
Chapter 5

Some Problems in More Complex Materials
with Defects

Abstract In this chapter some electroelastic problems in more complex materials

with defects are discussed. It is pointed out that the electroelastic analysis for

electrostrictive materials, the entire system including the dielectric medium, its

environment, and their common boundary should be considered together. So the

Maxwell stress should be considered. The theory illustrated in this chapter is an

important complement for the present theory published in literatures. The

electroelastic analyses of an infinite isotropic electrostrictive material containing

an elliptic hole, containing a crack with and without local saturation electric field

near the crack tip, are carried out. The basic theory of the thermo-electro-elastic

analysis is given. An elliptic hole in a homogeneous pyroelectric material, interface

crack in dissimilar pyroelectric material, point heat source, and its interaction with

cracks are discussed. The electroelastic analyses of a functionally graded piezo-

electric material are also introduced. These analyses are useful in engineering

applications.

Keywords Electroelastic analysis • Electrostrictive material • Maxwell stress •

Pyroelectric material • Functionally graded piezoelectric material

5.1 Isotropic Electrostrictive Material

5.1.1 Governing Equations

Some polyurethane elastomers and perovskite-type ceramics can produce large

deformation under applied electric field. Their strains are proportional to the square

of electric field and larger than 10�4 m mV=ð Þ2E2 . The electrostrictive effect can

occur in all dielectric, such as the electrostrictive ceramic PMN-PT, electrostrictive

polymer EPs, and polyurethane PUE. The constitutive equation has been discussed

in Sects. 2.2 and 2.6. In this section we only discuss the isotropic electrostrictive
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material occupying the region S . The environment occupies Sc . According to

Eq. (2.27b) the constitutive equation with independent variables ðε;EÞ is

σij ¼ λεkkδij þ 2Gεij � 1 2=ð Þða1EiEj þ a2EkEkδijÞ
Di ¼ ~EijEj; ~Eij ¼ Eδij þ a1εij þ a2εkkδij � Eδij; Ei ¼ �φ;i

(5.1)

where a1; a2 are electrostrictive coefficients. For electrostrictive materials the

entire system including the dielectric medium, its environment, and their common

boundary should be considered together, as shown in Sect. 2.2. The governing

equations are

Skl;l þ fk ¼ ρ€uk; Dk;k ¼ ρe in material

Senvij;j þ f envi ¼ ρ€uenvi ; Denv
i;i ¼ ρenve ; in environment

Skl ¼ σkl þ σMkl �¼ λεiiδkl þ 2Gεkl � 1 2=ð Þ a2 þ Eð ÞEiEiδkl þ 1 2=ð Þ 2E� a1ð ÞEkEl

σMij ¼ EiDj � 1 2=ð ÞEmDmδij

(5.2)

where S is the pseudo total stress (Jiang and Kuang 2003, 2004). In isotropic case S,
σ and σM are all symmetric. The boundary conditions are

Sklnl ¼ T�
k ; on aσ; Dknk ¼ �σ�; on aD; ui ¼ u�i ; on au; φ ¼ φ�; on aφ

Senvij nenvj ¼ T�env
i ; on aenvσ ; Denv

i nenvi ¼ �σ�env; on aenvD

uenvi ¼ u�envi ; on aenvu ; φenv ¼ φ�env; on aenvφ

(5.3)

The interface conditions are

Sij � Senvij

� �
nj ¼ T�int

i ; Di � Denv
i

� �
ni ¼ �σ�int; ui ¼ uenvi ; φ ¼ φenv; on aint

(5.4)

For the ceramic material the difference between S and σ is small, but for the

electrostrictive polymer E and amεij may be in the same order, and the difference

between S and σ may not be small.

In the case of small strain, it is usually assumed that the electric field is

approximately independent to the displacement, i.e., the terms containing strains

in D in Eq. (5.1) can be neglected, but the stress field is related to the electric field.

So the electric field is decoupled with the elastic field and can be solved indepen-

dently (Knops 1963; Smith and Warren 1966; McMeeking 1989; Jiang and Kuang

2003, 2004). Assuming the air is charge free, from — � D ¼ 0, it is known that φ is

a harmonic function, so it can be expressed by the real (or imaginary) part of a

complex analytic function wðzÞ, i.e.,

wðzÞ ¼ φ x1; x2ð Þ þ iA x1; x2ð Þ; φ x1; x2ð Þ ¼ RewðzÞ ¼ wðzÞ þ wðzÞ
h i.

2 (5.5)
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where A is called the stream function. Comparing Eqs. (3.83) and (5.5), it is found

that wðzÞ ¼ 2ϕðzÞ . These two expressions of the complex electric potential can

all be found in literatures. It is noted that in this section ϕðzÞ denotes the complex

stress function. Using Cauchy-Riemann condition @φ @x1= ¼ @A @x2= , @φ @x2= ¼
�@A @x1= yields

dw

dz
¼ dφ

dz
þ i

dA

dz
¼ @φ

@x1

@x1
@z

þ @φ

@x2

@x2
@z

� �
þ i

@A

@x1

@x1
@z

þ @A

@x2

@x2
@z

� �
¼ �E

E ¼ E1 þ iE2 ¼ �w0ðzÞ
(5.6)

So the solution of the electric field is reduced to seek a function analytic in the

region S.
On a boundary we haveZ

Dnds ¼
Z

D1n1 þ D2n2ð Þds ¼ E
Z

E1dx2 � E2dx1ð Þ

¼ iE 2=ð Þ
Z

w0ðzÞdz� w0ðzÞdz
h i

¼ iE 2=ð Þ wðzÞ � wðzÞ
h i (5.7)

where a trivial integral constant is omitted.

For a plane strain problem, we have εi3 ¼ 0; i ¼ 1; 2; 3ð Þ ; the constitutive

equation expressed by the pseudo total stress S is

Sαβ ¼ λεγγδαβ þ 2Gεαβ þ aEαEβ þ bEγEγδαβ

a ¼ 2E� a1ð Þ 2= ; b ¼ � a2 þ Eð Þ 2= ; α; β ¼ 1; 2
(5.8)

Using εγγ ¼ Sγγ þ a� 2bð ÞEγEγ

� 	
2 λþ Gð Þ= , Eq. (5.8) can also be written as

2Gεαβ ¼ Sαβ � aEαEβ � λSγγ þ �λaþ 2Gbð ÞEγEγ

� 	
δαβ 2 λþ Gð Þ=

εαβ ¼ 1þ νð Þ Sαβ � vSγγδαβ � aEαEβ þ va� 1� 2νð Þb½ �EγEγδαβ

 �

Y=
(5.9)

where Y ¼ 2Gð1þ vÞ is the elastic modulus and v is the Poisson ratio. Substitution

of Eq. (5.9) into the compatible equation 2ε12;12 ¼ ε11;22 þ ε22;11 finally yields

2 S12 � aE1E2ð Þ;12 ¼ S11 � aE1E1 � λSγγ þ �λaþ 2Gbð ÞEγEγ

� 	
2 λþ Gð Þ=


 �
;22

þ S22 � aE2E2 � λSγγ þ �λaþ 2Gbð ÞEγEγ

� 	
2 λþ Gð Þ=


 �
;11

(5.10)

Let ~U denote the pseudo total stress function satisfying the equilibrium equation

automatically:

S11 ¼ ~U;22; S22 ¼ ~U;11; S12 ¼ � ~U;12; or Sαβ ¼ r2 ~Uδαβ � ~U;αβ (5.11)
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Substituting Eq. (5.11) into Eq. (5.10), after some manipulation, yields

r4 ~U ¼ κr2 EγEγ

� �
;

@4 ~U

@z2@�z2
¼ κ

4

@4

@z2@�z2
w0ðzÞ�w0 �zð Þ½ � ¼ κ

4

@2w0

@z2
@2 �w0

@�z2

κ ¼ �G a1 þ 2a2ð Þ 2 λþ 2Gð Þ= ¼ � 1� 2vð Þ a1 þ 2a2ð Þ 4 1� vð Þ=

(5.12)

Using the Muskhelishvili’s formulas (1975), the general solution of Eq. (5.12) is

~U x1; x2ð Þ ¼ κ 4=ð ÞwðzÞwðzÞ þ ð1=2Þ zϕðzÞ þ �zϕðzÞ þ χðzÞ þ χðzÞ
h i

(5.13)

where κ 4=ð ÞwðzÞwðzÞ is the special solution; ϕðzÞ; χðzÞ are two analytic functions

of z. Equation (5.11) yields

S22 þ S11 ¼ κw0ðzÞw0ðzÞ þ 2 ϕ0ðzÞ þ ϕ0ðzÞ
h i

S22 � S11 þ 2iS12 ¼ κw00ðzÞwðzÞ þ 2 zϕ00ðzÞ þ ψ 0ðzÞ½ �; ψðzÞ ¼ χ0ðzÞ
(5.14)

From Eqs. (5.2) and (5.6), it is known that

σM22 þ σM11 ¼ 0; σM22 � σM11 þ 2iσM12 ¼ �EΩ0ðzÞ; Ω0ðzÞ ¼ w0ðzÞ½ �2 (5.15)

The mechanical stresses are

σ22 þ σ11 ¼ κw0ðzÞw0ðzÞ þ 2 ϕ0ðzÞ þ ϕ0ðzÞ
h i

σ22 � σ11 þ 2iσ12 ¼ κw00ðzÞwðzÞ þ 2 �zϕ00ðzÞ þ ψ 0ðzÞ½ � þ EΩ0ðzÞ
(5.16)

and displacements are

2G u1 þ iu2ð Þ ¼ KϕðzÞ � zϕ0ðzÞ � ψðzÞ � κ 2=ð ÞwðzÞw0ðzÞ þ α1ΩðzÞ
K ¼ 3� 4νð Þ; α1 ¼ a1 � 2Eð Þ 4= ; ΩðzÞ ¼

Z
Ω0ðzÞdz

(5.17)

The stress boundary condition is

i P1 þ iP2ð Þ ¼ i

Z B

A

~T1 þ i ~T2
� �

ds ¼ 2 @ ~U @�z=
� 	B

A

¼ zϕ0ðzÞ þ ϕðzÞ þ ψðzÞ þ 1 2=ð ÞκwðzÞw0ðzÞ
h iB

A

(5.18)

where A;B are two points on the boundary; P1;P2 are pseudo resultant forces;
~Ti ¼ Sijnj.
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5.1.2 An Impermeable Elliptic Hole in an Isotropic
Electrostrictive Material

Let an isotropic electrostrictive material with an elliptic hole of semiaxes a and b
directed along the material principle axes x1 and x2, respectively, filled by air. The

uniform generalized stresses σ1;E1 are applied at infinity, but the boundary of the

hole is free; see Fig. 5.1. A further assumption is that the electric field in the air will

be neglected due to the small permittivity comparing with the electrostrictive

material. Therefore, in this simple case the Maxwell stress in the hole is neglected,

and the electrostrictive material can be studied alone (Jiang and Kuang 2003;

Kuang and Jiang 2006). The boundary conditions are

Sij ¼ S1ij ; E ¼ E1 þ iE2 ¼ E1; at infinity; Sijnj ¼ 0; Dn ¼ 0; on interface

S1ij ¼ σ1ij þ σM1
ij ; σM1

ij ¼ E1
i D1

j � 1 2=ð ÞE1
m D1

m δij

E1 ¼ E0e
iβ; E0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E1
1

� �2 þ E1
2

� �2q
; tan β ¼ E1

2 E1
1



(5.19)

Electric field The mapping function method is used to solve this problem. The

mapping function z ¼ ω ςð Þ shown in Eq. (3.82a) is still adopted. In ς plane the

general solution of w ςð Þ can be written as

wðςÞ ¼ � �E1R ςþ ας�1
� � ¼ �R �E1ςþ E1ς�1

� �
; α ¼ E1 �E1= ¼ e2iβ

E ¼ E1 þ iE2 ¼ � w0 ςð Þ ω0 ςð Þ
.h i

¼ E1 1� �α�ς�2

1� m�ς�2
¼ E1 �ς2 � �α

�ς2 � m
¼ E1 � �E1�ς�2

1� m�ς�2

z ¼ ωðςÞ ¼ R ςþ m ς=ð Þ; R ¼ aþ bð Þ 2= ; m ¼ a� bð Þ aþ bð Þ=

(5.20)

Fig. 5.1 A 2D plane electrostrictive material with an elliptic hole or inclusion: (a) physical plane z;
(b) mapping plane ζ
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wðςÞ expressed by Eq. (5.20) satisfies the boundary at infinity and on the

interface. In fact on the interface, we have

En þ iEt ¼ dzj j
dz

E1 þ iE2ð Þ ¼ �σ

σj j
ω0 σð Þ
ω0 σð Þj j

E1 � �E1σ2

1� mσ2
¼ E1�σ � �E1σ

1� m�σ2ð Þj j
En ¼ 0; Et ¼ 2E0 sin β � ϑð Þ 1� me�2iϑ

�� ��

; ) Dn ¼ 0

Stress field The general solutions of complex potentials ϕ ςð Þ;ψ ςð Þ can be

assumed as

ϕ ςð Þ ¼ Γ1Rςþ ϕ0 ςð Þ; ψ ςð Þ ¼ Γ2Rςþ ψ0 ςð Þ (5.21)

whereϕ0 ςð Þ; ψ0 ςð Þare undetermined functions analytic inS; Γ1;Γ2 are determined by

Γ1 ¼ S122 þ S111 � κE1
k E1

k

� �
4= ; Γ2 ¼ S122 � S111 þ 2iS112

� �

2 (5.22)

Because the boundary of the hole is free, the boundary condition Eq. (5.18) becomes

ω σð Þϕ0 σð Þ ω0 σð Þ
.

þ ϕ σð Þ þ ψ σð Þ þ κw σð Þw0 σð Þ 2ω0 σð Þ
.

¼ 0 (5.23)

Substitution of Eqs. (5.20) and (5.21) into Eq. (5.23) yields

ω σð Þϕ0
0 σð Þ ω0 σð Þ

.
þ ϕ0 σð Þ þ ψ0 σð Þ þ f σð Þ ¼ 0

f σð Þ ¼ RΓ1

σ2 þ m

σ 1� mσ2ð Þ þ RΓ1σ þ R�Γ2

σ
þ κRE1 �E1 1� �ασ2ð Þ αþ σ2ð Þ

2σ 1� mσ2ð Þ
(5.24)

Multiplying Eq. (5.24) and its conjugate equation by dσ 2πi σ � ςð Þ½ �= and using

the Cauchy integral formulas we find

ϕ0 ςð Þ ¼ 1

2πi

Z
f σð Þdσ
σ � ς

¼ �mRΓ1

ς
� R�Γ2

ς
� καRE1 �E1

2ς

ψ0 ςð Þ ¼ 1

2πi

Z
f σð Þdσ
σ � ς

� ς
1þ mς2

ς2 � m
ϕ0
0 ςð Þ

¼ �2RΓ1

1þ m2ð Þς
ς2 � m

� R�Γ2 1þ mς2ð Þ
ς2 � mð Þς � κRE1 �E1 1� α�αþ αþ �αð Þm½ �ς

2 ς2 � mð Þ
(5.25)

Substitution of Eqs. (5.21), (5.22), and (5.25) into Eq. (5.16) yields the stresses

σ22 þ σ11 ¼ κ
w0 ςð Þ
ω0 ςð Þ

w0 ςð Þ
ω0 ςð Þ þ 2

ϕ0 ςð Þ
ω0 ςð Þ þ

ϕ0 ςð Þ
ω0 ςð Þ

" #

¼ κE1 �E1 ς2 � α

ς2 � m

�ς2 � �α

�ς2 � m
� 2Re

καE1 �E1 þ 2Γ1 ς2 þ mð Þ þ 2�Γ2

ς2 � m

� � (5.26a)
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σ22 � σ11 þ 2iσ12 ¼ κ
d

dς

w0 ςð Þ
ω0 ςð Þ

� �
w ςð Þ þ 2

d

dς

ϕ0 ςð Þ
ω0 ςð Þ

� �
ω0 ςð Þ þ ψ 0 ςð Þ

ω0 ςð Þ
� �

þ E
w0 ςð Þ
ω0 ςð Þ

� �2

¼ 2κE1 �E1 α� mð Þς3 �ς2 þ �αð Þ
ς2 � mð Þ3�ς þ 2

� καE1 �E1 þ 4mΓ1 þ 2�Γ2ð Þς3 �ς2 þ mð Þ
ς2 � mð Þ3�ς

(

þ Γ2ς2

ς2 � m
þ κE1 �E1 1� α�αþ αþ �αð Þm½ �ς2 ς2 þ mð Þ

2 ς2 � mð Þ3 þ 2Γ1 1þ m2ð Þς2 ς2 þ mð Þ
ς2 � mð Þ3

þ
�Γ2 mς4 þ m2 þ 3ð Þς2 � m½ �

ς2 � mð Þ3
)

þ E E1ð Þ2 ς2 þ 1ð Þ2
ς2 � mð Þ2

(5.26b)

Asymptotic fields near the end of a narrow elliptic hole under the electric load
As in Sect. 3.4.6 the asymptotic stress fields near the end of a narrow elliptic hole

only under an electric load in the local coordinate system with the origin at the focus

of the ellipse are

σ22 þ σ11 � κE1 �E1 1� αð Þ 1� �αð Þc 4r=

σ22 � σ11 þ 2iσ12

� κE1 �E1 1� αð Þ 2 E κ=ð Þ 1� αð Þ α= � 1� �αð Þ½ � þ 2 1� αð Þ 1� �αð Þ
ffiffiffiffiffiffiffiffiffi
ρ0 r=

pn o
c 8r=

(5.27a)

The electric asymptotic field is

E1 þ iE2 ¼ 1 4=ð Þ
ffiffiffi
2

p
�E1 1� �αð Þ

ffiffiffiffiffiffiffi
c r=

pn
þ E1 3þ �αð Þ þ 4�α

ffiffiffiffiffiffiffiffiffi
ρ0 r=

p� �
(5.27b)

where ρ0 ¼ b2 2a= , c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

p
.

