
Chapter 6

Electroelastic Wave

Abstract In this chapter the electroelastic wave in piezoelectric and pyroelectric

materials are discussed. In the electrically quasi-static approximation in an infinite

space, there are three independent elastic waves for the piezoelectric material, and

there is no independent electric wave. In the pyroelectric material a temperature

wave has happened. In the reflection and transmission of waves, the inhomoge-

neous wave theory is effective; a quasi-surface wave is revealed in the electrically

quasi-static approximation. In some particular cases the coupling between elastic

equation and Maxwell electrodynamics equation needs to be studied together, and

in these cases there are three elastic waves and two electric waves in the piezoelec-

tric material. Surface acoustic waves (SAW) are extensively used in engineering.

In order to improve performance of SAW devices, SAW devices may work in a

biasing state. In this chapter a small perturbation superposed on finite generalized

displacements is discussed in detail, and some surface waves under the biasing state

are studied. The inertial entropy theory is used to derive the governing equation of

the temperature wave with finite propagation velocity. The general dynamic

analyses of interface cracks are given shortly, and some wave scattering problems

from a crack tip are also discussed.

Keywords Electroelastic and temperature plane waves • Surface wave • Biasing

state • Wave scattering

6.1 Electroelastic Waves in Piezoelectric Materials

6.1.1 Fundamental Equations in Electroelastic Wave

The elastic waves in isotropic and anisotropic materials and electroelastic waves in

piezoelectric materials have been discussed in many literatures, such as Fischer

(1955), Auld (1973), Dieulesaint and Royer (1980), and Nayfen (1995). Except

Sect. 6.8 in this book, we discuss some linear problems in piezoelectric and
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pyroelectric materials under the condition of quasi-static electric field. In the linear

problem the Maxwell stress is not considered. The constitutive equations are shown

in Eq. (3.2), and the generalized momentum equation without generalized body

forces in terms of generalized displacements under electrically static condition is

Cijklul;kj þ ekijφ;kj ¼ ρ€ui; eiklul;ki � Eijφ;ji ¼ 0 (6.1)

Equation (6.1) gives the elastic wave equation. The electric displacement does

not have its own independent wave, but it propagates following the elastic waves

through the constitutive equation.

In this book we only discuss the plane wave, which can be expressed in two forms.

For the generalized displacements U ¼ ½u1; u2; u3; u4�T; u4 ¼ φ we have

Ui ¼ U0iFðkmxm � ωtÞ ¼ U0iF kðnmxm � ctÞ½ �; U0 ¼ ½u01; u02; u03; u04 ¼ φ0�T
Ui ¼ U0iF ωðLmxm � tÞ½ �; km ¼ knm; Lm ¼ nm c= ; ω ¼ kc

(6.2)

whereU0 is the wave polarization vector or the amplitude vector and the ratio of its

components represents the particle displacement direction, ω is the circular fre-

quency, c is the phase velocity, k is the wave vector, L is the slowness vector, and

FðyÞ is a certain function of y. For an ideal piezoelectric material, the energy is not

dissipative, so wave vector k ¼ kn, where k ¼ 2π λ= is the wave number, λ is the
wave length, n is the wave propagation direction Eq. (6.2) yields

€Ui ¼ U0iω
2F00; ul;jk ¼ u0lkjkkF

00; φ;jk ¼ φ0kjkkF
00; Ej ¼ �φ0kjF

0 (6.3)

where F0ðyÞ ¼ @F @y= . Substituting Eq. (6.3) into (6.1) yields the Christoffel

equation:

ρc2u0i ¼ Γilu0l þ e�i φ0; e�i u0i � E�φ0 ¼ 0

Γil ¼ Γli ¼ Cijklnjnk; e�i ¼ ekijnjnk; E� ¼ Ejknjnk
(6.4)

or

Λðk; cÞU0 ¼ 0; Λ ¼ Γil � ρc2δil e�i
e�l �E�

� �
(6.5)

In order for U0 to have nontrivial solution, Λ must satisfy the following secular

equation:

Λj j ¼ Γil � ρc2δil e�i
e�l �E�

����
����¼

Γ11 � ρc2 Γ12 Γ13 e�1
Γ21 Γ22 � ρc2 Γ23 e�2
Γ31 Γ32 Γ33 � ρc2 e�3
e�1 e�2 e�3 �E�

��������

��������
¼ 0 (6.6)
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where Γ is symmetric and called Christoffel tensor. ρc2 is the eigenvalue, andU0 is

the corresponding eigenvector. Eliminating φ0 from Eq. (6.4) yields

ρc2u0i ¼ �Γilu0l; �Γil � ρc2δil
�� �� ¼ 0; �Γil ¼ Γil þ e�i e

�
l E�= (6.7)

From Eq. (6.7) it is known that ρc2 has three roots: ρc21; ρc
2
2; ρc

2
3. Corresponding to

each ρc2i there is an eigenvector u
ðiÞ
0 with one undetermined component. Sometimes

for convenience we let the undetermined component equal to 1 or adopt the

normalized eigenvector �u
ðiÞ
0 u

ðjÞ
0 ¼ I. Equation (6.7) yields

ρc2 ¼
�Γilu0iu0l
u0iu0i

¼
�Cijklnjnku0iu0l

u0iu0i
; �Cijkl ¼ Cijkl þ ðepijnpÞðeqklnqÞ

Ejknjnk
(6.8)

From Eq. (6.8) it is known that ρc2 is real, because

�Cijklnjnku0iu0l ¼ �Cijkl ðu0injþu0jniÞðu0inj�u0jniÞ
� � ðu0lnkþu0knlÞðu0lnk�u0knlÞ½ � 4=

¼ �Cijklðu0injþu0jniÞðu0lnkþu0knlÞ 4� 0=

Because ρc2 is real, there are three orthogonal plane waves. In general u
ðiÞ
0 is

not parallel or perpendicular to the wave propagation directionn. Thewaveu
ð1Þ
0 closest

to n is called the quasi-longitudinal wave, which has the largest phase velocity c1 ,

while the other two waves u
ð2Þ
0 ; u

ð3Þ
0 are located on the plane close to the plane

perpendicular to n and called the quasi-shear waves with slower velocity c2 and

c3 < c2.

6.1.2 Energy Propagation

According to Eqs. (1.57) and (1.58), the energy equation can be reduced to

d

dt

Z
V

At dV ¼ �
Z
a

Pjnj da; At ¼ Aþ K; Pj ¼ �σij _ui þ φ _Dj

A ¼ ð1 2= ÞCijklεijεkl þ ð1 2= ÞβijDiDj; K ¼ ð1 2= Þρ _ui _uiZ
a

Pjnj da ¼ �
Z
a

ðTi _ui þ φσÞda ¼
Z
a

ðσij _ui � φ _DjÞnj da
(6.9)

where At is the total energy density, _At is the rate of the total energy,
R
a Pjnjda

represents the rate of the traversing external energy through the boundary and P is

the Poynting vector. In Eq. (6.9) the heat flow is not considered. If A is expressed

with ε and E, Eq. (6.9) becomes
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d

dt

Z
V

At dV þ
Z
a

Pjnj da ¼ 0; Pj ¼ �σij _ui � Dj _φ

A ¼ ð1=2ÞCijklεijεkl þ ð1=2ÞEijEiEj; K ¼ ð1=2Þρ _ui _ui;
(6.10)

Define the energy transport velocity Ve as

Ve ¼ P gt= (6.11)

Equation (6.4) yields

ρc2u0iu0i ¼ Γilu0lu0i þ e�i φ0u0i ¼ Γilu0lu0i þ E�φ0φ0; e�i u0iφ0 � E�φ0φ0 ¼ 0

(6.12)

Equations (6.4), (6.10), and (6.12) yield

A ¼ 1 2=ð ÞðCijklu0iu0lnjnk þ Eijφ0φ0ninjÞ F02 c2
�� 	 ¼ 1 2=ð Þρu20iF02

K ¼ 1 2=ð Þρu20iF02; K þ A ¼ ρu20i F
02; u20i ¼ u0iu0i

2

Pi ¼ �σij _uj � Di _φ ¼ ðCijklu0ju0lnk þ Eijφ0φ0njÞ F02 c=
� 	 (6.13)

Substitution of Eq. (6.13) into Eq. (6.11) yields

Ve
i ¼ ðCijklu0ju0lnk þ Eijφ0φ0njÞ=ρu20mc; Ve

i ni ¼ c (6.14a)

For the normalized displacement vector ðu0mu0m ¼ 1Þ, Eq. (6.14a) becomes

Ve
i ¼ ðCijklu0ju0lnk þ Eijφ0φ0njÞ=ρc; Ve � n ¼ c (6.14b)

where Ve gives the energy transport direction, the direction of the acoustic ray. The

projection of Ve on n is equal to the phase velocity c, so Vej � cj .

6.1.3 Group Velocity

Usually for a monochromatic wave, Eq. (6.2) is written in a complex number form:

ui ¼ u0ie
iðk�x�ωtÞ ¼ u0ie

ikðn�x�ctÞ; φ ¼ φ0e
iðk�x�ωtÞ ¼ φ0e

ikðn�x�ctÞ (6.15)

A general plane wave is dealt with the superposition method. For a chromatic

dispersion wave, the wave velocity is dependent to the frequency, and the group

velocity is defined as

Vg
j ¼ @ω @kj

�
; kj ¼ knj (6.16)

268 6 Electroelastic Wave



Multiplying Eq. (6.7) by k2 yields

ρðkcÞ2δil � Cijklknjknk þ ke�i ke
�
l E�=

� 	�� �� ¼ 0 (6.17)

It is found that the relation between c and nj; e
�
i

� 	
is identical with the relation

between ω ¼ kc and knj; ke
�
i

� 	
, so

Vg
j ¼ @ω @kj

� ¼ @ðkcÞ @ðknjÞ
� ¼ @c @nj

� ¼ Ve
i (6.18)

where Eq. (6.12) has been used. Therefore, the energy transport velocity is identical

with the group velocity for a non-dissipative plane wave, but for a dissipative plane

wave, they may be different.

6.1.4 Characteristic Surfaces

In the illustration of the phenomena of an electroelastic wave propagation, the

characteristic surfaces, including the velocity surface, slowness surface, and wave

surface, are very useful.

1. Velocity surface When the propagation direction is varied, the locus of the

ends of the phase velocity vector c ¼ cn forms a velocity surface. In a piezoelectric

material there are three different velocities, so there are three velocity surfaces.

2. Slowness surface The end of the slowness vector L ¼ n c= draws a slowness

surface. L is parallel to c and Lc ¼ 1; L ¼ Lj j. The slowness surface is important in

dealing with reflection and transmission problem in crystals due to similarity with

the index surface in optics. The energy transport velocity is always perpendicular to

the slowness surface (Fig. 6.1a). In fact we have

@Li
@nk

¼ @ðni c= Þ
@nk

¼ δik
c
� ni
c2

@c

@nk

Ve � @L
@nk

¼ Ve
i

@Li
@nk

¼ 1

c
Ve
k �

Ve
i ni
c

@c

@nk


 �
¼ 1

c
Ve
k �

@c

@nk


 �
¼ 0

(6.19)

Fig. 6.1 (a) Energy velocity is orthogonal to slowness surface. (b) Wave surface and propagation

direction
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3.Wave surface The wave surface is the locus of the ends of the energy transport
velocity. The propagation direction of a plane wave is perpendicular to the wave

surface (Fig. 6.1b). In fact according to Eqs. (6.14b) and (6.19) from Ve � L ¼ 1;
Ve � dL ¼ 0, it can be derived as

L � dVe ¼ 0; or n � dVe ¼ 0 (6.20)

6.1.5 Reflection and Transmission of the Plane Wave
in Piezoelectric Materials

In order to save the size of this chapter, the wave propagation in an infinite space

and the reflection and transmission problem of the plane wave in piezoelectric

materials will be discussed with the thermo-electro-elastic wave in pyroelectric

materials together.

6.2 Surface Wave

6.2.1 Surface Waves in Structures

Surface waves have been studied a long time (Gulyaev 1969; Auld 1973;

Dieulesaint and Royer 1980; Nayfen 1995). Surface acoustic waves (SAW) includ-

ing Rayleigh wave, Love wave, Lamb wave, and B-G wave are extensively used in

transducers, actuators, filters, delay lines, oscillators, signal processing, acoustic

imaging, mobile communication, nondestructive evaluation, biomedical ultra-

sound, and flow noise. Surface acoustic wave device includes a piezoelectric

substrate, at least one interdigital transducer (IDT) disposed on the piezoelectric

substrate, an input end and an output end connected to the IDT. The energy of the

surface acoustic wave is mainly concentrated near the surface.

1. Semi-infinite media In 1885 Rayleigh found a surface wave at the surface of a
semi-infinite medium, which is called Rayleigh wave. Rayleigh wave is a complex

wave and attenuates along the normal direction of the surface. Its penetration depth

is 2λ. In the isotropic media it is constituted of a longitudinal wave (L-wave) and a

shear wave (S-wave) with π 2= phase shift. The transverse surface wave with

polarization parallel to the surface cannot happen in an elastic media, but it can

happen in a semi-infinite piezoelectric material and called B-G wave (Bleustein

1968; Biryukov et al. 1995), whose penetration depth is about 100λ larger than that

in Rayleigh wave.

2. Bi-semi-infinite media In a bi-semi-infinite medium, Rayleigh wave can

propagate on both sides of the interface and this surface wave is called Stoneley

wave.
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3. Infinite plate For a plate bounded by two parallel infinite planes, when the plate
thickness is of the order of thewave length, one gets Lambwaves. Lambwave possesses

longitudinal and shear components, so it can be either symmetric or antisymmetric.

4. Layer structures Typically a layer structure is constituted of two or multiple

layers of different materials, especially thin films deposited on a thick substrate.

When the shear wave velocity of the film is larger than that in the substrate, the

Love transverse shear surface wave will be happened.

6.2.2 General Procedure for Solving Surface Wave Problem

Let coordinates oxi with its origin be at the free surface in a semi-infinite space.

A surface wave propagates in ðx1; x2Þ plane; x1 is perpendicular to the free surface

(Fig. 6.2). The generalized displacements decrease exponentially in directionx1, i.e.,

ui ¼ u0ie
�kbx1eikðx2n2þx3n3�ctÞ; φ ¼ φ0e

�kbx1eikðx2n2þx3n3�ctÞ (6.21)

where b > 0 is the unknown attenuated coefficient. Equation (6.21) can also be

written as

ui ¼ u0ie
ikðxjnj�ctÞ; φ ¼ φ0e

ikðxjnj�ctÞ; b ¼ �in1; Im n1 > 0; j ¼ 1; 2; 3

(6.22)

where n1 is not the directional cosine, but an unknown related to the attenuated

coefficient.

Substituting Eq. (6.22) into Eq. (6.1) yields Eq. (6.4) and the corresponding eigen-

equation (6.6), but in the surface wave case, c and n1 are unknown. Usually let c be a
parameter and solven1 from the eigen-equation. Because the eigen-equation is an eight-

order algebraic equationwith real coefficients,n1 has 4 pairs of complex roots. But there

are 4 roots appropriate because Im n1 > 0 is required. Corresponding 4 eigenvalues

n
ðrÞ
1 ; r ¼ 1; 2; 3; 4, there are 4 group eigenvectors u

ðrÞ
0i ;φ

ðrÞ
0 . The general solution is

ui ¼
X4
r¼1

Aru
ðrÞ
0i e

ik xjnj�ctð Þ; φ ¼
X4
r¼1

Arφ
ðrÞ
0 eik xjnj�ctð Þ; j ¼ 1; 2; 3

ui ¼
X4
r¼1

Aru
ðrÞ
0i e

�kbrx1eikðx2n2þx3n3�ctÞ; φ ¼
X4
r¼1

Arφ
ðrÞ
0 e�kbrx1eikðx2n2þx3n3�ctÞ

(6.23)

Fig. 6.2 Surface wave

propagating in x1x2 plane
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Unknowns c and Ar in Eq. (6.23) are determined by the boundary conditions on the

free surface. The boundary conditions on a free surface is

σi1 ¼ Ci1kluk;l þ eki1φ;k ¼
X4
r¼1

Arσ
ðrÞ
i1 e

ikðx2n2þx3n3�ctÞ ¼ 0; when x1 ¼ 0

σðrÞi1 ¼ �ik Ci1klnku
ðrÞ
0l þ eki1nkφ

ðrÞ
0

� 
 (6.24)

Let the environment of the piezoelectric material be air. In air r2φc ¼ 0, we can

assume

φc ¼ φc
0e

ikðxjnj�ctÞ; Dc
1 ¼ �ikE0φc

0e
ikðxjnj�ctÞ x1 � 0; j ¼ 1; 2; 3

φc ¼ φc
0e

ikðx2n2þx3n3�ctÞ; Dc
1 ¼ �ikE0φc

0e
ikðx2n2þx3n3�ctÞ; x1 ¼ 0 n1 ¼ 1ð Þ

(6.25)

There are two kinds of the electric boundary conditions:

Electrically open case : φ ¼ φc; D1 ¼ Dc
1; when x1 ¼ 0 (6.26a)

Electrically shorted case : φc ¼ 0; when x1 ¼ 0 (6.26b)

Combining Eqs. (6.24) and (6.26a) or (6.26b), five homogeneous equations with

five unknowns Ar;φc
0 are obtained. In order for Ar;φc

0 to have nontrivial solutions,

the determinant of coefficients before them must be zero. From this condition the

wave velocity c and Ar;φc
0 are obtained. Usually only one c can satisfy condition

Imn1 > 0.

The coupling coefficient ke is defined as (Laurent et al. 2000)

k2e ¼ U2
me UmUe= ¼ 2ðcf � csÞ cfð1þ Ec=EÞ= � 2ðcf � csÞ cf= (6.27)

where cf is the wave velocity under electrically open case and cs is the wave velocity
under electrically shorted case. Ume;Um;Ue are the mutual electromechanical

coupling energy, mechanical energy, and electric energy, respectively.

6.2.3 Surface Waves in a Semi-infinite Piezoelectric Material

Equation (6.23) has three displacement waves and an electric potential. It is a

general 3D piezoelectric Rayleigh wave denoted by �R3 . In the material principle

coordinate system, the number of the independent material constants will be

obviously reduced by crystal symmetry. So the following simpler surface waves

will happen:

1. Γ13 ¼ Γ23 ¼ e�1 ¼ e�2 ¼ 0, and Eq. (6.4) or (6.6) splits to the following two

equations:
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Γ11 � ρc2 Γ12

Γ21 Γ22 � ρc2

� �
u01

u02

( )
¼ 0;

Γ33 � ρc2 e�3
e�3 �E�

� �
u03

φ0

( )
¼ 0 (6.28)

where the first equation represents the pure 2D elastic Rayleigh wave denoted byR2

and the second equation represents the transverse piezoelectric wave denoted by

B-G wave. According to Γ13 ¼ Γ23 ¼ e�1 ¼ e�2 ¼ 0, some relations between mate-

rial constants can be derived.

2. Γ13 ¼ Γ23 ¼ e�3 ¼ 0 , and Eq. (6.4) or (6.6) splits to the following two

equations:

ðΓ33 � ρc2Þu03 ¼ 0;
Γ11 � ρc2 Γ12 e�1
Γ21 Γ22 � ρc2 e�2
e�1 e�2 �E�

2
4

3
5 u01

u02

φ0

8><
>:

9>=
>; ¼ 0 (6.29)

where the first equation represents the pure elastic transverse shear wave and the

second equation represents the 2D piezoelectric Rayleigh wave denoted by �R2 .

According to Γ13 ¼ Γ23 ¼ e�3 ¼ 0, some relations between material constants can

be derived.

Li et al. (2005b) and Li et al. (2005a) adopted the modified Mindlin (1968)

polarization gradient theory to discuss the surface wave and showed that the gradient

effect can make the surface wave dispersive which is different with the classical

linear theory. This phenomenon may be meaningful in high-frequency short surface

wave. In the later sections we mainly discuss the surface wave with initial stress or

biasing electric field and a few problems about wave scattering from a crack.

6.3 Fundamental Theory of Layered Structure

with Generalized Biasing Stresses

6.3.1 A Small Perturbation Superposed on Finite
Generalized Displacements

In order to improve performance or select the most suitable operating conditions of

SAW devices, such as selectivity of filters, stability of oscillators, and temperature

compensation, the generalized biasing displacements or stresses are applied to the

SAW devices to establish a biasing state. At the same time because of the material

behaviors between the layer and substrate are different, the initial stresses and initial

strains in the layer are produced unavoidably during manufacture process. Sometimes

the initial stress is great with the magnitude of 1 GPa. The presence of initial stress

causes changes in the speed of surface acoustic wave, frequency shift, controlling the

selectivity of a filter and temperature compensation of devices, etc. A middle layer in

the multilayered structure can be used to adjust the range of phase velocity of SAW

and to improve its property (Khuri-Yakub and Kino 1974; Assour et al. 2000).

