
Chapter 4

Linear Inclusion and Related Problems

Abstract In this chapter, the linear cracks and inclusions are discussed. These

problems are mainly reduced to vector Riemann-Hilbert boundary problem with

many variables at first, and then the standard method to solve the Riemann-Hilbert

boundary problem is used. In general case, the numerical computation is used to get

the final results due to its complexity, but for some simpler problems, the analytical

solutions can also be obtained. The interface cracks, rigid inclusion, and electrodes

in piezoelectric bimaterials are discussed in detail. Some special problems, such as

partly insulated and partly conducting crack, the nonideal crack and some other

models in a homogeneous piezoelectric material, and contact zone model for

interface cracks in a piezoelectric bimaterial, are also discussed shortly. Some

interesting problems in engineering, such as interaction of collinear inclusions

with singularity loading, interaction of an elliptic hole and a vice-crack, strip

electric saturation model of an impermeable crack in a homogeneous material

and a strip electric saturation model for mode-III interface crack in a bimaterial,

and mode-III problem for a circular inclusion with interface cracks, are also

discussed.

Keywords Linear interface crack and inclusion • Singularity • Strip electric

saturation model • Circular inclusion

4.1 Vector Riemann-Hilbert Boundary-Value
Problem in the z Plane

4.1.1 Fundamental Solution of the Homogeneous Equation

Let n non-intersect line segments Lk; k ¼ 1 � n, be in the complex z plane, and its

assemble is denoted by L. The end points of Lk are ak; bk and from ak to bk is its
positive direction; the left region of akbk is the region S

þ, and the right region is S�.
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On L functions gðtÞ and Σ0ðtÞ satisfied H€older condition are given (Fig. 4.1).

Now discuss thesolution of the following vector Riemann-Hilbert equation on L
(Muskhelishvili 1954, 1975; Hou et al. 1990):

hþðtÞ � gh�ðtÞ ¼ Σ0ðtÞ; hþj ðtÞ � gijh
�
j ðtÞ ¼ Σ0iðtÞ; i; j ¼ 1� m; t 2 L

(4.1)

where g is an m� m order Hermite matrix and det g 6¼ 0 and t is a point on L.
The superscripts “ þ ” and “ � ” indicate the limit values taken from the left and

right sides along akbk, respectively. The corresponding homogeneous equation is

hþðtÞ � gh�ðtÞ ¼ 0; hþj ðtÞ � gijh
�
j ðtÞ ¼ 0; t 2 L (4.2)

Let the fundamental solution of the homogeneous equation be

X0ðzÞ ¼ X01ðzÞ;X02ðzÞ; . . .X0mðzÞÞ½ �T ¼ ωY0ðzÞ

X0jðzÞ ¼ ωjY0ðzÞ; Y0ðzÞ ¼
Yn
k¼1

ðz� akÞ�γðz� bkÞγ�1

X�
0 ðtÞ ¼ e�2πiγXþ

0 ðtÞ; or Xþ
0 ðtÞ ¼ e2πiγX�

0 ðtÞ

(4.3a)

Usually, the single-valued branch of the multi-value function Y0ðzÞ is selected such

that Y0ðzÞ ! z�n when z ! 1. Substitution of Eq. (4.3a) into Eq. (4.2) yields

e2πiγX�
0 ðtÞ � gX�

0 ðtÞ ¼ 0 ) ðe2πiγI� gÞω ¼ 0 (4.4)

In order to have nontrivial solution for ω, it must be

e2πiγI� g
�� �� ¼ 0; I ¼ diag½1; 1; . . . ; 1�m�m (4.5)

From Eqs. (4.5) and (4.4), we can get m eigenvectors ωð1Þ;ωð2Þ; . . . ;ωðmÞ

corresponding to m eigenvalues, e2πiγ1 ; e2πiγ2 ; . . . ; e2πiγm , where γk is limited within

Fig. 4.1 Riemann-Hilbert

boundary problem on smooth

non-intersecting curves
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the semi-open interval 0; 2π½ Þ. For a eigenvalue e2πiγk , there is only one component

of ωðiÞ is undetermined. The fundamental solution Eq. (4.3a) becomes

X
ðiÞ
0 ðzÞ ¼ ωðiÞYðiÞ

0 ðzÞ; X
ðiÞ
0j ðzÞ ¼ ωðiÞ

j Y
ðiÞ
0 ðzÞ

Y
ðiÞ
0 ðzÞ ¼

Yn
k¼1

ðz� akÞ�γiðz� bkÞγi�1; i; j ¼ 1; 2; . . . ;m
(4.3b)

The complete fundamental solutions form a square matrix PðzÞ:

PðzÞ ¼ X
ð1Þ
0 ðzÞ;Xð2Þ

0 ðzÞ; . . . ;XðnÞ
0 ðzÞ

h i
¼ ΩQðzÞ; PijðzÞ ¼ X

ðiÞ
0j ðzÞ

QðzÞ ¼ Y
ðjÞ
0 ðzÞ

D E
¼ diag Y

ð1Þ
0 ðzÞ; . . . ; YðmÞ

0 ðzÞ
h i

; Ω ¼ ωð1Þ;ωð2Þ; . . . ;ωðmÞ
h i

(4.6)

4.1.2 First Solving Method

From the behavior of the fundamental solution, it is known that

PþðtÞ � gP�ðtÞ ¼ 0; g ¼ PþðtÞ½P�ðtÞ��1; t 2 L (4.7)

Substitution of Eq. (4.7) into Eq. (4.2) yields

½PþðtÞ��1
hþðtÞ ¼ ½P�ðtÞ��1h�ðtÞ; t 2 L (4.8)

The function at the left side in Eq. (4.8) is analytic in Sþ , whereas those on the

right side are analytic in S�, and they are continuous on L. So these functions are

analytic in whole plane and must be constants. The general solution h0ðzÞ of

Eq. (4.2) is

½PðzÞ��1h0ðzÞ ¼ CðzÞ; h0ðzÞ ¼ PðzÞCðzÞ
CðzÞ ¼ cnz

n þ cn�1z
n�1 þ � � � þ c0; ck ¼ ½cð1Þk ; c

ð2Þ
k ; . . . ; c

ðmÞ
k �T; or

CðzÞ ¼ ½Cð1ÞðzÞ;Cð2ÞðzÞ; . . . ;CðmÞðzÞ�T; CðkÞðzÞ ¼ cðkÞn zn þ c
ðkÞ
n�1z

n�1 þ � � � þ c
ðkÞ
0

h i
(4.9)

If the infinite point is a pole in order p, CðzÞ is a vector polynomial less than

order nþ p.
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Substitution of Eq. (4.7) into the inhomogeneous equation (4.1) yields

½PþðtÞ��1
hþðtÞ � ½P�ðtÞ��1h�ðtÞ ¼ ½PþðtÞ��1

Σ0ðtÞ; t 2 L (4.10)

Equation (4.10) is a decoupling Riemann-Hilbert boundary problem of ½PðzÞ��1hðzÞ.
By using the Cauchy formula, the special solution hsp is

½PðzÞ��1hspðzÞ ¼ 1

2π i

Z
L

Σ0ðtÞdt
PþðtÞðt� zÞ; hspðzÞ ¼ PðzÞ

2π i

Z
L

Σ0ðtÞdt
PþðtÞðt� zÞ (4.11)

The general solution of the inhomogeneous equation (4.1) is

hðzÞ ¼ h0ðzÞ þ hspðzÞ

¼ PðzÞ CðzÞ þ 1

2π i

Z
L

~ΣðtÞdt
ðt� zÞ

� �
¼
Xm
k¼1

X
ðkÞ
0 ðzÞ 1

2π i

Z
L

~ΣkðtÞ
ðt� zÞ dtþ CðkÞðzÞ

� �

~ΣðtÞ ¼ ½~Σ1ðtÞ; ~Σ2ðtÞ; . . . ; ~ΣmðtÞ�T ¼ PþðtÞ½ ��1
Σ0ðtÞ

(4.12)

4.1.3 Second Solving Method

Because g is a Hermite matrix, the eigenvectors corresponding to the different

eigenvalues are orthogonal to each other in the complex space. Form a square

matrix Ω consisted of ω and

Ω ¼ ωð1Þ;ωð2Þ; . . . ;ωðmÞ
h i

; �Ω
T
Ω ¼ Λ; �Ω

�T ¼ ΩΛ�1

�Ω
T
gΩ ¼ M; M ¼ diag½e2π iγ1Λ2

1; . . . ; e
2π iγmΛ2

m�
Λ ¼ diag½Λ2

1;Λ
2
2; . . . ;Λ

2
m�; Λ2

i ¼ �ωðiÞ
1 ωðiÞ

1 þ �ωðiÞ
2 ωðiÞ

2 þ � � � þ �ωðiÞ
m ωðiÞ

m

(4.13)

In most cases Ω is assumed normalized, i.e., �Ω
T
Ω ¼ Λ ¼ I.

Multiplying on both sides of Eq. (4.1) from left by �Ω
T
and using Eq. (4.13) we get

�Ω
T
hþðtÞ � ð�ΩT

gΩÞΩ�1h�ðtÞ ¼ �Ω
T
hþðtÞ �MΛ�1 �Ω

T
h�ðtÞ ¼ �Ω

T
Σ0ðtÞ

MΛ�1 ¼ diag½e2π iγ1 ; e2π iγ2 ; . . . ; e2π iγm � ¼ e2π iγj
� � (4.14)

Equation (4.14) can be expressed in the following decoupling form:

ΨþðtÞ �MΛ�1Ψ�ðtÞ ¼ Σ�ðtÞ; Ψþ
i ðtÞ � e2π iγiΨ�

i ðtÞ ¼ Σ�
i ðtÞ

Ψ ðzÞ ¼ �Ω
T
hðzÞ; Σ�ðtÞ ¼ �Ω

T
Σ0ðtÞ

(4.15)
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Equation (4.15) is the scalar Riemann-Hilbert boundary-value problem of the

component Ψ i of Ψ , soits solution is

Ψ ðzÞ ¼ QðzÞ ΛCðzÞ þ 1

2πi

Z
L

½QþðtÞ��1Σ�ðtÞdt
ðt� zÞ

( )
; h ðzÞ ¼ �Ω

�T
Ψ ðzÞ

Ψ iðzÞ ¼ Y
ðiÞ
0 ðzÞ Λ2

i C
ðiÞðzÞ þ 1

2πi

Z
L

Σ�
i ðtÞdt

Y
ðiÞþ
0 ðtÞðt� zÞ

( )

QðzÞ ¼ Y
ðiÞ
0 ðzÞ

D E
(4.16)

Solving Ψ ðzÞ, hðzÞ is obtained by hðzÞ ¼ �Ω
�T

Ψ ðzÞ, where �Ω
�T ¼ ½ �ΩT��1 ¼ ΩΛ�1.

If we assume ½QþðtÞ��1
ij Σ�

j ðtÞ ! αqt
q þ � � � þ α0 þ α�1=tþ � � � , when t ! 1 and

it is single valued, Eq. (4.16) is reduced to

Ψ ðzÞ ¼ QðzÞ ΛCðzÞ þ 1� e2πiγi
� ��1

QðzÞ½ ��1Σ�ðzÞ � αqz
q þ � � � þ α0

� �h in o

Ψ iðzÞ ¼ Y
ðiÞ
0 ðzÞ Λ2

i C
ðiÞðzÞ þ 1

1� e2πiγi

Σ�
i ðzÞ

Y
ðiÞ
0 ðzÞ

� αðiÞq zq þ � � � þ αðiÞ0
	 
" #( )

(4.17)

where the following integral formula has been used (Shen and Kuang 1998):

1

2π i

Z
L

GþðtÞdt
XþðtÞðt� zÞ ¼

1

1� gg�
GðzÞ
XðzÞ � αqz

q � � � � � α0

� �
XþðtÞ � gX�ðtÞ ¼ 0; G�ðtÞ ¼ g�GþðtÞ; g ¼ e2πiγ; t 2 L

(4.18)

For a single-valued function GðzÞ, g� ¼ 1, Eq. (4.18) is just the formula given by

Muskhelishvili (1954).

The two methods are equivalent. In fact by using �Ω
�T ¼ ΩΛ�1, Eq. (4.15) can be

reduced to

hðzÞ ¼ �Ω
�T

Ψ ðzÞ ¼ ΩΛ�1QðzÞ ΛCðzÞ þ 1

2πi

Z
L

�Ω
T
Σ0 x1ð Þdt

Qþ x1ð Þðx1 � zÞ

( )

¼ ΩQðzÞ CðzÞ þ 1

2π i

Z
L

Σ0 x1ð Þdt
ΩQþ x1ð Þðx1 � zÞ

� �

¼ PðzÞ CðzÞ þ 1

2π i

Z
L

~Σðx1Þdx1
ðx1 � zÞ

� �

which is identical with Eq. (4.12).
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4.2 Interface Cracks in Piezoelectric Bimaterials

4.2.1 General Discussion of an Impermeable Interface
Cracks

Discuss a piezoelectric bimaterial with collinear impermeable cracks without

generalized loading at infinity (Suo 1990; Suo et al. 1992; Kuang and Ma 2002).

Let the material I be located at the upper half plane Sþ , x2 > 0; the material II is

located at the lower half plane S� , x2 < 0; x2 ¼ 0 is the interface L , there are

collinear cracks, the left end point of the crack Lk is denoted by ak, and the right end
point bk and its assemble is denoted byLc.L� Lc is the connected surface (Fig. 4.2).
For a single crack with length 2a, we always let the coordinate origin be selected

at the center of the crack. These notations will be used in this whole chapter.

Assuming the generalized forces Σ0ðx1Þ ¼ ½t�1; t�2; t�3;�σ��T acting on the crack

surfaces are self-equilibrium, at infinity, generalized forces are equal to zero, i.e.,

Σðx1Þ ¼ ΣIðx1Þ ¼ ΣIIðx1Þ ¼ Σ0ðx1Þ; x 2 Lc

ΣIðx1Þ ¼ ΣIIðx1Þ ¼ 0; at infinity; Σβðx1Þ ¼ 2Re½BβFβðx1Þ�; β ¼ I; II

(4.19)

On the connected surface, the generalized displacements and traction are continuous:

d̂ðx1Þ ¼ UIðx1Þ � UIIðx1Þ ¼ 0; Σ2ðx1Þ ¼ ΣI2ðx1Þ ¼ ΣII2ðx1Þ; x 2 L� Lc

(4.20)

where d̂ðx1Þ is the displacement disconnected value between crack surfaces and

the crack opening displacement. Because for any subscript j; x1j ¼ x1 is held on

the axis x1, so

d̂ðx1Þ ¼ UIðx1Þ � UIIðx1Þ ¼ 2Re½AI f Iðx1Þ � AII f IIðx1Þ� (4.21)

According to the given conditions, the generalized tractions are continuous on

the whole axis x1, i.e., ΣI2ðx1Þ ¼ ΣII2ðx1Þ, or

BIFIðx1Þ þ �BIFIðx1Þ ¼ BIIFIIðx1Þ þ �BIIFIIðx1Þ; �1 < x1 < 1; or

BIF
þ
I ðx1Þ � �BII

�Fþ
II ðx1Þ ¼ BIIF

�
II ðx1Þ � �BI

�F�
I ðx1Þ

(4.22)

Fig. 4.2 Collinear interface cracks or inclusions: (a) general case and (b) one crack or inclusion
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where the superscripts “þ ” and “� ” indicate the limit values taken from the upper

and lower half -planes, respectively. It is known that the functions at the left side

in Eq. (4.22) are analytic in the upper half plane x2 > 0, whereas those on the

right side are analytic in the lower half plane x2 < 0, and they are continuous on

x1 ¼ 0. So, according to Liouville theorem (Lavrenchive and Shabat 1951), these

functions are analytic in whole plane and must be constants and equal to zero due to

Σ1 ¼ 0. So,

BIFIðzÞ ¼ �BII
�FIIðzÞ; x2 > 0; BIIFIIðzÞ ¼ �BI

�FIðzÞ; x2 < 0 (4.23)

From Eqs. (4.21) and (4.23), the dislocation density d̂0 x1ð Þ can be written as

id̂0ðx1Þ ¼ idd̂ x1ð Þ dx1= ¼ ½iAIFIðx1Þ þ i�AIFIðx1Þ� � ½iAIIFIIðx1Þ þ i�AIIFIIðx1Þ�
¼ ½iAIB

�1
I � i�AII

�B�1
II �BIFIðx1Þ � ½iAIIB

�1
II � i�AI

�B�1
I �BIIFIIðx1Þ

¼ HBIFIðx1Þ � �HBIIFIIðx1Þ
(4.24)

where

H ¼ YI þ �YII; Yα ¼ iAαB
�1
α ; Yα ¼ Yα11 Yα14

Yα41 Yα44


 �
; α ¼ I; II (4.25)

It is easy shown that Yα and H are all Hermite matrixes. Yα11 is a 3� 3 positive

definite matrix, Yα14 ¼ �YT
α41 is a piezoelectric matrix, and Yα44 is an element of

dielectric coefficient. For a stable material, Yα44 < 0.

4.2.2 A Simple Method to Get FβðzjÞ

Because on the interface zj ¼ x1 , a simple method to solve the problem can be

adopted (Suo 1990; Kuang and Ma 2002). At first we discuss two auxiliary

complex functions FIðzÞ and FIIðzÞ in z plane with complex variable z which also

satisfy Eqs. (4.19) and (4.24) on the interface and solve the problem in z plane.

According to Eq. (4.24), we can construct an auxiliary function hðzÞ analytic in

whole plane except cracks by standard analytic continuation through the connected

part on the interface:

hðzÞ ¼ BIFIðzÞ; x2 � 0

H�1 �HBIIFIIðzÞ; x2 	 0

�
; z =2 Lc; z ¼ x1 þ ix2 (4.26)

The standard analytic continuation will be often used in the following sections. It is

obvious that at points x1 =2 Lc on axis x1,BIFIðx1Þ ¼ H�1 �HBIIFIIðx1Þ is held. Solving
hðzÞ, the FβðzÞ can be obtained by the following equations:
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FIðzÞ ¼ B�1
I hðzÞ; x2 � 0; FIIðzÞ ¼ B�1

II
�H
�1
HhðzÞ; x2 	 0

FIjðzÞ ¼ B�1
Ijl hlðzÞ; x2 � 0; FIIjðzÞ ¼ B�1

IIjmH
�1

m nHnlhlðzÞ; x2 	 0
(4.27)

where B�1
βjl ¼ B�1

β

h i
jl
; β ¼ I; II; j; l ¼ 1� 4.

Substituting Eqs. (4.26) and (4.23) into Eq. (4.19) and noting on x1 axis all

zj ¼ x1 we find

hþðxÞ þ �H
�1
Hh�ðxÞ ¼ Σ0ðx1Þ; x1 2 Lc (4.28)

If let �H
�1
H ¼ �g, Eq. (4.28) is identical with Eq. (4.1), which is solved as shown

in Sect. 4.2.

A simple method to getFβðzjÞ, for the original piezoelectric problem is replacing

z by zj inFβðzÞ. In fact the solution FβðzjÞ solved by this method are still satisfy Eqs.

(4.19) and (4.20) due to on the axis x1; FIðzjÞ ¼ FIðx1Þ , FIIðzjÞ ¼ FIIðx1Þ , and
hðzjÞ ¼ hðx1Þ. Outside axis x1; Af ðzjÞ andBf ðzjÞ satisfy the generalized equilibrium
equations due to they are selected as the general solutions given in Eqs. (3.18) and

(3.23).

4.2.3 General Solution of the Homogeneous Equation

From Eq. (4.28), the homogeneous vector Riemann-Hilbert equation in the z
plane is

hþðx1Þ þ �H
�1
Hh�ðx1Þ ¼ 0; x1 2 Lc (4.29)

If let �H
�1
H ¼ �g , Eq. (4.29) is identical with (4.1). So the solution of the

homogeneous equation is still expressed by Eqs. (4.3) and (4.6), but Eqs. (4.4)

and (4.5) are changed to

e2πiγIþ �H
�1
H

	 

ω ¼ 0; e2πiγIþ �H

�1
H

��� ��� ¼ 0 (4.30)

Let γ ¼ 1 2= þ iε. Using e2πið1 2= þiεÞ ¼ �e�2πε, Eq. (4.30) and its conjugate equation

can be reduced to

e�2πεI� �H
�1
H

	 

ω ¼ 0; e�2πεI�H�1 �H

� �
�ω ¼ 0

�H � e2πεH
�� �� ¼ 0; �H � e�2πεH

�� �� ¼ 0
(4.31)
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It is obvious that ε and � ε are all the solutions of Eq. (4.31). BecauseH is a 4� 4

order Hermite matrix, it can be decomposed to

H ¼ Λ1 þ iΛ2; �H ¼ Λ1 � iΛ2 (4.32)

where Λ1 is a real symmetric matrix and Λ2 is an antisymmetric matrix. Let

β ¼ tanhðπεÞ ¼ eπε � e�πε

eπε þ e�πε
¼ e2πε � 1

e2πε þ 1
; or ε ¼ 1

2π
ln
1þ β

1� β
(4.33)

Substitution of Eqs. (4.32) and (4.33) into Eq. (4.31) yields

Λ�1
1 Λ2 þ iβI

�� �� ¼ 0; Λ�1
1 Λ2 � iβI

�� �� ¼ 0 (4.34)

It is known that β;�β are all roots of the above equation. Expanding above

equation, we get

β4 þ 2bβ2 þ c ¼ 0; b ¼ 1 4=ð Þtr½ðΛ�1
1 Λ2Þ2�; c ¼ Λ�1

1 Λ2

�� �� (4.35a)

Because Λ2 is an even antisymmetric matrix, Λ2j j � 0, Yα11 positive definite,

Yα44 < 0, it is derived that Λ�1
1

�� �� < 0 and c < 0. Therefore

β1;2 ¼ 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb2 � cÞ1 2= � b

q
; β3;4 ¼ 
i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb2 � cÞ1 2= þ b

q
(4.35b)

Corresponding ε is denoted as

ε1 ¼ �ε2 ¼ ε0; ε0 ¼ 1

π
ar tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb2 � cÞ1 2= � b

q

ε4 ¼ �ε3 ¼ iκ; κ ¼ 1

π
ar tan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb2 � cÞ1 2= þ b

q (4.36)

where ε0; κ are real. From Eqs. (4.31), (4.32), (4.33), (4.34), (4.35a), (4.35b) and

(4.36), it is known thatωð1Þ and �ωð2Þ,ωð3Þ and �ωð3Þ, andωð4Þ and �ωð4Þ satisfy the same

eigen-equation, so we haveωð1Þ ¼ c�ωð2Þ, where c is a real constant andωð3Þ andωð4Þ

are real vectors.