5.1.3 The Permeable Elliptic Hole

For a permeable elliptic hole, the electric connective conditions in Eq. (5.19) are

changed to

φ ¼ φc; Dn ¼ Dc
n or

Z
Dnds ¼

Z
Dc

nds; Dn ¼ Dini (5.28)

According to the previous knowledge, it is assumed prior that the electric field in

the air is constant (Smith andWarren 1966, 1968; Gao et al. 2010), and the complex

electric potential in the media wðzÞ is in the following form:

φc ¼ RewcðzÞ ¼ �Ec
1x1 � Ec

2x2

wðzÞ ¼ Γ3zþ w0ðzÞ; Γ3 ¼ �E
1 ¼ � E1

1 � iE1
2

� � (5.29)
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wherew0ðzÞ is an unknown function analytic in S. Substituting Eqs. (5.5), (5.6), and
(5.29) into Eq. (5.28) and using Eq. (5.7) we get

w0 σð Þ þ w0 σð Þ ¼ 2 E1
1 � Ec

1

� �
x1 þ E1

2 � Ec
2

� �
x2

� 	
w0 σð Þ � w0 σð Þ ¼ �2i D1

2 � Dc
2

� �
x1 � D1

1 � Dc
1

� �
x2

� 	

E

(5.30)

Substituting x1 ¼ a σ þ σ�1ð Þ 2= ; x2 ¼ ib σ � σ�1ð Þ 2= and multiplying dσ=
2πi σ � ςð Þ½ � to two sides of Eq. (5.30) and then integrating the result identity we get

w0 ςð Þ ¼ a E1
1 � Ec

1

� �þ ib E1
2 � Ec

2

� �� 	

ς

w0 ςð Þ ¼ �ia D1
2 � Dc

2

� �� b D1
1 � Dc

1

� �� 	

Eς

(5.31)

Equation (5.31) yields

a E1
1 � Ec

1

� � ¼ �b D1
1 � Dc

1

� �
E;= b E1

2 � Ec
2

� � ¼ �a D1
2 � Dc

2

� �
E= (5.32)

So, using D1
1 ¼ EE1

1 ;Dc
1 ¼ Ec Ec

1 we obtain

Dc
1 ¼ D1

1 �E
c 1þ �bð Þ 1þ �Ec �bð Þ�1

; Dc
2 ¼ D1

2 �E
c 1þ �bð Þ �Ec þ �bð Þ�1

wcðzÞ ¼ 1þ �bð Þ �E1
1 1þ �Ec �bð Þ�1 þ iE1

2 �Ec þ �bð Þ�1
h i

z;
ffiffiffiffi
m

p � ςj j � 1

w ςð Þ ¼ �RE1
1 ςþ A ς=ð Þ þ iRE1

2 ς� B ς=ð Þ; ςj j � 1

�b ¼ b a= ; �Ec ¼ Ec E= ; A ¼ 1� �b�Ecð Þ 1þ �b�Ecð Þ

; B ¼ �b� �Ecð Þ �bþ �Ecð Þ


(5.33)

Especially for a crack (b ¼ 0) we have

E1
1 ¼ Ec

1; D1
2 ¼ Dc

2; wcðzÞ ¼ �E1
1 þ iE1

2 E Ec=
� �

z; wðzÞ ¼ �E1
1 þ iE1

2

� �
z

It means that the electric fields are homogeneous in the crack, but with different

constant values. When E1
1 ¼ 0, the electric asymptotic field near the right crack

tip is

E2 ¼ E1
2

ς2 þ 1� �δð Þ 1þ �δð Þ=

ς2 � m
� E1

2

1

1þ �δ

ffiffiffiffiffi
a

2r

r
e�iθ 2= þ 1þ 2�δ

2 1þ �δð Þ
� �

(5.34)

where �δ ¼ �Ec �b

 ¼ Ecað Þ Ebð Þ= is an important parameter; r; θ are polar coordinates

in the local coordinate system with the origin at the focus of the ellipse.
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The complex stress functions are still expressed by Eq. (5.21). For E1
1 ¼ 0

finally we find

ϕ ςð Þ ¼ R Γ1ς� mΓ1

ς
�

�Γ2

ς
þ κBE12

2

2ς

� �

ψ ςð Þ ¼ R Γ2ς� 2Γ1

1þ m2

ς2 � m
ς�

�Γ2 1þ mς2ð Þ
ς2 � mð Þς � κE12

2 1� 2mB� B2ð Þς
2 ς2 � mð Þ

� �
(5.35)

The stress is obtained by Eq. (5.16).

5.1.4 A Rigid Elliptic Conduction Inclusion

In this section we shall discuss a rigid elliptic conducting inclusion with boundary L
in an isotropic electrostrictive material (Jiang and Kuang 2004). In this case the

problem can be discussed independently in the material regionΩ and the boundary

conditions are assumed:

σij ¼ σ1ij ; E ¼ E1 þ iE2 ¼ E1 ¼ E0e
iβ; when x

2

1 þ x22 ! 1
u1 ¼ uc1 ¼ �ωcx2; u2 ¼ uc2 ¼ ωcx1; φ ¼ 0; on L

E0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E1
1

� �2 þ E1
2

� �2q
; tan β ¼ E1

2 E1
1


 (5.36)

whereωc is the rotation angle about axis x3 of the inclusion. The pseudo total moment
~M, Maxwell stress moment Me, and mechanical moment M are, respectively,

~M ¼
Z B

A

� ~T1x2 þ ~T2x1
� �

ds ¼ � z @ ~U @z=
� �þ �z @ ~U @�z=

� �� 	B
A
þ ~UB

A

¼ Re χðzÞ � zψðzÞ � z�zϕ0ðzÞ � 1 2=ð Þκw0ðzÞwðzÞ
h iB

A
þ 1 4=ð ÞκwðzÞwðzÞ
h iB

A

Me ¼
Z B

A

�σM1jnjx2 þ σM2jnjx1
� �

ds ¼ Re 1 2=ð ÞE zΩðzÞ �Ω1ðzÞ½ �f g

M ¼ ~M �Me ¼ Re χðzÞ � zψðzÞ � z�zϕ0ðzÞ � 1 2=ð Þκw0ðzÞwðzÞ
n

� 1 2=ð ÞE zΩðzÞ �Ω1ðzÞ½ �gBAþ 1 4=ð ÞκwðzÞwðzÞ
h iB

A
; Ω1ðzÞ ¼

Z
ΩðzÞdz

(5.37)

When there are no body force and free charge, the stress complex potential can

be assumed as
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wðzÞ ¼ Γ3zþ w0ðzÞ
ϕðzÞ ¼ � 1 8 1� νð Þ=½ �ð ~T1 þ i ~T2Þ ln zþ Γ1zþ ϕ0ðzÞ
ψðzÞ ¼ 3� 4νð Þ 8 1� νð Þ=½ � ~T1 � i ~T2

� �
ln zþ Γ2zþ ψ0ðzÞ

Γ3 ¼ � �E1; E1 ¼ E1
1 þ iE1

2

� � ¼ E0e
iβ

Γ1 ¼ 1 4=ð Þ S122 þ S111
� �� 1 4=ð ÞκE1

k E1
k ; Γ2 ¼ 1 2=ð Þ S122 � S111 þ 2iS112

� �
(5.38)

where w0ðzÞ;ϕ0ðzÞ;ψ0ðzÞ are complex functions analytic in the region S. ~Ti is the

generalized concentrate force, which is zero in present case, so the terms containing

ln z will be omitted in later.

The conformal mapping method is used to solve the problem. The mapping

function is shown in Eq. (3.82). It is easy to prove that the electric field in S can be

obtained by changing α to ð�αÞ in Eq. (5.20) discussed in Sect. 5.1.2, i.e.,

wðςÞ ¼ �R �E1 ς� ας�1
� �

; wðςÞ ¼ �RE1 �ς� α�ς�1
� �

; α ¼ E1 �E1= ¼ e2iβ

E ¼ E1 þ iE2 ¼ �w0 ςð Þ
ω0 ςð Þ ¼ E1 1þ �α�ς�2

1� m�ς�2
¼ E1 �ς2 þ �α

�ς2 � m
¼ E1 þ �E1�ς�2

1� m�ς�2

(5.39)

Using Eq. (5.17) the displacement boundary condition in Eq. (5.36) can be

expressed as

2iGωcz ¼ KϕðzÞ � zϕ0ðzÞ � ψðzÞ � κ

2
wðzÞw0ðzÞ þ α1ΩðzÞ (5.40)

On the mapping plane Eq. (5.40) becomes

ΛϕðςÞ þ ωðςÞ ϕ
0ðςÞ

ω0ðςÞ þ ψðςÞ þ κ

2
wðςÞw

0ðςÞ
ω0ðςÞ � α1ΩðςÞ ¼ �2iGωcωðςÞ (5.41)

where Λ ¼ �K ¼ �3þ 4ν and ϕðςÞ and ψðςÞ are given in Eq. (5.38). Noting

Ω ςð Þ ¼
Z

w0 ςð Þ½ �2
ω0 ςð Þ dς ¼ R �E1ð Þ2 α2

mς
þ ς� mþ αð Þ2 arctan ς

ffiffiffiffi
m

p
=ð Þ

m3 2=

" #

1

2πi

Z
Ω σð Þdσ
σ � ς

¼ R E
1� �2 � α2

mς
� mþ αð Þ2

2m3 2=
ln

ς� ffiffiffiffi
m

p
ςþ ffiffiffiffi

m
p

" #

1

2πi

Z
Ω σð Þdσ
σ � ς

¼ �R E
1� �2 1

ς

(5.42)
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The future process to solve the problem is fully similar to that in Sect. 5.1.2.

Finally we obtain

Λϕ ςð Þ ¼ ΛΓ1Rς� mRΓ1

ς
� R�Γ2

ς
þ καRE1 �E1

2ς
þ α1R E1ð Þ2 1

ς
� 2iRGωc m

ς

ψ ςð Þ ¼ Γ2Rςþ κRE1 �E1 α�α� 1þ α Λ= þ �αð Þm½ �ς2 þ α Λ= � α

2ς ς2 � mð Þ � R�Γ2 1þ mς2ð Þ
Λ ς2 � mð Þς

� RΓ1 1þ m2 þ Λþ m2 Λ=ð Þ½ �ς2 � Λmþ m Λ=

ς ς2 � mð Þ þ α1R E1ð Þ2 1þ mς2ð Þ
Λς ς2 � mð Þ

þ 2iRGωc

ς
� 2iRGωc 1þ mς2ð Þ

Λς ς2 � mð Þ þ α1R �E1ð Þ2 α2

mς
þ mþ αð Þ2

2m3 2=
ln

ς� ffiffiffiffi
m

p
ςþ ffiffiffiffi

m
p

" #

(5.43)

Ifωc is given, the mechanical moment acting on the inclusion can be determined

by Eq. (5.37), or

M ¼ Re χ ςð Þ � ω ςð Þψ ςð Þ � ω ςð Þω ςð Þϕ0 ςð Þ ω0 ςð Þ= � 1 2=ð Þκw0 ςð Þ ω0 ςð Þ= w ςð Þ
n

� 1 2=ð ÞE ω ςð ÞΩ ςð Þ �Ω1 ςð Þ½ �gBAþ 1 4=ð Þκw ςð Þw ςð Þ
h iB

A

(5.44)

In Eq. (5.44) points A and B are the same point, so only multiple value terms

containing ln ς are not zero, i.e., only should keep terms containing χ ςð Þ andΩ1 ςð Þ.
From the second equation in Eq. (5.43) we get

χ ςð Þ ¼
I

ψ ςð Þω0 ςð Þdς

¼ Γ2R
2 1

2
ς2 � m ln ς

� �
þ 1

2
κR2E1 �E1 α�α� 1þ αm

Λ
þ �αm

� �
ln ςþ αΛ� α

2Λς2

� �

� R2�Γ2

Λ
m ln ς� 1

2ς2

� �
� R2Γ1 1þ m2 þ Λþ m2

Λ

� �
ln ς� �Λmþ m

Λ

� � 1

2ς2

� �

þ α1R2 E1ð Þ2
Λ

m ln ς� 1

2ς2

� �
þ α1R

2 E1ð Þ2 α2
1

2ς2
þ ln ς

m

� ��

þ mþ αð Þ2
2m3 2=

2
ffiffiffiffi
m

p
ln ςþ mþ ς2

ς
ln

ς� ffiffiffiffi
m

p
ςþ ffiffiffiffi

m
p � 2

ffiffiffiffi
m

p
ln ς2 � m
� �� �)

þ 2iR2Gωc ln ςþ m

2ς2

� �
� 2iR2Gωcm

Λ
m ln ς� 1

2ς2

� �
(5.45)
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Ω1 ςð Þ ¼
Z

Ω ςð Þω0 ςð Þdς

¼ RE
1� �2 α2

2ς
þ ς2

2
� α2

m
� m

� �
ln ς

� �

� RE
1� �2 mþ αð Þ2

2m3 2=
2

ffiffiffiffi
m

p � ln ςþ ln ς2 � m
� �þ mþ ς2

ς
ln

ςþ ffiffiffiffi
m

p
�ςþ ffiffiffiffi

m
p

� �� �
(5.46)

So we have

M ¼� 2πR2Im �Γ2mþ 1 2=ð ÞκE1 �E1 α�α� 1þ αm Λ= þ �αmð Þf
� Γ1 1þ m2 þ Λþ m2 Λ=

� �� m�Γ2 Λ= þ E1ð Þ2α1m Λ=

� α1 2αþ mð Þ þ E αþ mð Þ½ � �E1ð Þ2 þ 2iGωc Λ� m2
� �

Λ= g
(5.47)

Noting Γ1;m;Λ;G;ωc are all real, Eq. (5.47) can be reduced to

M ¼ �2πR2Im �Γ2mf þ 1 2=ð ÞκE1 �E1 α�α� 1þ αm Λ= þ �αmð Þ � m�Γ2 Λ=

þ α1m E1ð Þ2 Λ= � α1 2αþ mð Þþ 2 αþ mð Þ½ � �E1ð Þ2g � 4πR2Gωc Λ� m2
� �

Λ=

(5.48)

If there is no moment acting on the inclusion, the ωc is determined by the

following equation:

ωc ¼ Λ 2G m2 � Λ
� �
� 	

Im �Γ2mf þ 1

2
κE1 �E1 α�α� 1þ αm Λ= þ �αmð Þ � m�Γ2 Λ=

þ α1m E1ð Þ2 Λ= � α1 2αþ mð Þþ 2 αþ mð Þ½ � �E1ð Þ2g
(5.49)

For a conductor ballm ¼ 0, from Eq. (5.49), it is seen thatωc ¼ 0, i.e., there is no

rotation. It is also noted that for β ¼ nπ 2= ; n ¼ 1; 2; 3; 4, ωc ¼ 0 for pure electric

loading.ωc is proportional to the square of the electric field and linear of the stress at

infinity. Substituting ωc into Eq. (5.43), the stress potentials are obtained and then

the stresses are all obtained. The asymptotic field near the right end of a narrow

rigid elliptic inclusion under an electric field at infinity is

σ22 þ σ11 ¼ 1 8=ð Þ κE1 �E1 1þ αð Þ 1þ �αð Þ½ � c r=ð Þ
σ22 � σ11 þ 2iσ12 ¼

n
1 8=ð Þ 1þ αð Þ2 �E1 2α1 þ Eð Þ �E1 � κE1½ �

þ 1 4=ð ÞκE1 �E1 1þ αð Þ 1þ �αð Þ
ffiffiffiffiffiffiffiffiffi
ρ0 r=

p o
c r=ð Þ

E1 þ iE2 ¼ �E1 1 2m3 4=

� � ffiffiffiffiffiffiffiffi

R r=
p

(5.50)

Jiang and Kuang (2005, 2007) discussed a general elliptic inclusion. Liang et al.

(1995) discussed piezoelectric materials with a general elliptic inclusion.

222 5 Some Problems in More Complex Materials with Defects



5.2 Cracked Infinite Electrostrictive Plate with Local
Saturation Electric Field

5.2.1 The Constitutive Equations and Boundary Conditions

For an electrostrictive ceramic with a crack under external high electric field, the

mechanical state near the crack tip is elastic, but the electric field may be saturated.

Jiang and Kuang (2006) discussed an infinite plate with a central crack of length 2a,
subjected to the electric field E1 ¼ E1

1 þ iE1
2 at infinity. It is assumed that the

electric field in the region S0 of the plate is linear, but two zones SR and SL near

the right and left crack tips are local small-scale saturated (Fig. 5.2). The constitu-

tive equations for an isotropic electrostrictive material are

σij ¼ λekkδij þ 2Gεij � a1DiDj þ a2DkDkδij
� �

2Ê2
� �


D ¼ ÊE; Ê ¼ DðEÞ E=
(5.51a)

where DðEÞ is the uniaxial dielectric response in the absence of stress. Here it is

assumed

Di ¼ Eδij þ a1εij þ a2εkkδij
� �

Ej; when Ej j ¼
ffiffiffiffiffiffiffiffiffiffi
EkEk

p
< Ec

Di ¼ DcEi Ej j= ; when Ej j ¼
ffiffiffiffiffiffiffiffiffiffi
EkEk

p
� Ec

(5.51b)

whereDc andEc are the saturation electric displacement and saturation electric field,

respectively. For linear case Ê ¼ E is constant, but for the nonlinear case Ê may be

dependent to electric field. If the electric field is linear, σ in Eq. (5.51a) can also

be expressed by

σij ¼ λekkδij þ 2Gεij � ða1EiEj þ a2EkEkδijÞ 2= (5.51c)

The boundary condition of the problem is

σij ¼ σ1ij ; E ¼ E1
1 þ iE1

2 ¼ E0e
iβ; when xkxk ! 1

D2 ¼ 0; on x2 ¼ 0; �a < x1 < a
(5.52)

Fig. 5.2 An infinite plane with a central crack located at �a; að Þ: (a) local small-scale saturation

model at crack tips; (b) linear model
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5.2.2 The Electric Field in an Electrostrictive Material
with an Impermeable Crack

1. The electric field in a linear plate without local saturation region
According to Eq. (5.6) and approximately taking D ¼ EE we have

D1 ¼ � 1 2=ð Þ E w0ðzÞ þ w0ðzÞ
h i

; D2 ¼ 1 2=ð Þi E w0ðzÞ � w0ðzÞ
h i

(5.53)

where wðzÞ is a complex potential shown in Eq. (5.5). On the crack surface

Dþ
2 ¼ D�

2 ¼ 0; or �w0þ x1ð Þ � w0þ x1ð Þ ¼ �w0� x1ð Þ � w0� x1ð Þ ¼ 0 (5.54)

Equation (5.54) yields

�w0 x1ð Þ � w0 x1ð Þ½ �þ þ �w0 x1ð Þ � w0 x1ð Þ½ �� ¼ 0;

�w0 x1ð Þ � w0 x1ð Þ½ �þ � �w0 x1ð Þ � w0 x1ð Þ½ �� ¼ 0
(5.55)

This is a standard Hilbert problem. Noting Eq. (5.52) its solution is

w0ðzÞ ¼ 1

2
Γ3 � �Γ3ð Þ zffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2 � a2
p þ 1

2
Γ3 þ �Γ3ð Þ ¼ iE1

2

zffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p � E1
1

wðzÞ ¼ iE1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p
� E1

1 z; Γ3 ¼ � �E1
(5.56)

The asymptotic field near the crack tip z ¼ a is

w0ðzÞ ¼ iKeffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π z� að Þp ; E1 � iE2 ¼ � iKeffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2π z� að Þp ¼ � iKeffiffiffiffiffiffiffi
2πr

p e�iθ=2 (5.57)

where Ke ¼ E1
2

ffiffiffiffiffi
πa

p
is the electric field intensity factor, z� a ¼ reiθ.