6.3 Fundamental Theory of Layered Structure with Generalized Biasing Stresses 273



The biasing stress and electric fields usually are large and assumed known, but

the external signal or perturbation is small. So the problem is a small perturbation

superposed on finite generalized displacements (Tiersten 1978; Sinha et al. 1985;

Su et al. 2005). The fundamental theory of finite deformation can be seen in many

books (Ogden 1984; Kuang 2002). Some fundamental formulas can be found in

Sect. 1.3.4. Take the natural configuration without generalized stress as the refer-

ence configuration. In this theoretical part the notations shown in Sect. 1.3.4 are

adopted. The same coordinate system in the current and initial configurations is

taken, i.e.,xI ¼ xi, so that for the case without differential symbol, we have�σIJ ¼ �σij,
but the differentiation with the capital or small letter subscript is different. Let

�σ0;�ε0; �D0
; �E

0
; u0;φ0; �f

0
; �T

0
; �ρ0e ; �σ

�0 be variables in the biasing state. The small

perturbation variables in the reference configuration are denoted with �σ;�ε; �D; �E;
u;φ; �f ; �T; �ρe; �σ

� (Fig. 6.3), where �σ is the Kirchhoff stress and �ε is the Green strain.
The current total variables described in the reference configuration are

Generalized geometric equation : �εtKL ¼ 1 2=ð Þ utK;L þ utL;K þ utM;Ku
t
M;L

� 

; �Et

I ¼ �φt
;I

(6.30)

Generalized motion equation : �σtKMδlM þ �σtKMu
t
l;M

� 

;K
þ �f tl ¼ �ρ€utl; �Dt

I;I ¼ �ρte

(6.31)

Boundary conditions : xl;M�σ
t
KM�n

t
K ¼ �T�t

l ;
�Dt
K�n

t
K ¼ ��σ�t; or uti ¼ ut�i ; φt ¼ φt�

(6.32)

where

�σt ¼ �σ0 þ �σ; �D
t ¼ �D

0 þ �D; ut ¼ u0 þ u; x ¼ X þ ut; x0 ¼ X þ u0

�f
t ¼ �f

0 þ �f ; �T
t ¼ �T

0 þ �T; �ρte ¼ �ρ0e þ �ρe; �σ�t ¼ �σ�0 þ �σ�; φt ¼ φ0 þ φ

(6.33)

Fig. 6.3 Different configurations in finite deformation
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Because the biasing state is an equilibrium state, so

ð�σ0KMδlM þ �σ0KMu
0
l;MÞ;K þ �f 0l ¼ 0; �D0

I;I ¼ �ρ0e

δlM þ u0l;M

� 

�σ0KM�n

0
K ¼ �T�0

l ; �D0
K�n

0
K ¼ ��σ�0

(6.34)

Subtracting the first equation in Eq. (6.34) from Eq. (6.31) and ignoring small terms

in high order, such as um;Kum;L, we find

�σKMδlM þ �σKMu
0
l;M þ �σ0KMul;M

� 

;K
þ �f l ¼ ρ0€ul; �DK;K ¼ �ρe (6.35)

Subtracting the second equation in Eq. (6.34) from Eq. (6.32) yields

�σKl þ �σ0KMul;M þ u0l;M�σKM
� 


�ntK þ �ntK � �n0K
� 	

�σ0Kl þ �σ0KMu
0
l;M

� 

¼ �Tl

�DK�n
t
K þ �D0

K �ntK � �n0K
� 	 ¼ ��σ�

(6.36)

From Eq. (1.45) we can derive

�n0K ¼ @XI @x0j

.��� ��� @x0i @XK=
� 	

nida d�a0
�

; �ntK ¼ @XI @xj
��� �� @xi @XK=ð Þnida d�at=

The change of the normal of the boundary can only be obtained after solving the

problem. But usually the difference between �ntk and �n0k is small and let �ntk ¼ �n0k to
simplify the boundary conditions.

Sometimes the three-order coefficients in the constitutive equation are needed. Let

�σtIJ ¼ CIJKL�ε
t
KL þ 1 2=ð ÞCIJKLMN�ε

t
KL�ε

t
MN � eMIJ

�Et
M � eMIJKL�ε

t
KL

�Et
M � 1 2=ð ÞlMNIJ

�Et
M
�Et
N

�Dt
M ¼ EMN

�Et
N þ 1 2=ð ÞEMNJ

�Et
N
�Et
J þ eMIJ�ε

t
IJ þ 1 2=ð ÞeMIJKL�ε

t
IJ�ε

t
KL þ lMNIJ�ε

t
IJ
�Et
N

(6.37)

Similarly for the biasing state, we have

�σ0IJ ¼ CIJKL�ε
0
KL þ 1 2=ð ÞCIJKLMN�ε

0
KL�ε

0
MN � eMIJ

�E0
M � eMIJKL�ε

0
KL

�E0
M � 1 2=ð ÞlMNIJ

�E0
M
�E0
N

�D0
M ¼ EMN

�E0
N þ 1 2=ð ÞEMNJ

�E0
N
�E0
J þ eMIJ�ε

0
IJ þ 1 2=ð ÞeMIJKL�ε

0
IJ�ε

0
KL þ lMNIJ�ε

0
IJ
�E0
N

(6.38)

Subtracting Eq. (6.38) from (6.37) and neglecting the small terms in higher order,

such as uM;KuM;L; u
0
P;Nu

0
K;MuK;L, then we get the results that are expressed in terms of

generalized displacements:

�σIJ ¼ ĈIJKLuK;L þ êMIJφ;M; �DK ¼ e�KIJuI;J � E�KNφ;N (6.39)
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where

ĈIJKL ¼ CIJKL þ CIJMLu
0
K;M þ CIJKLMNu

0
K;L þ eMIJKLφ

0
;M

êMIJ ¼ eMIJ þ eMIJKLu
0
K;L � lMNIJφ

0
;N

e�MIJ ¼ eMIJ þ eMNJu
0
I;N þ eMIJKLu

0
K;L � lMNIJφ

0
;N

E�MN ¼ EMN � EMNJφ
0
;J þ lMNIJu

0
I;J

(6.40)

Substitution of Eq. (6.39) into Eqs. (6.35) and (6.36) finally yields

�σ�Kl þ �σ0KMul;M
� 	

;K
þ �f l ¼ ρ0€ul; �DK;K ¼ �ρe

σ�Kl þ σ0KMul;M
� 	

nK ¼ �T�
l ;

�DKnK ¼ ��σ�
(6.41)

where C�
KlPJ; e

�
KPJ , etc. are effective material constants and

�σ�Kl ¼ �σKM δlM þ u0l;M

� 

¼ C�

KlPJuP;J;
�DK ¼ e�KPJuP;J; P ¼ 1; 2; 3; 4

C�
KlIJ ¼ ĈKMIJ δlM þ u0l;M

� 

; C�

Kl4J ¼ êJKM δlM þ u0l;M

� 

; u4;J ¼ φ;J

�DK ¼ e�KPJuP;J; e�KIJ ¼ e�KIJ; e�K4J ¼ �E�KN

(6.42)

where the capital letter subscriptP takes the value 1, 2, 3, 4. Equation (6.41) can also
be rewritten as

C��
KlIJuI;J þ e��NKlφ;N

� 	
;K
þ �f l ¼ ρ0€ul; e�KIJuI;J � E�KNφ;N

� 	
;K

¼ ρe

C��
KlIJuI;J þ e��NKlφ;N

� 	
�ntK ¼ �Tj; e�KIJuI;J � E�KNφ;N

� 	
�ntK ¼ ��σ�

C��
KlIJ ¼ C�

KlIJ þ �σ0KJδIl; e��NKl ¼ êNKM δlM þ u0l;M

� 

� e�NKl

(6.43)

When u;φ are solved, �σ; �D is obtained; then from Eq. (1.45) the generalized Cauchy

stresses σ;D can be obtained.

6.3.2 Simplifications of the Governing Equations for Some
Cases

1. Initial stress configuration taken as reference configuration If we use the

configuration with initial stress as the reference configuration, then u0;φ0 are not

needed or let u0 ¼ 0;φ0 ¼ 0 and �σ�Kl ¼ �σKM ¼ σkl; �DK ¼ Dk, so formulas are much

simpler. But the material coefficients must take the “tangent modulus,” or the

constitutive equations are measured at the state with given generalized biasing
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displacements and stresses. The total generalized stress and displacements are the

sum of the initial values and the perturbation values.

2. Small initial generalized displacements If the initial generalized displace-

ments and stresses are also small, i.e.,u0 þ u;φ0 þ φ are small compared with 1, the

terms containing them can be neglected, so all generalized stress �σ� ¼ σ; �D ¼ D.

6.4 Love Wave in ZnO/SiO2/Si Structure with Initial Stresses

6.4.1 Transfer Matrix Method

Figure 6.4 shows a three-layer structure constituted of the substrate Si, the first layer

SiO2 of thickness h1 and the second layer ZnO of thickness h2 and h1 þ h2 ¼ h. The
origin of the global coordinate system is located at interface of the substrate and

first layer. The top surface of the layer x1 ¼ �h is free of stress and the environment

is air. Experiments show that the distribution of initial stresses along the depth x1 in
the layers is shown in Fig. 6.4. The thickness of the substrate is much larger than

that of layers and can be treated as a half-space. The initial stresses in the substrate

are negligible. In order to obtain more exact solution, the first layer is further

divided into 1 � m sublayers, and the second layer is divided into mþ 1 � N
sublayers. The substrate is denoted by layer 0 and the air is denoted by layer N þ 1

(Fig. 6.5).

For a multilayer structure the transfer matrix method is a useful technique

(Thomson 1950; Stewart and Yong 1994; Liu et al. 2003b; Su et al. 2005).

The basis of the transfer matrix method is that for any sublayer k to establish, a

transfer matrix maps the generalized stresses and displacements from its lower

surface to upper surface. Successive application of the transfer method through

sublayer 0 to N þ 1 and invoking corresponding interface continuity conditions

leads to a set of equations relating to the boundary conditions on the free surface.

Combining the conditions at infinity, we can get enough equations to solve

Fig. 6.4 Three-layer

structure
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the problem. The state space approach with appropriate selected variables is a

convenient method to establish the transfer matrix. Here ui;φ; σi1;D1 are used as

state variables. For convenience in the following part, the subscripts all adopt the

small letters except the capital letter P which takes the value 1, 2, 3, 4. It is noted

that in this part the differentiation with a small letter is still considered in the

reference configuration. According to the first equation in Eq. (6.41), in each

sublayer we have

�σ�i1;1 ¼ ρ0€ui � �σ�i2;2 � �σ�i3;3 � �σ0jkui;jk � �σ0jk;jui;k (6.44)

Assuming the incident wave is located in the plane x2x3 , the solution of the

generalized displacement UP ðP ¼ 1; 2; 3; 4Þ is

UP ¼ APðx1Þ exp iðk2x2 þ k3x3 � ωtÞ½ � ¼ APðx1Þ exp iðkαxα � ωtÞ½ �; α ¼ 2; 3

(6.45)

Substitution of Eqs. (6.45) and (6.42) into Eq. (6.44) yields

�σ�i1;1 ¼ �ρ0ω2Ai � ikβ C�
iβP1AP;1 þ ikγC

�
iβPγAP

� 
n
� �σ011Ai;11 � 2ikγ�σ

0
1γAi;1

þ kβkγ�σ
0
βγAi � �σ0j1;jAi;1�ikβ�σ

0
jβ;jAi

o
exp iðkαxα � ωtÞ½ � ð6:46Þ

Usually �σ011; �σ
0
12; �σ

0
13 are small and can be dropped. Let

�σ�ij ¼ σ̂ijðx1Þ exp iðkαxα � ωtÞ½ �; �Di ¼ Tiþ6ðx1Þ exp iðkαxα � ωtÞ½ � (6.47)

Fig. 6.5 Layered structure

divided into N sublayers
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Equation (6.46) can be rewritten as

σ̂i1;1 þ ikβC
�
iβP1AP;1 þ �σ0j1;jAi;1 ¼ �ρ0ω2 þ kβkγ�σ

0
βγ � ikβ�σ

0
jβ;j

� 

Ai þ kβkγC

�
iβPγAP

(6.48a)

The second equation in Eq. (6.41) and Eq. (6.42) can also be expressed as

T7;1 þ ikβe
�
βp1AP;1 ¼ kβkγe

�
βpγAP

C�
1jP1AP;1 ¼ σ̂j1 � ikβC

�
1jPβAP; e�1P1AP;1 ¼ T7 � ikβe

�
1PβAP

(6.48b)

Introduce (in Voigt notation)

σn ¼ Tnðx1Þ exp iðkαxα � ωtÞ½ �; n ¼ 1; 2; . . . ; 6 (6.49)

where σnðn ¼ 1; 2; . . . ; 6Þ represents σ11; σ22; σ33; σ32; σ31; σ12, respectively, and let

σ̂i1 ¼ T1, σ̂i2 ¼ T6, and σ̂i3 ¼ T5. Introduce an eight-dimensional vector vm:

vmðx1Þ ¼ A1m;A2m;A3m;A4m; T1m; T6m; T5m; T7m½ �T (6.50)

where A1m;A2m;A3m are the amplitudes of u1; u2; u3 , respectively; A4m is the

amplitude of φ; T1m; T6m; T5m are the amplitudes of σ11; σ21; σ31, respectively; and
T7m is the amplitude of D1. Using Eqs. (6.48a) and (6.48b) for any sublayer k, the
eight-dimensional state equation with unknown vector vm is

Bmðx1Þ d

dx1
� Fmðx1Þ

� �
vmðx1Þ ¼ 0; or

d

dx1
� B�1

m ðx1ÞFmðx1Þ
� �

vmðx1Þ ¼ 0

(6.51)

where B�1
m ðx1ÞFmðx1Þ is the state matrix of the sublayer k and

Bm ¼

Bmð11Þ ikβC
�
1β21 ikβC

�
1β31 ikβC

�
1β41 1 0 0 0

ikβC
�
2β11 Bmð22Þ ikβC

�
2β31 ikβC

�
2β41 0 1 0 0

ikβC
�
3β11 ikβC

�
3β21 Bmð33Þ ikβC

�
3β41 0 0 1 0

ikβe
�
β11 ikβe

�
β21 ikβe

�
β31 ikβe

�
β41 0 0 0 1

C�
1111 C�

1121 C�
1131 C�

1141 0 0 0 0

C�
1211 C�

1221 C�
1231 C�

1241 0 0 0 0

C�
1311 C�

1321 C�
1331 C�

1341 0 0 0 0

e�111 e�121 e�131 e�141 0 0 0 0

2
66666666666664

3
77777777777775

Bmð11Þ ¼ σ0j1;j þ ikβc
�
1β11; Bmð22Þ ¼ σ0j1;j þ ikβc

�
2β21; Bmð33Þ ¼ σ0j1;j þ ikβc

�
3β31

(6.52)
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and

Fm ¼

Fmð11Þ kβkγC
�
1β2γ kβkγC

�
132γ kβkγC

�
1β4γ 0 0 0 0

kβkγC
�
2β1γ Fmð22Þ kβkγC

�
2β3γ kβkγC

�
2β4γ 0 0 0 0

kβkγC
�
3β1γ kβkγC

�
3β2γ Fmð33Þ kβkγC

�
3β4γ 0 0 0 0

kβkγe
�
β1γ kβkγe

�
β2γ kβkγe

�
β3γ kβkγe

�
β4γ 0 0 0 0

�ikβC
�
111β �ikβC

�
112β �ikβC

�
113β �ikβC

�
114β 1 0 0 0

�ikβC
�
121β �ikβC

�
122β �ikβC

�
123β �ikβC

�
124β 0 1 0 0

�ikβC
�
131β �ikβC

�
132β �ikβC

�
133β �ikβC

�
134β 0 0 1 0

�ikβe
�
11β �ikβe

�
12β �ikβe

�
13β �ikβe

�
14β 0 0 0 1

2
66666666666664

3
77777777777775

Fmð11Þ ¼ �ρ0ω2 þ kβkγσ
0
βγ � ikβσ

0
jβ;j þ kβkγc

�
1β1γ

Fmð22Þ ¼ �ρ0ω2 þ kβkγσ
0
βγ � ikβσ

0
jβ;j þ kβkγc

�
2β2γ

Fmð33Þ ¼ �ρ0ω2 þ kβkγσ
0
βγ � ikβσ

0
jβ;j þ kβkγc

�
3β3γ

(6.53)

The solution of Eq. (6.51) is

vmðx1Þ ¼ QmRmam; Rm ¼ diag exp ðb1mx1Þ; exp ðb2mx1Þ; . . . ; expðb8mx1Þ½ �
Qm ¼ ½h1m; h2m; . . . ; h8m�; am ¼ ½a1m; a2m; . . . ; a8m�T

(6.54)

where bjm and hjm are the eigenvalue and eigenvector of the state matrix,

respectively, and ajm is an undetermined constant in the sublayerm. The generalized
stresses and displacements at the bottom of the structure can be related to those at its

top through the transfer matrix Pmðx1m � dm; x1mÞ:

vmðx1m � dmÞ ¼ Pmðx1m � dm; x1mÞvmðx1mÞ (6.55)

Equations (6.54) and (6.55) yield

Pmðx1m � dm; x1mÞ ¼ QmRmð�dmÞQ�1
m (6.56)

where x1m is the coordinate at the bottom surface of the sublayer m and dm is its

thickness. Using the basic relations of the transfer matrix, it is found

P x01; x1ð Þ ¼ P x01; x
00
1

� 	
P x001 ; x1
� 	

(6.57)

This leads to

Pð�h; 0Þ ¼
YN
m¼1

Pmðx1m � dm; x1mÞ; vNð�hÞ ¼ Pð�h; 0Þ v0ð0Þ (6.58)

where vNð�hÞ and v1ð0Þ are the state vectors at the upper and lower surfaces of the
structure, respectively.
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6.4.2 Love Wave in Zno/SiO2/Si Structure with Initial Stress

Figure 6.4 shows a ZnO SiO2 Si== multilayer structure. SiO2 and Si are isotropic

elastic materials, and ZnO is a transverse isotropic piezoelectric material with

poling direction along x3 . In a transversely isotropic piezoelectric material, the

number of material constants is only ten: C11 ¼ C22;C12;C13 ¼ C23;C33;C44 ¼ C55;
C66 ¼ ðC11 � C12Þ 2= , e31 ¼ e32; e15 ¼ e24; e33, E11 ¼ E22; E33 Let the biasing stresses
be σ033ðx1Þ and σ022ðx1Þ . Other stress components and the biasing potential φ0 is

assumed to be zero. Love wave is a transverse shear wave, so only u3ðx1; x2; tÞ and
φðx1; x2; tÞ are not zero. Let Love wave propagate along the positive direction of x2,
so only k2 ¼ k is not zero. In this case Eqs. (6.50), (6.52), and (6.53) are simplified to

vmðx3Þ ¼ ½A3m;A4m; T5m; T7m�T

Bm ¼

ikC�
45 ike�14 1 0

ike�25 �ik E�21 0 1

C�
55 e�15 0 0

e�15 �E�11 0 0

2
6664

3
7775; Fm ¼

�ρ0ω2 þ C�
44 þ σ022

� 	
k2 e�24k

2 0 0

e�24k
2 �E�22k

2 0 0

�ikC�
54 �ike�25 1 0

�ike�14 ik E�12 0 1

2
6664

3
7775

(6.59)

where effective material constants can be calculated from Eq. (6.42). For ZnO and

SiO2, C45 ¼ C54 ¼ e14 ¼ e25 ¼ E2 ¼ E1 ¼ 0, so for small initial stresses it yields

Bm ¼
0 0 1 0

0 0 0 1

C�
55 e�15 0 0

e�15 �E�11 0 0

2
664

3
775; Fm ¼

�ρ0ω2 þ C�
44 þ σ022

� 	
k2 e�24k

2 0 0

e�24k
2 �E�22k

2 0 0

0 0 1 0

0 0 0 1

2
664

3
775

(6.60)

For the 6mm -type ceramics C44 ¼ C55; e15 ¼ e24; E11 ¼ E22 , so the differences

between c�44 and c�55, e
�
15 and e�24, and E�11 and E�22 can be neglected. In this case the

eigenvalues of B�1
m ðx1ÞFmðx1Þ are obtained as

b1m;2m ¼ 	k; b3m;4m ¼ 	kqm; qm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ρc2 � σ022

� 	
�C55

�� �q
�C55 ¼ C�

55 þ e�15
� 	2

=E�11; c ¼ ω k= ð6:61Þ

where c is the phase velocity. Correspondingly the eigenvector matrix Q
m
is

Q
m
¼

0 0 1 1

1 1 e�15 E�11
�

e�15 E�11
�

e�15k �e�15k �C55qmk � �C55qmk
�E�11k E�11k 0 0

2
664

3
775 (6.62)
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Substitution of Eqs. (6.61) and (6.62) into Eq. (6.54) yields

vmðx1Þ ¼
0 0 1 1

1 1 e�15 E�11
�

e�15 E�11
�

e�15k �e�15k �C55qmk � �C55qmk
�E�11k E�11k 0 0

2
664

3
775



ekx1m 0 0 0

0 e�kx1m 0 0

0 0 ekqmx1m 0

0 0 0 e�kqmx1m

2
664

3
775

a1m

a2m

a3m

a4m

8>>><
>>>:

9>>>=
>>>;

(6.63)

According to Eq. (6.56) the transfer matrix of the sublayer m is

Pmðx1m � dm; x1mÞ

¼

coshðkqmdmÞ 0 � sinh ðkqmdmÞ
�C55qmk

� e�15 sinh ðkqmdmÞ
�C55E�11qmk

Pð21Þ cosh ðkdmÞ � e�15 sinh ðkqmdmÞ
�C55E�11qmk

Pð24Þ
Pð31Þ �e�15k sinh ðkdmÞ coshðkqmdmÞ Pð34Þ

�e�15k sinhðkdmÞ E�11k sinhðkdmÞ 0 cosh ðkdmÞ

2
666666664

3
777777775

Pð21Þ ¼ e�15
E�11

cosh ðkqmdmÞ � cosh ðkdmÞ½ �; Pð24Þ ¼ sinh ðkdmÞ
E�11k

� e�215 sinh ðkqmdmÞ
�C55E�211qmk

Pð31Þ ¼ � �C55qmk sinhðkqmdmÞ þ e�215 sinhðkdmÞ E�11
�

Pð34Þ ¼ � e�15 E�11
�� 	

cosh ðkdmÞ þ e�15 E�11
�� 	

cosh ðkqmdmÞ
(6.64)

Because the Love wave is confined to layers and near the substrate surface, the

generalized displacements are attenuated in the substrate. In the substrate we have

v0ðx1Þ ¼ Q0 0; a20e
b20x1 ; 0; a40e

b40x1
� �T

(6.65)

Q0 can be obtained by substituting material constants of the substrate into

Eq. (6.62). At x1 ¼ 0 we have

v0ðx1Þ ¼ Q0½0; a20; 0; a40�T (6.66)

The electric potential φNþ1 and the electric displacement D1 Nþ1ð Þ in the air

x1 < �h can be expressed as

φNþ1ðx1; tÞ ¼ aNþ1 expðkx1Þ exp iðkαxα � ωtÞ½ �; D1 Nþ1ð Þ ¼ �E0φNþ1;1 (6.67)

where E0 is the permittivity of air and aNþ1 is an undetermined constant.
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The mechanical boundary conditions are

σ13 ¼ 0; at x1 ¼ �h

σþ13 ¼ σ�13; uþ3 ¼ u�3 ; at x1 ¼ 0
(6.68)

The electric boundary conditions between air and ZnO are divided into two kinds:

electrically open and electrically shorted, i.e.,

φN ¼ φNþ1; D1 ðNÞ ¼ D1 ðNþ1Þ; at x1 ¼ �h ðelectrically openÞ
φN ¼ 0; at x1 ¼ �h ðelectrically shortedÞ (6.69)

The electric boundary conditions between the substrate and SiO2 are

Dþ
1 ¼ D�

1 ; φþ ¼ φ�; at x1 ¼ 0 (6.70)

The continuity condition at x1 ¼ 0 expressed by the state vector vðx1Þ is

v0ðx1Þ ¼ v1ðx1Þ; at x1 ¼ 0 (6.71)

From Eqs. (6.58), (6.66), and (6.71), the continuity condition of vðx1Þ at x1 ¼ �h is

vNð�hÞ ¼ Pð�h; 0Þv0ð0Þ ¼ M 0; a20; 0; a40½ �T; M ¼
YN
m¼1

Pmðx1m � dm; x1mÞQ0

(6.72)

According to the boundary conditions at x1 ¼ �h; u3ðNþ1Þ or u3air is not needed,

from the electrically open case we get

A4N

T5N

T7N

8><
>:

9>=
>; ¼

M22 M23 M24

M32 M33 M34

M42 M43 M44

2
4

3
5 a20

0

a40

8<
:

9=
; ¼

M22 M24

M32 M34

M42 M44

2
4

3
5 a20

a40

( )

¼
aNþ1 expð�khÞ

0

�E0aNþ1k expð�khÞ

8<
:

9=
; (6.73)

or

M22 M24 � expð�khÞ
M32 M34 0

M42 M44 E0k expð�khÞ

2
4

3
5 a20

a40
aNþ1

8<
:

9=
; ¼

0

0

0

8<
:

9=
; (6.74)
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In order to obtain nontrivial solutions for a20; a40; aNþ1 the coefficient determinant

in Eq. (6.74) should be vanished. So the equation to determine the phase velocity cf
in electrically open case is

ðM42 þ E0 kM22ÞM34 � ðM44 þ E0 kM24ÞM32 ¼ 0 (6.75)

Similarly for the electrically shorted case, the equation to determine the phase

velocity cs is

A4N

T5N

� �
¼ M22 M24

M32 M34

� �
a20

a40

� �
¼ 0

0

� �
; or

M22M34 �M24M32 ¼ 0

(6.76)

There are many papers to discuss on the problem of Love wave, such as Danoyan

and Pilliposian (2007) and Liu et al. (2001). Du et al. (2008) discussed the

propagation of Love waves in prestressed piezoelectric layered structures loaded

with viscous liquid.

