
Chapter 3

Generalized Two-Dimensional

Electroelastic Problem

Abstract In this chapter the fundamental theory of the generalized two-dimensional

(2D) linear electroelastic analyses is discussed. The generalized 2D Stroh method

and the extended generalized Lekhnitskii stress function method are studied. The

linear electroelastic analyses in an infinite transversely isotropic material with the

permeable, impermeable, and conducting elliptic hole; crack; and the rigid elliptic

inclusion under plane strain are discussed in detail. Singularities, including

generalized dislocation, generalized force, and electric couple, in homogeneous

material and bimaterial are researched. Interaction of an elliptic inclusion with a

singularity is discussed, and some numerical examples are also given. In this

chapter the asymptotic fields near a line inclusion tip in a homogeneous material

and Eshelby’s eigenstrain problem are also discussed.
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3.1 Generalized Two-Dimensional Linear

Electroelastic Problem

The generalized two-dimensional (2D) electroelastic problem means that the

generalized displacements ðui;φ; i ¼ 1; 2; 3Þ exactly or the generalized stresses

ðσij;Di; i; j ¼ 1; 2; 3Þ approximately depend only on two of the coordinates

x1; x2; x3ð Þ. It is seen that the generalized 2D problem is a special three-dimensional

(3D) problem, which is different with the plane problem (plane strain and

generalized plane stress problems). For the linear electroelastic problem with

small electric field, the Maxwell stress can be neglected because ðu; σ;DÞ depend
onE linearly and the Maxwell stress is depended on the square ofE. The method to

solve the electroelastic problem is directly the extension of that in the anisotropic

elastic materials, but the problem is more complex.
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In engineering the extensive applied constitutive equations are the second kind

and the third kind of the constitutive equations in Eq. (2.83) for the piezoelectric

materials. The governing equations are the generalized momentum equations,

constitutive equations, and generalized geometric equations. They are, respectively,

σij;i þ fmj þ f ej

� �
¼ ρ€uj; Di;i ¼ ρe (3.1)

σij ¼ Cijklεkl � ekijEk; Di ¼ EijEj þ eiklεkl or

εij ¼ sijklσkl þ gkijDk; Ei ¼ �gijkσjk þ βijDj

(3.2)

εij ¼ ui;j þ uj;i
� �

2= ; Ei ¼ �φ;i (3.3)

where fm is the mechanical force per volume and f e is the static electric force. The
boundary conditions and connective conditions on the interface are, respectively,

σijnj ¼ T�
i ; on aσ; ui ¼ u�i ; on au

Dini ¼ �σ�; on aD; φ ¼ φ�; on aφ
(3.4)

σþij nj ¼ σ�ij nj; uþi ¼ u�i ; Dþ
i ¼ D�

i ; φþ ¼ φ�; on L (3.5)

where T�; σ� are the traction and electric charge per area and the superscripts “+”

and “ � ” denote the values approached from the upper and lower half planes,

respectively. For the linear problem, f e can be neglected. For the static case without
the body force and body electric charge, the governing equations in ðu;φÞ are

Cijlkul þ ekijφ
� �

;ik
¼ 0; �Eikφþ eijkuj

� �
;ik

¼ 0 (3.6)

For the multi-connected domain, the displacement, electric potential must satisfy

the uniqueness conditionsI
L

dUi ¼ 0 or

I
L

dui ¼ 0;

I
L

dφ ¼ 0 (3.7)

where L is a closed contour and there is no source inside it.

Sometimes the constitutive equations are written in a more compact form:

ΣiJ ¼ EiJKnZKn; ΣiJ ¼
σij; J ¼ 1; 2; 3

Di; J ¼ 4

�
; ΣiJ;i ¼ 0

UK ¼ uk; K ¼ 1; 2; 3

φ; K ¼ 4

�
; ZKn ¼

εkn; K ¼ 1; 2; 3

�En; K ¼ 4

�
;

EiJKn ¼

Cijkn; J;K ¼ 1; 2; 3

enij; J ¼ 1; 2; 3; K ¼ 4

eikn; J ¼ 4; K ¼ 1; 2; 3

�Ein; J ¼ K ¼ 4

8>>><
>>>:

(3.8)
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where a subscript in upper case takes the value 1, 2, 3, or 4 and a subscript in

lower case takes the value 1, 2, or 3. UK;ΣiJ ; ZKl , and EiJKl are the generalized

displacement, generalized stress, generalized strain, and generalized stiffness

coefficient, respectively. It is noted that the rule of the subscript used here does not

hold everywhere and the meaning of the subscript given in corresponding places.

3.2 Generalized Displacement Method

in the Piezoelectric Materials

3.2.1 Generalized Displacement Method

For the generalized 2D problem, the Stroh method (Stroh 1958; Suo 1990; Suo et al.

1992; Ting 1996) is often applied. Let

U ¼ af ðzÞ; or UK ¼ aKf ðzÞ; or ui ¼ aif ðzÞ; φ ¼ a4f ðzÞ
U ¼ UKf gT ¼ ½ui;φ�T; a ¼ aKf gT ¼ ½ai; a4�T
UK;α ¼ aKf

0ðzÞ δα1 þ μδα2ð Þ; z ¼ x1 þ μx2; z;1 ¼ 1; z;2 ¼ μ

(3.9)

where the right upper superscript T denotes transpose of a matrix. Substituting

Eq. (3.9) into Eq. (3.6) in generalized 2D case yields

Cαjlβal þ eβjαa4
� �

z;αz;β ¼ 0; �Eαβa4 þ eβjαaj
� �

z;αz;β ¼ 0; or

Cαjlβal þ eβαja4
� �

z;αz;β ¼ 0; �Eαβa4 þ eβαjaj
� �

z;αz;β ¼ 0
(3.10)

where a Greek subscript takes values 1 and 2 and an English subscript takes values

1, 2, and 3. Equation (3.10) can be written in detail as

Ci1k1 þ μ Ci1k2 þ Ci2k1ð Þ þ μ2Ci2k2

� �
ak þ e1i1 þ μ e2i1 þ e1i2ð Þ þ μ2e2i2

� �
a4 ¼ 0

e1k1 þ μ e2k1 þ e1k2ð Þ þ μ2e2k2
� �

ak � E11 þ μ E12 þ E21ð Þ þ μ2E22
� �

a4 ¼ 0

(3.11)

where the subscripts i and k denote row and column, respectively. In order

to obtain nontrivial solutions for ðak; a4Þ , the coefficient determinant must be

zero, i.e.,

DðμÞj j ¼ Ci1k1 þ μ Ci1k2 þ Ci2k1ð Þ þ μ2Ci2k2 e1i1 þ μ e2i1 þ e1i2ð Þ þ μ2e2i2
e1k1 þ μ e2k1 þ e1k2ð Þ þ μ2e2k2 �E11 � μ E12 þ E21ð Þ � μ2E22

				
				 ¼ 0

(3.12)
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DðμÞ is called the character matrix. If introducing 4� 4 matrixes Q;R;T

Q ¼ Ci1k1 e1i1

e1k1 �E11


 �
; R ¼ Ci1k2 e2i1

e1k2 �E12


 �
; RT ¼ Ci2k1 e1i2

e2k1 �E12


 �
; T ¼ Ci2k2 e2i2

e2k2 �E22


 �
Ci2k1 ¼ Ck1i2; QJK ¼ E1JK1; RJK ¼ E1JK2; TJK ¼ E2JK2

(3.13)

then Eqs. (3.11) and (3.12) can also be written as

DðμÞa ¼ Qþ μ Rþ RT
� �þ μ2T

� �
a ¼ 0; or

Qþ μRð Þa ¼ �μ RT þ μT
� �

a; RT þ μT
� �

a ¼ � μ�1Qþ R
� �

a

DðμÞj j ¼ Qþ μ Rþ RT
� �þ μ2

		 		 ¼ 0

(3.14)

DðμÞj j is a 4� 4 determinant, DðμÞj j ¼ 0 is the eighth-order equation of μ, so
eigenvalue μ has eight roots. Equation (3.11) or (3.14) is used to determine

eigenvector a. Because μ is complex (Suo et al 1992; Ting 1996), let

μP ¼ αP þ iβP; βP > 0; μPþ4 ¼ �μP; ðP ¼ 1; 2; 3; 4Þ
zP ¼ x1 þ μPx2; x1 ¼ μP�zP � �μPzPð Þ μP � �μPð Þ= ; x2 ¼ zP � �zPð Þ μP � �μPð Þ=

(3.15)

In fact if we multiply the first equation in (3.10) byaj and sum over j, multiply the

second equation in (3.10) by a4, the difference of these two results is

Cαjlβajal þ Eαβa24
� �

δα1 þ μδα2ð Þ δβ1 þ μδβ2
� � ¼ 0

If μ is real, we can choose

uj;α ¼ δα1 þ μδα2ð Þaj; ul;β ¼ δβ1 þ μδβ2
� �

al; φ;α ¼ δα1 þ μδα2ð Þa4;
φ;β ¼ δβ1 þ μδβ2

� �
a4

The expression of the strain energy is

Cαjlβuj;αul;β þ Eαβφ;αφ;β ¼ 0

However, the strain energy is positive definite and cannot equal zero, so μ must

be complex.

3.2.2 Eigenvalues μ’s Are All Distinct

When the eigenvalues μ’s in Eq. (3.12) are all distinct, the matrix DðμÞ is called

simple. In this case for eachμP, an independent eigenvectoraP ¼ ½aP1; aP2; aP3; aP4�T
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can be solved from Eq. (3.11). Corresponding to aP , an arbitrary function fPðzPÞ ,
zP ¼ x1 þ μPx2, can be assumed. Noting U is real, so the general solution is

U ¼ ½ui;φ�T ¼ 2Re
X4
P¼1

aPfPðzPÞ ¼ 2Re Af ðzPÞ½ �

UK ¼ 2Re
X4
P¼1

aPKfPðzPÞ ¼ 2Re
X4
P¼1

AKPfPðzPÞ
(3.16)

a ¼ a1; a2; a3; a4½ �; A ¼ AKP½ �; AKP ¼ aPK

f ðzPÞ ¼ fPðzPÞ½ �T ¼ f1ðz1Þ; f2ðz2Þ; f3ðz3Þ; f4ðz4Þ½ �T (3.17)

where symbol Remeans the real part of a complex function,A is a 4� 4matrix, and

f ðzPÞ is a vector function and may be called the displacement generation function.

It is noted that matrix A and matrix a are identical, but the notations of their

components are different. When the number of a summation dummy subscript is

larger than 2, we shall directly use the notation Σ as shown in Eq. (3.16). For most

engineering problem, fPðzPÞ in Eq. (3.16) can be simplified as f ðzPÞVP, whereV is a

constant vector. So Eq. (3.16) can be reduced to

U ¼ 2Re A f ðzPÞh iV½ �; f ðzPÞh i ¼ diag f ðzPÞ½ �; V ¼ Vj;V4

� �T
(3.18)

Analogous to Eq. (3.10), for any subscript “P,” we have

CiαkβAkP þ eβiαA4P

� �
zP;αzP;β ¼ 0; eαkβAkP � EαβA4P

� �
zP;αzP;β ¼ 0; or

Ci1kβAkP þ eβi1A4P

� �
zP;β ¼ �μP Ci2kβAkP þ eβi2A4P

� �
zP;β

e1kβAkP � Eβ1A4P

� �
zP;β ¼ �μP e2kβAkP � Eβ2A4P

� �
zP;β

(3.19)

Substitution of Eq. (3.16) into Eq. (3.2) yields

σij ¼ 2Re
X4
P¼1

CijkβAkP þ eβijA4P

� �
zP;βFPðzPÞ

Di ¼ 2Re
X4
P¼1

eikβAkP � EiβA4P

� �
zP;βFPðzPÞ

(3.20)

where FpðzpÞ ¼ dfp=dzp ¼ f 0pðzpÞ is the derivative of fpðzpÞ with zp. Substitution of

Eq. (3.18) into Eq. (3.2) yields

σij ¼ 2Re
X4
P¼1

CijkβAkP þ eβijA4P

� �
zP;βFðzPÞVP

Di ¼ 2Re
X4
P¼1

eikβAkP � EiβA4P

� �
zP;βFðzPÞVP

(3.21)
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Using Eq. (3.19) from Eq. (3.20), we can get

σi1 ¼ 2Re
X4
P¼1

Ci1kβAkP þ eβi1A4P

� �
zP;βFPðzPÞ ¼ �2Re

X4
P¼1

μP Ci2kβAkP þ eβi2A4P

� �
zP;βFPðzPÞ

D1 ¼ 2Re
X4
P¼1

e1kβAkP � E1βA4P

� �
zP;βFPðzPÞ ¼ �2Re

X4
P¼1

μP e2kβAkP � Eβ2A4P

� �
zP;βFPðzPÞ

σi2 ¼ 2Re
X4
P¼1

Ci2kβAkP þ eβi2A4P

� �
zP;βFPðzPÞ ¼ �2Re

X4
P¼1

μ�1
P Ci1kβAkP þ eβi1A4P

� �
zP;βFPðzPÞ

D2 ¼ 2Re
X4
P¼1

e2kβAkP � E2βA4P

� �
FPðzPÞzP;β ¼ �2Re

X4
P¼1

μ�1
P e1kβAkP � Eβ1A4P

� �
zP;βFPðzPÞ

(3.22)

Introduce the generalized stress function Φ satisfying the equilibrium equation

automatically:

Φ ¼ ½Φ1;Φ2;Φ3;Φ4�T ¼ ½Φi;Φ4�T ¼ 2Re
X4
P¼1

bPfPðzPÞ ¼ 2Re½Bf ðzPÞ�

Σ1 ¼ �Φ;2 ¼ �2Re
X4
P¼1

μPbPFPðzPÞ; Σ2 ¼ Φ;1 ¼ 2Re
X4
P¼1

bPFPðzPÞ

σi1 ¼ Σi1 ¼ �Φi;2 ¼ �2Re
X4
P¼1

μPbPiFPðzPÞ; D1 ¼ Σ41 ¼ �Φ4;2 ¼ �2Re
X4
P¼1

μPbP4FPðzPÞ

σi2 ¼ Σi2 ¼ Φi;1 ¼ 2Re
X4
P¼1

bPiFPðzPÞ; D2 ¼ Σ42 ¼ Φ4;1 ¼ 2Re
X4
P¼1

bP4FPðzPÞ

(3.23)

Comparing Eqs. (3.22) and (3.23), it is easily found that

bPi ¼ BiP ¼ Ci2kβAkP þ eβi2A4P

� �
zP;β ¼ �μ�1

P Ci1kβAkP þ eβi1A4P

� �
zP;β

bP4 ¼ B4P ¼ e2kβAkP � Eβ2A4P

� �
zP;β ¼ �μ�1

P e1kβAkP � Eβ1A4P

� �
zP;β

b ¼ ½bP� ¼ ½b1; b2; b3; b4� ¼ ½bPK � ¼ ½BKP� ¼ B

(3.24)

Combining Eqs. (3.23) and (3.24), we get

bP ¼ RT þ μPT
� �

aP ¼ �μ�1
P Qþ μPRð ÞaP

B ¼ RT þ μP;rowT
� �

A ¼ �μ�1
P;row Qþ μP;rowR

� �
A

Σ1 ¼ �Φ;2 ¼ �2Re½BμPFðzPÞ�; Σ2 ¼ Φ;1 ¼ 2Re½BFðzPÞ�
(3.25)

where μP;row is a special symbol, the subscript P in μP;row takes the value of the row

number of the matrix A or B under matrix calculation. Similar to aP, components of

bP are bPK ;K ¼ 1; 2; 3; 4. Because σ12 ¼ σ21, we get Φ1;1 þ Φ2;2 ¼ 0.
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Similarly for the general solution Eq. (3.18), we have

Φ ¼ Φ1;Φ2;Φ3;Φ4½ �T ¼ Φi;Φ4½ �T ¼ 2Re
X4
P¼1

bPf ðzPÞVP ¼ 2Re B f ðzPÞh iV½ �

Σ1 ¼ �Φ;2 ¼ �2Re B μPFðzPÞh iV½ �; Σ2 ¼ Φ;1 ¼ 2Re B FðzPÞh iV½ �
(3.26)

The generalized stress σ33 can be obtained by the condition of the generalized

plain strain ε33 ¼ 0. In the 2D, D3 ¼ 0 is assumed.