2. The electric field in a plate with local saturation region
The local saturation model of the electric field at the crack tip is similar to

III-type yielding model in an elastoplastic material, so the method used in

elastoplastic analysis can also be used here (Cherepanov 1979). The asymptotic

solution near a tip of a central crack is the same as that in a semi-infinite crack

problem. A local coordinate system Oyi with the origin located at the crack tip

(Fig. 5.3) is also used. A point in it is denoted by y ¼ y1 þ iy2 ¼ z� a . The
boundary value problem is

Di;i ¼ 0; when y =2 y2 ¼ 0;�1 < y1 � 0ð Þ
D	

2 ¼ 0; when y2 ¼ 0; �1 < y1 � 0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

1 þ D2
2

q
¼ Dc; when y 2 SR; D2

1 þ D2
2 ¼ 0; when y ! 1

(5.58)
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where the origin O is not included in SR. Let

ς ¼ ς1 þ iς2 ¼ D2 þ iD1ð Þ=Dc; or ς ¼ E2 þ iE1ð Þ=Ec ¼ �iw0ðzÞ Ec= (5.59)

According to Eqs. (5.57) and (5.58), it yields (Fig. 5.3)

D1 ¼ �Dc sin θ; D2 ¼ Dc cos θ; D2 þ iD1 ¼ Dce
�iθ; θj j � π 2= ; in SR

(5.60)

According to Eqs. (5.58) and (5.60), the crack boundary y2 ¼ 0; y1 < 0 in the y
plane is transformed to θ ¼ 	π 2= in the ς plane. Let R θð Þ be the boundary of the

saturation zone SR; a point t on the boundary of SR can be expressed as

t ¼ R θð Þeiθ; tan θ ¼ y2 y1= ; y ¼ y1 þ iy2 (5.61)

According to Eq. (5.60) in the ς plane, the boundary ofΩR is e
�iθ ¼ �σ. In order to

simplify the problem, the hodograph transform method is used. The boundary value

problem in the ς plane is

y2 ¼ 0; �1 < y1 � 0; when Reς ¼ 0

y 2 R; when ς ¼ e�iθ

y ! 1; when ς ¼ 0

(5.62)

In the ςplane Eq. (5.62) shows that the zoneΩR is constituted of a unit semicircle

and a line segment � 1 � ξ2 � 1 on the image axis. The zone inside ΩR is corres-

ponding to the zone outside SR. Now we shall solve the problem, Eq. (5.62), in the

ς plane. Let

R θð Þ ¼ �σf �σð Þ (5.63)

where f �σð Þ is an unknown function. Because R θð Þ is real, so

�σf �σð Þ � σ�f σð Þ ¼ 0; or f �σð Þ ¼ σ2�f σð Þ (5.64)

Fig. 5.3 The local saturation zone near crack tip: (a) physical plane z; (b) mapping plane
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It is considered that the linear asymptotic solution Eq. (5.57) can approximately

be used in the present problem, i.e., outside SR the following relation is held:

y ¼ f ςð Þ ¼ �K2
e 2π E1 � iE2ð Þ2
.

¼ K2
e 2π Ecςð Þ2
.

; Ecςð Þ2 ¼ � E1 � iE2ð Þ2

(5.65)

Equation (5.65) also satisfies the condition, ς ¼ 0, when y ! 1.

From Eqs. (5.64) and (5.65), it is derived that outside the saturation zone we have

y ¼ f ςð Þ ¼ K2
e

2πE2
c

1þ ς�2
� �

; w0ðzÞ ¼ iKeffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π z� að Þ � Ke Ec=ð Þ2

q (5.66)

The boundary of the saturation zone SR in the ς plane is

R θð Þ ¼ �σf �σð Þ ¼ K2
e 2πE2

c


� �
�σ 1þ �σ�2
� � ¼ 2ρ cos θ; ρ ¼ K2

e 2πE2
c


� �
(5.67)

Equation (5.67) shows that the saturation zone SR in the y plane is a circle with

radius ρ. Equation (5.67) can also be obtained if in Eq. (5.57) let E2
1 þ E2

2 ¼ E2
c .

From Eq. (5.66) it is found that the linear field in S0 for a material with a

saturation zone near the tip is the same as that in a material without a saturation

zone, if we use the effective crack length aeff instead of the real crack length a.
It is just the method used in the elastoplastic fracture mechanics. The effective

crack length is

aeff ¼ aþ ρ; ρ ¼ K2
e 2πE2

c



; Ke ¼ E1

2

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π aþ ρÞð

p
(5.68)

Using the above theory the electric field in S0 for a central crack problem is

wðzÞ ¼ iE1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � aþ ρð Þ2

q
� E1

1 z

E2 þ iE1 ¼ E1
2

zffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � aþ ρð Þ2

q � E1
1 � Keffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

π aþ ρð Þp zffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � aþ ρð Þ2

q (5.69)

On the boundary of SR we have z ¼ aþ ρþ ρeiΘ Θ ¼ 2θð Þ (Fig. 5.3a).

Substituting it into Eq. (5.69) yields

E2 þ iE1 ¼
E1
2 aþ ρþ ρeiΘ
� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2aþ 2ρþ ρeiΘð ÞρeiΘp � E1

2

ffiffiffiffiffiffiffiffiffiffiffi
aþ ρ

p ffiffiffi
2

p
ffiffiffi
1

ρ

s
e�iθ ¼ Ece

�iθ þ 3ρ

4 aþ ρð ÞEce
iθ

It is seen that on the interface the limit values of the electric field taken from S0
and SR are equal in the accuracy of ρ aþ ρð Þ= . Usually ρ aþ ρð Þ= 
 1, so the above

solution is reasonable.
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5.2.3 The Stress in an Impermeable Crack with Local
Saturation

1. Stress in linear zone S0 This problem in S0 is similar to that in Sect. 5.1.2. Let

b ¼ 0;m ¼ 1;R ¼ a 2= and use the effective crack length instead of the real crack

length; the solution of the central crack problem can be obtained from the solution

of an elliptic hole problem. Equations (5.21), (5.22), (5.23), and (5.24) are still

appropriate here, but it should be used the electric field Eq. (5.69) instead of

Eq. (5.20). According to above discussions in the ς plane, the stress potentials are

determined by the following equations:

ω σð Þ ϕ0 σð Þ ω0 σð Þ
.h i

þ ϕ σð Þ þ ψ σð Þ þ 1 2=ð Þκw σð Þw0 σð Þ ¼ 0

ϕ ςð Þ ¼ Γ1Rςþ ϕ0 ςð Þ; ψ ςð Þ ¼ Γ2Rςþ ψ0 ςð Þ
wðzÞ ¼ iE1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � aþ ρð Þ2

q
¼ iE1

2 a 2=ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ςþ ς�1ð Þ½ �2 � 2 aþ ρð Þ a=½ �2

q (5.70)

where z ¼ ω ςð Þ is shown in Eq. (5.20) with m ¼ 1. Γ1;Γ2 are shown in Eq. (5.22).

Multiplying the first equation in Eq. (5.70) and its conjugate equation by

dσ 2πi σ � ςð Þ½ �= and using the Cauchy integral formulas we find

ϕ ςð Þ ¼ Γ1aς

2
þ ϕ0 ςð Þ; ϕ0 ςð Þ ¼ �Γ1a

2ς
�

�Γ2a

2ς
þ κa E1

2

� �2
2ς

ψ ςð Þ ¼ Γ2aς

2
� Γ1a

2ς
� Γ1a

ς2 � 1
ς� ς 1þ ς2ð Þ

ς2 � 1ð Þ ϕ0
0 ςð Þ þ κa E1

2

� �2
2ς

(5.71)

Near the crack tip let z ¼ aþ reiθ (Fig. 5.4); through tedious calculation the

pseudo total asymptotic stresses are

S22 þ S11 ¼ 2Γ1 þ �Γ2 þ κE1
2

2
� �

e�iθ 2= þ 2Γ1 þ Γ2 þ κE1
2

2
� �

eiθ 2=
� 	 ffiffiffiffiffiffiffiffiffiffi

a 2r=
p

þ κE1
2

2 aþ ρð Þ 2l=

S22 � S11 þ 2iS12 ¼ � 1

2
ffiffiffi
2

p e�3iθ 2= 2Γ1 þ �Γ2 þ κE1
2

2
� �

e�iθ



� 2Γ1 þ 2Γ2 � �Γ2 þ κE1
2

2
� �

eiθ
� ffiffiffiffiffiffiffi

a r=
p

� e�2iΘκE1
2

2 aþ ρð Þ 2l=

l ¼ reiθ � ρ
�� �� � ρ; Θ ¼ Arg reiθ � ρ

� �
(5.72)

2. Stress in saturation zone SR In the saturation zone SR, the electric displacements

are finite; the asymptotic stresses near the crack tip will possess singular behavior like

1
ffiffi
r

p
= and relate to the size of the saturation zone, so it is assumed

Sij ¼ h
ð1Þ
ij θð Þ ffiffi

r
p
 þ h

ð2Þ
ij θð Þ ρ= þ 0ðrÞ (5.73)
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Because the electric displacements are continuous on the interface from SR
and S0 , so the Maxwell stress and mechanical and pseudo total stresses are all

continuous. So h
ð1Þ
ij θð Þ; hð2Þij θð Þ can be obtained from these continuous conditions:

h
ð1Þ
11 θð Þ þ h

ð1Þ
22 θð Þffiffiffiffiffiffiffiffiffiffi

R θð Þp þ h
ð2Þ
11 θð Þ þ h

ð2Þ
22 θð Þ

ρ
¼ κE1

2
2 aþ ρð Þ
2l0

þ 2Γ1 þ �Γ2 þ κE1
2

2
� �

e�iθ 2= þ 2Γ1 þ Γ2 þ κE1
2

2
� �

eiθ 2=
� 	 ffiffiffiffiffiffiffiffiffiffiffiffi

a

2R θð Þ
r

h
ð1Þ
22 θð Þ � h

ð1Þ
11 θð Þ þ 2ih

ð1Þ
12 θð Þffiffiffiffiffiffiffiffiffiffi

R θð Þp þ h
ð2Þ
22 θð Þ � h

ð2Þ
11 θð Þ þ 2ih

ð2Þ
12 θð Þ

ρ
¼ �e�4iθ κE

1
2

2 aþ ρð Þ
2l0

� 1

2
ffiffiffi
2

p e�3iθ 2= 2Γ1 þ �Γ2 þ κE1
2

2
� �

e�iθ� 2Γ1 þ 2Γ2 � �Γ2 þ κE1
2

2
� �

eiθ
� ffiffiffiffiffiffiffiffiffiffi

a

R θð Þ
r�
(5.74)

where R θð Þ ¼ 2ρ cos θ and on the interface Θ ¼ 2θ , l0 ¼ R θð Þeiθ � ρ
�� �� ¼ ρ. If

ρ a= 
 1, aþ ρð Þ R θð Þeiθ � ρ
�� ��
 � a ρ= . Comparing the coefficients before

ffiffiffi
R

p
and 1 ρ= yields

S22 þ S11 ¼ 2Γ1 þ �Γ2 þ κE1
2

2
� �

e�iθ 2= þ 2Γ1 þ Γ2 þ κE1
2

2
� �

eiθ 2=
� 	 ffiffiffiffiffiffiffiffiffiffi

a 2r=
p

þ κE1
2

2a 2ρ=

S22 � S11 þ 2iS12 ¼ � 1 2
ffiffiffi
2

p.� �
e�3iθ 2= 2Γ1 þ �Γ2 þ κE1

2
2

� �
e�iθ



� 2Γ1 þ 2Γ2 � �Γ2 þ κE1

2
2

� �
eiθ

� ffiffiffiffiffiffiffi
a r=

p
� e�4iθκE1

2
2a 2ρ=

(5.75)

It is easy to prove that on the interface, the limit values of the stresses taken from

S0 and SR are equal in the accuracy of 1
ffiffi
r

p
= and 1 ρ= which is consistent of the

electric field.

Fig. 5.4 Division regions

near the crack tip
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3. Division region near the crack tip According to Eqs. (5.72) and (5.73), the

stress can be divided into four regions (Fig. 5.4).

Region I: Region I is located in SR and very near the crack tip, where
ffiffiffiffiffiffiffi
a r=

p
� a ρ= and the stresses possess the singularity 1

ffiffi
r

p
= . Under σ122;E

1
2 at infinity

we have

S22 ¼ 1

2
ffiffiffiffiffiffiffi
2πr

p KI � KEð Þ 2 cos
θ

2
þ sin θ sin

3θ

2

� �
þ KI sin θ cos

3θ

2

� �

S11 ¼ 1

2
ffiffiffiffiffiffiffi
2πr

p KI � KEð Þ 2 cos
θ

2
� sin θ sin

3θ

2

� �
� KI 4 sin

θ

2
þ sin θ cos

3θ

2

� �� �

S12 ¼ 1

2
ffiffiffiffiffiffiffi
2πr

p KI � KEð Þ sin θ cos 3θ
2
þ KI 2 cos

θ

2
� sin θ sin

3θ

2

� �� �
(5.76)

Region II: Region II is located in SR and
ffiffiffiffiffiffiffi
a r=

p � a ρ= . The stresses should be

calculated by Eq. (5.73). The terms containing
ffiffiffiffiffiffiffi
a r=

p
; a ρ= all should be considered.

Region III: Region III is in S0 but neighboring SR and
ffiffiffiffiffiffiffi
a r=

p � a reiθ � ρ
�� ��


. The

stresses should be calculated by Eq. (5.75).

Region IV: Region IV is in S0 and
ffiffiffiffiffiffiffi
a r=

p � a reiθ � ρ
�� ��


. Terms containing

a reiθ � ρ
�� ��


can be neglected. If r a= is still small, the stresses can be calculated

from Eq. (5.76) also.

5.2.4 Conducting Crack

For the conducting crack or the soft electrode, the boundary conditions are

σij ¼ 0; E ¼ E1
1 þ iE1

2 ¼ E0e
iβ; when xkxk ! 1

φ ¼ 0; or E1 ¼ 0; on x2 ¼ 0; �a < x1 < a
(5.77)

1. The electric field in a linear piezoelectric plate without local saturation zone
According to Eq. (5.6) on the electrode, we have

Eþ
1 ¼ E�

1 ¼ 0; or �w0þ x1ð Þ þ w0þ x1ð Þ ¼ �w0� x1ð Þ þ w0� x1ð Þ ¼ 0 (5.78)

For the central crack �a; að Þ from Eq. (5.78), it can be derived

w0ðzÞ ¼ �E1
1 z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p.
þ iE1

2 ; wðzÞ ¼ �E1
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p
þ iE1

2 z (5.79)
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The asymptotic solution near the crack tip z ¼ a is

w0ðzÞ ¼ �E1 þ iE2 � �Ke

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π z� að Þ

p.
¼ � Ke

ffiffiffiffiffiffiffi
2πr

p.� �
e�iθ

E1 ¼ Ke

ffiffiffiffiffiffiffi
2πr

p.� �
cos θ; E2 ¼ Ke

ffiffiffiffiffiffiffi
2πr

p.� �
sin θ; Ke ¼ E1

1

ffiffiffiffiffi
πa

p (5.80)

2. The electric field in a plate with local saturation zone
Similar to the impermeable crack the boundary value problem in y plane is

ð5:81Þ

where R ¼ R θð Þ is the boundary of the saturation zone in y plane. The hodograph

transform method is used. Let

ς ¼ D1 � iD2ð Þ=Dc; or ς ¼ E1 � iE2ð Þ=Ec (5.82)

According to Eq. (5.80) the electric displacements in the saturation zone is

assumed as

D1 ¼ Dc cos θ; D2 ¼ Dc sin θ (5.83)

Obviously Eq. (5.83) satisfies Eq. (5.77). Repeating the discussion in Sect. 5.2.2,

the boundary and the radius of the saturation zone are, respectively,

R θð Þ ¼ K2
e πE2

c


� �
cos θ; ρ ¼ K2

e 2πE2
c

� �

(5.84)

The remaining discussion is fully similar to Sect. 5.2.3 and omitted here.