6.4.3 The Distribution of the Initial Stresses

Because layers are very thin, the mechanical stresses have only occurred in layers,

i.e., at x1 ¼ �h1; �σ0i1 ¼ 0; x1 ¼ 0; �σ0ij ¼ 0. The continuity conditions of the initial

stresses at x1 ¼ �h1 are that u
0
2 and u03 are continuous, or

�ε02ZnO ¼ �ε02SiO2
¼ �ε02; �ε03ZnO ¼ �ε03SiO2

¼ �ε03; �ε023ZnO ¼ �ε023SiO2
¼ �ε023; at x1 ¼ �h1

(6.77)

Using the constitutive equation from Eq. (6.77), we can derive the following relation:

�σ01ZnO ¼C11�ε
0
1ZnOþC12�ε

0
2ZnOþC13�ε

0
3ZnO; σ02ZnO ¼ C12�ε

0
1ZnOþC11�ε

0
2ZnOþC13�ε

0
3ZnO

�σ03ZnO ¼C13�ε
0
1ZnOþC13�ε

0
2ZnOþC33�ε

0
3ZnO;

Y�ε02SiO2
¼ �σ02SiO2

� ν�σ03SiO2
; Y�ε03SiO2

¼ �σ03SiO2
� ν�σ02SiO2

(6.78)

whereCij is the elastic constant of ZnO and Y; ν is the elastic constant of SiO2. So at

x1 ¼ �h1, the initial stresses in ZnO and SiO2 must satisfy the following relation:

YC11�σ
0
2ZnO ¼ C2

11 � C2
12 � νC13ðC11 � C12Þ

� �
�σ02SiO2

þ C13ðC11 � C12Þ � ν C2
11 � C2

12

� 	� �
�σ03SiO2

(6.79)
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Similarly we can get �σ03ZnO, but it is not needed. It can be assumed that σ02SiO2
; σ02ZnO

are varied exponentially (Fig. 6.4), i.e.,

�σ02SiO2
ðx1Þ ¼ f ðx1Þ ¼ ex1 � 1ð Þ e�h1 � 1

� 	�
�σ02SiO2

ð�hÞ; �h1 � x1 � 0

�σ02ZnOðx1Þ ¼ gðx1Þ ¼ ex1 � 1ð Þ e�h � 1
� 	�

�σ02ZnOð�hÞ; �h � x1 � �h1
(6.80)

It is also noted that the generalized displacements and stresses at the initial state

should be obtained directly by experiments or calculated by the updated Lagrange

method which needs multiple steps from the natural state to initial state. The

updated Lagrange method and other methods in plasticity can be utilized to the

problems discussed here.

6.4.4 Numerical Example

In the paper of Su et al. (2005), they assumed σ03SiO2
¼ Lσ02SiO2

to simplify calcula-

tion, where L is a proportional coefficient. They adopted the following material

constants:

ZnO : ρ¼ 5;665kg m3
�

; C11 ¼ 209:6; C12 ¼ 120:5; C13 ¼ 104:6; C44 ¼ 242:3 ðMPaÞ;
e15 ¼�0:48; e31 ¼�0:573; e33 ¼ 1:32 ðC=m2Þ; E11 ¼ 0:67; E33 ¼ 0:799 ð10�10F=mÞ

SiO2 : ρ¼ 2;200kg=m3; λ¼ 78:5; G¼ 31:2 ðMPaÞ; E11 ¼ 0:33; E33 ¼ 0:33 ð10�10 F=mÞ
Si : ρ¼ 2;328kg=m3; λ¼ 165:75; G¼ 79:4 ðMPaÞ; E11 ¼ 1:035; E33 ¼ 1:035 ð10�10 F=mÞ

Figure 6.6 shows the change of the phase velocity cf0 of the Love wave with kh

under the case that: electrically open, without initial stresses, h2 ¼ 10�5 m and

different h1. It is seen that for all h1 when kh ! 0, cf0 ! cSi ; cf0 decreases with

increasing kh. When kh ! 1 cf0 ! cZnO if h1 < h2 and h1 � h2; or cf0 ! cSiO2
if

h1 � h2. cf0 is in the following range:

cZnO; cSiO2
ð Þ < cf0 < cSi

cZnO ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C55 þ e215
ρZnO

s
¼ 2; 841:5 ðm=sÞ; cSiO2

¼
ffiffiffiffiffiffiffiffiffiffi
μSiO2

ρSiO2

r
¼ 3; 765:9ðm=sÞ;

cSi ¼
ffiffiffiffiffiffi
μSi
ρSi

r
¼ 5; 840 ðm=sÞ ð6:81Þ

Figure 6.7 shows the change of Δc cf0= with kh under the case that: electrically open

case, �σ02ZnO ¼ 200MPa,L ¼ 1,h2 ¼ 10�5 mand different h1. HereΔc ¼ cf � cf0 and
cf is the Love wave velocity with initial stress. From Figs. 6.6 and 6.7, it is seen that

the middle layer has significant role.
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6.5 Other Surface Waves

6.5.1 B-G Wave in a Prestressed Piezoelectric Structure

Because the penetration depth of theB-Gwave is about 10–100 λ, the application of
B-G wave is limited in microwave techniques. However, the application of layered

structures can significantly reduce the penetration depth. Jin et al. (2001) and Liu

et al. (2003a) discussed the prestressed layered piezoelectric structures. The layer

and substrate are all made by piezoelectric materials, and the poling directions

of the layer and substrate are along the positive and negative axes x3, respectively
(see Fig. 6.2). TheB-Gwave in layered structure can also be considered as a kind of

the Love wave. The basic equations have been discussed in Sect. 6.3 and governing

equations can be seen in Eq. (6.43). InB-Gwave onlyu3ðx1; x2; tÞ andφðx1; x2; tÞ are
not zero. Neglecting terms containing u0K;Lu

0
M;N , Eq. (6.43) is reduced to

Fig. 6.6 Variation of phase

velocity cf0 with kh under

conditions: electrically open,

without initial stress

Fig. 6.7 Variation of Δc c= f0

with kh under conditions:

electrically open,

σ02ZnOð�hÞ ¼
200MPa; L ¼ 1
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C�
1331 þ σ011

� 	
u3;11 þ C�

1332 þ C�
2331 þ 2σ012

� 	
u3;12 þ C�

2332 þ σ022
� 	

u3;22

þ e�131φ;11 þ e�132 þ e�231
� 	

φ;12 þ e�232φ;22 ¼ ρ0€u3

e�131u3;11 þ e�132 þ e�231
� 	

u3;12 þ e�232u3;22 � E�11φ;11 � 2 E�12φ;12 � E�22φ;22 ¼ 0

(6.82)

The variables in the substrate are denoted by a superscript “M.” Because in the

substrate x1 > 0 there is no initial stress, the governing equations are

CM
1331u

M
3;11 þ 2CM

1332u
M
3;12 þ CM

2332u
M
3;22 þ eM131φ

M
;11 þ 2eM132φ

M
;12 þ eM232φ

M
;22 ¼ ρ0u

M
3

eM131u
M
3;11 þ 2eM132u

M
3;12 þ eM232u

M
3;22 � EM11φ

M
;11 � 2 EM12φ

M
;12 � EM22φ

M
;22 ¼ 0

(6.83)

The boundary and the interface continuity conditions are

�σ�13 þ σ01ku3;k ¼ 0; at x1 ¼ �h

φ ¼ φc; D1 ¼ Dc
1; ðelectrically openÞ; φ ¼ 0; ðelectrically shortedÞ at x1 ¼ �h

u3 ¼ uM3 ; �σ�13 ¼ σM13; φ ¼ φM; �D1 ¼ DM
1 ; at x1 ¼ 0

u3; φ! 0; when x1 ! þ1; φc ! 0; when x1 ! �1
(6.84)

Let B-Gwave propagate along positive x2 direction. The generalized displacements

in layer are assumed

u3 ¼ α3 exp ðikbx1Þ exp ikðx2 � ctÞ½ �; φ ¼ α4 expðikbx1Þ exp ikðx2 � ctÞ½ � (6.85)

Substitution of Eq. (6.85) into Eq. (6.82) yields

c�1331 þ σ011
� 	

b2 þ c�1332 þ c�2331 þ 2σ012
� 	

bþ c�2332 þ σ022
� 	� ρ0c

2

e�131b
2 þ e�132 þ e�231

� 	
bþ e�232

"

e�131b
2 þ e�132 þ e�231

� 	
bþ e�232

� E�11b
2 � 2E�12b� E�22

�
α3

α4

� �
¼ 0

0

� � (6.86)

In order for α3; α4 to have nontrivial solutions, their coefficient determinate must be

zero, or

A4b
4 þ A3b

3 þ A2b
2 þ A1bþ A0 ¼ 0 (6.87)

where Ai is determined by Eq. (6.86) and omitted here. Equation (6.87) has 4

eigenvalues bpðp ¼ 1; 2; 3; 4Þ and a pair of eigenvectors α3; α4 corresponding to

each bp and
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βp ¼
αðpÞ4

αðpÞ3

¼ e�131b
2
p þ e�132 þ e�231

� 	
bp þ e�232

E�11b2p þ 2E�12bp þ E�22
(6.88)

Substituting Eq. (6.88) into Eq. (6.85) yields the generalized displacements in layer

u3 ¼
X4
p¼1

αðpÞ3 expðikbpx1Þ exp ikðx2 � ctÞ½ �

φ ¼
X4
p¼1

βpα
ðpÞ
3 expðikbpx1Þ exp ikðx2 � ctÞ½ �

(6.89)

Similar to the layer and noting u3;φ! 0; when x1 ! 1 , the generalized

displacements in the substrate only have two eigenvaluesbMq ðq ¼ 1; 2Þwith positive
image parts, i.e.,

uM3 ¼
X2
p¼1

αMðqÞ
3 exp ikbMq x1

� 

exp ikðx2 � ctÞ½ �

φM ¼
X2
p¼1

βMq α
MðqÞ
3 exp ikbMq x1

� 

exp ikðx2 � ctÞ½ �

(6.90)

From φc
;11 þ φc

;22 ¼ 0 and the connective conditions at x1 ¼ �h in Eq. (6.84), it is

assumed

φc ¼
X4
p¼1

βpα
ðpÞ
3 expðikbpx1Þ exp kðx1 þ hÞ½ � exp ikðx2 � ctÞ½ � (6.91)

Substituting Eqs. (6.89), (6.90), and (6.91) into Eq. (6.84) yields six homogeneous

equations for vector α:

Pα ¼ 0; ½Pij�fαjg ¼ f0g; α ¼ αð1Þ3 ; αð2Þ3 ; αð3Þ3 ; αð4Þ3 ; αMð1Þ
3 ; αM ð1Þð Þ

3

h iT
(6.92)

In the electrically open case at x1 ¼ �h for j ¼ 1; 2; 3; 4, we have

P1j ¼ ik c�1331 þ σ011 þ e�131βj
� 	

bj þ c�1332 þ σ012 þ e�132βj
� �

expð�ikbjhÞ
P2j ¼ ik e�131 � E�11βj

� 	
bj þ e�132 � E�12 þ i Ec

� 	
βj

� �
expð�ikbjhÞ

P3j ¼ ik c�1331 þ σ011 þ e�131βj
� 	

bj þ c�1332 þ σ012 þ e�132βj
� �

P4j ¼ 1; P5j ¼ βj; P6j ¼ ik e�131 � E�11βj
� 	

bj þ e�132 � E�12βj
� �

(6.93a)
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For j ¼ 5; 6 we have

P1j ¼ 0; P2j ¼ 0; P3j ¼ �ik ĉM�
1331 þ eM�

131β
M
j�4

� 

bMj�4 þ ĉM�

1332 þ e�132β
M
j�4

h i
P4j ¼ �1; P5j ¼ �βMj�4; P6j ¼ �ik eM�

131 � EM�
11 β

M
j�4

� 

bMj�4 þ eM�

132 � EM�
12 β

M
j�4

h i
(6.93b)

The equation to determine the phase velocity of B-G wave under electrically open

case is

Pj j ¼ 0 (6.94)

For the electrically shorted case at x1 ¼ �h,P2j in Eq. (6.93a) should be replaced by

P2j ¼ βj exp ð�ikbjhÞ; for j ¼ 1� 4 (6.95)

In the paper of Liu et al. (2003a), they found that the penetration depth is dramati-

cally reduced in a LiNbO3 layer piezoelectric material and the effect of the third-

order piezoelectric coefficients (Cho and Yamanouchi 1987) is meaningful for the

low-frequency case. Figure 6.8 shows the dispersion relations for the fundamental

mode of B-G surface wave in the absence of initial stress, where c0 ¼ cf0 for

electrically open case and c0 ¼ cs0 for electrically shorted case. It is found that for a
given value of h λ= , the phase velocity of the electrically open case is greater than

that of electrically shorted case, i.e., cf0 > cs0. In the low-frequency limit, h λ= ! 0,

the wave mode tends to the B-G surface wave in a piezoelectric half-space, i.e.,

cf0 ! 4:538 km s= ; cs0 ! 4:203 km s= . Figure 6.9 shows the variations of Δcf cf0=

andΔcs cs0= with h λ= under the initial stress �σ022 ¼ 40MPa, where cf ; cs are the phase
velocity in layer with initial stress and Δcf ¼ cf � cf0 or Δcs ¼ cs � cs0.

Fig. 6.8 Dispersion relations

for the fundamental mode of

B-G wave (without initial

stress)
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6.5.2 Rayleigh Wave in a Prestressed Structure

Discuss an approximately transversely isotropic LiNbO3 piezoelectric film of

thickness h polarized x1 -axis deposited on a sapphire substrate (see Fig. 6.2).

Usually the thickness of the layer is some micrometers, so the substrate can be

considered as semi-infinite. The basic equation Eq. (6.43) in the layer is reduced to

C�
KlIJuI;JK þ �σ0KJul;JK þ e�NKlφ;NK ¼ ρ0€ul; e�KIJuI;JK � E�KNφ;NK ¼ 0 (6.96)

In the following the superscript * on material coefficients will be omitted. In the

substrate the basic equation is

CM
ijklu

M
k;li þ eMkijφ

M
;ki ¼ ρ€uMj ; eMiklu

M
k;li � EMikφ

M
;ik ¼ 0 (6.97)

The boundary and the interface continuity conditions are

�σ�1j þ �σ01kuj;k ¼ 0; x1 ¼ �h

φ ¼ φc; D1 ¼ Dc
1; ðelectrically openÞ; φ ¼ 0; ðelectrically shortedÞ at x1 ¼ �h

�σ�1j þ �σ01kuj;k ¼ σM1j ; uj ¼ uMj ; φ ¼ φM; �D1 ¼ DM
1 ; at x1 ¼ 0

uj;φ! 0; when x1 ! þ1; φc ! 0; when x1 ! �1
(6.98)

Let the wave propagate along x2 and take the form

ui ¼ Bie
ikbx1eikðx2�ctÞ; φ ¼ B4e

ikbx1eikðx2�ctÞ (6.99)

where Bi is the amplitude of ith component. Substitution of Eq. (6.99) into

Eq. (6.96) yields

Fig. 6.9 Variations of Δc c0=
with h λ= for different initial

stresses
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ΓB ¼ 0; or Γαβ
� �

Bαf g ¼ 0f g; B ¼ B1;B2;B3;B4½ �T; α; β ¼ 1� 4

Γjk ¼ C1jk1 þ bðC3jk1 þ C1jk3Þ þ b2C3jk3 þ δjk σ
0
11 þ 2bσ013 þ b2σ033 � ρc2

� 	
Γj4 ¼ e11j þ bðe13j þ e31jÞ þ b2e33j; Γ4j ¼ e1j1 þ bðe1j3 þ e3j1Þ þ b2e3j3

Γ44 ¼ �ðE11 þ 2bE13 þ b2E33Þ; i; j ¼ 1; 2; 3

(6.100)

In order to get nontrivial solution ofB, its coefficient determinate need be zero, i.e.,

A8b
8 þ A7b

7 þ A6b
6 þ A5b

5 þ A4b
4 þ A3b

3 þ A2b
2 þ A1b

1 þ A0 ¼ 0 (6.101)

whereAi is determined by Eq. (6.100). Equation (6.101) is the eighth-order equation

of bwith the Rayleigh wave velocity c as a parameter. From Eq. (6.101) eight bq can
be obtained and for each bq an eigenvector with four components can be obtained.

For convenience we let

Biq ¼ βiqB1q; β1q ¼ 1; i ¼ 1� 4; q ¼ 1� 8 (6.102)

After Biq is obtained the generalized displacements in layer can be expressed as

ui ¼
X8
q¼1

βiqB1qe
ikbqx1eikðx2�ctÞ; φ ¼

X8
q¼1

β4qB1qe
ikbqx1eikðx2�ctÞ (6.103)

Analogously the generalized displacements in substrate can be expressed as

uMi ¼
X4
q¼1

βMiqβ
M
1qe

ikbMq x1eikðx2�ctÞ; φM ¼
X4
q¼1

βM4qβ
M
1qe

ikbMq x1eikðx2�ctÞ (6.104)

Analogous to Eq. (6.91) for the electrically open case, the electric potential in

the air is

φc ¼
X8
q¼1

β4qB1qe
�ikbqhekðhþx1Þeikðx2�ctÞ (6.105)

Substitution of Eqs. (6.103), (6.104), and (6.105) into Eq. (6.98) yields

PB ¼ 0; P ¼ Pmn½ �; B ¼ B1q;B
M
1q

n oT

; m; n ¼ 1� 12 (6.106)
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where for j; k ¼ 1; 2; 3; n ¼ 1� 8 we have

Pjn ¼ ik C3jk1 þ C3jk3bn þ δjk σ
0
13 þ σ033bn

� 	� �
βkn þ ðe13j þ e33jbnÞβ4n

� �
e�ikbnh

P4n ¼ ik ðe3k1 þ e3k3bnÞβkn � ðE31 þ E33bn þ iE0Þβ4nf ge�ikbnh

Pjþ4;n ¼ ik C3jk1 þ C3jk3bn þ δjk σ
0
13 þ σ033bn

� 	� �
βkn þ e13j þ e33jbn

� 	
β4n

� �
Pkþ7;n ¼ βkn; P11;n ¼ β4n; P12;n ¼ ik ðe3k1 þ e3k3bnÞβkn � ðE31 þ E33bnÞβ4nf g

(6.107a)

and for j; k ¼ 1; 2; 3; n ¼ 9� 12 we have

Pjn ¼ 0; P4n ¼ 0; Pjþ4;n ¼ �ik CM
3jk1 þ CM

3jk3b
M
n

h i
βMkn þ ðeM13j þ eM33jb

M
n ÞβM4n

n o
Pkþ7;n ¼ �βMk;n�8; P11;n ¼ �βM4;n�8;

P12;n ¼ �ik eM3k1 þ eM3k3b
M
n�8

� 	
βMkn � EM31 þ EM33b

M
n�8

� 	
bM4;n�8

n o
(6.107b)

The phase velocity cof the Rayleigh wave �R3 should satisfy Eqs. (6.100) and (6.106)

simultaneously. From this condition c can be obtained by iteration method.

For the electrically shorted case, the fourth row in Pmn½ � should be changed to

P4n ¼ β4ne
�ikbnh; n ¼ 1� 8; P4n ¼ 0; n ¼ 9� 12 (6.108)

Liu et al. (2003d) discussed the phase velocity and the electromechanical cou-

pling coefficient, k2 ¼ 2ðcf � csÞ cf= . The results show that for a given value of h λ= ,

the phase velocity of the electrically open case is greater than that of the shorted case.

The phase velocity approaches the Rayleigh wave velocity of the substrate when

h λ= ! 0 and tends to the Rayleigh wave velocity of the layer for large h λ= > 1:5.
Babich and Lukyanov (1998) discussed the surface wave in a curved layered

structure. Liu et al. (2003c, d) discussed the Love wave in a layered structure with

functionally graded isotropic substrate.

6.5.3 Lamb Waves in Piezoelectric Plate with Biasing
Electric Field

Lamb waves were researched a long time (Joshi and Jin 1991), it shows a large

sensitivity to mass loading, and the zero-order antisymmetric mode can be applied

Fig. 6.10 Lamb wave in

piezoelectric plate with

biasing electric field
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in contact with a liquid with a small attenuation (Laurent et al. 2000). Figure 6.10

shows a thin infinite transversely isotropic piezoelectric plate of thickness h
polarized x3-axis. Liu et al. (2002a, b) assumed that a small biasing voltage V is

applied to the electrode deposited on the upper surface and the electrode on the

lower surface is grounded. The deference between the natural and initial

configurations is neglected in their analysis. The electric field E0 ¼ ðV h= Þi3, i3 is

the unit vector on the axis x3 . According to the external loading, the generalized

stresses can be assumed as constants. In this section the Voigt notations are used.

