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Preface

Since Pierre Curie discovered the piezoelectric effect in 1880, piezoelectric

materials have been widely used to make many electromechanical devices, such

as transducers for conversion of electrical and mechanical energies, sensors,

actuators, filters, resonators, ultrasonic generators, and piezoelectric biosensors.

The performance and reality of devices are established on the foundation of

electroelastic analyses due to the electromechanical coupling. The foundations of

the electroelastic analyses are the Newton’s law, Maxwell electrodynamics

equations, Lorentz’s law, and constitutive equations of materials. In electrically

nonlinear case, different authors give different governing equations in electroelastic

analyses. In this book, we give a simple theory to discuss simpler electrically

nonlinear problem in engineering.

Using the continuum thermodynamics, it is found that the first law of thermody-

namics contains a physical variational principle, which can be used as a fundamen-

tal natural principle to derive the governing equations in physics and continuum

mechanics. This theory will be used to derive the governing equations of the

discussed piezoelectric and pyroelectric body and its environment in Chap. 2.

The Maxwell stress can be obtained automatically by the migratory variation of

the electric potential.

In literatures many works on the static and dynamic generalized stress and

displacement analyses in piezoelectric and electrostrictive materials with and without

defects have been published. Some important results of piezoelectric materials will be

collected, modified, and discussed in a unified version in Chaps. 3 and 4. The results

of the electrostrictive, pyroelectric, and functional graded piezoelectric materials will

be given in Chap. 5.

The surface wave propagation in or not in a biasing state is discussed in Chap. 6.

The reflection and transmission of waves in piezoelectric and pyroelectric materials

are disposed by the inhomogeneous wave theory. We also proposed the inertial

entropy theory due to the heat inertia. The temperature wave equation with a finite

propagation velocity can be derived easily from this theory. In the generalized

inertial entropy theory an inertial concentration theory is proposed, which can be

extended to more extensive area.
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In Chap. 7, the three-dimensional and some practical applied electroelastic

problems such as plates and shells in electroelastic theory are discussed.

The failure theories published in literatures are also collected in Chap. 8. In the

change of the microstructure and failure process, the energy possesses material

structure anisotropic behavior and a modal energy density factor theory is proposed,

which can also be used in other area, such as in phase transformation theory.

In order to read easily for readers the fundamental knowledge used in this book

is given in Chap. 1. Some basic problems are narrated in detail including the

formulation of a problem and the mathematical derivation. But for further

problems, the narration is simpler. Because the discussed problems in this book

are complicated and the check is difficult, some errors may occur. We wish readers

will give comments.

The author hopes that this book is useful for graduate students, scientists, and

engineers interesting in this area in the fields of continuum mechanics, material

science, solid-state physics, and device engineering.

The literatures are very enormous and cannot be all cited, but readers can get

more literatures from our cited papers.

This book extensively uses the materials of a Chinese book “Theory of Electro-

elasticity” published by Shanghai Jiaotong University Press. The author thanks the

support of the Shanghai Jiaotong University Press, Professor Z. Suo of Harvard

University, and Professor T-J. Wang of Xian Jiaotong University.

Shanghai Jiaotong University,

Shanghai, China

Zhen-Bang Kuang

July, 2012
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Chapter 1

Preliminary Knowledge and Continuum

Thermodynamics

Abstract In this chapter, some basic knowledge of elastic theory, electrodynamics,

and thermodynamics which will be applied in this book are introduced. Some

extensions in continuum thermodynamics are proposed. It is shown that together

with the first law of thermodynamics, a physical variational principle (PVP) is also

held. The physical variational principle gives a true process for all virtual possible

process satisfying the geometrical constrained conditions. The physical variational

principle is considered to be one of the fundamental physical principles for quasi-

static system, which can be used to derive governing equations in continuum

mechanics and other fields. When the temperature varies with time, the inertial

entropy or inertial heat theory is proposed. This theory is consistent with current

classical thermodynamic theory. From this theory, the temperature wave equation

with finite phase velocity is derived in a very simple fashion. It is shown that

the time arrived to equilibrium of the temperature is about 1 ns � 1 ps when an

internal heat source with a Heaviside step heat function is applied.

Keywords Basic knowledge • Physical variational principle • Inertial entropy

1.1 Background

Jacques and Pierre Curie brothers discovered the piezoelectric effect in 1880

(Sun and Zhang 1984; Ikeda 1990). They found out that a mechanical stress applied

on crystals such as tourmaline, quartz, and Rochelle salt could produce electrical

charges, and the voltage was proportional to the stress. Piezoelectric can also work

in reverse, generating a strain by the application of an electric field. Centrosym-

metric classes of crystals are always not piezoelectric, but a few kinds of crystals

are still not piezoelectric though lacking a center of symmetry. The pyroelectric

effect was found in eighteenth century (Lang 2005), earlier than piezoelectric

effect. Most ferroelectric crystals are strongly piezoelectric and pyroelectric. First

applications were piezoelectric ultrasonic submarine detector and quartz clocks

Z.-B. Kuang, Theory of Electroelasticity, DOI 10.1007/978-3-642-36291-0_1,
© Shanghai Jiao Tong University Press, Shanghai and Springer-Verlag Berlin Heidelberg 2014
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during the First World War. After the Second World War, many new piezoelectric

and pyroelectric materials have been discovered in succession, such as BaTiO3,

PbðTi:ZrÞO3-PZT, KDP, PMN, LiNbO3, and LiTaO3. In present time, it has been

successfully used in various areas, such as in aerospace, transportation, nuclear,

and medical.

It is different with the piezoelectric materials, all of the crystals, especially the

isotropic electrostrictive materials, have the electrostrictive effect.

The fundamental phenomenological theory of the piezoelectricity was

established by Kelvin (1856), Voigt (1910), etc. In the current time, due to the

intrinsic mechanical-electric coupling effects, piezoelectric materials have been

widely used in engineering structures to detect the responses of the structure by

measuring the electric charge (sensing) or to reduce excessive responses by apply-

ing additional electric forces or thermal forces (actuating). By integrating the

sensing and actuating, it is possible to create the so-called intelligent structures

and systems that can adapt to or correct for changing operating condition. Due to its

intrinsic electromechanical coupling behavior and its reliability in performance,

the electroelastic analysis is necessary and has been paid much attention. A lot of

literatures have appeared in journals and books. Here we cannot review all of these

literatures, but reader can find more literatures from our cited papers.

The foundations of the electroelastic analyses are the Newton’s law, Maxwell

electrodynamics equations, Lorentz’s law, and constitutive equations of materials.

In electrically nonlinear case, different authors give different governing equations

in electroelastic analyses. In this book, we give a simple theory to discuss simpler

electrically nonlinear problem in engineering.

Using the continuum thermodynamics, it is found that the first law of thermo-

dynamics contains the physical variational principle, which can be used as a funda-

mental natural principle to derive the governing equations in physics and continuum

mechanics. We also proposed the inertial entropy theory due to the heat inertia. The

temperature wave equation with a finite propagation velocity can be derived easily

from this theory. A failure theory based on the energy principle is proposed in this

book, which can also be used in other area, such as in phase transformation theory.

Manyworks on the static and dynamic generalized stress analyses in piezoelectric and

electrostrictive materials with defects, the surface wave propagation, and the failure

theory are also discussed in this book.

1.2 Foundations of Classical Electrodynamics

1.2.1 Constitutive (or State) Equations

There are many books that discussed the electrodynamics (Landau et al. 1984;

Stratton 1941; Cai and Zhu 1985; Moon 1984) and the electric engineering (Kruck

1954). Here, a short discussion is given only.
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The constitutive (or state) equations can be written in the following form:

D ¼ DðE; TÞ; B ¼ BðH; TÞ; J ¼ JðE; TÞ (1.1a)

where E;D;H;B; and T are the electric field intensity, electric displacement or

electric flux density, magnetic field intensity, magnetic induction or the magnetic

flux density, and the temperature, respectively; J is the total electric current density.
When E and H are small, the linear form is used for isothermal case:

D ¼ e � E ¼ E0 � Eþ P; B ¼ μ �H ¼ μ0 � ðH þMÞ
J ¼ Js þ Je þ Jv; Js ¼ γ � Eext; Je ¼ γ � E; Jv ¼ γ � ðv� BÞ (1.1b)

where Js; Je; and Jv are the given external exciting current density, the induction or
eddy current density, and motional electric current density, respectively; e is the

permittivity, μ the permeability, γ the electric conductivity of a material, respec-

tively, E0 andμ0 are values ofeandμ in the vacuum or air.Eext is an external field;v is
the velocity of a moving body. P andM are the polarization density and magnetiza-

tion density, respectively.

1.2.2 Conservation Law of Charge

The conservation law of charge is

r � J ¼ � _ρe (1.2)

where ρe is the free electric charge density. A superimposed dot indicates partial

differentiation with respect to time, i.e., ðÞ_¼ @ðÞ @t= , such as _ρe ¼ @ρe @t= .

1.2.3 The Lorentz Force

For a continuous charge distribution in motion, the Lorentz force equation is

f ¼ ρeðEþ v� BÞ or f ¼ ρeEþ Je � B; Je ¼ ρev (1.3a)

where f is the force density (force per unit volume) and Je is the current density.

Equation (1.3a) can be extended to the electromagnetic media and approximately

expressed as (Pao 1978; Kuang 2011a)

f ¼ ρtEþ Jt � B; ρt ¼ ρe þ ρP; ρP ¼ �— � P
Jt ¼ J þ JP þ JM; JP ¼ @P @t= ¼ _P; JM ¼ —�M

(1.3b)

1.2 Foundations of Classical Electrodynamics 3



where ρt is the total electric charge density constituted of free and polarized charges
and Jt is the total electric current density constituted of conduction, polarized, and

magnetization current densities.

1.2.4 Maxwell Equations

The differential and integral Maxwell equations are as follows:

— � D ¼ ρe

I
a

D � da ¼
Z
V

ρe dV

—� E ¼ � @B

@t

I
C

E � ds ¼ �@

@t

Z
a

B � da

— � B ¼ 0

Z
a

B � da ¼ 0

Z
V

ρm dV

� �

—�H ¼ J þ @D

@t

I
C

H � ds ¼
Z
a

J � daþ @

@t

Z
a

D � da

(1.4)

where V is the volume occupied by the medium; a is the area vector and a is its

absolute value; s is a line element vector of a curve C; — is a differential operator

vector.

Taking the divergence of the second and the divergence of the fourth in Eq. (1.4)

and using the law of conservation of charge we find respectively,

— � @B @t= ¼ @ð— � BÞ @t ¼ 0= ;

— � J þ — � @D @t= ¼ —@ð— � D� ρeÞ @t ¼ 0=
(1.5)

If — � B ¼ 0 and — � D� ρe ¼ 0 at the initial state, they will be held at any time,

which are just the third and the first equations in Eq. (1.4). Therefore, the indepen-

dent equations are the second and the fourth equations in Eq. (1.4) and the charge

conservation equation in Eq. (1.2), or other combination.

1.2.5 Electric Scalar Potential and Magnetic Vector Potential

The second and third equations are satisfied automatically if we introduce an

electric scalar potential φ and a magnetic vector potential A such that

E ¼ �—φ� @A @t= ¼ �—φ� _A; B ¼ —� A (1.6)

Using the constitutive equation (1.1b) with constant e ¼ EI; μ ¼ μI; γ ¼ γI and the

relation —� ð—� AÞ ¼ —ð— � AÞ � —2A, the first and forth equations in Maxwell

equations are reduced to

4 1 Preliminary Knowledge and Continuum Thermodynamics



—2φþ @ð— � AÞ @t= ¼ �ρe E=

—2A� μ E@2A @t2
� � — — � Aþ μE@φ @t=ð Þ ¼ �μJ

(1.7)

In order to define A uniquely, a supplement gauge condition must be given.

Introducing Lorenz gauge — � Aþ μ � E@φ @t= ¼ 0, Maxwell equations can be

written compactly in the form:

—2φ� μ E@2φ @t2
� ¼ �ρe E=

—2A� μ E@2A @t2
� ¼ �μJ

(1.8)

1.2.6 Quasi-Stationary Electromagnetic Field

If @D @t= in Maxwell equations can be neglected, the field is called the quasi-

stationary magnetic (MQS) field, and in this case, all radiation effects can be

negligible. It is also called the eddy current field problem and is important in the

electric machine engineering. If @B @t= in Maxwell equations can be neglected, the

field is called quasi-stationary electric (EQS) field which is less important in

engineering. For an eddy current field,

@D @t= ¼ �E @2A @t2
� þ —@φ @t=

� � ¼ 0; J ¼ γEþ Js þ Jv (1.9)

so Eq. (1.7) becomes

—2φþ @ð— � AÞ @t= ¼ �ρe E=

—2A� μγ @A @t= þ —φð Þ � —ð— � AÞ ¼ �μðJs þ JvÞ
(1.10)

Introducing conductivity gauge — � Aþ μγφ ¼ 0, Eq. (1.10) is reduced to

—2φ� μγ@φ @t= ¼ �ρe E=

—2A� μγ@A @t= ¼ �μðJs þ JvÞ
(1.11)

Introducing Coulomb gauge — � A ¼ 0, Eq. (1.10) is reduced to

—2φ ¼ �ρe E=

—2A� μγ@A @t= � μγ—φ ¼ �μðJs þ JvÞ
(1.12)

In current sources and stator laminations, eddy currents are usually neglected. For a

constant magnetic field J ¼ Js; Je ¼ 0; Jv ¼ 0, Eq. (1.12) becomes —2A ¼ �μJs.
The finite element analysis shows that the results of calculation sometimes are

not fully satisfactory when a supplement gauge condition is used.
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WhenL cτ � 1= , then@D @t= and@B @t= can all be neglected and we call this field

as quasi-static electromagnetic field, where c ¼ 1
ffiffiffiffiffi
μE

p�
is the optic velocity in

media, L is the maximum size of the body, and τ is the concerned time interval.

Neglecting @D @t= and @B @t= , the electric and magnetic fields are independent from

each other, so the electric field and magnetic field can be solved independently.

When material constants are all constant for static case, the Maxwell equations is

reduced to

— � ðe � EÞ ¼ ρe; —� ðμ�1 � BÞ ¼ J (1.13)

For the static electric field, we can always introduce an electric potential or

potential φ. For the case without electric current, i.e., J ¼ 0, in material, the static

magnetic field can also be expressed by a scalar magnetic potential ψ . In this case,

we have

E ¼ �rφ; — � ðe � EÞ ¼ ρe; Eklφ;lk ¼ ρe

H ¼ �rψ ; — � ðμ �HÞ ¼ 0; μklψ ;lk ¼ 0
(1.14)

The electromagnetic energyA and its Legendre transformation, the electromagnetic

Gibbs free energy g, stored in the medium are

dA ¼ E � dDþH � dB; dg ¼ dA� dðE � DþH � BÞ ¼ �D � dE� B � dH
(1.15)

1.2.7 Interface Connective (or Continuity), Boundary,
and Initial Conditions

The interface connective conditions of E;D;H;B of electromagnetic media 1 and

2 are

ðD2 � D1Þ � n ¼ σs or D2n � D1n ¼ σs

ðE2 � E1Þ � n ¼ ðσs þ σspÞ E0= ; σsp ¼ �ðP2 � P1Þ � n
(1.16)

ðB2 � B1Þ � n ¼ 0 or B2n � B1n ¼ 0

ðH2 �H1Þ � n ¼ �ðM2 �M1Þ � n μ0=
(1.17)

n� ðH2 �H1Þ ¼ Js; or

n� ðB2 � B1Þ ¼ μ0ðJs þ JsmÞ; Jsm ¼ n� ðM2 �M1Þ
(1.18)

n� ðE2 � E1Þ ¼ �—ðπs E= Þ (1.19)

In Eqs. (1.16), (1.17), (1.18), and (1.19), n is the normal of the material 1, σsp is the
surface polarization charge density,Jsm is the surface magnetization electric current
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density, and πs ¼ σsd is the electric couple density on the interface. There are only

two independent interface conditions in Eqs. (1.16), (1.17), (1.18), and (1.19).

If material 2 does not exist, let D2 ¼ E2 ¼ B2 ¼ H2 ¼ 0; the boundary conditions

can be obtained from Eqs. (1.16), (1.17), (1.18), and (1.19).

On the interface, the conservation condition of the electric current is

ðJ2 � J1Þ � n ¼ �@σs @t= ¼ � _σs (1.20)

The initial conditions are

Eðx; 0Þ ¼ E0ð0Þ; _Eðx; 0Þ ¼ _E0ð0Þ; Hðx; 0Þ ¼ H0ð0Þ;
_Hðx; 0Þ ¼ _H0ð0Þ; x 2 V

(1.21)

In Eq. (1.21), there are only still two independent conditions.

1.2.8 Electromagnetic Force

Multiplying the second equation in Eq. (1.4) by D and the fourth by B, then adding

the results we obtain

D� ð—� EÞ þ D� @B

@t
þ B� ð—�HÞ þ @D

@t
� Bþ J � B ¼ 0 (1.22)

Using

D� ð—� EÞ ¼ ð—� EÞ � D� ðD � —ÞE; — � ðD� EÞ ¼ ð— � DÞEþ ðD � —ÞE
ð—� EÞ � Dþ ð—� DÞ � E ¼ — � ½ðE � DÞI�; I ¼ δijei � ej

and the similar relations for B;H, Eq. (1.22) is reduced to

— � ½ðE � DþH � BÞI� ðD� Eþ B�HÞ� þ @

@t
ðD� BÞ

¼ �ρeE� J � Bþ ð—� DÞ � Eþ ð—� BÞ �H
(1.23)

where the notation � is the tensor product, A� B ¼ AiBjei � ej, and ei is the unit

vector on coordinate axis xi . Using the conservation law of the electric charge,

Eq. (1.23) can be written in the form of the electromagnetic momentum equation:

fM ¼ — � σM � @gM @t= ; gM ¼ D� B

σM ¼ ðD� Eþ B�HÞ � ð1 2= ÞðE � DþH � BÞI
fM ¼ ρeEþ J � B� ð1=2Þ½ ð—� DÞ � E� ð—� EÞ � D�

� ð1 2= Þ½ð—� BÞ �H � ð—�HÞ � B�

(1.24)

where σM; fM; and gM are called the Maxwell stress tensor, electromagnetic body

force, and electromagnetic momentum density, respectively.

If D ¼ E0 � Eþ P; B ¼ μ0 � ðH þMÞ are used, Maxwell equations become
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E0— � E ¼ ρe � — � P; —� E ¼ � @B

@t
; — � B ¼ 0;

μ�1
0 —� B ¼ J þ E0

@E

@t
þ @P

@t
þ —�M

(1.25)

Analogous to the derivation of Eq. (1.24), we get

f 0M ¼ — � σ0L � @g0L @t= ; g0L ¼ E0E� B

σ0L ¼ ðE0 � E� Eþ μ�1
0 B� BÞ � 1 2=ð ÞðE0E2 þ μ�1

0 B2ÞI
f 0M ¼ ρeEþ J � B� ð— � PÞ þ @P @t= þ —�Mð Þ � B ¼ ρtEþ Jt � B

(1.26)

Using above method it is found that the Maxwell stress and electromagnetic

body forces are not unique (Pao 1978). The reason may be that boundary

conditions are not considered. The electromagnetic momentum equation can also

be discussed by the macroscopic Lorentz force method in Sect. 1.2.3. Let a

dielectric medium occupies a volume V enclosed by its surface a. Noting that on

the surface there are polarized electric surface density n � P and magnetic current

surface density � n�M, so the force acted on the body is

F00 ¼
Z
V

ðρe � — � PÞEþ ðJ þ @P @t= þ —�MÞ � B½ �dV

þ
Z
a

ðn � PÞE� ðn�MÞ � B½ �da (1.27)

After some manipulations, we get

f 00M ¼ — � σ 00M � @g00M @t= ; g00M ¼ E0E� B

σ00M ¼ ðD� Eþ B�HÞ � ð1 2= ÞðE0E2 þ μ�1
0 B2 � 2M � BÞI

f 00M ¼ ρeEþ J � B� P � ð—� EÞ þ ð—� BÞ �M þ @P @t= � B

(1.28)

Because the macroscopic Lorentz force is related to the polarization and mag-

netization of the material, so many different formulas can be got. Eq. (1.28) did not

strictly get from complete governing equations. Maugin (1988) considered that in

order to avoid arbitrary choice of the ponderomotive force and couple in the

electromagnetic contributions, he intend to arrive at expressions for these

contributions on the basis of a microscopic model, the electron theory of Lorentz

(Eringen and Maugin 1989). In electroelastic analyses only the static electromag-

netic force will be discussed by the physical variational principle, and it will be

discussed in the next chapter. In this book, the theory concerned with the photon

motion is not considered.
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1.3 Some Preliminary Knowledge in Electroelasticity

1.3.1 Universal Governing Equations

Universal governing equations must be obeyed by all moving or deforming

continuum (Pao 1978; Kuang 2002). In electroelasticity, the universal governing

equations are:

1. Mass conservation equation

@ρ @tþ — � ðρvÞ= ¼ _ρþ ρ— � v ¼ 0; _ρþ ρvk;k ¼ 0; _ρ ¼ @ρ @t= þ vkρ;k
(1.29)

where ρ is the mass density, v is the velocity.

2. Linear momentum equation

— � σþ ðfm þ feÞ ¼ ρ _v; σij;i þ fmj þ f ej

� 	
¼ ρ _vj (1.30)

where fm and fe are the mechanical and electromagnetic forces per volume.

3. Angular momentum equation

e : σþ Ce ¼ 0; ekijσij þ Ce
k ¼ 0 (1.31)

where Ce ¼ P� Eþ μ0M �H is the body couple density per volume. The asym-

metric part of the stress is induced by the polarization and magnetization in

electromagnetic material. From Eq. (1.31), it is also found that the asymmetric

part of the stress is the second-order effect of the electromagnetic field. Let

the symmetric part of the stress σ be denoted by σs , the asymmetric part by σa ,
then we get

σkl ¼ σskl þ σakl; σslk ¼ ðσkl þ σlkÞ 2= ;

σakl ¼ ðσkl � σlkÞ 2= ¼ ðEkPl � ElPk þ μ0HkMl � μ0HlMkÞ 2=
(1.32)

1.3.2 Three-Dimensional Governing Equations in Elasticity
with Small Deformation

In this chapter, only the case with symmetric stresses is discussed. Let u; σ; ε; f be
the displacement, stress, strain, and body force per volume, we have (Ogden 1984;

Kuang 2002)

Geometric equation εij ¼ ðui;j þ uj;iÞ 2= ; ε ¼ ð—� uþ u� —Þ 2= (1.33)

Momentum equation σij;j þ fi ¼ ρ€ui; rσ þ f ¼ ρ€u (1.34)

Constitutive equation σij ¼ Cijklεkl; σ ¼ C : ε; ε ¼ s : σ (1.35)
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where C is the elastic coefficient tensor, a repeated index implies summation over

the range of the index, and a comma followed by index i indicates partial

differentiation with respect to xi . For an isotropic material, the material constants

are reduced to

Cijkl ¼ λδijδkl þ Gðδikδjl þ δilδjkÞ (1.36)

where δij is the Kronecker delta, λ and G are Lam�e coefficients.
In this book, the Voigt notations, which express the stress and strain tensors as

vectors in six spaces, are also used. In Eq. (1.25), if we use the transformation rule

of the subscripts that 11 ! 1; 22 ! 2; 33 ! 3; 23 ! 4; 31 ! 5; 12 ! 6 in the

components of stress σ and the material constant matrix C, we get the original form
of the stress and strain relation in Voigt notation:

σi ¼ Cijεj; εi ¼ sijσj; σ ¼ C � ε; ε ¼ s � σ; s ¼ C�1

σ ¼ ½σ1; σ2; σ3; σ4; σ5; σ6�T; ε ¼ ½ε1; ε2; ε3; ε4; ε5; ε6�T
(1.37)

where

σ1 ¼ σ11; σ2 ¼ σ22; σ3 ¼ σ33; σ4 ¼ σ23; σ5 ¼ σ31; σ6 ¼ σ12

ε1 ¼ ε11; ε2 ¼ ε22; ε3 ¼ ε33; ε4 ¼ γ23 ¼ 2ε23; ε5 ¼ γ31 ¼ 2ε31; ε6 ¼ γ12 ¼ 2ε12

(1.38)

It is noted that the rule transformed the fourth-order tensor sijkl to the second-order

tensor sij is slightly different with that fromCijkl toCij (Kuang and Ma 2002). Let the

transform matrix of the coordinate systems ϕ0 and ϕ be Q; Qkl ¼ cosði0k; ilÞ. The
transform rule for a tensor σ is σ0 ¼ Q � σ � QT, so in the original Voigt vector form,

the transform rule is

σ0 ¼ A : σ; ε0 ¼ B : ε

A ¼ A11 2A12

A21 A22


 �
; B ¼ A11 A12

2A21 A22


 �
; A11½ � ¼

Q2
11 Q2

12 Q2
13

Q2
21 Q2

22 Q2
23

Q2
31 Q2

32 Q2
33

2
64

3
75

A12½ � ¼
Q12Q13 Q11Q13 Q12Q11

Q22Q23 Q21Q23 Q21Q22

Q32Q33 Q31Q33 Q31Q32

2
64

3
75; A21½ � ¼

Q21Q31 Q22Q32 Q23Q33

Q11Q31 Q12Q32 Q13Q33

Q11Q21 Q12Q22 Q13Q23

2
64

3
75

A22½ � ¼
ðQ23Q32 þ Q22Q33Þ ðQ21Q33 þ Q23Q31Þ ðQ22Q31 þ Q21Q32Þ
ðQ12Q33 þ Q13Q32Þ ðQ11Q33 þ Q13Q31Þ ðQ11Q32 þ Q12Q31Þ
ðQ12Q23 þ Q13Q22Þ ðQ13Q21 þ Q11Q23Þ ðQ11Q22 þ Q12Q21Þ

2
64

3
75 ð1:39Þ

From Eq. (1.39), it is seen that the stress and strain in forms of Eq. (1.37) do not

obey the same transform matrix under the coordinate rotation.
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1.3.3 Normalized Stress and Strain Vectors

The following normalized stress and strain vector in 6-D space is more convenient.

The normalized stress vector �σ and strain vector �ε are defined as (Chen 1984;

Arramon et al. 2000; Kuang et al. 2003)

�σ ¼ σ11; σ22; σ33;
ffiffiffi
2

p
σ23;

ffiffiffi
2

p
σ31;

ffiffiffi
2

p
σ12

h iT
�ε ¼ ε11; ε22; ε33; γ23

ffiffiffi
2

p.
; γ31

ffiffiffi
2

p.
; γ12

ffiffiffi
2

p.h iT
�σ ¼ P � σ; �ε ¼ P�1 � ε; P½ � ¼ diag 1 1 1

ffiffiffi
2

p ffiffiffi
2

p ffiffiffi
2

ph i (1.40)

Substitution of Eq. (1.40) into Eq. (1.37) yields the constitutive equation for �σ
and �ε:

�σ ¼ �C � �ε; �C ¼ P � C � P; �ε ¼ �s � �σ; �s ¼ P�1 � s � P�1 (1.41)

Under a coordinate system transformation, Eq. (1.41) becomes

σ0 ¼ P � σ 0 ¼ P � A � σ ¼ P � A � P�1 � �σ
ε0 ¼ P�1 � ε0 ¼ P�1 � B � ε ¼ P�1 � B � P � �ε (1.42)

Using Eqs. (1.29), (1.30), (1.31), and (1.32), it is easily shown that

P � A � P�1 ¼ P�1 � B � P ¼ H; HTH ¼ P�1ATBP ¼ I (1.43)

From Eqs. (1.42) and (1.43), it is seen that �σ and �ε are vectors in a same 6-D

space.

1.3.4 Some Fundamental Formulas in Finite Deformation

Fundamental formulas for finite deformation can be found in many books (Kuang

2002; Ogden 1984). Here, some fundamental formulas are given which will be used

in this book. Notations ρ; ρe; u; σ; ε;D;E;B;H and φ;ψ will denote the density,

electric charge density, displacement, stress, strain, electric displacement, electric

field, magnetic induction, magnetic field, and electric potential and magnetic scalar

potential, respectively, in the current configuration. The physical quantities in the

initial configuration are expressed by an upper bar ‘-’ on the corresponding physical

quantities, such as �ρ; �ρe; �u; �σ;�ε; �D; �E; �B; �H and �φ; �ψ , where �σ and �ε are the second

kind of the Piola-Kirchhoff stress and Green strain, respectively. The coordinate
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and the subscripts in the current configuration are denoted by small letters, such

as xi, while the initial configuration are denoted by capital letters, such asXI; �σIJ. Let

x ¼ xðX; tÞ ¼ X þ uðX; tÞ; F ¼ @x @X= ; �ε ¼ ð�C� IÞ 2= ; �C ¼ FTF; dx ¼ F � dX
FkL ¼ xk;L ¼ δkL þ uk;L; �CKL ¼ FmKFmL ¼ xm;Kxm;L; �εKL ¼ ðxm;Kxm;L � δKLÞ 2=

(1.44)

where F and �C are the deformation gradient and deformation tensor, respectively.

It should be noted that the differentiation with the capital or small letter subscript

is different, such asxi;J ¼ @xi @XJ= andui;J ¼ ui;mxm;J. Because in this book the same

coordinate system in the current and initial configurations is taken, when there is no

differential symbol, it also hasXI ¼ Xi; �σIJ ¼ �σij, etc. The transform relations of the

mechanical variables in the current and initial configurations are

�ρe ¼ jρe; �ρ ¼ jρ; dV ¼ j d �V; �f K ¼ jfk; A ¼ jA; �g ¼ jg; j ¼ xi;J
�� ��

�σIJ ¼ jXI;mXJ;nσmn; �nKd�a ¼ Jxi;Knida; �σ	d�a ¼ σ	da; J ¼ j�1

�TKl�nKd�a ¼ Tklnkda; �Tk ¼ jXJ;n�nJnnTk; Ti ¼ Jxl;KnlNK
�Ti

xi ¼ XI þ ui; xi;JXJ;l ¼ δil; �εIJ ¼ ðxk;Ixk;J � δIJÞ 2= ; δ�εIJ ¼ xk;Iδuk;J ð1:45Þ

The electric displacement �DI and the magnetic induction �BI are defined by the

principle that the electric charge and “magnetic charge (¼0)” do not change with

deformation in a closed surface constituted of the same material points, and the

electric field �EI and �HI are defined by the derivative of φ and ψ with xI, respectively
(Eringen and Maugin 1989; Kuang 2002).

So we haveI
�a

�DI;Id�a ¼
I
a

Di;ida; �DI ¼ jXI;mDm; Dm ¼ Jxm;I �DI

�BI ¼ jXI;mBm; Bm ¼ Jxm;I �BI; σ	da ¼ �σ	d�a
�EI ¼ �φ;I ¼ �φ;mxm;I ¼ xm;IEm; Em ¼ XI;m

�EI;

�HI ¼ �ψ ;I ¼ xm;IEm; Hm ¼ XI;m
�HI

(1.46)

From Eq. (1.46), it is known that �EI;J ¼ �EJ;I ¼ �φ;IJ and �HI;J ¼ �HJ;I ¼ �ψ ;IJ .

The generalized momentum equations are

ð�σKLxi;LÞ;K þ �f i ¼ �ρ€ui (1.47)

�DI;I ¼ �ρe (1.48)

The boundary conditions are

xi;L�σKL�nK ¼ �Ti; �DK�nK ¼ ��σ; or �u
I
¼ �u	I ; �φ ¼ �φ	 (1.49)
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1.4 Classical Thermodynamics

1.4.1 Basic Concepts

Classical thermodynamics discusses the thermodynamic system consisted of body,

its surroundings, and their common boundary. It is concerned with the state of

thermodynamic systems at equilibrium, using macroscopic, empirical properties

directly measurable in the laboratory (Wang 1955). Classical thermodynamics

study exchanges of energy, work, and heat based on the laws of thermodynamics.

The first law of thermodynamics is a principle of conservation of energy and defines

a specific internal energy. The second law of thermodynamics is a principle to

explain the irreversible phenomenon in nature and defines specific entropy, which

will tend to increase over time, approaching a maximum value at equilibrium in an

isolated nonequilibrium system. The specific internal energy and specific entropy

are two state functions of the system. The thermodynamic state of the system

is described by a number of state variables. In classical thermodynamics, state

variables usually are pressure p, volumeV, temperatureT, entropy per volume s, etc.
A process means that the state of a system is continuously changed. The succes-

sion of states defines the path of the process. The related equations between state

parameters are called the constitutive equations or the state equations. An open

system is a special class of system with boundaries that matter and energy all can

cross. If the matter and energy all cannot cross the boundaries, then the system is

an isolated system. If there is no matter exchange between the system and

environment, then the system is called the closed system. If there is no heat

exchange between the system and environment, then the system is called the

insulated system.

1.4.2 Thermodynamic Laws

The First Law of Thermodynamics: The first law of thermodynamics states that

energy is always conserved; it can be converted from one form into another, but it

cannot be created or destroyed. The first law is correct for reversible and irrevers-

ible processes. In a quasi-static process for a homogeneous system, the first law can

be written in the form

dU ¼ dW þ dQ (1.50)

where W is that the surroundings does work on the system, Q is the heat absorbed

by the system from the surroundings, and U is the internal energy, which is a state

function.
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The Second Law of Thermodynamics: The second law of thermodynamics

points out that every natural process has in some senses a preferred direction of

action. In a quasi-static reversible process, a mathematical quantity called the

entropy of a system can be defined as

dQ ¼ T dS (1.51)

where T is the Kelvin temperature, S is the entropy. The second law shows that the

entropy of an isolated macroscopic system never decreases, or the total entropy of a

system plus its environment cannot decrease.

Combining the first and second law expressions for the gas, it is obtained:

dU ¼ dW þ T dS ¼ �P dV þ T dS (1.52)

where P is the pressure. Because U is a state function, so

P ¼ �@U @V= ; T ¼ @U @S= ; (1.53)

The change in entropy for any process between an initial state a and a final state b
satisfies

ΔS ¼ Sb � Sa 

Z b

a

dQ T= (1.54)

where the equality is for a reversible process and the inequality is for an irreversible

process.

1.4.3 Thermodynamic Character Functions

From Eq. (1.53), it is known that if UðV; SÞ is a known function of V and S, then P
and T are known, i.e., all state variables are known. The internal energy UðV; SÞ
is called the character function of the thermodynamic system. Using Legendre

transformation, we can get the Helmholtz free energy FðV; TÞ, enthalpy HðP; SÞ,
and Gibbs free energy (or Gibbs function) GðP; TÞ . These functions are all the

character functions:

FðV; TÞ ¼ U � TS; GðP; TÞ ¼ U þ PV � TS; HðP; SÞ ¼ U þ PV

dF ¼ �P dV � S dT; dG ¼ V dP� S dT; dH ¼ V dPþ T dS
(1.55)

Usually we use the variables per volume or per mass to describe laws of

thermodynamics. In this book, A; f ; g; h; and s denote internal energy, Helmholtz

free energy, Gibbs free energy, enthalpy, and entropy per volume, respectively; p is
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the pressure and v is the initial unit volume. But in finite deformation, these

notations represent variables per mass. In this case, Eqs. (1.52) and (1.55) become

Aðv; sÞ; f ðv; TÞ ¼ A� Ts; gðp; TÞ ¼ Aþ pv� Ts; hðp; sÞ ¼ Aþ pv

dA ¼ �p dvþ T ds; df ¼ �p dv� s dT; dg ¼ v dp� s dT ; dh ¼ v dpþ Tds

(1.56)

1.5 Continuum Thermodynamics and Irreversible Processes

1.5.1 General Concept

In continuummechanics, the internal behaviors of a body are usually inhomogeneous,

the internal processes may be irreversible, and the particle in it may be in motion.

Extending the classical thermodynamics to continuum, these distinguished features

must be considered. It is assumed that the body can be divided into very fine elements,

and in each element, its behaviors are homogeneous and the process deviated from the

quasi-static process is small, so the Gibbs equation can be used. It means that the

specific entropy is still considered as a state function. The total internal and kinetic

energies of a body can be obtained through the integral over the volume. Therefore,

equations similar to Eq. (1.56) in continuum mechanics are still applicable.

1.5.2 The First Law in Continuum Thermodynamics

Because a body may be in motion, so it has kinetic energy. In continuum

thermodynamics, the first law is in the form

_U þ _K ¼ _W þ _Q (1.57)

where _U is the rate of the internal energy, _K is the rate of the kinetic energy, _W is the

rate of the work finished by the generalized external force, and _Q is the rate of the

heat supplied by the surroundings. In the electroelastic material, we have

U ¼
Z
V

A dV; K ¼ ð1 2= Þ
Z
V

ρ _ui _ui dV; _Q ¼ �
I
a

q � n daþ
Z
V

_r dV

_W ¼
Z
a

TðnÞ � v daþ
Z
V

f � v dV þ
Z
V

φ _ρe dV þ
Z
a

φ _σ da
(1.58)

where f ;TðnÞ; v; q; n;φ; ρe; r; and σ are the body force per volume, surface force per

area, velocity, heat flow vector, normal of the boundary of the surface a, electric
potential, volume electric charge density, internal source intensity, and surface
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electric charge density, respectively. Using the generalized momentum equation,

from Eq. (1.58), it yields

_W þ _Q ¼
Z
a

TðnÞ � v daþ
Z
V

f � v dV þ
Z
V

φ _ρe dV þ
Z
a

φ _σ da�
I
a

q � n daþ
Z
V

_r dV

¼
Z
a

σijnjvi daþ
Z
V

fivi dV þ
Z
V

φ _ρe dV �
Z
a

φ _Dini da�
I
a

qini daþ
Z
V

_r dV

¼
Z
V

ðσijviÞ;j dV þ
Z
V

fivi dV þ
Z
V

φ _ρe dV �
Z
V

ðφ _DiÞ;i dV �
Z
V

qi;i dV þ
Z
V

_r dV

¼
Z
V

σijvi;j dV þ
Z
V

ðσij;j þ fiÞvi dV þ
Z
V

φð _ρe � _Di;iÞ dV

�
Z
V

φ;i
_Di dV þ

Z
V

ð _r � qi;iÞ dV

¼
Z
V

ðσijvi;j � φ;i
_Di � qi;i þ _rÞ dV þ

Z
V

ρ€uivi dV ¼ _U þ _K

¼
Z
V

_A dV þ ð1 2= Þ
Z
V

ρ _ui _ui dV

� �
_

From the above equation, the local form of the energy conservation equation is

obtained:

_A ¼ σ : _εþ E � _D�r � qþ _r (1.59)

If there has electric current in the body, a termJ � E should be added to the right side

of Eq. (1.59). The notation “ : ” is a double dot production, i.e., A : B ¼ AijBij.

1.5.3 The Second Law in Continuum Thermodynamics
(Clausius-Duhem Inequality)

In continuum thermodynamics, usually the process is irreversible. As an approximate

theory, the entropy is divided into reversible and irreversible parts. The reversible

part of the entropy SðrÞ is produced by the external heat, and the irreversible partSðiÞ is
produced by the heat produced in the internal irreversible process, i.e.,

Q ¼
Z
V

T _s dV ¼
Z
V

_r dV �
Z
a

q � n da ¼
Z
V

ð _r � qi;iÞ dV ) T _s ¼ _r � qi;i

_S
ðrÞ ¼

Z
V

_sðrÞ dV ¼
Z
V

T�1 _r dV �
Z
a

_η � n da ¼
Z
V

ðT�1 _r� _ηi;iÞ dV

_sðrÞ ¼ T�1 _r � _ηi;i ¼ T�1ð _r � qi;i þ _ηiT;iÞ; _η ¼ T�1q; η ¼
Z t

0

T�1qdτ

(1.60)
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where η is the entropy displacement vector and _η is the entropy flow vector. _sðiÞ is
the entropy rate due to the internal dissipative heat per volume and is often denoted

by σ. Usually, σ is called the entropy production (rate) and

_S
ðiÞ ¼

Z
V

_sðiÞdV ¼
Z
V

σ dV ¼
Z
V

_s dV �
Z
V

_sðrÞdV (1.61)

So the local entropy balance equation is

σ ¼ _s� _sðrÞ ¼ _s� _r=T þ — � _η 
 0; or Tσ ¼ T _s� _r þ qi;i � _ηiT;i 
 0 (1.62a)

When the variation of the temperature is not large, Eq. (1.62a) can be reduced to

Tσ � T0 _s� _r þ qi;i � T�1
0 qiϑ;i 
 0; T ¼ T0 þ ϑ (1.62b)

where T0 is the reference temperature or the temperature in the environment.

Usually it is assumed that the following equations are held:

T _s ¼ _r � qi;i; Tσ ¼ � _η � r T ¼ � _ηiT;i ¼ �T�1qiϑ;i 
 0 (1.63)

Substituting _r expressed in Eq. (1.59) into Eq. (1.62) yields

Tσ ¼ σ : _εþ E � _Dþ T _s� _A� _η � rT 
 0 (1.64)

Using the electric Gibbs function g ¼ A� Ts� ED from Eq. (1.64) we get

Tσ ¼ σ : _ε� D � _E� s _T � _g � _η � rT 
 0 (1.65)

Equations (1.63), (1.64), and (1.65) are called Clausius-Duhem inequality. For the

reversible process, σ ¼ 0, but for the irreversible process, σ > 0.

Because A and g are state functions, the approximation in first order we can

assume

_A ¼ σ : _εþ E � _Dþ T _s; _g ¼ σ : _ε� D � _E� s _T (1.66)

and

_hA ¼ Tσ ¼ � _ηiT;i 
 0; _hg ¼ �T;i _ηi þ ðT;iηiÞ_¼ ηi _T;i; T _s ¼ _r � qi;i (1.67)
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Equation (1.66) is the Gibbs equation, Eq. (1.67) is the dissipative energy rate, _hA,
equation and its Legendre transformation or “the complement dissipative energy

rate” _hg . From Eq. (1.66), the constitutive equations can be derived:

σij ¼ @A @εij
�

; Ei ¼ @A @Di= ; T ¼ @A @s=

σij ¼ @g @εij
�

; Di ¼ �@g @Ei= ; s ¼ �@g @T=
(1.68)

1.5.4 Thermodynamic Character Functions

In electroelastic mechanics, state variables usually are stress σ, strain ε, electric field
strength E, electric displacement D, temperature T, and specific entropy s.
Conjugated variable pairs, which form energy rate, are ðσ; εÞ; ðE;DÞ; ðT; SÞ. Each
one in three pairs can be used as independent variable, so through the Legendre

transform, eight character functions in electroelastic materials can be obtained:

Internal energy u : dA ¼ σij dεij þ Ei dDi þ T ds

Free energy f : f ¼ A� Ts; df ¼ σij dεij þ Ei dDi � s dT

Gibbs function : gg ¼ f � σijεij � EiDi; dgg ¼ �εij dσij � Di dEi � s dT

Electric Gibbs function : g ¼ f � EiDi; dg ¼ σij dεij � Di dEi � s dT

Elastic Gibbs function : gel ¼ f � σijεij; dgel ¼ �εij dσij þ Ei dDi � s dT

Enthalpy : h ¼ A� σijεij � EiDi; dh ¼ �εij dσij � Di dEi þ T ds

Electric enthalpy : he ¼ A� EiDi; dhe ¼ σij dεij � Di dEi þ T ds

Elastic enthalpy : hel ¼ A� σijεij; dhel ¼ �εij dσij þ Ei dDi þ T ds ð1:69Þ

The internal energy Aðε;E; sÞ and the electric Gibbs free energy gðε;E; TÞ are
often used. Especially the electric Gibbs free energy is more convenient in applica-

tion. It is easy to see that when the temperature effect is not considered, then the

internal energy and the free energy are the same, and the electric Gibbs function and

the electric enthalpy are the same.

1.5.5 Irreversible Thermodynamics

The first foundation of the irreversible thermodynamics is that the Gibbs equation

is applicable, i.e., Eqs. (1.66), (1.67) and (1.68) are applicable for the state slightly

deviated from the equilibrium state. The second foundation (De Groet 1952;

Gyarmati 1970; Kuang 2002) is that the dissipative rate equation is constituted of

the irreversible force and irreversible flow, and the irreversible flow is a function of
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the irreversible force or vice versa. So in the electroelastic case from Eq. (1.67),

we can derive the so-called evolution equation

_ηi ¼ _ηiðT;jÞ; or T;i ¼ T;ið _ηjÞ (1.70)

In the usual thermal conductive theory, the variation of the temperature is not large;

Eq. (1.70) can be written in a linear form:

T _ηi ¼ qi ¼ �λijðx; tÞT;j; T;j ¼ �λ�1
ji T _ηi ¼ �bλijðx; tÞT _ηi (1.71)

where λ is the thermal conducting coefficient which may be related to ðx; tÞ .
Equation (1.71) is the Fourier’s law. Sometimes Eqs. (1.68) and (1.70) are called

the first and second group constitutive equations, respectively (Kuang 2002).

1.5.6 The Diffusion Problem

The classical thermal diffusion theory is also assumed that the Gibbs equation

is still held:

_A ¼ σ : _εþ E : _Dþ T _sþ μ _c; dA ¼ σ : dεþ E : dDþ T dsþ μ dc

T _s ¼ _r � qi;i þ μdi;i; T _sþ μ _c ¼ _r � qi;i; di;i ¼ � _c
(1.72)

where μ is the chemical potential, d is the flow vector of the diffusing mass, and c
is the concentration. Equation (1.72) shows that the total input heat rate _r � qi;i is
balanced by the sum of T _s and μ _c. Using relations

T�1qi;i ¼ ðT�1qiÞ;i þ T�2qiT;i; T�1μdi;i ¼ ðT�1μdiÞ;i � diðT�1μÞ;i (1.73)

from Eqs. (1.72) and (1.73), we get (De Groet 1952; Gyarmati 1970; Kuang 2010)

_s� T�1 _r þ ðT�1qi � T�1μdiÞ;i ¼ �T�2qiT;i � diðT�1μÞ;i ¼ _sðiÞ; or

_s ¼ _sðrÞ þ _sðiÞ; _s rð Þ ¼ ð _r T= Þ � r � Js; Js ¼ ðq T= � μd T= Þ
(1.74)

From Eq. (1.74), it is obtained:

T _sðrÞ ¼ _r � Tð _ηi � μ0diÞ;i; μ0 ¼ μ T=

T _sðiÞ ¼ hu ¼ �T;i _ηi � μ0;i _ξ
0
i ¼ XT � _ηþ X0

μ � _ξ
0 
 0

XT ¼ �rT; X0
μ ¼ �rμ0; _η ¼ q T= ; _ξ

0 ¼ Td ¼ T _ξ

(1.75)
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According to the linear irreversible thermodynamic theory, irreversible flows

are proportional to the irreversible forces, so the evolution equations are

T _ηi ¼ �λijT;i � LijTμ
0
;i ¼ �λijT;i � Lijμ;i þ LijμT;i T=

_ξi ¼ T�1 _ξ
0
i ¼ �DijTμ

0
;i � LijT;i ¼ �Dijμ;i � LijT;i þ DijμT;i T=

(1.76)

where D is the diffusion coefficient and L is the coupling coefficient. When

μT;i T= � μ;i, Eq. (1.76) is reduced to

T _sðiÞ ¼ hu � XT � _ηþ Xμ � _ξ ¼ �T;i _ηi � μ;i _ξi 
 0; Xμ ¼ �rμ; _ξ ¼ d

T _ηi ¼ �λijðTÞT;i � LijðTÞμ;i; _ξi ¼ �DijðTÞμ;i � LijðTÞT;i; or

T;i ¼ �λ̂ijðTÞT _ηi � L̂ijðTÞ _ξi; μ;i ¼ �D̂ijðTÞ _ξi � L̂ijðTÞT _ηi
(1.77)

Especially coefficients D;L; λ in Eq. (1.77) can be considered as constants. It is

noted that the irreversible thermodynamic theory can only give the general form

of the evolution equation and the exact form should be given by experiments. For

simplicity when the variation of the temperature is not large and considering

experimental facts, the extended Fourier’s law and Fick’s law, Eqs. (1.71) and

(1.77) will be used in the future.

In the application of irreversible thermodynamics to more complex materials,

such as viscous materials, plastic materials, and materials with phase transforma-

tion, the continuum thermodynamics with internal variables is very useful.

1.6 Physical Variational Principle (PVP)

In traditional thermodynamics, the first law is considered as a principle of conservation

of energy. But in our papers (Kuang 2007, 2008a, b, 2009a, 2011a, b, c), it was

shown that together with the first law of thermodynamics, the known facts show

that the physical variational principle (PVP) is also held. The physical variational

principle gives a true process for all virtual possible process satisfying the geomet-

rical constrained conditions. If the environment is not considered, the PVP can be

expressed as

δU ¼ δW þ δQ; or δΠ ¼ δU � δW � δQ ¼ 0

δU ¼
Z
V

δA dV þ
Z
V

Aeδui;i dV; δW ¼
Z
V

f � δu dV �
Z
V

ρ€u � δu dV þ
Z
a

T � δu da

δQ ¼ �
Z
a

qδt � n daþ
Z
V

δr dV ð1:78Þ
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where δ is the variation sign and f ;T; and u are the generalized body force, surface

force, and generalized displacement. In complex media, A may be the function

of strain and other variable, such as electric field E . Ae is the energy from the

total energy minus the pure deformation energy (see later Sect. 2.1.2). In general,

W and Q are not the state functions, so they are dependent to path. In general case,

the discussed body, environment, and their common interface should be considered

together, which will be discussed in Chap. 2 in detail.

Because the thermodynamic laws do not contain the time, in Eq. (1.78), the

D’Alembert principle has been used to make the system in an invented quasi-static

equilibrium state. So the first law for the electroelastic process can also be written in

the form

_U ¼ _W þ _Q

_W ¼
Z
a

TðnÞ � v daþ
Z
V

f � ρ€uð Þ � v dV þ
Z
V

φ _ρe dV þ
Z
a

φ _σ da
(1.79)

If the isothermal reversible case with δQ ¼ 0; δT ¼ 0 is discussed, the electroelastic

process is reversible. In practice, the specific electric Gibbs free energy gðε;E; TÞ
is preferred to use in physical variational principle, i.e., we often use

δΠg ¼
Z
V

δg dV þ
Z
V

geδui;i dV � δW	 � δQ ¼ 0

δW	 ¼
Z
a

TðnÞ � δu daþ
Z
V

f � ρ€uð Þ � δu dV �
Z
V

ρeδφ dV �
Z
aD

σ	δφ da

(1.80)

where W	 is the sum of the work of the external force on the medium and

the complementary work of the medium on the electric field and ge is the part

containing E or φ in g.
In many problems, the variation of a variable ϕ different with displacement u

should be divided into local variation and migratory variation, i.e., the variation

δϕ ¼ δϕϕþ δuϕ , where the local variation δϕϕ of ϕ is the variation duo to the

change ofϕ itself and the migratory variation δuϕofϕ is the variation of change ofϕ
due to virtual displacements. It is also noted that the new force produced by the

migratory variation δuϕ will enter the virtual work δW or δW	 as the same as the

external mechanical force (see later Sect. 2.1.2). It is noted that the local variation

does not produce the variation of volume, but the variation of the volume really

occurred due to the migratory variation. So in Eq. (1.80), the term
R
V g

eδui;i dV
should be considered for the nonlinear electroelastic analysis.

The physical variational principle is considered to be one of the fundamental

physical principles for the quasi-equilibrium state case, which can be used to derive

governing equations in continuum mechanics and other fields. We can also give it a

simple explanation that the true displacement is one kind of the virtual displace-

ment and obviously it satisfies the variational principle. Other virtual displacements

cannot satisfy this variational principle; otherwise, the first law is not objective.
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The physical variational principle is different to the usual mathematical variational

method which is based on the known physical facts. According to this principle, the

variational principle can be obtained automatically if the energy expression is

given. We consider that the first law of the thermodynamics includes two contents:

energy conservation and physical variational principle. The PVP can also be

considered as a generalization of the general virtual work principle in some senses.

1.7 Some Extensions in Continuum Thermodynamics

1.7.1 Extension of the First and Second Laws in Continuum
Thermodynamics

In continuum mechanics, the state variables in a system are varied not only in space

but also with time. Similar to the mechanical kinetic energy in continuum mechan-

ics, an inertial heat can be added to energy equation. For a homogeneous system,

the first law in the classical and continuum thermodynamics can be extended to the

case where the temperature is varied with time, i.e., the first law; Eqs. (1.50) and

(1.57) in continuum mechanics can be extended, respectively, to

dU ¼ dW þ dQ� dQT (1.81a)

_U þ _K ¼ _W þ _Q� _QT; _QT ¼
Z
V

Cρs0 €T dV (1.81b)

where _QT is the inertial heat rate. Cρs0 can be assumed as a constant, and it can be

measured by experiments. The first law in classical thermodynamics is a law in an

ideal state, but Eqs. (1.81a) and (1.81b) are approximate formulas in a practical

situation. Equations (1.81a) and (1.81b) may be important for the thermodynamic

problem with microscopic time and size. It is obvious that the experiments to prove

this theory are very important and meaningful. For a homogeneous pure heat

problem without heat conduction, using _U ¼ C _TV , _QT ¼ Cρs0 €TV , and _Q ¼ _rV ,
where C is the specific heat per volume, Eq. (1.81) becomes

Cð _T þ ρs0 €TÞ ¼ _r (1.82)

The second law, Eq. (1.54), can be extended to

ΔðSþ SðaÞÞ ¼ ðSþ SðaÞÞb � ðSþ SðaÞÞa 

Z b

a

dQ T= (1.83)

where s að Þ is called the inertial entropy, which is reversible, corresponding to the

inertial heat.
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1.7.2 Inertial Entropy Theory

As an extension of the inertial heat, we modify the thermodynamic entropy

equation by adding a term containing inertial entropy in Eqs. (1.60) and (1.63)

(Kuang 2009b), i.e.,

T _sþ T _sðaÞ ¼ _r � qi;i ¼ _r � ðT _ηiÞ;i; _sðaÞ ¼ ρs €T; ρs ¼ ρs0C T=

_s ¼ _sðrÞ þ _sðiÞ; _sðrÞ þ _sðaÞ ¼ _r T= � _ηi;i; _ηi ¼ qi T=

Tσ ¼ T _s� T _sðrÞ ¼ T _sþ T _sðaÞ � _r þ T _ηi;i ¼ � _ηiT;i 
 0; σ ¼ _sðiÞ ¼ � _ηiT;i T=

(1.84)

where s is the usual entropy density, sðrÞ is the reversible part of s produced by the

difference of the external heat and the inertial heat, sðiÞ is the irreversible part of s
produced by the internal irreversible process and is often denoted by the entropy

production rate _sðiÞ ¼ σ , sðaÞ is the inertial entropy, and we assume that _sðaÞ is

proportional to the acceleration of the temperature. ρs is called the inertial entropy

coefficient, ρs0 is an inertial time constant, and T _sðaÞ ¼ Cρs0 €T is the inertial heat rate

per volume. Comparing Eq. (1.84) with the classical entropy equation, it is found

that in Eq. (1.84), T _sþ T _sðaÞ is used instead of T _s in the classical theory. In

Eq. (1.84), s is still a state function because sðaÞ is reversible. If the inertial entropy is
omitted, then Eq. (1.84) is reduced to the entropy equation in the classical thermo-

dynamics. The concepts of the inertial entropy and the inertial heat are

complementing each other and _QT ¼ R
V T _s

ðaÞ dV. The ideal of the inertial entropy
theory is that when the inertial heat is subtracted from the external supplied heat, the

system can be studied by the classical thermodynamics. In other words, at any fixed

time, the system is located at a local equilibrium state. The supplied heat δQ by the

surrounding cannot be absorbed by the system immediately, but only δQ� δQðaÞ,
where δQðaÞ is used to overcome the temperature inertia. δQðaÞ may be positive or

negative. So the inertial entropy theory substantially belongs to the framework of

local thermodynamic equilibrium theory. When the temperature is inhomogeneous

in the space, the space inhomogeneous temperature is dealt with Fourier’s law and

its variation with time is dealt by the inertial entropy theory. The temperature wave

problem is discussed in the time-space 4-D space.

The dissipative energyhA and the complement dissipative energy hg are the same

as that in classical irreversible thermodynamic theory, i.e., they are also expressed

by Eq. (1.67). Therefore, in the inertial entropy theory, the evolution equation

(1.71) is still held. If _s ¼ C _ϑ=T; ϑ ¼ T � T0 , from Eqs. (1.84) and (1.71), a

temperature wave equation is obtained:

Cð _ϑþ ρs0€ϑÞ ¼ _r þ λijðx; tÞϑ;ji (1.85)

For uniform temperature field, Eqs. (1.82) and (1.85) are identical.
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1.7.3 Cattaneo-Vernotte Theory of Generalized
Thermodynamics

In present temperature wave theory given in literatures, the Cattaneo-Vernotte heat

conduction model (Vernotte 1958; Cattaneo 1958; Joseph and Preziosi 1989) was

extensively used, which is

qi þ τij _qj ¼ �λijT;j (1.86)

In a purely thermal conduction case, the energy equation is

dA dt= ¼ _r � qi;i; dA ¼ C dϑ (1.87)

Substituting Eq. (1.87) into Eq. (1.86) with τij ¼ τ0δij yields

Cð _ϑþ τ0€ϑÞ ¼ _r þ τ0€r þ λijϑ;ji (1.88)

Comparing Eqs. (1.85) and (1.88), especially for the isotropic case, it is seen that

these two equations are the same if r ¼ 0. But in other cases, they are different.

Bertola and Cafaro (2007) considered that discarding Fourier’s law is not easy

because it is supported by general experimental evidence.

In the phonon theory of the lattice thermal conductivity at low temperatures the

similar temperature wave equation can also be seen (Jackson and Walker 1971).

Some biomechanical researchers (Xu et al. 2008) used the non-Fourier heat

conduction model to study the bioheat transfer, burn damage, biomechanics, and

physiology and used the so-called dual-phase-lag heat conduction model:

qi þ τ0 _qi ¼ �λðT;i þ τT _T;iÞ (1.89)

1.7.4 Comparison of Inertial Entropy Theory with the
Cattaneo-Vernotte Theory

1. For a Quasi-Isothermal Case
For a quasi-isothermal case, we have ϑ;i � 0; ϑ ¼ ϑðtÞ. In this case, Eqs. (1.88)

and (1.85) are, respectively, reduced to

Cð _ϑþ τ0€ϑÞ ¼ _r þ τ0€r; or Cðϑþ τ0 _ϑÞ ¼ r þ τ0 _r (1.90)

Cð _ϑþ ρs0€ϑÞ ¼ _r; or Cðϑþ ρs0 _ϑÞ ¼ r (1.91)

Let r ¼ RHðtÞ, where HðtÞ is the Heaviside step function and R is a constant. The

solution of Eq. (1.90) is

CϑðtÞ ¼ R 1þ τ�1
0 � 1

� �
e�t τ0=

 �
HðtÞ; Cϑð0Þ ¼ Rτ�1

0 (1.92)
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where the Dirac delta function δðtÞ ¼ _HðtÞ is used. As a typical value τ0 ¼ 1 ns � 1

ps ð1 ns ¼ 10�9 s; 1 ps ¼ 10�12 sÞ, Eq. (1.92) shows that Cϑð0Þ ¼ 109R � 1012R.
It is difficult to explain that this large energy is supported by which body. It means

that at least this theory is not appropriate for the quasi-isothermal case.

The solution of Eq. (1.91) is

CϑðtÞ ¼ R 1� e�t ρs0=
� �

HðtÞ; Cϑð0Þ ¼ 0 (1.93)

As a typical value ρs0 ¼ 1 ns � 1 ps is taken, the time for CT ¼ U from 0 to R is in

the order of 1 ns � 1 ps. It means that the rise of the temperature in the material

introduced by the internal heat source reaches its stable value in a very short time.

Equation (1.93) shows that the heat pulse is used to overcome the heat inertia at first

time, then the inertial heat converts to the internal energy. In order to explain

the energy conversion process more clearly, we discuss the second example.

Let us assume that _r=Cρs0 ¼ at; a ¼ 104K=ðμsÞ3 in time interval ½0; 10 μs� and

after t ¼ 10 μs; _r ¼ 0. Letρs0 ¼ 1ns ¼ 10�3μs,C ¼ 1kJ=kg � K. From Eq. (1.91) for

t 2 ½0; 10 μs� we get:

€ϑþ _ϑ=ρs0 ¼ _r=Cρs0 ¼ at; t 2 ½0; 10 μs�
ϑð0Þ ¼ 0; _ϑð0Þ ¼ 0 (1.94)

Its solution is

ϑðtÞ ¼ aρs0 ð1� e�t=ρs0Þρ2s0 � ρs0tþ t2=2
h i

_ϑðtÞ ¼ aρ2s0 e�t=ρs0 � 1
� 	

þ aρs0t (1.95)

When t 2 ½0; 10 μs�, T _sðaÞ ¼ ρs0C _ϑ ¼ aρs0Cð1� e�t=ρs0Þ > 0, i.e. the inertial heat

increases with time. For t > 10 μs we get:

€ϑþ €ϑ=ρs0 ¼ 0; t > 10 μs

ϑð10Þ ¼ 499:9K; _ϑð10Þ ¼ 99:99K=μs (1.96)

where ϑð10Þ and €ϑð10Þ are obtained from Eq. (1.95). The solution is

ϑðtÞ ¼ 499:9þ 99:99ρs0ð1� e�ðt�10Þ=ρs0Þ; _ϑðtÞ ¼ 99:99e�ðt�10Þ=ρs0 (1.97)

So θð1Þ ¼ 500K; _ϑð1Þ ¼ 0. When t > 10 μs; T _sðaÞ ¼ �50Ce�ðt�5Þ=ρs0 < 0, i.e.

the inertial heat decreases with time. At t ¼ 1 the internal heat is zero, TsðaÞð1Þ
¼ 0. Eqs. (1.95) and (1.97) show that if the internal heat source r(t) is supplied in an
inteval ½0; tf �, then in the interval ½0; tf �, is supplied in an interval ½0; tf �, then in the

interval ½0; tf �, the heat supplied by the environment is used to increase the internal
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energy and overcome the heat inertia; after tf , the inertial heat converts to the

internal energy or increases the temperature.

If the heat inertia is not considered, this absorbed process is instantaneous. The

role of the temperature inertia is somewhat different with the mechanical inertia.

2. For an Anisotropic Material
In an anisotropic material, τij and λij in Eq. (1.86) are all tensors. Combining

Eqs. (1.86) and (1.87), we get

C _ϑ� τij _qj;i ¼ _r þ λijϑ;ji (1.98)

Equation (1.98) is difficult to reduce to a simple equation with a single variable ϑ.
If we let τij ¼ τ0δij , Eq. (1.98) is reduced to (1.88). However, if λij is a tensor, in

general case, it cannot consider τij as a scalar. The only possible reason is that τij
represents an inertial tensor which is a scalar.

3. About the Entropy Production Rate
From Eqs. (1.84) and (1.86), it is obtained:

σ ¼ � _ηiT;i T= ¼ �qiT;i T2
� ¼ ð1 λT2

� Þðqiqi þ τ0qi _qiÞ (1.99)

When qiðqi þ τ0 _qiÞ < 0 , σ may be negative. This violates the Clausius-Duhem

inequality σ 
 0 in classical thermodynamics based on the local equilibrium. Jou

et al. (2001) proposed an extended irreversible thermodynamic theory to improve

the Cattaneo-Vernotte model. For a local non-equilibrium state they assumed

s ¼ sðA; qÞ; ds ¼ ð@s=@AÞdAþ ð@s=@qÞ � dq
@s=@A ¼ 1=Θ; @s=@q ¼ �ðτ=λT2Þq (1.100)

where Θ is the non-equilibrium temperature. Using Eq. (1.87), for r¼ 0 Eq. (1.100)

can be written as

_s ¼ ð1=ΘÞA� ðτ=λT2Þq � dq ¼ �— � Js þ σ

Js ¼ Θ�1q; σ ¼ q � X ¼ q � —Θ�1 � ðτ=λT2Þ _q �
(1.101)

where Js is the generalized entropy flow. The irreversible thermodynamics gives

q ¼ LX. Let L ¼ λT2; λ > 0 and approximately let T ¼ Θ we find

q ¼ LX ¼ L —Θ�1 � ðτ=λT2Þ _q � ¼ �λ—Θ� τ _q (1.102)

Equation (1.102) is just the Cattaneo-Vernotte heat conduction equation if we use Θ
to instead of T in Eq. (1.86). In this extended irreversible thermodynamic theory we

always have σ ¼ LX2 
 0, but some postulated conditions are added.

However to prove the rationality of the definition of the non-equilibrium specific

entropy is a difficult problem. Barletta and Zanchini (1997) pointed out that the
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extended irreversible thermodynamic theories are disagreed each other and no

theory has been verified by experiments yet. The above difficult is not occurred

in the inertial entropy theory.

From the above discussions, it is seen that in all published theories, the inertial

entropy theory is the simplest one and is the unique consistent with the classical

continuum thermodynamics and the constitutive theory. All the above difficulties

occurred in theories based on the Cattaneo-Vernotte model do not occurred in the

inertial entropy theory. It is also noted that the inertial entropy theory does not reject

to use Eq. (1.86) if it is necessary. This theory is also easy to check by experiments

in the further.

1.7.5 Thermoelastic Problem

For a thermoelastic problem, the free energy g and constitutive equations can be

assumed as

gðεkl; ϑÞ ¼ 1

2
Cijklεjiεlk � αijεijϑ� 1

2T0
Cϑ2; Cijkl ¼ Cjikl ¼ Cijlk ¼ Cklij; αij ¼ αji

σij ¼ @g @εij
� ¼ Cijklεkl � αijϑ; s ¼ �@g @ϑ= ¼ αijεij þ Cϑ=T0 ð1:103Þ

where Cijkl is the elastic coefficient and αij is the stress-temperature coefficient.

Using the inertial entropy theory, from Eqs. (1.84) and (1.103), the temperature

wave equation is obtained as

αij _εij þ C _ϑ=T0 þ ρs0ðC T= Þ€ϑ ¼ _r T= þ λijϑ;ji T= (1.104)

Combined Eq. (1.104) with mechanical dynamic equation σij;j ¼ ρ€ui , the

governing equations in generalized displacements for the thermoelastic wave

under small variation of temperature are

Cijkluk;lj � αijϑ;j ¼ ρ€ui; T0αij _ui;j þ Cð _ϑþ ρs0€ϑÞ ¼ λijϑ;ji (1.105)

Equation (1.105) can also be obtained by the physical variational principle (see

chapter 2). For one-dimensional problem, Eqs. (1.103) and (1.105) are, respec-

tively, reduced to

σ ¼ Yε� αϑ; s ¼ αεþ Cϑ=T0 (1.106)

Cðρs0€ϑþ _ϑÞ � λϑ00 þ αT0 _u
0 ¼ 0; ρ€u� Yu00 þ αϑ0 ¼ 0 (1.107)
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In Eq. (1.106) and (1.107), Y is the elastic modulus and α is the stress-temperature

coefficient, and for any function φ, _φ ¼ @φ @t= and φ0 ¼ @φ @x= are used. For a

plane wave propagating along direction x, we assume

�u ¼ U exp iðkx� ωtÞ½ �; �
ϑ ¼ Θ exp iðkx� ωtÞ½ �

u ¼ Re�u; ϑ ¼ Re
�
ϑ

(1.108)

where U is the amplitude of the displacement and Θ is the amplitude of the

temperature, k ¼ k1 þ ik2 is the wave number and i ¼ ffiffiffiffiffiffiffi�1
p

. Substituting

Eq. (1.108) into (1.107) yields

ðYk2 � ρω2ÞU þ iαkΘ ¼ 0; αT0kωU þ λk2 � Cðρs0ω2 þ iωÞ �
Θ ¼ 0 (1.109)

In order to have nontrivial solutions for U;Θ , the coefficient determinant of

Eq. (1.109) must be vanished, i.e.,

Yk2 � ρω2 iαk
αT0kω λk2 � Cðρs0ω2 þ iωÞ

����
���� ¼ Yk2 � ρω2 iαk

αT0kω λk2 � Cb

����
���� ¼ 0 (1.110)

where b ¼ ρs0ω
2 þ iω and Im b ¼ ω > 0. From Eq. (1.110), we get

λYk4 � ðCYbþ λρω2 þ iα2T0ωÞk2 þ ρω2Cb ¼ 0 (1.111)

Though there are two roots for k2, but for a wave propagating along positive

x-direction only, k is selected and � k is neglected. Let k ¼ kT be the wave number

of the temperature wave and another k ¼ kY be the wave number of the elastic

wave. Let

CYbþ λρω2 þ iα2T0ω ¼ r1e
iφ1

ðCYbþ λρω2 þ iα2T0ωÞ2 � 4CλYρω2b

¼ ðCYb� λρω2 þ iα2T0ωÞ2 þ 4iλρω2α2T0ω ¼ r2e
iφ2

(1.112)

then we have

kY ¼ 1

2λY
r1e

iφ1 � ffiffiffiffi
r2

p
eiφ2 2=

� � �1 2=
; kT ¼ 1

2λY
r1e

iφ1 þ ffiffiffiffi
r2

p
eiφ2 2=

� � �1 2=

r1e
iφ1 ¼ CYbþ λρω2 þ iα2T0ω; Imðr1eiφ1Þ ¼ ðCY þ α2T0Þω > 0

r2e
iφ2 ¼ ðCYbþ λρω2 þ iα2T0ωÞ2 � 4Cλρω2Yb

Im r2e
iφ2

� � ¼ 2 ðCYρs0 � λρÞCY þ ðCYρs0 þ λρÞα2T0
 �

ω3

(1.113)

where the notation “Im” denotes the image part of a complex function. From

Eq. (1.109), we can get ϑ and u.
From Eq. (1.113), it is known that Im kT is always positive, so the temperature

wave is always attenuated. However, if r1 sinφ1 <
ffiffiffiffi
r2

p
sinðφ2 2= Þ, Im kY < 0, and
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in this case, the elastic wave is enlarged. This phenomenon may be applied in the

acoustic wave technique.

From this phenomenon, three possible cases can be assumed: (1) The inertial

time constant ρs0 is determined by the equation

r1 sinφ1 ¼
ffiffiffiffi
r2

p
sinðφ2 2= Þ (1.114)

to make Im kY ¼ 0. (2) The second possibility is that the elastic viscosity need

be considered. If the elastic viscosity is considered, Eq. (1.114) need be modified.

(3) The third possibility is that this phenomenon may also be the inertial effect of

the temperature and does not violate the energy conservation law. This phenome-

non is also found in the numerical calculation for the elastic wave in pyroelectric

material (Yuan and Kuang 2008).

1.7.6 Generalized Inertial Entropy Theory

Analogous to the inertial entropy concept in Eq. (1.84), an inertial concentration

concept is introduced in the thermodiffusion problem (Kuang 2010). In the

generalized inertial entropy theory, the Gibbs equation, Eq. (1.72), of the classical

thermal diffusion theory is changed to

Tð _sþ _sðaÞÞ þ μð _cþ _cðaÞÞ ¼ _r �r � q
_sðaÞ ¼ ρs €T ¼ ρs0ðC T= Þ €T; _cðaÞ ¼ ρμ€μ; _c ¼ �di;i

(1.115)

where μ is the chemical potential, d is the flow vector of the diffusing mass and c the
concentration, and ρs and ρμ are inertial entropy and inertial concentration

coefficients, respectively. Similar to the derivation in Sect. 1.5.6, it can be obtained:

ð _sþ _sðaÞÞ þ μ _cðaÞ

T
¼ _r

T
� qi;i

T
þ μdi;i

T
¼ _r

T
� qi

T

� 	
;i
� qiT;i

T2
þ μdi

T

� �
;i

� μ

T

� 	
;i
di

T _s ¼ T _sðrÞ þ T _sðiÞ; Tð _sðrÞ þ _sðaÞÞ þ μ _cðaÞ ¼ _r þ Tð _ηi � μ0 _ξiÞ;i
Tσ ¼ T _sðiÞ ¼ �T;i _ηi � μ0;i _ξ

0
i � �T;i _ηi � μ;i _ξi 
 0 ð1:116Þ

This theory shows that the heat rate
R
V
_r dV � R

a T _η � n da supplied by the environ-
ment is transformed to the heat rate stored in the medium, dissipation energy rate,

and the inertial heat rate, which is introduced by the inertial entropy and the inertial

concentration.

The evolution equation, Eq. (1.77), is still held in the generalized inertial entropy

theory.
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1.8 The SI System (International System of Units)

1.8.1 SI Base Units

Length (meter, m), Mass (kilogram, kg), Time (second, s), Electrical current

(ampere, A), Thermodynamic temperature (Kelvin, K), Amount of substance

(mole, mol), Luminous (candela, cd)

1.8.2 Some SI-Derived Units

1. Mechanics: Force (Newton, N, kg ms�2), pressure (pascal, Pa, kg/(m s2) ¼
(N/m2)), stress (MPa), velocity (or speed) (m s�1), acceleration (m s�2), work,

energy, heat (joule, J, m2 kg s�2, Nm), power or radiant flux (watt, W, kg m2 s�3, J/s),

frequency (hertz, Hz, s�1), modulus of elasticity (GPa), wave number (m�1)

2. Electromagnetism: Electrical charge (coulomb, C, A s), electrical potential

(Volt, V, N �m A � s= , W/A), electric field strength (V m= ¼ N C= ), electric displace-

ment (electric flux density) (C/m2), electrical capacitance (farad, F, m�2 kg�1 s4 A2,

C/V), electrical inductance (Henry, H, m2 kg s�2 A�2), electrical resistance (ohm,

w, m2 kg s�3 A�2, V/A), magnetic flux (weber, Wb, m2 kg s�2 A�1, V s), magnetic

flux density (tesla, T, N A �m= , Wb/m2), magnetic field strength (A m�1), perme-

ability (H/m), permittivity (F/m)

3. Thermodynamics: Concentration (of amount of substance) (mol m�3),

heat capacity (J/K), thermal conductivity (W/(m K)), coefficient of heat transfer

(W/(m2 K)), specific energy (J/kg, m2 s�2), specific heat capacity (or specific

entropy) (J/(kg K), m2 s�2 K�1), heat flow rate (W, J/s), heat flux density (W/m2)
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Chapter 2

Physical Variational Principle

and Governing Equations

Abstract In this chapter, the physical variational principle is used to derive the

governing equations of the nonlinear and linear electroelastic analyses in piezo-

electric and pyroelectric materials. Some kinds of the physical variational principle

are given. Applying the migratory variation of electric potential, the general

expression of the static electric force is given. It is shown that for the physical

nonlinear problem, such as the electrostrictive materials, in order to get correct

governing equations and material constants in experiments, we need to consider

the entire system including the dielectric medium, its environment, and their

common boundary. When the temperature varies with time, the inertial entropy

and generalized inertial entropy theories are used to derive the temperature wave

equation and the mass diffusion equation. This theory is consistent with current

known thermodynamic theory.

Keywords Physical variational principle • Governing equation • Inertial entropy

theory • Temperature wave equation • Mass diffusion equation

2.1 Electric Gibbs Free Energy Variational Principle

in Piezoelectric Materials

2.1.1 Electric Gibbs Free Energy and Constitutive Equations

In Sect. 1.6, the physical variational principle (PVP) was proposed as a basic

principle in the continuum mechanics for an electrically static state. In this chapter,

we shall discuss its applications. At first, the electric Gibbs free energy variational

principle in piezoelectric materials under the isothermal case is discussed.

According to Eq. (1.69) in Sect. 1.5.4, the electric Gibbs free energy g is

g ¼ g εij;Ei

� �
; dg ¼ σjidui; j � DidEi (2.1)

Z.-B. Kuang, Theory of Electroelasticity, DOI 10.1007/978-3-642-36291-0_2,
© Shanghai Jiao Tong University Press, Shanghai and Springer-Verlag Berlin Heidelberg 2014
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Under the small deformation, g can be expanded in the series of ε and E:

g ¼ 1 2=ð ÞCijklεijεkl � 1 2=ð ÞEklEkEl � ekijEkεij � 1 2=ð ÞlijklEiEjεkl

� 1 2=ð ÞαkmEmElεkl � 1 4=ð ÞαnmEmEnεklδkl

Cijkl ¼ Cjikl ¼ Cijlk ¼ Cklij; lijkl ¼ ljikl ¼ lijlk ¼ lklij; ekij ¼ ekji

(2.2)

whereC; e; e; l are the elastic coefficient, permittivity, piezoelectric coefficient, and

the electrostrictive coefficient, respectively; α is a new asymmetric or symmetric

electrostrictive coefficient in order to make l the same symmetries as that in C
(Kuang 2007, 2008a). For convenience, the term αnmEmEnεklδkl is also added.

Because g is a state function, constitutive equations can be derived as

σlk ¼ @g @εkl= ¼ Cijklεij � ejklEj � 1 2=ð ÞlijklEiEj � 1 2=ð ÞαkmEmEl � 1 4=ð ÞαnmEmEnδkl

Dk ¼ �@g @Ek= ¼ Ekl þ lijklεij þ 1 2=ð Þ αmlεmk þ αmkεmlð Þ þ 1 4=ð Þ αlk þ αklð Þεmnδmn
� �

El

þ ekijεij � EklEl

(2.3)

In general case in Eqs. (2.2) and (2.3), εij ¼ ui;j; εij 6¼ εji , and there are nine

components for εij and σij. For most practical cases, the body couple is neglected;

in this case, σij and εij ¼ ui;j þ uj;i
� �

2= are symmetric and each of them only has six

components. Let σs andσa be the symmetric and asymmetric parts ofσ, respectively,
we have

σslk ¼ 1 2=ð Þ σkl þ σlkð Þ ¼ Cijklεij � ejklEj � 1 2=ð ÞlijklEiEj

� 1 4=ð Þ αkmEl þ αlmEkð ÞEm � 1 4=ð ÞαnmEmEnδkl

σalk ¼ 1 2=ð Þ σlk � σklð Þ ¼ � 1 4=ð Þ αkmEl � αlmEkð ÞEm

(2.4)

where D ¼ E0 Eþ P was used. In Eq. (2.4), terms containing l : ε;α : ε; e : ε
had been neglected. In the usual electromagnetic theory, the electromagnetic

body couple isP� E ¼ D� E. In general, α should be determined by experiments.

In this book α ¼ �2e is assumed, so Eqs. (2.3) and (2.4) are reduced to

σlk ¼ @g @εkl= ¼ Cijklεij � ejklEj � 1 2=ð ÞlijklEiEj þ EkmEmEl þ 1 2=ð ÞEnmEmEnδkl

σslk ¼ Cijklεji � ejklEj � 1 2=ð ÞlijklEiEj þ 1 2=ð Þ EkmEl þ ElmEkð ÞEm þ 1 2=ð ÞEnmEmEnδkl

σalk ¼ 1 2=ð Þ EkmEl � ElmEkÞEm � 1 2=ð Þ DkEl � DlEkð Þð
(2.5)

Equation (2.5) shows that the electric body couple is balanced by the moment

produced by the asymmetric stresses (Eringen and Maugin 1989). If the electro-

magnetic body couple is neglected, all the stresses are symmetric. Using Eq. (2.3),

Eq. (2.2) is reduced to

g ¼ 1 2=ð ÞCijklεijεkl þ ge; ge ¼ � 1 2=ð Þ DkEk þ Dg
klεlk

� �
; Dg

kl ¼ emklEm (2.6)
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where ge is the part related to the electric field in g or the energy from the total

energy minus the pure deformation energy. The value of the term Δg : ε is much

less than other terms, so it can be neglected.

In the electroelastic analysis, the dielectric medium, its environment, and their

commonboundaryaint consociate a systemand should be considered together, because

the electric field exists in every material except the ideal conductor. In this book,

the variables in the environment will be denoted by a right superscript “env” and the

variables on the interface will be denoted by a right superscript “int” (Fig. 2.1). In the

environment, Eqs. (2.1), (2.2), (2.3), (2.4), (2.5), and (2.6) are all held.

2.1.2 Electric Gibbs Free Energy Variational Principle
and Governing Equations

Under the assumption that u;φ; uenv;φenv satisfy their boundary conditions on their

own boundaries au; aφ; a
env
u ; aenvφ and the continuity conditions on the interface aint.

Given the displacement and electric potential virtual increments, the PVP in terms

of the electric Gibbs free energy (which is identical to the electric enthalpy in

isothermal case) is (Kuang 2007, 2008a, b, 2011a, c)

δΠ ¼ δΠ1 þ δΠ2 � δWint ¼ 0

δΠ1 ¼
Z
V

δg dV þ
Z
V

geδui;i dV � δW

δΠ2 ¼
Z
Venv

δgenv dV þ
Z
Venv

ge envδuenvi;i dV � δWenv

δW ¼
Z
V

ðfk � ρ€ukÞδuk dV �
Z
V

ρeδφ dV þ
Z
aσ

T�
kδuk da�

Z
aD

σ�δφ da

δWenv ¼
Z
Venv

ðf envk � ρ€uenvk Þδuenvk dV �
Z
Venv

ρenve δφenv dV

þ
Z
aenvσ

T�env
k δuenvk da�

Z
aenvD

σ�envδφenv da

δWint ¼
Z
aint

T�int
k δuk da�

Z
aint

σ�intδφ da

(2.7)

Fig. 2.1 Dielectric and its

environment
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where f ;T�; σ� are given body force per volume, traction per area, and surface

charge density and f env;T�env; σ�env; and T�int; σ�int are also given values in the

environment and on the interface, respectively. n ¼ �nenv is the outward normal

of the interface. It is noted that in Eq. (2.7) the work done by the electric field has

the form qδφ ¼ ðρedVÞδφ with q ¼ ρedV ¼ const ., etc. For small deformation,

δ
R
V g dV ¼ RV δg dV can be used due to small variation of the volume.

The virtual variation of the potential φ is divided into local variation δφφ and

migratory variation δuφ, and the similar divisions for E, so we have

δφ ¼ δφφþ δuφ; δuφ ¼ φ;pδup ¼ �Epδup

@ δφð Þ @xj
� ¼ @ δφφþ φ;pδup

� �
@xj
� ¼ δφ φ;j

� �þ φ;pjδup þ φ;pδup;j ¼ δ φ;j

� �þ φ;iδui;j

δEi ¼ �δφ φ;i

� �� φ;ipδup ¼ δφEi þ δuEi; δφEi ¼ �δφφ; i;

δuEi ¼ Ei;pδup ¼ Ep;iδup

(2.8)

Equation (2.8) shows that @ δφð Þ @xj
� 6¼ δ @φ @xj

�� �
when δuφ 6¼ 0 , and it is

discussed also in Eq. (2.130) in Sect. 2.9.1. Using the relation,

Z
V

δg dV þ
Z
V

geδuk;k dV ¼
Z
V

σjiδui;j dV �
Z
V

DiδEi dV �
Z
V

1 2=ð ÞDkEkδuj;j dV

¼
Z
a

σjinjδui da�
Z
V

σji;jδui dV � 1 2=ð Þ
Z
a

DkEkδijnjδui da

þ 1 2=ð Þ
Z
V

DkEkδij
� �

;j
δui dV þ

Z
a

Diniδφφ da

�
Z
V

Di;iδφφ dV �
Z
V

DiEp;iδup dV

(2.9)

where a ¼ aσ þ au þ aint ¼ aD þ aφ þ aint , σjiδεij ¼ σjiδui;j for asymmetric σji .
It is noted that δφ ¼ 0; δφφ 6¼ 0; δuφ 6¼ 0 on aφ.

Substitution of Eq. (2.9) into δΠ1 in Eq. (2.7) yields

δΠ1 ¼
Z
a

σjknjδuk da�
Z
aσ

T�
k δuk da�

Z
V

σjk;j þ fk � ρ€uk
� �

δuk dV

� 1 2=ð Þ
Z
a

DnEnnkδuk daþ 1 2=ð Þ
Z
V

DnEnð Þ;kδuk dV �
Z
V

Di;iδφφ dV

þ
Z
a

Diniδφφ da�
Z
V

DiEp

� �
;i
� Di;iEp

h i
δup dV þ

Z
V

ρeδφ dV þ
Z
aD

σ�δφ da

(2.10)
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Adding a term
R
a Dini Epδup þ δuφ

� �
da ¼ 0 to Eq. (2.10), we get

δΠ1 ¼
Z
aσ

σjknj � T�
k

� �
δuk da�

Z
V

σjk;j þ fk � ρ€uk
� �

δuk dV �
Z
V

Di;i � ρe
� �

δφ dV

þ
Z
aD

Dini þ σ�ð Þδφ daþ
Z
a

DiniEpδup da� 1 2=ð Þ
Z
a

DnEnnkδuk da

þ 1 2=ð Þ
Z
V

DnEnð Þ;kδuk dV �
Z
V

DiEp

� �
;i
δup dV þ

Z
aint

σjknjδuk daþ
Z
aint

Diniδφ da

¼
Z
aσ

Sjknj � T�
k

� �
δuk da�

Z
V

Sjk;j þ fk � ρ€uk
� �

δuk dV �
Z
V

Di;i � ρe
� �

δφ dV

þ
Z
aD

Dini þ σ�ð Þδφ daþ
Z
aint

Sjknjδuk daþ
Z
aint

Diniδφ da

(2.11)

In Eq. (2.11), we have

σMik ¼ DiEk � 1 2=ð ÞDnEnδik;

Skl ¼ σkl þ σMkl ¼ Cijklεij � ejklEj � 1 2=ð ÞlijklEiEj þ EkmEiEm þ ElmEmEk ¼ Skl

(2.12)

where σMik is the Maxwell stress, S is the pseudo total stress (Jiang and Kuang

2003, 2004) and Ekm Em ¼ Dk has been used. S is a symmetric tensor, but σ and σM

are not. Though the adding term
R
a DknkEpδup daþ

R
a Dknkδuφ da is zero, the first

will be combined with terms of virtual displacements and the second will be

combined with terms containing the local variation δφφ.
Equation (2.10) can also be written as

δΠ1 ¼
Z
aσ

σjknj � T�
k

� �
δuk daþ

Z
aint

σjknjδuk da�
Z
V

σjk;j þ fk � ρ€uk
� �

δuk dV

� 1 2=ð Þ
Z
a

DnEnnkδuk daþ 1 2=ð Þ
Z
V

DnEnð Þ;kδuk dV �
Z
V

DiEp

� �
;i
δup dV

þ
Z
aD

Dini þ σ�ð Þδφ daþ
Z
aφþaint

Diniδφφ da�
Z
aD

Diniδuφ da�
Z
V

Di;i � ρe
� �

δφ dV

(2.13a)

Due to the arbitrariness of δφ, it is obtained:

Dini þ σ� ¼ 0; on aD; Di;i � ρe ¼ 0; in V (2.13b)

Substitution of Eq. (2.13b) into Eq. (2.13a) yields

δΠ1 ¼
Z
aσ

σjknj � T�
k

� �
δuk daþ

Z
aint

σjknjδuk da�
Z
V

Sjk;j þ fk � ρ€uk
� �

δuk dV

� 1 2=ð Þ
Z
a

DnEnnkδuk daþ
Z
aφþaint

Diniδφφ da�
Z
aD

Diniδuφ da

¼
Z
aσ

ðSijni � T�
j Þδuj da�

Z
V

ðSij;i þ fj � ρ€ujÞδuj dV þ
Z
aint

Sijniδuj daþ
Z
aint

Diniδφ da

(2.13c)
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In Eq. (2.13c), the following relation was used:

Z
aφ

Diniδφφ da�
Z
aD

Diniδuφ da ¼
Z
aφ

Diniδφ da�
Z
a

Diniδuφ da ¼
Z
a

DiniEpδup da

Due to the arbitrariness of δu and δφ from Eq. (2.11) or (2.13), it is obtained:

Sjk;j þ fk ¼ ρ€uk; Di;i ¼ ρe; in V

Sjknj ¼ T�
k ; on aσ; Dini ¼ �σ�; on aD

δΠ1 ¼
Z
aint

Sijniδuj daþ
Z
aint

Diniδφ da

(2.14a)

The momentum equation in Eq. (2.14a) in terms of generalized displacements is

Cijklui;jk þ ejklφ;jk � lijklφ;iφ;jk þ ðEkmφ;lφ;m þ Elmφ;mφ;kÞ; k þ fl ¼ ρ€ul;

Cijklui;j þ ejklφ;j � 1 2=ð Þlijklφ;iφ;j þ Elmφ;kφ;m þ Ekmφ;mφ;l

� �
nl ¼ T�

k ; on aσ;

Eklφ;lk ¼ �ρe; Eklφ;lnk ¼ �σ�; on aD

(2.14b)

where the terms containing ε in φ are neglected. Similarly for the environment,

we have

Senvij;i þ f envj ¼ ρenv€uenvj ; Denv
i;i ¼ ρenve ; in Venv

Senvij nenvi ¼ T�env
j ; on aenvσ ; Denv

i nenvi ¼ �σ�env; on aenvD

δΠ2 ¼
Z
aint

Senvij nenvi δuenvj daþ
Z
aint

Denv
i nenvi δφenv da

Senvjk ¼ σenvjk þ σM env
jk ; σM env

jk ¼ Denv
j Eenv

k � ð1=2ÞDenv
n Eenv

n δjk

(2.15)

Using ni ¼ �nenvi ; ui ¼ uenvi ;φ ¼ φenv and δΠ1 þ δΠ2 ¼ δW�int, we get

ðSij � Senvij Þni ¼ T�int
j ; ðDi � Denv

i Þni ¼ �σ�int; on aint (2.16)

The above variational principle requests prior that the generalized displacements

satisfy their own boundary conditions and the continuity conditions on the inter-

face, so the following equations should also be added to governing equations:

ui ¼ u�i ; on au; φ ¼ φ�; on aφ

uenvi ¼ u�envi ; on aenvu ; φenv ¼ φ�env; on aenvφ

ui ¼ uenvi ; φ ¼ φenv; on aint
(2.17)

Equations (2.14), (2.15), (2.16), and (2.17) are the governing equations for the

electroelastic analysis.
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2.1.3 A Note of the Maxwell Stress

In the books of Stratton (1941) and Landau and Lifshitz (1959), the formula of

the stress in an isotropic electrostrictive material was

σik ¼ @g0 @εik= þ σLik; σLik ¼ 1 2=ð Þ 2E� a1ð ÞEkEi � 1 2=ð Þ Eþ a2ð ÞEmEmδik

where @g0 @εik= is the stress in the media without the electromagnetic field.

This formula is just the pseudo total stress S in Eq. (2.12) for the electrostrictive

material. For the Maxwell stress and its related problems in literatures, different

author had different understanding as shown in Sect. 1.2.7. McMeeking et al.

(2005, 2007) considered that in the electroelastic theory the constitutive model

can be simplified to one that embraces simultaneously the Cauchy, Maxwell,

electrostrictive and electrostatic stresses, which in any case cannot be separately

identified from any experiment. In their method authors did not distinguish the local

and migratory variations.

From Eq. (2.12), it is known that the Maxwell stress is related to the square of

E, i.e., σj j / Ej j 2, but the stress introduced by the piezoelectric effect is related

to E . So for the piezoelectric material when the electric field is not too large

and the piezoelectric coefficient is not too small, the Maxwell stress can be

neglected. But the isotropic electrostrictive materials do not have the piezoelec-

tric effect, so in this and similar cases, the Maxwell stress should be considered.

Because the strain is accompanied by the change of the distance between

the electric particles, the attraction between electric charges or the Maxwell

stress and the stress introduced by strains in the material is produced simulta-

neously. Though they are produced together, their difference is obvious and impor-

tant. The strength problem in engineering is determined by the Cauchy stress, which

is connected with the constitutive equation. However, the Maxwell stress is an

external effective electromagnetic force applied to the body and can be obtained by

using the migratory variation of φ in the PVP or in the usual energy principle.

Using D ¼ Dnnþ Dtt and similar expressions for E and the continuity condi-

tions in Eqs. (2.16) and (2.17) for the D;E on the interface, the mechanical

continuous condition on the interface can also be rewritten as

n � ðσ � σenvÞ ¼ ~T
�int

; ~T
�int ¼ T�int þ n � σM env � σM

� �
n � σM env � σM
� � ¼ n � Denv � Eenvð Þ � 1 2=ð Þ Denv � Eenvð Þn½ �
� n � D� Eð Þ � 1 2=ð Þ D � Eð Þn½ � ¼ 1 2=ð Þ Dn Eenv

n � En

� �� Denv
t � Dt

� �
Et

� �
n

¼ E� Eenvð Þ=2EEenv½ � D2
n þ EEenvE2

t Þn
�

(2.18)

where n is the unit normal, subscripts n and t mean the normal and tangential

direction respectively; and there is no sum on n and t. Equation (2.18) shows that in
the small strain case, the boundary traction produced by the Maxwell stress is along

the normal direction. The Maxwell stress can be naturally obtained by the migratory

variation of φ in PVP.
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2.2 Alternative Forms of the Physical Variational Principles

2.2.1 First Alternative Form of the PVP

From Eqs. (2.14), (2.15), (2.16), and (2.17), it is found that if we use S instead of σ
and Senv instead of σenv in the governing equations, then the form of governing

equations of the physical nonlinear dielectrics is just the same as that in the physical

linear electric problem. Therefore, a simpler principle can be obtained: the first

alternative form of the variational principle is

δΠ̂ ¼ δΠ̂1 þ δΠ̂2 � δWint ¼ 0

δΠ̂1 ¼
Z
V

δĝ dV � δW; δΠ̂2 ¼
Z
Venv

δĝenv dV � δWenv

δĝ ¼ Sjiδui;j þ Diδφ;i; δĝenv ¼ Senvji δuenvi;j þ Denv
i δφenv

;i

Skl ¼ σkl þ σMkl

(2.19)

In Eq. (2.19), the variations of δu and δφ are all local variations or completely

independent, i.e., the migratory variations δuφ produced by δu are not needed.

δW; δWenv; and δWint are still expressed by Eq. (2.7). An analogous theory was

also discussed by Bustamante et al. (2008).

2.2.2 Second Alternative Form of the Physical
Variational Principle

Introduce the electric body force f ek ; f
e env
k and traction Te

k ;T
e env
k in media as

f ek ¼ σMjk;j; Te
k ¼ �σMjk nj; f e envk ¼ σM env

jk;j ;

Te env
k ¼ �σM env

jk nenvj ¼ σM env
jk nj

(2.20)

The second alternative form of the variational principle is

δΠ0 ¼ δΠ0
1 þ δΠ 0

2 � δW0int ¼ 0

δΠ0
1 ¼

Z
V

δg dV � δW0; δΠ0
2 ¼

Z
Venv

δgenv dV � δW0env

δW0 ¼
Z
V

ðfk þ f ek � ρ€ukÞδuk dV �
Z
V

ρeδφ dV þ
Z
aσ

ðT�
k þ Te

kÞδuk da�
Z
aD

σ�δφ da

δW0env ¼
Z
Venv

ðf envk þ f e envk � ρenv€uenvk Þδuenvk dV �
Z
Venv

ρenve δφenv dV

þ
Z
aenvσ

T� env
k þ Te env

k

� �
δuenvk da�

Z
aenvD

σ� envδφenvda

δW0int ¼
Z
aint

T� int
k þ Te env

k þ Te
k

� �
δuk da�

Z
aint

σ� intδφ da

(2.21)
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In Eq. (2.21), the variations of δu and δφ are also completely independent, i.e.,

it is also not needed to consider the migratory variation δuφ. Equation (2.21) is the

original form of the PVP Eq. (1.78). The governing equations from Eq. (2.21) are

σij;i þ ðfj þ f ej Þ ¼ ρ€uj; Di;i ¼ ρe; in V

σijni ¼ T�
j þ Te

j ; on aσ; Dini ¼ �σ�; on aD;

σenvji;j þ f envi þ f e envi

� � ¼ ρ€uenvi ; Denv
i;i ¼ ρenve ; in Venv

σenvji nenvj ¼ T�env
i þ Te env

i ; on aenvσ ; Denv
i nenvi ¼ �σ�env; on aenvD ;

σlk � σenvlk

� �
nl ¼ T�int

k þ Te
k þ Te env

k ; Dknk � Denv
k nk ¼ �σ�int; on aint

(2.22)

In many literatures (Pao 1978; Maugin 1988; Moon 1984), the governing equations

were expressed in the form of Eq. (2.22) and the electromagnetic force was derived

from other methods different with the variational method. In different literatures,

f e and Te may be different.

2.2.3 The Medium Fully Surrounded by the Air

An important engineering problem is that the medium with symmetric material

coefficients is fully surrounded by the air. In air, the mechanical stresses and

mechanical energy can be neglected and only the electric field and electric

energy should be considered. The physical variational formula (2.7) in this

case becomes

δΠ ¼ δΠ1 þ δΠ2 � δWint ¼ 0

δΠ1 ¼ δ

Z
V

g dV � δW; δΠ2 ¼ δ

Z
Venv

genv dV � δWenv

δWint ¼
Z
aintσ

T�int
k δuk da�

Z
aintq

σ�intδφ da; δW ¼ �
Z
V

ρ€ukδuk dV �
Z
V

ρeδφ dV

δWenv ¼ �
Z
Venv

ρenve δφenvdV þ
Z
aenvq

Di
�envnenvi δφenv da

(2.23)

where the body force is neglected and

g ¼ 1 2=ð ÞCijklεijεkl � 1 2=ð ÞEklEkEl � ekijEkεij � 1 2=ð ÞlijklEiEjεkl

genv ¼ � 1 2=ð ÞEenvkl Eenv
k Eenv

l

(2.24)
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2.2.4 Isotropic Materials

For isotropic materials, the constitutive equations are (Kuang 2012)

lijkl ¼ l1δijδkl þ l2 δikδjl þ δilδjk
� �

; Eij ¼ Eδij; μij ¼ μδij; αij ¼ �2Eδij; ekij ¼ 0

(2.25)

In isotropic materials, variables S , σ , and σM are all symmetric. So Eqs. (2.2)

and (2.3) are reduced to

g ¼ 1 2=ð Þλεiiεkk þ Gεijεij � 1 2=ð ÞEEkEk � 1 2=ð Þ l1 � Eð ÞEiEiεkk � l2 � Eð ÞEiEjεij

(2.26)

σkl ¼ λεiiδkl þ 2Gεkl � 1 2=ð Þ l1 � Eð ÞEiEiδkl � l2 � Eð ÞEkEl;

Dk ¼ EEk þ ðl1 � EÞεiiEk þ 2ðl2 � EÞεklEl � EEk

Skl ¼ λεiiδkl þ 2Gεkl � 1 2=ð Þl1EiEiδkl � ðl2 � 2EÞEkEl ¼ σkl þ σMkl

(2.27a)

If we let l1 � E ¼ a2; l2 � E ¼ 1 2=ð Þa1, then Eq. (2.27a) is reduced to

σkl ¼ λεiiδkl þ 2Gεkl � 1 2=ð Þ a2EiEiδkl þ a1EkElð Þ
Dk ¼ ~EklEl; ~Ekl ¼ Eδkl þ a1εkl þ a2εiiδkl � Eδkl

Skl ¼ λεiiδkl þ 2Gεkl � 1 2=ð Þ a2 þ Eð ÞEiEiδkl þ 1 2=ð Þ 2E� a1ð ÞEkEl ¼ σkl þ σMkl
(2.27b)

The first formula in Eq. (2.27b) is just the usual form of the constitutive equation,

where a1 and a2 are known as electrostrictive coefficients. From Eqs. (2.14), (2.15),

(2.16), and (2.17), it is known that solving S is easier than that for σ, so in

experiments, the measured variables usually are S; ε;Eð Þ . If the constitutive

equation (2.27a) is used, the measured material coefficients are l1 and l2 � 2E:
If the constitutive equation (2.27b) is used, the measured material coefficients are

2E� a1 and a2 þ E . Therefore, in experiments, the entire system including the

dielectric medium, its environment, and their common boundary should be consid-

ered together, and appropriate governing equations should be selected.

2.2.5 The Static Electric Force Acting on the Medium
by the Electric Field

Comparing Eqs. (2.7) and (2.21), it is found that the difference between them is

that in Eq. (2.7), the local variation and the migratory variation are used
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simultaneously, however in Eq. (2.21), only the local variation is used, but the

electric force introduced by electric field is introduced:

δWe ¼
Z
V

f ek δukdV þ
Z
aσ

Te
kδukdaþ

Z
Venv

f e envk δuenvk dV þ
Z
aenvσ

Te env
k δuenvk da

þ
Z
aint

Te
k þ Te env

k

� �
δuk da ð2:28Þ

In Eqs. (2.7) and (2.10), the part related to the migratory variations of potential is

δuΠ ¼
Z
V

g;E � δuE dV þ
Z
V

geδuk;k dV þ
Z
V

ρeδuφ dV þ
Z
aD

σ�δuφ daþ
Z
Venv

genv;E � δuEenv dV

þ
Z
Venv

ge envδuenvi;i dV þ
Z
Venv

ρenve δuφ
env dV þ

Z
aenvD

σ�envδuφenv daþ
Z
aint

σ�intδuφ da

¼ �
Z
V

DiEp;iδup dV �
Z
V

1 2=ð ÞDkEkδuj;j dV þ
Z
V

ρeδuφ dV þ
Z
aD

σ�δuφ da

�
Z
Venv

Denv
i δuE

env
i dV �

Z
Venv

1 2=ð ÞDenv
k Eenv

k δuenvj;j dV þ
Z
Venv

ρenve δuφ
env dV

þ
Z
aenvD

σ�envδuφenv daþ
Z
aint

σ�intδuφ da

(2.29a)

Using Eqs. (2.13b) and (2.16) and adding terms
R
a Dini Epδup þ δuφ

� �
da ¼ 0 andR

aenv D
env
i nenvi Eenv

p δuenvp þ δuφenv
� �

da ¼ 0 to Eq. (2.29a), then Eq. (2.29a) can be

reduced to

δuΠ ¼
Z
aσ

σMij niδuj da�
Z
V

σMij;iδuj dV þ
Z
aenvσ

σM env
ij nenvi δuenvj da

�
Z
Venv

σM env
ij;i δuenvj dV þ

Z
aint

σMij niδuj daþ
Z
aint

σM env
ij nenvi δuenvj da (2.29b)

Comparing Eqs. (2.20), (2.28), and (2.29), it is found that the static electric force

acting on the medium can be obtained from the general energy migratory

variational principle (Kuang 2012):

δWe ¼ �δuΠ (2.30a)

If the environment is neglected, it is obtained:Z
V

f ek δuk dV þ
Z
aσ

Te
kδuk da

¼ �
Z
V

g;E � δuE dV þ
Z
V

geδuk;k dV þ
Z
V

ρeδuφ dV þ
Z
aD

σ�δuφ da

	 

(2.30b)
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2.2.6 Hamilton Principle

In order to use the PVP for moving electroelastic materials, the D’Alembert

principle should be used to make the moving media in a state of relative rest.

Using D’Alembert principle, the Hamilton principle can easily be obtained from the

PVP. Let δuk0 and δukf be displacements at the initial and final times, respectively,

in time interval ½t0; tf � and assume δuk0 ¼ δukf ¼ 0, using

δ

Z tf

t0

Z
V

K dV dt ¼ δ

Z tf

t0

Z
V

1 2=ð Þρ _uk _uk dV dt ¼
Z tf

t0

Z
V

ρ _ukδ _uk dV dt

¼
Z
V

Z tf

t0

½ρdð _ukδukÞ dt= � ρ€ukδuk�dt dV ¼ �
Z tf

t0

Z
V

ρ€ukδukdV dt ð2:31Þ

where K ¼ ρ _uk _uk=2 and Kenv ¼ ρenv _uenvk _uenvk =2 are the kinetic energies in the

material and its environment, respectively. Substituting Eq. (2.31) into (2.7) and

integrating it from t0 to tf then we get the Hamilton principle:

δΠH ¼ δΠH1 þ δΠH2 �
Z tf

t0

δWint dt ¼ 0

δΠH1 ¼
Z tf

t0

Z
V

δ g � Kð ÞdV dtþ
Z tf

t0

Z
V

gedV dt�
Z tf

t0

δW dt

δΠH2 ¼
Z tf

t0

Z
Venv

δ genv � Kenvð ÞdV dtþ
Z tf

t0

Z
V

ge envdV dt�
Z tf

t0

δWenvdt

δW ¼
Z
V

fkδuk dV �
Z
V

ρeδφ dV þ
Z
aσ

T�
k δuk da�

Z
aD

σ�δφ da

δWenv ¼
Z
Venv

f envk δuenvk dV �
Z
Venv

ρenve δφenv dV þ
Z
aenvσ

T�env
k δuenvk da�

Z
aenvD

σ�envδφenv da

δWint ¼
Z
aint

T�int
k δuk da�

Z
aint

σ�intδφ da

(2.32)

However the energy conservation law is:

g þ K þ genv þ Kenv ¼
Z tf

t0

ðdW þ dWenv þ dWintÞdt (2.33)

Equation (2.33) is held for any time interval. It is noted that the energy principle is

held in a real process, but the PVP gives a true process for all virtual possible process

satisfying the natural constrained conditions, and it is equivalent to the momentum

equation. It is also noted that the Hamilton principle is held in four-dimensional

space ðx; tÞand the time boundary conditions should be added. But the PVP is held in

three-dimensional (3D) space ðxÞ and does not consider the time variation.