5.3 Asymptotic Analysis of a Crack Subjected
to Electric Loading

Yang and Suo (1994) and Hao et al. (1996) discussed the ceramic actuators caused

by electrostriction; Beom et al. (2006) discussed the asymptotic analysis of an

impermeable crack subjected to electric loading. The crack extension criterion in

plane strain is mainly determined by the stress field near the crack tip, so they

adopted the linear asymptotic solution of a semi-infinite crack as the boundary

condition of the asymptotic analysis at infinity (Fig. 5.5). In this analysis the

Maxwell stress is not considered. Analogous to Eq. (5.57) we have

D2 þ iD1 ¼ KD

ffiffiffiffiffiffiffiffi
2πy

p.
; y ¼ y1 þ iy2 ¼ reiθ; when yj j ! 1 (5.85)
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where KD is the electric displacement intensity factor. Now we discuss an infinite

piezoelectric material with an impermeable crack subjected to electric loading as

shown in Eq. (5.85). As shown in Eqs. (5.57) and (5.69), the approximate solutions

of the electric displacement can be taken as

D2 þ iD1 ¼ KD

ffiffiffiffiffiffiffiffi
2πy

p.
; w0ðzÞ ¼ �D1 þ iD2 ¼ iKD

ffiffiffiffiffiffiffiffi
2πy

p.
; in Ω0

D2 þ iD1 ¼ Dce
�iθ; in Ωs

ξ ¼ ξ1 þ iξ2 ¼ y� ρ ¼ y� ρj jeiΘ
(5.86)

where ρ ¼ K2
D 2πD2

c

� �

is the radius of the saturation zone, wðzÞ represents electric

displacement complex potential, Ω0 denotes the linear zone, and Ωs denotes the

saturation zone. Equation (5.86) satisfies the boundary condition on the crack

surface and Eq. (5.85) at infinity. On the interface between Ω0 and Ωs, ξ0 ¼ ρeiΘ.
The constitutive equation is shown in Eq. (5.9), but here the slight different form

is used:

εαβ ¼ 1þ νð Þ σαβ � νσγγδαβ
� �

Y= þ Q 1þ qð ÞDαDβ � Qq 1þ νð ÞDγDγδαβ (5.87)

where Y is elastic modulus and ν is Poisson ratio, Q and q are the electrostrictive

coefficients. Apply the superposition method to solve this problem: Problem (1) is

that a plate without crack is subjected to the above electric displacement fields. In

this problem on the artificial cut corresponding to the original crack we can get the

tractions σc22; σ
c
21. Problem (2) is that the artificial cut is subjected tractions �σc22;

�σc21 . The solution of the original problem is the sum of solutions of these two

problems.

According to Eqs. (5.86) and (5.87), the strains in the saturation zone induced

by the saturation electric displacements are

εsr ¼ �QqD2
c 1þ νð Þ; εsθ ¼ QD2

c 1� qνð Þ; εsrθ ¼ 0 (5.88)

Fig. 5.5 Asymptotic analysis

sketch of a crack with local

saturation
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The strains in Eq. (5.88) satisfy the compatible equation automatically, so they

do not produce stresses. Neglecting the rigid displacements the displacements

corresponding to these strains are

usr ¼ �QqD2
c 1þ νð Þr; usθ ¼ QD2

c 1þ qð Þrθ
us1 þ ius2 ¼ QD2

c � 1þ νð Þqþ i 1þ qð Þθ½ �ðξþ ρÞ (5.89)

Analogous to Eqs. (5.6), (5.16), (5.17), and (5.18) in the linear zone we have

2G u1 þ iu2ð Þ ¼ Kϕ ξð Þ � ξϕ0 ξð Þ � ψ ξð Þ þ hw ξð Þw0 ξð Þ þ 4 1� νð Þm�1h

Z
w0 ξð Þ
h i2

d�ξ

σ22 þ σ11 ¼ 2 ϕ0 ξð Þ þ ϕ0 ξð Þ
h i

� 2hw0 ξð Þw0 ξð Þ
σ22 � σ11 þ 2iσ12 ¼ 2 �ξϕ00 ξð Þ þ ψ 0 ξð Þ½ � � 2hw00 ξð Þw ξð Þ
i P1 þ iP2ð Þ ¼ ξϕ0 ξð Þ þ ϕ ξð Þ þ ψ ξð Þ � hw ξð Þw0 ξð Þ

h iB
A

(5.90)

where

K ¼ 3� 4ν; h ¼ 1� 1þ 2νð Þq
2

GQ

1� ν
; m ¼ 2

1� 1þ 2νð Þq
1þ q

(5.91)

In the saturation zone we have

2G u1 þ iu2ð Þ ¼ Kϕ ξð Þ � ξϕ0 ξð Þ � ψ ξð Þ þ 2G us1 þ ius2
� �

σ22 þ σ11 ¼ 2 ϕ0 ξð Þ þ ϕ0 ξð Þ
h i

σ22 � σ11 þ 2iσ12 ¼ 2 �ξϕ00 ξð Þ þ ψ 0 ξð Þ½ �
i P1 þ iP2ð Þ ¼ ξϕ0 ξð Þ þ ϕ ξð Þ þ ψ ξð Þ

h iB
A

(5.92)

The two group solutions shown in Eqs. (5.90) and (5.92) should satisfy the

continuity conditions of displacements and stresses on the interface between linear

and saturation zones. The solution in the linear zone should also satisfy the

boundary conditions at infinity.

Solution of problem (1) Assume the solutions are:

ϕ ξð Þ ¼ �σ0ρ ln ξ ρ=ð Þ þ ϕ2 ξð Þ; ψ ξð Þ ¼ �σ0ρ ln ξ ρ=ð Þ þ ψ2 ξð Þ; ξ 2 Ω0

ϕ ξð Þ ¼ ϕ1 ξð Þ; ψ ξð Þ ¼ ψ1 ξð Þ; σ0 ¼ 1þ qð Þ 8 1� ν2
� �
� 	

YQD2
c ; ξ 2 Ωs

(5.93)
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Substitution of Eq. (5.93) into Eqs. (5.90) and (5.92) yields

2G u1 þ iu2ð Þ þ i P1 þ iP2ð Þ ¼ 4 1� νð Þ �σ0ρ ln ξ ρ=ð Þ þ ϕ2 ξð Þ½ � þ m�1h

ð
w0 ξð Þ
h i2

d�ξ

� �
; ξ 2 Ω0

2G u1 þ iu2ð Þ þ i P1 þ iP2ð Þ ¼ 4 1� νð Þϕ1 ξð Þ þ 2G us1 þ ius2
� �

; ξ 2 Ωs

(5.94)

From the continuity conditions of displacements and resultant forces on the

interface we have

ϕ2 ξ0ð Þ � ϕ1 ξ0ð Þ ¼ σ0ρ ln ξ0 ρ=ð Þ þ m 2= � 1½ � 1þ ξ0 ρ=ð Þ (5.95)

whereξ0 ¼ ρeiΘ is the value ofξon the interface. Assuming the displacements vanish

at infinity, by the standard analytic continuation theory from Eq. (5.95) we find

ϕ2 ξð Þ ¼ σ0ρ 1þ ξ

ρ

� �
ln

ξ

ξþ ρ
þ 1

� �
;

ϕ1 ξð Þ ¼ σ0ρ � 1þ ξ

ρ

� �
ln

ξþ ρ

ρ
þ 1

2
m� 1

� �
þ 1

� � (5.96)

Analogously from the continuity conditions of resultant forces iðP1 þ iP2Þon the
interface we have

ψ2 ξ0ð Þ � ψ1 ξ0ð Þ ¼ �σ0ρ � 1þ mð Þ ρ ξ0=ð Þ þ m 2= � 1� ln ξ0 ρ=ð Þ½ � (5.97)

Assuming the displacements vanish at infinity, by the standard analytic continu-

ation theory from Eq. (5.97)

ψ2 ξð Þ ¼ σ0ρ 1þ mð Þ ρ ξ=ð Þ þ ln ξ ξþ ρð Þ=½ � � mþ 4 1� νð Þ½ �
ψ1 ξð Þ ¼ σ0ρ � ln ξþ ρð Þ ρ=½ � � m 2= þ 3� 4ν½ � (5.98)

Finally we have

ϕ ξð Þ ¼ σ0ρ � ln
ξ

ρ
þ 1þ ξ

ρ

� �
ln

ξ

ξþ ρ
þ 1

� �

ψ ξð Þ ¼ σ0ρ 1þ mð Þ ρ
ξ
� ln

ξ

ρ
þ ln

ξ

ξþ ρ
� mþ 4 1� νð Þ

� �
in Ω0

(5.99)

φ ξð Þ ¼ σ0ρ � 1þ ξ

ρ

� �
ln

ξþ ρ

ρ
þ 1

2
m� 1

� �
þ 1

� �

ψ ξð Þ ¼ σ0ρ � ln
ξþ ρ

ρ
� 1

2
mþ 3� 4ν

� �
; in Ωs

(5.100)
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Solution of problem (2) Eqs. (5.90) and (5.99) yield

σc22 ¼ σ0 2 ln
y1 � ρ

y1
� 1þ mð Þ ρ

y1 � ρ

� �2
" #

; σc21 ¼ 0 (5.101)

When the crack surface is subjected to � σc22, the solution is

ϕ0ðzÞ ¼ σ0 � ln
y� ρ

y
þ 1

2
1þ mð Þ ρ

y� ρ

� �2
(

� 1

4
1þ mð Þρ3 2= yþ ρffiffiffi

y
p

y� ρð Þ2 � 2arcoth

ffiffiffi
y

ρ

r
þ2

ffiffiffi
ρ

y

r �

ψ 0ðyÞ ¼ �yϕ00ðyÞ

(5.102)

Solution of the original problem Superposing solutions of problems (1) and (2),

finally we get the following. In the linear zone Ω0,

σ22 þ σ11
2

¼ σ0Re

(
1þ mð Þ ρ

y� ρ

� �2

� 1

2
1þ mð Þ

ffiffiffi
ρ

y

r
ρ yþ ρð Þ
y� ρð Þ2

� 4arcoth

ffiffiffi
y

ρ

r
þ 4

ffiffiffi
ρ

y

r )
� σ0m

ρ

y� ρj j
σ22 � σ11

2
þ iσ12 ¼ σ0

�y� ρ

y� ρ

�
� �y

y
� 1þ mð Þ ρ

y� ρ

� �2

þ m
ρ

y� ρ

ffiffiffiffiffiffiffiffiffiffiffi
�y� ρ

y� ρ

r
þ �y� yð Þ



ffiffiffi
ρ

y

r
� 1

� �
ρ

y y� ρð Þ � 1þ mð Þ ρ2

y� ρð Þ3 �
1þ m

8

ffiffiffi
ρ

y

r
ρ

y y� ρð Þ3 ρ2 � 6ρy� 3y2
� �" #)

(5.103)

In the saturation zone Ωs,

σ22 þ σ11
2

¼ σ0Re

�
�2 ln

y� ρ

ρ
þ 1þ mð Þ ρ

y� ρ

� �2

� 1

2
1þ mð Þ

ffiffiffi
ρ

y

r
ρ yþ ρð Þ
y� ρð Þ2 � 4arcoth

ffiffiffi
y

ρ

r
þ 4

ffiffiffi
ρ

y

r �
� σ0m

σ22 � σ11
2

þ iσ12 ¼ σ0 � �y

y

�
þ �y� yð Þ

ffiffiffi
ρ

y

r
� 1

� ��
ρ

y y� ρð Þ

� 1þ mð Þ ρ2

y� ρð Þ3 �
1þ m

8

ffiffiffi
ρ

y

r
ρ

y y� ρð Þ3 ρ2 � 6ρy� 3y2Þ� ��
(5.104)

It is also found that in the saturation zone the stresses at the real crack tip has

the singularity 1
ffiffi
r

p
= and at the effective crack tip (y ¼ ρ ) has the logarithmic
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singularity. Because accuracy of the electric field is of the order ρ a= , the accuracy

of solutions of the mechanical stresses is still in the same order.

Following the elastoplastic fracture mechanics, Beom et al. (2006) also

discussed the modified boundary layer theory, i.e., replaced Eq. (5.85) by

D2 þ iD1 ¼ KD

ffiffiffiffiffiffiffi
2πz

p.
þ iT; when zj j ! 1

where T is a finite electric displacement parallel to the crack surface.

Beom (1999)discussed the singular behavior near a crack tip in an electro-

strictive material with the elastic behavior shown in Eq. (5.87), and for the electric

behavior, he took the Ramberg-Osgood type constitutive equation

Eα ¼ �2Q 1þ qð ÞσαβDβ þ 2Qq 1þ νð ÞσββDα þ 2YQ2q2DβDβDα þ Dαf ðDÞ D=

f ðDÞ ¼ Ec Dc=ð ÞDþ kEc D Dc=ð Þn; n > 3

(5.105)

where k and n are material constants; E ¼ f ðDÞ is the uniaxial dielectric response in
the absence of stress. In this case he got σ / r�1 2= ;D / r�1 nþ1ð Þ= .

5.4 Pyroelectric Material

5.4.1 Generalized Two-Dimensional Linear
Thermo-electro-elastic Problem

In engineering the extensive applied governing equation is Eq. (2.89) with inde-

pendent variables ðε;E; ϑÞ; ϑ ¼ T � T0 for the pyroelectric materials:

σij ¼ Cijklεkl � ekijEk � αijϑ; Di ¼ EijEj þ eiklεkl þ τiϑ

s ¼ αijεij þ τiEi þ Cϑ=T0; ϑ ¼ T � T0
(5.106)

The thermal conduction and the entropy equations are

qi ¼ �λijT;j; T;j ¼ ϑ;j ¼ �λ�1
ji qi; �qi;i ¼ T _s� _r (5.107)

The mechanical, electric, and thermal boundary conditions are

σijnj ¼ T�
i ; on aσ; or ui ¼ u�i ; on au

Dini ¼ �σ�; on aD; or φ ¼ φ�; on aφ
qini ¼ qn ¼ q�0; on aq; or T ¼ T�; on aT

(5.108)

where T�; σ�; q�0 are the traction, electric charge per area, and normal heat flow

per area.
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The continuity conditions on the interface are

σþij nj ¼ σ�ij nj; uþi ¼ u�i ; Dþ
i ¼ D�

i ; φþ ¼ φ�; Tþ ¼ T�; qþ ¼ q� on L

(5.109)

The governing equations in ðu;φ; ϑÞ are

Cijlkul þ ekijφ
� �

;ik
� αijϑ;i þ fmj þ f ej

� �
¼ ρ€uj

�Eikφþ eijkuj
� �

;ik
þ τiT;i ¼ ρe

λijT;j ¼ �qi

(5.110)

For a multiply connected domain, the displacement and electric potential must

satisfy the uniqueness condition Eq. (3.7).

The thermo-electro-elastic fundamental theory of the pyroelectric material was

studied a long time (Tiersten 1971; Mindlin 1974). For a static problem with

stationary temperature, from Eq. (5.110) we get

Cijrsur þ esijφ
� �

;si
¼ αijϑ;i; �Eisφþ eirsurð Þ;si ¼ �τiϑ;i; �qi;i ¼ λijϑ;j

� �
;i
¼ 0

(5.111)

From Eq. (5.111) it is seen that the generalized displacements are dependent to

the temperature, but the temperature is independent to the generalized displace-

ments. So the temperature can be solved independently (Hwu 1992; Shen and

Kuang 1998). Because ϑ is real, it is assumed that

ϑðx1; x2Þ ¼ g0ðzTÞ þ g0ðzTÞ ¼ 2Re g0ðzTÞ; zT ¼ x1 þ μTx2 (5.112)

Substitution of Eq. (5.112) into the third equation in Eq. (5.111) yields

λ11 þ 2μTλ12 þ μ2Tλ22
� �

g000ðzÞ ¼ 0 (5.113)

As in Sect. 3.2.1, from Eq. (5.113) we get a pair of conjugate complex roots

μT ; �μT with ImμT > 0:

λ11 þ 2μTλ12 þ μ2Tλ22 ¼ 0; λ11 þ μTλ12 ¼ �μT λ12 þ μTλ22ð Þ
μT ¼ ð�λ12 þ iαÞ=λ22; α ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ11λ22 � λ212

q
¼ λ22 μT � �μTð Þ=2i ¼ �i λ21 þ μTλ22ð Þ

(5.114)
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where α is real. Using Eq. (5.114) the Fourier’s law can be written as

qi ¼ �2Re ðλi1 þ μTλi2Þg00ðzTÞ½ �; qn ¼ �2Im α μTn1 � n2ð Þg00ðzTÞ½ �
q1 ¼ �2Re ðλ11 þ μTλ12Þg00ðzTÞ½ � ¼ 2Re iαμTg

00ðzTÞ½ � ¼ �2Im αμTg
00ðzTÞ½ �

q2 ¼ �2Re ðλ21 þ μTλ22Þg00ðzTÞ½ � ¼ �2Re iαg00ðzTÞ½ � ¼ 2Im αg00ðzTÞ½ �
(5.115)

By using Eq. (3.27) the total heat flow q̂ through a line segment from z0 to z is

q̂ ¼
Z zT

z0

qinids ¼ 2Re

Z zT

z0

iα μTdx2 þ dx1ð Þg00ðzTÞ ¼ �2Im α g0ðzTÞ � g0ðz0Þ½ �f g

(5.116)

When ϑ is solved, the terms in the right side of the first and second equations in

Eq. (5.111) become known. The special solution introduced by the temperature ϑ
can be assumed as

UT ¼ ½UTP�T ¼ cgðzTÞ; UTi ¼ uTi ¼ cigðzTÞ; UT4 ¼ φT ¼ c4gðzTÞ (5.117)

where a subscript in upper caseP takes the value 1,2,3, or 4 and a subscript in lower

case i; j; . . . takes the value 1, 2, or 3, as shown in Sect. 3.2.1. Substitution of

Eq. (5.117) into the first and second equations in Eq. (5.111) yields the equations to

determine c ¼ ½c1; c2; c3; c4�T:

Cj1k1 þ μT Cj1k2 þ Cj2k1

� �þ μ2TCj2k2

� 	
ck þ e1j1 þ μT e2j1 þ e1j2

� �þ μ2Te2j2
� 	

c4

¼ α1j þ μTα2j

e1k1 þ μT e2k1 þ e1k2ð Þ þ μ2Te2k2
� 	

ck � E11 þ μT E12 þ E21ð Þ þ μ2TE22
� 	

c4 ¼ �τ1 � μTτ2; or

Qþ μT Rþ RT
� �þ μ2TT

� 	
c ¼ D μTð Þc ¼ χ 1 þ μTχ 2; χ i ¼ αi1; αi2; αi3;�τi½ �T

(5.118)

where Q;R;T are expressed in Eq. (3.13). The generalized stress introduced by

temperature is

σTij ¼ 2Re½ðCijklck þ elijc4ÞzT;l � αij�g0ðzTÞ
DTi ¼ 2Re½ðeiklck þ Eilc4ÞzT;l þ τi�g0ðzTÞ

(5.119)

The solution for the thermo-electro-elastic analysis in pyroelectric material is

the sum of the special solution and the general solution of the corresponding

homogeneous equations. For the stationary temperature the general solution is

U ¼ 2Re Af ðzPÞ þ cgðzTÞ½ �; or U ¼ 2Re A f ðzPÞh iV þ cgðzTÞ½ � (5.120)
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The stress can be expressed as

Σ1 ¼ �2Re½BμpFðzPÞ þ dμ Tg
0ðzTÞ�; Σ2 ¼ 2Re½BFðzPÞ þ dg0ðzTÞ�

d ¼ RT þ μTT
� �

c� χ 2 ¼ � Qþ μTRð Þcþ χ 1f g=μT
dj ¼ ðCj2klck þ el2jc4ÞzT;l � α2j ¼ �½ðCj1klck þ el1jc4ÞzT;l � α1j� μT=

d4 ¼ ðe2klck þ E2lc4ÞzT;l þ τ2 ¼ �½ðe1klck þ E1lc4ÞzT;l þ τ2� μT=

(5.121)

where FðzjÞ ¼ f 0ðzjÞ. Introduce the stress function Φ:

Φ ¼ ½Φi;Φ4�T ¼ 2Re½Bf ðzÞ þ dgðzTÞ�; or Φ ¼ 2Re½B f ðzPÞh iV þ dgðzTÞ�
Σ2P ¼ ΦP;1; Σ1P ¼ �ΦP;2; Ti ¼ �dΦi ds= ; Dn ¼ �dΦ4 ds= ; P ¼ 1; 2; 4; i ¼ 1; 2

(5.122)

Equations (5.112), (5.115), (5.120), and (5.122) are the general solutions of

the thermo-electro-elastic analysis in the pyroelectric material. Combining these

equations and the appropriate boundary conditions, we can solve all the thermo-

electro-elastic problems. For the multi-connected region the generalized displace-

ment and temperature should satisfy the uniqueness condition.