The static electric force acted on the upper and lower surfaces of the piezoelectric

material produced by the electric charges on the electrodes is neglected. The

boundary conditions are assumed

T0 ¼ 0; on x3 ¼ 	h 2= ; ε01j ¼ 0; x1 ¼ 	1; ε02j ¼ 0; x2 ¼ 	1
φ0 ¼ V; on x3 ¼ �h 2= ; φ0 ¼ 0; on x3 ¼ h 2= ; x1 ¼ 	1; x2 ¼ 	1

(6.109)

A transversely isotropic material polarized x3 -axis only has ten independent

constants. From Eq. (6.109) and the constitutive equation (3.2), it is obtained

σ01 ¼ ησE
0
3; σ02 ¼ η0σE

0
3; D0

3 ¼ ηDE
0
3; E0

3 ¼ ðV h= Þ; other σ0i ¼ D0
i ¼ 0

ησ ¼ C13e33 C33= � e31; η0σ ¼ C23e33 C33= � e23; ηD ¼ e233 C33= þ E33
(6.110)

According to Eq. (6.41) for the small perturbation in a 2D problem, we have

σ1;1 þ σ5;3 þ σ01u1;11 ¼ ρ0€u1; σ5;1 þ σ3;3 þ σ01u3;11 ¼ ρ0€u3

D1;1 þ D3;3 ¼ 0
(6.111)

And the constitutive equation

σ1 ¼ C11ε1 þ C13ε3 � e31E3; σ3 ¼ C13ε1 þ C33ε3 � e33E3

σ5 ¼ C44ε5 � e15E1; D1 ¼ e15ε5 þ E11E1; D3 ¼ e31ε1 þ e33ε3 þ E33E3

(6.112)

Substitution of Eqs. (6.110) and (6.112) into Eq. (6.111) yields

C11 þ ησE
0
3

� 	
u1;11 þ C44u1;33 þ ðC13 þ C44Þu3;13 þ ðe31 þ e15Þφ;13 ¼ ρ0€u1

ðC13 þ C44Þu1;13 þ C44 þ ησE
0
3

� 	
u3;11 þ C33u3;33 þ e15φ;11 þ e33φ;33 ¼ ρ0€u3

ðe31 þ e15þηDE0
3Þu1;13 þ e15u3;11 þ ðe33þηDE0

3Þu3;33 � E11φ;11 � E33φ;33 ¼ 0

(6.113)

It is assumed that the solutions of the antisymmetric Lambwaves are (Liu et al. 2002a)

u1 ¼ B1 sinðkbx3Þ exp ikðx1 � ctÞ½ �; u3 ¼ B2 cosðkbx3Þ exp ikðx1 � ctÞ½ �
φ ¼ B3 cosðkbx3Þ exp ikðx1 � ctÞ½ � (6.114)
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and assumed that the solutions of the symmetric Lamb waves are (Liu et al. 2002b)

u1 ¼ B1 cosðkbx3Þ exp ikðx1 � ctÞ½ �; u3 ¼ B2 sinðkbx3Þ exp ikðx1 � ctÞ½ �
φ ¼ B3 sinðkbx3Þ exp ikðx1 � ctÞ½ � (6.115)

whereBi is the undetermined constant. Substitution of Eqs. (6.114) and (6.115) into

Eq. (6.113) yields

	 C11 � ρ0c
2 þ C44b

2 þ ησE
0
3

� �
B1 þ ðC13 þ C44ÞibB2 þ ðe31 þ e15ÞibB3 ¼ 0

ðC13 þ C44ÞibB1 
 C44 � ρ0c
2 þ C33b

2 þ ησE
0
3

� �
B2 
 ðe15 þ e33b

2ÞB3 ¼ 0

ðe31 þ e15 þ ηDE
0
3ÞibB1 
 e15 þ ðe33 þ ηDE

0
3Þb2

� �
B2 	 ðE11 þ E33b2ÞB3 ¼ 0

(6.116)

where the upper and lower symbols in “	 ” and “
 ” are used for the antisymmetric

and symmetric solutions, respectively. In order to get nontrivial solutions of B1;B2;
B3, their coefficient determinant must be zero. So we get a third-order equation of

b2 containing phase velocity c as an unknown parameter:

A1ðcÞb6 þ A2ðcÞb4 þ A3ðcÞb2 þ A4ðcÞ ¼ 0 (6.117)

Solving Eq. (6.117) we get three solutions of b2 and select appreciate one

bl l ¼ 1; 2; 3ð Þ in b2. Substituting blðl ¼ 1; 2; 3Þ into Eq. (6.114) or (6.115) yields

the amplitude ratios B1l B3l= ; B2l B3l= ; l ¼ 1; 2; 3. Substituting bl;B1l B3l= ;B2l B3l=
ðl ¼ 1; 2; 3Þ back into Eq. (6.114) or (6.115) and then into boundary conditions,

we can finally get three homogeneous equations of B31;B32;B33. Let the determi-

nant of the coefficients ofB31;B32;B33 equal to zero; the equation to determine c is
obtained. The details can be seen in the original papers.

Sharma and Pal (2004) also discussed propagation of Lamb waves in a trans-

versely isotropic piezo-thermo-elastic plate. Li et al. (2005b) discussed the spatial

dispersion of short surface acoustic waves in piezoelectric ceramics.

6.6 Waves in Pyroelectrics

6.6.1 Generalized Thermodynamics of Temperature
Wave in Thermoelasticity

The infinite wave speed problem (Banerjee and Bao 1974) and the Landau second

sound speed in liquid helium and in some solids at low temperatures (Landau 1941;

Jackson and Walker 1971) induced the development of the generalized heat, thermo-

elastic, and thermo-piezoelectric wave theories. The temperature wave from heat

pulses at low temperature propagates with a finite phase velocity. The main simpler

294 6 Electroelastic Wave



generalized theories with a finite velocity are Kaliski (1965)-Lord-Shulman (K-L-S)

theory (1967), Green-Lindsay (G-L) theory (1972), and inertial entropy theory

(Kuang 2009). The temperature wave equation can also be established on the

extended irreversible thermodynamics and can be found in Joseph and Preziosi’s

papers (1989, 1990). In the K-L-S theory for an isotropic thermoelastic material, the

following Cattaneo-Vernotte heat conduction formula (Vernotte 1958; Cattaneo

1958) was used to replace the Fourier’s law, but the classical entropy equation and

the Helmholtz free energy are kept, i.e.,

qi þ τ0 _qi ¼ �λϑ;i; T _s ¼ _r � qi;i; gðεkl; ϑÞ ¼ Aðεkl; sÞ � ϑs

σij ¼ @g @εij
� ¼ Cijklεkl � αijϑ; s ¼ �@g @ϑ= ¼ αijεij þ Cϑ=T0

(6.118)

where τ0 represents the relaxation time and is a material parameter. From

Eq. (6.118) we find

qi;i ¼ �T _s ¼ T ð@2g @ϑ2
� Þ _ϑþ ð@2g @ϑ@εij

� Þ _εij
� �

λϑ;ii ¼ T ð@2g @ϑ2
� Þð _ϑþ τ0€ϑÞ þ ð@2g @ϑ@εij

� Þð _εij þ τ0€εijÞ
� �

Then neglecting many small terms, finally, they got

λϑ;ii ¼ Cð _ϑþ τ0€ϑÞ þ αT0ð _εkk þ τ0€εkkÞ
G ð1� 2νÞ=½ �uj;ij þ Gui:jj � 2Gð1þ νÞ ð1� 2νÞ=½ �αϑ;i ¼ ρ€ui

(6.119)

where αij ¼ αδij. The second equation in Eq. (6.119) is the momentum equation.

The G-L theory (1972) was based on modifying the Clausius-Duhemin

inequality and the energy equation; They used a new temperature function ϕðT; _TÞ
instead of the usual temperature T. i.e.,

Z
V

_s dV �
Z
V

ðr ϕ= Þ dV þ
Z
a

ðqi ϕ= Þni da � 0; ϕ ¼ ϕðT; _TÞ; T ¼ ϕðT; 0Þ

g ¼ A� ϕs; g ¼ gðT; _T; εijÞ ð6:120Þ

Substituting Eq. (6.120) into the momentum and energy equations, after complex

manipulation and linearization and neglecting small terms finally get (here we take

the form in small deformation for an isotropic material)

λT;ii ¼ Cð _T þ τ0 €TÞ þ γT0 _εjj; σji;j þ ρfi ¼ ρ€ui

σij ¼ 2Gν ð1� 2νÞ=½ �εkkδij þ 2Gεij � γðθ þ τ1 _θÞ
(6.121)

where τ0; τ1, and γ are material constants.
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The derivation of the governing equations is very complex when using K-L-S or

G-L theory, but the derivation is very simple when the inertial entropy theory is

used as shown at the next section.

6.6.2 The Inertial Entropy Theory of Temperature Wave

In Sect. 1.7.2 the inertial entropy theory (Kuang 2009) is introduced. Equation

(1.84) gives

T _sþ T _sðaÞ ¼ _r � qi;i; _sðaÞ ¼ ρs €T; ρs ¼ ρs0C T= (6.122)

The Fourier’s law given in Eqs. (1.71) or (5.107) is

qi ¼ �λijT;j; T;j ¼ ϑ;j ¼ �λ�1
ji qi; �qi;i ¼ T _s� _r (6.123)

The constitutive (or state) and evolution equations given in (5.106) are

σij ¼ Cijklεkl � ekijEk � αijϑ; Di ¼ EijEj þ eiklεkl þ τiϑ

s ¼ αijεij þ τiEi þ Cϑ=T0; ϑ ¼ T � T0
(6.124)

where αij is the stress-temperature coefficient. Equations (6.122), (6.123), and

(6.124) yield

ðαijεij þ τiEi þ Cϑ=T0Þ_þ ρs0ðC T= Þ€ϑ ¼ _r T= þ ðλijT;jÞ;i T= (6.125)

When material coefficients are all constants and the variation of temperature is not

large from (6.125) we have

ðC T0= Þðρs0€ϑþ _ϑÞ � λijϑ;ji T0= ¼ _r T0 � αij
�

_ui;j þ τi _φ;i (6.126)

Equation (6.126) is a temperature wave equation with finite phase velocity.

The generalized momentum equations are

σij;j þ fi ¼ ρ€ui; or ρ€ui ¼ Cijkluk;lj þ ekijφ;kj � αijϑ;j þ fi

Di;i ¼ ρe; or eikjuk;ji � Eijφ;ji þ τiϑ;i ¼ ρe
(6.127)

It is obvious that the experimental studies for the inertial entropy theories are very

important.
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6.6.3 The Homogeneous Thermo-electro-elastic Wave
in Pyroelectric Material

Under the quasi-static electric approximation, the governing equations of the waves

in pyroelectric material in the inertial entropy theory are shown in Eqs. (6.126) and

(6.125). Like Eq. (6.119), using Eq. (6.118) in a piezoelectric material, the extended

K-L-S equation can also be obtained. When fmj ; f ej ; ρe; r are not considered and

assuming the variation of temperature is small (i.e., let T � T0), the inertial entropy
theory, the K-L-S theory can be expressed in a unified equation system:

Cijkluk;lj þ ekijφ;kj � αijϑ;j ¼ ρ€ui; eikjuk;ji � Eijφ;ji þ τiϑ;i ¼ 0

T0αijð _ui;j þ ξ1€ui;jÞ � T0τið _φ;i þ ξ2€φ;iÞ þ Cð _ϑþ ξ0€ϑÞ ¼ λijϑ;ji
(6.128)

When ξ1 ¼ ξ2 ¼ 0; ξ0 ¼ ρs0, Eq. (6.128) represents the inertial entropy theory and

ξ1 ¼ ξ2 ¼ ξ0 ¼ τ0 represents the K-L-S theory. In Sect. 1.6.2 we have pointed out

that there are some questions in the K-L-S theory. Here we can also show that (1)

from Eq. (6.118) we get T _s� τ0T€s ¼ λijT;ji þ ð _r þ τ0€rÞ, so it is difficult to consider
that s is a state function. (2) It is difficult to physically explain why Eq. (6.128) also
has the inertial terms τ0T0ð�τi€φ;i; αij€ui;jÞ. (3) The Fourier thermal conductive

equation is substantially an irreversible phenomenon, which is in the same level

with the mechanical viscous effect, as seen from the equation of the entropy

production. So the viscous effect in elasticity produced by the Cattaneo-Vernotte

heat conductive equation is a second effect.

For a plane wave Eq. (6.2) becomes

uk ¼ Uke
iðknmxm�ωtÞ; φ ¼ Φeiðknmxm�ωtÞ; ϑ ¼ Θeiðknmxm�ωtÞ (6.129)

or

uk ¼ Uke
iωðLmxm�tÞ; φ ¼ ΦeiωðLmxm�tÞ; ϑ ¼ ΘeiωðLmxm�tÞ; Lm ¼ knm ω= ¼ nm c=

(6.130)

where U;Φ;Θ are the amplitudes of the displacement, electric potential, and

temperature, respectively. In general k is a complex number:

k ¼ αþ iβ; eiðknmxm�ωtÞ ¼ e�βnmxmeiðαnmxm�ωtÞ; c ¼ ω α= ; c ¼ ðω α= Þn
(6.131)

where c is the phase velocity and β is the attenuation coefficient. Substituting

Eq. (6.129) into (6.128) and dropping the common factor exp iðknmxm � ωtÞ½ � we
obtain the Christoffel equation:
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ðΓ�
ikk

2 � ρω2δikÞUk þ e�i k
2Φþ iα�i kΘ¼ 0

e�kk
2Uk � E�k2Φ� iτ�kΘ¼ 0

T0α
�
kkωð1� iξ1ωÞUk � T0τ

�kωð1� iξ2ωÞΦþ ðλ�k2 �Cξ0ω
2 � iCωÞΘ¼ 0

(6.132)

or

Λðk;ω; nÞU ¼ 0; U ¼ U1;U2;U3;Φ;Θ½ �T (6.133)

where

Λ¼

Γ�
11k

2�ρω2 Γ�
12k

2 Γ�
13k

2 e�1k
2 iα�1k

Γ�
21k

2 Γ�
22k

2�ρω2 Γ�
23k

2 e�2k
2 iα�2k

Γ�
31k

2 Γ�
32k

2 Γ�
33k

2�ρω2 e�3k
2 iα�3k

e�1k
2 e�2k

2 e�3k
2 �E�k2 �iτ�k

α�1kωη1 α�2kωη1 α�3kωη1 �τ�kωη2 T�1
0 ðλ�k2�Cη3Þ

2
66664

3
77775

(6.134)

with

Γ�
ik ¼ Cijklnjnl; e�i ¼ ekijnknj; α�i ¼ αijnj

τ� ¼ τjnj; E� ¼ Ejknknj; λ�j ¼ λijni; λ� ¼ λ�j nj

η1 ¼ 1� iξ1ω; η2 ¼ 1� iξ2ω; η3 ¼ ξ0ω
2 þ iω

(6.135)

In order to get the nontrivial solution of U, it is necessary that

detΛðk;ω; nÞ ¼ 0 (6.136a)

Equation (6.136) is called the secular equation and can be expanded to

F8ðω; nÞk8 þ F6ðω; nÞk6 þ F4ðω; nÞk4 þ F2ðω; nÞk2 þ F0ðω; nÞ
� �

k2 ¼ 0

(6.136b)

whereFiðω; nÞ is known functions of ðω; nÞ. So one k2 is zero in Eq. (6.136), i.e., the
wave velocity of the electric potential is infinite or the electric potential does not

have its own independent wave mode. From Eq. (6.136) we can solve four inde-

pendent eigenvalues or wave velocity, and for each wave velocity an independent

mode from Eq. (6.133) is obtained. There are total four independent modes: the

quasi-longitudinal (QL) wave with highest wave velocity, fast quasi-transverse

wave (FT), slow quasi-transverse wave (ST), and a temperature wave (T).

From Eq. (6.132) we can also eliminate Φ to get equations with independent

variables Uk; ϑ.
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6.6.4 An Example

Now we discuss the character surfaces for material BaTiO3 under ω ¼ 2π

106 s�1; γ ¼ 0. Material constants of BaTiO3 with poling axis x3 are

C11 ¼ 150; C12 ¼ 66; C13 ¼ 66; C33 ¼ 146; C44 ¼ 44; C66 ¼ 43ðMPaÞ;
e13 ¼ �4:35; e33 ¼ 17:5; e15 ¼ 11:4ðC m2

� Þ;
E11 ¼ 9:87; E33 ¼ 11:15ð10�9C Vm= Þ; λ11 ¼ 1:1; λ33 ¼ 3:5J mKs= ;

αε11 ¼ 8:53; αε33 ¼ 1:99ð10�6 K= Þ; τ ¼ 5:53ð10�3C m2K
� Þ

α11 ¼ α22 ¼ ðC11 þ C12Þαε11 þ ðC13 þ e31Þαε33; α33 ¼ 2C13α
ε
11 þ ðC33 þ e33Þαε33

where αε11; α
ε
33 are the usual thermal expansion coefficients. Figure 6.11 ðaÞ and ðbÞ

gives the velocity surfaces of the elastic waves and temperature wave in the isotropic

plane ðx1; x2Þ, respectively; Fig. 6.12 ðaÞ and ðbÞ gives the velocity surfaces of the

elastic waves and temperature wave in the anisotropic plane ðx1; x3Þ, respectively;
Fig. 6.13 ðaÞand ðbÞgives the slowness surfaces of the elastic waves and temperature

wave in the anisotropic plane ðx1; x3Þ, respectively. The dotted lines in the Fig. 6.13
represent the velocity or slowness surfaces for purely elastic material. The numerical

results show that the attenuation of the temperature wave is large, but for the elastic

waves, they are small and may be negative for certain ρs0. The results of Ezzat et al.
(2002) and Yuan and Kuang (2008) also showed that the temperature wave can

enforce the elastic wave when the temperature is decreased. It means that the term

containing ρs0 enforces the elastic wave, or when the temperature decreased, the

released inertial heat is partly transformed to the elastic wave. It may be a restriction

of ρs0. This phenomenon has been discussed in Sect. 1.7.5.

Fig. 6.11 Cross sections of the velocity surfaces in an isotropic plane ðx1; x2Þ: (a) elastic waves
and (b) temperature wave
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6.6.5 Inhomogeneous Wave

In the framework of the inhomogeneous wave theory generally, the wave vector is

k ¼ Pþ iA, whereP andA are two real vectors (Buchen 1971; Borcherdt 1973). The

vector n ¼ P Pj j= represents the wave propagation direction which is perpendicular

to the wave surface with equal phase, and m ¼ A Aj j= represents the maximum

Fig. 6.12 Cross sections of the velocity surfaces in an anisotropic plane ðx1; x3Þ: (a) elastic waves
and (b) temperature wave

Fig. 6.13 Cross sections of the slowness surfaces in an anisotropic plane ðx1; x3Þ: (a) elastic waves
and (b) temperature wave
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attenuation direction which is perpendicular to the equal-amplitude surface.

The angle γ between n andm is called the attenuation angle (Fig. 6.14). The surface

wave may be considered as an inhomogeneous wave with γ ¼ π 2= and P is parallel

to the surface. In general case how to determine γ is not very clear (Krebes 1983).

For an inhomogeneous plane wave, we have (Yuan and Kuang 2010)

f ¼ f0e
iðk�x�ωtÞ ¼ f0e

iðkmxm�ωtÞ; k ¼ Pþ iA; P ¼ Pn; A ¼ Am

kj ¼ Pj þ iAj ¼ Pnj þ iAmj; P ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
1 þ P2

2

q
; A ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
1 þ A2

2

q (6.137)

Let θ denote the angle between n and the ordinate, so

n ¼ sin θ; cos θ½ �T; m ¼ sinðθ þ γÞ; cosðθ þ γÞ½ �T; n �m ¼ cos γ (6.138)

For an inhomogeneous wave we need four variables ðP;A; θ; γÞ to describe it, but for
a homogeneous wave we only need three variables ðP;A; θÞdue ton ¼ m; γ ¼ 0and

k1 ¼ ðPþ iAÞ sin θ; k2 ¼ ðPþ iAÞ cos θ . So k can be expressed by one complex

number.

An inhomogeneous plane wave can be written as

uk ¼ Uke
iðkmxm�ωtÞ; φ ¼ Φeiðkmxm�ωtÞ; ϑ ¼ Θeiðkmxm�ωtÞ (6.139)

Substituting Eq. (6.139) into (6.129) and dropping the common factor we get the

Christoffel equation:

Λðk;ωÞU ¼ 0; U ¼ U1;U2;U3;Φ;Θ½ �T

Λ ¼

Γ�
11ðkÞ � ρω2 Γ�

12ðkÞ Γ�
13ðkÞ e�1ðkÞ iα�1ðkÞ

Γ�
21ðkÞ Γ�

22ðkÞ � ρω2 Γ�
23ðkÞ e�2ðkÞ iα�2ðkÞ

Γ�
31ðkÞ Γ�

32ðkÞ Γ�
33ðkÞ � ρω2 e�3ðkÞ iα�3ðkÞ

e�1ðkÞ e�2ðkÞ e�3ðkÞ �E�ðkÞ �iτ�ðkÞ
T0α�1ðkÞη1 T0α�2ðkÞη1 T0α�3ðkÞη1 �T0τ�ðkÞη2 λ� � Cη3

2
6666664

3
7777775

(6.140)

Fig. 6.14 Inhomogeneous

wave
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where

Γ�
ikðkÞ ¼ Cijklkjkl; e�i ðkÞ ¼ ekijkkkj; α�i ðkÞ ¼ αijkj

τ�ðkÞ ¼ τjkj; E�ðkÞ ¼ Ejkkkkj; λ�j ¼ λijni; λ�ðkÞ ¼ λijkikj

η1 ¼ 1� iξ1ω; η2 ¼ 1� iξ2ω; η3 ¼ ξ0ω
2 þ iω

(6.141)

The secular equation corresponding to Eq. (6.140) is

Λj j ¼ 0 (6.142a)

Substituting kj ¼ Pnj þ iAmj and decomposing Λj j ¼ 0 into real and imaginary parts

we get two coupling real equations of ðP;A; θ; γÞ:

Re Λj j ¼ 0; Im Λj j ¼ 0 (6.142b)

Giving ðθ; γÞ, ðP;AÞ can be obtained from Eq. (6.142), so ðk1; k2Þ. It means that k1
and k2 are obtained simultaneously. In order to ðP;AÞ are not negative it needs

�π 2= < γ < π 2= .