The fundamental solution of Eqs. (4.3), (4.6), and (4.13) can be rewritten in ε as

PðzÞ ¼ X
ðiÞ
0 ðzÞ

h i
¼ ΩQðzÞ; Ω ¼ ωð1Þ;ωð2Þ;ωð3Þ;ωð4Þ

h i
; �Ω

T
Ω ¼ Λ ¼ Λ2

j

D E
�Ω
T �H

�1
HΩ ¼ �M; M ¼ e2π iγjΛ2

j

D E
; MΛ�1 ¼ e2π iγj

� � ¼ �e2π iεj
� �

QðzÞ ¼ Y
ðiÞ
0 ðzÞ

D E
; Y

ðiÞ
0 ðzÞ ¼

Yn
k¼1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðz� akÞðz� bkÞ
p z� bk

z� ak


 �iεi

; i ¼ 1; 2; 3; 4

(4.37)

In practice Ω is normalized, i.e., �Ω
T
Ω ¼ I.
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For a homogeneous material, H; Ω are real, so εj ¼ ε ¼ 0; γj ¼ γ ¼ 1 2= ,

QðzÞ ¼ Y0ðzÞh i, Y0ðzÞ ¼ Y
ðiÞ
0 ðzÞ ¼ Qn

k¼1 ðz� akÞðz� bkÞ½ ��1 2= ; i ¼ 1� m.

4.2.4 General Solution of the Inhomogeneous Equation
for Impermeable Cracks

First method. For the inhomogeneous equation (4.1) in z plane, the solution of hðzÞ
is Eq. (4.12), i.e.,

hðzÞ ¼ PðzÞ CðzÞ þ 1

2π i

Z
L

~ΣðtÞdt
ðt� zÞ

� �
¼
X4
k¼1

X
ðkÞ
0 ðzÞ 1

2π i

Z
L

~ΣkðtÞ
ðt� zÞ dtþ CðkÞðzÞ

� �

~ΣðtÞ ¼ ½~Σ1ðtÞ; ~Σ2ðtÞ; . . . ; ~Σ4ðtÞ�T ¼ PþðtÞ½ ��1
Σ0ðtÞ

(4.38)

Solving hðzÞ, according to Sect. 4.2.2, FβðzjÞcan be solved by the following equations:

FIðzÞ ¼ B�1
I hðzÞ; FIjðzjÞ ¼ B�1

Ijl hlðzjÞ; FIðzjÞ ¼ FIjðzjÞ
� �T

; x2 � 0;

FIIðzÞ ¼ B�1
II

�H
�1
HhðzÞ; FIIjðzjÞ ¼ B�1

IIjmH
�1

mnHnlhlðzjÞ; FIIðzjÞ ¼ FIIjðzjÞ
� �T

; x2 	 0

(4.39)

The stresses are

ΣI1 ¼ �2Re BIμjFIðzjÞ
� �

; ΣI2 ¼ 2Re BIFIðzjÞ
� �

; x2 � 0

ΣII1 ¼ �2Re BIIμjFIIðzjÞ
� �

; ΣII2 ¼ 2Re BIIFIIðzjÞ
� �

; x2 	 0
(4.40)

Second method. The solutionΨ ðzÞ of Eq. (4.1) is shown in Eqs. (4.16) or (4.17), i.e.,

Ψ ðzÞ ¼ QðzÞ ΛCðzÞ þ 1

2πi

Z
L

½Qþðx1Þ��1Σ�ðtÞdt
ðx1 � zÞ

( )

¼ QðzÞ ΛCðzÞ þ 1� e2πiγi
� ��1

QðzÞ½ ��1Σ�ðzÞ � αqz
q þ � � � þ α0

� �h in o
Ψ ðzÞ ¼ �Ω

T
hðzÞ; Σ�ðtÞ ¼ �Ω

T
Σ0ðtÞ

(4.41a)

where ½QþðtÞ��1
ij Σ�

j ðtÞ ! αqt
q þ � � � þ α0 þ α�1=tþ � � � , when t ! 1 is assumed.

Combining the similar terms in Eq. (4.41a) yields

Ψ ðzÞ ¼ QðzÞCðzÞ þ I�MΛ�1
� ��1

Σ�ðzÞ; hðzÞ ¼ �Ω
�T

Ψ ðzÞ (4.41b)

FβðzjÞ can be obtained from Eq. (4.39).
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The closed solutions of the displacements and stresses are difficult obtained,

usually adopted numerical method. But the stress intensity can be expressed

analytically.

4.2.5 The Stress Asymptotic Field and the Stress
Intensity Factors

Discuss a crack of length 2a and its center is selected as the origin (Fig. 4.2b). From
Eqs. (4.37) and (4.38), the fundamental solution can be written as

Y
ðiÞ
0 ðzÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2 � a2
p z� a

zþ a


 �iεi

; Ĉ0ðzÞ ¼ CðzÞ þ 1

2π i

Z
L

~Σðx1Þdx1
x1 � z

hðzÞ ¼ Ω Y
ðiÞ
0 ðzÞ

D E
Ĉ0ðzÞ; ~ΣðtÞ ¼ PþðtÞ½ ��1

Σ0ðtÞ; i ¼ 1; 2; 3; 4

(4.42)

Near the right crack tip x1 ¼ a , the asymptotic form of hðzÞ and FβðzjÞ is,

respectively,

lim
z!a

hðzÞ ¼ Ω z� að Þ� 1 2=ð Þþiεj
D E

ĈðaÞ; ĈðaÞ ¼ zþ að Þ� 1 2=ð Þ�iεj
D E

Ĉ0ðaÞ
FIðzÞ ¼ B�1

I hðzÞ; FIjðzjÞ ¼ B�1
Ijl hlðzjÞ; x2 � 0;

FIIðzÞ ¼ B�1
II

�H
�1
HhðzÞ; FIIjðzjÞ ¼ B�1

IIjm
�H�1
mnHnlhlðzjÞ; x2 	 0

(4.43)

Combining Eqs. (4.40) and (4.43) yields the asymptotic stresses near the right crack

tip, but they are complex. However when the stress intensity factors are discussed

only, the general expressions of the stress asymptotic field are not needed. Using all

zj ¼ x1 on the axis x1 yields

ΣI2ðx1Þ ¼ ΣII2ðx1Þ ¼ Σ2ðx1Þ ¼ BIFIðx1Þ þ �BI
�FIð�x1Þ

hþðx1Þ ¼ h�ðx1Þ ¼ hðx1Þ; or HBIFIðx1Þ ¼ �HBIIFIIðx1Þ

Using Eqs. (4.23), (4.26), and (4.31) yields

Σ2ðx1Þ ¼ hþðx1Þ þ �H
�1
Hh�ðx1Þ ¼ ðIþ �H

�1
HÞhðx1Þ

¼ Ω 1þ e�2πεj
� �

x1 � að Þ� 1 2=ð Þþiεj
D E

ĈðaÞ
(4.44)

If H is complex, from Eq. (4.44), it is seen that the stresses are oscillated near the

crack tip. The stress intensity factors K of the bimaterial are defined in the way
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that they can be reduced to the definition in a homogeneous material. According to

Eq. (4.44), the K can be defined as

K ¼
ffiffiffiffiffi
2π

p
Ω 1þ e�2πεj
� �

Ĉ; Ĉ ¼ 1
ffiffiffiffiffi
2π

p.	 

1þ e�2πεj
� ��1

Ω�1K (4.45)

The stress asymptotic field can be written as

lim
x1!a

Σ2ðx1Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðx1 � aÞp Ω x1 � að Þiεj

D E
Ω�1K (4.46)

According to Eq. (4.46) K can be expressed by the generalized stresses as

K ¼ KII;KI;KIII;KD½ �T ¼ lim
x1!a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðx1 � aÞ

p
Ω x1 � að Þ�iεj
D E

Ω�1Σ2ðx1Þ (4.47)

where K is real and does not effect by the constant in Ω . For a homogeneous

material, x1 � að Þ�iεj
D E

¼ I andK ¼ KII;KI;KIII;KD½ �T ¼ lim
x1!a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðx1 � aÞp

Σ2ðx1Þ
which is identical with that in Eq. (3.220). In some literatures, the following

definition is also used:

K ¼ KII;KI;KIII;KD½ �T ¼ lim
x1!a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðx1 � aÞ

p
Σ2ðx1Þ x1 � að Þ�iεj

D E
lim
x1!a

Σ2ðx1Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðx1 � aÞp x1 � að Þiεj

D E
K

(4.48)

Beom and Atluri (1996), Shen et al. (1999, 2007), and many other literatures

discussed many interesting problems.

4.2.6 Permeable Crack

Discuss a permeable crack in an infinite bimaterial. The boundary condition at

infinity is

Σ2 ¼ Σ1
2 ðx1Þ; at infinity (4.49)

The mixed boundary conditions on the crack surface and the continuity

conditions on the connective interface are

σI 2 iðx1Þ ¼ σII 2 iðx1Þ ¼ 0; EI 1 ¼ EII 1; DI2 ¼ DII2 ¼ D2; x1 2 Lc; i ¼ 1; 2

uI 2 iðx1Þ ¼ uII 2 iðx1Þ; σI 2 iðx1Þ ¼ σII 2 iðx1Þ; EI 1 ¼ EII 1; DI2 ¼ DII2 ¼ D2;

x1 2 L� Lc

(4.50)
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The main different of the permeable crack with the impermeable crack is that

the electric displacement on an impermeable crack is given and the potential is

unknown, but on a permeable crack D2 is undetermined and the potential is given.

Because the generalized stresses are continuous on the whole axis x1, so

BIFIðx1Þ þ �BI
�FIð�x1Þ ¼ BIIFIIðx1Þ þ �BII

�FIIð�x1Þ ¼ Σ2ðx1Þ; �1 < x1 < 1
(4.51)

Noting Σ2 ¼ Σ1
2 ðx1Þ 6¼ 0 at infinity, like Eqs. (4.22) and (4.23), from Eq. (4.51)

we get

BIFIðx1Þ � �BII
�FIIð�x1Þ ¼ BIIFIIðx1Þ � �BI

�FIð�x1Þ ¼ Δ1

Δ1 ¼ 1 2=ð Þ½ðBIF
1
I þ BIIF

1
II Þ � ð�BI

�F1
I þ �BII

�F1
II Þ�; FαðzÞ; α ¼ I; II

(4.52)

where Δ1 is a pure imaginary vector. Analogous to Eq. (4.24),

id̂0ðx1Þ ¼ HBIFIðx1Þ � �HBIIFIIðx1Þ � �YII � �YIð ÞΔ1 (4.53)

Analogous to Eq. (4.26) let,

hðzÞ ¼ BIFIðzÞ; x2 � 0

H�1 �HBIIFIIðzÞ þH�1 �YII � �YIð ÞΔ1; x2 	 0
; z =2Lc

�
(4.54)

Using Eq. (4.54), Eq. (4.53) is reduced to

id̂0ðx1Þ ¼ H hþðx1Þ � h�ðx1Þ½ � (4.55)

Substituting Eq. (4.54) into (4.51) and using Eq. (4.52) we get

Σ2ðx1Þ ¼ BIFIðx1Þ þ �BI
�FIð�x1Þ ¼ hþðx1Þ þ BIIFIIðx1Þ � Δ1

¼ hþðx1Þ þ �H
�1
Hh�ðx1Þ � Δ1

1 ; Δ1
1 ¼ �H

�1 �YII � �YIð ÞΔ1 (4.56)

According to Eq. (4.50), on the crack surface σ2j ¼ 0, but D2 is unknown, so on

the crack surface, Eq. (4.56) is reduced to

hþðx1Þ þ �H
�1
Hh�ðx1Þ ¼ Δ1

1 þ i4D2ðx1Þ; i4 ¼ 0; 0; 0; 1½ �T; z 2 Lc (4.57)

According to Eq. (4.50), E1 is continuous on whole axis x1, so according to

Eq. (4.55), we have

H4 h
þðx1Þ � h�ðx1Þ½ � ¼ 0; H4 ¼ H41;H42;H43;H44½ �; x1j j < 1 (4.58)
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The solution of Eq. (4.58) in the z plane is

H4hðzÞ ¼ H4hð1Þ; h4ðzÞ ¼ �H�1
44

X3
j¼1

H4jhjðzÞ þ H�1
44 H4hð1Þ (4.59)

Multiplying both sides of Eq. (4.56) by �Ω
T
, noting on connective surfacehþðx1Þ ¼

h�ðx1Þ, and when x1 ! 1 we get

hð1Þ ¼ Ω 1þ e2πεi
� ��1
D E

�Ω
T
Δ1
1 þ Σ1

2

� �
(4.60)

Now, the problem is reduced to solve Eqs. (4.57) and (4.59).

The homogeneous equation corresponding to Eq. (4.57) is identical with

Eq. (4.29), so its solution is still expressed by Eq. (4.37). We shall use the second

method to solve the inhomogeneous equation (4.57) and adopt the normalized

matrix Ω, i.e., �Ω
T
Ω ¼ I. Multiplying on both sides of Eq. (4.57) from left by �Ω

T
,

Ψþðx1Þ �MΨ�ðx1Þ ¼ Σ�ðx1Þ; Ψþ
i ðx1Þ � e2πiγiΨ�

i ðx1Þ ¼ Σ�
i ðx1Þ

Ψ ðzÞ ¼ �Ω
T
hðzÞ; M ¼ e2πiγ1 ; . . . e2πiγ4

� �
; Σ�ðtÞ ¼ �Ω

T
Δ1
1 þ i4D2ðx1Þ

� �
(4.61)

Analogous to Eqs. (4.14), (4.15), (4.16), and (4.17), the solution of Eq. (4.61) in

the z plane is

hðzÞ ¼ Ω 1þ e2πεj
� ��1
D E

�Ω
T

Δ1
1 þ i4D2ðzÞ

� �þΩ Y
ðjÞ
0 ðzÞ

D E
CðzÞ

CðzÞ ¼ cnz
n þ cn�1z

n�1 þ � � � þ c0

(4.62)

Using the condition at infinity yields

hð1Þ ¼ Ω 1þ e2πεj
� ��1
D E

�Ω
T

Δ1
1 þ i4D2ð1Þ� �þΩCn (4.63)

Substituting Eq. (4.62) into Eq. (4.59) yields the equation to determine D2ðzÞ:

H4 Ω 1þ e2πεj
� ��1
D E

�Ω
T

Δ1
1 þ i4D2ðzÞ

� �þΩ Y
ðjÞ
0 ðzÞ

D E
CðzÞ

n o
¼ H4hð1Þ

(4.64)

Comparing Eqs. (4.60) and (4.63) yields

Cn ¼ 1þ e2πεj
� ��1
D E

�Ω
T~Σ1

2 ; ~Σ1
2 ¼ Σ1

2 � i4D2ð1Þ ¼ σ12 ; 0
� �T

(4.65)
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Other unknowns in CðzÞ are determined by the single-valued condition. Using

Eq. (4.55) yields

I
Lc

hðzÞdz ¼ 0; or

Z a

�a

Uþ � U�ð Þ dx1 ¼ 0 ðfor one crackÞ (4.66)

Equation (4.54) yields

FIðzÞ ¼ B�1
I hðzÞ; x2 � 0; FIIðzÞ ¼ B�1

II
�H
�1

HhðzÞ � �YII � �YIð ÞΔ1½ �; x2 	 0

(4.67)

Solving hðzÞ, FβðzjÞ can be obtained. From Eq. (4.56), the stress on the axis x1 is

Σ2ðx1Þ ¼ Iþ �H
�1
H

	 

hðx1Þ � Δ1

1 (4.68)

For one crack in a homogeneous material, we have

AI ¼ AII ¼ A;BI ¼ BII ¼ B;HI ¼ HII ¼ H ¼ �H;Δ1
1 ¼ 0; εj ¼ 0; γ ¼ 1 2=

and

hðzÞ ¼ 1 2=ð Þi4D2ðzÞ þΩ Y
ðjÞ
0 ðzÞ

D E
C; C ¼ 1 2=ð Þ�ΩT~Σ1

2 ; ~Σ1
2 ¼ σ12 ; 0

� �T
(4.69)

Gao and Wang (2000, 2001) discussed the collinear permeable cracks and the

mutual effect of a crack with a point singularity.

4.3 Other Line Inclusions

4.3.1 Rigid Line Inclusion

Discuss a nonconductive rigid line inclusion in an infinite bimaterial (Zhou et al.

2008). In Fig. 4.2 the crack is replaced by a rigid inclusion. The boundary condition

at infinity is

Σ2 ¼ Σ1
2 ðx1Þ; at infinity (4.70)

The mixed boundary conditions on the surface of the rigid line inclusion and the

continuity conditions on the connective interface are
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uj;1 ¼ uIj;1 ¼ uIIj;1 ¼ ω0δj2; x‘ 2 Lc; EI 1 ¼ EII 1; DI2 ¼ DII2; x 2 Lc

UIðx1Þ ¼ UIIðx1Þ; Σ2ðx1Þ ¼ ΣI2ðx1Þ ¼ ΣII2ðx1Þ; x 2 L� Lc

(4.71)

where ω0 is the rotation angle about axis x3 of the inclusion. The main difference

between the rigid line inclusion and a permeable crack is that in a permeable crack

surfaces, the stresses are given, but for a rigid line inclusion, the rotational angles or

moments are given.

According to Stroh’s formula we have

Uα; 1 ¼ AαFαðzÞ þ AαFαðzÞ; Φα; 1 ¼ BαFαðzÞ þ BαFαðzÞ;
FαðzÞ ¼ f 0αðzÞ; α ¼ I; II

(4.72)

The generalized displacements are continuous on the whole axis x1, so analogous to
Eq. (4.52) it yields

AIFIðx1Þ þ �AI
�FIð�x1Þ ¼ AIIFIIðx1Þ þ �AII

�FIIð�x1Þ; �1 < x1 < 1
�AI
�FIð�x1Þ ¼ AIIFIIðx1Þ � Δ1; Δ1 ¼ 1 2=ð Þ½ðAIF

1
I þ AIIF

1
II Þ � ð�AI

�F1
I þ �AII

�F1
II Þ�;

α ¼ I; II

(4.73)

Analogous to previous sections, we have

ΔΦ;1ðx1Þ ¼ ΦI;1ðx1Þ �ΦII;1ðx1Þ ¼ BIFIðx1Þ þ BIFIðx1Þ
h i

� BIIFIIðx1Þ þ BIIFIIðx1Þ
h i

¼ iR AIFIðx1Þ � R�1�RAIIFIIðx1Þ � R�1ð�Y�1
II � �Y�1

I ÞΔ1� �
Y�1
α ¼ �iBαA

�1
α ; Yα ¼ iAαB

�1
α ; R ¼ Y�1

I þ �Y�1
II

(4.74)

On the connective surface, Eq. (4.74) is zero, so by standard analytic continuation,

we can construct a function hðzÞ analytic in whole plane except the rigid inclusions:

hðzÞ ¼ AIFIðzÞ z 2 Sþ

R�1�RAIIFIIðzÞ þ R�1ð�Y�1
II � �Y�1

I ÞΔ1 z 2 S�

�
(4.75)

Equations (4.74) and (4.75) yield

ΔΦ;1ðx1Þ ¼ iR½hþðx1Þ � h�ðx1Þ�; x1 2 Lc; ΔΦ;1ðx1Þ ¼ 0; x1 =2 Lc (4.76)

From Eq. (4.71), it is known that D2ðx1Þ is continuous on whole axis x1, so
ΔΦ4;1 x1ð Þ ¼ 0, or

R4½hþðx1Þ � h�ðx1Þ� ¼ 0; �1 < x1 < 1; R4 ¼ ½R41;R42;R43;R44� (4.77)
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where R4 is the fourth row of R and RT
4 can be seen as a vector. The solution of

Eq. (4.77) is

R4hðzÞ ¼ R4h
1; h1 ¼ hð1Þ (4.78)

Using Eq. (4.73) it is easy get

UI;1ðx1Þ ¼ AIFI x1ð Þ þ �AI
�FI �x1ð Þ ¼ hþ x1ð Þ þ �R

�1
Rh� x1ð Þ � Δ1

1

Δ1
1 ¼ �R

�1 �Y�1
II � �Y�1

I

� �
Δ1 (4.79)

From Eq. (4.71), it is known that on the inclusion surface, we have

UI;1ðx1Þ ¼ ω0i2 � E1ðx1Þi4; x1 2 Lc; i2 ¼ ½0; 1; 0; 0�T; i4 ¼ ½0; 0; 0; 1�T
(4.80)

where E1ðx1Þ is the boundary value of E1ðzÞ on the inclusion surface and is

unknown. So Eq. (4.79) can be reduced to a vector Riemann-Hilbert equation:

hþðx1Þ þ �R
�1
Rh�ðx1Þ ¼ Δ1

1 þ ω0i2 � E1ðx1Þi4; x1 2 Lc (4.81)

Equation (4.81) is identical with (4.28) except using R and Δ1
1 þ ω0i2 � E1ðx1Þi4

instead of H and Σ0ðx1Þ, respectively, but E1ðx1Þi4 is undetermined, and ω0i2 is

given or determined by given moment on the inclusion. The homogeneous equation

of Eq. (4.81) is

hþðx1Þ þ �R
�1
Rh�ðx1Þ ¼ 0; x1 2 Lc (4.82)

The difference of the homogeneous equation Eqs. (4.82) and (4.29) is only using R
instead of H . So the fundamental solution of Eq. (4.82) is still expressed by

Eq. (4.37), but the eigen-equation is changed to

e�2πεI� �R
�1
R

	 

ω ¼ 0; e2πεI� �R

�1
R

	 

Þ�ω ¼ 0; �R� e2πεR

�� �� ¼ 0;

�R� e�2πεR
�� �� ¼ 0

(4.83)

From Eqs. (4.78) and (4.81), the solution of the inhomogeneous problem is

�Ω
T
hðzÞ ¼ QðzÞ

2π i

Z
L

�Ω
TfΔ1

1 þ ω0i2 � E1ðx1Þi4g
Qþðx1Þðx1 � zÞ dx1 þ QðzÞCðzÞ

¼ 1þ e2πεi
� ��1
D E

�Ω
T
Δ1
1 þ ω0i2 � E1ðzÞi4

� �n o
þ QðzÞCðzÞ

hðzÞ ¼ Ω 1þ e2πεi
� ��1
D E

�Ω
T
Δ1
1 þ ω0i2 � E1ðzÞi4

� �þΩ Y
ðiÞ
0 ðzÞ

D E
CðzÞ

QðzÞ ¼ Y
ðjÞ
0 ðzÞ

D E
; Y

ðjÞ
0 ðzÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2 � a2
p z� a

zþ a


 �iεj

; �Ω
T
Ω ¼ I

(4.84)
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where CðzÞ ¼ C1zþ C0. E1ðzÞ can be obtained from Eqs. (4.78) and (4.84):

R4Ω 1þ e2πεi
� ��1
D E

�Ω
T
i4E1ðzÞ

¼ R4Ω 1þ e2πεi
� ��1
D E

�Ω
T
Δ1
1 þ ω0i2

� �þΩ Y
ðiÞ
0 ðzÞ

D E
CðzÞ � R4h

1
(4.85)

The unknown constants are obtained by using the conditions at infinity and the

single-valued conditions and the moment condition:

Z
L

ΔΦ;1dx1 ¼
Z a

�a

ΔΦ;1dx1 ¼ 0;

Z a

�a

ΔΦ2; 1ðx1 � x0Þdx1 ¼ M (4.86)

The rigid line inclusion is discussed in many literatures (Shi 1997; Deng and

Meguid 1998).