5.4.2 A Thermal Impermeable Elliptic Hole
in a Pyroelectric Material

As an example in this section, we discuss a generalized 2D problem of a pyro-

electric material that occupied the region S with an elliptic hole that occupied

the region Sc filled with air under uniform generalized stresses (σ1;D1) and heat

flow q1 (see Fig. 3.3). The interface L between the material and the hole is free

of generalized forces and is thermal insulated (Lu et al. 1998; Gao et al. 2002).

The boundary conditions are

σ ¼ σ1; D ¼ D1; q ¼ q1; at infinity

σ � n ¼ 0; q � n ¼ 0; φ ¼ φc; D � n ¼ Dc � n ¼ �E0ð— � φcÞ � n; on L

(5.123)

Temperature field in the piezoelectric material with a thermal insulated hole As
shown in Sect. 5.4.1, the temperature can be solved independently. As in Sect. 3.4 the

transform method is used to solve this problem. The mapping function for zT plane to
ςT plane is similar to zj plane to ςj plane in Eq. (3.86), but μj is replaced by μT , i.e.,

zT ¼ ωTðςTÞ ¼ RT ςT þ mTς
�1
T

� �
; RT ¼ a� iμTbð Þ 2= ; mT ¼ aþ iμTbð Þ a� iμTbð Þ=

(5.124)
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The interface L in z plane is mapped to Γ in ς plane. The temperature field can

be chosen as

g0 zTð Þ ¼ βTzT þ ĝ00 zTð Þ ¼ βTωTðςTÞ þ g00 ςTð Þ; g00 ςTð Þ ¼ ĝ00 ωTðςTÞ½ � (5.125)

where βT is a complex constant and g00 ςTð Þ is holomorphic outside the unit circle in

ςT plane. Equations (5.112), (5.115), and (5.125) yield

q11 ¼ 2Re iαμTβT½ �; q12 ¼ �2Re iαβT½ �; βT ¼ �i q11 þ ��μTq
1
2

� �
α μT � �μTð Þ=

(5.126)

Because the interface is thermal insulated, Eqs. (5.116) and (5.126) yield

Re iαg0ðσÞ � iαg0ðσ0Þ½ � ¼ 0; or

i g00ðσÞ � �g00ð�σÞ
� 	 ¼ i βTRT σ þ �mT�σð Þ � �βT �RT �σ þ �mTσð Þ
 �
¼ 1 2α=ð Þ aq12 σ þ �σð Þ þ ibq11 σ � �σð Þ� 	 (5.127)

where σ is the value of ςT on Γ . Multiplying Eq. (5.127) by
R
L dσ σ � ςð Þ=½ � and

using the Cauchy integral formula we get

g00ðςTÞ ¼ δTς
�1
T ; g0 ςTð Þ ¼ βzT þ g00 ςTð Þ; δT ¼ 1 2iα=ð Þ aq12 � ibq11

� �� 	
(5.128)

From Eqs. (5.125) and (5.128) in z plane, we get

g0 zTð Þ ¼ βTzT þ δTς
�1
T zTð Þ

g zTð Þ ¼ 1 2=ð ÞβTz2T þ RTδT ln ςT zTð Þ þ 1 2=ð ÞRTmTς
�2
T zTð Þ (5.129)

where βTzT represents the complex potential of a uniform heat flow q1 in an infinite

material without hole.

Superposition method By means of superposition, the solution of the original

problem can be obtained as the sum of the following three problems:

(1) A pyroelectric material with an elliptic hole under boundary conditions

σ ¼ σ1; D ¼ D1; q ¼ 0; at infinity

σ � n ¼ 0; q � n ¼ 0; φ ¼ φc; D � n ¼ Dc � n ¼ �E0 — � φcð Þ � n; on L

(5.130a)

Problem (1) can be reduced to the following problem: a piezoelectric material,

with an elliptic hole, subjected generalized stresses at infinity under constant

temperature, which has been discussed in Sect. 3.4.
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(2) A pyroelectric material without elliptic hole under boundary conditions

σ ¼ 0; D ¼ 0; q ¼ q1; at infinity (5.130b)

The solution is

g0 zTð Þ ¼ βTzT ; q1 ¼ q11 ; q2 ¼ q12 ; σij ¼ 0; Di ¼ 0

ϑðx1; x2Þ ¼ 2Re βTzTð Þ ¼ � λ11λ22 � λ212
� ��1

λ22q
1
1 � λ12q

1
2

� �
x1 þ λ11q

1
2 � λ12q

1
1

� �
x2

� 	
(5.131)

This temperature field does not affect the generalized stress field, because a

linear temperature field always satisfies the strain compatible equation.

(3) A pyroelectric material with an elliptic hole under boundary and single

valued conditions

σ ¼ 0; D ¼ 0; q ¼ 0; at infinity

σ � n ¼ 0; q � n ¼ �q1 � n; φ ¼ φc; D � n ¼ Dc � n ¼ �E0 — � φcð Þ � n; on LI
L

dU ¼
I
Γ
dU ¼ 0

(5.130c)

Now we discuss the solution of the problem (3) Subtracting the solution of

problem (2) from Eq. (5.129), the temperature potential in ς plane of problem (3)

can be obtained:

g ςTð Þ ¼ RT δT ln ςT þ 1 2=ð ÞmTς
�2
T

� 	
(5.132)

The electric field inside the hole filled with air is fully the same as that in

Sect. 3.4.2 and Eqs. (3.81), (3.82a), (3.82b), (3.83), (3.84), and (3.85) are still held.

The complex potential ϕðςÞ is still expressed by Eq. (3.85), i.e.,

φcðρ;ψÞ ¼ ϕðςÞ þ ϕðςÞ

ϕðςÞ ¼
X1
k¼�1

hkς
k; h�k ¼ ρ2k0 hk ¼ mkhk ðnot summed on kÞ; ρ0 � ςj j � 1

(5.133)

From Eq. (5.120) it is seen that f ðzPÞ and gðzTÞ have the similar role in the

generalized displacements, so f ðςPÞ in S can be assumed in the following form:

f ðςPÞ ¼ lnðςPÞh ipþ f 0ðςPÞ; f 0ðςPÞ ¼
X1
k¼1

ς�k
P

� �
ak; ςPj j � 1 (5.134)

Substitution of Eqs. (5.132) and (5.133) into Eq. (5.120) yields

U ¼ 2Re A ln ςPh ipþ f 0ðςPÞ½ � þ cRTδT ln ςT þ 1 2=ð ÞmTς
�2
T

� 	
 �
(5.135)
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In Eqs. (5.132), (5.133), (5.134), and (5.135) functions g ςð Þ; f ςð Þ;ϕ ςð Þ are all the
functions of ς, but in Eq. (5.130c) we need their derivatives with s and n on the L
in the z plane, so the following relations are needed. Eq. (3.82) yields

x1 ¼ a cosψ ; x2 ¼ b sinψ ; dx1 ds= ¼ �a sinψdψ ds= ; dx2 ds= ¼ b cosψdψ ds=

ρ sin θ ¼ a sinψ ; ρ cos θ ¼ b cosψ ; ds ¼ ρdψ ; ρ2 ¼ a2sin2ψ þ b2cos2ψ

@ςT @ψ= ¼ @ςP @ψ= ¼ ieiψ ¼ iσ; @z @ψ= ¼ �a sinψ þ ib cosψ ¼ ρ � sin θ þ i cos θð Þ
@zT @ψT= ¼ ρ � sin θT þ μT cos θTð Þ; @zj @ψ j


 ¼ ρ � sin θj þ μj cos θj
� �

; on Γ

(5.136)

Using Eq. (5.136) it is easy to get

g;s ¼
@g

@ςT

@ςT
@ψ

@ψT

@zT

@zT
@x1

@x1
@s

þ @zT
@x2

@x2
@s

� �
¼ i

σg0 σð Þ
ρ

¼ i
RTδT
ρ

1� mT
1

σ2

� �

fP;s ¼ @fP
@ςP

@ςP
@ψ

@ψ

@zP

@zP
@x1

@x1
@s

þ @zP
@x2

@x2
@s

� �
¼ i

σf 0P;s σð Þ
ρ

¼ i
pP
ρ
� i

ρ

X1
k¼1

kaPkσ
�k

ϕ;n ¼
@ϕ

@ς

@ς

@ψ

@ψ

@z

@z

@x1
n1 þ @z

@x2
n2

� �
¼ σϕ0 σð Þ

ρ
¼ 1

ρ

X1
k¼1

k hkσ
k � h�kσ

�k
� �

(5.137)

Substituting Eqs. (5.135), (5.137), and (5.122) into the connective conditions on

the interface Γ and the single valued condition in Eq. (5.130c) and then comparing

the coefficients of the corresponding terms on both sides in result equations, we get

AiPpP � �AiP�pP þ ciRTδT þ �ci �RT
�δT ¼ 0; ðsingle valued conditionÞ; P ¼ 1; 2; 4

BiPpP � �BiP�pP þ diRTδT � �di �RT
�δT ¼ 0; ð�dΦi ds= ¼ Ti; �dΦ4 ds= ¼ DnÞ

kBikaPk � iE0k hkm
k þ �hk

� �
δP4 ¼

�diRTδTmT ; k ¼ 2

0; k 6¼ 2

�
; D � n ¼ Dc � nð Þ

A4ka4k � hkm
k þ �hk

� � ¼ � 1 2=ð Þc4RTmTδT ; k ¼ 2

0 k 6¼ 2

�
; φ ¼ φcð Þ; on Γ

(5.138)

where δP4 is Kronecker delta. Solving undetermined coefficients finally yields

ϕ ςð Þ ¼ h2 ς2 þ m2ς�2
� �

; φc ςð Þ ¼ 2Reϕ ςð Þ ρ0 � ςj j � 1

f ðςPÞ ¼ lnðςPÞh ipþ a2 ς�2
P

� �
; ςj

�� �� � 1

g ςTð Þ ¼ RTδT ln ςT þ 1 2=ð ÞmTς
�2
T

� 	
; ςTj j � 1

ak ¼ 0; hk ¼ 0; if k 6¼ 2

(5.139)

It is seen from Eq. (5.139) that g0 ςTð Þ; f 0PðςPÞ ! 0 when ςPj j; ςTj j ! 1. So the

boundary conditions at infinity are satisfied also.
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In Eq. (5.139) φc ςð Þ can also be rewritten as

φc x1; x2ð Þ ¼ �2m d2 þ �d2ð Þ þ R�2 d2z
2 þ �d2�z

2
� �

(5.140)

Therefore, the electric field in the elliptic hole varies linearly with the coordinates.

5.5 Interface Crack in Dissimilar Pyroelectric Material

5.5.1 General Discussion

The fundamental theory of the pyroelectric material has been discussed in Sect. 5.4.

Now the interface crack in dissimilar pyroelectric material (see Fig. 4.2) will be

discussed (Shen and Kuang 1998; Gao and Wang 2001). The general solutions U

zj; zT
� �

, Φ zj; zT
� �

, and ϑ are shown in Eqs. (5.120), (5.122), and (5.112), respec-

tively. The boundary conditions are assumed:

ΦI;1ðx1Þ ¼ ΦII;1ðx1Þ ¼ Σ0ðx1Þ; qI2 x1ð Þ ¼ qII2 x1ð Þ ¼ q0 x1ð Þ; x 2 Lc

d̂ðx1Þ ¼ UI x1ð Þ � UII x1ð Þ ¼ 0; ΦI;1ðx1Þ ¼ ΦII;1ðx1Þ
ϑI x1ð Þ ¼ ϑII x1ð Þ; qI2 x1ð Þ ¼ qII2 x1ð Þ; x 2 L� Lc

ΣIðx1Þ ¼ ΣIIðx1Þ ! 0; qIn ¼ qIIn ! 0; zj j ! 1

(5.141)

where d̂ is the displacement disconnected value between crack surfaces.

Equation (5.141) shows that on whole axis x1 we have

ΦI;1ðx1Þ ¼ ΦII;1ðx1Þ; qI2 x1ð Þ ¼ qII2 x1ð Þ; �1 < x1 < 1; x2 ¼ 0 (5.142)

From Equation (5.115) it is known that q2 ¼ �iαg00ðzTÞ þ iα�g00ð�zTÞ, where zT ;
α are shown in Eqs. (5.112) and (5.114), respectively. Equation (5.142) yields

� iαIg
00
I ðx1Þ þ iαI�g

00
I ð�x1Þ ¼ �iαIIg

00
IIðx1Þ þ iαII�g

00
IIð�x1Þ or

iαIg
00
I
þðx1Þ þ iαII�g

00
II
þðx1Þ ¼ iαIIg

00
II
�ðx1Þ þ iαI�g

00
I
�ðx1Þ

(5.143)

Analogous to Eq. (4.22) from Eq. (5.143) we have

�g00II zTð Þ ¼ � αI αII=ð Þg00I zTð Þ; x2 > 0; �g00I zTð Þ ¼ � αII αI=ð Þg00II zTð Þ; x2 < 0

(5.144)

It is assumed that the temperature satisfies the same equation:

�g0II zTð Þ ¼ � αI αII=ð Þg0I zTð Þ; x2 > 0; �g0I zTð Þ ¼ � αII αI=ð Þg0II zTð Þ; x2 < 0

(5.145)
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Equations (5.112) and (5.145) yield

ϑI x1ð Þ ¼ g0I x1ð Þ þ �g0I �x1ð Þ ¼ g0I x1ð Þ � αII αI=ð Þg0II x1ð Þ
ϑII x1ð Þ ¼ g0II x1ð Þ þ �g0II �x1ð Þ ¼ g0II x1ð Þ � αI αII=ð Þg0I x1ð Þ (5.146)

Analogously from Eqs. (5.142), (5.145), and (5.122) we get

BIFIðzÞ þ dI þ �dIIαI αII=ð Þg0IðzÞ ¼ �BII
�FIIðzÞ; x2 > 0

BIIFIIðzÞ þ dII þ �dIαII αI=ð Þg0IIðzÞ ¼ �BI
�FIðzÞ; x2 < 0

(5.147)

Equations (5.120) and (5.147) yield

U0
I x1ð Þ ¼ AIFI x1ð Þ þ cIg

0
I x1ð Þ þ �AI

�B�1
I BIIFII x1ð Þ½

þ dII þ �dIαII αI=ð Þg0II x1ð Þ	� αII αI=ð Þ�cIg0II x1ð Þ
U0

II x1ð Þ ¼ AIIFII x1ð Þ þ cIIg
0
II x1ð Þ þ �AII

�B�1
II BIFI x1ð Þ½

þ dI þ �dIIαI αII=ð Þg0I x1ð Þ	� αI αII=ð Þ�cIIg0I x1ð Þ

(5.148)

5.5.2 The Solution of Temperature

Using Eq. (5.146) and ϑI x1ð Þ ¼ ϑII x1ð Þ on the connective surface yields

g0I x1ð Þ 1þ αI αII=ð Þ½ � ¼ g0II x1ð Þ 1þ αII αI=ð Þ½ �; x =2 Lc (5.149)

So we can construct a function θ zTð Þ analytic in whole zT plane except Lc:

θ zTð Þ ¼ 1þ αI αII=ð Þ½ �gI zTð Þ; x2 > 0

1þ αII αI=ð Þ½ �gII zTð Þ; x2 < 0

�
; x =2 Lc (5.150)

The heat flow on the crack surface is

qI2 ¼ �λ2jϑ;j ¼ �iαIg
00
I ðx1Þ þ iαI�g

00
I ð�x1Þ ¼ �iαIg

00
I ðx1Þ � iαIIg

00
IIðx1Þ

¼ �i αIαII αI þ αIIð Þ=½ � θ00þðx1Þ þ θ00�ðx1Þ
h i (5.151)

So the boundary condition of the heat flow on the crack surface is reduced to

θ00þðx1Þ þ θ00�ðx1Þ ¼ i αI þ αIIð Þ½ =αIαII�q0ðx1Þ; x 2 Lc (5.152)
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Its solution is

θ00ðzTÞ ¼ αI þ αII
2παIαII

Z0ðzTÞ
Z
Lc

q0ðx1Þdx1
Zþ
0 ðx1Þ x1 � zTð Þ þ Z0ðzTÞCðzTÞ

Z0ðzTÞ ¼
Yn

j¼1
zT � aj
� ��1 2=

zT � bj
� ��1 2=

(5.153)

where CðzTÞ is the polynomial degree n of zT .