It is obvious that Hamilton principle is also a fundamental principle in the

physics and continuum mechanics. Using the local and migratory variation theory,

the Maxwell stress can also be obtained automatically.
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2.2.7 Physical Variational Principle in Electromagnetic
Materials

In this section, the PVP is extended to electromagnetic materials under static

electromagnetic field, without the current and the body electromagnetic couple

(Kuang 2011a, b, c).

Let constitutive equations be

σlk ¼ Cijklεij � eejklEj � emjklHj � 1 2=ð ÞleijklEiEj � 1 2=ð ÞlmijklHiHj

� EkmEmEl � μkmHmHl � βkmHmEl � βkmEmHl

Dk ¼ Ekl þ leijklεij þ Emlεmk þ Emkεmlð Þ
h i

El þ ee
kij
εij þ βklHl þ βlmHm þ βkmHlð Þεkl

Bk ¼ μkl þ lmijklεij þ 2 αmmlεmk þ αmmkεml
� �h i

Hl þ em
kij
εij þ βklEl þ βlmEm þ βkmElð Þεkl

(2.34)

where eejkl and e
m
jkl are piezoelectric and piezomagnetic coefficients, respectively, leijkl

and lmijkl are electrostrictive and magnetostrictive coefficients, respectively, and

βij ¼ βji is the magnetoelectric coupling coefficient. The electromagnetic body

couple is still balanced by the asymmetric stress. In this case, the electromagnetic

Gibbs free energy g is

g ¼ 1 2=ð ÞCijklεijεkl � eekijEk þ emkijHk

� �
εij � 1 2=ð Þ EijEiEj þ μijHiHj

� �� βklEkHl

� 1 2=ð Þ leijklEiEj þ lmijklHiHj

� �
εkl � EkmEmEl þ μkmHmHlð Þεkl � βkm HmEl þ EmHlð Þεkl

¼ 1 2=ð ÞCijklεijεkl þ gem

gem ¼ � 1 2=ð Þ DkEk þ BkHk þ Δklεlkð Þ; Δkl ¼ eemklEm þ emmklHm

(2.35)

For the small deformation Δ : ε can still be neglected. The PVP is

δΠ ¼ δΠ1 þ δΠ2 � δWint ¼ 0

δΠ1 ¼
Z
V

δg dV þ
Z
V

gemδui;i dV � δW

δΠ2 ¼
Z
Venv

δgenv dV þ
Z
Venv

gem envδuenvi;i dV � δWenv

δW ¼
Z
V

ðfk � ρ€ukÞδuk dV �
Z
V

ρeδφ dV þ
Z
aσ

T�
kδuk da�

Z
aD

σ�δφ daþ
Z
aμ

B�
i niδψ da

δWenv ¼
Z
Venv

ðf envk � ρ€uenvk Þδuenvk dV �
Z
Venv

ρenve δφenv dV

þ
Z
aenvσ

T�env
k δuenvk da�

Z
aenvD

σ�envδφenv daþ
Z
aμ

B�env
i nenvi δψ env da

δWint ¼
Z
aint

T�int
k δuk da�

Z
aint

σ�intδφ daþ
Z
aintμ

B�int
i niδψ

env da

(2.36)
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where Ei ¼ �φi;Hi ¼ �ψ i. Finishing the variational calculation finally yields

Sjk;j þ fk ¼ ρ€uk; Di;i ¼ ρe; Bi;i ¼ 0; in V

Sjknj ¼ T�
k ; on aσ; Dini ¼ �σ�; on aD; Bi � B�

i

� �
ni ¼ 0; on aμ

Senvij;i þ f envj ¼ ρenv€uenvj ; Denv
i;i ¼ ρenve ; Bi;i ¼ 0; in Venv

Senvij nenvi ¼ T�env
j ; on aenvσ ; Denv

i nenvi ¼ �σ�env; on aenvD ; Benv
i nenvi ¼ Bi

�envnenvi ;

on aenvμ

ðSij � Senvij Þni ¼ T�int
j ; ðDi � Denv

i Þni ¼ �σ�int; ðBi � Benv
i Þni ¼ Bi

�intni; on aint

Sik ¼ σik þ σMik ; σMik ¼ DiEk þ BiHk � 1 2=ð Þ DnEn þ BnHnð Þδik
Senvik ¼ σenvik þ σM env

ik ; σM env
ik ¼ Denv

i Eenv
k þ Benv

i Henv
k � 1 2=ð Þ Denv

n Eenv
n þ Benv

n Henv
n

� �
δik

(2.37)

2.3 General Variational Principle

2.3.1 General Variational Principle Not Satisfying Boundary
Conditions

This principle does not asku;φ anduenv;φenv to satisfy boundary conditions on their

own boundaries au; aφ and aenvu ; aenvφ , respectively, and continuity conditions on the

interface prior. For small deformation, this principle is

δΠ ¼ δΠ1 þ δΠ2 � δWint ¼ 0

δΠ1 ¼
Z
V

δg dV þ
Z
V

gδuk;k dV �
Z
V

ðfk � ρ€ukÞδuk dV þ
Z
V

ρeδφ dV �
Z
aσ

T�
k δuk da

þ
Z
aD

σ�δφ da� δ

Z
au

TS
k ðuk � u�kÞ daþ δ

Z
aφ

σðφ� φ�Þ da

δΠ2 ¼
Z
Venv

δgenv dV þ
Z
Venv

genvδuenvk;k dV �
Z
Venv

ðf envk � ρenv€uenvk Þδuenvk dV

þ
Z
Venv

ρenve δφenv dV �
Z
aenvσ

T�env
k δuenvk daþ

Z
aenvD

σ�envδφenv da

� δ

Z
aenvu

TS env
k ðuenvk � u�envk Þ daþ δ

Z
aenvφ

σenvðφenv � φ�envÞ da

δWint ¼
Z
aint

T�int
k δuk da�

Z
aint

σ�intδφ da

þ δ

Z
aint

TS
k ðuk � uenvk Þ da� δ

Z
aint

σðφ� φenvÞ da
(2.38)

46 2 Physical Variational Principle and Governing Equations



In Eq. (2.38), some additional virtual work done on the boundary and interface

is added, because the displacements and potentials do not satisfy the boundary

conditions and the continuity conditions on the interface. As an example, δ
R
aint

TS int
k ðuk � uenvk Þ da is the virtual work introduced by the difference of the virtual

displacement ðuk � uenvk Þ on two sides and the unknown pseudo total traction TS

on the interface. In Eq. (2.38), TS and σ may also be considered as Lagrange

multipliers in the mathematical sense (Kuang 1964, 2002).

Equation (2.38) can be proved as follows. Analogous to the derivation of

Eq. (2.11), it is obtained:

δΠ1 ¼
Z
aσ

Sjknj � T�
k

� �
δuk da�

Z
V

Sjk;j þ fk � ρ€uk
� �

δuk dV �
Z
V

Di;i � ρe
� �

δφ dV

þ
Z
aD

Dini þ σ�ð Þδφ daþ
Z
aint

Sjknjδuk daþ
Z
aint

Diniδφ da�
Z
au

ðuk � u�kÞδTS
k da

þ
Z
au

Sjknj � TS
k

� �
δuk daþ

Z
aφ

ðφ� φ�Þδσ daþ
Z
aφ

Dini þ σð Þδφ da

(2.39)

Due to the arbitrariness of δu and δφ from Eq. (2.39), we get

Sjk;j þ fk ¼ ρ€uk; Di;i ¼ ρe; in V

Sjknj ¼ T�
k ; on aσ; uk ¼ u�k ; Sjknj ¼ TS

k ; on au

Dini ¼ �σ�; on aD; φ ¼ φ�; Dini ¼ �σ; on aφ

δΠ1 ¼
Z
aint

Sijniδuj daþ
Z
aint

Diniδφ da

(2.40)

Similarly for the environment we get

Senvij;i þ f envj ¼ ρenv€uenvj ; Denv
i;i ¼ ρenve ; in Venv

Senvij nenvi ¼ T� env
j ; on aenvσ ; uenvk ¼ u� envk ; Senvjk nenvj ¼ TS env

k ; on aenvu

Denv
i nenvi ¼ �σ�env; on aenvD φenv ¼ φ�env; Denv

i nenvi ¼ �σenv; on aφ

δΠ2 ¼
Z
aint

Senvij nenvi δuenvj daþ
Z
aint

Denv
i nenvi δφenv da

(2.41)

For δWint we have

δWint ¼
Z
aint

T�int
k δuk da�

Z
aint

σ�intδφ daþ
Z
aint

TS
k δðuk � uenvk Þ da

þ
Z
aint

ðuk � uenvk ÞδTS
k da�

Z
aint

σδðφ� φenvÞ da�
Z
aint

ðφ� φenvÞδσ da
(2.42)
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Due to n ¼ �nenv and arbitrariness of δu; δφ, δTS; δσ from δΠ ¼ δΠ1 þ δΠ2 ¼
δWint we get

ðSij � Senvij Þni ¼ T�int
j ; ðDi � Denv

i Þni ¼ �σ�int; uk ¼ uenvk ; φ ¼ φenv; on aint

(2.43)

2.3.2 General Variational Principle in Linear
Piezoelectric Materials

Kuang (1964, 2002) proposed a Lagrange multiplier method to derive general

variational principle (Hu 1981) from the potential energy principle in linear elas-

ticity. This method is easy extended to the linear electroelastic theory where the

Maxwell stress is not considered. So the migratory variation of the electric potential

is not needed. Using the Lagrange multiplier method, the general variational

principle with independent variables u;φ; σ; ε;D;E in the small deformation case

is easy obtained. The boundary conditions and continuity conditions on the inter-

face do not satisfied prior. The electric Gibbs free energy for the linear piezoelectric

material under the small deformation is

g ¼ 1 2=ð ÞCijklεijεkl � 1 2=ð ÞEklEkEl � ekijEkεij

genv ¼ 1 2=ð ÞCenv
ijkl ε

env
ij εenvkl � 1 2=ð ÞEenvkl Eenv

k Eenv
l � eenvkij E

env
k εenvij

(2.44)

Omitting the derivation process, the PVP is

δΠ ¼ δΠ1 þ δΠ2 � δWint ¼ 0

δΠ1 ¼ δ

Z
V

g � σlkεkl þ DkEk þ 1 2=ð Þσlk uk;l þ ul;k
� �þ Dkφ;k

� �
dV �

Z
V

ðfk � ρ€ukÞδuk dV

þ
Z
V

ρeδφ dV �
Z
aσ

T�
kδuk daþ

Z
aD

σ�δφ da� δ

Z
au

Tkðuk � u�kÞ daþ δ

Z
aφ

σðφ� φ�Þ da

δΠ2 ¼ δ

Z
Venv

genv � σenvlk εenvkl þ Denv
k Eenv

k þ 1 2=ð Þσenvlk uenvk;l þ uenvl;k

� �
þ Denv

k φenv
;k

h i
dV

�
Z
Venv

ðf envk � ρ€uenvk Þδuenvk dV þ
Z
Venv

ρenve δφenv dV �
Z
aenvσ

T�env
k δuenvk da

þ
Z
aenvD

σ�envδφenv
k da� δ

Z
aenvu

Tenv
k ðuenvk � u�envk Þ daþ δ

Z
aenvφ

σenvðφenv � φ�envÞ da

δWint ¼
Z
aint

T�int
k δuk da�

Z
aint

σ�intδφ daþ δ

Z
aint

Tkðuk � uenvk Þda� δ

Z
aint

σðφ� φenvÞda

(2.45)
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It is easy to show that δΠ1 can be reduced to

δΠ1 ¼ δ

Z
V

Cijklεij � ekijEk � σkl
� �

δεkl þ Dk � EklEl � ekijεij
� �

δEk

� þ Ek þ φ;k

� �
δDk

þ 1 2=ð Þ uk;l þ ul;k
� �� εkl

� �
δσkl � ðσkl;l þ fk � ρ€ukÞδuk � Dk;k � ρe

� �
δφ
�
dV

þ
Z
aσ

σklnl � T�
k

� �
δuk daþ

Z
aD

Dknk þ σ�ð Þδφ da

þ
Z
au

σklnl � Tkð Þδuk � ðuk � u�kÞδTk
� �

da

þ
Z
aφ

ðDknk þ σÞδφþ ðφ� φ�Þδσ½ �daþ
Z
aint

σklnlδuk daþ
Z
aint

Dknkδφ da

(2.46)

Completing the variational calculation and considering the arbitrariness of δu; δφ;
δuenv; δφenv and T; σ finally we get

εkl ¼ 1 2=ð Þ uk;l þ ul;k
� �

; Ek ¼ �φ;k; Dk ¼ EklEl þ ekijεij; σkl ¼ Cijklεij � eiklEi

σkl;l þ fk ¼ ρ€uk; σklnl ¼ T�
k ; on aσ; uk ¼ u�k ; σklnl ¼ Tk; on au

Dk;k ¼ ρe; Dknk ¼ �σ�; on aD; φ ¼ φ�; Dknk ¼ �σ; on aφ

εenvkl ¼ 1 2=ð Þ uenvk;l þ uenvl;k

� �
; Eenv

k ¼ �φenv
;k ; Denv

k ¼ EklEenv
l � ekijε

env
ij ;

σenvkl ¼ Cijklε
env
ij � eiklE

env
i

σenvkl;l þ f envk ¼ ρ€uenvk ; σenvkl nenvl ¼ T�env
k on aenvσ ; uenvk ¼ u�envk ; σenvkl nenvl ¼ Tenv

k ;

on aenvu

Denv
k;k ¼ ρenve ; Denv

k nenvk ¼ �σ�env; on aenvD ; φenv ¼ φ�env; Denv
k nenvk ¼ �σenv;

on aenvφ

σkl � σenvkl

� �
nl ¼ T�int

k ; Dk � Denv
k

� �
nk ¼ �σ�int; uk ¼ uenvk ; φ ¼ φenv; on aint

(2.47)

Equation (2.47) is the complete governing equation.

2.4 Variational Principle in Piezoelectric Materials

Under Finite Deformation

2.4.1 The Electric Gibbs Free Energy in Initial Configuration

Some fundamental formulas and notations for finite deformation shown in Sect. 1.3.4

will be used in this chapter. It is emphasized that the same coordinate system is used

in the current and initial configurations. Since the isothermal electric Gibbs free

energy �g in the finite deformation state must be invariant in a rigid body rotation,
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so the �g for materials without the electric couple problem should be taken in the

following form:

�g ¼ 1 2=ð Þ �CIJKL�εIJ�εKL � 1 2=ð Þ�Ekl �EK
�EL � �eKIJ �EK�εIJ � 1 2=ð Þ�lIJKL �EI

�EJ�εKL
�CIJKL ¼ �CJIKL ¼ �CIJLK ¼ �CKLIJ ; �EKL ¼ �ELK; �eKIJ ¼ �eKJI; �lIJKL ¼ �lJIKL ¼ �lIJLK ¼ �lKLIJ

(2.48)

where �CIJKL;�EKL; �eKIJ ; �lIJKL are the material coefficients in the initial configuration.

It is noted that coefficients in the initial and current configurations are different.

From the thermodynamic theory, the constitutive equations are

�σLK ¼ @�g @�εKL= ¼ �CIJKL�εIJ � �eJKL �EJ � 1 2=ð Þ�lIJKL �EI
�EJ

�DK ¼ �@�g @ �EK= ¼ �Ekl þ �lIJKL�εJIð Þ �EL þ �eKIJ�εIJ
(2.49)

Using Eq. (2.49), Eq. (2.48) can be reduced to

�g ¼ 1 2=ð Þ �CIJKL�εIJ�εKL þ �ge; �ge ¼ � 1 2=ð Þ�ΓN
�EN ¼ � 1 2=ð Þ�ΓNφ;N;

�ΓN ¼ �DN þ �eNKL�εKL
(2.50)

In �g, the term 1 2=ð Þ �CIJKL�εIJ�εKL is the mechanical deformation energy, 1 2=ð Þ �DK
�EK is

the electromagnetic energy, 1 2=ð Þ�eNKLEN�εKL is the mechanical and electromagnetic

coupling energy, and �ge is the sum of the electromagnetic energy and coupling

energy. For the small deformation case, 1 2=ð Þ�eNKLEN�εKL can be neglected, so the

coupling energy can also be neglected.

2.4.2 Variational Principle with the Electric Gibbs Free
Energy Under Finite Deformation

As in Eq. (2–8), variations of φ; �E are divided into local variation δφφ; δφ�E and

migratory variation δuφ; δu�E, i.e.,

δφ ¼ δφφþ δuφ; δuφ ¼ φ;pδup ¼ �Epδup ¼ � �ELXL;pδup

δ �EI ¼ δφ �EI þ δu �EI; δu �EI ¼ �EI;pδup ¼ �EI;LXL;pδup ¼ �EL;IXL;pδup
(2.51)

Let the displacement u and the potential φ satisfy their boundary conditions

on their own boundaries �au; �aφ; �aψ and the continuity conditions on their interface

�aint (Fig. 2.1). The variational principle with the electric Gibbs free energy under

finite deformation for electroelastic media can be expressed in the following form

(Kuang 2008b, 2011a):
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δ�Π ¼ δ�Π1 þ δ�Π2 � δ �W
�int ¼ 0

δ�Π1 ¼
Z
�V

δ�g d �V þ
Z
�V

�geδui;i d �V � δ �W
�

δ�Π2 ¼
Z
�V
env
δ�genv d �V þ

Z
�V
env
�ge envδuenvi;i d �V � δ �W

�env

δ �W
� ¼

Z
�V

ð�f k � �ρ€ukÞδuk d �V �
Z
�V

�ρeδφ d �V þ
Z
�aσ

�T�
kδuk d�a�

Z
�aD

�σ�δφ d�a

δ �W
�env ¼

Z
�V
env
ð�f envk � �ρ€uenvk Þδuenvk d �V �

Z
�V
env
�ρenve δφenv d �V

þ
Z
�aenvσ

�T�env
k δuenvk d�a�

Z
�aenvD

�σ�envδφenv d�a

δ �W
�int ¼

Z
�aint

�T�int
k δuk d�a�

Z
�aint

�σ�intδφ d�a

(2.52)

where �T�
k ; �σ

�; �T�env
k ; �σ�env; �T�int

k ; �σ�int are the given values on the corresponding

surfaces.

Using relations ge dV ¼ �ge d �V;
R
V g

eδui;i dV ¼ R
�V �g

eδui;i d �V and
R
V δg dV ¼R

�V δ�g d
�V (Kuang 2008b, 2009a) yields

Z
�V

δ�gd �V þ
Z
�V

�geδui;i d �V ¼
Z
�V

ð�σJIδ�εIJ � �DIδ �EIÞ d �V þ 1 2=ð Þ
Z
�V

�ΓNφ;Nδuk;k d �V

¼
Z
�V

½�σJIxk;Iδuk;J � �DIð�δφφ;I þ �EL;IXL;pδupÞ� d �V þ 1 2=ð Þ
Z
�V

�ΓNφ;NXJ;kδuk;J d �V

¼
Z
�a

�σJIxk;I þ 1 2=ð Þ�ΓNφ;NXJ;k

� �
�nJδuk d�a�

Z
�V

�σJIxk;I þ 1 2=ð Þ�ΓNφ;NXJ;k

� �
;J
δuk d �V

þ
Z
�a

�DI�nIδφφ d�a�
Z
�V

�DI;Iδφφ d �V �
Z
�V

�DI
�EL;IXL;pδup d �V

(2.53)

where δuk;k ¼ δuk;JXJ;k was used. Substitution of Eq. (2.53) into Eq. (2.52) yields

δ�Π1 ¼
Z
�a

½ð�σJIxk;I þ 1 2=ð Þð�ΓNφ;NXJ;kÞ�nJ�δuk d�a�
Z
�aσ

�T�
k δuk d�a

�
Z
�V

½ð�σJIxk;I þ 1 2=ð Þ�ΓNφ;NXJ;kÞ;J þ �f k � �ρ€uk�δuk d �V þ
Z
�aD

ð �DI�nI þ �σ�Þδφφ d�a

þ
Z
�aintþaφ

�DI�nIδφφ d�a�
Z
�V

ð �DI;I � �ρeÞδφφ d �V �
Z
�V

�DI
�EL;IXL;pδup d �V

�
Z
�V

�ρeEpδup d �V �
Z
�aD

�σ�Epδup d�a

(2.54a)

2.4 Variational Principle in Piezoelectric Materials Under Finite Deformation 51



The last three terms in (2.54a) can be reduced to

�
Z
�V

�DI
�EL;IXL;pδup d �V �

Z
�V

�ρeEpδup d �V �
Z
�aD

�σ�Epδup d�a

¼ �
Z
�a

�DI
�ELXL;p�nIδup d�aþ

Z
�V

ð �DIXL;pδupÞ;I �EL d �V

�
Z
�V

�ρeEpδup d �V �
Z
�aD

�σ�Epδup d�a ¼ �
Z
�aD

ð �DI�nI þ �σ�ÞEpδup d�a

�
Z
�aintþ�aφ

�DI�nIEpδup d�aþ
Z
�V

�DI
�ELXL;pδup;I d �V þ

Z
�V

ð �DI;I � �ρeÞEpδup d �V

where XL;pδup �EL ¼ Epδup was used. So Eq. (2.54a) can be reduced to

δ�Π1 ¼
Z
�aσ

½ð�σJIxk;I þ 1 2=ð Þ�ΓNφ;NXJ;kÞ�nJ � �T�
k �δuk d�a

þ
Z
�aintþau

ð�σJIxk;I þ 1
2
�DNφ;NXJ;kÞ�nJδuk d�a

�
Z
�V

½ð�σJIxk;I þ 1 2=ð Þ�ΓNφ;NXJ;kÞ;J þ �f k � �ρ€uk�δuk d �V þ
Z
�aD

ð �DI�nI þ �σ�Þδφφ d�a

�
Z
�aD

ð �DI�nI þ �σ�ÞEpδup d�aþ
Z
�aintþ�aφ

�DI�nIδφφ d�a�
Z
�aintþ�aφ

�DI�nIEpδup d�a

�
Z
�V

ð �DI;I � �ρeÞδφφ d �V þ
Z
�V

�DIELXL;pδup;I d �V þ
Z
�V

ð �DI;I � �ρeÞEpδup d �V

¼
Z
�aσ

ðSIJ�nI � �T�
J ÞδuJ d�aþ

Z
�aint

SIJ�nIδuJ d�a�
Z
�V

ðSIJ;I þ f J � �ρ€uJÞδuJ d �V

þ
Z
�aD

ð �DI�nI þ �σ�Þδφ d�aþ
Z
�aint

�DI�nIδφ d�a�
Z
�V

ð �DI;I � �ρeÞδφ d �V ¼ 0

(2.54b)

where

�SJk ¼ �σJIxk;I þ XL;k�σ
M
JL;

�σMJL ¼ �DJ
�EL � 1

2
�ΓN

�ENδJL ¼ �DJ
�EL � 1

2
�DN þ �eNML�εMLð Þ �ENδJL

(2.55)

�SIJ is called the pseudo total stress in the initial configuration, �σMIJ may be called

the second kind of the Maxwell stress defined in initial configurations, and XL;k�σMJL
may be called the first kind of the Maxwell stress defined in current and initial

configurations. From Eq. (2.55), it is known that when the initial configuration

is used as the reference configuration, the Maxwell stress is related to strain.

But for isotropic materials, the Maxwell stress is still not related to strain due to

�eNML ¼ 0.
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Due to the arbitrariness of δ�ui; δ�φ, from Eq. (2.54b) we get

�SJk;J þ �f k ¼ �ρ€uk; �DI;I ¼ �ρe in �V

�SJk�nJ ¼ �T�
k on �aσ; �DI�nI ¼ ��σ� on �aD

(2.56)

and

δ�Π1 ¼
Z
�aitf

�SIJ�nIδuJ d�aþ
Z
�aitf

�DI�nIδφ d�a (2.57a)

Similarly for the environment, we have

δ�Π2 ¼
Z
�V
env
δ�genv d �V þ

Z
�Venv

�genvδuk;k d �V � δ �W�env
1 ¼

Z
�aenvσ

ð�SenvIJ �nenvI � �T�env
J Þδuenvi d�a

þ
Z
�aint

�SenvIJ �nenvI δuenvi d�a�
Z
�V
env
ð�SenvIJ;I þ �f envJ � �ρ€uenvJ Þδ€uenvJ d �V

þ
Z
�aenvD

ðDenv

I �nenvI þ �σ�envÞδφenv d�aþ
Z
�aitf

D
env

I �nenvI δφenv d�a

�
Z
�Venv

ðDenv

I;I � �ρenve Þδφenv d �V ¼ 0

(2.58)

Due to the arbitrariness of δ�uenvi ; δ�φenv, from Eq. (2.58), we get

�SenvIJ �nenvI ¼ �T�env
J on �aenvσ ; �Denv

I �nenvI ¼ ��σ�env on �aenvDE

�SenvIJ;I þ �f envJ ¼ �ρenv€uenvJ ; �Denv
I;I ¼ �ρenve in �V

env (2.59)

and

δ�Π2 ¼
Z
aitf

�SenvIJ �nenvI δuenvJ d�aþ
Z
aitf

�Denv
I �nenvI δφenv d�a (2.57b)

Noting �nI ¼ ��nenvI ; �uI ¼ �uenvI ;φ ¼ φenv on the interface, we get

δ�Π ¼ δ�Π1 þ δ�Π2 � δ �W
�int ¼

Z
�aint

�SIJ�nIδuJ d�aþ
Z
�aint

�DI�nIδφ d�a

þ
Z
�a
int

�SenvIJ �nenvI δuenvJ d�aþ
Z
�aint

�Denv
I �nenvI δφenv d�a�

Z
�aint

�T�int
K δuk d�aþ

Z
�aint

�σ�intδφ d�a ¼ 0

So on the interface, it is obtained:

ð�SIJ � �SenvIJ Þ�nI ¼ �T�int
J ; ð �DI � �Denv

I Þ�nI ¼ ��σ�int; on �aint (2.60)

The above variational principle requests prior that the displacements and

the potential satisfy their own boundary conditions and the continuity conditions
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on the interface, so the following equations should also be added to governing

equations:

ui ¼ u�i ; on au; φ ¼ φ�; on aφ

uenvi ¼ u�envi ; on aenvu ; φenv ¼ φ�env; on aenvφ

ui ¼ uenvi ; φ ¼ φenv; on aint ð2:61Þ

Equations (2.55), (2.56), (2.59), (2.57b), (2.60), and (2.61) are the governing

equations under the finite deformation. It is noted that for the elastic material,

these formulas are reduced to the usual elastic governing equations for elasticity.

If in Eq. (2.52) we use δ
R
�V �g d

�V instead of
R
�V δ�g d

�V þ R �V �geδui;i d �V , Eq. (2.52)

cannot be reduced to the usual elastic variational formula.

2.5 Internal Energy Variational Principle

in Piezoelectric Materials

2.5.1 Internal Energy

It is noted that the constitutive equations of the general electroelastic materials are

linear in the elastic part, but are nonlinear in the electric part for small deformation.

The internal energy A for materials without electric couple is assumed in the

following form under small deformation:

Aðεkl;DkÞ ¼ 1 2=ð ÞCijklεijεkl þ 1 2=ð ÞβklDkDl � hkijDkεij � 1 2=ð ÞkijklDiDjεkl þ � � �
βkl ¼ βlk; kijkl ¼ kjikl ¼ kijlk ¼ kklij; hkij ¼ hkji Cijkl ¼ Cjikl ¼ Cijlk ¼ C

(2.62a)

where hkij; βkl; kijkl; and Cijkl are material constants. The constitutive equations are

σlk ¼ @A @εkl= ¼ Cijklεij � hkijDk � 1 2=ð ÞkijklDiDj

Ek ¼ @A @Dk= ¼ ðβkl � kklijεjiÞDl � hkijεij
(2.63)

Equation (2.62a) can be rewritten as

Aðεkl;DkÞ ¼ 1 2=ð ÞCijklεij þ Ae; Ae ¼ 1 2=ð Þ EkDk � ΔA
klεkl

� �
; ΔA

kl ¼ hkijDk

(2.62b)
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2.5.2 Internal Energy Variational Principle under
Small Deformation

Let u;D; uenv;Denv satisfy their boundary conditions on their own boundaries au;

aD; a
env
u ; aenvD and the continuity conditions on the interface aint, i.e.,

ui ¼ u�i ; on au; Dini ¼ �σ�; on aD

uenvi ¼ u�envi ; on aenvu ; Denv
i nenvi ¼ �σ�env; on aenvD

ui ¼ uenvi ; ðDi � Denv
i Þni ¼ �σ�int; on aint

(2.64)

where n is the outward normal of the body. Inside the body and environment,

it is assumed that

ρe ¼ Di;i; εij ¼ ui;j þ uj;i
� �

2= in V; ρenve ¼ Denv
i;i ;

εenvij ¼ uenvi;j þ uenvj;i

� �
2= in Venv

(2.65)

Under the above conditions, given the displacement and electric charge virtual

increments, the PVP in term of the internal energy is (Kuang 2009a)

δΠ ¼ δΠ1 þ δΠ2 � δWint ¼ 0

δΠ1 ¼ δ

Z
V

A dV �
Z
V

ðfk � ρ€ukÞδuk dV �
Z
aσ

T�
k δuk da�

Z
V

φδðρe dVÞ

�
Z
aD

φδðσ� daÞ �
Z
aφ

φ�δðσ daÞ

δΠ2 ¼ δ

Z
Venv

Aenv dV �
Z
Venv

ðf envk � ρenv€uenvk Þδuenvk dV �
Z
aenvσ

T�env
k δuenvk da

�
Z
Venv

φenvδðρenve dVÞ �
Z
aenvD

φenvδðσ�env daÞ �
Z
aenvφ

φ�envδðσenv daÞ

δWint ¼
Z
aint

T�int
k δuk daþ

Z
aint

φ�intδðσ daÞ

(2.66)

where a ¼ aσ þ au þ aint ¼ aD þ aφ þ aint, fk; T
�
k ;φ, and φ� are given body force,

traction, potential, and surface potential, respectively. It is noted that the work done

by the electric field in Eq. (2.66) has the formφδq, i.e. the potential is kept constant,
but the electric charge ρe dV, σda etc. have virtual increment. σ� and σ�env are given
constants and do not change when virtual displacements happen, so terms σ�da and
σ�env daenv will not be constants. Thus, terms

R
aD
φδðσ�daÞ and Raenv

D
φenvδðσ�envdaÞ

etc. should be added to the variational formula.T�int
k andφ�int are given surface force

and the jump of electric potential on the interface, respectively. Similar to Eq. (2.8),
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δDi ¼ δDDi þ δuDi; δuDi ¼ Di;pδup; Ek;j ¼ Ej;k ¼ �φ;jk

δρe ¼ δDρe þ δuρe; δuρe ¼ Di;ipδup ¼ Di;piδup
(2.67)

The variation of the differential volume and area, etc. are

δðdVÞ ¼ δuk;kdV; δðnk daÞ ¼ ðnkδup;p � npδup;kÞ da;
δðdaÞ ¼ ðδup;p � δup;knpnkÞ da

(2.68)

Neglecting terms containing ðσklεkl þ kijklDiDjεklÞ=2, it is obtained:

δ

Z
V

A dV ¼
Z
V

σjiδui;j dV þ
Z
V

EjδDj dV þ
Z
V

Aeδuk;k dV

¼
Z
a

ðσji þ EmDmδij 2= Þnjδui da�
Z
V

ðσji þ EmDmδij 2= Þ;jδui dV þ
Z
V

EjδDj dV

(2.69a)Z
V

φδðρe dVÞ ¼
Z
V

φδðDi;i dVÞ ¼
Z
V

φδDi;i dV þ
Z
V

φDi;iδup;p dV ¼
Z
V

φδDDi;i dV

þ
Z
V

φDi;ipδup dV þ
Z
V

φDi;iδup;p dV ¼
Z
a

φδDDini da�
Z
V

φ;iδDDi dV

þ
Z
a

φδuDini da�
Z
V

φ;iδuDi dV �
Z
V

φDi;pδup;i dV þ
Z
V

φDi;iδup;p dV ¼
Z
a

φδDini da

�
Z
V

φ;iδDi dV �
Z
a

φDi;pniδup daþ
Z
V

ðφDi;pÞ;iδup dV þ
Z
V

φDi;iδup;p dV

(2.69b)Z
aD

φδðσ� daÞ ¼ �
Z
aD

φDiniδðdaÞ ¼ �
Z
aD

φDiniðδup;p � δup;knpnkÞ da

¼ �
Z
aD

φðDiδup;p � Dpδui;pÞni da�
Z
aD

φðDpδui;p � Diδup;knpnkÞni da

¼ �
Z
a

φðDiδup;p � Dpδui;pÞni daþ
Z
aφþaint

φðDiδup;p � Dpδui;pÞni da

�
Z
aD

φðDpδui;p � Diδup;knpnkÞni da

(2.69c)Z
aφ

φ�δðσ daÞ ¼ �
Z
aφ

φ�δðDinidaÞ ¼ �
Z
aφ

φ�δDini da�
Z
aφ

φ�Diδðni daÞ

¼ �
Z
aφ

φ�δDini da�
Z
aφ

φ�ðDiδup;p � Dpδui;pÞni daZ
aint

φ�intδðσ daÞ ¼ �
Z
aint

φ�intδDint
i ni da�

Z
aint

φ�intðDint
i δup;p � Dint

p δui;pÞni da
(2.69d)
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and

Z
a

φðDiδup;p � Dpδui;pÞni da�
Z
V

φDi;iδup;p dV ¼
Z
V

φ;iðDiδup;p � Dpδui;pÞ dV

þ
Z
V

φðDiδup;p � Dpδui;pÞ;i dV �
Z
V

φDi;iδup;p dV ¼
Z
V

φ;iDiδup;p dV

�
Z
V

φ;iDpδui;pdV �
Z
V

φDp;iδui;p dV ¼
Z
V

φ;iDiδup;p dV �
Z
V

φDp

� �
;i
δui;p dV

¼
Z
a

φ;iDiδup
� �

np da�
Z
V

φ;iDi

� �
;p
δup dV �

Z
a

φDp

� �
;i
δui

h i
np daþ

Z
V

φDp

� �
;ip
δui dV

¼ �
Z
a

ðφDpÞ;inpδui daþ
Z
V

ðφDpÞ;piδui dV þ
Z
a

φ;iDinpδup da�
Z
V

ðφ;iDiÞ;pδup dV

(2.70a)

Z
aD

φδDini da ¼
Z
aD

φδðDiniÞ da�
Z
aD

φDiδni da

¼ �
Z
aD

φðDiδup;lnlnpni � Diδup;inpÞ da (2.70b)

In Eq. (2.70b), Dini ¼ �σ� is a given value on aD, so its variation vanishes on aD.
Substituting above equations into δΠ1 in Eq. (2.66), it is obtained:

δΠ1 ¼
Z
aσ

σji þ 1

2
EmDmδij þ φDj;i � ðφDjÞ;i þ φ;pDpδij

	 

nj � T�

i

 �
δuida

�
Z
V

σji þ 1

2
EmDmδij þ φDj;i � ðφDjÞ;i þ φ;pDpδij

	 

;j

þ fi � ρ€ui

" #
δuidV

þ
Z
V

ðEj þ φ;jÞδDjdV þ
Z
aφ

ðφ� � φÞniδDida

þ
Z
aφ

ðφ� � φÞðDiδup;p � Dpδui;pÞnida

þ
Z
aint

σji þ 1

2
EmDmδij þ φDj;i � ðφDjÞ;i þ φ;pDpδij

	 

nj

 �
δuida

�
Z
aint

φðDiδup;p � Dpδui;pÞnida�
Z
aint

φδDinida ð2:71Þ

From Eqs. (2.66)and (2.71) and the arbitrariness of δui; δDi we get

Sji;j þ fi ¼ ρ€ui; Ej ¼ �φ;i; in V

Sjinj ¼ T�
i ; on aσ; φ ¼ φ�; on aφ; Sij ¼ σij þ σMij

σMji ¼ φDj;i þ 1

2
EmDmδij � ðφDjÞ;i þ φ;pDpδij ¼ DjEi � 1

2
EpDpδij ð2:72Þ
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where σM is the Maxwell stress. Using Eq. (2.72), δΠ1 is reduced to

δΠ1 ¼
Z
aint

Sjinjδui da�
Z
aint

φδDini da�
Z
aint

φðDiδup;p � Dpδui;pÞni da

¼
Z
aint

Sjinjδui da�
Z
aint

φδDini da�
Z
aint

φDiδðni daÞ ð2:73Þ

Similarly for the environment, we have

Senvji;j þ f envi ¼ ρ€uenvi ; Eenv
i ¼ �φenv

;i ; in Venv

Senvji nenvj ¼ T�env
i ; on aenvσ ; φenv ¼ φ�env; on aenvφ ; Senvij ¼ σenvij þ σMij

δΠ2 ¼
Z
aint

Senvij nenvj δuenvi da�
Z
aint

φenvδDenv
i nenvi da�

Z
aint

φenvDenv
i δ nenvi da
� �

(2.74)

δWint can be reduced to

δWint ¼
Z
aint

T�int
k δuk da�

Z
aint

φ�intniδDi da�
Z
aint

φ�intðDiδup;p � Dpδui;pÞni da

¼
Z
aint

T�int
k δuk da�

Z
aint

φ�intniδDi da�
Z
aint

φintDiδðni daÞ ð2:75Þ

Substituting Eqs. (2.73), (2.74) and (2.75) into Eq. (2.66) and noting nenv ¼ �n,
u ¼ uenv we have

δΠ ¼
Z
aint

½ðSij � Senvij Þnj � T�int
i �δui da

�
Z
aint

ðφ� φenv � φ�intÞ δ Dinið Þ þ DiniδðdaÞ½ � (2.76)

Due to the arbitrariness of δui; δDi, we get

ðSij � Senvij Þnj ¼ T�int
i ; φ� φenv ¼ φ�int; on aint (2.77)

Equations (2.72), (2.74), (2.77), (2.64), and (2.65) form the complete governing

equations.

2.5.3 The Force Acting on the Dielectric in a Plate Capacitor

As an application of the PVP, we discuss the force acting on the dielectric in a plate

capacitor filled the dielectric with permittivity E as shown in Fig. 2.2. Assume both
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the length and width of the plates are infinitely long, the distance h between two

electrodes is small. There is no external mechanical force. The electric field inside

the dielectric of the capacitor is homogeneous and E ¼ E2n, where n is along the

positive direction of the axis x2. The electric field inside the electrode is zero. In this
simple case, the static electric force can be directly derived from the Maxwell stress

and the general equation of the PVP.

1. The Maxwell Stress Method
Using the Maxwell stress in Eqs. (2.12) and (2.18), the force acting on the

dielectric is

T ¼ n � σM plate � σM
� � ¼ �σM � n ¼ � 1 2=ð ÞDnEnn ¼ � 1 2=ð ÞEE2

2n (2.78)

2. The Internal Energy Variational Principle
Let the upper plate electrode possesses negative charge and the lower electrode

possesses positive charge. Because on the electrobe the electric charge is given in

the internal energy variational principle, the boundary conditions on the whole

boundary of the dielectric are known. In Eq. (2.66) we only need to discuss δΠ1.

Given the upper electrode a virtual displacement δu2 ¼ δh, the virtual strain of the

dielectric is ε22 ¼ u2;2 ¼ δh h= . Because only δu2 is considered, the surface integrals
in δΠ1 can be neglected due to that the surface area keeps constant in the virtual

displacement process. Therefore the variational principle for the volume between

unit surfaces of electrodes is

δΠA ¼ δΠ1 ¼ δ

Z
V

A dV ¼ hðσ22δu2;2 þ E2δD2 þ 1 2=ð ÞE2D2δu2;2Þ ¼ 0

Because electric charge q on the electrode is constant, so δDD2 ¼ 0. In volume

D2 ¼ const: due to D2;p ¼ 0, so δuD2 ¼ 0. Therefore, it is obtained:

δΠA ¼ hðσ22δu2;2 þ E2δD2 þ 1 2=ð ÞE2D2δu2;2Þ ¼ h σ22
δh

h
þ 1

2
E
φ

h

� �2 δh
h

 �
¼ 0

) T2 ¼ σ22 ¼ � E 2=ð Þ φ h=ð Þ2

The result is identical with that in Eq. (2.78).

3. The Electric Gibbs Free Energy Variational Principle
Let the lower electrode possesses positive potential and the upper plate electrode

grounded. Analogous to the above problem, but on the electrode the electric

Fig. 2.2 A plate capacitor
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potential is given in the electric Gibbs free energy variational principle now. In Eq.

(2.7) we only need to discuss δΠ1.

Give a virtual displacement under the constant electric potential on the electrode

plate. It is noted that thoughφ is constant on the plate, but after virtual displacement,

φ is changed for the point inside the dielectric. For a fixed x, the change of the

electric field due to changed φ is

δφE2 ¼ φ hþ δhð Þ= � φ h= ¼ �φδh h= 2; �D2δE2 ¼ D2E2δh h= :

The potential φ on the electrode is constant, E2;p ¼ 0, so δE2 ¼ δφE2. Therefore,

we have

δΠg ¼ h σ22δu2;2 � D2δE2 � 1 2=ð ÞE2D2δu2;2
� �

¼ hD2 σ22 δh h=ð Þ þ 1 2=ð ÞEE2
2 δh h=ð Þ� � ¼ 0 ) T2 ¼ σ22 ¼ �D2

2 2E=

The result is identical with that in Eq. (2.78).

Equation (2.78) shows that the force acting on the dielectric is compressive.

It is just the attractive force between two electrodes. This result is identical with that

in usual textbooks.

2.6 Constitutive Equations in Electroelasticity

2.6.1 Constitutive Equations

In this section, we only discuss the case with symmetric stresses. When the

thermal effect is omitted in Eq. (1.59), there are only four thermodynamic

character functions: the internal energy Aðε;DÞ is equivalent to the free energy f ,
the electric Gibbs function gðε;EÞ is equivalent to the electric enthalpy he , the
enthalpy hðσ;EÞ is equivalent to the Gibbs function gg , and the elastic Gibbs

function gelðσ;DÞ is equivalent to the elastic enthalpy hel . In general case,

there are two groups with four variables: ðσ; εÞ; ðE;DÞ in electroelasticity. Because

each variable in two groups can be used as the independent variable, there are four

group constitutive equations corresponding to four thermodynamic character

functions A (f ), g (he), h (gg ), and hel (gel). Constitutive equation (2.3) is derived

from g; Eq. (2.63) is derived fromA. The enthalpy h and the elastic Gibbs function gel

can, respectively, be assumed in the following forms:

h ¼ � 1 2=ð Þsijklσijσkl � 1 2=ð ÞEklEkEl � dkijEkσij � 1 2=ð ÞpijklEiEjσkl (2.79)

gel ¼ � 1 2=ð Þsijklσijσkl þ 1 2=ð ÞβklDkDl � gkijDkσij � 1 2=ð ÞqijklDiDjσkl (2.80)

where s is the flexibleness coefficient tensor. From Eqs. (2.79) and (2.80), the

following constitutive equations are obtained, respectively:
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εij ¼ �@h @σij ¼
�

sijklσkl þ dkijEk þ 1 2=ð ÞpijklEkEl

Di ¼ �@h @Ei ¼= EijEj þ dijkσjk þ pijklEjσkl
(2.81)

εij ¼ �@gel @σij
� ¼ sijklσkl þ gkijDk þ 1 2=ð ÞqijklDkDl

Ei ¼ @gel @Di= ¼ βijDj � gijkσjk � qijklDiσkl
(2.82)

Equations (2.3), (2.63), (2.81), and (2.82) are four kinds of constitutive equa-

tions for general ferroelectric materials. In these equations, it has been assumed that

σ ¼ ε ¼ E ¼ D ¼ 0 at the natural state. Constitutive equations of some simpler

materials are as follows.

Linear piezoelectric materials. The constitutive equations of the first, second,

third, and fourth types of linear piezoelectric materials are

εij ¼ sEijklσkl þ dσkijEk ðor dσijkEkÞ; Di ¼ dEijkσjk þ EσijEj

σij ¼ CE
ijklεkl � eεkijEk; ðor eεijkEkÞ Di ¼ eEiklεkl þ EεijEj

εij ¼ sDijklσkl þ gσkijDk; ðor gσijkEkÞ Ei ¼ �gDijkσjk þ βσijDj

σij ¼ CD
ijklεkl � hεkijDk; ðor hεijkEkÞ Ei ¼ �hDiklεkl þ βεijDj

(2.83)

where the superscript letter “ς” of a material constant means that the constant is

measured at ς ¼ const:As an example,CE
ijklmeans that the constantCE

ijkl is measured

at Ei ¼ const: Usually the coefficient measured at constant E is called the closed

circuit coefficient, and the coefficient measured at constant D is called the open

circuit coefficient. Usually e � E ¼ eεijkEk is more convenient than E � e ¼ eεkijEk in

use. If the Voigt notation (see Eq. (1.37) is used, Eq. (2.83) can be rewritten as

ε ¼ s : σ þ dT � E; D ¼ d : σ þ e � E; σ ¼ C : ε� eT � E; D ¼ e : εþ e � E;
ε ¼ s : σ þ gT � D; E ¼ �g : σ þ β � D; σ ¼ C : ε� hT � D; E ¼ �h : εþ β � D

(2.84)

It is noted that though some coefficients have the same notation in different kind of

constitutive equations, they should be measured in different conditions.

Electrostrictive materials with symmetric center. For all electrostrictive materials

with symmetric center, the material coefficients with odd number subscript are all

zero, so the piezoelectric effect disappeared. In Eq. (2.3), if terms containing α are

omitted, the constitutive equations have following forms:

εij ¼ SEijklσkl þ 1 2=ð ÞpijklEkEl; Di ¼ EσijEj þ pijklEjσkl � EσijEj

σij ¼ CE
ijklεkl � 1 2=ð ÞlijklEkEl; Di ¼ EεijEj þ lijklEjεkl � EεijEj

εij ¼ SDijklσkl þ 1 2=ð ÞqijklDkDl; Ei ¼ βσijDj � qijklDjεkl � βσijDj

σij ¼ CD
ijklεkl � 1 2=ð ÞkijklDkDl; Ei ¼ βεijDj � kijklDjεkl � βεijDj

(2.85)

Under the high electric field, usually the electric hysteretic loop of the electrostric-

tive material, like PMN, is smaller than that of the piezoelectric material, like PZT.
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2.6.2 Relations Between Material Constants of the Linear
Piezoelectric Materials

Equation (2.83) is the four kinds of constitutive equations for the linear piezoelec-

tric materials. Substitution of D in the second equation into the fourth equation in

Eq. (2.83) yields

σij ¼ CD
ijklεkl � hEkij e

E
kmnεmn þ EεkmEm

� � ¼ CD
ijkl � hEpije

E
pkl

� �
εkl � hEkijE

ε
kmEm ¼ CE

ijklεkl � eεmijEm

Ei ¼ �hDiklεkl þ βεij eEjmnεmn þ EεjmEm

� �
¼ �hDikl þ βεije

E
jkl

� �
εkl þ βεijE

ε
jmEm

and in the similar discussion, we finally get

CD
ijkls

D
klmn ¼ CE

ijkls
E
klmn ¼ δimδjn; βεijE

ε
jm ¼ βσijE

σ
jm ¼ δim; Eσip � Eεip ¼ eEikld

σ
pmn;

βεip � βσij ¼ hDiklg
σ
pkl; dσmij ¼ gσpijE

σ
pm; gDikl ¼ βσipd

D
pkl; eεmij ¼ hEkijE

ε
km; hDikl ¼ eEjklβ

ε
ij;

βεipE
σ
pm � hDikld

σ
mkl ¼ βσipE

ε
pm þ gDikle

ε
mkl ¼ δim; CD

ijkl � CE
ijkl ¼ hEpije

E
pkl; sDijkl � sEijkl ¼ �gσpijd

D
pkl;

CD
ijklg

σ
pkl ¼ hEpij; CD

ijkld
σ
mkl ¼ hEpijE

σ
pm; CE

ijkld
σ
pmn ¼ eεpij; gDiklC

E
klmn ¼ βσipe

E
pmn;

hDikls
D
klmn ¼ gDimn; eEikls

E
klmn ¼ dDimn; hDikls

E
klmn ¼ βεipd

D
pmn; sDijkle

ε
mkl ¼ gσpijE

ε
pm;

CD
ijkls

E
klmn � hEpijd

D
pmn ¼ sDijklC

E
klmn þ gσpije

E
pmn ¼ δimδnj

(2.86)

For the nonlinear ferroelectric materials, relations between material coefficients

of different constitutive equations are difficult expressed in simple unique forms.

2.7 Variational Principle in Pyroelectric Materials

and Its Governing Equations

2.7.1 Internal Energy and Electric Gibbs Function

According to the continuum thermodynamics in Sect. 1.5, the electric Gibbs function

g, the electric complementary dissipative energy rate _hg, the internal energyA, and the

dissipative energy rate _hA can be assumed as

gðεkl;Ek; ϑÞ ¼ 1 2=ð ÞCijklεijεkl � ekijEkεij � 1 2=ð ÞEijEiEj � αijεijϑ� τiEiϑ� 1 2T0=ð ÞCϑ2

δhg ¼ ηjδϑ;j ¼ �
Z t

0

λijT
�1ϑ;i dτ

	 

δϑ;j

Cijkl ¼ Cjikl ¼ Cijlk ¼ Cklij; ekij ¼ ekji; Ekl ¼ Elk; αij ¼ αji; λij ¼ λji

(2.87)

62 2 Physical Variational Principle and Governing Equations

http://dx.doi.org/10.1007/978-3-642-36291-0_1


Aðεkl;Dk; sÞ ¼ 1 2=ð ÞCijklεijεkl � hkijDkεij þ 1 2=ð ÞβijDiDj � ~αijεjis� ~τiDisþ T0 2=ð Þ ~Cs2
δhA ¼ ~λijT _ηjδηið¼ TδsðiÞ ¼ �T;i _ηiÞ
Cijkl ¼ Cjikl ¼ Cijlk ¼ Cklij; hkij ¼ hkji; βkl ¼ βlk; ~αij ¼ ~αji; ~λij ¼ ~λji

(2.88)

Where ϑ ¼ T � T0 , T0 is the temperature of the environment. It is noted that in

Eq. (2.87), s ¼ 0 when T ¼ T0, if εij ¼ Ei ¼ 0, but in Eq. (2.88), s ¼ 0 when T ¼ 0

and s ¼ s0 when T ¼ T0 ; if εij ¼ Di ¼ 0; ~αij;~τi; ~C;~λij are all material constants.

In the later sections, this rule will be adopted. Constitutive and evolution equations

corresponding to Eq. (2.87) are

σji ¼ @g @εij
� ¼ Cijklεkl � ekijEk � αijϑ

Di ¼ �@g @Ei= ¼ EijEj þ eiklεkl þ τiϑ

s ¼ �@g @ϑ= ¼ αijεij þ τiEi þ Cϑ=T0

ηi ¼ �@hg @T;i
� ¼ �

Z t

0

T�1λijϑ;j dτ; T _ηi ¼ qi ¼ �λijϑ;j

(2.89)

where the evolution equation of temperature has been shown in Eq. (1.71).

Corresponding to Eq. (2.88) the constitutive and evolution equations are

σji ¼ @A @εij
� ¼ Cijklεkl � hkijDk � ~αijs

Ei ¼ @A @Di= ¼ βijDj � hiklεkl � ~τis

T ¼ @A @s= ¼ �~αijεji � ~τiDi þ T0 ~Cs

T;i ¼ �@hA @ηi= ¼ �~λijT _ηj ¼ �~λijqj;
Z t

0

T;i dτ ¼ �T

Z t

0

~λij _ηj dτ

(2.90)

It is obvious that there is T;j ¼ ϑ;j; _T ¼ _ϑ . Using Eqs. (2.89) and (2.90),

Eqs. (2.87) and (2.88) can be rewritten, respectively, as

g ¼ 1 2=ð ÞCijklεijεkl þ gE T ; gE T ¼ � 1 2=ð Þ DkEk þ sϑþ Δklεklð Þ; Δkl ¼ emklEm þ αklϑ

A ¼ 1 2=ð ÞCijklεijεkl þ AE T ; AE T ¼ 1 2=ð Þ DkEk þ sT þ Δ0
klεklð Þ; Δ0

kl ¼ hmklDm þ αkls

(2.91)

In Eq. (2.91), Δklεkl and Δ0
klεkl can be neglected for the case of small strain.

Using the inertial entropy theory given in Sect. 1.7.2, from Eqs. (2.89) and

(1.74), the thermal conductive or energy equation can be obtained:

�qi;i ¼ T _sþ T _sðaÞ � _r; λijT;ji ¼ Tðαij _εij þ τi _Ei þ T�1
0 C _ϑþ T�1

0 Cρs0€ϑÞ � _r

(2.92)

If ϑ is much less than T0, ϑ 	 T0, then the above equation is reduced to

λijϑ;ji ¼ T0αij _εij þ T0τi _Ei þ Cð _ϑþ ρs0€ϑÞ � _r (2.93)

Equations (2.92) and (2.93) are temperature wave equations with finite phase velocity.
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2.7.2 Electric Gibbs Function Variational Principle

In this section, we only discuss the PVP of the pyroelectric material with linear

elasticity under small deformation. For simplicity, it is assumed that the environment

is air. It is also assumed that in the air, the temperature is constant or ϑenv ¼ 0 and at

infinity, E1 ¼ 0; σ�1 ¼ 0. The interface is heat insulated. The heat input and heat

output by heat conduction may be occured at some internal boundaries. Analogous to

Eq. (2.8), the variation of the temperatureϑ can also be divided into δϑϑ andδuϑ, but it
is not needed because the final result shows that terms containing δuϑ are

countervailed each other. So the body and air only have electric connection. However,

the contribution of the heat due to the variation of the volume seems to be considered.

Under the assumption that u;φ; ϑ satisfy their own boundary conditions ui ¼
u�i ;φ ¼ φ� and ϑ ¼ ϑ� on au; aφ and aT , respectively. φ ¼ φenv; ϑ ¼ ϑenv ¼ 0

on the interface except at some heat source and sink places. In the medium εij ¼
ðui;j þ uj;iÞ=2; Ei ¼ �φ;i,T _ηj ¼ �λijϑ;i and the constitutive equation (2.89) are held.
Noting Eq. (1.59), g ¼ A� E � D� Ts , the PVP in terms of the electric Gibbs

function for the pyroelectricity can be written as (Kuang 2009b)

δΠ ¼ δΠ1 þ δΠ2 � δWint ¼ 0

δΠ1 ¼
Z
V

δðg þ hgÞ dV þ
Z
V

gE Tδui;i dV � δQ0 � δW

δQ0 ¼ �
Z
V

Z t

0

ð _r T= Þδϑ dτ dV þ
Z
V

s að Þδϑ dV þ
Z
aq

Z t

0

_η�δϑ dτ da�
Z
V

Z t

0

_sðiÞδϑ dτ dV

δW ¼
Z
V

ðfk � ρ€ukÞδuk dV �
Z
V

ρeδφ dV þ
Z
aσ

T�
kδuk da�

Z
aD

σ�δφ da

δΠ2 ¼
Z
Venv

δgenv dV þ
Z
Venv

gE T envδuenvi;i dV �
Z
V

ρenve δφ dV

δWint ¼
Z
aint

T�int
k δuk da�

Z
aintD

σ�intδφ da

(2.94)

where fk; T
�
k ; ρe; σ

�; ρenve and _η�i ð _η� ¼ _η�i niÞ are the given mechanical body force,

traction, body electric charge density, surface electric charge density, body electric

charge density in the air, and surface entropy flow, respectively, andaq is the surface

given thermal flow, genv ¼ gE T env ¼ � 1 2=ð ÞDenv
k Eenv

k ;Denv
k ¼ E0Eenv

k . In Eq. (2.94),

the term
R t
0
_sðiÞδϑ dτ is the electric complement heat rate per unit volume corres-

ponding to the inner electric complement dissipation energy rate δhg . This is

consistent with the laws of the thermodynamics. In order to obtain the heat conduc-

tion equation and the boundary condition of the heat flow from the variational

principle, the electric complement dissipation energy
R
V δhg dV in δΠ and the

inner irreversible electric complement heat
R
V

R t
0
_sðiÞδϑ dτ dV in δQ0 should be

simultaneously included in the variational functional. In Eq. (2.94), the integrands
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contain the time derivatives of variables and need to integrate with time t, because in

the irreversible process the integral is dependent to the integral path. But the time is

a parameter and does not join the virtual variation.

It is noted that

Z
V

δg dV ¼
Z
V

σjiδui;j dV �
Z
V

DkδEk dV �
Z
V

sδϑ dV ¼
Z
V

σjiδui;j dV

þ
Z
V

Dkδφφ; i dV �
Z
V

DiEp;iδup dV �
Z
V

sδϑ dV

¼
Z
a

σjinjδui da�
Z
V

σji;jδui dV þ
Z
a

Dknkδφφ da�
Z
V

Dk;kδφφ dV

�
Z
V

DiEp

� �
;i
δup dV þ

Z
V

Di;iEpδup dV �
Z
V

sδϑ dVZ
V

gE Tδuk;k dV ¼ � 1 2=ð Þ
Z
a

DkEk þ sϑð Þnkδuk dV þ 1 2=ð Þ
Z
V

DkEk þ sϑð Þ;kδuk dVZ
V

δhg dV ¼
Z
a

ηjnjδϑ da�
Z
V

ηj;jδϑ dV; ηj ¼ �
Z t

0

λijT
�1ϑ;i dτ

(2.95)

Substituting Eq. (2.95) into δΠ1 of Eq. (2.94) and adding a term
R
a Dknk

Epδup þ δuφ
� �

da to it, similar to the derivation in Sect. 2.1.2, finally we get

δΠ1 ¼
Z
aσ

Sjinj � T�
i

� �
δui da�

Z
V

Sji;j þ fk � ρ€uk
� �

δui dV

þ
Z
aD

Dknk þ σ�ð Þδφ da�
Z
V

Dk;k � ρe
� �

δφ dV þ
Z
aq

ηjnj � η�
� �

δϑ da

þ
Z
V

�s� s að Þ þ ηj;j þ
Z t

0

T�1 _r þ _sðiÞ
� �

dτ

� �
δϑ dV

þ
Z
aint

Sjinjδui daþ
Z
aint

Dknkδφ daþ
Z
aint

ηjnjδϑ da ð2:96Þ

where

σM T
ij ¼ DiEj � 1 2=ð Þ DnEn þ sϑð Þδij

Sij ¼ σij þ σM T
ij ¼ Cijklεkl � ekijEk � αijϑþ DiEj � 1 2=ð Þ DnEn þ sϑð Þδij

(2.97)

where σM T is the general Maxwell stress. Whether σM T includes the term sϑ, it
should still be proved by experiments; S is the pseudo total stress (Jiang and Kuang

2003, 2004). In pyroelectric materials, when the electric field and temperature are

not too large and the piezoelectric coefficient is not too small, the general Maxwell

stress can be neglected.
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Due to the arbitrariness of δui; δφ and δϑ, from Eq. (2.96), it is obtained:

Sjk;j þ fk ¼ ρ€uk; Dk;k ¼ ρe; in V

sþ s að Þ þ ηj;j ¼
Z t

0

T�1 _r þ _sðiÞ
� �

dτ or T _sþ ρs€ϑ
� � ¼ _r � qi;i; in V

Sjinj ¼ T�
i ; on aσ; Dknk ¼ �σ�; on aD; ηjnj ¼ η�; on aq

δΠ1 ¼
Z
aint

Sjinjδui daþ
Z
aint

Dknkδφ daþ
Z
aint

ηjnjδϑ da

(2.98)

Analogously in the air,

Denv
i;i ¼ ρenve ; in air; δΠ2 ¼

Z
aint

Senvji nj
envδui daþ

Z
aint

Denv
i ni

envδφ da

Senvij ¼ σM air
ij ¼ Dair

i Eair
j � 1 2=ð ÞDair

n Eair
n δij

(2.99)

Substituting Eqs. (2.98) and (2.99) into Eq. (2.94) and noting nenv ¼ �n we get

Sij � Senvij

� �
ni ¼ T�int

j ; on aintσ ; ðDi � Denv
i Þni � σ�int; on aintD (2.100)

The governing equations must contain the prior conditions of the variational

principle:

u ¼ u�; on au; φ ¼ φ�; on aφ; ϑ ¼ ϑ�; on aT

φ ¼ φenv; on aintφ ; ϑ ¼ ϑenv ¼ 0ð Þ; on aintϑ

(2.101)

If ϑ 	 T0, the integral can be integrated in Eq. (2.94), and δΠ1 in Eq. (2.94) is

reduced to

δΠ1 ¼
Z
V

δg þ ηjδϑ;j
� �

dV þ
Z
V

g E Tδui;idV � δQ 0 � δW ¼ 0

δQ 0 ¼ �T�1
0

Z
V

rδϑ dV þ
Z
aq

η�0δϑ da�
Z
V

SðiÞδϑ dV þ
Z
V

SðaÞδϑ dV

δW ¼
Z
V

fk � ρ€ukð Þδuk dV �
Z
V

ρeδφ dVþ
Z
aσ

T�
k δuk da�

Z
aD

σ�δφ da

(2.102)

where η�0 ¼ ð1 T0= Þ R t
0
q� dt.

There are eight thermodynamic character functions in pyroelectric materials,

so there are eight fundamental variational principles. However, the electric Gibbs

function only contains five independent variables u;φ; T and is convenient in

practical application.
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2.7.3 An Example for Purely Thermal Conduction

When ϑ 	 T0 for the purely thermal conduction problem without the internal heat

source in an isotropic material, Eq. (2.93) is reduced to

λ ϑ;ii ¼ C _ϑþ ρs0€ϑ
� �

(2.103a)

Now discuss a simple problem in which the wave propagates along the x1
direction, i.e.,

λ
@2ϑ

@x21
¼ C

@ϑ

@t
þ ρs0

@2ϑ

@t2

	 

; or

@2ϑ

@x2
¼ @ϑ

@τ
þ @2ϑ

@τ2

x ¼ x1

ffiffiffiffiffiffiffiffi
C

λρs0

s
¼ x1

cρs0
; τ ¼ t

ρs0
; c ¼

ffiffiffiffiffiffiffiffiffi
λ

ρs0C

s (2.103b)

where x is the dimensionless coordinate, τ is the dimensionless time, and c is the

phase velocity. Let

Boundary conditions: ϑ 0; tð Þ ¼ Θ0HðtÞ; ϑ 1; tð Þ ¼ 0; t > 0

Initial conditions: ϑ x; 0ð Þ ¼ 0; _ϑ x; 0ð Þ ¼ 0; x > 0
(2.104)

whereHðtÞ is the Heaviside function andΘ0 is a constant. The solution of the above

problem is

ϑ x; tð Þ ¼ Θ0H x� tð Þ e�x 2= þ x

Z τ

x

e�ς 2=
I1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ς2 � x2

p
2=

� �
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ς2 � x2

p dς

2
4

3
5 (2.105)

where I1 �½ � is the modified first kind of the Bessel function. Equation (2.105) shows

that ϑ is an attenuated advanced wave. At the wave front x ¼ τ or x1 ¼ ct, ϑ is

interrupted with value e�x 2= ¼ e�x1 2cρs0= which is decreased with time.

For a problem without initial conditions, let

ϑ ¼ Θ0 expðkx� ωtÞ

where Θ0 is the amplitude of the wave. Substituting the above equation into

Eq. (2.103) yields

k2 ¼ Cλ�1ω2ðiω�1 þ ρs0Þ

k ¼ 
ðCλ�1ρs0Þ
1
2ω

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
ð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ω�2ρs0�2

p
Þ

r
þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
ð1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ω�2ρs0�2

p
Þ

r" #
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so

ϑ ¼ Θexp½iðkx� ωtÞ� ¼ Θ exp½ik1x� k2x� ωtÞ� ¼ Θ expð�k2xÞ exp½ik1x� ωtÞ�

k1 ¼ 
ðCλ�1ρs0Þ
1
2ω

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
ð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ω�2ρs0�2

p
Þ

r
;

k2 ¼ ðCλ�1ρs0Þ
1
2ω

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
ð1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ω�2ρs0�2

p
Þ

r

c ¼ ω

k1
¼

ffiffiffiffiffiffiffiffiffi
λ

Cρs0

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
ð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ω�2ρs0�2

p
Þ

r,
ð2:106Þ

Equation (2.106) shows that the temperature wave is an attenuated dispersive wave.

When ρs0 ! 0 , c ! ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωλ C=

p
which is just the result of the classical heat

conduction theory. It shows that when ρs0 is small, the heat inertial effect can be

neglected for the problem without initial conditions.

2.8 Variational Principle and Governing Equations

in Pyroelectric Materials with Diffusion

2.8.1 Internal Energy, Electrochemical Gibbs Function,
and Electric Gibbs Function

In the diffusion theory, mechanical and electrical processes are reversible, but

thermal and diffuse processes are irreversible. The internal energy and entropy

are all state functions. The Gibbs equation and evolution equation are still

expressed by Eqs. (1.72) and (1.77), respectively. According to Eqs. (1.72), (1.77)

and (1.69) the internal energy can be given by

_A ¼ σ : _εþþE � _Dþ T _sþ μ _c

_hA ¼ Tσ � XT � _ηþ Xμ � _ξ ¼ �T;i _ηi � μ;i _ξi � 0

gc ¼ A� E � D� Ts� μc; _gc ¼ σ : _ε� D � _E� s _ϑ� c _μ

_hgc � �ϑ;i _ηi � μ;i _ξi þ ϑ;iηi þ μ;iξi
� �

_¼ ηi _ϑ;i þ ξi _μ;i

g ¼ A� Ts� E � D; _g ¼ σ : _ε� D � _E� s _T þ μ _c

_hg ¼ ηj _ϑ;j � μ;k _ξk

(2.107)

where A; gc; and g are the internal energy, electrochemical Gibbs function, and

electric Gibbs function. _hA; _hgc and _hg are the corresponding dissipative or

complementary dissipative energy rates. In this section, we only discuss
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electrochemical Gibbs function and electric Gibbs function variational principles.

gc; _hgc and g; _hg can be assumed as

gcðεkl;Ek; ϑ; μÞ ¼ 1 2=ð ÞCijklεijεkl � ekijEkεij � 1 2=ð ÞEijEiEj � αijεijϑ� τiEiϑ

� 1 2T0=ð ÞCϑ2 � 1 2=ð Þbμ2 � bijεijμ� biEiμ� aμϑ

_hc ¼ T _sðiÞ � TsðiÞ
� �

_¼ �sðiÞ _T ¼ XT � _ηþ Xμ � _ξ � XT � ηþ Xμ � ξ
� �

_¼ ηi _ϑ;i þ ξi _μ;i;

ekij ¼ ekji; Ekl ¼ Elk; αij ¼ αji; bij ¼ bji; λij ¼ λji; Dij ¼ Dji; Lij ¼ Lji

(2.108)

gðεkl;Ek; ϑ; cÞ ¼ 1 2=ð ÞCijklεijεkl � ekijEkεij � 1 2=ð ÞEijEiEj � αijεijϑ� τiEiϑ

� 1 2T0=ð ÞCϑ2 þ 1 2=ð Þb̂c2 � b̂ijεijc� b̂iEicþ âcϑ

hg ¼ ηj _ϑ;j � μ;j _ξj

(2.109)

where C;Cijkl; ekij; Eij; αij; τi; b; bij; bi; a; b̂; b̂ij; b̂i; â are all material constants.

Constitutive and evolution equations corresponding to gc and g are, respectively,

σji ¼ @gc
@εij

¼ Cijklεkl � ekijEk � αijϑ� bijμ; Di ¼ � @gc
@Ei

¼ EijEj þ eiklεkl þ τiϑþ biμ

s ¼ � @gc
@ϑ

¼ αijεij þ τiEi þ Cϑ=T0 þ aμ; c ¼ � @gc
@μ

¼ bμþ bijεij þ biEi þ aϑ

ηi ¼ @hc @ϑ;i
� ¼ �

Z t

0

λijT
�1ϑ;j þ LijT

�1μ;j
� �

dτ; ξi ¼ @hc @μ;i
� ¼ �

Z t

0

Lijϑ;j þ Dijμ;j
� �

dτ

(2.110)

σji ¼ @g

@εij
¼ Cijklεkl � ekijEk � αijϑ� b̂ijc; Di ¼ � @g

@Ei
¼ EijEj þ eiklεkl þ τiϑþ b̂ic

s ¼ � @g

@ϑ
¼ αijεij þ τiEi þ Cϑ=T0 � âc; μ ¼ @g

@c
¼ b̂c� b̂ijεij � b̂iEi þ âϑ

ηi ¼ @hg @ϑ;i
� ¼ �

Z t

0

λijT
�1ϑ;j þ LijT

�1μ;j
� �

dτ; μ;j ¼ �@hg @ξj
� ¼ �L̂ijT _ηi � D̂ij

_ξi

(2.111)

where the evolution equations of temperature and concentration have been given in

Eq. (1.77).

Using Eqs. (2.110) and (2.111), gc and g can be rewritten as

gc ¼ 1 2=ð ÞCijklεijεkl þ gμ T ; gμ T
c ¼ � 1 2=ð Þ DkEk þ sϑþ cμþ Δμ

ijεij
� �

Δμ
ijεij ¼ ekijEk þ αijϑþ bijμ

� �
εij � 0

(2.112)
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g ¼ 1 2=ð ÞCijklεijεkl þ gc T ; gc T ¼ � 1 2=ð Þ DkEk þ sϑ� cμþ Δc
ijεij

� �
Δc
ijεij ¼ ekijEk þ αijϑþ b̂ijc

� �
εij � 0

(2.113)

2.8.2 The Electrochemical Gibbs Function Variational
Principle

In this section and the following Sect. 2.8.3, we only discuss the pyroelectric

material with linear elasticity under small deformation and small variation of the

temperature; the environment is air. It is assumed that on the interface, there is no

diffusion and heat flow, but the electric coupling is allowed, i.e. φ ¼ φenv; q ¼ qenv

¼ 0 and d ¼ denv ¼ 0. The heat and input and output may be occurred at some

internal boundaries. The temperature and concentration problems do not considered

in air, but the electric field is discussed and at infinity φ� env ¼ 0.

Under assumptions that u, φ, ϑ, and μ satisfy their own boundary conditions

u ¼ u�, φ ¼ φ�, ϑ ¼ ϑ�, and μ ¼ μ� on au; aφ, aT , and aμ, respectively and on the

interface φ ¼ φenv are satisfied prior. Analogous to Sect. 2.7, the PVP in terms of

the electro-chemical Gibbs function is (Kuang 2010, 2011c)

δΠ ¼ δΠ1 þ δΠ2 � δWint ¼ 0

δΠ1 ¼
Z
V

δðgc þ hcÞ dV þ
Z
V

gμ T
c δuk;k dV � δQ0 � δΦ� δW ¼ 0

δQ0 ¼ �
Z
V

Z t

0

T�1 _r dτ

	 

δϑ dV þ

Z
V

s að Þδϑ dV þ
Z
aq

η�δϑ da

þ
Z
V

Z t

0

T�1 T;i _ηi þ μ;i _ξi
� �

δϑ dτ dV �
Z
a

Z t

0

T�1μ _ξiniδϑ dτ da

δΦ ¼
Z
V

c að Þδμ dV þ
Z
ad

ξ�δμ da

δW ¼
Z
V

ðfk � ρ€ukÞδuk dV þ
Z
aσ

T�
kδuk da�

Z
V

ρeδφ dV �
Z
aD

σ�δφ da

δΠ2 ¼
Z
Venv

δgenvc dV �
Z
V

ρenve δφ dV

δWint ¼
Z
aint

T�int
k δuk da�

Z
aint
D

σ�intδφ da

(2.114)

In Eq. (2.114), fk; T
�
k,T

�
k ; σ

�; ρenve ; σ�env; T�int
k ; σ�int, _η� ¼ _η�i ni, and _ξ

� ¼ _ξ�i ni are given
values; δQ0 is related to heat (including the irreversible heat produced by

the irreversible process in the material and the inertial heat); δΦ is related to the

diffusion energy. Equation (2.108) shows that there is no term in
R
V δhc dV
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corresponding to the term � Ra R t0 T�1μ _ξiniδϑ dτ da, so it should not be included in

δQ0, as shown in Eq. (2.114). It is also noted that

Z
V

Z t

0

T�1μ;i _ξiδϑ dτ dV �
Z
a

Z t

0

T�1μ _ξiniδϑ dτ da ¼ �
Z
V

Z t

0

T�1μ _ξi;iδϑ dτ dV

δ

Z
V

gc dV ¼
Z
V

σjiδui;j dV �
Z
V

DkδEk dV �
Z
V

sδϑ dV �
Z
V

cδμ dV

¼
Z
a

σjinjδui da�
Z
V

σji;jδui dV þ
Z
a

Dknkδφφ da�
Z
V

Dk;kδφφ dV

�
Z
V

DiEp

� �
;i
δup dV þ

Z
V

Di;iEpδup dV �
Z
V

sδϑ dV �
Z
V

cδμ dVZ
V

gμ T
c δuk;k dV ¼ � 1 2=ð Þ

Z
a

DkEk þ sϑþ cμþ Δμ
ijεij

� �
nkδuk dV

þ 1 2=ð Þ
Z
V

DkEk þ sϑþ cμþ Δμ
ijεij

� �
;k
δuk dV

δ

Z
V

hc dV ¼
Z
V

ηjδϑ;j þ ξjδμ;j
� �

dV ¼
Z
a

ηjnjδϑþ ξjnjδμ
� �

da�
Z
V

ηj;jδϑþ ξj;jδμ
� �

dV

ηj ¼ �
Z t

0

λijT
�1ϑ;i þ LijT

�1μ;i
� �

dτ; ξj ¼ �
Z t

0

Lijϑ;i þ Dijμ;i
� �

dτ

(2.115)

Finishing the variational calculation yields

Sik;i þ fk ¼ ρ€uk; Dk;k ¼ ρe; in VZ t

0

_sþ ρs€ϑ
� �

dτ ¼
Z t

0

T�1 _r � T�1qj;j þ T�1μ _ξi;i
� �

dτ; or T _sþ ρs€ϑ
� � ¼ _r � qi;i þ μ _ξi;iZ t

0

_cþ ρμ€μ
� �

dτ ¼
Z t

0

_ξj;j dτ; or _cþ ρμ€μ ¼ � _ξj;j; in V

Sjinj ¼ T�
i ; on aσ; Dknk ¼ �σ�; on aD;

ηjnj ¼ η�; or qi ¼ q�i on aq; _ξjnj ¼ _ξ
�
; or di ¼ d�i on ad

(2.116)

where

σM μT
ij ¼ DiEj � 1 2=ð Þ DnEn þ sϑþ cμþ Δμ

ijεij
� �

δij

Sij ¼ σij þ σμ T
ij � Cijklεkl � ekijEk � αijϑþ DiEj � 1 2=ð Þ DnEn þ sϑþ cμð Þδij

(2.117)

From the second and third equations of Eq. (2.116) we find

T _sþ ρs€ϑ
� �þ μ _cþ ρμ€μ

� � ¼ _r � qi;i, which is identical with Eq. (1.62).
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In the air and on the interface, there are

Denv
i;i ¼ ρenve ; in Venv

Sij � Senvij

� �
ni ¼ T�int

j ; on aintσ ; ðDi � Denv
i Þni ¼ �σ�int; on aintD

Senvij ¼ σM air
ij ¼ Dair

i Eair
j � 1 2=ð ÞDair

n Eair
n δij

(2.118)

The above variational principle requests prior that the u;φ; ϑ and μ satisfy their

own boundary conditions, so in governing equations, the following equations

should also be added:

u ¼ u�; on au; φ ¼ φ�; on aφ; ϑ ¼ ϑ�; on aT ;

μ ¼ μ�; on aμ; φ ¼ φenv; on aint
(2.119)

Equations (2.116), (2.117), (2.118), and (2.119) are the governing equations of the

generalized thermodiffusion theory.

If we neglect the term μ _cþ _cðaÞ
� �

in Eq. (1.77), or let T _sþ _sðaÞ
� �

¼ _r � qi;i ,

then we get

T _sþ ρs€ϑ
� � ¼ _r � qj;j; _cþ ρc€μ ¼ � _ξj;j; In medium

_ηjnj ¼ _η�; or qn ¼ q�n on aq

_ξjnj ¼ _ξ
�
; or dn ¼ d�n on ad and aq

(2.120)

If we also assume that T;i and μ;j are not dependent with each other, for _r ¼ 0,

Eq. (2.120) becomes

T αij _ui;j þ C _ϑ=T0 þ a _μþ ρs€ϑ
� � ¼ λijϑ;j

b _μþ bij _ui;j þ a _ϑþ ρc€μ ¼ Dijμ;j; In medium
(2.121)

The formulas in literatures analogous to Eq. (2.121) can be found, such as in the paper

of Sherief et al. (2004), where they used the Maxwell-Cattaneo formula. Genin and

Xu (1999) discussed the thermoelastic plastic metals with mass diffusion.

2.8.3 The Electric Gibbs Function Variational Principle

Under assumptions that u, φ, ϑ, and c satisfy their own boundary conditions u ¼ u�,
φ ¼ φ�, ϑ ¼ ϑ�, and c ¼ c� on au; aφ, aT, and ac, respectively. The PVP in terms of

the electric Gibbs function for the thermo-electro-elasto-diffusive problem is

(Kuang 2010)
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δΠ ¼ δΠ1 þ δΠ2 � δWint ¼ 0

δΠ1 ¼
Z
V

δðg þ hgÞ dV þ
Z
V

gc Tδuk;kdV � δQ0 þ δΦ� δW ¼ 0

δQ0 ¼ �
Z
V

Z t

0

T�1 _r dτ

	 

δϑdV þ

Z
V

s að Þδϑ dV þ
Z
aq

η�δϑ da

þ
Z
V

Z t

0

T�1 ϑ;i _ηi þ μ;i _ξi
� �

δϑ dτ dV �
Z
a

Z t

0

T�1μ _ξiniδϑ dτ da

δΦ ¼
Z
V

μ að Þ
;j δξj dV þ

Z
ad

μ�δξ da

δW ¼
Z
V

ðfk � ρ€ukÞδuk dV þ
Z
aσ

T�
kδuk da�

Z
V

ρeδφ dV �
Z
aD

σ�δφ da

δΠ2 ¼
Z
Venv

δgenv dV �
Z
V

ρenve δφ dV

δWint ¼
Z
aint

T�int
k δuk da�

Z
aint
D

σ�intδφ da

(2.122)

where the symbols are the same as that in Sect. 2.8.2, but the gradient of the inertial

chemical potential μ að Þ
;i ¼ ρc€ξi is introduced, and μ� is given value.

Finishing the variational calculation finally yields

Sik;i þ fk ¼ ρ€uk; Dk;k ¼ ρe; in VZ t

0

_sþ ρs€ϑ
� �

dτ ¼
Z t

0

T�1 _r � T�1qj;j þ T�1μ _ξi;i
� �

dτ; or T _sþ ρs€ϑ
� � ¼ _r � qi;i þ μ _ξi;i

μ;j þ ρμ€ξj ¼ �D̂ij
_ξi � L̂ijT _ηi; in V

Sjinj ¼ T�
i ; on aσ; Dknk ¼ �σ�; on aD;

ηjnj ¼ η�; or qi ¼ q�i on aq;

(2.123)

If differentiating the equation of the chemical potential with x in Eq. (2.123), it is

obtained:

μ;jj þ ρμ€ξj;j þ D̂ij
_ξi;j þ L̂ij T _ηið Þ;j ¼ 0;

b̂c� b̂ijεij � b̂iEi þ âϑ
� �

;jj
þ ρμ€ξj;j þ D̂ij

_ξi;j þ L̂ij T _ηið Þ;j ¼ 0; in V
(2.124)

If D̂ij ¼ D̂δij; λij ¼ λδij; L̂ij ¼ 0 from Eq. (2.124), a simpler diffusion equation can

be obtained:

ρc€cþ D̂ _c ¼ bc� bikεik þ biφ;i þ aϑ
� �

;jj
; in V (2.125)

Governing equations in the air are the same as that in Eq. (2.118).
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2.8.4 Constitutive Equations

In general case, there are three groups with six variables: ðσ; εÞ; ðE;DÞ; ðϑ; sÞ for

pyroelectric materials. Because each variable in three groups can be used as the

independent variable, there are eight group constitutive equations which just corre-

spond to eight thermodynamic character functions in Eq. (1.59). Equations (2.89) and

(2.90) are the constitutive equations corresponding to electric Gibbs function g and

internal energy A. However for pyroelectric materials with diffusion there are four

groups with eight variables: ðσ; εÞ; ðE;DÞ; ðϑ; sÞ; ðμ; cÞ . So there are sixteen group

constitutive equations. Equations (2.110) and (2.111) are the constitutive equations

corresponding to electrochemical Gibbs function gc and electric Gibbs function g.

2.9 Conservation Integrals in Piezoelectric Materials

2.9.1 Noether Theory

In previous sections of this chapter, it is found that the electroelastic governing

equations can be obtained from the extreme value of a variational functional. The

governing equation is just the Euler-Lagrange equation of that functional. Based

on the theory of Noether’s invariant variational problem (1918), conservation laws

(integrals) can be easily obtained (Fletcher 1976; Honein and Herrmann 1997).

These conservation integrals are very useful in fracture mechanics due to their

path independence property. Here, some conservation laws for inhomogeneous

materials (Shi and Kuang 2003) will be obtained by using the Noether’s invariant

variational principle.

Let the variational functional in the continuum mechanics be

ℑ ¼
Z
V
Lðxi;ψα;jÞ dV (2.126)

where Lðxi;ψα;jÞ is the Lagrange density function and x;ψ are the independent

and dependent variables, respectively. The Euler- Lagrange equation of ℑ is

@

@xj

@Lðxi;ψα;jÞ
@ψα;j

¼ 0 (2.127)

Give an infinitesimal transform as

xi ! x0i ¼ xi þ δxiðxj;ψαÞ; ψαðxiÞ ! ψ 0
αðx0iÞ ¼ ψαðxiÞ þ δψαðxi;ψβÞ

δψα ¼ ψ 0
αðx0iÞ � ψαðxiÞ ¼ ½ψαðxi þ δuiÞ þ δψψαðxiÞ� � ψαðxiÞ

¼ δψψα þ δuψα ¼ δψψα þ ψα;iδui

(2.128)
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Using

@x0i
@xj

� δij þ @δxi
@xj

;
@xi
@x0j

� δij � @δxi
@xj

; j ¼ @x0i
@xj

����
���� � 1þ @δxi

@xi
(2.129)

from Eq. (2.128) yields

δ ψα;j

� � ¼ @ψ 0
αðx0iÞ
@x0j

� @ψαðxiÞ
@xj

¼ @½ψαðxiÞ þ δψαðxi;ψβÞ�
@xk

@xk
@x0j

� @ψαðxiÞ
@xj

¼ @δψαðxi;ψβÞ
@xj

� @ψαðxiÞ
@xk

@δxk
@xj

(2.130a)

Equation (2.130a) can also be reduced to

δ ψα;j

� � ¼ @ δψψα þ ψα;iδxi
� �

@xj
� @ψαðxiÞ

@xk

@δxk
@xj

¼ @ δψψα

� �
@xj

þ @ ψα;iδxi
� �
@xj

� @ψαðxiÞ
@xk

@δxk
@xj

¼ @ δψψα

� �
@xj

þ @ ψα;i

� �
@xj

δxi

@

@xi
δψαð Þ ¼ @

@xi
δψψα þ ψα;iδui
� � ¼ @δψψα

@xi
þ ψα;ijδui þ ψα;iδui;j ¼ δ ψα;j

� �þ ψα;iδui;j

(2.130b)

Equation (2.130b) is identical with that in Eq. (2.8) in Sect. 2.1.2.

Because δψαðxi;ψβÞ is the function of xi;ψβ, so

@δψαðxi;ψβÞ
@xj

¼
�@δψαðxi;ψβÞ

@xj
þ @δψαðxi;ψβÞ

@ψβ

@ψβ

@xj
(2.131)

where the notation �@ @xi= is the partial derivative with respect to explicit xi in ψα.

If under the transform, Eq. (2.128), on the accuracy of the first order of δxi; δψα;

δψα;j, the following equality holds:

Z
V0
L0ðx0i;ψ 0

α;jÞ dV0 ¼
Z
V

L0ðx0i;ψ 0
α;jÞj dV ¼

Z
V

Lðxi;ψα;jÞ dV (2.132)

the group of transform Eq. (2.128) is called the symmetric group of a system.

From Eq. (2.132), some conservation laws can be found.

Appling Eqs. (2.128) and (2.130), the following relation can be obtained:

@L

@ψα;j
δψα �

@L

@ψα;j
ψα;iδxi

 !
;j

þ @L

@ψα;j
ψα;i

 !
;j

δxi ¼ @L

@ψα;j

@δψα

@xj
� ψα;i

@δxi
@xj

	 


¼ @L

@ψα;j
δ ψα;j

� �
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So that

L0ðx0i;ψ 0
α;jÞ ¼ L xi þ δxi;ψα;j þ δðψα;jÞ

� � ¼ Lðxi;ψα;jÞ þ
�@L

@xi
δxi þ @L

@ψα;j
δðψα;jÞ

¼ Lðxi;ψα;jÞ þ
�@L

@xi
δxi þ @L

@ψα;j
δψα �

@L

@ψα;j
ψα;iδxi

 !
;j

þ @L

@ψα;j
ψα;i

 !
;j

δxi

(2.133)

Substituting the identity

@L

@ψα;j
ψα;i

 !
;j

δxi ¼ ðLδxiÞ;i � LðδxiÞ;i �
�@L

@xi
δxi

into Eq. (2.133) yields

L0ðx0i;ψ 0
α;jÞ ¼ Lðxi;ψα;jÞ þ

@L

@ψα;j
δψα þ Pijδxi

 !
;j

� LðδxiÞ;i

Pij ¼ Lδij � @L @ψα;j

�� �
ψα;i

(2.134)

Pij is called the energy-momentum tensor of matter. Substitution of Eq. (2.134) into

Eq. (2.132) yields

Z
V

@L

@ψα;j
δψα þ Pijδxi

 !
;j

dV ¼ 0; or

Z
a

@L

@ψα;j
δψα þ Pijδxi

 !
nj da ¼ 0

(2.135)

Equations (2.134) and (2.135) are the invariant conditions under the infinitesimal

transform. The second equation in Eq. (2.135) is a path independence integral. Due

to the arbitrariness of the volume from Eq. (2.135), the invariant condition in the

differential form is

@L

@ψα;j
δψα þ Pijδxi

 !
;j

¼ 0 (2.136)

In the above discussion, it is assumed that there is no body force, body electric

charge, etc.
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For the electroelastic problem without body couple let ψ ¼ ui;φ½ �T ; L � g, we
have

L � g ¼ 1 2=ð ÞCijklui;juk;l � 1 2=ð ÞEklφ;kφ;l þ ekijui;jφ;k ¼ ð1=2ÞΣaj ψa;j

Σαj ¼ @g @ψα;j

� ¼ σij ¼ @g @ui;j
� ¼ Cijklεij � ejklEj; i; j; k; l ¼ 1; 2; 3

σ4j ¼ Dj ¼ �@g @ψ4;j

� ¼ @g @φ;j

� ¼ EjlEl þ ejklεkl; α ¼ 1; 2; 3; 4

(

Pij ¼ gδij � Σαjψα;i ¼ gδij � σmjum;i � Djφ;i

ðΣαjδψα þ PijδuiÞ;j ¼ ðσijδui þ Djδφþ PijδuiÞ;j ¼ 0

(2.137)

where Σαj is the generalized stress and ψα;j is the generalized strain and the Greek

indices take 1–4.

2.9.2 Conservation Integral in a Homogeneous Material

For a homogeneous material, L is independent to x, so L ¼ Lðψα;jÞ; �@ @xi= ¼ 0.

1. Infinitesimal translation of general displacement. Let

δxi ¼ 0; δψα ¼ εcα (2.138)

where cα is a constant and ε is an infinitesimal parameter. Substitution of Eq. (2.138)

into Eq. (2.136) yields the invariant condition:

ðΣαjδψαÞ;j ¼ Σαj;jδψα ¼ 0 ) Σαj;j ¼ 0 (2.139)

Equation (2.139) is just the generalized momentum equation.

2. Infinitesimal translation of coordinate. x Let

δxi ¼ εci; δψα ¼ 0 (2.140)

Substitution of Eq. (2.140) into Eq. (2.136) yields

ðPijδxiÞ;j ¼ Pij;jδxi ¼ g;jδijδxi ¼ g;iδxi ¼ δg ¼ 0 ) g ¼ const: (2.141)

Equation (2.141) is just the energy conservative equation.

3. Infinitesimal translation of coordinate and generalized displacement. Let

δxi ¼ εci; δψα ¼ εΩα (2.142)

where ci;Ωα are constants and ε is an infinitesimal parameter. Substituting

Eq. (2.142) into Eq. (2.136) and noting Σαj;j ¼ 0 we find
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εPij;jci ¼ 0; or

Z
V

Pij;j dV ¼
Z
a

gδij � Σαjψα;i

� �
nj da ¼ 0 (2.143)

Equation (2.143) shows that the integral value is zero along a closed surface for

the integrated function gδij � Σαjψα;i

� �
nj . For two open surfaces initiated from a

same closed curve, Eq. (2.143) shows that the integral values for two open surfaces

are the same. In the two-dimensional (2D) problem, it represents the path indepen-

dence J integral, Ji. Equation (2.143) can also be obtained by taking the divergence

of g. In fact using rg ¼ @g @xi=ð Þei and the equilibrium equation, we have

@g

@xi
¼

�@g

@xi
þ @g

@ψα;j
ψα;ji ¼ Σαjψα;ji; or g;i � Σαjψα;ji ¼ gδij � Σαjψα;i

� �
;j
¼ 0

(2.144)

This method was adopted by many authors (Delph 1982; Pak 1992; Wang and

Shen 1996).

4. Infinitesimal expansion of coordinate and generalized displacement. Let

δxi ¼ εxi; δψα ¼ � 1 2=ð Þεψα (2.145)

where ε is an infinitesimal parameter. Substitution of Eq. (2.145) into (2.136) yields

ε � 1 2=ð ÞΣαjψα þ Pijxi
� �

;j
¼ 0; orZ

a

gδij � Σαjψα;i

� �
xi � 1 2=ð ÞΣαjψα

� �
nj da ¼ 0 (2.146)

In the two-dimensional problem Eq. (2.146) represents the path independence M
integral

M ¼
Z
Γ1

gδij � Σαjψα;i

� �
xi � 1 2=ð ÞΣαjψα

� �
nj dl

¼
Z
Γ1

gδij � σijui;j � Djφ;i

� �
xi � 1 2=ð Þ σijui þ Djφ

� �� �
nj dl ð2:147Þ

5. Infinitesimal rotation about the axis x3. Let

δx1 ¼ εx2; δx2 ¼ �εx1; δψ1 ¼ εψ2; δψ2 ¼ �εψ1; δx3 ¼ δψ3 ¼ δψ4 ¼ 0

(2.148)

Substitution of Eq. (2.148) into Eq. (2.136) yields

P1kx2 � P2kx1 þ σ1ku2 � σ2ku1ð Þ;k ¼ 0; orZ
a

P1kx2 � P2kx1 þ σ1ku2 � σ2ku1ð Þnk da ¼ 0 (2.149)
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6. The conservative integral in pyroelectric material. Wang and Kuang (2001)

discussed the conservative integral in pyroelectric material by Noether theory

and got

Ji ¼
Z

gδij � σijui;j � Djφ;i � sjϑ;i
� �

nj dl

M ¼
Z

gδij � σijui;j � Djφ;i � _ηjϑ;i
� �

xi þ 1

2
σijui þ Djφþ sjϑ
� � �

nj dl ð2:150Þ

where _ηj ¼ qj T0= ; ϑ ¼ T � T0.

2.9.3 The Force Acting on a Defect in an Inhomogeneous
Material

For an inhomogeneous material, L is dependent to x, so L ¼ Lðxi;ψα;jÞ; �@ @xi= 6¼ 0.

1. Infinitesimal translation of x and generalized displacement. δxi; δuα are also

given in Eq. (2.142). The invariant condition under infinitesimal transformation

is still εPij;jci ¼ 0, but

Pij;j ¼ ðgδij � Σαjψα;iÞ;j ¼
�@g

@xi
þ @g

@ψα;j
ψα;ji � Σαjψα;ij ¼

@g

@xi

So the integral in Eq. (2.143) in an inhomogeneous material becomesZ
V

Pij;jdV ¼
Z
a

gδij � Σαjψα;i

� �
nj da ¼

Z
V

�@g @xi=
� �

dV (2.151)

Though Eq. (2.151) is not a conservative integral, it still has important meaning.

Eshelby (1956, 1975) pointed out thatPij;j � �@g @xi= ¼ 0, so the negative derivative

of the electric Gibbs function with x, � �@g @xi= , is the so-called material inhomo-

geneity force with the dimension of force.

2. Infinitesimal expansion of coordinate and general displacement. δxi; δuα are

also given in Eq. (2.145). The invariant condition under infinitesimal transforma-

tion is still ε � 1 2=ð ÞΣαjψα þ Pijxi
� �

;j
¼ 0, but

� 1 2=ð ÞΣαjψα þ Pijxi
� �

;j
¼ Pij;jxi þ Pijxi;j � 1 2=ð ÞΣαjψα;j ¼ xi �@g @xi=

So the integral in Eq. (2.146) in an inhomogeneous material becomesZ
a

gδij � Σαjψα;i

� �
xi � 1 2=ð ÞΣαjψα

� �
nj da ¼

Z
V

xi �@g @xi= dV (2.152)

where � xi �@g @xi= is the so-called material inhomogeneity moment.

2.9 Conservation Integrals in Piezoelectric Materials 79



3. Infinitesimal rotation about the axis. x3 δxi; δuα are also given in Eq. (2.148).

The invariant condition under the infinitesimal transformation is still expressed by

P1kx2 � P2kx1 þ σ1ku2 � σ2ku1ð Þ;k ¼ 0, but

P1kx2 � P2kx1 þ σ1ku2 � σ2ku1ð Þ;k ¼ x1 �@g @x2= � x2 �@g @x1= (2.153)

2.9.4 Conservation Integral in an Inhomogeneous Material

1. Infinitesimal translation of coordinate and general displacement is related to an
undetermined function. Let

δxi ¼ εci; δψα ¼ εΩα (2.154)

where ci is a constant, Ωα is an undetermined function, and ε is an infinitesimal

parameter. Substituting Eq. (2.154) into Eq. (2.136) and noting Pij;j ¼
ðgδij � Σαjψα;iÞ;j ¼ ð �@g @xi= Þ, Σαj;j ¼ 0, we find

ΣαjΩα;i þ ciðgδij � Σαjψα;iÞ;j ¼ ΣαjΩα;i þ ci �@g @xi= ¼ 0 (2.155)

2. Infinitesimal translation of coordinate, infinitesimal translation, and expansion
of general displacement. Let

δxi ¼ εxi; δψα ¼ ε � 1 2=ð Þψα þΩα½ � (2.156)

where Ωα is an undetermined function and ε is an infinitesimal parameter.

Substituting Eq. (2.156) into (2.136) yields

ΣαjΩα;j þ Pijxi � 1 2=ð ÞΣαjΩα

� �
;j
¼ 0 (2.157)

From Eqs. (2.156) and (2.157), it is known that when material constants obey

definite distribution and select appropriate ci;Ωα , the conservative integrals can

be obtained; otherwise, the conservative integrals do not exist. In the following

sections, some examples will be given to illustrate the above theory.

2.9.5 One-Directional Gradient Material

In engineering, the combined material is often used to improve the material

behavior, such as on the substrate covering a surface heat-resisting layer to defense

the high temperature environment. In order to reduce the stress on the interface
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between the substrate and heat-resisting layer, a transient layer constituted of the

gradient material is added. One-directional gradient material is often used.

1.Material constants varied as exponential function. Assume material constants

varied as C0
ijkle

λx1 ; e0kije
λx1 ; E0ije

λx1 , where C0
ijkl; e

0
kij; E

0
ij; λ are all constants. Let

δx1 ¼ ε; δx2 ¼ δx3 ¼ 0; δψα ¼ εbψα; α ¼ 1,2,3,4 (2.158)

Substituting Eq. (2.158) into (2.136) yields

ðΣαjbψα þ P1jÞ;j ¼ bΣαjψα;j þ P1j;j ¼ bΣαjψα;j þ �@g @x1= ¼ 0 (2.159)

Because Σαjψα;j ¼ 2g , �@g @x1= ¼ λg , from Eq. (2.159), we get 2bþ λ ¼ 0 or

b ¼ �λ 2= . Substituting these results into Eq. (2.158) and then into Eq. (2.159)

we get

ð�λΣαjψα=2þ P1jÞ;j ¼ 0 (2.160)

Using the relation

ðP1j � λΣαjψα=2Þ;j ¼ ðgδ1j � Σαjψα;1 � λΣαjψα=2Þ;j ¼ g;1 � Σαjψα;1j � λΣαjψα;j=2

It is easy to get the path independence integral

Z
a

ðgδj1 � Σαjψα;1 � λΣαjψα=2Þnjda ¼ 0 (2.161)

2. Material constants varied as power function. Assume material constants

varied as Cijkl ¼ C0
ijklð1þ px1Þq , ekij ¼ e0kijð1þ px1Þq , and Eij ¼ E0ijð1þ px1Þq ,

where C0
ijkl; e

0
kij; E

0
ij; p; q are constants. Let

δxi ¼ εð1þ pxiÞ; δψα ¼ ε½ð1þ pÞΩα þ pψα 2= � (2.162)

Substitution of Eq. (2.162) into Eq. (2.136) yields

fΣαj½ð1þ pÞΩα þ pψα=2� þ Pijð1þ pxiÞg;j ¼ 0 (2.163)

The relations between material constants are

@Cijkl

@x1
¼ pq

1þ px1
Cijkl;

@ekij
@x1

¼ pq

1þ px1
ekij;

@Eij
@x1

¼ pq

1þ px1
Eij

�@g

@x1
¼ pq

1þ px1
g;

�@g

@x2
¼

�@g

@x3
¼ 0

(2.164)
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Substitution of Eq. (2.164) into Eq. (2.163) and using (2.164), we find

ð1þ pÞΣαjΩα;j þ p

2
Σαjψα;j þ ð1þ px1Þ

�@g

@x1
þ pPij

@xi
@xj

(2.165)

Using the relation pPij@xi @xj
� ¼ �pg and Eq. (2.161), Eq. (2.165) is reduced to

ð1þ pÞΣαjΩα;j þ pqg ¼ 0 ) Ωα ¼ � pq

2ð1þ pÞψα (2.166)

Finally, the path independence integral is obtained:

½Pij þ pxiPij þ 1 2=ð Þpð1� qÞΣαjψα�;j ¼ 0Z
a

½ð1þ pxiÞPij þ 1 2=ð Þpð1� qÞΣαjψα�nj da ¼ 0
(2.167)

2.9.6 Transversely Isotropic Materials

For transversely isotropic materials, the infinitesimal transformation is taken as

δxi ¼ εωiðxjÞ; δψα ¼ εWαðψβÞ ¼ εAαβψβ (2.168)

where ωi is undetermined function, Aαβ is an undetermined constant. Substitution

of Eq. (2.168) into (2.136) yields

ωj

�@g

@xj
þ g

�@ωj

@xj
þ Σαj Aαβψβ;j � ψα;i

�@ωi

@xj

	 

¼ 0 (2.169)

From Eq. (2.169), we obtain

Kijklui;juk;l þMkijφ;kui;j þ Nijφ;iφ;j ¼ 0 (2.170)

where

Kijkl ¼ 1 2=ð Þ @ðωnCijklÞ @xn=
� �þ AmiCmjkl � ωj;mCimkl þ A4iejkl

Mkij ¼ @ðωnekijÞ @xn= þ A44ekij þ Amiekmj � ωj;mekim � ωk;memij þ Am4Cmkij � A4iEjk
Nij ¼ � 1 2=ð Þ@ðωnEijÞ @xn= � A44Eij þ ωi;mEmj þ Am4eimj

(2.171)

From Eq. (2.170) we have

Kijkl þ Kklij ¼ 0; Mkij ¼ 0; Nij þ Nji ¼ 0 (2.172)
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As an example, we discuss the transversely isotropic piezoelectric ceramic (such

as PZT). Assume x3 is the poling direction, so x1x2 is the isotropic plane. Now the

plane x1x3 is discussed. Appling Voigt notation, the constitutive equation is

σf g ¼ C½ � εf g � e½ �T Ef g; Df g ¼ E½ � Ef g þ e½ � εf g

C½ � ¼

C11 C12 C13 0 0 0

C12 C11 C13 0 0 0

C13 C13 C33 0 0 0

0 0 0 C44 0 0

0 0 0 0 C44 0

0 0 0 0 0 ðC11 � C12Þ 2= C66

2
666666664

3
777777775
;

e½ � ¼
0 0 0 0 e15 0

0 0 0 e24 0 0

e31 e31 e33 0 0 0

2
64

3
75; E½ � ¼

E11 0 0

0 E22 0

0 0 E33

2
64

3
75 (2.173)

where C11 ¼ C1111;C12 ¼ C1122;C13 ¼ C1133;C33 ¼ C3333;C44 ¼ C1313; e15 ¼ e113;
e31 ¼ e311; e33 ¼ e333.

Though the number of the undetermined constants in Eq. (2.168) is less than

the number of the equation in Eq. (2.170), the undetermined constants can still be

determined by special selection of constants. Finally, we get

ω1 ¼ ðb� A11Þx1 þ A12x2 þ C1; ω2 ¼ �A12x1 þ ðb� A11Þx2 þ C2

ω3 ¼ ðb� A33Þx3 þ C3; W1 ¼ A11u1 þ A12u2; W2 ¼ �A12u1 þ A11u2;

W3 ¼ A33u3 þ A34φ; W4 ¼ A44φ ð2:174Þ

where Ci is a new arbitrary constant. When coefficients in Eq. (2.168) take values

given in Eq. (2.174), we can get a group of linear partial differential equation to

determine the unknown coefficients by using the invariant conditions Eq. (2.172).

This group linear partial differential equation is

ωn
@C11

@xn
þ ð2A11 � A33 þ bÞC11 ¼ 0; ωn

@C33

@xn
þ ð�2A11 þ 3A33 þ bÞC33 ¼ 0;

ωn
@C12

@xn
þ ð2A11 � A33 þ bÞC12 ¼ 0; ωn

@C13

@xn
þ ðA33 þ bÞC13 ¼ 0;

ωn
@C44

@xn
þ ðA33 þ bÞC44 ¼ 0; ωn

@E11
@xn

þ ð2A44 � A33 þ bÞE11 � 2A34e15 ¼ 0;

ωn
@E33
@xn

þ ð2A44 þ A33 � 2A11 þ bÞE33 � 2A34e33 ¼ 0;

ωn
@e15
@xn

þ ðA44 þ bÞe15 þ A34C44 ¼ 0; ωn
@e31
@xn

þ ðA44 þ bÞe31 þ A34C13 ¼ 0;

ωn
@e33
@xn

þ ðA44 þ 2A33 � 2A11 þ bÞe33 þ A34C33 ¼ 0

(2.175)
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If Eq. (2.175) has solution, the infinitesimal transform given by Eq. (2.168) can be

obtained. Substitution of Eq. (2.168) into Eq. (2.136) yields the conservative

integral:

ðPijωi þ σijWi þ DjW4Þ;j ¼ 0;

Z
a

ðPijωi þ σijWi þ DjW4Þnj da ¼ 0 (2.176)

For a homogeneous material, Eq. (2.175) is reduced to linear equations and its

solutions are

A34 ¼ 0; A11 ¼ A33 ¼ A44 (2.177)

where C1;C2;C3;A12; and A11 are arbitrary constants. In this case, Eq. (2.176) is

reduced to

fC1Pij þ C2P2j þ C3P3j � 2A11½Pijx1 � 1 2=ð Þðσijui þ DjφÞ�
þ A12ðP1jx2 � P2jx1 þ σ1ju2 � σ2ju1Þg;j ¼ 0;Z

a

fC1Pij þ C2P2j þ C3P3j þ 2A11 Pijx1 � 1

2
ðσijui þ DjφÞ

 �
þ A12ðP1jx2 � P2jx1 þ σ1ju2 � σ2ju1Þgnj da ¼ 0 ð2:178Þ

Equation (2.178) can be divided into five group independent conservative integrals

due to the arbitrariness of constants. The independent conservative integrals

corresponding to C1;A11;A12 are identical with Eqs. (2.143), (2.147), and (2.149).