Similar to the homogeneous wave, Eq. (6.142) only has four independent

eigenvalues ki ¼ Pinþ iAim ði ¼ 1; 2; 3; 4Þ corresponding four phase velocities:

ci ¼ ω Pi= ; Pi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðPin1Þ2 þ ðPin2Þ2

q
(6.143)

Corresponding each complex ki , from Eq. (6.142) we can get the amplitude

vectors or eigenvectors Ui . In each Ui , U1i : U2i : U3i : Φið¼ U4iÞ : Θið¼ U5iÞ is

determined, i.e., only one component, say,Uj1 ¼ βj, is undetermined. So there are

only four undetermined amplitude components, and the general solution of the

wave propagation problem is

uk ¼
X4
j¼1

βjU
ðjÞ
k eiðk

ðjÞ
m xm�ωtÞ; φ ¼

X4
j¼1

βjΦ
ðjÞeiðk

ðjÞ
m xm�ωtÞ; ϑ ¼

X4
j¼1

βjΘ
ðjÞeiðk

ðjÞ
m xm�ωtÞ

eiðk
ðjÞ
m xm�ωtÞ ¼ ei ðP

ðjÞnþiAðjÞmÞ�x�ωt½ � ¼ e�AðjÞm�xeiðP
ðjÞn�x�ωtÞ

(6.144)

where βjði ¼ 1; 2; 3; 4Þ is an undetermined coefficient.

The numerical calculations for BaTiO3 show that the effect of γ on the velocity
surfaces of elastic waves is limited and there is a certain effect on the velocity

surfaces of the temperature. There are certain effects on the attenuation

coefficients of all waves.
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6.7 Reflection and Transmission of Waves in Pyroelectric

and Piezoelectric Materials

6.7.1 General Theory

Consider the problem of two semi-infinite pyroelectric materials I and II bounded

on the interface x2 ¼ 0 subjected to an inhomogeneous harmonic incident wave of

frequencyωwith an incident angle θ from the lower semi-plane I, x2 < 0, ( Fig. 6.15)

(Kuang and Yuan 2011; Zhou et al. 2012). In Fig. 6.15 only one reflection wave and

one transmission wave are drawn for clarity. The mechanical, electrical, and thermal

continuity conditions on the interface are (MCC), (ECC), and (TCC), respectively

MCC : uIi ¼ uIIi ; σIijn
I
i þ σIIij n

II
i ¼ 0; ð6 conditionsÞ

ECC : φI ¼ φII; DI
in

I
i þ DII

i n
II
i ¼ 0; ð2 conditionsÞ

TCC : ϑI ¼ ϑII; λIijϑ
I
;jn

I
i þ λIIijϑ

II
;j n

II
i ¼ 0; ð2 conditionsÞ

(6.145)

where nIIi ¼ �nIi . There are totally ten continuity conditions on the interface.

Let an incident wave with a wave vector kð0Þ be in the semi-infinite plane I,

x2 � 0, and corresponding displacement, electric potential, and relative temperature

can be expressed by

u
ð0Þ
k ¼ U

ð0Þ
k ei k

ð0Þ
m xm�ωtð Þ; φð0Þ ¼ Φð0Þei k

ð0Þ
m xm�ωtð Þ; ϑð0Þ ¼ Θð0Þei k

ð0Þ
m xm�ωtð Þ;

(6.146)

whereU
ð0Þ
k ;Φð0Þ;Θð0Þ and kð0Þm are all known. The reflection wave in the semi-infinite

plane I, x2 � 0, can be expressed by

Fig. 6.15 A sketch of reflection and transmission of inhomogeneous waves

6.7 Reflection and Transmission of Waves in Pyroelectric and Piezoelectric Materials 303



u
ðrÞ
k ¼

XN
j¼1

βðrÞj U
ðr;jÞ
k ei k

ðr;jÞ
m xm�ωtð Þ; φðrÞ ¼

XN
j¼1

βðrÞj Φ
ðr;jÞei k

ðr;jÞ
m xm�ωtð Þ

ϑðrÞ ¼
XN
j¼1

βðrÞj Θ
ðr;jÞei k

ðr;jÞ
m xm�ωtð Þ

(6.147)

and the transmission wave in the semi-infinite plane II, x2 � 0, can be expressed by

u
ðtÞ
k ¼

XN
j¼1

βðtÞj U
t;jð Þ
k ei k

t;jð Þ
m xm�ωtð Þ; φðtÞ ¼

XN
j¼1

βðtÞj Φ
t;jð Þei k

t;jð Þ
m xm�ωtð Þ

ϑðtÞ ¼
XN
j¼1

βðtÞj Θ
t;jð Þei k

t;jð Þ
m xm�ωtð Þ

(6.148)

In Eqs. (6.147) and (6.148),N is the number of the independent waves. It is obvious

that

uIk ¼ u
ð0Þ
k þu

ðrÞ
k ; uIIk ¼ u

ðtÞ
k ; φI ¼φð0Þ þφðrÞ; φII ¼φðtÞ; ϑI ¼ ϑð0Þ þϑðrÞ; ϑII ¼ ϑðtÞ

σIij ¼ σð0Þij þσðrÞij ; σIIij ¼ σðtÞij ; DI
i ¼D

ð0Þ
i þD

ðrÞ
i ; DII

i ¼D
ðtÞ
i

(6.149)

When waves propagate in the x1-x2 plane, the following synchronism condition

should be held:

k
ð0Þ
1 ¼ k

ðr;jÞ
1 ¼ k

ðt;jÞ
1 ; k

ðα;jÞ
1 ¼ kðα;jÞnðα;jÞ1 ; ðα ¼ r; t; j ¼ 1� NÞ (6.150)

Decomposing Eq. (6.150) into real and imaginary parts yields

Pð0Þ sin θð0Þ ¼ Pðr;jÞ sin θðr;jÞ ¼ Pðt;jÞ sin θðt;jÞ

Að0Þ sin θð0Þ þ γð0Þ
� 


¼ Aðr;jÞ sin θðr;jÞ þ γðr;jÞ
� 


¼ Aðt;jÞ sin θðt;jÞ þ γðt;jÞ
� 
 (6.151)

From Eqs. (6.137) and (6.151), we can get the generalized Snell’s law from the real

part:

sin θð0Þ

cð0Þ
¼ sin θðr;jÞ

cðr;jÞ
¼ sin θðt;jÞ

cðt;jÞ
; cð0Þ ¼ ω

Pð0Þ ; cðr;jÞ ¼ ω

Pðr;jÞ ;

cðt;jÞ ¼ ω

Pðt;jÞ ; ðj ¼ 1� NÞ
(6.152)
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From Eq. (6.152), θðr;jÞ; θðt;jÞ; γðr;jÞ; γðt;jÞ can be solved when θð0Þ; γð0Þ; cð0Þ and cðr;jÞ;
cðt;jÞ are known. In the reflection and transmission wave case, k

ð0Þ
1 ¼ k

ðr;jÞ
1 ¼ k

ðt;jÞ
1 are

known and unknowns are k
ðr;jÞ
2 ; k

ðt;jÞ
2 in Eq. (6.142). In this case except four

bulk waves as that in the infinite space, a new kind of wave will be revealed. The

numerical examples show that this new wave propagates almost parallel to the

interface, but the maximum attenuation direction is almost perpendicular to

the interface. So we call it quasi-surface wave or QS wave. The similar waves

called evanescent wave in the previous literatures for piezoelectric by Auld (1973)

and Every and Neiman (1992) had been discussed. Sharma et al. (2008) discussed

also the wave reflection and transmission in pyroelectric materials.

Substituting Eqs. (6.146), (6.147), (6.148), and (6.149) into Eq. (6.145), the ten

boundary conditions on the interface can be expressed as

U
ð0Þ
k þ

X5
j¼1

βðrÞj U
ðr;jÞ
k ¼

X5
j¼1

βðtÞj U
ðt;jÞ
k ; k ¼ 1� 3;

C
ðrÞ
2imlk

ð0Þ
l Uð0Þ

m þ e
ðrÞ
m2ik

ð0Þ
m Φð0Þ þ iαðrÞi2 Θ

ð0Þ þ
X5
j¼1

βðrÞj ðCðrÞ
2imlk

ðr;jÞ
l Uðr;jÞ

m þ e
ðrÞ
m2ik

ðr;jÞ
m Φðr;jÞ

þ iαðrÞi2 Θ
ðr;jÞ ¼

X5
j¼1

βðtÞj C
ðtÞ
2imlk

ðt;jÞ
l Uðt;jÞ

m þ e
ðtÞ
m2ik

ðt;jÞ
m Φðt;jÞ þ iαðtÞi2 Θ

ðt;jÞ
� 


; i ¼ 1� 3

(6.153a)

Φð0Þ þ
X5
j¼1

βðrÞj Φ
ðr;jÞ ¼

X5
j¼1

βðtÞj Φ
ðt;jÞ

� EðrÞ2mk
ð0Þ
m Φð0Þ þ e

ðrÞ
2pmk

ð0Þ
m Uð0Þ

p � iτðrÞi Θ
ð0Þ þ

X5
j¼1

βðrÞj e
ðrÞ
2pmk

ðr;jÞ
m Uðr;jÞ

p � EðrÞ2mk
ðr;jÞ
m Φðr;jÞ

�

�iτðrÞi Θ
ðr;jÞ


¼
X5
j¼1

βðtÞj e
ðtÞ
2pmk

ðt;jÞ
m Uðt;jÞ

p � EðtÞ2mk
ðt;jÞ
m Φðt;jÞ � iτðtÞi Θ

ðt;jÞ
� 


(6.153b)

Θð0Þ þ
X5
j¼1

βðrÞj Θ
ðr;jÞ ¼

X5
j¼1

βðtÞj Θ
ðt;jÞ

λðrÞ2mk
ð0Þ
m Θð0Þ þ λðrÞ2m

X5
j¼1

βðrÞj kðr;jÞm Θðr;jÞ ¼ λðtÞ2m
X5
j¼1

βðtÞj kðt;jÞm Θðt;jÞ
(6.153c)

Therefore, in the reflection and transmission waves, there are ten complex unknown

amplitude coefficients βðrÞj and βðtÞj (j ¼ 1 � 5) with total ten complex interface

continuity conditions. This shows that the reflection and transmission waves are

solvable.
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The general expression of the wave energy flow and its ratio of the reflection and

transmission are defined as

_Wi ¼ �σkl _uk þ φ _Di � λikϑ;kϑ=T0; eðjÞ ¼< _W
ðjÞ
2 > = < _W

ð0Þ
2 >; (6.154)

where the symbol <> expresses the average value over one period of a physical

variable and _W
ðjÞ
2 is the energy flow component corresponding to βðjÞ along x2

direction.

Omitting the terms related to temperature, the governing equations of the

piezoelectric materials are obtained.

The above theory of acoustic wave in piezoelectric materials is based on the

quasi-electrostatic description, because the sound speed ca is several orders smaller

than the electromagnetic wave speed ce. The precision of this approximation is very

high. The electromagnetic corrections to the surface acoustic speeds only have the

order ðca ce= Þ2 � 10�8. The exceptional case is the incidence under small angle of

the order ofca ce= to the normal of the interface, due to the generalized Snell’s law or

the synchronism condition (Darinskii et al. 2008). In this case the incident elastic

wave can be converted into the electromagnetic waves. However, the magnitudes of

the tangential components of the wave amplitudes are in order of ca ce= , so very

small due to the small incident angle.

6.7.2 Numerical Example

As an example, we discuss 2D propagation waves in PZT-6B/BaTiO3 material

combination, which are transversely isotropic materials with poling axis x3 (Zhou
et al. 2012). In 2D case there is only one transverse wave QT.

The material data for BaTiO3 are given in 6.6.4. The material data for PZT-6B

are given as

C11 ¼ 168
109; C13 ¼ 60
109; C33 ¼ 163
109; C44 ¼ 27:1ðMPaÞ;
e13 ¼�0:9; e33 ¼ 7:1; e15 ¼ 4:6ðC m2

� Þ; E11 ¼ 3:6
10�9; E33 ¼ 3:4
10�9ðC Vm= Þ;
αε11 ¼ 7
10�6; αε33 ¼ 7ð10�6 K= Þ; λ11 ¼ 1:2; λ33 ¼ 1:2ðJ msK= Þ; τ¼ 3:7ð10�4C m2K

� Þ;
ρ¼ 7;600ðkg m3

� Þ; ω¼ 2π
106s�1; C¼ 420ðJ kgK= Þ; ρs0 ¼ 10�14s�1:

Figure 6.16 shows the variations of the amplitude coefficients βij j and the energy
flow ratios eðjÞ of the reflection and transmission waves with the incident angle θ of
the QL incident wave from PZT-6B to BaTiO3. Figure 6.16a gives the amplitude

coefficients for reflected waves Ref-QL and Ref-QT and transmitted wave Tran-QL

and Tran-QT. It is found that when the incident angle θ exceeds the critical angle

θcr ðθcr � 61:2�Þ , the Tran-QL wave becomes evanescent propagating along

the interface. Figure 6.16b shows the energy flow ratios normal to the interface

for the Ref-QL, Ref-QT, Tran-QL, and Tran-QT. It is found that the sum of Ref-QL
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and Tran-QL waves is far larger than the sum of Ref-QT and Tran-QT waves.

Figure 6.16c gives the amplitude coefficients for the quasi-surface (QS) waves. The

amplitude coefficients of QS waves are much less than those of other elastic waves.

Figure 6.16d shows the amplitude coefficients of the reflected and transmitted

temperature T waves. The amplitude coefficients of temperature waves are far

less than those of other waves discussed in the example. The energy flow normal

to the interface for the temperature wave is also very little and dissipates quickly.

Kuang and Yuan (2011) discussed the 2D reflection problem from the interface

of BiTiO3 vaccum= with the boundary conditions

σðoÞ2j þ σðrÞ2j ¼ 0; D
ðoÞ
2 þ D

ðrÞ
2 ¼ 0; λ2j ϑ

ðoÞ
;j þ ϑðrÞ;j

� 

¼ 0; j ¼ 1; 2

In this case there are no transmitted waves. The quasi-surface wave becomes

surface wave. They found that the wave velocity of the quasi-surface wave is

significantly dependent to the incident angle due to the generalized Snell’s law.

When the incident wave is the elastic wave, the reflected wave is mainly the elastic

wave, the quasi-surface wave is weaker, and the reflected temperature wave is very

limited. The effect of the attenuation angle γ is very limited.

Fig. 6.16 Variations of βij j and eðjÞ with the incident angle θ of QL incident wave from PZT-6B to

BaTiO3: (a) coefficients of QL and QT waves, (b) energy flow ratios of QL and QT waves, (c)

coefficients of QS wave, and (d) coefficients of T wave
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6.7.3 Viscous Effect

The experimental results showed that the viscous relaxation times are about

10�6 � 10�8s for various metals under shock-loading conditions (Mineev and

Mineev 1997; Ma et al. 2011). Ezzat et al. (2002) discussed the generalized

thermo-viscoelasticity with G-L theory. Lionetto et al. (2005) studied the boundary

value problem of one-dimensional semi-infinite piezoelectric rod subjected to a

sudden heat based on K-L-S theory. They found that the thermal relaxation and the

viscous effects were evident in short time for the thermal shock in viscoelastic-

piezoelectric material. Kuang (2011) and Kuang and Zhou (2012) introduced

material constant βijkl to discuss tentatively the viscoelastic effect in the inertial

entropy theory. The constitutive equation (6.124) is changed to

σij ¼ Cijklεkl þ βijkl _εkl � ekijEk � αijϑ; Di ¼ EijEj þ eiklεkl þ τiϑ;

s ¼ αijεij þ τiEi þ Cϑ=T0
(6.155)

The governing equation (6.128) becomes

Cijkluk;lj þ βijkl _εkl þ ekijφ;kj � αijϑ;j ¼ ρ€ui; eikjuk;ji � Eijφ;ji þ τiϑ;i ¼ 0

αij _ui;j � τi _φ;i þ ðC T0= Þð _ϑþ ρs0€ϑÞ ¼ λijϑ;ji T=
(6.156)

Figure 6.17 gives the phase diagram of attenuation coefficient of QL wave for

various ρs0; τ0 for a plane wave with γ ¼ 0 for various ω, where βijkl ¼ τ0Cijkl is

assumed. In Fig. 6.17 the attenuation coefficient is positive if the region is above the

Fig. 6.17 Phase diagram of the attenuation coefficient
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lines and negative if the region is below the lines. In the region with negative

attenuation coefficient, there is an enlarged factor before the elastic wave

amplitudes. However, it is not to say that on the propagation path the elastic

waves are enhanced, because the elastic wave amplitudes are proportional to the

temperature wave amplitude (see Sect. 1.7.6).

It is found that if τ0 ¼ 0, negative damping occurred, but for ρs0 ¼ 0 there is no

damping region. How to explain and use the negative damping it is also a mean-

ingful problem.

In the shock problem it is better to take the integral-type viscoelastic constitutive

equation (Kuang 2002; Ezzat et al. 2002).

6.7.4 Waves in Piezoelectric Materials

The governing equations in the piezoelectric materials can be obtained by omitting

the terms containing temperature in the governing equations of the pyroelectric

materials. For the plane wave from Eq. (6.132) the Christoffel equation is

ðΓ�
ikk

2 � ρω2δikÞUk þ e�i k
2Φ ¼ 0; e�kk

2Uk � E�k2Φ ¼ 0 (6.157)

or

Λðk;ω; nÞU ¼ 0; U ¼ U1;U2;U3;Φ½ �T

Λðk;ω; nÞ ¼

Γ�
11k

2 � ρω2 Γ�
12k

2 Γ�
13k

2 e�1k
2

Γ�
21k

2 Γ�
22k

2 � ρω2 Γ�
23k

2 e�2k
2

Γ�
31k

2 Γ�
32k

2 Γ�
33k

2 � ρω2 e�3k
2

e�1k
2 e�2k

2 e�3k
2 �E�k2

2
6664

3
7775 ð6:158Þ

whereΓ�
ij; e

�
j ; E

� are shown in Eq. (6.135). Other theories can be discussed similarly.

Pang et al. (2008) discussed the reflection of plane waves at the interface

between piezoelectric piezomagnetic media.

6.8 Coupling Problem of Elastic and Electromagnetic

Waves in Piezoelectric Material

6.8.1 Governing Equations in Pyroelectric Materials

In this section we shall discuss the coupling of elastic wave with electromagnetic

wave shortly. It is assumed that there are no body force and body electric charge in
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the material. According to Eq. (1.4) the independent Maxwell equations for the case

without electric current are

—
 E ¼ � _B; —
H ¼ _D (6.159)

It is assumed that the material is nonmagnetic, so the constitutive equations are

σ ¼ C : ε� e � E� αθ; s ¼ α : εþ τ � Eþ Cϑ T0= ;

D ¼ e � Eþ e : εþ τϑ; B ¼ μ �H (6.160)

Equations (6.159) and (6.160) yield the electromagnetic wave equation

€D ¼ —
 _H ¼ �—
 ðμ�1 � —
 EÞ; or Eij €Ej þ eikl€εkl þ τi€ϑ ¼ �ϖlkjϖpniμ
�1
nj Ek;lp

(6.161)

where ϖijk is the permutation notation. The momentum and thermal equations are

Cijkluk;lj � ekijEk;j � αjiϑ;j ¼ ρ€ui; αij _ui;j þ τi _Ei þ ðC T0= Þð _ϑþ ρs0€ϑÞ ¼ λijϑ;ji T=

(6.162)

The continuity conditions on an interface for a wave reflection and transmission

problem are

uI ¼ uII; σI � n ¼ σII � n; n
 EI ¼ n
 EII;

n
HI ¼ n
HII;ϑI ¼ ϑII; qI � n ¼ qII � n
(6.163)

Equations (6.161), (6.162), and (6.163) are the electroelastic coupling governing

equations in pyroelectric materials.

6.8.2 Coupling Problem of Plane Wave in Piezoelectric
Materials

Kyame (1949), Auld (1973), and Every and Neiman (1992) discussed the

electroelastic coupling waves in piezoelectric materials. From Eqs. (6.160),

(6.161), and (6.162), the governing equations in piezoelectric materials with isotro-

pic magnetic behavior are

— � ðC : εÞ � — � ðe � EÞ ¼ ρ€u

μ0ðe � €Eþ e : €εÞ ¼ �—
 ð—
 EÞ ¼ �—ð— � EÞ þ —2E; or

Cijkluk;lj � ekijEk;j ¼ ρ€ui; μ0 ðeikl€uk;l þ Eij €EjÞ ¼ Ei;mm � Em;mi

(6.164)
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In the coupling problem it is convenient to use the velocity instead of

displacement. For a plane wave it is assumed

vk ¼ _uk ¼ Vke
iðkmxm�ωtÞ; Ei ¼ E0ie

iðkmxm�ωtÞ; uk ¼ Uke
iðkmxm�ωtÞ; Vk ¼ �iωUk

(6.165)

Substituting Eq. (6.165) into Eq. (6.164) yields the Christoffel equation

Cijklklkj � ρω2δik
� 	

Vk þ ekijωkjE0k

eiklμ0ωklVk þ ðkjkjδim � kmkiÞ � ω2μ0Eim
� �

E0m

(6.166)

or

ΛðkÞU ¼ 0; U ¼ V1;V2;V3;E01;E02;E03½ �T

Λ ¼

Γ�
11 � ρω2 Γ�

12 Γ�
13 e�11 e�21 e�31

Γ�
21 Γ�

22 � ρω2 Γ�
23 e�12 e�22 e�32

Γ�
31 Γ�

32 Γ�
33 � ρω2 e�13 e�23 e�33

e��11 e��12 e��13 γ�11 γ�12 γ�13
e��21 e��22 e��23 γ�21 γ�22 γ�23
e��31 e��32 e��33 γ�31 γ�32 γ�33

2
666666664

3
777777775

ð6:167Þ

where

Γ�
ik ¼ Cijklklkj; e�ki ¼ ekijωkj; e��ki ¼ μ0e

�
ki; γ�ik ¼ ðkjkjδik � kikkÞ � ω2μ0Eik

� �
(6.168)

The corresponding secular equation detΛ ¼ 0 is a 6
 6 determinant of the

coefficients including Vm and E0m . Every and Neiman (1992) discussed the

approximate solution.

Now discuss a plane wave propagating along x1 axis (so k1 ¼ k; k2 ¼ k3 ¼ 0) in

a transversely isotropic piezoelectric material with x3 polarization. In a trans-

versely isotropic piezoelectric material, the material constants in Voigt notations

are e31 ¼ e32; e15 ¼ e24; e33; E11 ¼ E22; E33 , C11 ¼ C22;C12;C13 ¼ C23;C33;C44 ¼
C55;C66 ¼ ðC11 � C12Þ 2= . Therefore, the secular equation is

Λj j ¼

C11k
2�ρω2 0 0 0 0 e31ωk

0 C66k
2�ρω2 0 0 0 0

0 0 C44k
2�ρω2 e15ωk 0 0

0 0 μ0e15ωk �ω2μ0E11 0 0

0 0 0 0 k2�ω2μ0E11 0

μ0e31ωk 0 0 0 0 k2�ω2μ0E33

��������������

��������������
¼ðC66k

2�ρω2Þðk2�ω2μ0E11Þ ðC11k
2�ρω2Þðk2�ω2μ0E33Þ�μ0e231ω2k2

� �

 �ω2μ0E11ðC44k

2�ρω2Þ�μ0e15ωke15ωk
� �¼ 0

(6.169)
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Equations (6.169) and (6.167) can be decomposed into four groups. The modes

and the corresponding wave velocities ci ¼ ω ki= can be given as follows:

Purely acoustic wave: mode, ðC66k
2 � ρω2ÞV2 ¼ 0; velocity, cs6 ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
C66 ρ=

p
Purely electromagnetic wave: mode, ðk2 � ω2μ0E11ÞE02 ¼ 0 ; velocity,

ce ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 μ0E11=

p
.