5.5.3 The Solution of Generalized Stress

Because on L� Lc id
0ðx1Þ ¼ 0, so

HBIFI x1ð Þ þ i cI þ αI αII=ð Þ�cII½ � þ �YII dI þ αI αII=ð Þ�dII½ �
 �
g0I x1ð Þ

¼ �HBIIFII x1ð Þ þ i cII þ αII αI=ð Þ�cI½ � þ �YI dII þ αII αI=ð Þ�dI½ �
 �
g0II x1ð Þ; x =2 Lc

(5.154)

whereH ¼ YI þ �YII; Yα ¼ iAαB
�1
α α ¼ I; IIð Þ. So we can construct a function hðzÞ

analytic in whole z plane except Lc:

hðzÞ ¼
BIFIðzÞ þ αI þ αIIð Þ�1H�1 i αIIcI þ αI�cIIð Þ½

þ �YII αIIdI þ αI�dIIð Þ�θ0ðzÞ; x2 > 0

H�1 �H BIIFIIðzÞ þ αI þ αIIð Þ�1 �H
�1

i αIcII þ αII�cIð Þ½
n

þ �YI αIdII þ αII�dIð Þ�θ0ðzÞ�; x2 < 0

8>>><
>>>:

(5.155)

Using Eqs. (5.145), (5.147), and (5.155), Eq. (5.122) can be reduced to

ΦI;1 x1ð Þ ¼ hþðx1Þ þ �H
�1
Hh�ðx1Þ � η1θ

0þðx1Þ � η2θ
0�ðx1Þ

η1 ¼ ��η2 ¼ αI þ αIIð Þ�1H�1 i αIIcI þ αI�cIIð Þ þ �YII αIIdI þ αI�dIIð Þ½ � � αIIdI

 �

η2 ¼ ��η1 ¼ αI þ αIIð Þ�1 �H
�1

i αIcII þ αII�cIð Þ þ �YI αIdII þ αII�dIð Þ½ � � αIdII

 �

(5.156)

Substituting Eq. (5.156) into the generalized stress boundary condition in (5.141)

yields

hþðx1Þ þ �H
�1
Hh�ðx1Þ ¼ ~Σ0ðx1Þ; ~Σ0ðx1Þ ¼ Σ0ðx1Þ þ η1θ

0þðx1Þ þ η2θ
0�ðx1Þ
(5.157)
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Equation (5.157) is identical with (4.28) except using ~Σ0ðx1Þ instead of Σ0ðx1Þ,
so its solution is still expressed by Eqs. (4.41a) and (4.9):

�Ω
T
hðzÞ ¼ QðzÞ CðzÞ þ 1

2πi

Z
L

�Ω
T~Σ0ðx1Þdx1

Qþðx1Þðx1 � zÞ

" #
; QðzÞ ¼ Y

ðjÞ
0 ðzÞ

D E
(5.158)

From Eq. (5.157) it is seen that its homogeneous equation is fully identical with

(4.29) and does not relate to the temperature, so the eigenvalues and eigenvectors of

both equations are also the same. Therefore, QðzÞ and Ω in Eq. (5.158) are still

expressed by Eq. (4.37).

On the connective surface hþðx1Þ ¼ h�ðx1Þ ¼ hðx1Þ; θ0þðx1Þ ¼ θ0�ðx1Þ ¼
θ0ðx1Þ, so we have

Σ2ðx1Þ ¼ ΦI;1 x1ð Þ ¼ Iþ �H
�1
H

� �
hðx1Þ � η1 þ η2ð Þθ0ðx1Þ; x 2 L� Lc (5.159)

The open displacement disconnected value d̂ behind the crack tip is

d̂
0ðx1Þ ¼ U0

I x1ð Þ � U0
II x1ð Þ ¼ �iH hþðx1Þ � h�ðx1Þ½ �; x =2Lc (5.160)

5.5.4 A Single Interface Crack

In the case of a crack of length 2a, we have Z0ðzTÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2T � a2

p
. If only the normal

heat flow q0 on the crack surface, Eq. (5.153) yields

θ00ðzTÞ ¼ iq�0 1� zT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2T � a2

q�� �� �
þ C1zT þ C0

θ0ðzTÞ ¼ iq�0 zT �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2T � a2

q� �
; q�0 ¼ q0 αI þ αIIð Þ 2αIαII=½ �

(5.161)

where C1 ¼ 0 due to q � n ¼ 0 at infinity, and C0 ¼ 0 due to the temperature single

value condition
R a
�a θ00þ x1ð Þ � θ00� x1ð Þ� 	

dx1 ¼ 0. Equation (5.150) yields

g00I zTð Þ ¼ αII αI þ αIIð Þ=½ �θ00ðzTÞ; g00II zTð Þ ¼ αI αI þ αIIð Þ=½ �θ00ðzTÞ (5.162)

Because Eq. (5.158) is decoupling, on the crack surface, for normalized Ω we

have

hðzÞ ¼ ΩQðzÞ CðzÞ þ 1

2π i

Z
L

~Σ0ðx1Þdx1
Qþðx1Þðx1 � zÞ

� �
; Y

ðiÞ
0 ðzÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2 � a2
p z� a

zþ a

� �iεi

(5.163)
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In Eq. (5.163) the integrated function containing
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p
, so when use

Eq. (4.18), g� ¼ �1 should be used due to lim
z!x�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p
¼ � lim

z!xþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p
.

These integrals are

1

2π i

Z a

�a

dx1

Y
ðjÞþ
0 ðx1Þðx1 � zÞ

¼ 1

1þ e2πεj
1

Y
ðjÞ
0 ðzÞ

� zþ 2iεja
� �( )

1

2π i

Z a

�a

x1dx1

Y
ðjÞþ
0 ðx1Þðx1 � zÞ

¼ 1

1þ e2πεj
z

Y
ðjÞ
0 ðzÞ

� z2 þ 2iεjaz� a2

2
1þ 4ε2j

� �� �( )

1

2π i

Z a

�a

i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x21

p
dx1

Y
ðjÞþ
0 ðx1Þðx1 � zÞ

¼ 1

1� e2πεj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p

Y
ðjÞ
0 ðzÞ

� z2 þ 2iεjaz� a2 1þ 2ε2j

� �h i( )

(5.164)

Using Eq. (5.164), Eq. (5.163) is reduced to

hðzÞ ¼ ΩQðzÞ C1zþ C0ð Þ þΩ
1

1þ e2πεj

� �
1� zþ 2iε�að ÞYðjÞ

0 ðzÞ
D E

�Ω
T
Σ0

þ iq�0Ω
1

1þ e2πεj

� �
z� z2 þ 2iεjaz� a2

2
1þ 4ε2j

� �� �
Y
ðjÞ
0 ðzÞ

� �
�Ω
T
η1 þ η2ð Þ

þ iq�0Ω
1

1� e2πεj

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p
� z2 þ 2iεjaz� a2 1þ 2εjð Þ� 	

Y
ðjÞ
0 ðzÞ

D E
�Ω
T
η2 � η1ð Þ

(5.165)

At infinity, QðzÞ ! I=z, θ0ðzTÞ ! 0, Σ2ðx1Þ ¼ 0, from Eqs. (5.159) and (5.165)

we get

C1 ¼ iq�0
2iεja

1þ e2πεj

� �
�Ω
T
η1 þ η2ð Þ þ iq�0

2iεja

1� e2πεj

� �
�Ω
T
η2 � η1ð Þ 2iεja

� �
C
ðjÞ
1 ¼ iq�0

2iεja

1þ e2πεj
�ΩT
jk η1k þ η2kð Þ þ 2iεja

1� e2πεj
�ΩT
jk η2k � η1kð Þ

� �
; �ΩT

jk ¼ Ωkj

(5.166)

Substitution of Eq. (5.166) into Eq. (5.165) yields

hðzÞ ¼ΩQðzÞC0 þΩ
1

1þ e2πεj

� �
1� zþ 2iεja

� �
Y
ðjÞ
0 ðzÞ

D E
Ω

T
Σ0

þ iq�0Ω
1

1þ e2πεj

� �
z� z2 � a2

2
1þ 4ε2j

� �� �
Y
ðjÞ
0 ðzÞ

� �
Ω

T
η1 þ η2ð Þ

þ iq�0Ω
1

1� e2πεj

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p
� z2 � a2 1þ 2ε2j

� �h i
Y
ðjÞ
0 ðzÞ

D E
Ω

T
η2 � η1ð Þ
(5.167)
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C0 is determined by the single value condition, and according to Eq. (5.160) it is

equivalent to

H

Z a

�a

hþ x1ð Þ � h� x1ð Þ½ �dx1 ¼ 0; Hij

Z a

�a

hþj x1ð Þ � h�j x1ð Þ
h i

dx1 ¼ 0 (5.168)

On the crack surface there has Y
jð Þ�

0 ðx1Þ
D E

¼ � e2πεjY
jð Þþ

0 ðx1Þ
D E

or Qþ � Q� ¼
1þ e2πεj
� �

Qþ. Using the following equation (Shen and Kuang 1998)

Z a

�a

xnffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p a� x

aþ x

� �iε

dx ¼
π cosh πε= when n ¼ 0

�2iπaε cosh πε= when n ¼ 1

1� 4ε2ð Þπa2 2 cosh πε= when n ¼ 2

8<
: (5.169)

and noting
R a
�a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 � a2

p
dx1 ¼	 iπa2=2, from the single valued condition we get

�C0 ¼ iq�0a
2

4ε2j
1þ e2πεj

* +
Ω

T
η1 þ η2ð Þ þ iq�0a

2
1þ 8ε2j þ 2i cosh πεj

2 1� e2πεjð Þ

* +
Ω

T
η2 � η1ð Þ

(5.170)

The stress intensity is

K ¼ KII;KI;KIII;KD½ �T ¼ lim
x1!bj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðx1 � bjÞ

q
Ω x1 � bj

� ��iεj
D E

Ω�1Σ2ðx1Þ
(5.171)

where Σ2ðx1Þ is determined by Eq. (5.159).

For a homogeneous material AI ¼ AII ¼ A, and H ¼ �H; C0 ¼ 0;

Y
ðjÞ
0 ¼ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2j � a2

q.
. So the solution is

θ00ðzTÞ ¼ iq�0 1� zTffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2T � a2

p
( )

; θ0ðzTÞ ¼ iq�0 zT �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2T � a2

q� �

g00I zTð Þ ¼ g00II zTð Þ ¼ 1

2
θ00ðzTÞ ¼ iq�0

2
1� zTffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2T � a2
p

( )

hðzÞ ¼ 1

2
Ω 1� zQðzÞh i �ΩT

Σ0 þ iq�0Ω z� 2z2 � a2

2
QðzÞ

� �
�Ω
T
η

(5.172)

And the asymptotic stress field near the crack tip x1 ¼ a is

Σ2ðx1Þ ¼ ΦI;1 x1ð Þ ¼ 2hðx1Þ � 2ηθ0ðx1Þ

¼ �Ω

ffiffiffi
a

2

r
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

x1 � a
p

� �
�Ω
T
Σ0 � iq�0aΩ

ffiffiffi
a

2

r
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

x1 � a
p

� �
�Ω
T
η

(5.173)
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The stress intensity factor at x1 ¼ a is

K ¼ KII;KI;KIII;KD½ �T ¼ lim
x1!a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðx1 � aÞ

p
Σ2ðx1Þ

¼ � ffiffiffiffiffi
πa

p
Ω �Ω

T
Σ0 þ iq�0aΩ �Ω

T
η

� �
¼ � ffiffiffiffiffi

πa
p

Σ0 þ iq�0aη
� � (5.174)

5.6 Point Heat Source and Interaction with Cracks

5.6.1 Point Heat Source in Piezoelectric
and Bi-piezoelectric Material

Hwu (1990) discussed the thermal stress in an anisotropic elastic material.

Shen et al. (1995) and Shen and Kuang (1998) discussed the thermal stress in a

pyroelectric material, the point heat source, and their interactions.

1. Heat source in a homogeneous material For a point heat source, the tempera-

ture ϑ ¼ T � T0 can be expressed as

ϑðx1; x2Þ ¼ 2Re g0ðzTÞ; zT ¼ x1 þ μTx2; μT ¼ ð�λ12 þ iαÞ=λ22
g0ðzTÞ ¼ g00ðzTÞ ¼ c lnðzT � zT0Þ; g000ðzTÞ ¼ c ðzT � zT0Þ=

(5.175)

According to Eq. (5.116) for a point heat source with strength M located at

z0ðx10; x20Þ in an infinite homogeneous pyroelectric material, c is determined by

the following equation:

M ¼
I

qnds ¼ �2Im α g0ðzTÞ � g0ðz0Þ½ �f g2π0 ¼ �4παc; c ¼ �M 4πα=

q1 ¼ 2Re iαμTg
00ðzTÞ½ �; q2 ¼ �2Re iαg00ðzTÞ½ �; α ¼ λ22 μT � �μTð Þ=2i

(5.176)

So finally the solution of the temperature in an infinite homogeneous pyro-

electric material is

ϑ ¼ 2Re g00ðzTÞ ¼ � M 2πα=ð ÞRe lnðzT � zT0Þ; zT0 ¼ x10 þ μTx20 (5.177)

2. Heat source in a bimaterial The solving method of a heat source in a

bimaterial is analogous to that in Paragraph 3.6.2. Let the point heat source with

strength M be located at z0ðx10; x20Þ in material II that occupied S�; x2 < 0. The

solution can be assumed as

g0ðzTÞ ¼
g0IðzTÞ; zT 2 Sþ

g0IIðzTÞ þ g00ðzTÞ; zT 2 S�

�
g00ðzTÞ ¼ cII lnðzT � zT0Þ; g000ðzTÞ ¼ cII ðzT � zT0Þ= ; cII ¼ �M 4πα= II

(5.178)
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Because heat flow and temperature are continuous in whole axis x1, so according
to Eqs. (5.115) and (5.112) it yields

αIg
00
I ðx1Þ � αIg00I ðx1Þ ¼ αIIg

00
IIðx1Þ � αIIg00IIðx1Þ þ αIIg

00
0ðx1Þ � αIIg000ðx1Þ

g0Iðx1Þ þ g0Iðx1Þ ¼ g0IIðx1Þ þ g00ðx1Þ þ g0IIðx1Þ þ g00ðx1Þ
(5.179)

If q ! 0; T ! 0 when zj j ! 1 , like Eqs. (3.161), (3.162), (3.163), (3.164),

(3.165) or (4.22), (4.23) we have

αIg
00
I ðzTÞ þ αIIg00IIðzTÞ � αIIg

00
0ðzTÞ ¼ 0; αIIg

00
IIðzTÞ þ αIg00I ðzTÞ � αIIg000ðzTÞ ¼ 0

g0IðzTÞ � g0IIðzTÞ � g00ðzTÞ ¼ 0; g0IIðzTÞ � g0IðzTÞ þ g00ðzTÞ ¼ 0

(5.180)

Equations (5.178), (5.179), and (5.180) yield

g0ðzTÞ ¼
g0IðzTÞ ¼ 2α2g00ðzTÞ; z 2 Sþ

g0IIðzTÞ þ g00ðzTÞ ¼ α2 � α1ð Þ�g00ðzTÞ þ g00ðzTÞ; z 2 S�

�
α1 ¼ αI αI þ αIIð Þ= ; α2 ¼ αII αI þ αIIð Þ=

(5.181)

On the interface x2 ¼ 0 we have

q2 ¼ �iαIg
00
I ðzTÞ þ iαIg00I ðzTÞ ¼ �2iαIα2 g000ðx1Þ � �g000ðx1Þ

� 	
(5.182)

Because the generalized stress and displacement are continuous on whole axisx1,
according to Eqs. (3.161), (3.162), (3.163), (3.164), and (3.165), we can derive

BIFIðzÞ � �BII
�FIIðzÞ � α2 � α1ð Þ�dII � 2α2dI þ dII½ �g00ðzÞ ¼ 0

BIIFIIðzÞ � �BI
�FIðzÞ þ α2 � α1ð ÞdII � 2α2�dI þ �dII½ ��g00ðzÞ ¼ 0

(5.183)

and

AIFIðzÞ � �AII
�FIIðzÞ � α2 � α1ð Þ�cII � 2α2cI þ cII½ �g00ðzÞ ¼ 0

AIIFIIðzÞ � �AI
�FIðzÞ þ α2 � α1ð ÞcII � 2α2�cI þ �cII½ ��g00ðzÞ ¼ 0

(5.184)

From Eqs. (5.183) and (5.184), the stress functions are

FIðzjÞ ¼ iB�1
I H�1 α2 � α1ð Þ�cII � 2α2cI þ cII½ �g00ðzjÞ

þ B�1
I H�1YII α2 � α1ð Þ�dII � 2α2dI þ dII½ �g00ðzjÞ

FIIðzjÞ ¼ �iB�1
II

�H
�1

α2 � α1ð ÞcII � 2α2�cI þ �cII½ ��g00ðzjÞ
� B�1

II
�H
�1�YI α2 � α1ð ÞdII � 2α2�dI þ �dII½ ��g00ðzjÞ

(5.185)

According to Eq. (5.121) on x2 ¼ 0 we have

Σ2 x1ð Þ ¼ 2Re BIIFIIðx1Þ þ dIIg
0
II
ðx1Þ

n o
¼ 2Re BIFIðx1Þ þ dIg

0
I
ðx1Þ

n o
(5.186)
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5.6.2 The Point Heat Source Located at the External
of an Elliptic Inclusion

Let an infinite piezoelectric material II occupied regionΩ�with an elliptic inclusion I,

occupied regionΩþ of major semiaxisa and minor axis bdirected along the material

principle axes x1 and x2, respectively. The interface of Ω
� and Ωþ is denoted by L,

its normal is denoted by n directed the inside of the inclusion or the outside of the

piezoelectric material. At infinity TII ¼ 0; qn ¼ 0 and the connective conditions on

the L are

TI ¼ TII; qI2 x1ð Þ ¼ qII2 x1ð Þ; x 2 L (5.187)

Let a point heat source at z0 with strength M be located in the piezoelectric

material. We shall use the transform method to solve this problem (Qin 1998,

1999). The transform function from z plane to ς plane is shown in Eqs. (3.82) and

(3.86). The point ς0 in ς plane is corresponding to point z0 in z plane. L is

transformed to Γ. Let g0ðςTÞ be the fundamental solution in the ς plane when the

piezoelectric material occupies the whole space and as in Sect. 5.6.1 we take

g00ðςTÞ ¼ c lnðςT � ς0TÞ; c ¼ �M 4πα= II; ϑ0ðx1; x2Þ ¼ 2Re g00ðςTÞ (5.188)

Obviously g0ðςTÞ is analytic in the inclusion Ωþ . Assume the solution of the

problem is

g0ðςTÞ ¼ g0IðςTÞ; ςT 2 Ωþ �Ω0

g0IIðςTÞ þ g00ðςTÞ; ςT 2 Ω�

�
(5.189)

where g0IðςTÞ and g0IIðςTÞ are analytic functions in Ωþ �Ω0 and Ω�, and Ω0 is the

region ρ � ρ0 ¼
ffiffiffiffi
m

p
; 0 � θ < 2π and onΩ0ϕðρ0eiψ Þ ¼ ϕðρ0e�iψÞ (see Sect. 3.4.2).