There are no new conservative integrals corresponding C2;C3 because P2j;j ¼
P3j;j ¼ 0 are the special cases of Pij;j ¼ 0.
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Chapter 3

Generalized Two-Dimensional

Electroelastic Problem

Abstract In this chapter the fundamental theory of the generalized two-dimensional

(2D) linear electroelastic analyses is discussed. The generalized 2D Stroh method

and the extended generalized Lekhnitskii stress function method are studied. The

linear electroelastic analyses in an infinite transversely isotropic material with the

permeable, impermeable, and conducting elliptic hole; crack; and the rigid elliptic

inclusion under plane strain are discussed in detail. Singularities, including

generalized dislocation, generalized force, and electric couple, in homogeneous

material and bimaterial are researched. Interaction of an elliptic inclusion with a

singularity is discussed, and some numerical examples are also given. In this

chapter the asymptotic fields near a line inclusion tip in a homogeneous material

and Eshelby’s eigenstrain problem are also discussed.

Keywords Generalized 2D electroelastic problem • Stroh method • Extended

Lekhnitskii method • Transversely isotropic material • Elliptic hole • Crack •

Elliptic inclusion • Singularity

3.1 Generalized Two-Dimensional Linear

Electroelastic Problem

The generalized two-dimensional (2D) electroelastic problem means that the

generalized displacements ðui;φ; i ¼ 1; 2; 3Þ exactly or the generalized stresses

ðσij;Di; i; j ¼ 1; 2; 3Þ approximately depend only on two of the coordinates

x1; x2; x3ð Þ. It is seen that the generalized 2D problem is a special three-dimensional

(3D) problem, which is different with the plane problem (plane strain and

generalized plane stress problems). For the linear electroelastic problem with

small electric field, the Maxwell stress can be neglected because ðu; σ;DÞ depend
onE linearly and the Maxwell stress is depended on the square ofE. The method to

solve the electroelastic problem is directly the extension of that in the anisotropic

elastic materials, but the problem is more complex.

Z.-B. Kuang, Theory of Electroelasticity, DOI 10.1007/978-3-642-36291-0_3,
© Shanghai Jiao Tong University Press, Shanghai and Springer-Verlag Berlin Heidelberg 2014
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In engineering the extensive applied constitutive equations are the second kind

and the third kind of the constitutive equations in Eq. (2.83) for the piezoelectric

materials. The governing equations are the generalized momentum equations,

constitutive equations, and generalized geometric equations. They are, respectively,

σij;i þ fmj þ f ej

� �
¼ ρ€uj; Di;i ¼ ρe (3.1)

σij ¼ Cijklεkl � ekijEk; Di ¼ EijEj þ eiklεkl or

εij ¼ sijklσkl þ gkijDk; Ei ¼ �gijkσjk þ βijDj

(3.2)

εij ¼ ui;j þ uj;i
� �

2= ; Ei ¼ �φ;i (3.3)

where fm is the mechanical force per volume and f e is the static electric force. The
boundary conditions and connective conditions on the interface are, respectively,

σijnj ¼ T�
i ; on aσ; ui ¼ u�i ; on au

Dini ¼ �σ�; on aD; φ ¼ φ�; on aφ
(3.4)

σþij nj ¼ σ�ij nj; uþi ¼ u�i ; Dþ
i ¼ D�

i ; φþ ¼ φ�; on L (3.5)

where T�; σ� are the traction and electric charge per area and the superscripts “+”

and “ � ” denote the values approached from the upper and lower half planes,

respectively. For the linear problem, f e can be neglected. For the static case without
the body force and body electric charge, the governing equations in ðu;φÞ are

Cijlkul þ ekijφ
� �

;ik
¼ 0; �Eikφþ eijkuj

� �
;ik

¼ 0 (3.6)

For the multi-connected domain, the displacement, electric potential must satisfy

the uniqueness conditionsI
L

dUi ¼ 0 or

I
L

dui ¼ 0;

I
L

dφ ¼ 0 (3.7)

where L is a closed contour and there is no source inside it.

Sometimes the constitutive equations are written in a more compact form:

ΣiJ ¼ EiJKnZKn; ΣiJ ¼
σij; J ¼ 1; 2; 3

Di; J ¼ 4

�
; ΣiJ;i ¼ 0

UK ¼ uk; K ¼ 1; 2; 3

φ; K ¼ 4

�
; ZKn ¼

εkn; K ¼ 1; 2; 3

�En; K ¼ 4

�
;

EiJKn ¼

Cijkn; J;K ¼ 1; 2; 3

enij; J ¼ 1; 2; 3; K ¼ 4

eikn; J ¼ 4; K ¼ 1; 2; 3

�Ein; J ¼ K ¼ 4

8>>><
>>>:

(3.8)
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where a subscript in upper case takes the value 1, 2, 3, or 4 and a subscript in

lower case takes the value 1, 2, or 3. UK;ΣiJ ; ZKl , and EiJKl are the generalized

displacement, generalized stress, generalized strain, and generalized stiffness

coefficient, respectively. It is noted that the rule of the subscript used here does not

hold everywhere and the meaning of the subscript given in corresponding places.

3.2 Generalized Displacement Method

in the Piezoelectric Materials

3.2.1 Generalized Displacement Method

For the generalized 2D problem, the Stroh method (Stroh 1958; Suo 1990; Suo et al.

1992; Ting 1996) is often applied. Let

U ¼ af ðzÞ; or UK ¼ aKf ðzÞ; or ui ¼ aif ðzÞ; φ ¼ a4f ðzÞ
U ¼ UKf gT ¼ ½ui;φ�T; a ¼ aKf gT ¼ ½ai; a4�T
UK;α ¼ aKf

0ðzÞ δα1 þ μδα2ð Þ; z ¼ x1 þ μx2; z;1 ¼ 1; z;2 ¼ μ

(3.9)

where the right upper superscript T denotes transpose of a matrix. Substituting

Eq. (3.9) into Eq. (3.6) in generalized 2D case yields

Cαjlβal þ eβjαa4
� �

z;αz;β ¼ 0; �Eαβa4 þ eβjαaj
� �

z;αz;β ¼ 0; or

Cαjlβal þ eβαja4
� �

z;αz;β ¼ 0; �Eαβa4 þ eβαjaj
� �

z;αz;β ¼ 0
(3.10)

where a Greek subscript takes values 1 and 2 and an English subscript takes values

1, 2, and 3. Equation (3.10) can be written in detail as

Ci1k1 þ μ Ci1k2 þ Ci2k1ð Þ þ μ2Ci2k2

� �
ak þ e1i1 þ μ e2i1 þ e1i2ð Þ þ μ2e2i2

� �
a4 ¼ 0

e1k1 þ μ e2k1 þ e1k2ð Þ þ μ2e2k2
� �

ak � E11 þ μ E12 þ E21ð Þ þ μ2E22
� �

a4 ¼ 0

(3.11)

where the subscripts i and k denote row and column, respectively. In order

to obtain nontrivial solutions for ðak; a4Þ , the coefficient determinant must be

zero, i.e.,

DðμÞj j ¼ Ci1k1 þ μ Ci1k2 þ Ci2k1ð Þ þ μ2Ci2k2 e1i1 þ μ e2i1 þ e1i2ð Þ þ μ2e2i2
e1k1 þ μ e2k1 þ e1k2ð Þ þ μ2e2k2 �E11 � μ E12 þ E21ð Þ � μ2E22

				
				 ¼ 0

(3.12)
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DðμÞ is called the character matrix. If introducing 4� 4 matrixes Q;R;T

Q ¼ Ci1k1 e1i1

e1k1 �E11


 �
; R ¼ Ci1k2 e2i1

e1k2 �E12


 �
; RT ¼ Ci2k1 e1i2

e2k1 �E12


 �
; T ¼ Ci2k2 e2i2

e2k2 �E22


 �
Ci2k1 ¼ Ck1i2; QJK ¼ E1JK1; RJK ¼ E1JK2; TJK ¼ E2JK2

(3.13)

then Eqs. (3.11) and (3.12) can also be written as

DðμÞa ¼ Qþ μ Rþ RT
� �þ μ2T

� �
a ¼ 0; or

Qþ μRð Þa ¼ �μ RT þ μT
� �

a; RT þ μT
� �

a ¼ � μ�1Qþ R
� �

a

DðμÞj j ¼ Qþ μ Rþ RT
� �þ μ2

		 		 ¼ 0

(3.14)

DðμÞj j is a 4� 4 determinant, DðμÞj j ¼ 0 is the eighth-order equation of μ, so
eigenvalue μ has eight roots. Equation (3.11) or (3.14) is used to determine

eigenvector a. Because μ is complex (Suo et al 1992; Ting 1996), let

μP ¼ αP þ iβP; βP > 0; μPþ4 ¼ �μP; ðP ¼ 1; 2; 3; 4Þ
zP ¼ x1 þ μPx2; x1 ¼ μP�zP � �μPzPð Þ μP � �μPð Þ= ; x2 ¼ zP � �zPð Þ μP � �μPð Þ=

(3.15)

In fact if we multiply the first equation in (3.10) byaj and sum over j, multiply the

second equation in (3.10) by a4, the difference of these two results is

Cαjlβajal þ Eαβa24
� �

δα1 þ μδα2ð Þ δβ1 þ μδβ2
� � ¼ 0

If μ is real, we can choose

uj;α ¼ δα1 þ μδα2ð Þaj; ul;β ¼ δβ1 þ μδβ2
� �

al; φ;α ¼ δα1 þ μδα2ð Þa4;
φ;β ¼ δβ1 þ μδβ2

� �
a4

The expression of the strain energy is

Cαjlβuj;αul;β þ Eαβφ;αφ;β ¼ 0

However, the strain energy is positive definite and cannot equal zero, so μ must

be complex.

3.2.2 Eigenvalues μ’s Are All Distinct

When the eigenvalues μ’s in Eq. (3.12) are all distinct, the matrix DðμÞ is called

simple. In this case for eachμP, an independent eigenvectoraP ¼ ½aP1; aP2; aP3; aP4�T
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can be solved from Eq. (3.11). Corresponding to aP , an arbitrary function fPðzPÞ ,
zP ¼ x1 þ μPx2, can be assumed. Noting U is real, so the general solution is

U ¼ ½ui;φ�T ¼ 2Re
X4
P¼1

aPfPðzPÞ ¼ 2Re Af ðzPÞ½ �

UK ¼ 2Re
X4
P¼1

aPKfPðzPÞ ¼ 2Re
X4
P¼1

AKPfPðzPÞ
(3.16)

a ¼ a1; a2; a3; a4½ �; A ¼ AKP½ �; AKP ¼ aPK

f ðzPÞ ¼ fPðzPÞ½ �T ¼ f1ðz1Þ; f2ðz2Þ; f3ðz3Þ; f4ðz4Þ½ �T (3.17)

where symbol Remeans the real part of a complex function,A is a 4� 4matrix, and

f ðzPÞ is a vector function and may be called the displacement generation function.

It is noted that matrix A and matrix a are identical, but the notations of their

components are different. When the number of a summation dummy subscript is

larger than 2, we shall directly use the notation Σ as shown in Eq. (3.16). For most

engineering problem, fPðzPÞ in Eq. (3.16) can be simplified as f ðzPÞVP, whereV is a

constant vector. So Eq. (3.16) can be reduced to

U ¼ 2Re A f ðzPÞh iV½ �; f ðzPÞh i ¼ diag f ðzPÞ½ �; V ¼ Vj;V4

� �T
(3.18)

Analogous to Eq. (3.10), for any subscript “P,” we have

CiαkβAkP þ eβiαA4P

� �
zP;αzP;β ¼ 0; eαkβAkP � EαβA4P

� �
zP;αzP;β ¼ 0; or

Ci1kβAkP þ eβi1A4P

� �
zP;β ¼ �μP Ci2kβAkP þ eβi2A4P

� �
zP;β

e1kβAkP � Eβ1A4P

� �
zP;β ¼ �μP e2kβAkP � Eβ2A4P

� �
zP;β

(3.19)

Substitution of Eq. (3.16) into Eq. (3.2) yields

σij ¼ 2Re
X4
P¼1

CijkβAkP þ eβijA4P

� �
zP;βFPðzPÞ

Di ¼ 2Re
X4
P¼1

eikβAkP � EiβA4P

� �
zP;βFPðzPÞ

(3.20)

where FpðzpÞ ¼ dfp=dzp ¼ f 0pðzpÞ is the derivative of fpðzpÞ with zp. Substitution of

Eq. (3.18) into Eq. (3.2) yields

σij ¼ 2Re
X4
P¼1

CijkβAkP þ eβijA4P

� �
zP;βFðzPÞVP

Di ¼ 2Re
X4
P¼1

eikβAkP � EiβA4P

� �
zP;βFðzPÞVP

(3.21)
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Using Eq. (3.19) from Eq. (3.20), we can get

σi1 ¼ 2Re
X4
P¼1

Ci1kβAkP þ eβi1A4P

� �
zP;βFPðzPÞ ¼ �2Re

X4
P¼1

μP Ci2kβAkP þ eβi2A4P

� �
zP;βFPðzPÞ

D1 ¼ 2Re
X4
P¼1

e1kβAkP � E1βA4P

� �
zP;βFPðzPÞ ¼ �2Re

X4
P¼1

μP e2kβAkP � Eβ2A4P

� �
zP;βFPðzPÞ

σi2 ¼ 2Re
X4
P¼1

Ci2kβAkP þ eβi2A4P

� �
zP;βFPðzPÞ ¼ �2Re

X4
P¼1

μ�1
P Ci1kβAkP þ eβi1A4P

� �
zP;βFPðzPÞ

D2 ¼ 2Re
X4
P¼1

e2kβAkP � E2βA4P

� �
FPðzPÞzP;β ¼ �2Re

X4
P¼1

μ�1
P e1kβAkP � Eβ1A4P

� �
zP;βFPðzPÞ

(3.22)

Introduce the generalized stress function Φ satisfying the equilibrium equation

automatically:

Φ ¼ ½Φ1;Φ2;Φ3;Φ4�T ¼ ½Φi;Φ4�T ¼ 2Re
X4
P¼1

bPfPðzPÞ ¼ 2Re½Bf ðzPÞ�

Σ1 ¼ �Φ;2 ¼ �2Re
X4
P¼1

μPbPFPðzPÞ; Σ2 ¼ Φ;1 ¼ 2Re
X4
P¼1

bPFPðzPÞ

σi1 ¼ Σi1 ¼ �Φi;2 ¼ �2Re
X4
P¼1

μPbPiFPðzPÞ; D1 ¼ Σ41 ¼ �Φ4;2 ¼ �2Re
X4
P¼1

μPbP4FPðzPÞ

σi2 ¼ Σi2 ¼ Φi;1 ¼ 2Re
X4
P¼1

bPiFPðzPÞ; D2 ¼ Σ42 ¼ Φ4;1 ¼ 2Re
X4
P¼1

bP4FPðzPÞ

(3.23)

Comparing Eqs. (3.22) and (3.23), it is easily found that

bPi ¼ BiP ¼ Ci2kβAkP þ eβi2A4P

� �
zP;β ¼ �μ�1

P Ci1kβAkP þ eβi1A4P

� �
zP;β

bP4 ¼ B4P ¼ e2kβAkP � Eβ2A4P

� �
zP;β ¼ �μ�1

P e1kβAkP � Eβ1A4P

� �
zP;β

b ¼ ½bP� ¼ ½b1; b2; b3; b4� ¼ ½bPK � ¼ ½BKP� ¼ B

(3.24)

Combining Eqs. (3.23) and (3.24), we get

bP ¼ RT þ μPT
� �

aP ¼ �μ�1
P Qþ μPRð ÞaP

B ¼ RT þ μP;rowT
� �

A ¼ �μ�1
P;row Qþ μP;rowR

� �
A

Σ1 ¼ �Φ;2 ¼ �2Re½BμPFðzPÞ�; Σ2 ¼ Φ;1 ¼ 2Re½BFðzPÞ�
(3.25)

where μP;row is a special symbol, the subscript P in μP;row takes the value of the row

number of the matrix A or B under matrix calculation. Similar to aP, components of

bP are bPK ;K ¼ 1; 2; 3; 4. Because σ12 ¼ σ21, we get Φ1;1 þ Φ2;2 ¼ 0.
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Similarly for the general solution Eq. (3.18), we have

Φ ¼ Φ1;Φ2;Φ3;Φ4½ �T ¼ Φi;Φ4½ �T ¼ 2Re
X4
P¼1

bPf ðzPÞVP ¼ 2Re B f ðzPÞh iV½ �

Σ1 ¼ �Φ;2 ¼ �2Re B μPFðzPÞh iV½ �; Σ2 ¼ Φ;1 ¼ 2Re B FðzPÞh iV½ �
(3.26)

The generalized stress σ33 can be obtained by the condition of the generalized

plain strain ε33 ¼ 0. In the 2D, D3 ¼ 0 is assumed.

Now the physical meaning ofΦ is discussed. Usually the first natural coordinate

system at a point on a curve L is used. Let n be the outward normal to L ;
when an observer moves along the positive direction of the tangent t around L ,
the discussed body is located in the left side.θ is directed counterclockwise from the

positive x1-axis to the positive direction of n (Fig. 3.1). Therefore

n1 ¼ t2 ¼ cos θ ¼ dx2 ds= ; n2 ¼ �t1 ¼ sin θ ¼ �dx1 ds= ;

n ¼ n1 þ in2 ¼ �idz ds= ¼ �idz dzj j= ; t ¼ t1 þ it2 ¼ dz ds= ¼ dz dzj j= ¼ in

(3.27)

where ds is the arc length of an infinitesimal element. The traction T on L is

Ti ¼ σijnj ¼ σi1dx2 ds= � σi2dx1 ds= ¼ �Φi;2dx2 ds= � Φi;1dx1 ds= ¼ �dΦi ds=

� σ ¼ Dini ¼ Dn ¼ �Φ4;2dx2 ds= � Φ4;1dx1 ds= ¼ �dΦ4 ds=

T ¼ Ti;�σ½ � ¼ �dΦ ds= ; Φjs0¼ �
Z s

0

Tds; Φijs0¼ �
Z s

0

Tids; Φ4js0¼ �
Z s

0

Dnds

(3.28)

So � ΔΦ represents the increased resultant force on Δs of the boundary.
In literatures authors also adopted the second natural coordinate system. In this

system authors take the tangent t0 and t0 ¼ �t. This system is often used for a hole

or inclusion in a multiply connected region. For this system in literatures, there are

Fig. 3.1 First kind of natural coordinate system on a curve L

3.2 Generalized Displacement Method in the Piezoelectric Materials 93



two kinds. The first is that θ is directed counterclockwise from the positive x1-axis to
the direction of n (Fig. 3.2a), so

n1 ¼ �t02 ¼ cos θ ¼ �dx2 ds= ; n2 ¼ t01 ¼ sin θ ¼ dx1 ds= ; n ¼ it0 ¼ idz ds=

T ¼ t1; t2; t3;�σ½ � ¼ dΦ ds= ;Φjs0¼
Z s

0

Tds; Φijs0¼
Z s

0

Tids; Φ4js0¼ �
Z s

0

σds

(3.29a)

The second is that θ0 is directed counterclockwise from the positive x1-axis to the
direction of t0 (Fig. 3.2b). In this case we have θ ¼ π 2= þ θ0, so we have

n ¼ � sin θ0; cos θ0ð Þ; t0 ¼ cos θ0; sin θ0ð Þ; T ¼ dΦ ds= (3.29b)

3.2.3 Orthogonality of A and B

From Eq. (3.14) we can get (Ting 1996; Kuang 2011)

�Q 0

�RT I


 �
a

b

( )
¼ μ

R I

T 0


 �
a

b

( )
(3.30)

Multiply on both sides of Eq. (3.30) from left by the following matrix:

0 T�1

I �RT�1


 �

Equation (3.30) can be reduced to the standard 8� 8 eigen-equation

Nξ ¼ μPξ; N ¼ N1 N2

N3 NT
1


 �
; ξ ¼

a

b

( )

N1 ¼ �T�1RT; N2 ¼ T�1; N3 ¼ RT�1RT � Q

(3.31)

Fig. 3.2 Second kind of natural coordinate system on a curve L
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where ξ is the right eigenvector. By using Eq. (3.25), from Eq. (3.31), it yields

U;2 Φ;2

� � ¼ U;1 Φ;1

� �
NT. If multiply on both sides of Eq. (3.31) from left by the

matrix

J ¼ 0 I

I 0

� 
; J ¼ JT ¼ J�1; JN ¼ ðJNÞT ¼ NTJ (3.32)

Eq. (3.30) can be reduced to

JNξ ¼ NTðJξÞ ¼ μðJξÞ; or NTη ¼ μη ¼ η ¼ Jξ ¼ b; a½ �T (3.33)

where η is the left eigenvector. According to the mathematical theory (Ting 1996),

the left and right eigenvectors associated with different eigenvalues are orthogonal

to each other. So for the normalized ξ and η, we have

ð3:34aÞ

From Eq. (3.34a) the following identities can be obtained:

BTAþ ATB ¼ �B
T�Aþ �A

T
B ¼ I; BT�Aþ AT�B ¼ �B

T
Aþ �A

T
B ¼ 0

ABT þ �A�B
T ¼ BAT þ �B�A

T ¼ I; AAT þ �A�A
T ¼ BBT þ �B�B

T ¼ 0; or

BT AT

�B
T �A

T

 !
A �A

B �B

� 
¼ I 0

0 I

� 
;

A �A

B �B

� 
BT AT

�B
T �A

T

 !
¼ I 0

0 I

� 
(3.34b)

From above equations it is known that AAT and BBT are pure imaginary. Let

M ¼ MT ¼ 2iAAT; L ¼ LT ¼ �2iBBT; S ¼ i 2ABT � I
� �

(3.35)

whereM and L are real positive definite symmetric matrixes and S is a real matrix.

It is easy to prove that there are the following relations:

LSþ STL ¼ 0; MST þ SM ¼ 0; ML� S S ¼ I (3.36)

From Eqs. (3.35) and (3.36), it is known that SL�1 andM�1S are antisymmetric

matrix. Using AB�1 ¼ ABT BBT
� ��1

;BA�1 ¼ ABT
� �T

AAT
� ��1

and the above

equations we get

Y ¼ iAB�1 ¼ �i Sþ iIð ÞL�1 ¼ iL�1 ST � iI
� �

; �Y
T ¼ i SL�1

� �T þ L�1

¼ �iSL�1 þ L�1 ¼ Y

Y�1 ¼ �iBA�1 ¼ �i ST þ iI
� �

M�1 ¼ iM�1 S� iIð Þ ¼ M�1 þ iM�1S

(3.37)

It is obvious that Y is a Hermite matrix, i.e., Y ¼ iAB�1 ¼ �Y
T
;Y�1 ¼ �Y

�T
.
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3.2.4 Semisimple and Degenerate Matrixes

If the eigenvectors in Eq. (3.11) corresponding to each repeated root λ of multiplic-

ity r in Eq. (3.12) have r independent eigenvectors λν; ν ¼ 1; . . . r, the corresponding
matrix D is called semisimple. The eigen-space is complete for the semisimple

matrix. For a semisimple matrix, the eigenvectors associated with a repeated

eigenvalue are not unique; however, it is possible to establish a set of eigenvectors

such that the orthogonality relations hold and normalized. In this case the general

solutions Eqs. (3.16) and (3.18) are also held. A real and symmetric matrix or a

complex Hermite matrix is always either simple or semisimple, and their eigen-

values are all real. If the number of the independent eigenvectors is less than the

multiplicity of a repeat root, the corresponding matrix is called nonsemisimple or

degenerate matrix. The eigen-space is not complete for the degenerate matrix.

In order to make the eigen-space of the degenerate matrix complete, we can

establish the generalized eigenvectors to provide the missing eigenvectors (Ting

1996). Sometimes in the practical calculation, a very small difference between the

repeated roots is assumed to approximately satisfy the eigen-equation.

3.2.5 A General Theory of the Generalized Eigenvectors

The general theory of the generalized eigenvectors for the simple, semisimple, and

degenerated matrixes is expressed in the following theorem (Dempsey and Sinclair

1979; Yang et al. 1997):

Theorem Let μ be the eigenvalue of a square matrix D μð Þ of order n (here n ¼ 4)

and abe the corresponding eigenvector. If rank of matrixD ism ¼ n� r < n, where
r is the number of the eigenvectors corresponding to a repeated eigenvalue, and if
at μ ¼ μp, we have

Da ¼ 0 (3.38)

dðDaÞ dμ= ¼ ðdD dμÞ= aþ Dðda dμÞ= ¼ 0 (3.39)

d2ðDaÞ dμ=
2 ¼ d2D dμ2

�� �
aþ 2 dD dμ=ð Þ da dμ=ð Þ þ DD d2a dμ2

�� � ¼ 0 (3.40)

In order to get nontrivial solution for a in Eq. (3.38), it must be

Dj j ¼ 0 (3.41)

In order to get nontrivial solution for a and da dμ= in Eq. (3.39), it must be

Dj j ¼ dn�m Dj j dμ= n�m ¼ 0 (3.42)
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In order to get nontrivial solution for a , da dμ= , and d2a dμ2
�

in Eq. (3.40),

it must be

Dj j ¼ dn�m Dj j dμ= n�m ¼ d2ðn�mÞ Dj j dμ=
2ðn�mÞ ¼ 0 (3.43)

1. μ1; μ2; μ3; μ4 are all single roots: Dj j is a polynomial containing first power of

μj; so d Dj j dμj
� 6¼ 0 . In this case r ¼ 1;m ¼ n� 1 ¼ 3 , and Eq. (3.42) is not

satisfied. Equation (3.38) has four independent eigenvectors. The general solution

of U is expressed by Eq. (3.16).

2. μ1 is a repeated root with multiplicity 2 and μ3; μ4 are single roots: Dj j is a
polynomial containing second power of μj, so d2 Dj j dμ21

� 6¼ 0.

(a) There are two independent eigenvectors corresponding to μ1,m ¼ n� 2 ¼ 2.

In this case Eq. (3.42) is not satisfied. The general solution ofU is still expressed by

Eq. (3.16).

(b)There is only one independent eigenvectors corresponding toμ1, m ¼ n� 1 ¼ 3

. In this case Eq. (3.42) can be satisfied;a1 andda1 dμ1= in Eq. (3.39) all have nontrivial

solutions. The general solution of U can be expressed by

U ¼ 2Re A0f ðz�Þ þ x2a1f
0
1ðz1Þ

� �
; A0 ¼ a1; da1 dμ1= ; a3; a4½ �

f ðz�Þ ¼ f1 z1ð Þ; f1 z1ð Þ; f3 z3ð Þ; f4 z4ð Þ½ �T (3.44)

where da1 dμ1= is solved from Eq. (3.39).

3. μ1 is a repeated root with multiplicity 3 and μ3 is a single root: Dj j is a

polynomial containing third power of μj, so d3 Dj j dμ31
� 6¼ 0.

(a) There are three independent eigenvectors corresponding to μ1,m ¼ n� 3 ¼ 1.

In this case it is still that only Eq. (3.41) has nontrivial solution. The general

solution of U is still expressed by Eq. (3.16).

(b) There are two independent eigenvectors corresponding to μ1,m ¼ n� 2 ¼ 2.

In this case

Eq. (3.42) can be satisfied;a1 andda1 dμ1= in Eq. (3.39) have nontrivial solutions.

The general solution of U can still be expressed by (3.44).

(c) There is only one independent eigenvector corresponding toμ1,m ¼ n� 1 ¼ 3.

In this case Eq. (3.43) is satisfied. a1, da1 dμ1= , and d2a1 dμ21
�

all have nontrivial

solutions. The general solution of U can be expressed by

U ¼ 2Re A00f ðz�Þ þ x2a1f
0
1ðz1Þ þ 2x2ðda1 dμ!= Þf 01ðz1Þ þ x22a1f

00
1 ðz1Þ

� �
;

A00 ¼ a1; da1 dμ1= ; a3; d
2a1 dμ21
�� �

; f ðzPÞ ¼ f1 z1ð Þ; f1 z1ð Þ; f3 z3ð Þ; f1 z1ð Þ½ �T
(3.45)

where da1 dμ1= is solved from Eq. (3.40).
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3.2.6 Electric Displacement Tensor Method

The fourth kind of the constitutive equations in Eq. (2.83) is

σij ¼ Cijmnεmn � hnijDn; Ei ¼ �himnεmn þ βinDn (3.46)

Shen and Kuang (1999a) introduced an antisymmetric tensor G of second order

and a vector potential ψ of the electric displacement to satisfy — � D ¼ 0 automati-

cally and let

Di ¼ ϖimnGmn; Gij ¼ ψ i;j � ψ j;i

� �
2= ; Gij ¼ �Gji; ψ i;i ¼ 0 (3.47)

where — � Ψ ¼ 0 is the condition to make Ψ unique and ϖ is a permutation tensor:

ϖ123 ¼ ϖ231 ¼ ϖ312 ¼ 1; ϖ213 ¼ ϖ132 ¼ ϖ321 ¼ �1; otherwise ϖijk ¼ 0

(3.48)

Introduce the electric tensor L:

Ei ¼ 1 2=ð ÞϖimnLmn; Lmn ¼ ϖimnEi ¼ �Lnm (3.49)

Using Ei;j ¼ Ej;i from Eq. (3.49), we get

Lij;j ¼ ϖmijEm;j ¼ ϖijmEm;j ¼ ϖimjφ;mj ¼ 0 (3.50)

Using Eqs. (3.47) and (3.49), the constitutive equations Eq. (3.46) can be written as

σij ¼ Cijmnεmn � htijϖtmnGmn ¼ Cijmnεmn � hmnijGmn

Lij ¼ ϖtijEt ¼ ϖtij �htmnEmn þ βtnϖnpqεnpqGpq

� � ¼ �hijmnεmn þ βijmnGmn

hmnij ¼ hmnji ¼ �hnmij ¼ ϖtmnhtij

βijmn ¼ βmnij ¼ �βjimn ¼ �βijnmϖtijϖnpqβtn

(3.51)

Using Eqs. (3.47) and (3.51), the equations— � σ ¼ 0; E ¼ �rφ can be written as

Cijkluk;l � hklijψ k;l

� �
; j
¼ 0; hijkluk;l � βijklψ k;l

� �
; j
¼ 0 (3.52a)

When material coefficients are all constants for the general plane problem,

Eq. (3.52a) becomes

Uiαβ;αβ ¼ 0; Liαβ;αβ ¼ 0; Uiαβ ¼ Ciβkαuk � hkαiβψ k; Liαβ ¼ hiβkαuk � βiβkαψ k

(3.52b)

Equation (3.52) is a pretty equation. How to use it in engineering should be

studied in the future.
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3.3 Stress Function Method

3.3.1 Solution for a General Piezoelectric Material

Using the Voigt notation, the third kind of the constitutive equations in Eq. (2.84) is

εi ¼ sijσj þ gαiDα; Eα ¼ �gαjσj þ βαβDβ; i; j ¼ 1� 6; α; β ¼ 1� 3 (3.53)

In this section a subscript in English letter takes the values 1� 6 and a sub-

script in Greek letter takes the values 1� 3. In the general plane strain problem,

uα;3 ¼ 0 and

ε3 ¼ u3;3 ¼ s3jσj þ gα3Dα ¼ 0; E3 ¼ �φ;3 ¼ �g3jσj þ β3αDα ¼ 0 (3.54)

Solving σ3 and D3 from Eq. (3.54) yields

σ3 ¼ Fjσj þ GαDα; D3 ¼ Hjσj þ JαDα; ðj; α 6¼ 3Þ
Fj ¼ � g33g3j þ s3jβ33

� �
M; Gα ¼ g33β3α � gα3β33ð ÞM;

Hj ¼ s33g3j � s3jg33

� �
M; Jα ¼ � s33β3α þ g33gα3ð ÞM; M ¼ 1 g233 þ s33β33

� ��
(3.55)

Substitution of Eq. (3.55) into Eq. (3.53) yields

u1;1 ¼ κ1jσj þ η1αDα; u2;2 ¼ κ2jσj þ η2αDα; u3;2 ¼ κ4jσj þ η4αDα;

u3;1 ¼ κ5jσj þ η5αDα; u2;1 þ u1;2 ¼ κ6jσj þ η6αDα;

E1 ¼ �h1jσj þ ξ1αDα; E2 ¼ �h2jσj þ ξ2αDα ðj; α 6¼ 3Þ
(3.56)

where the reduced constants κij; ηiα; hαj; ξβα are

κij ¼ sij þ si3Fj þ g3iHj ¼ κji; ηjα ¼ gαj þ sj3Gα þ g3jJα;

hαj ¼ gαj þ gα3Fj � βα3Hj ¼ ηjα; ξβα ¼ ββα � gβ3Gα þ ββ3Jα
(3.57)

Applying Lekhnitskii method (1987, 1957), Kosmodamianskii and Lozhkin

(1975) discussed the plane stress state of thin piezoelectric plates and gave the

expressions with complex potentials. Hao and Shen (1994) and Huang and Kuang

(2000a) discussed the general generalized plane problem. They introduced the

stress functions Λ;Ψ and the electric potential V to satisfy the generalized

equilibrium equations automatically:

σ1 ¼ Λ;22; σ2 ¼ Λ;11; σ6 ¼ �Λ;12; σ4 ¼ �Ψ ;1; σ5 ¼ Ψ ;2; D1 ¼ V;2; D2 ¼ �V;1

(3.58)
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Substitution of Eq. (3.58) into Eq. (3.56) finally yields the general compatibility

equation

L4Λþ L3Ψ þ L5V ¼ 0; L3Λþ L2Ψ þ L6V ¼ 0; L5Λþ L6Ψ � L9V ¼ 0

(3.59)

where

L2 ¼ κ55
@2

@x22
� 2κ45

@2

@x2@x1
þ κ44

@2

@x21

L3 ¼ κ15
@3

@x32
� ðκ14 þ κ56Þ @3

@x22@x1
þ ðκ55 þ κ46Þ @3

@x2@x21
� κ24

@3

@x31

L4 ¼ κ11
@4

@x42
� 2κ16

@4

@x32@x1
þ ð2κ12 þ κ66Þ @4

@x22@x
2
1

� 2κ26
@4

@x2@x
3
1

þ κ22
@4

@x41

L5 ¼ η11
@3

@x32
� ðη12 þ η61Þ

@3

@x22@x1
þ ðη21 þ η62Þ

@3

@x2@x21
þ η22

@3

@x31

L6 ¼ η51
@2

@x22
� ðη52 þ η41Þ

@2

@x2@x1
þ η42

@2

@x21

L7 ¼ �L5 ¼ �h11
@3

@x32
þ ðh16 þ h21Þ @3

@x22@x1
� ðh12 þ h26Þ @3

@x2@x21
� h22

@3

@x31

L8 ¼ �L6 ¼ �h15
@2

@x22
þ ðh14 þ h25Þ @2

@x2@x1
� h24

@2

@x21

L9 ¼ ξ11
@2

@x22
� ðξ12 þ ξ21Þ

@2

@x2@x1
þ ξ22

@2

@x21
(3.60)

EliminatingΨ and V from Eq. (3.59) yields an eighth-order differential equation

of Λ:

L6L8L4 � L9L4L2 þ L9L
2
3 � L5L3L8 þ L2L5L7 � L3L6L7

� �
Λ ¼ 0; or

L6L8L4 � L9L4L2 þ L9L
2
3 þ 2L5L3L6 þ L2L5L7

� �
Λ ¼ 0

(3.61)

Its solution is

Λ ¼ 2Re
X4
P¼1

~f PðzPÞ; zP ¼ x1 þ μPx2 (3.62)

where ~f PðzPÞ is an analytic function of zP and μP is the root of the following eigen-

equation

l6l8l4 � l9l4l2 þ l9l
2
3 � l5l3l8 þ l2l5l7 � l3l6l7 ¼ 0; or

l4l
2
6 þ l2l4l9 � l23l9 � 2l3l5l6 þ l2l

2
5 ¼ 0

(3.63)
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where li � liðμÞ can be obtained by usingμ instead of the differential operator@ @x2=
in Li of Eq. (3.60) and the power of μ is the same as the power of @ @x2= , such as

l3ðμÞ ¼ κ15μ
3 � κ14 þ κ56ð Þμ2 þ κ55 þ κ46ð Þμ� κ24

where μP is the same as that in Stroh’s formula. From Eq. (3.59), it is obtained that

Ψ ¼ 2Re
X4
p¼1

aP fPðzPÞ; V ¼ 2Re
X4
p¼1

bP fPðzPÞ; fPðzPÞ ¼ d~f 0p d= zP

aP ¼ � l5bP þ l4
l3

¼ � l6bP þ l3
l2

¼ � l9bP þ l7
l8

; bP ¼ l23 � l4l2
l2l5 � l3l6

¼ l8l3 � l2l7
l2l9 � l8l6

(3.64)

where li � liðμPÞ. Substitution of Λ;Ψ and V into Eq. (3.58) yields the generalized

stress; then substitution of the result into Eq. (3.56) yields the generalized

displacements. Comparing the generalized stress and displacement with that in

Stroh’s formula, the explicit forms of B and A are obtained:

B ¼
�μ1 �μ2 �μ3 �μ4
1 1 1 1

�a1 �a2 �a3 �a4
�b1 �b2 �b3 �b4

2
664

3
775; A ¼ Aij

� �
(3.65)

A1j ¼ κ11μ
2
j þ κ12 � κ16μj þ aj κ15μj � κ14

� �þ η11μj � η12
� �

bj

A2j ¼ κ21μ
2
j þ κ22 � κ26μj þ aj κ25μj � κ24

� �þ η21μj � η22
� �

bj

h i.
μj

A3j ¼ κ41μ
2
j þ κ42 � κ46μj þ aj κ45μj � κ44

� �þ η41μj � η42
� �

bj

h i.
μj

A4j ¼ h11μ
2
j þ h12 � h16μj þ aj h15μj � h14

� �þ ðξ11μj � ξ12Þbj

(3.66)

The above results are obtained for the generalized plane strain. For the

generalized plane stress, the constants should be simply replaced by

κij ¼ sij ¼ κji; ηjα ¼ gαj; hαj ¼ gαj; ξβα ¼ ββα ðj; α; β 6¼ 3Þ (3.67)

It is also noted that the plane stress deformation can be existed only in the

materials with at least one material symmetric plane such as monoclinic material.

From Eq. (3.58), the stress functions can be obtained as

Φ1 ¼ �Λ;2 ¼ �2Re
X4
P¼1

μPfPðzPÞ; Φ2 ¼ Λ;1 ¼ 2Re
X4
P¼1

fPðzPÞ

Φ3 ¼ �Ψ ¼ �2Re
X4
P¼1

aPfPðzPÞ; Φ4 ¼ �V ¼ �2Re
X4
P¼1

bPfPðzPÞ
(3.68)

Equation (3.68) shows that Φ ¼ 2Re½Bf ðzPÞ� where B is shown in Eq. (3.65).

This is consistent with the Stroh’s formula Eq. (3.23).
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3.3.2 The Transversely Isotropic Material in Plane Strain

Usually in engineering the coordinate system x-y-z is used, and the material

constants given in the handbooks are under the condition that the poling direction

is along the axis z. For a general piezoelectric material, there are 45 independent

material constants: 21 elastic constants, 18 piezoelectric constants, and 6 permittiv-

ity constants. For the orthogonal materials in the material principle coordinate

system with poling axis z , the plane x-y is an isotropic plane. For an isotropic

plane x-y , the in-plane electric field couples only with the out-plane mechanical

stress. In the anisotropic plane x-z; y-z, the in-plane electric field couples with the

in-plane mechanical stress, and the mechanical behaviors in x-z and y-z planes are
the same. In this case when the axis z is taken as the poling axis, there are

17 independent material constants: 9 elastic constants, s11; s12; s13; s22; s23; s33; s44;
s55; s66 or C11;C12;C13;C22;C23;C33;C44;C55;C66 ; 5 piezoelectric constants, g15;
g24; g31; g32; g33 or e15; e24; e31; e32; e33; and 3 electric constants, β11; β22; β33 or E11;
E22; E33. The second kind of the constitutive equation in Eq. (2.84) is

σx

σy

σz

σyz

σxz

σxy

Dx

Dy

Dz

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

¼

C11 C12 C13 0 0 0 0 0 �e31

C12 C22 C23 0 0 0 0 0 �e32

C13 C23 C33 0 0 0 0 0 �e33

0 0 0 C44 0 0 0 �e24 0

0 0 0 0 C55 0 �e15 0 0

0 0 0 0 0 C66 0 0 0

0 0 0 0 e15 0 E11 0 0

0 0 0 e24 0 0 0 E22 0

e31 e32 e33 0 0 0 0 0 E33

2
66666666666666664

3
77777777777777775

εx

εy

εz

γyz

γxz
γxy

Ex

Ey

Ez

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>;

(3.69a)

The third kind of the constitutive equation in Eq. (2.84) is

εx

εy

εz

γyz

γxz
γxy

Ex

Ey

Ez

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>;

¼

s11 s12 s13 0 0 0 0 0 g31

s12 s22 s23 0 0 0 0 0 g32

s13 s23 s33 0 0 0 0 0 g33

0 0 0 s44 0 0 0 g24 0

0 0 0 0 s55 0 g15 0 0

0 0 0 0 0 s66 0 0 0

0 0 0 0 �g15 0 β11 0 0

0 0 0 �g24 0 0 0 β22 0

�g31 �g32 �g33 0 0 0 0 0 β33

2
66666666666666664

3
77777777777777775

σx

σy

σz

τyz

τxz

τxy

Dx

Dy

Dz

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

(3.69b)
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It is noted that s½ � ¼ C½ ��1
. For the transversely isotropic material, such as

piezoelectric ceramic PZT and many other materials, in the material principle

coordinate system, there are ten independent material constants because there are

relations between material constants:

s13 ¼ s23; s11 ¼ s22; s44 ¼ s55; s66 ¼ 2 s11 � s12ð Þ; g31 ¼ g32; g15 ¼ g24; β11 ¼ β22
C13 ¼ C23;C11 ¼ C22;C44 ¼ C55;C66 ¼ C11 � C12ð Þ 2= ; e31 ¼ e32; e15 ¼ e24; E11 ¼ E22

(3.70)

In this section the plane strain problem is discussed and adopted the third kind of

the constitutive equation, Eq. (3.69b). Let

εx ¼ γzx ¼ γxy ¼ Ex ¼ 0 (3.71)

From Eq. (3.71), it can be obtained that

Dx ¼ 0; τzx ¼ τyz ¼ 0; σx ¼ � s12σy þ s13σz þ g31Dz

� �
s11= (3.72)

Analogous to the Voigt expression of the stress and strain in 3D case, we

introduce the vector expression of the stress and strain in plane strain case. Let

x1 ¼ y; x2 ¼ z; x3 ¼ x; σ1 ¼ σy; σ2 ¼ σz; σ3 ¼ τyz;

ε1 ¼ εy; ε2 ¼ εz; ε3 ¼ γyz; D1 ¼ Dy; D2 ¼ Dz; E1 ¼ Ey;E2 ¼ Ez

(3.73)

Substitution of Eqs. (3.71), (3.72), and (3.73) into Eq. (3.69) yields

ε1

ε2

ε3

E1

E2

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

¼

a11 a12 0 0 b21

a12 a22 0 0 b22

0 0 a33 b13 0

0 0 �b13 k11 0

�b21 �b22 0 0 k22

0
BBBBBB@

1
CCCCCCA

σ1

σ2

σ3

D1

D1

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

a11 ¼ s11 � s212 s11= ; a12 ¼ s13 � s12s13 s11= ; a22 ¼ s33 � s213 s11= ; a33 ¼ s44

b21 ¼ 1� s12 s11=ð Þg31; b22 ¼ g33 � g31s13 s11= ; b13 ¼ g15; k11 ¼ β11;

k22 ¼ β33 þ g231 s11=

(3.74)

where aij; bij; kij are reduced material constants and sijgij; βij are material constants as

shown in Eq. (3.69b). In the plane strain problem, σ13 ¼ σ23 ¼ 0 , so the stress

function Ψ in Eq. (3.58) is not needed. The eighth-order differential equation

(3.61) is reduced to sixth-order differential equation, and the eighth-order eigen-

equation (3.63) is reduced to sixth-order eigen-equation. Repeating the process

analogous to Sect. 3.3.1 finally yields (Sosa 1991; Sosa and Khutoryansky 1996;

Kuang and Ma 2002)
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U ¼ U u1; u2;φð Þ ¼ 2Re½Af ðzPÞ�; Φ ¼ Φ Φ1;Φ2;Φ4ð Þ ¼ 2Re½Bf ðzPÞ�

A ¼
p1 p2 p3

q1 q2 q3

�λ1 �λ2 �λ3

0
B@

1
CA; B ¼

�μ1 �μ2 �μ3
1 1 1

�η1 �η2 �η3

0
B@

1
CA (3.75)

where μP is the root of the following eigen-equation:

a11k11μ
6 þ a11k22 þ 2a12k11 þ a33k11 þ b221 þ b213 þ 2b21b13

� �
μ4

þ a22k11 þ 2a12k22þa33k22 þ 2b21b22 þ 2b22b13ð Þμ2 þ a22k22 þ b222 ¼ 0

(3.76)

and

pP ¼ a11μ
2
P þ a12 � b21ηP; qP ¼ a12μ

2
P þ a22 � b22ηP

� �
μP=

λP ¼ b13 þ k11ηPð ÞμP; λPμP ¼ � b21μ
2
P þ b22 þ k22ηP

� �
ηP ¼ � ðb21 þ b13Þμ2P þ b22

� �
k11μ

2
P þ k22

� �� (3.77)

If the rigid rotation angle ω is considered, we have

u1 ¼ 2Re
X3
P¼1

pPfPðzPÞ � ωx3; u2 ¼ 2Re
X3
P¼1

qPfPðzPÞ þ ωx1;

φ ¼ �2Re
X3
P¼1

λPfPðzPÞ; Φ1 ¼ �2Re
X3
P¼1

μPfPðzPÞ;

Φ2 ¼ 2Re
X3
P¼1

fPðzPÞ; Φ4 ¼ �2Re
X3
P¼1

ηPfPðzPÞ

σ1 ¼ 2Re
X3
j¼1

μ2j FjðzjÞ; σ2 ¼ 2Re
X3
j¼1

FjðzjÞ; σ3 ¼ �2Re
X3
j¼1

μjFjðzjÞ

D1 ¼ 2Re
X3
j¼1

μjηjFjðzjÞ; D2 ¼ �2Re
X3
j¼1

ηjFjðzjÞ

(3.78)

3.4 An Elliptic Hole or Inclusion in a Transversely

Isotropic Piezoelectric Material

3.4.1 Electrical Permeable Hole

Let a transversely isotropic piezoelectric material with an elliptic hole of semiaxesa
and b directed along the material principle axes x1 and x2, respectively, be subjected
to the uniform generalized stresses at infinity. The hole is filled with air with
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permittivity E0 and is mechanically free (Fig. 3.3) (Parton 1976; Sosa and

Khutoryansky 1996; Chung and Ting 1996; Zhang et al. 1998; Gao and Fan

1999; Kuang and Ma 2002). The potential electric field and electric displacement

in the air region Sc are denoted by φc;Ec and Dc , respectively, and in the

piezoelectric material S are denoted by φ;E and D, respectively. On the interface

L, the outward normal is denoted by n directed from the material into the hole, and

the first natural coordinate system (see Eqs. (3.27), (3.28)) is adopted. In the air only

electric field is researched. Therefore the boundary conditions at infinity are

σ ¼ σ1; D ¼ D1 (3.79)

On the interface the connective conditions are

T1 ¼ T2 ¼ 0; Dn ¼ Dc
n ¼ �E0@φc @n= ; φ ¼ φc on L (3.80)

The method solving this problem is the direct extension for the inclusion

problem in an elastic anisotropic material (Mura 1987).

3.4.2 Electric Field Inside the Hole Filled with Air

It is assumed that there is free of charge in the air; from r � Dc ¼ 0; Dc ¼ E0Ec ¼
�E0—φc, the governing equation is

r2φc ¼ 0; in Sc (3.81)

The conformal mapping function ωðςÞ, transforming an ellipse L in the physical

plane z ¼ x1 þ ix2 ¼ reiθ into a unit circle Γ in the mapping plane ς ¼ ξ1 þ iξ2 ¼
ρeiψ , is

Fig. 3.3 An infinite plane with an elliptic hole: (a) physical plane z and (b) mapping plane ζ
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z ¼ ωðςÞ ¼ R ςþ m

ς

� 
; ς ¼ zþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � 4mR2

p

2R
; R ¼ aþ b

2
; m ¼ a� b

aþ b
or

z ¼ R 1þ mð Þ cosψ þ iR 1� mð Þ sinψ ¼ a cosψ þ ib sinψ ; or x1 ¼ a cosψ ;

x2 ¼ b sinψ

(3.82a)

where ðr; θÞ and ðρ;ψÞ are the polar axes and polar angles in the z and ς planes,

respectively. Mapping function ωðςÞ transforms L into Γ and one to one for

points outside the ellipseL into the outside of Γ, however, only one to one for points
inside the ellipse L with a cut L0 from � c to c on the major axis in z plane into

the inside of Γ with a circular cut L0 of radius ρ0 in ς plane (Fig. 3.3), where ρ0 ¼ffiffiffiffi
m

p
< zj j < 1; 0 � θ < 2π and c ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

p
is the half of the focal length.

From Eq. (3.82a), it is known that the arc lengths onΓ and on L are respectively

dl2 ¼ dςd�ς ¼ deiψde�iψ ¼ dψ2; on Γ

ds2 ¼ dzd�z ¼ ω0 ςð Þω0 ςð Þdςd�ς ¼ ρ2dψ2; ρ2 ¼ a2sin2ψ þ b2cos2ψ ; on L

dx2=ds ¼ b cosψ=ρ; dx1=ds ¼ �a sinψ=ρ

(3.82b)

Because φc is a harmonic function, it can be expressed by an analytic function

ϕðzÞ as

φcðx1; x2Þ ¼ ϕðzÞ þ ϕðzÞ; in z plane; φcðρ;ψÞ ¼ ϕðςÞ þ ϕðςÞ; in ζ plane

Ec
1 ¼ � ϕ0ðzÞ þ ϕ0ðzÞ

h i
¼ �2Reϕ0ðzÞ; Ec

2 ¼ �i ϕ0ðzÞ � ϕ0ðzÞ
h i

¼ 2Imϕ0ðzÞ
(3.83)

whereϕðςÞ ¼ ϕ½ωðςÞ�. BecauseϕðzÞ is analytic insideL� L0 and continuous onL0, so

ϕðρ0eiψÞ ¼ ϕðρ0e�iψÞ (3.84)

The solution ofϕðςÞ in the annular regionL� L0 can be expressed in the Laurent
series

ϕðςÞ ¼
X1
k¼�1

ackς
k; ac�k ¼ ρ2k0 ack ðno sum on kÞ; ρ0 � ςj j � 1 (3.85)

3.4.3 Generalized Stress Field in the Piezoelectric Material

The general solution in a transversely isotropic material has been given in

Sect. 3.3.2. The mapping function ωjðςÞ; j ¼ 1; 2; 3 transforming an ellipse Lj
in the physical plane zj ¼ x1 þ μjx2 into a unit circle Γj in a mapping plane ςj ¼
ξ1 þ μjξ2 is
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zj ¼ ωjðςjÞ ¼ cjςj þ djς
�1
j ¼ Rj ςj þ mjς

�1
j

� �
Rj ¼ cj ¼ a� iμjb

� �
2= ; dj ¼ aþ iμjb

� �
2= ; mj ¼ dj cj

�

ςj ¼
zj þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2j � a2 þ μ2j b

2
� �r

a� iμjb
;

1

ςj
¼

zj �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2j � ða2 þ μ2j b

2Þ
q

aþ iμjb

(3.86)

When μj ¼ i, Eq. (3.86) is reduced to Eq. (3.82), and the mapping function is

conformal. If μj 6¼ i, the mapping function is not conformal. Because a function

fjðzjÞ outside L is analytically transformed into the region outsideΓ in the ς plane, so

fjðzjÞ ¼ Cjzj þ f 0j ðςjÞ; f 0j ðςjÞ ¼ aj0 þ
X1
k¼1

ajkς
�k
j ðnot summed on kÞ (3.87)

where f 0j ðzjÞ ¼ f 0j ½ωðςjÞ� is an analytic function in ςj plane. Cj is determined by the

boundary conditions at infinity and ajk is undetermined coefficient. From Eq. (3.78),

σ11 ¼ 2Re
X3
j¼1

μ2j Cj; σ12 ¼ 2Re
X3
j¼1

Cj; σ13 ¼ �2Re
X3
j¼1

μjCj

D1
1 ¼ 2Re

X3
j¼1

μjηjCj; D1
2 ¼ �2Re

X3
j¼1

ηjCj

E1 ¼ 2Re
X3
j¼1

λjCj; E2 ¼ 2Re
X3
j¼1

λjμjCj

 !
(3.88)

In Eq. (3.88) if one real constant is selected arbitrarily, such as let Im C1 ¼ 0, it

does not affect the stresses. So Eq. (3.88) is solvable.

3.4.4 The Connective Conditions on the Interface L

Equations (3.75) and (3.28) yield

Φ1 ¼ �2Re
X3
j¼1

μjfjðσÞ ¼ �
Z s

0

T�
1ds ¼ 0; Φ2 ¼ 2Re

X3
j¼1

fjðσÞ ¼ �
Z s

0

T�
2ds ¼ 0

Φ4 ¼ �2Re
X3
j¼1

ηjfjðσÞ ¼ �
Z s

0

Dnds

(3.89)
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where σ ¼ eiψ is a point on Γ. The mechanical connective conditions in Eq. (3.89)

can be reduced to

X3
j¼1

f 0j ðσÞ þ f 0j ðσÞ
n o

¼ �l1σ þ l1�σ;
X3
j¼1

μjf
0
j ðσÞ þ μjf

0
j ðσÞ

n o
¼ �l2σ þ l2�σ

l1 ¼ � 1 2=ð Þ aσ12 � ibσ13
� �

; l2 ¼ 1 2=ð Þ aσ13 � ibσ11
� �

(3.90)

Using Eq. (3.27) and ds ¼ dzj j ¼ ω0ðςÞj j dςj j; dς dςj j ¼ e= iψ
we have

n ¼ n1 þ in2 ¼ dx2 ds= � idx1 ds= ¼ �idz ds= ¼ eiψω0ðςÞ ω0ðςÞj j=

t ¼ t1 þ it2 ¼ dx1 ds= þ idx2 ds= ¼ dz ds= ¼ ieiψω0ðςÞ ω0ðςÞj j=
(3.91)

where n is the outward normal on the interface of S. Using Eqs. (3.91) and (3.83)

yields

@φc

@n
¼ @φc

@x1
n1 þ @φc

@x2
n2 ¼ @φc

@z

@z

@x1
þ @φc

@�z

@�z

@x1

� 
n1 þ @φc

@z

@z

@x2
þ @φc

@�z

@�z

@x2

� 
n2

¼ @φc

@z
nþ @φc

@�z
�n

� 
¼ ϕ0ðzÞnþ ϕ0ðzÞn

(3.92)

If let ϕð1Þ ¼ 0 which is not effect on the stress, on L we have

�
Z s

0

@φc

@n
ds ¼ �

Z ψ

0

ϕ0ðςÞ
ω0ðςÞ

ω0ðςÞ
ω0ðςÞj j e

iψ þ ϕ0ðςÞ
ω0ðςÞ

ω0ðςÞ
ω0ðςÞj j e

�iψ

" #
ω0ðςÞj jdψ

¼ �
Z ψ

0

eiψϕ0 eiψ
� �þ e�iψϕ0 eiψð Þ

n o
dψ ¼ i ϕðσÞ � ϕðσÞ

n o (3.93)

Substituting Eqs. (3.78), (3.83) and (3.87) and the third equation in Eq. (3.89)

and (3.93) into Eq. (3.80), the electric connective conditions are reduced to

X3
j¼1

ηjf
0
j ðσÞ þ �ηjf

0
j ðσÞ

n o
¼ �l03σ þ l03�σ þ iEc ϕðσÞ � ϕðσÞ

h i
X3
j¼1

λjf
0
j ðσÞ þ �λjf 0j ðσÞ

n o
¼ �l4σ þ l4�σ � ϕðσÞ þ ϕðσÞ

h i
l03 ¼ 1 2=ð Þ aD1

2 � ibD1
1

� �
; l4 ¼ � 1 2=ð Þ aE1

1 þ ibE1
2

� �
(3.94)
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3.4.5 Solutions in the Air and Piezoelectric Material

Substituting Eqs. (3.85) and (3.87) into Eqs. (3.90) and (3.94) and neglecting some

useless constants yield enough equations to determine the undetermined constants.

It is found that only four complex constants a11; a21; a31; a
c
1 ac�1 ¼ ρ20a

c
1

� �
are not

zero and they obey the following equations:

X3
j¼1

aj1 ¼ l1;
X3
j¼1

μjaj1 ¼ l2

X3
j¼1

ηjaj1 þ iEc �ac1 � ρ20a
c
1

� � ¼ l03;
X3
j¼1

λjaj1 þ �ac1 þ ρ20a
c
1 ¼ l4

(3.95)

Finally we get

1. The electric field inside the hole filled with air
φc; Dc

1; D
c
2 are constants and obtained from the following equations:

φc ¼ �Ec
1x1 � Ec

2x2 ¼ 2 ac1zþ �ac1�z
� �

aþ bð Þ= ; Dc
1 ¼ E0Ec

1; Dc
2 ¼ E0Ec

2

a� ibE0
X3
j¼1

λjαj3

 !
Dc

1 þ aE0
X3
j¼1

λjαj3 þ ib

 !
Dc

2

¼ E0 2
X3
j¼1

X2
k¼1

λjαjklk þ 2
X3
j¼1

λjαj3l
0
3 þ aE1

1 þ ibE1
2

( ) (3.96)

2. Solutions in the piezoelectric material

fjðzjÞ ¼ Cjzj þ aj1 ςj
� ¼ Cjzj þ

X3
k¼1

αjklk ςj
�

; aj1 ¼
X3
k¼1

αjklk

FjðzjÞ ¼ Cj þ αj1l1 þ αj2l2 þ αj3l3
� �

aþ iμjb
� ��1

1� zj z2j � a2 þ μ2j b
2

� �h i�1 2=
� �

(3.97)

where

α ¼ 1

N

μ2η3 � μ3η2 η2 � η3 μ3 � μ2
μ3η1 � μ1η3 η3 � η1 μ1 � μ3
μ1η2 � μ2η1 η1 � η2 μ2 � μ1

0
B@

1
CA ¼

1 1 1

μ1 μ2 μ3
η1 η2 η3

0
B@

1
CA

�1

N ¼ ðη2 � η3Þμ1 þ ðη3 � η1Þμ2 þ ðη1 � η2Þμ3

(3.98)
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3.4.6 Electroelastic Asymptotic Field Near a Blunt (Slender)
Crack Tip

Analogous to the elastic blunt crack (Kuang 1982; Kuang and Ma 2002), Huang and

Kuang (2000b) discussed the electroelastic asymptotic field near a blunt (slender)

crack tip. Take the global coordinate system zg xg; yg
� �

and the local coordinate

system zj xj; yj
� �

whose origin is at z0j (z0 ¼ x01 ¼ c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

p
; 2c is the focal

length) (Fig. 3.4). z0j is the point in zj plane corresponding to the branch point ς0j in ςj
plane with ω0 ς0j

� � ¼ 0. It has the relation

z0j ¼ x0j þ μjy0j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ μ2j b

2

q
	 aþ μ2j r0; r0 ¼ b2 2a=

x0j ¼ a2 � μ2ρ; y0j ¼ 2αjρ; μj ¼ αj þ iβj; μ2 ¼ α2j þ β2j

(3.99)

where 2r0 is the curvature radius at the major end of the slender ellipse. At the local

coordinate system, we have

zj ¼ xj þ μjyj ¼ zgj � z0j ¼ xg � x0j
� �þ μj yg � y0j

� �
From the knowledge of the analytical geometry, it is known that

xg ¼ cþ r cos θ; yg ¼ r sin θ; a ¼ r0 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ r20

q
	 cþ r0

where r; θ are the polar axis and angle, respectively. Therefore it is easy to derive

zk ¼ rΘk � 1þ μ2k
� �

ρþ 0 ρ2 c=
� � 	 rΘk 1� 1þ μ2k

� �
ρ Θkr=

� �� �
Θk ¼ cos θ þ μk sin θ

(3.100)

In the local coordinate system, Eq. (3.97) becomes

FjðzjÞ ¼ �
X3
k¼1

αjklk
1

aþ iμjb

ffiffiffiffiffiffiffiffiffiffi
c

2rΘj

r
1� 1þ μ2j

Θj

ρ

r

" #
þ Cj þ 1

aþ iμjb

X3
k¼1

αjklk

(3.101)

Fig. 3.4 Local coordinate system for a blunt crack
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It is seen that the singularity of the stress near the crack tip not only depends on

1
ffiffi
r

p
= but also depends on ρ r= . It can also be seen that the electric field at infinity

affects the stress near the blunt crack tip.

3.4.7 Impermeable and Conductive Elliptic Holes

Impermeable elliptic hole. Comparing to a piezoelectric material, in many cases the

air is approximately considered as an insulated material, i.e., E0 ¼ 0 orDc
1 ¼ Dc

2 ¼ 0,

soDc
n ¼ 0 in Eq. (3.80), i.e. the piezoelectric material can be considered alone. On the

interface, Eq. (3.94) is reduced to

X3
j¼1

ηjf
0
j ðσÞ þ ηjf

0
j ðσÞ

n o
¼ l03σ þ l03σ

l03 ¼ �
X3
j¼1

aReðCjηjÞ þ ibReðCjηjμjÞ
� � ¼ 1

2
aD1

2 � ibD1
1

� � ¼ l3

(3.102)

Correspondingly Eq. (3.95) becomes

X3
j¼1

aj1 ¼ l1;
X3
j¼1

μjaj1 ¼ l2
X3
j¼1

ηjaj1 ¼ l03 (3.103)

The solution in the piezoelectric material is still formally expressed by

Eqs. (3.97) and (3.98).

Conductive elliptic hole. If the hole is filled with an ideal conductive liquid or on
the boundary of the hole deposited a thin flexible layer metal, it can be assumed that

the electric potential is equal zero, i.e., φ ¼ 0 in Eq. (3.80). On interface, Eq. (3.94)

is reduced to

X3
j¼1

λjf
0
j ðσÞ þ λjf 0j ðσÞ

n o
¼ l4σ þ l4σ

l4 ¼ �
X3
j¼1

aRe Cjλj
� �þ ibRe Cjλjμj

� �� � ¼ � 1

2
aE1

1 þ ibE1
2

� � (3.104)

If we let 1 Ec= ¼ 0 in Eq. (3.94), Eq. (3.104) can also be obtained. Correspond-

ingly Eq. (3.103) becomes

X3
j¼1

aj1 ¼ l1;
X3
j¼1

μjaj1 ¼ l2
X3
j¼1

λjaj1 ¼ l4 (3.105)
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In this case Eqs. (3.97) and (3.98) become

fjðzjÞ ¼ Cjzj þ aj1 ςj
� ¼ Cjzj þ

X3
k¼1

~αjklk ςj
�

; ~aj1 ¼
X3
k¼1

~αjklk (3.106)

and

~α ¼ 1

~N

μ2λ3 � μ3λ2 λ2 � λ3 μ3 � μ2
μ3λ1 � μ1λ3 λ3 � λ1 μ1 � μ3
μ1λ2 � μ2λ1 λ1 � λ2 μ2 � μ1

0
B@

1
CA ¼

1 1 1

μ1 μ2 μ3
λ1 λ2 λ3

0
B@

1
CA

�1

N ¼ ðλ2 � λ3Þμ1 þ ðλ3 � λ1Þμ2 þ ðλ1 � λ2Þμ3

(3.107)

3.4.8 Crack Problem

1. Permeable crack. When the length of the minor axis approaches zero, i.e., b ! 0,

for a permeable crack the solution can be obtained from a permeable elliptic hole.

Neglecting terms containing b a= yields

l1 ¼ � 1

2
aσ12 ; l2 ¼ � 1

2
aσ13 ; l03 ¼

1

2
aD1

2 ; l3 ¼ 1

2
a D1

2 � Dc
2

� �
; l4 ¼ � 1

2
aE1

1

(3.108)

(a) Electric field in the air. Equation (3.96) becomes

Dc
1 þ E0

X3
j¼1

λjαj3D
c
2 ¼ E0

X3
j¼1

�λj αj1σ12 þ αj2σ
1
3 þ αj3D

1
2

� �� �þ E1
1

( )
(3.109a)

Noting
P3

j¼1 λjαj2 is real (Gao and Fan 1999), separating the real and imaginary

parts from Eq. (3.109a) yields

D1
2 � Dc

2 ¼ Im
X3
j¼1

λjαj1

 !
σ12 Im

X3
j¼1

λjαj3

 !,

Ec
1 ¼ E1

1 þ Re
X3
j¼1

λj �aj1σ
1
2 þ aj2σ

1
3 þ aj3 D1

2 � Dc
2

� �� �( ) (3.109b)

(b)Generalized stress in the piezoelectric material. Equation (3.97) is reduced to

FjðzjÞ ¼ Cj � 1

2
αj1σ

1
2 � αj2σ

1
3 � αj3 D1

2 � Dc
2

� �� �
1� zj z2j � a2

� ��1 2=

 �

(3.110)

It is noted that E0 is not included in Eqs. (3.109) and (3.110).
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The stress intensities at the crack tip x1 ¼ a are

KI;KII;Keð Þ ¼
ffiffiffiffiffi
2π

p
lim
x1!a

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 � a

p
σ2; σ3;D2ð Þx2¼0

¼
ffiffiffiffiffi
2π

p
Re lim

x1!a

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 � a

p X3
j¼1

f 0j ðx1Þ 1;�μj;�ηj
� �

x2¼0

(3.111a)

or

KI ¼
ffiffiffiffiffi
πa

p
σ12 ; KII ¼

ffiffiffiffiffi
πa

p
σ13 ; Ke ¼

ffiffiffiffiffi
πa

p
D1

2 � Dc
2

� �
(3.111b)

From Eq. (3.111), it is seen that the electric field at infinity does not affect the

stress intensity and the mechanical stress at infinity does not affect the electric

displacement intensity. This result is obtained from the linear theory.

2. Impermeable (or insulated) crack. The correct solution of an impermeable

crack can be obtained from the degenerate solution from the insulated elliptic hole,

i.e., let E0 ¼ 0 or D2 ¼ 0 at first and then let b a= ! 0 . In order to study the

electroelastic asymptotic field near a sharp crack tip, the right crack tip should be

taken as the origin of the local polar coordinate system, i.e.,

x1 ¼ aþ r cos θ; x2 ¼ aþ r sin θ (3.112)

When r 
 1, we have

zj 	 a;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2j � a2

q
	

ffiffiffiffiffiffiffi
2ar

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos θ þ μj sin θ

q
(3.113)

Equation (3.97) is reduced to

FjðzjÞ 	 αj1σ
1
2 � αj2σ

1
3 � αj3D

1
2

� � ffiffiffi
a

p

2
ffiffiffiffiffi
2r

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos θ þ μj sin θ

p (3.114)

Let

Cj ¼ αj1KI � αj2KII � αj3Ke (3.115)

where KI; KII; Ke is defined by Eq. (3.111). Substituting Eqs. (3.114) and (3.115)

into Eq. (3.26) in the Cartesian coordinate system yields (Hoenig 1982)

σ1 ¼ 1
ffiffiffiffiffiffiffi
2πr

p.� �
Re
X3
j¼1

Cjμ
2
j

ffiffiffiffiffi
Θj

p�
; σ2 ¼ 1

ffiffiffiffiffiffiffi
2πr

p.� �
Re
X3
j¼1

Cj

ffiffiffiffiffi
Θj

p�
;

σ3 ¼ � 1
ffiffiffiffiffiffiffi
2πr

p.� �
Re
X3
j¼1

Cjμj
ffiffiffiffiffi
Θj

p�
; D1 ¼ 1

ffiffiffiffiffiffiffi
2πr

p.� �
Re
X3
j¼1

Cjμjηj
ffiffiffiffiffi
Θj

p�
;

D2 ¼ � 1
ffiffiffiffiffiffiffi
2πr

p.� �
Re
X3
j¼1

Cjηj
ffiffiffiffiffi
Θj

p�
; Θj ¼ cos θ þ μj sin θ

(3.116)
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or in the polar coordinate system yields

σθ ¼ 1
ffiffiffiffiffiffiffi
2πr

p.� �
Re
X3
j¼1

CjΘ
3 2=
j ; σr ¼ 1

ffiffiffiffiffiffiffi
2πr

p.� �
Re
X3
j¼1

Cj
~Θ2
j

ffiffiffiffiffi
Θj

p�
;

σθr ¼ 1
ffiffiffiffiffiffiffi
2πr

p.� �
Re
X3
j¼1

Cj
~Θj

ffiffiffiffiffi
Θj

p
; Dr ¼ � 1

ffiffiffiffiffiffiffi
2πr

p.� �
Re
X3
j¼1

Cjηj ~Θj

ffiffiffiffiffi
Θj

p�
;

Dθ ¼ 1
ffiffiffiffiffiffiffi
2πr

p.� �
Re
X3
j¼1

Cjηj
ffiffiffiffiffi
Θj

p
; ~Θj ¼ cos θ � μj sin θ

(3.117)

It is seen that the stresses have the singularity 1
ffiffi
r

p
= and σ11 , D

1
1 do not affect the

electroelastic asymptotic field. Xu and Rajapakse (1999) discussed an arbitrarily

oriented void/crack.

3. Conducting crack
The solution of a conducting crack can be obtained from the conducting elliptic

hole directly when b a= ! 0 or from the general solution when E0 ! 1 at first and

then when b a= ! 0.

3.4.9 Eshelby’s Elliptic Inclusion Problem in a Piezoelectric
Material

Now discuss the Eshelby’s elliptic inclusion problem in a piezoelectric material (Ru

1997). In a piezoelectric material, there is a region Sc. In Sc there are the generalized
eigenstrains ðε�;E�Þ and the corresponding additional generalized displacement:

U� ¼ u�;φ�ð Þ
¼ ε�11x1 þ ε�12x2; ε

�
12x1 þ ε�22x2; 2 ε�13x1 þ ε�23x2

� �
;� E�

1x1 þ E�
2x2

� �� �T
(3.118)

The connective conditions on the interface L are

u ¼ uc þ u�; φ ¼ φc þ φ�; z 2 L (3.119)

Substituting Eqs. (3.16) and (3.23) into Eq. (3.119), the connective conditions

become

Af ðzPÞ þ Af ðzPÞ ¼ Af cðzPÞ þ Af cðzPÞ þ u�

Bf ðzPÞ þ Bf ðzPÞ ¼ Bf cðzPÞ þ Bf cðzPÞ
�
; z 2 L (3.120)
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where f cðzPÞ is the solution in Sc. Multiplying the first equation and second equation

by BT and AT, respectively, then adding them, and using Eq. (3.34) yield

f ðzPÞ ¼ f cðzPÞ þ BTu�; z 2 L (3.121)

Using the relations between x1; x2 and zP; �zP in Eq. (3.15), for z 2 L we have

BTu� ¼ ξPzP þ ηP�zP½ �T ¼ ξ1z1 þ η1�z1; ξ2z2 þ η2�z2; ξ3z3 þ η3�z3; ξ4z4 þ η4�z4½ �T
(3.122)

where ξP; ηP are constants determined by BTu�. Therefore Eq. (3.121) can be

separated into four independent scalar equations:

fPðzPÞ ¼ f cPðzPÞ þ ξPzP þ ηP�zP; zP 2 LP; P ¼ 1 � 4 (3.123)

Using the mapping function described in Eq. (3.86) yields

�zP ¼ �ωPð1 σP= Þ ¼ �cPσ
�1
P þ �dPσP; cP ¼ a� iμPbð Þ 2= ;

dP ¼ aþ iμPbð Þ 2= ; zP 2 LP

So �zP is the boundary value of an analytic functionDP ςPð Þ in SP or in the exterior
of ScP

DP ςPð Þ ¼ �cPς
�1
P þ �dPςP

DP zPð Þ ¼ �cP
zP �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2P � ða2 þ μ2Pb

2Þ
p

aþ iμPb
þ �dP

zP þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2P � a2 þ μ2Pb

2ð Þ
p

a� iμPb
; zP 2 SP

DP zPð Þ ! hPzP; hP ¼ a� i�μPbð Þ a� iμPbð Þ= ; when zP ! 1
(3.124)

Substitution of Eq. (3.124) into Eq. (3.123) yields

fPðzPÞ � ξPzP � ηPDP zPð Þ ¼ f cPðzPÞ; zP 2 LP; P ¼ 1 � 4 (3.125)

Usually the boundary conditions at infinity are fPðzPÞ ! 0, when zPj j ! 1, so

the functions in the left- and right-hand side of Eq. (3.125) are all analytic.

Therefore we have

fPðzPÞ ¼ ηP DP zPð Þ � hPzP½ �; zP 2 SP
f cPðzPÞ ¼ � ξP þ ηPhPð ÞzP; zP 2 ScP

�
;P ¼ 1 � 4; not summation on P

(3.126)

From Eq. (3.126), it is known that the generalized stress field is uniform in the

elliptic inclusion.
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In Ru’s paper (1997), he also discussed the inclusion with arbitrary shape by the

mapping function (Muskhelishvili 1954, 1975; Kantorovich and Krylov 1958)

z ¼ ω ςð Þ ¼ λςþ
X1
k¼0

λkς
�k (3.127)

In many cases the truncation of the infinite series to finite terms k ¼ N offers

good approximation (Savin 1961).

Zeng and Rajapakse (2003) discussed the Eshelby’s elliptic inclusion problem

with specified generalized eigenstrains ε�;D�ð Þ.

3.5 Rigid Elliptic Inclusion in Transversely

Piezoelectric Material

3.5.1 Basic Theory

Though we can use the theory obtained in Sect. 3.3.2, but in this section we

rather use the first kind of the constitutive equation in Eq. (2.83) to discuss the

problem, i.e.,

εij ¼ sEijklσkl þ dσkijEk; Di ¼ dDijkσjk þ EσijEj (3.128)

Analogous to the derivation in Sect. 3.3.2, for the generalized plane problem in

the transversely isotropic material, we have

εx ¼ γzx ¼ γxy ¼ τzx ¼ τyz ¼ Ex ¼ Dx ¼ 0; σx ¼ � s12σy þ s13σz þ d31Ez

� �
s11=

x1 ¼ y; x2 ¼ z; x3 ¼ x; σ1 ¼ σy; σ2 ¼ σz; σ3 ¼ τyz; ε1 ¼ εy; ε2 ¼ εz; ε3 ¼ γyz

D1 ¼ Dy; D2 ¼ Dz; E1 ¼ Ey; E2 ¼ Ez

s13 ¼ s23; s11 ¼ s22; s44 ¼ s55; s66 ¼ 2 s11 � s12ð Þ; d31 ¼ d32; d15 ¼ d24; E11 ¼ E22
(3.129)

Analogous to Eq. (3.74), the constitutive equation in terms of the reduced

material constants is

ε1

ε2

ε3

D1

D2

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

¼

a11 a12 0 0 b21

a12 a22 0 0 b22

0 0 a33 b13 0

0 0 b13 k11 0

b21 b22 0 0 k22

0
BBBBBB@

1
CCCCCCA

σ1

σ2

σ3

E1

E2

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

a11 ¼ s11 � s212 s11= ; a12 ¼ s13 � s12s13 s11= ; a22 ¼ s33 � s213 s11= ; a33 ¼ s44

b21 ¼ 1� s12 s11=ð Þd31; b22 ¼ d33 � d31s13 s11= ; b13 ¼ d15; k11 ¼ E11; k22 ¼ E33 � d231 s11=

(3.130)
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In the present case the generalized equilibrium and compatibility equations are,

respectively,

σ1;1 þ σ3;2 ¼ 0; σ3;1 þ σ2;2 ¼ 0; E1;2 � E2;1 ¼ 0 (3.131)

ε1;22 þ ε2;11 � ε3;12 ¼ 0; D1;1 þ D2;2 ¼ 0 (3.132)

Introduce the stress function Λ and the electric potential φ:

σ1 ¼ Λ;22; σ2 ¼ Λ;11; σ3 ¼ �Λ;12; E1 ¼ �φ;1; E2 ¼ �φ;2 (3.133)

Equation (3.131) is satisfied automatically and Eq. (3.132) becomes

L4Λ� L3φ ¼ 0; L3Λ� L2φ ¼ 0

L4 ¼ a22
@4

@x41
þ a11

@4

@x42
þ 2a12 þ a33ð Þ @4

@x21@x
2
2

L3 ¼ b21
@3

@x32
þ b22 � b13ð Þ @3

@x2@x21
; L2 ¼ k11

@2

@x21
þ k22

@2

@x22

(3.134)

Eliminating Λ or φ from Eq. (3.134) yields

L4L2 � L23
� �

Λ ¼ 0; L4L2 � L23
� �

φ ¼ 0 (3.135)

The solution of Eq. (3.135) is

Λ ¼ 2Re
X3
j¼1

~f jðzÞ; φ ¼ 2Re
X3
j¼1

ηjfj zj
� �

; fj zj
� � ¼ ~f

0
j zj
� �

ηj ¼ l3 l2= ¼ μj b21μ
2
j þ b22 � b13ð Þ

h i
k11 þ k22μ

2
j

� �.
; z ¼ x1 þ μx3

(3.136)

where μj is the root of the following eigen-equation

l4 μð Þl2 μð Þ � l23 μð Þ ¼ 0; l4 ¼ a22 þ a11μ
4 þ ð2a12 þ a33Þμ2

l3 ¼ μ b21μ
2 þ b22 � b13ð Þ� �

; l2 ¼ k11 þ k22μ
2

(3.137)

Equation (3.137) has 6 roots and μk ¼ αk þ iβk; α1 ¼ 0; μ3 ¼ ��μ2; μkþ3 ¼ �μk.
From Eqs. (3.134) and (3.137), we get

φ ¼ 2Re
X3
j¼1

ηjfj zj
� �

; ηj ¼
l3
l2
¼ μj d21μ

2 þ d22 � d13ð Þ½ �
E11 þ E22μ2

(3.138)
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where fjðzjÞ ¼ ~fj
0ðzjÞ. Substituting Eqs. (3.136) and (3.138) into Eqs. (3.133) and

(3.130) yields, respectively,

σ1 ¼ 2Re
X3
j¼1

μ2j Fj zj
� �

; σ2 ¼ 2Re
X3
j¼1

Fj zj
� �

; σ3 ¼ �2Re
X3
j¼1

μjFj zj
� �

E1 ¼ �2Re
X3
j¼1

ηjFj zj
� �

; E2 ¼ �2Re
X3
j¼1

μjηjFj zj
� �

; Fj zj
� � ¼ f 0j zj

� �
(3.139)

u1 ¼ 2Re
X3
j¼1

pjfj zj
� �� ωx2; pj ¼ a11μ

2
j þ a12 � b21μjηj

u2 ¼ 2Re
X3
j¼1

qjfj zj
� �þ ωx1; qj ¼ a12μ

2
j þ a22 � b22μjηj

� �.
μj

D1 ¼ �2Re
X3
j¼1

λjμjFj zj
� �

; D2 ¼ 2Re
X3
j¼1

λjFj zj
� �

λjμj ¼ b13μj þ k11ηj; λj ¼ b21μ
2
j þ b22 � k22μjηj

(3.140)

where ω is the rigid rotation angle.

3.5.2 Rigid Elliptic Inclusion

The discussed problem can also be shown in (Fig. 3.3) as that in the Sect. 3.4.1,

but here Sc is not a hole, rather a rigid inclusion. The notations are the same as that

in Sect. 3.4.1, except the permittivity in the inclusion is denoted by Ec instead of E0 in
the air. The boundary conditions at infinity are assumed ω ¼ 0 and

σ ¼ σ1; E ¼ E1 (3.141)

On the interface the connective equation is

u1 ¼ uc1 ¼ �ωcx2; u2 ¼ uc2 ¼ ωcx1; φ ¼ φi;

Z s

0

Dnds ¼
Z s

0

Dc
nds; on L

Z s

0

Dnds ¼
Z s

0

D1n1 þ D2n2ð Þds ¼
Z s

0

D1dx2 � D2dx1ð Þ ¼ 2Re
X3
j¼1

λjfj
� �		s

0

(3.142)
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Similar to Sect. 3.4, the complex function method is used. The mapping function

is shown in Eq. (3.86). Assume that the function fjðzjÞ can be expanded as that in

Eq. (3.87) and

σ11 ¼ 2Re
X3
j¼1

μ2j Cj; σ12 ¼ 2Re
X3
j¼1

Cj; σ13 ¼ �2Re
X3
j¼1

μjCj

E1
1 ¼ �2Re

X3
j¼1

ηjCj; E1
2 ¼ �2Re

X3
j¼1

μjηjCj; ImC1 ¼ 0

(3.143)

Substitution of Eqs. (3.140) and (3.87) into first two equations in (3.142) yields

2Re
X3
j¼1

pj Cj x1 þ μjx2
� �þ aj0 þ

X1
k¼1

ajk�σ
k

" #
¼ �ωcx2

2Re
X3
j¼1

qj Cj x1 þ μjx2
� �þ aj0 þ

X1
k¼1

ajk�σ
k

" #
¼ ωcx1; on Γ

(3.144)

Noting on Γ , ςj ¼ σ ¼ eiϑ j ¼ 0; 1; 2; 3ð Þ , x1 ¼ a σ þ �σð Þ 2= , and x2 ¼
�ib σ � �σð Þ 2= . From Eqs. (3.144), we have

aj0 ¼ 0; ajk ¼ 0; k � 2X3
j¼1

2pjaj1 þ pjCj aþ iμjb
� �þ �pj �Cj aþ i�μjb

� � ¼ �ibωc

X3
j¼1

2qjaj1 þ qjCj aþ iμjb
� �þ �qj �Cj aþ i�μjb

� � ¼ aωc; on Γ

(3.145)

According to the knowledge of the elastic inclusion (Mura 1987) and the

solution, Eq. (3.96), it is assumed that the electric field in the inclusion Sc is

constant. Let

φc ¼ 2Reϕc z0ð Þ ¼ 2ReCc
0z0;

z0 ¼ x1 þ μ0x3 ¼ 1 2=ð Þ ða� iμ0bÞς0 þ ðaþ iμ0bÞς�1
0

� � (3.146)

where Cc
0 is a constant. From Dc

1;1 þ Dc
2;2 ¼ 0, it can be obtained that

Ec11φ
c
;11 þ Ec22φ

c
;22 ¼ 0; ) Ec11ϕ

00c þ Ec22μ
2
0ϕ

00c ¼ 0; ϕ00c ¼ d2ϕc dz20
�

(3.147)

From Eqs. (3.146) and (3.147), we find

Ec11 þ Ec22μ
2
0 ¼ 0; μ0 ¼ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ec11 Ec22
�q

; Ec11 ¼ �μ20Ec22 (3.148)
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Z s

0

Dc
nds ¼

Z s

0

Dc
1n

c
1 þ Dc

2n
c
2

� �
ds ¼ 2Re

Z s

0

Ec22μ0ϕ
0c μ0dx2 þ dx1ð Þ ¼ 2Re Ec22μ0ϕ

c
� �s

0

(3.149)

Substituting Eqs. (3.148) and (3.149) into the last two equations in Eq. (3.140),

the electric connective conditions on the interface are reduced to

2Re
X3
j¼1

ηjfjðzjÞ ¼ 2Re
X3
j¼1

ηj Cjzj þ aj1ς
�1
j

h i
¼ 2Re Cc

0z0
� �

2Re
X3
j¼1

λjfjðzjÞ ¼ 2Re
X3
j¼1

λj Cjzj þ aj1ς
�1
j

h i
¼ 2Re Ec22μ0ϕ

i
� � (3.150)

or

X3
j¼1

2ηjaj1 þ ηjCj aþ ibμj
� �þ �ηj �Cj aþ ib�μj

� �� � ¼ Cc
0 aþ ibμ0ð Þ þ �Cc

0 aþ i�μ0bð Þ

X3
j¼1

2λjaj1 þ λjCj aþ ibμj
� �þ �λj �Cj aþ ib�μj

� �� � ¼ Ec22 μ0 aþ ibμ0ð Þ þ �μ0 aþ i�μ0bð Þ½ �

(3.151)

According to Eqs. (3.28) and (3.71), we know that

T1 ¼ �dΦ1 ds= ¼ dΛ ds=ð Þ;2; T2 ¼ �dΦ2 ds= ¼ � dΛ ds=ð Þ;1 (3.152)

The ωc is determined by the condition that there is no moment acting on the

inclusion, i.e.,

Mn ¼
I

�T1x2 þ T2x1ð Þ ds ¼ �
I

d Λ;2

� �
x2 þ d Λ;1

� �
x1

� � ¼ 0

σ1 ¼ Λ;22; σ2 ¼ Λ;11; σ3 ¼ �Λ;12; E1 ¼ �φ;1; E2 ¼ �φ;2

(3.153)

Using Eqs. (3.136) and (3.145) and the residual theorem, we finally get

X3
j¼1

a� ibμj
� �

aj1 � aþ ib�μj
� �

�aj1
� � ¼ 0 (3.154)

The undetermined constants Cj; aj1;C
c
0;ω

c can be determined by Eqs. (3.143),

(3.145), (3.151), and (3.154). If ωc is given, the moment acting on the inclusion is

determined by Eq. (3.153).
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3.6 Singularity

3.6.1 Singularity in a Homogeneous Material

Let a generalized singularity load be located at a point z0ðx10; x20Þ in an infinite

homogeneous material. A generalized singularity load means a generalized dislo-

cation bðb1; b2; b3; b4Þ and a generalized force pðp1; p2; p3; p4Þ, where ðb1; b2; b3Þ are
the Burgers vectors representing the displacement increment around the dislocation

line and b4 is the potential increment around the dislocation line. ðp1; p2; p3Þ are the
concentrate forces and p4 is the point electric charge or the electric displacement

flux. Let

gðzjÞ ¼ lnðzj � z0jÞ
� �

c; gjðzjÞ ¼ cj lnðzj � z0jÞ; z0j ¼ x01 þ μjx02

GðzjÞ ¼ g0ðzjÞ ¼ ðzj � z0jÞ�1
D E

c; GjðzjÞ ¼ cjðzj � z0jÞ�1
(3.155)

where cðc1; c2; c3; c4Þ is an undetermined constant vector, lnðzj � z0jÞ
� � ¼ diag

lnðzj � z0j
� �

. Obviously lnðzj � z0jÞ is a multivalued function and z0j is a branch

point. According to Eqs. (3.16), (3.23), and (3.155), the solutions are assumed as

U ¼ 2Re½AgðzPÞ�; Ui ¼ 2Re
X4
j¼1

Aijcj ln zj � z0j
� �

Φ ¼ 2Re½BgðzPÞ�; Φi ¼ 2Re
X4
j¼1

Bijcj ln zj � z0j
� � (3.156a)

where z0j is the branch point of the ln-function (usually the branch cut is chosen in

the negative x1 direction, from zj0 to �1) and select a single-valued branch that the

polar angle is measured from the positive x1 direction . On the two sides of the cut, it
is defined

b ¼ Uþ � U� ¼ 2πi Ac� �A�cð Þ; p ¼ T� � Tþ ¼ Φþ �Φ� ¼ 2πi Bc� �B�cð Þ
(3.157)

where the superscript “+” and “ � ” denote the values approached from the upper

and lower half planes, respectively. Using the identities (3.34) from Eqs. (3.156a)

and (3.157) yields

2πi
A �A

B �B


 �
c

��c

� �
¼ b

p

� �
;

c

��c

� �
¼ 1

2πi

BT AT

�B
T �A

T

" #
b

p

� �
; or

c ¼ 1 2π=ð Þ B�1 Y þ �Yð Þ�1
b� A�1 Y�1 þ �Y

�1
� ��1

p

� �
¼ 1 2πi=ð ÞV;

V ¼ BTbþ ATp

(3.158)
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So the solutions in Eq. (3.156a) become

gðzjÞ ¼ 1 2πi=ð Þ lnðzj � z0jÞ
� �

V; GðzjÞ ¼ 1 2πi=ð Þ ðzj � z0jÞ�1
D E

V

U ¼ 1 π=ð ÞIm A lnðzj � z0jÞ
� �

V
� �

; Φ ¼ 1 π=ð ÞIm B lnðzj � z0jÞ
� �

V
� � (3.156b)

The solution of the singularity problem can be used as the source function of a

general problem.

3.6.2 Singularity in a Bimaterial

Let the material I be located at the upper half-planeSþ,x2 > 0, and the material II be

located at the lower half-planeS�, x2 < 0; x1 ¼ 0 is the interfaceL; a singularity load
is located at z0ðx10; x20Þ in the material II (Fig. 3.5a). At first the problem is

discussed in the z plane. Let (Tucker 1969; Barnett and Lothe 1975)

f ðz; z0Þ ¼ f Iðz; z0Þ z 2 Sþ

f IIðz; z0Þ þ gIIðz; z0Þ z 2 S�

�
(3.159)

where gIIðz; z0Þ ¼ gIIðzÞ is the solution in a homogeneous material, i.e., the solution

when the material II is extended to whole infinite plane, so gIIðz; z0Þ is analytic in
the material I.

gIIðzjÞ ¼ cII lnðz� z0Þh i; cII ¼ 1 2πi=ð ÞVII; VII ¼ BT
IIbþ AT

IIp
� �

(3.160)

On the interface x2 ¼ 0, we have UI ¼ UII;ΦI ¼ ΦII or

AI f Iðx1Þ þ �AI f Iðx1Þ ¼ AII f IIðx1Þ þ �AII f IIðx1Þ þ AIIgIIðx1; x01Þ þ �AIIgIIðx1; x01Þ
BI f Iðx1Þ þ �BI f Iðx1Þ ¼ BII f IIðx1Þ þ �BII f IIðx1Þ þ BIIgIIðx1; x01Þ þ �BIIgIIðx1; x01Þ

(3.161)

Fig. 3.5 Singularity in a bimaterial, singularity located (a) at lower plane, (b) at upper plane, and

(c) on interface
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It is noted (Muskhelishvili 1954, 1975) that

fþðx1Þ ¼ �f
�ðx1Þ; f�ðx1Þ ¼ �f

þðx1Þ; f Iðx1Þ ¼ fþðx1Þ; f IIðx1Þ ¼ f�ðx1Þ (3.162)

where the superscripts “þ ” and “� ” indicate the limit values taken from the upper

and lower half planes, respectively. By using Eq. (3.162), Eq. (3.161) can be

reduced to

AI f
þ
I ðx1Þ � �AII

�f
þ
II ðx1Þ � AIIgIIðx1; x01Þ ¼ AIIf

�
II ðx1Þ � �AI

�f
�
I ðx1Þ þ �AII�gIIðx1; x01Þ

BI f
þ
I ðx1Þ � �BII

�f
þ
II ðx1Þ � BIIgIIðx1; x01Þ ¼ BIIf

�
II ðx1Þ � �BI

�f
�
I ðx1Þ þ �BII�gIIðx1; x01Þ

(3.163)

It is known that the functions at the left side in Eq. (3.163) are analytic in

the upper half-plane x2 > 0, whereas those on the right side are analytic in the

lower half-plane x2 < 0, and they are continuous on x1 ¼ 0: So according to

Liouville theorem, these functions are analytic in whole plane and must be

constants. If there are no generalized external forces and displacements acting at

infinite, these constants must be zero. So we have

BIf IðzÞ � �BII
�f IIðzÞ � BIIgIIðzÞ ¼ 0; AIf IðzÞ � �AII

�f IIðzÞ � AIIgIIðzÞ ¼ 0; z 2 Sþ

BIIf IIðzÞ � �BI
�f IðzÞ þ �BII�gIIðzÞ� ¼ 0; AIIf IIðzÞ � �AI

�f IðzÞ þ �AII�gIIðzÞ� ¼ 0; z 2 S�

(3.164)

From Eq. (3.164) we get

f IðzÞ ¼ B�1
I H�1 �YII þ YIIð ÞBIIgIIðzÞ; z 2 Sþ

f IIðzÞ ¼ B�1
II

�H
�1 �YII � �YIð Þ�BII�gIIðzÞ; z 2 S�

(3.165)

where H ¼ YI þ �YII; Y ¼ iAB�1. It is noted that the above theory will be often

used in the following sections and we only give a simple illustration there.

Finally the solution of the problem is

UI ¼ 2Re AI f IðzPÞh i½ �; z 2 Sþ; UII ¼ 2Re AII f IIðzPÞ þ gIIðzPÞh i½ �; z 2 S�

ΦI ¼ 2Re BI f IðzPÞh i½ �; z 2 Sþ; ΦII ¼ 2Re BII f IIðzPÞ þ gIIðzPÞh i½ �; z 2 S�

(3.166)

Some special cases are discussed as follows:

1. Semi-infinite material. If the material I is not existed, i.e., x2 ¼ 0 is a free

plane, i.e., f IðzjÞ ¼ 0;ΦIIðx1; 0Þ ¼ 0. Let AII ¼ A; BII ¼ B; then

f ðzjÞ ¼ gIIðzjÞ � B�1�B�gIIðzjÞ (3.167)
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2. Material I is rigid. x2 ¼ 0 is a fixed plane, i.e., f IðzjÞ ¼ 0;UIIðx1; 0Þ ¼ 0. Let

AII ¼ A; BII ¼ B; then

f ðzjÞ ¼ gIIðzjÞ � A�1�A�gIIðzjÞ (3.168)

3. Singularity at the upper semi-infinite plane. If a singularity z0ðx10; x20Þ is

located in the material I (Fig. 3.5b), then

FðzjÞ ¼ f 0ðzjÞ ¼
FIðzjÞ þ GIðzjÞ z 2 Sþ

FIIðzjÞ z 2 S�

(

GIðzjÞ ¼ c
I
ðzj � z0jÞ�1
D E

; cI ¼ 1 2πi=ð ÞVI; VI ¼ BT
I bþ AT

I p
� � (3.169)

FIðzÞ ¼ B�1
I H�1 �YI � �YIIð Þ�BI

�GIðzÞ ¼ �A�1
II AI � �B�1

II BI

� ��1 �B�1
II

�BI � �A�1
II

�AI

� �
�GIðzÞ

FIIðzÞ ¼ B�1
II

�H
�1 �YI þ YIð ÞBIGIðzÞ ¼ �B�1

I BII � �A�1
I AII

� ��1 �B�1
I BI � �A�1

I AI

� �
GIðzÞ

(3.170)

3.6.3 Singularity on the Interface in a Bimaterial

Let a singularity z0ðx01; x02 ¼ 0Þ be located on the interface in a biomaterial

(Fig. 3.5c). Wang and Kuang (2000, 2002) took the following solution:

Uαd ¼ 2Re Aα lnðzαj � x01jÞ
� �

Vα

� �
; Vα ¼ 1 π=ð Þ AT

α lα þ BT
αgα

� �
Φαd ¼ 2Re Bα lnðzαj � x01jÞ

� �
Vα

� �
; α ¼ I; II

(3.171)

where lα; gα are undetermined vectors. Draw a cut from x01 to �1; the jump value

on the cut (between crack surfaces) of the generalized displacement and traction are

UI x1; 0
þð Þ � UII x1; 0

�ð Þ ¼ b; x1 < 0; ΦI x1; 0
þð Þ �ΦII x1; 0

�ð Þ ¼ pδ x01ð Þ
(3.172)

where δ x1ð Þ is the Dirac function. Using the following result (Qu and Li 1991),

lim
x2!0

ln x1 þ μx2ð Þ ¼ ln x1j j  iπH x1ð Þ;

lim
x2!0

1

x1 þ μx2
¼ 1

x1
� iπδ x1ð Þ; if Im μ > 0

(3.173)

where H x1ð Þ is the Heaviside unit step function. Substituting Eqs. (3.171) and

(3.173) into Eq. (3.172) and using Eq. (3.34) we get
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b ¼ 2 π=ð ÞRe AI ln x1 � x01j j þ iπH x1ð Þh i BT
I g1 þ AT

I l1
� �� ���

� AII ln x1 � x01j j � iπH x1ð Þh i BT
IIg2 þ AT

IIl2
� �� ��

¼ 1 π=ð Þ ln x1 � x01j j gI � gIIð Þ þ SIgI þ SIIgII þMIlI þMIIlII

p ¼ 1 πx1=ð Þ lI � lIIð Þ þ STI lI þ STIIlII � LIgI � LIIgII
� �

(3.174)

where S;M and L are shown in Eq. (3.35) and all real matrixes. From Eq. (3.174)

we get

gI ¼ gII ¼ g; lI ¼ lII ¼ l;
l

g

( )
¼ Ω1 Ω2

Ω3 Ω4


 �
b

p

( )

Ω1 ¼ M1 þM2ð Þ þ S1 þ S2ð Þ L1 þ L2ð Þ�1 S1 þ S2ð ÞT
n o�1

Ω2 ¼ M1 þM2ð Þ þ S1 þ S2ð Þ L1 þ L2ð Þ�1 S1 þ S2ð ÞT
n o

S1 þ S2ð Þ L1 þ L2ð Þ�1

Ω3 ¼ L1 þ L2ð Þ þ S1 þ S2ð ÞT M1 þM2ð Þ�1 S1 þ S2ð Þ
n o�1

S1 þ S2ð ÞT M1 þM2ð Þ�1

Ω4 ¼ � L1 þ L2ð Þ þ S1 þ S2ð ÞT M1 þM2ð Þ�1 S1 þ S2ð Þ
n o�1

(3.175)

whereΩ1;Ω2;Ω3;Ω4 are all real matrix. Substitution of Eq. (3.175) into Eq. (3.171)

yields

Vα ¼ Mαbþ Nαp; Mα ¼ 1 π=ð ÞðAT
αΩ1 þ BT

αΩ3Þ; Nα ¼ 1 π=ð ÞðAT
αΩ2 þ BT

αΩ4Þ
(3.176)

Zhou et al. (2007) discussed a generalized screw dislocation in a piezoelectric

tri-material body.

3.6.4 Electric Dipole

Wang and Kuang (2000, 2002) discussed the electric dipole in a piezoelectric

material. The electric dipole may be useful in the discussion on the electric

switching wake. Let a generalized concentrate load p ¼ �qeI4; I4 ¼ 0; 0; 0; 1½ �T
be acted at z0 and p ¼ qeI4 acted at z1. Solutions of these problems are U0;Φ0 and

U1;Φ1, respectively:

U0 ¼ Re � qe πi=ð ÞA lnðzj � z0jÞ
� �

ATI4
� �

; Φ0 ¼ Re � qe πi=ð ÞB lnðzj � z0jÞ
� �

ATI4
� �

U1 ¼ Re qe πi=ð ÞA lnðzj � z1jÞ
� �

ATI4
� �

; Φ1 ¼ Re qe πi=ð ÞB lnðzj � z1jÞ
� �

ATI4
� �
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Using the relation,

z1 � z0 ¼ d cos θ þ i sin θð Þ ! 0; z1j � z0j ¼ d cos θ þ μj sin θ
� �! 0

lim
d!0;qed!p

qe lnðzj � z1jÞ � qe lnðzj � z0jÞ
� � ¼ lim

d!0;qed!p
qe ln zj � z1j

� �
zj � z0j
� ��� �

¼ �pe Θj zj � z0j
� ��� �

; lim
qe!1;d!0

qed ¼ pe; Θj ¼ cos θ þ μj sin θ

(3.177)

where pe is the electric pole couple and d is the distance from the negative charge to

the positive charge. Thus the solution of an electric dipole in a homogeneous

material is

Up ¼ U1 � U0 ¼ Re i pe π=ð ÞA Θj zj � z0
� ��1

D E
ATI4

h i
Φp ¼ Φ1 �Φ0 ¼ Re i pe π=ð ÞB Θj zj � z0

� ��1
D E

ATI4

h i (3.178)

Σ2 ¼ Φ;1 ¼ Re pe πi=ð ÞB Θj zj � z0
� ��2

D E
ATI4

h i
Σ1 ¼ �Φ;2 ¼ �Re pe πi=ð ÞB μjΘj zj � z0

� ��2
D E

ATI4

h i (3.179)

For an electric dipole on the interface in a bimaterial consisted of materials I and

II, the solution can be obtained from Eqs. (3.171) and (3.176):

Uαd ¼ 2Re Aα ln zαj � x01 � d
� �� ln zαj � x01

� �� �
α
Nαqe

h i
I4

¼ �2peRe Aα zαj � x01
� ��1
D E

Nα

h i
I4

Φαd ¼ 2Re Bα ln zαj � x01 � d
� �� ln zαj � x01

� �� �
α
Nαqe

h i
I4

¼ �2peRe Bα zαj � x01
� ��1
D E

Nα

h i
I4; α ¼ I:II

(3.180)

3.6.5 General Case

Now we discuss a multiply connected plate. Let the kth singularity be located at z
ð0Þ
k

and its total number be N, the kth inclusion occupy the regionSk and its total number

be M, the region occupied by the piezoelectric material be denoted by S with the

outer profile L0, and the interface between Sk and S be Lk (Fig. 3.6). The complex

stress function Φ zPð Þ can beassumed in the following form and complete deter-

mined by the boundary conditions:

fP zPð Þ ¼ CPzP þ
XN
k¼1

αPk ln zP � z
ð0Þ
Pk

� �
þ
XM
k¼1

βPk ln zP � zPkð Þ þ f0P zPð Þ

αk ¼ 1 2πi=ð ÞVk; Φ ¼ 2Re½Bf ðzPÞ�; Φk �Φ0 ¼ �
I
Lk

Tds;

I
Lk

dU ¼ bk � b0

(3.181)
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where zPk is a point inside the contour Lk and can be selected arbitrarily, f0P zPð Þ
is a single-valued function analytic in S, and Φ0; b0 are constant vectors. If the

singularity is considered as an infinitesimal inclusion, the terms containing singu-

larity can be omitted.CP can be determined by the stress condition at infinity and for

a finite body CP ¼ 0; βPk can be expressed by the external generalized resultant

force and the generalized dislocation acted on Sk. When we use the stress function

method given in Sect. 3.3, the generalized stress function and displacement are

expressed by Φ ¼ 2Re½Bf ðzPÞ� and U ¼ 1 π=ð ÞIm Af ðzPÞ½ �, respectively, where B
and A are expressed by Eqs. (3.65) and (3.66).

3.7 Interaction of an Elliptic Inclusion with a Singularity

3.7.1 Green Function for a Singularity Outside the Elliptic
Inclusion

Let an elliptic inclusion I with major axis 2a– and minor axis 2b–occupied Sþ be

imbedded in an infinite piezoelectric material matrix II–occupied S�. L is their

interface. A singularity with strength b; pð Þ is acted at z0 ¼ x01 þ ix02 located in the
matrix (Fig. 3.7). Huang and Kuang (2001b) discussed this problem under the

conditions

Σ ¼ Σ1 ¼ 0; zj j ! 1
UI ¼ UII; ΦI ¼ ΦII; z 2 L

(3.182)

In this problem the second natural coordinate system is used, i.e., use ðn; t0Þ in
(3.29b) and T ¼ dΦ ds= . The transform method is used and the transform functions

ωðςÞ and ωjðςjÞ are shown in Eqs. (3.82) and (3.86) respectively.

Fig. 3.6 General multiply

connected plane zone

3.7 Interaction of an Elliptic Inclusion with a Singularity 127



In this section for clarity, the notations I; II will be written as superscripts.