4.3.2 A Bimaterial with an Electrode on the Interface

Discuss a thin soft electrode of length2aoccupiedLc and let the coordinate origin be
located at the center of the electrode (Ru 2000). In Fig. 4.2 the crack is changed to

an electrode. The connective surface is denoted by L� Lc . Assume the boundary

conditions are

σI2i ¼ σII2i; uIi ¼ uIIi; EI1 ¼ EII1; DI2 ¼ DII2; x1 =2 Lc

σI2i ¼ σII2i; uIi ¼ uIIi; EI1 ¼ EII1 ¼ 0;

Z
Lc

δ x1ð Þdx1 ¼ q; x1 2 Lc

σij ! 0; Dj ! 0; zj j ! 1

(4.87)

where δ x1ð Þ ¼ DI2 x1ð Þ � DII2 x1ð Þ and q is the total electric charge on the electrode.
Because the generalized displacements are continuous on whole axis x1, analo-

gous to Eqs. (4.23) and (4.73) and noting σij;Dj ! 0 at infinity, we have

AIFIðx1Þ þ �AI
�FIð�x1Þ ¼ AIIFIIðx1Þ þ �AII

�FIIð�x1Þ; �1 < x1 < 1
AIFIðzÞ ¼ �AII

�FIIðzÞ; or YIBIFIðzÞ ¼ ��YII
�BII

�FIIðzÞ; x2 > 0

AIIFIIðzÞ ¼ �AI
�FIðzÞ; or YIIBIIFIIðzÞ ¼ ��YI

�BI
�FIðzÞ; x2 < 0

(4.88)

According to Eqs. (4.87) and noting ΣI2 � ΣII2 ¼ ΦI;1 �ΦII;1 yield

BIFIðx1Þ � �BII
�FIIðx1Þ½ �þ � BIIFIIðx1Þ � �BI

�FIðx1Þ½ �� ¼ 0; z =2 Lc
0; 0; 0; δ x1ð Þ½ �T; z 2 Lc

�
(4.89)
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From Eq. (4.89), we can construct a function hðzÞ analytic in whole plane except Lc
by the analytic continuation through L� Lc . Using the Sokhotski (Сохоцкий)-
Plemelj formula of the Cauchy-type integral, its solution is

hðzÞ ¼ 0; 0; 0; χðzÞ½ �T ¼ BIFIðzÞ � �BII
�FIIðzÞ; z 2 Sþ

BIIFIIðzÞ � �BI
�FIðzÞ; z 2 S�

�
; χðzÞ ¼ 1

2πi

Z
L

δðx1Þ
x1 � z

dx1

(4.90)

Using Eq. (4.88), Eq. (4.90) can be reduced to

YI þ �YIIð ÞBIFIðzÞ ¼ �YII 0; 0; 0; χðzÞ½ �T; z 2 Sþ

YII þ �YIð ÞBIIFIIðzÞ ¼ �YI 0; 0; 0; χðzÞ½ �T; z 2 S�
(4.91)

Using Eq. (4.88) from Eþ
1 ¼ 0 on Lc, see Eq. (4.87), yields

YIBIFI x1ð Þ½ �þ þ YIIBIIFII x1ð Þ½ �� ¼ �; �; �; 0½ �T; z 2 Lc (4.92)

where “�” is not an applied variable and omitted. Substitution of Eq. (4.91) into

Eq. (4.92) yields

YI YI þ �YIIð Þ�1�YII 0; 0; 0; χ
þðx1Þ½ �T þ YII YII þ �YIð Þ�1�YI 0; 0; 0; χ

�ðx1Þ½ �T

¼ �; �; �; 0½ �T; z 2 Lc
(4.93)

The fourth component of Eq. (4.93) is

χþðx1Þ � gχ�ðx1Þ ¼ 0; g ¼ � YII YII þ �YIð Þ�1�YI

h i
44

YI YI þ �YIIð Þ�1�YII

h i
44

.
(4.94)

Equation (4.94) is identical with (4.1) in form, so its solution is

χðzÞ ¼ cðzþ aÞ�γðz� aÞγ�1;

γ ¼ 1

2π i
ln g ¼ 1

2π i
ln
� YI YI þ �YIIð Þ�1�YII

h i
44

YII YII þ �YIð Þ�1�YI

h i
44

(4.95)

For a homogeneous material, we have γ ¼ 1 2= . Comparing Eqs. (4.90) and (4.95) at

infinity, it is found that

c ¼ � 1 2πi=ð Þ
Z
Lc

δðx1Þdx1 ¼ iq 2π= (4.96)

Substituting Eq. (4.96) into Eq. (4.91) yieldsFIðzÞ;FIIðzÞ. Replacing z by zj inFβðzÞ,
the stress potentialFβðzjÞ is obtained. Ru (2000) discussed the collinear cracks also.
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4.3.3 Surface Electrodes

In this section, we shall discuss surface electrodes (Fig. 4.3) in details (Zhou et al.

2005a, b; Kuang et al. 2004). In this case, air occupies Sþ and it is assumed that in

the air only the electric variables need to be considered; the dielectric occupies S�.
The boundary conditions are

σij ! 0; Di ! 0; zj j ! 1; σ2i ¼ 0; D2 ¼ 0; z 2 L� Lc; i; j ¼ 1; 2; 3

σ2i ¼ 0; E1 ¼ 0; and

Z
Lck

D�
2 x1ð Þdx1 ¼ �qk; or

φk ¼ Vk;

Z
Lc

D�
2 x1ð Þdx1 ¼ �Q ¼ �

Xn
k¼1

qk; k ¼ 1; 2; . . . n; z 2 Lc

(4.97)

whereD�
2 ðx1Þ is an undetermined function. According to Eq. (4.97), it is known that

Σ2 ¼ 0 or BF� x1ð Þ þ �B�F
�

�x1ð Þ ¼ 0 on L� Lc, so we can construct a function hðzÞ
analytic in whole z plane except Lc by the standard analytic continuation method:

hðzÞ ¼ �B�1�B�FðzÞ; z 2 Sþ

FðzÞ; z 2 S�

�
(4.98)

From Eqs. (4.97) and (4.98) and using Fþðx1Þ ¼ �F
�ðx1Þ;F�ðx1Þ ¼ �F

þðx1Þ we get

hþ x1ð Þ � h� x1ð Þ ¼ �B�1 BF� x1ð Þ þ �B�F
þ
x1ð Þ

h i
¼ 0; z 2 L� Lc

BF� x1ð Þ þ �B�F
þ
x1ð Þ ¼ ΣD; ΣD ¼ 0; 0; 0;D�

2 x1ð Þ� �T
hþ x1ð Þ � h� x1ð Þ ¼ �B�1ΣD; hþj � h�j ¼ �B�1

j4 D�
2 x1ð Þ; j ¼ 1� 4; z 2 Lc

(4.99)

Fig. 4.3 Collinear surface

electrodes
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Equation (4.99) is a decoupling Riemann-Hilbert boundary problem, and its

solution is

hðzÞ ¼ �B�1 1

2π i

Z
L00

ΣD x1ð Þ
x1 � z

dx1; FðzÞ ¼ hðzÞ; z 2 S� (4.100)

From the known knowledge, it is assumed

D2ðzÞ ¼ D�
2 ðzÞ ¼ PðzÞ

Yn
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z� aið Þ z� bið Þ

p
; z 2 S�

,

PðzÞ ¼ i γn�1z
n�1 þ � � � þ γ1zþ γ0

� � (4.101)

where γi is a complex constant. Usually, select function
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z� aið Þ z� bið Þp ! z

when z ! 1 as its single-valued branch. Substitution of Eq. (4.101) into

Eq. (4.100) yields

Fj zj
� � ¼ 1 2=ð ÞB�1

j4 P zj
� � Yn

i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zj � ai
� �

zj � bi
� �q !�1

fj zj
� � ¼ Z Fj zj

� �
dzj þ 1 2=ð ÞiCB�1

j4 ; z 2 S�
(4.102)

where C is a constant. According to Eq. (4.97), it has E1 ¼ 0 on Lc, so

AF� x1ð Þ þ AF� x1ð Þ ¼ �; �; �; 0½ �; x1 2 Lc (4.103)

Substituting Eq. (4.102) into Eq. (4.103), on ith electrode, yields

A4jB
�1
j4

iP x1ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 � aið Þ bi � x1ð Þp Qn

k¼1;k 6¼i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 � akð Þ x1 � bkð Þp

� �A4j
�B�1
j4

i �P �x1ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 � aið Þ bi � x1ð Þp Qn

k¼1;k 6¼i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 � akð Þ x1 � bkð Þp ¼ 0; x1 2 Lc

(4.104)

Using H44 ¼ iA4jB
�1
j4 is real, A4jB

�1
j4 is pure imaginary number, and Eq. (4.104) can

be reduced to P x1ð Þ þ �P �x1ð Þ ¼ 0, it is concluded that all γi in PðzÞ are real.
The generalized stressΣ2k and the generalized displacementUk are, respectively,

Σ2k ¼ Re
X4
j¼1

kjB
�1
j4 P zj
� � Yn

i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zj � ai
� �

zj � bi
� �q !�1

Uk ¼ 2Re Akjfj zj
� �� � ¼ Re AkjB

�1
j4

Z
P zj
� �

dzjQn
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zj � ai
� �

zj � bi
� �q

2
64

3
75þ H44C

(4.105)
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If the electric charge on the electrode i is given, we have

Z bi

ai

Σ24 x1ð Þdx1 ¼
Z bi

ai

D�
2 x1ð Þdx1 ¼

Z bi

ai

Re
P x1ð Þdx1Qn

m¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zj � am
� �

zj � bm
� �q

¼
Z bi

ai

iP x1ð Þdx1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 � aið Þ bi � x1ð Þp Qn

k¼1;k 6¼i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 � akð Þ x1 � bkð Þp ¼ �qi; i ¼ 1� n

(4.106)

where n unknowns γi i ¼ 0; 1; . . . ; n� 1ð Þ are just determined by n equations.

Especially when z ! 1, we have

lim
z!1F4 z4ð Þ ¼ 1

2π iz4
B�1
44

Z
L00
D2 x1ð Þdx1; lim

z!1F4 z4ð Þ ¼ i

2z4
B�1
44 γn�1

so

γn�1 ¼ � 1

π

Z
Lc

D2 x1ð Þdx1 ¼ � 1

π
�Qð Þ ¼ Q

π
(4.107)

If the electric potential on the electrode i is given, we have

U4ð Þi ¼ φi ¼ Re
X4
j¼1

A4jB
�1
j4

Z bi

ai

P x1ð Þdx1Qn
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 � aið Þ x1 � bið Þp

" #
þ H44C

¼ H44Im

Z bi

ai

P x1ð Þdx1Qn
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 � aið Þ x1 � bið Þp þ H44C ¼ Vi

Z
Lc

D�
2 x1ð Þdx1 ¼ �Q ¼

Xn
i¼1

Re

Z bk

ak

P x1ð Þdx1Qn
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 � aið Þ x1 � bið Þp

(4.108)

where nþ 1 unknowns γi i ¼ 0; 1; . . . ; n� 1ð Þ and C are just determined by nþ 1

equations.

For only one electrode located in �a; að Þ case, from Eq. (4.102) by using

Eq. (4.107) we get

Fj zj
� � ¼ B�1

j4

qi

2π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2
j
� a2

q ; fj zj
� � ¼ qi

2π
B�1
j4 ln zj þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2
j
� a2

q	 

þ ln ~C

n o

(4.109)

where ~C is a real constant. Let φ ¼ V0 on the electrode, then we have

φ ¼ 2Re A4jfj x1ð Þ� � ¼ H44 q π=ð ÞRe ln x1 � i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x21

q
 �
þ ln ~C

� �
¼ V0
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Because H44 ¼ iA4jBj4 is real, Re ln x1 � i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x21

p	 

¼ ln a , from the above

equation we get

H44 q π=ð Þ ln a ~C ¼ V0; or ~C ¼ 1 a=ð Þ exp πV0 qH44=ð Þð Þ (4.110)

The electric potential and generalized stresses are, respectively,

φ ¼ H44 q π=ð ÞRe ln zj þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2
j
� a2

q	 
.
a

h i
þ V0

Σ2k ¼ � q π=ð ÞIm
X4
j¼1

BkjB
�1
j4 z2

j
� a2

	 
�1 2=
; Σ1k ¼ q

π
Im
X4
j¼1

BkjB
�1
j4 μj z2

j
� a2

	 
�1 2=

(4.111)

For the dielectric without the piezoelectric effect, we have

Q44 ¼ �E11; R44 ¼ �E12; T44 ¼ �E22; μ4 ¼ �E12 þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E11E22 � E212

q
 ��
E22

A44 ¼ �i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E11E22 � E212

q
; B44 ¼ � E12 þ μ4E22ð Þ; H44 ¼ � E11E22 � E212

� ��1 2=
< 0

F4 z4ð Þ ¼ B�1
44

qi

2π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2
4
� a2

q ; φ ¼ V0 � H44

q

π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E11E22 � E212

p Re ln
1

a
z4 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2
4
� a2

q	 
� �

(4.112)

For an isotropic dielectric Eij ¼ Eδij, so it is obtained

φ ¼ V0 � q πE=ð ÞRe ln zþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p	 
.
a

h in o
(4.113)

which is identical with the result in usual textbooks. Kuang et al. (2004) gave

numerical examples for the case of two electrodes. Shindo et al. (1998) discussed

the surface electrode also.

4.4 Short Discussions on Some Special Problems

4.4.1 Partly Insulated and Partly Conducted Crack
in a Homogeneous Material

The impermeable or conducting electric boundary conditions are idealization

case. Breakdown of the dielectric inside the crack was observed in experiments,

especially near the crack tip region. The local electric discharge may make an

impermeable crack conducting electrically and change the failure behavior of

piezoelectric materials (Lynch et al. 1995; Zhang et al. 2001). The discharge

process at the gap near a crack tip is complex dynamic process. When the electric
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field approaches the critical value, the air breaks down and becomes conducting

gas, but after air breakdown, the electric field diminishes quickly and air becomes

insulated again. This process will be repeated and form discontinuous electric

sparks. For the homogeneous material, Huang and Kuang (2003) proposed an

ideal static model: partly insulated and partly conducted crack. Near the crack tip,

the conducting boundary condition is adopted, but in the middle part of the crack, it

is considered insulated (Fig. 4.4). The boundary conditions are

Σ1 ¼ Σ1
1 ; Σ2 ¼ Σ1

2 ; at infinity

σ
2j x1; 0ð Þ ¼ 0; E

1 x1; 0ð Þ ¼ 0; x1 2 L1 [ L3

σ
2j x1; 0ð Þ ¼ 0; D

2 x1; 0ð Þ ¼ 0; x1 2 L2

(4.114)

where L2 �b; bð Þ is the insulated region and L1 �a;�bð Þ and L3 b; að Þ are the

conducting region. For an electric free crack the single-valued conditions areZ
L

uþj;1 x1; 0ð Þ � u�j;1 x1; 0ð Þ
h i

dx1 ¼ 0;

Z
L2

φþ
;1 x1; 0ð Þ � φ�

;1 x1; 0ð Þ
h i

dx1 ¼ 0Z
L1

Dþ
2 x1; 0ð Þ � D�

2 x1; 0ð Þ� �
dx1 ¼ 0;

Z
L3

Dþ
2 x1; 0ð Þ � D�

2 x1; 0ð Þ� �
dx1 ¼ 0

(4.115)

Equation (4.114) can be reduced to the following inhomogeneous Riemann-Hilbert

equations:X
k
A4kF



k x1ð Þ þ

X
k
A4kF

�
k x1ð Þ ¼ 0; x1 2 L1 [ L3

Σþ
2j x1ð Þ þ Σ�

2j x1ð Þ ¼
X

k
BjkF

þ
k þ BjkF

þ
k þ BjkF

�
k þ BjkF

�
k

h i
¼ s1 x1ð Þδ4j

Σþ
2j x1ð Þ � Σ�

2j x1ð Þ ¼
X

j
BjkF

þ
k � BjkF

þ
k þ BjkF

�
k � BjkF

�
k

h i
¼ s2 x1ð Þδ4j

s1 x1ð Þ ¼ 0; x1 2 L2

Dþ
2 þ D�

2 ; x1 2 L1 [ L3

�
; s2 x1ð Þ ¼ 0; x1 2 L2

Dþ
2 � D�

2 ; x1 2 L1 [ L3

�
(4.116)

Fig. 4.4 Partly insulated and partly conducted crack
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Because D2 is unknown on x1 2 L1 [ L3, so s1 x1ð Þ and s2 x1ð Þ in Eq. (4.116) are

undetermined functions. Eq. (4.116) can be solved as an inhomogeneous Riemann-

Hilbert problem by using the analytic continuation method. Finally Huang and

Kuang (2003) obtained the solution in z plane

FjðzÞ ¼ 1

2
B�1
j4 γ6z XbðzÞ � XaðzÞf g þ i γ0 þ γ2z

2
� �

XabðzÞ � iγ2
� �

þ 1

2
B�1
jk β1kzXaðzÞ þ iβ2k½ �; j; k ¼ 1; 2; 3; 4

(4.117)

It is known that an impermeable crack intensifies an electric field perpendicular

to it, but does not perturb an electric field parallel to it. The effect of a conducting

crack is just conversely. The singular parts of the generalized stresses are

σ2j x1ð Þ ¼ β1jx1Xa x1ð Þ ¼ σ12j x1Xa x1ð Þ
D2 x1ð Þ ¼ H4j H44=

� �
σ12j x1 Xb x1ð Þ � Xa x1ð Þ½ � þ D1

2 x1Xb x1ð Þ
E1 x1ð Þ ¼ β2jH4j 2=

� �
I2 I1 � x21
�� �

Xab x1ð Þ � σ12j Im Y4j
� �

x1Xa x1ð Þ
(4.118)

where

XaðzÞ ¼ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p.
; XbðzÞ ¼ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � b2

p.
; XabðzÞ ¼ XaðzÞXbðzÞ

Σ1
2j ¼ β1j; Σ1

1j ¼ �Re Σ4
k¼1BjkμkB

�1
km β1m þ iβ2mð Þ� �

γ2 ¼ H4jβ2j H44= ; γ6 ¼ H4jβ1j H44= ; γ0 ¼ �γ2I2 I1=

I2 ¼
Z a

b

x21
�
Xab x1ð Þ� �

dx1; I1 ¼
Z a

b

1 Xab x1ð Þ=½ �dx1

(4.119)

The limit analysis shows that γ0 ¼ 0 for b ¼ 0 and γ0 ¼ �a2γ2 for b ¼ a. These
show that the present solution is consistent with solutions of the conventional

conducting crack and impermeable crack. For the general situation 0 � b < a at

the tip region, where r and a� b is in the same order, the generalized stresses are

related to both r and a� b.
In electroelastic fracture mechanics, the energy release rate and J � integral

(Pak 1990; Suo et al. 1992) is often used. Because there are two singular points,

crack tip x1 ¼ a; x2 ¼ 0 and the tip of the conductive part x1 ¼ b; x2 ¼ 0, so two

J � integrals expressed with electric enthalpy are defined as

J1 ¼
Z
La

gn1 � niσipup;1 � niDiφ;1

� �
dl; J2 ¼

Z
Laþb

gn1 � niσipup;1 � niDiφ;1

� �
dl

(4.120)

where La is the contour only enclosed the crack tip, Laþb is the contour enclosed

two singular points, g is the electric enthalpy, and n is the outward normal of the

contour.
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Now give a numerical example. When the poling direction is along axis x3, the
material constants of PZT-4 are

C11 ¼ 13:9� 1010; C12 ¼ 7:78� 1010; C13 ¼ 7:43� 1010; C33 ¼ 11:3� 1010;

C44 ¼ 2:56� 1010 N m2
�� �

; e31 ¼ �6:98; e33 ¼ 13:84; e15 ¼ 13:44 C m2
�� �

E11 ¼ 6:00� 10�9; E33 ¼ 5:47� 10�9 C Vm=ð Þ

In the above theoretical analyses, the poling direction is along axis x2 , so the

material constants need to be transformed. Figure 4.5 gives the variation of J1 and J2
values with respect to b a= under the loading σ122 ¼ 1MPa and E1

1 ¼ 0:1MV m= .

