
Chapter 2

Physical Variational Principle
and Governing Equations

Abstract In this chapter, the physical variational principle is used to derive the

governing equations of the nonlinear and linear electroelastic analyses in piezo-

electric and pyroelectric materials. Some kinds of the physical variational principle

are given. Applying the migratory variation of electric potential, the general

expression of the static electric force is given. It is shown that for the physical

nonlinear problem, such as the electrostrictive materials, in order to get correct

governing equations and material constants in experiments, we need to consider

the entire system including the dielectric medium, its environment, and their

common boundary. When the temperature varies with time, the inertial entropy

and generalized inertial entropy theories are used to derive the temperature wave

equation and the mass diffusion equation. This theory is consistent with current

known thermodynamic theory.

Keywords Physical variational principle • Governing equation • Inertial entropy

theory • Temperature wave equation • Mass diffusion equation

2.1 Electric Gibbs Free Energy Variational Principle
in Piezoelectric Materials

2.1.1 Electric Gibbs Free Energy and Constitutive Equations

In Sect. 1.6, the physical variational principle (PVP) was proposed as a basic

principle in the continuum mechanics for an electrically static state. In this chapter,

we shall discuss its applications. At first, the electric Gibbs free energy variational

principle in piezoelectric materials under the isothermal case is discussed.

According to Eq. (1.69) in Sect. 1.5.4, the electric Gibbs free energy g is

g ¼ g εij;Ei

� �
; dg ¼ σjidui; j � DidEi (2.1)
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Under the small deformation, g can be expanded in the series of ε and E:

g ¼ 1 2=ð ÞCijklεijεkl � 1 2=ð ÞEklEkEl � ekijEkεij � 1 2=ð ÞlijklEiEjεkl

� 1 2=ð ÞαkmEmElεkl � 1 4=ð ÞαnmEmEnεklδkl

Cijkl ¼ Cjikl ¼ Cijlk ¼ Cklij; lijkl ¼ ljikl ¼ lijlk ¼ lklij; ekij ¼ ekji

(2.2)

whereC; e; e; l are the elastic coefficient, permittivity, piezoelectric coefficient, and

the electrostrictive coefficient, respectively; α is a new asymmetric or symmetric

electrostrictive coefficient in order to make l the same symmetries as that in C
(Kuang 2007, 2008a). For convenience, the term αnmEmEnεklδkl is also added.

Because g is a state function, constitutive equations can be derived as

σlk ¼ @g @εkl= ¼ Cijklεij � ejklEj � 1 2=ð ÞlijklEiEj � 1 2=ð ÞαkmEmEl � 1 4=ð ÞαnmEmEnδkl

Dk ¼ �@g @Ek= ¼ Ekl þ lijklεij þ 1 2=ð Þ αmlεmk þ αmkεmlð Þ þ 1 4=ð Þ αlk þ αklð Þεmnδmn
� �

El

þ ekijεij � EklEl

(2.3)

In general case in Eqs. (2.2) and (2.3), εij ¼ ui;j; εij 6¼ εji , and there are nine

components for εij and σij. For most practical cases, the body couple is neglected;

in this case, σij and εij ¼ ui;j þ uj;i
� �

2= are symmetric and each of them only has six

components. Let σs andσa be the symmetric and asymmetric parts ofσ, respectively,
we have

σslk ¼ 1 2=ð Þ σkl þ σlkð Þ ¼ Cijklεij � ejklEj � 1 2=ð ÞlijklEiEj

� 1 4=ð Þ αkmEl þ αlmEkð ÞEm � 1 4=ð ÞαnmEmEnδkl

σalk ¼ 1 2=ð Þ σlk � σklð Þ ¼ � 1 4=ð Þ αkmEl � αlmEkð ÞEm

(2.4)

where D ¼ E0 Eþ P was used. In Eq. (2.4), terms containing l : ε;α : ε; e : ε
had been neglected. In the usual electromagnetic theory, the electromagnetic

body couple isP� E ¼ D� E. In general, α should be determined by experiments.

In this book α ¼ �2e is assumed, so Eqs. (2.3) and (2.4) are reduced to

σlk ¼ @g @εkl= ¼ Cijklεij � ejklEj � 1 2=ð ÞlijklEiEj þ EkmEmEl þ 1 2=ð ÞEnmEmEnδkl

σslk ¼ Cijklεji � ejklEj � 1 2=ð ÞlijklEiEj þ 1 2=ð Þ EkmEl þ ElmEkð ÞEm þ 1 2=ð ÞEnmEmEnδkl

σalk ¼ 1 2=ð Þ EkmEl � ElmEkÞEm � 1 2=ð Þ DkEl � DlEkð Þð
(2.5)

Equation (2.5) shows that the electric body couple is balanced by the moment

produced by the asymmetric stresses (Eringen and Maugin 1989). If the electro-

magnetic body couple is neglected, all the stresses are symmetric. Using Eq. (2.3),

Eq. (2.2) is reduced to

g ¼ 1 2=ð ÞCijklεijεkl þ ge; ge ¼ � 1 2=ð Þ DkEk þ Dg
klεlk

� �
; Dg

kl ¼ emklEm (2.6)
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where ge is the part related to the electric field in g or the energy from the total

energy minus the pure deformation energy. The value of the term Δg : ε is much

less than other terms, so it can be neglected.

In the electroelastic analysis, the dielectric medium, its environment, and their

commonboundaryaint consociate a systemand should be considered together, because

the electric field exists in every material except the ideal conductor. In this book,

the variables in the environment will be denoted by a right superscript “env” and the

variables on the interface will be denoted by a right superscript “int” (Fig. 2.1). In the

environment, Eqs. (2.1), (2.2), (2.3), (2.4), (2.5), and (2.6) are all held.

2.1.2 Electric Gibbs Free Energy Variational Principle
and Governing Equations

Under the assumption that u;φ; uenv;φenv satisfy their boundary conditions on their

own boundaries au; aφ; a
env
u ; aenvφ and the continuity conditions on the interface aint.

Given the displacement and electric potential virtual increments, the PVP in terms

of the electric Gibbs free energy (which is identical to the electric enthalpy in

isothermal case) is (Kuang 2007, 2008a, b, 2011a, c)

δΠ ¼ δΠ1 þ δΠ2 � δWint ¼ 0

δΠ1 ¼
Z
V

δg dV þ
Z
V

geδui;i dV � δW

δΠ2 ¼
Z
Venv

δgenv dV þ
Z
Venv

ge envδuenvi;i dV � δWenv

δW ¼
Z
V

ðfk � ρ€ukÞδuk dV �
Z
V

ρeδφ dV þ
Z
aσ

T�
kδuk da�

Z
aD

σ�δφ da

δWenv ¼
Z
Venv

ðf envk � ρ€uenvk Þδuenvk dV �
Z
Venv

ρenve δφenv dV

þ
Z
aenvσ

T�env
k δuenvk da�

Z
aenvD

σ�envδφenv da

δWint ¼
Z
aint

T�int
k δuk da�

Z
aint

σ�intδφ da

(2.7)

Fig. 2.1 Dielectric and its

environment
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where f ;T�; σ� are given body force per volume, traction per area, and surface

charge density and f env;T�env; σ�env; and T�int; σ�int are also given values in the

environment and on the interface, respectively. n ¼ �nenv is the outward normal

of the interface. It is noted that in Eq. (2.7) the work done by the electric field has

the form qδφ ¼ ðρedVÞδφ with q ¼ ρedV ¼ const ., etc. For small deformation,

δ
R
V g dV ¼ RV δg dV can be used due to small variation of the volume.

The virtual variation of the potential φ is divided into local variation δφφ and

migratory variation δuφ, and the similar divisions for E, so we have

δφ ¼ δφφþ δuφ; δuφ ¼ φ;pδup ¼ �Epδup

@ δφð Þ @xj
� ¼ @ δφφþ φ;pδup

� �
@xj
� ¼ δφ φ;j

� �þ φ;pjδup þ φ;pδup;j ¼ δ φ;j

� �þ φ;iδui;j

δEi ¼ �δφ φ;i

� �� φ;ipδup ¼ δφEi þ δuEi; δφEi ¼ �δφφ; i;

δuEi ¼ Ei;pδup ¼ Ep;iδup

(2.8)

Equation (2.8) shows that @ δφð Þ @xj
� 6¼ δ @φ @xj

�� �
when δuφ 6¼ 0 , and it is

discussed also in Eq. (2.130) in Sect. 2.9.1. Using the relation,

Z
V

δg dV þ
Z
V

geδuk;k dV ¼
Z
V

σjiδui;j dV �
Z
V

DiδEi dV �
Z
V

1 2=ð ÞDkEkδuj;j dV

¼
Z
a

σjinjδui da�
Z
V

σji;jδui dV � 1 2=ð Þ
Z
a

DkEkδijnjδui da

þ 1 2=ð Þ
Z
V

DkEkδij
� �

;j
δui dV þ

Z
a

Diniδφφ da

�
Z
V

Di;iδφφ dV �
Z
V

DiEp;iδup dV

(2.9)

where a ¼ aσ þ au þ aint ¼ aD þ aφ þ aint , σjiδεij ¼ σjiδui;j for asymmetric σji .
It is noted that δφ ¼ 0; δφφ 6¼ 0; δuφ 6¼ 0 on aφ.

Substitution of Eq. (2.9) into δΠ1 in Eq. (2.7) yields

δΠ1 ¼
Z
a

σjknjδuk da�
Z
aσ

T�
k δuk da�

Z
V

σjk;j þ fk � ρ€uk
� �

δuk dV

� 1 2=ð Þ
Z
a

DnEnnkδuk daþ 1 2=ð Þ
Z
V

DnEnð Þ;kδuk dV �
Z
V

Di;iδφφ dV

þ
Z
a

Diniδφφ da�
Z
V

DiEp

� �
;i
� Di;iEp

h i
δup dV þ

Z
V

ρeδφ dV þ
Z
aD

σ�δφ da

(2.10)
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Adding a term
R
a Dini Epδup þ δuφ

� �
da ¼ 0 to Eq. (2.10), we get

δΠ1 ¼
Z
aσ

σjknj � T�
k

� �
δuk da�

Z
V

σjk;j þ fk � ρ€uk
� �

δuk dV �
Z
V

Di;i � ρe
� �

δφ dV

þ
Z
aD

Dini þ σ�ð Þδφ daþ
Z
a

DiniEpδup da� 1 2=ð Þ
Z
a

DnEnnkδuk da

þ 1 2=ð Þ
Z
V

DnEnð Þ;kδuk dV �
Z
V

DiEp

� �
;i
δup dV þ

Z
aint

σjknjδuk daþ
Z
aint

Diniδφ da

¼
Z
aσ

Sjknj � T�
k

� �
δuk da�

Z
V

Sjk;j þ fk � ρ€uk
� �

δuk dV �
Z
V

Di;i � ρe
� �

δφ dV

þ
Z
aD

Dini þ σ�ð Þδφ daþ
Z
aint

Sjknjδuk daþ
Z
aint

Diniδφ da

(2.11)

In Eq. (2.11), we have

σMik ¼ DiEk � 1 2=ð ÞDnEnδik;

Skl ¼ σkl þ σMkl ¼ Cijklεij � ejklEj � 1 2=ð ÞlijklEiEj þ EkmEiEm þ ElmEmEk ¼ Skl

(2.12)

where σMik is the Maxwell stress, S is the pseudo total stress (Jiang and Kuang

2003, 2004) and Ekm Em ¼ Dk has been used. S is a symmetric tensor, but σ and σM

are not. Though the adding term
R
a DknkEpδup daþ

R
a Dknkδuφ da is zero, the first

will be combined with terms of virtual displacements and the second will be

combined with terms containing the local variation δφφ.
Equation (2.10) can also be written as

δΠ1 ¼
Z
aσ

σjknj � T�
k

� �
δuk daþ

Z
aint

σjknjδuk da�
Z
V

σjk;j þ fk � ρ€uk
� �

δuk dV

� 1 2=ð Þ
Z
a

DnEnnkδuk daþ 1 2=ð Þ
Z
V

DnEnð Þ;kδuk dV �
Z
V

DiEp

� �
;i
δup dV

þ
Z
aD

Dini þ σ�ð Þδφ daþ
Z
aφþaint

Diniδφφ da�
Z
aD

Diniδuφ da�
Z
V

Di;i � ρe
� �

δφ dV

(2.13a)

Due to the arbitrariness of δφ, it is obtained:

Dini þ σ� ¼ 0; on aD; Di;i � ρe ¼ 0; in V (2.13b)

Substitution of Eq. (2.13b) into Eq. (2.13a) yields

δΠ1 ¼
Z
aσ

σjknj � T�
k

� �
δuk daþ

Z
aint

σjknjδuk da�
Z
V

Sjk;j þ fk � ρ€uk
� �

δuk dV

� 1 2=ð Þ
Z
a

DnEnnkδuk daþ
Z
aφþaint

Diniδφφ da�
Z
aD

Diniδuφ da

¼
Z
aσ

ðSijni � T�
j Þδuj da�

Z
V

ðSij;i þ fj � ρ€ujÞδuj dV þ
Z
aint

Sijniδuj daþ
Z
aint

Diniδφ da

(2.13c)
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In Eq. (2.13c), the following relation was used:

Z
aφ

Diniδφφ da�
Z
aD

Diniδuφ da ¼
Z
aφ

Diniδφ da�
Z
a

Diniδuφ da ¼
Z
a

DiniEpδup da

Due to the arbitrariness of δu and δφ from Eq. (2.11) or (2.13), it is obtained:

Sjk;j þ fk ¼ ρ€uk; Di;i ¼ ρe; in V

Sjknj ¼ T�
k ; on aσ; Dini ¼ �σ�; on aD

δΠ1 ¼
Z
aint

Sijniδuj daþ
Z
aint

Diniδφ da

(2.14a)

The momentum equation in Eq. (2.14a) in terms of generalized displacements is

Cijklui;jk þ ejklφ;jk � lijklφ;iφ;jk þ ðEkmφ;lφ;m þ Elmφ;mφ;kÞ; k þ fl ¼ ρ€ul;

Cijklui;j þ ejklφ;j � 1 2=ð Þlijklφ;iφ;j þ Elmφ;kφ;m þ Ekmφ;mφ;l

� �
nl ¼ T�

k ; on aσ;

Eklφ;lk ¼ �ρe; Eklφ;lnk ¼ �σ�; on aD

(2.14b)

where the terms containing ε in φ are neglected. Similarly for the environment,

we have

Senvij;i þ f envj ¼ ρenv€uenvj ; Denv
i;i ¼ ρenve ; in Venv

Senvij nenvi ¼ T�env
j ; on aenvσ ; Denv

i nenvi ¼ �σ�env; on aenvD

δΠ2 ¼
Z
aint

Senvij nenvi δuenvj daþ
Z
aint

Denv
i nenvi δφenv da

Senvjk ¼ σenvjk þ σM env
jk ; σM env

jk ¼ Denv
j Eenv

k � ð1=2ÞDenv
n Eenv

n δjk

(2.15)

Using ni ¼ �nenvi ; ui ¼ uenvi ;φ ¼ φenv and δΠ1 þ δΠ2 ¼ δW�int, we get

ðSij � Senvij Þni ¼ T�int
j ; ðDi � Denv

i Þni ¼ �σ�int; on aint (2.16)

The above variational principle requests prior that the generalized displacements

satisfy their own boundary conditions and the continuity conditions on the inter-

face, so the following equations should also be added to governing equations:

ui ¼ u�i ; on au; φ ¼ φ�; on aφ

uenvi ¼ u�envi ; on aenvu ; φenv ¼ φ�env; on aenvφ

ui ¼ uenvi ; φ ¼ φenv; on aint
(2.17)

Equations (2.14), (2.15), (2.16), and (2.17) are the governing equations for the

electroelastic analysis.
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2.1.3 A Note of the Maxwell Stress

In the books of Stratton (1941) and Landau and Lifshitz (1959), the formula of

the stress in an isotropic electrostrictive material was

σik ¼ @g0 @εik= þ σLik; σLik ¼ 1 2=ð Þ 2E� a1ð ÞEkEi � 1 2=ð Þ Eþ a2ð ÞEmEmδik

where @g0 @εik= is the stress in the media without the electromagnetic field.

This formula is just the pseudo total stress S in Eq. (2.12) for the electrostrictive

material. For the Maxwell stress and its related problems in literatures, different

author had different understanding as shown in Sect. 1.2.7. McMeeking et al.

(2005, 2007) considered that in the electroelastic theory the constitutive model

can be simplified to one that embraces simultaneously the Cauchy, Maxwell,

electrostrictive and electrostatic stresses, which in any case cannot be separately

identified from any experiment. In their method authors did not distinguish the local

and migratory variations.

From Eq. (2.12), it is known that the Maxwell stress is related to the square of

E, i.e., σj j / Ej j 2, but the stress introduced by the piezoelectric effect is related

to E . So for the piezoelectric material when the electric field is not too large

and the piezoelectric coefficient is not too small, the Maxwell stress can be

neglected. But the isotropic electrostrictive materials do not have the piezoelec-

tric effect, so in this and similar cases, the Maxwell stress should be considered.