According to Ting (1996) and Huang and Kuang (2001b), the solution for a

singularity outside the elliptic inclusion is assumed in the following form:

UII ¼ 1 π=ð ÞIm AII ln ςIIj � ςII0j

� �D E
VII

h i
þ 1 π=ð ÞIm

X4
β¼1

AII ln 1 ςIIj

.� �
� �ςII0β

h iD E
V00
β

h i

þ 1 π=ð ÞIm
X1
k¼1

AII 1 kςII kj

.� �D E
gk

h i
(3.183)

UI � UI
0 ¼ 1 π=ð ÞIm

X4
β¼1

AI ln zIj � yIjβ

� �D E
V0
β

h i
þ 1 π=ð ÞIm

X1
k¼1

1 k=ð ÞAI f Ijk

D E
hk

h i
(3.184)

where uI0;V
0
β;V

00
β; gδ; hδ are undetermined vectors and

VII ¼ BIITbþ AIITp; f Ijk ¼ ςIj

� �k
þ mI

j

� �k
ςIj

� ��k

zII0j ¼ x01 þ μIIj x02 ¼ cIIj ς
II
0j þ dIIj ςII0j

� ��1

; cIIj ¼ RII
j ; dIIj ¼ RII

j m
II
j

yIjβ ¼ yjβ1 þ μIjyjβ2 ¼ cIjς
II
0β þ dIj ςII0β

� ��1

; cIj ¼ RI
j ; dIj ¼ RI

jm
I
j

(3.185)

where f Ijk is analytic in an annular region
ffiffiffiffi
m

p
< jςij < 1; 0 � θ < 2π (see

Sect. 3.4.2).

Now Eqs. (3.183) and (3.184) will be explained in detail. In Eq. (3.183) the first

term is the solution of a singularity when matrix II extended to whole space. It is

noted that ςII0β and 1=�ςII0β are mirror images of each other with respect to the unit

circle γ in ς plane, so jςII0βjj1=�ςII0βj ¼ 1. From ð1=ςIIj Þ � �ςII0β ¼ 0, it is known that

this singularity is located at ðςIIj Þ ¼ ð1=�ςII0βÞ, so the second term represents solutions

Fig. 3.7 An elliptic inclusion
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of 4 image singularities located at 1=�ςII0β, j1=�ςII0βj < 1 inside the inclusion I, in ς plane,

or total 16 image singularities located at zI0j ¼ ½cjð1=�ςII0βÞ þ dj�ςII0β� in four zj plane.

Similarly the first term in Eq. (3.184) represents the solution for material I, its

16 image singularities located at yjβ1; yjβ2
� �

in the matrix II. For an impermeable

hole and conductive rigid inclusion, ΦI is not needed, so the third term in

Eq. (3.183) can be omitted. This source function method is often used in the static

electromagnetic field and stationary ideal fluid mechanics but here more complex.

Using the relation

zIj � yIjβ ¼ cIj ςIj � ςII0β

� �
þ dIj ςIj

� ��1

� ςII0β

� ��1

 �

¼ cIj ςIj � ςII0β

� �
1� τIjβ ςIj

� ��1

 �

τIjβ ¼ mI
j ςII0β

� ��1

(3.186)

and ImðFÞ ¼ �Im �Fð Þ, Eqs. (3.183) and (3.184), respectively, take

UII ¼ 1

π
Im ��A

II
ln e�iψ � �ςII0j

� �D E
VIIþ

h X4
β¼1

ln e�iψ � �ςII0β

� �
AIIV00

β

þ
X1
k¼1

1 k=ð Þe�ikψAIIgk

# (3.187)

UI � UI
0 ¼ 1 π=ð ÞIm

X4
β¼1

AI ln cIj

D E
V0
β

h �(
� ln e�iψ � �ςII0β

� �
�A
I�V0

β

þ AI ln 1� τIjβe
�iψ

� �
V0
β

D Ei
þ
X1
k¼1

1 k=ð Þe�ikψ ��A
I�hk þ AI mI

j

� �k� �
hk


 �)

(3.188)

In Eqs. (3.183) and (3.187) replacing AII by BII, we get ΦII, and in Eqs. (3.184)

and (3.188) replacing AI by BI and uI0 by ΦI
0, we get Φ

I:

ΦII ¼ 1 π=ð ÞIm BII ln ςIIj � ςII0j

� �D E
VII

h i
þ 1 π=ð ÞIm

X4
β¼1

BII ln 1 ςIIj

.
� �ςII0β

� �D E
V00
β

h i

þ 1 π=ð ÞIm
X1
k¼1

BII 1 kςII kj

.D E
gk

� �

ΦI �ΦI
0 ¼ 1 π=ð ÞIm

X4
β¼1

BI ln zIj � yIjβ

� �D E
V0
β

h i
þ 1 π=ð ÞIm

X1
k¼1

1 k=ð ÞBI f Ijk

D E
hk

h i
(3.189)

3.7 Interaction of an Elliptic Inclusion with a Singularity 129



Substituting these equations into the continuity conditions (3.182) on the

interface and noting ln 1� xð Þ ¼ �P1
k¼1 x

k k= , the following equations to deter-

mine unknown functions are obtained:

UI
0 ¼ � 1 π=ð ÞIm AI ln cIj

D E
V0

� �
; ΦI

0 ¼ � 1 π=ð ÞIm BI ln cIj

D E
V0

� �
; V0 ¼

X4
β¼1

V0
β

(3.190a)

AIIV00
β þ �A

I
V0
β ¼ �A

II
Iβ �V

II
; BIIV00

β þ �B
I
V0
β ¼ �B

II
Iβ �V

II

I1 ¼ 1; 0; 0; 0h i; I2 ¼ 0; 1; 0; 0h i; I3 ¼ 0; 0; 1; 0h i; I4 ¼ 0; 0; 0; 1h i
(3.190b)

AIIgk þ �A
I�hk ¼ AI mI

j

� �k� �
hk �

X4
β¼1

τIjβ

� �k� �
V0
β

" #

BIIgk þ �B
I�hk ¼ BI mI

j

� �k� �
hk �

X4
β¼1

τIjβ

� �k� �
V0
β

" # (3.190c)

From Eq. (3.190b) we can get

BIIV00 ¼ �H
�1 �Y

I � �Y
II

� �
�B
II
Iβ �V

II
; �B

I
V0
β ¼ �H

�1
YII þ �Y

II
� �

�B
II
Iβ �V

II

Yα ¼ iAα Bαð Þ�1; H ¼ YI þ �Y
II

(3.191)

3.7.2 Green Function for a Singularity Inside the Elliptic
Inclusion

When a singularity is located inside the elliptic inclusion, the solution can be assumed:

UII ¼ 1 π=ð ÞIm AII ln ςIIj � ςI0j

� �D E
VII

h i
þ 1 π=ð ÞIm

X4
β¼1

AII ln 1 ςIIj

.� �
� 1 ςI0β

.� �h iD E
V00
β

h i

þ 1 π=ð ÞIm
X1
k¼1

AII 1 kςII kj

.� �D E
gk

h i
(3.192)

UI � UI
0 ¼ 1 π=ð ÞIm AI ln zIj � zI0j

� �
VI

n o
þ 1 π=ð ÞIm

X4
β¼1

AI ln zIj � ŷIjβ

� �D E
V0
β � IβV

I
� �h i

þ 1 π=ð ÞIm
X1
k¼1

1 k=ð ÞAI f Ijk

D E
hk

h i
(3.193)
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where

Vα ¼ BαTbþ AαTp; α ¼ I; II

zI0j ¼ cIjς
I
0j þ dIj ςI0j

.
; ŷIjβ ¼ ŷjβ1 þ μIj ŷjβ2 ¼ cIj �ςI0β

.
þ dIj�ς

I
0β

(3.194)

When z0 is located in the inclusion, the single-valued cut from z0 to �1 goes

through the material II. So the first terms in Eqs. (3.192) and (3.193) are all

discontinuous through this branch cut. The second term in Eq. (3.192) represents

solutions for material II of 16 image singularities located at ςI0β with jςI0β < 1j in the
zj plane. Similarly the second term in Eq. (3.193) represents solutions for material I

of 16 image singularities located at ðŷIj1; ŷIj2Þ outside the elliptic inclusion.
In Eq. (3.192) replacing AII byBII, we getΦII, and in Eq. (3.193) replacing AI by

BI and uI0 by ΦI
0, we get Φ

I.

Substituting the solutions into the continuity conditions in Eq. (3.182) on the

interface yields

UI
0 ¼ � 1 π=ð ÞIm

X4
β¼1

AI ln cIj

D E
V0 þ ln �ςI0β

� �
AIIβV

I � AIIIβV
II

� �n o

ΦI
0 ¼ � 1 π=ð ÞIm

X4
β¼1

BI ln cIj

D E
V0 þ ln �ςI0β

� �
BIIβV

I � BIIIβV
II

� �n o (3.195a)

AIIV00
β þ �A

I
V0
β ¼ �A

II
Iβ �V

II þ 2Re AIIβV
I � AIIIβV

II
� �

BIIV00
β þ �B

I
V0
β ¼ �B

II
Iβ �V

II þ 2Re BIIβV
I � BIIIβV

II
� � (3.195b)

AIIgk þ �A
I�hk ¼ AI mI

j

� �k� �
hk � τI0j

� �k� �
VI �

X4
β¼1

τ̂Ijβ

� �k� �
V0
β � IβV

I
� �" #

BIIgk þ �B
I�hk ¼ BI mI

j

� �k� �
hk � τI0j

� �k� �
VI �

X4
β¼1

τ̂Ijβ

� �k� �
V0
β � IβV

I
� �" #

τI0j ¼ mI
j 1 ςI0j

.� �
; τ̂Ijβ ¼ mI

j�ς
II
0β

(3.195c)

3.7.3 Green Function for a Singularity on the Interface

When a singularity is located at z0 ¼ a cosψ0 þ ib sinψ0 on the elliptic boundary,

Eqs. (3.183) and (3.184) become

UII ¼ 1 π=ð ÞIm AII ln ςIIj � eiψ0

� �D E
VII

h i
þ 1 π=ð ÞIm AII ln 1 ςIIj

.� �
� e�iψ0

h iD E
V00

h i
þ 1 π=ð ÞIm

X1
k¼1

AII 1 kςII kj

.D E
gk

� �
(3.196)
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UI � UI
0 ¼ 1 π=ð ÞIm AI ln zIj � zI0j

� �D E
V0

h i
þ 1 π=ð ÞIm

X1
k¼1

1 k=ð ÞAI f Ijk

D E
hk

h i
(3.197)

where

V00 ¼
X4
β¼1

V00
β ¼ BII

� ��1
YII þ �Y

I
� ��1

�Y
I � �Y

II
� �

�B
II�V

II

V0 ¼
X4
β¼1

V0
β ¼ BI

� ��1
YI þ �YII

� ��1
YII þ �Y

II
� �

�B
II�V

II

(3.198)

In Eq. (3.196) replacing AII byBII, we getΦII, and in Eq. (3.197) replacing AI by

BI and uI0 by ΦI
0, we get Φ

I.

From Eqs. (3.192) and (3.193), we still get the same result.

3.7.4 Material Force Between the Singularity and the Elliptic
Inclusion

Eshelby (1956) defined the material force as the negative gradient of the total

mechanical and electrical energy with respect to the position variation of the defect.

For a linear electroelasticity, we can also use the total electric enthalpy (Eq. (1.55))

instead of total energy. The general method calculating the material force is given

in many literatures, such as Lardner (1974), Pak (1990), Wen and Hwu (1994),

and Kuang et al. (1998). The total electric enthalpy of the system for a dislocation

at x01; x02ð Þ can be defined as the work required to introduce the dislocation in

the material, i.e.,

H ¼ 1 2=ð Þ
Z Λ

x01þδ
σ2ibi þ D2b4ð Þdx1; δ ! 0; Λ ! 1 (3.199)

1. Dislocation is inside the matrix. Equation (3.199) becomes

H ¼ 1 2=ð ÞbT �ΦII
		zII0j¼Λj

zII
0j
þδj

ΦII
		zII0j¼Λj

zII
0j
þδj ¼ 1 π=ð ÞIm BII ln Λj δj

�� �� �
VII þ BII ln 1� mII

j ςII0jς
II
0j

.� �D E
VII

h

�
X4
β¼1

BII ln 1� 1 ςII0j�ς
II
0β

.� �D E
V00
β�
X1
k¼1

BII 1 kςII k0j

.D E
gk

# (3.200)
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By excluding singular part of the dislocation enthalpy itself, the interaction

enthalpy part of the media with the dislocation is obtained as

HII
int ¼ 1 2π=ð ÞbT � Im BII ln 1� mII

j ςII0jς
II
0j

.� �D E
VII

h

�
X4
β¼1

BII ln 1� 1 ςII0j�ς
II
0β

.� �D E
V00�

X1
k¼1

BII 1 kςII k0j

.D E
gk

#
(3.201)

2. Dislocation is inside the inclusion. Equation (3.199) becomes

H ¼ 1 2=ð ÞbT � ΦII
		zII0j¼Λj

zII�
0j

þ ΦI
		zI�0j
zI
0j
þδj

� 
¼ 1

2π
bT � Im BII lnΛj

� �
VII � BI ln δj

� �
VI

�
�
X1
k¼1

1 k=ð ÞBI f Ijk

D E
hk �

X4
β¼1

BI ln zI0j � ŷIjβ

� �D E
V0
β � IβV

I
� �

�
X4
β¼1

ln �ςI0β
� �

�BIIV00
β þ BIIβV

I � BIIIβV
II

� �#

(3.202)

where zII�0j ¼ zI�0j is the same point on the interface. By excluding singular part of

the dislocation enthalpy itself, the interaction enthalpy part of the media with the

dislocation is obtained as

HI
int ¼

1

2π
bT � Im �

X1
k¼1

1 k=ð ÞBI f Ijk

D E
hk

"
�
X4
β¼1

BI ln zI0j � ŷIjβ

� �D E
V0
β � IβV

I
� �

�
X4
β¼1

ln �ςI0β
� �

�BIIV00
β þ BIIβV

I � BIIIβV
II

� �#

(3.203)

The generalized interaction force per unit length F along the direction s on the

dislocation is

F ¼ �@Hint @s= (3.204)

which is usually obtained by numerical calculation.

3.7.5 Numerical Example

Let the matrix be PZT-5H and the inclusions be epoxy, insulated void, and rigid

conductor, respectively. Usually material constants are given in the material prin-

ciple coordinate system X1;X2;X3ð Þ with poling axis X3. For PZT-5H matrix,
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CII
11 ¼ 126; CII

33 ¼ 117; CII
44 ¼ 35:3; CII

12 ¼ 55; CII
13 ¼ 53 GPað Þ

eII31 ¼ �6:5; eII33 ¼ 23:3; eII15 ¼ 17:0 C m2
�� �

EII11 ¼ 15:1� 10�9; EII33 ¼ 13:0� 10�9 C2 Nm2
�� �

For inclusion epoxy,

CI
11 ¼ 6:43; CI

33 ¼ 6:429; CI
44 ¼ 1:07; CI

12 ¼ 4:29; CI
13 ¼ 4:289 GPað Þ

eI31 ¼ eI33 ¼ eI15 ¼ 0 C m2
�� �

; EI11 ¼ 5:0� 10�9; EI33 ¼ 5:001� 10�9 C2 Nm2
�� �

Material constants for epoxy were be modified slightly to avoid repeated eigen-

values. It is noted that in above analyses of this section, the coordinates x1; x2; x3ð Þ
with polarized x2 -axis are used, so in numerical calculation, materials should

be converted. The corresponding relation between X1;X2;X3ð Þ and x1; x2; x3ð Þ is

X3 ! x2;X1 ! x1;X2 ! x3.
The dimensionless glide force F1 and climb force F2 of the interaction between

the inclusion and dislocation are defined as

F1 ¼ � @He
int @x1=

� �
L11 � 10�9 4π=
� ��

; F2 ¼ � @He
int @x2=

� �
L11 � 10�9 4π=
� ��

(3.205)

whereL11 is shown in Eq. (3.35).F1 andF2 will be numerically studied. The positive

glide and climb forces show that the dislocation is repelled from x2- and x1-axes,
respectively. Figures 3.8 and 3.9 show the contour plots of F1 and F2 under two

cases: (1) b 2b ¼= 1; 0; 0; 0ð Þ , only mechanical dislocation b1 , and (2) b 2b ¼=

0; 0; 0; 109 V m=ð Þ, only electric dislocation b4.

Fig. 3.8 PZT-5H/epoxy under loading b 2b ¼= 1; 0; 0; 0ð Þ: (a) contour plots of the dimensionless

glide force F1 and (b) contour plots of the dimensionless climb force F2
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Interaction of an elliptic inclusion with a singularity was discussed in many

literatures, such as Meguid and Deng (1998), Deng and Meguid (1999), Liu et al.

(1999), and Fan et al. (2005).

3.8 Asymptotic Fields near a Line Inclusion Tip

in a Homogeneous Material

3.8.1 A General Form of the Asymptotic Fields near a Line
Inclusion Tip

Discuss a homogeneous material with a line inclusion. It is assumed that the size of

the line inclusion is much smaller than that of the material. The region near

the tip to be suitable for an asymptotic analysis is much smaller than that of the

line inclusion, so the asymptotic fields near a line inclusion tip in a practical

structure are almost the same as that in a semi-infinite line inclusion. Let a semi-

infinite line inclusion be along the axis x1 from the origin to negative infinite, i.e.,

the region Ω of the material is 0 � r � 1;�π < θ � π, where θ is the polar angle
(Fig. 3.10). The asymptotic fields near the right tip can be assumed in the following

form (Ting 1996; Kuang and Ma 2002):

fjðzjÞ ¼ Vjz
λþ1
j ðλþ 1Þ= ; zj ¼ x1 þ μjx2 ¼ rðcos θ þ μj sin θÞ

FjðzjÞ ¼ f 0j ðzjÞ ¼ Vjz
λ
j ; μj ¼ αj þ iβj

(3.206)

whereV is an undetermined complex constant, λ is an undetermined singular index,

and λ > �1 2= to keep a finite strain energy density at the tip region. In plane

problem we often use f zj
� �

;F zj
� �

instead of f zPð Þ;F zPð Þ, where j ¼ 1; 2; 3and j ¼ 3

Fig. 3.9 PZT-5H/epoxy under loading b 2b ¼= 0; 0; 0; 109 V m=ð Þ: (a) contour plots of the dimen-

sionless glide force F1 and (b) contour plots of the dimensionless climb force F2
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represent the electric variables, as shown in Eq. (3.206). From Eqs. (3.26) and

(3.206), it is known that

U ¼ λþ 1ð Þ�1
X4
j¼1

ajz
λþ1
j Vj þ �aj�z

λþ1
j

�Vj

� �
¼ λþ 1ð Þ�1 A zλþ1

j

D E
V þ �A �zλþ1

j

D E
�V

h i

Φ ¼ λþ 1ð Þ�1
X4
j¼1

bjz
λþ1
j Vj þ �bj�z

λþ1
j

�Vj

� �
¼ λþ 1ð Þ�1 B zλþ1

j

D E
V þ �B �zλþ1

j

D E
�V

h i

Σ1 ¼ �Φ;2 ¼ �
X4
j¼1

μjbjz
λ
j Vj þ �μj�bj�z

λ
j
�Vj

� �
¼ B μjz

λ
j

D E
V þ �B �μj�z

λ
j

D E
�V

Σ2 ¼ Φ;1 ¼
X4
j¼1

bjz
λ
j Vj þ �bj�z

λ
j
�Vj

� �
¼ B zλj

D E
V þ �B �zλj

D E
�V

(3.207)

In the polar coordinate system, the normal of a radial plane is n ð� sin θ; cos θÞ
which is identical with the tangent t of a circle with the center at the coordinate

origin (Fig. 3.10). The traction T on the radial plane is

Ti ¼ σi1n1 þ σi2n2 ¼ �σi1 sin θ þ σi2 cos θ ¼ Φi;2 sin θ þΦi;1 cos θ

¼ Φ0
iðzjÞ zj r=

� � ¼ 2Re
X4
j¼1

Bijz
λþ1
j Vjr

�1
� �

; T ¼ 2Re r�1B zλþ1
j

D E
V

n o
(3.208)

whereΦ0
iðzjÞ ¼ dΦiðzjÞ dzj

�
. Equation (3.208) can be used to discuss the asymptotic

field near a wedge, but in this book we only discuss the line inclusion.

3.8.2 The Stress Singularity

The stress singularity near a tip is related to the boundary conditions of the inclusion.

1. Two sides of the line crack are free. The boundary conditions are

Tðr;πÞ ¼ 0; or Σ2ðr;πÞ ¼ 0 (3.209)

Fig. 3.10 Local coordinate

system at a crack tip
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Substituting Eq. (3.207) or (3.208) into Eq. (3.209) and noting x1j ¼ x1; zjðr; 0Þ ¼
r; zjðr;πÞ ¼ reiπ on axis x1 yield

eiλπBV þ e�iλ π �B�V ¼ 0; e�iλ πBV þ eiλ π �B�V ¼ 0; orX4
j¼1

eiλ πVjbj þ e�iλ π �Vj
�bj

� � ¼ 0;
X4

j¼1
e�iλπVjbj þ eiλ π �Vj

�bj
� � ¼ 0

(3.210)

Equation (3.210) yields

1� e4iλ π
� �4

BV ¼ 0; or 1� e4iλ π
� �

bjVj ¼ 0; j ¼ 1� 4 (3.211)

Because B is not singular, so we have the eigenvalue equation

1� e4iλ π
� �4 ¼ 0; or 1� e4iλ π

� � ¼ 0 (3.212)

From Eq. (3.212) it is known that λ ¼ �1 2= ; 0;m 2= , wherem is an integer. When

λ ¼ �1 2= , the generalized stresses are singular with the singular index � 1 2= .

2. Two sides of the line crack are fixed (rigid inclusion with zero electric
potential). The boundary conditions are

UðπÞ ¼ 0 (3.213)

We have

eiλ πAV þ e�iλ π�A�V ¼ 0; e�iλ πAV þ eiλ π �A�V ¼ 0; orX4
j¼1

eiλ πVjaj þ e�iλ π �Vj�aj
� � ¼ 0;

X4
j¼1

e�iλ πVjaj þ eiλ π �Vj�aj
� � ¼ 0

(3.214)

It is also found that the eigenvalue equation is Eq. (3.212), so we also have

λ ¼ �1 2= ; 0;m 2= ; m is an integer.

3. One side free and one side fixed. The boundary conditions are

Tðr; πÞ ¼ 0; Uð�πÞ ¼ 0 (3.215)

We have

eiλ πBV þ e�iλ π �B�V ¼ 0; e�iλ πAV þ eiλ π �A�V ¼ 0 (3.216)

The eigenvalue equation is

eiλ πBV þ e�iλ π �B�V ¼ 0; e�iλ πAV þ eiλ π �A�V ¼ 0; or

e�2iλ πY þ e2iλ π�Y
� �

BV ¼ 0; Y ¼ iAB�1; �Y ¼ �i�A�B
�1

(3.217)
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Substituting Eq. (3.37), Y ¼ �i Sþ iIð ÞL�1; S ¼ i 2ABT � I
� �

, into Eq. (3.217),

the eigen-equation in a more convenient form is obtained:

�ie�2iλ π Sþ iIð ÞL�1 þ ie2iλ π S� iIð ÞL�1
� �

BV ¼ 0 ) Sþ cot 2λIð ÞL�1BV ¼ 0

(3.218)

From the above analyses, it is known that the singular index λ is independent

to the selected zj plane.

3.8.3 The Stress Asymptotic Field near a Crack Tip

From Eqs. (3.212) and(3.214), it is known that when λ ¼ �1 2= , the stresses are

singular. Substituting it into Eqs. (3.206) and (3.207) yields

FjðzjÞ ¼ Vj
ffiffiffiffi
zj

p� ¼ Vj

ffiffiffiffiffiffiffi
rΘj

p�
; Θj ¼ cos θ þ μj sin θ

Σ1i ¼ �2Re
X4
j¼1

μjbjiVj
ffiffiffiffi
zj

p�� � ¼ �2Re
X4
j¼1

BijμjVj

ffiffiffiffiffiffiffi
rΘj

p�

Σ2i ¼ 2Re
X4
j¼1

bjiVj
ffiffiffiffi
zj

p�� � ¼ 2Re
X4
j¼1

BijVj

ffiffiffiffiffiffiffi
rΘj

p�
Σ1 ¼ �2ReB μj

ffiffiffiffi
zj

p�� �
V; Σ2 ¼ 2ReB 1

ffiffiffiffi
zj

p�� �
V

(3.219)

Define the stress intensities as

K ¼ KII;KI;KIII;KDð ÞT ¼ lim
r!0

ffiffiffiffiffiffiffi
2πr

p
σ21; σ22; σ23;D2ð ÞT		

θ¼0
¼ lim

r!0

ffiffiffiffiffiffiffi
2πr

p
Σ2jθ¼0

(3.220)

Let

V ¼ 1 2
ffiffiffiffiffi
2π

p� �.
B�1K; Vi ¼ 1 2

ffiffiffiffiffi
2π

p� �.
B�1
ij Kj; B�1

ij ¼ B�1
� �

ij
(3.221)

Substitution of Eqs. (3.220) and (3.221) into Eq. (3.219) yields

Σ1i ¼ � 1
ffiffiffiffiffiffiffi
2πr

p.� �
Re
X4
j¼1

BijμjB
�1
jl Kl

ffiffiffiffiffi
Θj

p�
; Σ2i ¼ 1

ffiffiffiffiffiffiffi
2πr

p.� �
Re
X4
j¼1

BijB
�1
jl Kl

ffiffiffiffiffi
Θj

p�
Σ1 ¼ � 1

ffiffiffiffiffiffiffi
2πr

p.� �
ReB μj

ffiffiffiffiffi
Θj

p�� �
B�1K; Σ2 ¼ 1

ffiffiffiffiffiffiffi
2πr

p.� �
ReB 1

ffiffiffiffiffi
Θj

p�� �
B�1K

(3.222)

It is noted that in general situation BijB
�1
jl Kl

ffiffiffiffiffi
Θj

p� 6¼ Kl

ffiffiffiffiffi
Θj

p�
. But when θ ¼ 0

and Θj ¼ 1, BijB
�1
jl Kl

ffiffiffiffiffi
Θj

p� ¼ BijB
�1
jl Kl ¼ Kl and Σ2 ¼ K

ffiffiffiffiffiffiffi
2πr

p�
.
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Chapter 4

Linear Inclusion and Related Problems

Abstract In this chapter, the linear cracks and inclusions are discussed. These

problems are mainly reduced to vector Riemann-Hilbert boundary problem with

many variables at first, and then the standard method to solve the Riemann-Hilbert

boundary problem is used. In general case, the numerical computation is used to get

the final results due to its complexity, but for some simpler problems, the analytical

solutions can also be obtained. The interface cracks, rigid inclusion, and electrodes

in piezoelectric bimaterials are discussed in detail. Some special problems, such as

partly insulated and partly conducting crack, the nonideal crack and some other

models in a homogeneous piezoelectric material, and contact zone model for

interface cracks in a piezoelectric bimaterial, are also discussed shortly. Some

interesting problems in engineering, such as interaction of collinear inclusions

with singularity loading, interaction of an elliptic hole and a vice-crack, strip

electric saturation model of an impermeable crack in a homogeneous material

and a strip electric saturation model for mode-III interface crack in a bimaterial,

and mode-III problem for a circular inclusion with interface cracks, are also

discussed.

Keywords Linear interface crack and inclusion • Singularity • Strip electric

saturation model • Circular inclusion

4.1 Vector Riemann-Hilbert Boundary-Value

Problem in the z Plane

4.1.1 Fundamental Solution of the Homogeneous Equation

Let n non-intersect line segments Lk; k ¼ 1 � n, be in the complex z plane, and its

assemble is denoted by L. The end points of Lk are ak; bk and from ak to bk is its
positive direction; the left region of akbk is the region S

þ, and the right region is S�.

Z.-B. Kuang, Theory of Electroelasticity, DOI 10.1007/978-3-642-36291-0_4,
© Shanghai Jiao Tong University Press, Shanghai and Springer-Verlag Berlin Heidelberg 2014
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On L functions gðtÞ and Σ0ðtÞ satisfied H€older condition are given (Fig. 4.1).

Now discuss thesolution of the following vector Riemann-Hilbert equation on L
(Muskhelishvili 1954, 1975; Hou et al. 1990):

hþðtÞ � gh�ðtÞ ¼ Σ0ðtÞ; hþj ðtÞ � gijh
�
j ðtÞ ¼ Σ0iðtÞ; i; j ¼ 1� m; t 2 L

(4.1)

where g is an m� m order Hermite matrix and det g 6¼ 0 and t is a point on L.
The superscripts “ þ ” and “ � ” indicate the limit values taken from the left and

right sides along akbk, respectively. The corresponding homogeneous equation is

hþðtÞ � gh�ðtÞ ¼ 0; hþj ðtÞ � gijh
�
j ðtÞ ¼ 0; t 2 L (4.2)

Let the fundamental solution of the homogeneous equation be

X0ðzÞ ¼ X01ðzÞ;X02ðzÞ; . . .X0mðzÞÞ½ �T ¼ ωY0ðzÞ

X0jðzÞ ¼ ωjY0ðzÞ; Y0ðzÞ ¼
Yn
k¼1

ðz� akÞ�γðz� bkÞγ�1

X�
0 ðtÞ ¼ e�2πiγXþ

0 ðtÞ; or Xþ
0 ðtÞ ¼ e2πiγX�

0 ðtÞ

(4.3a)

Usually, the single-valued branch of the multi-value function Y0ðzÞ is selected such

that Y0ðzÞ ! z�n when z ! 1. Substitution of Eq. (4.3a) into Eq. (4.2) yields

e2πiγX�
0 ðtÞ � gX�

0 ðtÞ ¼ 0 ) ðe2πiγI� gÞω ¼ 0 (4.4)

In order to have nontrivial solution for ω, it must be

e2πiγI� g
�� �� ¼ 0; I ¼ diag½1; 1; . . . ; 1�m�m (4.5)

From Eqs. (4.5) and (4.4), we can get m eigenvectors ωð1Þ;ωð2Þ; . . . ;ωðmÞ

corresponding to m eigenvalues, e2πiγ1 ; e2πiγ2 ; . . . ; e2πiγm , where γk is limited within

Fig. 4.1 Riemann-Hilbert

boundary problem on smooth

non-intersecting curves
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the semi-open interval 0; 2π½ Þ. For a eigenvalue e2πiγk , there is only one component

of ωðiÞ is undetermined. The fundamental solution Eq. (4.3a) becomes

X
ðiÞ
0 ðzÞ ¼ ωðiÞYðiÞ

0 ðzÞ; X
ðiÞ
0j ðzÞ ¼ ωðiÞ

j Y
ðiÞ
0 ðzÞ

Y
ðiÞ
0 ðzÞ ¼

Yn
k¼1

ðz� akÞ�γiðz� bkÞγi�1; i; j ¼ 1; 2; . . . ;m
(4.3b)

The complete fundamental solutions form a square matrix PðzÞ:

PðzÞ ¼ X
ð1Þ
0 ðzÞ;Xð2Þ

0 ðzÞ; . . . ;XðnÞ
0 ðzÞ

h i
¼ ΩQðzÞ; PijðzÞ ¼ X

ðiÞ
0j ðzÞ

QðzÞ ¼ Y
ðjÞ
0 ðzÞ

D E
¼ diag Y

ð1Þ
0 ðzÞ; . . . ; YðmÞ

0 ðzÞ
h i

; Ω ¼ ωð1Þ;ωð2Þ; . . . ;ωðmÞ
h i

(4.6)

4.1.2 First Solving Method

From the behavior of the fundamental solution, it is known that

PþðtÞ � gP�ðtÞ ¼ 0; g ¼ PþðtÞ½P�ðtÞ��1; t 2 L (4.7)

Substitution of Eq. (4.7) into Eq. (4.2) yields

½PþðtÞ��1
hþðtÞ ¼ ½P�ðtÞ��1h�ðtÞ; t 2 L (4.8)

The function at the left side in Eq. (4.8) is analytic in Sþ , whereas those on the

right side are analytic in S�, and they are continuous on L. So these functions are

analytic in whole plane and must be constants. The general solution h0ðzÞ of

Eq. (4.2) is

½PðzÞ��1h0ðzÞ ¼ CðzÞ; h0ðzÞ ¼ PðzÞCðzÞ
CðzÞ ¼ cnz

n þ cn�1z
n�1 þ � � � þ c0; ck ¼ ½cð1Þk ; c

ð2Þ
k ; . . . ; c

ðmÞ
k �T; or

CðzÞ ¼ ½Cð1ÞðzÞ;Cð2ÞðzÞ; . . . ;CðmÞðzÞ�T; CðkÞðzÞ ¼ cðkÞn zn þ c
ðkÞ
n�1z

n�1 þ � � � þ c
ðkÞ
0

h i
(4.9)

If the infinite point is a pole in order p, CðzÞ is a vector polynomial less than

order nþ p.
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Substitution of Eq. (4.7) into the inhomogeneous equation (4.1) yields

½PþðtÞ��1
hþðtÞ � ½P�ðtÞ��1h�ðtÞ ¼ ½PþðtÞ��1

Σ0ðtÞ; t 2 L (4.10)

Equation (4.10) is a decoupling Riemann-Hilbert boundary problem of ½PðzÞ��1hðzÞ.
By using the Cauchy formula, the special solution hsp is

½PðzÞ��1hspðzÞ ¼ 1

2π i

Z
L

Σ0ðtÞdt
PþðtÞðt� zÞ; hspðzÞ ¼ PðzÞ

2π i

Z
L

Σ0ðtÞdt
PþðtÞðt� zÞ (4.11)

The general solution of the inhomogeneous equation (4.1) is

hðzÞ ¼ h0ðzÞ þ hspðzÞ

¼ PðzÞ CðzÞ þ 1

2π i

Z
L

~ΣðtÞdt
ðt� zÞ

� �
¼
Xm
k¼1

X
ðkÞ
0 ðzÞ 1

2π i

Z
L

~ΣkðtÞ
ðt� zÞ dtþ CðkÞðzÞ

� �
~ΣðtÞ ¼ ½~Σ1ðtÞ; ~Σ2ðtÞ; . . . ; ~ΣmðtÞ�T ¼ PþðtÞ½ ��1

Σ0ðtÞ
(4.12)

4.1.3 Second Solving Method

Because g is a Hermite matrix, the eigenvectors corresponding to the different

eigenvalues are orthogonal to each other in the complex space. Form a square

matrix Ω consisted of ω and

Ω ¼ ωð1Þ;ωð2Þ; . . . ;ωðmÞ
h i

; �Ω
T
Ω ¼ Λ; �Ω

�T ¼ ΩΛ�1

�Ω
T
gΩ ¼ M; M ¼ diag½e2π iγ1Λ2

1; . . . ; e
2π iγmΛ2

m�
Λ ¼ diag½Λ2

1;Λ
2
2; . . . ;Λ

2
m�; Λ2

i ¼ �ωðiÞ
1 ωðiÞ

1 þ �ωðiÞ
2 ωðiÞ

2 þ � � � þ �ωðiÞ
m ωðiÞ

m

(4.13)

In most cases Ω is assumed normalized, i.e., �Ω
T
Ω ¼ Λ ¼ I.

Multiplying on both sides of Eq. (4.1) from left by �Ω
T
and using Eq. (4.13) we get

�Ω
T
hþðtÞ � ð�ΩT

gΩÞΩ�1h�ðtÞ ¼ �Ω
T
hþðtÞ �MΛ�1 �Ω

T
h�ðtÞ ¼ �Ω

T
Σ0ðtÞ

MΛ�1 ¼ diag½e2π iγ1 ; e2π iγ2 ; . . . ; e2π iγm � ¼ e2π iγj
� � (4.14)

Equation (4.14) can be expressed in the following decoupling form:

ΨþðtÞ �MΛ�1Ψ�ðtÞ ¼ Σ�ðtÞ; Ψþ
i ðtÞ � e2π iγiΨ�

i ðtÞ ¼ Σ�
i ðtÞ

Ψ ðzÞ ¼ �Ω
T
hðzÞ; Σ�ðtÞ ¼ �Ω

T
Σ0ðtÞ

(4.15)
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Equation (4.15) is the scalar Riemann-Hilbert boundary-value problem of the

component Ψ i of Ψ , soits solution is

Ψ ðzÞ ¼ QðzÞ ΛCðzÞ þ 1

2πi

Z
L

½QþðtÞ��1Σ�ðtÞdt
ðt� zÞ

( )
; h ðzÞ ¼ �Ω

�T
Ψ ðzÞ

Ψ iðzÞ ¼ Y
ðiÞ
0 ðzÞ Λ2

i C
ðiÞðzÞ þ 1

2πi

Z
L

Σ�
i ðtÞdt

Y
ðiÞþ
0 ðtÞðt� zÞ

( )

QðzÞ ¼ Y
ðiÞ
0 ðzÞ

D E
(4.16)

Solving Ψ ðzÞ, hðzÞ is obtained by hðzÞ ¼ �Ω
�T

Ψ ðzÞ, where �Ω
�T ¼ ½ �ΩT��1 ¼ ΩΛ�1.

If we assume ½QþðtÞ��1
ij Σ�

j ðtÞ ! αqt
q þ � � � þ α0 þ α�1=tþ � � � , when t ! 1 and

it is single valued, Eq. (4.16) is reduced to

Ψ ðzÞ ¼ QðzÞ ΛCðzÞ þ 1� e2πiγi
� ��1

QðzÞ½ ��1Σ�ðzÞ � αqz
q þ � � � þ α0

� �h in o

Ψ iðzÞ ¼ Y
ðiÞ
0 ðzÞ Λ2

i C
ðiÞðzÞ þ 1

1� e2πiγi

Σ�
i ðzÞ

Y
ðiÞ
0 ðzÞ

� αðiÞq zq þ � � � þ αðiÞ0
	 
" #( )

(4.17)

where the following integral formula has been used (Shen and Kuang 1998):

1

2π i

Z
L

GþðtÞdt
XþðtÞðt� zÞ ¼

1

1� gg�
GðzÞ
XðzÞ � αqz

q � � � � � α0

� �
XþðtÞ � gX�ðtÞ ¼ 0; G�ðtÞ ¼ g�GþðtÞ; g ¼ e2πiγ; t 2 L

(4.18)

For a single-valued function GðzÞ, g� ¼ 1, Eq. (4.18) is just the formula given by

Muskhelishvili (1954).

The two methods are equivalent. In fact by using �Ω
�T ¼ ΩΛ�1, Eq. (4.15) can be

reduced to

hðzÞ ¼ �Ω
�T

Ψ ðzÞ ¼ ΩΛ�1QðzÞ ΛCðzÞ þ 1

2πi

Z
L

�Ω
T
Σ0 x1ð Þdt

Qþ x1ð Þðx1 � zÞ

( )

¼ ΩQðzÞ CðzÞ þ 1

2π i

Z
L

Σ0 x1ð Þdt
ΩQþ x1ð Þðx1 � zÞ

� �

¼ PðzÞ CðzÞ þ 1

2π i

Z
L

~Σðx1Þdx1
ðx1 � zÞ

� �

which is identical with Eq. (4.12).
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4.2 Interface Cracks in Piezoelectric Bimaterials

4.2.1 General Discussion of an Impermeable Interface
Cracks

Discuss a piezoelectric bimaterial with collinear impermeable cracks without

generalized loading at infinity (Suo 1990; Suo et al. 1992; Kuang and Ma 2002).

Let the material I be located at the upper half plane Sþ , x2 > 0; the material II is

located at the lower half plane S� , x2 < 0; x2 ¼ 0 is the interface L , there are

collinear cracks, the left end point of the crack Lk is denoted by ak, and the right end
point bk and its assemble is denoted byLc.L� Lc is the connected surface (Fig. 4.2).
For a single crack with length 2a, we always let the coordinate origin be selected

at the center of the crack. These notations will be used in this whole chapter.

Assuming the generalized forces Σ0ðx1Þ ¼ ½t�1; t�2; t�3;�σ��T acting on the crack

surfaces are self-equilibrium, at infinity, generalized forces are equal to zero, i.e.,

Σðx1Þ ¼ ΣIðx1Þ ¼ ΣIIðx1Þ ¼ Σ0ðx1Þ; x 2 Lc

ΣIðx1Þ ¼ ΣIIðx1Þ ¼ 0; at infinity; Σβðx1Þ ¼ 2Re½BβFβðx1Þ�; β ¼ I; II

(4.19)

On the connected surface, the generalized displacements and traction are continuous:

d̂ðx1Þ ¼ UIðx1Þ � UIIðx1Þ ¼ 0; Σ2ðx1Þ ¼ ΣI2ðx1Þ ¼ ΣII2ðx1Þ; x 2 L� Lc

(4.20)

where d̂ðx1Þ is the displacement disconnected value between crack surfaces and

the crack opening displacement. Because for any subscript j; x1j ¼ x1 is held on

the axis x1, so

d̂ðx1Þ ¼ UIðx1Þ � UIIðx1Þ ¼ 2Re½AI f Iðx1Þ � AII f IIðx1Þ� (4.21)

According to the given conditions, the generalized tractions are continuous on

the whole axis x1, i.e., ΣI2ðx1Þ ¼ ΣII2ðx1Þ, or

BIFIðx1Þ þ �BIFIðx1Þ ¼ BIIFIIðx1Þ þ �BIIFIIðx1Þ; �1 < x1 < 1; or

BIF
þ
I ðx1Þ � �BII

�Fþ
II ðx1Þ ¼ BIIF

�
II ðx1Þ � �BI

�F�
I ðx1Þ

(4.22)

Fig. 4.2 Collinear interface cracks or inclusions: (a) general case and (b) one crack or inclusion
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where the superscripts “þ ” and “� ” indicate the limit values taken from the upper

and lower half -planes, respectively. It is known that the functions at the left side

in Eq. (4.22) are analytic in the upper half plane x2 > 0, whereas those on the

right side are analytic in the lower half plane x2 < 0, and they are continuous on

x1 ¼ 0. So, according to Liouville theorem (Lavrenchive and Shabat 1951), these

functions are analytic in whole plane and must be constants and equal to zero due to

Σ1 ¼ 0. So,

BIFIðzÞ ¼ �BII
�FIIðzÞ; x2 > 0; BIIFIIðzÞ ¼ �BI

�FIðzÞ; x2 < 0 (4.23)

From Eqs. (4.21) and (4.23), the dislocation density d̂0 x1ð Þ can be written as

id̂0ðx1Þ ¼ idd̂ x1ð Þ dx1= ¼ ½iAIFIðx1Þ þ i�AIFIðx1Þ� � ½iAIIFIIðx1Þ þ i�AIIFIIðx1Þ�
¼ ½iAIB

�1
I � i�AII

�B�1
II �BIFIðx1Þ � ½iAIIB

�1
II � i�AI

�B�1
I �BIIFIIðx1Þ

¼ HBIFIðx1Þ � �HBIIFIIðx1Þ
(4.24)

where

H ¼ YI þ �YII; Yα ¼ iAαB
�1
α ; Yα ¼ Yα11 Yα14

Yα41 Yα44

 �
; α ¼ I; II (4.25)

It is easy shown that Yα and H are all Hermite matrixes. Yα11 is a 3� 3 positive

definite matrix, Yα14 ¼ �YT
α41 is a piezoelectric matrix, and Yα44 is an element of

dielectric coefficient. For a stable material, Yα44 < 0.

4.2.2 A Simple Method to Get FβðzjÞ

Because on the interface zj ¼ x1 , a simple method to solve the problem can be

adopted (Suo 1990; Kuang and Ma 2002). At first we discuss two auxiliary

complex functions FIðzÞ and FIIðzÞ in z plane with complex variable z which also

satisfy Eqs. (4.19) and (4.24) on the interface and solve the problem in z plane.

According to Eq. (4.24), we can construct an auxiliary function hðzÞ analytic in

whole plane except cracks by standard analytic continuation through the connected

part on the interface:

hðzÞ ¼ BIFIðzÞ; x2 � 0

H�1 �HBIIFIIðzÞ; x2 	 0

�
; z =2 Lc; z ¼ x1 þ ix2 (4.26)

The standard analytic continuation will be often used in the following sections. It is

obvious that at points x1 =2 Lc on axis x1,BIFIðx1Þ ¼ H�1 �HBIIFIIðx1Þ is held. Solving
hðzÞ, the FβðzÞ can be obtained by the following equations:
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FIðzÞ ¼ B�1
I hðzÞ; x2 � 0; FIIðzÞ ¼ B�1

II
�H
�1
HhðzÞ; x2 	 0

FIjðzÞ ¼ B�1
Ijl hlðzÞ; x2 � 0; FIIjðzÞ ¼ B�1

IIjmH
�1

m nHnlhlðzÞ; x2 	 0
(4.27)

where B�1
βjl ¼ B�1

β

h i
jl
; β ¼ I; II; j; l ¼ 1� 4.

Substituting Eqs. (4.26) and (4.23) into Eq. (4.19) and noting on x1 axis all

zj ¼ x1 we find

hþðxÞ þ �H
�1
Hh�ðxÞ ¼ Σ0ðx1Þ; x1 2 Lc (4.28)

If let �H
�1
H ¼ �g, Eq. (4.28) is identical with Eq. (4.1), which is solved as shown

in Sect. 4.2.

A simple method to getFβðzjÞ, for the original piezoelectric problem is replacing

z by zj inFβðzÞ. In fact the solution FβðzjÞ solved by this method are still satisfy Eqs.

(4.19) and (4.20) due to on the axis x1; FIðzjÞ ¼ FIðx1Þ , FIIðzjÞ ¼ FIIðx1Þ , and
hðzjÞ ¼ hðx1Þ. Outside axis x1; Af ðzjÞ andBf ðzjÞ satisfy the generalized equilibrium
equations due to they are selected as the general solutions given in Eqs. (3.18) and

(3.23).

4.2.3 General Solution of the Homogeneous Equation

From Eq. (4.28), the homogeneous vector Riemann-Hilbert equation in the z
plane is

hþðx1Þ þ �H
�1
Hh�ðx1Þ ¼ 0; x1 2 Lc (4.29)

If let �H
�1
H ¼ �g , Eq. (4.29) is identical with (4.1). So the solution of the

homogeneous equation is still expressed by Eqs. (4.3) and (4.6), but Eqs. (4.4)

and (4.5) are changed to

e2πiγIþ �H
�1
H

	 

ω ¼ 0; e2πiγIþ �H

�1
H

��� ��� ¼ 0 (4.30)

Let γ ¼ 1 2= þ iε. Using e2πið1 2= þiεÞ ¼ �e�2πε, Eq. (4.30) and its conjugate equation

can be reduced to

e�2πεI� �H
�1
H

	 

ω ¼ 0; e�2πεI�H�1 �H

� �
�ω ¼ 0

�H � e2πεH
�� �� ¼ 0; �H � e�2πεH

�� �� ¼ 0
(4.31)
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It is obvious that ε and � ε are all the solutions of Eq. (4.31). BecauseH is a 4� 4

order Hermite matrix, it can be decomposed to

H ¼ Λ1 þ iΛ2; �H ¼ Λ1 � iΛ2 (4.32)

where Λ1 is a real symmetric matrix and Λ2 is an antisymmetric matrix. Let

β ¼ tanhðπεÞ ¼ eπε � e�πε

eπε þ e�πε
¼ e2πε � 1

e2πε þ 1
; or ε ¼ 1

2π
ln
1þ β

1� β
(4.33)

Substitution of Eqs. (4.32) and (4.33) into Eq. (4.31) yields

Λ�1
1 Λ2 þ iβI

�� �� ¼ 0; Λ�1
1 Λ2 � iβI

�� �� ¼ 0 (4.34)

It is known that β;�β are all roots of the above equation. Expanding above

equation, we get

β4 þ 2bβ2 þ c ¼ 0; b ¼ 1 4=ð Þtr½ðΛ�1
1 Λ2Þ2�; c ¼ Λ�1

1 Λ2

�� �� (4.35a)

Because Λ2 is an even antisymmetric matrix, Λ2j j � 0, Yα11 positive definite,

Yα44 < 0, it is derived that Λ�1
1

�� �� < 0 and c < 0. Therefore

β1;2 ¼ 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb2 � cÞ1 2= � b

q
; β3;4 ¼ 
i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb2 � cÞ1 2= þ b

q
(4.35b)

Corresponding ε is denoted as

ε1 ¼ �ε2 ¼ ε0; ε0 ¼ 1

π
ar tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb2 � cÞ1 2= � b

q
ε4 ¼ �ε3 ¼ iκ; κ ¼ 1

π
ar tan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb2 � cÞ1 2= þ b

q (4.36)

where ε0; κ are real. From Eqs. (4.31), (4.32), (4.33), (4.34), (4.35a), (4.35b) and

(4.36), it is known thatωð1Þ and �ωð2Þ,ωð3Þ and �ωð3Þ, andωð4Þ and �ωð4Þ satisfy the same

eigen-equation, so we haveωð1Þ ¼ c�ωð2Þ, where c is a real constant andωð3Þ andωð4Þ

are real vectors.

The fundamental solution of Eqs. (4.3), (4.6), and (4.13) can be rewritten in ε as

PðzÞ ¼ X
ðiÞ
0 ðzÞ

h i
¼ ΩQðzÞ; Ω ¼ ωð1Þ;ωð2Þ;ωð3Þ;ωð4Þ

h i
; �Ω

T
Ω ¼ Λ ¼ Λ2

j

D E
�Ω
T �H

�1
HΩ ¼ �M; M ¼ e2π iγjΛ2

j

D E
; MΛ�1 ¼ e2π iγj

� � ¼ �e2π iεj
� �

QðzÞ ¼ Y
ðiÞ
0 ðzÞ

D E
; Y

ðiÞ
0 ðzÞ ¼

Yn
k¼1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðz� akÞðz� bkÞ
p z� bk

z� ak

 �iεi

; i ¼ 1; 2; 3; 4

(4.37)

In practice Ω is normalized, i.e., �Ω
T
Ω ¼ I.
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For a homogeneous material, H; Ω are real, so εj ¼ ε ¼ 0; γj ¼ γ ¼ 1 2= ,

QðzÞ ¼ Y0ðzÞh i, Y0ðzÞ ¼ Y
ðiÞ
0 ðzÞ ¼ Qn

k¼1 ðz� akÞðz� bkÞ½ ��1 2= ; i ¼ 1� m.

4.2.4 General Solution of the Inhomogeneous Equation
for Impermeable Cracks

First method. For the inhomogeneous equation (4.1) in z plane, the solution of hðzÞ
is Eq. (4.12), i.e.,

hðzÞ ¼ PðzÞ CðzÞ þ 1

2π i

Z
L

~ΣðtÞdt
ðt� zÞ

� �
¼
X4
k¼1

X
ðkÞ
0 ðzÞ 1

2π i

Z
L

~ΣkðtÞ
ðt� zÞ dtþ CðkÞðzÞ

� �
~ΣðtÞ ¼ ½~Σ1ðtÞ; ~Σ2ðtÞ; . . . ; ~Σ4ðtÞ�T ¼ PþðtÞ½ ��1

Σ0ðtÞ
(4.38)

Solving hðzÞ, according to Sect. 4.2.2, FβðzjÞcan be solved by the following equations:

FIðzÞ ¼ B�1
I hðzÞ; FIjðzjÞ ¼ B�1

Ijl hlðzjÞ; FIðzjÞ ¼ FIjðzjÞ
� �T

; x2 � 0;

FIIðzÞ ¼ B�1
II

�H
�1
HhðzÞ; FIIjðzjÞ ¼ B�1

IIjmH
�1

mnHnlhlðzjÞ; FIIðzjÞ ¼ FIIjðzjÞ
� �T

; x2 	 0

(4.39)

The stresses are

ΣI1 ¼ �2Re BIμjFIðzjÞ
� �

; ΣI2 ¼ 2Re BIFIðzjÞ
� �

; x2 � 0

ΣII1 ¼ �2Re BIIμjFIIðzjÞ
� �

; ΣII2 ¼ 2Re BIIFIIðzjÞ
� �

; x2 	 0
(4.40)

Second method. The solutionΨ ðzÞ of Eq. (4.1) is shown in Eqs. (4.16) or (4.17), i.e.,

Ψ ðzÞ ¼ QðzÞ ΛCðzÞ þ 1

2πi

Z
L

½Qþðx1Þ��1Σ�ðtÞdt
ðx1 � zÞ

( )

¼ QðzÞ ΛCðzÞ þ 1� e2πiγi
� ��1

QðzÞ½ ��1Σ�ðzÞ � αqz
q þ � � � þ α0

� �h in o
Ψ ðzÞ ¼ �Ω

T
hðzÞ; Σ�ðtÞ ¼ �Ω

T
Σ0ðtÞ

(4.41a)

where ½QþðtÞ��1
ij Σ�

j ðtÞ ! αqt
q þ � � � þ α0 þ α�1=tþ � � � , when t ! 1 is assumed.

Combining the similar terms in Eq. (4.41a) yields

Ψ ðzÞ ¼ QðzÞCðzÞ þ I�MΛ�1
� ��1

Σ�ðzÞ; hðzÞ ¼ �Ω
�T

Ψ ðzÞ (4.41b)

FβðzjÞ can be obtained from Eq. (4.39).
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The closed solutions of the displacements and stresses are difficult obtained,

usually adopted numerical method. But the stress intensity can be expressed

analytically.

4.2.5 The Stress Asymptotic Field and the Stress
Intensity Factors

Discuss a crack of length 2a and its center is selected as the origin (Fig. 4.2b). From
Eqs. (4.37) and (4.38), the fundamental solution can be written as

Y
ðiÞ
0 ðzÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2 � a2
p z� a

zþ a

 �iεi

; Ĉ0ðzÞ ¼ CðzÞ þ 1

2π i

Z
L

~Σðx1Þdx1
x1 � z

hðzÞ ¼ Ω Y
ðiÞ
0 ðzÞ

D E
Ĉ0ðzÞ; ~ΣðtÞ ¼ PþðtÞ½ ��1

Σ0ðtÞ; i ¼ 1; 2; 3; 4

(4.42)

Near the right crack tip x1 ¼ a , the asymptotic form of hðzÞ and FβðzjÞ is,

respectively,

lim
z!a

hðzÞ ¼ Ω z� að Þ� 1 2=ð Þþiεj
D E

ĈðaÞ; ĈðaÞ ¼ zþ að Þ� 1 2=ð Þ�iεj
D E

Ĉ0ðaÞ
FIðzÞ ¼ B�1

I hðzÞ; FIjðzjÞ ¼ B�1
Ijl hlðzjÞ; x2 � 0;

FIIðzÞ ¼ B�1
II

�H
�1
HhðzÞ; FIIjðzjÞ ¼ B�1

IIjm
�H�1
mnHnlhlðzjÞ; x2 	 0

(4.43)

Combining Eqs. (4.40) and (4.43) yields the asymptotic stresses near the right crack

tip, but they are complex. However when the stress intensity factors are discussed

only, the general expressions of the stress asymptotic field are not needed. Using all

zj ¼ x1 on the axis x1 yields

ΣI2ðx1Þ ¼ ΣII2ðx1Þ ¼ Σ2ðx1Þ ¼ BIFIðx1Þ þ �BI
�FIð�x1Þ

hþðx1Þ ¼ h�ðx1Þ ¼ hðx1Þ; or HBIFIðx1Þ ¼ �HBIIFIIðx1Þ

Using Eqs. (4.23), (4.26), and (4.31) yields

Σ2ðx1Þ ¼ hþðx1Þ þ �H
�1
Hh�ðx1Þ ¼ ðIþ �H

�1
HÞhðx1Þ

¼ Ω 1þ e�2πεj
� �

x1 � að Þ� 1 2=ð Þþiεj
D E

ĈðaÞ
(4.44)

If H is complex, from Eq. (4.44), it is seen that the stresses are oscillated near the

crack tip. The stress intensity factors K of the bimaterial are defined in the way
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that they can be reduced to the definition in a homogeneous material. According to

Eq. (4.44), the K can be defined as

K ¼
ffiffiffiffiffi
2π

p
Ω 1þ e�2πεj
� �

Ĉ; Ĉ ¼ 1
ffiffiffiffiffi
2π

p.	 

1þ e�2πεj
� ��1

Ω�1K (4.45)

The stress asymptotic field can be written as

lim
x1!a

Σ2ðx1Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðx1 � aÞp Ω x1 � að Þiεj

D E
Ω�1K (4.46)

According to Eq. (4.46) K can be expressed by the generalized stresses as

K ¼ KII;KI;KIII;KD½ �T ¼ lim
x1!a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðx1 � aÞ

p
Ω x1 � að Þ�iεj
D E

Ω�1Σ2ðx1Þ (4.47)

where K is real and does not effect by the constant in Ω . For a homogeneous

material, x1 � að Þ�iεj
D E

¼ I andK ¼ KII;KI;KIII;KD½ �T ¼ lim
x1!a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðx1 � aÞp

Σ2ðx1Þ
which is identical with that in Eq. (3.220). In some literatures, the following

definition is also used:

K ¼ KII;KI;KIII;KD½ �T ¼ lim
x1!a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðx1 � aÞ

p
Σ2ðx1Þ x1 � að Þ�iεj

D E
lim
x1!a

Σ2ðx1Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðx1 � aÞp x1 � að Þiεj

D E
K

(4.48)

Beom and Atluri (1996), Shen et al. (1999, 2007), and many other literatures

discussed many interesting problems.

4.2.6 Permeable Crack

Discuss a permeable crack in an infinite bimaterial. The boundary condition at

infinity is

Σ2 ¼ Σ1
2 ðx1Þ; at infinity (4.49)

The mixed boundary conditions on the crack surface and the continuity

conditions on the connective interface are

σI 2 iðx1Þ ¼ σII 2 iðx1Þ ¼ 0; EI 1 ¼ EII 1; DI2 ¼ DII2 ¼ D2; x1 2 Lc; i ¼ 1; 2

uI 2 iðx1Þ ¼ uII 2 iðx1Þ; σI 2 iðx1Þ ¼ σII 2 iðx1Þ; EI 1 ¼ EII 1; DI2 ¼ DII2 ¼ D2;

x1 2 L� Lc

(4.50)
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The main different of the permeable crack with the impermeable crack is that

the electric displacement on an impermeable crack is given and the potential is

unknown, but on a permeable crack D2 is undetermined and the potential is given.

Because the generalized stresses are continuous on the whole axis x1, so

BIFIðx1Þ þ �BI
�FIð�x1Þ ¼ BIIFIIðx1Þ þ �BII

�FIIð�x1Þ ¼ Σ2ðx1Þ; �1 < x1 < 1
(4.51)

Noting Σ2 ¼ Σ1
2 ðx1Þ 6¼ 0 at infinity, like Eqs. (4.22) and (4.23), from Eq. (4.51)

we get

BIFIðx1Þ � �BII
�FIIð�x1Þ ¼ BIIFIIðx1Þ � �BI

�FIð�x1Þ ¼ Δ1

Δ1 ¼ 1 2=ð Þ½ðBIF
1
I þ BIIF

1
II Þ � ð�BI

�F1
I þ �BII

�F1
II Þ�; FαðzÞ; α ¼ I; II

(4.52)

where Δ1 is a pure imaginary vector. Analogous to Eq. (4.24),

id̂0ðx1Þ ¼ HBIFIðx1Þ � �HBIIFIIðx1Þ � �YII � �YIð ÞΔ1 (4.53)

Analogous to Eq. (4.26) let,

hðzÞ ¼ BIFIðzÞ; x2 � 0

H�1 �HBIIFIIðzÞ þH�1 �YII � �YIð ÞΔ1; x2 	 0
; z =2Lc

�
(4.54)

Using Eq. (4.54), Eq. (4.53) is reduced to

id̂0ðx1Þ ¼ H hþðx1Þ � h�ðx1Þ½ � (4.55)

Substituting Eq. (4.54) into (4.51) and using Eq. (4.52) we get

Σ2ðx1Þ ¼ BIFIðx1Þ þ �BI
�FIð�x1Þ ¼ hþðx1Þ þ BIIFIIðx1Þ � Δ1

¼ hþðx1Þ þ �H
�1
Hh�ðx1Þ � Δ1

1 ; Δ1
1 ¼ �H

�1 �YII � �YIð ÞΔ1 (4.56)

According to Eq. (4.50), on the crack surface σ2j ¼ 0, but D2 is unknown, so on

the crack surface, Eq. (4.56) is reduced to

hþðx1Þ þ �H
�1
Hh�ðx1Þ ¼ Δ1

1 þ i4D2ðx1Þ; i4 ¼ 0; 0; 0; 1½ �T; z 2 Lc (4.57)

According to Eq. (4.50), E1 is continuous on whole axis x1, so according to

Eq. (4.55), we have

H4 h
þðx1Þ � h�ðx1Þ½ � ¼ 0; H4 ¼ H41;H42;H43;H44½ �; x1j j < 1 (4.58)
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The solution of Eq. (4.58) in the z plane is

H4hðzÞ ¼ H4hð1Þ; h4ðzÞ ¼ �H�1
44

X3
j¼1

H4jhjðzÞ þ H�1
44 H4hð1Þ (4.59)

Multiplying both sides of Eq. (4.56) by �Ω
T
, noting on connective surfacehþðx1Þ ¼

h�ðx1Þ, and when x1 ! 1 we get

hð1Þ ¼ Ω 1þ e2πεi
� ��1
D E

�Ω
T
Δ1
1 þ Σ1

2

� �
(4.60)

Now, the problem is reduced to solve Eqs. (4.57) and (4.59).

The homogeneous equation corresponding to Eq. (4.57) is identical with

Eq. (4.29), so its solution is still expressed by Eq. (4.37). We shall use the second

method to solve the inhomogeneous equation (4.57) and adopt the normalized

matrix Ω, i.e., �Ω
T
Ω ¼ I. Multiplying on both sides of Eq. (4.57) from left by �Ω

T
,

Ψþðx1Þ �MΨ�ðx1Þ ¼ Σ�ðx1Þ; Ψþ
i ðx1Þ � e2πiγiΨ�

i ðx1Þ ¼ Σ�
i ðx1Þ

Ψ ðzÞ ¼ �Ω
T
hðzÞ; M ¼ e2πiγ1 ; . . . e2πiγ4

� �
; Σ�ðtÞ ¼ �Ω

T
Δ1
1 þ i4D2ðx1Þ

� �
(4.61)

Analogous to Eqs. (4.14), (4.15), (4.16), and (4.17), the solution of Eq. (4.61) in

the z plane is

hðzÞ ¼ Ω 1þ e2πεj
� ��1
D E

�Ω
T

Δ1
1 þ i4D2ðzÞ

� �þΩ Y
ðjÞ
0 ðzÞ

D E
CðzÞ

CðzÞ ¼ cnz
n þ cn�1z

n�1 þ � � � þ c0

(4.62)

Using the condition at infinity yields

hð1Þ ¼ Ω 1þ e2πεj
� ��1
D E

�Ω
T

Δ1
1 þ i4D2ð1Þ� �þΩCn (4.63)

Substituting Eq. (4.62) into Eq. (4.59) yields the equation to determine D2ðzÞ:

H4 Ω 1þ e2πεj
� ��1
D E

�Ω
T

Δ1
1 þ i4D2ðzÞ

� �þΩ Y
ðjÞ
0 ðzÞ

D E
CðzÞ

n o
¼ H4hð1Þ

(4.64)

Comparing Eqs. (4.60) and (4.63) yields

Cn ¼ 1þ e2πεj
� ��1
D E

�Ω
T~Σ1

2 ; ~Σ1
2 ¼ Σ1

2 � i4D2ð1Þ ¼ σ12 ; 0
� �T

(4.65)
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Other unknowns in CðzÞ are determined by the single-valued condition. Using

Eq. (4.55) yields

I
Lc

hðzÞdz ¼ 0; or

Z a

�a

Uþ � U�ð Þ dx1 ¼ 0 ðfor one crackÞ (4.66)

Equation (4.54) yields

FIðzÞ ¼ B�1
I hðzÞ; x2 � 0; FIIðzÞ ¼ B�1

II
�H
�1

HhðzÞ � �YII � �YIð ÞΔ1½ �; x2 	 0

(4.67)

Solving hðzÞ, FβðzjÞ can be obtained. From Eq. (4.56), the stress on the axis x1 is

Σ2ðx1Þ ¼ Iþ �H
�1
H

	 

hðx1Þ � Δ1

1 (4.68)

For one crack in a homogeneous material, we have

AI ¼ AII ¼ A;BI ¼ BII ¼ B;HI ¼ HII ¼ H ¼ �H;Δ1
1 ¼ 0; εj ¼ 0; γ ¼ 1 2=

and

hðzÞ ¼ 1 2=ð Þi4D2ðzÞ þΩ Y
ðjÞ
0 ðzÞ

D E
C; C ¼ 1 2=ð Þ�ΩT~Σ1

2 ; ~Σ1
2 ¼ σ12 ; 0

� �T
(4.69)

Gao and Wang (2000, 2001) discussed the collinear permeable cracks and the

mutual effect of a crack with a point singularity.

4.3 Other Line Inclusions

4.3.1 Rigid Line Inclusion

Discuss a nonconductive rigid line inclusion in an infinite bimaterial (Zhou et al.

2008). In Fig. 4.2 the crack is replaced by a rigid inclusion. The boundary condition

at infinity is

Σ2 ¼ Σ1
2 ðx1Þ; at infinity (4.70)

The mixed boundary conditions on the surface of the rigid line inclusion and the

continuity conditions on the connective interface are
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uj;1 ¼ uIj;1 ¼ uIIj;1 ¼ ω0δj2; x‘ 2 Lc; EI 1 ¼ EII 1; DI2 ¼ DII2; x 2 Lc

UIðx1Þ ¼ UIIðx1Þ; Σ2ðx1Þ ¼ ΣI2ðx1Þ ¼ ΣII2ðx1Þ; x 2 L� Lc

(4.71)

where ω0 is the rotation angle about axis x3 of the inclusion. The main difference

between the rigid line inclusion and a permeable crack is that in a permeable crack

surfaces, the stresses are given, but for a rigid line inclusion, the rotational angles or

moments are given.

According to Stroh’s formula we have

Uα; 1 ¼ AαFαðzÞ þ AαFαðzÞ; Φα; 1 ¼ BαFαðzÞ þ BαFαðzÞ;
FαðzÞ ¼ f 0αðzÞ; α ¼ I; II

(4.72)

The generalized displacements are continuous on the whole axis x1, so analogous to
Eq. (4.52) it yields

AIFIðx1Þ þ �AI
�FIð�x1Þ ¼ AIIFIIðx1Þ þ �AII

�FIIð�x1Þ; �1 < x1 < 1
�AI
�FIð�x1Þ ¼ AIIFIIðx1Þ � Δ1; Δ1 ¼ 1 2=ð Þ½ðAIF

1
I þ AIIF

1
II Þ � ð�AI

�F1
I þ �AII

�F1
II Þ�;

α ¼ I; II

(4.73)

Analogous to previous sections, we have

ΔΦ;1ðx1Þ ¼ ΦI;1ðx1Þ �ΦII;1ðx1Þ ¼ BIFIðx1Þ þ BIFIðx1Þ
h i

� BIIFIIðx1Þ þ BIIFIIðx1Þ
h i

¼ iR AIFIðx1Þ � R�1�RAIIFIIðx1Þ � R�1ð�Y�1
II � �Y�1

I ÞΔ1� �
Y�1
α ¼ �iBαA

�1
α ; Yα ¼ iAαB

�1
α ; R ¼ Y�1

I þ �Y�1
II

(4.74)

On the connective surface, Eq. (4.74) is zero, so by standard analytic continuation,

we can construct a function hðzÞ analytic in whole plane except the rigid inclusions:

hðzÞ ¼ AIFIðzÞ z 2 Sþ

R�1�RAIIFIIðzÞ þ R�1ð�Y�1
II � �Y�1

I ÞΔ1 z 2 S�

�
(4.75)

Equations (4.74) and (4.75) yield

ΔΦ;1ðx1Þ ¼ iR½hþðx1Þ � h�ðx1Þ�; x1 2 Lc; ΔΦ;1ðx1Þ ¼ 0; x1 =2 Lc (4.76)

From Eq. (4.71), it is known that D2ðx1Þ is continuous on whole axis x1, so
ΔΦ4;1 x1ð Þ ¼ 0, or

R4½hþðx1Þ � h�ðx1Þ� ¼ 0; �1 < x1 < 1; R4 ¼ ½R41;R42;R43;R44� (4.77)
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where R4 is the fourth row of R and RT
4 can be seen as a vector. The solution of

Eq. (4.77) is

R4hðzÞ ¼ R4h
1; h1 ¼ hð1Þ (4.78)

Using Eq. (4.73) it is easy get

UI;1ðx1Þ ¼ AIFI x1ð Þ þ �AI
�FI �x1ð Þ ¼ hþ x1ð Þ þ �R

�1
Rh� x1ð Þ � Δ1

1

Δ1
1 ¼ �R

�1 �Y�1
II � �Y�1

I

� �
Δ1 (4.79)

From Eq. (4.71), it is known that on the inclusion surface, we have

UI;1ðx1Þ ¼ ω0i2 � E1ðx1Þi4; x1 2 Lc; i2 ¼ ½0; 1; 0; 0�T; i4 ¼ ½0; 0; 0; 1�T
(4.80)

where E1ðx1Þ is the boundary value of E1ðzÞ on the inclusion surface and is

unknown. So Eq. (4.79) can be reduced to a vector Riemann-Hilbert equation:

hþðx1Þ þ �R
�1
Rh�ðx1Þ ¼ Δ1

1 þ ω0i2 � E1ðx1Þi4; x1 2 Lc (4.81)

Equation (4.81) is identical with (4.28) except using R and Δ1
1 þ ω0i2 � E1ðx1Þi4

instead of H and Σ0ðx1Þ, respectively, but E1ðx1Þi4 is undetermined, and ω0i2 is

given or determined by given moment on the inclusion. The homogeneous equation

of Eq. (4.81) is

hþðx1Þ þ �R
�1
Rh�ðx1Þ ¼ 0; x1 2 Lc (4.82)

The difference of the homogeneous equation Eqs. (4.82) and (4.29) is only using R
instead of H . So the fundamental solution of Eq. (4.82) is still expressed by

Eq. (4.37), but the eigen-equation is changed to

e�2πεI� �R
�1
R

	 

ω ¼ 0; e2πεI� �R

�1
R

	 

Þ�ω ¼ 0; �R� e2πεR

�� �� ¼ 0;

�R� e�2πεR
�� �� ¼ 0

(4.83)

From Eqs. (4.78) and (4.81), the solution of the inhomogeneous problem is

�Ω
T
hðzÞ ¼ QðzÞ

2π i

Z
L

�Ω
TfΔ1

1 þ ω0i2 � E1ðx1Þi4g
Qþðx1Þðx1 � zÞ dx1 þ QðzÞCðzÞ

¼ 1þ e2πεi
� ��1
D E

�Ω
T
Δ1
1 þ ω0i2 � E1ðzÞi4

� �n o
þ QðzÞCðzÞ

hðzÞ ¼ Ω 1þ e2πεi
� ��1
D E

�Ω
T
Δ1
1 þ ω0i2 � E1ðzÞi4

� �þΩ Y
ðiÞ
0 ðzÞ

D E
CðzÞ

QðzÞ ¼ Y
ðjÞ
0 ðzÞ

D E
; Y

ðjÞ
0 ðzÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2 � a2
p z� a

zþ a

 �iεj

; �Ω
T
Ω ¼ I

(4.84)
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where CðzÞ ¼ C1zþ C0. E1ðzÞ can be obtained from Eqs. (4.78) and (4.84):

R4Ω 1þ e2πεi
� ��1
D E

�Ω
T
i4E1ðzÞ

¼ R4Ω 1þ e2πεi
� ��1
D E

�Ω
T
Δ1
1 þ ω0i2

� �þΩ Y
ðiÞ
0 ðzÞ

D E
CðzÞ � R4h

1
(4.85)

The unknown constants are obtained by using the conditions at infinity and the

single-valued conditions and the moment condition:

Z
L

ΔΦ;1dx1 ¼
Z a

�a

ΔΦ;1dx1 ¼ 0;

Z a

�a

ΔΦ2; 1ðx1 � x0Þdx1 ¼ M (4.86)

The rigid line inclusion is discussed in many literatures (Shi 1997; Deng and

Meguid 1998).

4.3.2 A Bimaterial with an Electrode on the Interface

Discuss a thin soft electrode of length2aoccupiedLc and let the coordinate origin be
located at the center of the electrode (Ru 2000). In Fig. 4.2 the crack is changed to

an electrode. The connective surface is denoted by L� Lc . Assume the boundary

conditions are

σI2i ¼ σII2i; uIi ¼ uIIi; EI1 ¼ EII1; DI2 ¼ DII2; x1 =2 Lc

σI2i ¼ σII2i; uIi ¼ uIIi; EI1 ¼ EII1 ¼ 0;

Z
Lc

δ x1ð Þdx1 ¼ q; x1 2 Lc

σij ! 0; Dj ! 0; zj j ! 1

(4.87)

where δ x1ð Þ ¼ DI2 x1ð Þ � DII2 x1ð Þ and q is the total electric charge on the electrode.
Because the generalized displacements are continuous on whole axis x1, analo-

gous to Eqs. (4.23) and (4.73) and noting σij;Dj ! 0 at infinity, we have

AIFIðx1Þ þ �AI
�FIð�x1Þ ¼ AIIFIIðx1Þ þ �AII

�FIIð�x1Þ; �1 < x1 < 1
AIFIðzÞ ¼ �AII

�FIIðzÞ; or YIBIFIðzÞ ¼ ��YII
�BII

�FIIðzÞ; x2 > 0

AIIFIIðzÞ ¼ �AI
�FIðzÞ; or YIIBIIFIIðzÞ ¼ ��YI

�BI
�FIðzÞ; x2 < 0

(4.88)

According to Eqs. (4.87) and noting ΣI2 � ΣII2 ¼ ΦI;1 �ΦII;1 yield

BIFIðx1Þ � �BII
�FIIðx1Þ½ �þ � BIIFIIðx1Þ � �BI

�FIðx1Þ½ �� ¼ 0; z =2 Lc
0; 0; 0; δ x1ð Þ½ �T; z 2 Lc

�
(4.89)
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From Eq. (4.89), we can construct a function hðzÞ analytic in whole plane except Lc
by the analytic continuation through L� Lc . Using the Sokhotski (Сохоцкий)-
Plemelj formula of the Cauchy-type integral, its solution is

hðzÞ ¼ 0; 0; 0; χðzÞ½ �T ¼ BIFIðzÞ � �BII
�FIIðzÞ; z 2 Sþ

BIIFIIðzÞ � �BI
�FIðzÞ; z 2 S�

�
; χðzÞ ¼ 1

2πi

Z
L

δðx1Þ
x1 � z

dx1

(4.90)

Using Eq. (4.88), Eq. (4.90) can be reduced to

YI þ �YIIð ÞBIFIðzÞ ¼ �YII 0; 0; 0; χðzÞ½ �T; z 2 Sþ

YII þ �YIð ÞBIIFIIðzÞ ¼ �YI 0; 0; 0; χðzÞ½ �T; z 2 S�
(4.91)

Using Eq. (4.88) from Eþ
1 ¼ 0 on Lc, see Eq. (4.87), yields

YIBIFI x1ð Þ½ �þ þ YIIBIIFII x1ð Þ½ �� ¼ �; �; �; 0½ �T; z 2 Lc (4.92)

where “�” is not an applied variable and omitted. Substitution of Eq. (4.91) into

Eq. (4.92) yields

YI YI þ �YIIð Þ�1�YII 0; 0; 0; χ
þðx1Þ½ �T þ YII YII þ �YIð Þ�1�YI 0; 0; 0; χ

�ðx1Þ½ �T

¼ �; �; �; 0½ �T; z 2 Lc
(4.93)

The fourth component of Eq. (4.93) is

χþðx1Þ � gχ�ðx1Þ ¼ 0; g ¼ � YII YII þ �YIð Þ�1�YI

h i
44

YI YI þ �YIIð Þ�1�YII

h i
44

.
(4.94)

Equation (4.94) is identical with (4.1) in form, so its solution is

χðzÞ ¼ cðzþ aÞ�γðz� aÞγ�1;

γ ¼ 1

2π i
ln g ¼ 1

2π i
ln
� YI YI þ �YIIð Þ�1�YII

h i
44

YII YII þ �YIð Þ�1�YI

h i
44

(4.95)

For a homogeneous material, we have γ ¼ 1 2= . Comparing Eqs. (4.90) and (4.95) at

infinity, it is found that

c ¼ � 1 2πi=ð Þ
Z
Lc

δðx1Þdx1 ¼ iq 2π= (4.96)

Substituting Eq. (4.96) into Eq. (4.91) yieldsFIðzÞ;FIIðzÞ. Replacing z by zj inFβðzÞ,
the stress potentialFβðzjÞ is obtained. Ru (2000) discussed the collinear cracks also.

4.3 Other Line Inclusions 159



4.3.3 Surface Electrodes

In this section, we shall discuss surface electrodes (Fig. 4.3) in details (Zhou et al.

2005a, b; Kuang et al. 2004). In this case, air occupies Sþ and it is assumed that in

the air only the electric variables need to be considered; the dielectric occupies S�.
The boundary conditions are

σij ! 0; Di ! 0; zj j ! 1; σ2i ¼ 0; D2 ¼ 0; z 2 L� Lc; i; j ¼ 1; 2; 3

σ2i ¼ 0; E1 ¼ 0; and

Z
Lck

D�
2 x1ð Þdx1 ¼ �qk; or

φk ¼ Vk;

Z
Lc

D�
2 x1ð Þdx1 ¼ �Q ¼ �

Xn
k¼1

qk; k ¼ 1; 2; . . . n; z 2 Lc

(4.97)

whereD�
2 ðx1Þ is an undetermined function. According to Eq. (4.97), it is known that

Σ2 ¼ 0 or BF� x1ð Þ þ �B�F
�

�x1ð Þ ¼ 0 on L� Lc, so we can construct a function hðzÞ
analytic in whole z plane except Lc by the standard analytic continuation method:

hðzÞ ¼ �B�1�B�FðzÞ; z 2 Sþ

FðzÞ; z 2 S�

�
(4.98)

From Eqs. (4.97) and (4.98) and using Fþðx1Þ ¼ �F
�ðx1Þ;F�ðx1Þ ¼ �F

þðx1Þ we get

hþ x1ð Þ � h� x1ð Þ ¼ �B�1 BF� x1ð Þ þ �B�F
þ
x1ð Þ

h i
¼ 0; z 2 L� Lc

BF� x1ð Þ þ �B�F
þ
x1ð Þ ¼ ΣD; ΣD ¼ 0; 0; 0;D�

2 x1ð Þ� �T
hþ x1ð Þ � h� x1ð Þ ¼ �B�1ΣD; hþj � h�j ¼ �B�1

j4 D�
2 x1ð Þ; j ¼ 1� 4; z 2 Lc

(4.99)

Fig. 4.3 Collinear surface

electrodes
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Equation (4.99) is a decoupling Riemann-Hilbert boundary problem, and its

solution is

hðzÞ ¼ �B�1 1

2π i

Z
L00

ΣD x1ð Þ
x1 � z

dx1; FðzÞ ¼ hðzÞ; z 2 S� (4.100)

From the known knowledge, it is assumed

D2ðzÞ ¼ D�
2 ðzÞ ¼ PðzÞ

Yn
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z� aið Þ z� bið Þ

p
; z 2 S�

,

PðzÞ ¼ i γn�1z
n�1 þ � � � þ γ1zþ γ0

� � (4.101)

where γi is a complex constant. Usually, select function
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z� aið Þ z� bið Þp ! z

when z ! 1 as its single-valued branch. Substitution of Eq. (4.101) into

Eq. (4.100) yields

Fj zj
� � ¼ 1 2=ð ÞB�1

j4 P zj
� � Yn

i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zj � ai
� �

zj � bi
� �q !�1

fj zj
� � ¼ Z Fj zj

� �
dzj þ 1 2=ð ÞiCB�1

j4 ; z 2 S�
(4.102)

where C is a constant. According to Eq. (4.97), it has E1 ¼ 0 on Lc, so

AF� x1ð Þ þ AF� x1ð Þ ¼ �; �; �; 0½ �; x1 2 Lc (4.103)

Substituting Eq. (4.102) into Eq. (4.103), on ith electrode, yields

A4jB
�1
j4

iP x1ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 � aið Þ bi � x1ð Þp Qn

k¼1;k 6¼i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 � akð Þ x1 � bkð Þp

� �A4j
�B�1
j4

i �P �x1ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 � aið Þ bi � x1ð Þp Qn

k¼1;k 6¼i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 � akð Þ x1 � bkð Þp ¼ 0; x1 2 Lc

(4.104)

Using H44 ¼ iA4jB
�1
j4 is real, A4jB

�1
j4 is pure imaginary number, and Eq. (4.104) can

be reduced to P x1ð Þ þ �P �x1ð Þ ¼ 0, it is concluded that all γi in PðzÞ are real.
The generalized stressΣ2k and the generalized displacementUk are, respectively,

Σ2k ¼ Re
X4
j¼1

kjB
�1
j4 P zj
� � Yn

i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zj � ai
� �

zj � bi
� �q !�1

Uk ¼ 2Re Akjfj zj
� �� � ¼ Re AkjB

�1
j4

Z
P zj
� �

dzjQn
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zj � ai
� �

zj � bi
� �q

2
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3
75þ H44C

(4.105)
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If the electric charge on the electrode i is given, we have

Z bi

ai

Σ24 x1ð Þdx1 ¼
Z bi

ai

D�
2 x1ð Þdx1 ¼

Z bi

ai

Re
P x1ð Þdx1Qn

m¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zj � am
� �

zj � bm
� �q

¼
Z bi

ai

iP x1ð Þdx1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 � aið Þ bi � x1ð Þp Qn

k¼1;k 6¼i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 � akð Þ x1 � bkð Þp ¼ �qi; i ¼ 1� n

(4.106)

where n unknowns γi i ¼ 0; 1; . . . ; n� 1ð Þ are just determined by n equations.

Especially when z ! 1, we have

lim
z!1F4 z4ð Þ ¼ 1

2π iz4
B�1
44

Z
L00
D2 x1ð Þdx1; lim

z!1F4 z4ð Þ ¼ i

2z4
B�1
44 γn�1

so

γn�1 ¼ � 1

π

Z
Lc

D2 x1ð Þdx1 ¼ � 1

π
�Qð Þ ¼ Q

π
(4.107)

If the electric potential on the electrode i is given, we have

U4ð Þi ¼ φi ¼ Re
X4
j¼1

A4jB
�1
j4

Z bi

ai

P x1ð Þdx1Qn
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 � aið Þ x1 � bið Þp

" #
þ H44C

¼ H44Im

Z bi

ai

P x1ð Þdx1Qn
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 � aið Þ x1 � bið Þp þ H44C ¼ Vi

Z
Lc

D�
2 x1ð Þdx1 ¼ �Q ¼

Xn
i¼1

Re

Z bk

ak

P x1ð Þdx1Qn
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 � aið Þ x1 � bið Þp

(4.108)

where nþ 1 unknowns γi i ¼ 0; 1; . . . ; n� 1ð Þ and C are just determined by nþ 1

equations.

For only one electrode located in �a; að Þ case, from Eq. (4.102) by using

Eq. (4.107) we get

Fj zj
� � ¼ B�1

j4

qi

2π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2
j
� a2

q ; fj zj
� � ¼ qi

2π
B�1
j4 ln zj þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2
j
� a2

q	 

þ ln ~C

n o

(4.109)

where ~C is a real constant. Let φ ¼ V0 on the electrode, then we have

φ ¼ 2Re A4jfj x1ð Þ� � ¼ H44 q π=ð ÞRe ln x1 � i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x21

q �
þ ln ~C

� �
¼ V0
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Because H44 ¼ iA4jBj4 is real, Re ln x1 � i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x21

p	 

¼ ln a , from the above

equation we get

H44 q π=ð Þ ln a ~C ¼ V0; or ~C ¼ 1 a=ð Þ exp πV0 qH44=ð Þð Þ (4.110)

The electric potential and generalized stresses are, respectively,

φ ¼ H44 q π=ð ÞRe ln zj þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2
j
� a2

q	 
.
a

h i
þ V0

Σ2k ¼ � q π=ð ÞIm
X4
j¼1

BkjB
�1
j4 z2

j
� a2

	 
�1 2=
; Σ1k ¼ q

π
Im
X4
j¼1

BkjB
�1
j4 μj z2

j
� a2

	 
�1 2=

(4.111)

For the dielectric without the piezoelectric effect, we have

Q44 ¼ �E11; R44 ¼ �E12; T44 ¼ �E22; μ4 ¼ �E12 þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E11E22 � E212

q ��
E22

A44 ¼ �i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E11E22 � E212

q
; B44 ¼ � E12 þ μ4E22ð Þ; H44 ¼ � E11E22 � E212

� ��1 2=
< 0

F4 z4ð Þ ¼ B�1
44

qi

2π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2
4
� a2

q ; φ ¼ V0 � H44

q

π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E11E22 � E212

p Re ln
1

a
z4 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2
4
� a2

q	 
� �

(4.112)

For an isotropic dielectric Eij ¼ Eδij, so it is obtained

φ ¼ V0 � q πE=ð ÞRe ln zþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p	 
.
a

h in o
(4.113)

which is identical with the result in usual textbooks. Kuang et al. (2004) gave

numerical examples for the case of two electrodes. Shindo et al. (1998) discussed

the surface electrode also.

4.4 Short Discussions on Some Special Problems

4.4.1 Partly Insulated and Partly Conducted Crack
in a Homogeneous Material

The impermeable or conducting electric boundary conditions are idealization

case. Breakdown of the dielectric inside the crack was observed in experiments,

especially near the crack tip region. The local electric discharge may make an

impermeable crack conducting electrically and change the failure behavior of

piezoelectric materials (Lynch et al. 1995; Zhang et al. 2001). The discharge

process at the gap near a crack tip is complex dynamic process. When the electric
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field approaches the critical value, the air breaks down and becomes conducting

gas, but after air breakdown, the electric field diminishes quickly and air becomes

insulated again. This process will be repeated and form discontinuous electric

sparks. For the homogeneous material, Huang and Kuang (2003) proposed an

ideal static model: partly insulated and partly conducted crack. Near the crack tip,

the conducting boundary condition is adopted, but in the middle part of the crack, it

is considered insulated (Fig. 4.4). The boundary conditions are

Σ1 ¼ Σ1
1 ; Σ2 ¼ Σ1

2 ; at infinity

σ
2j x1; 0ð Þ ¼ 0; E

1 x1; 0ð Þ ¼ 0; x1 2 L1 [ L3

σ
2j x1; 0ð Þ ¼ 0; D

2 x1; 0ð Þ ¼ 0; x1 2 L2

(4.114)

where L2 �b; bð Þ is the insulated region and L1 �a;�bð Þ and L3 b; að Þ are the

conducting region. For an electric free crack the single-valued conditions areZ
L

uþj;1 x1; 0ð Þ � u�j;1 x1; 0ð Þ
h i

dx1 ¼ 0;

Z
L2

φþ
;1 x1; 0ð Þ � φ�

;1 x1; 0ð Þ
h i

dx1 ¼ 0Z
L1

Dþ
2 x1; 0ð Þ � D�

2 x1; 0ð Þ� �
dx1 ¼ 0;

Z
L3

Dþ
2 x1; 0ð Þ � D�

2 x1; 0ð Þ� �
dx1 ¼ 0

(4.115)

Equation (4.114) can be reduced to the following inhomogeneous Riemann-Hilbert

equations:X
k
A4kF



k x1ð Þ þ

X
k
A4kF

�
k x1ð Þ ¼ 0; x1 2 L1 [ L3

Σþ
2j x1ð Þ þ Σ�

2j x1ð Þ ¼
X

k
BjkF

þ
k þ BjkF

þ
k þ BjkF

�
k þ BjkF

�
k

h i
¼ s1 x1ð Þδ4j

Σþ
2j x1ð Þ � Σ�

2j x1ð Þ ¼
X

j
BjkF

þ
k � BjkF

þ
k þ BjkF

�
k � BjkF

�
k

h i
¼ s2 x1ð Þδ4j

s1 x1ð Þ ¼ 0; x1 2 L2

Dþ
2 þ D�

2 ; x1 2 L1 [ L3

�
; s2 x1ð Þ ¼ 0; x1 2 L2

Dþ
2 � D�

2 ; x1 2 L1 [ L3

�
(4.116)

Fig. 4.4 Partly insulated and partly conducted crack
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Because D2 is unknown on x1 2 L1 [ L3, so s1 x1ð Þ and s2 x1ð Þ in Eq. (4.116) are

undetermined functions. Eq. (4.116) can be solved as an inhomogeneous Riemann-

Hilbert problem by using the analytic continuation method. Finally Huang and

Kuang (2003) obtained the solution in z plane

FjðzÞ ¼ 1

2
B�1
j4 γ6z XbðzÞ � XaðzÞf g þ i γ0 þ γ2z

2
� �

XabðzÞ � iγ2
� �

þ 1

2
B�1
jk β1kzXaðzÞ þ iβ2k½ �; j; k ¼ 1; 2; 3; 4

(4.117)

It is known that an impermeable crack intensifies an electric field perpendicular

to it, but does not perturb an electric field parallel to it. The effect of a conducting

crack is just conversely. The singular parts of the generalized stresses are

σ2j x1ð Þ ¼ β1jx1Xa x1ð Þ ¼ σ12j x1Xa x1ð Þ
D2 x1ð Þ ¼ H4j H44=

� �
σ12j x1 Xb x1ð Þ � Xa x1ð Þ½ � þ D1

2 x1Xb x1ð Þ
E1 x1ð Þ ¼ β2jH4j 2=

� �
I2 I1 � x21
�� �

Xab x1ð Þ � σ12j Im Y4j
� �

x1Xa x1ð Þ
(4.118)

where

XaðzÞ ¼ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p.
; XbðzÞ ¼ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � b2

p.
; XabðzÞ ¼ XaðzÞXbðzÞ

Σ1
2j ¼ β1j; Σ1

1j ¼ �Re Σ4
k¼1BjkμkB

�1
km β1m þ iβ2mð Þ� �

γ2 ¼ H4jβ2j H44= ; γ6 ¼ H4jβ1j H44= ; γ0 ¼ �γ2I2 I1=

I2 ¼
Z a

b

x21
�
Xab x1ð Þ� �

dx1; I1 ¼
Z a

b

1 Xab x1ð Þ=½ �dx1

(4.119)

The limit analysis shows that γ0 ¼ 0 for b ¼ 0 and γ0 ¼ �a2γ2 for b ¼ a. These
show that the present solution is consistent with solutions of the conventional

conducting crack and impermeable crack. For the general situation 0 � b < a at

the tip region, where r and a� b is in the same order, the generalized stresses are

related to both r and a� b.
In electroelastic fracture mechanics, the energy release rate and J � integral

(Pak 1990; Suo et al. 1992) is often used. Because there are two singular points,

crack tip x1 ¼ a; x2 ¼ 0 and the tip of the conductive part x1 ¼ b; x2 ¼ 0, so two

J � integrals expressed with electric enthalpy are defined as

J1 ¼
Z
La

gn1 � niσipup;1 � niDiφ;1

� �
dl; J2 ¼

Z
Laþb

gn1 � niσipup;1 � niDiφ;1

� �
dl

(4.120)

where La is the contour only enclosed the crack tip, Laþb is the contour enclosed

two singular points, g is the electric enthalpy, and n is the outward normal of the

contour.
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Now give a numerical example. When the poling direction is along axis x3, the
material constants of PZT-4 are

C11 ¼ 13:9� 1010; C12 ¼ 7:78� 1010; C13 ¼ 7:43� 1010; C33 ¼ 11:3� 1010;

C44 ¼ 2:56� 1010 N m2
�� �

; e31 ¼ �6:98; e33 ¼ 13:84; e15 ¼ 13:44 C m2
�� �

E11 ¼ 6:00� 10�9; E33 ¼ 5:47� 10�9 C Vm=ð Þ

In the above theoretical analyses, the poling direction is along axis x2 , so the

material constants need to be transformed. Figure 4.5 gives the variation of J1 and J2
values with respect to b a= under the loading σ122 ¼ 1MPa and E1

1 ¼ 0:1MV m= .

Figure 4.6 gives the variation of J1 and J2 values with respect to b a= under the

Fig. 4.5 Variation of J-integral value with respect to b a= under loading σ122 ¼ 1MPa and E1
1 ¼

0:1MV m= : (a) J1 and (b) J1 and J2

Fig. 4.6 Variation of J-integral value with respect to b a= under loading σ122 ¼ 1MPa and E1
2 ¼

0:1MV m= : (a) J1 and (b) J1 and J2
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loading σ122 ¼ 1MPa and E1
2 ¼ 0:1MV m= . A completely conducting crack can

be obtained from J1 when b a= ! 0, while completely impermeable crack can be

obtained from J2 when b a= ! 1.

4.4.2 Contact Zone Model for Interface Cracks
in a Piezoelectric Bimaterial

Figure 4.7 shows a contact zone model in a bimaterial (in x1 –x3 plane) for an

electrically permeable interface crack (Herrmann and Loboda 2000; Loboda 1993).

Let material I is located in the upper half space Sþ and material II is located in the

lower half space S�. Let c the left end of the crack, a the right end, and ab the contact
zone. The boundary conditions are

ΣI ¼ ΣII ¼ Σ1; at infinity

d̂ðx1Þ ¼ ½u3½ �� ¼ uþ3 � u�3 ¼ 0; ½Σ3½ �� ¼ ΣI3ðx1Þ � ΣII3ðx1Þ ¼ 0; x1 =2 ðc; bÞ
σ
13 ¼ 0; σ
33 ¼ 0; ½φ½ �� ¼ 0; ½D3½ �� ¼ 0; x1 2 ðc; aÞ
σ
13 ¼ 0; ½σ33½ �� ¼ 0; ½u3½ �� ¼ 0; ½φ½ �� ¼ 0; ½D3½ �� ¼ 0; x1 2 ðb; aÞ

(4.121)

It is assumed that only normal unknown contact stress σ33 is acted on the

contact zone and no tangential frictional force. Because on whole axis x1 , ΣI3ðx1Þ
¼ ΣII3ðx1Þ , like Eqs. (4.51), (4.52), (4.53), (4.54), and (4.55), of Sect. 4.2.6 or

Eqs. (4.72), (4.73), (4.74), and (4.75) of Sect. 4.3.1, but different notations are

adopted, we have

Fig. 4.7 Contact zone model

in a bimaterial
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�FIIðzÞ ¼ �B�1
II BIFIðzÞ � Δ1ð Þ; x3 > 0; �FIðzÞ ¼ �B�1

I BIIFIIðzÞ � Δ1ð Þ; x3 < 0

d̂0ðx1Þ ¼ AIFIðx1Þ þ �AI
�FIðx1Þ � AIIFIIðx1 � �AII

�FIIðx1Þ ¼ MFIðx1Þ þ �M�FIðx1Þ þ Δ1
1

M ¼ AI � �AII
�B�1
II BI ¼ ðAI

�B�1
I � �AII

�B�1
II ÞBI ¼ �iHBI; Δ1

1 ¼ �AIIB
�1
II þ �AII

�B�1
II

� �
Δ1

(4.122)

and

WðzÞ ¼ MFIðzÞ; x2 � 0

� �M�FIðzÞ � Δ1
1 ; x2 	 0

�
d̂0ðx1Þ ¼ WIðx1Þ �WIIðx1Þ; Σ0ðx1Þ ¼ GWIðx1Þ � �GWIIðx1Þ � �M

�1Δ1
1

G ¼ BIM
�1 ¼ BI ðAI

�B�1
I � �AII

�B�1
II ÞBI

� ��1 ¼ ðAI
�B�1
I � �AII

�B�1
II Þ

�1 ¼ iH�1 ¼ ��G
T

(4.123)

whereH is shown in Eq. (4.25),Δ1 is shown in Eq. (4.52),WðzÞ is a vector function
analytic in whole plane except cracks. For a kind of 6mm piezoelectric materials

poling along axis x3, G possesses the following behavior:

G ¼
G11 G13 G14

G31 G33 G34

G41 G43 G44

2
64

3
75 ¼

ig11 g13 g14

g31 ig33 ig34

g41 ig43 ig44

2
64

3
75; g11 g13

g31 g33

� �
positive definite

g13 ¼ �g31; g14 ¼ �g41; g34 ¼ g43; g44 < 0; all gij is real

(4.124)

and the eigen-equation Eq. (3.12) becomes

C11 þ C44μ2 ðC13 þ C44Þμ ðe31 þ e15Þμ
ðC13 þ C44Þμ C44 þ C33μ2 e15 þ e33μ2

ðe31 þ e15Þμ e15 þ e33μ2 �E11 � E33μ2

2
4

3
5 a1

a3

a4

8><
>:

9>=
>; ¼

0

0

0

8><
>:

9>=
>; (4.125)

The roots of Eq. (4.125) are μ1 ¼ α1 þ iβ1; μ3 ¼ �α1 þ iβ1; μ4 ¼ iβ4 where α1;
β1; β4 are all real:

B1j ¼ C44 μjA1j þ A3j

� �þ e15A4j; B3j ¼ C13A1j þ C33μjA3j þ e33μjA4j

B4j ¼ e31A1j þ e33μjA3j � E33μjA4j; j ¼ 1; 3; 4;
(4.126)

Finally they get

KI ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
πl 2a=

p ffiffiffiffiffiffiffiffiffiffiffi
1� λ

p
σ133 cos δþ mσ113 sin δ
� �� 2ε σ133 sin δ� mσ113 cos δ

� �h i
KII ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πl 2m2=

p
σ133 sin δ� mσ113 cos δ
� �þ 2ε

ffiffiffiffiffiffiffiffiffiffiffi
1� λ

p
σ133 cos δþ mσ113 sin δ
� �h i

KD ¼ g�1
33 g43 � g31g43 � g41g33ð Þ γ2 � 1

� �
2λρ=

� �
KI

(4.127)
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where

γ ¼ � g31 þ mg11ð Þ t= ; s ¼ g33 þ mg13ð Þ t= ; m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�g33 g11=

p
; ρ ¼ tð1þ γÞ

δ ¼ ε ln 1�
ffiffiffiffiffiffiffiffiffiffiffi
1� λ

p	 

1þ

ffiffiffiffiffiffiffiffiffiffiffi
1� λ

p	 
.h i
; λ ¼ a� bð Þ l= ; ε ¼ 1 2π=ð Þ ln γ; l ¼ a� c

(4.128)

The contact point b (or the parameter λ) is determined by KI ¼ 0, i.e., under the

conditions

σI33ðx1; 0Þ 	 0; x1 2 a; bð Þ; ½u3ðx1; 0Þ½ �� � 0; x1 2 c; að Þ (4.129)

Select the maximum λ0 from the following equation:

tan δ ¼
ffiffiffiffiffiffiffiffiffiffiffi
1� λ

p
σ133 þ 2εmσ113

	 

2εσ133 �

ffiffiffiffiffiffiffiffiffiffiffi
1� λ

p
mσ113

	 
.h i
(4.130)

For the bimaterial CTS-19 Sþð Þ PZT-4= S�ð Þ and cadmium sulfide=barium sodium

niobate, numerical results show that λ0 � 0:3, when σ113=σ
1
33 ! 1, and λ0 �1 e100

�
;

1 e50
�

when σ113=σ
1
33 ! 0; 1, respectively.

Herrmann and Loboda (2000) considered that Δ1 can be included in undeter-

mined functions FIðzÞ;FIIðzÞ, so they let Δ1 ¼ 0. However if let Δ1 ¼ 0, then

Σβ � 2Re BβFβ

� � ¼ Cβ 6¼ 0, whereCβ is a known constant vector. But this does not

influence the stress intensity factors and the length of the contact zone.

Herrmann et al. (2001) discussed also the contact zone model of the imper-

meable crack.

4.4.3 Nonideal Crack in a Homogeneous
Piezoelectric Material

In practical structure, the crack cannot be ideal. Now discuss a simple free nonideal

crack in a homogeneous piezoelectric material subjected Σ1
1 ;Σ1

2 at infinity.

Figure 4.8 shows a nonideal symmetric crack expressed by the equation:

x2 ¼ εY
 x1ð Þ; Yþ x1ð Þ � Y� x1ð Þ > 0; x1j j < a

Y0
þ 
að Þ � Y0

� 
að Þ ¼ 0
(4.131a)

where ε is a small parameter and 2a is the length of the crack. The last equation in

Eq. (4.131a) ensures the crack tip idealization.

Huang and Kuang (2001) applied the small parameter method to solve this

problem. According to Eq. (4.131a), the points on the crack surfaces in z and zj
planes are denoted respectively by

z0 ¼ x1 þ iεY
 x1ð Þ; z0j ¼ x1 þ εμjY
 x1ð Þ; x1j j 	 a (4.132)

4.4 Short Discussions on Some Special Problems 169



Expand the complex potential in the piezoelectric material in the series of ε

fj zj
� � ¼ fj zj; ε

� � ¼X1
n¼0

εn n!=ð Þf ðnÞj zj
� � ¼ f

ð0Þ
j zj
� �þ εf ð1Þj zj

� �þ � � � (4.133)

On the crack surfaces, we have

f
ðnÞ
j z0j

	 

¼ f

ðnÞ

j x1ð Þ þ εμjY
 x1ð Þf 0jðnÞ
 x1ð Þ þ � � � (4.134)

where f
ðnÞ

j x1ð Þ is the value at z0j of f ðnÞj zj

� �
and f

0ðnÞ

j ðzÞ is the derivative of f ðnÞ
j ðzÞ

withz. The complex electric potentialϕðzÞ in the air can be expressed in the same way:

ϕðzÞ ¼ ϕ z; εð Þ ¼ ϕð0ÞðzÞ þ εϕð1ÞðzÞ þ � � � ; φcðz; εÞ ¼ ϕ z; εð Þ þ �ϕð�z; εÞ
ϕðnÞ z0

� � ¼ ϕðnÞ
 x1ð Þ þ iεY
 x1ð Þϕ0ðnÞ
 x1ð Þ þ � � �
Ec
1 ¼ �φc

;1ðzÞ ¼ �2Reϕ0ðzÞ; Ec
2 ¼ �φc

;2ðzÞ ¼ 2Imϕ0ðzÞ
(4.135)

The boundary conditions on a permeable crack surfaces are

2Re
X
j

Bkjfj z0j

	 

¼ 0; k ¼ 1; 2; 3

2Re
X4
j¼1

A4jfj z0j

	 

¼ 2Reϕ z0

� �
; 2Re

X4
j¼1

B4jfj z0j

	 

¼ 2E0Imϕ z0

� � (4.136)

The zero-order approximation on the crack surfaces x1j j 	 a; x2 ¼ 0 is

2Re
X4
j¼1

BPjf
ð0Þ

j x1ð Þ ¼ T

ð0Þ
P x1ð Þ; 2Re

X
j

A4jf
ð0Þ

j x1ð Þ ¼ 2Reϕð0Þ x1ð Þ

T
ð0Þ
P x1ð Þ ¼ 0; 0; 0; 2E0Imϕð0Þ x1ð Þ

h iT
; P ¼ 1; 2; 3; 4

(4.137)

Fig. 4.8 Nonideal crack
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The first-order approximation on the crack surfaces x1j j 	 a; x2 ¼ 0 is

2 Re
X4
j¼1

BPjf
ð1Þ

j x1ð Þ ¼ T

ð1Þ

P x1ð Þ

2Re
X4
j¼1

A4j μjY
 x1ð Þf 0jð0Þ
 x1ð Þ þ f
ð1Þ

j x1ð Þ

h i
¼ 2Re iY
 x1ð Þϕ0ð0Þ x1ð Þ þ ϕð1Þ x1ð Þ

h i

T
ð1Þ

P x1ð Þ ¼ �2Y
 x1ð ÞRe

X
j

BPjμjf
0
j
ð0Þ


x1ð Þ
" #

þ 2δ4PE0 Im iY
 x1ð Þϕ0ð0Þ x1ð Þ þ ϕð1Þ x1ð Þ
h i

(4.138)

The zero-order and first-order approximations at infinity are, respectively,

lim
x!1 2Re

X4
j¼1

BPjμjf
0
j
ð0Þ

zj
� �" #

¼ �Σ1
1P; lim

x!1 2Re
X4
j¼1

BPjμjf
0
j
ð1Þ

zj
� �" #

¼ 0

lim
x!1 2Re

X4
j¼1

BPjf
0
j
ð0Þ

zj
� �" #

¼ Σ1
2P; lim

x!1 2Re
X4
j¼1

BPjf
0
j
ð1Þ

zj
� �" #

¼ 0

(4.139)

The single-valued conditions are

Z a

�a

X4
j¼1

BPjf
0
j
ð0Þþ

x1ð Þ �
X4
j¼1

BPjf
0
j
ð0Þ�

x1ð Þ
" #

¼ 0

Z a

�a

X4
j¼1

BPjf
0
j
ð1Þþ

x1ð Þ �
X4
j¼1

BPjf
0
j
ð1Þþ

x1ð Þ
" #

¼ 0

(4.140)

In Eqs. (4.137), (4.138), (4.139), and (4.140), the subscriptP takes the values 1, 2, 3, 4.
From Eqs. (4.137) and (4.138), an inhomogeneous Riemann-Hilbert equations

can be obtained.