According to Eqs. (5.175) and (5.176), the continuity conditions of temperature

ϑ and heat qnds through a differential arc on Γ can be reduced to

g0IðσÞ þ g0IðσÞ ¼ g0IIðσÞ þ g0IIðσÞ þ g00ðσÞ þ g00ðσÞ;
αIg

0
I σð Þ � αIg0I σð Þ ¼ αIIg

0
II σð Þ � αIIg0II σð Þ þ αIIg

0
0ðσÞ � αIIg00ðσÞ

(5.190)

It is noted that g0IðσÞ is analytic only in an annular region Ωþ �Ω0. Similar to

Eqs. (3.84) and (3.85), it yields

g0IðςTÞ ¼
X1
k¼1

dkς
k
T þ d�kς

�k
T

� � ¼ X1
k¼1

dk ςkT þ υkς
�k
T

� �
υk ¼ ρ2k0 ¼ mk

T I ¼ ðaþ iμT IbÞ ða� iμT IbÞ=½ �k; ρ0 � ςj j � 1

(5.191)
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So Eq. (5.190) can be reduced to

X1
k¼1

dk þ �υk �dkð Þσk � �g0IIð1 σ= Þ � g00ðσÞ ¼ g0IIðσÞ þ �g00ð1 σ= Þ �
X1
k¼1

�dk þ υkdkð Þσ�k

αI αII=ð Þ
X1
k¼o

dk � �dk �ϖkð Þσk þ �g0IIð1 σ= Þ � g00ðσÞ

¼ g0IIðσÞ � �g00ð1 σ= Þ þ αI αII=ð Þ
X1
k¼o

�dk � υkdkð Þσ�k

(5.192)

From Eq. (5.192) it is known that the functions at the left side in Eq. (5.192) are

analytic in the region Ωþ, whereas those on the right side are analytic in the region

Ω�, and they are continuous onΓ. So these functions are analytic in whole plane and
must be constants. So we have

θ1 ςð Þ ¼

P1
k¼1

dk þ �υk �dkð Þσk � g0II 1 ς=ð Þ � g00ðςÞ; ς 2 Ωþ

g0IIðςÞ �
P1
k¼1

�dk þ υkdkð Þσ�k þ g00ð1 ς= Þ; ς 2 Ω�

8>><
>>:

θ2 ςð Þ ¼
αI

P1
k¼o

dk � �υk �dkð Þσk þ αIIg0IIð1 ς= Þ � αIIg00ðςÞ; ς 2 Ωþ

αIIg0IIðςÞ þ αI
P1
k¼o

�dk � υkdkð Þσ�k � αIIg00ð1 ς= Þ; ς 2 Ω�

8>><
>>:

(5.193)

If there are no generalized external forces acting at infinite, these constants must

be zero, i.e., θ1 1ð Þ ¼ θ2 1ð Þ ¼ 0 , so θ1 ςð Þ ¼ θ2 ςð Þ ¼ 0 and from Eq. (5.193)

we get

P1
k¼1

dk þ �υk �dkð Þσk ¼ �g0IIð1 ς= Þ þ g00ðςÞ;

αI
P1
k¼o

dk � �υk �dkð Þσk ¼ �αII�g0IIð1 ς= Þ þ αIIg00ðςÞ; ς 2 Ωþ

P1
k¼1

�dk þ υkdkð Þσ�k ¼ g0IIðςÞ þ �g00ð1 ς= Þ;

αI
P1
k¼o

�dk � υkdkð Þσ�k ¼ �αIIg0IIðςÞ þ αII�g00ð1 ς= Þ; ς 2 Ω�

(5.194)

Solving Eq. (5.194) yields

X1
k¼1

αI þ αIIð Þdk þ αII � αIð Þ�υk �dk½ �ςk ¼ 2αIIg
0
0ðςÞ

g0IIðςÞ ¼ �g00ð1 ς= Þ þ
X1
k¼1

�dk þ υkdkð Þς�k

(5.195)
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Solving dk; g
0
IIðςÞ and using ςT instead of ς, from Eq. (5.189), g0ðςTÞ is obtained:

g0ðςTÞ ¼
g0IðςTÞ ¼

P1
k¼1

dk ςkT þ υkς�k
T

� 	
; ςT 2 Ωþ �Ω0

~g0IIðςTÞ ¼ g00ðςTÞ � �g00ð1 ς= Þ þ P1
k¼1

�dk þ υkdkð Þς�k
T ; ςT 2 Ω�

8>><
>>:

ϑðx1; x2Þ ¼ 2Re g0ðςTÞ; g00ðzTÞ ¼ � M=4παIIð Þ lnðςT � ς0TÞ
(5.196)

5.6.3 Interaction of an Impermeable Crack
with a Singularity in a Piezoelectric Bimaterial

Let a mechanical singular generalized load with strength ðb; pÞ be located at z0
in material II that occupied the lower half-plane Ω�; x2 < 0. An insulated crack

ð�a; aÞ is located on the interface x2 ¼ 0. According to Eqs. (3.165), (3.166), and

(3.160), the generalized stress on the interface introduced by the singularity in a

piezoelectric material is

ΣI2 ¼ ΣII2 ¼ Σ2ðx1Þ ¼ ΦI;1ðx1Þ ¼ 2ReBIFIðx1Þ ¼ 2Re H�1ð�YII þ YIIÞBIIgIIðzÞ
� 	

¼ 2Re H�1ð�YII þ YIIÞBII 2πi x1 � z0ð Þh i�1 �BT
IIbþ AT

IIV
� �h i

(5.197)

The original problem can be simply solved by the superposition method: The

singularity in a piezoelectric material without crack and an external force � Σ2ðx1Þ
applies on the crack surface. The last problem has been solved in Sect. 4.2.4.

From Eq. (5.197) it is seen that the effect of a mechanical singularity is

equivalent to adding an external force � Σ2ðx1Þ on the crack surface, and it does

not affect the heat flow.

A point heat source with strength M located at z0 in material II, Ω�; x2 < 0 will

produce the heat flow, as shown in Eq. (5.82), and generalized surface traction, as

shown in Eq. (5.186), i.e., the point heat source affects both the stress and tempera-

ture fields. A point heat source in a bimaterial is equivalent to a point heat source in

an infinite homogeneous piezoelectric material II and on the crack surface super-

posed the following loads:

qT ¼ �q2 ¼ �iαIα2 g000ðx1Þ � �g000ðx1Þ
� 	

; t2 ¼ �Σ2 x1ð Þ ¼ �2Re BIFIðx1Þ þ dIg
0
I
ðx1Þ

h i
(5.198)

where g00ðx1Þ; g0Iðx1Þ;FIðx1Þ are calculated from Eqs. (5.175), (5.178), and (5.185),

respectively.
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As an example we discuss the interaction of the above point heat source with a

single crack located at �a; að Þ (Shen and Kuang 1998). It is assumed that the

boundary conditions are

ΦI;iðx1Þ ¼ ΦII;iðx1Þ ¼ 0; qI2 x1ð Þ ¼ qII2 x1ð Þ ¼ 0; x 2 Lc

ΦI;iðx1Þ ¼ ΦII;iðx1Þ ¼ 0; qi ¼ T ¼ 0; zj j ! 1; i ¼ 1; 2
(5.199)

Substitution of Eqs. (5.198) and (5.178) into Eq. (5.153) yields

θ00ðzTÞ ¼ αI þ αII
2παIαII

Z0ðzTÞ
Z
Lc

qTðx1Þdx1
Zþ
0 ðx1Þ x1 � zTð Þ þ Z0ðzTÞCðzTÞ

¼ � Mi

4π2αII
Z0ðzTÞ

Z
Lc

1

x1 � z0
� 1

x1 � �z0

� �
1

Zþ
0 ðx1Þ x1 � zTð Þ dx1 þ Z0ðzTÞCðzTÞ

(5.200)

whereZ0ðzTÞ ¼ z2T � a2
� ��1 2=

. The integral in Eq. (5.200) can be integrated. At first

we discuss the contour integral

Φ ¼
Z
Λ

1

Zþ
0 ðx1Þ x1 � zTð Þ x1 � z0ð Þ x1 � �z0ð Þ dx1

whereΛ is shown in Fig. 5.6. Inside the contour there are three poles: zT ; z0; �z0. Using
the residual theorem the Φ is reduced to

Φ ¼ 2πi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2T � a2

p
z� z0ð Þ z� �z0ð Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z20 � a2

p
z0 � zð Þ z0 � �z0ð Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�z20 � a2

p
�z0 � zð Þ �z0 � z0ð Þ

( )

On the other hand it is easy to prove that the integral Φ on the path DEFGH
vanishes whereas on the path HJD equals

2

Z
Lc

z0 � �z0
Zþ
0 ðx1Þ x1 � zTð Þ x1 � z0ð Þ x1 � �z0ð Þ dx1 ¼

Z
Lc

1

x1 � z0
� 1

x1 � �z0

� �
1

Zþ
0 ðx1Þ x1 � zTð Þ dx1

Fig. 5.6 Integral path Λ for

the integral Φ
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From the condition at infinity in Eq. (5.199) and the single valued condition of

temperature we find CðzTÞ ¼ 0. So Eq. (5.200) is reduced to

θ00ðzTÞ ¼ M

2παII

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2T � a2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�z20 � a2

p
zT � �z0

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z20 � a2

p
zT � z0

( )
þ M

2πλ0

1

zT � z0
� 1

zT � �z0

� �

(5.201)

Using T ¼ 0 at infinity finally we get

θ0ðzTÞ ¼ M

4παII
ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�z20 � a2

p
þ �z0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z20 � a2
p

þ z0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2T � a2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z20 � a2

p
þ zTz0 � a2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2T � a2
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�z20 � a2
p

þ zT�z0 � a2

( )
(5.202)

Substituting Eq. (5.202) into (5.158) �Ω
T
hðzÞ can be obtained:

�Ω
T
hðzÞ ¼ QðzÞ CðzÞ þ 1

2πi

Z
L

�Ω
T~Σ0ðx1Þdx1

Qþðx1Þðx1 � zÞ

" #
; QðzÞ ¼ Y

ðjÞ
0 ðzÞ

D E
~Σ0ðx1Þ ¼ η1θ

0þðx1Þ þ η2θ
0�ðx1Þ

(5.203)

From Eq. (5.155) FI zj
� �

and FII zj
� �

can be obtained.

Gao and Wang (2001) discussed the permeable crack problem, Herrmann and

Loboda (2003) discussed the contact zone model in pyroelectric material, and

Norris (1994) discussed the dynamic Green function in piezoelectric material.

5.7 Functionally Graded Piezoelectric Material

5.7.1 Fundamental Equations in Antiplane Shear Problem

Functionally graded piezoelectric material (FGPM) is a kind of material with

continuously varying properties (Wu et al. 1996) which is very useful as a transit

layer instead of the bonding agent in order to avoid the very large stresses near the

interface. Li andWeng (2002) discussed the antiplane crack problem (Fig. 5.7) with

varied material constants for a transversely material:

C44 x2ð Þ ¼ C0
44 1þ α x2j jð Þk; e15 ¼ e015 1þ α x2j jð Þk; E11 ¼ E011 1þ α x2j jð Þk

α ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ch
44 C0

44



k

q
� 1

� ��
h ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eh15 e015



k

q
� 1

� ��
h ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eh11 E011



k

q
� 1

� ��
h

(5.204)

whereC0
44; e

0
15; E

0
11 are the values at x2 ¼ 0 andCh

44; e
h
15; E

h
11 are the values at x2 ¼ 	h;

k and α are material constants. It is assumed that the geometry, material behavior,
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and applied loading are symmetric about the x2-axis, so we only need to study the

part of x1 � 0; x2 � 0 and x2j j ¼ x2. The fundamental equations (4.238) and (4.239)

of antiplane shear problem discussed in Sect. 4.8.1 are still held in a FGPM, but the

material constants are functions of coordinates.

Substitution of Eq. (5.204) into Eq. (4.239) yields

C0
44 r2u3 þ kα ξ=ð Þu3;2
� 	þ e015 r2φþ kα ξ=ð Þφ;2

� 	 ¼ 0

e015 r2u3 þ kα ξ=ð Þu3;2
� 	� E011 r2φþ kα ξ=ð Þφ;2

� 	 ¼ 0; ξ ¼ 1þ αx2
(5.205)

wherer2 ¼ @ @x21

 þ @ @x22



. In general case e015

� �2 þ C0
44E

0
11 6¼ 0, so we also have

r2u3 þ kα ξ=ð Þu3;2 ¼ 0; r2φþ kα ξ=ð Þφ;2 ¼ 0 (5.206)

The boundary and connective conditions on x2 ¼ 0 are

σ32 x1; 0ð Þ ¼ 0; E1 x1; 0
þð Þ ¼ Ec

1 x1; 0
�ð Þ; D2 x1; 0

þð Þ ¼ Dc
2 x1; 0

�ð Þ; 0 � x1 < a

u3 x1; 0ð Þ ¼ 0; φ x1; 0ð Þ ¼ 0; σ32 x1; 0
þð Þ ¼ σ32 x1; 0

�ð Þ; a � x1 < 1
(5.207a)

where the right superscript “c” means that the related variable is in the air.

The boundary conditions on x2 ¼ h are divided into two forms dependent to giving

D2 or E2:

Case 1: D2 x1; hð Þ ¼ D0; σ32 x1; hð Þ ¼ τh ¼ Ch�
44 Ch

44


� �
τ0 � eh15 Eh11


� �
D0

Case 2: E2 x1; hð Þ ¼ E0; σ32 x1; hð Þ ¼ τh ¼ τ0 � eh15E0 ; 0 � x1 < 1
(5.207b)

where D0 and E0 are the external electric displacement and field, respectively; τ0 is

the stress at zero electric loading, Ch�
44 ¼ Ch

44 þ eh15
� �2 Eh11



.