Because the strain is accompanied by the change of the distance between

the electric particles, the attraction between electric charges or the Maxwell

stress and the stress introduced by strains in the material is produced simulta-

neously. Though they are produced together, their difference is obvious and impor-

tant. The strength problem in engineering is determined by the Cauchy stress, which

is connected with the constitutive equation. However, the Maxwell stress is an

external effective electromagnetic force applied to the body and can be obtained by

using the migratory variation of φ in the PVP or in the usual energy principle.

Using D ¼ Dnnþ Dtt and similar expressions for E and the continuity condi-

tions in Eqs. (2.16) and (2.17) for the D;E on the interface, the mechanical

continuous condition on the interface can also be rewritten as

n � ðσ � σenvÞ ¼ ~T
�int

; ~T
�int ¼ T�int þ n � σM env � σM

� �
n � σM env � σM
� � ¼ n � Denv � Eenvð Þ � 1 2=ð Þ Denv � Eenvð Þn½ �
� n � D� Eð Þ � 1 2=ð Þ D � Eð Þn½ � ¼ 1 2=ð Þ Dn Eenv

n � En

� �� Denv
t � Dt

� �
Et

� �
n

¼ E� Eenvð Þ=2EEenv½ � D2
n þ EEenvE2

t Þn
�

(2.18)

where n is the unit normal, subscripts n and t mean the normal and tangential

direction respectively; and there is no sum on n and t. Equation (2.18) shows that in
the small strain case, the boundary traction produced by the Maxwell stress is along

the normal direction. The Maxwell stress can be naturally obtained by the migratory

variation of φ in PVP.
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2.2 Alternative Forms of the Physical Variational Principles

2.2.1 First Alternative Form of the PVP

From Eqs. (2.14), (2.15), (2.16), and (2.17), it is found that if we use S instead of σ
and Senv instead of σenv in the governing equations, then the form of governing

equations of the physical nonlinear dielectrics is just the same as that in the physical

linear electric problem. Therefore, a simpler principle can be obtained: the first

alternative form of the variational principle is

δΠ̂ ¼ δΠ̂1 þ δΠ̂2 � δWint ¼ 0

δΠ̂1 ¼
Z
V

δĝ dV � δW; δΠ̂2 ¼
Z
Venv

δĝenv dV � δWenv

δĝ ¼ Sjiδui;j þ Diδφ;i; δĝenv ¼ Senvji δuenvi;j þ Denv
i δφenv

;i

Skl ¼ σkl þ σMkl

(2.19)

In Eq. (2.19), the variations of δu and δφ are all local variations or completely

independent, i.e., the migratory variations δuφ produced by δu are not needed.

δW; δWenv; and δWint are still expressed by Eq. (2.7). An analogous theory was

also discussed by Bustamante et al. (2008).

2.2.2 Second Alternative Form of the Physical
Variational Principle

Introduce the electric body force f ek ; f
e env
k and traction Te

k ;T
e env
k in media as

f ek ¼ σMjk;j; Te
k ¼ �σMjk nj; f e envk ¼ σM env

jk;j ;

Te env
k ¼ �σM env

jk nenvj ¼ σM env
jk nj

(2.20)

The second alternative form of the variational principle is

δΠ0 ¼ δΠ0
1 þ δΠ 0

2 � δW0int ¼ 0

δΠ0
1 ¼

Z
V

δg dV � δW0; δΠ0
2 ¼

Z
Venv

δgenv dV � δW0env

δW0 ¼
Z
V

ðfk þ f ek � ρ€ukÞδuk dV �
Z
V

ρeδφ dV þ
Z
aσ

ðT�
k þ Te

kÞδuk da�
Z
aD

σ�δφ da

δW0env ¼
Z
Venv

ðf envk þ f e envk � ρenv€uenvk Þδuenvk dV �
Z
Venv

ρenve δφenv dV

þ
Z
aenvσ

T� env
k þ Te env

k

� �
δuenvk da�

Z
aenvD

σ� envδφenvda

δW0int ¼
Z
aint

T� int
k þ Te env

k þ Te
k

� �
δuk da�

Z
aint

σ� intδφ da

(2.21)
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In Eq. (2.21), the variations of δu and δφ are also completely independent, i.e.,

it is also not needed to consider the migratory variation δuφ. Equation (2.21) is the

original form of the PVP Eq. (1.78). The governing equations from Eq. (2.21) are

σij;i þ ðfj þ f ej Þ ¼ ρ€uj; Di;i ¼ ρe; in V

σijni ¼ T�
j þ Te

j ; on aσ; Dini ¼ �σ�; on aD;

σenvji;j þ f envi þ f e envi

� � ¼ ρ€uenvi ; Denv
i;i ¼ ρenve ; in Venv

σenvji nenvj ¼ T�env
i þ Te env

i ; on aenvσ ; Denv
i nenvi ¼ �σ�env; on aenvD ;

σlk � σenvlk

� �
nl ¼ T�int

k þ Te
k þ Te env

k ; Dknk � Denv
k nk ¼ �σ�int; on aint

(2.22)

In many literatures (Pao 1978; Maugin 1988; Moon 1984), the governing equations

were expressed in the form of Eq. (2.22) and the electromagnetic force was derived

from other methods different with the variational method. In different literatures,

f e and Te may be different.

2.2.3 The Medium Fully Surrounded by the Air

An important engineering problem is that the medium with symmetric material

coefficients is fully surrounded by the air. In air, the mechanical stresses and

mechanical energy can be neglected and only the electric field and electric

energy should be considered. The physical variational formula (2.7) in this

case becomes

δΠ ¼ δΠ1 þ δΠ2 � δWint ¼ 0

δΠ1 ¼ δ

Z
V

g dV � δW; δΠ2 ¼ δ

Z
Venv

genv dV � δWenv

δWint ¼
Z
aintσ

T�int
k δuk da�

Z
aintq

σ�intδφ da; δW ¼ �
Z
V

ρ€ukδuk dV �
Z
V

ρeδφ dV

δWenv ¼ �
Z
Venv

ρenve δφenvdV þ
Z
aenvq

Di
�envnenvi δφenv da

(2.23)

where the body force is neglected and

g ¼ 1 2=ð ÞCijklεijεkl � 1 2=ð ÞEklEkEl � ekijEkεij � 1 2=ð ÞlijklEiEjεkl

genv ¼ � 1 2=ð ÞEenvkl Eenv
k Eenv

l

(2.24)
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2.2.4 Isotropic Materials

For isotropic materials, the constitutive equations are (Kuang 2012)

lijkl ¼ l1δijδkl þ l2 δikδjl þ δilδjk
� �

; Eij ¼ Eδij; μij ¼ μδij; αij ¼ �2Eδij; ekij ¼ 0

(2.25)

In isotropic materials, variables S , σ , and σM are all symmetric. So Eqs. (2.2)

and (2.3) are reduced to

g ¼ 1 2=ð Þλεiiεkk þ Gεijεij � 1 2=ð ÞEEkEk � 1 2=ð Þ l1 � Eð ÞEiEiεkk � l2 � Eð ÞEiEjεij

(2.26)

σkl ¼ λεiiδkl þ 2Gεkl � 1 2=ð Þ l1 � Eð ÞEiEiδkl � l2 � Eð ÞEkEl;

Dk ¼ EEk þ ðl1 � EÞεiiEk þ 2ðl2 � EÞεklEl � EEk

Skl ¼ λεiiδkl þ 2Gεkl � 1 2=ð Þl1EiEiδkl � ðl2 � 2EÞEkEl ¼ σkl þ σMkl

(2.27a)

If we let l1 � E ¼ a2; l2 � E ¼ 1 2=ð Þa1, then Eq. (2.27a) is reduced to

σkl ¼ λεiiδkl þ 2Gεkl � 1 2=ð Þ a2EiEiδkl þ a1EkElð Þ
Dk ¼ ~EklEl; ~Ekl ¼ Eδkl þ a1εkl þ a2εiiδkl � Eδkl

Skl ¼ λεiiδkl þ 2Gεkl � 1 2=ð Þ a2 þ Eð ÞEiEiδkl þ 1 2=ð Þ 2E� a1ð ÞEkEl ¼ σkl þ σMkl
(2.27b)

The first formula in Eq. (2.27b) is just the usual form of the constitutive equation,

where a1 and a2 are known as electrostrictive coefficients. From Eqs. (2.14), (2.15),

(2.16), and (2.17), it is known that solving S is easier than that for σ, so in

experiments, the measured variables usually are S; ε;Eð Þ . If the constitutive

equation (2.27a) is used, the measured material coefficients are l1 and l2 � 2E:
If the constitutive equation (2.27b) is used, the measured material coefficients are

2E� a1 and a2 þ E . Therefore, in experiments, the entire system including the

dielectric medium, its environment, and their common boundary should be consid-

ered together, and appropriate governing equations should be selected.

2.2.5 The Static Electric Force Acting on the Medium
by the Electric Field

Comparing Eqs. (2.7) and (2.21), it is found that the difference between them is

that in Eq. (2.7), the local variation and the migratory variation are used
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simultaneously, however in Eq. (2.21), only the local variation is used, but the

electric force introduced by electric field is introduced:

δWe ¼
Z
V

f ek δukdV þ
Z
aσ

Te
kδukdaþ

Z
Venv

f e envk δuenvk dV þ
Z
aenvσ

Te env
k δuenvk da

þ
Z
aint

Te
k þ Te env

k

� �
δuk da ð2:28Þ

In Eqs. (2.7) and (2.10), the part related to the migratory variations of potential is

δuΠ ¼
Z
V

g;E � δuE dV þ
Z
V

geδuk;k dV þ
Z
V

ρeδuφ dV þ
Z
aD

σ�δuφ daþ
Z
Venv

genv;E � δuEenv dV

þ
Z
Venv

ge envδuenvi;i dV þ
Z
Venv

ρenve δuφ
env dV þ

Z
aenvD

σ�envδuφenv daþ
Z
aint

σ�intδuφ da

¼ �
Z
V

DiEp;iδup dV �
Z
V

1 2=ð ÞDkEkδuj;j dV þ
Z
V

ρeδuφ dV þ
Z
aD

σ�δuφ da

�
Z
Venv

Denv
i δuE

env
i dV �

Z
Venv

1 2=ð ÞDenv
k Eenv

k δuenvj;j dV þ
Z
Venv

ρenve δuφ
env dV

þ
Z
aenvD

σ�envδuφenv daþ
Z
aint

σ�intδuφ da

(2.29a)

Using Eqs. (2.13b) and (2.16) and adding terms
R
a Dini Epδup þ δuφ

� �
da ¼ 0 andR

aenv D
env
i nenvi Eenv

p δuenvp þ δuφenv
� �

da ¼ 0 to Eq. (2.29a), then Eq. (2.29a) can be

reduced to

δuΠ ¼
Z
aσ

σMij niδuj da�
Z
V

σMij;iδuj dV þ
Z
aenvσ

σM env
ij nenvi δuenvj da

�
Z
Venv

σM env
ij;i δuenvj dV þ

Z
aint

σMij niδuj daþ
Z
aint

σM env
ij nenvi δuenvj da (2.29b)

Comparing Eqs. (2.20), (2.28), and (2.29), it is found that the static electric force

acting on the medium can be obtained from the general energy migratory

variational principle (Kuang 2012):

δWe ¼ �δuΠ (2.30a)

If the environment is neglected, it is obtained:Z
V

f ek δuk dV þ
Z
aσ

Te
kδuk da

¼ �
Z
V

g;E � δuE dV þ
Z
V

geδuk;k dV þ
Z
V

ρeδuφ dV þ
Z
aD

σ�δuφ da

	 

(2.30b)
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2.2.6 Hamilton Principle

In order to use the PVP for moving electroelastic materials, the D’Alembert

principle should be used to make the moving media in a state of relative rest.

Using D’Alembert principle, the Hamilton principle can easily be obtained from the

PVP. Let δuk0 and δukf be displacements at the initial and final times, respectively,

in time interval ½t0; tf � and assume δuk0 ¼ δukf ¼ 0, using

δ

Z tf

t0

Z
V

K dV dt ¼ δ

Z tf

t0

Z
V

1 2=ð Þρ _uk _uk dV dt ¼
Z tf

t0

Z
V

ρ _ukδ _uk dV dt

¼
Z
V

Z tf

t0

½ρdð _ukδukÞ dt= � ρ€ukδuk�dt dV ¼ �
Z tf

t0

Z
V

ρ€ukδukdV dt ð2:31Þ

where K ¼ ρ _uk _uk=2 and Kenv ¼ ρenv _uenvk _uenvk =2 are the kinetic energies in the

material and its environment, respectively. Substituting Eq. (2.31) into (2.7) and

integrating it from t0 to tf then we get the Hamilton principle:

δΠH ¼ δΠH1 þ δΠH2 �
Z tf

t0

δWint dt ¼ 0

δΠH1 ¼
Z tf

t0

Z
V

δ g � Kð ÞdV dtþ
Z tf

t0

Z
V

gedV dt�
Z tf

t0

δW dt

δΠH2 ¼
Z tf

t0

Z
Venv

δ genv � Kenvð ÞdV dtþ
Z tf

t0

Z
V

ge envdV dt�
Z tf

t0

δWenvdt

δW ¼
Z
V

fkδuk dV �
Z
V

ρeδφ dV þ
Z
aσ

T�
k δuk da�

Z
aD

σ�δφ da

δWenv ¼
Z
Venv

f envk δuenvk dV �
Z
Venv

ρenve δφenv dV þ
Z
aenvσ

T�env
k δuenvk da�

Z
aenvD

σ�envδφenv da

δWint ¼
Z
aint

T�int
k δuk da�

Z
aint

σ�intδφ da

(2.32)

However the energy conservation law is:

g þ K þ genv þ Kenv ¼
Z tf

t0

ðdW þ dWenv þ dWintÞdt (2.33)

Equation (2.33) is held for any time interval. It is noted that the energy principle is

held in a real process, but the PVP gives a true process for all virtual possible process

satisfying the natural constrained conditions, and it is equivalent to the momentum

equation. It is also noted that the Hamilton principle is held in four-dimensional

space ðx; tÞand the time boundary conditions should be added. But the PVP is held in

three-dimensional (3D) space ðxÞ and does not consider the time variation.

It is obvious that Hamilton principle is also a fundamental principle in the

physics and continuum mechanics. Using the local and migratory variation theory,

the Maxwell stress can also be obtained automatically.
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2.2.7 Physical Variational Principle in Electromagnetic
Materials

In this section, the PVP is extended to electromagnetic materials under static

electromagnetic field, without the current and the body electromagnetic couple

(Kuang 2011a, b, c).

Let constitutive equations be

σlk ¼ Cijklεij � eejklEj � emjklHj � 1 2=ð ÞleijklEiEj � 1 2=ð ÞlmijklHiHj

� EkmEmEl � μkmHmHl � βkmHmEl � βkmEmHl

Dk ¼ Ekl þ leijklεij þ Emlεmk þ Emkεmlð Þ
h i

El þ ee
kij
εij þ βklHl þ βlmHm þ βkmHlð Þεkl

Bk ¼ μkl þ lmijklεij þ 2 αmmlεmk þ αmmkεml
� �h i

Hl þ em
kij
εij þ βklEl þ βlmEm þ βkmElð Þεkl

(2.34)

where eejkl and e
m
jkl are piezoelectric and piezomagnetic coefficients, respectively, leijkl

and lmijkl are electrostrictive and magnetostrictive coefficients, respectively, and

βij ¼ βji is the magnetoelectric coupling coefficient. The electromagnetic body

couple is still balanced by the asymmetric stress. In this case, the electromagnetic

Gibbs free energy g is

g ¼ 1 2=ð ÞCijklεijεkl � eekijEk þ emkijHk

� �
εij � 1 2=ð Þ EijEiEj þ μijHiHj

� �� βklEkHl

� 1 2=ð Þ leijklEiEj þ lmijklHiHj

� �
εkl � EkmEmEl þ μkmHmHlð Þεkl � βkm HmEl þ EmHlð Þεkl

¼ 1 2=ð ÞCijklεijεkl þ gem

gem ¼ � 1 2=ð Þ DkEk þ BkHk þ Δklεlkð Þ; Δkl ¼ eemklEm þ emmklHm

(2.35)

For the small deformation Δ : ε can still be neglected. The PVP is

δΠ ¼ δΠ1 þ δΠ2 � δWint ¼ 0

δΠ1 ¼
Z
V

δg dV þ
Z
V

gemδui;i dV � δW

δΠ2 ¼
Z
Venv

δgenv dV þ
Z
Venv

gem envδuenvi;i dV � δWenv

δW ¼
Z
V

ðfk � ρ€ukÞδuk dV �
Z
V

ρeδφ dV þ
Z
aσ

T�
kδuk da�

Z
aD

σ�δφ daþ
Z
aμ

B�
i niδψ da

δWenv ¼
Z
Venv

ðf envk � ρ€uenvk Þδuenvk dV �
Z
Venv

ρenve δφenv dV

þ
Z
aenvσ

T�env
k δuenvk da�

Z
aenvD

σ�envδφenv daþ
Z
aμ

B�env
i nenvi δψ env da

δWint ¼
Z
aint

T�int
k δuk da�

Z
aint

σ�intδφ daþ
Z
aintμ

B�int
i niδψ

env da

(2.36)
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where Ei ¼ �φi;Hi ¼ �ψ i. Finishing the variational calculation finally yields