According to previous sections, it is easy to get their solutions. Finally the stress

asymptotic fields near the crack tip are obtained. For a specific symmetric perturbed

crack surface configuration,

Y
 x1ð Þ ¼ 
Y x1ð Þ ¼ 
 a2 � x21
� �3 2=

3a2
�

(4.131b)

The singular term of the generalized stress fields on the x-axis in piezoelectric

material for the zero-order approximation are
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Σð0Þ
2P r; θð Þ ¼

ffiffiffiffiffiffiffiffiffiffi
a 2r=

p
Re

X4
j¼1

BPjRj

, ffiffiffiffiffi
Θj

p" #
þ δ4PC; Θj ¼ cos θ þ μj sin θ

Rj ¼ B�1
jP � B�1

j4 H4P H44=
	 


Σ1
2P; C ¼ H4J H44=ð ÞΣ1

2J

K
ð0Þ
I ¼ ffiffiffiffiffi

πa
p

σ122; K
ð0Þ
II ¼ ffiffiffiffiffi

πa
p

σ121; K
ð0Þ
III ¼ ffiffiffiffiffi

πa
p

σ123; K
ð0Þ
D ¼ � ffiffiffiffiffi

πa
p

σ12j H4j H44=

(4.141)

and the electric fields in the air are

E
ð0Þc
2 x1; 0ð Þ ¼ D1

2

Ec
þ H4jσ12j

H44Ec
; E

ð0Þc
1 x1; 0ð Þ ¼ E1

1 þ Re
X4
j¼1

A4jRj (4.142)

From Eqs. (4.141) and (4.142), it is seen that the zero-order approximate solution

of a permeable crack is consistent with the conducting crack.

The singular term of the generalized stress fields on the x1-axis in piezoelectric

material for the first-order approximation are

Σð1Þ
2P r; 0ð Þ ¼ 1

6

ffiffiffiffiffi
a

2r

r
Re

X4
j¼1

iBPjμjRj

 !
� δ4PH4N

H44

Re
X4
j¼1

iBNjμjRj

 !( )

K
ð1Þ
I ¼

ffiffiffiffiffi
πa

p
6

Re
X4
j¼1

iB2jμjRj

 !
; K

ð1Þ
II ¼

ffiffiffiffiffi
πa

p
6

Re
X4
j¼1

iB1jμjRj

 !

K
ð1Þ
III ¼

ffiffiffiffiffi
πa

p
6

Re
X4
j¼1

iB3jμjRj

 !
; K

ð1Þ
D ¼ �

ffiffiffiffiffi
πa

p
H4N

6H44

Re
X
j

iBNjμjRj

 !
(4.143)

and the electric fields in the air are

E
ð1Þc
1 x1; 0ð Þ ¼ � 1

2
3Π1

x21
a2

þ Π2

 �
; E

ð1Þc
2 x1; 0ð Þ ¼ � 1

πiA1

A2 þ A3ð Þ x
2
1

a2
� A3

2
þ A2

3

 �� �

φ x1; Yþ x1ð Þ½ � � φ x1; Y� x1ð Þ½ � ¼ �2ε Yþ x1ð Þ � Y� x1ð Þ½ � E
ð0Þc
2 þ E

ð1Þc
2

	 

(4.144)

where A;A2;A3 and Π1;Π2 are known complex constants and functions, respec-

tively. It is found that the generalized stress intensity factors of the zero- and first-

order approximations have the same singularity 1
ffiffi
r

p
= , but the stress angular

distributions are different. The future research finds that for an isotropic material,

K
ð1Þ
I ¼ K

ð1Þ
D ¼ 0 . The electric fields are inhomogeneous in the air gap and the

electric potential discontinuity is also inhomogeneous.

In Huang and Kuang’s paper (2001), they also discussed the insulated and

conducted cracks.
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4.4.4 Other Crack Models

Hao and Shen (1994) proposed a model that the electric displacement is dependent

on the crack opening displacement. They assumed that the boundary conditions on

the crack surfaces are

Dþ
2 ¼ D�

2 ; Dþ
2 uþ2 � u�2
� � ¼ E0 φ� � φþð Þ (4.145)

and discussed a single crack located on the ox1ð�a; aÞ under the boundary

conditions:

Σ2 ¼ Σ1
2 ; at infinity; Σ2 ¼ 0; x1j j 	 a; x2 ¼ 0 (4.146)

At first it is assumed E0 φ� � φþð Þ uþ2 � u�2
� �� ¼ D0

2 prior and D0
2 is a constant

determined in the solving process. They applied the stress function method as

shown in Sect. 3.3 in the transform planes to solve this problem. The transform

function is the same as shown in Eqs. (3.82) and (3.86). Finally they get

KI ¼ σ122
ffiffiffiffiffi
πa

p
; KII ¼ σ121

ffiffiffiffiffi
πa

p
; KIII ¼ σ123

ffiffiffiffiffi
πa

p
; KD ¼ D1

2 � D0
2

� � ffiffiffiffiffi
πa

p

(4.147)

Their numerical example showed that the smaller external force, the smaller KD.

The maximum KD is equal to the electric displacement intensity factor of the

insulated crack. It is interest that the boundary conditions Eq. (4.145) can be derived

from Eq. (4.144).

Zhang et al. (1998) proposed a self-consistent calculation of a crack profile.

They considered that the profile of the opened crack is an elliptic cavity and

the ratio of the minor semiaxis to the major semiaxis αs ¼ ½Af αsð Þ þ �A�f αsð Þ½ ��2
(component along x2) at x1 ¼ x2 ¼ 0 . In the solving process, the current crack

profile is used by numerical calculation.

4.5 Interaction of Collinear Inclusions with Singularity

4.5.1 Interaction of an Interface Permeable Crack
with a Singularity in a Bimaterial

Let a generalized mechanical singular load with strength ðb; pÞ be located at z0 in
material I occupied the upper half plane Sþ; x2 > 0. A permeable crack ð�a; aÞ is
located on the interface x2 ¼ 0 (Suo 1990; Gao and Wang 2001; Kuang and Ma

2002). The boundary conditions are

Σij ¼ Σ1
ij ¼ 0; zj j ! 1

σþ2j ¼ σ�2j ¼ 0; Dþ
2 ¼ D�

2 ¼ D2; Eþ
1 ¼ E�

1 ; x1 2 Lc ¼ �a; að Þ
σþ2j ¼ σ�2j; uþj ¼ u�j ; Dþ

2 ¼ D�
2 ¼ D2; Eþ

1 ¼ E�
1 ; x1 =2 Lc

(4.148)
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Assume the solution takes the following form:

FαðzÞ ¼ Fα 0ðzÞ þ GIðzÞδαI; α ¼ I; II

GIðzÞ ¼ ð1=2πiÞV zj � z0j
� ��1
D E

; V ¼ BT
I bþ AT

I p
� � (4.149)

whereGIðzÞ is the solution of a singularity in an infinite material I, see Eq. (3.165b).

Fα 0ðzÞ is the analytic function in the material α and is zero at infinity, because the

generalized stress Σ2 is continuous in whole axis x1 . Similar to Eqs. (4.22) and

(4.23), it can be obtained:

BIFI 0ðzÞ � �BII
�FII 0ðzÞ þ �BI

�GIðzÞ ¼ 0; z 2 Sþ

BIIFII 0ðzÞ � �BI
�FI 0ðzÞ � BIGIðzÞ ¼ 0; z 2 S�

(4.150)

Equations (4.21), (4.24), and (4.150) yield

d̂ðx1Þ ¼ UIðx1Þ � UIIðx1Þ ¼ 2Re½AIf Iðx1Þ � AII f IIðx1Þ�
id̂0ðx1Þ ¼ HBIFI0ðx1Þ þ �YII � �YIð Þ�BI

�GIðx1Þ � �HBIIFII0ðx1Þ þ YI þ �YIð ÞBIGIðx1Þ
(4.151)

Because the generalized displacements are continuous on the connective interface,

using analytic continuation, a function hðzÞ analytic in whole z plane except the

crack can be constructed:

hðzÞ ¼ BIFI0ðzÞ þH�1 �YII � �YIð Þ�BI
�GIðzÞ; z 2 Sþ

H�1 �HBIIFII0ðzÞ �H�1 YI þ �YIð ÞBIGIðzÞ; z 2 S�

�
; z =2 Lc (4.152)

The stressΣI x1ð Þ ¼ ΣII x1ð Þ ¼ BIFI x1ð Þ þ �BI
�FI x1ð Þon the axisx1 can be expressed as

Σ x1ð Þ ¼ hþ x1ð Þ þ �H
�1
Hh� x1ð Þ þ �H

�1
YI þ �YIð ÞBIGI þH�1 YI þ �YIð Þ�BI

�GI

(4.153)

According to Eq. (4.148) on the crack surface, we have Σ x1ð Þ ¼ D2 x1ð Þi4; i4 ¼
0; 0; 0; 1½ �T, where D2 x1ð Þ is unknown. So a Riemann-Hilbert equation is obtained:

hþ x1ð Þ þ �H
�1
Hh� x1ð Þ ¼ ~Σ x1ð Þ; x1 2 Lc

~Σ x1ð Þ ¼ D2 x1ð Þi4 � �H
�1

YI þ �YIð ÞBIGI �H�1 YI þ �YIð Þ�BI
�GI

(4.154)

Equation (4.154) is identical with Eq. (4.28) except using ~Σ x1ð Þ instead of Σ0 x1ð Þ.
The form of the solution is still expressed by Eq. (4.41), i.e.,

Ψ ðzÞ ¼ QðzÞ CðzÞ þ 1

2πi

Z
L

½Qþðx1Þ��1Σ�ðx1Þdx1
ðx1 � zÞ

( )
; CðzÞ ¼ C1zþ C0

Ψ ðzÞ ¼ �Ω
T
hðzÞ; Σ�ðtÞ ¼ �Ω

T�ΣðtÞ; QðzÞ ¼ Y
ðjÞ
0 ðzÞ

D E
; Y

ðiÞ
0 ðzÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2 � a2
p zþ a

z� a

	 
iεi
(4.155)
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In this problem, it is known thatΨ ð1Þ ¼ 0 fromh 1ð Þ ¼ 0 and
H
Γ Ψ ðzÞdz ¼ 0 from

the single-valued condition. So unknown constant vectors C1 ¼ C0 ¼ 0.

Equations (4.151) and (4.52) yield

id̂0ðx1Þ ¼ H hþ x1ð Þ � h� x1ð Þ½ � (4.156)

Because the electric potential is continuous on whole axis, Eq. (4.156) yields

H4 h
þðx1Þ � h�ðx1Þ½ � ¼ 0; H4 ¼ H41;H42;H43;H44½ �; x1j j < 1 (4.157)

Noting h 1ð Þ ¼ 0 the solution of Eq. (4.157) is

H4hðzÞ ¼ H4ΩΨ ¼ 0; Ω�Ω
T ¼ I (4.158)

From Eq. (4.158), D2ðzÞ can be determined and then Eq. (4.155) can be solved.

Substituting Ψ ðzÞ into Eq. (4.152) yields Fα0 zj
� �

.

4.5.2 Interaction of an Interface Impermeable Crack
with an Interface Singularity

Let a generalized singularity load located at x01; 0ð Þ in front of the right tip of a

crack ð�a; aÞ (Wang and Kuang 2002). The superposition method is used to solve

this problem, i.e., let

Uα ¼ Uαd þ Uαc; Φα ¼ Φαd þΦαc (4.159)

whereUαd;Φαd are expressed in Eqs. (3.171) and (3.176) representing the solutions

of an interface singularity in a bimaterial without crack. This solution introduces the

tractionΣ2d.Uαc;Φαc are the solutions of a crack subjected to � Σ2d in a bimaterial.

Using the orthogonal relations of A and B from Eq. (3.171) yields

�Σ2d ¼ �2Re Bα
1

x1 � x01

� �
Vα

� �
¼ � BIVI þ �BI

�VIð Þ 1

x1 � x01
¼ � 1

x1 � x01

l

π

(4.160)

where l is expressed in Eq. (3.175). The solution of a crack subjected to � Σ2d in a

bimaterial can be found in Eq. (4.38). FromΣ1 ¼ 0 and the single-valued condition

of generalized displacement, it yields CðzÞ ¼ 0 in Eq. (4.38). So the solution is

hcðzÞ ¼ BFðzÞ ¼ 1

2πi
PðzÞ

Z
L

�Σ2dðx1Þdx1
Pþðx1Þðx1 � zÞ ¼ � 1

2πi
PðzÞ

Z
L

Pþðx1Þ½ ��1
ldx1

πðx1 � zÞ x1 � x01ð Þ

¼ � 1

2πi

1

z� x01
PðzÞ

Z
L

Pþðx1Þ½ ��1
ldx1

π x1 � x01ð Þ �
Z
L

Pþðx1Þ½ ��1
ldx1

πðx1 � zÞ

( )

(4.161)
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Through some manipulation, we get

hcðzÞ ¼ 1

z� x01
Iþ �H

�1
H

	 
�1

ΩQðzÞ z� x01 � 1

Y0ðzÞ þ
1

Y0ðx01Þ
� �

Ω�1 l

π

(4.162)

From Eqs. (4.44) and (4.162) in front of the crack, the asymptotic stress is

Σ2cðx1Þ ¼ hþc ðx1Þ þ �H
�1
Hh�c ðx1Þ ¼ ðIþ �H

�1
HÞhcðx1Þ

¼ ΩQðzÞ 1� 1

Y0ðzÞ x1 � x01ð Þ þ
1

Y0ðx01Þ x1 � x01ð Þ
� �

Ω�1 l

π

(4.163)

According to Eqs. (4.47) and (4.163), the stress intensity factor is

K ¼ KII;KI;KIII;KD½ �T ¼ lim
x1!a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðx1 � aÞ

p
Ω x1 � að Þ�iεj
D E

Ω�1Σ2ðx1Þ

¼ 1ffiffiffiffiffi
πa

p Ω 2að Þ�iε� 1þ 1

Y0ðx01Þ a� x01ð Þ
� �� �

Ω�1 Ω1bþΩ2pð Þ ¼ W1bþW2p

(4.164)

Sometimes W1 and W2 are called the weight functions.

4.5.3 Interaction of Collinear Rigid Inclusions
with a Singularity

Now we discuss the interaction of collinear rigid inclusions with singularity. The

singularity is also located at z0 with strength ðb; pÞ in material I (Zhou et al. 2008).

The boundary conditions are assumed:

Σ2 ¼ Σ1
2 ðx1Þ; zj j ! 1

uj;1 ¼ ωrδj2; UI ¼ UII; EI1 ¼ EII1 ¼ Er1 ¼ �φr;1; DI1 ¼ DII1; x1 2 Lcr

UIðx1Þ ¼ UIIðx1Þ; Σ2ðx1Þ ¼ ΣI2ðx1Þ ¼ ΣII2ðx1Þ; x =2 Lc; Lc ¼ [Lcr
(4.165)

where ωr is the rotation angle about axis x3 of the rth inclusion. Comparing with

Sect. 4.3.1 (rigid line inclusion) here, only a singularity is added, so the solving

process is similar. Assume the solution is in the following form:

Uα; 1 ¼ 2Re AαFαðzÞ þ AαGIðzÞδαI½ �; Φα; 1 ¼ 2Re BαFαðzÞ þ BαGIðzÞδαI½ �
GIðzÞ ¼ ð1=2πiÞV zj � z0j

� ��1
D E

; V ¼ BT
I bþ AT

I p
� �

; α ¼ I; II

(4.166)
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The generalized displacements are continuous on the whole axis x1. Like Eqs. (4.73)
and (4.150) we have

AIFIðx1Þ þ �AI
�GIðx1Þ � �AII

�FIIðx1Þ ¼ AIIFIIðx1Þ � AIGIðx1Þ � �AI
�FIðx1Þ ¼ Δ1

Δ1 ¼ 1 2=ð Þ½ðAIF
1
I þ AIIF

1
II Þ � ð�AI

�F1
I þ �AII

�F1
II Þ�; α ¼ I; II

(4.167)

Like Eq. (4.74), we have

ΔΦ; 1 x1ð Þ ¼ ΦI; 1 x1ð Þ �ΦII; 1 x1ð Þ ¼ i RAIFI x1ð Þ � �RAIIFII x1ð Þ � �Y�1
II � �Y�1

I

� �
Δ1� �

þ Y�1
I þ �Y�1

I

� �
AIGI x1ð Þ þ �Y�1

II � �Y�1
I

� �
�A

I
�GI x1ð Þ

(4.168)

where Yα;R are also shown in Eq. (4.74). By the standard analytic continuation

through the connective interfaceL� Lc, we can construct a functionhðzÞ analytic in
whole plane except the rigid inclusions Lc and at infinity h 1ð Þ ¼ h1:

hðzÞ ¼ AIFIðzÞ þ R�1ð�Y�1
II � �Y�1

I Þ�A
I
�GIðzÞ; z 2 Sþ

R�1�RAIIFIIðzÞ � R�1ðY�1
I þ �Y�1

I ÞAIGIðx1Þ þ R�1ð�Y�1
II � �Y�1

I ÞΔ1 z 2 S�

�
(4.169)

Equation (4.169) yields

FIðzjÞ ¼ A�1
I hðzjÞ � R�1ð�Y�1

II � �Y�1
I Þ�A

I
�GIðzjÞ

� �
FIIðzjÞ ¼ A�1

II
�R
�1
R hðzjÞ þ R�1ðY�1

I þ �Y�1
I ÞAIGIðzjÞ � R�1ð�Y�1

II � �Y�1
I ÞΔ1� �

(4.170)

Like Eq. (4.79), we have

UI; 1ðx1Þ ¼ AIFIðx1Þ þ �AI
�FIð�x1Þ þ AIGIðx1Þ þ �AI

�GIðx1Þ
¼ hþðx1Þ þ �R

�1
Rh�ðx1Þ þ �R

�1ðY�1
I þ �Y�1

I ÞAIGIðx1Þ
þ R�1ðY�1

I þ �Y�1
I Þ�AI

�GIðx1Þ � Δ1
1

Δ1
1 ¼ �R

�1ð�Y�1
II � �Y�1

I ÞΔ1

(4.171)

On the surfaces of inclusions, like Eq. (4.80), we have

UI; 1 ¼ ωðx1Þi2 � E1ðx1Þi4; ωðx1Þ ¼ ωr; r ¼ 1� n; x1 2 Lc (4.172)

From Eqs. (4.171) and (4.172), a Riemann-Hilbert equation is obtained:

hþðx1Þ þ �R
�1
Rh�ðx1Þ ¼ Nðx1Þ; x1 2 Lc

Nðx1Þ ¼ Δ1
1 þ ωrðx1Þi2 � E1ðx1Þi4 � �R

�1ðY�1
I þ �Y�1

I ÞAIGIðx1Þ � R�1ðY�1
I þ �Y�1

I Þ�AI
�GIðx1Þ

(4.173)
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Equation (4.173) is identical with (4.81) if we useN instead ofΔ1
1 þ ω0i2 � E1ðx1Þi4.

Its solution is

�Ω
T
hðzÞ ¼ QðzÞCðzÞ þ QðzÞ

2πi

Z
L

�Ω
T
Nðx1Þ

Qþðx1Þðx1 � zÞdx1

QðzÞ ¼ Y
ðjÞ
0 ðzÞ

D E
; Y

ðjÞ
0 ðzÞ ¼

Yn
k¼1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðz� akÞðz� bkÞ
p z� bk

z� ak

 �iεj

CðiÞðzÞ ¼ CðiÞ
n zn þ C

ðiÞ
n�1z

n�1 þ � � � þ C
ðiÞ
1 zþ C

ðiÞ
0

(4.174)

Equations (4.168), (4.169), and (4.165) yield

ΔΦ; 1ðx1Þ ¼ iR½hþðx1Þ � h�ðx1Þ�; x1 2 Lc
ΔΦ; 1ðx1Þ ¼ 0; x1 =2 Lc

(4.175)

According to Eq. (4.165),D2ðx1Þ is continuous on wholex1 ¼ 0, soΔΦ4; 1ðx1Þ ¼ 0, or

R4 h
þðx1Þ � h�ðx1Þ½ � ¼ 0; �1 < x1 < 1 (4.176)

where R4 is the fourth row of R. The solution is

R4hðzÞ ¼ R4h
1; h1 ¼ hð1Þ (4.177)

Assume ε1 ¼ ε111; ε
1
12 þ w1; ε113 þ w1

3 ;�E1
1

� �T
at infinity and noting hþ x1ð Þ ¼

h� x1ð Þ on the crack surface and hþð1Þ ¼ h�ð1Þ we can get h1:

UI;1ð1Þ ¼ ε111; ε
1
12 þ ω1; ε113 þ ω1

3 ;�E1
1

� � ¼ ε1 ¼ hþð1Þ þ �R
�1
Rh�ð1Þ � Δ1

1

h1 ¼ Ω < 1þ e2πεi
� ��1

> �Ω
T
ε1 þ Δ1

1

� �
(4.178)

From Eqs. (4.177) and (4.178), E1ðzÞ can be obtained and then Eq. (4.174) can be

solved.

If R ¼ �R is a real matrix, the solution does not oscillate.

4.5.4 Interaction of a Crack with an Electric Dipole
in a Homogeneous Piezoelectric Material

Let an impermeable crack �a; að Þ in an infinite piezoelectric material and

an electric dipole with strength pe located at z0 formed an angle θ with positive

axis x1. The distance from z0 to a; 0ð Þ is ρ ¼ z0a
*
��� ��� and z0a

*
form an angle ϕwith the

positive direction of x1 (Fig. 4.9).
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Wang and Kuang (2000, 2002) discussed the interaction of a crack with an

electric dipole in a homogeneous piezoelectric material. Let Up;Φp as shown in

Eq. (3.178) are the solutions of an electric dipole in an infinite piezoelectric

material. The generalized traction on the line corresponding to the crack surfaces

introduced by this electric dipole is Σ2 shown in Eq. (3.179). Assuming hc;Uc;Φc

are the solutions when the crack surfaces are subjected to � Σ2, the solutions of a

piezoelectric material with a crack and an electric dipole are

U ¼ Up þ Uc; Φ ¼ Φp þΦc (4.179)

According to Eq. (4.38) and notingΩ ¼ I for a homogeneous material, the solution

hc is

hcðzÞ ¼ BFcðzÞ ¼ QðzÞ Cþ 1

2πi

Z
L

�Σ2ðx1Þdx1
Qþðx1Þðx1 � zÞ

� �
; QðzÞ ¼ Y0ðzÞh i

(4.180)

where Y0ðzÞ ¼ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p.
. Using Eq. (4.18) yields

1

2πi

Z a

�a

1

Yþ
0 x1 � zð Þdx1 ¼

1

2

1

Y0ðzÞ � z

� �
¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p
� z

h i

Substituting Eq. (3.179) and above equation into Eq. (4.180) yields

hcðzÞ ¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p Re
pe
πi

B Θ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z20j � a2

q
z� z0j
� �2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p

z� z0j
� �2 þ z0j

z� z0j
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z20j � a2
q

2
64

3
75

* +
ATi4

8><
>:

9>=
>;

Σ2c x1ð Þ ¼ 2Rehc x1ð Þ; Θ ¼ cos θ þ μj sin θ

(4.181)

The stress intensity factor is

K ¼ lim
x1!a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π x1 � að Þ

p
Σ2c x1ð Þ ¼ pe

ffiffiffi
a

π

r
Im B Θ

1

z0j � a
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z20j � a2
q

2
64

3
75

* +
ATi4

8><
>:

9>=
>;

(4.182)

Fig. 4.9 Crack and electric

dipole
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Take a local coordinate system ρ;ϕð Þ with the origin at the right crack tip; when

ρ � a, K can be expressed by

K ¼
ffiffiffiffiffi
1

2π

r
pe

1

ρ
ffiffiffi
ρ

p Im B
Θ

cosϕþ μj sinϕ
� �3 2=

" #* +
ATi4

( )
(4.183)

Figure 4.10 gives the variation of the dimensionless stress intensity factor ~K ¼
K pea

�3 2=
�

with the electric dipole direction θ : (a) dipole located at (2a,0) and

(b) dipole located at (a,a).

4.5.5 Interaction of a Crack with an Electric Dipole
on the Interface in a Bimaterial

Let the electric dipole at x01; 0ð Þ with strength pe on the interface in a bimaterial.

The superposition method is used to solve this problem, i.e.,

U ¼ Uαd þ Uαc; Φ ¼ Φαd þΦαc (4.184)

where Φαd is shown in Eq. (3.180), and Σ2 x1ð Þ on the crack surfaces introduced

by Φαd is

Σ2 x1ð Þ ¼ 2Re Bα
1

x1 � x01 � d
� 1

x1 � x01

� �
Nαqe

� �
i4

¼ qe
π

1

x1 � x01 � d
� 1

x1 � x01

 �
Ω2i4 (4.185)

where 2Re BαNαð Þ ¼ Ω2 π= is used and Ω2 is shown in Eq. (3.175). Because the

generalized stresses are assumed zero at infinity and generalized displacement are

Fig. 4.10 Variation of ~K with θ: (a) dipole located at (2a,0) and (b) dipole located at (a,a)
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single valued, so CðzÞ ¼ 0 in Eq. (4.38). Substituting CðzÞ ¼ 0 and � Σ2 x1ð Þ into
Eq. (4.38) yields hαc, i.e.,

hαcðzÞ ¼ BFðzÞ ¼ 1

2πi
PðzÞ

Z
L

�Σ2 x1ð Þdx1
Pþðx1Þðx1 � zÞ

¼ � 1

2πi
PðzÞ

Z
L

Pþðx1Þ½ ��1

ðx1 � zÞ
1

x1 � x01 � d
� 1

x1 � x01

 �
dx1

( )
qe
π
Ω2i4

PðzÞ ¼ ΩQðzÞ; QðzÞ ¼ Y0ðzÞh i; Ω ¼ ωð1Þ;ωð2Þ;ωð3Þ;ωð4Þ
h i

(4.186)

Using the theory of the singular integral equation, finishing the integral and noting

lim
d!0

qed ! pe we get

hαcðzÞ ¼ Iþ �H
�1
H

	 
�1

ΩQðzÞ lim
qed!pe;d!0

� 1

Y0ðzÞ
1

z� x01
� 1

z� x01 � d

 �
þ 1

Y0ðx01 þ dÞ
1

z� x01 � d
� 1

Y0ðdÞ
1

z� x01

� �
Ω�1 qe

π
Ω2i4

Taking the approximation in first order, the above equation is reduced to

hαcðzÞ ¼ Iþ �H
�1
H

	 
�1

ΩQðzÞ

� � 1

Y0ðzÞ
1

z� x01ð Þ2 þ
1

Y0ðx01Þ
1

z� x01

1

z� x01
þ x01 � 2iaεj

x201 � a2

 �* +
Ω�1 qe

π
Ω2i4

(4.187)

In front of and near the crack tip, the principle singular term is

Σ2cðx1Þ ¼ hþαcðx1Þ þ �H
�1
Hh�αcðx1Þ ¼ ðIþ �H

�1
HÞhαcðx1Þ

¼ Ω
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2a x1 � að Þp x1 � a

2a

	 
iεj 1

Y0ðx01Þ
1

a� x01

1

a� x01
þ x01 � 2iaεj

x201 � a2

 �� �
Ω�1 pe

π
Ω2i4

(4.188)

The generalized stress intensity factors at the right tip are

K ¼ KII;KI;KIII;KD½ �T ¼ lim
x1!a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðx1 � aÞ

p
Ω x1 � að Þ�iεj
D E

Ω�1Σ2ðx1Þ

¼ peffiffiffiffiffi
πa

p Ω 2að Þ�iεj 1

Y0ðx01Þ a� x01ð Þ
� �

1

a� x01
þ x01 � 2iaεj

x201 � a2

 �� �
Ω�1Ω2i4

¼ pe

ffiffiffi
a

π

r
1

x01 � að Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x201 � a2

p Ω 2að Þ�iεj 1þ 2iεj
� � x01 þ a

x01 � a

 �iεj
* +

Ω�1Ω2i4

(4.189)

4.5 Interaction of Collinear Inclusions with Singularity 181



When ρ ¼ x01 � a ! 0, in a region x1 � a � ρ, we get

K ¼¼ pe 1
ffiffiffiffiffi
2π

p.	 

Ω 1þ 2iεj
� �

ρ�
3
2
�iεj

D E
Ω�1Ω2i4 (4.190)

4.6 Interaction of an Elliptic Hole and a Vice-Crack

4.6.1 The Solution Method

Figure 4.11 shows an elliptic hole filled air and a vice-crack in an infinity

piezoelectric material subjected Σ1 at infinity. The major and minor axes of the

ellipse 2a; 2bð Þare aligned alongx1 and x2, respectively. The center of the vice-crack
of length 2c0 is located at zð0Þ x

ð0Þ
1 þ ix

ð0Þ
2

	 

and forms an angle γ with the positive

direction of x1. The distance from zð0Þ to a; 0ð Þ is d0 and zð0Þa
*

form an angle α with

the positive direction of x1 . Zhou et al. (2005b) used the continuous distribu-

tion dislocation method to solve this problem. The main steps of this method are:

(1) Problem I. A singularity located in an infinite piezoelectric material with an

elliptic hole. The solution of problem I is used as the Green function, which does

not produces the traction at infinity and on the boundary of the elliptic hole, but

produces tractions on an artificial cut corresponding to the original vice-crack.

(2) Problem II. An infinite piezoelectric material with an elliptic cavity filled air

subjected to Σ1 at infinity. The solution of problem II produces tractions also

on an artificial cut corresponding to the original vice-crack. (3) Problem III. The

geometric shape of this problem is identical with the original problem, but the vice-

crack is replaced by an artificial generalized continuous distribution dislocation

with undetermined density. Add the tractions on the vice-crack surface obtained

from problems II and III to satisfy the original boundary conditions, and the

unknown dislocation density can be obtained. (4) After solving the unknown

Fig. 4.11 An elliptic hole

and a vice-crack
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dislocation density, the original problem can be solved. The transform method is

used to solve this problem. The transform functions are shown in Eqs. (3.82) and

(3.86). The boundary L of the elliptic in the z plane is mapped to the unit circle Γ in

the ς plane. In this section, the second natural coordinate system, i.e., use ðn; t0Þ in
(3.29b) and T ¼ dΦ ds= , is used. Some geometric relations can be seen in

Eqs. (3.29b) and (3.82b).

4.6.2 Problem I

In this section, a slightly simpler method to solve this problem is used. The

problem is decomposed into two subproblems: (1) Problem Ia, a singularity locates

atz0 x01 þ ix02ð Þ in an infinite homogeneous material, and (2) Problem Ib, a distributed

loading acts on the boundary of the elliptic hole. (3) Superpose the solutions of

problems Ia and Ib, and let the resultant solution satisfy the boundary conditions of

the original problem.

(a) According to Eqs. (3.156) and (3.158), the solution of the problem Ia is

U
ðaÞ
I ¼ 1 π=ð ÞIm A lnðzj � z0jÞ

� �
V

� �
; ΦðaÞ

I ¼ 1 π=ð ÞIm B lnðzj � z0jÞ
� �

V
� �

lnðzj � zojÞ ¼ lnðςj � ς0jÞ þ ln cj 1� dj=cjςjς0j
� �� �

; V ¼ BTbþ ATp

(4.191)

On the unit circle Γ in the ς plane, ς ¼ ςj ¼ σ ¼ eiψ , so

ΦðaÞ
I σð Þ ¼ 1 π=ð ÞIm B lnðσ � ς0jÞ þ ln cj 1� dj cjσς0j

�� �� �� �
V

� �
(4.192)

Using ds ¼ ρ ψð Þdψ ; ρ2 ¼ a2sin2ψ þ b2cos2ψ given in Eq. (3.82b). Eq. (4.192)

can be expanded in the following series

T
ðaÞ
I σð Þ ¼ dΦðaÞ σð Þ ds= ¼ 1 πρ ψð Þ=ð ÞIm B

X1
k¼1

1 ς0j
�� �k þ dj cjς0j

�� �kh iD
sin kψ

(

þi dj cjς0j
�� �k � 1 ς0j

�� �kh i
cos kψ

E
V
o

(4.193)

(b) The solution of the problem Ib can be taken as (Chung and Ting 1996)

U
ðbÞ
I ¼ 2Re

X1
m¼1

A ς�m
j

D E
ATgm þ BThm
� �n o

ΦðbÞ
I ¼ 2Re

X1
m¼1

B ς�m
j

D E
ATgm þ BThm
� �n o (4.194)
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where gm;hm are real vectors determined by the boundary conditions. OnΓwe have

U
ðbÞ
I σð Þ ¼

X1
m¼1

cos mψð Þhm � sin mψð Þĥm
� �

ΦðbÞ
I σð Þ ¼

X1
m¼1

cos mψð Þgm � sin mψð Þĝm½ �

T
ðbÞ
I σð Þ ¼ dΦðbÞ σð Þ ds= ¼ � 1 ρ ψð Þ=½ �

X1
m¼1

m sin mψð Þgm þ cos mψð Þĝm½ �

ĥm ¼ Shm þMgm; ĝm ¼ STgm � Lhm

(4.195)

where S;M;L are shown in Eq. (3.35).

(c) The solution of the electric potential inside the cavity hole filled air has been

discussed in Sect. 3.4.2. Using φIðσÞ ¼ 2ReϕIðσÞ according to Eq. (3.85) we get

ϕIðςÞ ¼
X1
m¼1

acm ςm þ d c=ð Þmς�m½ �; ς ¼ ρeiψ

φIðσÞ ¼ 2Re
X1
m¼1

acm 1þ d

c

 �m �
cosmψ þ i 1� d

c

 �m �
sinmψ

� �
Dc

I σð Þ ¼ �2EcIm dϕðσÞ ds=½ � ¼ � 2Ec ρc=ð Þ�X1
m¼1

�m 1þ d c=ð Þmð ÞImacm
� ��

sinmψ þ m 1� d c=ð Þmð ÞReacm
� �

cosmψ

)

(4.196)

Comparing φIðσÞ in Eq. (4.196) and U
ðbÞ
I

	 

4
σð Þ in Eq. (4.195) yields

hmð Þ4 ¼ 2 1þ d c=ð Þm½ �Reacm; ĥm
� �

4
¼ 2 1� d c=ð Þm½ �Imacm; m � 1 (4.197)

(d) The sum of generalized stresses in problems Ia and Ib on the elliptic

boundary must satisfy the original boundary condition:

T
ðbÞ
I þ T

ðaÞ
I ¼ Dc

I i4; i4 ¼ 0; 0; 0; 1½ �T; on Γ (4.198)

Substitution of Eqs. (4.193), (4.195), and (4.196) into Eq. (4.198) yields

gm ¼ gm1 þ gm2; ĝm ¼ ĝm1 þ ĝm2

gm1 ¼ 1 mπ=ð ÞIm B 1 ς0j
�� �m þ dj cjς0j

�� �m� �
V

� �
; gm2 ¼ �2Ec 1þ d c=ð Þm½ �Imacmi4

ĝm1 ¼ 1 mπ=ð ÞIm B dj cjς0j
�� �m � 1 ς0j

�� �m� �
V

� �
; ĝm2 ¼ 2Ec 1� d c=ð Þm½ �Reacmi4

(4.199)
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From Eqs. (4.191), (4.194), (4.195), (4.199), and

X1
m¼1

ς�m
j �ς�m

0k =m ¼ � ln 1� ς�1
j �ς�1

0k

	 

; when ς�1

j �ς�1
0k

��� ��� < 1

AT þ BTL�1ST ¼ B�1=2; BTL�1 ¼ iB�1=2

the stress functions in the piezoelectric material finally are

ΦI ¼ ΦðaÞ
I þΦðbÞ

I ¼ Φð1Þ
I þΦð2Þ

I

Φð1Þ
I ¼ 1 π=ð ÞIm B lnðςj � ς0jÞ

� �
V

� �þ 1 π=ð Þ
X4
k¼1

Im B lnðς�1
j � ς0kÞ

D E
B�1�BIk �V

n o

Φð2Þ
I ¼ 2Ec

X1
m¼1

Im B ς�m
j

D E
B�1 �acm � d c=ð Þmacm

� �
i4

n o
(4.200)

where

acm ¼ αm βm;= Cm ¼ C1m þ iC2m

αm ¼ 1

2
Cm d c=ð Þm 1� EcL�1

44 þ iEcL�1
4i S4i

� �� Cm 1þ EcL�1
44 þ iEcL�1

4i S4i
� �� �

βm ¼ 1� d c=ð Þ2m
h i

1� EcL�1
44

� �2 � EcL�1
4i S4i

� �2h i
� 2Ec 1þ d c=ð Þ2m

h i
L�1
44

(4.201)

C1m ¼ L�1
4

mπ
STIm B 1þ dj cj

�� �m� �
ς�m
0j

D E
AT

h i
� Re B dj cj

�� �m � 1
� �

ς�m
0j

D E
AT

h in o
p

þ L�1
4

mπ
STIm B 1þ dj cj

�� �m� �
ς�m
0j

D E
BT

h i
� Re B dj cj

�� �m � 1
� �

ς�m
0j

D E
BT

h in o
b

C2m ¼ L�1
4

mπ
Im B 1þ dj cj

�� �m� �
ς�m
0j

D E
AT

h i
þ STRe B dj cj

�� �m � 1
� �

ς�m
0j

D E
AT

h in o
p

þ L�1
4

mπ
Im B 1þ dj cj

�� �m� �
ς�m
0j

D E
BT

h i
þ STRe B dj cj

�� �m � 1
� �

ς�m
0j

D E
BT

h in o
b

(4.202)

where C1m;C2m are real, L�1
4 ¼ L�1

41 ; L
�1
42 ; L

�1
43 ; L

�1
44

� �
.

The solution shown in Eq. (4.200) is the solution of the problem I representing a

singularity located in an infinite piezoelectric material with an elliptic hole. It is

a Green function.

When b ¼ 0, the elliptic hole is reduced to a crack and c ¼ d ¼ cj ¼ dj ¼ a=2.
In this case, the Green function is simplified significantly. The stress intensity factor

at x1 ¼ a is
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KðaÞ ¼
ffiffiffiffiffi
2π

p
lim

zj!a;x2¼0

ffiffiffiffiffiffiffiffiffiffiffiffi
zj � a

p
Φ;1 ¼

ffiffiffiffiffiffiffiffi
π a=

p
lim
ςj!1

@Φ @ςj
�

¼ 1ffiffiffiffiffi
πa

p Im B 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
z0j þ a

z0j � a

s* +
BTb

" #
� L�1

4j

L�1
44

Im B 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
z0j þ a

z0j � a

s* +
BTbi4

" #( )

KDðaÞ ¼ � L�1
4m L�1

44

�� �
KmðaÞ; m ¼ 1; 2; 3

(4.203)

4.6.3 Problem II

Problem II can be decomposed into two subproblems. Problem IIa: a homogeneous

infinite piezoelectric material subjected Σ1 at infinity. Its solution is

ΦðaÞ
II ¼ Σ1

2 x1 � Σ1
1 x2; ΣðaÞ

II 1 ¼ Σ1
1 ; ΣðaÞ

II 2 ¼ Σ1
2 (4.204)

Remove a piece of material to form an artificial elliptic hole whose size is identical

to the hole in the original problem. Using Eqs. (3.29a) and (3.82b) the generalized

traction on this artificial elliptic boundary is ΣΓ
n :

ΣΓ
n ¼ Σ1

1 n1 þ Σ1
2 n2 � Dc

ni4
� �

¼ � b

ρ ψð Þ cosψ Σ1
1 � Dc

1i4
� �� a

ρ ψð Þ sinψ Σ1
2 � Dc

2i4
� � (4.205)

The electric field in the elliptic hole is assumed as unknown constant Ec
i i ¼ 1; 2ð Þ:

φc
II ¼ �Ec

1x1 � Ec
2x2; Dc

i ¼ EcEc
i ; Dc

n ¼ Dc
i ni (4.206)

Problem IIb: � ΣΓ
n is applied on the artificial elliptic boundary. The general solution

of this problem has been shown in Eq. (4.194) and the expression on Γ is given

in Eq. (4.195). Comparing φc
II with U

ðbÞ
I σð Þ and � ΣΓ

n with T
ðbÞ
I σð Þ, it is find that

in present problem,

g1 ¼ �a Σ1
2 � Dc

2i4
� �

; ĝ1 ¼ �b Σ1
1 � Dc

1i4
� �

; gm ¼ ĝm ¼ 0; for m 6¼ 1

h1ð Þ4 ¼ �aEc
1; ĥ1

� �
4
¼ bEc

2

(4.207)

Using the relations between g1; ĝ1; h1; ĥ1 in Eq. (4.195) the unknown electric

displacements Dc
1;D

c
2 in the hole are determined by

bL�1
44 � a Ec=

� �
Dc

1 � aL�1
4i S4iD

c
2 ¼ bL�1

4i σ
1
1i � aL�1

4i Sjiσ
1
2j

bL�1
4i S4iD

c
1 þ aL�1

44 � b Ec=
� �

Dc
2 ¼ bL�1

4i Sjiσ
1
1j þ aL�1

4i σ
1
2i

(4.208)
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Substituting gm; hm into Eq. (4.194),ΦðbÞ
II can be obtained. The sum of the solutions

of the problems IIa and IIb ΦII ¼ ΦðaÞ
II þΦðbÞ

II is the solution of the problem II.

Finally it yields

ΦII ¼ Σ1
2 x1 � Σ1

1 x2 � Re B ς�1
j

D E
B�1 a Σ1

2 � Dc
2i4

� �� �� ib Σ1
1 � Dc

1i4
� �n o

(4.209)

For a crack, b ¼ 0, Eqs. (4.208) and (4.209) respectively reduced to

ΦII ¼ Σ1
2 x1 � Σ1

1 x2 � Re B ς�1
j

D E
B�1a Σ1

2 � Dc
2i4

� �n o
; Dc

2 ¼ L�1
4i σ

1
2i =L

�1
44

(4.210)

4.6.4 Problem III

For an artificial generalized continuous distribution dislocation instead of the original

vice-crack, the solution can be obtained by integrating the Green function Eq. (4.200)

with respect to z0j along the vice-crack or the artificial dislocation line, i.e.,

ΦIII ξð Þ ¼ 1

π

Z c0

�c0

Im B lnðςj � ς0jÞ
� �

V
� �þ 1

π

X4

k¼1
Im B lnðς�1

j � �ς0kÞ
D E

B�1�BIk �V
h i� �

dξ0

þ 2Ec
Z c0

�c0

X1
m¼1

Im B ς�m
j

D E
B�1 �acm � d c=ð Þmacm

� �
i4

n o
dξ0

(4.211)

where 2c0 is the length of vice-crack and dξ0 is the dislocation differentiate element.

Assuming the middle point of the vice-crack is at z0j x01 þ μjx
0
2

� �
, the angle of the

vice-crack with the positive axis x1 is γ. A certain point on the vice-crack is at zj ¼
z0j þ ξ cos γ þ μj sin γ

� �
and the position of a dislocation is at z0j ¼ z0j þ ξ0 cos γþð

μj sin γÞ , where ξ; ξ0 is the algebraic length calculated from z0 . The traction on

the crack surface is @ΦII @ξ= þ @ΦIII @ξ= ¼ 0 due to original vice-crack is free.

From this condition, it yields

� 1

π

Z c0

�c0

Im BBTb
1

ξ0 � ξ

� �
dξ0 þ

Z c0

�c0

K1 ξ; ξ0ð Þbdξ0 þ
Z c0

�c0

K2 ξ; ξ0ð Þdξ0 ¼ �Ta ξð Þ

(4.212)

where

Ta ξð Þ ¼ Σ1
2 cos α� Σ1

1 sin αþ Re B
@ςj @ξ=

ς2j

* +
B�1a Σ1

2 � Dc
2i4

� �� ib Σ1
1 � Dc

1i4
� �( )

K1 ξ; ξ0ð Þ ¼ � 1

π
Im B

@ςj @ξ=

ςj cj dj
�� �

ςjς0j � 1
� �

* +
BT

" #
� 1

π

X4
l¼1

Im B
@ςj @ξ=

ςjð1� ςj�ς0lÞ
� �

B�1�BIl�B
T

� �

K2 ξ; ξ0ð Þ ¼ �2Ec
X1
m¼1

Im B
δ@ςj @ξ=

ςmþ1
j

* +
B�1 �acm � d c=ð Þmacm

� �
i4

( )

(4.213)
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For the insulated elliptic hole, K2 ξ; ξ0ð Þ ¼ 0. When the elliptic hole is degenerated

into a main crack, the kernel function K2 ξ; ξ0ð Þ is reduced to

K2 ¼ 1

π
Im B

L�1
4m

L�1
44

Bml

@ςj @ξ=

ςjðςjς0l � 1Þ
� �

Bpl � �Bml

@ςj @ξ=

ςjðςj�ς0l � 1Þ
� �

�Bpl

� �
bp

� �
B�1

� �
i4

(4.214)

Adopt the dimensionless length l0 ¼ ξ0 c0= ; l ¼ ξ c0= and noting the singular behav-

ior of the kernel function, Eq. (4.199) (Muskhelishvili 1975; Erdogan and Gupta

1972) is rewritten as

� 1

π

Z 1

�1

Im BBT
� � b̂ l0ð Þffiffiffiffiffiffiffiffiffiffiffiffiffi

1� l02
p dl0

l0 � l
þ
Z 1

�1

K1 l0; lð Þ b̂ l0ð Þdl0ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l02

p þ
Z 1

�1

K2 l0; lð Þdl0 ¼ �TaðlÞ

b̂ ¼ b
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l02

p
; �1 < l0 < 1

(4.215)

where lj j < 1 and b̂ is finite. The generalized displacement single-valued

condition is

Z 1

�1

b̂ l0ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l02

p.h i
dl0 ¼ 0 (4.216)

Equations (4.215) and (4.216) are the singular integral equation system of the

original problem and calculated by the numerical method. Here the selected

collocation points l0i; lr in the interval �1; 1½ � are

l0i ¼ cos
2i� 1ð Þπ

2n
; lr ¼ cos

rπ

n
; i ¼ 1; 2; . . . ; n; r ¼ 1; 2; . . . ; n� 1

(4.217)

and Eq. (4.214) is reduced to a set of algebraic equations:

Xn
i¼1

1

n
b̂ l0i
� �

Im BBT
� � 1

l0i � lr
� πK1 l0i � lr

� �� πK̂2 l0i � lr
� �� �

¼ Ta lrð Þ

Xn
i¼1

b̂ l0i
� � ¼ 0

K̂2 ¼ 1

π
Im B

L�1
4m

L�1
44

Bml
@ς� @ξ=

ς�ðς�ς0l � 1Þ
� �

Bpl � �Bml
@ς� @ξ=

ς�ðς�ς0l � 1Þ
� �

�Bpl

� �� �
B�1

� �
i4

(4.218)
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Equation (4.218) gives 4 n� 1ð Þ þ 4 ¼ 4n equations with 4n unknowns. Solving b̂,
the asymptotic field TðlÞ near the crack tip is

TðlÞ ¼ iBBT b̂ðlÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 1

p.
; l ¼ 1þ ε; ε > 0ð Þ ! 0

b̂ð1Þ ¼ 1

n

Xn
i¼1

sin 2i� 1ð Þ 2n� 1ð Þπ=4n½ �
sin 2i� 1ð Þπ=4n½ � b̂ l 0i

� �

b̂ �1ð Þ ¼ 1

n

Xn
i¼1

sin 2i� 1ð Þ 2n� 1ð Þπ=4n½ �
sin 2i� 1ð Þπ=4n½ � b̂ l0nþ1�i

� �
(4.219)

The stress intensity of the right crack tip of the vice-crack is

KI;KII;KIII;KD½ �T ¼ lim
l!
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π l� 1ð Þ

p
QTðlÞ ¼ �i

ffiffiffiffiffi
πc

p
QBBTb̂ð1Þ

Q ¼ Q11 0

0 I

� �
; Q11 ¼

� sin α cos α

cos α sin α

� �
; I ¼ 1 0

0 1

� � (4.220)

If the elliptic is degenerated to a main crack, the stress intensity factor of the main

crack is

KI;KII;KIII;KD½ �T ¼ K0 þ K̂; K0 ¼ ffiffiffiffiffi
πa

p
Σ1
2 � Dc

2i4
� �

K̂ ¼
Z c

�c

dK ¼
Z 1

�1

P l0ð Þb l0ð Þdl0 ¼ π n=ð Þ
Xn

i¼1
P l0ð Þb̂ l0ð Þ

(4.221)

where P is complicated and omitted here.

4.6.5 Example

The matrix piezoelectric material is PZT-4 and the material constants are shown in

Sect. 4.4.1. In the following examples, let γ ¼ 0; d0 c0= ¼ a c0= ¼ 2 and K
ð0Þ
I ¼ σ12ffiffiffiffiffi

πa
p

;K
0mð Þ
I ¼ σ12

ffiffiffiffiffiffiffi
πc0

p
. Figure 4.12 shows the distributions of the normalized

mechanical stress intensity factors at right tips with α under γ ¼ 0 and different

electric loading: (a) KI K
ð0Þ
I

.
of the main crack (b ¼ 0) and (b) K

ðmÞ
I K

ð0Þ
I

.
of the

vice-crack. Figure 4.13 shows (a) the distributions of the normalized stress σ2 σ12
�

at right end of the elliptic hole of b a= ¼ 0:1withα under γ ¼ 0 and different electric

loading and (b) K
ðmÞ
I K

0mð Þ
I

.
of the vice-crack with α under γ ¼ 0 and different

electric loading.

4.6 Interaction of an Elliptic Hole and a Vice-Crack 189



4.7 Strip Electric Saturation Model of an Impermeable

Crack in a Homogeneous Material

4.7.1 Fundamental Theory

Usually, the mechanical strength of a ceramic is high, and the plastic deformation is

very small which can be neglected. Contrarily under high electric field, the crack tip

region can be saturated due to the electric field concentration, if breakdown does not

happen. Referencing to the Dugdale model in the elastoplastic fracture mechanics,

the strip electric saturation model was proposed (Gao et al. 1997; Fulton and Gao

1997; Wang 2000). This model assumes that at crack tip region, the mechanical

behavior is elastic, but the electric behavior is saturated. In order to solve this

problem, by linear analysis, it is assumed that the electric saturation region is limited

on a line segment in front of the tip (Fig. 4.14). The boundary conditions are

Fig. 4.12 Under γ ¼ 0; d0 c0= ¼ a c0= ¼ 2: (a) variation ofKI KI0= withα at right tip of main crack

and (b) variation of Km
I KI0= with α at right tip of vice-crack

Fig. 4.13 Under γ ¼ 0: (a) variation of σ2 σ12
�

with α at right end of the elliptic hole of b a= ¼ 0:1

and (b) variation of Km
I KI0= with α at right tip of vice-crack

190 4 Linear Inclusion and Related Problems



Σ1
2 ¼ 0; zj j ! 1

Σ

2 ¼ �T; T ¼ σ121; σ

1
22; σ

1
23;D

1
2

� �T
; x1j j 	 a

Uþ ¼ U�; Σþ
2 ¼ Σ�

2 ¼ �~T; ~T ¼ �; �; �;D1
2 � Ds

� �
; a 	 x1j j 	 c

(4.222)

where “� ” denotes variable which does not applied and omitted here, Ds is the

saturation value, 2a is the crack length, and a 	 x1j j 	 c is the strip electric

saturation region.

Because the generalized stress Σ2 x1ð Þ is continuous on whole axis x1, similar to

Eqs. (4.21), (4.22), (4.23), (4.24), (4.25), and (4.26) in Sect. 4.2.1, we can obtain

BFþðzÞ ¼ �B�F
�ðzÞ; x2 > 0; BF�ðzÞ ¼ �B�F

þðzÞ; x2 < 0 (4.223)

the displacement jump d̂ x1ð Þ, and the dislocation density d̂0 x1ð Þ are

d̂ðx1Þ ¼ Uþðx1Þ � U�ðx1Þ ¼ 2Re½Afþðx1Þ � Af�ðx1Þ�
id̂0ðx1Þ x1ð Þ ¼ idd̂ x1ð Þ dx1= ¼ i2Re A F x1ð Þ � F� x1ð Þ½ �f g ¼ H hþ x1ð Þ þ h� x1ð Þ½ �

(4.224)

where the auxiliary function hðzÞ analytic in whole plane except crack. For a

homogeneous material H is real. On the crack surface, we have

hþ x1ð Þ þ h� x1ð Þ ¼ �T; x1j j < a; hðzÞ ¼ BFðzÞ (4.225)

4.7.2 Solution of the Strip Electric Saturation Model
for an Impermeable Crack

Introduce a new function ξðzÞ:

ξðzÞ ¼ HhðzÞ; hðzÞ ¼ LξðzÞ; L ¼ H�1 (4.226)

Substitution of Eq. (4.226) into Eq. (4.225), in terms of component form, yields

Fig. 4.14 Strip electric

saturation model
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Lik ξþk x1ð Þ þ ξ�k x1ð Þ� �þ Li4 ξþ4 x1ð Þ þ ξ�4 x1ð Þ� � ¼ �Ti; i; k ¼ 1; 2; 3

L4k ξþk x1ð Þ þ ξ�k x1ð Þ� �þ L44 ξþ4 x1ð Þ þ ξ�4 x1ð Þ� � ¼ �T4; x1j j < a
(4.227)

Eliminating ξþ4 x1ð Þ þ ξ�4 x1ð Þ from Eq. (4.227) yields

L�ik ξþk x1ð Þ þ ξ�k x1ð Þ� � ¼ �T�
i ; i; k ¼ 1; 2; 3; x1j j < a

L�ik ¼ Lik � Li4L4k L44= ; T�
i ¼ Ti � T4Li4 L44=

(4.228a)

Introducing 3D vectors ξ�ðzÞ;T�, etc., the vector form of Eq. (4.228a) is

L� ξ�þ x1ð Þ þ ξ�� x1ð Þ� � ¼ �T�; x1j j < a

ξ�ðzÞ ¼ ξ1ðzÞ; ξ2ðzÞ; ξ3ðzÞ½ �T; T� ¼ T�
1 ; T

�
2 ; T

�
3

� �T (4.228b)

The solution of Eq. (4.228) is

L�ξ�ðzÞ ¼ T�FaðzÞ; FaðzÞ ¼ 1 2=ð Þ z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p.
� 1

	 

(4.229)

Equations (4.227), (4.222), and (4.226) yield

ξþ4 x1ð Þ þ ξ�4 x1ð Þ ¼ � L4k ξþk x1ð Þ þ ξ�k x1ð Þ� �þ T4
� �

=L44; x1j j < a; k ¼ 1; 2; 3

ξþ4 x1ð Þ þ ξ�4 x1ð Þ ¼ � L4k ξþk x1ð Þ þ ξ�k x1ð Þ� �þ T4 � Ds

� �
L44= ; a 	 x1j j 	 c

(4.230)

The solution of Eq. (4.230) is

ξ4ðzÞ ¼ �L4kξkðzÞ þ T4FcðzÞ þ DsFDðzÞf g L44= ; k ¼ 1; 2; 3

FcðzÞ ¼ 1

2

zffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � c2

p � 1

� �

FDðzÞ ¼ 1

2
� 1

2π i
ln
z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � a2

p
þ ia

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � c2

p

z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � a2

p
� ia

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � c2

p � 1

π

zffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � c2

p arc cos
a

c

(4.231)

where FcðzÞ;FDðzÞ is analytic in z plane except a slit �c; cð Þ and has the following

behavior:

Fþ
D x1ð Þ þ F�

D x1ð Þ ¼ 0; x1j j < a
1; a 	 x1j j 	 c

�
; FD 1ð Þ ¼ 0 (4.232)

Equations (4.229) and (4.231) give a complete solution of ξðzÞ.
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4.7.3 The Size of the Strip Region and the Stress
Intensity Factor

According to Σ2 x1ð Þ ¼ hþ x1ð Þ þ h� x1ð Þ, the electric displacement in front of the

crack is

D2 ¼ L4k ξþk x1ð Þ þ ξ�k x1ð Þ� �þ L44 ξþ4 x1ð Þ þ ξ�4 x1ð Þ� �
; x1j j � c k ¼ 1; 2; 3

Substitution of Eqs. (4.229) and (4.231) into the above equation yields

D2 ¼ 2T4f
0
c x1ð Þ þ Ds Fþ

D x1ð Þ þ F�
D x1ð Þ� � ¼ D1

2 � 2

π
Dscos

�1 a

c

 �
x1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x21 � c2
p

� D1
2 þ Ds 1� 1

π i
ln
x1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � a2

p
þ ia

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 � c2

p
x1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � a2

p
� ia

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 � c2

p
 !

; x1j j � c

(4.233)

In order to make D2 finite, it is necessary that

D1
2 � 2 π=ð ÞDsarc cos a c=ð Þ ¼ 0; or a c= ¼ cos πD1

2 2Ds=
� �

(4.234)

The size of the strip region is c� a.

According to Σ2 x1ð Þ ¼ hþ x1ð Þ þ h� x1ð Þ, the stress in front of the crack on the

axis x1 is

σ2i ¼ Lik ξþk x1ð Þ þ ξ�k x1ð Þ� �þ Li4 ξþ4 x1ð Þ þ ξ�4 x1ð Þ� �
¼ L�ik ξþk þ ξ�k

� �þ Li4 L44=ð Þ D1
2 Fþ

c þ F�
c

� �þ Ds Fþ
D þ F�

D

� �� �
¼ T�

i x1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 � c2

q�
� 1

 �
þ Li4 L44=ð Þ Ds � D1

2

� � (4.235)

It is noted that adding Σ1
2 to the solution Eq. (4.231), the solution of a free

crack under Σ1
2 at infinity is obtained. In this case, the stress and stress intensity

factors are

σ2i ¼ T�
i x1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 � c2

q�
þ Li4 L44=ð ÞDs

KI ¼
ffiffiffiffiffi
πa

p
σ122 �

L24
L44

D1
2

 �
; KII ¼

ffiffiffiffiffi
πa

p
σ121 �

L14
L44

D1
2

 �
;

KIII ¼
ffiffiffiffiffi
πa

p
σ123 �

L34
L44

D1
2

 � (4.236)

and the electric displacement is finite due to electric saturation.
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Ru and Mao (1999) discussed the strip electric saturation model for a conducting

crack. Their results showed that when the electric loading is parallel to the poling

axis, then (1) for a conducting crack perpendicular to the poling axis, in front of the

crack tip, a saturation strip is existed and the stresses and electric displacements are

all finite. (2) For a conducting crack parallel to the poling axis, behind the crack tip,

a saturation strip is existed and the stress intensity factors are identical to those

predicted by the linear piezoelectric model and the electric loading does not induce

any nonzero stress intensity factor.

4.8 Strip Electric Saturation Model of a Mode-III

Interface Crack in a Bimaterial

4.8.1 Fundamental Theory

For a transversely isotropic piezoelectric material with poling direction along

axis x3 , plane x1; x2ð Þ is isotropic. The mode-III (antiplane shear) problem in a

piezoelectric material means that the mechanical loading is applied out of plane

x1; x2ð Þ, but the electric loading is in-plane x1; x2ð Þ, i.e.,

u1 ¼ u2 ¼ 0; u3 ¼ u3 x1; x2ð Þ; E1 ¼ E1 x1; x2ð Þ; E2 ¼ E2 x1; x2ð Þ; E3 ¼ 0

(4.237)

Shen et al. (2000) discussed the strip electric saturation model for a mechanical

III-type interface crack. From Eqs. (3.1), (3.2), and (3.3), the governing equations

for III-type problem are

σ31;1 þ σ32;2 ¼ 0; D1;1 þ D2;2 ¼ 0

σ31 ¼ C44u3;1 � e15E1; σ32 ¼ C44u3;2 � e15E2;

D1 ¼ e15u3;1 þ E11E1; D2 ¼ e15u3;2 þ E11E2

(4.238)

UsingE ¼ �—φ the equilibrium equation in terms of the generalized displacements is

C44—2u3 þ e15—2φ ¼ 0; e15—2u3 � E11—2φ ¼ 0; or —2u3 ¼ 0; —2φ ¼ 0

(4.239)

Figure 4.15 shows a III-type strip electric saturation model for an interface crack

of length 2a in a bimaterial. The material I and II are located at the upper and lower

half planes respectively. Let the boundary conditions are

Σ1
2 ¼ 0; zj j ! 1

σ23 ¼ �τ1; D2 ¼ �D1; x1j j 	 a; x2 ¼ 0

UIðx1Þ ¼ UIIðx1Þ; ΣI2ðx1Þ ¼ ΣII2ðx1Þ ¼ Σ2ðx1Þ; x1j j > a; x2 ¼ 0

(4.240)
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where Uβ ¼ ½Uβ3;φβ�T . The single-valued condition is

Z a

�a

Ψ x1ð Þdx1 ¼ 0; Ψ x1ð Þ ¼ ψ1 x1ð Þ;ψ2 x1ð Þ½ �

d̂ðx1Þ ¼ ΔUðx1Þ ¼ UI x1; 0ð Þ � UII x1; 0ð Þ; Ψ x1ð Þ ¼ ΔU0 x1ð Þ
(4.241)

whereΨ x1ð Þ is called the dislocation density. On the connective surface,ΔUðx1Þ ¼ 0.

The Fourier transform method is used to solve this problem. For a function

f x1; x2ð Þ , the Fourier transform and the corresponding inverse transform are,

respectively,

~f s; x2ð Þ ¼
Z 1

�1
f x1; x2ð Þe�i s x1dx1; f x1; x2ð Þ ¼ 1

2π

Z 1

�1
~f s; x2ð Þei x1sds (4.242)

where f ðtÞ is called the original function, ~f ðsÞ is the image function, and s is a real
number. We have

Z 1

�1
f ðnÞ x1; x2ð Þe�isx1dx1 ¼ isð Þn~f s; x2ð Þ; if f ðnÞ x1; x2ð Þ ! 0; when

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ x22

q
! 1

1

2π

Z 1

�1
~f
ðnÞ

s; x2ð Þeix1sds ¼ �ix1ð Þnf x1; x2ð Þ; if

Z 1

�1
xn1f x1; x2ð Þ�� ��dx1 < 1

(4.243)

where f ðnÞ ¼ @nf @xn1
�

. Using Eqs. (4.242) and (4.243), Eq. (3.239) is transformed to

Z 1

�1

@2Uβ

@x21
þ@2Uβ

@x22

 �
e�isx2dx2 ¼�s2 ~Uβ s;x2ð Þþ@2 ~Uβ s;x2ð Þ

@x22
¼ 0; β¼ I;II (4.244)

The Fourier transform of the constitutive equation in Eq. (4.238) is

~Σβ2 ¼
~σβ23
~Dβ2

( )
¼ Bβ

@ ~Uβ s; x2ð Þ
@x2

; ~Uβ ¼
~uβ3

~φβ

( )
; Bβ ¼ Cβ44 eβ15

eβ15 �Eβ11

� �
; β ¼ I; II

(4.245)

Fig. 4.15 Strip electric

saturation model of a

mode-III interface crack
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Because ~Uβ is finite at infinity, the solution of Eq. (4.244) takes the following form:

~UI s; x2ð Þ ¼ esx2GIðsÞ; if s < 0; ~UI s; x2ð Þ ¼ e�sx2FIðsÞ; if s > 0

~UII s; x2ð Þ ¼ e�sx2FIIðsÞ; if s < 0; ~UII s; x2ð Þ ¼ esx2GIIðsÞ; if s > 0

(4.246)

where GI (s), FI (s), GII (s), FII (s) are undetermined functions. The generalized

stress can be expressed by

~ΣI2 s; x2ð Þ ¼ RI
~UI s; x2ð Þ; RI ¼ sBI; if s < 0; RI ¼ �sBI; if s > 0

~ΣII2 s; x2ð Þ ¼ RII
~UII s; x2ð Þ; RII ¼ �sBII; if s < 0; RII ¼ sBII; if s > 0

(4.247)

It is known from Eq. (4.240) that on whole axis x1 , the generalized stress is

continuous, so

RIðsÞ~UI s; 0ð Þ ¼ RIIðsÞ~UII s; 0ð Þ; x1j j < 1; x2 ¼ 0 (4.248)

The Fourier transform of Eq. (4.241) is

Z 1

�1
Ψ x1ð Þe�isx1dx1 ¼ isΔ~UðsÞ;Δ~UðsÞ ¼ ~UIðsÞ � ~UIIðsÞ

¼ � i s=ð Þ
Z a

�a

Ψ x1ð Þe�isx1dx1

(4.249)

Combining Eqs. (4.248) and (4.249) yields

~UI ¼ PIΔ~UðsÞ; ~UII ¼ PIIΔ~UðsÞ; PI ¼ RII

RII � RI

¼ BII

BII þ BI

;

PII ¼ RI

RII � RI

¼ � BI

BII þ BI

(4.250)

Combining Eqs. (4.247) and (4.250) and inversely transforming the obtained results

yield

ΣII2 x1; 0ð Þ ¼ 1 2π=ð Þ
Z 1

�1
~ΣII2 s; x2ð Þeix1sds ¼ 1 2π=ð Þ

Z 1

�1
RIIPIIΔ~UðsÞeix1sds

¼ � 1 2π=ð Þ
Z 1

�1
RIIPII i s=ð Þ

Z a

�a

Ψ ðtÞe�isξdt

� �
eix1sds

¼ � i 2π=ð Þ
Z a

�a

Z 1

�1
1 s=ð ÞRIIðsÞPIIðsÞe�is ξ�x1ð Þds

� �
Ψ ξð Þdξ

(4.251)
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And for a certain s, the following relations hold:

1

s
RIIðsÞPIIðsÞ ¼ 1

s

RIIRI

RII � RI

¼ � s

sj jV; V ¼ BIIBI

BI þ BII

(4.252)

V is a real symmetric matrix. Using the following formula:

Z 1

�1

s

sj j e
�is t�x1ð Þds ¼ � 2i

t� x1
;

1

2π

Z 1

�1
eis t�x1ð Þds ¼ δ t� x1ð Þ (4.253)

we can get the solution of Eq. (4.251) as

1 π=ð ÞV
Z a

�a

Ψ ξð Þ ξ� x1ð Þ=½ �dξ¼ ΣII2ðx1;0Þ ¼ t01 x1ð Þ; t02 x1ð Þ½ �T; x1j j<1; x2 ¼ 0

(4.254)

4.8.2 Solution for Longer Electric Saturation Size

The strip electric saturation model of a mode-III interface crack in a bimaterial is

that: Let c and b are the right ends of the electric saturation and mechanical yielding

regions respectively and c > b , the following boundary conditions are assumed

(Fig. 4.15):

t01 x1ð Þ ¼ �τ1; if x1j j < a

�τ1 þ τs if a < x1j j < b

�
; t02 x1ð Þ ¼ �D1; if x1j j < a

�D1 þ Ds if a < x1j j < c

�
ψ1 x1ð Þ ¼ 0; x1j j > b; ψ2 x1ð Þ ¼ 0; x1j j > c; c > b

(4.255)

where τs is the yielding stress, Ds is the saturation electric displacement, and they

take the smaller values of materials I and II. Equation (4.254) yields

1 π=ð Þ
Z b

�b

ψ1ðtÞ t� x1ð Þ=½ �dt ¼ G1jt0j x1ð Þ; x1j j < b

1 π=ð Þ
Z l

�l

V2jψ jðtÞ t� x1ð Þ=
� �

dt ¼ t02 x1ð Þ; x1j j < c; j ¼ 1; 2

(4.256)

whereG ¼ V�1. Because the stress is not singular at x1 ¼ 
b,ψ1ðtÞmust be finite at

x1 ¼ 
b. Analogously, the electric displacement is not singular at x1 ¼ 
c;H2jψ jðtÞ
must be finite at x1 ¼ 
c. Since the first and second equations in Eq. (4.256) are
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solvable, the following conditions should be satisfied, respectively (Muskhelishvili

1975; Hou et al. 1990; Barnett and Asaro 1972):

Z b

�b

G1jt0j ξð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ξ2

q�� �
dξ ¼ 0;

Z c

�c

t02 ξð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � ξ2

q�� �
dξ ¼ 0 (4.257)

Using

Z b

�b

G1jt0j ξð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ξ2

p dξ ¼ G11 τs � τ1ð Þ þ G12 Ds � D1ð Þ½ �
Z �a

�b

dξffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ξ2

p þ
Z b

a

dξffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ξ2

p
 !

� G11τ
1 þ G12D

1½ �
Z a

�a

dξffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ξ2

p
¼ G11 τs � τ1ð Þ þ G12 Ds � D1ð Þ½ � π � 2 arcsin a b=ð Þ½ � � G11τ

1 þ G12D
1½ �2 arcsin a b=ð Þ

and arcsin a b=ð Þ ¼ π 2= � arccos a b=ð Þ, from the first equation of Eq. (4.257),we get

the size of the plastic region:

b a= ¼ sec π G11τ
1 þ G12D

1ð Þ 2 G11τs þ G12Dsð Þ=½ � (4.258)

Analogously, the size of the electric saturation region is

c a= ¼ sec πD1 2Ds=ð Þ (4.259)

From Eqs. (4.258) and (4.259), it is known that c a= > b a= ; if D1 Ds= > τ1 τs= .

Under condition Eq. (4.257), the solution of the first equation in Eq. (4.256) is

ψ1 x1ð Þ ¼ 1

π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � x21

q Z b

�b

G1jt0j ξð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ξ2

p
ξ� x1ð Þ

dξ

¼ 1 π=ð Þ G11τs þ G12Dsð Þ ω x1; a; bð Þ � ω �x1; a; bð Þ½ �; x1j j < b

ω x1; a; bð Þ ¼ ar cosh
b2 � a2

b a� x1ð Þ þ
a

b

����
����

(4.260)

and the solution of the second equation in Eq. (4.256) is

V2jψ j x1ð Þ ¼ 1

π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � x21

q Z c

�c

t02 ξð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � ξ2

p
ξ� x1ð Þ

dξ ¼ Ds

π
ω x1; a; cð Þ � ω �x1; a; cð Þ½ �

(4.261)

Equation (4.261) yields

ψ2 x1ð Þ ¼ Ds

πV22

ω x1; a; cð Þ � ω �x1; a; cð Þ½ � � V21

V22

ψ1 x1ð Þ; x1 < c (4.262)
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The generalized crack opening displacements are

Δu3 x1ð Þ ¼ �
Z x1

b

ψ1 ξð Þdξ; Δφ x1ð Þ ¼ �
Z x1

b

ψ2 ξð Þdξ

Δu3 x1ð Þ ¼ G11τs þ G12Ds

π
a� x1ð Þω x1; a; bð Þ þ aþ x1ð Þω �x1; a; bð Þ½ �; x1j j < b

Δφ x1ð Þ ¼ Ds

πV22

a� x1ð Þω x1; a; cð Þ þ aþ x1ð Þω �x1; a; cð Þ½ � � V21

V22

Δu3 x1ð Þ; x1j j < c

(4.263)

The generalized crack tip opening displacements are

Δu3ðaÞ ¼ 2a

π
G11τs þ G12Dsð Þ ln sec

π

2

G11τ1 þ G12D
1

G11τs þ G12Ds

 �� �

ΔφðaÞ ¼ 2aDs

πV22

ln sec
πD1

2Ds

 �� �
� V21

V22

Δu3ðaÞ
(4.264)

The energy release rate is

J ¼ τsΔu3ðaÞ þ DsΔφðaÞ ¼ 2a

π
τs � V21

V22

Ds

 ��
G11τs þ G12Dsð Þ

� ln sec
π

2

G11τ1 þ G12D
1

G11τs þ G12Ds

 �� �
þ D2

s

V22

ln sec
πD1

2Ds

 �� �� (4.265)

For the small-scale saturation and yielding, we have c a= � b a= � 1, so

J ¼ πa

4
τ1 D1½ � G½ � τ1

D1

( )
(4.266)

It is also noted that all the singular integrals are in the sense of the Cauchy principle

value.

4.8.3 Solution for Longer Mechanical Yielding Size

In this case, the size of the mechanical yielding region iscand the size of the electric
saturation region is b and c > b. Equation (4.254) yields

1 π=ð Þ
Z b

�b

ψ2ðtÞ t� x1ð Þ=½ �dt ¼ G2jt0j x1ð Þ; x1j j < b

1 π=ð Þ
Z l

�l

V1jψ jðtÞ t� x1ð Þ=
� �

dt ¼ t01 x1ð Þ; x1j j < c; j ¼ 1; 2

(4.267)
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The sizes of the yielding and saturating regions are, respectively,

b

a
¼ sec

π

2

G21τ1 þ G22D
1

G21τs þ G22Ds

 �
;

c

a
¼ sec

πτ1

2τs

 �
(4.268)

The generalized crack tip opening displacements are

ΔφðaÞ ¼ 2a

π
G21τs þ G22Dsð Þ ln sec

π

2

G21τ1 þ G22D
1

G21τs þ G22Ds

 �� �

Δu3ðaÞ ¼ 2aτs
πV11

ln sec
πτ1

2τs

 �� �
� V12

V11

ΔφðaÞ
(4.269)

The energy release rate is

J ¼ 2a

π
Ds � V12

V11

τs

 ��
G11τs þ G12Dsð Þ

� ln sec
π

2

G21τ1 þ G22D
1

G21τs þ G22Ds

 �� �
þ τ2s
V11

ln sec
πτ1

2τs

 �� �� (4.270)

4.9 Mode-III Problem for a Circular Inclusion

with Interface Cracks

4.9.1 Fundamental Equations

The generalized equilibrium and constitutive equations of a mode-III problem

(antiplane shear) are shown in Eq. (4.238), and the equilibrium equations in terms

of generalized displacements are shown in Eq. (4.239), i.e.,

r2u3 ¼ 0; r2φ ¼ 0 (4.271)

wherer2 is the 2D Laplace operator. Introduce two analytical functions ϕ1ðzÞ and
ϕ2ðzÞ. Let

u3 x1; x2ð Þ ¼ ϕ1ðzÞ þ ϕ1ðzÞ
h i

; φ ¼ ϕ2ðzÞ þ ϕ2ðzÞ
h i

;

z ¼ x1 þ ix2 ¼ reiθ; z;θ ¼ iz
(4.272)

Note

u3;θ ¼ u3;zz;θ þ u3;�z�z;θ ¼ i zϕ0
1ðzÞ � zϕ0

1ðzÞ
h i

; φ;θ ¼ i zϕ0
2ðzÞ � zϕ0

2ðzÞ
h i

(4.273)
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where ϕ0
iðzÞ ¼ dϕiðzÞ dz= . Equations (4.272) and (4.273) yield

σ31 � iσ32 ¼ 2 Gϕ0
1ðzÞ þ e15ϕ

0
2ðzÞ

� �
; D1 � iD2 ¼ 2 e15ϕ

0
1ðzÞ � E11ϕ0

2ðzÞ
� �

σ3r � iσ3θ ¼ 2eiθ Gϕ0
1ðzÞ þ e15ϕ

0
2ðzÞ

� �
; Dr � iDθ ¼ 2eiθ e15ϕ

0
1ðzÞ � E11ϕ0

2ðzÞ
� �

E1 � iE2 ¼ �2ϕ0
2ðzÞ; Er � iEθ ¼ �2eiθϕ0

2ðzÞ
(4.274)

Let

f ðzÞ ¼
ϕ1ðzÞ
ϕ2ðzÞ

( )
; FðzÞ ¼

ϕ0
1ðzÞ

ϕ0
2ðzÞ

( )
; B ¼

G e15

e15 � E11

" #
;

Σr ¼
σ3r

Dr

( )
; U;θ ¼

u3;θ r=

�Eθ

( ) (4.275)

Notations used in this section may be different with other sections. In Eq. (4.275),

B is real, so B ¼ �B. Adopting notations in Eq. (4.275) yields

Σr ¼ eiθBFðzÞ þ e�iθBFðzÞ
n o

; U;θ ¼ i eiθFðzÞ � e�iθFðzÞ
n o

(4.276)

On the interface, Eq. (4.276) is reduced to

Σr ¼ z a=ð Þ BFðzÞ þ a z=ð Þ2BFðzÞ
n o

; U;θ ¼ i z a=ð Þ FðzÞ � a z=ð Þ2FðzÞ
n o

; z 2 L

(4.277)

4.9.2 Permeable Crack

Figure 4.16a shows an infinite matrix II occupied region S� including a circular

inclusion I of radius a occupied region Sþ . Materials I and II are all transversely

isotropic. The entire interface is denoted by L and there are n circular arc cracks

on it. The ends of cracks are successively counterclockwise denoted byak; bk and its
whole is denoted by Lc . The origin of the coordinate system x1; x2ð Þ or r; θð Þ is

selected at the center of the inclusion. The boundary conditions are

σ31 ¼ σ131; σ32 ¼ σ132; D2 ¼ D1
2 ; D1 ¼ D1

1 ; zj j ! 1
σIr3 ¼ σIIr3 ¼ 0; DIr ¼ DIIr ; φI ¼ φII EIθ ¼ EIIθð Þ; z 2 Lc

σIr3 ¼ σIIr3; DIr ¼ DIIr ; uI3 ¼ uII3 uI3;θ ¼ uII3;θ
� �

; φI ¼ φII EIθ ¼ EIIθð Þ;
z 2 L� Lc

(4.278)
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For convenience the following mapping function is used:

z ¼ ω ςð Þ ¼ aς; z ¼ x1 þ ix2 ¼ reiθ; ς ¼ ξþ iη ¼ Reiθ; r ¼ aR (4.279)

Under this transformation, the circle with radius a in z plane is transformed to a unit

circle in ς plane and L; Lc is transformed toΓ;Γc, respectively. In ς plane, the matrix

is located in the region S�, ςj j > 1. The inclusion is located in the region Sþ, ςj j < 1.

The ends of cracks are all on the unit circle and denoted by σð1Þk ; σð2Þk in the ς plane.
It is noted that

f ðzÞ ¼ f ω ςð Þ½ � ¼ f ςð Þ; FðzÞ ¼ f 0ðzÞ ¼ f 0 ςð Þ ω0 ςð Þ= ¼ F ςð Þ a= (4.280)

In ς plane, Eq. (4.276) is reduced to

Σr ¼ 1 a=ð Þ eiθBF ςð Þ þ e�iθBF ςð Þ
h i

; U;θ ¼ i a=ð Þ eiθF ςð Þ � e�iθF ςð Þ
n o

(4.281)

On the interface Γ, σ ¼ eiθ. Equation (4.277) is reduced to

Σr ¼ 1 a=ð Þ σBF σð Þ þ �σBF σð Þ
h i

; U;θ ¼ i a=ð Þ σF σð Þ � �σF σð Þ
h i

Er � iEθ ¼ � 2 a=ð Þσϕ0
2 σð Þ; Er ¼ � 2 a=ð ÞRe σϕ0

2 σð Þ� �
; σ 2 Γ

(4.282)

4.9.3 Reduced to Riemann-Hilbert Equation

According to Eq. (4.278) on whole interface, ΣIr ¼ ΣIIr, so Eq. (4.282) yields

σBIFI σð Þ þ �σ�BIFI σð Þ ¼ σBIIFII σð Þ þ �σ�BIIFII σð Þ; ς 2 Γ (4.283)

Fig. 4.16 A circular interface inclusions with interface cracks: (a) general case and (b) one crack
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For a unit circular region, if g ςð Þ is analytic in Sþ S�ð Þ, g� ςð Þ ¼ �g 1 ς=ð Þ is analytic in
S� Sþð Þ (Muskhelishvili 1954) and

g�� σð Þ ¼ �gþ �σð Þ; gþ� σð Þ ¼ �g� �σð Þ; g� ςð Þ ¼ �g 1 ς=ð Þ (4.284)

Rewrite Eq. (4.283) as

BIF
þ
I σð Þ � �σ2�BIIF

þ
II� σð Þ ¼ BIIF

�
II σð Þ � �σ2�BIF

�
I�; σ 2 Γ (4.285)

Now research the behavior of Fα ςð Þðα ¼ I; IIÞ. Denote FI ςð Þ is analytic in Sþ and

rewritten asFI0 ςð Þ;FII ςð Þ is analytic in S� except at infinite and can be expressed as

FII ςð Þ ¼ F1
II þ FII0 ςð Þ; F1

II ¼ FII 1ð Þ; ς 2 S� (4.286)

Because there is no generalized force and dislocation in a finite region, from

Eqs. (4.274), (4.275), and (4.278), it is easy to obtain

FII 1ð Þ ¼ a

2
B�1
II

σ131 � iσ132
D1

1 � iD1
2

( )
(4.287)

In Eq. (4.285), �σ2�BIIF
þ
II� σð Þ is the boundary value on Γ of the function 1 ς2

�� �
�BII

FII� ςð Þ ¼ 1 ς2
�� �

�BII
�FII 1 ς=ð Þ which is analytic in Sþ except the pole point ς ¼ 0.

�σ2�BIF
�
I� is the boundary value on Γ of the function 1 ς2

�� �
BIFI� ςð Þ ¼ 1 ς2

�� �
BIFI

1 ς=ð Þ which is analytic in S� . These two functions can be analytic continuation

through the connective parts on Γ. The function after analytic continuation and the

original function must possess the same pole points and values at infinity. Let

GII ςð Þ ¼ FII� ςð Þ ς2
� ¼ �F1

II ς2
� þ GII0 ςð Þ; GII0 ςð Þ ¼ �FII0 1 ς=ð Þ ς2

�
; ς 2 Sþ

GI0 ςð Þ ¼ FI� ςð Þ ς2
� ¼ �FI0 1 ς=ð Þ ς2

�
; ς 2 S�

(4.288)

Using BI ¼ �BI; BII ¼ �BII, it can be assumed

BIFI ςð Þ � BIIGII ςð Þ ¼ g ςð Þ; ς 2 Sþ

BIIFII ςð Þ � BIGI0 ςð Þ ¼ g ςð Þ; ς 2 S�

g ςð Þ ¼ �BII
�F1
II ς2
� þ BIIF

1
II

(4.289)

Substituting Eqs. (4.286) and (4.288) into Eq. (4.289) yield

BIFI0 ςð Þ � BIIGII0 ςð Þ � BIIF
1
II ¼ 0; ς 2 Sþ

BIIFII0 ςð Þ � BIGI0 ςð Þ þ 1 ς2
�� �

BII
�F1
II ¼ 0; ς 2 S�

(4.290)
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On the interface, we have

GII0 σð Þ ¼ �F1
II þ B�1

II BIFI0 σð Þ; GI0 σð Þ ¼ �σ2B�1
I BII

�F1
II þ B�1

I BIIFII0 σð Þ
(4.291)

According to Eq. (4.282), the jump d̂
0
of the direction derivative U;θ is

d̂0 ¼ UI;θ � UII;θ

� � ¼ i σ a=ð Þ FI σð Þ � �σ2�FI �σð Þ� �� FII σð Þ � �σ2�FII �σð Þ� �� �
; or

a σ=ð Þd̂0 ¼ i FI σð Þ þ �σ2Fþ
II� σð Þ� �� FII σð Þ þ �σ2F�

I� σð Þ� �
¼ i Fþ

I0 σð Þ � 2F1
II þ B�1

II BIF
þ
I0 σð Þ� �

� i F�
II0 σð Þ � σ2 I� B�1

I BII

� �
�F1
II þ B�1

I BIIF
�
II0 σð Þ� �

(4.292)

Construct a function h ςð Þ analytic in whole plane except cracks and ς ¼ 0 by the

analytic continuation method through Γ � Γc:

h ςð Þ ¼ FI0 ςð Þ þ B�1
II BIFI0 ςð Þ � 2 F1

II

FII0 ςð Þ þ B�1
I BIIFII0 ςð Þ � 1 ς2

�� �
I� B�1

I BII

� �
�F1
II

(
(4.293)

According to Eqs. (4.282) and (4.290), on the crack surface, we have

a σ=ð ÞΣI r ¼ BIFI σð Þ þ �σ2�BI
�FI �σð Þ ¼ BIF

þ
I σð Þ þ �σ2BIF

�
I� σð Þ

¼ BIF
þ
I σð Þ þ �σ2BII

�F1
II þ BIIF

�
II0 σð Þ; ς 2 Lc

(4.294)

Equation (4.293) yields

hþ σð Þ þ h� σð Þ ¼ Iþ B�1
II BI

� �
Fþ
I0 σð Þ � 2F1

II þ Iþ B�1
I BII

� �
F�
II0 � �σ2 I� B�1

I BII

� �
�F1
II

¼ H BIF
þ
I0 σð Þ þ BIIF

�
II0 σð Þ þ �σ2BII

�F1
II

� �� 2F1
II � 2�σ2�F1

II

(4.295)

where H ¼ B�1
I þ B�1

II . Comparing Eqs. (4.294) and (4.295), the Riemann-Hilbert

equation on the crack surface is obtained:

a σ=ð ÞΣI r ¼ H�1 hþ σð Þ þ h� σð Þ½ � þ p1 þ �p1�σ2; p1 ¼ 2H�1F1
II (4.296)

After h ςð Þ is solved, from Eq. (4.293), FI0 ςj
� �

;FII0 ςj
� �

can be obtained:

FI0 ςj
� � ¼ Iþ B�1

II BI

� ��1
h ςj
� �þ 2F1

II

� �
FII0 ςj
� � ¼ Iþ B�1

I BII

� ��1
h ςj
� �þ 1 ς2j

.	 

I� B�1

I BII

� �
�F1
II

h i (4.297)
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4.9.4 Solution for Permeable Crack

From Eqs. (4.292) and (4.293), it is found that

� i a σ=ð Þd̂0 ¼ hþ σð Þ � h� σð Þ (4.298)

From Eq. (4.278), it is known that on the crack surface, EIθ ¼ EIIθ, so on the whole

interface L, d̂02 ¼ 0, or hþ2 σð Þ � h�2 σð Þ ¼ 0; σ 2 L. So h2 ςð Þ is analytic in whole

plane. Because h2 1ð Þ ¼ 0, so h2 ςð Þ ¼ 0.

Using the boundary conditions Eq. (4.278) and h2 ςð Þ ¼ 0, Eq. (4.296) yields

a σ=ð ÞσIr ¼ H�1
11 hþ1 σð Þ þ h�1 σð Þ� �þ p11 þ �p11 �σ2 ¼ 0

a σ=ð ÞDIr ¼ H�1
21 hþ1 σð Þ þ h�1 σð Þ� �þ p12 þ �p12 �σ2

(4.299)

Equation (4.299) yields

DIr ¼ 1 a=ð ÞRe σp12 � H�1
21 H�1

11

�� �
σp11

� �
(4.300)

Because the traction on the crack surface is zero and DIr is shown in Eq. (4.300),

Eq. (4.296) can be reduced to

H�1h σð Þ� �þ þ H�1h σð Þ� �� ¼ P1 þ �P
1
�σ2; P1 ¼ �p11 i1 þ H�1

21 H�1
11

�� �
i2

� �
(4.301)

The general solution is

H�1h ςð Þ ¼ 1 2=ð Þ P1 þ �P
1

ς2
�� �þ 1 2=ð ÞX ςð Þ C ςð Þ þ C�1 ς= þ C�2 ς2

�� �
X ςð Þ ¼

Yn
k¼1

ς� σð1Þk

	 
�1 2=
ς� σð2Þk

	 
�1 2=
; C ςð Þ ¼ Cnς

n þ � � � þ C0

(4.302)

where n is the number of cracks. It is noted that

lim
ς!0

X ςð Þ 
Yn
k¼1

�1ð Þn 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σð1Þk σð2Þk

q� �" #
1þ ς 2=ð Þ

Xn
k¼1

1 σð1Þk

.
þ 1 σð2Þk

.	 
" #

(4.303)

Substituting Eq. (4.303) into Eq. (4.302) and comparing the order of ς yield

ς�1 : C�1 ¼ � 1 2=ð Þ
Xn
k¼1

1 σð1Þk

.
þ 1 σð2Þk

.	 

C�2

ς�2 : C�2 ¼ �1ð Þnþ1
Yn
k¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σð1Þk σð2Þk

q
�P
1

(4.304)
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When ς ! 1, we get

lim
ς!1X ςð Þ  1 ςnþ= 1 2ς=ð Þ

Xn
k¼1

σð1Þk þ σð2Þk

	 

1 2ςnþ1
�� �

ς0 : Cn ¼ �P1; ς�1 : Cn�1 ¼ � 1 2=ð Þ
Xn
k¼1

σð1Þk þ σð2Þk

	 

Cn

(4.305)

Other coefficients are determined by single-valued conditions of the generalized

displacement: Z
Lc

d̂0dσ ¼ 0; or

Z
Lc

hþ σð Þ � h� σð Þ½ �dσ ¼ 0 (4.306)

4.9.5 Single Crack

Figure 4.16b shows a single crack with a1 ¼ ae�iθ0 , b1 ¼ aeiθ0 , where 2θ0 is the

center angle spanning by the crack. In this case we have

σð1Þk ¼ e�iθ0 ; σð2Þk ¼ eiθ0 ; X ςð Þ ¼ ς� e�iθ0
� ��1 2=

ς� eiθ0
� ��1 2=

C ςð Þ ¼ C1ςþ C0; C1 ¼ �P1; C0 ¼ cos θ0P
1; C�2 ¼ �P

1
; C�1 ¼ � cos θ0�P

1

(4.307)

The solution is

H�1h ςð Þ ¼ 1 2=ð Þ P1 þ �P
1

ς2
�� �

þ 1 2=ð Þ ς2 � 2 cos θ0 þ 1
� ��1 2= �P1ςþ cos θ0P

1 � cos θ0�P
1

ς= þ �P
1

ς2
�� �

(4.308)

FI0 ςj
� �

;FII0 ςj
� �

can be obtained from Eq. (4.297). So the generalized stress and

displacement in any point can also be obtained. It is noted that

X σð Þ ¼ σ2 � 2 cos θ0 þ 1
� ��1 2= ¼ e�iθ 2= 2 sin θ0 θ0 � θð Þ½ ��1 2=

σH�1h σð Þ ¼ 1 2=ð ÞσX ςð Þ �P1σ þ cos θ0P
1 � cos θ0�P

1
�σ þ �σ2�P

1� �
¼ eiθ 2=

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 sin θ0 θ0 � θð Þp �i sin θP1 � i�σ sin θ�P

1� � ¼ �
ffiffiffiffiffiffiffiffiffiffiffi
sin θ0

p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 θ � θ0ð Þp ffiffiffi

σ
p

P1 þ ffiffiffi
�σ

p
�P
1� �

p1 ¼ 2H�1F1
II ¼ aH�1B�1

II

σ131 � iσ132

D1
1 � iD1

2

( )
¼ aM

σ131 � iσ132

D1
1 � iD1

2

( )
; M ¼ BIIHð Þ�1

P1 ¼ �p11 i1 þ i2H
�1
21 H�1

11

�� �
; p11 ¼ a M11 σ131 � iσ132

� �þM12 D1
1 � iD1

2

� �� �
(4.309)
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The stress intensity factors can be directly obtained from h σð Þ and is only related
to the singular parts of the generalized stress. Using Eqs. (4.282), (4.296), and

(4.309), the stress intensity factor at ς ¼ eiθ0 or z ¼ aeiθ0
� �

is

K ¼ KIII;KD½ �T ¼ lim
θ!θ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πa θ � θ0ð Þ

p
Σr ¼ 2 a=ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πa θ � θ0ð Þ

p
Re σH�1h σð Þ� �

¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πa sin θ0

p
cos θ0 2=ð Þ M11σ

1
31 þM12D

1
1

� �þ sin θ0 2=ð Þ M11σ
1
32 þM12D

1
2

� �� �
� i1 þ H�1

21 H�1
11

�� �
i2

� �
KαE ¼ lim

θ!θ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πa θ � θ0ð Þ

p
Eαr ¼ � 2 a=ð Þ lim

θ!θ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πa θ � θ0ð Þ

p
B�1
α Re σH�1h σð Þ� �

2

(4.310)

For a homogeneous material, M ¼ I 2= , so

K ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πa sin θ0

p
σ131 cos θ0 2=ð Þ þ σ132 sin θ0 2=ð Þ� �

i1 þ i2H
�1
21 H�1

11

�� �
KαE ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πa sin θ0

p
σ131 cos θ0 2=ð Þ þ σ132 sin θ0 2=ð Þ� �

B�1
α21 þ B�1

α22H
�1
21 H�1

11

�� �
(4.311)

From Eq. (4.311), it is known that for a permeable crack, the stress intensity factors

do not depend to the external electric field.

4.9.6 Impermeable Crack

For an impermeable crack, DIr ¼ DIIr ¼ 0 on the crack surface are known and

P1 ¼ �p1. H�1h ςð Þ is still expressed by Eqs. (4.302), (4.303), (4.304), (4.305),

and (4.306). The stress intensity factor is

K ¼
KIII

KD

( )
¼ 2

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πa sin θ0

p
Re eiθ0 2= p1
� � ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πa sin θ0

p
MRe eiθ0 2=

σ131 � iσ132

D1
1 � iD1

2

( )( )" #

¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πa sin θ0

p M11 M12

M21 M22

� � σ132 sin θ0 2=ð Þ þ σ131 cos θ0 2=ð Þ
D1

2 sin θ0 2=ð Þ þ D1
1 cos θ0 2=ð Þ

( )

(4.312)

From Eq. (4.312), it is known that for an impermeable crack, the stress intensity

factors are dependent to the external electric field.

Zhong and Meguid (1997), Gao and Balke (2003), and Liu and Fang (2004) et al.

discussed the similar problem.
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Chapter 5

Some Problems in More Complex Materials

with Defects

Abstract In this chapter some electroelastic problems in more complex materials

with defects are discussed. It is pointed out that the electroelastic analysis for

electrostrictive materials, the entire system including the dielectric medium, its

environment, and their common boundary should be considered together. So the

Maxwell stress should be considered. The theory illustrated in this chapter is an

important complement for the present theory published in literatures. The

electroelastic analyses of an infinite isotropic electrostrictive material containing

an elliptic hole, containing a crack with and without local saturation electric field

near the crack tip, are carried out. The basic theory of the thermo-electro-elastic

analysis is given. An elliptic hole in a homogeneous pyroelectric material, interface

crack in dissimilar pyroelectric material, point heat source, and its interaction with

cracks are discussed. The electroelastic analyses of a functionally graded piezo-

electric material are also introduced. These analyses are useful in engineering

applications.

Keywords Electroelastic analysis • Electrostrictive material • Maxwell stress •

Pyroelectric material • Functionally graded piezoelectric material

5.1 Isotropic Electrostrictive Material

5.1.1 Governing Equations

Some polyurethane elastomers and perovskite-type ceramics can produce large

deformation under applied electric field. Their strains are proportional to the square

of electric field and larger than 10�4 m mV=ð Þ2E2 . The electrostrictive effect can

occur in all dielectric, such as the electrostrictive ceramic PMN-PT, electrostrictive

polymer EPs, and polyurethane PUE. The constitutive equation has been discussed

in Sects. 2.2 and 2.6. In this section we only discuss the isotropic electrostrictive

Z.-B. Kuang, Theory of Electroelasticity, DOI 10.1007/978-3-642-36291-0_5,
© Shanghai Jiao Tong University Press, Shanghai and Springer-Verlag Berlin Heidelberg 2014
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material occupying the region S . The environment occupies Sc . According to

Eq. (2.27b) the constitutive equation with independent variables ðε;EÞ is

σij ¼ λεkkδij þ 2Gεij � 1 2=ð Þða1EiEj þ a2EkEkδijÞ
Di ¼ ~EijEj; ~Eij ¼ Eδij þ a1εij þ a2εkkδij � Eδij; Ei ¼ �φ;i

(5.1)

where a1; a2 are electrostrictive coefficients. For electrostrictive materials the

entire system including the dielectric medium, its environment, and their common

boundary should be considered together, as shown in Sect. 2.2. The governing

equations are

Skl;l þ fk ¼ ρ€uk; Dk;k ¼ ρe in material

Senvij;j þ f envi ¼ ρ€uenvi ; Denv
i;i ¼ ρenve ; in environment

Skl ¼ σkl þ σMkl �¼ λεiiδkl þ 2Gεkl � 1 2=ð Þ a2 þ Eð ÞEiEiδkl þ 1 2=ð Þ 2E� a1ð ÞEkEl

σMij ¼ EiDj � 1 2=ð ÞEmDmδij

(5.2)

where S is the pseudo total stress (Jiang and Kuang 2003, 2004). In isotropic case S,
σ and σM are all symmetric. The boundary conditions are

Sklnl ¼ T�
k ; on aσ; Dknk ¼ �σ�; on aD; ui ¼ u�i ; on au; φ ¼ φ�; on aφ

Senvij nenvj ¼ T�env
i ; on aenvσ ; Denv

i nenvi ¼ �σ�env; on aenvD

uenvi ¼ u�envi ; on aenvu ; φenv ¼ φ�env; on aenvφ

(5.3)

The interface conditions are

Sij � Senvij

� �
nj ¼ T�int

i ; Di � Denv
i

� �
ni ¼ �σ�int; ui ¼ uenvi ; φ ¼ φenv; on aint

(5.4)

For the ceramic material the difference between S and σ is small, but for the

electrostrictive polymer E and amεij may be in the same order, and the difference

between S and σ may not be small.

In the case of small strain, it is usually assumed that the electric field is

approximately independent to the displacement, i.e., the terms containing strains

in D in Eq. (5.1) can be neglected, but the stress field is related to the electric field.

So the electric field is decoupled with the elastic field and can be solved indepen-

dently (Knops 1963; Smith and Warren 1966; McMeeking 1989; Jiang and Kuang

2003, 2004). Assuming the air is charge free, from — � D ¼ 0, it is known that φ is

a harmonic function, so it can be expressed by the real (or imaginary) part of a

complex analytic function wðzÞ, i.e.,

wðzÞ ¼ φ x1; x2ð Þ þ iA x1; x2ð Þ; φ x1; x2ð Þ ¼ RewðzÞ ¼ wðzÞ þ wðzÞ
h i.

2 (5.5)
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where A is called the stream function. Comparing Eqs. (3.83) and (5.5), it is found

that wðzÞ ¼ 2ϕðzÞ . These two expressions of the complex electric potential can

all be found in literatures. It is noted that in this section ϕðzÞ denotes the complex

stress function. Using Cauchy-Riemann condition @φ @x1= ¼ @A @x2= , @φ @x2= ¼
�@A @x1= yields

dw

dz
¼ dφ

dz
þ i

dA

dz
¼ @φ

@x1

@x1
@z

þ @φ

@x2

@x2
@z

� �
þ i

@A

@x1

@x1
@z

þ @A

@x2

@x2
@z

� �
¼ �E

E ¼ E1 þ iE2 ¼ �w0ðzÞ
(5.6)

So the solution of the electric field is reduced to seek a function analytic in the

region S.
On a boundary we haveZ

Dnds ¼
Z

D1n1 þ D2n2ð Þds ¼ E
Z

E1dx2 � E2dx1ð Þ

¼ iE 2=ð Þ
Z

w0ðzÞdz� w0ðzÞdz
h i

¼ iE 2=ð Þ wðzÞ � wðzÞ
h i (5.7)

where a trivial integral constant is omitted.

For a plane strain problem, we have εi3 ¼ 0; i ¼ 1; 2; 3ð Þ ; the constitutive

equation expressed by the pseudo total stress S is

Sαβ ¼ λεγγδαβ þ 2Gεαβ þ aEαEβ þ bEγEγδαβ

a ¼ 2E� a1ð Þ 2= ; b ¼ � a2 þ Eð Þ 2= ; α; β ¼ 1; 2
(5.8)

Using εγγ ¼ Sγγ þ a� 2bð ÞEγEγ

� 	
2 λþ Gð Þ= , Eq. (5.8) can also be written as

2Gεαβ ¼ Sαβ � aEαEβ � λSγγ þ �λaþ 2Gbð ÞEγEγ

� 	
δαβ 2 λþ Gð Þ=

εαβ ¼ 1þ νð Þ Sαβ � vSγγδαβ � aEαEβ þ va� 1� 2νð Þb½ �EγEγδαβ

 �

Y=
(5.9)

where Y ¼ 2Gð1þ vÞ is the elastic modulus and v is the Poisson ratio. Substitution

of Eq. (5.9) into the compatible equation 2ε12;12 ¼ ε11;22 þ ε22;11 finally yields

2 S12 � aE1E2ð Þ;12 ¼ S11 � aE1E1 � λSγγ þ �λaþ 2Gbð ÞEγEγ

� 	
2 λþ Gð Þ=


 �
;22

þ S22 � aE2E2 � λSγγ þ �λaþ 2Gbð ÞEγEγ

� 	
2 λþ Gð Þ=


 �
;11

(5.10)

Let ~U denote the pseudo total stress function satisfying the equilibrium equation

automatically:

S11 ¼ ~U;22; S22 ¼ ~U;11; S12 ¼ � ~U;12; or Sαβ ¼ r2 ~Uδαβ � ~U;αβ (5.11)
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Substituting Eq. (5.11) into Eq. (5.10), after some manipulation, yields

r4 ~U ¼ κr2 EγEγ

� �
;

@4 ~U

@z2@�z2
¼ κ

4

@4

@z2@�z2
w0ðzÞ�w0 �zð Þ½ � ¼ κ

4

@2w0

@z2
@2 �w0

@�z2

κ ¼ �G a1 þ 2a2ð Þ 2 λþ 2Gð Þ= ¼ � 1� 2vð Þ a1 þ 2a2ð Þ 4 1� vð Þ=

(5.12)

Using the Muskhelishvili’s formulas (1975), the general solution of Eq. (5.12) is

~U x1; x2ð Þ ¼ κ 4=ð ÞwðzÞwðzÞ þ ð1=2Þ zϕðzÞ þ �zϕðzÞ þ χðzÞ þ χðzÞ
h i

(5.13)

where κ 4=ð ÞwðzÞwðzÞ is the special solution; ϕðzÞ; χðzÞ are two analytic functions

of z. Equation (5.11) yields

S22 þ S11 ¼ κw0ðzÞw0ðzÞ þ 2 ϕ0ðzÞ þ ϕ0ðzÞ
h i

S22 � S11 þ 2iS12 ¼ κw00ðzÞwðzÞ þ 2 zϕ00ðzÞ þ ψ 0ðzÞ½ �; ψðzÞ ¼ χ0ðzÞ
(5.14)

From Eqs. (5.2) and (5.6), it is known that

σM22 þ σM11 ¼ 0; σM22 � σM11 þ 2iσM12 ¼ �EΩ0ðzÞ; Ω0ðzÞ ¼ w0ðzÞ½ �2 (5.15)

The mechanical stresses are

σ22 þ σ11 ¼ κw0ðzÞw0ðzÞ þ 2 ϕ0ðzÞ þ ϕ0ðzÞ
h i

σ22 � σ11 þ 2iσ12 ¼ κw00ðzÞwðzÞ þ 2 �zϕ00ðzÞ þ ψ 0ðzÞ½ � þ EΩ0ðzÞ
(5.16)

and displacements are

2G u1 þ iu2ð Þ ¼ KϕðzÞ � zϕ0ðzÞ � ψðzÞ � κ 2=ð ÞwðzÞw0ðzÞ þ α1ΩðzÞ
K ¼ 3� 4νð Þ; α1 ¼ a1 � 2Eð Þ 4= ; ΩðzÞ ¼

Z
Ω0ðzÞdz

(5.17)

The stress boundary condition is

i P1 þ iP2ð Þ ¼ i

Z B

A

~T1 þ i ~T2
� �

ds ¼ 2 @ ~U @�z=
� 	B

A

¼ zϕ0ðzÞ þ ϕðzÞ þ ψðzÞ þ 1 2=ð ÞκwðzÞw0ðzÞ
h iB

A

(5.18)

where A;B are two points on the boundary; P1;P2 are pseudo resultant forces;
~Ti ¼ Sijnj.
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5.1.2 An Impermeable Elliptic Hole in an Isotropic
Electrostrictive Material

Let an isotropic electrostrictive material with an elliptic hole of semiaxes a and b
directed along the material principle axes x1 and x2, respectively, filled by air. The

uniform generalized stresses σ1;E1 are applied at infinity, but the boundary of the

hole is free; see Fig. 5.1. A further assumption is that the electric field in the air will

be neglected due to the small permittivity comparing with the electrostrictive

material. Therefore, in this simple case the Maxwell stress in the hole is neglected,

and the electrostrictive material can be studied alone (Jiang and Kuang 2003;

Kuang and Jiang 2006). The boundary conditions are

Sij ¼ S1ij ; E ¼ E1 þ iE2 ¼ E1; at infinity; Sijnj ¼ 0; Dn ¼ 0; on interface

S1ij ¼ σ1ij þ σM1
ij ; σM1

ij ¼ E1
i D1

j � 1 2=ð ÞE1
m D1

m δij

E1 ¼ E0e
iβ; E0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E1
1

� �2 þ E1
2

� �2q
; tan β ¼ E1

2 E1
1


(5.19)

Electric field The mapping function method is used to solve this problem. The

mapping function z ¼ ω ςð Þ shown in Eq. (3.82a) is still adopted. In ς plane the

general solution of w ςð Þ can be written as

wðςÞ ¼ � �E1R ςþ ας�1
� � ¼ �R �E1ςþ E1ς�1

� �
; α ¼ E1 �E1= ¼ e2iβ

E ¼ E1 þ iE2 ¼ � w0 ςð Þ ω0 ςð Þ
.h i

¼ E1 1� �α�ς�2

1� m�ς�2
¼ E1 �ς2 � �α

�ς2 � m
¼ E1 � �E1�ς�2

1� m�ς�2

z ¼ ωðςÞ ¼ R ςþ m ς=ð Þ; R ¼ aþ bð Þ 2= ; m ¼ a� bð Þ aþ bð Þ=

(5.20)

Fig. 5.1 A 2D plane electrostrictive material with an elliptic hole or inclusion: (a) physical plane z;
(b) mapping plane ζ
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wðςÞ expressed by Eq. (5.20) satisfies the boundary at infinity and on the

interface. In fact on the interface, we have

En þ iEt ¼ dzj j
dz

E1 þ iE2ð Þ ¼ �σ

σj j
ω0 σð Þ
ω0 σð Þj j

E1 � �E1σ2

1� mσ2
¼ E1�σ � �E1σ

1� m�σ2ð Þj j
En ¼ 0; Et ¼ 2E0 sin β � ϑð Þ 1� me�2iϑ

�� ��
; ) Dn ¼ 0

Stress field The general solutions of complex potentials ϕ ςð Þ;ψ ςð Þ can be

assumed as

ϕ ςð Þ ¼ Γ1Rςþ ϕ0 ςð Þ; ψ ςð Þ ¼ Γ2Rςþ ψ0 ςð Þ (5.21)

whereϕ0 ςð Þ; ψ0 ςð Þare undetermined functions analytic inS; Γ1;Γ2 are determined by

Γ1 ¼ S122 þ S111 � κE1
k E1

k

� �
4= ; Γ2 ¼ S122 � S111 þ 2iS112

� �
2 (5.22)

Because the boundary of the hole is free, the boundary condition Eq. (5.18) becomes

ω σð Þϕ0 σð Þ ω0 σð Þ
.