Stiffened acoustic wave (electrically quasi-static): modes, ðC44k
2 � ρω2ÞV3 þ

e15ωkE01 ¼ 0, μ0e15ωkV3 � ω2μ0E11E01 ¼ 0; velocity, c�s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C44 þ e215 E11=
� 	

ρ=
q

Quasi-acoustic and quasi-electromagnetic coupling wave:

modes; ðC11k
2 � ρω2ÞV1 � e31ωkE03 ¼ 0; μ0e31ωkV1 þ ðk2 � ω2μ0E33ÞE03 ¼ 0

velocities;
cq elctr:

cq acust:

(
¼ 1

2

1

μ0E33
þC11

ρ
þ e231
ρE33


 �
1	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4ρμ0E33C11

ρþμ0E33C11þμ0e231
� 	2

s" #

6.9 Transverse Wave Scattering from a Semi-infinite

Conducting Crack

6.9.1 Fundamental Theory

Discuss a transversely isotropic piezoelectric material with isotropic magnetic

behavior and isotropic plane x1 � x2 . Assume the electromechanical coupling

occurred between antiplane displacement uð0; 0; u3Þ and in-plane electric field

EðE1;E2; 0Þ. For mode-III problem Eq. (6.164) becomes

C44r2u3 � e15— � E ¼ ρ€u3; —ð Þ ¼ i1ð Þ;1 þ i2ð Þ;2
€D ¼ E11€Eþ e15—€u3 ¼ —
 _H ¼ �μ�1

0 —
 ð—
 EÞ
(6.170)

Let

E ¼ �—φ� _A ce= ; ce ¼ 1
ffiffiffiffiffiffiffiffiffiffi
μ0E11

p�
; — � Aþ _φ ce= ¼ 0 (6.171)

The last one in Eq. (6.171) is a gauge condition to make A unique.

For a general mode-III case from Eq. (6.170), we obtained the electromagneto-

acoustic wave equations:

C44r2u3 þ e15 r2φ� €φ c2e
�� 	 ¼ ρ€u3; —2A� €A c2e ¼

� � μ0e15ce— _u3 (6.172)
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where — � E ¼ �—2φþ €φ c2e
�

has been used. For the electrically quasi-stationary

(EQS) case, we have —
 E ¼ � _B ¼ 0, so Eq. (6.170) yields

C44r2u3 þ e15 r2φ� €φ c2e
�� 	 ¼ ρ€u3; e15r2u3 ¼ E11 r2φ� €φ c2e

�� 	
(6.173)

In EQS case the electroelastic wave does not couple with magnetic field. Let

ψ ¼ φ� e15 E11=ð Þĉu3; ĉ ¼ c2e c2e � c�2s
� 	�

; c�s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C44 þ e215 E11=
� 	

ρ=
q

(6.174)

Using Eq. (6.174), Eq. (6.173) can be reduced to

r2u3 � L�2s €u3 ¼ 0; r2ψ � L2e €ψ ¼ 0; L�s ¼ 1 c�s
�

; Le ¼ 1 ce= � L�s (6.175)

If term €φ c2e
�

is neglected, Eq. (6.173) is reduced to Eq. (4.239) for the electrically

static problem. So the difference between the electrically quasi-stationary and static

problems is very small, but Eq. (6.175) forms two hyperbolic equations, which may

sometimes solve the problem easier. The constitutive equations are

σ13 ¼ C�
44u3;1 þ e15ψ ;1; σ23 ¼ C�

44u3;2 þ e15ψ ;2; C�
44 ¼ C44 þ ĉe215 E11=

D1 ¼ e15 1� ĉð Þu3;1 � E11ψ ;1; D2 ¼ e15ð1� ĉÞu3;2 � E11ψ ;2

(6.176)

6.9.2 Transverse Wave Scattering from a Semi-infinite
Conducting Crack

Figure 6.18 shows the diffraction of an incident shear wave through a semi-

infinite conducting crack in a transversely isotropic piezoelectric material. Li

(1996) used the governing equations Eq. (6.175) to solve this problem and called

Fig. 6.18 Transverse wave

scattering from a semi-infinite

conducting crack
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it “quasi-hyperbolic approximation” method. The generalized displacement in the

material is

u3 x1; x2; tð Þ ¼ u
ðiÞ
3 þ u

ðsÞ
3 ; ψ x1; x2; tð Þ ¼ ψ ðiÞ þ ψ ðsÞ; φ x1; x2; tð Þ ¼ φðiÞ þ φðsÞ

� 

(6.177)

where the superscripts “( i )” and “(s )” denote the incident and scattering fields,

respectively. The incident acoustic wave is assumed in the following form:

u
ðiÞ
3 x1; x2; tð Þ ¼ u

ðiÞ
30G t� L�s nmxm
� 	

; GðtÞ ¼ HðtÞ
Z t

0

g τð Þdτ (6.178)

where g τð Þ is a given real function, HðtÞ is the Heaviside function, U
ðiÞ
0 is the

amplitudes of incident acoustic wave, and n1 ¼ cos θα; n2 ¼ � sin θα . For conve-
nience the field variables in the upper half-space (x2 < 0) and lower space (x2 > 0)

are labeled by supermarks “ � ” and “ þ ,” respectively. In order to apply the

Wiener-Hopf technique an artificial interface x2 ¼ 0; x1 < 0 is introduced. Using

Eq. (6.176) the boundary conditions on the crack and the artificial surfaces are

σ	23ðx1; 0; tÞ ¼ σðiÞ23 þ σ	ðsÞ
23 ¼ 0; φ	ðx1; 0; tÞ ¼ φðiÞ þ φ	ðsÞ ¼ 0; 0 � x1 < 1;

uþ3 ðx1; 0; tÞ ¼ u�3 ðx1; 0; tÞ; Dþ
2 ðx1; 0; tÞ ¼ D�

2 ðx1; 0; tÞ; x1 < 0

(6.179)

The initial and radiation conditions are as follows:

u
ðsÞ
3 ðx1; x2; tÞ ¼ _u

ðsÞ
3 ðx1; x2; tÞ ¼ 0; φðsÞðx1; x2; tÞ ¼ _φðsÞðx1; x2; tÞ ¼ 0; t < 0

lim
jxj!1

u
ðsÞ
3 ðx1; x2; tÞ; _u

ðsÞ
3 ðx1; x2; tÞ; φðsÞðx1; x2; tÞ; _φðsÞðx1; x2; tÞ

h i
¼ 0; t > 0

(6.180)

6.9.3 Derive the Wiener-Hopf Equations in Laplace
Transform Region

Introduce the one-side Laplace transform �f ðx1; x2; pÞ with respect to time of

f ðx1; x2; tÞ and its inverse transform:

�f ðx1; x2; pÞ ¼
Z 1

0

f ðx1; x2; tÞe�pt dt; f ðx1; x2; tÞ ¼ 1

2πi

Z aþi1

a�i1
�f ðx1; x2; pÞept dp

(6.181)

314 6 Electroelastic Wave



where f ðx1; x2; tÞ is called original function, �f ðx1; x2; pÞ is image function, and p

¼ αþ iβ is the Laplace transform complex parameter. �f ðx1; x2; pÞ is an analytic

function in the plane Re p > α0 , where α0 is the growth exponent of f ðtÞ . The
integral path in Eq. (6.181) is called Bromwich path. The two-side Laplace trans-

form �f
�ðς; x2; pÞ with respect to x1 of �f ðx1; x2; pÞ is defined as

�f
�ðς; x2; pÞ ¼

Z 1

�1
�f ðx1; x2; pÞ e�pςx1dx1

f ðx1; x2; pÞ ¼ p

2πi

Z a0þi1

a0�i1
�f
�ðς; x2; pÞ epςx1dς

(6.182)

Applying Eqs. (6.181), and (6.175), using the integral by parts and the initial and

radiation conditions we find

�u�3;22 � p2α2�u�3 ¼ 0; �ψ�
;22 � p2β2�ψ� ¼ 0; αðςÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�2s � ς2

q
; βðςÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2e � ς2

q
(6.183)

To satisfy the boundary conditions at infinity, the solution is chosen in the following

form:

�u�þ3 ðς; x2; pÞ ¼ ð1=p2ÞAþðςÞe�pαx2

�ψ�þðς; x2; pÞ ¼ ð1=p2ÞBþðςÞe�pβx2

�
; x2 > 0;

�u��3 ¼ �ð1 p2
� ÞA�ðςÞepαx2

�ψ�� ¼ �ð1 p2
� ÞB�ðςÞepβx2

�
; x2 < 0

(6.184)

where ReαðςÞ � 0;ReβðςÞ � 0 in the ζ plane with branch cuts on the Imς ¼ 0:

For α : Reς < �L�s and Reς > L�s ; For β : Reς < �Le and Reς > Le

(6.185)

Li et al. (2005a) adopted the Wiener-Hopf technique (Noble 1958; Zhu and Kuang

1995) to solve above problem. Introduce unknown functions:

σ�ðx1; tÞ¼
σ	23; x1 < 0

0; x1 � 0

�
; φ�ðx1; tÞ¼

φ	; x1 < 0

0; x1 � 0

�
;

Δwþðx1; tÞ¼
0; x1 < 0

uþ3 �u�3 ; x1 � 0

�
; ΔDþðx1; tÞ¼

0; x1 < 0

Dþ
2 �D�

2 ; x1 � 0

�

σ	23 ¼ σ	23ðx1;0; tÞ; φ	 ¼φ	ðx1;0; tÞ; D	
2 ¼D	

2 ðx1;0; tÞ

(6.186)

So the boundary conditions can be expanded to the full range of the x1-axis:

σ	23ðx1; 0; tÞ ¼ σ�ðx1; tÞ � σðiÞ23ðx1; 0; tÞ; φ	ðx1; 0; tÞ ¼ φ�ðx1; tÞ � φðiÞðx1; 0; tÞ;
�1 < x1 < 1

uþ3 ðx1; 0; tÞ � u�3 ðx1; 0; tÞ ¼ Δwþðx1; tÞ; Dþ
2 ðx1; 0; tÞ � D�

2 ðx1; 0; tÞ ¼ ΔDþðx1; tÞ;
�1 < x1 < 1

(6.187)
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The double Laplace transform of Eq. (6.187) is

�σ�	23 ðς;0;pÞ¼Σ�ðςÞ p= ��σ�ðiÞ23 ðς;0;pÞ; �φ�	ðς;0;pÞ¼Φ�ðςÞ p2
� � �φ�ðiÞðς;0;pÞ

1

2
�u�þ3 ðς;0;pÞ� �u��3 ðς;0;pÞ� �¼ΔUþðςÞ

p2
;
1

2
D�þ

2 ðς;0;pÞ�D��
2 ðς;0;pÞ� �¼ΔDþðςÞ

p2

Σ�ðςÞ¼ p

Z 0

�1
σ��ðx1;pÞe�pςx1dx1; Φ�ðςÞ¼ p2

Z 0

�1
Φ�

�ðx1;pÞe�pςx1dx1

ΔUþðςÞ¼ ðp2=2Þ
Z 1

0

Δw�
þðx1;pÞe�pςx1dx1; ΔDþðςÞ¼ ðp=2Þ

Z 1

0

ΔD�
þðx1;pÞe�pςx1dx1

(6.188)

Substituting Eq. (6.184) and the transformed constitutive equation obtained from

Eq. (6.176) into Eq. (6.188) we get

�σ�þ23 þ �σ��23 : �C�
44αðςÞAsðςÞ� e15βðςÞBsðςÞ ¼Σ�ðςÞ�p�σ�ðiÞ23

�φ�þ � �φ�� : ðe15=E11ÞĉAsðςÞþBsðςÞ ¼ 0

�u�þ3 � �u��3 : AsðςÞ ¼ΔUþðςÞ
�σ�þ23 � �σ��23 : �C�

44αðςÞAasðςÞ� e15βðςÞBasðςÞ ¼ 0

�φ�þ þ �φ�� : ðe15=E11ÞĉAasðςÞþBasðςÞ ¼Φ�ðςÞ�p2�φ�ðiÞ

D�þ
2 �D��

2 : �e15ð1� ĉÞαðςÞAasðςÞþ E11βðςÞBasðςÞ ¼ ΔDþðςÞ
As ¼ ðAþþA�Þ=2; Aas ¼ ðAþ�A�Þ=2; Bs ¼ ðBþ þB�Þ=2; Bas ¼ ðBþ�B�Þ=2

(6.189)

From Eq. (6.189) two decoupled Wiener-Hopf equations can be obtained:

� C�
44KðςÞΔUþðςÞ ¼ Σ�ðςÞ � p�σ�ðiÞ23 ; KðςÞ ¼ αðςÞ � k2eβðςÞ (6.190a)

C�
44KðςÞΔDþðςÞ

αðςÞβðςÞ e215ð1� ĉÞ þ E11C�
44

� � ¼ Φ�ðςÞ � p2�φ�ðiÞ; k2e ¼
e215

E11C�
44

ĉ (6.190b)

The �σ�ðiÞ23 and �φ�ðiÞ in Eqs. (6.190a) and (6.190b) are the double Laplace transform of

σðiÞ23 and φðiÞ, respectively, and for an incident acoustic wave are equal to

�σ�ðiÞ23 ðς; 0; pÞ ¼ � σ0�gðpÞ
p ςþ L�s n1
� 	 ; �φ�ðiÞðς; 0; pÞ ¼ � φ0�gðpÞ

p2 ςþ L�s n1
� 	

σ0 ¼ C�
44L

�
s n2u

ðiÞ
30 ; φ0 ¼ �ðe15=E11ÞĉuðiÞ30 ð6:191Þ
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6.9.4 Decomposing of the Function K(ς)

In order to solve Eqs. (6.190) and (6.191), it is needed to factorize the functionKðξÞ
into sectionally analytic functions in the left and right half ς plane, respectively.

Let (Li 2000)

KðςÞ ¼ αðςÞ � k2eβðςÞ ¼ 1� k4e
� 	 L2G � ς2

� 	
αðςÞ þ k2eβðςÞ

; LG ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�2s � k4eL

2
e

1� k4e

s

αðςÞ þ k2eβðςÞ ¼ 1þ k2e
� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

L2G � ς2
q

ΩðςÞ; ΩðςÞ ¼ αðςÞ þ k2eβðςÞ
1þ k2e
� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

L2G � ς2
q (6.192)

When ςj j ! 1, α! β ¼
ffiffiffiffiffiffiffiffi
�ς2

p
and ΩðςÞ ! 1. Factorize ΩðςÞ into sectionally

analytic functions ΩþðςÞ and Ω�ðςÞ and ΩðςÞ ¼ ΩþðςÞΩ�ðςÞ. Let

ln ΩðςÞ ¼ ln ΩþðςÞ þ ln Ω�ðςÞ ¼ 1

2πi

I
C

ln ΩðzÞ
z� ς

dz (6.193)

whereC is the integration path located in the ςplane with cutsCþ andC� (Fig. 6.19).

There are three branch points inside Cþ or C�.
Using the Cauchy principle value (PV) integration around Cþ, it is obtained

ΘðςÞ ¼ arg ΩðςÞ½ � ¼ 	π 2= ; �LG < Reς < �L�s ; Imς ¼ 	0

	 arctan Ξ ðςÞ; �L�s < Reς < �Le; Imς ¼ 	0

�

ΞðςÞ ¼ k2e
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðς� LeÞðςþ LeÞ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�s � ς
� 	

L�s þ ς
� 	q ¼

k2e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ς2 � L2e
� 	q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�2s � ς2
� 	q

(6.194)

By using the Cauchy’s integral theorem, it is obtained

Ω	ðςÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�s 	 ς

LG 	 ς

s
exp � 1

π

Z L�s

Le

arctan ΞðηÞ½ � dη

η	 ς

� �
(6.195)

Fig. 6.19 Integration paths

used for product

decomposition of HðςÞ
in ζ plane
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where Ω	ðςÞ is corresponding to the notations “ 	 ” at right hand of the equality,

respectively. Therefore, it yields

αðςÞ þ k2eβðςÞ ¼ 1þ k2e
� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

L�2s � ς2
q

MþðςÞM�ðςÞ

KðςÞ ¼ 1� k4e
� 	 L2G � ς2

� 	
αðςÞ þ k2eβðςÞ

¼ 1� k2e
� 	 L2G � ς2

� 	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�2s � ς2

p SþðςÞS�ðςÞ

M	ðςÞ ¼ exp � 1

π

Z L�s

Le

arctanΞðηÞ dη

η	 ς

� �
; S	ðςÞ ¼ M	ðςÞ½ ��1

(6.196)

6.9.5 Solutions of the Wiener-Hopf Equations

Substitution of Eqs. (6.196) and (6.191) into Eq. (6.190a) yields

�C��
44

L2G � ς2
� 	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�2s � ς2

p ΔUþðςÞSþðςÞSþðςÞ ¼ Σ�ðςÞ þ σ0�gðpÞ
ςþ L�s n1
� 	 ; C��

44 ¼ C�
44 1� k2e
� 	
(6.197)

Introduce

R�ðςÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
L�s � ς

p
LG � ςð ÞS�ðςÞ ;

R�ðςÞ
ςþ L�s n1

¼ R�ðςÞ � R� �L�s n1
� 	

ςþ L�s n1
þ R� �L�s n1

� 	
ςþ L�s n1

(6.198)

Equations (6.197) and (6.198) yield

� C��
44

LG þ ςð Þffiffiffiffiffiffiffiffiffiffiffiffiffi
L�s þ ς

p ΔUþðςÞSþðςÞ �
σ0�gðpÞR� �L�s n1

� 	
ςþ L�s n1
� 	

¼ Σ�ðςÞR�ðςÞ þ
σ0�gðpÞ R�ðςÞ � R� �L�s n1

� 	� �
ςþ L�s n1
� 	 (6.199)

It is known that the functions at the left side in Eq. (6.199) are analytic in the right

half-plane Reς > 0 and equal to zero at infinity, whereas those on the right side are

analytic in the left half-plane Reς < 0 and they are continuous on Imς ¼ 0. So

according to Liouville theorem (Lavrenchive and Shabat 1951), these functions are

analytic in whole plane and must be zero. So

ΔUþðςÞ ¼ � σ0�gðpÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
L�s þ ς

p
R� �L�s n1
� 	

C��
44ðLG þ ςÞ ςþ L�s n1

� 	
SþðςÞ

;

Σ�ðςÞ ¼ σ0�gðpÞ
ςþ L�s n1
� 	 R� �L�s n1

� 	
R�ðςÞ � 1

� � (6.200)
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Analogously from Eqs. (6.196) and (6.190b), it can be obtained

ΔDþðςÞ ¼ �φ0�gðpÞ L�s þ ς
� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffi

Le þ ς
p

R0� �L�s n1
� 	

e215ð1� ĉÞ þ E11C�
44

� �
C��
44 LG þ ςð Þ ςþ L�s n1

� 	
SþðςÞ

Φ�ðςÞ ¼ φ0�gðpÞ
ςþ L�s n1
� 	 R0� �L�s n1

� 	
R0�ðςÞ � 1

� �
; R0�ðςÞ ¼

L�s þ ς
� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffi

Le þ ς
p

ðLG þ ςÞS�ðςÞ

(6.201)

Substituting Eqs. (6.200) and (6.201) into Eq. (6.189), one can obtain AsðςÞ;BsðςÞ;
Aas;BasðςÞ and A	ðςÞ;B	ðςÞ:

A	ðςÞ ¼ � σ0 	 φ0A0ðςÞ½ ��gðpÞΛðςÞ
B	ðςÞ ¼ σ0ĉðe15=E11Þ 	 φ0B0ðςÞ½ ��gðpÞΛðςÞ

A0ðςÞ ¼
e15

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Le þ ς

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Le þ L�s n1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�s þ L�s n1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
L�s � ς

p
B0ðςÞ ¼

C�
44

ffiffiffiffiffiffiffiffiffiffiffiffiffi
L�s þ ς

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�s þ Ltn1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Le þ L�s n1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Le � ς

p

ΛðςÞ ¼ ðLG � ςÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�s þ L�s n1

p
S�ðςÞ

ςþ L�s n1
� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffi

L�s � ς
p

LG þ L�s n1
� 	

S� �L�s n1
� 	

C�
44KðςÞ

(6.202)

Substituting Eq. (6.202) into (6.184) and carrying out the inverse transform with ς
we find

�u3ðx1;x2; pÞ ¼ � 1

2πip

Z ςαþi1

ςα�i1
σ0 þ φ0A0ðςÞsgnðx2Þ½ ��gðpÞΛðςÞf g


 exp �p αðςÞsgnðx2Þx2 � ςx1;
� �� �

dς

�ψðx1;x2; pÞ ¼ 1

2πip

Z ςβþi1

ςβ�i1
σ0ĉ

e15
E11

þ φ0B0ðςÞsgnðx2Þ
� �

�gðpÞΛðςÞ
� �


 exp �p βðςÞsgnðx2Þx2 � ςx1½ �f gdς

(6.203)

6.9.6 Scattering Fields in Front of the Crack Tip

The one-side Laplace inversion with time can be obtained by replacing the original

Bromwich path with deformed Cagniard-de Hoop inversion contours (Fig. 6.20 ) in

the ς plane (Li et al. 2005a). The inversion procedure is given only for x2 > 0; for

x2 < 0 the procedure is the same and is omitted. Along the Cagniard-de Hoop

contours, the exponentials in Eq. (6.203) take the form e�pt:

αðςÞx2 � ςx1 ¼ t; ςEΓα;Γαβ; βðςÞx2 � ςx1 ¼ t; ςEΓβ (6.204)

A cut from � L�s to � Le is needed due to two branch points ς ¼ �L�s and ς ¼ �Le.
So a supplement path Γαβ is needed to avoid the cut for Γα . The physical

6.9 Transverse Wave Scattering from a Semi-infinite Conducting Crack 319



interpretation of Γαβ is that the integral along Γαβ �L�s cos θα � ς � �Le
� 	

represents an electroacoustic head wave, or a quasi-surface wave, which almost

propagates in parallel with the boundary surface. The electroacoustic head wave in

piezoelectric material was proved by experiments of Liu et al. (1989). The path Γβ
always avoids the cut. Let x1 ¼ r cos θ; x2 ¼ r sin θ from Eq. (6.204) we get