Figure 4.6 gives the variation of J1 and J2 values with respect to b a= under the

Fig. 4.5 Variation of J-integral value with respect to b a= under loading σ122 ¼ 1MPa and E1
1 ¼

0:1MV m= : (a) J1 and (b) J1 and J2

Fig. 4.6 Variation of J-integral value with respect to b a= under loading σ122 ¼ 1MPa and E1
2 ¼

0:1MV m= : (a) J1 and (b) J1 and J2
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loading σ122 ¼ 1MPa and E1
2 ¼ 0:1MV m= . A completely conducting crack can

be obtained from J1 when b a= ! 0, while completely impermeable crack can be

obtained from J2 when b a= ! 1.

4.4.2 Contact Zone Model for Interface Cracks
in a Piezoelectric Bimaterial

Figure 4.7 shows a contact zone model in a bimaterial (in x1 –x3 plane) for an

electrically permeable interface crack (Herrmann and Loboda 2000; Loboda 1993).

Let material I is located in the upper half space Sþ and material II is located in the

lower half space S�. Let c the left end of the crack, a the right end, and ab the contact
zone. The boundary conditions are

ΣI ¼ ΣII ¼ Σ1; at infinity

d̂ðx1Þ ¼ ½u3½ �� ¼ uþ3 � u�3 ¼ 0; ½Σ3½ �� ¼ ΣI3ðx1Þ � ΣII3ðx1Þ ¼ 0; x1 =2 ðc; bÞ
σ
13 ¼ 0; σ
33 ¼ 0; ½φ½ �� ¼ 0; ½D3½ �� ¼ 0; x1 2 ðc; aÞ
σ
13 ¼ 0; ½σ33½ �� ¼ 0; ½u3½ �� ¼ 0; ½φ½ �� ¼ 0; ½D3½ �� ¼ 0; x1 2 ðb; aÞ

(4.121)

It is assumed that only normal unknown contact stress σ33 is acted on the

contact zone and no tangential frictional force. Because on whole axis x1 , ΣI3ðx1Þ
¼ ΣII3ðx1Þ , like Eqs. (4.51), (4.52), (4.53), (4.54), and (4.55), of Sect. 4.2.6 or

Eqs. (4.72), (4.73), (4.74), and (4.75) of Sect. 4.3.1, but different notations are

adopted, we have

Fig. 4.7 Contact zone model

in a bimaterial
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�FIIðzÞ ¼ �B�1
II BIFIðzÞ � Δ1ð Þ; x3 > 0; �FIðzÞ ¼ �B�1

I BIIFIIðzÞ � Δ1ð Þ; x3 < 0

d̂0ðx1Þ ¼ AIFIðx1Þ þ �AI
�FIðx1Þ � AIIFIIðx1 � �AII

�FIIðx1Þ ¼ MFIðx1Þ þ �M�FIðx1Þ þ Δ1
1

M ¼ AI � �AII
�B�1
II BI ¼ ðAI

�B�1
I � �AII

�B�1
II ÞBI ¼ �iHBI; Δ1

1 ¼ �AIIB
�1
II þ �AII

�B�1
II

� �
Δ1

(4.122)

and

WðzÞ ¼ MFIðzÞ; x2 � 0

� �M�FIðzÞ � Δ1
1 ; x2 	 0

�

d̂0ðx1Þ ¼ WIðx1Þ �WIIðx1Þ; Σ0ðx1Þ ¼ GWIðx1Þ � �GWIIðx1Þ � �M
�1Δ1

1

G ¼ BIM
�1 ¼ BI ðAI

�B�1
I � �AII

�B�1
II ÞBI

� ��1 ¼ ðAI
�B�1
I � �AII

�B�1
II Þ

�1 ¼ iH�1 ¼ ��G
T

(4.123)

whereH is shown in Eq. (4.25),Δ1 is shown in Eq. (4.52),WðzÞ is a vector function
analytic in whole plane except cracks. For a kind of 6mm piezoelectric materials

poling along axis x3, G possesses the following behavior:

G ¼
G11 G13 G14

G31 G33 G34

G41 G43 G44

2
64

3
75 ¼

ig11 g13 g14

g31 ig33 ig34

g41 ig43 ig44

2
64

3
75; g11 g13

g31 g33

� �
positive definite

g13 ¼ �g31; g14 ¼ �g41; g34 ¼ g43; g44 < 0; all gij is real

(4.124)

and the eigen-equation Eq. (3.12) becomes

C11 þ C44μ2 ðC13 þ C44Þμ ðe31 þ e15Þμ
ðC13 þ C44Þμ C44 þ C33μ2 e15 þ e33μ2

ðe31 þ e15Þμ e15 þ e33μ2 �E11 � E33μ2

2
4

3
5 a1

a3

a4

8><
>:

9>=
>; ¼

0

0

0

8><
>:

9>=
>; (4.125)

The roots of Eq. (4.125) are μ1 ¼ α1 þ iβ1; μ3 ¼ �α1 þ iβ1; μ4 ¼ iβ4 where α1;
β1; β4 are all real:

B1j ¼ C44 μjA1j þ A3j

� �þ e15A4j; B3j ¼ C13A1j þ C33μjA3j þ e33μjA4j

B4j ¼ e31A1j þ e33μjA3j � E33μjA4j; j ¼ 1; 3; 4;
(4.126)

Finally they get

KI ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
πl 2a=

p ffiffiffiffiffiffiffiffiffiffiffi
1� λ

p
σ133 cos δþ mσ113 sin δ
� �� 2ε σ133 sin δ� mσ113 cos δ

� �h i
KII ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πl 2m2=

p
σ133 sin δ� mσ113 cos δ
� �þ 2ε

ffiffiffiffiffiffiffiffiffiffiffi
1� λ

p
σ133 cos δþ mσ113 sin δ
� �h i

KD ¼ g�1
33 g43 � g31g43 � g41g33ð Þ γ2 � 1

� �
2λρ=

� �
KI

(4.127)
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where

γ ¼ � g31 þ mg11ð Þ t= ; s ¼ g33 þ mg13ð Þ t= ; m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�g33 g11=

p
; ρ ¼ tð1þ γÞ

δ ¼ ε ln 1�
ffiffiffiffiffiffiffiffiffiffiffi
1� λ

p	 

1þ

ffiffiffiffiffiffiffiffiffiffiffi
1� λ

p	 
.h i
; λ ¼ a� bð Þ l= ; ε ¼ 1 2π=ð Þ ln γ; l ¼ a� c

(4.128)

The contact point b (or the parameter λ) is determined by KI ¼ 0, i.e., under the

conditions

σI33ðx1; 0Þ 	 0; x1 2 a; bð Þ; ½u3ðx1; 0Þ½ �� � 0; x1 2 c; að Þ (4.129)

Select the maximum λ0 from the following equation:

tan δ ¼
ffiffiffiffiffiffiffiffiffiffiffi
1� λ

p
σ133 þ 2εmσ113

	 

2εσ133 �

ffiffiffiffiffiffiffiffiffiffiffi
1� λ

p
mσ113

	 
.h i
(4.130)

For the bimaterial CTS-19 Sþð Þ PZT-4= S�ð Þ and cadmium sulfide=barium sodium

niobate, numerical results show that λ0 � 0:3, when σ113=σ
1
33 ! 1, and λ0 �1 e100

�
;

1 e50
�

when σ113=σ
1
33 ! 0; 1, respectively.

Herrmann and Loboda (2000) considered that Δ1 can be included in undeter-

mined functions FIðzÞ;FIIðzÞ, so they let Δ1 ¼ 0. However if let Δ1 ¼ 0, then

Σβ � 2Re BβFβ

� � ¼ Cβ 6¼ 0, whereCβ is a known constant vector. But this does not

influence the stress intensity factors and the length of the contact zone.

Herrmann et al. (2001) discussed also the contact zone model of the imper-

meable crack.

4.4.3 Nonideal Crack in a Homogeneous
Piezoelectric Material

In practical structure, the crack cannot be ideal. Now discuss a simple free nonideal

crack in a homogeneous piezoelectric material subjected Σ1
1 ;Σ1

2 at infinity.

Figure 4.8 shows a nonideal symmetric crack expressed by the equation:

x2 ¼ εY
 x1ð Þ; Yþ x1ð Þ � Y� x1ð Þ > 0; x1j j < a

Y0
þ 
að Þ � Y0

� 
að Þ ¼ 0
(4.131a)

where ε is a small parameter and 2a is the length of the crack. The last equation in

Eq. (4.131a) ensures the crack tip idealization.

Huang and Kuang (2001) applied the small parameter method to solve this

problem. According to Eq. (4.131a), the points on the crack surfaces in z and zj
planes are denoted respectively by

z0 ¼ x1 þ iεY
 x1ð Þ; z0j ¼ x1 þ εμjY
 x1ð Þ; x1j j 	 a (4.132)
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Expand the complex potential in the piezoelectric material in the series of ε

fj zj
� � ¼ fj zj; ε

� � ¼X1
n¼0

εn n!=ð Þf ðnÞj zj
� � ¼ f

ð0Þ
j zj
� �þ εf ð1Þj zj

� �þ � � � (4.133)

On the crack surfaces, we have

f
ðnÞ
j z0j

	 

¼ f

ðnÞ

j x1ð Þ þ εμjY
 x1ð Þf 0jðnÞ
 x1ð Þ þ � � � (4.134)

where f
ðnÞ

j x1ð Þ is the value at z0j of f ðnÞj zj

� �
and f

0ðnÞ

j ðzÞ is the derivative of f ðnÞ
j ðzÞ

withz. The complex electric potentialϕðzÞ in the air can be expressed in the same way:

ϕðzÞ ¼ ϕ z; εð Þ ¼ ϕð0ÞðzÞ þ εϕð1ÞðzÞ þ � � � ; φcðz; εÞ ¼ ϕ z; εð Þ þ �ϕð�z; εÞ
ϕðnÞ z0

� � ¼ ϕðnÞ
 x1ð Þ þ iεY
 x1ð Þϕ0ðnÞ
 x1ð Þ þ � � �
Ec
1 ¼ �φc

;1ðzÞ ¼ �2Reϕ0ðzÞ; Ec
2 ¼ �φc

;2ðzÞ ¼ 2Imϕ0ðzÞ
(4.135)

The boundary conditions on a permeable crack surfaces are

2Re
X
j

Bkjfj z0j

	 

¼ 0; k ¼ 1; 2; 3

2Re
X4
j¼1

A4jfj z0j

	 

¼ 2Reϕ z0

� �
; 2Re

X4
j¼1

B4jfj z0j

	 

¼ 2E0Imϕ z0

� � (4.136)

The zero-order approximation on the crack surfaces x1j j 	 a; x2 ¼ 0 is

2Re
X4
j¼1

BPjf
ð0Þ

j x1ð Þ ¼ T

ð0Þ
P x1ð Þ; 2Re

X
j

A4jf
ð0Þ

j x1ð Þ ¼ 2Reϕð0Þ x1ð Þ

T
ð0Þ
P x1ð Þ ¼ 0; 0; 0; 2E0Imϕð0Þ x1ð Þ

h iT
; P ¼ 1; 2; 3; 4

(4.137)

Fig. 4.8 Nonideal crack
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The first-order approximation on the crack surfaces x1j j 	 a; x2 ¼ 0 is

2 Re
X4
j¼1

BPjf
ð1Þ

j x1ð Þ ¼ T

ð1Þ

P x1ð Þ

2Re
X4
j¼1

A4j μjY
 x1ð Þf 0jð0Þ
 x1ð Þ þ f
ð1Þ

j x1ð Þ

h i
¼ 2Re iY
 x1ð Þϕ0ð0Þ x1ð Þ þ ϕð1Þ x1ð Þ

h i

T
ð1Þ

P x1ð Þ ¼ �2Y
 x1ð ÞRe

X
j

BPjμjf
0
j
ð0Þ


x1ð Þ
" #

þ 2δ4PE0 Im iY
 x1ð Þϕ0ð0Þ x1ð Þ þ ϕð1Þ x1ð Þ
h i

(4.138)

The zero-order and first-order approximations at infinity are, respectively,

lim
x!1 2Re

X4
j¼1

BPjμjf
0
j
ð0Þ

zj
� �" #

¼ �Σ1
1P; lim

x!1 2Re
X4
j¼1

BPjμjf
0
j
ð1Þ

zj
� �" #

¼ 0

lim
x!1 2Re

X4
j¼1

BPjf
0
j
ð0Þ

zj
� �" #

¼ Σ1
2P; lim

x!1 2Re
X4
j¼1

BPjf
0
j
ð1Þ

zj
� �" #

¼ 0

(4.139)

The single-valued conditions are

Z a

�a

X4
j¼1

BPjf
0
j
ð0Þþ

x1ð Þ �
X4
j¼1

BPjf
0
j
ð0Þ�

x1ð Þ
" #

¼ 0

Z a

�a

X4
j¼1

BPjf
0
j
ð1Þþ

x1ð Þ �
X4
j¼1

BPjf
0
j
ð1Þþ

x1ð Þ
" #

¼ 0

(4.140)

In Eqs. (4.137), (4.138), (4.139), and (4.140), the subscriptP takes the values 1, 2, 3, 4.
From Eqs. (4.137) and (4.138), an inhomogeneous Riemann-Hilbert equations

can be obtained.

According to previous sections, it is easy to get their solutions. Finally the stress

asymptotic fields near the crack tip are obtained. For a specific symmetric perturbed

crack surface configuration,

Y
 x1ð Þ ¼ 
Y x1ð Þ ¼ 
 a2 � x21
� �3 2=

3a2
�

(4.131b)

The singular term of the generalized stress fields on the x-axis in piezoelectric

material for the zero-order approximation are
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Σð0Þ
2P r; θð Þ ¼

ffiffiffiffiffiffiffiffiffiffi
a 2r=

p
Re

X4
j¼1

BPjRj

, ffiffiffiffiffi
Θj

p" #
þ δ4PC; Θj ¼ cos θ þ μj sin θ

Rj ¼ B�1
jP � B�1

j4 H4P H44=
	 


Σ1
2P; C ¼ H4J H44=ð ÞΣ1

2J

K
ð0Þ
I ¼ ffiffiffiffiffi

πa
p

σ122; K
ð0Þ
II ¼ ffiffiffiffiffi

πa
p

σ121; K
ð0Þ
III ¼ ffiffiffiffiffi

πa
p

σ123; K
ð0Þ
D ¼ � ffiffiffiffiffi

πa
p

σ12j H4j H44=

(4.141)

and the electric fields in the air are

E
ð0Þc
2 x1; 0ð Þ ¼ D1

2

Ec
þ H4jσ12j

H44Ec
; E

ð0Þc
1 x1; 0ð Þ ¼ E1

1 þ Re
X4
j¼1

A4jRj (4.142)

From Eqs. (4.141) and (4.142), it is seen that the zero-order approximate solution

of a permeable crack is consistent with the conducting crack.

The singular term of the generalized stress fields on the x1-axis in piezoelectric

material for the first-order approximation are

Σð1Þ
2P r; 0ð Þ ¼ 1

6

ffiffiffiffiffi
a

2r

r
Re

X4
j¼1

iBPjμjRj

 !
� δ4PH4N

H44

Re
X4
j¼1

iBNjμjRj

 !( )

K
ð1Þ
I ¼

ffiffiffiffiffi
πa

p
6

Re
X4
j¼1

iB2jμjRj

 !
; K

ð1Þ
II ¼

ffiffiffiffiffi
πa

p
6

Re
X4
j¼1

iB1jμjRj

 !

K
ð1Þ
III ¼

ffiffiffiffiffi
πa

p
6

Re
X4
j¼1

iB3jμjRj

 !
; K

ð1Þ
D ¼ �

ffiffiffiffiffi
πa

p
H4N

6H44

Re
X
j

iBNjμjRj

 !
(4.143)

and the electric fields in the air are

E
ð1Þc
1 x1; 0ð Þ ¼ � 1

2
3Π1

x21
a2

þ Π2


 �
; E

ð1Þc
2 x1; 0ð Þ ¼ � 1

πiA1

A2 þ A3ð Þ x
2
1

a2
� A3

2
þ A2

3


 �� �

φ x1; Yþ x1ð Þ½ � � φ x1; Y� x1ð Þ½ � ¼ �2ε Yþ x1ð Þ � Y� x1ð Þ½ � E
ð0Þc
2 þ E

ð1Þc
2

	 

(4.144)

where A;A2;A3 and Π1;Π2 are known complex constants and functions, respec-

tively. It is found that the generalized stress intensity factors of the zero- and first-

order approximations have the same singularity 1
ffiffi
r

p
= , but the stress angular

distributions are different. The future research finds that for an isotropic material,

K
ð1Þ
I ¼ K

ð1Þ
D ¼ 0 . The electric fields are inhomogeneous in the air gap and the

electric potential discontinuity is also inhomogeneous.

In Huang and Kuang’s paper (2001), they also discussed the insulated and

conducted cracks.
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4.4.4 Other Crack Models

Hao and Shen (1994) proposed a model that the electric displacement is dependent

on the crack opening displacement. They assumed that the boundary conditions on

the crack surfaces are

Dþ
2 ¼ D�

2 ; Dþ
2 uþ2 � u�2
� � ¼ E0 φ� � φþð Þ (4.145)

and discussed a single crack located on the ox1ð�a; aÞ under the boundary

conditions:

Σ2 ¼ Σ1
2 ; at infinity; Σ2 ¼ 0; x1j j 	 a; x2 ¼ 0 (4.146)

At first it is assumed E0 φ� � φþð Þ uþ2 � u�2
� �� ¼ D0

2 prior and D0
2 is a constant

determined in the solving process. They applied the stress function method as

shown in Sect. 3.3 in the transform planes to solve this problem. The transform

function is the same as shown in Eqs. (3.82) and (3.86). Finally they get

KI ¼ σ122
ffiffiffiffiffi
πa

p
; KII ¼ σ121

ffiffiffiffiffi
πa

p
; KIII ¼ σ123

ffiffiffiffiffi
πa

p
; KD ¼ D1

2 � D0
2

� � ffiffiffiffiffi
πa

p

(4.147)

Their numerical example showed that the smaller external force, the smaller KD.

The maximum KD is equal to the electric displacement intensity factor of the

insulated crack. It is interest that the boundary conditions Eq. (4.145) can be derived

from Eq. (4.144).

Zhang et al. (1998) proposed a self-consistent calculation of a crack profile.

They considered that the profile of the opened crack is an elliptic cavity and

the ratio of the minor semiaxis to the major semiaxis αs ¼ ½Af αsð Þ þ �A�f αsð Þ½ ��2
(component along x2) at x1 ¼ x2 ¼ 0 . In the solving process, the current crack

profile is used by numerical calculation.

4.5 Interaction of Collinear Inclusions with Singularity

4.5.1 Interaction of an Interface Permeable Crack
with a Singularity in a Bimaterial

Let a generalized mechanical singular load with strength ðb; pÞ be located at z0 in
material I occupied the upper half plane Sþ; x2 > 0. A permeable crack ð�a; aÞ is
located on the interface x2 ¼ 0 (Suo 1990; Gao and Wang 2001; Kuang and Ma

2002). The boundary conditions are

Σij ¼ Σ1
ij ¼ 0; zj j ! 1

σþ2j ¼ σ�2j ¼ 0; Dþ
2 ¼ D�

2 ¼ D2; Eþ
1 ¼ E�

1 ; x1 2 Lc ¼ �a; að Þ
σþ2j ¼ σ�2j; uþj ¼ u�j ; Dþ

2 ¼ D�
2 ¼ D2; Eþ

1 ¼ E�
1 ; x1 =2 Lc

(4.148)
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Assume the solution takes the following form:

FαðzÞ ¼ Fα 0ðzÞ þ GIðzÞδαI; α ¼ I; II

GIðzÞ ¼ ð1=2πiÞV zj � z0j
� ��1
D E

; V ¼ BT
I bþ AT

I p
� � (4.149)

whereGIðzÞ is the solution of a singularity in an infinite material I, see Eq. (3.165b).