Sjk;j þ fk ¼ ρ€uk; Di;i ¼ ρe; Bi;i ¼ 0; in V

Sjknj ¼ T�
k ; on aσ; Dini ¼ �σ�; on aD; Bi � B�

i

� �
ni ¼ 0; on aμ

Senvij;i þ f envj ¼ ρenv€uenvj ; Denv
i;i ¼ ρenve ; Bi;i ¼ 0; in Venv

Senvij nenvi ¼ T�env
j ; on aenvσ ; Denv

i nenvi ¼ �σ�env; on aenvD ; Benv
i nenvi ¼ Bi

�envnenvi ;

on aenvμ

ðSij � Senvij Þni ¼ T�int
j ; ðDi � Denv

i Þni ¼ �σ�int; ðBi � Benv
i Þni ¼ Bi

�intni; on aint

Sik ¼ σik þ σMik ; σMik ¼ DiEk þ BiHk � 1 2=ð Þ DnEn þ BnHnð Þδik
Senvik ¼ σenvik þ σM env

ik ; σM env
ik ¼ Denv

i Eenv
k þ Benv

i Henv
k � 1 2=ð Þ Denv

n Eenv
n þ Benv

n Henv
n

� �
δik

(2.37)

2.3 General Variational Principle

2.3.1 General Variational Principle Not Satisfying Boundary
Conditions

This principle does not asku;φ anduenv;φenv to satisfy boundary conditions on their

own boundaries au; aφ and aenvu ; aenvφ , respectively, and continuity conditions on the

interface prior. For small deformation, this principle is

δΠ ¼ δΠ1 þ δΠ2 � δWint ¼ 0

δΠ1 ¼
Z
V

δg dV þ
Z
V

gδuk;k dV �
Z
V

ðfk � ρ€ukÞδuk dV þ
Z
V

ρeδφ dV �
Z
aσ

T�
k δuk da

þ
Z
aD

σ�δφ da� δ

Z
au

TS
k ðuk � u�kÞ daþ δ

Z
aφ

σðφ� φ�Þ da

δΠ2 ¼
Z
Venv

δgenv dV þ
Z
Venv

genvδuenvk;k dV �
Z
Venv

ðf envk � ρenv€uenvk Þδuenvk dV

þ
Z
Venv

ρenve δφenv dV �
Z
aenvσ

T�env
k δuenvk daþ

Z
aenvD

σ�envδφenv da

� δ

Z
aenvu

TS env
k ðuenvk � u�envk Þ daþ δ

Z
aenvφ

σenvðφenv � φ�envÞ da

δWint ¼
Z
aint

T�int
k δuk da�

Z
aint

σ�intδφ da

þ δ

Z
aint

TS
k ðuk � uenvk Þ da� δ

Z
aint

σðφ� φenvÞ da
(2.38)

46 2 Physical Variational Principle and Governing Equations



In Eq. (2.38), some additional virtual work done on the boundary and interface

is added, because the displacements and potentials do not satisfy the boundary

conditions and the continuity conditions on the interface. As an example, δ
R
aint

TS int
k ðuk � uenvk Þ da is the virtual work introduced by the difference of the virtual

displacement ðuk � uenvk Þ on two sides and the unknown pseudo total traction TS

on the interface. In Eq. (2.38), TS and σ may also be considered as Lagrange

multipliers in the mathematical sense (Kuang 1964, 2002).

Equation (2.38) can be proved as follows. Analogous to the derivation of

Eq. (2.11), it is obtained:

δΠ1 ¼
Z
aσ

Sjknj � T�
k

� �
δuk da�

Z
V

Sjk;j þ fk � ρ€uk
� �

δuk dV �
Z
V

Di;i � ρe
� �

δφ dV

þ
Z
aD

Dini þ σ�ð Þδφ daþ
Z
aint

Sjknjδuk daþ
Z
aint

Diniδφ da�
Z
au

ðuk � u�kÞδTS
k da

þ
Z
au

Sjknj � TS
k

� �
δuk daþ

Z
aφ

ðφ� φ�Þδσ daþ
Z
aφ

Dini þ σð Þδφ da

(2.39)

Due to the arbitrariness of δu and δφ from Eq. (2.39), we get

Sjk;j þ fk ¼ ρ€uk; Di;i ¼ ρe; in V

Sjknj ¼ T�
k ; on aσ; uk ¼ u�k ; Sjknj ¼ TS

k ; on au

Dini ¼ �σ�; on aD; φ ¼ φ�; Dini ¼ �σ; on aφ

δΠ1 ¼
Z
aint

Sijniδuj daþ
Z
aint

Diniδφ da

(2.40)

Similarly for the environment we get

Senvij;i þ f envj ¼ ρenv€uenvj ; Denv
i;i ¼ ρenve ; in Venv

Senvij nenvi ¼ T� env
j ; on aenvσ ; uenvk ¼ u� envk ; Senvjk nenvj ¼ TS env

k ; on aenvu

Denv
i nenvi ¼ �σ�env; on aenvD φenv ¼ φ�env; Denv

i nenvi ¼ �σenv; on aφ

δΠ2 ¼
Z
aint

Senvij nenvi δuenvj daþ
Z
aint

Denv
i nenvi δφenv da

(2.41)

For δWint we have

δWint ¼
Z
aint

T�int
k δuk da�

Z
aint

σ�intδφ daþ
Z
aint

TS
k δðuk � uenvk Þ da

þ
Z
aint

ðuk � uenvk ÞδTS
k da�

Z
aint

σδðφ� φenvÞ da�
Z
aint

ðφ� φenvÞδσ da
(2.42)
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Due to n ¼ �nenv and arbitrariness of δu; δφ, δTS; δσ from δΠ ¼ δΠ1 þ δΠ2 ¼
δWint we get

ðSij � Senvij Þni ¼ T�int
j ; ðDi � Denv

i Þni ¼ �σ�int; uk ¼ uenvk ; φ ¼ φenv; on aint

(2.43)

2.3.2 General Variational Principle in Linear
Piezoelectric Materials

Kuang (1964, 2002) proposed a Lagrange multiplier method to derive general

variational principle (Hu 1981) from the potential energy principle in linear elas-

ticity. This method is easy extended to the linear electroelastic theory where the

Maxwell stress is not considered. So the migratory variation of the electric potential

is not needed. Using the Lagrange multiplier method, the general variational

principle with independent variables u;φ; σ; ε;D;E in the small deformation case

is easy obtained. The boundary conditions and continuity conditions on the inter-

face do not satisfied prior. The electric Gibbs free energy for the linear piezoelectric

material under the small deformation is

g ¼ 1 2=ð ÞCijklεijεkl � 1 2=ð ÞEklEkEl � ekijEkεij

genv ¼ 1 2=ð ÞCenv
ijkl ε

env
ij εenvkl � 1 2=ð ÞEenvkl Eenv

k Eenv
l � eenvkij E

env
k εenvij

(2.44)

Omitting the derivation process, the PVP is

δΠ ¼ δΠ1 þ δΠ2 � δWint ¼ 0

δΠ1 ¼ δ

Z
V

g � σlkεkl þ DkEk þ 1 2=ð Þσlk uk;l þ ul;k
� �þ Dkφ;k

� �
dV �

Z
V

ðfk � ρ€ukÞδuk dV

þ
Z
V

ρeδφ dV �
Z
aσ

T�
kδuk daþ

Z
aD

σ�δφ da� δ

Z
au

Tkðuk � u�kÞ daþ δ

Z
aφ

σðφ� φ�Þ da

δΠ2 ¼ δ

Z
Venv

genv � σenvlk εenvkl þ Denv
k Eenv

k þ 1 2=ð Þσenvlk uenvk;l þ uenvl;k

� �
þ Denv

k φenv
;k

h i
dV

�
Z
Venv

ðf envk � ρ€uenvk Þδuenvk dV þ
Z
Venv

ρenve δφenv dV �
Z
aenvσ

T�env
k δuenvk da

þ
Z
aenvD

σ�envδφenv
k da� δ

Z
aenvu

Tenv
k ðuenvk � u�envk Þ daþ δ

Z
aenvφ

σenvðφenv � φ�envÞ da

δWint ¼
Z
aint

T�int
k δuk da�

Z
aint

σ�intδφ daþ δ

Z
aint

Tkðuk � uenvk Þda� δ

Z
aint

σðφ� φenvÞda

(2.45)
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It is easy to show that δΠ1 can be reduced to

δΠ1 ¼ δ

Z
V

Cijklεij � ekijEk � σkl
� �

δεkl þ Dk � EklEl � ekijεij
� �

δEk

� þ Ek þ φ;k

� �
δDk

þ 1 2=ð Þ uk;l þ ul;k
� �� εkl

� �
δσkl � ðσkl;l þ fk � ρ€ukÞδuk � Dk;k � ρe

� �
δφ
�
dV

þ
Z
aσ

σklnl � T�
k

� �
δuk daþ

Z
aD

Dknk þ σ�ð Þδφ da

þ
Z
au

σklnl � Tkð Þδuk � ðuk � u�kÞδTk
� �

da

þ
Z
aφ

ðDknk þ σÞδφþ ðφ� φ�Þδσ½ �daþ
Z
aint

σklnlδuk daþ
Z
aint

Dknkδφ da

(2.46)

Completing the variational calculation and considering the arbitrariness of δu; δφ;
δuenv; δφenv and T; σ finally we get

εkl ¼ 1 2=ð Þ uk;l þ ul;k
� �

; Ek ¼ �φ;k; Dk ¼ EklEl þ ekijεij; σkl ¼ Cijklεij � eiklEi

σkl;l þ fk ¼ ρ€uk; σklnl ¼ T�
k ; on aσ; uk ¼ u�k ; σklnl ¼ Tk; on au

Dk;k ¼ ρe; Dknk ¼ �σ�; on aD; φ ¼ φ�; Dknk ¼ �σ; on aφ

εenvkl ¼ 1 2=ð Þ uenvk;l þ uenvl;k

� �
; Eenv

k ¼ �φenv
;k ; Denv

k ¼ EklEenv
l � ekijε

env
ij ;

σenvkl ¼ Cijklε
env
ij � eiklE

env
i

σenvkl;l þ f envk ¼ ρ€uenvk ; σenvkl nenvl ¼ T�env
k on aenvσ ; uenvk ¼ u�envk ; σenvkl nenvl ¼ Tenv

k ;

on aenvu

Denv
k;k ¼ ρenve ; Denv

k nenvk ¼ �σ�env; on aenvD ; φenv ¼ φ�env; Denv
k nenvk ¼ �σenv;

on aenvφ

σkl � σenvkl

� �
nl ¼ T�int

k ; Dk � Denv
k

� �
nk ¼ �σ�int; uk ¼ uenvk ; φ ¼ φenv; on aint

(2.47)

Equation (2.47) is the complete governing equation.

2.4 Variational Principle in Piezoelectric Materials
Under Finite Deformation

2.4.1 The Electric Gibbs Free Energy in Initial Configuration

Some fundamental formulas and notations for finite deformation shown in Sect. 1.3.4

will be used in this chapter. It is emphasized that the same coordinate system is used

in the current and initial configurations. Since the isothermal electric Gibbs free

energy �g in the finite deformation state must be invariant in a rigid body rotation,
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so the �g for materials without the electric couple problem should be taken in the

following form:

�g ¼ 1 2=ð Þ �CIJKL�εIJ�εKL � 1 2=ð Þ�Ekl �EK
�EL � �eKIJ �EK�εIJ � 1 2=ð Þ�lIJKL �EI

�EJ�εKL
�CIJKL ¼ �CJIKL ¼ �CIJLK ¼ �CKLIJ ; �EKL ¼ �ELK; �eKIJ ¼ �eKJI; �lIJKL ¼ �lJIKL ¼ �lIJLK ¼ �lKLIJ

(2.48)

where �CIJKL;�EKL; �eKIJ ; �lIJKL are the material coefficients in the initial configuration.

It is noted that coefficients in the initial and current configurations are different.

From the thermodynamic theory, the constitutive equations are

�σLK ¼ @�g @�εKL= ¼ �CIJKL�εIJ � �eJKL �EJ � 1 2=ð Þ�lIJKL �EI
�EJ

�DK ¼ �@�g @ �EK= ¼ �Ekl þ �lIJKL�εJIð Þ �EL þ �eKIJ�εIJ
(2.49)

Using Eq. (2.49), Eq. (2.48) can be reduced to

�g ¼ 1 2=ð Þ �CIJKL�εIJ�εKL þ �ge; �ge ¼ � 1 2=ð Þ�ΓN
�EN ¼ � 1 2=ð Þ�ΓNφ;N;

�ΓN ¼ �DN þ �eNKL�εKL
(2.50)

In �g, the term 1 2=ð Þ �CIJKL�εIJ�εKL is the mechanical deformation energy, 1 2=ð Þ �DK
�EK is

the electromagnetic energy, 1 2=ð Þ�eNKLEN�εKL is the mechanical and electromagnetic

coupling energy, and �ge is the sum of the electromagnetic energy and coupling

energy. For the small deformation case, 1 2=ð Þ�eNKLEN�εKL can be neglected, so the

coupling energy can also be neglected.

2.4.2 Variational Principle with the Electric Gibbs Free
Energy Under Finite Deformation

As in Eq. (2–8), variations of φ; �E are divided into local variation δφφ; δφ�E and

migratory variation δuφ; δu�E, i.e.,

δφ ¼ δφφþ δuφ; δuφ ¼ φ;pδup ¼ �Epδup ¼ � �ELXL;pδup

δ �EI ¼ δφ �EI þ δu �EI; δu �EI ¼ �EI;pδup ¼ �EI;LXL;pδup ¼ �EL;IXL;pδup
(2.51)

Let the displacement u and the potential φ satisfy their boundary conditions

on their own boundaries �au; �aφ; �aψ and the continuity conditions on their interface

�aint (Fig. 2.1). The variational principle with the electric Gibbs free energy under

finite deformation for electroelastic media can be expressed in the following form

(Kuang 2008b, 2011a):
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δ�Π ¼ δ�Π1 þ δ�Π2 � δ �W
�int ¼ 0

δ�Π1 ¼
Z
�V

δ�g d �V þ
Z
�V

�geδui;i d �V � δ �W
�

δ�Π2 ¼
Z
�V
env
δ�genv d �V þ

Z
�V
env
�ge envδuenvi;i d �V � δ �W

�env

δ �W
� ¼

Z
�V

ð�f k � �ρ€ukÞδuk d �V �
Z
�V

�ρeδφ d �V þ
Z
�aσ

�T�
kδuk d�a�

Z
�aD

�σ�δφ d�a

δ �W
�env ¼

Z
�V
env
ð�f envk � �ρ€uenvk Þδuenvk d �V �

Z
�V
env
�ρenve δφenv d �V

þ
Z
�aenvσ

�T�env
k δuenvk d�a�

Z
�aenvD

�σ�envδφenv d�a

δ �W
�int ¼

Z
�aint

�T�int
k δuk d�a�

Z
�aint

�σ�intδφ d�a

(2.52)

where �T�
k ; �σ

�; �T�env
k ; �σ�env; �T�int

k ; �σ�int are the given values on the corresponding

surfaces.