Now the physical meaning ofΦ is discussed. Usually the first natural coordinate

system at a point on a curve L is used. Let n be the outward normal to L ;
when an observer moves along the positive direction of the tangent t around L ,
the discussed body is located in the left side.θ is directed counterclockwise from the

positive x1-axis to the positive direction of n (Fig. 3.1). Therefore

n1 ¼ t2 ¼ cos θ ¼ dx2 ds= ; n2 ¼ �t1 ¼ sin θ ¼ �dx1 ds= ;

n ¼ n1 þ in2 ¼ �idz ds= ¼ �idz dzj j= ; t ¼ t1 þ it2 ¼ dz ds= ¼ dz dzj j= ¼ in

(3.27)

where ds is the arc length of an infinitesimal element. The traction T on L is

Ti ¼ σijnj ¼ σi1dx2 ds= � σi2dx1 ds= ¼ �Φi;2dx2 ds= � Φi;1dx1 ds= ¼ �dΦi ds=

� σ ¼ Dini ¼ Dn ¼ �Φ4;2dx2 ds= � Φ4;1dx1 ds= ¼ �dΦ4 ds=

T ¼ Ti;�σ½ � ¼ �dΦ ds= ; Φjs0¼ �
Z s

0

Tds; Φijs0¼ �
Z s

0

Tids; Φ4js0¼ �
Z s

0

Dnds

(3.28)

So � ΔΦ represents the increased resultant force on Δs of the boundary.
In literatures authors also adopted the second natural coordinate system. In this

system authors take the tangent t0 and t0 ¼ �t. This system is often used for a hole

or inclusion in a multiply connected region. For this system in literatures, there are

Fig. 3.1 First kind of natural coordinate system on a curve L
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two kinds. The first is that θ is directed counterclockwise from the positive x1-axis to
the direction of n (Fig. 3.2a), so

n1 ¼ �t02 ¼ cos θ ¼ �dx2 ds= ; n2 ¼ t01 ¼ sin θ ¼ dx1 ds= ; n ¼ it0 ¼ idz ds=

T ¼ t1; t2; t3;�σ½ � ¼ dΦ ds= ;Φjs0¼
Z s

0

Tds; Φijs0¼
Z s

0

Tids; Φ4js0¼ �
Z s

0

σds

(3.29a)

The second is that θ0 is directed counterclockwise from the positive x1-axis to the
direction of t0 (Fig. 3.2b). In this case we have θ ¼ π 2= þ θ0, so we have

n ¼ � sin θ0; cos θ0ð Þ; t0 ¼ cos θ0; sin θ0ð Þ; T ¼ dΦ ds= (3.29b)

3.2.3 Orthogonality of A and B

From Eq. (3.14) we can get (Ting 1996; Kuang 2011)

�Q 0

�RT I


 �
a

b

( )
¼ μ

R I

T 0


 �
a

b

( )
(3.30)

Multiply on both sides of Eq. (3.30) from left by the following matrix:

0 T�1

I �RT�1


 �

Equation (3.30) can be reduced to the standard 8� 8 eigen-equation

Nξ ¼ μPξ; N ¼ N1 N2

N3 NT
1


 �
; ξ ¼

a

b

( )

N1 ¼ �T�1RT; N2 ¼ T�1; N3 ¼ RT�1RT � Q

(3.31)

Fig. 3.2 Second kind of natural coordinate system on a curve L
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where ξ is the right eigenvector. By using Eq. (3.25), from Eq. (3.31), it yields

U;2 Φ;2

� � ¼ U;1 Φ;1

� �
NT. If multiply on both sides of Eq. (3.31) from left by the

matrix

J ¼ 0 I

I 0

� 
; J ¼ JT ¼ J�1; JN ¼ ðJNÞT ¼ NTJ (3.32)

Eq. (3.30) can be reduced to

JNξ ¼ NTðJξÞ ¼ μðJξÞ; or NTη ¼ μη ¼ η ¼ Jξ ¼ b; a½ �T (3.33)

where η is the left eigenvector. According to the mathematical theory (Ting 1996),

the left and right eigenvectors associated with different eigenvalues are orthogonal

to each other. So for the normalized ξ and η, we have

ð3:34aÞ

From Eq. (3.34a) the following identities can be obtained:

BTAþ ATB ¼ �B
T�Aþ �A

T
B ¼ I; BT�Aþ AT�B ¼ �B

T
Aþ �A

T
B ¼ 0

ABT þ �A�B
T ¼ BAT þ �B�A

T ¼ I; AAT þ �A�A
T ¼ BBT þ �B�B

T ¼ 0; or

BT AT

�B
T �A

T

 !
A �A

B �B

� 
¼ I 0

0 I

� 
;

A �A

B �B

� 
BT AT

�B
T �A

T

 !
¼ I 0

0 I

� 

(3.34b)

From above equations it is known that AAT and BBT are pure imaginary. Let

M ¼ MT ¼ 2iAAT; L ¼ LT ¼ �2iBBT; S ¼ i 2ABT � I
� �

(3.35)

whereM and L are real positive definite symmetric matrixes and S is a real matrix.

It is easy to prove that there are the following relations:

LSþ STL ¼ 0; MST þ SM ¼ 0; ML� S S ¼ I (3.36)

From Eqs. (3.35) and (3.36), it is known that SL�1 andM�1S are antisymmetric

matrix. Using AB�1 ¼ ABT BBT
� ��1

;BA�1 ¼ ABT
� �T

AAT
� ��1

and the above

equations we get

Y ¼ iAB�1 ¼ �i Sþ iIð ÞL�1 ¼ iL�1 ST � iI
� �

; �Y
T ¼ i SL�1

� �T þ L�1

¼ �iSL�1 þ L�1 ¼ Y

Y�1 ¼ �iBA�1 ¼ �i ST þ iI
� �

M�1 ¼ iM�1 S� iIð Þ ¼ M�1 þ iM�1S

(3.37)

It is obvious that Y is a Hermite matrix, i.e., Y ¼ iAB�1 ¼ �Y
T
;Y�1 ¼ �Y

�T
.
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3.2.4 Semisimple and Degenerate Matrixes

If the eigenvectors in Eq. (3.11) corresponding to each repeated root λ of multiplic-

ity r in Eq. (3.12) have r independent eigenvectors λν; ν ¼ 1; . . . r, the corresponding
matrix D is called semisimple. The eigen-space is complete for the semisimple

matrix. For a semisimple matrix, the eigenvectors associated with a repeated

eigenvalue are not unique; however, it is possible to establish a set of eigenvectors

such that the orthogonality relations hold and normalized. In this case the general

solutions Eqs. (3.16) and (3.18) are also held. A real and symmetric matrix or a

complex Hermite matrix is always either simple or semisimple, and their eigen-

values are all real. If the number of the independent eigenvectors is less than the

multiplicity of a repeat root, the corresponding matrix is called nonsemisimple or

degenerate matrix. The eigen-space is not complete for the degenerate matrix.

In order to make the eigen-space of the degenerate matrix complete, we can

establish the generalized eigenvectors to provide the missing eigenvectors (Ting

1996). Sometimes in the practical calculation, a very small difference between the

repeated roots is assumed to approximately satisfy the eigen-equation.

3.2.5 A General Theory of the Generalized Eigenvectors

The general theory of the generalized eigenvectors for the simple, semisimple, and

degenerated matrixes is expressed in the following theorem (Dempsey and Sinclair

1979; Yang et al. 1997):

Theorem Let μ be the eigenvalue of a square matrix D μð Þ of order n (here n ¼ 4)

and abe the corresponding eigenvector. If rank of matrixD ism ¼ n� r < n, where
r is the number of the eigenvectors corresponding to a repeated eigenvalue, and if
at μ ¼ μp, we have

Da ¼ 0 (3.38)

dðDaÞ dμ= ¼ ðdD dμÞ= aþ Dðda dμÞ= ¼ 0 (3.39)

d2ðDaÞ dμ=
2 ¼ d2D dμ2

�� �
aþ 2 dD dμ=ð Þ da dμ=ð Þ þ DD d2a dμ2

�� � ¼ 0 (3.40)

In order to get nontrivial solution for a in Eq. (3.38), it must be

Dj j ¼ 0 (3.41)

In order to get nontrivial solution for a and da dμ= in Eq. (3.39), it must be

Dj j ¼ dn�m Dj j dμ= n�m ¼ 0 (3.42)
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In order to get nontrivial solution for a , da dμ= , and d2a dμ2
�

in Eq. (3.40),

it must be

Dj j ¼ dn�m Dj j dμ= n�m ¼ d2ðn�mÞ Dj j dμ=
2ðn�mÞ ¼ 0 (3.43)

1. μ1; μ2; μ3; μ4 are all single roots: Dj j is a polynomial containing first power of

μj; so d Dj j dμj
� 6¼ 0 . In this case r ¼ 1;m ¼ n� 1 ¼ 3 , and Eq. (3.42) is not

satisfied. Equation (3.38) has four independent eigenvectors. The general solution

of U is expressed by Eq. (3.16).

2. μ1 is a repeated root with multiplicity 2 and μ3; μ4 are single roots: Dj j is a
polynomial containing second power of μj, so d2 Dj j dμ21

� 6¼ 0.

(a) There are two independent eigenvectors corresponding to μ1,m ¼ n� 2 ¼ 2.

In this case Eq. (3.42) is not satisfied. The general solution ofU is still expressed by

Eq. (3.16).

(b)There is only one independent eigenvectors corresponding toμ1, m ¼ n� 1 ¼ 3

. In this case Eq. (3.42) can be satisfied;a1 andda1 dμ1= in Eq. (3.39) all have nontrivial

solutions. The general solution of U can be expressed by

U ¼ 2Re A0f ðz�Þ þ x2a1f
0
1ðz1Þ

� �
; A0 ¼ a1; da1 dμ1= ; a3; a4½ �

f ðz�Þ ¼ f1 z1ð Þ; f1 z1ð Þ; f3 z3ð Þ; f4 z4ð Þ½ �T (3.44)

where da1 dμ1= is solved from Eq. (3.39).

3. μ1 is a repeated root with multiplicity 3 and μ3 is a single root: Dj j is a

polynomial containing third power of μj, so d3 Dj j dμ31
� 6¼ 0.

(a) There are three independent eigenvectors corresponding to μ1,m ¼ n� 3 ¼ 1.

In this case it is still that only Eq. (3.41) has nontrivial solution. The general

solution of U is still expressed by Eq. (3.16).

(b) There are two independent eigenvectors corresponding to μ1,m ¼ n� 2 ¼ 2.

In this case

Eq. (3.42) can be satisfied;a1 andda1 dμ1= in Eq. (3.39) have nontrivial solutions.

The general solution of U can still be expressed by (3.44).

(c) There is only one independent eigenvector corresponding toμ1,m ¼ n� 1 ¼ 3.

In this case Eq. (3.43) is satisfied. a1, da1 dμ1= , and d2a1 dμ21
�

all have nontrivial

solutions. The general solution of U can be expressed by

U ¼ 2Re A00f ðz�Þ þ x2a1f
0
1ðz1Þ þ 2x2ðda1 dμ!= Þf 01ðz1Þ þ x22a1f

00
1 ðz1Þ

� �
;

A00 ¼ a1; da1 dμ1= ; a3; d
2a1 dμ21
�� �

; f ðzPÞ ¼ f1 z1ð Þ; f1 z1ð Þ; f3 z3ð Þ; f1 z1ð Þ½ �T
(3.45)

where da1 dμ1= is solved from Eq. (3.40).
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3.2.6 Electric Displacement Tensor Method

The fourth kind of the constitutive equations in Eq. (2.83) is

σij ¼ Cijmnεmn � hnijDn; Ei ¼ �himnεmn þ βinDn (3.46)

Shen and Kuang (1999a) introduced an antisymmetric tensor G of second order

and a vector potential ψ of the electric displacement to satisfy — � D ¼ 0 automati-

cally and let

Di ¼ ϖimnGmn; Gij ¼ ψ i;j � ψ j;i

� �
2= ; Gij ¼ �Gji; ψ i;i ¼ 0 (3.47)

where — � Ψ ¼ 0 is the condition to make Ψ unique and ϖ is a permutation tensor:

ϖ123 ¼ ϖ231 ¼ ϖ312 ¼ 1; ϖ213 ¼ ϖ132 ¼ ϖ321 ¼ �1; otherwise ϖijk ¼ 0

(3.48)

Introduce the electric tensor L:

Ei ¼ 1 2=ð ÞϖimnLmn; Lmn ¼ ϖimnEi ¼ �Lnm (3.49)

Using Ei;j ¼ Ej;i from Eq. (3.49), we get

Lij;j ¼ ϖmijEm;j ¼ ϖijmEm;j ¼ ϖimjφ;mj ¼ 0 (3.50)

Using Eqs. (3.47) and (3.49), the constitutive equations Eq. (3.46) can be written as

σij ¼ Cijmnεmn � htijϖtmnGmn ¼ Cijmnεmn � hmnijGmn

Lij ¼ ϖtijEt ¼ ϖtij �htmnEmn þ βtnϖnpqεnpqGpq

� � ¼ �hijmnεmn þ βijmnGmn

hmnij ¼ hmnji ¼ �hnmij ¼ ϖtmnhtij

βijmn ¼ βmnij ¼ �βjimn ¼ �βijnmϖtijϖnpqβtn

(3.51)

Using Eqs. (3.47) and (3.51), the equations— � σ ¼ 0; E ¼ �rφ can be written as

Cijkluk;l � hklijψ k;l

� �
; j
¼ 0; hijkluk;l � βijklψ k;l

� �
; j
¼ 0 (3.52a)

When material coefficients are all constants for the general plane problem,

Eq. (3.52a) becomes

Uiαβ;αβ ¼ 0; Liαβ;αβ ¼ 0; Uiαβ ¼ Ciβkαuk � hkαiβψ k; Liαβ ¼ hiβkαuk � βiβkαψ k

(3.52b)

Equation (3.52) is a pretty equation. How to use it in engineering should be

studied in the future.
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3.3 Stress Function Method

3.3.1 Solution for a General Piezoelectric Material

Using the Voigt notation, the third kind of the constitutive equations in Eq. (2.84) is

εi ¼ sijσj þ gαiDα; Eα ¼ �gαjσj þ βαβDβ; i; j ¼ 1� 6; α; β ¼ 1� 3 (3.53)

In this section a subscript in English letter takes the values 1� 6 and a sub-

script in Greek letter takes the values 1� 3. In the general plane strain problem,

uα;3 ¼ 0 and

ε3 ¼ u3;3 ¼ s3jσj þ gα3Dα ¼ 0; E3 ¼ �φ;3 ¼ �g3jσj þ β3αDα ¼ 0 (3.54)

Solving σ3 and D3 from Eq. (3.54) yields

σ3 ¼ Fjσj þ GαDα; D3 ¼ Hjσj þ JαDα; ðj; α 6¼ 3Þ
Fj ¼ � g33g3j þ s3jβ33

� �
M; Gα ¼ g33β3α � gα3β33ð ÞM;

Hj ¼ s33g3j � s3jg33

� �
M; Jα ¼ � s33β3α þ g33gα3ð ÞM; M ¼ 1 g233 þ s33β33

� ��
(3.55)

Substitution of Eq. (3.55) into Eq. (3.53) yields

u1;1 ¼ κ1jσj þ η1αDα; u2;2 ¼ κ2jσj þ η2αDα; u3;2 ¼ κ4jσj þ η4αDα;

u3;1 ¼ κ5jσj þ η5αDα; u2;1 þ u1;2 ¼ κ6jσj þ η6αDα;

E1 ¼ �h1jσj þ ξ1αDα; E2 ¼ �h2jσj þ ξ2αDα ðj; α 6¼ 3Þ
(3.56)

where the reduced constants κij; ηiα; hαj; ξβα are

κij ¼ sij þ si3Fj þ g3iHj ¼ κji; ηjα ¼ gαj þ sj3Gα þ g3jJα;

hαj ¼ gαj þ gα3Fj � βα3Hj ¼ ηjα; ξβα ¼ ββα � gβ3Gα þ ββ3Jα
(3.57)

Applying Lekhnitskii method (1987, 1957), Kosmodamianskii and Lozhkin

(1975) discussed the plane stress state of thin piezoelectric plates and gave the

expressions with complex potentials. Hao and Shen (1994) and Huang and Kuang

(2000a) discussed the general generalized plane problem. They introduced the

stress functions Λ;Ψ and the electric potential V to satisfy the generalized

equilibrium equations automatically:

σ1 ¼ Λ;22; σ2 ¼ Λ;11; σ6 ¼ �Λ;12; σ4 ¼ �Ψ ;1; σ5 ¼ Ψ ;2; D1 ¼ V;2; D2 ¼ �V;1

(3.58)
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Substitution of Eq. (3.58) into Eq. (3.56) finally yields the general compatibility

equation

L4Λþ L3Ψ þ L5V ¼ 0; L3Λþ L2Ψ þ L6V ¼ 0; L5Λþ L6Ψ � L9V ¼ 0

(3.59)

where

L2 ¼ κ55
@2

@x22
� 2κ45

@2

@x2@x1
þ κ44

@2

@x21

L3 ¼ κ15
@3

@x32
� ðκ14 þ κ56Þ @3

@x22@x1
þ ðκ55 þ κ46Þ @3

@x2@x21
� κ24

@3

@x31

L4 ¼ κ11
@4

@x42
� 2κ16

@4

@x32@x1
þ ð2κ12 þ κ66Þ @4

@x22@x
2
1

� 2κ26
@4

@x2@x
3
1

þ κ22
@4

@x41

L5 ¼ η11
@3

@x32
� ðη12 þ η61Þ

@3

@x22@x1
þ ðη21 þ η62Þ

@3

@x2@x21
þ η22

@3

@x31

L6 ¼ η51
@2

@x22
� ðη52 þ η41Þ

@2

@x2@x1
þ η42

@2

@x21

L7 ¼ �L5 ¼ �h11
@3

@x32
þ ðh16 þ h21Þ @3

@x22@x1
� ðh12 þ h26Þ @3

@x2@x21
� h22

@3

@x31

L8 ¼ �L6 ¼ �h15
@2

@x22
þ ðh14 þ h25Þ @2

@x2@x1
� h24

@2

@x21

L9 ¼ ξ11
@2

@x22
� ðξ12 þ ξ21Þ

@2

@x2@x1
þ ξ22

@2

@x21
(3.60)

EliminatingΨ and V from Eq. (3.59) yields an eighth-order differential equation

of Λ:

L6L8L4 � L9L4L2 þ L9L
2
3 � L5L3L8 þ L2L5L7 � L3L6L7

� �
Λ ¼ 0; or

L6L8L4 � L9L4L2 þ L9L
2
3 þ 2L5L3L6 þ L2L5L7

� �
Λ ¼ 0

(3.61)

Its solution is

Λ ¼ 2Re
X4
P¼1

~f PðzPÞ; zP ¼ x1 þ μPx2 (3.62)

where ~f PðzPÞ is an analytic function of zP and μP is the root of the following eigen-

equation

l6l8l4 � l9l4l2 þ l9l
2
3 � l5l3l8 þ l2l5l7 � l3l6l7 ¼ 0; or

l4l
2
6 þ l2l4l9 � l23l9 � 2l3l5l6 þ l2l

2
5 ¼ 0

(3.63)
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where li � liðμÞ can be obtained by usingμ instead of the differential operator@ @x2=
in Li of Eq. (3.60) and the power of μ is the same as the power of @ @x2= , such as

l3ðμÞ ¼ κ15μ
3 � κ14 þ κ56ð Þμ2 þ κ55 þ κ46ð Þμ� κ24

where μP is the same as that in Stroh’s formula. From Eq. (3.59), it is obtained that

Ψ ¼ 2Re
X4
p¼1

aP fPðzPÞ; V ¼ 2Re
X4
p¼1

bP fPðzPÞ; fPðzPÞ ¼ d~f 0p d= zP

aP ¼ � l5bP þ l4
l3

¼ � l6bP þ l3
l2

¼ � l9bP þ l7
l8

; bP ¼ l23 � l4l2
l2l5 � l3l6

¼ l8l3 � l2l7
l2l9 � l8l6

(3.64)

where li � liðμPÞ. Substitution of Λ;Ψ and V into Eq. (3.58) yields the generalized

stress; then substitution of the result into Eq. (3.56) yields the generalized

displacements. Comparing the generalized stress and displacement with that in

Stroh’s formula, the explicit forms of B and A are obtained:

B ¼
�μ1 �μ2 �μ3 �μ4
1 1 1 1

�a1 �a2 �a3 �a4
�b1 �b2 �b3 �b4

2
664

3
775; A ¼ Aij

� �
(3.65)

A1j ¼ κ11μ
2
j þ κ12 � κ16μj þ aj κ15μj � κ14

� �þ η11μj � η12
� �

bj

A2j ¼ κ21μ
2
j þ κ22 � κ26μj þ aj κ25μj � κ24

� �þ η21μj � η22
� �

bj

h i.
μj

A3j ¼ κ41μ
2
j þ κ42 � κ46μj þ aj κ45μj � κ44

� �þ η41μj � η42
� �

bj

h i.
μj

A4j ¼ h11μ
2
j þ h12 � h16μj þ aj h15μj � h14

� �þ ðξ11μj � ξ12Þbj

(3.66)

The above results are obtained for the generalized plane strain. For the

generalized plane stress, the constants should be simply replaced by

κij ¼ sij ¼ κji; ηjα ¼ gαj; hαj ¼ gαj; ξβα ¼ ββα ðj; α; β 6¼ 3Þ (3.67)

It is also noted that the plane stress deformation can be existed only in the

materials with at least one material symmetric plane such as monoclinic material.

From Eq. (3.58), the stress functions can be obtained as

Φ1 ¼ �Λ;2 ¼ �2Re
X4
P¼1

μPfPðzPÞ; Φ2 ¼ Λ;1 ¼ 2Re
X4
P¼1

fPðzPÞ

Φ3 ¼ �Ψ ¼ �2Re
X4
P¼1

aPfPðzPÞ; Φ4 ¼ �V ¼ �2Re
X4
P¼1

bPfPðzPÞ
(3.68)

Equation (3.68) shows that Φ ¼ 2Re½Bf ðzPÞ� where B is shown in Eq. (3.65).

This is consistent with the Stroh’s formula Eq. (3.23).
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3.3.2 The Transversely Isotropic Material in Plane Strain

Usually in engineering the coordinate system x-y-z is used, and the material

constants given in the handbooks are under the condition that the poling direction

is along the axis z. For a general piezoelectric material, there are 45 independent

material constants: 21 elastic constants, 18 piezoelectric constants, and 6 permittiv-

ity constants. For the orthogonal materials in the material principle coordinate

system with poling axis z , the plane x-y is an isotropic plane. For an isotropic

plane x-y , the in-plane electric field couples only with the out-plane mechanical

stress. In the anisotropic plane x-z; y-z, the in-plane electric field couples with the

in-plane mechanical stress, and the mechanical behaviors in x-z and y-z planes are
the same. In this case when the axis z is taken as the poling axis, there are

17 independent material constants: 9 elastic constants, s11; s12; s13; s22; s23; s33; s44;
s55; s66 or C11;C12;C13;C22;C23;C33;C44;C55;C66 ; 5 piezoelectric constants, g15;
g24; g31; g32; g33 or e15; e24; e31; e32; e33; and 3 electric constants, β11; β22; β33 or E11;
E22; E33. The second kind of the constitutive equation in Eq. (2.84) is

σx

σy

σz

σyz

σxz

σxy

Dx

Dy

Dz

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

¼

C11 C12 C13 0 0 0 0 0 �e31

C12 C22 C23 0 0 0 0 0 �e32

C13 C23 C33 0 0 0 0 0 �e33

0 0 0 C44 0 0 0 �e24 0

0 0 0 0 C55 0 �e15 0 0

0 0 0 0 0 C66 0 0 0

0 0 0 0 e15 0 E11 0 0

0 0 0 e24 0 0 0 E22 0

e31 e32 e33 0 0 0 0 0 E33

2
66666666666666664

3
77777777777777775

εx

εy

εz

γyz

γxz
γxy

Ex

Ey

Ez

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>;

(3.69a)

The third kind of the constitutive equation in Eq. (2.84) is

εx

εy

εz

γyz

γxz
γxy

Ex

Ey

Ez

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>;

¼

s11 s12 s13 0 0 0 0 0 g31

s12 s22 s23 0 0 0 0 0 g32

s13 s23 s33 0 0 0 0 0 g33

0 0 0 s44 0 0 0 g24 0

0 0 0 0 s55 0 g15 0 0

0 0 0 0 0 s66 0 0 0

0 0 0 0 �g15 0 β11 0 0

0 0 0 �g24 0 0 0 β22 0

�g31 �g32 �g33 0 0 0 0 0 β33

2
66666666666666664

3
77777777777777775

σx

σy

σz

τyz

τxz

τxy

Dx

Dy

Dz

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

(3.69b)
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It is noted that s½ � ¼ C½ ��1
. For the transversely isotropic material, such as

piezoelectric ceramic PZT and many other materials, in the material principle

coordinate system, there are ten independent material constants because there are

relations between material constants:

s13 ¼ s23; s11 ¼ s22; s44 ¼ s55; s66 ¼ 2 s11 � s12ð Þ; g31 ¼ g32; g15 ¼ g24; β11 ¼ β22
C13 ¼ C23;C11 ¼ C22;C44 ¼ C55;C66 ¼ C11 � C12ð Þ 2= ; e31 ¼ e32; e15 ¼ e24; E11 ¼ E22

(3.70)

In this section the plane strain problem is discussed and adopted the third kind of

the constitutive equation, Eq. (3.69b). Let

εx ¼ γzx ¼ γxy ¼ Ex ¼ 0 (3.71)

From Eq. (3.71), it can be obtained that

Dx ¼ 0; τzx ¼ τyz ¼ 0; σx ¼ � s12σy þ s13σz þ g31Dz

� �
s11= (3.72)

Analogous to the Voigt expression of the stress and strain in 3D case, we

introduce the vector expression of the stress and strain in plane strain case. Let

x1 ¼ y; x2 ¼ z; x3 ¼ x; σ1 ¼ σy; σ2 ¼ σz; σ3 ¼ τyz;

ε1 ¼ εy; ε2 ¼ εz; ε3 ¼ γyz; D1 ¼ Dy; D2 ¼ Dz; E1 ¼ Ey;E2 ¼ Ez

(3.73)

Substitution of Eqs. (3.71), (3.72), and (3.73) into Eq. (3.69) yields

ε1

ε2

ε3

E1

E2

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

¼

a11 a12 0 0 b21

a12 a22 0 0 b22

0 0 a33 b13 0

0 0 �b13 k11 0

�b21 �b22 0 0 k22

0
BBBBBB@

1
CCCCCCA

σ1

σ2

σ3

D1

D1

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

a11 ¼ s11 � s212 s11= ; a12 ¼ s13 � s12s13 s11= ; a22 ¼ s33 � s213 s11= ; a33 ¼ s44

b21 ¼ 1� s12 s11=ð Þg31; b22 ¼ g33 � g31s13 s11= ; b13 ¼ g15; k11 ¼ β11;

k22 ¼ β33 þ g231 s11=

(3.74)

where aij; bij; kij are reduced material constants and sijgij; βij are material constants as

shown in Eq. (3.69b). In the plane strain problem, σ13 ¼ σ23 ¼ 0 , so the stress

function Ψ in Eq. (3.58) is not needed. The eighth-order differential equation

(3.61) is reduced to sixth-order differential equation, and the eighth-order eigen-

equation (3.63) is reduced to sixth-order eigen-equation. Repeating the process

analogous to Sect. 3.3.1 finally yields (Sosa 1991; Sosa and Khutoryansky 1996;

Kuang and Ma 2002)
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U ¼ U u1; u2;φð Þ ¼ 2Re½Af ðzPÞ�; Φ ¼ Φ Φ1;Φ2;Φ4ð Þ ¼ 2Re½Bf ðzPÞ�

A ¼
p1 p2 p3

q1 q2 q3

�λ1 �λ2 �λ3

0
B@

1
CA; B ¼

�μ1 �μ2 �μ3
1 1 1

�η1 �η2 �η3

0
B@

1
CA (3.75)

where μP is the root of the following eigen-equation:

a11k11μ
6 þ a11k22 þ 2a12k11 þ a33k11 þ b221 þ b213 þ 2b21b13

� �
μ4

þ a22k11 þ 2a12k22þa33k22 þ 2b21b22 þ 2b22b13ð Þμ2 þ a22k22 þ b222 ¼ 0

(3.76)

and

pP ¼ a11μ
2
P þ a12 � b21ηP; qP ¼ a12μ

2
P þ a22 � b22ηP

� �
μP=

λP ¼ b13 þ k11ηPð ÞμP; λPμP ¼ � b21μ
2
P þ b22 þ k22ηP

� �
ηP ¼ � ðb21 þ b13Þμ2P þ b22

� �
k11μ

2
P þ k22

� �� (3.77)

If the rigid rotation angle ω is considered, we have

u1 ¼ 2Re
X3
P¼1

pPfPðzPÞ � ωx3; u2 ¼ 2Re
X3
P¼1

qPfPðzPÞ þ ωx1;

φ ¼ �2Re
X3
P¼1

λPfPðzPÞ; Φ1 ¼ �2Re
X3
P¼1

μPfPðzPÞ;

Φ2 ¼ 2Re
X3
P¼1

fPðzPÞ; Φ4 ¼ �2Re
X3
P¼1

ηPfPðzPÞ

σ1 ¼ 2Re
X3
j¼1

μ2j FjðzjÞ; σ2 ¼ 2Re
X3
j¼1

FjðzjÞ; σ3 ¼ �2Re
X3
j¼1

μjFjðzjÞ

D1 ¼ 2Re
X3
j¼1

μjηjFjðzjÞ; D2 ¼ �2Re
X3
j¼1

ηjFjðzjÞ

(3.78)

3.4 An Elliptic Hole or Inclusion in a Transversely

Isotropic Piezoelectric Material

3.4.1 Electrical Permeable Hole

Let a transversely isotropic piezoelectric material with an elliptic hole of semiaxesa
and b directed along the material principle axes x1 and x2, respectively, be subjected
to the uniform generalized stresses at infinity. The hole is filled with air with
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permittivity E0 and is mechanically free (Fig. 3.3) (Parton 1976; Sosa and

Khutoryansky 1996; Chung and Ting 1996; Zhang et al. 1998; Gao and Fan

1999; Kuang and Ma 2002). The potential electric field and electric displacement

in the air region Sc are denoted by φc;Ec and Dc , respectively, and in the

piezoelectric material S are denoted by φ;E and D, respectively. On the interface

L, the outward normal is denoted by n directed from the material into the hole, and

the first natural coordinate system (see Eqs. (3.27), (3.28)) is adopted. In the air only

electric field is researched. Therefore the boundary conditions at infinity are

σ ¼ σ1; D ¼ D1 (3.79)

On the interface the connective conditions are

T1 ¼ T2 ¼ 0; Dn ¼ Dc
n ¼ �E0@φc @n= ; φ ¼ φc on L (3.80)

The method solving this problem is the direct extension for the inclusion

problem in an elastic anisotropic material (Mura 1987).

3.4.2 Electric Field Inside the Hole Filled with Air

It is assumed that there is free of charge in the air; from r � Dc ¼ 0; Dc ¼ E0Ec ¼
�E0—φc, the governing equation is

r2φc ¼ 0; in Sc (3.81)

The conformal mapping function ωðςÞ, transforming an ellipse L in the physical

plane z ¼ x1 þ ix2 ¼ reiθ into a unit circle Γ in the mapping plane ς ¼ ξ1 þ iξ2 ¼
ρeiψ , is

Fig. 3.3 An infinite plane with an elliptic hole: (a) physical plane z and (b) mapping plane ζ
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z ¼ ωðςÞ ¼ R ςþ m

ς

� 
; ς ¼ zþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � 4mR2

p

2R
; R ¼ aþ b

2
; m ¼ a� b

aþ b
or

z ¼ R 1þ mð Þ cosψ þ iR 1� mð Þ sinψ ¼ a cosψ þ ib sinψ ; or x1 ¼ a cosψ ;

x2 ¼ b sinψ

(3.82a)

where ðr; θÞ and ðρ;ψÞ are the polar axes and polar angles in the z and ς planes,

respectively. Mapping function ωðςÞ transforms L into Γ and one to one for

points outside the ellipseL into the outside of Γ, however, only one to one for points
inside the ellipse L with a cut L0 from � c to c on the major axis in z plane into

the inside of Γ with a circular cut L0 of radius ρ0 in ς plane (Fig. 3.3), where ρ0 ¼ffiffiffiffi
m

p
< zj j < 1; 0 � θ < 2π and c ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

p
is the half of the focal length.