Fα 0ðzÞ is the analytic function in the material α and is zero at infinity, because the

generalized stress Σ2 is continuous in whole axis x1 . Similar to Eqs. (4.22) and

(4.23), it can be obtained:

BIFI 0ðzÞ � �BII
�FII 0ðzÞ þ �BI

�GIðzÞ ¼ 0; z 2 Sþ

BIIFII 0ðzÞ � �BI
�FI 0ðzÞ � BIGIðzÞ ¼ 0; z 2 S�

(4.150)

Equations (4.21), (4.24), and (4.150) yield

d̂ðx1Þ ¼ UIðx1Þ � UIIðx1Þ ¼ 2Re½AIf Iðx1Þ � AII f IIðx1Þ�
id̂0ðx1Þ ¼ HBIFI0ðx1Þ þ �YII � �YIð Þ�BI

�GIðx1Þ � �HBIIFII0ðx1Þ þ YI þ �YIð ÞBIGIðx1Þ
(4.151)

Because the generalized displacements are continuous on the connective interface,

using analytic continuation, a function hðzÞ analytic in whole z plane except the

crack can be constructed:

hðzÞ ¼ BIFI0ðzÞ þH�1 �YII � �YIð Þ�BI
�GIðzÞ; z 2 Sþ

H�1 �HBIIFII0ðzÞ �H�1 YI þ �YIð ÞBIGIðzÞ; z 2 S�

�
; z =2 Lc (4.152)

The stressΣI x1ð Þ ¼ ΣII x1ð Þ ¼ BIFI x1ð Þ þ �BI
�FI x1ð Þon the axisx1 can be expressed as

Σ x1ð Þ ¼ hþ x1ð Þ þ �H
�1
Hh� x1ð Þ þ �H

�1
YI þ �YIð ÞBIGI þH�1 YI þ �YIð Þ�BI

�GI

(4.153)

According to Eq. (4.148) on the crack surface, we have Σ x1ð Þ ¼ D2 x1ð Þi4; i4 ¼
0; 0; 0; 1½ �T, where D2 x1ð Þ is unknown. So a Riemann-Hilbert equation is obtained:

hþ x1ð Þ þ �H
�1
Hh� x1ð Þ ¼ ~Σ x1ð Þ; x1 2 Lc

~Σ x1ð Þ ¼ D2 x1ð Þi4 � �H
�1

YI þ �YIð ÞBIGI �H�1 YI þ �YIð Þ�BI
�GI

(4.154)

Equation (4.154) is identical with Eq. (4.28) except using ~Σ x1ð Þ instead of Σ0 x1ð Þ.
The form of the solution is still expressed by Eq. (4.41), i.e.,

Ψ ðzÞ ¼ QðzÞ CðzÞ þ 1

2πi

Z
L

½Qþðx1Þ��1Σ�ðx1Þdx1
ðx1 � zÞ

( )
; CðzÞ ¼ C1zþ C0

Ψ ðzÞ ¼ �Ω
T
hðzÞ; Σ�ðtÞ ¼ �Ω

T�ΣðtÞ; QðzÞ ¼ Y
ðjÞ
0 ðzÞ

D E
; Y

ðiÞ
0 ðzÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2 � a2
p zþ a

z� a

	 
iεi
(4.155)
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In this problem, it is known thatΨ ð1Þ ¼ 0 fromh 1ð Þ ¼ 0 and
H
Γ Ψ ðzÞdz ¼ 0 from

the single-valued condition. So unknown constant vectors C1 ¼ C0 ¼ 0.
Equations (4.151) and (4.52) yield

id̂0ðx1Þ ¼ H hþ x1ð Þ � h� x1ð Þ½ � (4.156)

Because the electric potential is continuous on whole axis, Eq. (4.156) yields

H4 h
þðx1Þ � h�ðx1Þ½ � ¼ 0; H4 ¼ H41;H42;H43;H44½ �; x1j j < 1 (4.157)

Noting h 1ð Þ ¼ 0 the solution of Eq. (4.157) is

H4hðzÞ ¼ H4ΩΨ ¼ 0; Ω�Ω
T ¼ I (4.158)

From Eq. (4.158), D2ðzÞ can be determined and then Eq. (4.155) can be solved.

Substituting Ψ ðzÞ into Eq. (4.152) yields Fα0 zj
� �

.

4.5.2 Interaction of an Interface Impermeable Crack
with an Interface Singularity

Let a generalized singularity load located at x01; 0ð Þ in front of the right tip of a

crack ð�a; aÞ (Wang and Kuang 2002). The superposition method is used to solve

this problem, i.e., let

Uα ¼ Uαd þ Uαc; Φα ¼ Φαd þΦαc (4.159)

whereUαd;Φαd are expressed in Eqs. (3.171) and (3.176) representing the solutions

of an interface singularity in a bimaterial without crack. This solution introduces the

tractionΣ2d.Uαc;Φαc are the solutions of a crack subjected to � Σ2d in a bimaterial.

Using the orthogonal relations of A and B from Eq. (3.171) yields

�Σ2d ¼ �2Re Bα
1

x1 � x01

� �
Vα

� �
¼ � BIVI þ �BI

�VIð Þ 1

x1 � x01
¼ � 1

x1 � x01

l

π

(4.160)

where l is expressed in Eq. (3.175). The solution of a crack subjected to � Σ2d in a

bimaterial can be found in Eq. (4.38). FromΣ1 ¼ 0 and the single-valued condition
of generalized displacement, it yields CðzÞ ¼ 0 in Eq. (4.38). So the solution is

hcðzÞ ¼ BFðzÞ ¼ 1

2πi
PðzÞ

Z
L

�Σ2dðx1Þdx1
Pþðx1Þðx1 � zÞ ¼ � 1

2πi
PðzÞ

Z
L

Pþðx1Þ½ ��1
ldx1

πðx1 � zÞ x1 � x01ð Þ

¼ � 1

2πi

1

z� x01
PðzÞ

Z
L

Pþðx1Þ½ ��1
ldx1

π x1 � x01ð Þ �
Z
L

Pþðx1Þ½ ��1
ldx1

πðx1 � zÞ

( )

(4.161)
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Through some manipulation, we get

hcðzÞ ¼ 1

z� x01
Iþ �H

�1
H

	 
�1

ΩQðzÞ z� x01 � 1

Y0ðzÞ þ
1

Y0ðx01Þ
� �

Ω�1 l

π

(4.162)

From Eqs. (4.44) and (4.162) in front of the crack, the asymptotic stress is

Σ2cðx1Þ ¼ hþc ðx1Þ þ �H
�1
Hh�c ðx1Þ ¼ ðIþ �H

�1
HÞhcðx1Þ

¼ ΩQðzÞ 1� 1

Y0ðzÞ x1 � x01ð Þ þ
1

Y0ðx01Þ x1 � x01ð Þ
� �

Ω�1 l

π

(4.163)

According to Eqs. (4.47) and (4.163), the stress intensity factor is

K ¼ KII;KI;KIII;KD½ �T ¼ lim
x1!a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðx1 � aÞ

p
Ω x1 � að Þ�iεj
D E

Ω�1Σ2ðx1Þ

¼ 1ffiffiffiffiffi
πa

p Ω 2að Þ�iε� 1þ 1

Y0ðx01Þ a� x01ð Þ
� �� �

Ω�1 Ω1bþΩ2pð Þ ¼ W1bþW2p

(4.164)

Sometimes W1 and W2 are called the weight functions.

4.5.3 Interaction of Collinear Rigid Inclusions
with a Singularity

Now we discuss the interaction of collinear rigid inclusions with singularity. The

singularity is also located at z0 with strength ðb; pÞ in material I (Zhou et al. 2008).

The boundary conditions are assumed:

Σ2 ¼ Σ1
2 ðx1Þ; zj j ! 1

uj;1 ¼ ωrδj2; UI ¼ UII; EI1 ¼ EII1 ¼ Er1 ¼ �φr;1; DI1 ¼ DII1; x1 2 Lcr

UIðx1Þ ¼ UIIðx1Þ; Σ2ðx1Þ ¼ ΣI2ðx1Þ ¼ ΣII2ðx1Þ; x =2 Lc; Lc ¼ [Lcr
(4.165)

where ωr is the rotation angle about axis x3 of the rth inclusion. Comparing with

Sect. 4.3.1 (rigid line inclusion) here, only a singularity is added, so the solving

process is similar. Assume the solution is in the following form:

Uα; 1 ¼ 2Re AαFαðzÞ þ AαGIðzÞδαI½ �; Φα; 1 ¼ 2Re BαFαðzÞ þ BαGIðzÞδαI½ �
GIðzÞ ¼ ð1=2πiÞV zj � z0j

� ��1
D E

; V ¼ BT
I bþ AT

I p
� �

; α ¼ I; II

(4.166)
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The generalized displacements are continuous on the whole axis x1. Like Eqs. (4.73)
and (4.150) we have

AIFIðx1Þ þ �AI
�GIðx1Þ � �AII

�FIIðx1Þ ¼ AIIFIIðx1Þ � AIGIðx1Þ � �AI
�FIðx1Þ ¼ Δ1

Δ1 ¼ 1 2=ð Þ½ðAIF
1
I þ AIIF

1
II Þ � ð�AI

�F1
I þ �AII

�F1
II Þ�; α ¼ I; II

(4.167)

Like Eq. (4.74), we have

ΔΦ; 1 x1ð Þ ¼ ΦI; 1 x1ð Þ �ΦII; 1 x1ð Þ ¼ i RAIFI x1ð Þ � �RAIIFII x1ð Þ � �Y�1
II � �Y�1

I

� �
Δ1� �

þ Y�1
I þ �Y�1

I

� �
AIGI x1ð Þ þ �Y�1

II � �Y�1
I

� �
�A

I
�GI x1ð Þ

(4.168)

where Yα;R are also shown in Eq. (4.74). By the standard analytic continuation

through the connective interfaceL� Lc, we can construct a functionhðzÞ analytic in
whole plane except the rigid inclusions Lc and at infinity h 1ð Þ ¼ h1:

hðzÞ ¼ AIFIðzÞ þ R�1ð�Y�1
II � �Y�1

I Þ�A
I
�GIðzÞ; z 2 Sþ

R�1�RAIIFIIðzÞ � R�1ðY�1
I þ �Y�1

I ÞAIGIðx1Þ þ R�1ð�Y�1
II � �Y�1

I ÞΔ1 z 2 S�

�
(4.169)

Equation (4.169) yields

FIðzjÞ ¼ A�1
I hðzjÞ � R�1ð�Y�1

II � �Y�1
I Þ�A

I
�GIðzjÞ

� �
FIIðzjÞ ¼ A�1

II
�R
�1
R hðzjÞ þ R�1ðY�1

I þ �Y�1
I ÞAIGIðzjÞ � R�1ð�Y�1

II � �Y�1
I ÞΔ1� �

(4.170)

Like Eq. (4.79), we have

UI; 1ðx1Þ ¼ AIFIðx1Þ þ �AI
�FIð�x1Þ þ AIGIðx1Þ þ �AI

�GIðx1Þ
¼ hþðx1Þ þ �R

�1
Rh�ðx1Þ þ �R

�1ðY�1
I þ �Y�1

I ÞAIGIðx1Þ
þ R�1ðY�1

I þ �Y�1
I Þ�AI

�GIðx1Þ � Δ1
1

Δ1
1 ¼ �R

�1ð�Y�1
II � �Y�1

I ÞΔ1

(4.171)

On the surfaces of inclusions, like Eq. (4.80), we have

UI; 1 ¼ ωðx1Þi2 � E1ðx1Þi4; ωðx1Þ ¼ ωr; r ¼ 1� n; x1 2 Lc (4.172)

From Eqs. (4.171) and (4.172), a Riemann-Hilbert equation is obtained:

hþðx1Þ þ �R
�1
Rh�ðx1Þ ¼ Nðx1Þ; x1 2 Lc

Nðx1Þ ¼ Δ1
1 þ ωrðx1Þi2 � E1ðx1Þi4 � �R

�1ðY�1
I þ �Y�1

I ÞAIGIðx1Þ � R�1ðY�1
I þ �Y�1

I Þ�AI
�GIðx1Þ

(4.173)
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Equation (4.173) is identical with (4.81) if we useN instead ofΔ1
1 þ ω0i2 � E1ðx1Þi4.

Its solution is

�Ω
T
hðzÞ ¼ QðzÞCðzÞ þ QðzÞ

2πi

Z
L

�Ω
T
Nðx1Þ

Qþðx1Þðx1 � zÞdx1

QðzÞ ¼ Y
ðjÞ
0 ðzÞ

D E
; Y

ðjÞ
0 ðzÞ ¼

Yn
k¼1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðz� akÞðz� bkÞ
p z� bk

z� ak


 �iεj

CðiÞðzÞ ¼ CðiÞ
n zn þ C

ðiÞ
n�1z

n�1 þ � � � þ C
ðiÞ
1 zþ C

ðiÞ
0

(4.174)

Equations (4.168), (4.169), and (4.165) yield

ΔΦ; 1ðx1Þ ¼ iR½hþðx1Þ � h�ðx1Þ�; x1 2 Lc
ΔΦ; 1ðx1Þ ¼ 0; x1 =2 Lc

(4.175)

According to Eq. (4.165),D2ðx1Þ is continuous on wholex1 ¼ 0, soΔΦ4; 1ðx1Þ ¼ 0, or

R4 h
þðx1Þ � h�ðx1Þ½ � ¼ 0; �1 < x1 < 1 (4.176)

where R4 is the fourth row of R. The solution is

R4hðzÞ ¼ R4h
1; h1 ¼ hð1Þ (4.177)

Assume ε1 ¼ ε111; ε
1
12 þ w1; ε113 þ w1

3 ;�E1
1

� �T
at infinity and noting hþ x1ð Þ ¼

h� x1ð Þ on the crack surface and hþð1Þ ¼ h�ð1Þ we can get h1:

UI;1ð1Þ ¼ ε111; ε
1
12 þ ω1; ε113 þ ω1

3 ;�E1
1

� � ¼ ε1 ¼ hþð1Þ þ �R
�1
Rh�ð1Þ � Δ1

1

h1 ¼ Ω < 1þ e2πεi
� ��1

> �Ω
T
ε1 þ Δ1

1

� �
(4.178)

From Eqs. (4.177) and (4.178), E1ðzÞ can be obtained and then Eq. (4.174) can be

solved.

If R ¼ �R is a real matrix, the solution does not oscillate.

4.5.4 Interaction of a Crack with an Electric Dipole
in a Homogeneous Piezoelectric Material

Let an impermeable crack �a; að Þ in an infinite piezoelectric material and

an electric dipole with strength pe located at z0 formed an angle θ with positive

axis x1. The distance from z0 to a; 0ð Þ is ρ ¼ z0a
*
��� ��� and z0a

*
form an angle ϕwith the

positive direction of x1 (Fig. 4.9).
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Wang and Kuang (2000, 2002) discussed the interaction of a crack with an

electric dipole in a homogeneous piezoelectric material. Let Up;Φp as shown in

Eq. (3.178) are the solutions of an electric dipole in an infinite piezoelectric

material. The generalized traction on the line corresponding to the crack surfaces

introduced by this electric dipole is Σ2 shown in Eq. (3.179). Assuming hc;Uc;Φc

are the solutions when the crack surfaces are subjected to � Σ2, the solutions of a

piezoelectric material with a crack and an electric dipole are

U ¼ Up þ Uc; Φ ¼ Φp þΦc (4.179)

According to Eq. (4.38) and notingΩ ¼ I for a homogeneous material, the solution

hc is

hcðzÞ ¼ BFcðzÞ ¼ QðzÞ Cþ 1

2πi

Z
L

�Σ2ðx1Þdx1
Qþðx1Þðx1 � zÞ

� �
; QðzÞ ¼ Y0ðzÞh i

(4.180)

where Y0ðzÞ ¼ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p.
. Using Eq. (4.18) yields

1

2πi

Z a

�a

1

Yþ
0 x1 � zð Þdx1 ¼

1

2

1

Y0ðzÞ � z

� �
¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p
� z

h i

Substituting Eq. (3.179) and above equation into Eq. (4.180) yields

hcðzÞ ¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p Re
pe
πi

B Θ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z20j � a2

q
z� z0j
� �2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p

z� z0j
� �2 þ z0j

z� z0j
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z20j � a2
q

2
64

3
75

* +
ATi4

8><
>:

9>=
>;

Σ2c x1ð Þ ¼ 2Rehc x1ð Þ; Θ ¼ cos θ þ μj sin θ

(4.181)

The stress intensity factor is

K ¼ lim
x1!a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π x1 � að Þ

p
Σ2c x1ð Þ ¼ pe

ffiffiffi
a

π

r
Im B Θ

1

z0j � a
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z20j � a2
q

2
64

3
75

* +
ATi4

8><
>:

9>=
>;

(4.182)

Fig. 4.9 Crack and electric

dipole
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Take a local coordinate system ρ;ϕð Þ with the origin at the right crack tip; when

ρ � a, K can be expressed by

K ¼
ffiffiffiffiffi
1

2π

r
pe

1

ρ
ffiffiffi
ρ

p Im B
Θ

cosϕþ μj sinϕ
� �3 2=

" #* +
ATi4

( )
(4.183)

Figure 4.10 gives the variation of the dimensionless stress intensity factor ~K ¼
K pea

�3 2=
�

with the electric dipole direction θ : (a) dipole located at (2a,0) and

(b) dipole located at (a,a).

4.5.5 Interaction of a Crack with an Electric Dipole
on the Interface in a Bimaterial

Let the electric dipole at x01; 0ð Þ with strength pe on the interface in a bimaterial.

The superposition method is used to solve this problem, i.e.,

U ¼ Uαd þ Uαc; Φ ¼ Φαd þΦαc (4.184)

where Φαd is shown in Eq. (3.180), and Σ2 x1ð Þ on the crack surfaces introduced

by Φαd is

Σ2 x1ð Þ ¼ 2Re Bα
1

x1 � x01 � d
� 1

x1 � x01

� �
Nαqe

� �
i4

¼ qe
π

1

x1 � x01 � d
� 1

x1 � x01


 �
Ω2i4 (4.185)

where 2Re BαNαð Þ ¼ Ω2 π= is used and Ω2 is shown in Eq. (3.175). Because the

generalized stresses are assumed zero at infinity and generalized displacement are

Fig. 4.10 Variation of ~K with θ: (a) dipole located at (2a,0) and (b) dipole located at (a,a)
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single valued, so CðzÞ ¼ 0 in Eq. (4.38). Substituting CðzÞ ¼ 0 and � Σ2 x1ð Þ into
Eq. (4.38) yields hαc, i.e.,

hαcðzÞ ¼ BFðzÞ ¼ 1

2πi
PðzÞ

Z
L

�Σ2 x1ð Þdx1
Pþðx1Þðx1 � zÞ

¼ � 1

2πi
PðzÞ

Z
L

Pþðx1Þ½ ��1

ðx1 � zÞ
1

x1 � x01 � d
� 1

x1 � x01


 �
dx1

( )
qe
π
Ω2i4

PðzÞ ¼ ΩQðzÞ; QðzÞ ¼ Y0ðzÞh i; Ω ¼ ωð1Þ;ωð2Þ;ωð3Þ;ωð4Þ
h i

(4.186)

Using the theory of the singular integral equation, finishing the integral and noting

lim
d!0

qed ! pe we get

hαcðzÞ ¼ Iþ �H
�1
H

	 
�1

ΩQðzÞ lim
qed!pe;d!0

� 1

Y0ðzÞ
1

z� x01
� 1

z� x01 � d


 �
þ 1

Y0ðx01 þ dÞ
1

z� x01 � d
� 1

Y0ðdÞ
1

z� x01

� �
Ω�1 qe

π
Ω2i4

Taking the approximation in first order, the above equation is reduced to

hαcðzÞ ¼ Iþ �H
�1
H

	 
�1

ΩQðzÞ

� � 1

Y0ðzÞ
1

z� x01ð Þ2 þ
1

Y0ðx01Þ
1

z� x01

1

z� x01
þ x01 � 2iaεj

x201 � a2


 �* +
Ω�1 qe

π
Ω2i4

(4.187)

In front of and near the crack tip, the principle singular term is

Σ2cðx1Þ ¼ hþαcðx1Þ þ �H
�1
Hh�αcðx1Þ ¼ ðIþ �H

�1
HÞhαcðx1Þ

¼ Ω
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2a x1 � að Þp x1 � a

2a

	 
iεj 1

Y0ðx01Þ
1

a� x01

1

a� x01
þ x01 � 2iaεj

x201 � a2


 �� �
Ω�1 pe

π
Ω2i4

(4.188)

The generalized stress intensity factors at the right tip are

K ¼ KII;KI;KIII;KD½ �T ¼ lim
x1!a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðx1 � aÞ

p
Ω x1 � að Þ�iεj
D E

Ω�1Σ2ðx1Þ

¼ peffiffiffiffiffi
πa

p Ω 2að Þ�iεj 1

Y0ðx01Þ a� x01ð Þ
� �

1

a� x01
þ x01 � 2iaεj

x201 � a2


 �� �
Ω�1Ω2i4

¼ pe

ffiffiffi
a

π

r
1

x01 � að Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x201 � a2

p Ω 2að Þ�iεj 1þ 2iεj
� � x01 þ a

x01 � a


 �iεj
* +

Ω�1Ω2i4

(4.189)
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When ρ ¼ x01 � a ! 0, in a region x1 � a � ρ, we get

K ¼¼ pe 1
ffiffiffiffiffi
2π

p.	 

Ω 1þ 2iεj
� �

ρ�
3
2
�iεj

D E
Ω�1Ω2i4 (4.190)

4.6 Interaction of an Elliptic Hole and a Vice-Crack

4.6.1 The Solution Method

Figure 4.11 shows an elliptic hole filled air and a vice-crack in an infinity

piezoelectric material subjected Σ1 at infinity. The major and minor axes of the

ellipse 2a; 2bð Þare aligned alongx1 and x2, respectively. The center of the vice-crack
of length 2c0 is located at zð0Þ x

ð0Þ
1 þ ix

ð0Þ
2

	 

and forms an angle γ with the positive

direction of x1. The distance from zð0Þ to a; 0ð Þ is d0 and zð0Þa
*

form an angle α with

the positive direction of x1 . Zhou et al. (2005b) used the continuous distribu-

tion dislocation method to solve this problem. The main steps of this method are:

(1) Problem I. A singularity located in an infinite piezoelectric material with an

elliptic hole. The solution of problem I is used as the Green function, which does

not produces the traction at infinity and on the boundary of the elliptic hole, but

produces tractions on an artificial cut corresponding to the original vice-crack.