Using relations ge dV ¼ �ge d �V;
R
V g

eδui;i dV ¼ R
�V �g

eδui;i d �V and
R
V δg dV ¼R

�V δ�g d
�V (Kuang 2008b, 2009a) yields

Z
�V

δ�gd �V þ
Z
�V

�geδui;i d �V ¼
Z
�V

ð�σJIδ�εIJ � �DIδ �EIÞ d �V þ 1 2=ð Þ
Z
�V

�ΓNφ;Nδuk;k d �V

¼
Z
�V

½�σJIxk;Iδuk;J � �DIð�δφφ;I þ �EL;IXL;pδupÞ� d �V þ 1 2=ð Þ
Z
�V

�ΓNφ;NXJ;kδuk;J d �V

¼
Z
�a

�σJIxk;I þ 1 2=ð Þ�ΓNφ;NXJ;k

� �
�nJδuk d�a�

Z
�V

�σJIxk;I þ 1 2=ð Þ�ΓNφ;NXJ;k

� �
;J
δuk d �V

þ
Z
�a

�DI�nIδφφ d�a�
Z
�V

�DI;Iδφφ d �V �
Z
�V

�DI
�EL;IXL;pδup d �V

(2.53)

where δuk;k ¼ δuk;JXJ;k was used. Substitution of Eq. (2.53) into Eq. (2.52) yields

δ�Π1 ¼
Z
�a

½ð�σJIxk;I þ 1 2=ð Þð�ΓNφ;NXJ;kÞ�nJ�δuk d�a�
Z
�aσ

�T�
k δuk d�a

�
Z
�V

½ð�σJIxk;I þ 1 2=ð Þ�ΓNφ;NXJ;kÞ;J þ �f k � �ρ€uk�δuk d �V þ
Z
�aD

ð �DI�nI þ �σ�Þδφφ d�a

þ
Z
�aintþaφ

�DI�nIδφφ d�a�
Z
�V

ð �DI;I � �ρeÞδφφ d �V �
Z
�V

�DI
�EL;IXL;pδup d �V

�
Z
�V

�ρeEpδup d �V �
Z
�aD

�σ�Epδup d�a

(2.54a)
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The last three terms in (2.54a) can be reduced to

�
Z
�V

�DI
�EL;IXL;pδup d �V �

Z
�V

�ρeEpδup d �V �
Z
�aD

�σ�Epδup d�a

¼ �
Z
�a

�DI
�ELXL;p�nIδup d�aþ

Z
�V

ð �DIXL;pδupÞ;I �EL d �V

�
Z
�V

�ρeEpδup d �V �
Z
�aD

�σ�Epδup d�a ¼ �
Z
�aD

ð �DI�nI þ �σ�ÞEpδup d�a

�
Z
�aintþ�aφ

�DI�nIEpδup d�aþ
Z
�V

�DI
�ELXL;pδup;I d �V þ

Z
�V

ð �DI;I � �ρeÞEpδup d �V

where XL;pδup �EL ¼ Epδup was used. So Eq. (2.54a) can be reduced to

δ�Π1 ¼
Z
�aσ

½ð�σJIxk;I þ 1 2=ð Þ�ΓNφ;NXJ;kÞ�nJ � �T�
k �δuk d�a

þ
Z
�aintþau

ð�σJIxk;I þ 1
2
�DNφ;NXJ;kÞ�nJδuk d�a

�
Z
�V

½ð�σJIxk;I þ 1 2=ð Þ�ΓNφ;NXJ;kÞ;J þ �f k � �ρ€uk�δuk d �V þ
Z
�aD

ð �DI�nI þ �σ�Þδφφ d�a

�
Z
�aD

ð �DI�nI þ �σ�ÞEpδup d�aþ
Z
�aintþ�aφ

�DI�nIδφφ d�a�
Z
�aintþ�aφ

�DI�nIEpδup d�a

�
Z
�V

ð �DI;I � �ρeÞδφφ d �V þ
Z
�V

�DIELXL;pδup;I d �V þ
Z
�V

ð �DI;I � �ρeÞEpδup d �V

¼
Z
�aσ

ðSIJ�nI � �T�
J ÞδuJ d�aþ

Z
�aint

SIJ�nIδuJ d�a�
Z
�V

ðSIJ;I þ f J � �ρ€uJÞδuJ d �V

þ
Z
�aD

ð �DI�nI þ �σ�Þδφ d�aþ
Z
�aint

�DI�nIδφ d�a�
Z
�V

ð �DI;I � �ρeÞδφ d �V ¼ 0

(2.54b)

where

�SJk ¼ �σJIxk;I þ XL;k�σ
M
JL;

�σMJL ¼ �DJ
�EL � 1

2
�ΓN

�ENδJL ¼ �DJ
�EL � 1

2
�DN þ �eNML�εMLð Þ �ENδJL

(2.55)

�SIJ is called the pseudo total stress in the initial configuration, �σMIJ may be called

the second kind of the Maxwell stress defined in initial configurations, and XL;k�σMJL
may be called the first kind of the Maxwell stress defined in current and initial

configurations. From Eq. (2.55), it is known that when the initial configuration

is used as the reference configuration, the Maxwell stress is related to strain.

But for isotropic materials, the Maxwell stress is still not related to strain due to

�eNML ¼ 0.
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Due to the arbitrariness of δ�ui; δ�φ, from Eq. (2.54b) we get

�SJk;J þ �f k ¼ �ρ€uk; �DI;I ¼ �ρe in �V

�SJk�nJ ¼ �T�
k on �aσ; �DI�nI ¼ ��σ� on �aD

(2.56)

and

δ�Π1 ¼
Z
�aitf

�SIJ�nIδuJ d�aþ
Z
�aitf

�DI�nIδφ d�a (2.57a)

Similarly for the environment, we have

δ�Π2 ¼
Z
�V
env
δ�genv d �V þ

Z
�Venv

�genvδuk;k d �V � δ �W�env
1 ¼

Z
�aenvσ

ð�SenvIJ �nenvI � �T�env
J Þδuenvi d�a

þ
Z
�aint

�SenvIJ �nenvI δuenvi d�a�
Z
�V
env
ð�SenvIJ;I þ �f envJ � �ρ€uenvJ Þδ€uenvJ d �V

þ
Z
�aenvD

ðDenv

I �nenvI þ �σ�envÞδφenv d�aþ
Z
�aitf

D
env

I �nenvI δφenv d�a

�
Z
�Venv

ðDenv

I;I � �ρenve Þδφenv d �V ¼ 0

(2.58)

Due to the arbitrariness of δ�uenvi ; δ�φenv, from Eq. (2.58), we get

�SenvIJ �nenvI ¼ �T�env
J on �aenvσ ; �Denv

I �nenvI ¼ ��σ�env on �aenvDE

�SenvIJ;I þ �f envJ ¼ �ρenv€uenvJ ; �Denv
I;I ¼ �ρenve in �V

env (2.59)

and

δ�Π2 ¼
Z
aitf

�SenvIJ �nenvI δuenvJ d�aþ
Z
aitf

�Denv
I �nenvI δφenv d�a (2.57b)

Noting �nI ¼ ��nenvI ; �uI ¼ �uenvI ;φ ¼ φenv on the interface, we get

δ�Π ¼ δ�Π1 þ δ�Π2 � δ �W
�int ¼

Z
�aint

�SIJ�nIδuJ d�aþ
Z
�aint

�DI�nIδφ d�a

þ
Z
�a
int

�SenvIJ �nenvI δuenvJ d�aþ
Z
�aint

�Denv
I �nenvI δφenv d�a�

Z
�aint

�T�int
K δuk d�aþ

Z
�aint

�σ�intδφ d�a ¼ 0

So on the interface, it is obtained:

ð�SIJ � �SenvIJ Þ�nI ¼ �T�int
J ; ð �DI � �Denv

I Þ�nI ¼ ��σ�int; on �aint (2.60)

The above variational principle requests prior that the displacements and

the potential satisfy their own boundary conditions and the continuity conditions
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on the interface, so the following equations should also be added to governing

equations:

ui ¼ u�i ; on au; φ ¼ φ�; on aφ

uenvi ¼ u�envi ; on aenvu ; φenv ¼ φ�env; on aenvφ

ui ¼ uenvi ; φ ¼ φenv; on aint ð2:61Þ

Equations (2.55), (2.56), (2.59), (2.57b), (2.60), and (2.61) are the governing

equations under the finite deformation. It is noted that for the elastic material,

these formulas are reduced to the usual elastic governing equations for elasticity.

If in Eq. (2.52) we use δ
R
�V �g d

�V instead of
R
�V δ�g d

�V þ R �V �geδui;i d �V , Eq. (2.52)

cannot be reduced to the usual elastic variational formula.

2.5 Internal Energy Variational Principle
in Piezoelectric Materials

2.5.1 Internal Energy

It is noted that the constitutive equations of the general electroelastic materials are

linear in the elastic part, but are nonlinear in the electric part for small deformation.

The internal energy A for materials without electric couple is assumed in the

following form under small deformation:

Aðεkl;DkÞ ¼ 1 2=ð ÞCijklεijεkl þ 1 2=ð ÞβklDkDl � hkijDkεij � 1 2=ð ÞkijklDiDjεkl þ � � �
βkl ¼ βlk; kijkl ¼ kjikl ¼ kijlk ¼ kklij; hkij ¼ hkji Cijkl ¼ Cjikl ¼ Cijlk ¼ C

(2.62a)

where hkij; βkl; kijkl; and Cijkl are material constants. The constitutive equations are

σlk ¼ @A @εkl= ¼ Cijklεij � hkijDk � 1 2=ð ÞkijklDiDj

Ek ¼ @A @Dk= ¼ ðβkl � kklijεjiÞDl � hkijεij
(2.63)

Equation (2.62a) can be rewritten as

Aðεkl;DkÞ ¼ 1 2=ð ÞCijklεij þ Ae; Ae ¼ 1 2=ð Þ EkDk � ΔA
klεkl

� �
; ΔA

kl ¼ hkijDk

(2.62b)
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2.5.2 Internal Energy Variational Principle under
Small Deformation

Let u;D; uenv;Denv satisfy their boundary conditions on their own boundaries au;

aD; a
env
u ; aenvD and the continuity conditions on the interface aint, i.e.,

ui ¼ u�i ; on au; Dini ¼ �σ�; on aD

uenvi ¼ u�envi ; on aenvu ; Denv
i nenvi ¼ �σ�env; on aenvD

ui ¼ uenvi ; ðDi � Denv
i Þni ¼ �σ�int; on aint

(2.64)

where n is the outward normal of the body. Inside the body and environment,

it is assumed that

ρe ¼ Di;i; εij ¼ ui;j þ uj;i
� �

2= in V; ρenve ¼ Denv
i;i ;

εenvij ¼ uenvi;j þ uenvj;i

� �
2= in Venv

(2.65)

Under the above conditions, given the displacement and electric charge virtual

increments, the PVP in term of the internal energy is (Kuang 2009a)

δΠ ¼ δΠ1 þ δΠ2 � δWint ¼ 0

δΠ1 ¼ δ

Z
V

A dV �
Z
V

ðfk � ρ€ukÞδuk dV �
Z
aσ

T�
k δuk da�

Z
V

φδðρe dVÞ

�
Z
aD

φδðσ� daÞ �
Z
aφ

φ�δðσ daÞ

δΠ2 ¼ δ

Z
Venv

Aenv dV �
Z
Venv

ðf envk � ρenv€uenvk Þδuenvk dV �
Z
aenvσ

T�env
k δuenvk da

�
Z
Venv

φenvδðρenve dVÞ �
Z
aenvD

φenvδðσ�env daÞ �
Z
aenvφ

φ�envδðσenv daÞ

δWint ¼
Z
aint

T�int
k δuk daþ

Z
aint

φ�intδðσ daÞ

(2.66)

where a ¼ aσ þ au þ aint ¼ aD þ aφ þ aint, fk; T
�
k ;φ, and φ� are given body force,

traction, potential, and surface potential, respectively. It is noted that the work done

by the electric field in Eq. (2.66) has the formφδq, i.e. the potential is kept constant,
but the electric charge ρe dV, σda etc. have virtual increment. σ� and σ�env are given
constants and do not change when virtual displacements happen, so terms σ�da and
σ�env daenv will not be constants. Thus, terms

R
aD
φδðσ�daÞ and Raenv

D
φenvδðσ�envdaÞ

etc. should be added to the variational formula.T�int
k andφ�int are given surface force

and the jump of electric potential on the interface, respectively. Similar to Eq. (2.8),
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δDi ¼ δDDi þ δuDi; δuDi ¼ Di;pδup; Ek;j ¼ Ej;k ¼ �φ;jk

δρe ¼ δDρe þ δuρe; δuρe ¼ Di;ipδup ¼ Di;piδup
(2.67)

The variation of the differential volume and area, etc. are

δðdVÞ ¼ δuk;kdV; δðnk daÞ ¼ ðnkδup;p � npδup;kÞ da;
δðdaÞ ¼ ðδup;p � δup;knpnkÞ da

(2.68)

Neglecting terms containing ðσklεkl þ kijklDiDjεklÞ=2, it is obtained:

δ

Z
V

A dV ¼
Z
V

σjiδui;j dV þ
Z
V

EjδDj dV þ
Z
V

Aeδuk;k dV

¼
Z
a

ðσji þ EmDmδij 2= Þnjδui da�
Z
V

ðσji þ EmDmδij 2= Þ;jδui dV þ
Z
V

EjδDj dV

(2.69a)

Z
V

φδðρe dVÞ ¼
Z
V

φδðDi;i dVÞ ¼
Z
V

φδDi;i dV þ
Z
V

φDi;iδup;p dV ¼
Z
V

φδDDi;i dV

þ
Z
V

φDi;ipδup dV þ
Z
V

φDi;iδup;p dV ¼
Z
a

φδDDini da�
Z
V

φ;iδDDi dV

þ
Z
a

φδuDini da�
Z
V

φ;iδuDi dV �
Z
V

φDi;pδup;i dV þ
Z
V

φDi;iδup;p dV ¼
Z
a

φδDini da

�
Z
V

φ;iδDi dV �
Z
a

φDi;pniδup daþ
Z
V

ðφDi;pÞ;iδup dV þ
Z
V

φDi;iδup;p dV

(2.69b)Z
aD

φδðσ� daÞ ¼ �
Z
aD

φDiniδðdaÞ ¼ �
Z
aD

φDiniðδup;p � δup;knpnkÞ da

¼ �
Z
aD

φðDiδup;p � Dpδui;pÞni da�
Z
aD

φðDpδui;p � Diδup;knpnkÞni da

¼ �
Z
a

φðDiδup;p � Dpδui;pÞni daþ
Z
aφþaint

φðDiδup;p � Dpδui;pÞni da

�
Z
aD

φðDpδui;p � Diδup;knpnkÞni da

(2.69c)Z
aφ

φ�δðσ daÞ ¼ �
Z
aφ

φ�δðDinidaÞ ¼ �
Z
aφ

φ�δDini da�
Z
aφ

φ�Diδðni daÞ

¼ �
Z
aφ

φ�δDini da�
Z
aφ

φ�ðDiδup;p � Dpδui;pÞni daZ
aint

φ�intδðσ daÞ ¼ �
Z
aint

φ�intδDint
i ni da�

Z
aint

φ�intðDint
i δup;p � Dint

p δui;pÞni da
(2.69d)
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and

Z
a

φðDiδup;p � Dpδui;pÞni da�
Z
V

φDi;iδup;p dV ¼
Z
V

φ;iðDiδup;p � Dpδui;pÞ dV

þ
Z
V

φðDiδup;p � Dpδui;pÞ;i dV �
Z
V

φDi;iδup;p dV ¼
Z
V

φ;iDiδup;p dV

�
Z
V

φ;iDpδui;pdV �
Z
V

φDp;iδui;p dV ¼
Z
V

φ;iDiδup;p dV �
Z
V

φDp

� �
;i
δui;p dV

¼
Z
a

φ;iDiδup
� �

np da�
Z
V

φ;iDi

� �
;p
δup dV �

Z
a

φDp

� �
;i
δui

h i
np daþ

Z
V

φDp

� �
;ip
δui dV

¼ �
Z
a

ðφDpÞ;inpδui daþ
Z
V

ðφDpÞ;piδui dV þ
Z
a

φ;iDinpδup da�
Z
V

ðφ;iDiÞ;pδup dV

(2.70a)

Z
aD

φδDini da ¼
Z
aD

φδðDiniÞ da�
Z
aD

φDiδni da

¼ �
Z
aD

φðDiδup;lnlnpni � Diδup;inpÞ da (2.70b)

In Eq. (2.70b), Dini ¼ �σ� is a given value on aD, so its variation vanishes on aD.
Substituting above equations into δΠ1 in Eq. (2.66), it is obtained:

δΠ1 ¼
Z
aσ

σji þ 1

2
EmDmδij þ φDj;i � ðφDjÞ;i þ φ;pDpδij

	 

nj � T�

i

 �
δuida

�
Z
V

σji þ 1

2
EmDmδij þ φDj;i � ðφDjÞ;i þ φ;pDpδij

	 

;j

þ fi � ρ€ui

" #
δuidV

þ
Z
V

ðEj þ φ;jÞδDjdV þ
Z
aφ

ðφ� � φÞniδDida

þ
Z
aφ

ðφ� � φÞðDiδup;p � Dpδui;pÞnida

þ
Z
aint

σji þ 1

2
EmDmδij þ φDj;i � ðφDjÞ;i þ φ;pDpδij

	 

nj

 �
δuida

�
Z
aint

φðDiδup;p � Dpδui;pÞnida�
Z
aint

φδDinida ð2:71Þ

From Eqs. (2.66)and (2.71) and the arbitrariness of δui; δDi we get

Sji;j þ fi ¼ ρ€ui; Ej ¼ �φ;i; in V

Sjinj ¼ T�
i ; on aσ; φ ¼ φ�; on aφ; Sij ¼ σij þ σMij

σMji ¼ φDj;i þ 1

2
EmDmδij � ðφDjÞ;i þ φ;pDpδij ¼ DjEi � 1

2
EpDpδij ð2:72Þ
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where σM is the Maxwell stress. Using Eq. (2.72), δΠ1 is reduced to

δΠ1 ¼
Z
aint

Sjinjδui da�
Z
aint

φδDini da�
Z
aint

φðDiδup;p � Dpδui;pÞni da

¼
Z
aint

Sjinjδui da�
Z
aint

φδDini da�
Z
aint

φDiδðni daÞ ð2:73Þ

Similarly for the environment, we have

Senvji;j þ f envi ¼ ρ€uenvi ; Eenv
i ¼ �φenv

;i ; in Venv

Senvji nenvj ¼ T�env
i ; on aenvσ ; φenv ¼ φ�env; on aenvφ ; Senvij ¼ σenvij þ σMij

δΠ2 ¼
Z
aint

Senvij nenvj δuenvi da�
Z
aint

φenvδDenv
i nenvi da�

Z
aint

φenvDenv
i δ nenvi da
� �

(2.74)

δWint can be reduced to

δWint ¼
Z
aint

T�int
k δuk da�

Z
aint

φ�intniδDi da�
Z
aint

φ�intðDiδup;p � Dpδui;pÞni da

¼
Z
aint

T�int
k δuk da�

Z
aint

φ�intniδDi da�
Z
aint

φintDiδðni daÞ ð2:75Þ

Substituting Eqs. (2.73), (2.74) and (2.75) into Eq. (2.66) and noting nenv ¼ �n,
u ¼ uenv we have

δΠ ¼
Z
aint

½ðSij � Senvij Þnj � T�int
i �δui da

�
Z
aint

ðφ� φenv � φ�intÞ δ Dinið Þ þ DiniδðdaÞ½ � (2.76)

Due to the arbitrariness of δui; δDi, we get

ðSij � Senvij Þnj ¼ T�int
i ; φ� φenv ¼ φ�int; on aint (2.77)

Equations (2.72), (2.74), (2.77), (2.64), and (2.65) form the complete governing

equations.