From Eq. (3.82a), it is known that the arc lengths onΓ and on L are respectively

dl2 ¼ dςd�ς ¼ deiψde�iψ ¼ dψ2; on Γ

ds2 ¼ dzd�z ¼ ω0 ςð Þω0 ςð Þdςd�ς ¼ ρ2dψ2; ρ2 ¼ a2sin2ψ þ b2cos2ψ ; on L

dx2=ds ¼ b cosψ=ρ; dx1=ds ¼ �a sinψ=ρ

(3.82b)

Because φc is a harmonic function, it can be expressed by an analytic function

ϕðzÞ as

φcðx1; x2Þ ¼ ϕðzÞ þ ϕðzÞ; in z plane; φcðρ;ψÞ ¼ ϕðςÞ þ ϕðςÞ; in ζ plane

Ec
1 ¼ � ϕ0ðzÞ þ ϕ0ðzÞ

h i
¼ �2Reϕ0ðzÞ; Ec

2 ¼ �i ϕ0ðzÞ � ϕ0ðzÞ
h i

¼ 2Imϕ0ðzÞ
(3.83)

whereϕðςÞ ¼ ϕ½ωðςÞ�. BecauseϕðzÞ is analytic insideL� L0 and continuous onL0, so

ϕðρ0eiψÞ ¼ ϕðρ0e�iψÞ (3.84)

The solution ofϕðςÞ in the annular regionL� L0 can be expressed in the Laurent
series

ϕðςÞ ¼
X1
k¼�1

ackς
k; ac�k ¼ ρ2k0 ack ðno sum on kÞ; ρ0 � ςj j � 1 (3.85)

3.4.3 Generalized Stress Field in the Piezoelectric Material

The general solution in a transversely isotropic material has been given in

Sect. 3.3.2. The mapping function ωjðςÞ; j ¼ 1; 2; 3 transforming an ellipse Lj
in the physical plane zj ¼ x1 þ μjx2 into a unit circle Γj in a mapping plane ςj ¼
ξ1 þ μjξ2 is
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zj ¼ ωjðςjÞ ¼ cjςj þ djς
�1
j ¼ Rj ςj þ mjς

�1
j

� �
Rj ¼ cj ¼ a� iμjb

� �
2= ; dj ¼ aþ iμjb

� �
2= ; mj ¼ dj cj

�

ςj ¼
zj þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2j � a2 þ μ2j b

2
� �r

a� iμjb
;

1

ςj
¼

zj �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2j � ða2 þ μ2j b

2Þ
q

aþ iμjb

(3.86)

When μj ¼ i, Eq. (3.86) is reduced to Eq. (3.82), and the mapping function is

conformal. If μj 6¼ i, the mapping function is not conformal. Because a function

fjðzjÞ outside L is analytically transformed into the region outsideΓ in the ς plane, so

fjðzjÞ ¼ Cjzj þ f 0j ðςjÞ; f 0j ðςjÞ ¼ aj0 þ
X1
k¼1

ajkς
�k
j ðnot summed on kÞ (3.87)

where f 0j ðzjÞ ¼ f 0j ½ωðςjÞ� is an analytic function in ςj plane. Cj is determined by the

boundary conditions at infinity and ajk is undetermined coefficient. From Eq. (3.78),

σ11 ¼ 2Re
X3
j¼1

μ2j Cj; σ12 ¼ 2Re
X3
j¼1

Cj; σ13 ¼ �2Re
X3
j¼1

μjCj

D1
1 ¼ 2Re

X3
j¼1

μjηjCj; D1
2 ¼ �2Re

X3
j¼1

ηjCj

E1 ¼ 2Re
X3
j¼1

λjCj; E2 ¼ 2Re
X3
j¼1

λjμjCj

 !
(3.88)

In Eq. (3.88) if one real constant is selected arbitrarily, such as let Im C1 ¼ 0, it

does not affect the stresses. So Eq. (3.88) is solvable.

3.4.4 The Connective Conditions on the Interface L

Equations (3.75) and (3.28) yield

Φ1 ¼ �2Re
X3
j¼1

μjfjðσÞ ¼ �
Z s

0

T�
1ds ¼ 0; Φ2 ¼ 2Re

X3
j¼1

fjðσÞ ¼ �
Z s

0

T�
2ds ¼ 0

Φ4 ¼ �2Re
X3
j¼1

ηjfjðσÞ ¼ �
Z s

0

Dnds

(3.89)
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where σ ¼ eiψ is a point on Γ. The mechanical connective conditions in Eq. (3.89)

can be reduced to

X3
j¼1

f 0j ðσÞ þ f 0j ðσÞ
n o

¼ �l1σ þ l1�σ;
X3
j¼1

μjf
0
j ðσÞ þ μjf

0
j ðσÞ

n o
¼ �l2σ þ l2�σ

l1 ¼ � 1 2=ð Þ aσ12 � ibσ13
� �

; l2 ¼ 1 2=ð Þ aσ13 � ibσ11
� �

(3.90)

Using Eq. (3.27) and ds ¼ dzj j ¼ ω0ðςÞj j dςj j; dς dςj j ¼ e= iψ
we have

n ¼ n1 þ in2 ¼ dx2 ds= � idx1 ds= ¼ �idz ds= ¼ eiψω0ðςÞ ω0ðςÞj j=

t ¼ t1 þ it2 ¼ dx1 ds= þ idx2 ds= ¼ dz ds= ¼ ieiψω0ðςÞ ω0ðςÞj j=
(3.91)

where n is the outward normal on the interface of S. Using Eqs. (3.91) and (3.83)

yields

@φc

@n
¼ @φc

@x1
n1 þ @φc

@x2
n2 ¼ @φc

@z

@z

@x1
þ @φc

@�z

@�z

@x1

� 
n1 þ @φc

@z

@z

@x2
þ @φc

@�z

@�z

@x2

� 
n2

¼ @φc

@z
nþ @φc

@�z
�n

� 
¼ ϕ0ðzÞnþ ϕ0ðzÞn

(3.92)

If let ϕð1Þ ¼ 0 which is not effect on the stress, on L we have

�
Z s

0

@φc

@n
ds ¼ �

Z ψ

0

ϕ0ðςÞ
ω0ðςÞ

ω0ðςÞ
ω0ðςÞj j e

iψ þ ϕ0ðςÞ
ω0ðςÞ

ω0ðςÞ
ω0ðςÞj j e

�iψ

" #
ω0ðςÞj jdψ

¼ �
Z ψ

0

eiψϕ0 eiψ
� �þ e�iψϕ0 eiψð Þ

n o
dψ ¼ i ϕðσÞ � ϕðσÞ

n o (3.93)

Substituting Eqs. (3.78), (3.83) and (3.87) and the third equation in Eq. (3.89)

and (3.93) into Eq. (3.80), the electric connective conditions are reduced to

X3
j¼1

ηjf
0
j ðσÞ þ �ηjf

0
j ðσÞ

n o
¼ �l03σ þ l03�σ þ iEc ϕðσÞ � ϕðσÞ

h i
X3
j¼1

λjf
0
j ðσÞ þ �λjf 0j ðσÞ

n o
¼ �l4σ þ l4�σ � ϕðσÞ þ ϕðσÞ

h i
l03 ¼ 1 2=ð Þ aD1

2 � ibD1
1

� �
; l4 ¼ � 1 2=ð Þ aE1

1 þ ibE1
2

� �
(3.94)

108 3 Generalized Two-Dimensional Electroelastic Problem



3.4.5 Solutions in the Air and Piezoelectric Material

Substituting Eqs. (3.85) and (3.87) into Eqs. (3.90) and (3.94) and neglecting some

useless constants yield enough equations to determine the undetermined constants.

It is found that only four complex constants a11; a21; a31; a
c
1 ac�1 ¼ ρ20a

c
1

� �
are not

zero and they obey the following equations:

X3
j¼1

aj1 ¼ l1;
X3
j¼1

μjaj1 ¼ l2

X3
j¼1

ηjaj1 þ iEc �ac1 � ρ20a
c
1

� � ¼ l03;
X3
j¼1

λjaj1 þ �ac1 þ ρ20a
c
1 ¼ l4

(3.95)

Finally we get

1. The electric field inside the hole filled with air
φc; Dc

1; D
c
2 are constants and obtained from the following equations:

φc ¼ �Ec
1x1 � Ec

2x2 ¼ 2 ac1zþ �ac1�z
� �

aþ bð Þ= ; Dc
1 ¼ E0Ec

1; Dc
2 ¼ E0Ec

2

a� ibE0
X3
j¼1

λjαj3

 !
Dc

1 þ aE0
X3
j¼1

λjαj3 þ ib

 !
Dc

2

¼ E0 2
X3
j¼1

X2
k¼1

λjαjklk þ 2
X3
j¼1

λjαj3l
0
3 þ aE1

1 þ ibE1
2

( ) (3.96)

2. Solutions in the piezoelectric material

fjðzjÞ ¼ Cjzj þ aj1 ςj
� ¼ Cjzj þ

X3
k¼1

αjklk ςj
�

; aj1 ¼
X3
k¼1

αjklk

FjðzjÞ ¼ Cj þ αj1l1 þ αj2l2 þ αj3l3
� �

aþ iμjb
� ��1

1� zj z2j � a2 þ μ2j b
2

� �h i�1 2=
� �

(3.97)

where

α ¼ 1

N

μ2η3 � μ3η2 η2 � η3 μ3 � μ2
μ3η1 � μ1η3 η3 � η1 μ1 � μ3
μ1η2 � μ2η1 η1 � η2 μ2 � μ1

0
B@

1
CA ¼

1 1 1

μ1 μ2 μ3
η1 η2 η3

0
B@

1
CA

�1

N ¼ ðη2 � η3Þμ1 þ ðη3 � η1Þμ2 þ ðη1 � η2Þμ3

(3.98)
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3.4.6 Electroelastic Asymptotic Field Near a Blunt (Slender)
Crack Tip

Analogous to the elastic blunt crack (Kuang 1982; Kuang and Ma 2002), Huang and

Kuang (2000b) discussed the electroelastic asymptotic field near a blunt (slender)

crack tip. Take the global coordinate system zg xg; yg
� �

and the local coordinate

system zj xj; yj
� �

whose origin is at z0j (z0 ¼ x01 ¼ c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

p
; 2c is the focal

length) (Fig. 3.4). z0j is the point in zj plane corresponding to the branch point ς0j in ςj
plane with ω0 ς0j

� � ¼ 0. It has the relation

z0j ¼ x0j þ μjy0j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ μ2j b

2

q
	 aþ μ2j r0; r0 ¼ b2 2a=

x0j ¼ a2 � μ2ρ; y0j ¼ 2αjρ; μj ¼ αj þ iβj; μ2 ¼ α2j þ β2j

(3.99)

where 2r0 is the curvature radius at the major end of the slender ellipse. At the local

coordinate system, we have

zj ¼ xj þ μjyj ¼ zgj � z0j ¼ xg � x0j
� �þ μj yg � y0j

� �
From the knowledge of the analytical geometry, it is known that

xg ¼ cþ r cos θ; yg ¼ r sin θ; a ¼ r0 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ r20

q
	 cþ r0

where r; θ are the polar axis and angle, respectively. Therefore it is easy to derive

zk ¼ rΘk � 1þ μ2k
� �

ρþ 0 ρ2 c=
� � 	 rΘk 1� 1þ μ2k

� �
ρ Θkr=

� �� �
Θk ¼ cos θ þ μk sin θ

(3.100)

In the local coordinate system, Eq. (3.97) becomes

FjðzjÞ ¼ �
X3
k¼1

αjklk
1

aþ iμjb

ffiffiffiffiffiffiffiffiffiffi
c

2rΘj

r
1� 1þ μ2j

Θj

ρ

r

" #
þ Cj þ 1

aþ iμjb

X3
k¼1

αjklk

(3.101)

Fig. 3.4 Local coordinate system for a blunt crack
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It is seen that the singularity of the stress near the crack tip not only depends on

1
ffiffi
r

p
= but also depends on ρ r= . It can also be seen that the electric field at infinity

affects the stress near the blunt crack tip.

3.4.7 Impermeable and Conductive Elliptic Holes

Impermeable elliptic hole. Comparing to a piezoelectric material, in many cases the

air is approximately considered as an insulated material, i.e., E0 ¼ 0 orDc
1 ¼ Dc

2 ¼ 0,

soDc
n ¼ 0 in Eq. (3.80), i.e. the piezoelectric material can be considered alone. On the

interface, Eq. (3.94) is reduced to

X3
j¼1

ηjf
0
j ðσÞ þ ηjf

0
j ðσÞ

n o
¼ l03σ þ l03σ

l03 ¼ �
X3
j¼1

aReðCjηjÞ þ ibReðCjηjμjÞ
� � ¼ 1

2
aD1

2 � ibD1
1

� � ¼ l3

(3.102)

Correspondingly Eq. (3.95) becomes

X3
j¼1

aj1 ¼ l1;
X3
j¼1

μjaj1 ¼ l2
X3
j¼1

ηjaj1 ¼ l03 (3.103)

The solution in the piezoelectric material is still formally expressed by

Eqs. (3.97) and (3.98).

Conductive elliptic hole. If the hole is filled with an ideal conductive liquid or on
the boundary of the hole deposited a thin flexible layer metal, it can be assumed that

the electric potential is equal zero, i.e., φ ¼ 0 in Eq. (3.80). On interface, Eq. (3.94)

is reduced to

X3
j¼1

λjf
0
j ðσÞ þ λjf 0j ðσÞ

n o
¼ l4σ þ l4σ

l4 ¼ �
X3
j¼1

aRe Cjλj
� �þ ibRe Cjλjμj

� �� � ¼ � 1

2
aE1

1 þ ibE1
2

� � (3.104)

If we let 1 Ec= ¼ 0 in Eq. (3.94), Eq. (3.104) can also be obtained. Correspond-

ingly Eq. (3.103) becomes

X3
j¼1

aj1 ¼ l1;
X3
j¼1

μjaj1 ¼ l2
X3
j¼1

λjaj1 ¼ l4 (3.105)
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In this case Eqs. (3.97) and (3.98) become

fjðzjÞ ¼ Cjzj þ aj1 ςj
� ¼ Cjzj þ

X3
k¼1

~αjklk ςj
�

; ~aj1 ¼
X3
k¼1

~αjklk (3.106)

and

~α ¼ 1

~N

μ2λ3 � μ3λ2 λ2 � λ3 μ3 � μ2
μ3λ1 � μ1λ3 λ3 � λ1 μ1 � μ3
μ1λ2 � μ2λ1 λ1 � λ2 μ2 � μ1

0
B@

1
CA ¼

1 1 1

μ1 μ2 μ3
λ1 λ2 λ3

0
B@

1
CA

�1

N ¼ ðλ2 � λ3Þμ1 þ ðλ3 � λ1Þμ2 þ ðλ1 � λ2Þμ3

(3.107)

3.4.8 Crack Problem

1. Permeable crack. When the length of the minor axis approaches zero, i.e., b ! 0,

for a permeable crack the solution can be obtained from a permeable elliptic hole.

Neglecting terms containing b a= yields

l1 ¼ � 1

2
aσ12 ; l2 ¼ � 1

2
aσ13 ; l03 ¼

1

2
aD1

2 ; l3 ¼ 1

2
a D1

2 � Dc
2

� �
; l4 ¼ � 1

2
aE1

1

(3.108)

(a) Electric field in the air. Equation (3.96) becomes

Dc
1 þ E0

X3
j¼1

λjαj3D
c
2 ¼ E0

X3
j¼1

�λj αj1σ12 þ αj2σ
1
3 þ αj3D

1
2

� �� �þ E1
1

( )
(3.109a)

Noting
P3

j¼1 λjαj2 is real (Gao and Fan 1999), separating the real and imaginary

parts from Eq. (3.109a) yields

D1
2 � Dc

2 ¼ Im
X3
j¼1

λjαj1

 !
σ12 Im

X3
j¼1

λjαj3

 !,

Ec
1 ¼ E1

1 þ Re
X3
j¼1

λj �aj1σ
1
2 þ aj2σ

1
3 þ aj3 D1

2 � Dc
2

� �� �( ) (3.109b)

(b)Generalized stress in the piezoelectric material. Equation (3.97) is reduced to

FjðzjÞ ¼ Cj � 1

2
αj1σ

1
2 � αj2σ

1
3 � αj3 D1

2 � Dc
2

� �� �
1� zj z2j � a2

� ��1 2=

 �

(3.110)

It is noted that E0 is not included in Eqs. (3.109) and (3.110).
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The stress intensities at the crack tip x1 ¼ a are

KI;KII;Keð Þ ¼
ffiffiffiffiffi
2π

p
lim
x1!a

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 � a

p
σ2; σ3;D2ð Þx2¼0

¼
ffiffiffiffiffi
2π

p
Re lim

x1!a

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 � a

p X3
j¼1

f 0j ðx1Þ 1;�μj;�ηj
� �

x2¼0

(3.111a)

or

KI ¼
ffiffiffiffiffi
πa

p
σ12 ; KII ¼

ffiffiffiffiffi
πa

p
σ13 ; Ke ¼

ffiffiffiffiffi
πa

p
D1

2 � Dc
2

� �
(3.111b)

From Eq. (3.111), it is seen that the electric field at infinity does not affect the

stress intensity and the mechanical stress at infinity does not affect the electric

displacement intensity. This result is obtained from the linear theory.