(2) Problem II. An infinite piezoelectric material with an elliptic cavity filled air

subjected to Σ1 at infinity. The solution of problem II produces tractions also

on an artificial cut corresponding to the original vice-crack. (3) Problem III. The

geometric shape of this problem is identical with the original problem, but the vice-

crack is replaced by an artificial generalized continuous distribution dislocation

with undetermined density. Add the tractions on the vice-crack surface obtained

from problems II and III to satisfy the original boundary conditions, and the

unknown dislocation density can be obtained. (4) After solving the unknown

Fig. 4.11 An elliptic hole

and a vice-crack
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dislocation density, the original problem can be solved. The transform method is

used to solve this problem. The transform functions are shown in Eqs. (3.82) and

(3.86). The boundary L of the elliptic in the z plane is mapped to the unit circle Γ in

the ς plane. In this section, the second natural coordinate system, i.e., use ðn; t0Þ in
(3.29b) and T ¼ dΦ ds= , is used. Some geometric relations can be seen in

Eqs. (3.29b) and (3.82b).

4.6.2 Problem I

In this section, a slightly simpler method to solve this problem is used. The

problem is decomposed into two subproblems: (1) Problem Ia, a singularity locates

atz0 x01 þ ix02ð Þ in an infinite homogeneous material, and (2) Problem Ib, a distributed

loading acts on the boundary of the elliptic hole. (3) Superpose the solutions of

problems Ia and Ib, and let the resultant solution satisfy the boundary conditions of

the original problem.

(a) According to Eqs. (3.156) and (3.158), the solution of the problem Ia is

U
ðaÞ
I ¼ 1 π=ð ÞIm A lnðzj � z0jÞ

� �
V

� �
; ΦðaÞ

I ¼ 1 π=ð ÞIm B lnðzj � z0jÞ
� �

V
� �

lnðzj � zojÞ ¼ lnðςj � ς0jÞ þ ln cj 1� dj=cjςjς0j
� �� �

; V ¼ BTbþ ATp

(4.191)

On the unit circle Γ in the ς plane, ς ¼ ςj ¼ σ ¼ eiψ , so

ΦðaÞ
I σð Þ ¼ 1 π=ð ÞIm B lnðσ � ς0jÞ þ ln cj 1� dj cjσς0j

�� �� �� �
V

� �
(4.192)

Using ds ¼ ρ ψð Þdψ ; ρ2 ¼ a2sin2ψ þ b2cos2ψ given in Eq. (3.82b). Eq. (4.192)

can be expanded in the following series

T
ðaÞ
I σð Þ ¼ dΦðaÞ σð Þ ds= ¼ 1 πρ ψð Þ=ð ÞIm B

X1
k¼1

1 ς0j
�� �k þ dj cjς0j

�� �kh iD
sin kψ

(

þi dj cjς0j
�� �k � 1 ς0j

�� �kh i
cos kψ

E
V
o

(4.193)

(b) The solution of the problem Ib can be taken as (Chung and Ting 1996)

U
ðbÞ
I ¼ 2Re

X1
m¼1

A ς�m
j

D E
ATgm þ BThm
� �n o

ΦðbÞ
I ¼ 2Re

X1
m¼1

B ς�m
j

D E
ATgm þ BThm
� �n o (4.194)
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where gm;hm are real vectors determined by the boundary conditions. OnΓwe have

U
ðbÞ
I σð Þ ¼

X1
m¼1

cos mψð Þhm � sin mψð Þĥm
� �

ΦðbÞ
I σð Þ ¼

X1
m¼1

cos mψð Þgm � sin mψð Þĝm½ �

T
ðbÞ
I σð Þ ¼ dΦðbÞ σð Þ ds= ¼ � 1 ρ ψð Þ=½ �

X1
m¼1

m sin mψð Þgm þ cos mψð Þĝm½ �

ĥm ¼ Shm þMgm; ĝm ¼ STgm � Lhm

(4.195)

where S;M;L are shown in Eq. (3.35).

(c) The solution of the electric potential inside the cavity hole filled air has been

discussed in Sect. 3.4.2. Using φIðσÞ ¼ 2ReϕIðσÞ according to Eq. (3.85) we get

ϕIðςÞ ¼
X1
m¼1

acm ςm þ d c=ð Þmς�m½ �; ς ¼ ρeiψ

φIðσÞ ¼ 2Re
X1
m¼1

acm 1þ d

c


 �m
 �
cosmψ þ i 1� d

c


 �m
 �
sinmψ

� �

Dc
I σð Þ ¼ �2EcIm dϕðσÞ ds=½ � ¼ � 2Ec ρc=ð Þ�
X1
m¼1

�m 1þ d c=ð Þmð ÞImacm
� ��

sinmψ þ m 1� d c=ð Þmð ÞReacm
� �

cosmψ

)

(4.196)

Comparing φIðσÞ in Eq. (4.196) and U
ðbÞ
I

	 

4
σð Þ in Eq. (4.195) yields

hmð Þ4 ¼ 2 1þ d c=ð Þm½ �Reacm; ĥm
� �

4
¼ 2 1� d c=ð Þm½ �Imacm; m � 1 (4.197)

(d) The sum of generalized stresses in problems Ia and Ib on the elliptic

boundary must satisfy the original boundary condition:

T
ðbÞ
I þ T

ðaÞ
I ¼ Dc

I i4; i4 ¼ 0; 0; 0; 1½ �T; on Γ (4.198)

Substitution of Eqs. (4.193), (4.195), and (4.196) into Eq. (4.198) yields

gm ¼ gm1 þ gm2; ĝm ¼ ĝm1 þ ĝm2

gm1 ¼ 1 mπ=ð ÞIm B 1 ς0j
�� �m þ dj cjς0j

�� �m� �
V

� �
; gm2 ¼ �2Ec 1þ d c=ð Þm½ �Imacmi4

ĝm1 ¼ 1 mπ=ð ÞIm B dj cjς0j
�� �m � 1 ς0j

�� �m� �
V

� �
; ĝm2 ¼ 2Ec 1� d c=ð Þm½ �Reacmi4

(4.199)
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From Eqs. (4.191), (4.194), (4.195), (4.199), and

X1
m¼1

ς�m
j �ς�m

0k =m ¼ � ln 1� ς�1
j �ς�1

0k

	 

; when ς�1

j �ς�1
0k

��� ��� < 1

AT þ BTL�1ST ¼ B�1=2; BTL�1 ¼ iB�1=2

the stress functions in the piezoelectric material finally are

ΦI ¼ ΦðaÞ
I þΦðbÞ

I ¼ Φð1Þ
I þΦð2Þ

I

Φð1Þ
I ¼ 1 π=ð ÞIm B lnðςj � ς0jÞ

� �
V

� �þ 1 π=ð Þ
X4
k¼1

Im B lnðς�1
j � ς0kÞ

D E
B�1�BIk �V

n o

Φð2Þ
I ¼ 2Ec

X1
m¼1

Im B ς�m
j

D E
B�1 �acm � d c=ð Þmacm

� �
i4

n o
(4.200)

where

acm ¼ αm βm;= Cm ¼ C1m þ iC2m

αm ¼ 1

2
Cm d c=ð Þm 1� EcL�1

44 þ iEcL�1
4i S4i

� �� Cm 1þ EcL�1
44 þ iEcL�1

4i S4i
� �� �

βm ¼ 1� d c=ð Þ2m
h i

1� EcL�1
44

� �2 � EcL�1
4i S4i

� �2h i
� 2Ec 1þ d c=ð Þ2m

h i
L�1
44

(4.201)

C1m ¼ L�1
4

mπ
STIm B 1þ dj cj

�� �m� �
ς�m
0j

D E
AT

h i
� Re B dj cj

�� �m � 1
� �

ς�m
0j

D E
AT

h in o
p

þ L�1
4

mπ
STIm B 1þ dj cj

�� �m� �
ς�m
0j

D E
BT

h i
� Re B dj cj

�� �m � 1
� �

ς�m
0j

D E
BT

h in o
b

C2m ¼ L�1
4

mπ
Im B 1þ dj cj

�� �m� �
ς�m
0j

D E
AT

h i
þ STRe B dj cj

�� �m � 1
� �

ς�m
0j

D E
AT

h in o
p

þ L�1
4

mπ
Im B 1þ dj cj

�� �m� �
ς�m
0j

D E
BT

h i
þ STRe B dj cj

�� �m � 1
� �

ς�m
0j

D E
BT

h in o
b

(4.202)

where C1m;C2m are real, L�1
4 ¼ L�1

41 ; L
�1
42 ; L

�1
43 ; L

�1
44

� �
.

The solution shown in Eq. (4.200) is the solution of the problem I representing a

singularity located in an infinite piezoelectric material with an elliptic hole. It is

a Green function.

When b ¼ 0, the elliptic hole is reduced to a crack and c ¼ d ¼ cj ¼ dj ¼ a=2.
In this case, the Green function is simplified significantly. The stress intensity factor

at x1 ¼ a is
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KðaÞ ¼
ffiffiffiffiffi
2π

p
lim

zj!a;x2¼0

ffiffiffiffiffiffiffiffiffiffiffiffi
zj � a

p
Φ;1 ¼

ffiffiffiffiffiffiffiffi
π a=

p
lim
ςj!1

@Φ @ςj
�

¼ 1ffiffiffiffiffi
πa

p Im B 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
z0j þ a

z0j � a

s* +
BTb

" #
� L�1

4j

L�1
44

Im B 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
z0j þ a

z0j � a

s* +
BTbi4

" #( )

KDðaÞ ¼ � L�1
4m L�1

44

�� �
KmðaÞ; m ¼ 1; 2; 3

(4.203)

4.6.3 Problem II

Problem II can be decomposed into two subproblems. Problem IIa: a homogeneous

infinite piezoelectric material subjected Σ1 at infinity. Its solution is

ΦðaÞ
II ¼ Σ1

2 x1 � Σ1
1 x2; ΣðaÞ

II 1 ¼ Σ1
1 ; ΣðaÞ

II 2 ¼ Σ1
2 (4.204)

Remove a piece of material to form an artificial elliptic hole whose size is identical

to the hole in the original problem. Using Eqs. (3.29a) and (3.82b) the generalized

traction on this artificial elliptic boundary is ΣΓ
n :

ΣΓ
n ¼ Σ1

1 n1 þ Σ1
2 n2 � Dc

ni4
� �

¼ � b

ρ ψð Þ cosψ Σ1
1 � Dc

1i4
� �� a

ρ ψð Þ sinψ Σ1
2 � Dc

2i4
� � (4.205)

The electric field in the elliptic hole is assumed as unknown constant Ec
i i ¼ 1; 2ð Þ:

φc
II ¼ �Ec

1x1 � Ec
2x2; Dc

i ¼ EcEc
i ; Dc

n ¼ Dc
i ni (4.206)

Problem IIb: � ΣΓ
n is applied on the artificial elliptic boundary. The general solution

of this problem has been shown in Eq. (4.194) and the expression on Γ is given

in Eq. (4.195). Comparing φc
II with U

ðbÞ
I σð Þ and � ΣΓ

n with T
ðbÞ
I σð Þ, it is find that

in present problem,

g1 ¼ �a Σ1
2 � Dc

2i4
� �

; ĝ1 ¼ �b Σ1
1 � Dc

1i4
� �

; gm ¼ ĝm ¼ 0; for m 6¼ 1

h1ð Þ4 ¼ �aEc
1; ĥ1

� �
4
¼ bEc

2

(4.207)

Using the relations between g1; ĝ1; h1; ĥ1 in Eq. (4.195) the unknown electric

displacements Dc
1;D

c
2 in the hole are determined by

bL�1
44 � a Ec=

� �
Dc

1 � aL�1
4i S4iD

c
2 ¼ bL�1

4i σ
1
1i � aL�1

4i Sjiσ
1
2j

bL�1
4i S4iD

c
1 þ aL�1

44 � b Ec=
� �

Dc
2 ¼ bL�1

4i Sjiσ
1
1j þ aL�1

4i σ
1
2i

(4.208)
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Substituting gm; hm into Eq. (4.194),ΦðbÞ
II can be obtained. The sum of the solutions

of the problems IIa and IIb ΦII ¼ ΦðaÞ
II þΦðbÞ

II is the solution of the problem II.

Finally it yields

ΦII ¼ Σ1
2 x1 � Σ1

1 x2 � Re B ς�1
j

D E
B�1 a Σ1

2 � Dc
2i4

� �� �� ib Σ1
1 � Dc

1i4
� �n o

(4.209)

For a crack, b ¼ 0, Eqs. (4.208) and (4.209) respectively reduced to

ΦII ¼ Σ1
2 x1 � Σ1

1 x2 � Re B ς�1
j

D E
B�1a Σ1

2 � Dc
2i4

� �n o
; Dc

2 ¼ L�1
4i σ

1
2i =L

�1
44

(4.210)

4.6.4 Problem III

For an artificial generalized continuous distribution dislocation instead of the original

vice-crack, the solution can be obtained by integrating the Green function Eq. (4.200)

with respect to z0j along the vice-crack or the artificial dislocation line, i.e.,

ΦIII ξð Þ ¼ 1

π

Z c0

�c0

Im B lnðςj � ς0jÞ
� �

V
� �þ 1

π

X4

k¼1
Im B lnðς�1

j � �ς0kÞ
D E

B�1�BIk �V
h i� �

dξ0

þ 2Ec
Z c0

�c0

X1
m¼1

Im B ς�m
j

D E
B�1 �acm � d c=ð Þmacm

� �
i4

n o
dξ0

(4.211)

where 2c0 is the length of vice-crack and dξ0 is the dislocation differentiate element.

Assuming the middle point of the vice-crack is at z0j x01 þ μjx
0
2

� �
, the angle of the

vice-crack with the positive axis x1 is γ. A certain point on the vice-crack is at zj ¼
z0j þ ξ cos γ þ μj sin γ

� �
and the position of a dislocation is at z0j ¼ z0j þ ξ0 cos γþð

μj sin γÞ , where ξ; ξ0 is the algebraic length calculated from z0 . The traction on

the crack surface is @ΦII @ξ= þ @ΦIII @ξ= ¼ 0 due to original vice-crack is free.

From this condition, it yields

� 1

π

Z c0

�c0

Im BBTb
1

ξ0 � ξ

� �
dξ0 þ

Z c0

�c0

K1 ξ; ξ0ð Þbdξ0 þ
Z c0

�c0

K2 ξ; ξ0ð Þdξ0 ¼ �Ta ξð Þ

(4.212)

where

Ta ξð Þ ¼ Σ1
2 cos α� Σ1

1 sin αþ Re B
@ςj @ξ=

ς2j

* +
B�1a Σ1

2 � Dc
2i4

� �� ib Σ1
1 � Dc

1i4
� �( )

K1 ξ; ξ0ð Þ ¼ � 1

π
Im B

@ςj @ξ=

ςj cj dj
�� �

ςjς0j � 1
� �

* +
BT

" #
� 1

π

X4
l¼1

Im B
@ςj @ξ=

ςjð1� ςj�ς0lÞ
� �

B�1�BIl�B
T

� �

K2 ξ; ξ0ð Þ ¼ �2Ec
X1
m¼1

Im B
δ@ςj @ξ=

ςmþ1
j

* +
B�1 �acm � d c=ð Þmacm

� �
i4

( )

(4.213)
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For the insulated elliptic hole, K2 ξ; ξ0ð Þ ¼ 0. When the elliptic hole is degenerated

into a main crack, the kernel function K2 ξ; ξ0ð Þ is reduced to

K2 ¼ 1

π
Im B

L�1
4m

L�1
44

Bml

@ςj @ξ=

ςjðςjς0l � 1Þ
� �

Bpl � �Bml

@ςj @ξ=

ςjðςj�ς0l � 1Þ
� �

�Bpl

� �
bp

� �
B�1

� �
i4

(4.214)

Adopt the dimensionless length l0 ¼ ξ0 c0= ; l ¼ ξ c0= and noting the singular behav-

ior of the kernel function, Eq. (4.199) (Muskhelishvili 1975; Erdogan and Gupta

1972) is rewritten as

� 1

π

Z 1

�1

Im BBT
� � b̂ l0ð Þffiffiffiffiffiffiffiffiffiffiffiffiffi

1� l02
p dl0

l0 � l
þ
Z 1

�1

K1 l0; lð Þ b̂ l0ð Þdl0ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l02

p þ
Z 1

�1

K2 l0; lð Þdl0 ¼ �TaðlÞ

b̂ ¼ b
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l02

p
; �1 < l0 < 1

(4.215)

where lj j < 1 and b̂ is finite. The generalized displacement single-valued

condition is

Z 1

�1

b̂ l0ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l02

p.h i
dl0 ¼ 0 (4.216)

Equations (4.215) and (4.216) are the singular integral equation system of the

original problem and calculated by the numerical method. Here the selected

collocation points l0i; lr in the interval �1; 1½ � are

l0i ¼ cos
2i� 1ð Þπ

2n
; lr ¼ cos

rπ

n
; i ¼ 1; 2; . . . ; n; r ¼ 1; 2; . . . ; n� 1

(4.217)

and Eq. (4.214) is reduced to a set of algebraic equations:

Xn
i¼1

1

n
b̂ l0i
� �

Im BBT
� � 1

l0i � lr
� πK1 l0i � lr

� �� πK̂2 l0i � lr
� �� �

¼ Ta lrð Þ

Xn
i¼1

b̂ l0i
� � ¼ 0

K̂2 ¼ 1

π
Im B

L�1
4m

L�1
44

Bml
@ς� @ξ=

ς�ðς�ς0l � 1Þ
� �

Bpl � �Bml
@ς� @ξ=

ς�ðς�ς0l � 1Þ
� �

�Bpl

� �� �
B�1

� �
i4

(4.218)
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Equation (4.218) gives 4 n� 1ð Þ þ 4 ¼ 4n equations with 4n unknowns. Solving b̂,
the asymptotic field TðlÞ near the crack tip is

TðlÞ ¼ iBBT b̂ðlÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 1

p.
; l ¼ 1þ ε; ε > 0ð Þ ! 0

b̂ð1Þ ¼ 1

n

Xn
i¼1

sin 2i� 1ð Þ 2n� 1ð Þπ=4n½ �
sin 2i� 1ð Þπ=4n½ � b̂ l 0i

� �

b̂ �1ð Þ ¼ 1

n

Xn
i¼1

sin 2i� 1ð Þ 2n� 1ð Þπ=4n½ �
sin 2i� 1ð Þπ=4n½ � b̂ l0nþ1�i

� �
(4.219)

The stress intensity of the right crack tip of the vice-crack is

KI;KII;KIII;KD½ �T ¼ lim
l!
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π l� 1ð Þ

p
QTðlÞ ¼ �i

ffiffiffiffiffi
πc

p
QBBTb̂ð1Þ

Q ¼ Q11 0

0 I

� �
; Q11 ¼

� sin α cos α

cos α sin α

� �
; I ¼ 1 0

0 1

� � (4.220)

If the elliptic is degenerated to a main crack, the stress intensity factor of the main

crack is

KI;KII;KIII;KD½ �T ¼ K0 þ K̂; K0 ¼ ffiffiffiffiffi
πa

p
Σ1
2 � Dc

2i4
� �

K̂ ¼
Z c

�c

dK ¼
Z 1

�1

P l0ð Þb l0ð Þdl0 ¼ π n=ð Þ
Xn

i¼1
P l0ð Þb̂ l0ð Þ

(4.221)

where P is complicated and omitted here.

4.6.5 Example

The matrix piezoelectric material is PZT-4 and the material constants are shown in

Sect. 4.4.1. In the following examples, let γ ¼ 0; d0 c0= ¼ a c0= ¼ 2 and K
ð0Þ
I ¼ σ12ffiffiffiffiffi

πa
p

;K
0mð Þ
I ¼ σ12

ffiffiffiffiffiffiffi
πc0

p
. Figure 4.12 shows the distributions of the normalized

mechanical stress intensity factors at right tips with α under γ ¼ 0 and different

electric loading: (a) KI K
ð0Þ
I

.
of the main crack (b ¼ 0) and (b) K

ðmÞ
I K

ð0Þ
I

.
of the

vice-crack. Figure 4.13 shows (a) the distributions of the normalized stress σ2 σ12
�

at right end of the elliptic hole of b a= ¼ 0:1withα under γ ¼ 0 and different electric

loading and (b) K
ðmÞ
I K

0mð Þ
I

.
of the vice-crack with α under γ ¼ 0 and different

electric loading.
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4.7 Strip Electric Saturation Model of an Impermeable
Crack in a Homogeneous Material

4.7.1 Fundamental Theory

Usually, the mechanical strength of a ceramic is high, and the plastic deformation is

very small which can be neglected. Contrarily under high electric field, the crack tip

region can be saturated due to the electric field concentration, if breakdown does not

happen. Referencing to the Dugdale model in the elastoplastic fracture mechanics,

the strip electric saturation model was proposed (Gao et al. 1997; Fulton and Gao

1997; Wang 2000). This model assumes that at crack tip region, the mechanical

behavior is elastic, but the electric behavior is saturated. In order to solve this

problem, by linear analysis, it is assumed that the electric saturation region is limited

on a line segment in front of the tip (Fig. 4.14). The boundary conditions are

Fig. 4.12 Under γ ¼ 0; d0 c0= ¼ a c0= ¼ 2: (a) variation ofKI KI0= withα at right tip of main crack

and (b) variation of Km
I KI0= with α at right tip of vice-crack

Fig. 4.13 Under γ ¼ 0: (a) variation of σ2 σ12
�

with α at right end of the elliptic hole of b a= ¼ 0:1

and (b) variation of Km
I KI0= with α at right tip of vice-crack
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Σ1
2 ¼ 0; zj j ! 1

Σ

2 ¼ �T; T ¼ σ121; σ

1
22; σ

1
23;D

1
2

� �T
; x1j j 	 a

Uþ ¼ U�; Σþ
2 ¼ Σ�

2 ¼ �~T; ~T ¼ �; �; �;D1
2 � Ds

� �
; a 	 x1j j 	 c

(4.222)

where “� ” denotes variable which does not applied and omitted here, Ds is the

saturation value, 2a is the crack length, and a 	 x1j j 	 c is the strip electric

saturation region.