2.5.3 The Force Acting on the Dielectric in a Plate Capacitor

As an application of the PVP, we discuss the force acting on the dielectric in a plate

capacitor filled the dielectric with permittivity E as shown in Fig. 2.2. Assume both
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the length and width of the plates are infinitely long, the distance h between two

electrodes is small. There is no external mechanical force. The electric field inside

the dielectric of the capacitor is homogeneous and E ¼ E2n, where n is along the

positive direction of the axis x2. The electric field inside the electrode is zero. In this
simple case, the static electric force can be directly derived from the Maxwell stress

and the general equation of the PVP.

1. The Maxwell Stress Method
Using the Maxwell stress in Eqs. (2.12) and (2.18), the force acting on the

dielectric is

T ¼ n � σM plate � σM
� � ¼ �σM � n ¼ � 1 2=ð ÞDnEnn ¼ � 1 2=ð ÞEE2

2n (2.78)

2. The Internal Energy Variational Principle
Let the upper plate electrode possesses negative charge and the lower electrode

possesses positive charge. Because on the electrobe the electric charge is given in

the internal energy variational principle, the boundary conditions on the whole

boundary of the dielectric are known. In Eq. (2.66) we only need to discuss δΠ1.

Given the upper electrode a virtual displacement δu2 ¼ δh, the virtual strain of the

dielectric is ε22 ¼ u2;2 ¼ δh h= . Because only δu2 is considered, the surface integrals
in δΠ1 can be neglected due to that the surface area keeps constant in the virtual

displacement process. Therefore the variational principle for the volume between

unit surfaces of electrodes is

δΠA ¼ δΠ1 ¼ δ

Z
V

A dV ¼ hðσ22δu2;2 þ E2δD2 þ 1 2=ð ÞE2D2δu2;2Þ ¼ 0

Because electric charge q on the electrode is constant, so δDD2 ¼ 0. In volume

D2 ¼ const: due to D2;p ¼ 0, so δuD2 ¼ 0. Therefore, it is obtained:

δΠA ¼ hðσ22δu2;2 þ E2δD2 þ 1 2=ð ÞE2D2δu2;2Þ ¼ h σ22
δh

h
þ 1

2
E
φ

h

� �2 δh
h

 �
¼ 0

) T2 ¼ σ22 ¼ � E 2=ð Þ φ h=ð Þ2

The result is identical with that in Eq. (2.78).

3. The Electric Gibbs Free Energy Variational Principle
Let the lower electrode possesses positive potential and the upper plate electrode

grounded. Analogous to the above problem, but on the electrode the electric

Fig. 2.2 A plate capacitor
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potential is given in the electric Gibbs free energy variational principle now. In Eq.

(2.7) we only need to discuss δΠ1.

Give a virtual displacement under the constant electric potential on the electrode

plate. It is noted that thoughφ is constant on the plate, but after virtual displacement,

φ is changed for the point inside the dielectric. For a fixed x, the change of the

electric field due to changed φ is

δφE2 ¼ φ hþ δhð Þ= � φ h= ¼ �φδh h= 2; �D2δE2 ¼ D2E2δh h= :

The potential φ on the electrode is constant, E2;p ¼ 0, so δE2 ¼ δφE2. Therefore,

we have

δΠg ¼ h σ22δu2;2 � D2δE2 � 1 2=ð ÞE2D2δu2;2
� �

¼ hD2 σ22 δh h=ð Þ þ 1 2=ð ÞEE2
2 δh h=ð Þ� � ¼ 0 ) T2 ¼ σ22 ¼ �D2

2 2E=

The result is identical with that in Eq. (2.78).

Equation (2.78) shows that the force acting on the dielectric is compressive.

It is just the attractive force between two electrodes. This result is identical with that

in usual textbooks.

2.6 Constitutive Equations in Electroelasticity

2.6.1 Constitutive Equations

In this section, we only discuss the case with symmetric stresses. When the

thermal effect is omitted in Eq. (1.59), there are only four thermodynamic

character functions: the internal energy Aðε;DÞ is equivalent to the free energy f ,
the electric Gibbs function gðε;EÞ is equivalent to the electric enthalpy he , the
enthalpy hðσ;EÞ is equivalent to the Gibbs function gg , and the elastic Gibbs

function gelðσ;DÞ is equivalent to the elastic enthalpy hel . In general case,

there are two groups with four variables: ðσ; εÞ; ðE;DÞ in electroelasticity. Because

each variable in two groups can be used as the independent variable, there are four

group constitutive equations corresponding to four thermodynamic character

functions A (f ), g (he), h (gg ), and hel (gel). Constitutive equation (2.3) is derived

from g; Eq. (2.63) is derived fromA. The enthalpy h and the elastic Gibbs function gel

can, respectively, be assumed in the following forms:

h ¼ � 1 2=ð Þsijklσijσkl � 1 2=ð ÞEklEkEl � dkijEkσij � 1 2=ð ÞpijklEiEjσkl (2.79)

gel ¼ � 1 2=ð Þsijklσijσkl þ 1 2=ð ÞβklDkDl � gkijDkσij � 1 2=ð ÞqijklDiDjσkl (2.80)

where s is the flexibleness coefficient tensor. From Eqs. (2.79) and (2.80), the

following constitutive equations are obtained, respectively:
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εij ¼ �@h @σij ¼
�

sijklσkl þ dkijEk þ 1 2=ð ÞpijklEkEl

Di ¼ �@h @Ei ¼= EijEj þ dijkσjk þ pijklEjσkl
(2.81)

εij ¼ �@gel @σij
� ¼ sijklσkl þ gkijDk þ 1 2=ð ÞqijklDkDl

Ei ¼ @gel @Di= ¼ βijDj � gijkσjk � qijklDiσkl
(2.82)

Equations (2.3), (2.63), (2.81), and (2.82) are four kinds of constitutive equa-

tions for general ferroelectric materials. In these equations, it has been assumed that

σ ¼ ε ¼ E ¼ D ¼ 0 at the natural state. Constitutive equations of some simpler

materials are as follows.

Linear piezoelectric materials. The constitutive equations of the first, second,

third, and fourth types of linear piezoelectric materials are

εij ¼ sEijklσkl þ dσkijEk ðor dσijkEkÞ; Di ¼ dEijkσjk þ EσijEj

σij ¼ CE
ijklεkl � eεkijEk; ðor eεijkEkÞ Di ¼ eEiklεkl þ EεijEj

εij ¼ sDijklσkl þ gσkijDk; ðor gσijkEkÞ Ei ¼ �gDijkσjk þ βσijDj

σij ¼ CD
ijklεkl � hεkijDk; ðor hεijkEkÞ Ei ¼ �hDiklεkl þ βεijDj

(2.83)

where the superscript letter “ς” of a material constant means that the constant is

measured at ς ¼ const:As an example,CE
ijklmeans that the constantCE

ijkl is measured

at Ei ¼ const: Usually the coefficient measured at constant E is called the closed

circuit coefficient, and the coefficient measured at constant D is called the open

circuit coefficient. Usually e � E ¼ eεijkEk is more convenient than E � e ¼ eεkijEk in

use. If the Voigt notation (see Eq. (1.37) is used, Eq. (2.83) can be rewritten as

ε ¼ s : σ þ dT � E; D ¼ d : σ þ e � E; σ ¼ C : ε� eT � E; D ¼ e : εþ e � E;
ε ¼ s : σ þ gT � D; E ¼ �g : σ þ β � D; σ ¼ C : ε� hT � D; E ¼ �h : εþ β � D

(2.84)

It is noted that though some coefficients have the same notation in different kind of

constitutive equations, they should be measured in different conditions.

Electrostrictive materials with symmetric center. For all electrostrictive materials

with symmetric center, the material coefficients with odd number subscript are all

zero, so the piezoelectric effect disappeared. In Eq. (2.3), if terms containing α are

omitted, the constitutive equations have following forms:

εij ¼ SEijklσkl þ 1 2=ð ÞpijklEkEl; Di ¼ EσijEj þ pijklEjσkl � EσijEj

σij ¼ CE
ijklεkl � 1 2=ð ÞlijklEkEl; Di ¼ EεijEj þ lijklEjεkl � EεijEj

εij ¼ SDijklσkl þ 1 2=ð ÞqijklDkDl; Ei ¼ βσijDj � qijklDjεkl � βσijDj

σij ¼ CD
ijklεkl � 1 2=ð ÞkijklDkDl; Ei ¼ βεijDj � kijklDjεkl � βεijDj

(2.85)

Under the high electric field, usually the electric hysteretic loop of the electrostric-

tive material, like PMN, is smaller than that of the piezoelectric material, like PZT.
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2.6.2 Relations Between Material Constants of the Linear
Piezoelectric Materials

Equation (2.83) is the four kinds of constitutive equations for the linear piezoelec-

tric materials. Substitution of D in the second equation into the fourth equation in

Eq. (2.83) yields

σij ¼ CD
ijklεkl � hEkij e

E
kmnεmn þ EεkmEm

� � ¼ CD
ijkl � hEpije

E
pkl

� �
εkl � hEkijE

ε
kmEm ¼ CE

ijklεkl � eεmijEm

Ei ¼ �hDiklεkl þ βεij eEjmnεmn þ EεjmEm

� �
¼ �hDikl þ βεije

E
jkl

� �
εkl þ βεijE

ε
jmEm

and in the similar discussion, we finally get

CD
ijkls

D
klmn ¼ CE

ijkls
E
klmn ¼ δimδjn; βεijE

ε
jm ¼ βσijE

σ
jm ¼ δim; Eσip � Eεip ¼ eEikld

σ
pmn;

βεip � βσij ¼ hDiklg
σ
pkl; dσmij ¼ gσpijE

σ
pm; gDikl ¼ βσipd

D
pkl; eεmij ¼ hEkijE

ε
km; hDikl ¼ eEjklβ

ε
ij;

βεipE
σ
pm � hDikld

σ
mkl ¼ βσipE

ε
pm þ gDikle

ε
mkl ¼ δim; CD

ijkl � CE
ijkl ¼ hEpije

E
pkl; sDijkl � sEijkl ¼ �gσpijd

D
pkl;

CD
ijklg

σ
pkl ¼ hEpij; CD

ijkld
σ
mkl ¼ hEpijE

σ
pm; CE

ijkld
σ
pmn ¼ eεpij; gDiklC

E
klmn ¼ βσipe

E
pmn;

hDikls
D
klmn ¼ gDimn; eEikls

E
klmn ¼ dDimn; hDikls

E
klmn ¼ βεipd

D
pmn; sDijkle

ε
mkl ¼ gσpijE

ε
pm;

CD
ijkls

E
klmn � hEpijd

D
pmn ¼ sDijklC

E
klmn þ gσpije

E
pmn ¼ δimδnj

(2.86)

For the nonlinear ferroelectric materials, relations between material coefficients

of different constitutive equations are difficult expressed in simple unique forms.

2.7 Variational Principle in Pyroelectric Materials
and Its Governing Equations

2.7.1 Internal Energy and Electric Gibbs Function

According to the continuum thermodynamics in Sect. 1.5, the electric Gibbs function

g, the electric complementary dissipative energy rate _hg, the internal energyA, and the

dissipative energy rate _hA can be assumed as

gðεkl;Ek; ϑÞ ¼ 1 2=ð ÞCijklεijεkl � ekijEkεij � 1 2=ð ÞEijEiEj � αijεijϑ� τiEiϑ� 1 2T0=ð ÞCϑ2

δhg ¼ ηjδϑ;j ¼ �
Z t

0

λijT
�1ϑ;i dτ

	 

δϑ;j

Cijkl ¼ Cjikl ¼ Cijlk ¼ Cklij; ekij ¼ ekji; Ekl ¼ Elk; αij ¼ αji; λij ¼ λji

(2.87)

62 2 Physical Variational Principle and Governing Equations

http://dx.doi.org/10.1007/978-3-642-36291-0_1


Aðεkl;Dk; sÞ ¼ 1 2=ð ÞCijklεijεkl � hkijDkεij þ 1 2=ð ÞβijDiDj � ~αijεjis� ~τiDisþ T0 2=ð Þ ~Cs2
δhA ¼ ~λijT _ηjδηið¼ TδsðiÞ ¼ �T;i _ηiÞ
Cijkl ¼ Cjikl ¼ Cijlk ¼ Cklij; hkij ¼ hkji; βkl ¼ βlk; ~αij ¼ ~αji; ~λij ¼ ~λji

(2.88)

Where ϑ ¼ T � T0 , T0 is the temperature of the environment. It is noted that in

Eq. (2.87), s ¼ 0 when T ¼ T0, if εij ¼ Ei ¼ 0, but in Eq. (2.88), s ¼ 0 when T ¼ 0

and s ¼ s0 when T ¼ T0 ; if εij ¼ Di ¼ 0; ~αij;~τi; ~C;~λij are all material constants.

In the later sections, this rule will be adopted. Constitutive and evolution equations

corresponding to Eq. (2.87) are

σji ¼ @g @εij
� ¼ Cijklεkl � ekijEk � αijϑ

Di ¼ �@g @Ei= ¼ EijEj þ eiklεkl þ τiϑ

s ¼ �@g @ϑ= ¼ αijεij þ τiEi þ Cϑ=T0

ηi ¼ �@hg @T;i
� ¼ �

Z t

0

T�1λijϑ;j dτ; T _ηi ¼ qi ¼ �λijϑ;j

(2.89)

where the evolution equation of temperature has been shown in Eq. (1.71).

Corresponding to Eq. (2.88) the constitutive and evolution equations are

σji ¼ @A @εij
� ¼ Cijklεkl � hkijDk � ~αijs

Ei ¼ @A @Di= ¼ βijDj � hiklεkl � ~τis

T ¼ @A @s= ¼ �~αijεji � ~τiDi þ T0 ~Cs

T;i ¼ �@hA @ηi= ¼ �~λijT _ηj ¼ �~λijqj;
Z t

0

T;i dτ ¼ �T

Z t

0

~λij _ηj dτ

(2.90)

It is obvious that there is T;j ¼ ϑ;j; _T ¼ _ϑ . Using Eqs. (2.89) and (2.90),

Eqs. (2.87) and (2.88) can be rewritten, respectively, as

g ¼ 1 2=ð ÞCijklεijεkl þ gE T ; gE T ¼ � 1 2=ð Þ DkEk þ sϑþ Δklεklð Þ; Δkl ¼ emklEm þ αklϑ

A ¼ 1 2=ð ÞCijklεijεkl þ AE T ; AE T ¼ 1 2=ð Þ DkEk þ sT þ Δ0
klεklð Þ; Δ0

kl ¼ hmklDm þ αkls

(2.91)

In Eq. (2.91), Δklεkl and Δ0
klεkl can be neglected for the case of small strain.

Using the inertial entropy theory given in Sect. 1.7.2, from Eqs. (2.89) and

(1.74), the thermal conductive or energy equation can be obtained:

�qi;i ¼ T _sþ T _sðaÞ � _r; λijT;ji ¼ Tðαij _εij þ τi _Ei þ T�1
0 C _ϑþ T�1

0 Cρs0€ϑÞ � _r

(2.92)

If ϑ is much less than T0, ϑ 	 T0, then the above equation is reduced to

λijϑ;ji ¼ T0αij _εij þ T0τi _Ei þ Cð _ϑþ ρs0€ϑÞ � _r (2.93)

Equations (2.92) and (2.93) are temperature wave equations with finite phase velocity.
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2.7.2 Electric Gibbs Function Variational Principle

In this section, we only discuss the PVP of the pyroelectric material with linear

elasticity under small deformation. For simplicity, it is assumed that the environment

is air. It is also assumed that in the air, the temperature is constant or ϑenv ¼ 0 and at

infinity, E1 ¼ 0; σ�1 ¼ 0. The interface is heat insulated. The heat input and heat

output by heat conduction may be occured at some internal boundaries. Analogous to

Eq. (2.8), the variation of the temperatureϑ can also be divided into δϑϑ andδuϑ, but it
is not needed because the final result shows that terms containing δuϑ are

countervailed each other. So the body and air only have electric connection. However,

the contribution of the heat due to the variation of the volume seems to be considered.