þ ϕ σð Þ þ ψ σð Þ þ κw σð Þw0 σð Þ 2ω0 σð Þ
.

¼ 0 (5.23)

Substitution of Eqs. (5.20) and (5.21) into Eq. (5.23) yields

ω σð Þϕ0
0 σð Þ ω0 σð Þ

.
þ ϕ0 σð Þ þ ψ0 σð Þ þ f σð Þ ¼ 0

f σð Þ ¼ RΓ1

σ2 þ m

σ 1� mσ2ð Þ þ RΓ1σ þ R�Γ2

σ
þ κRE1 �E1 1� �ασ2ð Þ αþ σ2ð Þ

2σ 1� mσ2ð Þ
(5.24)

Multiplying Eq. (5.24) and its conjugate equation by dσ 2πi σ � ςð Þ½ �= and using

the Cauchy integral formulas we find

ϕ0 ςð Þ ¼ 1

2πi

Z
f σð Þdσ
σ � ς

¼ �mRΓ1

ς
� R�Γ2

ς
� καRE1 �E1

2ς

ψ0 ςð Þ ¼ 1

2πi

Z
f σð Þdσ
σ � ς

� ς
1þ mς2

ς2 � m
ϕ0
0 ςð Þ

¼ �2RΓ1

1þ m2ð Þς
ς2 � m

� R�Γ2 1þ mς2ð Þ
ς2 � mð Þς � κRE1 �E1 1� α�αþ αþ �αð Þm½ �ς

2 ς2 � mð Þ
(5.25)

Substitution of Eqs. (5.21), (5.22), and (5.25) into Eq. (5.16) yields the stresses

σ22 þ σ11 ¼ κ
w0 ςð Þ
ω0 ςð Þ

w0 ςð Þ
ω0 ςð Þ þ 2

ϕ0 ςð Þ
ω0 ςð Þ þ

ϕ0 ςð Þ
ω0 ςð Þ

" #

¼ κE1 �E1 ς2 � α

ς2 � m

�ς2 � �α

�ς2 � m
� 2Re

καE1 �E1 þ 2Γ1 ς2 þ mð Þ þ 2�Γ2

ς2 � m

� � (5.26a)
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σ22 � σ11 þ 2iσ12 ¼ κ
d

dς

w0 ςð Þ
ω0 ςð Þ

� �
w ςð Þ þ 2

d

dς

ϕ0 ςð Þ
ω0 ςð Þ

� �
ω0 ςð Þ þ ψ 0 ςð Þ

ω0 ςð Þ
� �

þ E
w0 ςð Þ
ω0 ςð Þ

� �2

¼ 2κE1 �E1 α� mð Þς3 �ς2 þ �αð Þ
ς2 � mð Þ3�ς þ 2

� καE1 �E1 þ 4mΓ1 þ 2�Γ2ð Þς3 �ς2 þ mð Þ
ς2 � mð Þ3�ς

(

þ Γ2ς2

ς2 � m
þ κE1 �E1 1� α�αþ αþ �αð Þm½ �ς2 ς2 þ mð Þ

2 ς2 � mð Þ3 þ 2Γ1 1þ m2ð Þς2 ς2 þ mð Þ
ς2 � mð Þ3

þ
�Γ2 mς4 þ m2 þ 3ð Þς2 � m½ �

ς2 � mð Þ3
)

þ E E1ð Þ2 ς2 þ 1ð Þ2
ς2 � mð Þ2

(5.26b)

Asymptotic fields near the end of a narrow elliptic hole under the electric load
As in Sect. 3.4.6 the asymptotic stress fields near the end of a narrow elliptic hole

only under an electric load in the local coordinate system with the origin at the focus

of the ellipse are

σ22 þ σ11 � κE1 �E1 1� αð Þ 1� �αð Þc 4r=

σ22 � σ11 þ 2iσ12

� κE1 �E1 1� αð Þ 2 E κ=ð Þ 1� αð Þ α= � 1� �αð Þ½ � þ 2 1� αð Þ 1� �αð Þ
ffiffiffiffiffiffiffiffiffi
ρ0 r=

pn o
c 8r=

(5.27a)

The electric asymptotic field is

E1 þ iE2 ¼ 1 4=ð Þ
ffiffiffi
2

p
�E1 1� �αð Þ

ffiffiffiffiffiffiffi
c r=

pn
þ E1 3þ �αð Þ þ 4�α

ffiffiffiffiffiffiffiffiffi
ρ0 r=

p� �
(5.27b)

where ρ0 ¼ b2 2a= , c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � b2

p
.

5.1.3 The Permeable Elliptic Hole

For a permeable elliptic hole, the electric connective conditions in Eq. (5.19) are

changed to

φ ¼ φc; Dn ¼ Dc
n or

Z
Dnds ¼

Z
Dc

nds; Dn ¼ Dini (5.28)

According to the previous knowledge, it is assumed prior that the electric field in

the air is constant (Smith andWarren 1966, 1968; Gao et al. 2010), and the complex

electric potential in the media wðzÞ is in the following form:

φc ¼ RewcðzÞ ¼ �Ec
1x1 � Ec

2x2

wðzÞ ¼ Γ3zþ w0ðzÞ; Γ3 ¼ �E
1 ¼ � E1

1 � iE1
2

� � (5.29)
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wherew0ðzÞ is an unknown function analytic in S. Substituting Eqs. (5.5), (5.6), and
(5.29) into Eq. (5.28) and using Eq. (5.7) we get

w0 σð Þ þ w0 σð Þ ¼ 2 E1
1 � Ec

1

� �
x1 þ E1

2 � Ec
2

� �
x2

� 	
w0 σð Þ � w0 σð Þ ¼ �2i D1

2 � Dc
2

� �
x1 � D1

1 � Dc
1

� �
x2

� 	
E

(5.30)

Substituting x1 ¼ a σ þ σ�1ð Þ 2= ; x2 ¼ ib σ � σ�1ð Þ 2= and multiplying dσ=
2πi σ � ςð Þ½ � to two sides of Eq. (5.30) and then integrating the result identity we get

w0 ςð Þ ¼ a E1
1 � Ec

1

� �þ ib E1
2 � Ec

2

� �� 	
ς

w0 ςð Þ ¼ �ia D1
2 � Dc

2

� �� b D1
1 � Dc

1

� �� 	
Eς

(5.31)

Equation (5.31) yields

a E1
1 � Ec

1

� � ¼ �b D1
1 � Dc

1

� �
E;= b E1

2 � Ec
2

� � ¼ �a D1
2 � Dc

2

� �
E= (5.32)

So, using D1
1 ¼ EE1

1 ;Dc
1 ¼ Ec Ec

1 we obtain

Dc
1 ¼ D1

1 �E
c 1þ �bð Þ 1þ �Ec �bð Þ�1

; Dc
2 ¼ D1

2 �E
c 1þ �bð Þ �Ec þ �bð Þ�1

wcðzÞ ¼ 1þ �bð Þ �E1
1 1þ �Ec �bð Þ�1 þ iE1

2 �Ec þ �bð Þ�1
h i

z;
ffiffiffiffi
m

p � ςj j � 1

w ςð Þ ¼ �RE1
1 ςþ A ς=ð Þ þ iRE1

2 ς� B ς=ð Þ; ςj j � 1

�b ¼ b a= ; �Ec ¼ Ec E= ; A ¼ 1� �b�Ecð Þ 1þ �b�Ecð Þ
; B ¼ �b� �Ecð Þ �bþ �Ecð Þ

(5.33)

Especially for a crack (b ¼ 0) we have

E1
1 ¼ Ec

1; D1
2 ¼ Dc

2; wcðzÞ ¼ �E1
1 þ iE1

2 E Ec=
� �

z; wðzÞ ¼ �E1
1 þ iE1

2

� �
z

It means that the electric fields are homogeneous in the crack, but with different

constant values. When E1
1 ¼ 0, the electric asymptotic field near the right crack

tip is

E2 ¼ E1
2

ς2 þ 1� �δð Þ 1þ �δð Þ=

ς2 � m
� E1

2

1

1þ �δ

ffiffiffiffiffi
a

2r

r
e�iθ 2= þ 1þ 2�δ

2 1þ �δð Þ
� �

(5.34)

where �δ ¼ �Ec �b
 ¼ Ecað Þ Ebð Þ= is an important parameter; r; θ are polar coordinates

in the local coordinate system with the origin at the focus of the ellipse.
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The complex stress functions are still expressed by Eq. (5.21). For E1
1 ¼ 0

finally we find

ϕ ςð Þ ¼ R Γ1ς� mΓ1

ς
�

�Γ2

ς
þ κBE12

2

2ς

� �

ψ ςð Þ ¼ R Γ2ς� 2Γ1

1þ m2

ς2 � m
ς�

�Γ2 1þ mς2ð Þ
ς2 � mð Þς � κE12

2 1� 2mB� B2ð Þς
2 ς2 � mð Þ

� �
(5.35)

The stress is obtained by Eq. (5.16).

5.1.4 A Rigid Elliptic Conduction Inclusion

In this section we shall discuss a rigid elliptic conducting inclusion with boundary L
in an isotropic electrostrictive material (Jiang and Kuang 2004). In this case the

problem can be discussed independently in the material regionΩ and the boundary

conditions are assumed:

σij ¼ σ1ij ; E ¼ E1 þ iE2 ¼ E1 ¼ E0e
iβ; when x

2

1 þ x22 ! 1
u1 ¼ uc1 ¼ �ωcx2; u2 ¼ uc2 ¼ ωcx1; φ ¼ 0; on L

E0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E1
1

� �2 þ E1
2

� �2q
; tan β ¼ E1

2 E1
1

 (5.36)

whereωc is the rotation angle about axis x3 of the inclusion. The pseudo total moment
~M, Maxwell stress moment Me, and mechanical moment M are, respectively,

~M ¼
Z B

A

� ~T1x2 þ ~T2x1
� �

ds ¼ � z @ ~U @z=
� �þ �z @ ~U @�z=

� �� 	B
A
þ ~UB

A

¼ Re χðzÞ � zψðzÞ � z�zϕ0ðzÞ � 1 2=ð Þκw0ðzÞwðzÞ
h iB

A
þ 1 4=ð ÞκwðzÞwðzÞ
h iB

A

Me ¼
Z B

A

�σM1jnjx2 þ σM2jnjx1
� �

ds ¼ Re 1 2=ð ÞE zΩðzÞ �Ω1ðzÞ½ �f g

M ¼ ~M �Me ¼ Re χðzÞ � zψðzÞ � z�zϕ0ðzÞ � 1 2=ð Þκw0ðzÞwðzÞ
n

� 1 2=ð ÞE zΩðzÞ �Ω1ðzÞ½ �gBAþ 1 4=ð ÞκwðzÞwðzÞ
h iB

A
; Ω1ðzÞ ¼

Z
ΩðzÞdz

(5.37)

When there are no body force and free charge, the stress complex potential can

be assumed as
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wðzÞ ¼ Γ3zþ w0ðzÞ
ϕðzÞ ¼ � 1 8 1� νð Þ=½ �ð ~T1 þ i ~T2Þ ln zþ Γ1zþ ϕ0ðzÞ
ψðzÞ ¼ 3� 4νð Þ 8 1� νð Þ=½ � ~T1 � i ~T2

� �
ln zþ Γ2zþ ψ0ðzÞ

Γ3 ¼ � �E1; E1 ¼ E1
1 þ iE1

2

� � ¼ E0e
iβ

Γ1 ¼ 1 4=ð Þ S122 þ S111
� �� 1 4=ð ÞκE1

k E1
k ; Γ2 ¼ 1 2=ð Þ S122 � S111 þ 2iS112

� �
(5.38)

where w0ðzÞ;ϕ0ðzÞ;ψ0ðzÞ are complex functions analytic in the region S. ~Ti is the

generalized concentrate force, which is zero in present case, so the terms containing

ln z will be omitted in later.

The conformal mapping method is used to solve the problem. The mapping

function is shown in Eq. (3.82). It is easy to prove that the electric field in S can be

obtained by changing α to ð�αÞ in Eq. (5.20) discussed in Sect. 5.1.2, i.e.,

wðςÞ ¼ �R �E1 ς� ας�1
� �

; wðςÞ ¼ �RE1 �ς� α�ς�1
� �

; α ¼ E1 �E1= ¼ e2iβ

E ¼ E1 þ iE2 ¼ �w0 ςð Þ
ω0 ςð Þ ¼ E1 1þ �α�ς�2

1� m�ς�2
¼ E1 �ς2 þ �α

�ς2 � m
¼ E1 þ �E1�ς�2

1� m�ς�2

(5.39)

Using Eq. (5.17) the displacement boundary condition in Eq. (5.36) can be

expressed as

2iGωcz ¼ KϕðzÞ � zϕ0ðzÞ � ψðzÞ � κ

2
wðzÞw0ðzÞ þ α1ΩðzÞ (5.40)

On the mapping plane Eq. (5.40) becomes

ΛϕðςÞ þ ωðςÞ ϕ
0ðςÞ

ω0ðςÞ þ ψðςÞ þ κ

2
wðςÞw

0ðςÞ
ω0ðςÞ � α1ΩðςÞ ¼ �2iGωcωðςÞ (5.41)

where Λ ¼ �K ¼ �3þ 4ν and ϕðςÞ and ψðςÞ are given in Eq. (5.38). Noting

Ω ςð Þ ¼
Z

w0 ςð Þ½ �2
ω0 ςð Þ dς ¼ R �E1ð Þ2 α2

mς
þ ς� mþ αð Þ2 arctan ς

ffiffiffiffi
m

p
=ð Þ

m3 2=

" #

1

2πi

Z
Ω σð Þdσ
σ � ς

¼ R E
1� �2 � α2

mς
� mþ αð Þ2

2m3 2=
ln

ς� ffiffiffiffi
m

p
ςþ ffiffiffiffi

m
p

" #

1

2πi

Z
Ω σð Þdσ
σ � ς

¼ �R E
1� �2 1

ς

(5.42)
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The future process to solve the problem is fully similar to that in Sect. 5.1.2.

Finally we obtain

Λϕ ςð Þ ¼ ΛΓ1Rς� mRΓ1

ς
� R�Γ2

ς
þ καRE1 �E1

2ς
þ α1R E1ð Þ2 1

ς
� 2iRGωc m

ς

ψ ςð Þ ¼ Γ2Rςþ κRE1 �E1 α�α� 1þ α Λ= þ �αð Þm½ �ς2 þ α Λ= � α

2ς ς2 � mð Þ � R�Γ2 1þ mς2ð Þ
Λ ς2 � mð Þς

� RΓ1 1þ m2 þ Λþ m2 Λ=ð Þ½ �ς2 � Λmþ m Λ=

ς ς2 � mð Þ þ α1R E1ð Þ2 1þ mς2ð Þ
Λς ς2 � mð Þ

þ 2iRGωc

ς
� 2iRGωc 1þ mς2ð Þ

Λς ς2 � mð Þ þ α1R �E1ð Þ2 α2

mς
þ mþ αð Þ2

2m3 2=
ln

ς� ffiffiffiffi
m

p
ςþ ffiffiffiffi

m
p

" #

(5.43)

Ifωc is given, the mechanical moment acting on the inclusion can be determined

by Eq. (5.37), or

M ¼ Re χ ςð Þ � ω ςð Þψ ςð Þ � ω ςð Þω ςð Þϕ0 ςð Þ ω0 ςð Þ= � 1 2=ð Þκw0 ςð Þ ω0 ςð Þ= w ςð Þ
n

� 1 2=ð ÞE ω ςð ÞΩ ςð Þ �Ω1 ςð Þ½ �gBAþ 1 4=ð Þκw ςð Þw ςð Þ
h iB

A

(5.44)

In Eq. (5.44) points A and B are the same point, so only multiple value terms

containing ln ς are not zero, i.e., only should keep terms containing χ ςð Þ andΩ1 ςð Þ.
From the second equation in Eq. (5.43) we get

χ ςð Þ ¼
I

ψ ςð Þω0 ςð Þdς

¼ Γ2R
2 1

2
ς2 � m ln ς

� �
þ 1

2
κR2E1 �E1 α�α� 1þ αm

Λ
þ �αm

� �
ln ςþ αΛ� α

2Λς2

� �

� R2�Γ2

Λ
m ln ς� 1

2ς2

� �
� R2Γ1 1þ m2 þ Λþ m2

Λ

� �
ln ς� �Λmþ m

Λ

� � 1

2ς2

� �

þ α1R2 E1ð Þ2
Λ

m ln ς� 1

2ς2

� �
þ α1R

2 E1ð Þ2 α2
1

2ς2
þ ln ς

m

� ��

þ mþ αð Þ2
2m3 2=

2
ffiffiffiffi
m

p
ln ςþ mþ ς2

ς
ln

ς� ffiffiffiffi
m

p
ςþ ffiffiffiffi

m
p � 2

ffiffiffiffi
m

p
ln ς2 � m
� �� �)

þ 2iR2Gωc ln ςþ m

2ς2

� �
� 2iR2Gωcm

Λ
m ln ς� 1

2ς2

� �
(5.45)
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Ω1 ςð Þ ¼
Z

Ω ςð Þω0 ςð Þdς

¼ RE
1� �2 α2

2ς
þ ς2

2
� α2

m
� m

� �
ln ς

� �

� RE
1� �2 mþ αð Þ2

2m3 2=
2

ffiffiffiffi
m

p � ln ςþ ln ς2 � m
� �þ mþ ς2

ς
ln

ςþ ffiffiffiffi
m

p
�ςþ ffiffiffiffi

m
p

� �� �
(5.46)

So we have

M ¼� 2πR2Im �Γ2mþ 1 2=ð ÞκE1 �E1 α�α� 1þ αm Λ= þ �αmð Þf
� Γ1 1þ m2 þ Λþ m2 Λ=

� �� m�Γ2 Λ= þ E1ð Þ2α1m Λ=

� α1 2αþ mð Þ þ E αþ mð Þ½ � �E1ð Þ2 þ 2iGωc Λ� m2
� �

Λ= g
(5.47)

Noting Γ1;m;Λ;G;ωc are all real, Eq. (5.47) can be reduced to

M ¼ �2πR2Im �Γ2mf þ 1 2=ð ÞκE1 �E1 α�α� 1þ αm Λ= þ �αmð Þ � m�Γ2 Λ=

þ α1m E1ð Þ2 Λ= � α1 2αþ mð Þþ 2 αþ mð Þ½ � �E1ð Þ2g � 4πR2Gωc Λ� m2
� �

Λ=

(5.48)

If there is no moment acting on the inclusion, the ωc is determined by the

following equation:

ωc ¼ Λ 2G m2 � Λ
� �� 	

Im �Γ2mf þ 1

2
κE1 �E1 α�α� 1þ αm Λ= þ �αmð Þ � m�Γ2 Λ=

þ α1m E1ð Þ2 Λ= � α1 2αþ mð Þþ 2 αþ mð Þ½ � �E1ð Þ2g
(5.49)

For a conductor ballm ¼ 0, from Eq. (5.49), it is seen thatωc ¼ 0, i.e., there is no

rotation. It is also noted that for β ¼ nπ 2= ; n ¼ 1; 2; 3; 4, ωc ¼ 0 for pure electric

loading.ωc is proportional to the square of the electric field and linear of the stress at

infinity. Substituting ωc into Eq. (5.43), the stress potentials are obtained and then

the stresses are all obtained. The asymptotic field near the right end of a narrow

rigid elliptic inclusion under an electric field at infinity is

σ22 þ σ11 ¼ 1 8=ð Þ κE1 �E1 1þ αð Þ 1þ �αð Þ½ � c r=ð Þ
σ22 � σ11 þ 2iσ12 ¼

n
1 8=ð Þ 1þ αð Þ2 �E1 2α1 þ Eð Þ �E1 � κE1½ �

þ 1 4=ð ÞκE1 �E1 1þ αð Þ 1þ �αð Þ
ffiffiffiffiffiffiffiffiffi
ρ0 r=

p o
c r=ð Þ

E1 þ iE2 ¼ �E1 1 2m3 4=
� � ffiffiffiffiffiffiffiffi

R r=
p

(5.50)

Jiang and Kuang (2005, 2007) discussed a general elliptic inclusion. Liang et al.

(1995) discussed piezoelectric materials with a general elliptic inclusion.
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5.2 Cracked Infinite Electrostrictive Plate with Local

Saturation Electric Field

5.2.1 The Constitutive Equations and Boundary Conditions

For an electrostrictive ceramic with a crack under external high electric field, the

mechanical state near the crack tip is elastic, but the electric field may be saturated.

Jiang and Kuang (2006) discussed an infinite plate with a central crack of length 2a,
subjected to the electric field E1 ¼ E1

1 þ iE1
2 at infinity. It is assumed that the

electric field in the region S0 of the plate is linear, but two zones SR and SL near

the right and left crack tips are local small-scale saturated (Fig. 5.2). The constitu-

tive equations for an isotropic electrostrictive material are

σij ¼ λekkδij þ 2Gεij � a1DiDj þ a2DkDkδij
� �

2Ê2
� �

D ¼ ÊE; Ê ¼ DðEÞ E=
(5.51a)

where DðEÞ is the uniaxial dielectric response in the absence of stress. Here it is

assumed

Di ¼ Eδij þ a1εij þ a2εkkδij
� �

Ej; when Ej j ¼
ffiffiffiffiffiffiffiffiffiffi
EkEk

p
< Ec

Di ¼ DcEi Ej j= ; when Ej j ¼
ffiffiffiffiffiffiffiffiffiffi
EkEk

p
� Ec

(5.51b)

whereDc andEc are the saturation electric displacement and saturation electric field,

respectively. For linear case Ê ¼ E is constant, but for the nonlinear case Ê may be

dependent to electric field. If the electric field is linear, σ in Eq. (5.51a) can also

be expressed by

σij ¼ λekkδij þ 2Gεij � ða1EiEj þ a2EkEkδijÞ 2= (5.51c)

The boundary condition of the problem is

σij ¼ σ1ij ; E ¼ E1
1 þ iE1

2 ¼ E0e
iβ; when xkxk ! 1

D2 ¼ 0; on x2 ¼ 0; �a < x1 < a
(5.52)

Fig. 5.2 An infinite plane with a central crack located at �a; að Þ: (a) local small-scale saturation

model at crack tips; (b) linear model
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5.2.2 The Electric Field in an Electrostrictive Material
with an Impermeable Crack

1. The electric field in a linear plate without local saturation region
According to Eq. (5.6) and approximately taking D ¼ EE we have

D1 ¼ � 1 2=ð Þ E w0ðzÞ þ w0ðzÞ
h i

; D2 ¼ 1 2=ð Þi E w0ðzÞ � w0ðzÞ
h i

(5.53)

where wðzÞ is a complex potential shown in Eq. (5.5). On the crack surface

Dþ
2 ¼ D�

2 ¼ 0; or �w0þ x1ð Þ � w0þ x1ð Þ ¼ �w0� x1ð Þ � w0� x1ð Þ ¼ 0 (5.54)

Equation (5.54) yields

�w0 x1ð Þ � w0 x1ð Þ½ �þ þ �w0 x1ð Þ � w0 x1ð Þ½ �� ¼ 0;

�w0 x1ð Þ � w0 x1ð Þ½ �þ � �w0 x1ð Þ � w0 x1ð Þ½ �� ¼ 0
(5.55)

This is a standard Hilbert problem. Noting Eq. (5.52) its solution is

w0ðzÞ ¼ 1

2
Γ3 � �Γ3ð Þ zffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2 � a2
p þ 1

2
Γ3 þ �Γ3ð Þ ¼ iE1

2

zffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p � E1
1

wðzÞ ¼ iE1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p
� E1

1 z; Γ3 ¼ � �E1
(5.56)

The asymptotic field near the crack tip z ¼ a is

w0ðzÞ ¼ iKeffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π z� að Þp ; E1 � iE2 ¼ � iKeffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2π z� að Þp ¼ � iKeffiffiffiffiffiffiffi
2πr

p e�iθ=2 (5.57)

where Ke ¼ E1
2

ffiffiffiffiffi
πa

p
is the electric field intensity factor, z� a ¼ reiθ.

2. The electric field in a plate with local saturation region
The local saturation model of the electric field at the crack tip is similar to

III-type yielding model in an elastoplastic material, so the method used in

elastoplastic analysis can also be used here (Cherepanov 1979). The asymptotic

solution near a tip of a central crack is the same as that in a semi-infinite crack

problem. A local coordinate system Oyi with the origin located at the crack tip

(Fig. 5.3) is also used. A point in it is denoted by y ¼ y1 þ iy2 ¼ z� a . The
boundary value problem is

Di;i ¼ 0; when y =2 y2 ¼ 0;�1 < y1 � 0ð Þ
D	

2 ¼ 0; when y2 ¼ 0; �1 < y1 � 0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

1 þ D2
2

q
¼ Dc; when y 2 SR; D2

1 þ D2
2 ¼ 0; when y ! 1

(5.58)
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where the origin O is not included in SR. Let

ς ¼ ς1 þ iς2 ¼ D2 þ iD1ð Þ=Dc; or ς ¼ E2 þ iE1ð Þ=Ec ¼ �iw0ðzÞ Ec= (5.59)

According to Eqs. (5.57) and (5.58), it yields (Fig. 5.3)

D1 ¼ �Dc sin θ; D2 ¼ Dc cos θ; D2 þ iD1 ¼ Dce
�iθ; θj j � π 2= ; in SR

(5.60)

According to Eqs. (5.58) and (5.60), the crack boundary y2 ¼ 0; y1 < 0 in the y
plane is transformed to θ ¼ 	π 2= in the ς plane. Let R θð Þ be the boundary of the

saturation zone SR; a point t on the boundary of SR can be expressed as

t ¼ R θð Þeiθ; tan θ ¼ y2 y1= ; y ¼ y1 þ iy2 (5.61)

According to Eq. (5.60) in the ς plane, the boundary ofΩR is e
�iθ ¼ �σ. In order to

simplify the problem, the hodograph transform method is used. The boundary value

problem in the ς plane is

y2 ¼ 0; �1 < y1 � 0; when Reς ¼ 0

y 2 R; when ς ¼ e�iθ

y ! 1; when ς ¼ 0

(5.62)

In the ςplane Eq. (5.62) shows that the zoneΩR is constituted of a unit semicircle

and a line segment � 1 � ξ2 � 1 on the image axis. The zone inside ΩR is corres-

ponding to the zone outside SR. Now we shall solve the problem, Eq. (5.62), in the

ς plane. Let

R θð Þ ¼ �σf �σð Þ (5.63)

where f �σð Þ is an unknown function. Because R θð Þ is real, so

�σf �σð Þ � σ�f σð Þ ¼ 0; or f �σð Þ ¼ σ2�f σð Þ (5.64)

Fig. 5.3 The local saturation zone near crack tip: (a) physical plane z; (b) mapping plane
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It is considered that the linear asymptotic solution Eq. (5.57) can approximately

be used in the present problem, i.e., outside SR the following relation is held:

y ¼ f ςð Þ ¼ �K2
e 2π E1 � iE2ð Þ2
.

¼ K2
e 2π Ecςð Þ2
.

; Ecςð Þ2 ¼ � E1 � iE2ð Þ2

(5.65)

Equation (5.65) also satisfies the condition, ς ¼ 0, when y ! 1.

From Eqs. (5.64) and (5.65), it is derived that outside the saturation zone we have

y ¼ f ςð Þ ¼ K2
e

2πE2
c

1þ ς�2
� �

; w0ðzÞ ¼ iKeffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π z� að Þ � Ke Ec=ð Þ2

q (5.66)

The boundary of the saturation zone SR in the ς plane is

R θð Þ ¼ �σf �σð Þ ¼ K2
e 2πE2

c

� �
�σ 1þ �σ�2
� � ¼ 2ρ cos θ; ρ ¼ K2

e 2πE2
c

� �
(5.67)

Equation (5.67) shows that the saturation zone SR in the y plane is a circle with

radius ρ. Equation (5.67) can also be obtained if in Eq. (5.57) let E2
1 þ E2

2 ¼ E2
c .

From Eq. (5.66) it is found that the linear field in S0 for a material with a

saturation zone near the tip is the same as that in a material without a saturation

zone, if we use the effective crack length aeff instead of the real crack length a.
It is just the method used in the elastoplastic fracture mechanics. The effective

crack length is

aeff ¼ aþ ρ; ρ ¼ K2
e 2πE2

c


; Ke ¼ E1

2

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π aþ ρÞð

p
(5.68)

Using the above theory the electric field in S0 for a central crack problem is

wðzÞ ¼ iE1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � aþ ρð Þ2

q
� E1

1 z

E2 þ iE1 ¼ E1
2

zffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � aþ ρð Þ2

q � E1
1 � Keffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

π aþ ρð Þp zffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � aþ ρð Þ2

q (5.69)

On the boundary of SR we have z ¼ aþ ρþ ρeiΘ Θ ¼ 2θð Þ (Fig. 5.3a).

Substituting it into Eq. (5.69) yields

E2 þ iE1 ¼
E1
2 aþ ρþ ρeiΘ
� �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2aþ 2ρþ ρeiΘð ÞρeiΘp � E1
2

ffiffiffiffiffiffiffiffiffiffiffi
aþ ρ

p ffiffiffi
2

p
ffiffiffi
1

ρ

s
e�iθ ¼ Ece

�iθ þ 3ρ

4 aþ ρð ÞEce
iθ

It is seen that on the interface the limit values of the electric field taken from S0
and SR are equal in the accuracy of ρ aþ ρð Þ= . Usually ρ aþ ρð Þ= 
 1, so the above

solution is reasonable.
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5.2.3 The Stress in an Impermeable Crack with Local
Saturation

1. Stress in linear zone S0 This problem in S0 is similar to that in Sect. 5.1.2. Let

b ¼ 0;m ¼ 1;R ¼ a 2= and use the effective crack length instead of the real crack

length; the solution of the central crack problem can be obtained from the solution

of an elliptic hole problem. Equations (5.21), (5.22), (5.23), and (5.24) are still

appropriate here, but it should be used the electric field Eq. (5.69) instead of

Eq. (5.20). According to above discussions in the ς plane, the stress potentials are

determined by the following equations:

ω σð Þ ϕ0 σð Þ ω0 σð Þ
.h i

þ ϕ σð Þ þ ψ σð Þ þ 1 2=ð Þκw σð Þw0 σð Þ ¼ 0

ϕ ςð Þ ¼ Γ1Rςþ ϕ0 ςð Þ; ψ ςð Þ ¼ Γ2Rςþ ψ0 ςð Þ
wðzÞ ¼ iE1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � aþ ρð Þ2

q
¼ iE1

2 a 2=ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ςþ ς�1ð Þ½ �2 � 2 aþ ρð Þ a=½ �2

q (5.70)

where z ¼ ω ςð Þ is shown in Eq. (5.20) with m ¼ 1. Γ1;Γ2 are shown in Eq. (5.22).

Multiplying the first equation in Eq. (5.70) and its conjugate equation by

dσ 2πi σ � ςð Þ½ �= and using the Cauchy integral formulas we find

ϕ ςð Þ ¼ Γ1aς

2
þ ϕ0 ςð Þ; ϕ0 ςð Þ ¼ �Γ1a

2ς
�

�Γ2a

2ς
þ κa E1

2

� �2
2ς

ψ ςð Þ ¼ Γ2aς

2
� Γ1a

2ς
� Γ1a

ς2 � 1
ς� ς 1þ ς2ð Þ

ς2 � 1ð Þ ϕ0
0 ςð Þ þ κa E1

2

� �2
2ς

(5.71)

Near the crack tip let z ¼ aþ reiθ (Fig. 5.4); through tedious calculation the

pseudo total asymptotic stresses are

S22 þ S11 ¼ 2Γ1 þ �Γ2 þ κE1
2

2
� �

e�iθ 2= þ 2Γ1 þ Γ2 þ κE1
2

2
� �

eiθ 2=
� 	 ffiffiffiffiffiffiffiffiffiffi

a 2r=
p

þ κE1
2

2 aþ ρð Þ 2l=

S22 � S11 þ 2iS12 ¼ � 1

2
ffiffiffi
2

p e�3iθ 2= 2Γ1 þ �Γ2 þ κE1
2

2
� �

e�iθ



� 2Γ1 þ 2Γ2 � �Γ2 þ κE1
2

2
� �

eiθ
� ffiffiffiffiffiffiffi

a r=
p

� e�2iΘκE1
2

2 aþ ρð Þ 2l=

l ¼ reiθ � ρ
�� �� � ρ; Θ ¼ Arg reiθ � ρ

� �
(5.72)

2. Stress in saturation zone SR In the saturation zone SR, the electric displacements

are finite; the asymptotic stresses near the crack tip will possess singular behavior like

1
ffiffi
r

p
= and relate to the size of the saturation zone, so it is assumed

Sij ¼ h
ð1Þ
ij θð Þ ffiffi

r
p þ h

ð2Þ
ij θð Þ ρ= þ 0ðrÞ (5.73)
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Because the electric displacements are continuous on the interface from SR
and S0 , so the Maxwell stress and mechanical and pseudo total stresses are all

continuous. So h
ð1Þ
ij θð Þ; hð2Þij θð Þ can be obtained from these continuous conditions:

h
ð1Þ
11 θð Þ þ h

ð1Þ
22 θð Þffiffiffiffiffiffiffiffiffiffi

R θð Þp þ h
ð2Þ
11 θð Þ þ h

ð2Þ
22 θð Þ

ρ
¼ κE1

2
2 aþ ρð Þ
2l0

þ 2Γ1 þ �Γ2 þ κE1
2

2
� �

e�iθ 2= þ 2Γ1 þ Γ2 þ κE1
2

2
� �

eiθ 2=
� 	 ffiffiffiffiffiffiffiffiffiffiffiffi

a

2R θð Þ
r

h
ð1Þ
22 θð Þ � h

ð1Þ
11 θð Þ þ 2ih

ð1Þ
12 θð Þffiffiffiffiffiffiffiffiffiffi

R θð Þp þ h
ð2Þ
22 θð Þ � h

ð2Þ
11 θð Þ þ 2ih

ð2Þ
12 θð Þ

ρ
¼ �e�4iθ κE

1
2

2 aþ ρð Þ
2l0

� 1

2
ffiffiffi
2

p e�3iθ 2= 2Γ1 þ �Γ2 þ κE1
2

2
� �

e�iθ� 2Γ1 þ 2Γ2 � �Γ2 þ κE1
2

2
� �

eiθ
� ffiffiffiffiffiffiffiffiffiffi

a

R θð Þ
r�
(5.74)

where R θð Þ ¼ 2ρ cos θ and on the interface Θ ¼ 2θ , l0 ¼ R θð Þeiθ � ρ
�� �� ¼ ρ. If

ρ a= 
 1, aþ ρð Þ R θð Þeiθ � ρ
�� �� � a ρ= . Comparing the coefficients before

ffiffiffi
R

p
and 1 ρ= yields

S22 þ S11 ¼ 2Γ1 þ �Γ2 þ κE1
2

2
� �

e�iθ 2= þ 2Γ1 þ Γ2 þ κE1
2

2
� �

eiθ 2=
� 	 ffiffiffiffiffiffiffiffiffiffi

a 2r=
p

þ κE1
2

2a 2ρ=

S22 � S11 þ 2iS12 ¼ � 1 2
ffiffiffi
2

p.� �
e�3iθ 2= 2Γ1 þ �Γ2 þ κE1

2
2

� �
e�iθ



� 2Γ1 þ 2Γ2 � �Γ2 þ κE1

2
2

� �
eiθ

� ffiffiffiffiffiffiffi
a r=

p
� e�4iθκE1

2
2a 2ρ=

(5.75)

It is easy to prove that on the interface, the limit values of the stresses taken from

S0 and SR are equal in the accuracy of 1
ffiffi
r

p
= and 1 ρ= which is consistent of the

electric field.

Fig. 5.4 Division regions

near the crack tip
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3. Division region near the crack tip According to Eqs. (5.72) and (5.73), the

stress can be divided into four regions (Fig. 5.4).

Region I: Region I is located in SR and very near the crack tip, where
ffiffiffiffiffiffiffi
a r=

p
� a ρ= and the stresses possess the singularity 1

ffiffi
r

p
= . Under σ122;E

1
2 at infinity

we have

S22 ¼ 1

2
ffiffiffiffiffiffiffi
2πr

p KI � KEð Þ 2 cos
θ

2
þ sin θ sin

3θ

2

� �
þ KI sin θ cos

3θ

2

� �

S11 ¼ 1

2
ffiffiffiffiffiffiffi
2πr

p KI � KEð Þ 2 cos
θ

2
� sin θ sin

3θ

2

� �
� KI 4 sin

θ

2
þ sin θ cos

3θ

2

� �� �

S12 ¼ 1

2
ffiffiffiffiffiffiffi
2πr

p KI � KEð Þ sin θ cos 3θ
2
þ KI 2 cos

θ

2
� sin θ sin

3θ

2

� �� �
(5.76)

Region II: Region II is located in SR and
ffiffiffiffiffiffiffi
a r=

p � a ρ= . The stresses should be

calculated by Eq. (5.73). The terms containing
ffiffiffiffiffiffiffi
a r=

p
; a ρ= all should be considered.

Region III: Region III is in S0 but neighboring SR and
ffiffiffiffiffiffiffi
a r=

p � a reiθ � ρ
�� ��

. The

stresses should be calculated by Eq. (5.75).

Region IV: Region IV is in S0 and
ffiffiffiffiffiffiffi
a r=

p � a reiθ � ρ
�� ��

. Terms containing

a reiθ � ρ
�� ��

can be neglected. If r a= is still small, the stresses can be calculated

from Eq. (5.76) also.

5.2.4 Conducting Crack

For the conducting crack or the soft electrode, the boundary conditions are

σij ¼ 0; E ¼ E1
1 þ iE1

2 ¼ E0e
iβ; when xkxk ! 1

φ ¼ 0; or E1 ¼ 0; on x2 ¼ 0; �a < x1 < a
(5.77)

1. The electric field in a linear piezoelectric plate without local saturation zone
According to Eq. (5.6) on the electrode, we have

Eþ
1 ¼ E�

1 ¼ 0; or �w0þ x1ð Þ þ w0þ x1ð Þ ¼ �w0� x1ð Þ þ w0� x1ð Þ ¼ 0 (5.78)

For the central crack �a; að Þ from Eq. (5.78), it can be derived

w0ðzÞ ¼ �E1
1 z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p.
þ iE1

2 ; wðzÞ ¼ �E1
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p
þ iE1

2 z (5.79)
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The asymptotic solution near the crack tip z ¼ a is

w0ðzÞ ¼ �E1 þ iE2 � �Ke

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π z� að Þ

p.
¼ � Ke

ffiffiffiffiffiffiffi
2πr

p.� �
e�iθ

E1 ¼ Ke

ffiffiffiffiffiffiffi
2πr

p.� �
cos θ; E2 ¼ Ke

ffiffiffiffiffiffiffi
2πr

p.� �
sin θ; Ke ¼ E1

1

ffiffiffiffiffi
πa

p (5.80)

2. The electric field in a plate with local saturation zone
Similar to the impermeable crack the boundary value problem in y plane is

ð5:81Þ

where R ¼ R θð Þ is the boundary of the saturation zone in y plane. The hodograph

transform method is used. Let

ς ¼ D1 � iD2ð Þ=Dc; or ς ¼ E1 � iE2ð Þ=Ec (5.82)

According to Eq. (5.80) the electric displacements in the saturation zone is

assumed as

D1 ¼ Dc cos θ; D2 ¼ Dc sin θ (5.83)

Obviously Eq. (5.83) satisfies Eq. (5.77). Repeating the discussion in Sect. 5.2.2,

the boundary and the radius of the saturation zone are, respectively,

R θð Þ ¼ K2
e πE2

c

� �
cos θ; ρ ¼ K2

e 2πE2
c

� �
(5.84)

The remaining discussion is fully similar to Sect. 5.2.3 and omitted here.

5.3 Asymptotic Analysis of a Crack Subjected

to Electric Loading

Yang and Suo (1994) and Hao et al. (1996) discussed the ceramic actuators caused

by electrostriction; Beom et al. (2006) discussed the asymptotic analysis of an

impermeable crack subjected to electric loading. The crack extension criterion in

plane strain is mainly determined by the stress field near the crack tip, so they

adopted the linear asymptotic solution of a semi-infinite crack as the boundary

condition of the asymptotic analysis at infinity (Fig. 5.5). In this analysis the

Maxwell stress is not considered. Analogous to Eq. (5.57) we have

D2 þ iD1 ¼ KD

ffiffiffiffiffiffiffiffi
2πy

p.
; y ¼ y1 þ iy2 ¼ reiθ; when yj j ! 1 (5.85)
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where KD is the electric displacement intensity factor. Now we discuss an infinite

piezoelectric material with an impermeable crack subjected to electric loading as

shown in Eq. (5.85). As shown in Eqs. (5.57) and (5.69), the approximate solutions

of the electric displacement can be taken as

D2 þ iD1 ¼ KD

ffiffiffiffiffiffiffiffi
2πy

p.
; w0ðzÞ ¼ �D1 þ iD2 ¼ iKD

ffiffiffiffiffiffiffiffi
2πy

p.
; in Ω0

D2 þ iD1 ¼ Dce
�iθ; in Ωs

ξ ¼ ξ1 þ iξ2 ¼ y� ρ ¼ y� ρj jeiΘ
(5.86)

where ρ ¼ K2
D 2πD2

c

� �
is the radius of the saturation zone, wðzÞ represents electric

displacement complex potential, Ω0 denotes the linear zone, and Ωs denotes the

saturation zone. Equation (5.86) satisfies the boundary condition on the crack

surface and Eq. (5.85) at infinity. On the interface between Ω0 and Ωs, ξ0 ¼ ρeiΘ.
The constitutive equation is shown in Eq. (5.9), but here the slight different form

is used:

εαβ ¼ 1þ νð Þ σαβ � νσγγδαβ
� �

Y= þ Q 1þ qð ÞDαDβ � Qq 1þ νð ÞDγDγδαβ (5.87)

where Y is elastic modulus and ν is Poisson ratio, Q and q are the electrostrictive

coefficients. Apply the superposition method to solve this problem: Problem (1) is

that a plate without crack is subjected to the above electric displacement fields. In

this problem on the artificial cut corresponding to the original crack we can get the

tractions σc22; σ
c
21. Problem (2) is that the artificial cut is subjected tractions �σc22;

�σc21 . The solution of the original problem is the sum of solutions of these two

problems.

According to Eqs. (5.86) and (5.87), the strains in the saturation zone induced

by the saturation electric displacements are

εsr ¼ �QqD2
c 1þ νð Þ; εsθ ¼ QD2

c 1� qνð Þ; εsrθ ¼ 0 (5.88)

Fig. 5.5 Asymptotic analysis

sketch of a crack with local

saturation
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The strains in Eq. (5.88) satisfy the compatible equation automatically, so they

do not produce stresses. Neglecting the rigid displacements the displacements

corresponding to these strains are

usr ¼ �QqD2
c 1þ νð Þr; usθ ¼ QD2

c 1þ qð Þrθ
us1 þ ius2 ¼ QD2

c � 1þ νð Þqþ i 1þ qð Þθ½ �ðξþ ρÞ (5.89)

Analogous to Eqs. (5.6), (5.16), (5.17), and (5.18) in the linear zone we have

2G u1 þ iu2ð Þ ¼ Kϕ ξð Þ � ξϕ0 ξð Þ � ψ ξð Þ þ hw ξð Þw0 ξð Þ þ 4 1� νð Þm�1h

Z
w0 ξð Þ
h i2

d�ξ

σ22 þ σ11 ¼ 2 ϕ0 ξð Þ þ ϕ0 ξð Þ
h i

� 2hw0 ξð Þw0 ξð Þ
σ22 � σ11 þ 2iσ12 ¼ 2 �ξϕ00 ξð Þ þ ψ 0 ξð Þ½ � � 2hw00 ξð Þw ξð Þ
i P1 þ iP2ð Þ ¼ ξϕ0 ξð Þ þ ϕ ξð Þ þ ψ ξð Þ � hw ξð Þw0 ξð Þ

h iB
A

(5.90)

where

K ¼ 3� 4ν; h ¼ 1� 1þ 2νð Þq
2

GQ

1� ν
; m ¼ 2

1� 1þ 2νð Þq
1þ q

(5.91)

In the saturation zone we have

2G u1 þ iu2ð Þ ¼ Kϕ ξð Þ � ξϕ0 ξð Þ � ψ ξð Þ þ 2G us1 þ ius2
� �

σ22 þ σ11 ¼ 2 ϕ0 ξð Þ þ ϕ0 ξð Þ
h i

σ22 � σ11 þ 2iσ12 ¼ 2 �ξϕ00 ξð Þ þ ψ 0 ξð Þ½ �
i P1 þ iP2ð Þ ¼ ξϕ0 ξð Þ þ ϕ ξð Þ þ ψ ξð Þ

h iB
A

(5.92)

The two group solutions shown in Eqs. (5.90) and (5.92) should satisfy the

continuity conditions of displacements and stresses on the interface between linear

and saturation zones. The solution in the linear zone should also satisfy the

boundary conditions at infinity.

Solution of problem (1) Assume the solutions are:

ϕ ξð Þ ¼ �σ0ρ ln ξ ρ=ð Þ þ ϕ2 ξð Þ; ψ ξð Þ ¼ �σ0ρ ln ξ ρ=ð Þ þ ψ2 ξð Þ; ξ 2 Ω0

ϕ ξð Þ ¼ ϕ1 ξð Þ; ψ ξð Þ ¼ ψ1 ξð Þ; σ0 ¼ 1þ qð Þ 8 1� ν2
� �� 	

YQD2
c ; ξ 2 Ωs

(5.93)
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Substitution of Eq. (5.93) into Eqs. (5.90) and (5.92) yields

2G u1 þ iu2ð Þ þ i P1 þ iP2ð Þ ¼ 4 1� νð Þ �σ0ρ ln ξ ρ=ð Þ þ ϕ2 ξð Þ½ � þ m�1h

ð
w0 ξð Þ
h i2

d�ξ

� �
; ξ 2 Ω0

2G u1 þ iu2ð Þ þ i P1 þ iP2ð Þ ¼ 4 1� νð Þϕ1 ξð Þ þ 2G us1 þ ius2
� �

; ξ 2 Ωs

(5.94)

From the continuity conditions of displacements and resultant forces on the

interface we have

ϕ2 ξ0ð Þ � ϕ1 ξ0ð Þ ¼ σ0ρ ln ξ0 ρ=ð Þ þ m 2= � 1½ � 1þ ξ0 ρ=ð Þ (5.95)

whereξ0 ¼ ρeiΘ is the value ofξon the interface. Assuming the displacements vanish

at infinity, by the standard analytic continuation theory from Eq. (5.95) we find

ϕ2 ξð Þ ¼ σ0ρ 1þ ξ

ρ

� �
ln

ξ

ξþ ρ
þ 1

� �
;

ϕ1 ξð Þ ¼ σ0ρ � 1þ ξ

ρ

� �
ln

ξþ ρ

ρ
þ 1

2
m� 1

� �
þ 1

� � (5.96)

Analogously from the continuity conditions of resultant forces iðP1 þ iP2Þon the
interface we have

ψ2 ξ0ð Þ � ψ1 ξ0ð Þ ¼ �σ0ρ � 1þ mð Þ ρ ξ0=ð Þ þ m 2= � 1� ln ξ0 ρ=ð Þ½ � (5.97)

Assuming the displacements vanish at infinity, by the standard analytic continu-

ation theory from Eq. (5.97)

ψ2 ξð Þ ¼ σ0ρ 1þ mð Þ ρ ξ=ð Þ þ ln ξ ξþ ρð Þ=½ � � mþ 4 1� νð Þ½ �
ψ1 ξð Þ ¼ σ0ρ � ln ξþ ρð Þ ρ=½ � � m 2= þ 3� 4ν½ � (5.98)

Finally we have

ϕ ξð Þ ¼ σ0ρ � ln
ξ

ρ
þ 1þ ξ

ρ

� �
ln

ξ

ξþ ρ
þ 1

� �

ψ ξð Þ ¼ σ0ρ 1þ mð Þ ρ
ξ
� ln

ξ

ρ
þ ln

ξ

ξþ ρ
� mþ 4 1� νð Þ

� �
in Ω0

(5.99)

φ ξð Þ ¼ σ0ρ � 1þ ξ

ρ

� �
ln

ξþ ρ

ρ
þ 1

2
m� 1

� �
þ 1

� �

ψ ξð Þ ¼ σ0ρ � ln
ξþ ρ

ρ
� 1

2
mþ 3� 4ν

� �
; in Ωs

(5.100)
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Solution of problem (2) Eqs. (5.90) and (5.99) yield

σc22 ¼ σ0 2 ln
y1 � ρ

y1
� 1þ mð Þ ρ

y1 � ρ

� �2
" #

; σc21 ¼ 0 (5.101)

When the crack surface is subjected to � σc22, the solution is

ϕ0ðzÞ ¼ σ0 � ln
y� ρ

y
þ 1

2
1þ mð Þ ρ

y� ρ

� �2
(

� 1

4
1þ mð Þρ3 2= yþ ρffiffiffi

y
p

y� ρð Þ2 � 2arcoth

ffiffiffi
y

ρ

r
þ2

ffiffiffi
ρ

y

r �
ψ 0ðyÞ ¼ �yϕ00ðyÞ

(5.102)

Solution of the original problem Superposing solutions of problems (1) and (2),

finally we get the following. In the linear zone Ω0,

σ22 þ σ11
2

¼ σ0Re

(
1þ mð Þ ρ

y� ρ

� �2

� 1

2
1þ mð Þ

ffiffiffi
ρ

y

r
ρ yþ ρð Þ
y� ρð Þ2

� 4arcoth

ffiffiffi
y

ρ

r
þ 4

ffiffiffi
ρ

y

r )
� σ0m

ρ

y� ρj j
σ22 � σ11

2
þ iσ12 ¼ σ0

�y� ρ

y� ρ

�
� �y

y
� 1þ mð Þ ρ

y� ρ

� �2

þ m
ρ

y� ρ

ffiffiffiffiffiffiffiffiffiffiffi
�y� ρ

y� ρ

r
þ �y� yð Þ


ffiffiffi
ρ

y

r
� 1

� �
ρ

y y� ρð Þ � 1þ mð Þ ρ2

y� ρð Þ3 �
1þ m

8

ffiffiffi
ρ

y

r
ρ

y y� ρð Þ3 ρ2 � 6ρy� 3y2
� �" #)

(5.103)

In the saturation zone Ωs,

σ22 þ σ11
2

¼ σ0Re

�
�2 ln

y� ρ

ρ
þ 1þ mð Þ ρ

y� ρ

� �2

� 1

2
1þ mð Þ

ffiffiffi
ρ

y

r
ρ yþ ρð Þ
y� ρð Þ2 � 4arcoth

ffiffiffi
y

ρ

r
þ 4

ffiffiffi
ρ

y

r �
� σ0m

σ22 � σ11
2

þ iσ12 ¼ σ0 � �y

y

�
þ �y� yð Þ

ffiffiffi
ρ

y

r
� 1

� ��
ρ

y y� ρð Þ

� 1þ mð Þ ρ2

y� ρð Þ3 �
1þ m

8

ffiffiffi
ρ

y

r
ρ

y y� ρð Þ3 ρ2 � 6ρy� 3y2Þ� ��
(5.104)

It is also found that in the saturation zone the stresses at the real crack tip has

the singularity 1
ffiffi
r

p
= and at the effective crack tip (y ¼ ρ ) has the logarithmic
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singularity. Because accuracy of the electric field is of the order ρ a= , the accuracy

of solutions of the mechanical stresses is still in the same order.

Following the elastoplastic fracture mechanics, Beom et al. (2006) also

discussed the modified boundary layer theory, i.e., replaced Eq. (5.85) by

D2 þ iD1 ¼ KD

ffiffiffiffiffiffiffi
2πz

p.
þ iT; when zj j ! 1

where T is a finite electric displacement parallel to the crack surface.

Beom (1999)discussed the singular behavior near a crack tip in an electro-

strictive material with the elastic behavior shown in Eq. (5.87), and for the electric

behavior, he took the Ramberg-Osgood type constitutive equation

Eα ¼ �2Q 1þ qð ÞσαβDβ þ 2Qq 1þ νð ÞσββDα þ 2YQ2q2DβDβDα þ Dαf ðDÞ D=

f ðDÞ ¼ Ec Dc=ð ÞDþ kEc D Dc=ð Þn; n > 3

(5.105)

where k and n are material constants; E ¼ f ðDÞ is the uniaxial dielectric response in
the absence of stress. In this case he got σ / r�1 2= ;D / r�1 nþ1ð Þ= .

5.4 Pyroelectric Material

5.4.1 Generalized Two-Dimensional Linear
Thermo-electro-elastic Problem

In engineering the extensive applied governing equation is Eq. (2.89) with inde-

pendent variables ðε;E; ϑÞ; ϑ ¼ T � T0 for the pyroelectric materials:

σij ¼ Cijklεkl � ekijEk � αijϑ; Di ¼ EijEj þ eiklεkl þ τiϑ

s ¼ αijεij þ τiEi þ Cϑ=T0; ϑ ¼ T � T0
(5.106)

The thermal conduction and the entropy equations are

qi ¼ �λijT;j; T;j ¼ ϑ;j ¼ �λ�1
ji qi; �qi;i ¼ T _s� _r (5.107)

The mechanical, electric, and thermal boundary conditions are

σijnj ¼ T�
i ; on aσ; or ui ¼ u�i ; on au

Dini ¼ �σ�; on aD; or φ ¼ φ�; on aφ
qini ¼ qn ¼ q�0; on aq; or T ¼ T�; on aT

(5.108)

where T�; σ�; q�0 are the traction, electric charge per area, and normal heat flow

per area.
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The continuity conditions on the interface are

σþij nj ¼ σ�ij nj; uþi ¼ u�i ; Dþ
i ¼ D�

i ; φþ ¼ φ�; Tþ ¼ T�; qþ ¼ q� on L

(5.109)

The governing equations in ðu;φ; ϑÞ are

Cijlkul þ ekijφ
� �

;ik
� αijϑ;i þ fmj þ f ej

� �
¼ ρ€uj

�Eikφþ eijkuj
� �

;ik
þ τiT;i ¼ ρe

λijT;j ¼ �qi

(5.110)

For a multiply connected domain, the displacement and electric potential must

satisfy the uniqueness condition Eq. (3.7).

The thermo-electro-elastic fundamental theory of the pyroelectric material was

studied a long time (Tiersten 1971; Mindlin 1974). For a static problem with

stationary temperature, from Eq. (5.110) we get

Cijrsur þ esijφ
� �

;si
¼ αijϑ;i; �Eisφþ eirsurð Þ;si ¼ �τiϑ;i; �qi;i ¼ λijϑ;j

� �
;i
¼ 0

(5.111)

From Eq. (5.111) it is seen that the generalized displacements are dependent to

the temperature, but the temperature is independent to the generalized displace-

ments. So the temperature can be solved independently (Hwu 1992; Shen and

Kuang 1998). Because ϑ is real, it is assumed that

ϑðx1; x2Þ ¼ g0ðzTÞ þ g0ðzTÞ ¼ 2Re g0ðzTÞ; zT ¼ x1 þ μTx2 (5.112)

Substitution of Eq. (5.112) into the third equation in Eq. (5.111) yields

λ11 þ 2μTλ12 þ μ2Tλ22
� �

g000ðzÞ ¼ 0 (5.113)

As in Sect. 3.2.1, from Eq. (5.113) we get a pair of conjugate complex roots

μT ; �μT with ImμT > 0:

λ11 þ 2μTλ12 þ μ2Tλ22 ¼ 0; λ11 þ μTλ12 ¼ �μT λ12 þ μTλ22ð Þ
μT ¼ ð�λ12 þ iαÞ=λ22; α ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ11λ22 � λ212

q
¼ λ22 μT � �μTð Þ=2i ¼ �i λ21 þ μTλ22ð Þ

(5.114)
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where α is real. Using Eq. (5.114) the Fourier’s law can be written as

qi ¼ �2Re ðλi1 þ μTλi2Þg00ðzTÞ½ �; qn ¼ �2Im α μTn1 � n2ð Þg00ðzTÞ½ �
q1 ¼ �2Re ðλ11 þ μTλ12Þg00ðzTÞ½ � ¼ 2Re iαμTg

00ðzTÞ½ � ¼ �2Im αμTg
00ðzTÞ½ �

q2 ¼ �2Re ðλ21 þ μTλ22Þg00ðzTÞ½ � ¼ �2Re iαg00ðzTÞ½ � ¼ 2Im αg00ðzTÞ½ �
(5.115)

By using Eq. (3.27) the total heat flow q̂ through a line segment from z0 to z is

q̂ ¼
Z zT

z0

qinids ¼ 2Re

Z zT

z0

iα μTdx2 þ dx1ð Þg00ðzTÞ ¼ �2Im α g0ðzTÞ � g0ðz0Þ½ �f g

(5.116)

When ϑ is solved, the terms in the right side of the first and second equations in

Eq. (5.111) become known. The special solution introduced by the temperature ϑ
can be assumed as

UT ¼ ½UTP�T ¼ cgðzTÞ; UTi ¼ uTi ¼ cigðzTÞ; UT4 ¼ φT ¼ c4gðzTÞ (5.117)

where a subscript in upper caseP takes the value 1,2,3, or 4 and a subscript in lower

case i; j; . . . takes the value 1, 2, or 3, as shown in Sect. 3.2.1. Substitution of

Eq. (5.117) into the first and second equations in Eq. (5.111) yields the equations to

determine c ¼ ½c1; c2; c3; c4�T:

Cj1k1 þ μT Cj1k2 þ Cj2k1

� �þ μ2TCj2k2

� 	
ck þ e1j1 þ μT e2j1 þ e1j2

� �þ μ2Te2j2
� 	

c4

¼ α1j þ μTα2j

e1k1 þ μT e2k1 þ e1k2ð Þ þ μ2Te2k2
� 	

ck � E11 þ μT E12 þ E21ð Þ þ μ2TE22
� 	

c4 ¼ �τ1 � μTτ2; or

Qþ μT Rþ RT
� �þ μ2TT

� 	
c ¼ D μTð Þc ¼ χ 1 þ μTχ 2; χ i ¼ αi1; αi2; αi3;�τi½ �T

(5.118)

where Q;R;T are expressed in Eq. (3.13). The generalized stress introduced by

temperature is

σTij ¼ 2Re½ðCijklck þ elijc4ÞzT;l � αij�g0ðzTÞ
DTi ¼ 2Re½ðeiklck þ Eilc4ÞzT;l þ τi�g0ðzTÞ

(5.119)

The solution for the thermo-electro-elastic analysis in pyroelectric material is

the sum of the special solution and the general solution of the corresponding

homogeneous equations. For the stationary temperature the general solution is

U ¼ 2Re Af ðzPÞ þ cgðzTÞ½ �; or U ¼ 2Re A f ðzPÞh iV þ cgðzTÞ½ � (5.120)
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The stress can be expressed as

Σ1 ¼ �2Re½BμpFðzPÞ þ dμ Tg
0ðzTÞ�; Σ2 ¼ 2Re½BFðzPÞ þ dg0ðzTÞ�

d ¼ RT þ μTT
� �

c� χ 2 ¼ � Qþ μTRð Þcþ χ 1f g=μT
dj ¼ ðCj2klck þ el2jc4ÞzT;l � α2j ¼ �½ðCj1klck þ el1jc4ÞzT;l � α1j� μT=

d4 ¼ ðe2klck þ E2lc4ÞzT;l þ τ2 ¼ �½ðe1klck þ E1lc4ÞzT;l þ τ2� μT=

(5.121)

where FðzjÞ ¼ f 0ðzjÞ. Introduce the stress function Φ:

Φ ¼ ½Φi;Φ4�T ¼ 2Re½Bf ðzÞ þ dgðzTÞ�; or Φ ¼ 2Re½B f ðzPÞh iV þ dgðzTÞ�
Σ2P ¼ ΦP;1; Σ1P ¼ �ΦP;2; Ti ¼ �dΦi ds= ; Dn ¼ �dΦ4 ds= ; P ¼ 1; 2; 4; i ¼ 1; 2

(5.122)

Equations (5.112), (5.115), (5.120), and (5.122) are the general solutions of

the thermo-electro-elastic analysis in the pyroelectric material. Combining these

equations and the appropriate boundary conditions, we can solve all the thermo-

electro-elastic problems. For the multi-connected region the generalized displace-

ment and temperature should satisfy the uniqueness condition.

5.4.2 A Thermal Impermeable Elliptic Hole
in a Pyroelectric Material

As an example in this section, we discuss a generalized 2D problem of a pyro-

electric material that occupied the region S with an elliptic hole that occupied

the region Sc filled with air under uniform generalized stresses (σ1;D1) and heat

flow q1 (see Fig. 3.3). The interface L between the material and the hole is free

of generalized forces and is thermal insulated (Lu et al. 1998; Gao et al. 2002).

The boundary conditions are

σ ¼ σ1; D ¼ D1; q ¼ q1; at infinity

σ � n ¼ 0; q � n ¼ 0; φ ¼ φc; D � n ¼ Dc � n ¼ �E0ð— � φcÞ � n; on L

(5.123)

Temperature field in the piezoelectric material with a thermal insulated hole As
shown in Sect. 5.4.1, the temperature can be solved independently. As in Sect. 3.4 the

transform method is used to solve this problem. The mapping function for zT plane to
ςT plane is similar to zj plane to ςj plane in Eq. (3.86), but μj is replaced by μT , i.e.,

zT ¼ ωTðςTÞ ¼ RT ςT þ mTς
�1
T

� �
; RT ¼ a� iμTbð Þ 2= ; mT ¼ aþ iμTbð Þ a� iμTbð Þ=

(5.124)
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The interface L in z plane is mapped to Γ in ς plane. The temperature field can

be chosen as

g0 zTð Þ ¼ βTzT þ ĝ00 zTð Þ ¼ βTωTðςTÞ þ g00 ςTð Þ; g00 ςTð Þ ¼ ĝ00 ωTðςTÞ½ � (5.125)

where βT is a complex constant and g00 ςTð Þ is holomorphic outside the unit circle in

ςT plane. Equations (5.112), (5.115), and (5.125) yield

q11 ¼ 2Re iαμTβT½ �; q12 ¼ �2Re iαβT½ �; βT ¼ �i q11 þ ��μTq
1
2

� �
α μT � �μTð Þ=

(5.126)

Because the interface is thermal insulated, Eqs. (5.116) and (5.126) yield

Re iαg0ðσÞ � iαg0ðσ0Þ½ � ¼ 0; or

i g00ðσÞ � �g00ð�σÞ
� 	 ¼ i βTRT σ þ �mT�σð Þ � �βT �RT �σ þ �mTσð Þ
 �
¼ 1 2α=ð Þ aq12 σ þ �σð Þ þ ibq11 σ � �σð Þ� 	 (5.127)

where σ is the value of ςT on Γ . Multiplying Eq. (5.127) by
R
L dσ σ � ςð Þ=½ � and

using the Cauchy integral formula we get

g00ðςTÞ ¼ δTς
�1
T ; g0 ςTð Þ ¼ βzT þ g00 ςTð Þ; δT ¼ 1 2iα=ð Þ aq12 � ibq11

� �� 	
(5.128)

From Eqs. (5.125) and (5.128) in z plane, we get

g0 zTð Þ ¼ βTzT þ δTς
�1
T zTð Þ

g zTð Þ ¼ 1 2=ð ÞβTz2T þ RTδT ln ςT zTð Þ þ 1 2=ð ÞRTmTς
�2
T zTð Þ (5.129)

where βTzT represents the complex potential of a uniform heat flow q1 in an infinite

material without hole.

Superposition method By means of superposition, the solution of the original

problem can be obtained as the sum of the following three problems:

(1) A pyroelectric material with an elliptic hole under boundary conditions

σ ¼ σ1; D ¼ D1; q ¼ 0; at infinity

σ � n ¼ 0; q � n ¼ 0; φ ¼ φc; D � n ¼ Dc � n ¼ �E0 — � φcð Þ � n; on L

(5.130a)

Problem (1) can be reduced to the following problem: a piezoelectric material,

with an elliptic hole, subjected generalized stresses at infinity under constant

temperature, which has been discussed in Sect. 3.4.

5.4 Pyroelectric Material 239

http://dx.doi.org/10.1007/978-3-642-36291-0_3


(2) A pyroelectric material without elliptic hole under boundary conditions

σ ¼ 0; D ¼ 0; q ¼ q1; at infinity (5.130b)

The solution is

g0 zTð Þ ¼ βTzT ; q1 ¼ q11 ; q2 ¼ q12 ; σij ¼ 0; Di ¼ 0

ϑðx1; x2Þ ¼ 2Re βTzTð Þ ¼ � λ11λ22 � λ212
� ��1

λ22q
1
1 � λ12q

1
2

� �
x1 þ λ11q

1
2 � λ12q

1
1

� �
x2

� 	
(5.131)

This temperature field does not affect the generalized stress field, because a

linear temperature field always satisfies the strain compatible equation.

(3) A pyroelectric material with an elliptic hole under boundary and single

valued conditions

σ ¼ 0; D ¼ 0; q ¼ 0; at infinity

σ � n ¼ 0; q � n ¼ �q1 � n; φ ¼ φc; D � n ¼ Dc � n ¼ �E0 — � φcð Þ � n; on LI
L

dU ¼
I
Γ
dU ¼ 0

(5.130c)

Now we discuss the solution of the problem (3) Subtracting the solution of

problem (2) from Eq. (5.129), the temperature potential in ς plane of problem (3)

can be obtained:

g ςTð Þ ¼ RT δT ln ςT þ 1 2=ð ÞmTς
�2
T

� 	
(5.132)

The electric field inside the hole filled with air is fully the same as that in

Sect. 3.4.2 and Eqs. (3.81), (3.82a), (3.82b), (3.83), (3.84), and (3.85) are still held.

The complex potential ϕðςÞ is still expressed by Eq. (3.85), i.e.,

φcðρ;ψÞ ¼ ϕðςÞ þ ϕðςÞ

ϕðςÞ ¼
X1
k¼�1

hkς
k; h�k ¼ ρ2k0 hk ¼ mkhk ðnot summed on kÞ; ρ0 � ςj j � 1

(5.133)

From Eq. (5.120) it is seen that f ðzPÞ and gðzTÞ have the similar role in the

generalized displacements, so f ðςPÞ in S can be assumed in the following form:

f ðςPÞ ¼ lnðςPÞh ipþ f 0ðςPÞ; f 0ðςPÞ ¼
X1
k¼1

ς�k
P

� �
ak; ςPj j � 1 (5.134)

Substitution of Eqs. (5.132) and (5.133) into Eq. (5.120) yields

U ¼ 2Re A ln ςPh ipþ f 0ðςPÞ½ � þ cRTδT ln ςT þ 1 2=ð ÞmTς
�2
T

� 	
 �
(5.135)
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In Eqs. (5.132), (5.133), (5.134), and (5.135) functions g ςð Þ; f ςð Þ;ϕ ςð Þ are all the
functions of ς, but in Eq. (5.130c) we need their derivatives with s and n on the L
in the z plane, so the following relations are needed. Eq. (3.82) yields

x1 ¼ a cosψ ; x2 ¼ b sinψ ; dx1 ds= ¼ �a sinψdψ ds= ; dx2 ds= ¼ b cosψdψ ds=

ρ sin θ ¼ a sinψ ; ρ cos θ ¼ b cosψ ; ds ¼ ρdψ ; ρ2 ¼ a2sin2ψ þ b2cos2ψ

@ςT @ψ= ¼ @ςP @ψ= ¼ ieiψ ¼ iσ; @z @ψ= ¼ �a sinψ þ ib cosψ ¼ ρ � sin θ þ i cos θð Þ
@zT @ψT= ¼ ρ � sin θT þ μT cos θTð Þ; @zj @ψ j

 ¼ ρ � sin θj þ μj cos θj
� �

; on Γ

(5.136)

Using Eq. (5.136) it is easy to get

g;s ¼
@g

@ςT

@ςT
@ψ

@ψT

@zT

@zT
@x1

@x1
@s

þ @zT
@x2

@x2
@s

� �
¼ i

σg0 σð Þ
ρ

¼ i
RTδT
ρ

1� mT
1

σ2

� �

fP;s ¼ @fP
@ςP

@ςP
@ψ

@ψ

@zP

@zP
@x1

@x1
@s

þ @zP
@x2

@x2
@s

� �
¼ i

σf 0P;s σð Þ
ρ

¼ i
pP
ρ
� i

ρ

X1
k¼1

kaPkσ
�k

ϕ;n ¼
@ϕ

@ς

@ς

@ψ

@ψ

@z

@z

@x1
n1 þ @z

@x2
n2

� �
¼ σϕ0 σð Þ

ρ
¼ 1

ρ

X1
k¼1

k hkσ
k � h�kσ

�k
� �

(5.137)

Substituting Eqs. (5.135), (5.137), and (5.122) into the connective conditions on

the interface Γ and the single valued condition in Eq. (5.130c) and then comparing

the coefficients of the corresponding terms on both sides in result equations, we get

AiPpP � �AiP�pP þ ciRTδT þ �ci �RT
�δT ¼ 0; ðsingle valued conditionÞ; P ¼ 1; 2; 4

BiPpP � �BiP�pP þ diRTδT � �di �RT
�δT ¼ 0; ð�dΦi ds= ¼ Ti; �dΦ4 ds= ¼ DnÞ

kBikaPk � iE0k hkm
k þ �hk

� �
δP4 ¼

�diRTδTmT ; k ¼ 2

0; k 6¼ 2

�
; D � n ¼ Dc � nð Þ

A4ka4k � hkm
k þ �hk

� � ¼ � 1 2=ð Þc4RTmTδT ; k ¼ 2

0 k 6¼ 2

�
; φ ¼ φcð Þ; on Γ

(5.138)

where δP4 is Kronecker delta. Solving undetermined coefficients finally yields

ϕ ςð Þ ¼ h2 ς2 þ m2ς�2
� �

; φc ςð Þ ¼ 2Reϕ ςð Þ ρ0 � ςj j � 1

f ðςPÞ ¼ lnðςPÞh ipþ a2 ς�2
P

� �
; ςj

�� �� � 1

g ςTð Þ ¼ RTδT ln ςT þ 1 2=ð ÞmTς
�2
T

� 	
; ςTj j � 1

ak ¼ 0; hk ¼ 0; if k 6¼ 2

(5.139)

It is seen from Eq. (5.139) that g0 ςTð Þ; f 0PðςPÞ ! 0 when ςPj j; ςTj j ! 1. So the

boundary conditions at infinity are satisfied also.
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In Eq. (5.139) φc ςð Þ can also be rewritten as

φc x1; x2ð Þ ¼ �2m d2 þ �d2ð Þ þ R�2 d2z
2 þ �d2�z

2
� �

(5.140)

Therefore, the electric field in the elliptic hole varies linearly with the coordinates.

5.5 Interface Crack in Dissimilar Pyroelectric Material

5.5.1 General Discussion

The fundamental theory of the pyroelectric material has been discussed in Sect. 5.4.

Now the interface crack in dissimilar pyroelectric material (see Fig. 4.2) will be

discussed (Shen and Kuang 1998; Gao and Wang 2001). The general solutions U

zj; zT
� �

, Φ zj; zT
� �

, and ϑ are shown in Eqs. (5.120), (5.122), and (5.112), respec-

tively. The boundary conditions are assumed:

ΦI;1ðx1Þ ¼ ΦII;1ðx1Þ ¼ Σ0ðx1Þ; qI2 x1ð Þ ¼ qII2 x1ð Þ ¼ q0 x1ð Þ; x 2 Lc

d̂ðx1Þ ¼ UI x1ð Þ � UII x1ð Þ ¼ 0; ΦI;1ðx1Þ ¼ ΦII;1ðx1Þ
ϑI x1ð Þ ¼ ϑII x1ð Þ; qI2 x1ð Þ ¼ qII2 x1ð Þ; x 2 L� Lc

ΣIðx1Þ ¼ ΣIIðx1Þ ! 0; qIn ¼ qIIn ! 0; zj j ! 1

(5.141)

where d̂ is the displacement disconnected value between crack surfaces.

Equation (5.141) shows that on whole axis x1 we have

ΦI;1ðx1Þ ¼ ΦII;1ðx1Þ; qI2 x1ð Þ ¼ qII2 x1ð Þ; �1 < x1 < 1; x2 ¼ 0 (5.142)

From Equation (5.115) it is known that q2 ¼ �iαg00ðzTÞ þ iα�g00ð�zTÞ, where zT ;
α are shown in Eqs. (5.112) and (5.114), respectively. Equation (5.142) yields

� iαIg
00
I ðx1Þ þ iαI�g

00
I ð�x1Þ ¼ �iαIIg

00
IIðx1Þ þ iαII�g

00
IIð�x1Þ or

iαIg
00
I
þðx1Þ þ iαII�g

00
II
þðx1Þ ¼ iαIIg

00
II
�ðx1Þ þ iαI�g

00
I
�ðx1Þ

(5.143)

Analogous to Eq. (4.22) from Eq. (5.143) we have

�g00II zTð Þ ¼ � αI αII=ð Þg00I zTð Þ; x2 > 0; �g00I zTð Þ ¼ � αII αI=ð Þg00II zTð Þ; x2 < 0

(5.144)

It is assumed that the temperature satisfies the same equation:

�g0II zTð Þ ¼ � αI αII=ð Þg0I zTð Þ; x2 > 0; �g0I zTð Þ ¼ � αII αI=ð Þg0II zTð Þ; x2 < 0

(5.145)
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Equations (5.112) and (5.145) yield

ϑI x1ð Þ ¼ g0I x1ð Þ þ �g0I �x1ð Þ ¼ g0I x1ð Þ � αII αI=ð Þg0II x1ð Þ
ϑII x1ð Þ ¼ g0II x1ð Þ þ �g0II �x1ð Þ ¼ g0II x1ð Þ � αI αII=ð Þg0I x1ð Þ (5.146)

Analogously from Eqs. (5.142), (5.145), and (5.122) we get

BIFIðzÞ þ dI þ �dIIαI αII=ð Þg0IðzÞ ¼ �BII
�FIIðzÞ; x2 > 0

BIIFIIðzÞ þ dII þ �dIαII αI=ð Þg0IIðzÞ ¼ �BI
�FIðzÞ; x2 < 0

(5.147)

Equations (5.120) and (5.147) yield

U0
I x1ð Þ ¼ AIFI x1ð Þ þ cIg

0
I x1ð Þ þ �AI

�B�1
I BIIFII x1ð Þ½

þ dII þ �dIαII αI=ð Þg0II x1ð Þ	� αII αI=ð Þ�cIg0II x1ð Þ
U0

II x1ð Þ ¼ AIIFII x1ð Þ þ cIIg
0
II x1ð Þ þ �AII

�B�1
II BIFI x1ð Þ½

þ dI þ �dIIαI αII=ð Þg0I x1ð Þ	� αI αII=ð Þ�cIIg0I x1ð Þ

(5.148)

5.5.2 The Solution of Temperature

Using Eq. (5.146) and ϑI x1ð Þ ¼ ϑII x1ð Þ on the connective surface yields

g0I x1ð Þ 1þ αI αII=ð Þ½ � ¼ g0II x1ð Þ 1þ αII αI=ð Þ½ �; x =2 Lc (5.149)

So we can construct a function θ zTð Þ analytic in whole zT plane except Lc:

θ zTð Þ ¼ 1þ αI αII=ð Þ½ �gI zTð Þ; x2 > 0

1þ αII αI=ð Þ½ �gII zTð Þ; x2 < 0

�
; x =2 Lc (5.150)

The heat flow on the crack surface is

qI2 ¼ �λ2jϑ;j ¼ �iαIg
00
I ðx1Þ þ iαI�g

00
I ð�x1Þ ¼ �iαIg

00
I ðx1Þ � iαIIg

00
IIðx1Þ

¼ �i αIαII αI þ αIIð Þ=½ � θ00þðx1Þ þ θ00�ðx1Þ
h i (5.151)

So the boundary condition of the heat flow on the crack surface is reduced to

θ00þðx1Þ þ θ00�ðx1Þ ¼ i αI þ αIIð Þ½ =αIαII�q0ðx1Þ; x 2 Lc (5.152)
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Its solution is

θ00ðzTÞ ¼ αI þ αII
2παIαII

Z0ðzTÞ
Z
Lc

q0ðx1Þdx1
Zþ
0 ðx1Þ x1 � zTð Þ þ Z0ðzTÞCðzTÞ

Z0ðzTÞ ¼
Yn

j¼1
zT � aj
� ��1 2=

zT � bj
� ��1 2=

(5.153)

where CðzTÞ is the polynomial degree n of zT .

5.5.3 The Solution of Generalized Stress

Because on L� Lc id
0ðx1Þ ¼ 0, so

HBIFI x1ð Þ þ i cI þ αI αII=ð Þ�cII½ � þ �YII dI þ αI αII=ð Þ�dII½ �
 �
g0I x1ð Þ

¼ �HBIIFII x1ð Þ þ i cII þ αII αI=ð Þ�cI½ � þ �YI dII þ αII αI=ð Þ�dI½ �
 �
g0II x1ð Þ; x =2 Lc

(5.154)

whereH ¼ YI þ �YII; Yα ¼ iAαB
�1
α α ¼ I; IIð Þ. So we can construct a function hðzÞ

analytic in whole z plane except Lc:

hðzÞ ¼
BIFIðzÞ þ αI þ αIIð Þ�1H�1 i αIIcI þ αI�cIIð Þ½

þ �YII αIIdI þ αI�dIIð Þ�θ0ðzÞ; x2 > 0

H�1 �H BIIFIIðzÞ þ αI þ αIIð Þ�1 �H
�1

i αIcII þ αII�cIð Þ½
n

þ �YI αIdII þ αII�dIð Þ�θ0ðzÞ�; x2 < 0

8>>><
>>>: (5.155)

Using Eqs. (5.145), (5.147), and (5.155), Eq. (5.122) can be reduced to

ΦI;1 x1ð Þ ¼ hþðx1Þ þ �H
�1
Hh�ðx1Þ � η1θ

0þðx1Þ � η2θ
0�ðx1Þ

η1 ¼ ��η2 ¼ αI þ αIIð Þ�1H�1 i αIIcI þ αI�cIIð Þ þ �YII αIIdI þ αI�dIIð Þ½ � � αIIdI

 �

η2 ¼ ��η1 ¼ αI þ αIIð Þ�1 �H
�1

i αIcII þ αII�cIð Þ þ �YI αIdII þ αII�dIð Þ½ � � αIdII

 �

(5.156)

Substituting Eq. (5.156) into the generalized stress boundary condition in (5.141)

yields

hþðx1Þ þ �H
�1
Hh�ðx1Þ ¼ ~Σ0ðx1Þ; ~Σ0ðx1Þ ¼ Σ0ðx1Þ þ η1θ

0þðx1Þ þ η2θ
0�ðx1Þ
(5.157)
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Equation (5.157) is identical with (4.28) except using ~Σ0ðx1Þ instead of Σ0ðx1Þ,
so its solution is still expressed by Eqs. (4.41a) and (4.9):

�Ω
T
hðzÞ ¼ QðzÞ CðzÞ þ 1

2πi

Z
L

�Ω
T~Σ0ðx1Þdx1

Qþðx1Þðx1 � zÞ

" #
; QðzÞ ¼ Y

ðjÞ
0 ðzÞ

D E
(5.158)

From Eq. (5.157) it is seen that its homogeneous equation is fully identical with

(4.29) and does not relate to the temperature, so the eigenvalues and eigenvectors of

both equations are also the same. Therefore, QðzÞ and Ω in Eq. (5.158) are still

expressed by Eq. (4.37).

On the connective surface hþðx1Þ ¼ h�ðx1Þ ¼ hðx1Þ; θ0þðx1Þ ¼ θ0�ðx1Þ ¼
θ0ðx1Þ, so we have

Σ2ðx1Þ ¼ ΦI;1 x1ð Þ ¼ Iþ �H
�1
H

� �
hðx1Þ � η1 þ η2ð Þθ0ðx1Þ; x 2 L� Lc (5.159)

The open displacement disconnected value d̂ behind the crack tip is

d̂
0ðx1Þ ¼ U0

I x1ð Þ � U0
II x1ð Þ ¼ �iH hþðx1Þ � h�ðx1Þ½ �; x =2Lc (5.160)

5.5.4 A Single Interface Crack

In the case of a crack of length 2a, we have Z0ðzTÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2T � a2

p
. If only the normal

heat flow q0 on the crack surface, Eq. (5.153) yields

θ00ðzTÞ ¼ iq�0 1� zT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2T � a2

q�� �� �
þ C1zT þ C0

θ0ðzTÞ ¼ iq�0 zT �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2T � a2

q� �
; q�0 ¼ q0 αI þ αIIð Þ 2αIαII=½ �

(5.161)

where C1 ¼ 0 due to q � n ¼ 0 at infinity, and C0 ¼ 0 due to the temperature single

value condition
R a
�a θ00þ x1ð Þ � θ00� x1ð Þ� 	

dx1 ¼ 0. Equation (5.150) yields

g00I zTð Þ ¼ αII αI þ αIIð Þ=½ �θ00ðzTÞ; g00II zTð Þ ¼ αI αI þ αIIð Þ=½ �θ00ðzTÞ (5.162)

Because Eq. (5.158) is decoupling, on the crack surface, for normalized Ω we

have

hðzÞ ¼ ΩQðzÞ CðzÞ þ 1

2π i

Z
L

~Σ0ðx1Þdx1
Qþðx1Þðx1 � zÞ

� �
; Y

ðiÞ
0 ðzÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2 � a2
p z� a

zþ a

� �iεi

(5.163)
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In Eq. (5.163) the integrated function containing
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p
, so when use

Eq. (4.18), g� ¼ �1 should be used due to lim
z!x�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p
¼ � lim

z!xþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p
.

These integrals are

1

2π i

Z a

�a

dx1

Y
ðjÞþ
0 ðx1Þðx1 � zÞ

¼ 1

1þ e2πεj
1

Y
ðjÞ
0 ðzÞ

� zþ 2iεja
� �( )

1

2π i

Z a

�a

x1dx1

Y
ðjÞþ
0 ðx1Þðx1 � zÞ

¼ 1

1þ e2πεj
z

Y
ðjÞ
0 ðzÞ

� z2 þ 2iεjaz� a2

2
1þ 4ε2j

� �� �( )

1

2π i

Z a

�a

i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x21

p
dx1

Y
ðjÞþ
0 ðx1Þðx1 � zÞ

¼ 1

1� e2πεj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p

Y
ðjÞ
0 ðzÞ

� z2 þ 2iεjaz� a2 1þ 2ε2j

� �h i( )

(5.164)

Using Eq. (5.164), Eq. (5.163) is reduced to

hðzÞ ¼ ΩQðzÞ C1zþ C0ð Þ þΩ
1

1þ e2πεj

� �
1� zþ 2iε�að ÞYðjÞ

0 ðzÞ
D E

�Ω
T
Σ0

þ iq�0Ω
1

1þ e2πεj

� �
z� z2 þ 2iεjaz� a2

2
1þ 4ε2j

� �� �
Y
ðjÞ
0 ðzÞ

� �
�Ω
T
η1 þ η2ð Þ

þ iq�0Ω
1

1� e2πεj

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p
� z2 þ 2iεjaz� a2 1þ 2εjð Þ� 	

Y
ðjÞ
0 ðzÞ

D E
�Ω
T
η2 � η1ð Þ

(5.165)

At infinity, QðzÞ ! I=z, θ0ðzTÞ ! 0, Σ2ðx1Þ ¼ 0, from Eqs. (5.159) and (5.165)

we get

C1 ¼ iq�0
2iεja

1þ e2πεj

� �
�Ω
T
η1 þ η2ð Þ þ iq�0

2iεja

1� e2πεj

� �
�Ω
T
η2 � η1ð Þ 2iεja

� �
C
ðjÞ
1 ¼ iq�0

2iεja

1þ e2πεj
�ΩT
jk η1k þ η2kð Þ þ 2iεja

1� e2πεj
�ΩT
jk η2k � η1kð Þ

� �
; �ΩT

jk ¼ Ωkj

(5.166)

Substitution of Eq. (5.166) into Eq. (5.165) yields

hðzÞ ¼ΩQðzÞC0 þΩ
1

1þ e2πεj

� �
1� zþ 2iεja

� �
Y
ðjÞ
0 ðzÞ

D E
Ω

T
Σ0

þ iq�0Ω
1

1þ e2πεj

� �
z� z2 � a2

2
1þ 4ε2j

� �� �
Y
ðjÞ
0 ðzÞ

� �
Ω

T
η1 þ η2ð Þ

þ iq�0Ω
1

1� e2πεj

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p
� z2 � a2 1þ 2ε2j

� �h i
Y
ðjÞ
0 ðzÞ

D E
Ω

T
η2 � η1ð Þ
(5.167)
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C0 is determined by the single value condition, and according to Eq. (5.160) it is

equivalent to

H

Z a

�a

hþ x1ð Þ � h� x1ð Þ½ �dx1 ¼ 0; Hij

Z a

�a

hþj x1ð Þ � h�j x1ð Þ
h i

dx1 ¼ 0 (5.168)

On the crack surface there has Y
jð Þ�

0 ðx1Þ
D E

¼ � e2πεjY
jð Þþ

0 ðx1Þ
D E

or Qþ � Q� ¼
1þ e2πεj
� �

Qþ. Using the following equation (Shen and Kuang 1998)

Z a

�a

xnffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p a� x

aþ x

� �iε

dx ¼
π cosh πε= when n ¼ 0

�2iπaε cosh πε= when n ¼ 1

1� 4ε2ð Þπa2 2 cosh πε= when n ¼ 2

8<
: (5.169)

and noting
R a
�a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 � a2

p
dx1 ¼	 iπa2=2, from the single valued condition we get

�C0 ¼ iq�0a
2

4ε2j
1þ e2πεj

* +
Ω

T
η1 þ η2ð Þ þ iq�0a

2
1þ 8ε2j þ 2i cosh πεj

2 1� e2πεjð Þ

* +
Ω

T
η2 � η1ð Þ

(5.170)

The stress intensity is

K ¼ KII;KI;KIII;KD½ �T ¼ lim
x1!bj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðx1 � bjÞ

q
Ω x1 � bj

� ��iεj
D E

Ω�1Σ2ðx1Þ
(5.171)

where Σ2ðx1Þ is determined by Eq. (5.159).

For a homogeneous material AI ¼ AII ¼ A, and H ¼ �H; C0 ¼ 0;

Y
ðjÞ
0 ¼ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2j � a2

q.
. So the solution is

θ00ðzTÞ ¼ iq�0 1� zTffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2T � a2

p
( )

; θ0ðzTÞ ¼ iq�0 zT �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2T � a2

q� �

g00I zTð Þ ¼ g00II zTð Þ ¼ 1

2
θ00ðzTÞ ¼ iq�0

2
1� zTffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2T � a2
p

( )

hðzÞ ¼ 1

2
Ω 1� zQðzÞh i �ΩT

Σ0 þ iq�0Ω z� 2z2 � a2

2
QðzÞ

� �
�Ω
T
η

(5.172)

And the asymptotic stress field near the crack tip x1 ¼ a is

Σ2ðx1Þ ¼ ΦI;1 x1ð Þ ¼ 2hðx1Þ � 2ηθ0ðx1Þ

¼ �Ω

ffiffiffi
a

2

r
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

x1 � a
p

� �
�Ω
T
Σ0 � iq�0aΩ

ffiffiffi
a

2

r
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

x1 � a
p

� �
�Ω
T
η

(5.173)

5.5 Interface Crack in Dissimilar Pyroelectric Material 247



The stress intensity factor at x1 ¼ a is

K ¼ KII;KI;KIII;KD½ �T ¼ lim
x1!a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðx1 � aÞ

p
Σ2ðx1Þ

¼ � ffiffiffiffiffi
πa

p
Ω �Ω

T
Σ0 þ iq�0aΩ �Ω

T
η

� �
¼ � ffiffiffiffiffi

πa
p

Σ0 þ iq�0aη
� � (5.174)

5.6 Point Heat Source and Interaction with Cracks

5.6.1 Point Heat Source in Piezoelectric
and Bi-piezoelectric Material

Hwu (1990) discussed the thermal stress in an anisotropic elastic material.

Shen et al. (1995) and Shen and Kuang (1998) discussed the thermal stress in a

pyroelectric material, the point heat source, and their interactions.

1. Heat source in a homogeneous material For a point heat source, the tempera-

ture ϑ ¼ T � T0 can be expressed as

ϑðx1; x2Þ ¼ 2Re g0ðzTÞ; zT ¼ x1 þ μTx2; μT ¼ ð�λ12 þ iαÞ=λ22
g0ðzTÞ ¼ g00ðzTÞ ¼ c lnðzT � zT0Þ; g000ðzTÞ ¼ c ðzT � zT0Þ=

(5.175)

According to Eq. (5.116) for a point heat source with strength M located at

z0ðx10; x20Þ in an infinite homogeneous pyroelectric material, c is determined by

the following equation:

M ¼
I

qnds ¼ �2Im α g0ðzTÞ � g0ðz0Þ½ �f g2π0 ¼ �4παc; c ¼ �M 4πα=

q1 ¼ 2Re iαμTg
00ðzTÞ½ �; q2 ¼ �2Re iαg00ðzTÞ½ �; α ¼ λ22 μT � �μTð Þ=2i

(5.176)

So finally the solution of the temperature in an infinite homogeneous pyro-

electric material is

ϑ ¼ 2Re g00ðzTÞ ¼ � M 2πα=ð ÞRe lnðzT � zT0Þ; zT0 ¼ x10 þ μTx20 (5.177)

2. Heat source in a bimaterial The solving method of a heat source in a

bimaterial is analogous to that in Paragraph 3.6.2. Let the point heat source with

strength M be located at z0ðx10; x20Þ in material II that occupied S�; x2 < 0. The

solution can be assumed as

g0ðzTÞ ¼
g0IðzTÞ; zT 2 Sþ

g0IIðzTÞ þ g00ðzTÞ; zT 2 S�

�
g00ðzTÞ ¼ cII lnðzT � zT0Þ; g000ðzTÞ ¼ cII ðzT � zT0Þ= ; cII ¼ �M 4πα= II

(5.178)
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Because heat flow and temperature are continuous in whole axis x1, so according
to Eqs. (5.115) and (5.112) it yields

αIg
00
I ðx1Þ � αIg00I ðx1Þ ¼ αIIg

00
IIðx1Þ � αIIg00IIðx1Þ þ αIIg

00
0ðx1Þ � αIIg000ðx1Þ

g0Iðx1Þ þ g0Iðx1Þ ¼ g0IIðx1Þ þ g00ðx1Þ þ g0IIðx1Þ þ g00ðx1Þ
(5.179)

If q ! 0; T ! 0 when zj j ! 1 , like Eqs. (3.161), (3.162), (3.163), (3.164),

(3.165) or (4.22), (4.23) we have

αIg
00
I ðzTÞ þ αIIg00IIðzTÞ � αIIg

00
0ðzTÞ ¼ 0; αIIg

00
IIðzTÞ þ αIg00I ðzTÞ � αIIg000ðzTÞ ¼ 0

g0IðzTÞ � g0IIðzTÞ � g00ðzTÞ ¼ 0; g0IIðzTÞ � g0IðzTÞ þ g00ðzTÞ ¼ 0

(5.180)

Equations (5.178), (5.179), and (5.180) yield

g0ðzTÞ ¼
g0IðzTÞ ¼ 2α2g00ðzTÞ; z 2 Sþ

g0IIðzTÞ þ g00ðzTÞ ¼ α2 � α1ð Þ�g00ðzTÞ þ g00ðzTÞ; z 2 S�

�
α1 ¼ αI αI þ αIIð Þ= ; α2 ¼ αII αI þ αIIð Þ=

(5.181)

On the interface x2 ¼ 0 we have

q2 ¼ �iαIg
00
I ðzTÞ þ iαIg00I ðzTÞ ¼ �2iαIα2 g000ðx1Þ � �g000ðx1Þ

� 	
(5.182)

Because the generalized stress and displacement are continuous on whole axisx1,
according to Eqs. (3.161), (3.162), (3.163), (3.164), and (3.165), we can derive

BIFIðzÞ � �BII
�FIIðzÞ � α2 � α1ð Þ�dII � 2α2dI þ dII½ �g00ðzÞ ¼ 0

BIIFIIðzÞ � �BI
�FIðzÞ þ α2 � α1ð ÞdII � 2α2�dI þ �dII½ ��g00ðzÞ ¼ 0

(5.183)

and

AIFIðzÞ � �AII
�FIIðzÞ � α2 � α1ð Þ�cII � 2α2cI þ cII½ �g00ðzÞ ¼ 0

AIIFIIðzÞ � �AI
�FIðzÞ þ α2 � α1ð ÞcII � 2α2�cI þ �cII½ ��g00ðzÞ ¼ 0

(5.184)

From Eqs. (5.183) and (5.184), the stress functions are

FIðzjÞ ¼ iB�1
I H�1 α2 � α1ð Þ�cII � 2α2cI þ cII½ �g00ðzjÞ

þ B�1
I H�1YII α2 � α1ð Þ�dII � 2α2dI þ dII½ �g00ðzjÞ

FIIðzjÞ ¼ �iB�1
II

�H
�1

α2 � α1ð ÞcII � 2α2�cI þ �cII½ ��g00ðzjÞ
� B�1

II
�H
�1�YI α2 � α1ð ÞdII � 2α2�dI þ �dII½ ��g00ðzjÞ

(5.185)

According to Eq. (5.121) on x2 ¼ 0 we have

Σ2 x1ð Þ ¼ 2Re BIIFIIðx1Þ þ dIIg
0
II
ðx1Þ

n o
¼ 2Re BIFIðx1Þ þ dIg

0
I
ðx1Þ

n o
(5.186)
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5.6.2 The Point Heat Source Located at the External
of an Elliptic Inclusion

Let an infinite piezoelectric material II occupied regionΩ�with an elliptic inclusion I,

occupied regionΩþ of major semiaxisa and minor axis bdirected along the material

principle axes x1 and x2, respectively. The interface of Ω
� and Ωþ is denoted by L,

its normal is denoted by n directed the inside of the inclusion or the outside of the

piezoelectric material. At infinity TII ¼ 0; qn ¼ 0 and the connective conditions on

the L are

TI ¼ TII; qI2 x1ð Þ ¼ qII2 x1ð Þ; x 2 L (5.187)

Let a point heat source at z0 with strength M be located in the piezoelectric

material. We shall use the transform method to solve this problem (Qin 1998,

1999). The transform function from z plane to ς plane is shown in Eqs. (3.82) and

(3.86). The point ς0 in ς plane is corresponding to point z0 in z plane. L is

transformed to Γ. Let g0ðςTÞ be the fundamental solution in the ς plane when the

piezoelectric material occupies the whole space and as in Sect. 5.6.1 we take

g00ðςTÞ ¼ c lnðςT � ς0TÞ; c ¼ �M 4πα= II; ϑ0ðx1; x2Þ ¼ 2Re g00ðςTÞ (5.188)

Obviously g0ðςTÞ is analytic in the inclusion Ωþ . Assume the solution of the

problem is

g0ðςTÞ ¼ g0IðςTÞ; ςT 2 Ωþ �Ω0

g0IIðςTÞ þ g00ðςTÞ; ςT 2 Ω�

�
(5.189)

where g0IðςTÞ and g0IIðςTÞ are analytic functions in Ωþ �Ω0 and Ω�, and Ω0 is the

region ρ � ρ0 ¼
ffiffiffiffi
m

p
; 0 � θ < 2π and onΩ0ϕðρ0eiψ Þ ¼ ϕðρ0e�iψÞ (see Sect. 3.4.2).

According to Eqs. (5.175) and (5.176), the continuity conditions of temperature

ϑ and heat qnds through a differential arc on Γ can be reduced to

g0IðσÞ þ g0IðσÞ ¼ g0IIðσÞ þ g0IIðσÞ þ g00ðσÞ þ g00ðσÞ;
αIg

0
I σð Þ � αIg0I σð Þ ¼ αIIg

0
II σð Þ � αIIg0II σð Þ þ αIIg

0
0ðσÞ � αIIg00ðσÞ

(5.190)

It is noted that g0IðσÞ is analytic only in an annular region Ωþ �Ω0. Similar to

Eqs. (3.84) and (3.85), it yields

g0IðςTÞ ¼
X1
k¼1

dkς
k
T þ d�kς

�k
T

� � ¼ X1
k¼1

dk ςkT þ υkς
�k
T

� �
υk ¼ ρ2k0 ¼ mk

T I ¼ ðaþ iμT IbÞ ða� iμT IbÞ=½ �k; ρ0 � ςj j � 1

(5.191)
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So Eq. (5.190) can be reduced to

X1
k¼1

dk þ �υk �dkð Þσk � �g0IIð1 σ= Þ � g00ðσÞ ¼ g0IIðσÞ þ �g00ð1 σ= Þ �
X1
k¼1

�dk þ υkdkð Þσ�k

αI αII=ð Þ
X1
k¼o

dk � �dk �ϖkð Þσk þ �g0IIð1 σ= Þ � g00ðσÞ

¼ g0IIðσÞ � �g00ð1 σ= Þ þ αI αII=ð Þ
X1
k¼o

�dk � υkdkð Þσ�k

(5.192)

From Eq. (5.192) it is known that the functions at the left side in Eq. (5.192) are

analytic in the region Ωþ, whereas those on the right side are analytic in the region

Ω�, and they are continuous onΓ. So these functions are analytic in whole plane and
must be constants. So we have

θ1 ςð Þ ¼

P1
k¼1

dk þ �υk �dkð Þσk � g0II 1 ς=ð Þ � g00ðςÞ; ς 2 Ωþ

g0IIðςÞ �
P1
k¼1

�dk þ υkdkð Þσ�k þ g00ð1 ς= Þ; ς 2 Ω�

8>><
>>:

θ2 ςð Þ ¼
αI

P1
k¼o

dk � �υk �dkð Þσk þ αIIg0IIð1 ς= Þ � αIIg00ðςÞ; ς 2 Ωþ

αIIg0IIðςÞ þ αI
P1
k¼o

�dk � υkdkð Þσ�k � αIIg00ð1 ς= Þ; ς 2 Ω�

8>><
>>:

(5.193)

If there are no generalized external forces acting at infinite, these constants must

be zero, i.e., θ1 1ð Þ ¼ θ2 1ð Þ ¼ 0 , so θ1 ςð Þ ¼ θ2 ςð Þ ¼ 0 and from Eq. (5.193)

we get

P1
k¼1

dk þ �υk �dkð Þσk ¼ �g0IIð1 ς= Þ þ g00ðςÞ;

αI
P1
k¼o

dk � �υk �dkð Þσk ¼ �αII�g0IIð1 ς= Þ þ αIIg00ðςÞ; ς 2 Ωþ

P1
k¼1

�dk þ υkdkð Þσ�k ¼ g0IIðςÞ þ �g00ð1 ς= Þ;

αI
P1
k¼o

�dk � υkdkð Þσ�k ¼ �αIIg0IIðςÞ þ αII�g00ð1 ς= Þ; ς 2 Ω�

(5.194)

Solving Eq. (5.194) yields

X1
k¼1

αI þ αIIð Þdk þ αII � αIð Þ�υk �dk½ �ςk ¼ 2αIIg
0
0ðςÞ

g0IIðςÞ ¼ �g00ð1 ς= Þ þ
X1
k¼1

�dk þ υkdkð Þς�k

(5.195)
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Solving dk; g
0
IIðςÞ and using ςT instead of ς, from Eq. (5.189), g0ðςTÞ is obtained:

g0ðςTÞ ¼
g0IðςTÞ ¼

P1
k¼1

dk ςkT þ υkς�k
T

� 	
; ςT 2 Ωþ �Ω0

~g0IIðςTÞ ¼ g00ðςTÞ � �g00ð1 ς= Þ þ P1
k¼1

�dk þ υkdkð Þς�k
T ; ςT 2 Ω�

8>><
>>:

ϑðx1; x2Þ ¼ 2Re g0ðςTÞ; g00ðzTÞ ¼ � M=4παIIð Þ lnðςT � ς0TÞ
(5.196)

5.6.3 Interaction of an Impermeable Crack
with a Singularity in a Piezoelectric Bimaterial

Let a mechanical singular generalized load with strength ðb; pÞ be located at z0
in material II that occupied the lower half-plane Ω�; x2 < 0. An insulated crack

ð�a; aÞ is located on the interface x2 ¼ 0. According to Eqs. (3.165), (3.166), and

(3.160), the generalized stress on the interface introduced by the singularity in a

piezoelectric material is

ΣI2 ¼ ΣII2 ¼ Σ2ðx1Þ ¼ ΦI;1ðx1Þ ¼ 2ReBIFIðx1Þ ¼ 2Re H�1ð�YII þ YIIÞBIIgIIðzÞ
� 	

¼ 2Re H�1ð�YII þ YIIÞBII 2πi x1 � z0ð Þh i�1 �BT
IIbþ AT

IIV
� �h i

(5.197)

The original problem can be simply solved by the superposition method: The

singularity in a piezoelectric material without crack and an external force � Σ2ðx1Þ
applies on the crack surface. The last problem has been solved in Sect. 4.2.4.

From Eq. (5.197) it is seen that the effect of a mechanical singularity is

equivalent to adding an external force � Σ2ðx1Þ on the crack surface, and it does

not affect the heat flow.