Because the generalized stress Σ2 x1ð Þ is continuous on whole axis x1, similar to

Eqs. (4.21), (4.22), (4.23), (4.24), (4.25), and (4.26) in Sect. 4.2.1, we can obtain

BFþðzÞ ¼ �B�F
�ðzÞ; x2 > 0; BF�ðzÞ ¼ �B�F

þðzÞ; x2 < 0 (4.223)

the displacement jump d̂ x1ð Þ, and the dislocation density d̂0 x1ð Þ are

d̂ðx1Þ ¼ Uþðx1Þ � U�ðx1Þ ¼ 2Re½Afþðx1Þ � Af�ðx1Þ�
id̂0ðx1Þ x1ð Þ ¼ idd̂ x1ð Þ dx1= ¼ i2Re A F x1ð Þ � F� x1ð Þ½ �f g ¼ H hþ x1ð Þ þ h� x1ð Þ½ �

(4.224)

where the auxiliary function hðzÞ analytic in whole plane except crack. For a

homogeneous material H is real. On the crack surface, we have

hþ x1ð Þ þ h� x1ð Þ ¼ �T; x1j j < a; hðzÞ ¼ BFðzÞ (4.225)

4.7.2 Solution of the Strip Electric Saturation Model
for an Impermeable Crack

Introduce a new function ξðzÞ:

ξðzÞ ¼ HhðzÞ; hðzÞ ¼ LξðzÞ; L ¼ H�1 (4.226)

Substitution of Eq. (4.226) into Eq. (4.225), in terms of component form, yields

Fig. 4.14 Strip electric

saturation model
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Lik ξþk x1ð Þ þ ξ�k x1ð Þ� �þ Li4 ξþ4 x1ð Þ þ ξ�4 x1ð Þ� � ¼ �Ti; i; k ¼ 1; 2; 3

L4k ξþk x1ð Þ þ ξ�k x1ð Þ� �þ L44 ξþ4 x1ð Þ þ ξ�4 x1ð Þ� � ¼ �T4; x1j j < a
(4.227)

Eliminating ξþ4 x1ð Þ þ ξ�4 x1ð Þ from Eq. (4.227) yields

L�ik ξþk x1ð Þ þ ξ�k x1ð Þ� � ¼ �T�
i ; i; k ¼ 1; 2; 3; x1j j < a

L�ik ¼ Lik � Li4L4k L44= ; T�
i ¼ Ti � T4Li4 L44=

(4.228a)

Introducing 3D vectors ξ�ðzÞ;T�, etc., the vector form of Eq. (4.228a) is

L� ξ�þ x1ð Þ þ ξ�� x1ð Þ� � ¼ �T�; x1j j < a

ξ�ðzÞ ¼ ξ1ðzÞ; ξ2ðzÞ; ξ3ðzÞ½ �T; T� ¼ T�
1 ; T

�
2 ; T

�
3

� �T (4.228b)

The solution of Eq. (4.228) is

L�ξ�ðzÞ ¼ T�FaðzÞ; FaðzÞ ¼ 1 2=ð Þ z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p.
� 1

	 

(4.229)

Equations (4.227), (4.222), and (4.226) yield

ξþ4 x1ð Þ þ ξ�4 x1ð Þ ¼ � L4k ξþk x1ð Þ þ ξ�k x1ð Þ� �þ T4
� �

=L44; x1j j < a; k ¼ 1; 2; 3

ξþ4 x1ð Þ þ ξ�4 x1ð Þ ¼ � L4k ξþk x1ð Þ þ ξ�k x1ð Þ� �þ T4 � Ds

� �
L44= ; a 	 x1j j 	 c

(4.230)

The solution of Eq. (4.230) is

ξ4ðzÞ ¼ �L4kξkðzÞ þ T4FcðzÞ þ DsFDðzÞf g L44= ; k ¼ 1; 2; 3

FcðzÞ ¼ 1

2

zffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � c2

p � 1

� �

FDðzÞ ¼ 1

2
� 1

2π i
ln
z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � a2

p
þ ia

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � c2

p

z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � a2

p
� ia

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � c2

p � 1

π

zffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � c2

p arc cos
a

c

(4.231)

where FcðzÞ;FDðzÞ is analytic in z plane except a slit �c; cð Þ and has the following

behavior:

Fþ
D x1ð Þ þ F�

D x1ð Þ ¼ 0; x1j j < a
1; a 	 x1j j 	 c

�
; FD 1ð Þ ¼ 0 (4.232)

Equations (4.229) and (4.231) give a complete solution of ξðzÞ.
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4.7.3 The Size of the Strip Region and the Stress
Intensity Factor

According to Σ2 x1ð Þ ¼ hþ x1ð Þ þ h� x1ð Þ, the electric displacement in front of the

crack is

D2 ¼ L4k ξþk x1ð Þ þ ξ�k x1ð Þ� �þ L44 ξþ4 x1ð Þ þ ξ�4 x1ð Þ� �
; x1j j � c k ¼ 1; 2; 3

Substitution of Eqs. (4.229) and (4.231) into the above equation yields

D2 ¼ 2T4f
0
c x1ð Þ þ Ds Fþ

D x1ð Þ þ F�
D x1ð Þ� � ¼ D1

2 � 2

π
Dscos

�1 a

c


 �
x1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x21 � c2
p

� D1
2 þ Ds 1� 1

π i
ln
x1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � a2

p
þ ia

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 � c2

p
x1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � a2

p
� ia

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 � c2

p
 !

; x1j j � c

(4.233)

In order to make D2 finite, it is necessary that

D1
2 � 2 π=ð ÞDsarc cos a c=ð Þ ¼ 0; or a c= ¼ cos πD1

2 2Ds=
� �

(4.234)

The size of the strip region is c� a.

According to Σ2 x1ð Þ ¼ hþ x1ð Þ þ h� x1ð Þ, the stress in front of the crack on the

axis x1 is

σ2i ¼ Lik ξþk x1ð Þ þ ξ�k x1ð Þ� �þ Li4 ξþ4 x1ð Þ þ ξ�4 x1ð Þ� �
¼ L�ik ξþk þ ξ�k

� �þ Li4 L44=ð Þ D1
2 Fþ

c þ F�
c

� �þ Ds Fþ
D þ F�

D

� �� �
¼ T�

i x1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 � c2

q�
� 1


 �
þ Li4 L44=ð Þ Ds � D1

2

� � (4.235)

It is noted that adding Σ1
2 to the solution Eq. (4.231), the solution of a free

crack under Σ1
2 at infinity is obtained. In this case, the stress and stress intensity

factors are

σ2i ¼ T�
i x1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 � c2

q�
þ Li4 L44=ð ÞDs

KI ¼
ffiffiffiffiffi
πa

p
σ122 �

L24
L44

D1
2


 �
; KII ¼

ffiffiffiffiffi
πa

p
σ121 �

L14
L44

D1
2


 �
;

KIII ¼
ffiffiffiffiffi
πa

p
σ123 �

L34
L44

D1
2


 � (4.236)

and the electric displacement is finite due to electric saturation.
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Ru and Mao (1999) discussed the strip electric saturation model for a conducting

crack. Their results showed that when the electric loading is parallel to the poling

axis, then (1) for a conducting crack perpendicular to the poling axis, in front of the

crack tip, a saturation strip is existed and the stresses and electric displacements are

all finite. (2) For a conducting crack parallel to the poling axis, behind the crack tip,

a saturation strip is existed and the stress intensity factors are identical to those

predicted by the linear piezoelectric model and the electric loading does not induce

any nonzero stress intensity factor.

4.8 Strip Electric Saturation Model of a Mode-III
Interface Crack in a Bimaterial

4.8.1 Fundamental Theory

For a transversely isotropic piezoelectric material with poling direction along

axis x3 , plane x1; x2ð Þ is isotropic. The mode-III (antiplane shear) problem in a

piezoelectric material means that the mechanical loading is applied out of plane

x1; x2ð Þ, but the electric loading is in-plane x1; x2ð Þ, i.e.,

u1 ¼ u2 ¼ 0; u3 ¼ u3 x1; x2ð Þ; E1 ¼ E1 x1; x2ð Þ; E2 ¼ E2 x1; x2ð Þ; E3 ¼ 0

(4.237)

Shen et al. (2000) discussed the strip electric saturation model for a mechanical

III-type interface crack. From Eqs. (3.1), (3.2), and (3.3), the governing equations

for III-type problem are

σ31;1 þ σ32;2 ¼ 0; D1;1 þ D2;2 ¼ 0

σ31 ¼ C44u3;1 � e15E1; σ32 ¼ C44u3;2 � e15E2;

D1 ¼ e15u3;1 þ E11E1; D2 ¼ e15u3;2 þ E11E2

(4.238)

UsingE ¼ �—φ the equilibrium equation in terms of the generalized displacements is

C44—2u3 þ e15—2φ ¼ 0; e15—2u3 � E11—2φ ¼ 0; or —2u3 ¼ 0; —2φ ¼ 0

(4.239)

Figure 4.15 shows a III-type strip electric saturation model for an interface crack

of length 2a in a bimaterial. The material I and II are located at the upper and lower

half planes respectively. Let the boundary conditions are

Σ1
2 ¼ 0; zj j ! 1

σ23 ¼ �τ1; D2 ¼ �D1; x1j j 	 a; x2 ¼ 0

UIðx1Þ ¼ UIIðx1Þ; ΣI2ðx1Þ ¼ ΣII2ðx1Þ ¼ Σ2ðx1Þ; x1j j > a; x2 ¼ 0

(4.240)
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where Uβ ¼ ½Uβ3;φβ�T . The single-valued condition is

Z a

�a

Ψ x1ð Þdx1 ¼ 0; Ψ x1ð Þ ¼ ψ1 x1ð Þ;ψ2 x1ð Þ½ �

d̂ðx1Þ ¼ ΔUðx1Þ ¼ UI x1; 0ð Þ � UII x1; 0ð Þ; Ψ x1ð Þ ¼ ΔU0 x1ð Þ
(4.241)

whereΨ x1ð Þ is called the dislocation density. On the connective surface,ΔUðx1Þ ¼ 0.
The Fourier transform method is used to solve this problem. For a function

f x1; x2ð Þ , the Fourier transform and the corresponding inverse transform are,

respectively,

~f s; x2ð Þ ¼
Z 1

�1
f x1; x2ð Þe�i s x1dx1; f x1; x2ð Þ ¼ 1

2π

Z 1

�1
~f s; x2ð Þei x1sds (4.242)

where f ðtÞ is called the original function, ~f ðsÞ is the image function, and s is a real
number. We have

Z 1

�1
f ðnÞ x1; x2ð Þe�isx1dx1 ¼ isð Þn~f s; x2ð Þ; if f ðnÞ x1; x2ð Þ ! 0; when

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ x22

q
! 1

1

2π

Z 1

�1
~f
ðnÞ

s; x2ð Þeix1sds ¼ �ix1ð Þnf x1; x2ð Þ; if

Z 1

�1
xn1f x1; x2ð Þ�� ��dx1 < 1

(4.243)

where f ðnÞ ¼ @nf @xn1
�

. Using Eqs. (4.242) and (4.243), Eq. (3.239) is transformed to

Z 1

�1

@2Uβ

@x21
þ@2Uβ

@x22


 �
e�isx2dx2 ¼�s2 ~Uβ s;x2ð Þþ@2 ~Uβ s;x2ð Þ

@x22
¼ 0; β¼ I;II (4.244)

The Fourier transform of the constitutive equation in Eq. (4.238) is

~Σβ2 ¼
~σβ23
~Dβ2

( )
¼ Bβ

@ ~Uβ s; x2ð Þ
@x2

; ~Uβ ¼
~uβ3

~φβ

( )
; Bβ ¼ Cβ44 eβ15

eβ15 �Eβ11

� �
; β ¼ I; II

(4.245)

Fig. 4.15 Strip electric

saturation model of a

mode-III interface crack
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Because ~Uβ is finite at infinity, the solution of Eq. (4.244) takes the following form:

~UI s; x2ð Þ ¼ esx2GIðsÞ; if s < 0; ~UI s; x2ð Þ ¼ e�sx2FIðsÞ; if s > 0

~UII s; x2ð Þ ¼ e�sx2FIIðsÞ; if s < 0; ~UII s; x2ð Þ ¼ esx2GIIðsÞ; if s > 0

(4.246)

where GI (s), FI (s), GII (s), FII (s) are undetermined functions. The generalized

stress can be expressed by

~ΣI2 s; x2ð Þ ¼ RI
~UI s; x2ð Þ; RI ¼ sBI; if s < 0; RI ¼ �sBI; if s > 0

~ΣII2 s; x2ð Þ ¼ RII
~UII s; x2ð Þ; RII ¼ �sBII; if s < 0; RII ¼ sBII; if s > 0

(4.247)

It is known from Eq. (4.240) that on whole axis x1 , the generalized stress is

continuous, so

RIðsÞ~UI s; 0ð Þ ¼ RIIðsÞ~UII s; 0ð Þ; x1j j < 1; x2 ¼ 0 (4.248)

The Fourier transform of Eq. (4.241) is

Z 1

�1
Ψ x1ð Þe�isx1dx1 ¼ isΔ~UðsÞ;Δ~UðsÞ ¼ ~UIðsÞ � ~UIIðsÞ

¼ � i s=ð Þ
Z a

�a

Ψ x1ð Þe�isx1dx1

(4.249)

Combining Eqs. (4.248) and (4.249) yields

~UI ¼ PIΔ~UðsÞ; ~UII ¼ PIIΔ~UðsÞ; PI ¼ RII

RII � RI

¼ BII

BII þ BI

;

PII ¼ RI

RII � RI

¼ � BI

BII þ BI

(4.250)

Combining Eqs. (4.247) and (4.250) and inversely transforming the obtained results

yield

ΣII2 x1; 0ð Þ ¼ 1 2π=ð Þ
Z 1

�1
~ΣII2 s; x2ð Þeix1sds ¼ 1 2π=ð Þ

Z 1

�1
RIIPIIΔ~UðsÞeix1sds

¼ � 1 2π=ð Þ
Z 1

�1
RIIPII i s=ð Þ

Z a

�a

Ψ ðtÞe�isξdt

� �
eix1sds

¼ � i 2π=ð Þ
Z a

�a

Z 1

�1
1 s=ð ÞRIIðsÞPIIðsÞe�is ξ�x1ð Þds

� �
Ψ ξð Þdξ

(4.251)
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And for a certain s, the following relations hold:

1

s
RIIðsÞPIIðsÞ ¼ 1

s

RIIRI

RII � RI

¼ � s

sj jV; V ¼ BIIBI

BI þ BII

(4.252)

V is a real symmetric matrix. Using the following formula:

Z 1

�1

s

sj j e
�is t�x1ð Þds ¼ � 2i

t� x1
;

1

2π

Z 1

�1
eis t�x1ð Þds ¼ δ t� x1ð Þ (4.253)

we can get the solution of Eq. (4.251) as

1 π=ð ÞV
Z a

�a

Ψ ξð Þ ξ� x1ð Þ=½ �dξ¼ ΣII2ðx1;0Þ ¼ t01 x1ð Þ; t02 x1ð Þ½ �T; x1j j<1; x2 ¼ 0

(4.254)

4.8.2 Solution for Longer Electric Saturation Size

The strip electric saturation model of a mode-III interface crack in a bimaterial is

that: Let c and b are the right ends of the electric saturation and mechanical yielding

regions respectively and c > b , the following boundary conditions are assumed

(Fig. 4.15):

t01 x1ð Þ ¼ �τ1; if x1j j < a

�τ1 þ τs if a < x1j j < b

�
; t02 x1ð Þ ¼ �D1; if x1j j < a

�D1 þ Ds if a < x1j j < c

�
ψ1 x1ð Þ ¼ 0; x1j j > b; ψ2 x1ð Þ ¼ 0; x1j j > c; c > b

(4.255)

where τs is the yielding stress, Ds is the saturation electric displacement, and they

take the smaller values of materials I and II. Equation (4.254) yields

1 π=ð Þ
Z b

�b

ψ1ðtÞ t� x1ð Þ=½ �dt ¼ G1jt0j x1ð Þ; x1j j < b

1 π=ð Þ
Z l

�l

V2jψ jðtÞ t� x1ð Þ=
� �

dt ¼ t02 x1ð Þ; x1j j < c; j ¼ 1; 2

(4.256)

whereG ¼ V�1. Because the stress is not singular at x1 ¼ 
b,ψ1ðtÞmust be finite at

x1 ¼ 
b. Analogously, the electric displacement is not singular at x1 ¼ 
c;H2jψ jðtÞ
must be finite at x1 ¼ 
c. Since the first and second equations in Eq. (4.256) are
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solvable, the following conditions should be satisfied, respectively (Muskhelishvili

1975; Hou et al. 1990; Barnett and Asaro 1972):

Z b

�b

G1jt0j ξð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ξ2

q�� �
dξ ¼ 0;

Z c

�c

t02 ξð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � ξ2

q�� �
dξ ¼ 0 (4.257)

Using

Z b

�b

G1jt0j ξð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ξ2

p dξ ¼ G11 τs � τ1ð Þ þ G12 Ds � D1ð Þ½ �
Z �a

�b

dξffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ξ2

p þ
Z b

a

dξffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ξ2

p
 !

� G11τ
1 þ G12D

1½ �
Z a

�a

dξffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ξ2

p
¼ G11 τs � τ1ð Þ þ G12 Ds � D1ð Þ½ � π � 2 arcsin a b=ð Þ½ � � G11τ

1 þ G12D
1½ �2 arcsin a b=ð Þ

and arcsin a b=ð Þ ¼ π 2= � arccos a b=ð Þ, from the first equation of Eq. (4.257),we get

the size of the plastic region:

b a= ¼ sec π G11τ
1 þ G12D

1ð Þ 2 G11τs þ G12Dsð Þ=½ � (4.258)

Analogously, the size of the electric saturation region is

c a= ¼ sec πD1 2Ds=ð Þ (4.259)

From Eqs. (4.258) and (4.259), it is known that c a= > b a= ; if D1 Ds= > τ1 τs= .

Under condition Eq. (4.257), the solution of the first equation in Eq. (4.256) is

ψ1 x1ð Þ ¼ 1

π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � x21

q Z b

�b

G1jt0j ξð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ξ2

p
ξ� x1ð Þ

dξ

¼ 1 π=ð Þ G11τs þ G12Dsð Þ ω x1; a; bð Þ � ω �x1; a; bð Þ½ �; x1j j < b

ω x1; a; bð Þ ¼ ar cosh
b2 � a2

b a� x1ð Þ þ
a

b

����
����

(4.260)

and the solution of the second equation in Eq. (4.256) is

V2jψ j x1ð Þ ¼ 1

π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � x21

q Z c

�c

t02 ξð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � ξ2

p
ξ� x1ð Þ

dξ ¼ Ds

π
ω x1; a; cð Þ � ω �x1; a; cð Þ½ �

(4.261)

Equation (4.261) yields

ψ2 x1ð Þ ¼ Ds

πV22

ω x1; a; cð Þ � ω �x1; a; cð Þ½ � � V21

V22

ψ1 x1ð Þ; x1 < c (4.262)

198 4 Linear Inclusion and Related Problems



The generalized crack opening displacements are

Δu3 x1ð Þ ¼ �
Z x1

b

ψ1 ξð Þdξ; Δφ x1ð Þ ¼ �
Z x1

b

ψ2 ξð Þdξ

Δu3 x1ð Þ ¼ G11τs þ G12Ds

π
a� x1ð Þω x1; a; bð Þ þ aþ x1ð Þω �x1; a; bð Þ½ �; x1j j < b

Δφ x1ð Þ ¼ Ds

πV22

a� x1ð Þω x1; a; cð Þ þ aþ x1ð Þω �x1; a; cð Þ½ � � V21

V22

Δu3 x1ð Þ; x1j j < c

(4.263)

The generalized crack tip opening displacements are

Δu3ðaÞ ¼ 2a

π
G11τs þ G12Dsð Þ ln sec

π

2

G11τ1 þ G12D
1

G11τs þ G12Ds


 �� �

ΔφðaÞ ¼ 2aDs

πV22

ln sec
πD1

2Ds


 �� �
� V21

V22

Δu3ðaÞ
(4.264)

The energy release rate is

J ¼ τsΔu3ðaÞ þ DsΔφðaÞ ¼ 2a

π
τs � V21

V22

Ds


 ��
G11τs þ G12Dsð Þ

� ln sec
π

2

G11τ1 þ G12D
1

G11τs þ G12Ds


 �� �
þ D2

s

V22

ln sec
πD1

2Ds


 �� �� (4.265)

For the small-scale saturation and yielding, we have c a= � b a= � 1, so

J ¼ πa

4
τ1 D1½ � G½ � τ1

D1

( )
(4.266)

It is also noted that all the singular integrals are in the sense of the Cauchy principle

value.