2. Impermeable (or insulated) crack. The correct solution of an impermeable

crack can be obtained from the degenerate solution from the insulated elliptic hole,

i.e., let E0 ¼ 0 or D2 ¼ 0 at first and then let b a= ! 0 . In order to study the

electroelastic asymptotic field near a sharp crack tip, the right crack tip should be

taken as the origin of the local polar coordinate system, i.e.,

x1 ¼ aþ r cos θ; x2 ¼ aþ r sin θ (3.112)

When r 
 1, we have

zj 	 a;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2j � a2

q
	

ffiffiffiffiffiffiffi
2ar

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos θ þ μj sin θ

q
(3.113)

Equation (3.97) is reduced to

FjðzjÞ 	 αj1σ
1
2 � αj2σ

1
3 � αj3D

1
2

� � ffiffiffi
a

p

2
ffiffiffiffiffi
2r

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos θ þ μj sin θ

p (3.114)

Let

Cj ¼ αj1KI � αj2KII � αj3Ke (3.115)

where KI; KII; Ke is defined by Eq. (3.111). Substituting Eqs. (3.114) and (3.115)

into Eq. (3.26) in the Cartesian coordinate system yields (Hoenig 1982)

σ1 ¼ 1
ffiffiffiffiffiffiffi
2πr

p.� �
Re
X3
j¼1

Cjμ
2
j

ffiffiffiffiffi
Θj

p�
; σ2 ¼ 1

ffiffiffiffiffiffiffi
2πr

p.� �
Re
X3
j¼1

Cj

ffiffiffiffiffi
Θj

p�
;

σ3 ¼ � 1
ffiffiffiffiffiffiffi
2πr

p.� �
Re
X3
j¼1

Cjμj
ffiffiffiffiffi
Θj

p�
; D1 ¼ 1

ffiffiffiffiffiffiffi
2πr

p.� �
Re
X3
j¼1

Cjμjηj
ffiffiffiffiffi
Θj

p�
;

D2 ¼ � 1
ffiffiffiffiffiffiffi
2πr

p.� �
Re
X3
j¼1

Cjηj
ffiffiffiffiffi
Θj

p�
; Θj ¼ cos θ þ μj sin θ

(3.116)
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or in the polar coordinate system yields

σθ ¼ 1
ffiffiffiffiffiffiffi
2πr

p.� �
Re
X3
j¼1

CjΘ
3 2=
j ; σr ¼ 1

ffiffiffiffiffiffiffi
2πr

p.� �
Re
X3
j¼1

Cj
~Θ2
j

ffiffiffiffiffi
Θj

p�
;

σθr ¼ 1
ffiffiffiffiffiffiffi
2πr

p.� �
Re
X3
j¼1

Cj
~Θj

ffiffiffiffiffi
Θj

p
; Dr ¼ � 1

ffiffiffiffiffiffiffi
2πr

p.� �
Re
X3
j¼1

Cjηj ~Θj

ffiffiffiffiffi
Θj

p�
;

Dθ ¼ 1
ffiffiffiffiffiffiffi
2πr

p.� �
Re
X3
j¼1

Cjηj
ffiffiffiffiffi
Θj

p
; ~Θj ¼ cos θ � μj sin θ

(3.117)

It is seen that the stresses have the singularity 1
ffiffi
r

p
= and σ11 , D

1
1 do not affect the

electroelastic asymptotic field. Xu and Rajapakse (1999) discussed an arbitrarily

oriented void/crack.

3. Conducting crack
The solution of a conducting crack can be obtained from the conducting elliptic

hole directly when b a= ! 0 or from the general solution when E0 ! 1 at first and

then when b a= ! 0.

3.4.9 Eshelby’s Elliptic Inclusion Problem in a Piezoelectric
Material

Now discuss the Eshelby’s elliptic inclusion problem in a piezoelectric material (Ru

1997). In a piezoelectric material, there is a region Sc. In Sc there are the generalized
eigenstrains ðε�;E�Þ and the corresponding additional generalized displacement:

U� ¼ u�;φ�ð Þ
¼ ε�11x1 þ ε�12x2; ε

�
12x1 þ ε�22x2; 2 ε�13x1 þ ε�23x2

� �
;� E�

1x1 þ E�
2x2

� �� �T
(3.118)

The connective conditions on the interface L are

u ¼ uc þ u�; φ ¼ φc þ φ�; z 2 L (3.119)

Substituting Eqs. (3.16) and (3.23) into Eq. (3.119), the connective conditions

become

Af ðzPÞ þ Af ðzPÞ ¼ Af cðzPÞ þ Af cðzPÞ þ u�

Bf ðzPÞ þ Bf ðzPÞ ¼ Bf cðzPÞ þ Bf cðzPÞ
�
; z 2 L (3.120)
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where f cðzPÞ is the solution in Sc. Multiplying the first equation and second equation

by BT and AT, respectively, then adding them, and using Eq. (3.34) yield

f ðzPÞ ¼ f cðzPÞ þ BTu�; z 2 L (3.121)

Using the relations between x1; x2 and zP; �zP in Eq. (3.15), for z 2 L we have

BTu� ¼ ξPzP þ ηP�zP½ �T ¼ ξ1z1 þ η1�z1; ξ2z2 þ η2�z2; ξ3z3 þ η3�z3; ξ4z4 þ η4�z4½ �T
(3.122)

where ξP; ηP are constants determined by BTu�. Therefore Eq. (3.121) can be

separated into four independent scalar equations:

fPðzPÞ ¼ f cPðzPÞ þ ξPzP þ ηP�zP; zP 2 LP; P ¼ 1 � 4 (3.123)

Using the mapping function described in Eq. (3.86) yields

�zP ¼ �ωPð1 σP= Þ ¼ �cPσ
�1
P þ �dPσP; cP ¼ a� iμPbð Þ 2= ;

dP ¼ aþ iμPbð Þ 2= ; zP 2 LP

So �zP is the boundary value of an analytic functionDP ςPð Þ in SP or in the exterior
of ScP

DP ςPð Þ ¼ �cPς
�1
P þ �dPςP

DP zPð Þ ¼ �cP
zP �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2P � ða2 þ μ2Pb

2Þ
p

aþ iμPb
þ �dP

zP þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2P � a2 þ μ2Pb

2ð Þ
p

a� iμPb
; zP 2 SP

DP zPð Þ ! hPzP; hP ¼ a� i�μPbð Þ a� iμPbð Þ= ; when zP ! 1
(3.124)

Substitution of Eq. (3.124) into Eq. (3.123) yields

fPðzPÞ � ξPzP � ηPDP zPð Þ ¼ f cPðzPÞ; zP 2 LP; P ¼ 1 � 4 (3.125)

Usually the boundary conditions at infinity are fPðzPÞ ! 0, when zPj j ! 1, so

the functions in the left- and right-hand side of Eq. (3.125) are all analytic.

Therefore we have

fPðzPÞ ¼ ηP DP zPð Þ � hPzP½ �; zP 2 SP
f cPðzPÞ ¼ � ξP þ ηPhPð ÞzP; zP 2 ScP

�
;P ¼ 1 � 4; not summation on P

(3.126)

From Eq. (3.126), it is known that the generalized stress field is uniform in the

elliptic inclusion.
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In Ru’s paper (1997), he also discussed the inclusion with arbitrary shape by the

mapping function (Muskhelishvili 1954, 1975; Kantorovich and Krylov 1958)

z ¼ ω ςð Þ ¼ λςþ
X1
k¼0

λkς
�k (3.127)

In many cases the truncation of the infinite series to finite terms k ¼ N offers

good approximation (Savin 1961).

Zeng and Rajapakse (2003) discussed the Eshelby’s elliptic inclusion problem

with specified generalized eigenstrains ε�;D�ð Þ.

3.5 Rigid Elliptic Inclusion in Transversely

Piezoelectric Material

3.5.1 Basic Theory

Though we can use the theory obtained in Sect. 3.3.2, but in this section we

rather use the first kind of the constitutive equation in Eq. (2.83) to discuss the

problem, i.e.,

εij ¼ sEijklσkl þ dσkijEk; Di ¼ dDijkσjk þ EσijEj (3.128)

Analogous to the derivation in Sect. 3.3.2, for the generalized plane problem in

the transversely isotropic material, we have

εx ¼ γzx ¼ γxy ¼ τzx ¼ τyz ¼ Ex ¼ Dx ¼ 0; σx ¼ � s12σy þ s13σz þ d31Ez

� �
s11=

x1 ¼ y; x2 ¼ z; x3 ¼ x; σ1 ¼ σy; σ2 ¼ σz; σ3 ¼ τyz; ε1 ¼ εy; ε2 ¼ εz; ε3 ¼ γyz

D1 ¼ Dy; D2 ¼ Dz; E1 ¼ Ey; E2 ¼ Ez

s13 ¼ s23; s11 ¼ s22; s44 ¼ s55; s66 ¼ 2 s11 � s12ð Þ; d31 ¼ d32; d15 ¼ d24; E11 ¼ E22
(3.129)

Analogous to Eq. (3.74), the constitutive equation in terms of the reduced

material constants is

ε1

ε2

ε3

D1

D2

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

¼

a11 a12 0 0 b21

a12 a22 0 0 b22

0 0 a33 b13 0

0 0 b13 k11 0

b21 b22 0 0 k22

0
BBBBBB@

1
CCCCCCA

σ1

σ2

σ3

E1

E2

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

a11 ¼ s11 � s212 s11= ; a12 ¼ s13 � s12s13 s11= ; a22 ¼ s33 � s213 s11= ; a33 ¼ s44

b21 ¼ 1� s12 s11=ð Þd31; b22 ¼ d33 � d31s13 s11= ; b13 ¼ d15; k11 ¼ E11; k22 ¼ E33 � d231 s11=

(3.130)
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In the present case the generalized equilibrium and compatibility equations are,

respectively,

σ1;1 þ σ3;2 ¼ 0; σ3;1 þ σ2;2 ¼ 0; E1;2 � E2;1 ¼ 0 (3.131)

ε1;22 þ ε2;11 � ε3;12 ¼ 0; D1;1 þ D2;2 ¼ 0 (3.132)

Introduce the stress function Λ and the electric potential φ:

σ1 ¼ Λ;22; σ2 ¼ Λ;11; σ3 ¼ �Λ;12; E1 ¼ �φ;1; E2 ¼ �φ;2 (3.133)

Equation (3.131) is satisfied automatically and Eq. (3.132) becomes

L4Λ� L3φ ¼ 0; L3Λ� L2φ ¼ 0

L4 ¼ a22
@4

@x41
þ a11

@4

@x42
þ 2a12 þ a33ð Þ @4

@x21@x
2
2

L3 ¼ b21
@3

@x32
þ b22 � b13ð Þ @3

@x2@x21
; L2 ¼ k11

@2

@x21
þ k22

@2

@x22

(3.134)

Eliminating Λ or φ from Eq. (3.134) yields

L4L2 � L23
� �

Λ ¼ 0; L4L2 � L23
� �

φ ¼ 0 (3.135)

The solution of Eq. (3.135) is

Λ ¼ 2Re
X3
j¼1

~f jðzÞ; φ ¼ 2Re
X3
j¼1

ηjfj zj
� �

; fj zj
� � ¼ ~f

0
j zj
� �

ηj ¼ l3 l2= ¼ μj b21μ
2
j þ b22 � b13ð Þ

h i
k11 þ k22μ

2
j

� �.
; z ¼ x1 þ μx3

(3.136)

where μj is the root of the following eigen-equation

l4 μð Þl2 μð Þ � l23 μð Þ ¼ 0; l4 ¼ a22 þ a11μ
4 þ ð2a12 þ a33Þμ2

l3 ¼ μ b21μ
2 þ b22 � b13ð Þ� �

; l2 ¼ k11 þ k22μ
2

(3.137)

Equation (3.137) has 6 roots and μk ¼ αk þ iβk; α1 ¼ 0; μ3 ¼ ��μ2; μkþ3 ¼ �μk.
From Eqs. (3.134) and (3.137), we get

φ ¼ 2Re
X3
j¼1

ηjfj zj
� �

; ηj ¼
l3
l2
¼ μj d21μ

2 þ d22 � d13ð Þ½ �
E11 þ E22μ2

(3.138)
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where fjðzjÞ ¼ ~fj
0ðzjÞ. Substituting Eqs. (3.136) and (3.138) into Eqs. (3.133) and

(3.130) yields, respectively,

σ1 ¼ 2Re
X3
j¼1

μ2j Fj zj
� �

; σ2 ¼ 2Re
X3
j¼1

Fj zj
� �

; σ3 ¼ �2Re
X3
j¼1

μjFj zj
� �

E1 ¼ �2Re
X3
j¼1

ηjFj zj
� �

; E2 ¼ �2Re
X3
j¼1

μjηjFj zj
� �

; Fj zj
� � ¼ f 0j zj

� �
(3.139)

u1 ¼ 2Re
X3
j¼1

pjfj zj
� �� ωx2; pj ¼ a11μ

2
j þ a12 � b21μjηj

u2 ¼ 2Re
X3
j¼1

qjfj zj
� �þ ωx1; qj ¼ a12μ

2
j þ a22 � b22μjηj

� �.
μj

D1 ¼ �2Re
X3
j¼1

λjμjFj zj
� �

; D2 ¼ 2Re
X3
j¼1

λjFj zj
� �

λjμj ¼ b13μj þ k11ηj; λj ¼ b21μ
2
j þ b22 � k22μjηj

(3.140)

where ω is the rigid rotation angle.