Fig. 5.7 An antiplane crack

in FGPM
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5.7.2 Solution of the Antiplane Shear Problem

Considering the symmetry about x2 -axis, Li and Weng (2002) used the Fourier

cosine transforms to solve this problem. Let

u3 x1; x2ð Þ ¼ 2

π

Z 1

0

ξ�β A1ðsÞIβ ξs α=ð Þ
 þA2ðsÞKβ ξs α=ð Þ� cos sx1ð Þdsþ a1x2

φ x1; x2ð Þ ¼ 2

π

Z 1

0

ξ�β B1ðsÞIβ ξs α=ð Þ
 þB2ðsÞKβ ξs α=ð Þ� cos sx1ð Þds� b1x2

(5.208)

where β ¼ k � 1ð Þ 2= ; Iβ and Kβ are the first and second kind of modified Bessel’s

functions, respectively; AiðsÞ and BiðsÞ are undetermined functions; a1; b1 are real
constants. Equation (5.208) yields

σ31 x1; x2ð Þ ¼ � 2

π

Z 1

0

sξ�β C44A1 þ e15B1ð ÞIβ ξs α=ð Þ�
þ C44A2 þ e15B2ð ÞKβ ξs α=ð Þ	 sin sx1ð Þds

σ32 x1; x2ð Þ ¼ � 2

π

Z 1

0

C44A1 þ e15B1ð Þ βαξ�β�1Iβ ξs α=ð Þ � sξ�βI0β ξs α=ð Þ
h in

þ C44A2 þ e15B2ð Þ βαξ�β�1



Kβ ξs α=ð Þ � sξ�βK0
β ξs α=ð Þ

h io
cos sx1ð Þds

þ C44a1 � e15b1

(5.209)

D1 x1; x2ð Þ ¼ � 2

π

Z 1

0

sξ�β e15A1 � E11B1ð ÞIβ ξs α=ð Þ�
þ e15A2 � E11B2ð ÞKβ ξs α=ð Þ	 sin sx1ð Þds

D2 x1; x2ð Þ ¼ � 2

π

Z 1

0

βαξ�β�1Iβ ξs α=ð Þ � sξ�βI0β ξs α=ð Þ
n o


 e15A1 � E11B1ð Þ þ βαξ�β�1Kβ ξs α=ð Þ � sξ�βK0
β ξs α=ð Þ

h i

 e15A2 � E11B2ð Þg cos sx1ð Þdsþ e15a1 þ E11b1

(5.210)

E1 x1; x2ð Þ ¼ 2

π

Z 1

0

sξ�β B1Iβ ξs α=ð Þ þ B2Kβ ξs α=ð Þ� 	
sin sx1ð Þds

E2 x1; x2ð Þ ¼ 2

π

Z 1

0

B1 βαξ�β�1Iβ ξs α=ð Þ � sξ�βI0β ξs α=ð Þ
h in

þB2 βαξ�β�1Kβ ξs α=ð Þ � sξ�βK0
β ξs α=ð Þ

h io
cos sx1ð Þdsþ b1

(5.211)

where I0β;K
0
β are the derivatives of Iβ;Kβ.
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In the air between the crack surfaces, we have

Dc
1 ¼ EcEc

1; Dc
2 ¼ EcEc

2; r2φc ¼ 0 (5.212)

Its solution can be assumed as

φc x1; x2ð Þ ¼ 2

π

Z 1

0

CðsÞ sinh sx2ð Þ cos sx1ð Þds; 0 � x1 < a

Dc
1 x1; 0ð Þ ¼ 0; Dc

2 x1; 0ð Þ ¼ � 2

π

Z 1

0

EcsCðsÞ cos sx1ð Þds

Ec
1 x1; 0ð Þ ¼ 0; Ec

2 x1; 0ð Þ ¼ � 2

π

Z 1

0

sCðsÞ cos sx1ð Þds

(5.213)

whereCðsÞ is an unknown function. Using the boundary conditions on x2 ¼ h yields

A2ðsÞ ¼ RA1ðsÞ; B2ðsÞ ¼ RB1ðsÞ

R ¼ � βα 1þ αhð Þ�1
Iβ 1þ αhð Þs α=½ � � sI0β 1þ αhð Þs α=

βα 1þ αhð Þ�1
Kβ 1þ αhð Þs α=½ � � sK0

β 1þ αhð Þs α=

a1 ¼ eh15D0 þ Eh11τ0
� �

Ch�
44E

h
11



; b1 ¼ Ch

44D0 � eh15τ0
� �

Ch�
44E

h
11



case 1ð Þ

a1 ¼ eh15E0 þ τ0
� �

Ch
44



; b1 ¼ E1 case 2ð Þ

(5.214)

Substituting E1 x1; 0ð Þ;φ x1; 0ð Þ;Ec
1 x1; 0ð Þ into the corresponding boundary

conditions in Eq. (5.207) yields the following dual integral equation:Z 1

0

sB1ðsÞ Iβ s α=ð Þ
 þRKβ s α=ð Þ� sin sx1ð Þds ¼ 0; 0 � x1 < aZ 1

0

B1ðsÞ Iβ s α=ð Þ
 þRKβ s α=ð Þ� cos sx1ð Þds ¼ 0; a � x1 < 1
(5.215)

If let

B1ðsÞ Iβ s α=ð ÞþRKβ s α=ð Þ� ¼ πa2 2=
� �
 Z 1

0

ffiffiffi
η

p
Φ ηð ÞJ0 saηð Þdη (5.216)

where J0 is the zero-order Bessel function of the first kind, then the second equation
in Eq. (5.215) is satisfied automatically and the first equation in Eq. (5.215) requires

Φ ηð Þ ¼ 0. So it is easy to obtain B1ðsÞ ¼ 0 and then straightly B2ðsÞ ¼ 0.

Substituting σ32 x1; 0ð Þ; u3 x1; 0ð Þ into the corresponding boundary conditions in

Eq. (5.207) and noting B1ðsÞ ¼ B2ðsÞ ¼ 0, the following dual integral equation is

obtained:Z 1

0

sFðsÞAðsÞ cos sx1ð Þds ¼ π 2=ð Þ C0
44a1 � e015b1

� �
C0
44



; 0 � x1 < aZ 1

0

AðsÞ cos sx1ð Þds ¼ 0; a � x1 < 1
(5.217)
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where

AðsÞ ¼ A1ðsÞ Iβ s α=ð Þ þ RKβ s α=ð Þ� 	
FðsÞ ¼

βαIβ s α=ð Þ � sI0β s α=ð Þ
h i

þ R βαKβ s α=ð Þ � sK0
β s α=ð Þ

h i
s Iβ s α=ð Þ þ RKβ s α=ð Þ� 	 (5.218)

The solution of Eq. (5.217) can be written as

AðsÞ ¼ πa2

2

Ĉ0
44

C0
44

Z 1

0

ffiffiffi
η

p
Ψ ηð ÞJ0 saηð Þdη; Ĉ0

44 ¼ C0
44a1 � e015b1 (5.219)

Equation (5.219) satisfies the second equation in Eq. (5.217) automatically.

In order to satisfy the first equation in Eq. (5.217), Ψ ηð Þ should be satisfied by the

following Fredholm integral equation of the second kind:

Ψ ηð Þ þ
Z 1

0

ψ ηð ÞG η; η0ð Þdη0 ¼ ffiffiffi
η

p

G η; η0ð Þ ¼
ffiffiffiffiffiffi
ηη0

p Z 1

0

s F s a=ð Þ � 1½ �J0 sηð ÞJ0 sη0ð Þds
(5.220)

5.7.3 The Generalized Stress Asymptotic Fields
Near the Crack Tip

The singular generalized stress fields are determined by the behavior of the solution

when s ! 1. Using integration by parts to decompose Eq. (5.219) into singular and

regular parts,

AðsÞ ¼ πa

2

Ĉ0
44

C0
44

1

s
Ψð1ÞJ1 sað Þ �

Z 1

0

ηJ1 saηð Þ d

dη

Ψ ηð Þffiffiffi
η

p
� �

dη

� �
(5.221)

where J1 is the first-order Bessel function of the first kind. The integral in

Eq. (5.221) is finite at the crack tipx1 ¼ 	a, and the singular behavior is determined

by the term containingΨð1Þ. It is noted that the modified Bessel functions have the

following behaviors:

lim
s!1 IβðsÞ ¼ 1

ffiffiffiffiffiffiffi
2πs

p.� �
es; lim

s!1 I0βðsÞ ¼ 1
ffiffiffiffiffiffiffi
2πs

p.� �
es

lim
s!1KβðsÞ ¼

ffiffiffiffiffiffiffiffiffiffi
π 2s=

p� �
e�s; lim

s!1K0
βðsÞ ¼ �

ffiffiffiffiffiffiffiffiffiffi
π 2s=

p� �
e�s

(5.222)
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After complex derivation we obtain

σ31 ¼ �Ĉ0
44aΨð1Þξk 2= f1ðsÞ; σ32 ¼ �Ĉ0

44aΨð1Þξk 2= f2ðsÞ

D1 ¼ � e015Ĉ
0
44

C0
44

aΨð1Þξk 2= f1ðsÞ; D2 ¼ � e015Ĉ
0
44

C0
44

aΨð1Þξk 2= f2ðsÞ

E1 ¼ 0; E2 ¼ E0

(5.223)

where

f1ðsÞ ¼
Z 1

0

J1 sað Þe�sx2 sin sx1ð Þds ¼ � r

a
ffiffiffiffiffiffiffiffi
r1r2

p sin θ � θ1 þ θ2
2

� �

f2ðsÞ ¼
Z 1

0

J1 sað Þe�sx2 cos sx1ð Þds ¼ 1

a
� r

a
ffiffiffiffiffiffiffiffi
r1r2

p cos θ � θ1 þ θ2
2

� � (5.224)

where the meanings of r; r1; r2; θ; θ1; θ2 can be seen in Fig. 5.7. Let θ ! 0; θ2 ! 0,

r2 ! 2a; r ! a from Eq. (5.223) we get

σ31 ¼ � KIII

ffiffiffiffiffiffiffiffiffi
2πr1

p.� �
sin θ1 2=ð Þ; σ32 ¼ KIII

ffiffiffiffiffiffiffiffiffi
2πr1

p.� �
cos θ1 2=ð Þ;

D1 ¼ � KD
III

ffiffiffiffiffiffiffiffiffi
2πr1

p.� �
sin θ1 2=ð Þ; D2 ¼ KD

III

ffiffiffiffiffiffiffiffiffi
2πr1

p.� �
cos θ1 2=ð Þ; E1 ¼ E2 ¼ 0

KIII ¼ Ĉ0
44

ffiffiffiffiffi
πa

p
Ψð1Þ; KD

III ¼ e015 C0
44


� �
KIII ¼ Ĉ0

44e
0
15 C0

44


� � ffiffiffiffiffi
πa

p
Ψð1Þ

(5.225)

It is found that for the functional gradient piezoelectric material, the asymptotic

fields of the generalized stress still have the singularity 1
ffiffi
r

p
= . Because a1; b1 is

enclosed in Ĉ0
44 (see Eq. (5.219)), the generalized stress intensity factors are

different for two different electric boundary conditions. It is also found that the

electric field does not have singularity at the crack tip.

Yang et al. (2004) also discussed the electric field gradient effects in antiplane

problems of polarized ceramics.

5.7.4 Plane Strain Problem

The constitutive equations of the in-plane problem are

σ11 ¼ C11u1;1 þ C13u3;3 � e31E3; σ33 ¼ C13u1;1 þ C33u3;3 � e33E3

σ13 ¼ C44 u1;3 þ u3;1
� �� e15E1; D1 ¼ e15 u1;3 þ u3;1

� �þ E11E1

D3 ¼ e31u1;1 þ e33u3;3 þ E33E3

(5.226)
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It is assumed that the material properties are one dimensional dependent to x3 as

C11;C13;C33;C44; e31; e33; e15; E11; E33ð Þ ¼ C0
11;C

0
13;C

0
33;C

0
44; e

0
31; e

0
33; e

0
15; E

0
11; E

0
33

� �
eβ x3j j

(5.227)

where β is a material constant. The equilibrium equations in terms of generalized

displacements are

C0
11u1;11 þ C0

44u1;33 þ C0
13 þ C0

44

� �
u3;13 þ e031 þ e015

� �
φ;13 þ β C0

44 u1;3 þ u3;1
� �þ e015φ;1

� 	 ¼ 0

C0
44u3;11 þ C0

33u3;33 þ C0
13 þ C0

44

� �
u1;13 þ e015φ;11 þ e033φ;33 þ β C0

13u1;1 þ C0
33u3;3 þ E033φ;3

� � ¼ 0

e015u3;11 þ e033u3;33 þ e031 þ e015
� �

u1;13 � E011φ;11 � E033φ;33 þ β e031u1;1 þ e033u3;3 � E033φ;3

� � ¼ 0

(5.228)

In the air between the crack surfaces, the governing equations are still shown in

Eq. (5.212).

As in Sect. 5.7.1 it is assumed that the geometry, material behavior, and applied

loading are all symmetric about the x3-axis, so we only need to study the part of

x1 � 0; x3 � 0 and x2j j ¼ x2. The boundary conditions on the crack and connective

surfaces are

σ33 x1; 0ð Þ ¼ 0; E1 x1; 0
þð Þ ¼ Ec

1 x1; 0
�ð Þ; D3 x1; 0

þð Þ ¼ Dc
3 x1; 0

�ð Þ; 0 � x1j j < a

u3 x1; 0ð Þ ¼ 0; φ x1; 0ð Þ ¼ 0; a � x1j j < 1; σ31 x1; 0
þð Þ ¼ 0; 0 � x1j j < 1

(5.229a)

The boundary conditions on the edge x3 ¼ h are divided into two forms:

case 1: σ33 x1; hð Þ ¼ σh ¼ C0�
33

C0
33

σ0 � e033
E033

D0; σ13 x1; hð Þ ¼ 0; D3 x1; hð Þ ¼ D0

case 2: σ33 x1; hð Þ ¼ σh ¼ σ0 � e033E0e
βh; σ13 x1; hð Þ ¼ 0; E3 x1; hð Þ ¼ E0

(5.229b)

whereD0 andE0 are the external electric displacement and field, respectively, andσ0

is the stress at zero electric loading, C0�
33 ¼ C0

33 þ e033
� �2 E033



.

The single valued condition of the generalized displacements is

Z a

�a

ψ x1ð Þdx1 ¼ 0; ψ x1ð Þ ¼ d U3 x1; 0
þð Þ � U3 x1; 0

�ð Þ½ �=dx1; 0 � x1j j < a

(5.230)

where ψ x1ð Þ is the generalized dislocation density and on the connective surface

ψ ¼ 0.
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Ueda (2005) adopted the Fourier integral transform techniques to solve this

problem. Let

u1 x1; x3ð Þ ¼ 2

π

X6
j¼1

Z 1

0

ajAjðsÞesγjx3 sin sx1ð Þds

u3 x1; x3ð Þ ¼ 2

π

X6
j¼1

Z 1

0

AjðsÞesγjx3 cos sx1ð Þdsþ a0 1� e�βx3
� �

φ x1; x3ð Þ ¼ � 2

π

X6
j¼1

Z 1

0

bjAjðsÞesγjx3 cos sx1ð Þds� b0 1� e�βx3
� �

(5.231)

where AjðsÞ is undetermined function and a0; b0 are unknown constants; γjðsÞ; ajðsÞ;
bjðsÞ are known functions. γjðsÞ is the root of the following equation:

f3q3 þ g2p4ð Þγ6 þ f3q2 þ g2p3 þ f2q3 þ g1p4ð Þγ5 þ f3q1 þ g2p2 þ f2q2 þ g1p3ð
þf1q3 þ g0p4Þγ4 þ f3q0 þ g2p1 þ f2q1 þ g1p2 þ f1q2 þ g0p3 þ f0q3ð Þγ3
þ f2q0 þ g2p0ð þ f1q1 þ g1p1 þ f0q2þg0p2Þγ2 þ f1q0 þ g1p0 þ f0q1 þ g0p1ð Þγ
þ f0q0 þ g0p0ð Þ ¼ 0

(5.232)

For convenience let ReγjðsÞ < Reγjþ1ðsÞ; j ¼ 1� 5. ajðsÞ; bjðsÞ are determined by

ajðsÞ ¼
q3γ3j þ q2γ2j þ q1γj þ q0

g2γ
2
j þ g1γj þ g0

bjðsÞ ¼
C0
13 þ C0

44

� �
sγj þ C0

13β
� 	

aj þ C0
33sγ

2
j þ C0

33βγj � C0
44s

e033sγ
2
j þ e033βγj � e015s

(5.233)

where

f0 ¼ � e031e
0
15 þ C0

13E
0
11

� �
βs

f1 ¼ e031e
0
33 þ C0

13E
0
33

� �
β2 � e015 e015 þ e031

� �þ E011 C0
13 þ C0

44

� �� 	
s2

f2 ¼ E033 2C0
13 þ C0

44

� �þ e033 2e031 þ e015
� �� 	

βs

f3 ¼ E033 C0
13 þ C0

44

� �þ e033 e031 þ e015
� �� 	

s2

(5.234a)

p0 ¼ C0
44E

0
11 þ e0215

� �
s2; p1 ¼ � E033C

0
44 þ 2e033e

0
15 þ E011C

0
33

� �
βs

p2 ¼ e0233 þ C0
33E

0
33

� �
β2 � E033C

0
44 þ 2e033e

0
15 þ E011C

0
33

� �
s2

p3 ¼ 2 e0233 þ C0
33E

0
33

� �
βs; p4 ¼ e0233 þ C0

33E
0
33

� �
s2

(5.234b)
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g0 ¼ e015 e031e
0
33 þ C0

13E
0
33

� �
β2 þ C0

11 e015E
0
33 � e033E

0
11

� �
s2

g1 ¼ e015 E033 C0
13 þ C0

44

� �þ e033 e031 þ e015
� �� 	
 þ e031 þ e015

� �
e031e

0
33 þ C0

13E
0
33

� �
�C0

44 e015E
0
33 � e033E

0
11

� ��
βs

g2 ¼ e015 þ e031
� �

E033 C0
13 þ C0

44

� �þ e033 e031 þ e015
� �� 	�C0

44 e015E
0
33 � e033E

0
11

� ��
s2



(5.234c)

q0 ¼ e033 C0
44E

0
11 þ e0215

� �
βs

q1 ¼ �e015 e0233 þ C0
33E

0
33

� �
β2 þ E033C

0
44 þ e033e

0
15

� �� e015E
0
33 � e031E

0
11

� �
C0
13 þ C0

44

� �� 	
s2

q2 ¼ � e031 þ 2e015
� �

e0233 þ C0
33E

0
33

� �
βs; q3 ¼ � e031 þ e015

� �
e0233 þ C0

33E
0
33

� �
s2

(5.234d)

Let

φc x1; x3ð Þ ¼ 2

π

Z 1

0

BðsÞ sinh sx3ð Þ cos sx1ð Þds; �a < x1 < a (5.235)

where BðsÞ is undetermined function.

Using the dislocation density ψ x1ð Þ, σ33 x1; 0ð Þ ¼ 0; 0 � x1 < a, other boundary
conditions, and Eq. (5.235), finally we can get the following singular integral

equation:

1

π

Z a

�a

ψðtÞ 1

t� x1
þM1 t; x1ð Þ þM2 t; x1ð Þ

� �
dt ¼ σh

Z1
0

(5.236)

The expressions of M1ðt; x1Þ and M2ðt; x1Þ are omitted here.

Equations (5.236) and (5.231) form a singular integral equation system. Let

ψðtÞ ¼ σh Z1
0


� �
ΦðuÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� u2

p.
; u ¼ t a= (5.237)

Substitute Eq. (5.237) into (5.236) and then use the Gauss-Jacobi numerical

integral technique to solve the integral equation. The generalized stress intensity

factors are

KI ¼ lim
x!aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π x1 � að Þ

p
σ33 x1; 0ð Þ ¼ σ0

ffiffiffiffiffi
πa

p
Φð1Þ; KD ¼ Z1

3 Z1
0


� �
KI (5.238)

A lot of literatures studied the functional graded piezoelectric materials, such as

Zhou and Chen (2008), Chen et al. (2003), and Wang and Zhang (2004).
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