ςα	 ¼�tcosθ	 i sinθ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2�L�2s r2

q
r= ; L�s r� t<1

ςβ	 ¼�tcosθ	 i sinθ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2�L2er

2

q
r= ; Ler� t<1

ςαβ	 ¼�tcosθ	 sinθ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�2s r2� t2

q
r= 	 iε; tα0 � t< L�s r; tα0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�2s �L2e

q
x2þLex1

Finally, the exact inversions are found:

u
ðsÞ
3 ðx1; x2; tÞ ¼

Z t

0

Gðt� τÞuðsÞ3δ ðx1; x2; τÞdτ þ u
ðsÞ
3r ðx1; x2; tÞ

ψ ðsÞðx1; x2; tÞ ¼
Z t

0

Gðt� τÞψ ðsÞ
δ ðx1; x2; τÞdτ þ ψ ðsÞ

r ðx1; x2; tÞ
(6.205)

where u
ðsÞ
3δ ;ψ

ðsÞ
δ denote the scattering fields due to the impulsive incident wave and

u
ðsÞ
3r ;ψ

ðsÞ
r represent the reflective and transmission waves:

u
ðsÞ
3δ ¼ � 1

π
Re σ0 þ φ0A0ðςαþÞsgnðx2Þð Þf ΛðςαþÞ

αðςαþÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � L�2s r2

p
)
H t� L�s r
� 	

þ 1

π
Im σ0 þ φ0A0ðςαβþÞsgnðx2Þ

� 	�
ΛðςαβþÞ

αðςαβþÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � L�2s r2

p
)

Hðt� t0Þ � H t� L�s r
� 	� �

ψ ðsÞ
δ ¼ 1

π
σ0ĉ

e15
E11

þ φ0B0ðςβþÞsgnðx2Þ

 ��

ΛðςβþÞ
βðςβþÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � L2er

2
p

)
Hðt� LerÞ

t0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�2s � L2e

q
x2 þ Lex1; r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ x22

q
(6.206)

Fig. 6.20 The deformed

Cagniard-de Hoop inversion

paths Γα;Γβ;Γαβ
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u
ðsÞ
3r ¼

ReΠðθαÞ½ �UðiÞ
0 Gðt�Þ � ImΠðθαÞ½ �UðiÞ

0

1

π
PV

Z 1

�1

Gðt�Þ
τ � t

dτ

� �
; 0 � θ < θα

0; θα � θ < 2π � θα

�U
ðiÞ
0 Gðt�Þ; 2π � θα � θ < 2π

8>>><
>>>:

φðsÞ
r ðx1; x2; tÞ ¼ ðe5=E11ÞĉuðrÞ3 ðx1; x2; tÞ; 0 � θ < 2π

ΠðθαÞ ¼ L�s n2 � ke
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2e � L�2s n21

p
L�s n2 þ ke

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2e � L�2s n21

p ; t� ¼ t� L�s ðn1x1 � n2x2Þ

(6.207)

For an incident shear wave with cos θα < Le L�s
�

through a semi-infinite

conducting crack in a transversely isotropic piezoelectric material, in front of the

crack tip except the incident acoustic wave, there have been electroacoustic reflec-

tion, transmission, scattering and head waves, and electric scattering wave. Because

in the “quasi-hyperbolic approximation” the Faraday’s electric induction by a

changing magnetic field is not considered, it cannot be used to solve the problem

for � L�s cos θα > �Le and the electric incident wave.

6.10 Transient Response of a Mode-I Crack

6.10.1 Fundamental Equations

Figure 6.21 shows a transverse isotropic piezoelectric strip of width 2h with a

central crack of length 2a subjected to loadings � σ0HðtÞ;�D0HðtÞ on the crack

surface, where HðtÞ is the Heaviside step function. Axis x1 is along the crack

direction and the polarized axis x3 is perpendicular to the crack. In plane x1x3 there
are generalized displacements ðu1; u3;φÞ and stresses ðσ1; σ3; σ5;D1;D3Þ. Applying
the Voigt notations the constitutive equations are

σ1 ¼ C11ε1 þ C13ε3 � e31E3; σ3 ¼ C13ε1 þ C33ε3 � e33E3; σ5 ¼ C44ε5 � e15E1

D1 ¼ E11E1 þ e15ε5; D3 ¼ E33E3 þ e31ε1 þ e33ε3

(6.208)

The generalized momentum equations in displacements are

C11u1;11 þ C44u1;33 þ ðC13 þ C44Þu3;13 þ ðe31 þ e15Þφ;13 ¼ ρ€u1

ðC13 þ C44Þu1;13 þ C44u3;11 þ C33u3;33 þ e15φ;11 þ e33φ;33 ¼ ρ€u3

ðe31 þ e15Þu1;13 þ e15u3;11 þ e33u3;33 � E11φ;11 � E33φ;33 ¼ 0

(6.209)
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The mechanical and electric impermeable conditions are

σ3ðx1; 0; tÞ ¼ �σ0HðtÞ; D3ðx1; 0; tÞ ¼ �D0HðtÞ; �a < x1 < a

u3ðx1; 0; tÞ ¼ φðx1; 0; tÞ ¼ 0; a < x1j j < 1; σ5ðx1; 0; tÞ ¼ 0; �1 < x1 < 1
σ3 x1 	 h=2; tð Þ ¼ σ5 x1;	h=2; tð Þ ¼ D3 x1;	h=2; tð Þ ¼ 0; �1 < x1 < 1

(6.210)

When the derivatives of variables are zeros at the initial time, the Laplace

transform (Eq. 6.181) of governing equations (6.208), (6.209), and (6.210) are

�σ1 ¼ C11�ε1 þ C13�ε3 � e31 �E3; �σ3 ¼ C13�ε1 þ C33�ε3 � e33 �E3; �σ5 ¼ C44�ε5 � e15 �E1

�D1 ¼ E11 �E1 þ e15�ε5; �D3 ¼ E33 �E3 þ e31�ε1 þ e33�ε3

(6.211)

C11�u1;11 þ C44�u1;33 þ ðC13 þ C44Þ�u3;13 þ ðe31 þ e15Þ�φ;13 ¼ ρp2�u1

ðC13 þ C44Þ�u1;13 þ C44�u3;11 þ C33�u3;33 þ e15�φ;11 þ e33�φ;33 ¼ ρp2�u3

ðe31 þ e15Þ�u1;13 þ e15�u3;11 þ e33�u3;33 � E11�φ;11 � E33�φ;33 ¼ 0

(6.212)

�σ3 ¼ �σ0 p= ; �D2 ¼ �D0 p= ; �a < x1 < a; x3 ¼ 0

�u3 ¼ �φ ¼ 0; a < x1j j < 1; x3 ¼ 0; �σ5 ¼ 0; �1 < x1 < 1; x3 ¼ 0

�σ3 ¼ �σ5 ¼ �D2 ¼ 0; �1 < x1 < 1; x3 ¼ 	h 2=

(6.213)

6.10.2 Reduction to Singular Integration Equations

Because the problem is symmetric with respect to x3 ¼ 0 , it is only needed to

consider the upper part. In the Laplace transform region, Wang and Yu (2001)

adopted the solutions in the following Fourier integrals:

�u1 ¼ ð2=πÞ
X6
j¼1

Z 1

0

qjAjðξÞe�γjx3 sinðξx1Þ dξ

�u3 ¼ ð2=πÞ
X6
j¼1

Z 1

0

ajAjðξÞe�γjx3 cosðξx1Þ dξ

�φ ¼ ð2=πÞ
X6
j¼1

Z 1

0

bjAjðξÞe�γjx3 cosðξx1Þ dξ

(6.214)

Fig. 6.21 A piezoelectric

strip with a crack
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where AjðξÞðj ¼ 1� 6Þ are unknown functions. Substitution of Eq. (6.214) into

Eq. (6.212) yields

2

π

X6
j¼1

Z 1

0

AjðξÞe�γjx3 sinðξx1Þ


 �C11ξ
2 þ C44γ

2
j � ρp2

� 

qj þ ðC13 þ C44Þξγjaj þ ðe31 þ e15Þγjbjξ

h i
dξ ¼ 0

2

π

X6
j¼1

Z 1

0

AjðξÞe�γjx3 cosðξx1Þ


 �ðC13 þ C44Þξγjqj þ C33γ
2
j � C44ξ

2 � ρp2
� 


aj þ e33γ
2
j � e15ξ

2
� 


bj

h i
dξ ¼ 0

2

π

X6
j¼1

Z 1

0

AjðξÞe�γjx3 cosðξx1Þ


 �ðe31 þ e15Þξγjqj þ e33γ
2
j � ξ2e15

� 

aj þ E11ξ2 � E33γ2j

� 

bj

h i
dξ ¼ 0

(6.215)

From Eq. (6.215) it is obtained

�C11ξ
2 þ C44γ

2
j � ρp2

� 

qj þ ðC13 þ C44Þξγjaj þ ðe31 þ e15Þγjbjξ ¼ 0

� ðC13 þ C44Þξγjqj þ C33γ
2
j � C44ξ

2 � ρp2
� 


aj þ e33γ
2
j � e15ξ

2
� 


bj ¼ 0

� ðe31 þ e15Þξγjqj þ e33γ
2
j � ξ2e15

� 

aj þ E11ξ2 � E33γ2j

� 

bj ¼ 0

(6.216)

So the coefficient determinant of qj; aj; bj must be zero, i.e.,

C44γ2 � C11ξ
2 � ρp2 ðC13 þ C44Þξγ ðe31 þ e15Þγξ

�ðC13 þ C44Þξγ C33γ2 � C44ξ
2 � ρp2 e33γ2 � e15ξ

2

�ðe31 þ e15Þξγ e33γ2 � ξ2e15 E11ξ2 � E33γ2

������
������ ¼ 0 (6.217)

From Eq. (6.217) it can be obtained γjðj ¼ 1� 6Þ. For convenience let qj ¼ 1 in

Eq. (6.214), which has not lost the generality, and aj; bj can be determined from

Eq. (6.216):

aj ¼
ΔaðγjÞ
Δ0ðγjÞ

; bj ¼
ΔbðγjÞ
Δ0ðγjÞ

ΔaðγjÞ ¼ C11ξ
2 � C44γ

2
j þ ρp2

� 

e33γ

2
j � e15ξ

2
� 


� ðC13 þ C44Þðe31 þ e15Þξ2γ2j
ΔbðγjÞ ¼ ðC13 þ C44Þ2ξ2γ2j � C11ξ

2 � C44γ
2
j þ ρp2

� 

C33γ

2
j � C44ξ

2 � ρp2
� 


Δ0ðγjÞ ¼ ðC13 þ C44Þ e33γ
2
j � e15ξ

2
� 


� ðe31 þ e15Þ C33γ
2
j � C44ξ

2 � ρp2
� 
h i

ξγj

(6.218)

AjðξÞðj ¼ 1� 6Þ is determined by the boundary conditions.
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Introduce the half of the generalized dislocation density:

f ðx1; pÞ ¼ �uþ3;1; �a < x1 < a
0; a � x1j j < 1

�
; gðx1; pÞ ¼ �φþ

;1; �a < x1 < a
0; a � x1j j < 1

�
(6.219a)

Around the crack the single-valued conditions are

Z b

a

�uþ3;1 � �u�3;1
� 


du )
Z b

a

f ðu; pÞdu ¼ 0;

Z b

a

gðu; pÞdu ¼ 0 (6.219b)

Substituting Eq. (6.214) into (6.211), then into the boundary conditions (6.213), and

applying conditions (6.219), in the interval 0 < x1 < a , the following singular

integral equations are obtained (Erdogan and Gupta 1972; Erdogan 1975; Lu 1984):

α1
π

Z a

0

f ðu; pÞ
u� x1

duþ α2
π

Z a

0

gðu; pÞ
u� x1

duþ 1

π

Z a

0

Q11ðu; x1Þf ðu; pÞ þ Q12ðu; x1Þgðu; pÞ½ �du ¼ � σ0
p

α3
π

Z a

0

f ðu; pÞ
u� x1

duþ α4
π

Z a

0

gðu; pÞ
u� x1

duþ 1

π

Z a

0

Q21ðu; x1Þf ðu; pÞ þ Q22ðu; x1Þgðu; pÞ½ �du ¼ �D0

p

(6.220)

where

Qijðu; x1Þ ¼
Z 1

0

2 Pijðξ; pÞ � αij
� �

cosðξx1Þ sinðξuÞ dξþ αij
uþ x1

; i; j ¼ 1; 2

α11 ¼ α1; α12 ¼ α2; α21 ¼ α3; α22 ¼ α4

(6.221)

And

P11ðξ; pÞ ¼
X6
j¼1

C33γjaj þ e33γjbj � C13ξ

ξΔðξ; pÞ Δj1ðξ; pÞ

P12ðξ; pÞ ¼
X6
j¼1

C33γjaj þ e33γjbj � C13ξ

ξΔðξ; pÞ Δj2ðξ; pÞ

P21ðξ; pÞ ¼
X6
j¼1

e33γjaj þ E33γjbj � e13ξ

ξΔðξ; pÞ Δj1ðξ; pÞ

P22ðξ; pÞ ¼
X6
j¼1

e33γjaj þ E33γjbj � e13ξ

ξΔðξ; pÞ Δj2ðξ; pÞ

Δðξ; pÞ ¼ det½Mij�; M1j ¼ aj; M2j ¼ bj

M3j ¼ � C44ðγj þ ajξÞ þ e15bjξ
� �

; M4j ¼ � C44ðγj þ ajξÞ þ e15bjξ
� �

e�γjh

M5j ¼ C31ξ� C33γjaj � e33γjbj
� �

e�γjh; M6j ¼ e31ξ� e33γjaj þ E33γjbj
� �

e�γjh

(6.222)

where Δjnðj ¼ 1� 6; n ¼ 1; 2Þ is the complementary minor of matrix jMijj with
respect to the component Mnj.
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6.10.3 Solutions

In order to use the standard numerical method, introduce the dimensionless

variables:

u

a
¼ ρþ 1

2
;

x1
a
¼ r þ 1

2
(6.223)

Equation (6.220) is rewritten as

α1
π

Z 1

�1

Fðρ; pÞ
ρ� r

dρþ α2
π

Z 1

�1

Vðρ; pÞ
ρ� r

dρþ 1

π

Z a

0

Q̂11ðρ; rÞFðρ; pÞ þ Q̂12ðρ; rÞVðρ; pÞ
h i

dρ ¼ � σ0
p

α3
π

Z 1

�1

Fðρ; pÞ
ρ� r

dρþ α4
π

Z 1

�1

Vðρ; pÞ
ρ� r

dρþ 1

π

Z a

0

Q̂21ðρ; rÞFðρ; pÞ þ Q̂22ðρ; rÞVðρ; pÞ
h i

dρ ¼ �D0

p

� 1 < r < 1

(6.224)

where

Fðρ; pÞ ¼ f
ρþ 1

2
a; p


 �
; Vðρ; pÞ ¼ g

ρþ 1

2
a; p


 �
;

Q̂ijðρ; rÞ ¼
a

2
Qij

ρþ 1

2
a;
r þ 1

2
a


 � (6.225)

Let

Fðρ; pÞ ¼ Rðρ; pÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ρ2

p ; Vðρ; pÞ ¼ Tðρ; pÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ρ2

p
Rðρ; pÞ ¼

X1
i¼0

CiTiðρÞ; Tðρ; pÞ ¼
X1
i¼0

DiTiðρÞ
(6.226)

where TkðρÞ UkðρÞð Þ is the first (second) kind of the Chebyshev polynomials. Using

the Gauss-Chebyshev formula yields a linear algebraic equation system

Xn
k¼1

α1
ρk � rm

þ Q̂11ðρk; rmÞ
� �

Rðρ1; pÞ
n

þ α2
ρk � rm

þ Q̂12ðρk; rmÞ
� �

Tðρ1; pÞ
n

� �
¼ � σ0

p

Xn
k¼1

α3
ρk � rm

þ Q̂21ðρk; rmÞ
� �

Rðρ1; pÞ
n

þ α4
ρk � rm

þ Q̂22ðρk; rmÞ
� �

Tðρ1; pÞ
n

� �
¼ �D0

p

(6.227)
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where

TnðρkÞ ¼ 0; ρk ¼ cos
2k � 1

2n
π


 �
; UnðrkÞ ¼ 0;

rk ¼ cos
k

nþ 1
π


 �
; k ¼ 1; 2; . . . ; n

(6.228)

Because f ðx1; pÞ; gðx1; pÞ are the odd functions of x1 , f ð0; pÞ ¼ gð0; pÞ ¼ 0, or

Rð�1; pÞ ¼ Tð�1; pÞ ¼ 0. So Rðρn; pÞ ¼ Tðρn; pÞ ¼ 0, since ρn is the closest to

� 1 in all ρk in the limit sense n ! 1 (Erdogan and Gupta 1972; Achenbach

et al. 1980). So Eq. (6.227) is a 2ðn� 1Þ 
 2ðn� 1Þ linear algebraic equations

with 2ðn� 1Þ 
 2ðn� 1Þ variables Rðρk; pÞ; Tðρk; pÞ. It is solvable.
Applying the following behavior of the Chebyshev polynomials

1

π

Z 1

�1

TnðuÞ du
ðu� x1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� u2

p ¼ � x1j j
x1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 � 1

p x1 � x1j j
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 � 1

p
x1

 !n

;

x1j j > 1; n ¼ 0; 1; . . .

(6.229)

in the Laplace transform region, the dynamic stress factors can be expressed as

�KIðpÞ ¼ lim
x!aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðx1 � aÞ

p
�σ3ðx1; 0; pÞ ¼ �

ffiffiffiffiffi
πa

2

r
α1Rð1; pÞ þ α2Tð1; pÞ½ �

�KDðpÞ ¼ lim
x!aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðx1 � aÞ

p
�D3ðx1; 0; pÞ ¼ �

ffiffiffiffiffi
πa

2

r
α3Rð1; pÞ þ α4Tð1; pÞ½ �

(6.230)

The dynamic stress factors KIðtÞ;KDðtÞ in the physical plane are obtained by the

Laplace inverse transform using the numerical method. The asymptotic generalized

stresses and displacements are

σ3ðx1; 0; tÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðx1 � aÞp KIðtÞ; D3ðx1; 0; tÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2πðx1 � aÞp KDðtÞ

u3ðx1; 0; tÞ
φðx1; 0; tÞ

( )
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πða� x1Þ

p
α2α3 � α1α4

�α4 α2

α3 �α1

� �
KIðtÞ
KDðtÞ

( ) (6.231)

And the energy release rate with the electric enthalpy is

G
�
da ¼ 2

Z aþda

a

1

2
σ3ðx1; 0; tÞ; D3ðx1; 0; tÞ½ �

u3ðx1 � da; 0; tÞ
φðx1 � da; 0; tÞ

( )
dx1

G ¼ π=2ðα2α3 � α1α4Þ½ � �α4K2
I ðtÞ þ 2α2α3KIðtÞKDðtÞ � α1K

2
DðtÞ

� � (6.232)
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6.10.4 Numerical Example

In the numerical analysis the material is taken PZT-5H with material constants:

C11 ¼ 12:6
 1010; C13 ¼ 5:3
 1010; C33 ¼ 11:7
 1010; C44 ¼ 3:53
 1010ðN=m2Þ
e31 ¼ �6:5 ðC=m2Þ; e33 ¼ 23:3 ðC=m2Þ; e21 ¼ 17:0 ðC=m2Þ
E11 ¼ 15:1
 10�9 ðC=VmÞ; E11 ¼ 13:0
 10�9 ðC=VmÞ; ρ ¼ 7; 500 kg m3

�
The solved values of αk are

α1 ¼ 5:094
 1010; α2 ¼ 14:216; α3 ¼ 14:216; α4 ¼ �178:769
 10�10

Figures 6.22 and 6.23 show the variations of the dimensionless generalized dynamic

stress intensity factors ðKI;KDÞ σ0
ffiffiffiffiffi
πa

p
= with the dimensionless time

ffiffiffiffiffiffiffiffiffiffiffiffi
C�
33 ρ=

p
t a= ,

C�
33 ¼ C33 þ e233 E33= under h a= ¼ 1:25 and the different loading parameters λ ¼

�D0α2 σ0α4= . It can be seen that the dynamic intensity factors are increased at first

and then decreased and after a long time they approach the static values.