3.5.2 Rigid Elliptic Inclusion

The discussed problem can also be shown in (Fig. 3.3) as that in the Sect. 3.4.1,

but here Sc is not a hole, rather a rigid inclusion. The notations are the same as that

in Sect. 3.4.1, except the permittivity in the inclusion is denoted by Ec instead of E0 in
the air. The boundary conditions at infinity are assumed ω ¼ 0 and

σ ¼ σ1; E ¼ E1 (3.141)

On the interface the connective equation is

u1 ¼ uc1 ¼ �ωcx2; u2 ¼ uc2 ¼ ωcx1; φ ¼ φi;

Z s

0

Dnds ¼
Z s

0

Dc
nds; on L

Z s

0

Dnds ¼
Z s

0

D1n1 þ D2n2ð Þds ¼
Z s

0

D1dx2 � D2dx1ð Þ ¼ 2Re
X3
j¼1

λjfj
� �		s

0

(3.142)
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Similar to Sect. 3.4, the complex function method is used. The mapping function

is shown in Eq. (3.86). Assume that the function fjðzjÞ can be expanded as that in

Eq. (3.87) and

σ11 ¼ 2Re
X3
j¼1

μ2j Cj; σ12 ¼ 2Re
X3
j¼1

Cj; σ13 ¼ �2Re
X3
j¼1

μjCj

E1
1 ¼ �2Re

X3
j¼1

ηjCj; E1
2 ¼ �2Re

X3
j¼1

μjηjCj; ImC1 ¼ 0

(3.143)

Substitution of Eqs. (3.140) and (3.87) into first two equations in (3.142) yields

2Re
X3
j¼1

pj Cj x1 þ μjx2
� �þ aj0 þ

X1
k¼1

ajk�σ
k

" #
¼ �ωcx2

2Re
X3
j¼1

qj Cj x1 þ μjx2
� �þ aj0 þ

X1
k¼1

ajk�σ
k

" #
¼ ωcx1; on Γ

(3.144)

Noting on Γ , ςj ¼ σ ¼ eiϑ j ¼ 0; 1; 2; 3ð Þ , x1 ¼ a σ þ �σð Þ 2= , and x2 ¼
�ib σ � �σð Þ 2= . From Eqs. (3.144), we have

aj0 ¼ 0; ajk ¼ 0; k � 2

X3
j¼1

2pjaj1 þ pjCj aþ iμjb
� �þ �pj �Cj aþ i�μjb

� � ¼ �ibωc

X3
j¼1

2qjaj1 þ qjCj aþ iμjb
� �þ �qj �Cj aþ i�μjb

� � ¼ aωc; on Γ

(3.145)

According to the knowledge of the elastic inclusion (Mura 1987) and the

solution, Eq. (3.96), it is assumed that the electric field in the inclusion Sc is

constant. Let

φc ¼ 2Reϕc z0ð Þ ¼ 2ReCc
0z0;

z0 ¼ x1 þ μ0x3 ¼ 1 2=ð Þ ða� iμ0bÞς0 þ ðaþ iμ0bÞς�1
0

� � (3.146)

where Cc
0 is a constant. From Dc

1;1 þ Dc
2;2 ¼ 0, it can be obtained that

Ec11φ
c
;11 þ Ec22φ

c
;22 ¼ 0; ) Ec11ϕ

00c þ Ec22μ
2
0ϕ

00c ¼ 0; ϕ00c ¼ d2ϕc dz20
�

(3.147)

From Eqs. (3.146) and (3.147), we find

Ec11 þ Ec22μ
2
0 ¼ 0; μ0 ¼ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ec11 Ec22
�q

; Ec11 ¼ �μ20Ec22 (3.148)
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Z s

0

Dc
nds ¼

Z s

0

Dc
1n

c
1 þ Dc

2n
c
2

� �
ds ¼ 2Re

Z s

0

Ec22μ0ϕ
0c μ0dx2 þ dx1ð Þ ¼ 2Re Ec22μ0ϕ

c
� �s

0

(3.149)

Substituting Eqs. (3.148) and (3.149) into the last two equations in Eq. (3.140),

the electric connective conditions on the interface are reduced to

2Re
X3
j¼1

ηjfjðzjÞ ¼ 2Re
X3
j¼1

ηj Cjzj þ aj1ς
�1
j

h i
¼ 2Re Cc

0z0
� �

2Re
X3
j¼1

λjfjðzjÞ ¼ 2Re
X3
j¼1

λj Cjzj þ aj1ς
�1
j

h i
¼ 2Re Ec22μ0ϕ

i
� � (3.150)

or

X3
j¼1

2ηjaj1 þ ηjCj aþ ibμj
� �þ �ηj �Cj aþ ib�μj

� �� � ¼ Cc
0 aþ ibμ0ð Þ þ �Cc

0 aþ i�μ0bð Þ

X3
j¼1

2λjaj1 þ λjCj aþ ibμj
� �þ �λj �Cj aþ ib�μj

� �� � ¼ Ec22 μ0 aþ ibμ0ð Þ þ �μ0 aþ i�μ0bð Þ½ �

(3.151)

According to Eqs. (3.28) and (3.71), we know that

T1 ¼ �dΦ1 ds= ¼ dΛ ds=ð Þ;2; T2 ¼ �dΦ2 ds= ¼ � dΛ ds=ð Þ;1 (3.152)

The ωc is determined by the condition that there is no moment acting on the

inclusion, i.e.,

Mn ¼
I

�T1x2 þ T2x1ð Þ ds ¼ �
I

d Λ;2

� �
x2 þ d Λ;1

� �
x1

� � ¼ 0

σ1 ¼ Λ;22; σ2 ¼ Λ;11; σ3 ¼ �Λ;12; E1 ¼ �φ;1; E2 ¼ �φ;2

(3.153)

Using Eqs. (3.136) and (3.145) and the residual theorem, we finally get

X3
j¼1

a� ibμj
� �

aj1 � aþ ib�μj
� �

�aj1
� � ¼ 0 (3.154)

The undetermined constants Cj; aj1;C
c
0;ω

c can be determined by Eqs. (3.143),

(3.145), (3.151), and (3.154). If ωc is given, the moment acting on the inclusion is

determined by Eq. (3.153).
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3.6 Singularity

3.6.1 Singularity in a Homogeneous Material

Let a generalized singularity load be located at a point z0ðx10; x20Þ in an infinite

homogeneous material. A generalized singularity load means a generalized dislo-

cation bðb1; b2; b3; b4Þ and a generalized force pðp1; p2; p3; p4Þ, where ðb1; b2; b3Þ are
the Burgers vectors representing the displacement increment around the dislocation

line and b4 is the potential increment around the dislocation line. ðp1; p2; p3Þ are the
concentrate forces and p4 is the point electric charge or the electric displacement

flux. Let

gðzjÞ ¼ lnðzj � z0jÞ
� �

c; gjðzjÞ ¼ cj lnðzj � z0jÞ; z0j ¼ x01 þ μjx02

GðzjÞ ¼ g0ðzjÞ ¼ ðzj � z0jÞ�1
D E

c; GjðzjÞ ¼ cjðzj � z0jÞ�1
(3.155)

where cðc1; c2; c3; c4Þ is an undetermined constant vector, lnðzj � z0jÞ
� � ¼ diag

lnðzj � z0j
� �

. Obviously lnðzj � z0jÞ is a multivalued function and z0j is a branch

point. According to Eqs. (3.16), (3.23), and (3.155), the solutions are assumed as

U ¼ 2Re½AgðzPÞ�; Ui ¼ 2Re
X4
j¼1

Aijcj ln zj � z0j
� �

Φ ¼ 2Re½BgðzPÞ�; Φi ¼ 2Re
X4
j¼1

Bijcj ln zj � z0j
� � (3.156a)

where z0j is the branch point of the ln-function (usually the branch cut is chosen in

the negative x1 direction, from zj0 to �1) and select a single-valued branch that the

polar angle is measured from the positive x1 direction . On the two sides of the cut, it
is defined

b ¼ Uþ � U� ¼ 2πi Ac� �A�cð Þ; p ¼ T� � Tþ ¼ Φþ �Φ� ¼ 2πi Bc� �B�cð Þ
(3.157)

where the superscript “+” and “ � ” denote the values approached from the upper

and lower half planes, respectively. Using the identities (3.34) from Eqs. (3.156a)

and (3.157) yields

2πi
A �A

B �B


 �
c

��c

� �
¼ b

p

� �
;

c

��c

� �
¼ 1

2πi

BT AT

�B
T �A

T

" #
b

p

� �
; or

c ¼ 1 2π=ð Þ B�1 Y þ �Yð Þ�1
b� A�1 Y�1 þ �Y

�1
� ��1

p

� �
¼ 1 2πi=ð ÞV;

V ¼ BTbþ ATp

(3.158)
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So the solutions in Eq. (3.156a) become

gðzjÞ ¼ 1 2πi=ð Þ lnðzj � z0jÞ
� �

V; GðzjÞ ¼ 1 2πi=ð Þ ðzj � z0jÞ�1
D E

V

U ¼ 1 π=ð ÞIm A lnðzj � z0jÞ
� �

V
� �

; Φ ¼ 1 π=ð ÞIm B lnðzj � z0jÞ
� �

V
� � (3.156b)

The solution of the singularity problem can be used as the source function of a

general problem.

3.6.2 Singularity in a Bimaterial

Let the material I be located at the upper half-planeSþ,x2 > 0, and the material II be

located at the lower half-planeS�, x2 < 0; x1 ¼ 0 is the interfaceL; a singularity load
is located at z0ðx10; x20Þ in the material II (Fig. 3.5a). At first the problem is

discussed in the z plane. Let (Tucker 1969; Barnett and Lothe 1975)

f ðz; z0Þ ¼ f Iðz; z0Þ z 2 Sþ

f IIðz; z0Þ þ gIIðz; z0Þ z 2 S�

�
(3.159)

where gIIðz; z0Þ ¼ gIIðzÞ is the solution in a homogeneous material, i.e., the solution

when the material II is extended to whole infinite plane, so gIIðz; z0Þ is analytic in
the material I.

gIIðzjÞ ¼ cII lnðz� z0Þh i; cII ¼ 1 2πi=ð ÞVII; VII ¼ BT
IIbþ AT

IIp
� �

(3.160)

On the interface x2 ¼ 0, we have UI ¼ UII;ΦI ¼ ΦII or

AI f Iðx1Þ þ �AI f Iðx1Þ ¼ AII f IIðx1Þ þ �AII f IIðx1Þ þ AIIgIIðx1; x01Þ þ �AIIgIIðx1; x01Þ
BI f Iðx1Þ þ �BI f Iðx1Þ ¼ BII f IIðx1Þ þ �BII f IIðx1Þ þ BIIgIIðx1; x01Þ þ �BIIgIIðx1; x01Þ

(3.161)

Fig. 3.5 Singularity in a bimaterial, singularity located (a) at lower plane, (b) at upper plane, and

(c) on interface
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It is noted (Muskhelishvili 1954, 1975) that

fþðx1Þ ¼ �f
�ðx1Þ; f�ðx1Þ ¼ �f

þðx1Þ; f Iðx1Þ ¼ fþðx1Þ; f IIðx1Þ ¼ f�ðx1Þ (3.162)

where the superscripts “þ ” and “� ” indicate the limit values taken from the upper

and lower half planes, respectively. By using Eq. (3.162), Eq. (3.161) can be

reduced to

AI f
þ
I ðx1Þ � �AII

�f
þ
II ðx1Þ � AIIgIIðx1; x01Þ ¼ AIIf

�
II ðx1Þ � �AI

�f
�
I ðx1Þ þ �AII�gIIðx1; x01Þ

BI f
þ
I ðx1Þ � �BII

�f
þ
II ðx1Þ � BIIgIIðx1; x01Þ ¼ BIIf

�
II ðx1Þ � �BI

�f
�
I ðx1Þ þ �BII�gIIðx1; x01Þ

(3.163)

It is known that the functions at the left side in Eq. (3.163) are analytic in

the upper half-plane x2 > 0, whereas those on the right side are analytic in the

lower half-plane x2 < 0, and they are continuous on x1 ¼ 0: So according to

Liouville theorem, these functions are analytic in whole plane and must be

constants. If there are no generalized external forces and displacements acting at

infinite, these constants must be zero. So we have

BIf IðzÞ � �BII
�f IIðzÞ � BIIgIIðzÞ ¼ 0; AIf IðzÞ � �AII

�f IIðzÞ � AIIgIIðzÞ ¼ 0; z 2 Sþ

BIIf IIðzÞ � �BI
�f IðzÞ þ �BII�gIIðzÞ� ¼ 0; AIIf IIðzÞ � �AI

�f IðzÞ þ �AII�gIIðzÞ� ¼ 0; z 2 S�

(3.164)

From Eq. (3.164) we get

f IðzÞ ¼ B�1
I H�1 �YII þ YIIð ÞBIIgIIðzÞ; z 2 Sþ

f IIðzÞ ¼ B�1
II

�H
�1 �YII � �YIð Þ�BII�gIIðzÞ; z 2 S�

(3.165)

where H ¼ YI þ �YII; Y ¼ iAB�1. It is noted that the above theory will be often

used in the following sections and we only give a simple illustration there.

Finally the solution of the problem is

UI ¼ 2Re AI f IðzPÞh i½ �; z 2 Sþ; UII ¼ 2Re AII f IIðzPÞ þ gIIðzPÞh i½ �; z 2 S�

ΦI ¼ 2Re BI f IðzPÞh i½ �; z 2 Sþ; ΦII ¼ 2Re BII f IIðzPÞ þ gIIðzPÞh i½ �; z 2 S�

(3.166)

Some special cases are discussed as follows:

1. Semi-infinite material. If the material I is not existed, i.e., x2 ¼ 0 is a free

plane, i.e., f IðzjÞ ¼ 0;ΦIIðx1; 0Þ ¼ 0. Let AII ¼ A; BII ¼ B; then

f ðzjÞ ¼ gIIðzjÞ � B�1�B�gIIðzjÞ (3.167)
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2. Material I is rigid. x2 ¼ 0 is a fixed plane, i.e., f IðzjÞ ¼ 0;UIIðx1; 0Þ ¼ 0. Let

AII ¼ A; BII ¼ B; then

f ðzjÞ ¼ gIIðzjÞ � A�1�A�gIIðzjÞ (3.168)

3. Singularity at the upper semi-infinite plane. If a singularity z0ðx10; x20Þ is

located in the material I (Fig. 3.5b), then

FðzjÞ ¼ f 0ðzjÞ ¼
FIðzjÞ þ GIðzjÞ z 2 Sþ

FIIðzjÞ z 2 S�

(

GIðzjÞ ¼ c
I
ðzj � z0jÞ�1
D E

; cI ¼ 1 2πi=ð ÞVI; VI ¼ BT
I bþ AT

I p
� � (3.169)

FIðzÞ ¼ B�1
I H�1 �YI � �YIIð Þ�BI

�GIðzÞ ¼ �A�1
II AI � �B�1

II BI

� ��1 �B�1
II

�BI � �A�1
II

�AI

� �
�GIðzÞ

FIIðzÞ ¼ B�1
II

�H
�1 �YI þ YIð ÞBIGIðzÞ ¼ �B�1

I BII � �A�1
I AII

� ��1 �B�1
I BI � �A�1

I AI

� �
GIðzÞ

(3.170)

3.6.3 Singularity on the Interface in a Bimaterial

Let a singularity z0ðx01; x02 ¼ 0Þ be located on the interface in a biomaterial

(Fig. 3.5c). Wang and Kuang (2000, 2002) took the following solution:

Uαd ¼ 2Re Aα lnðzαj � x01jÞ
� �

Vα

� �
; Vα ¼ 1 π=ð Þ AT

α lα þ BT
αgα

� �
Φαd ¼ 2Re Bα lnðzαj � x01jÞ

� �
Vα

� �
; α ¼ I; II

(3.171)

where lα; gα are undetermined vectors. Draw a cut from x01 to �1; the jump value

on the cut (between crack surfaces) of the generalized displacement and traction are

UI x1; 0
þð Þ � UII x1; 0

�ð Þ ¼ b; x1 < 0; ΦI x1; 0
þð Þ �ΦII x1; 0

�ð Þ ¼ pδ x01ð Þ
(3.172)

where δ x1ð Þ is the Dirac function. Using the following result (Qu and Li 1991),

lim
x2!0

ln x1 þ μx2ð Þ ¼ ln x1j j  iπH x1ð Þ;

lim
x2!0

1

x1 þ μx2
¼ 1

x1
� iπδ x1ð Þ; if Im μ > 0

(3.173)

where H x1ð Þ is the Heaviside unit step function. Substituting Eqs. (3.171) and

(3.173) into Eq. (3.172) and using Eq. (3.34) we get
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b ¼ 2 π=ð ÞRe AI ln x1 � x01j j þ iπH x1ð Þh i BT
I g1 þ AT

I l1
� �� ���

� AII ln x1 � x01j j � iπH x1ð Þh i BT
IIg2 þ AT

IIl2
� �� ��

¼ 1 π=ð Þ ln x1 � x01j j gI � gIIð Þ þ SIgI þ SIIgII þMIlI þMIIlII

p ¼ 1 πx1=ð Þ lI � lIIð Þ þ STI lI þ STIIlII � LIgI � LIIgII
� �

(3.174)

where S;M and L are shown in Eq. (3.35) and all real matrixes. From Eq. (3.174)

we get

gI ¼ gII ¼ g; lI ¼ lII ¼ l;
l

g

( )
¼ Ω1 Ω2

Ω3 Ω4


 �
b

p

( )

Ω1 ¼ M1 þM2ð Þ þ S1 þ S2ð Þ L1 þ L2ð Þ�1 S1 þ S2ð ÞT
n o�1

Ω2 ¼ M1 þM2ð Þ þ S1 þ S2ð Þ L1 þ L2ð Þ�1 S1 þ S2ð ÞT
n o

S1 þ S2ð Þ L1 þ L2ð Þ�1

Ω3 ¼ L1 þ L2ð Þ þ S1 þ S2ð ÞT M1 þM2ð Þ�1 S1 þ S2ð Þ
n o�1

S1 þ S2ð ÞT M1 þM2ð Þ�1

Ω4 ¼ � L1 þ L2ð Þ þ S1 þ S2ð ÞT M1 þM2ð Þ�1 S1 þ S2ð Þ
n o�1

(3.175)

whereΩ1;Ω2;Ω3;Ω4 are all real matrix. Substitution of Eq. (3.175) into Eq. (3.171)

yields

Vα ¼ Mαbþ Nαp; Mα ¼ 1 π=ð ÞðAT
αΩ1 þ BT

αΩ3Þ; Nα ¼ 1 π=ð ÞðAT
αΩ2 þ BT

αΩ4Þ
(3.176)

Zhou et al. (2007) discussed a generalized screw dislocation in a piezoelectric

tri-material body.