4.8.3 Solution for Longer Mechanical Yielding Size

In this case, the size of the mechanical yielding region iscand the size of the electric
saturation region is b and c > b. Equation (4.254) yields

1 π=ð Þ
Z b

�b

ψ2ðtÞ t� x1ð Þ=½ �dt ¼ G2jt0j x1ð Þ; x1j j < b

1 π=ð Þ
Z l

�l

V1jψ jðtÞ t� x1ð Þ=
� �

dt ¼ t01 x1ð Þ; x1j j < c; j ¼ 1; 2

(4.267)
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The sizes of the yielding and saturating regions are, respectively,

b

a
¼ sec

π

2

G21τ1 þ G22D
1

G21τs þ G22Ds


 �
;

c

a
¼ sec

πτ1

2τs


 �
(4.268)

The generalized crack tip opening displacements are

ΔφðaÞ ¼ 2a

π
G21τs þ G22Dsð Þ ln sec

π

2

G21τ1 þ G22D
1

G21τs þ G22Ds


 �� �

Δu3ðaÞ ¼ 2aτs
πV11

ln sec
πτ1

2τs


 �� �
� V12

V11

ΔφðaÞ
(4.269)

The energy release rate is

J ¼ 2a

π
Ds � V12

V11

τs


 ��
G11τs þ G12Dsð Þ

� ln sec
π

2

G21τ1 þ G22D
1

G21τs þ G22Ds


 �� �
þ τ2s
V11

ln sec
πτ1

2τs


 �� �� (4.270)

4.9 Mode-III Problem for a Circular Inclusion
with Interface Cracks

4.9.1 Fundamental Equations

The generalized equilibrium and constitutive equations of a mode-III problem

(antiplane shear) are shown in Eq. (4.238), and the equilibrium equations in terms

of generalized displacements are shown in Eq. (4.239), i.e.,

r2u3 ¼ 0; r2φ ¼ 0 (4.271)

wherer2 is the 2D Laplace operator. Introduce two analytical functions ϕ1ðzÞ and
ϕ2ðzÞ. Let

u3 x1; x2ð Þ ¼ ϕ1ðzÞ þ ϕ1ðzÞ
h i

; φ ¼ ϕ2ðzÞ þ ϕ2ðzÞ
h i

;

z ¼ x1 þ ix2 ¼ reiθ; z;θ ¼ iz
(4.272)

Note

u3;θ ¼ u3;zz;θ þ u3;�z�z;θ ¼ i zϕ0
1ðzÞ � zϕ0

1ðzÞ
h i

; φ;θ ¼ i zϕ0
2ðzÞ � zϕ0

2ðzÞ
h i

(4.273)
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where ϕ0
iðzÞ ¼ dϕiðzÞ dz= . Equations (4.272) and (4.273) yield

σ31 � iσ32 ¼ 2 Gϕ0
1ðzÞ þ e15ϕ

0
2ðzÞ

� �
; D1 � iD2 ¼ 2 e15ϕ

0
1ðzÞ � E11ϕ0

2ðzÞ
� �

σ3r � iσ3θ ¼ 2eiθ Gϕ0
1ðzÞ þ e15ϕ

0
2ðzÞ

� �
; Dr � iDθ ¼ 2eiθ e15ϕ

0
1ðzÞ � E11ϕ0

2ðzÞ
� �

E1 � iE2 ¼ �2ϕ0
2ðzÞ; Er � iEθ ¼ �2eiθϕ0

2ðzÞ
(4.274)

Let

f ðzÞ ¼
ϕ1ðzÞ
ϕ2ðzÞ

( )
; FðzÞ ¼

ϕ0
1ðzÞ

ϕ0
2ðzÞ

( )
; B ¼

G e15

e15 � E11

" #
;

Σr ¼
σ3r

Dr

( )
; U;θ ¼

u3;θ r=

�Eθ

( ) (4.275)

Notations used in this section may be different with other sections. In Eq. (4.275),

B is real, so B ¼ �B. Adopting notations in Eq. (4.275) yields

Σr ¼ eiθBFðzÞ þ e�iθBFðzÞ
n o

; U;θ ¼ i eiθFðzÞ � e�iθFðzÞ
n o

(4.276)

On the interface, Eq. (4.276) is reduced to

Σr ¼ z a=ð Þ BFðzÞ þ a z=ð Þ2BFðzÞ
n o

; U;θ ¼ i z a=ð Þ FðzÞ � a z=ð Þ2FðzÞ
n o

; z 2 L

(4.277)

4.9.2 Permeable Crack

Figure 4.16a shows an infinite matrix II occupied region S� including a circular

inclusion I of radius a occupied region Sþ . Materials I and II are all transversely

isotropic. The entire interface is denoted by L and there are n circular arc cracks

on it. The ends of cracks are successively counterclockwise denoted byak; bk and its
whole is denoted by Lc . The origin of the coordinate system x1; x2ð Þ or r; θð Þ is

selected at the center of the inclusion. The boundary conditions are

σ31 ¼ σ131; σ32 ¼ σ132; D2 ¼ D1
2 ; D1 ¼ D1

1 ; zj j ! 1
σIr3 ¼ σIIr3 ¼ 0; DIr ¼ DIIr ; φI ¼ φII EIθ ¼ EIIθð Þ; z 2 Lc

σIr3 ¼ σIIr3; DIr ¼ DIIr ; uI3 ¼ uII3 uI3;θ ¼ uII3;θ
� �

; φI ¼ φII EIθ ¼ EIIθð Þ;
z 2 L� Lc

(4.278)
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For convenience the following mapping function is used:

z ¼ ω ςð Þ ¼ aς; z ¼ x1 þ ix2 ¼ reiθ; ς ¼ ξþ iη ¼ Reiθ; r ¼ aR (4.279)

Under this transformation, the circle with radius a in z plane is transformed to a unit

circle in ς plane and L; Lc is transformed toΓ;Γc, respectively. In ς plane, the matrix

is located in the region S�, ςj j > 1. The inclusion is located in the region Sþ, ςj j < 1.

The ends of cracks are all on the unit circle and denoted by σð1Þk ; σð2Þk in the ς plane.
It is noted that

f ðzÞ ¼ f ω ςð Þ½ � ¼ f ςð Þ; FðzÞ ¼ f 0ðzÞ ¼ f 0 ςð Þ ω0 ςð Þ= ¼ F ςð Þ a= (4.280)

In ς plane, Eq. (4.276) is reduced to

Σr ¼ 1 a=ð Þ eiθBF ςð Þ þ e�iθBF ςð Þ
h i

; U;θ ¼ i a=ð Þ eiθF ςð Þ � e�iθF ςð Þ
n o

(4.281)

On the interface Γ, σ ¼ eiθ. Equation (4.277) is reduced to

Σr ¼ 1 a=ð Þ σBF σð Þ þ �σBF σð Þ
h i

; U;θ ¼ i a=ð Þ σF σð Þ � �σF σð Þ
h i

Er � iEθ ¼ � 2 a=ð Þσϕ0
2 σð Þ; Er ¼ � 2 a=ð ÞRe σϕ0

2 σð Þ� �
; σ 2 Γ

(4.282)

4.9.3 Reduced to Riemann-Hilbert Equation

According to Eq. (4.278) on whole interface, ΣIr ¼ ΣIIr, so Eq. (4.282) yields

σBIFI σð Þ þ �σ�BIFI σð Þ ¼ σBIIFII σð Þ þ �σ�BIIFII σð Þ; ς 2 Γ (4.283)

Fig. 4.16 A circular interface inclusions with interface cracks: (a) general case and (b) one crack
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For a unit circular region, if g ςð Þ is analytic in Sþ S�ð Þ, g� ςð Þ ¼ �g 1 ς=ð Þ is analytic in
S� Sþð Þ (Muskhelishvili 1954) and

g�� σð Þ ¼ �gþ �σð Þ; gþ� σð Þ ¼ �g� �σð Þ; g� ςð Þ ¼ �g 1 ς=ð Þ (4.284)

Rewrite Eq. (4.283) as

BIF
þ
I σð Þ � �σ2�BIIF

þ
II� σð Þ ¼ BIIF

�
II σð Þ � �σ2�BIF

�
I�; σ 2 Γ (4.285)

Now research the behavior of Fα ςð Þðα ¼ I; IIÞ. Denote FI ςð Þ is analytic in Sþ and

rewritten asFI0 ςð Þ;FII ςð Þ is analytic in S� except at infinite and can be expressed as

FII ςð Þ ¼ F1
II þ FII0 ςð Þ; F1

II ¼ FII 1ð Þ; ς 2 S� (4.286)

Because there is no generalized force and dislocation in a finite region, from

Eqs. (4.274), (4.275), and (4.278), it is easy to obtain

FII 1ð Þ ¼ a

2
B�1
II

σ131 � iσ132
D1

1 � iD1
2

( )
(4.287)

In Eq. (4.285), �σ2�BIIF
þ
II� σð Þ is the boundary value on Γ of the function 1 ς2

�� �
�BII

FII� ςð Þ ¼ 1 ς2
�� �

�BII
�FII 1 ς=ð Þ which is analytic in Sþ except the pole point ς ¼ 0.

�σ2�BIF
�
I� is the boundary value on Γ of the function 1 ς2

�� �
BIFI� ςð Þ ¼ 1 ς2

�� �
BIFI

1 ς=ð Þ which is analytic in S� . These two functions can be analytic continuation

through the connective parts on Γ. The function after analytic continuation and the

original function must possess the same pole points and values at infinity. Let

GII ςð Þ ¼ FII� ςð Þ ς2
� ¼ �F1

II ς2
� þ GII0 ςð Þ; GII0 ςð Þ ¼ �FII0 1 ς=ð Þ ς2

�
; ς 2 Sþ

GI0 ςð Þ ¼ FI� ςð Þ ς2
� ¼ �FI0 1 ς=ð Þ ς2

�
; ς 2 S�

(4.288)

Using BI ¼ �BI; BII ¼ �BII, it can be assumed

BIFI ςð Þ � BIIGII ςð Þ ¼ g ςð Þ; ς 2 Sþ

BIIFII ςð Þ � BIGI0 ςð Þ ¼ g ςð Þ; ς 2 S�

g ςð Þ ¼ �BII
�F1
II ς2
� þ BIIF

1
II

(4.289)

Substituting Eqs. (4.286) and (4.288) into Eq. (4.289) yield

BIFI0 ςð Þ � BIIGII0 ςð Þ � BIIF
1
II ¼ 0; ς 2 Sþ

BIIFII0 ςð Þ � BIGI0 ςð Þ þ 1 ς2
�� �

BII
�F1
II ¼ 0; ς 2 S�

(4.290)
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On the interface, we have

GII0 σð Þ ¼ �F1
II þ B�1

II BIFI0 σð Þ; GI0 σð Þ ¼ �σ2B�1
I BII

�F1
II þ B�1

I BIIFII0 σð Þ
(4.291)

According to Eq. (4.282), the jump d̂
0
of the direction derivative U;θ is

d̂0 ¼ UI;θ � UII;θ

� � ¼ i σ a=ð Þ FI σð Þ � �σ2�FI �σð Þ� �� FII σð Þ � �σ2�FII �σð Þ� �� �
; or

a σ=ð Þd̂0 ¼ i FI σð Þ þ �σ2Fþ
II� σð Þ� �� FII σð Þ þ �σ2F�

I� σð Þ� �
¼ i Fþ

I0 σð Þ � 2F1
II þ B�1

II BIF
þ
I0 σð Þ� �

� i F�
II0 σð Þ � σ2 I� B�1

I BII

� �
�F1
II þ B�1

I BIIF
�
II0 σð Þ� �

(4.292)

Construct a function h ςð Þ analytic in whole plane except cracks and ς ¼ 0 by the

analytic continuation method through Γ � Γc:

h ςð Þ ¼ FI0 ςð Þ þ B�1
II BIFI0 ςð Þ � 2 F1

II

FII0 ςð Þ þ B�1
I BIIFII0 ςð Þ � 1 ς2

�� �
I� B�1

I BII

� �
�F1
II

(
(4.293)

According to Eqs. (4.282) and (4.290), on the crack surface, we have

a σ=ð ÞΣI r ¼ BIFI σð Þ þ �σ2�BI
�FI �σð Þ ¼ BIF

þ
I σð Þ þ �σ2BIF

�
I� σð Þ

¼ BIF
þ
I σð Þ þ �σ2BII

�F1
II þ BIIF

�
II0 σð Þ; ς 2 Lc

(4.294)

Equation (4.293) yields

hþ σð Þ þ h� σð Þ ¼ Iþ B�1
II BI

� �
Fþ
I0 σð Þ � 2F1

II þ Iþ B�1
I BII

� �
F�
II0 � �σ2 I� B�1

I BII

� �
�F1
II

¼ H BIF
þ
I0 σð Þ þ BIIF

�
II0 σð Þ þ �σ2BII

�F1
II

� �� 2F1
II � 2�σ2�F1

II

(4.295)

where H ¼ B�1
I þ B�1

II . Comparing Eqs. (4.294) and (4.295), the Riemann-Hilbert

equation on the crack surface is obtained:

a σ=ð ÞΣI r ¼ H�1 hþ σð Þ þ h� σð Þ½ � þ p1 þ �p1�σ2; p1 ¼ 2H�1F1
II (4.296)

After h ςð Þ is solved, from Eq. (4.293), FI0 ςj
� �

;FII0 ςj
� �

can be obtained:

FI0 ςj
� � ¼ Iþ B�1

II BI

� ��1
h ςj
� �þ 2F1

II

� �
FII0 ςj
� � ¼ Iþ B�1

I BII

� ��1
h ςj
� �þ 1 ς2j

.	 

I� B�1

I BII

� �
�F1
II

h i (4.297)
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4.9.4 Solution for Permeable Crack

From Eqs. (4.292) and (4.293), it is found that

� i a σ=ð Þd̂0 ¼ hþ σð Þ � h� σð Þ (4.298)

From Eq. (4.278), it is known that on the crack surface, EIθ ¼ EIIθ, so on the whole

interface L, d̂02 ¼ 0, or hþ2 σð Þ � h�2 σð Þ ¼ 0; σ 2 L. So h2 ςð Þ is analytic in whole

plane. Because h2 1ð Þ ¼ 0, so h2 ςð Þ ¼ 0.

Using the boundary conditions Eq. (4.278) and h2 ςð Þ ¼ 0, Eq. (4.296) yields

a σ=ð ÞσIr ¼ H�1
11 hþ1 σð Þ þ h�1 σð Þ� �þ p11 þ �p11 �σ2 ¼ 0

a σ=ð ÞDIr ¼ H�1
21 hþ1 σð Þ þ h�1 σð Þ� �þ p12 þ �p12 �σ2

(4.299)

Equation (4.299) yields

DIr ¼ 1 a=ð ÞRe σp12 � H�1
21 H�1

11

�� �
σp11

� �
(4.300)

Because the traction on the crack surface is zero and DIr is shown in Eq. (4.300),

Eq. (4.296) can be reduced to

H�1h σð Þ� �þ þ H�1h σð Þ� �� ¼ P1 þ �P
1
�σ2; P1 ¼ �p11 i1 þ H�1

21 H�1
11

�� �
i2

� �
(4.301)

The general solution is

H�1h ςð Þ ¼ 1 2=ð Þ P1 þ �P
1

ς2
�� �þ 1 2=ð ÞX ςð Þ C ςð Þ þ C�1 ς= þ C�2 ς2

�� �
X ςð Þ ¼

Yn
k¼1

ς� σð1Þk

	 
�1 2=
ς� σð2Þk

	 
�1 2=
; C ςð Þ ¼ Cnς

n þ � � � þ C0

(4.302)

where n is the number of cracks. It is noted that

lim
ς!0

X ςð Þ 

Yn
k¼1

�1ð Þn 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σð1Þk σð2Þk

q�
 �" #
1þ ς 2=ð Þ

Xn
k¼1

1 σð1Þk

.
þ 1 σð2Þk

.	 
" #

(4.303)

Substituting Eq. (4.303) into Eq. (4.302) and comparing the order of ς yield

ς�1 : C�1 ¼ � 1 2=ð Þ
Xn
k¼1

1 σð1Þk

.
þ 1 σð2Þk

.	 

C�2

ς�2 : C�2 ¼ �1ð Þnþ1
Yn
k¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σð1Þk σð2Þk

q
�P
1

(4.304)
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When ς ! 1, we get

lim
ς!1X ςð Þ 
 1 ςnþ= 1 2ς=ð Þ

Xn
k¼1

σð1Þk þ σð2Þk

	 

1 2ςnþ1
�� �

ς0 : Cn ¼ �P1; ς�1 : Cn�1 ¼ � 1 2=ð Þ
Xn
k¼1

σð1Þk þ σð2Þk

	 

Cn

(4.305)

Other coefficients are determined by single-valued conditions of the generalized

displacement: Z
Lc

d̂0dσ ¼ 0; or

Z
Lc

hþ σð Þ � h� σð Þ½ �dσ ¼ 0 (4.306)

4.9.5 Single Crack

Figure 4.16b shows a single crack with a1 ¼ ae�iθ0 , b1 ¼ aeiθ0 , where 2θ0 is the

center angle spanning by the crack. In this case we have

σð1Þk ¼ e�iθ0 ; σð2Þk ¼ eiθ0 ; X ςð Þ ¼ ς� e�iθ0
� ��1 2=

ς� eiθ0
� ��1 2=

C ςð Þ ¼ C1ςþ C0; C1 ¼ �P1; C0 ¼ cos θ0P
1; C�2 ¼ �P

1
; C�1 ¼ � cos θ0�P

1

(4.307)

The solution is

H�1h ςð Þ ¼ 1 2=ð Þ P1 þ �P
1

ς2
�� �

þ 1 2=ð Þ ς2 � 2 cos θ0 þ 1
� ��1 2= �P1ςþ cos θ0P

1 � cos θ0�P
1

ς= þ �P
1

ς2
�� �

(4.308)

FI0 ςj
� �

;FII0 ςj
� �

can be obtained from Eq. (4.297). So the generalized stress and

displacement in any point can also be obtained. It is noted that

X σð Þ ¼ σ2 � 2 cos θ0 þ 1
� ��1 2= ¼ e�iθ 2= 2 sin θ0 θ0 � θð Þ½ ��1 2=

σH�1h σð Þ ¼ 1 2=ð ÞσX ςð Þ �P1σ þ cos θ0P
1 � cos θ0�P

1
�σ þ �σ2�P

1� �
¼ eiθ 2=

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 sin θ0 θ0 � θð Þp �i sin θP1 � i�σ sin θ�P

1� � ¼ �
ffiffiffiffiffiffiffiffiffiffiffi
sin θ0

p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 θ � θ0ð Þp ffiffiffi

σ
p

P1 þ ffiffiffi
�σ

p
�P
1� �

p1 ¼ 2H�1F1
II ¼ aH�1B�1

II

σ131 � iσ132

D1
1 � iD1

2

( )
¼ aM

σ131 � iσ132

D1
1 � iD1

2

( )
; M ¼ BIIHð Þ�1

P1 ¼ �p11 i1 þ i2H
�1
21 H�1

11

�� �
; p11 ¼ a M11 σ131 � iσ132

� �þM12 D1
1 � iD1

2

� �� �
(4.309)
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The stress intensity factors can be directly obtained from h σð Þ and is only related
to the singular parts of the generalized stress. Using Eqs. (4.282), (4.296), and

(4.309), the stress intensity factor at ς ¼ eiθ0 or z ¼ aeiθ0
� �

is

K ¼ KIII;KD½ �T ¼ lim
θ!θ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πa θ � θ0ð Þ

p
Σr ¼ 2 a=ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πa θ � θ0ð Þ

p
Re σH�1h σð Þ� �

¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πa sin θ0

p
cos θ0 2=ð Þ M11σ

1
31 þM12D

1
1

� �þ sin θ0 2=ð Þ M11σ
1
32 þM12D

1
2

� �� �
� i1 þ H�1

21 H�1
11

�� �
i2

� �
KαE ¼ lim

θ!θ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πa θ � θ0ð Þ

p
Eαr ¼ � 2 a=ð Þ lim

θ!θ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πa θ � θ0ð Þ

p
B�1
α Re σH�1h σð Þ� �

2

(4.310)

For a homogeneous material, M ¼ I 2= , so

K ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πa sin θ0

p
σ131 cos θ0 2=ð Þ þ σ132 sin θ0 2=ð Þ� �

i1 þ i2H
�1
21 H�1

11

�� �
KαE ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πa sin θ0

p
σ131 cos θ0 2=ð Þ þ σ132 sin θ0 2=ð Þ� �

B�1
α21 þ B�1

α22H
�1
21 H�1

11

�� �
(4.311)

From Eq. (4.311), it is known that for a permeable crack, the stress intensity factors

do not depend to the external electric field.

4.9.6 Impermeable Crack

For an impermeable crack, DIr ¼ DIIr ¼ 0 on the crack surface are known and

P1 ¼ �p1. H�1h ςð Þ is still expressed by Eqs. (4.302), (4.303), (4.304), (4.305),

and (4.306). The stress intensity factor is

K ¼
KIII

KD

( )
¼ 2

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πa sin θ0

p
Re eiθ0 2= p1
� � ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πa sin θ0

p
MRe eiθ0 2=

σ131 � iσ132

D1
1 � iD1

2

( )( )" #

¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πa sin θ0

p M11 M12

M21 M22

� � σ132 sin θ0 2=ð Þ þ σ131 cos θ0 2=ð Þ
D1

2 sin θ0 2=ð Þ þ D1
1 cos θ0 2=ð Þ

( )

(4.312)

From Eq. (4.312), it is known that for an impermeable crack, the stress intensity

factors are dependent to the external electric field.

Zhong and Meguid (1997), Gao and Balke (2003), and Liu and Fang (2004) et al.

discussed the similar problem.
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