Under the assumption that u;φ; ϑ satisfy their own boundary conditions ui ¼
u�i ;φ ¼ φ� and ϑ ¼ ϑ� on au; aφ and aT , respectively. φ ¼ φenv; ϑ ¼ ϑenv ¼ 0

on the interface except at some heat source and sink places. In the medium εij ¼
ðui;j þ uj;iÞ=2; Ei ¼ �φ;i,T _ηj ¼ �λijϑ;i and the constitutive equation (2.89) are held.
Noting Eq. (1.59), g ¼ A� E � D� Ts , the PVP in terms of the electric Gibbs

function for the pyroelectricity can be written as (Kuang 2009b)

δΠ ¼ δΠ1 þ δΠ2 � δWint ¼ 0

δΠ1 ¼
Z
V

δðg þ hgÞ dV þ
Z
V

gE Tδui;i dV � δQ0 � δW

δQ0 ¼ �
Z
V

Z t

0

ð _r T= Þδϑ dτ dV þ
Z
V

s að Þδϑ dV þ
Z
aq

Z t

0

_η�δϑ dτ da�
Z
V

Z t

0

_sðiÞδϑ dτ dV

δW ¼
Z
V

ðfk � ρ€ukÞδuk dV �
Z
V

ρeδφ dV þ
Z
aσ

T�
kδuk da�

Z
aD

σ�δφ da

δΠ2 ¼
Z
Venv

δgenv dV þ
Z
Venv

gE T envδuenvi;i dV �
Z
V

ρenve δφ dV

δWint ¼
Z
aint

T�int
k δuk da�

Z
aintD

σ�intδφ da

(2.94)

where fk; T
�
k ; ρe; σ

�; ρenve and _η�i ð _η� ¼ _η�i niÞ are the given mechanical body force,

traction, body electric charge density, surface electric charge density, body electric

charge density in the air, and surface entropy flow, respectively, andaq is the surface

given thermal flow, genv ¼ gE T env ¼ � 1 2=ð ÞDenv
k Eenv

k ;Denv
k ¼ E0Eenv

k . In Eq. (2.94),

the term
R t
0
_sðiÞδϑ dτ is the electric complement heat rate per unit volume corres-

ponding to the inner electric complement dissipation energy rate δhg . This is

consistent with the laws of the thermodynamics. In order to obtain the heat conduc-

tion equation and the boundary condition of the heat flow from the variational

principle, the electric complement dissipation energy
R
V δhg dV in δΠ and the

inner irreversible electric complement heat
R
V

R t
0
_sðiÞδϑ dτ dV in δQ0 should be

simultaneously included in the variational functional. In Eq. (2.94), the integrands
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contain the time derivatives of variables and need to integrate with time t, because in

the irreversible process the integral is dependent to the integral path. But the time is

a parameter and does not join the virtual variation.

It is noted that

Z
V

δg dV ¼
Z
V

σjiδui;j dV �
Z
V

DkδEk dV �
Z
V

sδϑ dV ¼
Z
V

σjiδui;j dV

þ
Z
V

Dkδφφ; i dV �
Z
V

DiEp;iδup dV �
Z
V

sδϑ dV

¼
Z
a

σjinjδui da�
Z
V

σji;jδui dV þ
Z
a

Dknkδφφ da�
Z
V

Dk;kδφφ dV

�
Z
V

DiEp

� �
;i
δup dV þ

Z
V

Di;iEpδup dV �
Z
V

sδϑ dVZ
V

gE Tδuk;k dV ¼ � 1 2=ð Þ
Z
a

DkEk þ sϑð Þnkδuk dV þ 1 2=ð Þ
Z
V

DkEk þ sϑð Þ;kδuk dVZ
V

δhg dV ¼
Z
a

ηjnjδϑ da�
Z
V

ηj;jδϑ dV; ηj ¼ �
Z t

0

λijT
�1ϑ;i dτ

(2.95)

Substituting Eq. (2.95) into δΠ1 of Eq. (2.94) and adding a term
R
a Dknk

Epδup þ δuφ
� �

da to it, similar to the derivation in Sect. 2.1.2, finally we get

δΠ1 ¼
Z
aσ

Sjinj � T�
i

� �
δui da�

Z
V

Sji;j þ fk � ρ€uk
� �

δui dV

þ
Z
aD

Dknk þ σ�ð Þδφ da�
Z
V

Dk;k � ρe
� �

δφ dV þ
Z
aq

ηjnj � η�
� �

δϑ da

þ
Z
V

�s� s að Þ þ ηj;j þ
Z t

0

T�1 _r þ _sðiÞ
� �

dτ

� �
δϑ dV

þ
Z
aint

Sjinjδui daþ
Z
aint

Dknkδφ daþ
Z
aint

ηjnjδϑ da ð2:96Þ

where

σM T
ij ¼ DiEj � 1 2=ð Þ DnEn þ sϑð Þδij

Sij ¼ σij þ σM T
ij ¼ Cijklεkl � ekijEk � αijϑþ DiEj � 1 2=ð Þ DnEn þ sϑð Þδij

(2.97)

where σM T is the general Maxwell stress. Whether σM T includes the term sϑ, it
should still be proved by experiments; S is the pseudo total stress (Jiang and Kuang

2003, 2004). In pyroelectric materials, when the electric field and temperature are

not too large and the piezoelectric coefficient is not too small, the general Maxwell

stress can be neglected.
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Due to the arbitrariness of δui; δφ and δϑ, from Eq. (2.96), it is obtained:

Sjk;j þ fk ¼ ρ€uk; Dk;k ¼ ρe; in V

sþ s að Þ þ ηj;j ¼
Z t

0

T�1 _r þ _sðiÞ
� �

dτ or T _sþ ρs€ϑ
� � ¼ _r � qi;i; in V

Sjinj ¼ T�
i ; on aσ; Dknk ¼ �σ�; on aD; ηjnj ¼ η�; on aq

δΠ1 ¼
Z
aint

Sjinjδui daþ
Z
aint

Dknkδφ daþ
Z
aint

ηjnjδϑ da

(2.98)

Analogously in the air,

Denv
i;i ¼ ρenve ; in air; δΠ2 ¼

Z
aint

Senvji nj
envδui daþ

Z
aint

Denv
i ni

envδφ da

Senvij ¼ σM air
ij ¼ Dair

i Eair
j � 1 2=ð ÞDair

n Eair
n δij

(2.99)

Substituting Eqs. (2.98) and (2.99) into Eq. (2.94) and noting nenv ¼ �n we get

Sij � Senvij

� �
ni ¼ T�int

j ; on aintσ ; ðDi � Denv
i Þni � σ�int; on aintD (2.100)

The governing equations must contain the prior conditions of the variational

principle:

u ¼ u�; on au; φ ¼ φ�; on aφ; ϑ ¼ ϑ�; on aT

φ ¼ φenv; on aintφ ; ϑ ¼ ϑenv ¼ 0ð Þ; on aintϑ

(2.101)

If ϑ 	 T0, the integral can be integrated in Eq. (2.94), and δΠ1 in Eq. (2.94) is

reduced to

δΠ1 ¼
Z
V

δg þ ηjδϑ;j
� �

dV þ
Z
V

g E Tδui;idV � δQ 0 � δW ¼ 0

δQ 0 ¼ �T�1
0

Z
V

rδϑ dV þ
Z
aq

η�0δϑ da�
Z
V

SðiÞδϑ dV þ
Z
V

SðaÞδϑ dV

δW ¼
Z
V

fk � ρ€ukð Þδuk dV �
Z
V

ρeδφ dVþ
Z
aσ

T�
k δuk da�

Z
aD

σ�δφ da

(2.102)

where η�0 ¼ ð1 T0= Þ R t
0
q� dt.

There are eight thermodynamic character functions in pyroelectric materials,

so there are eight fundamental variational principles. However, the electric Gibbs

function only contains five independent variables u;φ; T and is convenient in

practical application.
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2.7.3 An Example for Purely Thermal Conduction

When ϑ 	 T0 for the purely thermal conduction problem without the internal heat

source in an isotropic material, Eq. (2.93) is reduced to

λ ϑ;ii ¼ C _ϑþ ρs0€ϑ
� �

(2.103a)

Now discuss a simple problem in which the wave propagates along the x1
direction, i.e.,

λ
@2ϑ

@x21
¼ C

@ϑ

@t
þ ρs0

@2ϑ

@t2

	 

; or

@2ϑ

@x2
¼ @ϑ

@τ
þ @2ϑ

@τ2

x ¼ x1

ffiffiffiffiffiffiffiffi
C

λρs0

s
¼ x1

cρs0
; τ ¼ t

ρs0
; c ¼

ffiffiffiffiffiffiffiffiffi
λ

ρs0C

s (2.103b)

where x is the dimensionless coordinate, τ is the dimensionless time, and c is the

phase velocity. Let

Boundary conditions: ϑ 0; tð Þ ¼ Θ0HðtÞ; ϑ 1; tð Þ ¼ 0; t > 0

Initial conditions: ϑ x; 0ð Þ ¼ 0; _ϑ x; 0ð Þ ¼ 0; x > 0
(2.104)

whereHðtÞ is the Heaviside function andΘ0 is a constant. The solution of the above

problem is

ϑ x; tð Þ ¼ Θ0H x� tð Þ e�x 2= þ x

Z τ

x

e�ς 2=
I1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ς2 � x2

p
2=

� �
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ς2 � x2

p dς

2
4

3
5 (2.105)

where I1 �½ � is the modified first kind of the Bessel function. Equation (2.105) shows

that ϑ is an attenuated advanced wave. At the wave front x ¼ τ or x1 ¼ ct, ϑ is

interrupted with value e�x 2= ¼ e�x1 2cρs0= which is decreased with time.

For a problem without initial conditions, let

ϑ ¼ Θ0 expðkx� ωtÞ

where Θ0 is the amplitude of the wave. Substituting the above equation into

Eq. (2.103) yields

k2 ¼ Cλ�1ω2ðiω�1 þ ρs0Þ

k ¼ 
ðCλ�1ρs0Þ
1
2ω

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
ð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ω�2ρs0�2

p
Þ

r
þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
ð1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ω�2ρs0�2

p
Þ

r" #
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so

ϑ ¼ Θexp½iðkx� ωtÞ� ¼ Θ exp½ik1x� k2x� ωtÞ� ¼ Θ expð�k2xÞ exp½ik1x� ωtÞ�

k1 ¼ 
ðCλ�1ρs0Þ
1
2ω

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
ð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ω�2ρs0�2

p
Þ

r
;

k2 ¼ ðCλ�1ρs0Þ
1
2ω

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
ð1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ω�2ρs0�2

p
Þ

r

c ¼ ω

k1
¼

ffiffiffiffiffiffiffiffiffi
λ

Cρs0

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
ð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ω�2ρs0�2

p
Þ

r,
ð2:106Þ

Equation (2.106) shows that the temperature wave is an attenuated dispersive wave.

When ρs0 ! 0 , c ! ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωλ C=

p
which is just the result of the classical heat

conduction theory. It shows that when ρs0 is small, the heat inertial effect can be

neglected for the problem without initial conditions.

2.8 Variational Principle and Governing Equations
in Pyroelectric Materials with Diffusion

2.8.1 Internal Energy, Electrochemical Gibbs Function,
and Electric Gibbs Function

In the diffusion theory, mechanical and electrical processes are reversible, but

thermal and diffuse processes are irreversible. The internal energy and entropy

are all state functions. The Gibbs equation and evolution equation are still

expressed by Eqs. (1.72) and (1.77), respectively. According to Eqs. (1.72), (1.77)

and (1.69) the internal energy can be given by

_A ¼ σ : _εþþE � _Dþ T _sþ μ _c

_hA ¼ Tσ � XT � _ηþ Xμ � _ξ ¼ �T;i _ηi � μ;i _ξi � 0

gc ¼ A� E � D� Ts� μc; _gc ¼ σ : _ε� D � _E� s _ϑ� c _μ

_hgc � �ϑ;i _ηi � μ;i _ξi þ ϑ;iηi þ μ;iξi
� �

_¼ ηi _ϑ;i þ ξi _μ;i

g ¼ A� Ts� E � D; _g ¼ σ : _ε� D � _E� s _T þ μ _c

_hg ¼ ηj _ϑ;j � μ;k _ξk

(2.107)

where A; gc; and g are the internal energy, electrochemical Gibbs function, and

electric Gibbs function. _hA; _hgc and _hg are the corresponding dissipative or

complementary dissipative energy rates. In this section, we only discuss
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electrochemical Gibbs function and electric Gibbs function variational principles.

gc; _hgc and g; _hg can be assumed as

gcðεkl;Ek; ϑ; μÞ ¼ 1 2=ð ÞCijklεijεkl � ekijEkεij � 1 2=ð ÞEijEiEj � αijεijϑ� τiEiϑ

� 1 2T0=ð ÞCϑ2 � 1 2=ð Þbμ2 � bijεijμ� biEiμ� aμϑ

_hc ¼ T _sðiÞ � TsðiÞ
� �

_¼ �sðiÞ _T ¼ XT � _ηþ Xμ � _ξ � XT � ηþ Xμ � ξ
� �

_¼ ηi _ϑ;i þ ξi _μ;i;

ekij ¼ ekji; Ekl ¼ Elk; αij ¼ αji; bij ¼ bji; λij ¼ λji; Dij ¼ Dji; Lij ¼ Lji

(2.108)

gðεkl;Ek; ϑ; cÞ ¼ 1 2=ð ÞCijklεijεkl � ekijEkεij � 1 2=ð ÞEijEiEj � αijεijϑ� τiEiϑ

� 1 2T0=ð ÞCϑ2 þ 1 2=ð Þb̂c2 � b̂ijεijc� b̂iEicþ âcϑ

hg ¼ ηj _ϑ;j � μ;j _ξj

(2.109)

where C;Cijkl; ekij; Eij; αij; τi; b; bij; bi; a; b̂; b̂ij; b̂i; â are all material constants.

Constitutive and evolution equations corresponding to gc and g are, respectively,

σji ¼ @gc
@εij

¼ Cijklεkl � ekijEk � αijϑ� bijμ; Di ¼ � @gc
@Ei

¼ EijEj þ eiklεkl þ τiϑþ biμ

s ¼ � @gc
@ϑ

¼ αijεij þ τiEi þ Cϑ=T0 þ aμ; c ¼ � @gc
@μ

¼ bμþ bijεij þ biEi þ aϑ

ηi ¼ @hc @ϑ;i
� ¼ �

Z t

0

λijT
�1ϑ;j þ LijT

�1μ;j
� �

dτ; ξi ¼ @hc @μ;i
� ¼ �

Z t

0

Lijϑ;j þ Dijμ;j
� �

dτ

(2.110)

σji ¼ @g

@εij
¼ Cijklεkl � ekijEk � αijϑ� b̂ijc; Di ¼ � @g

@Ei
¼ EijEj þ eiklεkl þ τiϑþ b̂ic

s ¼ � @g

@ϑ
¼ αijεij þ τiEi þ Cϑ=T0 � âc; μ ¼ @g

@c
¼ b̂c� b̂ijεij � b̂iEi þ âϑ

ηi ¼ @hg @ϑ;i
� ¼ �

Z t

0

λijT
�1ϑ;j þ LijT

�1μ;j
� �

dτ; μ;j ¼ �@hg @ξj
� ¼ �L̂ijT _ηi � D̂ij

_ξi

(2.111)

where the evolution equations of temperature and concentration have been given in

Eq. (1.77).

Using Eqs. (2.110) and (2.111), gc and g can be rewritten as

gc ¼ 1 2=ð ÞCijklεijεkl þ gμ T ; gμ T
c ¼ � 1 2=ð Þ DkEk þ sϑþ cμþ Δμ

ijεij
� �

Δμ
ijεij ¼ ekijEk þ αijϑþ bijμ

� �
εij � 0

(2.112)
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g ¼ 1 2=ð ÞCijklεijεkl þ gc T ; gc T ¼ � 1 2=ð Þ DkEk þ sϑ� cμþ Δc
ijεij

� �
Δc
ijεij ¼ ekijEk þ αijϑþ b̂ijc

� �
εij � 0

(2.113)

2.8.2 The Electrochemical Gibbs Function Variational
Principle

In this section and the following Sect. 2.8.3, we only discuss the pyroelectric

material with linear elasticity under small deformation and small variation of the

temperature; the environment is air. It is assumed that on the interface, there is no

diffusion and heat flow, but the electric coupling is allowed, i.e. φ ¼ φenv; q ¼ qenv

¼ 0 and d ¼ denv ¼ 0. The heat and input and output may be occurred at some

internal boundaries. The temperature and concentration problems do not considered

in air, but the electric field is discussed and at infinity φ� env ¼ 0.