3.6.4 Electric Dipole

Wang and Kuang (2000, 2002) discussed the electric dipole in a piezoelectric

material. The electric dipole may be useful in the discussion on the electric

switching wake. Let a generalized concentrate load p ¼ �qeI4; I4 ¼ 0; 0; 0; 1½ �T
be acted at z0 and p ¼ qeI4 acted at z1. Solutions of these problems are U0;Φ0 and

U1;Φ1, respectively:

U0 ¼ Re � qe πi=ð ÞA lnðzj � z0jÞ
� �

ATI4
� �

; Φ0 ¼ Re � qe πi=ð ÞB lnðzj � z0jÞ
� �

ATI4
� �

U1 ¼ Re qe πi=ð ÞA lnðzj � z1jÞ
� �

ATI4
� �

; Φ1 ¼ Re qe πi=ð ÞB lnðzj � z1jÞ
� �

ATI4
� �

3.6 Singularity 125



Using the relation,

z1 � z0 ¼ d cos θ þ i sin θð Þ ! 0; z1j � z0j ¼ d cos θ þ μj sin θ
� �! 0

lim
d!0;qed!p

qe lnðzj � z1jÞ � qe lnðzj � z0jÞ
� � ¼ lim

d!0;qed!p
qe ln zj � z1j

� �
zj � z0j
� ��� �

¼ �pe Θj zj � z0j
� ��� �

; lim
qe!1;d!0

qed ¼ pe; Θj ¼ cos θ þ μj sin θ

(3.177)

where pe is the electric pole couple and d is the distance from the negative charge to

the positive charge. Thus the solution of an electric dipole in a homogeneous

material is

Up ¼ U1 � U0 ¼ Re i pe π=ð ÞA Θj zj � z0
� ��1

D E
ATI4

h i
Φp ¼ Φ1 �Φ0 ¼ Re i pe π=ð ÞB Θj zj � z0

� ��1
D E

ATI4

h i (3.178)

Σ2 ¼ Φ;1 ¼ Re pe πi=ð ÞB Θj zj � z0
� ��2

D E
ATI4

h i
Σ1 ¼ �Φ;2 ¼ �Re pe πi=ð ÞB μjΘj zj � z0

� ��2
D E

ATI4

h i (3.179)

For an electric dipole on the interface in a bimaterial consisted of materials I and

II, the solution can be obtained from Eqs. (3.171) and (3.176):

Uαd ¼ 2Re Aα ln zαj � x01 � d
� �� ln zαj � x01

� �� �
α
Nαqe

h i
I4

¼ �2peRe Aα zαj � x01
� ��1
D E

Nα

h i
I4

Φαd ¼ 2Re Bα ln zαj � x01 � d
� �� ln zαj � x01

� �� �
α
Nαqe

h i
I4

¼ �2peRe Bα zαj � x01
� ��1
D E

Nα

h i
I4; α ¼ I:II

(3.180)

3.6.5 General Case

Now we discuss a multiply connected plate. Let the kth singularity be located at z
ð0Þ
k

and its total number be N, the kth inclusion occupy the regionSk and its total number

be M, the region occupied by the piezoelectric material be denoted by S with the

outer profile L0, and the interface between Sk and S be Lk (Fig. 3.6). The complex

stress function Φ zPð Þ can beassumed in the following form and complete deter-

mined by the boundary conditions:

fP zPð Þ ¼ CPzP þ
XN
k¼1

αPk ln zP � z
ð0Þ
Pk

� �
þ
XM
k¼1

βPk ln zP � zPkð Þ þ f0P zPð Þ

αk ¼ 1 2πi=ð ÞVk; Φ ¼ 2Re½Bf ðzPÞ�; Φk �Φ0 ¼ �
I
Lk

Tds;

I
Lk

dU ¼ bk � b0

(3.181)
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where zPk is a point inside the contour Lk and can be selected arbitrarily, f0P zPð Þ
is a single-valued function analytic in S, and Φ0; b0 are constant vectors. If the

singularity is considered as an infinitesimal inclusion, the terms containing singu-

larity can be omitted.CP can be determined by the stress condition at infinity and for

a finite body CP ¼ 0; βPk can be expressed by the external generalized resultant

force and the generalized dislocation acted on Sk. When we use the stress function

method given in Sect. 3.3, the generalized stress function and displacement are

expressed by Φ ¼ 2Re½Bf ðzPÞ� and U ¼ 1 π=ð ÞIm Af ðzPÞ½ �, respectively, where B
and A are expressed by Eqs. (3.65) and (3.66).

3.7 Interaction of an Elliptic Inclusion with a Singularity

3.7.1 Green Function for a Singularity Outside the Elliptic
Inclusion

Let an elliptic inclusion I with major axis 2a– and minor axis 2b–occupied Sþ be

imbedded in an infinite piezoelectric material matrix II–occupied S�. L is their

interface. A singularity with strength b; pð Þ is acted at z0 ¼ x01 þ ix02 located in the
matrix (Fig. 3.7). Huang and Kuang (2001b) discussed this problem under the

conditions

Σ ¼ Σ1 ¼ 0; zj j ! 1
UI ¼ UII; ΦI ¼ ΦII; z 2 L

(3.182)

In this problem the second natural coordinate system is used, i.e., use ðn; t0Þ in
(3.29b) and T ¼ dΦ ds= . The transform method is used and the transform functions

ωðςÞ and ωjðςjÞ are shown in Eqs. (3.82) and (3.86) respectively.

Fig. 3.6 General multiply

connected plane zone

3.7 Interaction of an Elliptic Inclusion with a Singularity 127



In this section for clarity, the notations I; II will be written as superscripts.

According to Ting (1996) and Huang and Kuang (2001b), the solution for a

singularity outside the elliptic inclusion is assumed in the following form:

UII ¼ 1 π=ð ÞIm AII ln ςIIj � ςII0j

� �D E
VII

h i
þ 1 π=ð ÞIm

X4
β¼1

AII ln 1 ςIIj

.� �
� �ςII0β

h iD E
V00
β

h i

þ 1 π=ð ÞIm
X1
k¼1

AII 1 kςII kj

.� �D E
gk

h i
(3.183)

UI � UI
0 ¼ 1 π=ð ÞIm

X4
β¼1

AI ln zIj � yIjβ

� �D E
V0
β

h i
þ 1 π=ð ÞIm

X1
k¼1

1 k=ð ÞAI f Ijk

D E
hk

h i
(3.184)

where uI0;V
0
β;V

00
β; gδ; hδ are undetermined vectors and

VII ¼ BIITbþ AIITp; f Ijk ¼ ςIj

� �k
þ mI

j

� �k
ςIj

� ��k

zII0j ¼ x01 þ μIIj x02 ¼ cIIj ς
II
0j þ dIIj ςII0j

� ��1

; cIIj ¼ RII
j ; dIIj ¼ RII

j m
II
j

yIjβ ¼ yjβ1 þ μIjyjβ2 ¼ cIjς
II
0β þ dIj ςII0β

� ��1

; cIj ¼ RI
j ; dIj ¼ RI

jm
I
j

(3.185)

where f Ijk is analytic in an annular region
ffiffiffiffi
m

p
< jςij < 1; 0 � θ < 2π (see

Sect. 3.4.2).

Now Eqs. (3.183) and (3.184) will be explained in detail. In Eq. (3.183) the first

term is the solution of a singularity when matrix II extended to whole space. It is

noted that ςII0β and 1=�ςII0β are mirror images of each other with respect to the unit

circle γ in ς plane, so jςII0βjj1=�ςII0βj ¼ 1. From ð1=ςIIj Þ � �ςII0β ¼ 0, it is known that

this singularity is located at ðςIIj Þ ¼ ð1=�ςII0βÞ, so the second term represents solutions

Fig. 3.7 An elliptic inclusion
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of 4 image singularities located at 1=�ςII0β, j1=�ςII0βj < 1 inside the inclusion I, in ς plane,

or total 16 image singularities located at zI0j ¼ ½cjð1=�ςII0βÞ þ dj�ςII0β� in four zj plane.

Similarly the first term in Eq. (3.184) represents the solution for material I, its

16 image singularities located at yjβ1; yjβ2
� �

in the matrix II. For an impermeable

hole and conductive rigid inclusion, ΦI is not needed, so the third term in

Eq. (3.183) can be omitted. This source function method is often used in the static

electromagnetic field and stationary ideal fluid mechanics but here more complex.

Using the relation

zIj � yIjβ ¼ cIj ςIj � ςII0β

� �
þ dIj ςIj

� ��1

� ςII0β

� ��1

 �

¼ cIj ςIj � ςII0β

� �
1� τIjβ ςIj

� ��1

 �

τIjβ ¼ mI
j ςII0β

� ��1

(3.186)

and ImðFÞ ¼ �Im �Fð Þ, Eqs. (3.183) and (3.184), respectively, take

UII ¼ 1

π
Im ��A

II
ln e�iψ � �ςII0j

� �D E
VIIþ

h X4
β¼1

ln e�iψ � �ςII0β

� �
AIIV00

β

þ
X1
k¼1

1 k=ð Þe�ikψAIIgk

# (3.187)

UI � UI
0 ¼ 1 π=ð ÞIm

X4
β¼1

AI ln cIj

D E
V0
β

h �(
� ln e�iψ � �ςII0β

� �
�A
I�V0

β

þ AI ln 1� τIjβe
�iψ

� �
V0
β

D Ei
þ
X1
k¼1

1 k=ð Þe�ikψ ��A
I�hk þ AI mI

j

� �k� �
hk


 �)

(3.188)

In Eqs. (3.183) and (3.187) replacing AII by BII, we get ΦII, and in Eqs. (3.184)

and (3.188) replacing AI by BI and uI0 by ΦI
0, we get Φ

I:

ΦII ¼ 1 π=ð ÞIm BII ln ςIIj � ςII0j

� �D E
VII

h i
þ 1 π=ð ÞIm

X4
β¼1

BII ln 1 ςIIj

.
� �ςII0β

� �D E
V00
β

h i

þ 1 π=ð ÞIm
X1
k¼1

BII 1 kςII kj

.D E
gk

� �

ΦI �ΦI
0 ¼ 1 π=ð ÞIm

X4
β¼1

BI ln zIj � yIjβ

� �D E
V0
β

h i
þ 1 π=ð ÞIm

X1
k¼1

1 k=ð ÞBI f Ijk

D E
hk

h i
(3.189)
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Substituting these equations into the continuity conditions (3.182) on the

interface and noting ln 1� xð Þ ¼ �P1
k¼1 x

k k= , the following equations to deter-

mine unknown functions are obtained:

UI
0 ¼ � 1 π=ð ÞIm AI ln cIj

D E
V0

� �
; ΦI

0 ¼ � 1 π=ð ÞIm BI ln cIj

D E
V0

� �
; V0 ¼

X4
β¼1

V0
β

(3.190a)

AIIV00
β þ �A

I
V0
β ¼ �A

II
Iβ �V

II
; BIIV00

β þ �B
I
V0
β ¼ �B

II
Iβ �V

II

I1 ¼ 1; 0; 0; 0h i; I2 ¼ 0; 1; 0; 0h i; I3 ¼ 0; 0; 1; 0h i; I4 ¼ 0; 0; 0; 1h i
(3.190b)

AIIgk þ �A
I�hk ¼ AI mI

j

� �k� �
hk �

X4
β¼1

τIjβ

� �k� �
V0
β

" #

BIIgk þ �B
I�hk ¼ BI mI

j

� �k� �
hk �

X4
β¼1

τIjβ

� �k� �
V0
β

" # (3.190c)

From Eq. (3.190b) we can get

BIIV00 ¼ �H
�1 �Y

I � �Y
II

� �
�B
II
Iβ �V

II
; �B

I
V0
β ¼ �H

�1
YII þ �Y

II
� �

�B
II
Iβ �V

II

Yα ¼ iAα Bαð Þ�1; H ¼ YI þ �Y
II

(3.191)

3.7.2 Green Function for a Singularity Inside the Elliptic
Inclusion

When a singularity is located inside the elliptic inclusion, the solution can be assumed:

UII ¼ 1 π=ð ÞIm AII ln ςIIj � ςI0j

� �D E
VII

h i

þ 1 π=ð ÞIm
X4
β¼1

AII ln 1 ςIIj

.� �
� 1 ςI0β

.� �h iD E
V00
β

h i

þ 1 π=ð ÞIm
X1
k¼1

AII 1 kςII kj

.� �D E
gk

h i
(3.192)

UI � UI
0 ¼ 1 π=ð ÞIm AI ln zIj � zI0j

� �
VI

n o

þ 1 π=ð ÞIm
X4
β¼1

AI ln zIj � ŷIjβ

� �D E
V0
β � IβV

I
� �h i

þ 1 π=ð ÞIm
X1
k¼1

1 k=ð ÞAI f Ijk

D E
hk

h i
(3.193)
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where

Vα ¼ BαTbþ AαTp; α ¼ I; II

zI0j ¼ cIjς
I
0j þ dIj ςI0j

.
; ŷIjβ ¼ ŷjβ1 þ μIj ŷjβ2 ¼ cIj �ςI0β

.
þ dIj�ς

I
0β

(3.194)

When z0 is located in the inclusion, the single-valued cut from z0 to �1 goes

through the material II. So the first terms in Eqs. (3.192) and (3.193) are all

discontinuous through this branch cut. The second term in Eq. (3.192) represents

solutions for material II of 16 image singularities located at ςI0β with jςI0β < 1j in the
zj plane. Similarly the second term in Eq. (3.193) represents solutions for material I

of 16 image singularities located at ðŷIj1; ŷIj2Þ outside the elliptic inclusion.
In Eq. (3.192) replacing AII byBII, we getΦII, and in Eq. (3.193) replacing AI by

BI and uI0 by ΦI
0, we get Φ

I.

Substituting the solutions into the continuity conditions in Eq. (3.182) on the

interface yields

UI
0 ¼ � 1 π=ð ÞIm

X4
β¼1

AI ln cIj

D E
V0 þ ln �ςI0β

� �
AIIβV

I � AIIIβV
II

� �n o

ΦI
0 ¼ � 1 π=ð ÞIm

X4
β¼1

BI ln cIj

D E
V0 þ ln �ςI0β

� �
BIIβV

I � BIIIβV
II

� �n o (3.195a)

AIIV00
β þ �A

I
V0
β ¼ �A

II
Iβ �V

II þ 2Re AIIβV
I � AIIIβV

II
� �

BIIV00
β þ �B

I
V0
β ¼ �B

II
Iβ �V

II þ 2Re BIIβV
I � BIIIβV

II
� � (3.195b)

AIIgk þ �A
I�hk ¼ AI mI

j

� �k� �
hk � τI0j

� �k� �
VI �

X4
β¼1

τ̂Ijβ

� �k� �
V0
β � IβV

I
� �" #

BIIgk þ �B
I�hk ¼ BI mI

j

� �k� �
hk � τI0j

� �k� �
VI �

X4
β¼1

τ̂Ijβ

� �k� �
V0
β � IβV

I
� �" #

τI0j ¼ mI
j 1 ςI0j

.� �
; τ̂Ijβ ¼ mI

j�ς
II
0β

(3.195c)

3.7.3 Green Function for a Singularity on the Interface

When a singularity is located at z0 ¼ a cosψ0 þ ib sinψ0 on the elliptic boundary,

Eqs. (3.183) and (3.184) become

UII ¼ 1 π=ð ÞIm AII ln ςIIj � eiψ0

� �D E
VII

h i
þ 1 π=ð ÞIm AII ln 1 ςIIj

.� �
� e�iψ0

h iD E
V00

h i
þ 1 π=ð ÞIm

X1
k¼1

AII 1 kςII kj

.D E
gk

� �
(3.196)
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UI � UI
0 ¼ 1 π=ð ÞIm AI ln zIj � zI0j

� �D E
V0

h i
þ 1 π=ð ÞIm

X1
k¼1

1 k=ð ÞAI f Ijk

D E
hk

h i
(3.197)

where

V00 ¼
X4
β¼1

V00
β ¼ BII

� ��1
YII þ �Y

I
� ��1

�Y
I � �Y

II
� �

�B
II�V

II

V0 ¼
X4
β¼1

V0
β ¼ BI

� ��1
YI þ �YII

� ��1
YII þ �Y

II
� �

�B
II�V

II

(3.198)

In Eq. (3.196) replacing AII byBII, we getΦII, and in Eq. (3.197) replacing AI by

BI and uI0 by ΦI
0, we get Φ

I.