A point heat source with strength M located at z0 in material II, Ω�; x2 < 0 will

produce the heat flow, as shown in Eq. (5.82), and generalized surface traction, as

shown in Eq. (5.186), i.e., the point heat source affects both the stress and tempera-

ture fields. A point heat source in a bimaterial is equivalent to a point heat source in

an infinite homogeneous piezoelectric material II and on the crack surface super-

posed the following loads:

qT ¼ �q2 ¼ �iαIα2 g000ðx1Þ � �g000ðx1Þ
� 	

; t2 ¼ �Σ2 x1ð Þ ¼ �2Re BIFIðx1Þ þ dIg
0
I
ðx1Þ

h i
(5.198)

where g00ðx1Þ; g0Iðx1Þ;FIðx1Þ are calculated from Eqs. (5.175), (5.178), and (5.185),

respectively.
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As an example we discuss the interaction of the above point heat source with a

single crack located at �a; að Þ (Shen and Kuang 1998). It is assumed that the

boundary conditions are

ΦI;iðx1Þ ¼ ΦII;iðx1Þ ¼ 0; qI2 x1ð Þ ¼ qII2 x1ð Þ ¼ 0; x 2 Lc

ΦI;iðx1Þ ¼ ΦII;iðx1Þ ¼ 0; qi ¼ T ¼ 0; zj j ! 1; i ¼ 1; 2
(5.199)

Substitution of Eqs. (5.198) and (5.178) into Eq. (5.153) yields

θ00ðzTÞ ¼ αI þ αII
2παIαII

Z0ðzTÞ
Z
Lc

qTðx1Þdx1
Zþ
0 ðx1Þ x1 � zTð Þ þ Z0ðzTÞCðzTÞ

¼ � Mi

4π2αII
Z0ðzTÞ

Z
Lc

1

x1 � z0
� 1

x1 � �z0

� �
1

Zþ
0 ðx1Þ x1 � zTð Þ dx1 þ Z0ðzTÞCðzTÞ

(5.200)

whereZ0ðzTÞ ¼ z2T � a2
� ��1 2=

. The integral in Eq. (5.200) can be integrated. At first

we discuss the contour integral

Φ ¼
Z
Λ

1

Zþ
0 ðx1Þ x1 � zTð Þ x1 � z0ð Þ x1 � �z0ð Þ dx1

whereΛ is shown in Fig. 5.6. Inside the contour there are three poles: zT ; z0; �z0. Using
the residual theorem the Φ is reduced to

Φ ¼ 2πi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2T � a2

p
z� z0ð Þ z� �z0ð Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z20 � a2

p
z0 � zð Þ z0 � �z0ð Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�z20 � a2

p
�z0 � zð Þ �z0 � z0ð Þ

( )

On the other hand it is easy to prove that the integral Φ on the path DEFGH
vanishes whereas on the path HJD equals

2

Z
Lc

z0 � �z0
Zþ
0 ðx1Þ x1 � zTð Þ x1 � z0ð Þ x1 � �z0ð Þ dx1 ¼

Z
Lc

1

x1 � z0
� 1

x1 � �z0

� �
1

Zþ
0 ðx1Þ x1 � zTð Þ dx1

Fig. 5.6 Integral path Λ for

the integral Φ

5.6 Point Heat Source and Interaction with Cracks 253



From the condition at infinity in Eq. (5.199) and the single valued condition of

temperature we find CðzTÞ ¼ 0. So Eq. (5.200) is reduced to

θ00ðzTÞ ¼ M

2παII

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2T � a2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�z20 � a2

p
zT � �z0

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z20 � a2

p
zT � z0

( )
þ M

2πλ0

1

zT � z0
� 1

zT � �z0

� �
(5.201)

Using T ¼ 0 at infinity finally we get

θ0ðzTÞ ¼ M

4παII
ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�z20 � a2

p
þ �z0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z20 � a2
p

þ z0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2T � a2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z20 � a2

p
þ zTz0 � a2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2T � a2
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�z20 � a2
p

þ zT�z0 � a2

( )
(5.202)

Substituting Eq. (5.202) into (5.158) �Ω
T
hðzÞ can be obtained:

�Ω
T
hðzÞ ¼ QðzÞ CðzÞ þ 1

2πi

Z
L

�Ω
T~Σ0ðx1Þdx1

Qþðx1Þðx1 � zÞ

" #
; QðzÞ ¼ Y

ðjÞ
0 ðzÞ

D E
~Σ0ðx1Þ ¼ η1θ

0þðx1Þ þ η2θ
0�ðx1Þ

(5.203)

From Eq. (5.155) FI zj
� �

and FII zj
� �

can be obtained.

Gao and Wang (2001) discussed the permeable crack problem, Herrmann and

Loboda (2003) discussed the contact zone model in pyroelectric material, and

Norris (1994) discussed the dynamic Green function in piezoelectric material.

5.7 Functionally Graded Piezoelectric Material

5.7.1 Fundamental Equations in Antiplane Shear Problem

Functionally graded piezoelectric material (FGPM) is a kind of material with

continuously varying properties (Wu et al. 1996) which is very useful as a transit

layer instead of the bonding agent in order to avoid the very large stresses near the

interface. Li andWeng (2002) discussed the antiplane crack problem (Fig. 5.7) with

varied material constants for a transversely material:

C44 x2ð Þ ¼ C0
44 1þ α x2j jð Þk; e15 ¼ e015 1þ α x2j jð Þk; E11 ¼ E011 1þ α x2j jð Þk

α ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ch
44 C0

44


k

q
� 1

� ��
h ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eh15 e015


k

q
� 1

� ��
h ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eh11 E011


k

q
� 1

� ��
h

(5.204)

whereC0
44; e

0
15; E

0
11 are the values at x2 ¼ 0 andCh

44; e
h
15; E

h
11 are the values at x2 ¼ 	h;

k and α are material constants. It is assumed that the geometry, material behavior,
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and applied loading are symmetric about the x2-axis, so we only need to study the

part of x1 � 0; x2 � 0 and x2j j ¼ x2. The fundamental equations (4.238) and (4.239)

of antiplane shear problem discussed in Sect. 4.8.1 are still held in a FGPM, but the

material constants are functions of coordinates.

Substitution of Eq. (5.204) into Eq. (4.239) yields

C0
44 r2u3 þ kα ξ=ð Þu3;2
� 	þ e015 r2φþ kα ξ=ð Þφ;2

� 	 ¼ 0

e015 r2u3 þ kα ξ=ð Þu3;2
� 	� E011 r2φþ kα ξ=ð Þφ;2

� 	 ¼ 0; ξ ¼ 1þ αx2
(5.205)

wherer2 ¼ @ @x21
 þ @ @x22


. In general case e015

� �2 þ C0
44E

0
11 6¼ 0, so we also have

r2u3 þ kα ξ=ð Þu3;2 ¼ 0; r2φþ kα ξ=ð Þφ;2 ¼ 0 (5.206)

The boundary and connective conditions on x2 ¼ 0 are

σ32 x1; 0ð Þ ¼ 0; E1 x1; 0
þð Þ ¼ Ec

1 x1; 0
�ð Þ; D2 x1; 0

þð Þ ¼ Dc
2 x1; 0

�ð Þ; 0 � x1 < a

u3 x1; 0ð Þ ¼ 0; φ x1; 0ð Þ ¼ 0; σ32 x1; 0
þð Þ ¼ σ32 x1; 0

�ð Þ; a � x1 < 1
(5.207a)

where the right superscript “c” means that the related variable is in the air.

The boundary conditions on x2 ¼ h are divided into two forms dependent to giving

D2 or E2:

Case 1: D2 x1; hð Þ ¼ D0; σ32 x1; hð Þ ¼ τh ¼ Ch�
44 Ch

44

� �
τ0 � eh15 Eh11

� �
D0

Case 2: E2 x1; hð Þ ¼ E0; σ32 x1; hð Þ ¼ τh ¼ τ0 � eh15E0 ; 0 � x1 < 1
(5.207b)

where D0 and E0 are the external electric displacement and field, respectively; τ0 is

the stress at zero electric loading, Ch�
44 ¼ Ch

44 þ eh15
� �2 Eh11


.

Fig. 5.7 An antiplane crack

in FGPM

5.7 Functionally Graded Piezoelectric Material 255

http://dx.doi.org/10.1007/978-3-642-36291-0_4
http://dx.doi.org/10.1007/978-3-642-36291-0_4
http://dx.doi.org/10.1007/978-3-642-36291-0_4
http://dx.doi.org/10.1007/978-3-642-36291-0_4


5.7.2 Solution of the Antiplane Shear Problem

Considering the symmetry about x2 -axis, Li and Weng (2002) used the Fourier

cosine transforms to solve this problem. Let

u3 x1; x2ð Þ ¼ 2

π

Z 1

0

ξ�β A1ðsÞIβ ξs α=ð Þ
 þA2ðsÞKβ ξs α=ð Þ� cos sx1ð Þdsþ a1x2

φ x1; x2ð Þ ¼ 2

π

Z 1

0

ξ�β B1ðsÞIβ ξs α=ð Þ
 þB2ðsÞKβ ξs α=ð Þ� cos sx1ð Þds� b1x2

(5.208)

where β ¼ k � 1ð Þ 2= ; Iβ and Kβ are the first and second kind of modified Bessel’s

functions, respectively; AiðsÞ and BiðsÞ are undetermined functions; a1; b1 are real
constants. Equation (5.208) yields

σ31 x1; x2ð Þ ¼ � 2

π

Z 1

0

sξ�β C44A1 þ e15B1ð ÞIβ ξs α=ð Þ�
þ C44A2 þ e15B2ð ÞKβ ξs α=ð Þ	 sin sx1ð Þds

σ32 x1; x2ð Þ ¼ � 2

π

Z 1

0

C44A1 þ e15B1ð Þ βαξ�β�1Iβ ξs α=ð Þ � sξ�βI0β ξs α=ð Þ
h in

þ C44A2 þ e15B2ð Þ βαξ�β�1



Kβ ξs α=ð Þ � sξ�βK0
β ξs α=ð Þ

h io
cos sx1ð Þds

þ C44a1 � e15b1

(5.209)

D1 x1; x2ð Þ ¼ � 2

π

Z 1

0

sξ�β e15A1 � E11B1ð ÞIβ ξs α=ð Þ�
þ e15A2 � E11B2ð ÞKβ ξs α=ð Þ	 sin sx1ð Þds

D2 x1; x2ð Þ ¼ � 2

π

Z 1

0

βαξ�β�1Iβ ξs α=ð Þ � sξ�βI0β ξs α=ð Þ
n o

 e15A1 � E11B1ð Þ þ βαξ�β�1Kβ ξs α=ð Þ � sξ�βK0
β ξs α=ð Þ

h i
 e15A2 � E11B2ð Þg cos sx1ð Þdsþ e15a1 þ E11b1

(5.210)

E1 x1; x2ð Þ ¼ 2

π

Z 1

0

sξ�β B1Iβ ξs α=ð Þ þ B2Kβ ξs α=ð Þ� 	
sin sx1ð Þds

E2 x1; x2ð Þ ¼ 2

π

Z 1

0

B1 βαξ�β�1Iβ ξs α=ð Þ � sξ�βI0β ξs α=ð Þ
h in

þB2 βαξ�β�1Kβ ξs α=ð Þ � sξ�βK0
β ξs α=ð Þ

h io
cos sx1ð Þdsþ b1

(5.211)

where I0β;K
0
β are the derivatives of Iβ;Kβ.
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In the air between the crack surfaces, we have

Dc
1 ¼ EcEc

1; Dc
2 ¼ EcEc

2; r2φc ¼ 0 (5.212)

Its solution can be assumed as

φc x1; x2ð Þ ¼ 2

π

Z 1

0

CðsÞ sinh sx2ð Þ cos sx1ð Þds; 0 � x1 < a

Dc
1 x1; 0ð Þ ¼ 0; Dc

2 x1; 0ð Þ ¼ � 2

π

Z 1

0

EcsCðsÞ cos sx1ð Þds

Ec
1 x1; 0ð Þ ¼ 0; Ec

2 x1; 0ð Þ ¼ � 2

π

Z 1

0

sCðsÞ cos sx1ð Þds

(5.213)

whereCðsÞ is an unknown function. Using the boundary conditions on x2 ¼ h yields

A2ðsÞ ¼ RA1ðsÞ; B2ðsÞ ¼ RB1ðsÞ

R ¼ � βα 1þ αhð Þ�1
Iβ 1þ αhð Þs α=½ � � sI0β 1þ αhð Þs α=

βα 1þ αhð Þ�1
Kβ 1þ αhð Þs α=½ � � sK0

β 1þ αhð Þs α=

a1 ¼ eh15D0 þ Eh11τ0
� �

Ch�
44E

h
11


; b1 ¼ Ch

44D0 � eh15τ0
� �

Ch�
44E

h
11


case 1ð Þ

a1 ¼ eh15E0 þ τ0
� �

Ch
44


; b1 ¼ E1 case 2ð Þ

(5.214)

Substituting E1 x1; 0ð Þ;φ x1; 0ð Þ;Ec
1 x1; 0ð Þ into the corresponding boundary

conditions in Eq. (5.207) yields the following dual integral equation:Z 1

0

sB1ðsÞ Iβ s α=ð Þ
 þRKβ s α=ð Þ� sin sx1ð Þds ¼ 0; 0 � x1 < aZ 1

0

B1ðsÞ Iβ s α=ð Þ
 þRKβ s α=ð Þ� cos sx1ð Þds ¼ 0; a � x1 < 1
(5.215)

If let

B1ðsÞ Iβ s α=ð ÞþRKβ s α=ð Þ� ¼ πa2 2=
� �
 Z 1

0

ffiffiffi
η

p
Φ ηð ÞJ0 saηð Þdη (5.216)

where J0 is the zero-order Bessel function of the first kind, then the second equation
in Eq. (5.215) is satisfied automatically and the first equation in Eq. (5.215) requires

Φ ηð Þ ¼ 0. So it is easy to obtain B1ðsÞ ¼ 0 and then straightly B2ðsÞ ¼ 0.

Substituting σ32 x1; 0ð Þ; u3 x1; 0ð Þ into the corresponding boundary conditions in

Eq. (5.207) and noting B1ðsÞ ¼ B2ðsÞ ¼ 0, the following dual integral equation is

obtained:Z 1

0

sFðsÞAðsÞ cos sx1ð Þds ¼ π 2=ð Þ C0
44a1 � e015b1

� �
C0
44


; 0 � x1 < aZ 1

0

AðsÞ cos sx1ð Þds ¼ 0; a � x1 < 1
(5.217)
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where

AðsÞ ¼ A1ðsÞ Iβ s α=ð Þ þ RKβ s α=ð Þ� 	
FðsÞ ¼

βαIβ s α=ð Þ � sI0β s α=ð Þ
h i

þ R βαKβ s α=ð Þ � sK0
β s α=ð Þ

h i
s Iβ s α=ð Þ þ RKβ s α=ð Þ� 	 (5.218)

The solution of Eq. (5.217) can be written as

AðsÞ ¼ πa2

2

Ĉ0
44

C0
44

Z 1

0

ffiffiffi
η

p
Ψ ηð ÞJ0 saηð Þdη; Ĉ0

44 ¼ C0
44a1 � e015b1 (5.219)

Equation (5.219) satisfies the second equation in Eq. (5.217) automatically.

In order to satisfy the first equation in Eq. (5.217), Ψ ηð Þ should be satisfied by the

following Fredholm integral equation of the second kind:

Ψ ηð Þ þ
Z 1

0

ψ ηð ÞG η; η0ð Þdη0 ¼ ffiffiffi
η

p

G η; η0ð Þ ¼
ffiffiffiffiffiffi
ηη0

p Z 1

0

s F s a=ð Þ � 1½ �J0 sηð ÞJ0 sη0ð Þds
(5.220)

5.7.3 The Generalized Stress Asymptotic Fields
Near the Crack Tip

The singular generalized stress fields are determined by the behavior of the solution

when s ! 1. Using integration by parts to decompose Eq. (5.219) into singular and

regular parts,

AðsÞ ¼ πa

2

Ĉ0
44

C0
44

1

s
Ψð1ÞJ1 sað Þ �

Z 1

0

ηJ1 saηð Þ d

dη

Ψ ηð Þffiffiffi
η

p
� �

dη

� �
(5.221)

where J1 is the first-order Bessel function of the first kind. The integral in

Eq. (5.221) is finite at the crack tipx1 ¼ 	a, and the singular behavior is determined

by the term containingΨð1Þ. It is noted that the modified Bessel functions have the

following behaviors:

lim
s!1 IβðsÞ ¼ 1

ffiffiffiffiffiffiffi
2πs

p.� �
es; lim

s!1 I0βðsÞ ¼ 1
ffiffiffiffiffiffiffi
2πs

p.� �
es

lim
s!1KβðsÞ ¼

ffiffiffiffiffiffiffiffiffiffi
π 2s=

p� �
e�s; lim

s!1K0
βðsÞ ¼ �

ffiffiffiffiffiffiffiffiffiffi
π 2s=

p� �
e�s

(5.222)
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After complex derivation we obtain

σ31 ¼ �Ĉ0
44aΨð1Þξk 2= f1ðsÞ; σ32 ¼ �Ĉ0

44aΨð1Þξk 2= f2ðsÞ

D1 ¼ � e015Ĉ
0
44

C0
44

aΨð1Þξk 2= f1ðsÞ; D2 ¼ � e015Ĉ
0
44

C0
44

aΨð1Þξk 2= f2ðsÞ

E1 ¼ 0; E2 ¼ E0

(5.223)

where

f1ðsÞ ¼
Z 1

0

J1 sað Þe�sx2 sin sx1ð Þds ¼ � r

a
ffiffiffiffiffiffiffiffi
r1r2

p sin θ � θ1 þ θ2
2

� �

f2ðsÞ ¼
Z 1

0

J1 sað Þe�sx2 cos sx1ð Þds ¼ 1

a
� r

a
ffiffiffiffiffiffiffiffi
r1r2

p cos θ � θ1 þ θ2
2

� � (5.224)

where the meanings of r; r1; r2; θ; θ1; θ2 can be seen in Fig. 5.7. Let θ ! 0; θ2 ! 0,

r2 ! 2a; r ! a from Eq. (5.223) we get

σ31 ¼ � KIII

ffiffiffiffiffiffiffiffiffi
2πr1

p.� �
sin θ1 2=ð Þ; σ32 ¼ KIII

ffiffiffiffiffiffiffiffiffi
2πr1

p.� �
cos θ1 2=ð Þ;

D1 ¼ � KD
III

ffiffiffiffiffiffiffiffiffi
2πr1

p.� �
sin θ1 2=ð Þ; D2 ¼ KD

III

ffiffiffiffiffiffiffiffiffi
2πr1

p.� �
cos θ1 2=ð Þ; E1 ¼ E2 ¼ 0

KIII ¼ Ĉ0
44

ffiffiffiffiffi
πa

p
Ψð1Þ; KD

III ¼ e015 C0
44

� �
KIII ¼ Ĉ0

44e
0
15 C0

44

� � ffiffiffiffiffi
πa

p
Ψð1Þ

(5.225)

It is found that for the functional gradient piezoelectric material, the asymptotic

fields of the generalized stress still have the singularity 1
ffiffi
r

p
= . Because a1; b1 is

enclosed in Ĉ0
44 (see Eq. (5.219)), the generalized stress intensity factors are

different for two different electric boundary conditions. It is also found that the

electric field does not have singularity at the crack tip.

Yang et al. (2004) also discussed the electric field gradient effects in antiplane

problems of polarized ceramics.

5.7.4 Plane Strain Problem

The constitutive equations of the in-plane problem are

σ11 ¼ C11u1;1 þ C13u3;3 � e31E3; σ33 ¼ C13u1;1 þ C33u3;3 � e33E3

σ13 ¼ C44 u1;3 þ u3;1
� �� e15E1; D1 ¼ e15 u1;3 þ u3;1

� �þ E11E1

D3 ¼ e31u1;1 þ e33u3;3 þ E33E3

(5.226)
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It is assumed that the material properties are one dimensional dependent to x3 as

C11;C13;C33;C44; e31; e33; e15; E11; E33ð Þ ¼ C0
11;C

0
13;C

0
33;C

0
44; e

0
31; e

0
33; e

0
15; E

0
11; E

0
33

� �
eβ x3j j

(5.227)

where β is a material constant. The equilibrium equations in terms of generalized

displacements are

C0
11u1;11 þ C0

44u1;33 þ C0
13 þ C0

44

� �
u3;13 þ e031 þ e015

� �
φ;13 þ β C0

44 u1;3 þ u3;1
� �þ e015φ;1

� 	 ¼ 0

C0
44u3;11 þ C0

33u3;33 þ C0
13 þ C0

44

� �
u1;13 þ e015φ;11 þ e033φ;33 þ β C0

13u1;1 þ C0
33u3;3 þ E033φ;3

� � ¼ 0

e015u3;11 þ e033u3;33 þ e031 þ e015
� �

u1;13 � E011φ;11 � E033φ;33 þ β e031u1;1 þ e033u3;3 � E033φ;3

� � ¼ 0

(5.228)

In the air between the crack surfaces, the governing equations are still shown in

Eq. (5.212).

As in Sect. 5.7.1 it is assumed that the geometry, material behavior, and applied

loading are all symmetric about the x3-axis, so we only need to study the part of

x1 � 0; x3 � 0 and x2j j ¼ x2. The boundary conditions on the crack and connective

surfaces are

σ33 x1; 0ð Þ ¼ 0; E1 x1; 0
þð Þ ¼ Ec

1 x1; 0
�ð Þ; D3 x1; 0

þð Þ ¼ Dc
3 x1; 0

�ð Þ; 0 � x1j j < a

u3 x1; 0ð Þ ¼ 0; φ x1; 0ð Þ ¼ 0; a � x1j j < 1; σ31 x1; 0
þð Þ ¼ 0; 0 � x1j j < 1

(5.229a)

The boundary conditions on the edge x3 ¼ h are divided into two forms:

case 1: σ33 x1; hð Þ ¼ σh ¼ C0�
33

C0
33

σ0 � e033
E033

D0; σ13 x1; hð Þ ¼ 0; D3 x1; hð Þ ¼ D0

case 2: σ33 x1; hð Þ ¼ σh ¼ σ0 � e033E0e
βh; σ13 x1; hð Þ ¼ 0; E3 x1; hð Þ ¼ E0

(5.229b)

whereD0 andE0 are the external electric displacement and field, respectively, andσ0

is the stress at zero electric loading, C0�
33 ¼ C0

33 þ e033
� �2 E033


.

The single valued condition of the generalized displacements is

Z a

�a

ψ x1ð Þdx1 ¼ 0; ψ x1ð Þ ¼ d U3 x1; 0
þð Þ � U3 x1; 0

�ð Þ½ �=dx1; 0 � x1j j < a

(5.230)

where ψ x1ð Þ is the generalized dislocation density and on the connective surface

ψ ¼ 0.
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Ueda (2005) adopted the Fourier integral transform techniques to solve this

problem. Let

u1 x1; x3ð Þ ¼ 2

π

X6
j¼1

Z 1

0

ajAjðsÞesγjx3 sin sx1ð Þds

u3 x1; x3ð Þ ¼ 2

π

X6
j¼1

Z 1

0

AjðsÞesγjx3 cos sx1ð Þdsþ a0 1� e�βx3
� �

φ x1; x3ð Þ ¼ � 2

π

X6
j¼1

Z 1

0

bjAjðsÞesγjx3 cos sx1ð Þds� b0 1� e�βx3
� �

(5.231)

where AjðsÞ is undetermined function and a0; b0 are unknown constants; γjðsÞ; ajðsÞ;
bjðsÞ are known functions. γjðsÞ is the root of the following equation:

f3q3 þ g2p4ð Þγ6 þ f3q2 þ g2p3 þ f2q3 þ g1p4ð Þγ5 þ f3q1 þ g2p2 þ f2q2 þ g1p3ð
þf1q3 þ g0p4Þγ4 þ f3q0 þ g2p1 þ f2q1 þ g1p2 þ f1q2 þ g0p3 þ f0q3ð Þγ3
þ f2q0 þ g2p0ð þ f1q1 þ g1p1 þ f0q2þg0p2Þγ2 þ f1q0 þ g1p0 þ f0q1 þ g0p1ð Þγ
þ f0q0 þ g0p0ð Þ ¼ 0

(5.232)

For convenience let ReγjðsÞ < Reγjþ1ðsÞ; j ¼ 1� 5. ajðsÞ; bjðsÞ are determined by

ajðsÞ ¼
q3γ3j þ q2γ2j þ q1γj þ q0

g2γ
2
j þ g1γj þ g0

bjðsÞ ¼
C0
13 þ C0

44

� �
sγj þ C0

13β
� 	

aj þ C0
33sγ

2
j þ C0

33βγj � C0
44s

e033sγ
2
j þ e033βγj � e015s

(5.233)

where

f0 ¼ � e031e
0
15 þ C0

13E
0
11

� �
βs

f1 ¼ e031e
0
33 þ C0

13E
0
33

� �
β2 � e015 e015 þ e031

� �þ E011 C0
13 þ C0

44

� �� 	
s2

f2 ¼ E033 2C0
13 þ C0

44

� �þ e033 2e031 þ e015
� �� 	

βs

f3 ¼ E033 C0
13 þ C0

44

� �þ e033 e031 þ e015
� �� 	

s2

(5.234a)

p0 ¼ C0
44E

0
11 þ e0215

� �
s2; p1 ¼ � E033C

0
44 þ 2e033e

0
15 þ E011C

0
33

� �
βs

p2 ¼ e0233 þ C0
33E

0
33

� �
β2 � E033C

0
44 þ 2e033e

0
15 þ E011C

0
33

� �
s2

p3 ¼ 2 e0233 þ C0
33E

0
33

� �
βs; p4 ¼ e0233 þ C0

33E
0
33

� �
s2

(5.234b)

5.7 Functionally Graded Piezoelectric Material 261



g0 ¼ e015 e031e
0
33 þ C0

13E
0
33

� �
β2 þ C0

11 e015E
0
33 � e033E

0
11

� �
s2

g1 ¼ e015 E033 C0
13 þ C0

44

� �þ e033 e031 þ e015
� �� 	
 þ e031 þ e015

� �
e031e

0
33 þ C0

13E
0
33

� �
�C0

44 e015E
0
33 � e033E

0
11

� ��
βs

g2 ¼ e015 þ e031
� �

E033 C0
13 þ C0

44

� �þ e033 e031 þ e015
� �� 	�C0

44 e015E
0
33 � e033E

0
11

� ��
s2



(5.234c)

q0 ¼ e033 C0
44E

0
11 þ e0215

� �
βs

q1 ¼ �e015 e0233 þ C0
33E

0
33

� �
β2 þ E033C

0
44 þ e033e

0
15

� �� e015E
0
33 � e031E

0
11

� �
C0
13 þ C0

44

� �� 	
s2

q2 ¼ � e031 þ 2e015
� �

e0233 þ C0
33E

0
33

� �
βs; q3 ¼ � e031 þ e015

� �
e0233 þ C0

33E
0
33

� �
s2

(5.234d)

Let

φc x1; x3ð Þ ¼ 2

π

Z 1

0

BðsÞ sinh sx3ð Þ cos sx1ð Þds; �a < x1 < a (5.235)

where BðsÞ is undetermined function.

Using the dislocation density ψ x1ð Þ, σ33 x1; 0ð Þ ¼ 0; 0 � x1 < a, other boundary
conditions, and Eq. (5.235), finally we can get the following singular integral

equation:

1

π

Z a

�a

ψðtÞ 1

t� x1
þM1 t; x1ð Þ þM2 t; x1ð Þ

� �
dt ¼ σh

Z1
0

(5.236)

The expressions of M1ðt; x1Þ and M2ðt; x1Þ are omitted here.

Equations (5.236) and (5.231) form a singular integral equation system. Let

ψðtÞ ¼ σh Z1
0

� �
ΦðuÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� u2

p.
; u ¼ t a= (5.237)

Substitute Eq. (5.237) into (5.236) and then use the Gauss-Jacobi numerical

integral technique to solve the integral equation. The generalized stress intensity

factors are

KI ¼ lim
x!aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π x1 � að Þ

p
σ33 x1; 0ð Þ ¼ σ0

ffiffiffiffiffi
πa

p
Φð1Þ; KD ¼ Z1

3 Z1
0

� �
KI (5.238)

A lot of literatures studied the functional graded piezoelectric materials, such as

Zhou and Chen (2008), Chen et al. (2003), and Wang and Zhang (2004).
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Chapter 6

Electroelastic Wave

Abstract In this chapter the electroelastic wave in piezoelectric and pyroelectric

materials are discussed. In the electrically quasi-static approximation in an infinite

space, there are three independent elastic waves for the piezoelectric material, and

there is no independent electric wave. In the pyroelectric material a temperature

wave has happened. In the reflection and transmission of waves, the inhomoge-

neous wave theory is effective; a quasi-surface wave is revealed in the electrically

quasi-static approximation. In some particular cases the coupling between elastic

equation and Maxwell electrodynamics equation needs to be studied together, and

in these cases there are three elastic waves and two electric waves in the piezoelec-

tric material. Surface acoustic waves (SAW) are extensively used in engineering.

In order to improve performance of SAW devices, SAW devices may work in a

biasing state. In this chapter a small perturbation superposed on finite generalized

displacements is discussed in detail, and some surface waves under the biasing state

are studied. The inertial entropy theory is used to derive the governing equation of

the temperature wave with finite propagation velocity. The general dynamic

analyses of interface cracks are given shortly, and some wave scattering problems

from a crack tip are also discussed.

Keywords Electroelastic and temperature plane waves • Surface wave • Biasing

state • Wave scattering

6.1 Electroelastic Waves in Piezoelectric Materials

6.1.1 Fundamental Equations in Electroelastic Wave

The elastic waves in isotropic and anisotropic materials and electroelastic waves in

piezoelectric materials have been discussed in many literatures, such as Fischer

(1955), Auld (1973), Dieulesaint and Royer (1980), and Nayfen (1995). Except

Sect. 6.8 in this book, we discuss some linear problems in piezoelectric and

Z.-B. Kuang, Theory of Electroelasticity, DOI 10.1007/978-3-642-36291-0_6,
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pyroelectric materials under the condition of quasi-static electric field. In the linear

problem the Maxwell stress is not considered. The constitutive equations are shown

in Eq. (3.2), and the generalized momentum equation without generalized body

forces in terms of generalized displacements under electrically static condition is

Cijklul;kj þ ekijφ;kj ¼ ρ€ui; eiklul;ki � Eijφ;ji ¼ 0 (6.1)

Equation (6.1) gives the elastic wave equation. The electric displacement does

not have its own independent wave, but it propagates following the elastic waves

through the constitutive equation.

In this book we only discuss the plane wave, which can be expressed in two forms.

For the generalized displacements U ¼ ½u1; u2; u3; u4�T; u4 ¼ φ we have

Ui ¼ U0iFðkmxm � ωtÞ ¼ U0iF kðnmxm � ctÞ½ �; U0 ¼ ½u01; u02; u03; u04 ¼ φ0�T
Ui ¼ U0iF ωðLmxm � tÞ½ �; km ¼ knm; Lm ¼ nm c= ; ω ¼ kc

(6.2)

whereU0 is the wave polarization vector or the amplitude vector and the ratio of its

components represents the particle displacement direction, ω is the circular fre-

quency, c is the phase velocity, k is the wave vector, L is the slowness vector, and

FðyÞ is a certain function of y. For an ideal piezoelectric material, the energy is not

dissipative, so wave vector k ¼ kn, where k ¼ 2π λ= is the wave number, λ is the
wave length, n is the wave propagation direction Eq. (6.2) yields

€Ui ¼ U0iω
2F00; ul;jk ¼ u0lkjkkF

00; φ;jk ¼ φ0kjkkF
00; Ej ¼ �φ0kjF

0 (6.3)

where F0ðyÞ ¼ @F @y= . Substituting Eq. (6.3) into (6.1) yields the Christoffel

equation:

ρc2u0i ¼ Γilu0l þ e�i φ0; e�i u0i � E�φ0 ¼ 0

Γil ¼ Γli ¼ Cijklnjnk; e�i ¼ ekijnjnk; E� ¼ Ejknjnk
(6.4)

or

Λðk; cÞU0 ¼ 0; Λ ¼ Γil � ρc2δil e�i
e�l �E�

� �
(6.5)

In order for U0 to have nontrivial solution, Λ must satisfy the following secular

equation:

Λj j ¼ Γil � ρc2δil e�i
e�l �E�

����
����¼

Γ11 � ρc2 Γ12 Γ13 e�1
Γ21 Γ22 � ρc2 Γ23 e�2
Γ31 Γ32 Γ33 � ρc2 e�3
e�1 e�2 e�3 �E�

��������

��������¼ 0 (6.6)
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where Γ is symmetric and called Christoffel tensor. ρc2 is the eigenvalue, andU0 is

the corresponding eigenvector. Eliminating φ0 from Eq. (6.4) yields

ρc2u0i ¼ �Γilu0l; �Γil � ρc2δil
�� �� ¼ 0; �Γil ¼ Γil þ e�i e

�
l E�= (6.7)

From Eq. (6.7) it is known that ρc2 has three roots: ρc21; ρc
2
2; ρc

2
3. Corresponding to

each ρc2i there is an eigenvector u
ðiÞ
0 with one undetermined component. Sometimes

for convenience we let the undetermined component equal to 1 or adopt the

normalized eigenvector �u
ðiÞ
0 u

ðjÞ
0 ¼ I. Equation (6.7) yields

ρc2 ¼
�Γilu0iu0l
u0iu0i

¼
�Cijklnjnku0iu0l

u0iu0i
; �Cijkl ¼ Cijkl þ ðepijnpÞðeqklnqÞ

Ejknjnk
(6.8)

From Eq. (6.8) it is known that ρc2 is real, because

�Cijklnjnku0iu0l ¼ �Cijkl ðu0injþu0jniÞðu0inj�u0jniÞ
� � ðu0lnkþu0knlÞðu0lnk�u0knlÞ½ � 4=

¼ �Cijklðu0injþu0jniÞðu0lnkþu0knlÞ 4� 0=

Because ρc2 is real, there are three orthogonal plane waves. In general u
ðiÞ
0 is

not parallel or perpendicular to the wave propagation directionn. Thewaveu
ð1Þ
0 closest

to n is called the quasi-longitudinal wave, which has the largest phase velocity c1 ,

while the other two waves u
ð2Þ
0 ; u

ð3Þ
0 are located on the plane close to the plane

perpendicular to n and called the quasi-shear waves with slower velocity c2 and

c3 < c2.

6.1.2 Energy Propagation

According to Eqs. (1.57) and (1.58), the energy equation can be reduced to

d

dt

Z
V

At dV ¼ �
Z
a

Pjnj da; At ¼ Aþ K; Pj ¼ �σij _ui þ φ _Dj

A ¼ ð1 2= ÞCijklεijεkl þ ð1 2= ÞβijDiDj; K ¼ ð1 2= Þρ _ui _uiZ
a

Pjnj da ¼ �
Z
a

ðTi _ui þ φσÞda ¼
Z
a

ðσij _ui � φ _DjÞnj da
(6.9)

where At is the total energy density, _At is the rate of the total energy,
R
a Pjnjda

represents the rate of the traversing external energy through the boundary and P is

the Poynting vector. In Eq. (6.9) the heat flow is not considered. If A is expressed

with ε and E, Eq. (6.9) becomes
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d

dt

Z
V

At dV þ
Z
a

Pjnj da ¼ 0; Pj ¼ �σij _ui � Dj _φ

A ¼ ð1=2ÞCijklεijεkl þ ð1=2ÞEijEiEj; K ¼ ð1=2Þρ _ui _ui;
(6.10)

Define the energy transport velocity Ve as

Ve ¼ P gt= (6.11)

Equation (6.4) yields

ρc2u0iu0i ¼ Γilu0lu0i þ e�i φ0u0i ¼ Γilu0lu0i þ E�φ0φ0; e�i u0iφ0 � E�φ0φ0 ¼ 0

(6.12)

Equations (6.4), (6.10), and (6.12) yield

A ¼ 1 2=ð ÞðCijklu0iu0lnjnk þ Eijφ0φ0ninjÞ F02 c2
�� 	 ¼ 1 2=ð Þρu20iF02

K ¼ 1 2=ð Þρu20iF02; K þ A ¼ ρu20i F
02; u20i ¼ u0iu0i

2

Pi ¼ �σij _uj � Di _φ ¼ ðCijklu0ju0lnk þ Eijφ0φ0njÞ F02 c=
� 	 (6.13)

Substitution of Eq. (6.13) into Eq. (6.11) yields

Ve
i ¼ ðCijklu0ju0lnk þ Eijφ0φ0njÞ=ρu20mc; Ve

i ni ¼ c (6.14a)

For the normalized displacement vector ðu0mu0m ¼ 1Þ, Eq. (6.14a) becomes

Ve
i ¼ ðCijklu0ju0lnk þ Eijφ0φ0njÞ=ρc; Ve � n ¼ c (6.14b)

where Ve gives the energy transport direction, the direction of the acoustic ray. The

projection of Ve on n is equal to the phase velocity c, so Vej � cj .

6.1.3 Group Velocity

Usually for a monochromatic wave, Eq. (6.2) is written in a complex number form:

ui ¼ u0ie
iðk�x�ωtÞ ¼ u0ie

ikðn�x�ctÞ; φ ¼ φ0e
iðk�x�ωtÞ ¼ φ0e

ikðn�x�ctÞ (6.15)

A general plane wave is dealt with the superposition method. For a chromatic

dispersion wave, the wave velocity is dependent to the frequency, and the group

velocity is defined as

Vg
j ¼ @ω @kj

�
; kj ¼ knj (6.16)
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Multiplying Eq. (6.7) by k2 yields

ρðkcÞ2δil � Cijklknjknk þ ke�i ke
�
l E�=

� 	�� �� ¼ 0 (6.17)

It is found that the relation between c and nj; e
�
i

� 	
is identical with the relation

between ω ¼ kc and knj; ke
�
i

� 	
, so

Vg
j ¼ @ω @kj

� ¼ @ðkcÞ @ðknjÞ
� ¼ @c @nj

� ¼ Ve
i (6.18)

where Eq. (6.12) has been used. Therefore, the energy transport velocity is identical

with the group velocity for a non-dissipative plane wave, but for a dissipative plane

wave, they may be different.

6.1.4 Characteristic Surfaces

In the illustration of the phenomena of an electroelastic wave propagation, the

characteristic surfaces, including the velocity surface, slowness surface, and wave

surface, are very useful.

1. Velocity surface When the propagation direction is varied, the locus of the

ends of the phase velocity vector c ¼ cn forms a velocity surface. In a piezoelectric

material there are three different velocities, so there are three velocity surfaces.

2. Slowness surface The end of the slowness vector L ¼ n c= draws a slowness

surface. L is parallel to c and Lc ¼ 1; L ¼ Lj j. The slowness surface is important in

dealing with reflection and transmission problem in crystals due to similarity with

the index surface in optics. The energy transport velocity is always perpendicular to

the slowness surface (Fig. 6.1a). In fact we have

@Li
@nk

¼ @ðni c= Þ
@nk

¼ δik
c
� ni
c2

@c

@nk

Ve � @L
@nk

¼ Ve
i

@Li
@nk

¼ 1

c
Ve
k �

Ve
i ni
c

@c

@nk


 �
¼ 1

c
Ve
k �

@c

@nk


 �
¼ 0

(6.19)

Fig. 6.1 (a) Energy velocity is orthogonal to slowness surface. (b) Wave surface and propagation

direction
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3.Wave surface The wave surface is the locus of the ends of the energy transport
velocity. The propagation direction of a plane wave is perpendicular to the wave

surface (Fig. 6.1b). In fact according to Eqs. (6.14b) and (6.19) from Ve � L ¼ 1;
Ve � dL ¼ 0, it can be derived as

L � dVe ¼ 0; or n � dVe ¼ 0 (6.20)

6.1.5 Reflection and Transmission of the Plane Wave
in Piezoelectric Materials

In order to save the size of this chapter, the wave propagation in an infinite space

and the reflection and transmission problem of the plane wave in piezoelectric

materials will be discussed with the thermo-electro-elastic wave in pyroelectric

materials together.

6.2 Surface Wave

6.2.1 Surface Waves in Structures

Surface waves have been studied a long time (Gulyaev 1969; Auld 1973;

Dieulesaint and Royer 1980; Nayfen 1995). Surface acoustic waves (SAW) includ-

ing Rayleigh wave, Love wave, Lamb wave, and B-G wave are extensively used in

transducers, actuators, filters, delay lines, oscillators, signal processing, acoustic

imaging, mobile communication, nondestructive evaluation, biomedical ultra-

sound, and flow noise. Surface acoustic wave device includes a piezoelectric

substrate, at least one interdigital transducer (IDT) disposed on the piezoelectric

substrate, an input end and an output end connected to the IDT. The energy of the

surface acoustic wave is mainly concentrated near the surface.

1. Semi-infinite media In 1885 Rayleigh found a surface wave at the surface of a
semi-infinite medium, which is called Rayleigh wave. Rayleigh wave is a complex

wave and attenuates along the normal direction of the surface. Its penetration depth

is 2λ. In the isotropic media it is constituted of a longitudinal wave (L-wave) and a

shear wave (S-wave) with π 2= phase shift. The transverse surface wave with

polarization parallel to the surface cannot happen in an elastic media, but it can

happen in a semi-infinite piezoelectric material and called B-G wave (Bleustein

1968; Biryukov et al. 1995), whose penetration depth is about 100λ larger than that

in Rayleigh wave.

2. Bi-semi-infinite media In a bi-semi-infinite medium, Rayleigh wave can

propagate on both sides of the interface and this surface wave is called Stoneley

wave.
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3. Infinite plate For a plate bounded by two parallel infinite planes, when the plate
thickness is of the order of thewave length, one gets Lambwaves. Lambwave possesses

longitudinal and shear components, so it can be either symmetric or antisymmetric.

4. Layer structures Typically a layer structure is constituted of two or multiple

layers of different materials, especially thin films deposited on a thick substrate.

When the shear wave velocity of the film is larger than that in the substrate, the

Love transverse shear surface wave will be happened.

6.2.2 General Procedure for Solving Surface Wave Problem

Let coordinates oxi with its origin be at the free surface in a semi-infinite space.

A surface wave propagates in ðx1; x2Þ plane; x1 is perpendicular to the free surface

(Fig. 6.2). The generalized displacements decrease exponentially in directionx1, i.e.,

ui ¼ u0ie
�kbx1eikðx2n2þx3n3�ctÞ; φ ¼ φ0e

�kbx1eikðx2n2þx3n3�ctÞ (6.21)

where b > 0 is the unknown attenuated coefficient. Equation (6.21) can also be

written as

ui ¼ u0ie
ikðxjnj�ctÞ; φ ¼ φ0e

ikðxjnj�ctÞ; b ¼ �in1; Im n1 > 0; j ¼ 1; 2; 3

(6.22)

where n1 is not the directional cosine, but an unknown related to the attenuated

coefficient.

Substituting Eq. (6.22) into Eq. (6.1) yields Eq. (6.4) and the corresponding eigen-

equation (6.6), but in the surface wave case, c and n1 are unknown. Usually let c be a
parameter and solven1 from the eigen-equation. Because the eigen-equation is an eight-

order algebraic equationwith real coefficients,n1 has 4 pairs of complex roots. But there

are 4 roots appropriate because Im n1 > 0 is required. Corresponding 4 eigenvalues

n
ðrÞ
1 ; r ¼ 1; 2; 3; 4, there are 4 group eigenvectors u

ðrÞ
0i ;φ

ðrÞ
0 . The general solution is

ui ¼
X4
r¼1

Aru
ðrÞ
0i e

ik xjnj�ctð Þ; φ ¼
X4
r¼1

Arφ
ðrÞ
0 eik xjnj�ctð Þ; j ¼ 1; 2; 3

ui ¼
X4
r¼1

Aru
ðrÞ
0i e

�kbrx1eikðx2n2þx3n3�ctÞ; φ ¼
X4
r¼1

Arφ
ðrÞ
0 e�kbrx1eikðx2n2þx3n3�ctÞ

(6.23)

Fig. 6.2 Surface wave

propagating in x1x2 plane

6.2 Surface Wave 271



Unknowns c and Ar in Eq. (6.23) are determined by the boundary conditions on the

free surface. The boundary conditions on a free surface is

σi1 ¼ Ci1kluk;l þ eki1φ;k ¼
X4
r¼1

Arσ
ðrÞ
i1 e

ikðx2n2þx3n3�ctÞ ¼ 0; when x1 ¼ 0

σðrÞi1 ¼ �ik Ci1klnku
ðrÞ
0l þ eki1nkφ

ðrÞ
0

�  (6.24)

Let the environment of the piezoelectric material be air. In air r2φc ¼ 0, we can

assume

φc ¼ φc
0e

ikðxjnj�ctÞ; Dc
1 ¼ �ikE0φc

0e
ikðxjnj�ctÞ x1 � 0; j ¼ 1; 2; 3

φc ¼ φc
0e

ikðx2n2þx3n3�ctÞ; Dc
1 ¼ �ikE0φc

0e
ikðx2n2þx3n3�ctÞ; x1 ¼ 0 n1 ¼ 1ð Þ

(6.25)

There are two kinds of the electric boundary conditions:

Electrically open case : φ ¼ φc; D1 ¼ Dc
1; when x1 ¼ 0 (6.26a)

Electrically shorted case : φc ¼ 0; when x1 ¼ 0 (6.26b)

Combining Eqs. (6.24) and (6.26a) or (6.26b), five homogeneous equations with

five unknowns Ar;φc
0 are obtained. In order for Ar;φc

0 to have nontrivial solutions,

the determinant of coefficients before them must be zero. From this condition the

wave velocity c and Ar;φc
0 are obtained. Usually only one c can satisfy condition

Imn1 > 0.

The coupling coefficient ke is defined as (Laurent et al. 2000)

k2e ¼ U2
me UmUe= ¼ 2ðcf � csÞ cfð1þ Ec=EÞ= � 2ðcf � csÞ cf= (6.27)

where cf is the wave velocity under electrically open case and cs is the wave velocity
under electrically shorted case. Ume;Um;Ue are the mutual electromechanical

coupling energy, mechanical energy, and electric energy, respectively.

6.2.3 Surface Waves in a Semi-infinite Piezoelectric Material

Equation (6.23) has three displacement waves and an electric potential. It is a

general 3D piezoelectric Rayleigh wave denoted by �R3 . In the material principle

coordinate system, the number of the independent material constants will be

obviously reduced by crystal symmetry. So the following simpler surface waves

will happen:

1. Γ13 ¼ Γ23 ¼ e�1 ¼ e�2 ¼ 0, and Eq. (6.4) or (6.6) splits to the following two

equations:

272 6 Electroelastic Wave



Γ11 � ρc2 Γ12

Γ21 Γ22 � ρc2

� �
u01

u02

( )
¼ 0;

Γ33 � ρc2 e�3
e�3 �E�

� �
u03

φ0

( )
¼ 0 (6.28)

where the first equation represents the pure 2D elastic Rayleigh wave denoted byR2

and the second equation represents the transverse piezoelectric wave denoted by

B-G wave. According to Γ13 ¼ Γ23 ¼ e�1 ¼ e�2 ¼ 0, some relations between mate-

rial constants can be derived.

2. Γ13 ¼ Γ23 ¼ e�3 ¼ 0 , and Eq. (6.4) or (6.6) splits to the following two

equations:

ðΓ33 � ρc2Þu03 ¼ 0;
Γ11 � ρc2 Γ12 e�1
Γ21 Γ22 � ρc2 e�2
e�1 e�2 �E�

2
4

3
5 u01

u02

φ0

8><
>:

9>=
>; ¼ 0 (6.29)

where the first equation represents the pure elastic transverse shear wave and the

second equation represents the 2D piezoelectric Rayleigh wave denoted by �R2 .

According to Γ13 ¼ Γ23 ¼ e�3 ¼ 0, some relations between material constants can

be derived.

Li et al. (2005b) and Li et al. (2005a) adopted the modified Mindlin (1968)

polarization gradient theory to discuss the surface wave and showed that the gradient

effect can make the surface wave dispersive which is different with the classical

linear theory. This phenomenon may be meaningful in high-frequency short surface

wave. In the later sections we mainly discuss the surface wave with initial stress or

biasing electric field and a few problems about wave scattering from a crack.

6.3 Fundamental Theory of Layered Structure

with Generalized Biasing Stresses

6.3.1 A Small Perturbation Superposed on Finite
Generalized Displacements

In order to improve performance or select the most suitable operating conditions of

SAW devices, such as selectivity of filters, stability of oscillators, and temperature

compensation, the generalized biasing displacements or stresses are applied to the

SAW devices to establish a biasing state. At the same time because of the material

behaviors between the layer and substrate are different, the initial stresses and initial

strains in the layer are produced unavoidably during manufacture process. Sometimes

the initial stress is great with the magnitude of 1 GPa. The presence of initial stress

causes changes in the speed of surface acoustic wave, frequency shift, controlling the

selectivity of a filter and temperature compensation of devices, etc. A middle layer in

the multilayered structure can be used to adjust the range of phase velocity of SAW

and to improve its property (Khuri-Yakub and Kino 1974; Assour et al. 2000).
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The biasing stress and electric fields usually are large and assumed known, but

the external signal or perturbation is small. So the problem is a small perturbation

superposed on finite generalized displacements (Tiersten 1978; Sinha et al. 1985;

Su et al. 2005). The fundamental theory of finite deformation can be seen in many

books (Ogden 1984; Kuang 2002). Some fundamental formulas can be found in

Sect. 1.3.4. Take the natural configuration without generalized stress as the refer-

ence configuration. In this theoretical part the notations shown in Sect. 1.3.4 are

adopted. The same coordinate system in the current and initial configurations is

taken, i.e.,xI ¼ xi, so that for the case without differential symbol, we have�σIJ ¼ �σij,
but the differentiation with the capital or small letter subscript is different. Let

�σ0;�ε0; �D0
; �E

0
; u0;φ0; �f

0
; �T

0
; �ρ0e ; �σ

�0 be variables in the biasing state. The small

perturbation variables in the reference configuration are denoted with �σ;�ε; �D; �E;
u;φ; �f ; �T; �ρe; �σ

� (Fig. 6.3), where �σ is the Kirchhoff stress and �ε is the Green strain.
The current total variables described in the reference configuration are

Generalized geometric equation : �εtKL ¼ 1 2=ð Þ utK;L þ utL;K þ utM;Ku
t
M;L

� 
; �Et

I ¼ �φt
;I

(6.30)

Generalized motion equation : �σtKMδlM þ �σtKMu
t
l;M

� 
;K
þ �f tl ¼ �ρ€utl; �Dt

I;I ¼ �ρte

(6.31)

Boundary conditions : xl;M�σ
t
KM�n

t
K ¼ �T�t

l ;
�Dt
K�n

t
K ¼ ��σ�t; or uti ¼ ut�i ; φt ¼ φt�

(6.32)

where

�σt ¼ �σ0 þ �σ; �D
t ¼ �D

0 þ �D; ut ¼ u0 þ u; x ¼ X þ ut; x0 ¼ X þ u0

�f
t ¼ �f

0 þ �f ; �T
t ¼ �T

0 þ �T; �ρte ¼ �ρ0e þ �ρe; �σ�t ¼ �σ�0 þ �σ�; φt ¼ φ0 þ φ

(6.33)

Fig. 6.3 Different configurations in finite deformation
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Because the biasing state is an equilibrium state, so

ð�σ0KMδlM þ �σ0KMu
0
l;MÞ;K þ �f 0l ¼ 0; �D0

I;I ¼ �ρ0e

δlM þ u0l;M

� 
�σ0KM�n

0
K ¼ �T�0

l ; �D0
K�n

0
K ¼ ��σ�0

(6.34)

Subtracting the first equation in Eq. (6.34) from Eq. (6.31) and ignoring small terms

in high order, such as um;Kum;L, we find

�σKMδlM þ �σKMu
0
l;M þ �σ0KMul;M

� 
;K
þ �f l ¼ ρ0€ul; �DK;K ¼ �ρe (6.35)

Subtracting the second equation in Eq. (6.34) from Eq. (6.32) yields

�σKl þ �σ0KMul;M þ u0l;M�σKM
� 

�ntK þ �ntK � �n0K
� 	

�σ0Kl þ �σ0KMu
0
l;M

� 
¼ �Tl

�DK�n
t
K þ �D0

K �ntK � �n0K
� 	 ¼ ��σ�

(6.36)

From Eq. (1.45) we can derive

�n0K ¼ @XI @x0j

.��� ��� @x0i @XK=
� 	

nida d�a0
�

; �ntK ¼ @XI @xj
��� �� @xi @XK=ð Þnida d�at=

The change of the normal of the boundary can only be obtained after solving the

problem. But usually the difference between �ntk and �n0k is small and let �ntk ¼ �n0k to
simplify the boundary conditions.

Sometimes the three-order coefficients in the constitutive equation are needed. Let

�σtIJ ¼ CIJKL�ε
t
KL þ 1 2=ð ÞCIJKLMN�ε

t
KL�ε

t
MN � eMIJ

�Et
M � eMIJKL�ε

t
KL

�Et
M � 1 2=ð ÞlMNIJ

�Et
M
�Et
N

�Dt
M ¼ EMN

�Et
N þ 1 2=ð ÞEMNJ

�Et
N
�Et
J þ eMIJ�ε

t
IJ þ 1 2=ð ÞeMIJKL�ε

t
IJ�ε

t
KL þ lMNIJ�ε

t
IJ
�Et
N

(6.37)

Similarly for the biasing state, we have

�σ0IJ ¼ CIJKL�ε
0
KL þ 1 2=ð ÞCIJKLMN�ε

0
KL�ε

0
MN � eMIJ

�E0
M � eMIJKL�ε

0
KL

�E0
M � 1 2=ð ÞlMNIJ

�E0
M
�E0
N

�D0
M ¼ EMN

�E0
N þ 1 2=ð ÞEMNJ

�E0
N
�E0
J þ eMIJ�ε

0
IJ þ 1 2=ð ÞeMIJKL�ε

0
IJ�ε

0
KL þ lMNIJ�ε

0
IJ
�E0
N

(6.38)

Subtracting Eq. (6.38) from (6.37) and neglecting the small terms in higher order,

such as uM;KuM;L; u
0
P;Nu

0
K;MuK;L, then we get the results that are expressed in terms of

generalized displacements:

�σIJ ¼ ĈIJKLuK;L þ êMIJφ;M; �DK ¼ e�KIJuI;J � E�KNφ;N (6.39)
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where

ĈIJKL ¼ CIJKL þ CIJMLu
0
K;M þ CIJKLMNu

0
K;L þ eMIJKLφ

0
;M

êMIJ ¼ eMIJ þ eMIJKLu
0
K;L � lMNIJφ

0
;N

e�MIJ ¼ eMIJ þ eMNJu
0
I;N þ eMIJKLu

0
K;L � lMNIJφ

0
;N

E�MN ¼ EMN � EMNJφ
0
;J þ lMNIJu

0
I;J

(6.40)

Substitution of Eq. (6.39) into Eqs. (6.35) and (6.36) finally yields

�σ�Kl þ �σ0KMul;M
� 	

;K
þ �f l ¼ ρ0€ul; �DK;K ¼ �ρe

σ�Kl þ σ0KMul;M
� 	

nK ¼ �T�
l ;

�DKnK ¼ ��σ�
(6.41)

where C�
KlPJ; e

�
KPJ , etc. are effective material constants and

�σ�Kl ¼ �σKM δlM þ u0l;M

� 
¼ C�

KlPJuP;J;
�DK ¼ e�KPJuP;J; P ¼ 1; 2; 3; 4

C�
KlIJ ¼ ĈKMIJ δlM þ u0l;M

� 
; C�

Kl4J ¼ êJKM δlM þ u0l;M

� 
; u4;J ¼ φ;J

�DK ¼ e�KPJuP;J; e�KIJ ¼ e�KIJ; e�K4J ¼ �E�KN

(6.42)

where the capital letter subscriptP takes the value 1, 2, 3, 4. Equation (6.41) can also
be rewritten as

C��
KlIJuI;J þ e��NKlφ;N

� 	
;K
þ �f l ¼ ρ0€ul; e�KIJuI;J � E�KNφ;N

� 	
;K

¼ ρe

C��
KlIJuI;J þ e��NKlφ;N

� 	
�ntK ¼ �Tj; e�KIJuI;J � E�KNφ;N

� 	
�ntK ¼ ��σ�

C��
KlIJ ¼ C�

KlIJ þ �σ0KJδIl; e��NKl ¼ êNKM δlM þ u0l;M

� 
� e�NKl

(6.43)

When u;φ are solved, �σ; �D is obtained; then from Eq. (1.45) the generalized Cauchy

stresses σ;D can be obtained.

6.3.2 Simplifications of the Governing Equations for Some
Cases

1. Initial stress configuration taken as reference configuration If we use the

configuration with initial stress as the reference configuration, then u0;φ0 are not

needed or let u0 ¼ 0;φ0 ¼ 0 and �σ�Kl ¼ �σKM ¼ σkl; �DK ¼ Dk, so formulas are much

simpler. But the material coefficients must take the “tangent modulus,” or the

constitutive equations are measured at the state with given generalized biasing
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displacements and stresses. The total generalized stress and displacements are the

sum of the initial values and the perturbation values.

2. Small initial generalized displacements If the initial generalized displace-

ments and stresses are also small, i.e.,u0 þ u;φ0 þ φ are small compared with 1, the

terms containing them can be neglected, so all generalized stress �σ� ¼ σ; �D ¼ D.

6.4 Love Wave in ZnO/SiO2/Si Structure with Initial Stresses

6.4.1 Transfer Matrix Method

Figure 6.4 shows a three-layer structure constituted of the substrate Si, the first layer

SiO2 of thickness h1 and the second layer ZnO of thickness h2 and h1 þ h2 ¼ h. The
origin of the global coordinate system is located at interface of the substrate and

first layer. The top surface of the layer x1 ¼ �h is free of stress and the environment

is air. Experiments show that the distribution of initial stresses along the depth x1 in
the layers is shown in Fig. 6.4. The thickness of the substrate is much larger than

that of layers and can be treated as a half-space. The initial stresses in the substrate

are negligible. In order to obtain more exact solution, the first layer is further

divided into 1 � m sublayers, and the second layer is divided into mþ 1 � N
sublayers. The substrate is denoted by layer 0 and the air is denoted by layer N þ 1

(Fig. 6.5).

For a multilayer structure the transfer matrix method is a useful technique

(Thomson 1950; Stewart and Yong 1994; Liu et al. 2003b; Su et al. 2005).

The basis of the transfer matrix method is that for any sublayer k to establish, a

transfer matrix maps the generalized stresses and displacements from its lower

surface to upper surface. Successive application of the transfer method through

sublayer 0 to N þ 1 and invoking corresponding interface continuity conditions

leads to a set of equations relating to the boundary conditions on the free surface.

Combining the conditions at infinity, we can get enough equations to solve

Fig. 6.4 Three-layer

structure
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the problem. The state space approach with appropriate selected variables is a

convenient method to establish the transfer matrix. Here ui;φ; σi1;D1 are used as

state variables. For convenience in the following part, the subscripts all adopt the

small letters except the capital letter P which takes the value 1, 2, 3, 4. It is noted

that in this part the differentiation with a small letter is still considered in the

reference configuration. According to the first equation in Eq. (6.41), in each

sublayer we have

�σ�i1;1 ¼ ρ0€ui � �σ�i2;2 � �σ�i3;3 � �σ0jkui;jk � �σ0jk;jui;k (6.44)

Assuming the incident wave is located in the plane x2x3 , the solution of the

generalized displacement UP ðP ¼ 1; 2; 3; 4Þ is

UP ¼ APðx1Þ exp iðk2x2 þ k3x3 � ωtÞ½ � ¼ APðx1Þ exp iðkαxα � ωtÞ½ �; α ¼ 2; 3

(6.45)

Substitution of Eqs. (6.45) and (6.42) into Eq. (6.44) yields

�σ�i1;1 ¼ �ρ0ω2Ai � ikβ C�
iβP1AP;1 þ ikγC

�
iβPγAP

� n
� �σ011Ai;11 � 2ikγ�σ

0
1γAi;1

þ kβkγ�σ
0
βγAi � �σ0j1;jAi;1�ikβ�σ

0
jβ;jAi

o
exp iðkαxα � ωtÞ½ � ð6:46Þ

Usually �σ011; �σ
0
12; �σ

0
13 are small and can be dropped. Let

�σ�ij ¼ σ̂ijðx1Þ exp iðkαxα � ωtÞ½ �; �Di ¼ Tiþ6ðx1Þ exp iðkαxα � ωtÞ½ � (6.47)

Fig. 6.5 Layered structure

divided into N sublayers
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Equation (6.46) can be rewritten as

σ̂i1;1 þ ikβC
�
iβP1AP;1 þ �σ0j1;jAi;1 ¼ �ρ0ω2 þ kβkγ�σ

0
βγ � ikβ�σ

0
jβ;j

� 
Ai þ kβkγC

�
iβPγAP

(6.48a)

The second equation in Eq. (6.41) and Eq. (6.42) can also be expressed as

T7;1 þ ikβe
�
βp1AP;1 ¼ kβkγe

�
βpγAP

C�
1jP1AP;1 ¼ σ̂j1 � ikβC

�
1jPβAP; e�1P1AP;1 ¼ T7 � ikβe

�
1PβAP

(6.48b)

Introduce (in Voigt notation)

σn ¼ Tnðx1Þ exp iðkαxα � ωtÞ½ �; n ¼ 1; 2; . . . ; 6 (6.49)

where σnðn ¼ 1; 2; . . . ; 6Þ represents σ11; σ22; σ33; σ32; σ31; σ12, respectively, and let

σ̂i1 ¼ T1, σ̂i2 ¼ T6, and σ̂i3 ¼ T5. Introduce an eight-dimensional vector vm:

vmðx1Þ ¼ A1m;A2m;A3m;A4m; T1m; T6m; T5m; T7m½ �T (6.50)

where A1m;A2m;A3m are the amplitudes of u1; u2; u3 , respectively; A4m is the

amplitude of φ; T1m; T6m; T5m are the amplitudes of σ11; σ21; σ31, respectively; and
T7m is the amplitude of D1. Using Eqs. (6.48a) and (6.48b) for any sublayer k, the
eight-dimensional state equation with unknown vector vm is

Bmðx1Þ d

dx1
� Fmðx1Þ

� �
vmðx1Þ ¼ 0; or

d

dx1
� B�1

m ðx1ÞFmðx1Þ
� �

vmðx1Þ ¼ 0

(6.51)

where B�1
m ðx1ÞFmðx1Þ is the state matrix of the sublayer k and

Bm ¼

Bmð11Þ ikβC
�
1β21 ikβC

�
1β31 ikβC

�
1β41 1 0 0 0

ikβC
�
2β11 Bmð22Þ ikβC

�
2β31 ikβC

�
2β41 0 1 0 0

ikβC
�
3β11 ikβC

�
3β21 Bmð33Þ ikβC

�
3β41 0 0 1 0

ikβe
�
β11 ikβe

�
β21 ikβe

�
β31 ikβe

�
β41 0 0 0 1

C�
1111 C�

1121 C�
1131 C�

1141 0 0 0 0

C�
1211 C�

1221 C�
1231 C�

1241 0 0 0 0

C�
1311 C�

1321 C�
1331 C�

1341 0 0 0 0

e�111 e�121 e�131 e�141 0 0 0 0

2
66666666666664

3
77777777777775

Bmð11Þ ¼ σ0j1;j þ ikβc
�
1β11; Bmð22Þ ¼ σ0j1;j þ ikβc

�
2β21; Bmð33Þ ¼ σ0j1;j þ ikβc

�
3β31

(6.52)
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and

Fm ¼

Fmð11Þ kβkγC
�
1β2γ kβkγC

�
132γ kβkγC

�
1β4γ 0 0 0 0

kβkγC
�
2β1γ Fmð22Þ kβkγC

�
2β3γ kβkγC

�
2β4γ 0 0 0 0

kβkγC
�
3β1γ kβkγC

�
3β2γ Fmð33Þ kβkγC

�
3β4γ 0 0 0 0

kβkγe
�
β1γ kβkγe

�
β2γ kβkγe

�
β3γ kβkγe

�
β4γ 0 0 0 0

�ikβC
�
111β �ikβC

�
112β �ikβC

�
113β �ikβC

�
114β 1 0 0 0

�ikβC
�
121β �ikβC

�
122β �ikβC

�
123β �ikβC

�
124β 0 1 0 0

�ikβC
�
131β �ikβC

�
132β �ikβC

�
133β �ikβC

�
134β 0 0 1 0

�ikβe
�
11β �ikβe

�
12β �ikβe

�
13β �ikβe

�
14β 0 0 0 1

2
66666666666664

3
77777777777775

Fmð11Þ ¼ �ρ0ω2 þ kβkγσ
0
βγ � ikβσ

0
jβ;j þ kβkγc

�
1β1γ

Fmð22Þ ¼ �ρ0ω2 þ kβkγσ
0
βγ � ikβσ

0
jβ;j þ kβkγc

�
2β2γ

Fmð33Þ ¼ �ρ0ω2 þ kβkγσ
0
βγ � ikβσ

0
jβ;j þ kβkγc

�
3β3γ

(6.53)

The solution of Eq. (6.51) is

vmðx1Þ ¼ QmRmam; Rm ¼ diag exp ðb1mx1Þ; exp ðb2mx1Þ; . . . ; expðb8mx1Þ½ �
Qm ¼ ½h1m; h2m; . . . ; h8m�; am ¼ ½a1m; a2m; . . . ; a8m�T

(6.54)

where bjm and hjm are the eigenvalue and eigenvector of the state matrix,

respectively, and ajm is an undetermined constant in the sublayerm. The generalized
stresses and displacements at the bottom of the structure can be related to those at its

top through the transfer matrix Pmðx1m � dm; x1mÞ:

vmðx1m � dmÞ ¼ Pmðx1m � dm; x1mÞvmðx1mÞ (6.55)

Equations (6.54) and (6.55) yield

Pmðx1m � dm; x1mÞ ¼ QmRmð�dmÞQ�1
m (6.56)

where x1m is the coordinate at the bottom surface of the sublayer m and dm is its

thickness. Using the basic relations of the transfer matrix, it is found

P x01; x1ð Þ ¼ P x01; x
00
1

� 	
P x001 ; x1
� 	

(6.57)

This leads to

Pð�h; 0Þ ¼
YN
m¼1

Pmðx1m � dm; x1mÞ; vNð�hÞ ¼ Pð�h; 0Þ v0ð0Þ (6.58)

where vNð�hÞ and v1ð0Þ are the state vectors at the upper and lower surfaces of the
structure, respectively.
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6.4.2 Love Wave in Zno/SiO2/Si Structure with Initial Stress

Figure 6.4 shows a ZnO SiO2 Si== multilayer structure. SiO2 and Si are isotropic

elastic materials, and ZnO is a transverse isotropic piezoelectric material with

poling direction along x3 . In a transversely isotropic piezoelectric material, the

number of material constants is only ten: C11 ¼ C22;C12;C13 ¼ C23;C33;C44 ¼ C55;
C66 ¼ ðC11 � C12Þ 2= , e31 ¼ e32; e15 ¼ e24; e33, E11 ¼ E22; E33 Let the biasing stresses
be σ033ðx1Þ and σ022ðx1Þ . Other stress components and the biasing potential φ0 is

assumed to be zero. Love wave is a transverse shear wave, so only u3ðx1; x2; tÞ and
φðx1; x2; tÞ are not zero. Let Love wave propagate along the positive direction of x2,
so only k2 ¼ k is not zero. In this case Eqs. (6.50), (6.52), and (6.53) are simplified to

vmðx3Þ ¼ ½A3m;A4m; T5m; T7m�T

Bm ¼

ikC�
45 ike�14 1 0

ike�25 �ik E�21 0 1

C�
55 e�15 0 0

e�15 �E�11 0 0

2
6664

3
7775; Fm ¼

�ρ0ω2 þ C�
44 þ σ022

� 	
k2 e�24k

2 0 0

e�24k
2 �E�22k

2 0 0

�ikC�
54 �ike�25 1 0

�ike�14 ik E�12 0 1

2
6664

3
7775

(6.59)

where effective material constants can be calculated from Eq. (6.42). For ZnO and

SiO2, C45 ¼ C54 ¼ e14 ¼ e25 ¼ E2 ¼ E1 ¼ 0, so for small initial stresses it yields

Bm ¼
0 0 1 0

0 0 0 1

C�
55 e�15 0 0

e�15 �E�11 0 0

2
664

3
775; Fm ¼

�ρ0ω2 þ C�
44 þ σ022

� 	
k2 e�24k

2 0 0

e�24k
2 �E�22k

2 0 0

0 0 1 0

0 0 0 1

2
664

3
775

(6.60)

For the 6mm -type ceramics C44 ¼ C55; e15 ¼ e24; E11 ¼ E22 , so the differences

between c�44 and c�55, e
�
15 and e�24, and E�11 and E�22 can be neglected. In this case the

eigenvalues of B�1
m ðx1ÞFmðx1Þ are obtained as

b1m;2m ¼ 	k; b3m;4m ¼ 	kqm; qm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ρc2 � σ022

� 	
�C55

�� �q
�C55 ¼ C�

55 þ e�15
� 	2

=E�11; c ¼ ω k= ð6:61Þ

where c is the phase velocity. Correspondingly the eigenvector matrix Q
m
is

Q
m
¼

0 0 1 1

1 1 e�15 E�11
�

e�15 E�11
�

e�15k �e�15k �C55qmk � �C55qmk
�E�11k E�11k 0 0

2
664

3
775 (6.62)
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Substitution of Eqs. (6.61) and (6.62) into Eq. (6.54) yields

vmðx1Þ ¼
0 0 1 1

1 1 e�15 E�11
�

e�15 E�11
�

e�15k �e�15k �C55qmk � �C55qmk
�E�11k E�11k 0 0

2
664

3
775



ekx1m 0 0 0

0 e�kx1m 0 0

0 0 ekqmx1m 0

0 0 0 e�kqmx1m

2
664

3
775

a1m

a2m

a3m

a4m

8>>><
>>>:

9>>>=
>>>; (6.63)

According to Eq. (6.56) the transfer matrix of the sublayer m is

Pmðx1m � dm; x1mÞ

¼

coshðkqmdmÞ 0 � sinh ðkqmdmÞ
�C55qmk

� e�15 sinh ðkqmdmÞ
�C55E�11qmk

Pð21Þ cosh ðkdmÞ � e�15 sinh ðkqmdmÞ
�C55E�11qmk

Pð24Þ
Pð31Þ �e�15k sinh ðkdmÞ coshðkqmdmÞ Pð34Þ

�e�15k sinhðkdmÞ E�11k sinhðkdmÞ 0 cosh ðkdmÞ

2
666666664

3
777777775

Pð21Þ ¼ e�15
E�11

cosh ðkqmdmÞ � cosh ðkdmÞ½ �; Pð24Þ ¼ sinh ðkdmÞ
E�11k

� e�215 sinh ðkqmdmÞ
�C55E�211qmk

Pð31Þ ¼ � �C55qmk sinhðkqmdmÞ þ e�215 sinhðkdmÞ E�11
�

Pð34Þ ¼ � e�15 E�11
�� 	

cosh ðkdmÞ þ e�15 E�11
�� 	

cosh ðkqmdmÞ
(6.64)

Because the Love wave is confined to layers and near the substrate surface, the

generalized displacements are attenuated in the substrate. In the substrate we have

v0ðx1Þ ¼ Q0 0; a20e
b20x1 ; 0; a40e

b40x1
� �T

(6.65)

Q0 can be obtained by substituting material constants of the substrate into

Eq. (6.62). At x1 ¼ 0 we have

v0ðx1Þ ¼ Q0½0; a20; 0; a40�T (6.66)

The electric potential φNþ1 and the electric displacement D1 Nþ1ð Þ in the air

x1 < �h can be expressed as

φNþ1ðx1; tÞ ¼ aNþ1 expðkx1Þ exp iðkαxα � ωtÞ½ �; D1 Nþ1ð Þ ¼ �E0φNþ1;1 (6.67)

where E0 is the permittivity of air and aNþ1 is an undetermined constant.

282 6 Electroelastic Wave



The mechanical boundary conditions are

σ13 ¼ 0; at x1 ¼ �h

σþ13 ¼ σ�13; uþ3 ¼ u�3 ; at x1 ¼ 0
(6.68)

The electric boundary conditions between air and ZnO are divided into two kinds:

electrically open and electrically shorted, i.e.,

φN ¼ φNþ1; D1 ðNÞ ¼ D1 ðNþ1Þ; at x1 ¼ �h ðelectrically openÞ
φN ¼ 0; at x1 ¼ �h ðelectrically shortedÞ (6.69)

The electric boundary conditions between the substrate and SiO2 are

Dþ
1 ¼ D�

1 ; φþ ¼ φ�; at x1 ¼ 0 (6.70)

The continuity condition at x1 ¼ 0 expressed by the state vector vðx1Þ is

v0ðx1Þ ¼ v1ðx1Þ; at x1 ¼ 0 (6.71)

From Eqs. (6.58), (6.66), and (6.71), the continuity condition of vðx1Þ at x1 ¼ �h is

vNð�hÞ ¼ Pð�h; 0Þv0ð0Þ ¼ M 0; a20; 0; a40½ �T; M ¼
YN
m¼1

Pmðx1m � dm; x1mÞQ0

(6.72)

According to the boundary conditions at x1 ¼ �h; u3ðNþ1Þ or u3air is not needed,

from the electrically open case we get

A4N

T5N

T7N

8><
>:

9>=
>; ¼

M22 M23 M24

M32 M33 M34

M42 M43 M44

2
4

3
5 a20

0

a40

8<
:

9=
; ¼

M22 M24

M32 M34

M42 M44

2
4

3
5 a20

a40

( )

¼
aNþ1 expð�khÞ

0

�E0aNþ1k expð�khÞ

8<
:

9=
; (6.73)

or

M22 M24 � expð�khÞ
M32 M34 0

M42 M44 E0k expð�khÞ

2
4

3
5 a20

a40
aNþ1

8<
:

9=
; ¼

0

0

0

8<
:

9=
; (6.74)
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In order to obtain nontrivial solutions for a20; a40; aNþ1 the coefficient determinant

in Eq. (6.74) should be vanished. So the equation to determine the phase velocity cf
in electrically open case is

ðM42 þ E0 kM22ÞM34 � ðM44 þ E0 kM24ÞM32 ¼ 0 (6.75)

Similarly for the electrically shorted case, the equation to determine the phase

velocity cs is

A4N

T5N

� �
¼ M22 M24

M32 M34

� �
a20

a40

� �
¼ 0

0

� �
; or

M22M34 �M24M32 ¼ 0

(6.76)

There are many papers to discuss on the problem of Love wave, such as Danoyan

and Pilliposian (2007) and Liu et al. (2001). Du et al. (2008) discussed the

propagation of Love waves in prestressed piezoelectric layered structures loaded

with viscous liquid.

6.4.3 The Distribution of the Initial Stresses

Because layers are very thin, the mechanical stresses have only occurred in layers,

i.e., at x1 ¼ �h1; �σ0i1 ¼ 0; x1 ¼ 0; �σ0ij ¼ 0. The continuity conditions of the initial

stresses at x1 ¼ �h1 are that u
0
2 and u03 are continuous, or

�ε02ZnO ¼ �ε02SiO2
¼ �ε02; �ε03ZnO ¼ �ε03SiO2

¼ �ε03; �ε023ZnO ¼ �ε023SiO2
¼ �ε023; at x1 ¼ �h1

(6.77)

Using the constitutive equation from Eq. (6.77), we can derive the following relation:

�σ01ZnO ¼C11�ε
0
1ZnOþC12�ε

0
2ZnOþC13�ε

0
3ZnO; σ02ZnO ¼ C12�ε

0
1ZnOþC11�ε

0
2ZnOþC13�ε

0
3ZnO

�σ03ZnO ¼C13�ε
0
1ZnOþC13�ε

0
2ZnOþC33�ε

0
3ZnO;

Y�ε02SiO2
¼ �σ02SiO2

� ν�σ03SiO2
; Y�ε03SiO2

¼ �σ03SiO2
� ν�σ02SiO2

(6.78)

whereCij is the elastic constant of ZnO and Y; ν is the elastic constant of SiO2. So at

x1 ¼ �h1, the initial stresses in ZnO and SiO2 must satisfy the following relation:

YC11�σ
0
2ZnO ¼ C2

11 � C2
12 � νC13ðC11 � C12Þ

� �
�σ02SiO2

þ C13ðC11 � C12Þ � ν C2
11 � C2

12

� 	� �
�σ03SiO2

(6.79)
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Similarly we can get �σ03ZnO, but it is not needed. It can be assumed that σ02SiO2
; σ02ZnO

are varied exponentially (Fig. 6.4), i.e.,

�σ02SiO2
ðx1Þ ¼ f ðx1Þ ¼ ex1 � 1ð Þ e�h1 � 1

� 	�
�σ02SiO2

ð�hÞ; �h1 � x1 � 0

�σ02ZnOðx1Þ ¼ gðx1Þ ¼ ex1 � 1ð Þ e�h � 1
� 	�

�σ02ZnOð�hÞ; �h � x1 � �h1
(6.80)

It is also noted that the generalized displacements and stresses at the initial state

should be obtained directly by experiments or calculated by the updated Lagrange

method which needs multiple steps from the natural state to initial state. The

updated Lagrange method and other methods in plasticity can be utilized to the

problems discussed here.

6.4.4 Numerical Example

In the paper of Su et al. (2005), they assumed σ03SiO2
¼ Lσ02SiO2

to simplify calcula-

tion, where L is a proportional coefficient. They adopted the following material

constants:

ZnO : ρ¼ 5;665kg m3
�

; C11 ¼ 209:6; C12 ¼ 120:5; C13 ¼ 104:6; C44 ¼ 242:3 ðMPaÞ;
e15 ¼�0:48; e31 ¼�0:573; e33 ¼ 1:32 ðC=m2Þ; E11 ¼ 0:67; E33 ¼ 0:799 ð10�10F=mÞ

SiO2 : ρ¼ 2;200kg=m3; λ¼ 78:5; G¼ 31:2 ðMPaÞ; E11 ¼ 0:33; E33 ¼ 0:33 ð10�10 F=mÞ
Si : ρ¼ 2;328kg=m3; λ¼ 165:75; G¼ 79:4 ðMPaÞ; E11 ¼ 1:035; E33 ¼ 1:035 ð10�10 F=mÞ

Figure 6.6 shows the change of the phase velocity cf0 of the Love wave with kh

under the case that: electrically open, without initial stresses, h2 ¼ 10�5 m and

different h1. It is seen that for all h1 when kh ! 0, cf0 ! cSi ; cf0 decreases with

increasing kh. When kh ! 1 cf0 ! cZnO if h1 < h2 and h1 � h2; or cf0 ! cSiO2
if

h1 � h2. cf0 is in the following range:

cZnO; cSiO2
ð Þ < cf0 < cSi

cZnO ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C55 þ e215
ρZnO

s
¼ 2; 841:5 ðm=sÞ; cSiO2

¼
ffiffiffiffiffiffiffiffiffiffi
μSiO2

ρSiO2

r
¼ 3; 765:9ðm=sÞ;

cSi ¼
ffiffiffiffiffiffi
μSi
ρSi

r
¼ 5; 840 ðm=sÞ ð6:81Þ

Figure 6.7 shows the change of Δc cf0= with kh under the case that: electrically open

case, �σ02ZnO ¼ 200MPa,L ¼ 1,h2 ¼ 10�5 mand different h1. HereΔc ¼ cf � cf0 and
cf is the Love wave velocity with initial stress. From Figs. 6.6 and 6.7, it is seen that

the middle layer has significant role.
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6.5 Other Surface Waves

6.5.1 B-G Wave in a Prestressed Piezoelectric Structure

Because the penetration depth of theB-Gwave is about 10–100 λ, the application of
B-G wave is limited in microwave techniques. However, the application of layered

structures can significantly reduce the penetration depth. Jin et al. (2001) and Liu

et al. (2003a) discussed the prestressed layered piezoelectric structures. The layer

and substrate are all made by piezoelectric materials, and the poling directions

of the layer and substrate are along the positive and negative axes x3, respectively
(see Fig. 6.2). TheB-Gwave in layered structure can also be considered as a kind of

the Love wave. The basic equations have been discussed in Sect. 6.3 and governing

equations can be seen in Eq. (6.43). InB-Gwave onlyu3ðx1; x2; tÞ andφðx1; x2; tÞ are
not zero. Neglecting terms containing u0K;Lu

0
M;N , Eq. (6.43) is reduced to

Fig. 6.6 Variation of phase

velocity cf0 with kh under

conditions: electrically open,

without initial stress

Fig. 6.7 Variation of Δc c= f0

with kh under conditions:

electrically open,

σ02ZnOð�hÞ ¼
200MPa; L ¼ 1
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C�
1331 þ σ011

� 	
u3;11 þ C�

1332 þ C�
2331 þ 2σ012

� 	
u3;12 þ C�

2332 þ σ022
� 	

u3;22

þ e�131φ;11 þ e�132 þ e�231
� 	

φ;12 þ e�232φ;22 ¼ ρ0€u3

e�131u3;11 þ e�132 þ e�231
� 	

u3;12 þ e�232u3;22 � E�11φ;11 � 2 E�12φ;12 � E�22φ;22 ¼ 0

(6.82)

The variables in the substrate are denoted by a superscript “M.” Because in the

substrate x1 > 0 there is no initial stress, the governing equations are

CM
1331u

M
3;11 þ 2CM

1332u
M
3;12 þ CM

2332u
M
3;22 þ eM131φ

M
;11 þ 2eM132φ

M
;12 þ eM232φ

M
;22 ¼ ρ0u

M
3

eM131u
M
3;11 þ 2eM132u

M
3;12 þ eM232u

M
3;22 � EM11φ

M
;11 � 2 EM12φ

M
;12 � EM22φ

M
;22 ¼ 0

(6.83)

The boundary and the interface continuity conditions are

�σ�13 þ σ01ku3;k ¼ 0; at x1 ¼ �h

φ ¼ φc; D1 ¼ Dc
1; ðelectrically openÞ; φ ¼ 0; ðelectrically shortedÞ at x1 ¼ �h

u3 ¼ uM3 ; �σ�13 ¼ σM13; φ ¼ φM; �D1 ¼ DM
1 ; at x1 ¼ 0

u3; φ! 0; when x1 ! þ1; φc ! 0; when x1 ! �1
(6.84)

Let B-Gwave propagate along positive x2 direction. The generalized displacements

in layer are assumed

u3 ¼ α3 exp ðikbx1Þ exp ikðx2 � ctÞ½ �; φ ¼ α4 expðikbx1Þ exp ikðx2 � ctÞ½ � (6.85)

Substitution of Eq. (6.85) into Eq. (6.82) yields

c�1331 þ σ011
� 	

b2 þ c�1332 þ c�2331 þ 2σ012
� 	

bþ c�2332 þ σ022
� 	� ρ0c

2

e�131b
2 þ e�132 þ e�231

� 	
bþ e�232

"

e�131b
2 þ e�132 þ e�231

� 	
bþ e�232

� E�11b
2 � 2E�12b� E�22

�
α3

α4

� �
¼ 0

0

� � (6.86)

In order for α3; α4 to have nontrivial solutions, their coefficient determinate must be

zero, or

A4b
4 þ A3b

3 þ A2b
2 þ A1bþ A0 ¼ 0 (6.87)

where Ai is determined by Eq. (6.86) and omitted here. Equation (6.87) has 4

eigenvalues bpðp ¼ 1; 2; 3; 4Þ and a pair of eigenvectors α3; α4 corresponding to

each bp and
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βp ¼
αðpÞ4

αðpÞ3

¼ e�131b
2
p þ e�132 þ e�231

� 	
bp þ e�232

E�11b2p þ 2E�12bp þ E�22
(6.88)

Substituting Eq. (6.88) into Eq. (6.85) yields the generalized displacements in layer

u3 ¼
X4
p¼1

αðpÞ3 expðikbpx1Þ exp ikðx2 � ctÞ½ �

φ ¼
X4
p¼1

βpα
ðpÞ
3 expðikbpx1Þ exp ikðx2 � ctÞ½ �

(6.89)

Similar to the layer and noting u3;φ! 0; when x1 ! 1 , the generalized

displacements in the substrate only have two eigenvaluesbMq ðq ¼ 1; 2Þwith positive
image parts, i.e.,

uM3 ¼
X2
p¼1

αMðqÞ
3 exp ikbMq x1

� 
exp ikðx2 � ctÞ½ �

φM ¼
X2
p¼1

βMq α
MðqÞ
3 exp ikbMq x1

� 
exp ikðx2 � ctÞ½ �

(6.90)

From φc
;11 þ φc

;22 ¼ 0 and the connective conditions at x1 ¼ �h in Eq. (6.84), it is

assumed

φc ¼
X4
p¼1

βpα
ðpÞ
3 expðikbpx1Þ exp kðx1 þ hÞ½ � exp ikðx2 � ctÞ½ � (6.91)

Substituting Eqs. (6.89), (6.90), and (6.91) into Eq. (6.84) yields six homogeneous

equations for vector α:

Pα ¼ 0; ½Pij�fαjg ¼ f0g; α ¼ αð1Þ3 ; αð2Þ3 ; αð3Þ3 ; αð4Þ3 ; αMð1Þ
3 ; αM ð1Þð Þ

3

h iT
(6.92)

In the electrically open case at x1 ¼ �h for j ¼ 1; 2; 3; 4, we have

P1j ¼ ik c�1331 þ σ011 þ e�131βj
� 	

bj þ c�1332 þ σ012 þ e�132βj
� �

expð�ikbjhÞ
P2j ¼ ik e�131 � E�11βj

� 	
bj þ e�132 � E�12 þ i Ec

� 	
βj

� �
expð�ikbjhÞ

P3j ¼ ik c�1331 þ σ011 þ e�131βj
� 	

bj þ c�1332 þ σ012 þ e�132βj
� �

P4j ¼ 1; P5j ¼ βj; P6j ¼ ik e�131 � E�11βj
� 	

bj þ e�132 � E�12βj
� �

(6.93a)
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For j ¼ 5; 6 we have

P1j ¼ 0; P2j ¼ 0; P3j ¼ �ik ĉM�
1331 þ eM�

131β
M
j�4

� 
bMj�4 þ ĉM�

1332 þ e�132β
M
j�4

h i
P4j ¼ �1; P5j ¼ �βMj�4; P6j ¼ �ik eM�

131 � EM�
11 β

M
j�4

� 
bMj�4 þ eM�

132 � EM�
12 β

M
j�4

h i
(6.93b)

The equation to determine the phase velocity of B-G wave under electrically open

case is

Pj j ¼ 0 (6.94)

For the electrically shorted case at x1 ¼ �h,P2j in Eq. (6.93a) should be replaced by

P2j ¼ βj exp ð�ikbjhÞ; for j ¼ 1� 4 (6.95)

In the paper of Liu et al. (2003a), they found that the penetration depth is dramati-

cally reduced in a LiNbO3 layer piezoelectric material and the effect of the third-

order piezoelectric coefficients (Cho and Yamanouchi 1987) is meaningful for the

low-frequency case. Figure 6.8 shows the dispersion relations for the fundamental

mode of B-G surface wave in the absence of initial stress, where c0 ¼ cf0 for

electrically open case and c0 ¼ cs0 for electrically shorted case. It is found that for a
given value of h λ= , the phase velocity of the electrically open case is greater than

that of electrically shorted case, i.e., cf0 > cs0. In the low-frequency limit, h λ= ! 0,

the wave mode tends to the B-G surface wave in a piezoelectric half-space, i.e.,

cf0 ! 4:538 km s= ; cs0 ! 4:203 km s= . Figure 6.9 shows the variations of Δcf cf0=

andΔcs cs0= with h λ= under the initial stress �σ022 ¼ 40MPa, where cf ; cs are the phase
velocity in layer with initial stress and Δcf ¼ cf � cf0 or Δcs ¼ cs � cs0.

Fig. 6.8 Dispersion relations

for the fundamental mode of

B-G wave (without initial

stress)
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6.5.2 Rayleigh Wave in a Prestressed Structure

Discuss an approximately transversely isotropic LiNbO3 piezoelectric film of

thickness h polarized x1 -axis deposited on a sapphire substrate (see Fig. 6.2).

Usually the thickness of the layer is some micrometers, so the substrate can be

considered as semi-infinite. The basic equation Eq. (6.43) in the layer is reduced to

C�
KlIJuI;JK þ �σ0KJul;JK þ e�NKlφ;NK ¼ ρ0€ul; e�KIJuI;JK � E�KNφ;NK ¼ 0 (6.96)

In the following the superscript * on material coefficients will be omitted. In the

substrate the basic equation is

CM
ijklu

M
k;li þ eMkijφ

M
;ki ¼ ρ€uMj ; eMiklu

M
k;li � EMikφ

M
;ik ¼ 0 (6.97)

The boundary and the interface continuity conditions are

�σ�1j þ �σ01kuj;k ¼ 0; x1 ¼ �h

φ ¼ φc; D1 ¼ Dc
1; ðelectrically openÞ; φ ¼ 0; ðelectrically shortedÞ at x1 ¼ �h

�σ�1j þ �σ01kuj;k ¼ σM1j ; uj ¼ uMj ; φ ¼ φM; �D1 ¼ DM
1 ; at x1 ¼ 0

uj;φ! 0; when x1 ! þ1; φc ! 0; when x1 ! �1
(6.98)

Let the wave propagate along x2 and take the form

ui ¼ Bie
ikbx1eikðx2�ctÞ; φ ¼ B4e

ikbx1eikðx2�ctÞ (6.99)

where Bi is the amplitude of ith component. Substitution of Eq. (6.99) into

Eq. (6.96) yields

Fig. 6.9 Variations of Δc c0=
with h λ= for different initial

stresses
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ΓB ¼ 0; or Γαβ
� �

Bαf g ¼ 0f g; B ¼ B1;B2;B3;B4½ �T; α; β ¼ 1� 4

Γjk ¼ C1jk1 þ bðC3jk1 þ C1jk3Þ þ b2C3jk3 þ δjk σ
0
11 þ 2bσ013 þ b2σ033 � ρc2

� 	
Γj4 ¼ e11j þ bðe13j þ e31jÞ þ b2e33j; Γ4j ¼ e1j1 þ bðe1j3 þ e3j1Þ þ b2e3j3

Γ44 ¼ �ðE11 þ 2bE13 þ b2E33Þ; i; j ¼ 1; 2; 3

(6.100)

In order to get nontrivial solution ofB, its coefficient determinate need be zero, i.e.,

A8b
8 þ A7b

7 þ A6b
6 þ A5b

5 þ A4b
4 þ A3b

3 þ A2b
2 þ A1b

1 þ A0 ¼ 0 (6.101)

whereAi is determined by Eq. (6.100). Equation (6.101) is the eighth-order equation

of bwith the Rayleigh wave velocity c as a parameter. From Eq. (6.101) eight bq can
be obtained and for each bq an eigenvector with four components can be obtained.

For convenience we let

Biq ¼ βiqB1q; β1q ¼ 1; i ¼ 1� 4; q ¼ 1� 8 (6.102)

After Biq is obtained the generalized displacements in layer can be expressed as

ui ¼
X8
q¼1

βiqB1qe
ikbqx1eikðx2�ctÞ; φ ¼

X8
q¼1

β4qB1qe
ikbqx1eikðx2�ctÞ (6.103)

Analogously the generalized displacements in substrate can be expressed as

uMi ¼
X4
q¼1

βMiqβ
M
1qe

ikbMq x1eikðx2�ctÞ; φM ¼
X4
q¼1

βM4qβ
M
1qe

ikbMq x1eikðx2�ctÞ (6.104)

Analogous to Eq. (6.91) for the electrically open case, the electric potential in

the air is

φc ¼
X8
q¼1

β4qB1qe
�ikbqhekðhþx1Þeikðx2�ctÞ (6.105)

Substitution of Eqs. (6.103), (6.104), and (6.105) into Eq. (6.98) yields

PB ¼ 0; P ¼ Pmn½ �; B ¼ B1q;B
M
1q

n oT

; m; n ¼ 1� 12 (6.106)
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where for j; k ¼ 1; 2; 3; n ¼ 1� 8 we have

Pjn ¼ ik C3jk1 þ C3jk3bn þ δjk σ
0
13 þ σ033bn

� 	� �
βkn þ ðe13j þ e33jbnÞβ4n

� �
e�ikbnh

P4n ¼ ik ðe3k1 þ e3k3bnÞβkn � ðE31 þ E33bn þ iE0Þβ4nf ge�ikbnh

Pjþ4;n ¼ ik C3jk1 þ C3jk3bn þ δjk σ
0
13 þ σ033bn

� 	� �
βkn þ e13j þ e33jbn

� 	
β4n

� �
Pkþ7;n ¼ βkn; P11;n ¼ β4n; P12;n ¼ ik ðe3k1 þ e3k3bnÞβkn � ðE31 þ E33bnÞβ4nf g

(6.107a)

and for j; k ¼ 1; 2; 3; n ¼ 9� 12 we have

Pjn ¼ 0; P4n ¼ 0; Pjþ4;n ¼ �ik CM
3jk1 þ CM

3jk3b
M
n

h i
βMkn þ ðeM13j þ eM33jb

M
n ÞβM4n

n o
Pkþ7;n ¼ �βMk;n�8; P11;n ¼ �βM4;n�8;

P12;n ¼ �ik eM3k1 þ eM3k3b
M
n�8

� 	
βMkn � EM31 þ EM33b

M
n�8

� 	
bM4;n�8

n o
(6.107b)

The phase velocity cof the Rayleigh wave �R3 should satisfy Eqs. (6.100) and (6.106)

simultaneously. From this condition c can be obtained by iteration method.

For the electrically shorted case, the fourth row in Pmn½ � should be changed to

P4n ¼ β4ne
�ikbnh; n ¼ 1� 8; P4n ¼ 0; n ¼ 9� 12 (6.108)

Liu et al. (2003d) discussed the phase velocity and the electromechanical cou-

pling coefficient, k2 ¼ 2ðcf � csÞ cf= . The results show that for a given value of h λ= ,

the phase velocity of the electrically open case is greater than that of the shorted case.

The phase velocity approaches the Rayleigh wave velocity of the substrate when

h λ= ! 0 and tends to the Rayleigh wave velocity of the layer for large h λ= > 1:5.
Babich and Lukyanov (1998) discussed the surface wave in a curved layered

structure. Liu et al. (2003c, d) discussed the Love wave in a layered structure with

functionally graded isotropic substrate.

6.5.3 Lamb Waves in Piezoelectric Plate with Biasing
Electric Field

Lamb waves were researched a long time (Joshi and Jin 1991), it shows a large

sensitivity to mass loading, and the zero-order antisymmetric mode can be applied

Fig. 6.10 Lamb wave in

piezoelectric plate with

biasing electric field
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in contact with a liquid with a small attenuation (Laurent et al. 2000). Figure 6.10

shows a thin infinite transversely isotropic piezoelectric plate of thickness h
polarized x3-axis. Liu et al. (2002a, b) assumed that a small biasing voltage V is

applied to the electrode deposited on the upper surface and the electrode on the

lower surface is grounded. The deference between the natural and initial

configurations is neglected in their analysis. The electric field E0 ¼ ðV h= Þi3, i3 is

the unit vector on the axis x3 . According to the external loading, the generalized

stresses can be assumed as constants. In this section the Voigt notations are used.

The static electric force acted on the upper and lower surfaces of the piezoelectric

material produced by the electric charges on the electrodes is neglected. The

boundary conditions are assumed

T0 ¼ 0; on x3 ¼ 	h 2= ; ε01j ¼ 0; x1 ¼ 	1; ε02j ¼ 0; x2 ¼ 	1
φ0 ¼ V; on x3 ¼ �h 2= ; φ0 ¼ 0; on x3 ¼ h 2= ; x1 ¼ 	1; x2 ¼ 	1

(6.109)

A transversely isotropic material polarized x3 -axis only has ten independent

constants. From Eq. (6.109) and the constitutive equation (3.2), it is obtained

σ01 ¼ ησE
0
3; σ02 ¼ η0σE

0
3; D0

3 ¼ ηDE
0
3; E0

3 ¼ ðV h= Þ; other σ0i ¼ D0
i ¼ 0

ησ ¼ C13e33 C33= � e31; η0σ ¼ C23e33 C33= � e23; ηD ¼ e233 C33= þ E33
(6.110)

According to Eq. (6.41) for the small perturbation in a 2D problem, we have

σ1;1 þ σ5;3 þ σ01u1;11 ¼ ρ0€u1; σ5;1 þ σ3;3 þ σ01u3;11 ¼ ρ0€u3

D1;1 þ D3;3 ¼ 0
(6.111)

And the constitutive equation

σ1 ¼ C11ε1 þ C13ε3 � e31E3; σ3 ¼ C13ε1 þ C33ε3 � e33E3

σ5 ¼ C44ε5 � e15E1; D1 ¼ e15ε5 þ E11E1; D3 ¼ e31ε1 þ e33ε3 þ E33E3

(6.112)

Substitution of Eqs. (6.110) and (6.112) into Eq. (6.111) yields

C11 þ ησE
0
3

� 	
u1;11 þ C44u1;33 þ ðC13 þ C44Þu3;13 þ ðe31 þ e15Þφ;13 ¼ ρ0€u1

ðC13 þ C44Þu1;13 þ C44 þ ησE
0
3

� 	
u3;11 þ C33u3;33 þ e15φ;11 þ e33φ;33 ¼ ρ0€u3

ðe31 þ e15þηDE0
3Þu1;13 þ e15u3;11 þ ðe33þηDE0

3Þu3;33 � E11φ;11 � E33φ;33 ¼ 0

(6.113)

It is assumed that the solutions of the antisymmetric Lambwaves are (Liu et al. 2002a)

u1 ¼ B1 sinðkbx3Þ exp ikðx1 � ctÞ½ �; u3 ¼ B2 cosðkbx3Þ exp ikðx1 � ctÞ½ �
φ ¼ B3 cosðkbx3Þ exp ikðx1 � ctÞ½ � (6.114)
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and assumed that the solutions of the symmetric Lamb waves are (Liu et al. 2002b)

u1 ¼ B1 cosðkbx3Þ exp ikðx1 � ctÞ½ �; u3 ¼ B2 sinðkbx3Þ exp ikðx1 � ctÞ½ �
φ ¼ B3 sinðkbx3Þ exp ikðx1 � ctÞ½ � (6.115)

whereBi is the undetermined constant. Substitution of Eqs. (6.114) and (6.115) into

Eq. (6.113) yields

	 C11 � ρ0c
2 þ C44b

2 þ ησE
0
3

� �
B1 þ ðC13 þ C44ÞibB2 þ ðe31 þ e15ÞibB3 ¼ 0

ðC13 þ C44ÞibB1  C44 � ρ0c
2 þ C33b

2 þ ησE
0
3

� �
B2  ðe15 þ e33b

2ÞB3 ¼ 0

ðe31 þ e15 þ ηDE
0
3ÞibB1  e15 þ ðe33 þ ηDE

0
3Þb2

� �
B2 	 ðE11 þ E33b2ÞB3 ¼ 0

(6.116)

where the upper and lower symbols in “	 ” and “ ” are used for the antisymmetric

and symmetric solutions, respectively. In order to get nontrivial solutions of B1;B2;
B3, their coefficient determinant must be zero. So we get a third-order equation of

b2 containing phase velocity c as an unknown parameter:

A1ðcÞb6 þ A2ðcÞb4 þ A3ðcÞb2 þ A4ðcÞ ¼ 0 (6.117)

Solving Eq. (6.117) we get three solutions of b2 and select appreciate one

bl l ¼ 1; 2; 3ð Þ in b2. Substituting blðl ¼ 1; 2; 3Þ into Eq. (6.114) or (6.115) yields

the amplitude ratios B1l B3l= ; B2l B3l= ; l ¼ 1; 2; 3. Substituting bl;B1l B3l= ;B2l B3l=
ðl ¼ 1; 2; 3Þ back into Eq. (6.114) or (6.115) and then into boundary conditions,

we can finally get three homogeneous equations of B31;B32;B33. Let the determi-

nant of the coefficients ofB31;B32;B33 equal to zero; the equation to determine c is
obtained. The details can be seen in the original papers.

Sharma and Pal (2004) also discussed propagation of Lamb waves in a trans-

versely isotropic piezo-thermo-elastic plate. Li et al. (2005b) discussed the spatial

dispersion of short surface acoustic waves in piezoelectric ceramics.

6.6 Waves in Pyroelectrics

6.6.1 Generalized Thermodynamics of Temperature
Wave in Thermoelasticity

The infinite wave speed problem (Banerjee and Bao 1974) and the Landau second

sound speed in liquid helium and in some solids at low temperatures (Landau 1941;

Jackson and Walker 1971) induced the development of the generalized heat, thermo-

elastic, and thermo-piezoelectric wave theories. The temperature wave from heat

pulses at low temperature propagates with a finite phase velocity. The main simpler
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generalized theories with a finite velocity are Kaliski (1965)-Lord-Shulman (K-L-S)

theory (1967), Green-Lindsay (G-L) theory (1972), and inertial entropy theory

(Kuang 2009). The temperature wave equation can also be established on the

extended irreversible thermodynamics and can be found in Joseph and Preziosi’s

papers (1989, 1990). In the K-L-S theory for an isotropic thermoelastic material, the

following Cattaneo-Vernotte heat conduction formula (Vernotte 1958; Cattaneo

1958) was used to replace the Fourier’s law, but the classical entropy equation and

the Helmholtz free energy are kept, i.e.,

qi þ τ0 _qi ¼ �λϑ;i; T _s ¼ _r � qi;i; gðεkl; ϑÞ ¼ Aðεkl; sÞ � ϑs

σij ¼ @g @εij
� ¼ Cijklεkl � αijϑ; s ¼ �@g @ϑ= ¼ αijεij þ Cϑ=T0

(6.118)

where τ0 represents the relaxation time and is a material parameter. From

Eq. (6.118) we find

qi;i ¼ �T _s ¼ T ð@2g @ϑ2
� Þ _ϑþ ð@2g @ϑ@εij

� Þ _εij
� �

λϑ;ii ¼ T ð@2g @ϑ2
� Þð _ϑþ τ0€ϑÞ þ ð@2g @ϑ@εij

� Þð _εij þ τ0€εijÞ
� �

Then neglecting many small terms, finally, they got

λϑ;ii ¼ Cð _ϑþ τ0€ϑÞ þ αT0ð _εkk þ τ0€εkkÞ
G ð1� 2νÞ=½ �uj;ij þ Gui:jj � 2Gð1þ νÞ ð1� 2νÞ=½ �αϑ;i ¼ ρ€ui

(6.119)

where αij ¼ αδij. The second equation in Eq. (6.119) is the momentum equation.

The G-L theory (1972) was based on modifying the Clausius-Duhemin

inequality and the energy equation; They used a new temperature function ϕðT; _TÞ
instead of the usual temperature T. i.e.,

Z
V

_s dV �
Z
V

ðr ϕ= Þ dV þ
Z
a

ðqi ϕ= Þni da � 0; ϕ ¼ ϕðT; _TÞ; T ¼ ϕðT; 0Þ

g ¼ A� ϕs; g ¼ gðT; _T; εijÞ ð6:120Þ

Substituting Eq. (6.120) into the momentum and energy equations, after complex

manipulation and linearization and neglecting small terms finally get (here we take

the form in small deformation for an isotropic material)

λT;ii ¼ Cð _T þ τ0 €TÞ þ γT0 _εjj; σji;j þ ρfi ¼ ρ€ui

σij ¼ 2Gν ð1� 2νÞ=½ �εkkδij þ 2Gεij � γðθ þ τ1 _θÞ
(6.121)

where τ0; τ1, and γ are material constants.
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The derivation of the governing equations is very complex when using K-L-S or

G-L theory, but the derivation is very simple when the inertial entropy theory is

used as shown at the next section.

6.6.2 The Inertial Entropy Theory of Temperature Wave

In Sect. 1.7.2 the inertial entropy theory (Kuang 2009) is introduced. Equation

(1.84) gives

T _sþ T _sðaÞ ¼ _r � qi;i; _sðaÞ ¼ ρs €T; ρs ¼ ρs0C T= (6.122)

The Fourier’s law given in Eqs. (1.71) or (5.107) is

qi ¼ �λijT;j; T;j ¼ ϑ;j ¼ �λ�1
ji qi; �qi;i ¼ T _s� _r (6.123)

The constitutive (or state) and evolution equations given in (5.106) are

σij ¼ Cijklεkl � ekijEk � αijϑ; Di ¼ EijEj þ eiklεkl þ τiϑ

s ¼ αijεij þ τiEi þ Cϑ=T0; ϑ ¼ T � T0
(6.124)

where αij is the stress-temperature coefficient. Equations (6.122), (6.123), and

(6.124) yield

ðαijεij þ τiEi þ Cϑ=T0Þ_þ ρs0ðC T= Þ€ϑ ¼ _r T= þ ðλijT;jÞ;i T= (6.125)

When material coefficients are all constants and the variation of temperature is not

large from (6.125) we have

ðC T0= Þðρs0€ϑþ _ϑÞ � λijϑ;ji T0= ¼ _r T0 � αij
�

_ui;j þ τi _φ;i (6.126)

Equation (6.126) is a temperature wave equation with finite phase velocity.