Fig. 6.22 Variation of KI σ0
ffiffiffiffiffi
πa

p
= with

ffiffiffiffiffiffiffiffiffiffiffiffi
C�
33 ρ=

p
t a= for various λ under h a= ¼ 1:25 (Reprinted

from Wang and Yu 2001, with permission from Mechanics of materials)
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6.11 On the General Dynamic Analyses of Interface Cracks

6.11.1 Governing Equations in Laplace-Fourier Transform
Region

In this section the electrically quasi-static assumption is adopted. The generalized

momentum and constitutive equations are shown in Eqs. (3.2) and (6.1) or

Cijklul;kj þ ekijφ;kj ¼ ρ€ui; eiklul;ki � Eijφ;ji ¼ 0

σij ¼ CijklEkl � ekijEk; Di ¼ EijEj þ eiklεkl
(6.233)

Shen et al. (1999) applied the Laplace-Fourier transform, i.e., at first adopted the

Laplace transform (Eq. (6.181)) with respect to time and then used the Fourier

transform (Eq. (4.242)) with respect to time x1 , to solve the problem. When the

initial derivatives of variables are zero, the Laplace transform of the Eq. (6.233) is

�σij ¼ Cijkl�uk;l þ ekij�φ;k; �Di ¼ �Eik�φ;k þ eikl�uk;l

ðCijkl�ul þ ekij�φÞ;ki ¼ ρp2�uj; ð�Eik�φþ eikl�ulÞ;ki ¼ 0
(6.234)

Fig. 6.23 Variation of KD σ0
ffiffiffiffiffi
πa

p
= with

ffiffiffiffiffiffiffiffiffiffiffiffi
C�
33 ρ=

p
t a= for various λ under h a= ¼ 1:25 (Reprinted

from Wang and Yu 2001, with permission from Mechanics of materials)
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Denote the Fourier transform of �uiðx1; x2; pÞ as �u�i ðs; x2; pÞ and let

x ¼ x1: y ¼ isx2 (6.235)

By using �u�l;1 ¼ is�u�l ; �u�l;11 ¼ ðisÞ2�u�l , the Fourier transform of the second equation

in Eq. (6.234) with respect to x1 is

C�
1jk1 þ ðC1jk2 þ C2jk1Þ@ @y= þ C2jk2@

2 @y2
�h i

�u�k

þ e1j1 þ ðe1j2 þ e2j1Þ@ @y= þ e2j2@
2 @y2
�� �

�φ� ¼ 0

e1k1 þ ðe1k2 þ e2k1Þ@ @y= þ e2k2@
2 @y2
�� �

�u�k
� E11 þ ðE12 þ E21Þ@ @y= þ E22@2 @y2

�� �
�φ� ¼ 0

C�
1jk1 ¼ C�

1jk1ðp; sÞ ¼ C1jk1 þ ρðp2=s2Þδjk

(6.236)

Introduce notations

Q ¼ C�
1jk1 e1j1
e1k1 �E11

� �
; R ¼ C1jk2 e2j1

e1k2 �E12

� �
; T ¼ C2jk2 e2j2

e2k2 �E22

� �
; �U

� ¼ �u�k
�φ�

( )

(6.237)

where Q; T are positive definite. Applying Eq. (6.237), Eq. (6.236) becomes

T@2 @y2
� þ ðRþ RTÞ@ @y= þ Q

� �
�U
� ¼ 0 (6.238)

Assume

�U
�ðs; y; pÞ ¼ aðs; pÞeμyðs;pÞ; @ �U

�
@y= ¼ μ�U

�
(6.239)

Substitution of Eq. (6.239) into Eq. (6.238) yields

Tμ2 þ ðRþ RTÞμþ Q
� �

a ¼ 0; DðμÞj j ¼ Tμ2 þ ðRþ RTÞμþ Q
�� �� ¼ 0 (6.240)

Equations (6.237) and (6.240) are identical in the form with Eqs. (3.13) and (3.14),

respectively, if use C�
1jk1 instead of C1jk1. Analogous to Eq. (3.15), from DðμÞj j ¼ 0

eight roots μjðj ¼ 1 � 8Þ can be obtained. When s ! 	1 , Eq. (6.239) and μi
approach the static solutions. The general solution of Eq. (6.239) is

�U
�ðs; y; pÞ ¼

X4
k¼1

Ckakðs; y; pÞeyμkðs;pÞ þ Ckþ4akþ4ðs; y; pÞeyμkþ4ðs;pÞ
h i

(6.241)

The Fourier transform of the first equation in Eq. (6.234) is

�Σ�
2 ¼ is RT þ T@ @y=

� 	
�U
�

(6.242)
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6.11.2 Dynamical Interface Crack

The material I is located at the upper half-plane Sþ, x2 > 0; the material II is located

at the lower half-plane S� , x2 < 0; x1 ¼ 0 is the interface and there is a crack

of length 2a on it. The coordinate origin is selected at the center of the

crack (Fig. 4.2b). For the materials I and II, Eqs. (6.238) and (6.242) are all held.

The boundary conditions are

ΣðIÞ
2 ¼ σðIÞ21 ; σ

ðIÞ
22 ; σ

ðIÞ
23 ;D

ðIÞ
2

h iT
¼ Σ IIð Þ

2 ¼ τ0HðtÞ; x1j j < a

Σ Ið Þ
ij ðx1; x2; tÞ ¼ ΣðIIÞ

ij ¼ 0; when

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ x22

q����
����! 1

U Ið Þðu1; u2; u3;φÞ ¼ UðIIÞ; ΣðIÞ
2 ðx1Þ ¼ ΣðIIÞ

2 ðx1Þ ¼ Σ2ðx1; 0; tÞ; x1j j > a; x2 ¼ 0

(6.243)

where τ0 is a constant vector. The initial conditions are

UðIÞðx1; x2; 0Þ ¼ UðIIÞ ¼ 0; _U
ðIÞðx1; x2; 0Þ ¼ _U

ðIIÞ ¼ 0 (6.244)

The jump value of the generalized displacements on x2 ¼ 0 is defined as

ΔUðx1Þ ¼ UðIÞðx1; 0Þ � UðIIÞðx1; 0Þ; ψðx1Þ ¼ dΔUðx1Þ dx1= (6.245)

where ψðx1Þ is the dislocation density. The single-valued condition around the

crack is

Z a

�a

ψðx1; tÞdx1 ¼ 0; ψ ¼ ½ψ1;ψ2;ψ3;ψ4� (6.246)

The Laplace-Fourier transform of Eqs. (6.245) and (6.246) is

Δ�U
�ðs; pÞ ¼ �U

�ðIÞðs; 0; pÞ � �U
�ðIIÞðs; 0; pÞ ¼ �ði=sÞ�ψ� ¼ �ði=sÞ

Z a

�a

�ψðx1; pÞe�isx1dx1Z a

�a

�ψ�ðx1; pÞdx1 ¼ 0;

Z a

�a

�ψðx1; pÞdx1 ¼ 0

(6.247)

The Laplace transform of Eq. (6.243) is

�Σ2ðx1; 0Þ ¼ τ0 p= ; x1j j < a; �U
ðIÞðx1; 0; tÞ ¼ �U

ðIIÞðx1; 0; tÞ; a < x1j j < 1
�ΣðIÞ
2 ðx1; 0Þ ¼ �ΣðIIÞ

2 ðx1; 0Þ ¼ �Σ2ðx1; 0Þ; x1j j < 1; �ΣðIÞ
2 ¼ �ΣðIIÞ

2 ¼ 0; xj j ! 1
(6.248)
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6.11.3 Reduced to the Singular Integral Equation

In order to make �U
�
finite when sj j ! 1, the solution of Eq. (6.241) is expressed as

�U
�ðIÞðs; y; pÞ ¼

A
ðIÞ
1 E

ðIÞ
1 C

ðIÞ
1 ; s < 0

A
ðIÞ
2 E

ðIÞ
2 C

ðIÞ
2 ; s > 0

8<
: ; �U

�ðIIÞðs; y; pÞ ¼
A
ðIIÞ
1 E

ðIIÞ
1 C

ðIIÞ
1 ; s > 0

A
ðIIÞ
2 E

ðIIÞ
2 C

ðIIÞ
2 ; s < 0

8<
:

A
ðNÞ
1 ¼ a

ðNÞ
1 ; a

ðNÞ
2 ; a

ðNÞ
3 ; a

ðNÞ
4

h i
; A

ðNÞ
2 ¼ a

Nð Þ
5 ; a

ðNÞ
6 ; a

ðNÞ
7 ; a

ðNÞ
8

h i
; E

ðIÞ
1 ¼ e�isμjx2

� �
E
ðNÞ
2 ¼ e�isμjþ4x2

� �
; C

ðNÞ
1 ¼ C

ðNÞ
1 ;C

ðNÞ
2 ;C

ðNÞ
3 ;C

ðNÞ
4

h i
; C

ðNÞ
2 ¼ C

ðNÞ
5 ;C

ðNÞ
6 ;C

ðNÞ
7 ;C

ðNÞ
8

h i
(6.249)

where N ¼ I; II. Equation (6.249) can be rewritten as

�U
�ðIÞ ¼ A

ðIÞ
1 E

ðIÞ
1 C

ðIÞ
1 þ A

ðIÞ
2 E

ðIÞ
2 C

ðIÞ
2 ; �U

�ðIIÞ ¼ A
ðIIÞ
1 E

ðIIÞ
1 C

ðIIÞ
1 þ A

ðIIÞ
2 E

ðIIÞ
2 C

ðIIÞ
2

C
ðIÞ
2 ¼ C

ðIIÞ
1 ¼ 0; when s < 0; C

ðIÞ
1 ¼ C

ðIIÞ
2 ¼ 0; when s > 0

(6.250)

From Eq. (6.242) it is obtained

�Σ�ðIÞ
2 ðs; y; pÞ ¼ isB

ðIÞ
1 E

ðIÞ
1 C

ðIÞ
1 ¼ isB

ðIÞ
1 A

ðIÞ
1

�1
�U
�ðIÞ ¼ �sY

ðIÞ�1
1

�U
�ðIÞ

; s < 0

isB
ðIÞ
2 E

ðIÞ
2 C

ðIÞ
2 ¼ isB

ðIÞ
2 A

ðIÞ
2

�1
�U
�ðIÞ ¼ �sY

ðIÞ
2

�1
�U
�ðIÞ

; s > 0

8<
:

�Σ�ðIIÞ
2 ðs; y; pÞ ¼ isB

ðIIÞ
1 E

ðIIÞ
1 C

ðIIÞ
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ðIIÞ
1 A

ðIIÞ
1

�1
�U
�ðIIÞ ¼ �sY

ðIIÞ�1
1

�U
�ðIIÞ

; s > 0

isB
ðIIÞ
2 E

ðIIÞ
2 C

ðIIÞ
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ðIIÞ
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ðIIÞ
2

�1
�U
�ðIIÞ ¼ �sY

ðIIÞ
2

�1
�U
�ðIIÞ

; s < 0

8<
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ðNÞ
1 ; b

ðNÞ
2 ; b

ðNÞ
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ðNÞ
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h i
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2 ¼ b

ðNÞ
5 ; b

ðNÞ
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ðNÞ
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h i
;

bðNÞ ¼ RðNÞT þ TðNÞ@ @y=
� 


aðNÞ; N ¼ I; II

(6.251)

On the crack surface Eq. (6.251) becomes

�Σ�ðIÞ
2 ðs; 0; pÞ ¼ RðIÞ �U�ðIÞ

; �Σ�ðIIÞ
2 ðs; 0; pÞ ¼ RðIIÞ �U�ðIIÞ

RðIÞ ¼ isB
ðIÞ
1 A

ðIÞ�1
1 ¼ �sY

ðIÞ�1
1 ; s < 0

isB
ðIÞ
2 A

ðIÞ�1
2 ¼ �sY

ðIÞ
2

�1
; s > 0

(
; RðIIÞ ¼ isB

ðIIÞ
1 A

ðIIÞ�1
1 ¼ �sY

ðIIÞ�1
1 ; s > 0

isB
ðIIÞ
2 A

ðIIÞ�1
2 ¼ �sY

ðIIÞ
2

�1
; s < 0

(

(6.252)

where YðNÞ ¼ iAðNÞBðNÞ�1
. Because on the whole interface ΣðIÞ

2 ðx1Þ ¼ ΣðIIÞ
2 ðx1Þ, so

RðIÞ �U�ðIÞ ¼ RðIIÞ �U�ðIIÞ
(6.253)
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From Eqs. (6.247) and (6.253) it is obtained

�U
�ðIÞ ¼ RðIIÞR�1Δ�U

�
; �U

�ðIIÞ ¼ RðIÞR�1Δ�U
�
; R ¼ RðIIÞ � RðIÞ (6.254)

Combining Eqs. (6.242), (6.247), (6.252), (6.253), and (6.254) and performing the

Fourier inverse transform, it is obtained

�Σ2ðx1; 0; pÞ ¼ � i 2π=ð Þ
Z a

�a

�ψðξ; pÞdξ
Z 1

�1
ð1=sÞMe�isðξ�x1Þds; x1j j < 1

M ¼ RðIIÞRðIÞR�1 ¼ RðIÞRðIIÞR�1

(6.255)

Equation (6.255) is a singular integral equation, and its singular behavior is

determined by the asymptotic behavior at infinity of the kernel function s�1Mðs; pÞ.
When s ! 1,Y

ðNÞ
j ;Y

ðNÞ�1
j approach the static values, so are finite. At the static case

A
ðNÞ
2 ¼ �A

ðNÞ
1 ; B

ðNÞ
2 ¼ �B

ðNÞ
1 . It is noted that for a constant, �A is not the Laplace

transform of A, but is the conjugate value of A. From Eq. (6.252) it is obtained

lim
s!1 ð1=sÞRðIÞ ¼ �Y

ðIÞ�1
2 static ¼ �Y

ðIÞ�1
1 static; lim

s!1 ð1=sÞRðIIÞ ¼ �Y
ðIIÞ�1
1 static

lim
s!�1 ð1=sÞRðIÞ ¼ �Y

ðIÞ�1
1 static; lim

s!�1 ð1=sÞRðIIÞ ¼ �Y
ðIIÞ�1
2 static ¼ �Y

ðIIÞ�1
1 static

(6.256)

So

lim
s!1 ð1=sÞM ¼ �Y

ðIÞ�1
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ðIIÞ�1
1 static

� 

s �Y

IIð Þ�1
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ðIÞ�1
1 static

� 
h i�1

¼ M1
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s!�1 ð1=sÞM ¼ �Y

ðIÞ�1
1 statics

�Y
ðIIÞ�1
1 static s �Y

ðIIÞ�1
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ðIÞ�1
1 static

� 
h i�1

¼ � �M1

M1 ¼ �Y
ðIÞ�1
1 staticY

ðIIÞ�1
1 static Y

ðIIÞ�1
1 static þ �Y

ðIÞ�1
1 static

� 
 (6.257)

or

lim
s!	1

ð1=sÞM ¼ s sj j=ð ÞReM1 þ iImM1: (6.258)

By separating the singular part in Eq. (6.255) and then substituting the result into

the boundary condition Eq. (6.248), the following singular integral equation can be

obtained:

ImM1 �ψ þ ReM1
π

Z a

�a

ξ
�ψðξ; pÞ
t� x1

dξ� i

2π

Z a

�a

�ψðt; pÞdt
Z 1

�1

1

s
M þM1


 �
e�isðξ�x1Þds ¼ τ0

(6.259)
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Let λi be the eigenvector of ðReM1Þ�1
ImM1 andΛ be the matrix constituted of λi,

then we get

ΛðReM1Þ�1ðImM1ÞΛ�1 ¼ diagðΛÞ ¼ λih i (6.260)

Multiplying both sides of Eq. (6.259) by ðReM1Þ�1
, introducing the dimensionless

variable x ¼ x1 a= ; η ¼ ξ a= and using Eq. (6.260), Eq. (6.259) can be reduced to

λi�ψλiðx; pÞ þ
1

π

Z 1

�1

�ψλiðη; pÞ
η� x

dηþ
Z 1

�1

X4
k¼1

Fik �ψλiðη; pÞdη ¼ �T0iðx; pÞ

½Fik� ¼ � ia

2π
ΛðReM1Þ�1

Z 1

�1

1

s
M þM1


 �
e�isaðη�xÞds

� �
Λ�1;T0 ¼ ΛðReM1Þ�1�τ0

(6.261)

The solution of Eq. (6.261) can be expressed by the series of the Jacobi

polynomials. Let

�ψλiðx; pÞ ¼
X1
n¼0

CniðpÞPðα;βÞ
n ðxÞwiðxÞ; xj j < 1

wiðxÞ ¼ ð1� xÞαið1þ xÞβi ; αk ¼ i

2πi
ln
1� λki

1þ λki
� 1

2
; βk ¼ � i

2πi
ln
1� λki

1þ λki
� 1

2

(6.262)

where P
ðα;βÞ
n is the Jacobi polynomial, Cni is unknown constant, and αk; βk

determined by Eq. (6.262) are the singular indexes of the dynamical problem and

usually are complex numbers. As in usual elastic problem, in the front of the crack

tip, there is a small region in which the displacements of the upper and the lower

surfaces may be imbedded to each other. Substituting Eq. (6.262) into Eqs. (6.261)

and (6.247) in terms of the dimensionless length x, using the orthogonal relation of

the Jacobi polynomials and P
ðα;βÞ
0 ðtÞ ¼ 1 and the following relations

λkP
ðαk ;βkÞ
n ðxÞwkðxÞ þ 1

π

Z 1

�1

Pðα;βÞ
n ðtÞwkðtÞ

t� x
dt

¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ2k

q
Pðαk ;βkÞ
n ðxÞ; xj j < 1

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ2k

q
ðx� 1Þαk ðx� 1Þβk Pðαk ;βkÞ

n ðxÞ þ G1
knðxÞ

h i
; xj j > 1

8><
>: ; ð6:263Þ

the linear algebraic equations of Ck
n (C

k
0 ¼ 0) can be obtained. Where G1

knðxÞ is the
principle part ofP

ðαk ;βkÞ
n ðxÞwkðxÞ at infinity and is finite at x ¼ 1, it is no contribution
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on the stress intensity factors. Take the first N þ 1 terms. The following 4N

equations determined by Ck
n can be obtained:

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ2k

q
θð�αk ;�βkÞj�1 Ck

j þ
X1
n¼1

X4
m¼1

Ykm
jn Cm

n ¼ qjk; k ¼ 1� 4; j ¼ 1� N

qjk ¼
Z 1

�1

�T0kP
ð�αk ;�βkÞ
j�1 ðxÞwkðxÞdx; Ykm

jn ¼
Z 1

�1

Hkm
n P

ð�αk ;�βkÞ
j�1 ðxÞwkðxÞdx

Hkm
n ðx; pÞ ¼

Z 1

�1

Fkmðx; t; pÞPðαk ;βkÞ
n ðtÞwkðtÞdt

θðα;βÞk ¼ 2αþβþ1Γðk þ αþ 1Þðk þ β þ 1Þ
ð2k þ αþ β þ 1Þðk þ αþ β þ 1Þk! ; θðα;βÞ0 ¼ 2αþβþ1Γðαþ 1Þðβ þ 1Þ

Γðαþ β þ 2Þ
(6.264)

The singular part of the generalized traction in front of the crack tip xj j > a can be

obtained from Eq. (6.255):

�Σ2ðx; 0; pÞ ¼ ReM1Λ�1
XN
n¼1

1 2=ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ2k

q
ðx� 1Þαkðxþ 1ÞβkPðαk ;βkÞ

n ðxÞCk
n

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
1 2=ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ24

q
ðx� 1Þα4ðxþ 1Þβ4Pðα4;β4Þ

n ðxÞC4
n

2
6664

3
7775
(6.265)

The generalized stress intensity factors in the Laplace transform region are

�K ¼ �KII; �KI; �KIII; �KD½ �T ¼ lim
x!1þ

ffiffiffiffiffi
2π

p
ðx� 1Þαh i�Σ2ðx; 0; pÞ (6.266)

After solving �K in the Laplace transform region, the stress intensity factors in the

physical region are obtained by the numerical Laplace inverse transform.

There are many papers to discuss the wave propagation in a piezoelectric

material with defects, e.g., Li and Mataga (1996) discussed the semi-infinite

crack propagation; Chen et al. (1998) discussed a Griffith moving crack along the

interface of two dissimilar piezoelectric materials; Li and Weng (2002) discussed

the Yoffe-type moving crack in a functionally graded piezoelectric material; and

Ing and Wang (2004a, b) discussed the transient response of a semi-infinite

propagating crack subjected to dynamic antiplane concentrated loading on the

crack faces. Chen and Liu (2005) discussed the dynamic behavior of a functionally

graded piezoelectric strip with periodic cracks vertical to the boundary. Shen et al.

(2000) discussed the dynamics mode-III interfacial crack in nonlinear piezoelectric

materials. Meikumyan (2007) discussed the diffraction of acoustic and electric

waves in piezoelectric medium by an absorbent half-plane electrode.
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Vernotte P (1958) Les paradoxes de la théorie continue de l’equation de la chaleeur. Comptes

Rendus de l’Académie des Sciences Paris 246:3154–3155

Wang X-Y, Yu S-W (2001) Transient response of a crack in piezoelectric strip subjected to the

mechanical and electrical impacts: mode-I problem. Mech Mater 33:11–20

Yuan X-G, Kuang Z-B (2008) Waves in pyroelectrics. J Therm Stress 31:1190–1211

Yuan X-G, Kuang Z-B (2010) The inhomogeneous waves in pyroelectrics. J Therm Stress

33:172–186

Zhou Z-D, Yang F-P, Kuang Z-B (2012) Reflection and transmission of plane waves at the

interface of pyroelectric bi-materials. J Sound Vib 331:3558–3566

Zhu J-J, Kuang Z-B (1995) On interface crack propagation with variable velocity for longitudinal

shear problems. Int J Fract 72:121–144

References 337


	Chapter 6: Electroelastic Wave
	6.1 Electroelastic Waves in Piezoelectric Materials
	6.1.1 Fundamental Equations in Electroelastic Wave
	6.1.2 Energy Propagation
	6.1.3 Group Velocity
	6.1.4 Characteristic Surfaces
	6.1.5 Reflection and Transmission of the Plane Wave in Piezoelectric Materials

	6.2 Surface Wave
	6.2.1 Surface Waves in Structures
	6.2.2 General Procedure for Solving Surface Wave Problem
	6.2.3 Surface Waves in a Semi-infinite Piezoelectric Material

	6.3 Fundamental Theory of Layered Structure with Generalized Biasing Stresses
	6.3.1 A Small Perturbation Superposed on Finite Generalized Displacements
	6.3.2 Simplifications of the Governing Equations for Some Cases

	6.4 Love Wave in ZnO/SiO2/Si Structure with Initial Stresses
	6.4.1 Transfer Matrix Method
	6.4.2 Love Wave in Zno/SiO2/Si Structure with Initial Stress
	6.4.3 The Distribution of the Initial Stresses
	6.4.4 Numerical Example

	6.5 Other Surface Waves
	6.5.1 B-G Wave in a Prestressed Piezoelectric Structure
	6.5.2 Rayleigh Wave in a Prestressed Structure
	6.5.3 Lamb Waves in Piezoelectric Plate with Biasing Electric Field

	6.6 Waves in Pyroelectrics
	6.6.1 Generalized Thermodynamics of Temperature Wave in Thermoelasticity
	6.6.2 The Inertial Entropy Theory of Temperature Wave
	6.6.3 The Homogeneous Thermo-electro-elastic Wave in Pyroelectric Material
	6.6.4 An Example
	6.6.5 Inhomogeneous Wave

	6.7 Reflection and Transmission of Waves in Pyroelectric and Piezoelectric Materials
	6.7.1 General Theory
	6.7.2 Numerical Example
	6.7.3 Viscous Effect
	6.7.4 Waves in Piezoelectric Materials

	6.8 Coupling Problem of Elastic and Electromagnetic Waves in Piezoelectric Material
	6.8.1 Governing Equations in Pyroelectric Materials
	6.8.2 Coupling Problem of Plane Wave in Piezoelectric Materials

	6.9 Transverse Wave Scattering from a Semi-infinite Conducting Crack
	6.9.1 Fundamental Theory
	6.9.2 Transverse Wave Scattering from a Semi-infinite Conducting Crack
	6.9.3 Derive the Wiener-Hopf Equations in Laplace Transform Region
	6.9.4 Decomposing of the Function K(ζ)
	6.9.5 Solutions of the Wiener-Hopf Equations
	6.9.6 Scattering Fields in Front of the Crack Tip

	6.10 Transient Response of a Mode-I Crack
	6.10.1 Fundamental Equations
	6.10.2 Reduction to Singular Integration Equations
	6.10.3 Solutions
	6.10.4 Numerical Example

	6.11 On the General Dynamic Analyses of Interface Cracks
	6.11.1 Governing Equations in Laplace-Fourier Transform Region
	6.11.2 Dynamical Interface Crack
	6.11.3 Reduced to the Singular Integral Equation

	References