From Eqs. (3.192) and (3.193), we still get the same result.

3.7.4 Material Force Between the Singularity and the Elliptic
Inclusion

Eshelby (1956) defined the material force as the negative gradient of the total

mechanical and electrical energy with respect to the position variation of the defect.

For a linear electroelasticity, we can also use the total electric enthalpy (Eq. (1.55))

instead of total energy. The general method calculating the material force is given

in many literatures, such as Lardner (1974), Pak (1990), Wen and Hwu (1994),

and Kuang et al. (1998). The total electric enthalpy of the system for a dislocation

at x01; x02ð Þ can be defined as the work required to introduce the dislocation in

the material, i.e.,

H ¼ 1 2=ð Þ
Z Λ

x01þδ
σ2ibi þ D2b4ð Þdx1; δ ! 0; Λ ! 1 (3.199)

1. Dislocation is inside the matrix. Equation (3.199) becomes

H ¼ 1 2=ð ÞbT �ΦII
		zII0j¼Λj

zII
0j
þδj

ΦII
		zII0j¼Λj

zII
0j
þδj ¼ 1 π=ð ÞIm BII ln Λj δj

�� �� �
VII þ BII ln 1� mII

j ςII0jς
II
0j

.� �D E
VII

h

�
X4
β¼1

BII ln 1� 1 ςII0j�ς
II
0β

.� �D E
V00
β�
X1
k¼1

BII 1 kςII k0j

.D E
gk

# (3.200)
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By excluding singular part of the dislocation enthalpy itself, the interaction

enthalpy part of the media with the dislocation is obtained as

HII
int ¼ 1 2π=ð ÞbT � Im BII ln 1� mII

j ςII0jς
II
0j

.� �D E
VII

h

�
X4
β¼1

BII ln 1� 1 ςII0j�ς
II
0β

.� �D E
V00�

X1
k¼1

BII 1 kςII k0j

.D E
gk

#
(3.201)

2. Dislocation is inside the inclusion. Equation (3.199) becomes

H ¼ 1 2=ð ÞbT � ΦII
		zII0j¼Λj

zII�
0j

þ ΦI
		zI�0j
zI
0j
þδj

� 
¼ 1

2π
bT � Im BII lnΛj

� �
VII � BI ln δj

� �
VI

�

�
X1
k¼1

1 k=ð ÞBI f Ijk

D E
hk �

X4
β¼1

BI ln zI0j � ŷIjβ

� �D E
V0
β � IβV

I
� �

�
X4
β¼1

ln �ςI0β
� �

�BIIV00
β þ BIIβV

I � BIIIβV
II

� �#

(3.202)

where zII�0j ¼ zI�0j is the same point on the interface. By excluding singular part of

the dislocation enthalpy itself, the interaction enthalpy part of the media with the

dislocation is obtained as

HI
int ¼

1

2π
bT � Im �

X1
k¼1

1 k=ð ÞBI f Ijk

D E
hk

"
�
X4
β¼1

BI ln zI0j � ŷIjβ

� �D E
V0
β � IβV

I
� �

�
X4
β¼1

ln �ςI0β
� �

�BIIV00
β þ BIIβV

I � BIIIβV
II

� �#

(3.203)

The generalized interaction force per unit length F along the direction s on the

dislocation is

F ¼ �@Hint @s= (3.204)

which is usually obtained by numerical calculation.

3.7.5 Numerical Example

Let the matrix be PZT-5H and the inclusions be epoxy, insulated void, and rigid

conductor, respectively. Usually material constants are given in the material prin-

ciple coordinate system X1;X2;X3ð Þ with poling axis X3. For PZT-5H matrix,
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CII
11 ¼ 126; CII

33 ¼ 117; CII
44 ¼ 35:3; CII

12 ¼ 55; CII
13 ¼ 53 GPað Þ

eII31 ¼ �6:5; eII33 ¼ 23:3; eII15 ¼ 17:0 C m2
�� �

EII11 ¼ 15:1� 10�9; EII33 ¼ 13:0� 10�9 C2 Nm2
�� �

For inclusion epoxy,

CI
11 ¼ 6:43; CI

33 ¼ 6:429; CI
44 ¼ 1:07; CI

12 ¼ 4:29; CI
13 ¼ 4:289 GPað Þ

eI31 ¼ eI33 ¼ eI15 ¼ 0 C m2
�� �

; EI11 ¼ 5:0� 10�9; EI33 ¼ 5:001� 10�9 C2 Nm2
�� �

Material constants for epoxy were be modified slightly to avoid repeated eigen-

values. It is noted that in above analyses of this section, the coordinates x1; x2; x3ð Þ
with polarized x2 -axis are used, so in numerical calculation, materials should

be converted. The corresponding relation between X1;X2;X3ð Þ and x1; x2; x3ð Þ is

X3 ! x2;X1 ! x1;X2 ! x3.
The dimensionless glide force F1 and climb force F2 of the interaction between

the inclusion and dislocation are defined as

F1 ¼ � @He
int @x1=

� �
L11 � 10�9 4π=
� ��

; F2 ¼ � @He
int @x2=

� �
L11 � 10�9 4π=
� ��

(3.205)

whereL11 is shown in Eq. (3.35).F1 andF2 will be numerically studied. The positive

glide and climb forces show that the dislocation is repelled from x2- and x1-axes,
respectively. Figures 3.8 and 3.9 show the contour plots of F1 and F2 under two

cases: (1) b 2b ¼= 1; 0; 0; 0ð Þ , only mechanical dislocation b1 , and (2) b 2b ¼=

0; 0; 0; 109 V m=ð Þ, only electric dislocation b4.

Fig. 3.8 PZT-5H/epoxy under loading b 2b ¼= 1; 0; 0; 0ð Þ: (a) contour plots of the dimensionless

glide force F1 and (b) contour plots of the dimensionless climb force F2
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Interaction of an elliptic inclusion with a singularity was discussed in many

literatures, such as Meguid and Deng (1998), Deng and Meguid (1999), Liu et al.

(1999), and Fan et al. (2005).

3.8 Asymptotic Fields near a Line Inclusion Tip

in a Homogeneous Material

3.8.1 A General Form of the Asymptotic Fields near a Line
Inclusion Tip

Discuss a homogeneous material with a line inclusion. It is assumed that the size of

the line inclusion is much smaller than that of the material. The region near

the tip to be suitable for an asymptotic analysis is much smaller than that of the

line inclusion, so the asymptotic fields near a line inclusion tip in a practical

structure are almost the same as that in a semi-infinite line inclusion. Let a semi-

infinite line inclusion be along the axis x1 from the origin to negative infinite, i.e.,

the region Ω of the material is 0 � r � 1;�π < θ � π, where θ is the polar angle
(Fig. 3.10). The asymptotic fields near the right tip can be assumed in the following

form (Ting 1996; Kuang and Ma 2002):

fjðzjÞ ¼ Vjz
λþ1
j ðλþ 1Þ= ; zj ¼ x1 þ μjx2 ¼ rðcos θ þ μj sin θÞ

FjðzjÞ ¼ f 0j ðzjÞ ¼ Vjz
λ
j ; μj ¼ αj þ iβj

(3.206)

whereV is an undetermined complex constant, λ is an undetermined singular index,

and λ > �1 2= to keep a finite strain energy density at the tip region. In plane

problem we often use f zj
� �

;F zj
� �

instead of f zPð Þ;F zPð Þ, where j ¼ 1; 2; 3and j ¼ 3

Fig. 3.9 PZT-5H/epoxy under loading b 2b ¼= 0; 0; 0; 109 V m=ð Þ: (a) contour plots of the dimen-

sionless glide force F1 and (b) contour plots of the dimensionless climb force F2
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represent the electric variables, as shown in Eq. (3.206). From Eqs. (3.26) and

(3.206), it is known that

U ¼ λþ 1ð Þ�1
X4
j¼1

ajz
λþ1
j Vj þ �aj�z

λþ1
j

�Vj

� �
¼ λþ 1ð Þ�1 A zλþ1

j

D E
V þ �A �zλþ1

j

D E
�V

h i

Φ ¼ λþ 1ð Þ�1
X4
j¼1

bjz
λþ1
j Vj þ �bj�z

λþ1
j

�Vj

� �
¼ λþ 1ð Þ�1 B zλþ1

j

D E
V þ �B �zλþ1

j

D E
�V

h i

Σ1 ¼ �Φ;2 ¼ �
X4
j¼1

μjbjz
λ
j Vj þ �μj�bj�z

λ
j
�Vj

� �
¼ B μjz

λ
j

D E
V þ �B �μj�z

λ
j

D E
�V

Σ2 ¼ Φ;1 ¼
X4
j¼1

bjz
λ
j Vj þ �bj�z

λ
j
�Vj

� �
¼ B zλj

D E
V þ �B �zλj

D E
�V

(3.207)

In the polar coordinate system, the normal of a radial plane is n ð� sin θ; cos θÞ
which is identical with the tangent t of a circle with the center at the coordinate

origin (Fig. 3.10). The traction T on the radial plane is

Ti ¼ σi1n1 þ σi2n2 ¼ �σi1 sin θ þ σi2 cos θ ¼ Φi;2 sin θ þΦi;1 cos θ

¼ Φ0
iðzjÞ zj r=

� � ¼ 2Re
X4
j¼1

Bijz
λþ1
j Vjr

�1
� �

; T ¼ 2Re r�1B zλþ1
j

D E
V

n o
(3.208)

whereΦ0
iðzjÞ ¼ dΦiðzjÞ dzj

�
. Equation (3.208) can be used to discuss the asymptotic

field near a wedge, but in this book we only discuss the line inclusion.

3.8.2 The Stress Singularity

The stress singularity near a tip is related to the boundary conditions of the inclusion.

1. Two sides of the line crack are free. The boundary conditions are

Tðr;πÞ ¼ 0; or Σ2ðr;πÞ ¼ 0 (3.209)

Fig. 3.10 Local coordinate

system at a crack tip
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Substituting Eq. (3.207) or (3.208) into Eq. (3.209) and noting x1j ¼ x1; zjðr; 0Þ ¼
r; zjðr;πÞ ¼ reiπ on axis x1 yield

eiλπBV þ e�iλ π �B�V ¼ 0; e�iλ πBV þ eiλ π �B�V ¼ 0; or

X4
j¼1

eiλ πVjbj þ e�iλ π �Vj
�bj

� � ¼ 0;
X4

j¼1
e�iλπVjbj þ eiλ π �Vj

�bj
� � ¼ 0

(3.210)

Equation (3.210) yields

1� e4iλ π
� �4

BV ¼ 0; or 1� e4iλ π
� �

bjVj ¼ 0; j ¼ 1� 4 (3.211)

Because B is not singular, so we have the eigenvalue equation

1� e4iλ π
� �4 ¼ 0; or 1� e4iλ π

� � ¼ 0 (3.212)

From Eq. (3.212) it is known that λ ¼ �1 2= ; 0;m 2= , wherem is an integer. When

λ ¼ �1 2= , the generalized stresses are singular with the singular index � 1 2= .

2. Two sides of the line crack are fixed (rigid inclusion with zero electric
potential). The boundary conditions are

UðπÞ ¼ 0 (3.213)

We have

eiλ πAV þ e�iλ π�A�V ¼ 0; e�iλ πAV þ eiλ π �A�V ¼ 0; or

X4
j¼1

eiλ πVjaj þ e�iλ π �Vj�aj
� � ¼ 0;

X4
j¼1

e�iλ πVjaj þ eiλ π �Vj�aj
� � ¼ 0

(3.214)

It is also found that the eigenvalue equation is Eq. (3.212), so we also have

λ ¼ �1 2= ; 0;m 2= ; m is an integer.

3. One side free and one side fixed. The boundary conditions are

Tðr; πÞ ¼ 0; Uð�πÞ ¼ 0 (3.215)

We have

eiλ πBV þ e�iλ π �B�V ¼ 0; e�iλ πAV þ eiλ π �A�V ¼ 0 (3.216)

The eigenvalue equation is

eiλ πBV þ e�iλ π �B�V ¼ 0; e�iλ πAV þ eiλ π �A�V ¼ 0; or

e�2iλ πY þ e2iλ π�Y
� �

BV ¼ 0; Y ¼ iAB�1; �Y ¼ �i�A�B
�1

(3.217)
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Substituting Eq. (3.37), Y ¼ �i Sþ iIð ÞL�1; S ¼ i 2ABT � I
� �

, into Eq. (3.217),

the eigen-equation in a more convenient form is obtained:

�ie�2iλ π Sþ iIð ÞL�1 þ ie2iλ π S� iIð ÞL�1
� �

BV ¼ 0 ) Sþ cot 2λIð ÞL�1BV ¼ 0

(3.218)

From the above analyses, it is known that the singular index λ is independent

to the selected zj plane.

3.8.3 The Stress Asymptotic Field near a Crack Tip

From Eqs. (3.212) and(3.214), it is known that when λ ¼ �1 2= , the stresses are

singular. Substituting it into Eqs. (3.206) and (3.207) yields

FjðzjÞ ¼ Vj
ffiffiffiffi
zj

p� ¼ Vj

ffiffiffiffiffiffiffi
rΘj

p�
; Θj ¼ cos θ þ μj sin θ

Σ1i ¼ �2Re
X4
j¼1

μjbjiVj
ffiffiffiffi
zj

p�� � ¼ �2Re
X4
j¼1

BijμjVj

ffiffiffiffiffiffiffi
rΘj

p�

Σ2i ¼ 2Re
X4
j¼1

bjiVj
ffiffiffiffi
zj

p�� � ¼ 2Re
X4
j¼1

BijVj

ffiffiffiffiffiffiffi
rΘj

p�
Σ1 ¼ �2ReB μj

ffiffiffiffi
zj

p�� �
V; Σ2 ¼ 2ReB 1

ffiffiffiffi
zj

p�� �
V

(3.219)

Define the stress intensities as

K ¼ KII;KI;KIII;KDð ÞT ¼ lim
r!0

ffiffiffiffiffiffiffi
2πr

p
σ21; σ22; σ23;D2ð ÞT		

θ¼0
¼ lim

r!0

ffiffiffiffiffiffiffi
2πr

p
Σ2jθ¼0

(3.220)

Let

V ¼ 1 2
ffiffiffiffiffi
2π

p� �.
B�1K; Vi ¼ 1 2

ffiffiffiffiffi
2π

p� �.
B�1
ij Kj; B�1

ij ¼ B�1
� �

ij
(3.221)

Substitution of Eqs. (3.220) and (3.221) into Eq. (3.219) yields

Σ1i ¼ � 1
ffiffiffiffiffiffiffi
2πr

p.� �
Re
X4
j¼1

BijμjB
�1
jl Kl

ffiffiffiffiffi
Θj

p�
; Σ2i ¼ 1

ffiffiffiffiffiffiffi
2πr

p.� �
Re
X4
j¼1

BijB
�1
jl Kl

ffiffiffiffiffi
Θj

p�
Σ1 ¼ � 1

ffiffiffiffiffiffiffi
2πr

p.� �
ReB μj

ffiffiffiffiffi
Θj

p�� �
B�1K; Σ2 ¼ 1

ffiffiffiffiffiffiffi
2πr

p.� �
ReB 1

ffiffiffiffiffi
Θj

p�� �
B�1K

(3.222)

It is noted that in general situation BijB
�1
jl Kl

ffiffiffiffiffi
Θj

p� 6¼ Kl

ffiffiffiffiffi
Θj

p�
. But when θ ¼ 0

and Θj ¼ 1, BijB
�1
jl Kl

ffiffiffiffiffi
Θj

p� ¼ BijB
�1
jl Kl ¼ Kl and Σ2 ¼ K

ffiffiffiffiffiffiffi
2πr

p�
.
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