of the hemisphere is

R\ 3
()]
7

R\ 3
1 +2<;) ] cos, Ey=—E
(8.93)

where r, 6 are the sphere coordinates, r = \/x7 + x3 + x3, and 6 is the polar angle
measured from the positive x;-axis. In this case,

R3
¢ =—Ey (r — 7) cosf, E,=E

g=—(1/2)¢(E} +E;), D,=cE,, Dy=cEy (8.94)
and
J = (9/4)zec’E} (8.95)

Using the J integral, the electric breakdown can be further discussed.
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For a semi-infinite medium with a conductive hemispheroid defect of major
semiaxis a and minor semiaxis ¢ subjected to a remote uniform electric field E,
parallel to x;-axis. Beom and Kim (2008) adopted the ellipsoid coordinate to solve
this problem (Stratton 1941). Finally they got

J = nec*ELH(2)
(1=2)[(1=2%) +24%1n 4]

T 7
2|1V1 =22 —A(z—tanliﬂ
L 2 V1—2?

202 = 1)[(22 =1) +24%1

H() = _(/1 ) ) +2F 2] ,  when 1=2>1
20V 142 1n¢ ¢

I A+ V-1

,  when 0</1:g<1
c

(8.96)

whend = a/c — oo, the semi-ellipsoid reduces to a semi-penny-shaped crack and
J = nec*EX(A/In 2), A=ac (8.97)

For more complex cases, the finite element method is an appropriate method.
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