Under assumptions that u, φ, ϑ, and μ satisfy their own boundary conditions

u ¼ u�, φ ¼ φ�, ϑ ¼ ϑ�, and μ ¼ μ� on au; aφ, aT , and aμ, respectively and on the

interface φ ¼ φenv are satisfied prior. Analogous to Sect. 2.7, the PVP in terms of

the electro-chemical Gibbs function is (Kuang 2010, 2011c)

δΠ ¼ δΠ1 þ δΠ2 � δWint ¼ 0

δΠ1 ¼
Z
V

δðgc þ hcÞ dV þ
Z
V

gμ T
c δuk;k dV � δQ0 � δΦ� δW ¼ 0

δQ0 ¼ �
Z
V

Z t

0

T�1 _r dτ

	 

δϑ dV þ

Z
V

s að Þδϑ dV þ
Z
aq

η�δϑ da

þ
Z
V

Z t

0

T�1 T;i _ηi þ μ;i _ξi
� �

δϑ dτ dV �
Z
a

Z t

0

T�1μ _ξiniδϑ dτ da

δΦ ¼
Z
V

c að Þδμ dV þ
Z
ad

ξ�δμ da

δW ¼
Z
V

ðfk � ρ€ukÞδuk dV þ
Z
aσ

T�
kδuk da�

Z
V

ρeδφ dV �
Z
aD

σ�δφ da

δΠ2 ¼
Z
Venv

δgenvc dV �
Z
V

ρenve δφ dV

δWint ¼
Z
aint

T�int
k δuk da�

Z
aint
D

σ�intδφ da

(2.114)

In Eq. (2.114), fk; T
�
k,T

�
k ; σ

�; ρenve ; σ�env; T�int
k ; σ�int, _η� ¼ _η�i ni, and _ξ

� ¼ _ξ�i ni are given
values; δQ0 is related to heat (including the irreversible heat produced by

the irreversible process in the material and the inertial heat); δΦ is related to the

diffusion energy. Equation (2.108) shows that there is no term in
R
V δhc dV
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corresponding to the term � Ra R t0 T�1μ _ξiniδϑ dτ da, so it should not be included in

δQ0, as shown in Eq. (2.114). It is also noted that

Z
V

Z t

0

T�1μ;i _ξiδϑ dτ dV �
Z
a

Z t

0

T�1μ _ξiniδϑ dτ da ¼ �
Z
V

Z t

0

T�1μ _ξi;iδϑ dτ dV

δ

Z
V

gc dV ¼
Z
V

σjiδui;j dV �
Z
V

DkδEk dV �
Z
V

sδϑ dV �
Z
V

cδμ dV

¼
Z
a

σjinjδui da�
Z
V

σji;jδui dV þ
Z
a

Dknkδφφ da�
Z
V

Dk;kδφφ dV

�
Z
V

DiEp

� �
;i
δup dV þ

Z
V

Di;iEpδup dV �
Z
V

sδϑ dV �
Z
V

cδμ dVZ
V

gμ T
c δuk;k dV ¼ � 1 2=ð Þ

Z
a

DkEk þ sϑþ cμþ Δμ
ijεij

� �
nkδuk dV

þ 1 2=ð Þ
Z
V

DkEk þ sϑþ cμþ Δμ
ijεij

� �
;k
δuk dV

δ

Z
V

hc dV ¼
Z
V

ηjδϑ;j þ ξjδμ;j
� �

dV ¼
Z
a

ηjnjδϑþ ξjnjδμ
� �

da�
Z
V

ηj;jδϑþ ξj;jδμ
� �

dV

ηj ¼ �
Z t

0

λijT
�1ϑ;i þ LijT

�1μ;i
� �

dτ; ξj ¼ �
Z t

0

Lijϑ;i þ Dijμ;i
� �

dτ

(2.115)

Finishing the variational calculation yields

Sik;i þ fk ¼ ρ€uk; Dk;k ¼ ρe; in VZ t

0

_sþ ρs€ϑ
� �

dτ ¼
Z t

0

T�1 _r � T�1qj;j þ T�1μ _ξi;i
� �

dτ; or T _sþ ρs€ϑ
� � ¼ _r � qi;i þ μ _ξi;iZ t

0

_cþ ρμ€μ
� �

dτ ¼
Z t

0

_ξj;j dτ; or _cþ ρμ€μ ¼ � _ξj;j; in V

Sjinj ¼ T�
i ; on aσ; Dknk ¼ �σ�; on aD;

ηjnj ¼ η�; or qi ¼ q�i on aq; _ξjnj ¼ _ξ
�
; or di ¼ d�i on ad

(2.116)

where

σM μT
ij ¼ DiEj � 1 2=ð Þ DnEn þ sϑþ cμþ Δμ

ijεij
� �

δij

Sij ¼ σij þ σμ T
ij � Cijklεkl � ekijEk � αijϑþ DiEj � 1 2=ð Þ DnEn þ sϑþ cμð Þδij

(2.117)

From the second and third equations of Eq. (2.116) we find

T _sþ ρs€ϑ
� �þ μ _cþ ρμ€μ

� � ¼ _r � qi;i, which is identical with Eq. (1.62).
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In the air and on the interface, there are

Denv
i;i ¼ ρenve ; in Venv

Sij � Senvij

� �
ni ¼ T�int

j ; on aintσ ; ðDi � Denv
i Þni ¼ �σ�int; on aintD

Senvij ¼ σM air
ij ¼ Dair

i Eair
j � 1 2=ð ÞDair

n Eair
n δij

(2.118)

The above variational principle requests prior that the u;φ; ϑ and μ satisfy their

own boundary conditions, so in governing equations, the following equations

should also be added:

u ¼ u�; on au; φ ¼ φ�; on aφ; ϑ ¼ ϑ�; on aT ;

μ ¼ μ�; on aμ; φ ¼ φenv; on aint
(2.119)

Equations (2.116), (2.117), (2.118), and (2.119) are the governing equations of the

generalized thermodiffusion theory.

If we neglect the term μ _cþ _cðaÞ
� �

in Eq. (1.77), or let T _sþ _sðaÞ
� �

¼ _r � qi;i ,

then we get

T _sþ ρs€ϑ
� � ¼ _r � qj;j; _cþ ρc€μ ¼ � _ξj;j; In medium

_ηjnj ¼ _η�; or qn ¼ q�n on aq

_ξjnj ¼ _ξ
�
; or dn ¼ d�n on ad and aq

(2.120)

If we also assume that T;i and μ;j are not dependent with each other, for _r ¼ 0,

Eq. (2.120) becomes

T αij _ui;j þ C _ϑ=T0 þ a _μþ ρs€ϑ
� � ¼ λijϑ;j

b _μþ bij _ui;j þ a _ϑþ ρc€μ ¼ Dijμ;j; In medium
(2.121)

The formulas in literatures analogous to Eq. (2.121) can be found, such as in the paper

of Sherief et al. (2004), where they used the Maxwell-Cattaneo formula. Genin and

Xu (1999) discussed the thermoelastic plastic metals with mass diffusion.

2.8.3 The Electric Gibbs Function Variational Principle

Under assumptions that u, φ, ϑ, and c satisfy their own boundary conditions u ¼ u�,
φ ¼ φ�, ϑ ¼ ϑ�, and c ¼ c� on au; aφ, aT, and ac, respectively. The PVP in terms of

the electric Gibbs function for the thermo-electro-elasto-diffusive problem is

(Kuang 2010)
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δΠ ¼ δΠ1 þ δΠ2 � δWint ¼ 0

δΠ1 ¼
Z
V

δðg þ hgÞ dV þ
Z
V

gc Tδuk;kdV � δQ0 þ δΦ� δW ¼ 0

δQ0 ¼ �
Z
V

Z t

0

T�1 _r dτ

	 

δϑdV þ

Z
V

s að Þδϑ dV þ
Z
aq

η�δϑ da

þ
Z
V

Z t

0

T�1 ϑ;i _ηi þ μ;i _ξi
� �

δϑ dτ dV �
Z
a

Z t

0

T�1μ _ξiniδϑ dτ da

δΦ ¼
Z
V

μ að Þ
;j δξj dV þ

Z
ad

μ�δξ da

δW ¼
Z
V

ðfk � ρ€ukÞδuk dV þ
Z
aσ

T�
kδuk da�

Z
V

ρeδφ dV �
Z
aD

σ�δφ da

δΠ2 ¼
Z
Venv

δgenv dV �
Z
V

ρenve δφ dV

δWint ¼
Z
aint

T�int
k δuk da�

Z
aint
D

σ�intδφ da

(2.122)

where the symbols are the same as that in Sect. 2.8.2, but the gradient of the inertial

chemical potential μ að Þ
;i ¼ ρc€ξi is introduced, and μ� is given value.

Finishing the variational calculation finally yields

Sik;i þ fk ¼ ρ€uk; Dk;k ¼ ρe; in VZ t

0

_sþ ρs€ϑ
� �

dτ ¼
Z t

0

T�1 _r � T�1qj;j þ T�1μ _ξi;i
� �

dτ; or T _sþ ρs€ϑ
� � ¼ _r � qi;i þ μ _ξi;i

μ;j þ ρμ€ξj ¼ �D̂ij
_ξi � L̂ijT _ηi; in V

Sjinj ¼ T�
i ; on aσ; Dknk ¼ �σ�; on aD;

ηjnj ¼ η�; or qi ¼ q�i on aq;

(2.123)

If differentiating the equation of the chemical potential with x in Eq. (2.123), it is

obtained:

μ;jj þ ρμ€ξj;j þ D̂ij
_ξi;j þ L̂ij T _ηið Þ;j ¼ 0;

b̂c� b̂ijεij � b̂iEi þ âϑ
� �

;jj
þ ρμ€ξj;j þ D̂ij

_ξi;j þ L̂ij T _ηið Þ;j ¼ 0; in V
(2.124)

If D̂ij ¼ D̂δij; λij ¼ λδij; L̂ij ¼ 0 from Eq. (2.124), a simpler diffusion equation can

be obtained:

ρc€cþ D̂ _c ¼ bc� bikεik þ biφ;i þ aϑ
� �

;jj
; in V (2.125)

Governing equations in the air are the same as that in Eq. (2.118).
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2.8.4 Constitutive Equations

In general case, there are three groups with six variables: ðσ; εÞ; ðE;DÞ; ðϑ; sÞ for

pyroelectric materials. Because each variable in three groups can be used as the

independent variable, there are eight group constitutive equations which just corre-

spond to eight thermodynamic character functions in Eq. (1.59). Equations (2.89) and

(2.90) are the constitutive equations corresponding to electric Gibbs function g and

internal energy A. However for pyroelectric materials with diffusion there are four

groups with eight variables: ðσ; εÞ; ðE;DÞ; ðϑ; sÞ; ðμ; cÞ . So there are sixteen group

constitutive equations. Equations (2.110) and (2.111) are the constitutive equations

corresponding to electrochemical Gibbs function gc and electric Gibbs function g.

2.9 Conservation Integrals in Piezoelectric Materials

2.9.1 Noether Theory

In previous sections of this chapter, it is found that the electroelastic governing

equations can be obtained from the extreme value of a variational functional. The

governing equation is just the Euler-Lagrange equation of that functional. Based

on the theory of Noether’s invariant variational problem (1918), conservation laws

(integrals) can be easily obtained (Fletcher 1976; Honein and Herrmann 1997).

These conservation integrals are very useful in fracture mechanics due to their

path independence property. Here, some conservation laws for inhomogeneous

materials (Shi and Kuang 2003) will be obtained by using the Noether’s invariant

variational principle.

Let the variational functional in the continuum mechanics be

ℑ ¼
Z
V
Lðxi;ψα;jÞ dV (2.126)

where Lðxi;ψα;jÞ is the Lagrange density function and x;ψ are the independent

and dependent variables, respectively. The Euler- Lagrange equation of ℑ is

@

@xj

@Lðxi;ψα;jÞ
@ψα;j

¼ 0 (2.127)

Give an infinitesimal transform as

xi ! x0i ¼ xi þ δxiðxj;ψαÞ; ψαðxiÞ ! ψ 0
αðx0iÞ ¼ ψαðxiÞ þ δψαðxi;ψβÞ

δψα ¼ ψ 0
αðx0iÞ � ψαðxiÞ ¼ ½ψαðxi þ δuiÞ þ δψψαðxiÞ� � ψαðxiÞ

¼ δψψα þ δuψα ¼ δψψα þ ψα;iδui

(2.128)
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Using

@x0i
@xj

� δij þ @δxi
@xj

;
@xi
@x0j

� δij � @δxi
@xj

; j ¼ @x0i
@xj

����
���� � 1þ @δxi

@xi
(2.129)

from Eq. (2.128) yields

δ ψα;j

� � ¼ @ψ 0
αðx0iÞ
@x0j

� @ψαðxiÞ
@xj

¼ @½ψαðxiÞ þ δψαðxi;ψβÞ�
@xk

@xk
@x0j

� @ψαðxiÞ
@xj

¼ @δψαðxi;ψβÞ
@xj

� @ψαðxiÞ
@xk

@δxk
@xj

(2.130a)

Equation (2.130a) can also be reduced to

δ ψα;j

� � ¼ @ δψψα þ ψα;iδxi
� �

@xj
� @ψαðxiÞ

@xk

@δxk
@xj

¼ @ δψψα

� �
@xj

þ @ ψα;iδxi
� �
@xj

� @ψαðxiÞ
@xk

@δxk
@xj

¼ @ δψψα

� �
@xj

þ @ ψα;i

� �
@xj

δxi

@

@xi
δψαð Þ ¼ @

@xi
δψψα þ ψα;iδui
� � ¼ @δψψα

@xi
þ ψα;ijδui þ ψα;iδui;j ¼ δ ψα;j

� �þ ψα;iδui;j

(2.130b)

Equation (2.130b) is identical with that in Eq. (2.8) in Sect. 2.1.2.

Because δψαðxi;ψβÞ is the function of xi;ψβ, so

@δψαðxi;ψβÞ
@xj

¼
�@δψαðxi;ψβÞ

@xj
þ @δψαðxi;ψβÞ

@ψβ

@ψβ

@xj
(2.131)

where the notation �@ @xi= is the partial derivative with respect to explicit xi in ψα.

If under the transform, Eq. (2.128), on the accuracy of the first order of δxi; δψα;

δψα;j, the following equality holds:

Z
V0
L0ðx0i;ψ 0

α;jÞ dV0 ¼
Z
V

L0ðx0i;ψ 0
α;jÞj dV ¼

Z
V

Lðxi;ψα;jÞ dV (2.132)

the group of transform Eq. (2.128) is called the symmetric group of a system.

From Eq. (2.132), some conservation laws can be found.

Appling Eqs. (2.128) and (2.130), the following relation can be obtained:

@L

@ψα;j
δψα �

@L

@ψα;j
ψα;iδxi

 !
;j

þ @L

@ψα;j
ψα;i

 !
;j

δxi ¼ @L

@ψα;j

@δψα

@xj
� ψα;i

@δxi
@xj

	 


¼ @L

@ψα;j
δ ψα;j

� �
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So that

L0ðx0i;ψ 0
α;jÞ ¼ L xi þ δxi;ψα;j þ δðψα;jÞ

� � ¼ Lðxi;ψα;jÞ þ
�@L

@xi
δxi þ @L

@ψα;j
δðψα;jÞ

¼ Lðxi;ψα;jÞ þ
�@L

@xi
δxi þ @L

@ψα;j
δψα �

@L

@ψα;j
ψα;iδxi

 !
;j

þ @L

@ψα;j
ψα;i

 !
;j

δxi

(2.133)

Substituting the identity

@L

@ψα;j
ψα;i

 !
;j

δxi ¼ ðLδxiÞ;i � LðδxiÞ;i �
�@L

@xi
δxi

into Eq. (2.133) yields

L0ðx0i;ψ 0
α;jÞ ¼ Lðxi;ψα;jÞ þ

@L

@ψα;j
δψα þ Pijδxi

 !
;j

� LðδxiÞ;i

Pij ¼ Lδij � @L @ψα;j

�� �
ψα;i

(2.134)

Pij is called the energy-momentum tensor of matter. Substitution of Eq. (2.134) into

Eq. (2.132) yields

Z
V

@L

@ψα;j
δψα þ Pijδxi

 !
;j

dV ¼ 0; or

Z
a

@L

@ψα;j
δψα þ Pijδxi

 !
nj da ¼ 0

(2.135)

Equations (2.134) and (2.135) are the invariant conditions under the infinitesimal

transform. The second equation in Eq. (2.135) is a path independence integral. Due

to the arbitrariness of the volume from Eq. (2.135), the invariant condition in the

differential form is

@L

@ψα;j
δψα þ Pijδxi

 !
;j

¼ 0 (2.136)

In the above discussion, it is assumed that there is no body force, body electric

charge, etc.
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For the electroelastic problem without body couple let ψ ¼ ui;φ½ �T ; L � g, we
have

L � g ¼ 1 2=ð ÞCijklui;juk;l � 1 2=ð ÞEklφ;kφ;l þ ekijui;jφ;k ¼ ð1=2ÞΣaj ψa;j

Σαj ¼ @g @ψα;j

� ¼ σij ¼ @g @ui;j
� ¼ Cijklεij � ejklEj; i; j; k; l ¼ 1; 2; 3

σ4j ¼ Dj ¼ �@g @ψ4;j

� ¼ @g @φ;j

� ¼ EjlEl þ ejklεkl; α ¼ 1; 2; 3; 4

(

Pij ¼ gδij � Σαjψα;i ¼ gδij � σmjum;i � Djφ;i

ðΣαjδψα þ PijδuiÞ;j ¼ ðσijδui þ Djδφþ PijδuiÞ;j ¼ 0

(2.137)

where Σαj is the generalized stress and ψα;j is the generalized strain and the Greek

indices take 1–4.

2.9.2 Conservation Integral in a Homogeneous Material

For a homogeneous material, L is independent to x, so L ¼ Lðψα;jÞ; �@ @xi= ¼ 0.

1. Infinitesimal translation of general displacement. Let

δxi ¼ 0; δψα ¼ εcα (2.138)

where cα is a constant and ε is an infinitesimal parameter. Substitution of Eq. (2.138)

into Eq. (2.136) yields the invariant condition:

ðΣαjδψαÞ;j ¼ Σαj;jδψα ¼ 0 ) Σαj;j ¼ 0 (2.139)

Equation (2.139) is just the generalized momentum equation.

2. Infinitesimal translation of coordinate. x Let

δxi ¼ εci; δψα ¼ 0 (2.140)

Substitution of Eq. (2.140) into Eq. (2.136) yields

ðPijδxiÞ;j ¼ Pij;jδxi ¼ g;jδijδxi ¼ g;iδxi ¼ δg ¼ 0 ) g ¼ const: (2.141)

Equation (2.141) is just the energy conservative equation.

3. Infinitesimal translation of coordinate and generalized displacement. Let

δxi ¼ εci; δψα ¼ εΩα (2.142)

where ci;Ωα are constants and ε is an infinitesimal parameter. Substituting

Eq. (2.142) into Eq. (2.136) and noting Σαj;j ¼ 0 we find
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εPij;jci ¼ 0; or

Z
V

Pij;j dV ¼
Z
a

gδij � Σαjψα;i

� �
nj da ¼ 0 (2.143)

Equation (2.143) shows that the integral value is zero along a closed surface for

the integrated function gδij � Σαjψα;i

� �
nj . For two open surfaces initiated from a

same closed curve, Eq. (2.143) shows that the integral values for two open surfaces

are the same. In the two-dimensional (2D) problem, it represents the path indepen-

dence J integral, Ji. Equation (2.143) can also be obtained by taking the divergence

of g. In fact using rg ¼ @g @xi=ð Þei and the equilibrium equation, we have

@g

@xi
¼

�@g

@xi
þ @g

@ψα;j
ψα;ji ¼ Σαjψα;ji; or g;i � Σαjψα;ji ¼ gδij � Σαjψα;i

� �
;j
¼ 0

(2.144)

This method was adopted by many authors (Delph 1982; Pak 1992; Wang and

Shen 1996).

4. Infinitesimal expansion of coordinate and generalized displacement. Let

δxi ¼ εxi; δψα ¼ � 1 2=ð Þεψα (2.145)

where ε is an infinitesimal parameter. Substitution of Eq. (2.145) into (2.136) yields

ε � 1 2=ð ÞΣαjψα þ Pijxi
� �

;j
¼ 0; orZ

a

gδij � Σαjψα;i

� �
xi � 1 2=ð ÞΣαjψα

� �
nj da ¼ 0 (2.146)

In the two-dimensional problem Eq. (2.146) represents the path independence M
integral

M ¼
Z
Γ1

gδij � Σαjψα;i

� �
xi � 1 2=ð ÞΣαjψα

� �
nj dl

¼
Z
Γ1

gδij � σijui;j � Djφ;i

� �
xi � 1 2=ð Þ σijui þ Djφ

� �� �
nj dl ð2:147Þ

5. Infinitesimal rotation about the axis x3. Let

δx1 ¼ εx2; δx2 ¼ �εx1; δψ1 ¼ εψ2; δψ2 ¼ �εψ1; δx3 ¼ δψ3 ¼ δψ4 ¼ 0

(2.148)

Substitution of Eq. (2.148) into Eq. (2.136) yields

P1kx2 � P2kx1 þ σ1ku2 � σ2ku1ð Þ;k ¼ 0; orZ
a

P1kx2 � P2kx1 þ σ1ku2 � σ2ku1ð Þnk da ¼ 0 (2.149)
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6. The conservative integral in pyroelectric material. Wang and Kuang (2001)

discussed the conservative integral in pyroelectric material by Noether theory

and got

Ji ¼
Z

gδij � σijui;j � Djφ;i � sjϑ;i
� �

nj dl

M ¼
Z

gδij � σijui;j � Djφ;i � _ηjϑ;i
� �

xi þ 1

2
σijui þ Djφþ sjϑ
� � �

nj dl ð2:150Þ

where _ηj ¼ qj T0= ; ϑ ¼ T � T0.

2.9.3 The Force Acting on a Defect in an Inhomogeneous
Material

For an inhomogeneous material, L is dependent to x, so L ¼ Lðxi;ψα;jÞ; �@ @xi= 6¼ 0.

1. Infinitesimal translation of x and generalized displacement. δxi; δuα are also

given in Eq. (2.142). The invariant condition under infinitesimal transformation

is still εPij;jci ¼ 0, but

Pij;j ¼ ðgδij � Σαjψα;iÞ;j ¼
�@g

@xi
þ @g

@ψα;j
ψα;ji � Σαjψα;ij ¼

@g

@xi

So the integral in Eq. (2.143) in an inhomogeneous material becomesZ
V

Pij;jdV ¼
Z
a

gδij � Σαjψα;i

� �
nj da ¼

Z
V

�@g @xi=
� �

dV (2.151)

Though Eq. (2.151) is not a conservative integral, it still has important meaning.

Eshelby (1956, 1975) pointed out thatPij;j � �@g @xi= ¼ 0, so the negative derivative

of the electric Gibbs function with x, � �@g @xi= , is the so-called material inhomo-

geneity force with the dimension of force.

2. Infinitesimal expansion of coordinate and general displacement. δxi; δuα are

also given in Eq. (2.145). The invariant condition under infinitesimal transforma-

tion is still ε � 1 2=ð ÞΣαjψα þ Pijxi
� �

;j
¼ 0, but

� 1 2=ð ÞΣαjψα þ Pijxi
� �

;j
¼ Pij;jxi þ Pijxi;j � 1 2=ð ÞΣαjψα;j ¼ xi �@g @xi=

So the integral in Eq. (2.146) in an inhomogeneous material becomesZ
a

gδij � Σαjψα;i

� �
xi � 1 2=ð ÞΣαjψα

� �
nj da ¼

Z
V

xi �@g @xi= dV (2.152)

where � xi �@g @xi= is the so-called material inhomogeneity moment.
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3. Infinitesimal rotation about the axis. x3 δxi; δuα are also given in Eq. (2.148).

The invariant condition under the infinitesimal transformation is still expressed by

P1kx2 � P2kx1 þ σ1ku2 � σ2ku1ð Þ;k ¼ 0, but

P1kx2 � P2kx1 þ σ1ku2 � σ2ku1ð Þ;k ¼ x1 �@g @x2= � x2 �@g @x1= (2.153)

2.9.4 Conservation Integral in an Inhomogeneous Material

1. Infinitesimal translation of coordinate and general displacement is related to an
undetermined function. Let

δxi ¼ εci; δψα ¼ εΩα (2.154)

where ci is a constant, Ωα is an undetermined function, and ε is an infinitesimal

parameter. Substituting Eq. (2.154) into Eq. (2.136) and noting Pij;j ¼
ðgδij � Σαjψα;iÞ;j ¼ ð �@g @xi= Þ, Σαj;j ¼ 0, we find

ΣαjΩα;i þ ciðgδij � Σαjψα;iÞ;j ¼ ΣαjΩα;i þ ci �@g @xi= ¼ 0 (2.155)

2. Infinitesimal translation of coordinate, infinitesimal translation, and expansion
of general displacement. Let

δxi ¼ εxi; δψα ¼ ε � 1 2=ð Þψα þΩα½ � (2.156)

where Ωα is an undetermined function and ε is an infinitesimal parameter.

Substituting Eq. (2.156) into (2.136) yields

ΣαjΩα;j þ Pijxi � 1 2=ð ÞΣαjΩα

� �
;j
¼ 0 (2.157)

From Eqs. (2.156) and (2.157), it is known that when material constants obey

definite distribution and select appropriate ci;Ωα , the conservative integrals can

be obtained; otherwise, the conservative integrals do not exist. In the following

sections, some examples will be given to illustrate the above theory.

2.9.5 One-Directional Gradient Material

In engineering, the combined material is often used to improve the material

behavior, such as on the substrate covering a surface heat-resisting layer to defense

the high temperature environment. In order to reduce the stress on the interface
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between the substrate and heat-resisting layer, a transient layer constituted of the

gradient material is added. One-directional gradient material is often used.

1.Material constants varied as exponential function. Assume material constants

varied as C0
ijkle

λx1 ; e0kije
λx1 ; E0ije

λx1 , where C0
ijkl; e

0
kij; E

0
ij; λ are all constants. Let

δx1 ¼ ε; δx2 ¼ δx3 ¼ 0; δψα ¼ εbψα; α ¼ 1,2,3,4 (2.158)

Substituting Eq. (2.158) into (2.136) yields

ðΣαjbψα þ P1jÞ;j ¼ bΣαjψα;j þ P1j;j ¼ bΣαjψα;j þ �@g @x1= ¼ 0 (2.159)

Because Σαjψα;j ¼ 2g , �@g @x1= ¼ λg , from Eq. (2.159), we get 2bþ λ ¼ 0 or

b ¼ �λ 2= . Substituting these results into Eq. (2.158) and then into Eq. (2.159)

we get

ð�λΣαjψα=2þ P1jÞ;j ¼ 0 (2.160)

Using the relation

ðP1j � λΣαjψα=2Þ;j ¼ ðgδ1j � Σαjψα;1 � λΣαjψα=2Þ;j ¼ g;1 � Σαjψα;1j � λΣαjψα;j=2

It is easy to get the path independence integral

Z
a

ðgδj1 � Σαjψα;1 � λΣαjψα=2Þnjda ¼ 0 (2.161)

2. Material constants varied as power function. Assume material constants

varied as Cijkl ¼ C0
ijklð1þ px1Þq , ekij ¼ e0kijð1þ px1Þq , and Eij ¼ E0ijð1þ px1Þq ,

where C0
ijkl; e

0
kij; E

0
ij; p; q are constants. Let

δxi ¼ εð1þ pxiÞ; δψα ¼ ε½ð1þ pÞΩα þ pψα 2= � (2.162)

Substitution of Eq. (2.162) into Eq. (2.136) yields

fΣαj½ð1þ pÞΩα þ pψα=2� þ Pijð1þ pxiÞg;j ¼ 0 (2.163)

The relations between material constants are

@Cijkl

@x1
¼ pq

1þ px1
Cijkl;

@ekij
@x1

¼ pq

1þ px1
ekij;

@Eij
@x1

¼ pq

1þ px1
Eij

�@g

@x1
¼ pq

1þ px1
g;

�@g

@x2
¼

�@g

@x3
¼ 0

(2.164)
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Substitution of Eq. (2.164) into Eq. (2.163) and using (2.164), we find

ð1þ pÞΣαjΩα;j þ p

2
Σαjψα;j þ ð1þ px1Þ

�@g

@x1
þ pPij

@xi
@xj

(2.165)

Using the relation pPij@xi @xj
� ¼ �pg and Eq. (2.161), Eq. (2.165) is reduced to

ð1þ pÞΣαjΩα;j þ pqg ¼ 0 ) Ωα ¼ � pq

2ð1þ pÞψα (2.166)

Finally, the path independence integral is obtained:

½Pij þ pxiPij þ 1 2=ð Þpð1� qÞΣαjψα�;j ¼ 0Z
a

½ð1þ pxiÞPij þ 1 2=ð Þpð1� qÞΣαjψα�nj da ¼ 0
(2.167)

2.9.6 Transversely Isotropic Materials

For transversely isotropic materials, the infinitesimal transformation is taken as

δxi ¼ εωiðxjÞ; δψα ¼ εWαðψβÞ ¼ εAαβψβ (2.168)

where ωi is undetermined function, Aαβ is an undetermined constant. Substitution

of Eq. (2.168) into (2.136) yields

ωj

�@g

@xj
þ g

�@ωj

@xj
þ Σαj Aαβψβ;j � ψα;i

�@ωi

@xj

	 

¼ 0 (2.169)

From Eq. (2.169), we obtain

Kijklui;juk;l þMkijφ;kui;j þ Nijφ;iφ;j ¼ 0 (2.170)

where

Kijkl ¼ 1 2=ð Þ @ðωnCijklÞ @xn=
� �þ AmiCmjkl � ωj;mCimkl þ A4iejkl

Mkij ¼ @ðωnekijÞ @xn= þ A44ekij þ Amiekmj � ωj;mekim � ωk;memij þ Am4Cmkij � A4iEjk
Nij ¼ � 1 2=ð Þ@ðωnEijÞ @xn= � A44Eij þ ωi;mEmj þ Am4eimj

(2.171)

From Eq. (2.170) we have

Kijkl þ Kklij ¼ 0; Mkij ¼ 0; Nij þ Nji ¼ 0 (2.172)
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As an example, we discuss the transversely isotropic piezoelectric ceramic (such

as PZT). Assume x3 is the poling direction, so x1x2 is the isotropic plane. Now the

plane x1x3 is discussed. Appling Voigt notation, the constitutive equation is

σf g ¼ C½ � εf g � e½ �T Ef g; Df g ¼ E½ � Ef g þ e½ � εf g

C½ � ¼

C11 C12 C13 0 0 0

C12 C11 C13 0 0 0

C13 C13 C33 0 0 0

0 0 0 C44 0 0

0 0 0 0 C44 0

0 0 0 0 0 ðC11 � C12Þ 2= C66

2
666666664

3
777777775
;

e½ � ¼
0 0 0 0 e15 0

0 0 0 e24 0 0

e31 e31 e33 0 0 0

2
64

3
75; E½ � ¼

E11 0 0

0 E22 0

0 0 E33

2
64

3
75 (2.173)

where C11 ¼ C1111;C12 ¼ C1122;C13 ¼ C1133;C33 ¼ C3333;C44 ¼ C1313; e15 ¼ e113;
e31 ¼ e311; e33 ¼ e333.

Though the number of the undetermined constants in Eq. (2.168) is less than

the number of the equation in Eq. (2.170), the undetermined constants can still be

determined by special selection of constants. Finally, we get

ω1 ¼ ðb� A11Þx1 þ A12x2 þ C1; ω2 ¼ �A12x1 þ ðb� A11Þx2 þ C2

ω3 ¼ ðb� A33Þx3 þ C3; W1 ¼ A11u1 þ A12u2; W2 ¼ �A12u1 þ A11u2;

W3 ¼ A33u3 þ A34φ; W4 ¼ A44φ ð2:174Þ

where Ci is a new arbitrary constant. When coefficients in Eq. (2.168) take values

given in Eq. (2.174), we can get a group of linear partial differential equation to

determine the unknown coefficients by using the invariant conditions Eq. (2.172).

This group linear partial differential equation is

ωn
@C11

@xn
þ ð2A11 � A33 þ bÞC11 ¼ 0; ωn

@C33

@xn
þ ð�2A11 þ 3A33 þ bÞC33 ¼ 0;

ωn
@C12

@xn
þ ð2A11 � A33 þ bÞC12 ¼ 0; ωn

@C13

@xn
þ ðA33 þ bÞC13 ¼ 0;

ωn
@C44

@xn
þ ðA33 þ bÞC44 ¼ 0; ωn

@E11
@xn

þ ð2A44 � A33 þ bÞE11 � 2A34e15 ¼ 0;

ωn
@E33
@xn

þ ð2A44 þ A33 � 2A11 þ bÞE33 � 2A34e33 ¼ 0;

ωn
@e15
@xn

þ ðA44 þ bÞe15 þ A34C44 ¼ 0; ωn
@e31
@xn

þ ðA44 þ bÞe31 þ A34C13 ¼ 0;

ωn
@e33
@xn

þ ðA44 þ 2A33 � 2A11 þ bÞe33 þ A34C33 ¼ 0

(2.175)
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If Eq. (2.175) has solution, the infinitesimal transform given by Eq. (2.168) can be

obtained. Substitution of Eq. (2.168) into Eq. (2.136) yields the conservative

integral:

ðPijωi þ σijWi þ DjW4Þ;j ¼ 0;

Z
a

ðPijωi þ σijWi þ DjW4Þnj da ¼ 0 (2.176)

For a homogeneous material, Eq. (2.175) is reduced to linear equations and its

solutions are

A34 ¼ 0; A11 ¼ A33 ¼ A44 (2.177)

where C1;C2;C3;A12; and A11 are arbitrary constants. In this case, Eq. (2.176) is

reduced to

fC1Pij þ C2P2j þ C3P3j � 2A11½Pijx1 � 1 2=ð Þðσijui þ DjφÞ�
þ A12ðP1jx2 � P2jx1 þ σ1ju2 � σ2ju1Þg;j ¼ 0;Z

a

fC1Pij þ C2P2j þ C3P3j þ 2A11 Pijx1 � 1

2
ðσijui þ DjφÞ

 �
þ A12ðP1jx2 � P2jx1 þ σ1ju2 � σ2ju1Þgnj da ¼ 0 ð2:178Þ

Equation (2.178) can be divided into five group independent conservative integrals

due to the arbitrariness of constants. The independent conservative integrals

corresponding to C1;A11;A12 are identical with Eqs. (2.143), (2.147), and (2.149).

There are no new conservative integrals corresponding C2;C3 because P2j;j ¼
P3j;j ¼ 0 are the special cases of Pij;j ¼ 0.
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