The generalized momentum equations are

σij;j þ fi ¼ ρ€ui; or ρ€ui ¼ Cijkluk;lj þ ekijφ;kj � αijϑ;j þ fi

Di;i ¼ ρe; or eikjuk;ji � Eijφ;ji þ τiϑ;i ¼ ρe
(6.127)

It is obvious that the experimental studies for the inertial entropy theories are very

important.
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6.6.3 The Homogeneous Thermo-electro-elastic Wave
in Pyroelectric Material

Under the quasi-static electric approximation, the governing equations of the waves

in pyroelectric material in the inertial entropy theory are shown in Eqs. (6.126) and

(6.125). Like Eq. (6.119), using Eq. (6.118) in a piezoelectric material, the extended

K-L-S equation can also be obtained. When fmj ; f ej ; ρe; r are not considered and

assuming the variation of temperature is small (i.e., let T � T0), the inertial entropy
theory, the K-L-S theory can be expressed in a unified equation system:

Cijkluk;lj þ ekijφ;kj � αijϑ;j ¼ ρ€ui; eikjuk;ji � Eijφ;ji þ τiϑ;i ¼ 0

T0αijð _ui;j þ ξ1€ui;jÞ � T0τið _φ;i þ ξ2€φ;iÞ þ Cð _ϑþ ξ0€ϑÞ ¼ λijϑ;ji
(6.128)

When ξ1 ¼ ξ2 ¼ 0; ξ0 ¼ ρs0, Eq. (6.128) represents the inertial entropy theory and

ξ1 ¼ ξ2 ¼ ξ0 ¼ τ0 represents the K-L-S theory. In Sect. 1.6.2 we have pointed out

that there are some questions in the K-L-S theory. Here we can also show that (1)

from Eq. (6.118) we get T _s� τ0T€s ¼ λijT;ji þ ð _r þ τ0€rÞ, so it is difficult to consider
that s is a state function. (2) It is difficult to physically explain why Eq. (6.128) also
has the inertial terms τ0T0ð�τi€φ;i; αij€ui;jÞ. (3) The Fourier thermal conductive

equation is substantially an irreversible phenomenon, which is in the same level

with the mechanical viscous effect, as seen from the equation of the entropy

production. So the viscous effect in elasticity produced by the Cattaneo-Vernotte

heat conductive equation is a second effect.

For a plane wave Eq. (6.2) becomes

uk ¼ Uke
iðknmxm�ωtÞ; φ ¼ Φeiðknmxm�ωtÞ; ϑ ¼ Θeiðknmxm�ωtÞ (6.129)

or

uk ¼ Uke
iωðLmxm�tÞ; φ ¼ ΦeiωðLmxm�tÞ; ϑ ¼ ΘeiωðLmxm�tÞ; Lm ¼ knm ω= ¼ nm c=

(6.130)

where U;Φ;Θ are the amplitudes of the displacement, electric potential, and

temperature, respectively. In general k is a complex number:

k ¼ αþ iβ; eiðknmxm�ωtÞ ¼ e�βnmxmeiðαnmxm�ωtÞ; c ¼ ω α= ; c ¼ ðω α= Þn
(6.131)

where c is the phase velocity and β is the attenuation coefficient. Substituting

Eq. (6.129) into (6.128) and dropping the common factor exp iðknmxm � ωtÞ½ � we
obtain the Christoffel equation:
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ðΓ�
ikk

2 � ρω2δikÞUk þ e�i k
2Φþ iα�i kΘ¼ 0

e�kk
2Uk � E�k2Φ� iτ�kΘ¼ 0

T0α
�
kkωð1� iξ1ωÞUk � T0τ

�kωð1� iξ2ωÞΦþ ðλ�k2 �Cξ0ω
2 � iCωÞΘ¼ 0

(6.132)

or

Λðk;ω; nÞU ¼ 0; U ¼ U1;U2;U3;Φ;Θ½ �T (6.133)

where

Λ¼

Γ�
11k

2�ρω2 Γ�
12k

2 Γ�
13k

2 e�1k
2 iα�1k

Γ�
21k

2 Γ�
22k

2�ρω2 Γ�
23k

2 e�2k
2 iα�2k

Γ�
31k

2 Γ�
32k

2 Γ�
33k

2�ρω2 e�3k
2 iα�3k

e�1k
2 e�2k

2 e�3k
2 �E�k2 �iτ�k

α�1kωη1 α�2kωη1 α�3kωη1 �τ�kωη2 T�1
0 ðλ�k2�Cη3Þ

2
66664

3
77775

(6.134)

with

Γ�
ik ¼ Cijklnjnl; e�i ¼ ekijnknj; α�i ¼ αijnj

τ� ¼ τjnj; E� ¼ Ejknknj; λ�j ¼ λijni; λ� ¼ λ�j nj

η1 ¼ 1� iξ1ω; η2 ¼ 1� iξ2ω; η3 ¼ ξ0ω
2 þ iω

(6.135)

In order to get the nontrivial solution of U, it is necessary that

detΛðk;ω; nÞ ¼ 0 (6.136a)

Equation (6.136) is called the secular equation and can be expanded to

F8ðω; nÞk8 þ F6ðω; nÞk6 þ F4ðω; nÞk4 þ F2ðω; nÞk2 þ F0ðω; nÞ
� �

k2 ¼ 0

(6.136b)

whereFiðω; nÞ is known functions of ðω; nÞ. So one k2 is zero in Eq. (6.136), i.e., the
wave velocity of the electric potential is infinite or the electric potential does not

have its own independent wave mode. From Eq. (6.136) we can solve four inde-

pendent eigenvalues or wave velocity, and for each wave velocity an independent

mode from Eq. (6.133) is obtained. There are total four independent modes: the

quasi-longitudinal (QL) wave with highest wave velocity, fast quasi-transverse

wave (FT), slow quasi-transverse wave (ST), and a temperature wave (T).

From Eq. (6.132) we can also eliminate Φ to get equations with independent

variables Uk; ϑ.
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6.6.4 An Example

Now we discuss the character surfaces for material BaTiO3 under ω ¼ 2π

106 s�1; γ ¼ 0. Material constants of BaTiO3 with poling axis x3 are

C11 ¼ 150; C12 ¼ 66; C13 ¼ 66; C33 ¼ 146; C44 ¼ 44; C66 ¼ 43ðMPaÞ;
e13 ¼ �4:35; e33 ¼ 17:5; e15 ¼ 11:4ðC m2

� Þ;
E11 ¼ 9:87; E33 ¼ 11:15ð10�9C Vm= Þ; λ11 ¼ 1:1; λ33 ¼ 3:5J mKs= ;

αε11 ¼ 8:53; αε33 ¼ 1:99ð10�6 K= Þ; τ ¼ 5:53ð10�3C m2K
� Þ

α11 ¼ α22 ¼ ðC11 þ C12Þαε11 þ ðC13 þ e31Þαε33; α33 ¼ 2C13α
ε
11 þ ðC33 þ e33Þαε33

where αε11; α
ε
33 are the usual thermal expansion coefficients. Figure 6.11 ðaÞ and ðbÞ

gives the velocity surfaces of the elastic waves and temperature wave in the isotropic

plane ðx1; x2Þ, respectively; Fig. 6.12 ðaÞ and ðbÞ gives the velocity surfaces of the

elastic waves and temperature wave in the anisotropic plane ðx1; x3Þ, respectively;
Fig. 6.13 ðaÞand ðbÞgives the slowness surfaces of the elastic waves and temperature

wave in the anisotropic plane ðx1; x3Þ, respectively. The dotted lines in the Fig. 6.13
represent the velocity or slowness surfaces for purely elastic material. The numerical

results show that the attenuation of the temperature wave is large, but for the elastic

waves, they are small and may be negative for certain ρs0. The results of Ezzat et al.
(2002) and Yuan and Kuang (2008) also showed that the temperature wave can

enforce the elastic wave when the temperature is decreased. It means that the term

containing ρs0 enforces the elastic wave, or when the temperature decreased, the

released inertial heat is partly transformed to the elastic wave. It may be a restriction

of ρs0. This phenomenon has been discussed in Sect. 1.7.5.

Fig. 6.11 Cross sections of the velocity surfaces in an isotropic plane ðx1; x2Þ: (a) elastic waves
and (b) temperature wave
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6.6.5 Inhomogeneous Wave

In the framework of the inhomogeneous wave theory generally, the wave vector is

k ¼ Pþ iA, whereP andA are two real vectors (Buchen 1971; Borcherdt 1973). The

vector n ¼ P Pj j= represents the wave propagation direction which is perpendicular

to the wave surface with equal phase, and m ¼ A Aj j= represents the maximum

Fig. 6.12 Cross sections of the velocity surfaces in an anisotropic plane ðx1; x3Þ: (a) elastic waves
and (b) temperature wave

Fig. 6.13 Cross sections of the slowness surfaces in an anisotropic plane ðx1; x3Þ: (a) elastic waves
and (b) temperature wave
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attenuation direction which is perpendicular to the equal-amplitude surface.

The angle γ between n andm is called the attenuation angle (Fig. 6.14). The surface

wave may be considered as an inhomogeneous wave with γ ¼ π 2= and P is parallel

to the surface. In general case how to determine γ is not very clear (Krebes 1983).

For an inhomogeneous plane wave, we have (Yuan and Kuang 2010)

f ¼ f0e
iðk�x�ωtÞ ¼ f0e

iðkmxm�ωtÞ; k ¼ Pþ iA; P ¼ Pn; A ¼ Am

kj ¼ Pj þ iAj ¼ Pnj þ iAmj; P ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
1 þ P2

2

q
; A ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
1 þ A2

2

q (6.137)

Let θ denote the angle between n and the ordinate, so

n ¼ sin θ; cos θ½ �T; m ¼ sinðθ þ γÞ; cosðθ þ γÞ½ �T; n �m ¼ cos γ (6.138)

For an inhomogeneous wave we need four variables ðP;A; θ; γÞ to describe it, but for
a homogeneous wave we only need three variables ðP;A; θÞdue ton ¼ m; γ ¼ 0and

k1 ¼ ðPþ iAÞ sin θ; k2 ¼ ðPþ iAÞ cos θ . So k can be expressed by one complex

number.

An inhomogeneous plane wave can be written as

uk ¼ Uke
iðkmxm�ωtÞ; φ ¼ Φeiðkmxm�ωtÞ; ϑ ¼ Θeiðkmxm�ωtÞ (6.139)

Substituting Eq. (6.139) into (6.129) and dropping the common factor we get the

Christoffel equation:

Λðk;ωÞU ¼ 0; U ¼ U1;U2;U3;Φ;Θ½ �T

Λ ¼

Γ�
11ðkÞ � ρω2 Γ�

12ðkÞ Γ�
13ðkÞ e�1ðkÞ iα�1ðkÞ

Γ�
21ðkÞ Γ�

22ðkÞ � ρω2 Γ�
23ðkÞ e�2ðkÞ iα�2ðkÞ

Γ�
31ðkÞ Γ�

32ðkÞ Γ�
33ðkÞ � ρω2 e�3ðkÞ iα�3ðkÞ

e�1ðkÞ e�2ðkÞ e�3ðkÞ �E�ðkÞ �iτ�ðkÞ
T0α�1ðkÞη1 T0α�2ðkÞη1 T0α�3ðkÞη1 �T0τ�ðkÞη2 λ� � Cη3

2
6666664

3
7777775

(6.140)

Fig. 6.14 Inhomogeneous

wave
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where

Γ�
ikðkÞ ¼ Cijklkjkl; e�i ðkÞ ¼ ekijkkkj; α�i ðkÞ ¼ αijkj

τ�ðkÞ ¼ τjkj; E�ðkÞ ¼ Ejkkkkj; λ�j ¼ λijni; λ�ðkÞ ¼ λijkikj

η1 ¼ 1� iξ1ω; η2 ¼ 1� iξ2ω; η3 ¼ ξ0ω
2 þ iω

(6.141)

The secular equation corresponding to Eq. (6.140) is

Λj j ¼ 0 (6.142a)

Substituting kj ¼ Pnj þ iAmj and decomposing Λj j ¼ 0 into real and imaginary parts

we get two coupling real equations of ðP;A; θ; γÞ:

Re Λj j ¼ 0; Im Λj j ¼ 0 (6.142b)

Giving ðθ; γÞ, ðP;AÞ can be obtained from Eq. (6.142), so ðk1; k2Þ. It means that k1
and k2 are obtained simultaneously. In order to ðP;AÞ are not negative it needs

�π 2= < γ < π 2= .

Similar to the homogeneous wave, Eq. (6.142) only has four independent

eigenvalues ki ¼ Pinþ iAim ði ¼ 1; 2; 3; 4Þ corresponding four phase velocities:

ci ¼ ω Pi= ; Pi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðPin1Þ2 þ ðPin2Þ2

q
(6.143)

Corresponding each complex ki , from Eq. (6.142) we can get the amplitude

vectors or eigenvectors Ui . In each Ui , U1i : U2i : U3i : Φið¼ U4iÞ : Θið¼ U5iÞ is

determined, i.e., only one component, say,Uj1 ¼ βj, is undetermined. So there are

only four undetermined amplitude components, and the general solution of the

wave propagation problem is

uk ¼
X4
j¼1

βjU
ðjÞ
k eiðk

ðjÞ
m xm�ωtÞ; φ ¼

X4
j¼1

βjΦ
ðjÞeiðk

ðjÞ
m xm�ωtÞ; ϑ ¼

X4
j¼1

βjΘ
ðjÞeiðk

ðjÞ
m xm�ωtÞ

eiðk
ðjÞ
m xm�ωtÞ ¼ ei ðP

ðjÞnþiAðjÞmÞ�x�ωt½ � ¼ e�AðjÞm�xeiðP
ðjÞn�x�ωtÞ

(6.144)

where βjði ¼ 1; 2; 3; 4Þ is an undetermined coefficient.

The numerical calculations for BaTiO3 show that the effect of γ on the velocity
surfaces of elastic waves is limited and there is a certain effect on the velocity

surfaces of the temperature. There are certain effects on the attenuation

coefficients of all waves.
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6.7 Reflection and Transmission of Waves in Pyroelectric

and Piezoelectric Materials

6.7.1 General Theory

Consider the problem of two semi-infinite pyroelectric materials I and II bounded

on the interface x2 ¼ 0 subjected to an inhomogeneous harmonic incident wave of

frequencyωwith an incident angle θ from the lower semi-plane I, x2 < 0, ( Fig. 6.15)

(Kuang and Yuan 2011; Zhou et al. 2012). In Fig. 6.15 only one reflection wave and

one transmission wave are drawn for clarity. The mechanical, electrical, and thermal

continuity conditions on the interface are (MCC), (ECC), and (TCC), respectively

MCC : uIi ¼ uIIi ; σIijn
I
i þ σIIij n

II
i ¼ 0; ð6 conditionsÞ

ECC : φI ¼ φII; DI
in

I
i þ DII

i n
II
i ¼ 0; ð2 conditionsÞ

TCC : ϑI ¼ ϑII; λIijϑ
I
;jn

I
i þ λIIijϑ

II
;j n

II
i ¼ 0; ð2 conditionsÞ

(6.145)

where nIIi ¼ �nIi . There are totally ten continuity conditions on the interface.

Let an incident wave with a wave vector kð0Þ be in the semi-infinite plane I,

x2 � 0, and corresponding displacement, electric potential, and relative temperature

can be expressed by

u
ð0Þ
k ¼ U

ð0Þ
k ei k

ð0Þ
m xm�ωtð Þ; φð0Þ ¼ Φð0Þei k

ð0Þ
m xm�ωtð Þ; ϑð0Þ ¼ Θð0Þei k

ð0Þ
m xm�ωtð Þ;

(6.146)

whereU
ð0Þ
k ;Φð0Þ;Θð0Þ and kð0Þm are all known. The reflection wave in the semi-infinite

plane I, x2 � 0, can be expressed by

Fig. 6.15 A sketch of reflection and transmission of inhomogeneous waves
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u
ðrÞ
k ¼

XN
j¼1

βðrÞj U
ðr;jÞ
k ei k

ðr;jÞ
m xm�ωtð Þ; φðrÞ ¼

XN
j¼1

βðrÞj Φ
ðr;jÞei k

ðr;jÞ
m xm�ωtð Þ

ϑðrÞ ¼
XN
j¼1

βðrÞj Θ
ðr;jÞei k

ðr;jÞ
m xm�ωtð Þ

(6.147)

and the transmission wave in the semi-infinite plane II, x2 � 0, can be expressed by

u
ðtÞ
k ¼

XN
j¼1

βðtÞj U
t;jð Þ
k ei k

t;jð Þ
m xm�ωtð Þ; φðtÞ ¼

XN
j¼1

βðtÞj Φ
t;jð Þei k

t;jð Þ
m xm�ωtð Þ

ϑðtÞ ¼
XN
j¼1

βðtÞj Θ
t;jð Þei k

t;jð Þ
m xm�ωtð Þ

(6.148)

In Eqs. (6.147) and (6.148),N is the number of the independent waves. It is obvious

that

uIk ¼ u
ð0Þ
k þu

ðrÞ
k ; uIIk ¼ u

ðtÞ
k ; φI ¼φð0Þ þφðrÞ; φII ¼φðtÞ; ϑI ¼ ϑð0Þ þϑðrÞ; ϑII ¼ ϑðtÞ

σIij ¼ σð0Þij þσðrÞij ; σIIij ¼ σðtÞij ; DI
i ¼D

ð0Þ
i þD

ðrÞ
i ; DII

i ¼D
ðtÞ
i

(6.149)

When waves propagate in the x1-x2 plane, the following synchronism condition

should be held:

k
ð0Þ
1 ¼ k

ðr;jÞ
1 ¼ k

ðt;jÞ
1 ; k

ðα;jÞ
1 ¼ kðα;jÞnðα;jÞ1 ; ðα ¼ r; t; j ¼ 1� NÞ (6.150)

Decomposing Eq. (6.150) into real and imaginary parts yields

Pð0Þ sin θð0Þ ¼ Pðr;jÞ sin θðr;jÞ ¼ Pðt;jÞ sin θðt;jÞ

Að0Þ sin θð0Þ þ γð0Þ
� 

¼ Aðr;jÞ sin θðr;jÞ þ γðr;jÞ
� 

¼ Aðt;jÞ sin θðt;jÞ þ γðt;jÞ
�  (6.151)

From Eqs. (6.137) and (6.151), we can get the generalized Snell’s law from the real

part:

sin θð0Þ

cð0Þ
¼ sin θðr;jÞ

cðr;jÞ
¼ sin θðt;jÞ

cðt;jÞ
; cð0Þ ¼ ω

Pð0Þ ; cðr;jÞ ¼ ω

Pðr;jÞ ;

cðt;jÞ ¼ ω

Pðt;jÞ ; ðj ¼ 1� NÞ
(6.152)
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From Eq. (6.152), θðr;jÞ; θðt;jÞ; γðr;jÞ; γðt;jÞ can be solved when θð0Þ; γð0Þ; cð0Þ and cðr;jÞ;
cðt;jÞ are known. In the reflection and transmission wave case, k

ð0Þ
1 ¼ k

ðr;jÞ
1 ¼ k

ðt;jÞ
1 are

known and unknowns are k
ðr;jÞ
2 ; k

ðt;jÞ
2 in Eq. (6.142). In this case except four

bulk waves as that in the infinite space, a new kind of wave will be revealed. The

numerical examples show that this new wave propagates almost parallel to the

interface, but the maximum attenuation direction is almost perpendicular to

the interface. So we call it quasi-surface wave or QS wave. The similar waves

called evanescent wave in the previous literatures for piezoelectric by Auld (1973)

and Every and Neiman (1992) had been discussed. Sharma et al. (2008) discussed

also the wave reflection and transmission in pyroelectric materials.

Substituting Eqs. (6.146), (6.147), (6.148), and (6.149) into Eq. (6.145), the ten

boundary conditions on the interface can be expressed as

U
ð0Þ
k þ

X5
j¼1

βðrÞj U
ðr;jÞ
k ¼

X5
j¼1

βðtÞj U
ðt;jÞ
k ; k ¼ 1� 3;

C
ðrÞ
2imlk

ð0Þ
l Uð0Þ

m þ e
ðrÞ
m2ik

ð0Þ
m Φð0Þ þ iαðrÞi2 Θ

ð0Þ þ
X5
j¼1

βðrÞj ðCðrÞ
2imlk

ðr;jÞ
l Uðr;jÞ

m þ e
ðrÞ
m2ik

ðr;jÞ
m Φðr;jÞ

þ iαðrÞi2 Θ
ðr;jÞ ¼

X5
j¼1

βðtÞj C
ðtÞ
2imlk

ðt;jÞ
l Uðt;jÞ

m þ e
ðtÞ
m2ik

ðt;jÞ
m Φðt;jÞ þ iαðtÞi2 Θ

ðt;jÞ
� 

; i ¼ 1� 3

(6.153a)

Φð0Þ þ
X5
j¼1

βðrÞj Φ
ðr;jÞ ¼

X5
j¼1

βðtÞj Φ
ðt;jÞ

� EðrÞ2mk
ð0Þ
m Φð0Þ þ e

ðrÞ
2pmk

ð0Þ
m Uð0Þ

p � iτðrÞi Θ
ð0Þ þ

X5
j¼1

βðrÞj e
ðrÞ
2pmk

ðr;jÞ
m Uðr;jÞ

p � EðrÞ2mk
ðr;jÞ
m Φðr;jÞ

�

�iτðrÞi Θ
ðr;jÞ

¼
X5
j¼1

βðtÞj e
ðtÞ
2pmk

ðt;jÞ
m Uðt;jÞ

p � EðtÞ2mk
ðt;jÞ
m Φðt;jÞ � iτðtÞi Θ

ðt;jÞ
� 

(6.153b)

Θð0Þ þ
X5
j¼1

βðrÞj Θ
ðr;jÞ ¼

X5
j¼1

βðtÞj Θ
ðt;jÞ

λðrÞ2mk
ð0Þ
m Θð0Þ þ λðrÞ2m

X5
j¼1

βðrÞj kðr;jÞm Θðr;jÞ ¼ λðtÞ2m
X5
j¼1

βðtÞj kðt;jÞm Θðt;jÞ
(6.153c)

Therefore, in the reflection and transmission waves, there are ten complex unknown

amplitude coefficients βðrÞj and βðtÞj (j ¼ 1 � 5) with total ten complex interface

continuity conditions. This shows that the reflection and transmission waves are

solvable.
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The general expression of the wave energy flow and its ratio of the reflection and

transmission are defined as

_Wi ¼ �σkl _uk þ φ _Di � λikϑ;kϑ=T0; eðjÞ ¼< _W
ðjÞ
2 > = < _W

ð0Þ
2 >; (6.154)

where the symbol <> expresses the average value over one period of a physical

variable and _W
ðjÞ
2 is the energy flow component corresponding to βðjÞ along x2

direction.

Omitting the terms related to temperature, the governing equations of the

piezoelectric materials are obtained.

The above theory of acoustic wave in piezoelectric materials is based on the

quasi-electrostatic description, because the sound speed ca is several orders smaller

than the electromagnetic wave speed ce. The precision of this approximation is very

high. The electromagnetic corrections to the surface acoustic speeds only have the

order ðca ce= Þ2 � 10�8. The exceptional case is the incidence under small angle of

the order ofca ce= to the normal of the interface, due to the generalized Snell’s law or

the synchronism condition (Darinskii et al. 2008). In this case the incident elastic

wave can be converted into the electromagnetic waves. However, the magnitudes of

the tangential components of the wave amplitudes are in order of ca ce= , so very

small due to the small incident angle.

6.7.2 Numerical Example

As an example, we discuss 2D propagation waves in PZT-6B/BaTiO3 material

combination, which are transversely isotropic materials with poling axis x3 (Zhou
et al. 2012). In 2D case there is only one transverse wave QT.

The material data for BaTiO3 are given in 6.6.4. The material data for PZT-6B

are given as

C11 ¼ 168
109; C13 ¼ 60
109; C33 ¼ 163
109; C44 ¼ 27:1ðMPaÞ;
e13 ¼�0:9; e33 ¼ 7:1; e15 ¼ 4:6ðC m2

� Þ; E11 ¼ 3:6
10�9; E33 ¼ 3:4
10�9ðC Vm= Þ;
αε11 ¼ 7
10�6; αε33 ¼ 7ð10�6 K= Þ; λ11 ¼ 1:2; λ33 ¼ 1:2ðJ msK= Þ; τ¼ 3:7ð10�4C m2K

� Þ;
ρ¼ 7;600ðkg m3

� Þ; ω¼ 2π
106s�1; C¼ 420ðJ kgK= Þ; ρs0 ¼ 10�14s�1:

Figure 6.16 shows the variations of the amplitude coefficients βij j and the energy
flow ratios eðjÞ of the reflection and transmission waves with the incident angle θ of
the QL incident wave from PZT-6B to BaTiO3. Figure 6.16a gives the amplitude

coefficients for reflected waves Ref-QL and Ref-QT and transmitted wave Tran-QL

and Tran-QT. It is found that when the incident angle θ exceeds the critical angle

θcr ðθcr � 61:2�Þ , the Tran-QL wave becomes evanescent propagating along

the interface. Figure 6.16b shows the energy flow ratios normal to the interface

for the Ref-QL, Ref-QT, Tran-QL, and Tran-QT. It is found that the sum of Ref-QL
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and Tran-QL waves is far larger than the sum of Ref-QT and Tran-QT waves.

Figure 6.16c gives the amplitude coefficients for the quasi-surface (QS) waves. The

amplitude coefficients of QS waves are much less than those of other elastic waves.

Figure 6.16d shows the amplitude coefficients of the reflected and transmitted

temperature T waves. The amplitude coefficients of temperature waves are far

less than those of other waves discussed in the example. The energy flow normal

to the interface for the temperature wave is also very little and dissipates quickly.

Kuang and Yuan (2011) discussed the 2D reflection problem from the interface

of BiTiO3 vaccum= with the boundary conditions

σðoÞ2j þ σðrÞ2j ¼ 0; D
ðoÞ
2 þ D

ðrÞ
2 ¼ 0; λ2j ϑ

ðoÞ
;j þ ϑðrÞ;j

� 
¼ 0; j ¼ 1; 2

In this case there are no transmitted waves. The quasi-surface wave becomes

surface wave. They found that the wave velocity of the quasi-surface wave is

significantly dependent to the incident angle due to the generalized Snell’s law.

When the incident wave is the elastic wave, the reflected wave is mainly the elastic

wave, the quasi-surface wave is weaker, and the reflected temperature wave is very

limited. The effect of the attenuation angle γ is very limited.

Fig. 6.16 Variations of βij j and eðjÞ with the incident angle θ of QL incident wave from PZT-6B to

BaTiO3: (a) coefficients of QL and QT waves, (b) energy flow ratios of QL and QT waves, (c)

coefficients of QS wave, and (d) coefficients of T wave
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6.7.3 Viscous Effect

The experimental results showed that the viscous relaxation times are about

10�6 � 10�8s for various metals under shock-loading conditions (Mineev and

Mineev 1997; Ma et al. 2011). Ezzat et al. (2002) discussed the generalized

thermo-viscoelasticity with G-L theory. Lionetto et al. (2005) studied the boundary

value problem of one-dimensional semi-infinite piezoelectric rod subjected to a

sudden heat based on K-L-S theory. They found that the thermal relaxation and the

viscous effects were evident in short time for the thermal shock in viscoelastic-

piezoelectric material. Kuang (2011) and Kuang and Zhou (2012) introduced

material constant βijkl to discuss tentatively the viscoelastic effect in the inertial

entropy theory. The constitutive equation (6.124) is changed to

σij ¼ Cijklεkl þ βijkl _εkl � ekijEk � αijϑ; Di ¼ EijEj þ eiklεkl þ τiϑ;

s ¼ αijεij þ τiEi þ Cϑ=T0
(6.155)

The governing equation (6.128) becomes

Cijkluk;lj þ βijkl _εkl þ ekijφ;kj � αijϑ;j ¼ ρ€ui; eikjuk;ji � Eijφ;ji þ τiϑ;i ¼ 0

αij _ui;j � τi _φ;i þ ðC T0= Þð _ϑþ ρs0€ϑÞ ¼ λijϑ;ji T=
(6.156)

Figure 6.17 gives the phase diagram of attenuation coefficient of QL wave for

various ρs0; τ0 for a plane wave with γ ¼ 0 for various ω, where βijkl ¼ τ0Cijkl is

assumed. In Fig. 6.17 the attenuation coefficient is positive if the region is above the

Fig. 6.17 Phase diagram of the attenuation coefficient
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lines and negative if the region is below the lines. In the region with negative

attenuation coefficient, there is an enlarged factor before the elastic wave

amplitudes. However, it is not to say that on the propagation path the elastic

waves are enhanced, because the elastic wave amplitudes are proportional to the

temperature wave amplitude (see Sect. 1.7.6).

It is found that if τ0 ¼ 0, negative damping occurred, but for ρs0 ¼ 0 there is no

damping region. How to explain and use the negative damping it is also a mean-

ingful problem.

In the shock problem it is better to take the integral-type viscoelastic constitutive

equation (Kuang 2002; Ezzat et al. 2002).

6.7.4 Waves in Piezoelectric Materials

The governing equations in the piezoelectric materials can be obtained by omitting

the terms containing temperature in the governing equations of the pyroelectric

materials. For the plane wave from Eq. (6.132) the Christoffel equation is

ðΓ�
ikk

2 � ρω2δikÞUk þ e�i k
2Φ ¼ 0; e�kk

2Uk � E�k2Φ ¼ 0 (6.157)

or

Λðk;ω; nÞU ¼ 0; U ¼ U1;U2;U3;Φ½ �T

Λðk;ω; nÞ ¼

Γ�
11k

2 � ρω2 Γ�
12k

2 Γ�
13k

2 e�1k
2

Γ�
21k

2 Γ�
22k

2 � ρω2 Γ�
23k

2 e�2k
2

Γ�
31k

2 Γ�
32k

2 Γ�
33k

2 � ρω2 e�3k
2

e�1k
2 e�2k

2 e�3k
2 �E�k2

2
6664

3
7775 ð6:158Þ

whereΓ�
ij; e

�
j ; E

� are shown in Eq. (6.135). Other theories can be discussed similarly.

Pang et al. (2008) discussed the reflection of plane waves at the interface

between piezoelectric piezomagnetic media.

6.8 Coupling Problem of Elastic and Electromagnetic

Waves in Piezoelectric Material

6.8.1 Governing Equations in Pyroelectric Materials

In this section we shall discuss the coupling of elastic wave with electromagnetic

wave shortly. It is assumed that there are no body force and body electric charge in
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the material. According to Eq. (1.4) the independent Maxwell equations for the case

without electric current are

—
 E ¼ � _B; —
H ¼ _D (6.159)

It is assumed that the material is nonmagnetic, so the constitutive equations are

σ ¼ C : ε� e � E� αθ; s ¼ α : εþ τ � Eþ Cϑ T0= ;

D ¼ e � Eþ e : εþ τϑ; B ¼ μ �H (6.160)

Equations (6.159) and (6.160) yield the electromagnetic wave equation

€D ¼ —
 _H ¼ �—
 ðμ�1 � —
 EÞ; or Eij €Ej þ eikl€εkl þ τi€ϑ ¼ �ϖlkjϖpniμ
�1
nj Ek;lp

(6.161)

where ϖijk is the permutation notation. The momentum and thermal equations are

Cijkluk;lj � ekijEk;j � αjiϑ;j ¼ ρ€ui; αij _ui;j þ τi _Ei þ ðC T0= Þð _ϑþ ρs0€ϑÞ ¼ λijϑ;ji T=

(6.162)

The continuity conditions on an interface for a wave reflection and transmission

problem are

uI ¼ uII; σI � n ¼ σII � n; n
 EI ¼ n
 EII;

n
HI ¼ n
HII;ϑI ¼ ϑII; qI � n ¼ qII � n
(6.163)

Equations (6.161), (6.162), and (6.163) are the electroelastic coupling governing

equations in pyroelectric materials.

6.8.2 Coupling Problem of Plane Wave in Piezoelectric
Materials

Kyame (1949), Auld (1973), and Every and Neiman (1992) discussed the

electroelastic coupling waves in piezoelectric materials. From Eqs. (6.160),

(6.161), and (6.162), the governing equations in piezoelectric materials with isotro-

pic magnetic behavior are

— � ðC : εÞ � — � ðe � EÞ ¼ ρ€u

μ0ðe � €Eþ e : €εÞ ¼ �—
 ð—
 EÞ ¼ �—ð— � EÞ þ —2E; or

Cijkluk;lj � ekijEk;j ¼ ρ€ui; μ0 ðeikl€uk;l þ Eij €EjÞ ¼ Ei;mm � Em;mi

(6.164)
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In the coupling problem it is convenient to use the velocity instead of

displacement. For a plane wave it is assumed

vk ¼ _uk ¼ Vke
iðkmxm�ωtÞ; Ei ¼ E0ie

iðkmxm�ωtÞ; uk ¼ Uke
iðkmxm�ωtÞ; Vk ¼ �iωUk

(6.165)

Substituting Eq. (6.165) into Eq. (6.164) yields the Christoffel equation

Cijklklkj � ρω2δik
� 	

Vk þ ekijωkjE0k

eiklμ0ωklVk þ ðkjkjδim � kmkiÞ � ω2μ0Eim
� �

E0m

(6.166)

or

ΛðkÞU ¼ 0; U ¼ V1;V2;V3;E01;E02;E03½ �T

Λ ¼

Γ�
11 � ρω2 Γ�

12 Γ�
13 e�11 e�21 e�31

Γ�
21 Γ�

22 � ρω2 Γ�
23 e�12 e�22 e�32

Γ�
31 Γ�

32 Γ�
33 � ρω2 e�13 e�23 e�33

e��11 e��12 e��13 γ�11 γ�12 γ�13
e��21 e��22 e��23 γ�21 γ�22 γ�23
e��31 e��32 e��33 γ�31 γ�32 γ�33

2
666666664

3
777777775

ð6:167Þ

where

Γ�
ik ¼ Cijklklkj; e�ki ¼ ekijωkj; e��ki ¼ μ0e

�
ki; γ�ik ¼ ðkjkjδik � kikkÞ � ω2μ0Eik

� �
(6.168)

The corresponding secular equation detΛ ¼ 0 is a 6
 6 determinant of the

coefficients including Vm and E0m . Every and Neiman (1992) discussed the

approximate solution.

Now discuss a plane wave propagating along x1 axis (so k1 ¼ k; k2 ¼ k3 ¼ 0) in

a transversely isotropic piezoelectric material with x3 polarization. In a trans-

versely isotropic piezoelectric material, the material constants in Voigt notations

are e31 ¼ e32; e15 ¼ e24; e33; E11 ¼ E22; E33 , C11 ¼ C22;C12;C13 ¼ C23;C33;C44 ¼
C55;C66 ¼ ðC11 � C12Þ 2= . Therefore, the secular equation is

Λj j ¼

C11k
2�ρω2 0 0 0 0 e31ωk

0 C66k
2�ρω2 0 0 0 0

0 0 C44k
2�ρω2 e15ωk 0 0

0 0 μ0e15ωk �ω2μ0E11 0 0

0 0 0 0 k2�ω2μ0E11 0

μ0e31ωk 0 0 0 0 k2�ω2μ0E33

��������������

��������������
¼ðC66k

2�ρω2Þðk2�ω2μ0E11Þ ðC11k
2�ρω2Þðk2�ω2μ0E33Þ�μ0e231ω2k2

� �

 �ω2μ0E11ðC44k

2�ρω2Þ�μ0e15ωke15ωk
� �¼ 0

(6.169)
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Equations (6.169) and (6.167) can be decomposed into four groups. The modes

and the corresponding wave velocities ci ¼ ω ki= can be given as follows:

Purely acoustic wave: mode, ðC66k
2 � ρω2ÞV2 ¼ 0; velocity, cs6 ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
C66 ρ=

p
Purely electromagnetic wave: mode, ðk2 � ω2μ0E11ÞE02 ¼ 0 ; velocity,

ce ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 μ0E11=

p
.

Stiffened acoustic wave (electrically quasi-static): modes, ðC44k
2 � ρω2ÞV3 þ

e15ωkE01 ¼ 0, μ0e15ωkV3 � ω2μ0E11E01 ¼ 0; velocity, c�s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C44 þ e215 E11=
� 	

ρ=
q

Quasi-acoustic and quasi-electromagnetic coupling wave:

modes; ðC11k
2 � ρω2ÞV1 � e31ωkE03 ¼ 0; μ0e31ωkV1 þ ðk2 � ω2μ0E33ÞE03 ¼ 0

velocities;
cq elctr:

cq acust:

(
¼ 1

2

1

μ0E33
þC11

ρ
þ e231
ρE33


 �
1	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4ρμ0E33C11

ρþμ0E33C11þμ0e231
� 	2

s" #

6.9 Transverse Wave Scattering from a Semi-infinite

Conducting Crack

6.9.1 Fundamental Theory

Discuss a transversely isotropic piezoelectric material with isotropic magnetic

behavior and isotropic plane x1 � x2 . Assume the electromechanical coupling

occurred between antiplane displacement uð0; 0; u3Þ and in-plane electric field

EðE1;E2; 0Þ. For mode-III problem Eq. (6.164) becomes

C44r2u3 � e15— � E ¼ ρ€u3; —ð Þ ¼ i1ð Þ;1 þ i2ð Þ;2
€D ¼ E11€Eþ e15—€u3 ¼ —
 _H ¼ �μ�1

0 —
 ð—
 EÞ
(6.170)

Let

E ¼ �—φ� _A ce= ; ce ¼ 1
ffiffiffiffiffiffiffiffiffiffi
μ0E11

p�
; — � Aþ _φ ce= ¼ 0 (6.171)

The last one in Eq. (6.171) is a gauge condition to make A unique.

For a general mode-III case from Eq. (6.170), we obtained the electromagneto-

acoustic wave equations:

C44r2u3 þ e15 r2φ� €φ c2e
�� 	 ¼ ρ€u3; —2A� €A c2e ¼

� � μ0e15ce— _u3 (6.172)
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where — � E ¼ �—2φþ €φ c2e
�

has been used. For the electrically quasi-stationary

(EQS) case, we have —
 E ¼ � _B ¼ 0, so Eq. (6.170) yields

C44r2u3 þ e15 r2φ� €φ c2e
�� 	 ¼ ρ€u3; e15r2u3 ¼ E11 r2φ� €φ c2e

�� 	
(6.173)

In EQS case the electroelastic wave does not couple with magnetic field. Let

ψ ¼ φ� e15 E11=ð Þĉu3; ĉ ¼ c2e c2e � c�2s
� 	�

; c�s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C44 þ e215 E11=
� 	

ρ=
q

(6.174)

Using Eq. (6.174), Eq. (6.173) can be reduced to

r2u3 � L�2s €u3 ¼ 0; r2ψ � L2e €ψ ¼ 0; L�s ¼ 1 c�s
�

; Le ¼ 1 ce= � L�s (6.175)

If term €φ c2e
�

is neglected, Eq. (6.173) is reduced to Eq. (4.239) for the electrically

static problem. So the difference between the electrically quasi-stationary and static

problems is very small, but Eq. (6.175) forms two hyperbolic equations, which may

sometimes solve the problem easier. The constitutive equations are

σ13 ¼ C�
44u3;1 þ e15ψ ;1; σ23 ¼ C�

44u3;2 þ e15ψ ;2; C�
44 ¼ C44 þ ĉe215 E11=

D1 ¼ e15 1� ĉð Þu3;1 � E11ψ ;1; D2 ¼ e15ð1� ĉÞu3;2 � E11ψ ;2

(6.176)

6.9.2 Transverse Wave Scattering from a Semi-infinite
Conducting Crack

Figure 6.18 shows the diffraction of an incident shear wave through a semi-

infinite conducting crack in a transversely isotropic piezoelectric material. Li

(1996) used the governing equations Eq. (6.175) to solve this problem and called

Fig. 6.18 Transverse wave

scattering from a semi-infinite

conducting crack

6.9 Transverse Wave Scattering from a Semi-infinite Conducting Crack 313

http://dx.doi.org/10.1007/978-3-642-36291-0_4


it “quasi-hyperbolic approximation” method. The generalized displacement in the

material is

u3 x1; x2; tð Þ ¼ u
ðiÞ
3 þ u

ðsÞ
3 ; ψ x1; x2; tð Þ ¼ ψ ðiÞ þ ψ ðsÞ; φ x1; x2; tð Þ ¼ φðiÞ þ φðsÞ

� 
(6.177)

where the superscripts “( i )” and “(s )” denote the incident and scattering fields,

respectively. The incident acoustic wave is assumed in the following form:

u
ðiÞ
3 x1; x2; tð Þ ¼ u

ðiÞ
30G t� L�s nmxm
� 	

; GðtÞ ¼ HðtÞ
Z t

0

g τð Þdτ (6.178)

where g τð Þ is a given real function, HðtÞ is the Heaviside function, U
ðiÞ
0 is the

amplitudes of incident acoustic wave, and n1 ¼ cos θα; n2 ¼ � sin θα . For conve-
nience the field variables in the upper half-space (x2 < 0) and lower space (x2 > 0)

are labeled by supermarks “ � ” and “ þ ,” respectively. In order to apply the

Wiener-Hopf technique an artificial interface x2 ¼ 0; x1 < 0 is introduced. Using

Eq. (6.176) the boundary conditions on the crack and the artificial surfaces are

σ	23ðx1; 0; tÞ ¼ σðiÞ23 þ σ	ðsÞ
23 ¼ 0; φ	ðx1; 0; tÞ ¼ φðiÞ þ φ	ðsÞ ¼ 0; 0 � x1 < 1;

uþ3 ðx1; 0; tÞ ¼ u�3 ðx1; 0; tÞ; Dþ
2 ðx1; 0; tÞ ¼ D�

2 ðx1; 0; tÞ; x1 < 0

(6.179)

The initial and radiation conditions are as follows:

u
ðsÞ
3 ðx1; x2; tÞ ¼ _u

ðsÞ
3 ðx1; x2; tÞ ¼ 0; φðsÞðx1; x2; tÞ ¼ _φðsÞðx1; x2; tÞ ¼ 0; t < 0

lim
jxj!1

u
ðsÞ
3 ðx1; x2; tÞ; _u

ðsÞ
3 ðx1; x2; tÞ; φðsÞðx1; x2; tÞ; _φðsÞðx1; x2; tÞ

h i
¼ 0; t > 0

(6.180)

6.9.3 Derive the Wiener-Hopf Equations in Laplace
Transform Region

Introduce the one-side Laplace transform �f ðx1; x2; pÞ with respect to time of

f ðx1; x2; tÞ and its inverse transform:

�f ðx1; x2; pÞ ¼
Z 1

0

f ðx1; x2; tÞe�pt dt; f ðx1; x2; tÞ ¼ 1

2πi

Z aþi1

a�i1
�f ðx1; x2; pÞept dp

(6.181)
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where f ðx1; x2; tÞ is called original function, �f ðx1; x2; pÞ is image function, and p

¼ αþ iβ is the Laplace transform complex parameter. �f ðx1; x2; pÞ is an analytic

function in the plane Re p > α0 , where α0 is the growth exponent of f ðtÞ . The
integral path in Eq. (6.181) is called Bromwich path. The two-side Laplace trans-

form �f
�ðς; x2; pÞ with respect to x1 of �f ðx1; x2; pÞ is defined as

�f
�ðς; x2; pÞ ¼

Z 1

�1
�f ðx1; x2; pÞ e�pςx1dx1

f ðx1; x2; pÞ ¼ p

2πi

Z a0þi1

a0�i1
�f
�ðς; x2; pÞ epςx1dς

(6.182)

Applying Eqs. (6.181), and (6.175), using the integral by parts and the initial and

radiation conditions we find

�u�3;22 � p2α2�u�3 ¼ 0; �ψ�
;22 � p2β2�ψ� ¼ 0; αðςÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�2s � ς2

q
; βðςÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2e � ς2

q
(6.183)

To satisfy the boundary conditions at infinity, the solution is chosen in the following

form:

�u�þ3 ðς; x2; pÞ ¼ ð1=p2ÞAþðςÞe�pαx2

�ψ�þðς; x2; pÞ ¼ ð1=p2ÞBþðςÞe�pβx2

�
; x2 > 0;

�u��3 ¼ �ð1 p2
� ÞA�ðςÞepαx2

�ψ�� ¼ �ð1 p2
� ÞB�ðςÞepβx2

�
; x2 < 0

(6.184)

where ReαðςÞ � 0;ReβðςÞ � 0 in the ζ plane with branch cuts on the Imς ¼ 0:

For α : Reς < �L�s and Reς > L�s ; For β : Reς < �Le and Reς > Le

(6.185)

Li et al. (2005a) adopted the Wiener-Hopf technique (Noble 1958; Zhu and Kuang

1995) to solve above problem. Introduce unknown functions:

σ�ðx1; tÞ¼
σ	23; x1 < 0

0; x1 � 0

�
; φ�ðx1; tÞ¼

φ	; x1 < 0

0; x1 � 0

�
;

Δwþðx1; tÞ¼
0; x1 < 0

uþ3 �u�3 ; x1 � 0

�
; ΔDþðx1; tÞ¼

0; x1 < 0

Dþ
2 �D�

2 ; x1 � 0

�

σ	23 ¼ σ	23ðx1;0; tÞ; φ	 ¼φ	ðx1;0; tÞ; D	
2 ¼D	

2 ðx1;0; tÞ

(6.186)

So the boundary conditions can be expanded to the full range of the x1-axis:

σ	23ðx1; 0; tÞ ¼ σ�ðx1; tÞ � σðiÞ23ðx1; 0; tÞ; φ	ðx1; 0; tÞ ¼ φ�ðx1; tÞ � φðiÞðx1; 0; tÞ;
�1 < x1 < 1

uþ3 ðx1; 0; tÞ � u�3 ðx1; 0; tÞ ¼ Δwþðx1; tÞ; Dþ
2 ðx1; 0; tÞ � D�

2 ðx1; 0; tÞ ¼ ΔDþðx1; tÞ;
�1 < x1 < 1

(6.187)
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The double Laplace transform of Eq. (6.187) is

�σ�	23 ðς;0;pÞ¼Σ�ðςÞ p= ��σ�ðiÞ23 ðς;0;pÞ; �φ�	ðς;0;pÞ¼Φ�ðςÞ p2
� � �φ�ðiÞðς;0;pÞ

1

2
�u�þ3 ðς;0;pÞ� �u��3 ðς;0;pÞ� �¼ΔUþðςÞ

p2
;
1

2
D�þ

2 ðς;0;pÞ�D��
2 ðς;0;pÞ� �¼ΔDþðςÞ

p2

Σ�ðςÞ¼ p

Z 0

�1
σ��ðx1;pÞe�pςx1dx1; Φ�ðςÞ¼ p2

Z 0

�1
Φ�

�ðx1;pÞe�pςx1dx1

ΔUþðςÞ¼ ðp2=2Þ
Z 1

0

Δw�
þðx1;pÞe�pςx1dx1; ΔDþðςÞ¼ ðp=2Þ

Z 1

0

ΔD�
þðx1;pÞe�pςx1dx1

(6.188)

Substituting Eq. (6.184) and the transformed constitutive equation obtained from

Eq. (6.176) into Eq. (6.188) we get

�σ�þ23 þ �σ��23 : �C�
44αðςÞAsðςÞ� e15βðςÞBsðςÞ ¼Σ�ðςÞ�p�σ�ðiÞ23

�φ�þ � �φ�� : ðe15=E11ÞĉAsðςÞþBsðςÞ ¼ 0

�u�þ3 � �u��3 : AsðςÞ ¼ΔUþðςÞ
�σ�þ23 � �σ��23 : �C�

44αðςÞAasðςÞ� e15βðςÞBasðςÞ ¼ 0

�φ�þ þ �φ�� : ðe15=E11ÞĉAasðςÞþBasðςÞ ¼Φ�ðςÞ�p2�φ�ðiÞ

D�þ
2 �D��

2 : �e15ð1� ĉÞαðςÞAasðςÞþ E11βðςÞBasðςÞ ¼ ΔDþðςÞ
As ¼ ðAþþA�Þ=2; Aas ¼ ðAþ�A�Þ=2; Bs ¼ ðBþ þB�Þ=2; Bas ¼ ðBþ�B�Þ=2

(6.189)

From Eq. (6.189) two decoupled Wiener-Hopf equations can be obtained:

� C�
44KðςÞΔUþðςÞ ¼ Σ�ðςÞ � p�σ�ðiÞ23 ; KðςÞ ¼ αðςÞ � k2eβðςÞ (6.190a)

C�
44KðςÞΔDþðςÞ

αðςÞβðςÞ e215ð1� ĉÞ þ E11C�
44

� � ¼ Φ�ðςÞ � p2�φ�ðiÞ; k2e ¼
e215

E11C�
44

ĉ (6.190b)

The �σ�ðiÞ23 and �φ�ðiÞ in Eqs. (6.190a) and (6.190b) are the double Laplace transform of

σðiÞ23 and φðiÞ, respectively, and for an incident acoustic wave are equal to

�σ�ðiÞ23 ðς; 0; pÞ ¼ � σ0�gðpÞ
p ςþ L�s n1
� 	 ; �φ�ðiÞðς; 0; pÞ ¼ � φ0�gðpÞ

p2 ςþ L�s n1
� 	

σ0 ¼ C�
44L

�
s n2u

ðiÞ
30 ; φ0 ¼ �ðe15=E11ÞĉuðiÞ30 ð6:191Þ
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6.9.4 Decomposing of the Function K(ς)

In order to solve Eqs. (6.190) and (6.191), it is needed to factorize the functionKðξÞ
into sectionally analytic functions in the left and right half ς plane, respectively.

Let (Li 2000)

KðςÞ ¼ αðςÞ � k2eβðςÞ ¼ 1� k4e
� 	 L2G � ς2

� 	
αðςÞ þ k2eβðςÞ

; LG ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�2s � k4eL

2
e

1� k4e

s

αðςÞ þ k2eβðςÞ ¼ 1þ k2e
� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

L2G � ς2
q

ΩðςÞ; ΩðςÞ ¼ αðςÞ þ k2eβðςÞ
1þ k2e
� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

L2G � ς2
q (6.192)

When ςj j ! 1, α! β ¼
ffiffiffiffiffiffiffiffi
�ς2

p
and ΩðςÞ ! 1. Factorize ΩðςÞ into sectionally

analytic functions ΩþðςÞ and Ω�ðςÞ and ΩðςÞ ¼ ΩþðςÞΩ�ðςÞ. Let

ln ΩðςÞ ¼ ln ΩþðςÞ þ ln Ω�ðςÞ ¼ 1

2πi

I
C

ln ΩðzÞ
z� ς

dz (6.193)

whereC is the integration path located in the ςplane with cutsCþ andC� (Fig. 6.19).

There are three branch points inside Cþ or C�.
Using the Cauchy principle value (PV) integration around Cþ, it is obtained

ΘðςÞ ¼ arg ΩðςÞ½ � ¼ 	π 2= ; �LG < Reς < �L�s ; Imς ¼ 	0

	 arctan Ξ ðςÞ; �L�s < Reς < �Le; Imς ¼ 	0

�

ΞðςÞ ¼ k2e
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðς� LeÞðςþ LeÞ

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�s � ς
� 	

L�s þ ς
� 	q ¼

k2e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ς2 � L2e
� 	q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�2s � ς2
� 	q

(6.194)

By using the Cauchy’s integral theorem, it is obtained

Ω	ðςÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�s 	 ς

LG 	 ς

s
exp � 1

π

Z L�s

Le

arctan ΞðηÞ½ � dη

η	 ς

� �
(6.195)

Fig. 6.19 Integration paths

used for product

decomposition of HðςÞ
in ζ plane
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where Ω	ðςÞ is corresponding to the notations “ 	 ” at right hand of the equality,

respectively. Therefore, it yields

αðςÞ þ k2eβðςÞ ¼ 1þ k2e
� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

L�2s � ς2
q

MþðςÞM�ðςÞ

KðςÞ ¼ 1� k4e
� 	 L2G � ς2

� 	
αðςÞ þ k2eβðςÞ

¼ 1� k2e
� 	 L2G � ς2

� 	ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�2s � ς2

p SþðςÞS�ðςÞ

M	ðςÞ ¼ exp � 1

π

Z L�s

Le

arctanΞðηÞ dη

η	 ς

� �
; S	ðςÞ ¼ M	ðςÞ½ ��1

(6.196)

6.9.5 Solutions of the Wiener-Hopf Equations

Substitution of Eqs. (6.196) and (6.191) into Eq. (6.190a) yields

�C��
44

L2G � ς2
� 	ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�2s � ς2

p ΔUþðςÞSþðςÞSþðςÞ ¼ Σ�ðςÞ þ σ0�gðpÞ
ςþ L�s n1
� 	 ; C��

44 ¼ C�
44 1� k2e
� 	
(6.197)

Introduce

R�ðςÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
L�s � ς

p
LG � ςð ÞS�ðςÞ ;

R�ðςÞ
ςþ L�s n1

¼ R�ðςÞ � R� �L�s n1
� 	

ςþ L�s n1
þ R� �L�s n1

� 	
ςþ L�s n1

(6.198)

Equations (6.197) and (6.198) yield

� C��
44

LG þ ςð Þffiffiffiffiffiffiffiffiffiffiffiffiffi
L�s þ ς

p ΔUþðςÞSþðςÞ �
σ0�gðpÞR� �L�s n1

� 	
ςþ L�s n1
� 	

¼ Σ�ðςÞR�ðςÞ þ
σ0�gðpÞ R�ðςÞ � R� �L�s n1

� 	� �
ςþ L�s n1
� 	 (6.199)

It is known that the functions at the left side in Eq. (6.199) are analytic in the right

half-plane Reς > 0 and equal to zero at infinity, whereas those on the right side are

analytic in the left half-plane Reς < 0 and they are continuous on Imς ¼ 0. So

according to Liouville theorem (Lavrenchive and Shabat 1951), these functions are

analytic in whole plane and must be zero. So

ΔUþðςÞ ¼ � σ0�gðpÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
L�s þ ς

p
R� �L�s n1
� 	

C��
44ðLG þ ςÞ ςþ L�s n1

� 	
SþðςÞ

;

Σ�ðςÞ ¼ σ0�gðpÞ
ςþ L�s n1
� 	 R� �L�s n1

� 	
R�ðςÞ � 1

� � (6.200)
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Analogously from Eqs. (6.196) and (6.190b), it can be obtained

ΔDþðςÞ ¼ �φ0�gðpÞ L�s þ ς
� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffi

Le þ ς
p

R0� �L�s n1
� 	

e215ð1� ĉÞ þ E11C�
44

� �
C��
44 LG þ ςð Þ ςþ L�s n1

� 	
SþðςÞ

Φ�ðςÞ ¼ φ0�gðpÞ
ςþ L�s n1
� 	 R0� �L�s n1

� 	
R0�ðςÞ � 1

� �
; R0�ðςÞ ¼

L�s þ ς
� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffi

Le þ ς
p

ðLG þ ςÞS�ðςÞ

(6.201)

Substituting Eqs. (6.200) and (6.201) into Eq. (6.189), one can obtain AsðςÞ;BsðςÞ;
Aas;BasðςÞ and A	ðςÞ;B	ðςÞ:

A	ðςÞ ¼ � σ0 	 φ0A0ðςÞ½ ��gðpÞΛðςÞ
B	ðςÞ ¼ σ0ĉðe15=E11Þ 	 φ0B0ðςÞ½ ��gðpÞΛðςÞ

A0ðςÞ ¼
e15

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Le þ ς

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Le þ L�s n1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�s þ L�s n1

pffiffiffiffiffiffiffiffiffiffiffiffiffi
L�s � ς

p
B0ðςÞ ¼

C�
44

ffiffiffiffiffiffiffiffiffiffiffiffiffi
L�s þ ς

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�s þ Ltn1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Le þ L�s n1

pffiffiffiffiffiffiffiffiffiffiffiffiffi
Le � ς

p

ΛðςÞ ¼ ðLG � ςÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�s þ L�s n1

p
S�ðςÞ

ςþ L�s n1
� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffi

L�s � ς
p

LG þ L�s n1
� 	

S� �L�s n1
� 	

C�
44KðςÞ

(6.202)

Substituting Eq. (6.202) into (6.184) and carrying out the inverse transform with ς
we find

�u3ðx1;x2; pÞ ¼ � 1

2πip

Z ςαþi1

ςα�i1
σ0 þ φ0A0ðςÞsgnðx2Þ½ ��gðpÞΛðςÞf g


 exp �p αðςÞsgnðx2Þx2 � ςx1;
� �� �

dς

�ψðx1;x2; pÞ ¼ 1

2πip

Z ςβþi1

ςβ�i1
σ0ĉ

e15
E11

þ φ0B0ðςÞsgnðx2Þ
� �

�gðpÞΛðςÞ
� �


 exp �p βðςÞsgnðx2Þx2 � ςx1½ �f gdς

(6.203)

6.9.6 Scattering Fields in Front of the Crack Tip

The one-side Laplace inversion with time can be obtained by replacing the original

Bromwich path with deformed Cagniard-de Hoop inversion contours (Fig. 6.20 ) in

the ς plane (Li et al. 2005a). The inversion procedure is given only for x2 > 0; for

x2 < 0 the procedure is the same and is omitted. Along the Cagniard-de Hoop

contours, the exponentials in Eq. (6.203) take the form e�pt:

αðςÞx2 � ςx1 ¼ t; ςEΓα;Γαβ; βðςÞx2 � ςx1 ¼ t; ςEΓβ (6.204)

A cut from � L�s to � Le is needed due to two branch points ς ¼ �L�s and ς ¼ �Le.
So a supplement path Γαβ is needed to avoid the cut for Γα . The physical
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interpretation of Γαβ is that the integral along Γαβ �L�s cos θα � ς � �Le
� 	

represents an electroacoustic head wave, or a quasi-surface wave, which almost

propagates in parallel with the boundary surface. The electroacoustic head wave in

piezoelectric material was proved by experiments of Liu et al. (1989). The path Γβ
always avoids the cut. Let x1 ¼ r cos θ; x2 ¼ r sin θ from Eq. (6.204) we get

ςα	 ¼�tcosθ	 i sinθ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2�L�2s r2

q
r= ; L�s r� t<1

ςβ	 ¼�tcosθ	 i sinθ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2�L2er

2

q
r= ; Ler� t<1

ςαβ	 ¼�tcosθ	 sinθ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�2s r2� t2

q
r= 	 iε; tα0 � t< L�s r; tα0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�2s �L2e

q
x2þLex1

Finally, the exact inversions are found:

u
ðsÞ
3 ðx1; x2; tÞ ¼

Z t

0

Gðt� τÞuðsÞ3δ ðx1; x2; τÞdτ þ u
ðsÞ
3r ðx1; x2; tÞ

ψ ðsÞðx1; x2; tÞ ¼
Z t

0

Gðt� τÞψ ðsÞ
δ ðx1; x2; τÞdτ þ ψ ðsÞ

r ðx1; x2; tÞ
(6.205)

where u
ðsÞ
3δ ;ψ

ðsÞ
δ denote the scattering fields due to the impulsive incident wave and

u
ðsÞ
3r ;ψ

ðsÞ
r represent the reflective and transmission waves:

u
ðsÞ
3δ ¼ � 1

π
Re σ0 þ φ0A0ðςαþÞsgnðx2Þð Þf ΛðςαþÞ

αðςαþÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � L�2s r2

p
)
H t� L�s r
� 	

þ 1

π
Im σ0 þ φ0A0ðςαβþÞsgnðx2Þ

� 	�
ΛðςαβþÞ

αðςαβþÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � L�2s r2

p
)

Hðt� t0Þ � H t� L�s r
� 	� �

ψ ðsÞ
δ ¼ 1

π
σ0ĉ

e15
E11

þ φ0B0ðςβþÞsgnðx2Þ

 ��

ΛðςβþÞ
βðςβþÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � L2er

2
p

)
Hðt� LerÞ

t0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L�2s � L2e

q
x2 þ Lex1; r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ x22

q
(6.206)

Fig. 6.20 The deformed

Cagniard-de Hoop inversion

paths Γα;Γβ;Γαβ
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u
ðsÞ
3r ¼

ReΠðθαÞ½ �UðiÞ
0 Gðt�Þ � ImΠðθαÞ½ �UðiÞ

0

1

π
PV

Z 1

�1

Gðt�Þ
τ � t

dτ

� �
; 0 � θ < θα

0; θα � θ < 2π � θα

�U
ðiÞ
0 Gðt�Þ; 2π � θα � θ < 2π

8>>><
>>>:

φðsÞ
r ðx1; x2; tÞ ¼ ðe5=E11ÞĉuðrÞ3 ðx1; x2; tÞ; 0 � θ < 2π

ΠðθαÞ ¼ L�s n2 � ke
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2e � L�2s n21

p
L�s n2 þ ke

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2e � L�2s n21

p ; t� ¼ t� L�s ðn1x1 � n2x2Þ

(6.207)

For an incident shear wave with cos θα < Le L�s
�

through a semi-infinite

conducting crack in a transversely isotropic piezoelectric material, in front of the

crack tip except the incident acoustic wave, there have been electroacoustic reflec-

tion, transmission, scattering and head waves, and electric scattering wave. Because

in the “quasi-hyperbolic approximation” the Faraday’s electric induction by a

changing magnetic field is not considered, it cannot be used to solve the problem

for � L�s cos θα > �Le and the electric incident wave.

6.10 Transient Response of a Mode-I Crack

6.10.1 Fundamental Equations

Figure 6.21 shows a transverse isotropic piezoelectric strip of width 2h with a

central crack of length 2a subjected to loadings � σ0HðtÞ;�D0HðtÞ on the crack

surface, where HðtÞ is the Heaviside step function. Axis x1 is along the crack

direction and the polarized axis x3 is perpendicular to the crack. In plane x1x3 there
are generalized displacements ðu1; u3;φÞ and stresses ðσ1; σ3; σ5;D1;D3Þ. Applying
the Voigt notations the constitutive equations are

σ1 ¼ C11ε1 þ C13ε3 � e31E3; σ3 ¼ C13ε1 þ C33ε3 � e33E3; σ5 ¼ C44ε5 � e15E1

D1 ¼ E11E1 þ e15ε5; D3 ¼ E33E3 þ e31ε1 þ e33ε3

(6.208)

The generalized momentum equations in displacements are

C11u1;11 þ C44u1;33 þ ðC13 þ C44Þu3;13 þ ðe31 þ e15Þφ;13 ¼ ρ€u1

ðC13 þ C44Þu1;13 þ C44u3;11 þ C33u3;33 þ e15φ;11 þ e33φ;33 ¼ ρ€u3

ðe31 þ e15Þu1;13 þ e15u3;11 þ e33u3;33 � E11φ;11 � E33φ;33 ¼ 0

(6.209)
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The mechanical and electric impermeable conditions are

σ3ðx1; 0; tÞ ¼ �σ0HðtÞ; D3ðx1; 0; tÞ ¼ �D0HðtÞ; �a < x1 < a

u3ðx1; 0; tÞ ¼ φðx1; 0; tÞ ¼ 0; a < x1j j < 1; σ5ðx1; 0; tÞ ¼ 0; �1 < x1 < 1
σ3 x1 	 h=2; tð Þ ¼ σ5 x1;	h=2; tð Þ ¼ D3 x1;	h=2; tð Þ ¼ 0; �1 < x1 < 1

(6.210)

When the derivatives of variables are zeros at the initial time, the Laplace

transform (Eq. 6.181) of governing equations (6.208), (6.209), and (6.210) are

�σ1 ¼ C11�ε1 þ C13�ε3 � e31 �E3; �σ3 ¼ C13�ε1 þ C33�ε3 � e33 �E3; �σ5 ¼ C44�ε5 � e15 �E1

�D1 ¼ E11 �E1 þ e15�ε5; �D3 ¼ E33 �E3 þ e31�ε1 þ e33�ε3

(6.211)

C11�u1;11 þ C44�u1;33 þ ðC13 þ C44Þ�u3;13 þ ðe31 þ e15Þ�φ;13 ¼ ρp2�u1

ðC13 þ C44Þ�u1;13 þ C44�u3;11 þ C33�u3;33 þ e15�φ;11 þ e33�φ;33 ¼ ρp2�u3

ðe31 þ e15Þ�u1;13 þ e15�u3;11 þ e33�u3;33 � E11�φ;11 � E33�φ;33 ¼ 0

(6.212)

�σ3 ¼ �σ0 p= ; �D2 ¼ �D0 p= ; �a < x1 < a; x3 ¼ 0

�u3 ¼ �φ ¼ 0; a < x1j j < 1; x3 ¼ 0; �σ5 ¼ 0; �1 < x1 < 1; x3 ¼ 0

�σ3 ¼ �σ5 ¼ �D2 ¼ 0; �1 < x1 < 1; x3 ¼ 	h 2=

(6.213)

6.10.2 Reduction to Singular Integration Equations

Because the problem is symmetric with respect to x3 ¼ 0 , it is only needed to

consider the upper part. In the Laplace transform region, Wang and Yu (2001)

adopted the solutions in the following Fourier integrals:

�u1 ¼ ð2=πÞ
X6
j¼1

Z 1

0

qjAjðξÞe�γjx3 sinðξx1Þ dξ

�u3 ¼ ð2=πÞ
X6
j¼1

Z 1

0

ajAjðξÞe�γjx3 cosðξx1Þ dξ

�φ ¼ ð2=πÞ
X6
j¼1

Z 1

0

bjAjðξÞe�γjx3 cosðξx1Þ dξ

(6.214)

Fig. 6.21 A piezoelectric

strip with a crack
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where AjðξÞðj ¼ 1� 6Þ are unknown functions. Substitution of Eq. (6.214) into

Eq. (6.212) yields

2

π

X6
j¼1

Z 1

0

AjðξÞe�γjx3 sinðξx1Þ


 �C11ξ
2 þ C44γ

2
j � ρp2

� 
qj þ ðC13 þ C44Þξγjaj þ ðe31 þ e15Þγjbjξ

h i
dξ ¼ 0

2

π

X6
j¼1

Z 1

0

AjðξÞe�γjx3 cosðξx1Þ


 �ðC13 þ C44Þξγjqj þ C33γ
2
j � C44ξ

2 � ρp2
� 

aj þ e33γ
2
j � e15ξ

2
� 

bj

h i
dξ ¼ 0

2

π

X6
j¼1

Z 1

0

AjðξÞe�γjx3 cosðξx1Þ


 �ðe31 þ e15Þξγjqj þ e33γ
2
j � ξ2e15

� 
aj þ E11ξ2 � E33γ2j

� 
bj

h i
dξ ¼ 0

(6.215)

From Eq. (6.215) it is obtained

�C11ξ
2 þ C44γ

2
j � ρp2

� 
qj þ ðC13 þ C44Þξγjaj þ ðe31 þ e15Þγjbjξ ¼ 0

� ðC13 þ C44Þξγjqj þ C33γ
2
j � C44ξ

2 � ρp2
� 

aj þ e33γ
2
j � e15ξ

2
� 

bj ¼ 0

� ðe31 þ e15Þξγjqj þ e33γ
2
j � ξ2e15

� 
aj þ E11ξ2 � E33γ2j

� 
bj ¼ 0

(6.216)

So the coefficient determinant of qj; aj; bj must be zero, i.e.,

C44γ2 � C11ξ
2 � ρp2 ðC13 þ C44Þξγ ðe31 þ e15Þγξ

�ðC13 þ C44Þξγ C33γ2 � C44ξ
2 � ρp2 e33γ2 � e15ξ

2

�ðe31 þ e15Þξγ e33γ2 � ξ2e15 E11ξ2 � E33γ2

������
������ ¼ 0 (6.217)

From Eq. (6.217) it can be obtained γjðj ¼ 1� 6Þ. For convenience let qj ¼ 1 in

Eq. (6.214), which has not lost the generality, and aj; bj can be determined from

Eq. (6.216):

aj ¼
ΔaðγjÞ
Δ0ðγjÞ

; bj ¼
ΔbðγjÞ
Δ0ðγjÞ

ΔaðγjÞ ¼ C11ξ
2 � C44γ

2
j þ ρp2

� 
e33γ

2
j � e15ξ

2
� 

� ðC13 þ C44Þðe31 þ e15Þξ2γ2j
ΔbðγjÞ ¼ ðC13 þ C44Þ2ξ2γ2j � C11ξ

2 � C44γ
2
j þ ρp2

� 
C33γ

2
j � C44ξ

2 � ρp2
� 

Δ0ðγjÞ ¼ ðC13 þ C44Þ e33γ
2
j � e15ξ

2
� 

� ðe31 þ e15Þ C33γ
2
j � C44ξ

2 � ρp2
� h i

ξγj

(6.218)

AjðξÞðj ¼ 1� 6Þ is determined by the boundary conditions.

6.10 Transient Response of a Mode-I Crack 323



Introduce the half of the generalized dislocation density:

f ðx1; pÞ ¼ �uþ3;1; �a < x1 < a
0; a � x1j j < 1

�
; gðx1; pÞ ¼ �φþ

;1; �a < x1 < a
0; a � x1j j < 1

�
(6.219a)

Around the crack the single-valued conditions are

Z b

a

�uþ3;1 � �u�3;1
� 

du )
Z b

a

f ðu; pÞdu ¼ 0;

Z b

a

gðu; pÞdu ¼ 0 (6.219b)

Substituting Eq. (6.214) into (6.211), then into the boundary conditions (6.213), and

applying conditions (6.219), in the interval 0 < x1 < a , the following singular

integral equations are obtained (Erdogan and Gupta 1972; Erdogan 1975; Lu 1984):

α1
π

Z a

0

f ðu; pÞ
u� x1

duþ α2
π

Z a

0

gðu; pÞ
u� x1

duþ 1

π

Z a

0

Q11ðu; x1Þf ðu; pÞ þ Q12ðu; x1Þgðu; pÞ½ �du ¼ � σ0
p

α3
π

Z a

0

f ðu; pÞ
u� x1

duþ α4
π

Z a

0

gðu; pÞ
u� x1

duþ 1

π

Z a

0

Q21ðu; x1Þf ðu; pÞ þ Q22ðu; x1Þgðu; pÞ½ �du ¼ �D0

p

(6.220)

where

Qijðu; x1Þ ¼
Z 1

0

2 Pijðξ; pÞ � αij
� �

cosðξx1Þ sinðξuÞ dξþ αij
uþ x1

; i; j ¼ 1; 2

α11 ¼ α1; α12 ¼ α2; α21 ¼ α3; α22 ¼ α4

(6.221)

And

P11ðξ; pÞ ¼
X6
j¼1

C33γjaj þ e33γjbj � C13ξ

ξΔðξ; pÞ Δj1ðξ; pÞ

P12ðξ; pÞ ¼
X6
j¼1

C33γjaj þ e33γjbj � C13ξ

ξΔðξ; pÞ Δj2ðξ; pÞ

P21ðξ; pÞ ¼
X6
j¼1

e33γjaj þ E33γjbj � e13ξ

ξΔðξ; pÞ Δj1ðξ; pÞ

P22ðξ; pÞ ¼
X6
j¼1

e33γjaj þ E33γjbj � e13ξ

ξΔðξ; pÞ Δj2ðξ; pÞ

Δðξ; pÞ ¼ det½Mij�; M1j ¼ aj; M2j ¼ bj

M3j ¼ � C44ðγj þ ajξÞ þ e15bjξ
� �

; M4j ¼ � C44ðγj þ ajξÞ þ e15bjξ
� �

e�γjh

M5j ¼ C31ξ� C33γjaj � e33γjbj
� �

e�γjh; M6j ¼ e31ξ� e33γjaj þ E33γjbj
� �

e�γjh

(6.222)

where Δjnðj ¼ 1� 6; n ¼ 1; 2Þ is the complementary minor of matrix jMijj with
respect to the component Mnj.
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6.10.3 Solutions

In order to use the standard numerical method, introduce the dimensionless

variables:

u

a
¼ ρþ 1

2
;

x1
a
¼ r þ 1

2
(6.223)

Equation (6.220) is rewritten as

α1
π

Z 1

�1

Fðρ; pÞ
ρ� r

dρþ α2
π

Z 1

�1

Vðρ; pÞ
ρ� r

dρþ 1

π

Z a

0

Q̂11ðρ; rÞFðρ; pÞ þ Q̂12ðρ; rÞVðρ; pÞ
h i

dρ ¼ � σ0
p

α3
π

Z 1

�1

Fðρ; pÞ
ρ� r

dρþ α4
π

Z 1

�1

Vðρ; pÞ
ρ� r

dρþ 1

π

Z a

0

Q̂21ðρ; rÞFðρ; pÞ þ Q̂22ðρ; rÞVðρ; pÞ
h i

dρ ¼ �D0

p

� 1 < r < 1

(6.224)

where

Fðρ; pÞ ¼ f
ρþ 1

2
a; p


 �
; Vðρ; pÞ ¼ g

ρþ 1

2
a; p


 �
;

Q̂ijðρ; rÞ ¼
a

2
Qij

ρþ 1

2
a;
r þ 1

2
a


 � (6.225)

Let

Fðρ; pÞ ¼ Rðρ; pÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ρ2

p ; Vðρ; pÞ ¼ Tðρ; pÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ρ2

p
Rðρ; pÞ ¼

X1
i¼0

CiTiðρÞ; Tðρ; pÞ ¼
X1
i¼0

DiTiðρÞ
(6.226)

where TkðρÞ UkðρÞð Þ is the first (second) kind of the Chebyshev polynomials. Using

the Gauss-Chebyshev formula yields a linear algebraic equation system

Xn
k¼1

α1
ρk � rm

þ Q̂11ðρk; rmÞ
� �

Rðρ1; pÞ
n

þ α2
ρk � rm

þ Q̂12ðρk; rmÞ
� �

Tðρ1; pÞ
n

� �
¼ � σ0

pXn
k¼1

α3
ρk � rm

þ Q̂21ðρk; rmÞ
� �

Rðρ1; pÞ
n

þ α4
ρk � rm

þ Q̂22ðρk; rmÞ
� �

Tðρ1; pÞ
n

� �
¼ �D0

p

(6.227)
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where

TnðρkÞ ¼ 0; ρk ¼ cos
2k � 1

2n
π


 �
; UnðrkÞ ¼ 0;

rk ¼ cos
k

nþ 1
π


 �
; k ¼ 1; 2; . . . ; n

(6.228)

Because f ðx1; pÞ; gðx1; pÞ are the odd functions of x1 , f ð0; pÞ ¼ gð0; pÞ ¼ 0, or

Rð�1; pÞ ¼ Tð�1; pÞ ¼ 0. So Rðρn; pÞ ¼ Tðρn; pÞ ¼ 0, since ρn is the closest to

� 1 in all ρk in the limit sense n ! 1 (Erdogan and Gupta 1972; Achenbach

et al. 1980). So Eq. (6.227) is a 2ðn� 1Þ 
 2ðn� 1Þ linear algebraic equations

with 2ðn� 1Þ 
 2ðn� 1Þ variables Rðρk; pÞ; Tðρk; pÞ. It is solvable.
Applying the following behavior of the Chebyshev polynomials

1

π

Z 1

�1

TnðuÞ du
ðu� x1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� u2

p ¼ � x1j j
x1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 � 1

p x1 � x1j j
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 � 1

p
x1

 !n

;

x1j j > 1; n ¼ 0; 1; . . .

(6.229)

in the Laplace transform region, the dynamic stress factors can be expressed as

�KIðpÞ ¼ lim
x!aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðx1 � aÞ

p
�σ3ðx1; 0; pÞ ¼ �

ffiffiffiffiffi
πa

2

r
α1Rð1; pÞ þ α2Tð1; pÞ½ �

�KDðpÞ ¼ lim
x!aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðx1 � aÞ

p
�D3ðx1; 0; pÞ ¼ �

ffiffiffiffiffi
πa

2

r
α3Rð1; pÞ þ α4Tð1; pÞ½ �

(6.230)

The dynamic stress factors KIðtÞ;KDðtÞ in the physical plane are obtained by the

Laplace inverse transform using the numerical method. The asymptotic generalized

stresses and displacements are

σ3ðx1; 0; tÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πðx1 � aÞp KIðtÞ; D3ðx1; 0; tÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2πðx1 � aÞp KDðtÞ

u3ðx1; 0; tÞ
φðx1; 0; tÞ

( )
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πða� x1Þ

p
α2α3 � α1α4

�α4 α2

α3 �α1

� �
KIðtÞ
KDðtÞ

( ) (6.231)

And the energy release rate with the electric enthalpy is

G
�
da ¼ 2

Z aþda

a

1

2
σ3ðx1; 0; tÞ; D3ðx1; 0; tÞ½ �

u3ðx1 � da; 0; tÞ
φðx1 � da; 0; tÞ

( )
dx1

G ¼ π=2ðα2α3 � α1α4Þ½ � �α4K2
I ðtÞ þ 2α2α3KIðtÞKDðtÞ � α1K

2
DðtÞ

� � (6.232)
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6.10.4 Numerical Example

In the numerical analysis the material is taken PZT-5H with material constants:

C11 ¼ 12:6
 1010; C13 ¼ 5:3
 1010; C33 ¼ 11:7
 1010; C44 ¼ 3:53
 1010ðN=m2Þ
e31 ¼ �6:5 ðC=m2Þ; e33 ¼ 23:3 ðC=m2Þ; e21 ¼ 17:0 ðC=m2Þ
E11 ¼ 15:1
 10�9 ðC=VmÞ; E11 ¼ 13:0
 10�9 ðC=VmÞ; ρ ¼ 7; 500 kg m3

�
The solved values of αk are

α1 ¼ 5:094
 1010; α2 ¼ 14:216; α3 ¼ 14:216; α4 ¼ �178:769
 10�10

Figures 6.22 and 6.23 show the variations of the dimensionless generalized dynamic

stress intensity factors ðKI;KDÞ σ0
ffiffiffiffiffi
πa

p
= with the dimensionless time

ffiffiffiffiffiffiffiffiffiffiffiffi
C�
33 ρ=

p
t a= ,

C�
33 ¼ C33 þ e233 E33= under h a= ¼ 1:25 and the different loading parameters λ ¼

�D0α2 σ0α4= . It can be seen that the dynamic intensity factors are increased at first

and then decreased and after a long time they approach the static values.

Fig. 6.22 Variation of KI σ0
ffiffiffiffiffi
πa

p
= with

ffiffiffiffiffiffiffiffiffiffiffiffi
C�
33 ρ=

p
t a= for various λ under h a= ¼ 1:25 (Reprinted

from Wang and Yu 2001, with permission from Mechanics of materials)
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6.11 On the General Dynamic Analyses of Interface Cracks

6.11.1 Governing Equations in Laplace-Fourier Transform
Region

In this section the electrically quasi-static assumption is adopted. The generalized

momentum and constitutive equations are shown in Eqs. (3.2) and (6.1) or

Cijklul;kj þ ekijφ;kj ¼ ρ€ui; eiklul;ki � Eijφ;ji ¼ 0

σij ¼ CijklEkl � ekijEk; Di ¼ EijEj þ eiklεkl
(6.233)

Shen et al. (1999) applied the Laplace-Fourier transform, i.e., at first adopted the

Laplace transform (Eq. (6.181)) with respect to time and then used the Fourier

transform (Eq. (4.242)) with respect to time x1 , to solve the problem. When the

initial derivatives of variables are zero, the Laplace transform of the Eq. (6.233) is

�σij ¼ Cijkl�uk;l þ ekij�φ;k; �Di ¼ �Eik�φ;k þ eikl�uk;l

ðCijkl�ul þ ekij�φÞ;ki ¼ ρp2�uj; ð�Eik�φþ eikl�ulÞ;ki ¼ 0
(6.234)

Fig. 6.23 Variation of KD σ0
ffiffiffiffiffi
πa

p
= with

ffiffiffiffiffiffiffiffiffiffiffiffi
C�
33 ρ=

p
t a= for various λ under h a= ¼ 1:25 (Reprinted

from Wang and Yu 2001, with permission from Mechanics of materials)
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Denote the Fourier transform of �uiðx1; x2; pÞ as �u�i ðs; x2; pÞ and let

x ¼ x1: y ¼ isx2 (6.235)

By using �u�l;1 ¼ is�u�l ; �u�l;11 ¼ ðisÞ2�u�l , the Fourier transform of the second equation

in Eq. (6.234) with respect to x1 is

C�
1jk1 þ ðC1jk2 þ C2jk1Þ@ @y= þ C2jk2@

2 @y2
�h i

�u�k

þ e1j1 þ ðe1j2 þ e2j1Þ@ @y= þ e2j2@
2 @y2
�� �

�φ� ¼ 0

e1k1 þ ðe1k2 þ e2k1Þ@ @y= þ e2k2@
2 @y2
�� �

�u�k
� E11 þ ðE12 þ E21Þ@ @y= þ E22@2 @y2

�� �
�φ� ¼ 0

C�
1jk1 ¼ C�

1jk1ðp; sÞ ¼ C1jk1 þ ρðp2=s2Þδjk

(6.236)

Introduce notations

Q ¼ C�
1jk1 e1j1
e1k1 �E11

� �
; R ¼ C1jk2 e2j1

e1k2 �E12

� �
; T ¼ C2jk2 e2j2

e2k2 �E22

� �
; �U

� ¼ �u�k
�φ�

( )

(6.237)

where Q; T are positive definite. Applying Eq. (6.237), Eq. (6.236) becomes

T@2 @y2
� þ ðRþ RTÞ@ @y= þ Q

� �
�U
� ¼ 0 (6.238)

Assume

�U
�ðs; y; pÞ ¼ aðs; pÞeμyðs;pÞ; @ �U

�
@y= ¼ μ�U

�
(6.239)

Substitution of Eq. (6.239) into Eq. (6.238) yields

Tμ2 þ ðRþ RTÞμþ Q
� �

a ¼ 0; DðμÞj j ¼ Tμ2 þ ðRþ RTÞμþ Q
�� �� ¼ 0 (6.240)

Equations (6.237) and (6.240) are identical in the form with Eqs. (3.13) and (3.14),

respectively, if use C�
1jk1 instead of C1jk1. Analogous to Eq. (3.15), from DðμÞj j ¼ 0

eight roots μjðj ¼ 1 � 8Þ can be obtained. When s ! 	1 , Eq. (6.239) and μi
approach the static solutions. The general solution of Eq. (6.239) is

�U
�ðs; y; pÞ ¼

X4
k¼1

Ckakðs; y; pÞeyμkðs;pÞ þ Ckþ4akþ4ðs; y; pÞeyμkþ4ðs;pÞ
h i

(6.241)

The Fourier transform of the first equation in Eq. (6.234) is

�Σ�
2 ¼ is RT þ T@ @y=

� 	
�U
�

(6.242)
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6.11.2 Dynamical Interface Crack

The material I is located at the upper half-plane Sþ, x2 > 0; the material II is located

at the lower half-plane S� , x2 < 0; x1 ¼ 0 is the interface and there is a crack

of length 2a on it. The coordinate origin is selected at the center of the

crack (Fig. 4.2b). For the materials I and II, Eqs. (6.238) and (6.242) are all held.

The boundary conditions are

ΣðIÞ
2 ¼ σðIÞ21 ; σ

ðIÞ
22 ; σ

ðIÞ
23 ;D

ðIÞ
2

h iT
¼ Σ IIð Þ

2 ¼ τ0HðtÞ; x1j j < a

Σ Ið Þ
ij ðx1; x2; tÞ ¼ ΣðIIÞ

ij ¼ 0; when

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ x22

q����
����! 1

U Ið Þðu1; u2; u3;φÞ ¼ UðIIÞ; ΣðIÞ
2 ðx1Þ ¼ ΣðIIÞ

2 ðx1Þ ¼ Σ2ðx1; 0; tÞ; x1j j > a; x2 ¼ 0

(6.243)

where τ0 is a constant vector. The initial conditions are

UðIÞðx1; x2; 0Þ ¼ UðIIÞ ¼ 0; _U
ðIÞðx1; x2; 0Þ ¼ _U

ðIIÞ ¼ 0 (6.244)

The jump value of the generalized displacements on x2 ¼ 0 is defined as

ΔUðx1Þ ¼ UðIÞðx1; 0Þ � UðIIÞðx1; 0Þ; ψðx1Þ ¼ dΔUðx1Þ dx1= (6.245)

where ψðx1Þ is the dislocation density. The single-valued condition around the

crack is

Z a

�a

ψðx1; tÞdx1 ¼ 0; ψ ¼ ½ψ1;ψ2;ψ3;ψ4� (6.246)

The Laplace-Fourier transform of Eqs. (6.245) and (6.246) is

Δ�U
�ðs; pÞ ¼ �U

�ðIÞðs; 0; pÞ � �U
�ðIIÞðs; 0; pÞ ¼ �ði=sÞ�ψ� ¼ �ði=sÞ

Z a

�a

�ψðx1; pÞe�isx1dx1Z a

�a

�ψ�ðx1; pÞdx1 ¼ 0;

Z a

�a

�ψðx1; pÞdx1 ¼ 0

(6.247)

The Laplace transform of Eq. (6.243) is

�Σ2ðx1; 0Þ ¼ τ0 p= ; x1j j < a; �U
ðIÞðx1; 0; tÞ ¼ �U

ðIIÞðx1; 0; tÞ; a < x1j j < 1
�ΣðIÞ
2 ðx1; 0Þ ¼ �ΣðIIÞ

2 ðx1; 0Þ ¼ �Σ2ðx1; 0Þ; x1j j < 1; �ΣðIÞ
2 ¼ �ΣðIIÞ

2 ¼ 0; xj j ! 1
(6.248)
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6.11.3 Reduced to the Singular Integral Equation

In order to make �U
�
finite when sj j ! 1, the solution of Eq. (6.241) is expressed as

�U
�ðIÞðs; y; pÞ ¼

A
ðIÞ
1 E

ðIÞ
1 C

ðIÞ
1 ; s < 0

A
ðIÞ
2 E

ðIÞ
2 C

ðIÞ
2 ; s > 0

8<
: ; �U

�ðIIÞðs; y; pÞ ¼
A
ðIIÞ
1 E

ðIIÞ
1 C

ðIIÞ
1 ; s > 0

A
ðIIÞ
2 E

ðIIÞ
2 C

ðIIÞ
2 ; s < 0

8<
:

A
ðNÞ
1 ¼ a

ðNÞ
1 ; a

ðNÞ
2 ; a

ðNÞ
3 ; a

ðNÞ
4

h i
; A

ðNÞ
2 ¼ a

Nð Þ
5 ; a

ðNÞ
6 ; a

ðNÞ
7 ; a

ðNÞ
8

h i
; E

ðIÞ
1 ¼ e�isμjx2

� �
E
ðNÞ
2 ¼ e�isμjþ4x2

� �
; C

ðNÞ
1 ¼ C

ðNÞ
1 ;C

ðNÞ
2 ;C

ðNÞ
3 ;C

ðNÞ
4

h i
; C

ðNÞ
2 ¼ C

ðNÞ
5 ;C

ðNÞ
6 ;C

ðNÞ
7 ;C

ðNÞ
8

h i
(6.249)

where N ¼ I; II. Equation (6.249) can be rewritten as

�U
�ðIÞ ¼ A

ðIÞ
1 E

ðIÞ
1 C

ðIÞ
1 þ A

ðIÞ
2 E

ðIÞ
2 C

ðIÞ
2 ; �U

�ðIIÞ ¼ A
ðIIÞ
1 E

ðIIÞ
1 C

ðIIÞ
1 þ A

ðIIÞ
2 E

ðIIÞ
2 C

ðIIÞ
2

C
ðIÞ
2 ¼ C

ðIIÞ
1 ¼ 0; when s < 0; C

ðIÞ
1 ¼ C

ðIIÞ
2 ¼ 0; when s > 0

(6.250)

From Eq. (6.242) it is obtained

�Σ�ðIÞ
2 ðs; y; pÞ ¼ isB

ðIÞ
1 E

ðIÞ
1 C

ðIÞ
1 ¼ isB

ðIÞ
1 A

ðIÞ
1

�1
�U
�ðIÞ ¼ �sY

ðIÞ�1
1

�U
�ðIÞ

; s < 0

isB
ðIÞ
2 E

ðIÞ
2 C

ðIÞ
2 ¼ isB

ðIÞ
2 A

ðIÞ
2

�1
�U
�ðIÞ ¼ �sY

ðIÞ
2

�1
�U
�ðIÞ

; s > 0

8<
:

�Σ�ðIIÞ
2 ðs; y; pÞ ¼ isB

ðIIÞ
1 E

ðIIÞ
1 C

ðIIÞ
1 ¼ isB

ðIIÞ
1 A

ðIIÞ
1

�1
�U
�ðIIÞ ¼ �sY

ðIIÞ�1
1

�U
�ðIIÞ

; s > 0

isB
ðIIÞ
2 E

ðIIÞ
2 C

ðIIÞ
2 ¼ isB

ðIIÞ
2 A

ðIIÞ
2

�1
�U
�ðIIÞ ¼ �sY

ðIIÞ
2

�1
�U
�ðIIÞ

; s < 0

8<
:

B
ðNÞ
1 ¼ b

ðNÞ
1 ; b

ðNÞ
2 ; b

ðNÞ
3 ; b

ðNÞ
4

h i
; B

ðNÞ
2 ¼ b

ðNÞ
5 ; b

ðNÞ
6 ; b

ðNÞ
7 ; b

ðNÞ
8

h i
;

bðNÞ ¼ RðNÞT þ TðNÞ@ @y=
� 

aðNÞ; N ¼ I; II

(6.251)

On the crack surface Eq. (6.251) becomes

�Σ�ðIÞ
2 ðs; 0; pÞ ¼ RðIÞ �U�ðIÞ

; �Σ�ðIIÞ
2 ðs; 0; pÞ ¼ RðIIÞ �U�ðIIÞ

RðIÞ ¼ isB
ðIÞ
1 A

ðIÞ�1
1 ¼ �sY

ðIÞ�1
1 ; s < 0

isB
ðIÞ
2 A

ðIÞ�1
2 ¼ �sY

ðIÞ
2

�1
; s > 0

(
; RðIIÞ ¼ isB

ðIIÞ
1 A

ðIIÞ�1
1 ¼ �sY

ðIIÞ�1
1 ; s > 0

isB
ðIIÞ
2 A

ðIIÞ�1
2 ¼ �sY

ðIIÞ
2

�1
; s < 0

(

(6.252)

where YðNÞ ¼ iAðNÞBðNÞ�1
. Because on the whole interface ΣðIÞ

2 ðx1Þ ¼ ΣðIIÞ
2 ðx1Þ, so

RðIÞ �U�ðIÞ ¼ RðIIÞ �U�ðIIÞ
(6.253)
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From Eqs. (6.247) and (6.253) it is obtained

�U
�ðIÞ ¼ RðIIÞR�1Δ�U

�
; �U

�ðIIÞ ¼ RðIÞR�1Δ�U
�
; R ¼ RðIIÞ � RðIÞ (6.254)

Combining Eqs. (6.242), (6.247), (6.252), (6.253), and (6.254) and performing the

Fourier inverse transform, it is obtained

�Σ2ðx1; 0; pÞ ¼ � i 2π=ð Þ
Z a

�a

�ψðξ; pÞdξ
Z 1

�1
ð1=sÞMe�isðξ�x1Þds; x1j j < 1

M ¼ RðIIÞRðIÞR�1 ¼ RðIÞRðIIÞR�1

(6.255)

Equation (6.255) is a singular integral equation, and its singular behavior is

determined by the asymptotic behavior at infinity of the kernel function s�1Mðs; pÞ.
When s ! 1,Y

ðNÞ
j ;Y

ðNÞ�1
j approach the static values, so are finite. At the static case

A
ðNÞ
2 ¼ �A

ðNÞ
1 ; B

ðNÞ
2 ¼ �B

ðNÞ
1 . It is noted that for a constant, �A is not the Laplace

transform of A, but is the conjugate value of A. From Eq. (6.252) it is obtained

lim
s!1 ð1=sÞRðIÞ ¼ �Y

ðIÞ�1
2 static ¼ �Y

ðIÞ�1
1 static; lim

s!1 ð1=sÞRðIIÞ ¼ �Y
ðIIÞ�1
1 static

lim
s!�1 ð1=sÞRðIÞ ¼ �Y

ðIÞ�1
1 static; lim

s!�1 ð1=sÞRðIIÞ ¼ �Y
ðIIÞ�1
2 static ¼ �Y

ðIIÞ�1
1 static

(6.256)

So

lim
s!1 ð1=sÞM ¼ �Y

ðIÞ�1
1 static �sY

ðIIÞ�1
1 static

� 
s �Y

IIð Þ�1
1 static � �Y

ðIÞ�1
1 static

� h i�1

¼ M1

lim
s!�1 ð1=sÞM ¼ �Y

ðIÞ�1
1 statics

�Y
ðIIÞ�1
1 static s �Y

ðIIÞ�1
1 static þ Y

ðIÞ�1
1 static

� h i�1

¼ � �M1

M1 ¼ �Y
ðIÞ�1
1 staticY

ðIIÞ�1
1 static Y

ðIIÞ�1
1 static þ �Y

ðIÞ�1
1 static

�  (6.257)

or

lim
s!	1

ð1=sÞM ¼ s sj j=ð ÞReM1 þ iImM1: (6.258)

By separating the singular part in Eq. (6.255) and then substituting the result into

the boundary condition Eq. (6.248), the following singular integral equation can be

obtained:

ImM1 �ψ þ ReM1
π

Z a

�a

ξ
�ψðξ; pÞ
t� x1

dξ� i

2π

Z a

�a

�ψðt; pÞdt
Z 1

�1

1

s
M þM1


 �
e�isðξ�x1Þds ¼ τ0

(6.259)
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Let λi be the eigenvector of ðReM1Þ�1
ImM1 andΛ be the matrix constituted of λi,

then we get

ΛðReM1Þ�1ðImM1ÞΛ�1 ¼ diagðΛÞ ¼ λih i (6.260)

Multiplying both sides of Eq. (6.259) by ðReM1Þ�1
, introducing the dimensionless

variable x ¼ x1 a= ; η ¼ ξ a= and using Eq. (6.260), Eq. (6.259) can be reduced to

λi�ψλiðx; pÞ þ
1

π

Z 1

�1

�ψλiðη; pÞ
η� x

dηþ
Z 1

�1

X4
k¼1

Fik �ψλiðη; pÞdη ¼ �T0iðx; pÞ

½Fik� ¼ � ia

2π
ΛðReM1Þ�1

Z 1

�1

1

s
M þM1


 �
e�isaðη�xÞds

� �
Λ�1;T0 ¼ ΛðReM1Þ�1�τ0

(6.261)

The solution of Eq. (6.261) can be expressed by the series of the Jacobi

polynomials. Let

�ψλiðx; pÞ ¼
X1
n¼0

CniðpÞPðα;βÞ
n ðxÞwiðxÞ; xj j < 1

wiðxÞ ¼ ð1� xÞαið1þ xÞβi ; αk ¼ i

2πi
ln
1� λki

1þ λki
� 1

2
; βk ¼ � i

2πi
ln
1� λki

1þ λki
� 1

2

(6.262)

where P
ðα;βÞ
n is the Jacobi polynomial, Cni is unknown constant, and αk; βk

determined by Eq. (6.262) are the singular indexes of the dynamical problem and

usually are complex numbers. As in usual elastic problem, in the front of the crack

tip, there is a small region in which the displacements of the upper and the lower

surfaces may be imbedded to each other. Substituting Eq. (6.262) into Eqs. (6.261)

and (6.247) in terms of the dimensionless length x, using the orthogonal relation of

the Jacobi polynomials and P
ðα;βÞ
0 ðtÞ ¼ 1 and the following relations

λkP
ðαk ;βkÞ
n ðxÞwkðxÞ þ 1

π

Z 1

�1

Pðα;βÞ
n ðtÞwkðtÞ

t� x
dt

¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ2k

q
Pðαk ;βkÞ
n ðxÞ; xj j < 1

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ2k

q
ðx� 1Þαk ðx� 1Þβk Pðαk ;βkÞ

n ðxÞ þ G1
knðxÞ

h i
; xj j > 1

8><
>: ; ð6:263Þ

the linear algebraic equations of Ck
n (C

k
0 ¼ 0) can be obtained. Where G1

knðxÞ is the
principle part ofP

ðαk ;βkÞ
n ðxÞwkðxÞ at infinity and is finite at x ¼ 1, it is no contribution
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on the stress intensity factors. Take the first N þ 1 terms. The following 4N

equations determined by Ck
n can be obtained:

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ2k

q
θð�αk ;�βkÞj�1 Ck

j þ
X1
n¼1

X4
m¼1

Ykm
jn Cm

n ¼ qjk; k ¼ 1� 4; j ¼ 1� N

qjk ¼
Z 1

�1

�T0kP
ð�αk ;�βkÞ
j�1 ðxÞwkðxÞdx; Ykm

jn ¼
Z 1

�1

Hkm
n P

ð�αk ;�βkÞ
j�1 ðxÞwkðxÞdx

Hkm
n ðx; pÞ ¼

Z 1

�1

Fkmðx; t; pÞPðαk ;βkÞ
n ðtÞwkðtÞdt

θðα;βÞk ¼ 2αþβþ1Γðk þ αþ 1Þðk þ β þ 1Þ
ð2k þ αþ β þ 1Þðk þ αþ β þ 1Þk! ; θðα;βÞ0 ¼ 2αþβþ1Γðαþ 1Þðβ þ 1Þ

Γðαþ β þ 2Þ
(6.264)

The singular part of the generalized traction in front of the crack tip xj j > a can be

obtained from Eq. (6.255):

�Σ2ðx; 0; pÞ ¼ ReM1Λ�1
XN
n¼1

1 2=ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ2k

q
ðx� 1Þαkðxþ 1ÞβkPðαk ;βkÞ

n ðxÞCk
n

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
1 2=ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ24

q
ðx� 1Þα4ðxþ 1Þβ4Pðα4;β4Þ

n ðxÞC4
n

2
6664

3
7775
(6.265)

The generalized stress intensity factors in the Laplace transform region are

�K ¼ �KII; �KI; �KIII; �KD½ �T ¼ lim
x!1þ

ffiffiffiffiffi
2π

p
ðx� 1Þαh i�Σ2ðx; 0; pÞ (6.266)

After solving �K in the Laplace transform region, the stress intensity factors in the

physical region are obtained by the numerical Laplace inverse transform.

There are many papers to discuss the wave propagation in a piezoelectric

material with defects, e.g., Li and Mataga (1996) discussed the semi-infinite

crack propagation; Chen et al. (1998) discussed a Griffith moving crack along the

interface of two dissimilar piezoelectric materials; Li and Weng (2002) discussed

the Yoffe-type moving crack in a functionally graded piezoelectric material; and

Ing and Wang (2004a, b) discussed the transient response of a semi-infinite

propagating crack subjected to dynamic antiplane concentrated loading on the

crack faces. Chen and Liu (2005) discussed the dynamic behavior of a functionally

graded piezoelectric strip with periodic cracks vertical to the boundary. Shen et al.

(2000) discussed the dynamics mode-III interfacial crack in nonlinear piezoelectric

materials. Meikumyan (2007) discussed the diffraction of acoustic and electric

waves in piezoelectric medium by an absorbent half-plane electrode.
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Chapter 7

Three-Dimensional and Applied

Electroelastic Problems

Abstract In this chapter, there are mainly two kinds of problems discussed. The

first kind of problems is the 3D electroelastic problems: the potential function

method, the solutions of the penny-shaped crack and elliptic inclusions. The second

kind of problems is the applied electroelastic problems which are used in engineer-

ing: simple electroelastic problems, laminated piezoelectric plates containing clas-

sical and higher-order theories and piezoelectric composite shells. A unified first-

order approximate theory of an electro-magneto-elastic thin plate derived by the

physical variational principle is given when the electromagnetic induction effect

can be neglected.

Keywords Penny-shaped crack • Laminated piezoelectric plate • Piezoelectric

composite shell

7.1 Potential Function Methods in Transversely

Isotropic Piezoelectric Materials

7.1.1 Governing Equations

The governing equations of transversely isotropic piezoelectric materials have

been discussed in previous chapters. In the material principle coordinates, the

constitutive equations are

σ1 ¼ C11u1;1 þ C12u2;2 þ C13u3;3 þ e31φ;3; σ2 ¼ C12u1;1 þ C11u2;2 þ C13u3;3 þ e31φ;3

σ3 ¼ C13u1;1 þ C13u2;2 þ C33u3;3 þ e33φ;3; σ4 ¼ σ23 ¼ C44ðu2;3 þ u3;2Þ þ e15φ;2

σ5 ¼ σ31 ¼ C44ðu1;3 þ u3;1Þ þ e15φ;1; σ6 ¼ σ12 ¼ C66ðu2;1 þ u1;2Þ
D1 ¼ e15ðu1;3 þ u3;1Þ � E11φ;1; D2 ¼ e24ðu2;3 þ u3;2Þ � E11φ;1

D3 ¼ e31u1;1 þ e31u2;2 þ e33u3;3 � E33φ;3; C66 ¼ ðC11 � C12Þ 2=

(7.1)
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The generalized momentum equations are

σ1;1 þ σ6;2 þ σ5;3 ¼ ρ€u1; σ6;1 þ σ2;2 þ σ4;3 ¼ ρ€u2; σ5;1 þ σ4;2 þ σ3;3 ¼ ρ€u3

D1;1 þ D2;2 þ D3;3 ¼ 0

(7.2)

where i ¼ 1; 2; 3. Substitution of Eq. (7.1) into Eq. (7.2) yields

C11u1;11 þ C66u1;22 þ C44u1;33 þ ðC12 þ C66Þu2;12 þ ðC13 þ C44Þu3;13
þ ðe15 þ e31Þφ;13 ¼ ρu1;tt

ðC12 þ C66Þu1;12 þ C66u2;11 þ C11u2;22 þ C44u2;33 þ ðC13 þ C44Þu3;23
þ ðe15 þ e31Þφ;23 ¼ ρu2;tt

ðC13 þ C44Þðu1;13 þ u2;23Þ þ C44r2u3 þ C33u3;33 þ e15r2φþ e33φ;33 ¼ ρu3;tt

ðe15 þ e31Þðu1;13 þ u2;23Þ þ e15r2u3 þ e33u3;33 � E11r2φ� E33φ;33 ¼ 0

r2u ¼ u;11 þ u;22

(7.3)

7.1.2 General Solution of the Static Problem (I)

Wang and Zheng (1995) discussed the general solution of (7.3) for the static

problem by introducing potential functions. They assume

u1 ¼ ψ ;1 � χ;2; u2 ¼ ψ ;2 þ χ;1; u3 ¼ k1ψ ;3; φ ¼ k2ψ ;3 (7.4)

where k1 and k2 are undetermined constants and ψ and χ are potential functions.

Substitution of Eq. (7.4) into Eq. (7.3) yields

C66r2χ þ C44χ;33 ¼ 0; or

r2χ þ @2χ @z20
� ¼ 0; z0 ¼ s0x3; s20 ¼ C66 C44= ¼ 1 λ0=

(7.5)

C11r2ψ þ C44 þ k1 C13 þ C44ð Þ þ k2 e15 þ e31ð Þ½ �ψ ;33 ¼ 0

ðC13 þ C44Þ þ k1C44 þ k2e15½ �r2ψ þ k1C33 þ k2e33ð Þψ ;33 ¼ 0

ðe15 þ e31Þ þ k1e33 � k2 E11½ �r2ψ þ k1e33 � k2 E33ð Þψ ;33 ¼ 0

(7.6)

In order to have nontrivial solution of Eq. (7.6), the following relations must

be held:

C44 þ k1ðC13 þ C44Þ þ k2ðe15 þ e31Þ
C11

¼ k1C33 þ k2e33
ðC13 þ C44Þ þ k1C44 þ k2e15

¼ k1e33 � k2 E33
ðe15 þ e31Þ þ k1e33 � k2 E11

¼ λ

(7.7)
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Eliminating k1 and k2, a cubic algebra equation of λ is obtained:

Aλ3 þ Bλ2 þ Cλþ D ¼ 0

A ¼ e215 þ C44 E11; D ¼ �C�1
11 e233C44 þ E33C11C33

� �
B ¼ C�1

11 2e215C13 � e231C44 þ 2e15ðe31C13 � e33C11Þ þ E11 C2
13 þ 2C13C44

� ��
� E11C11C33�E33C11C44g

C ¼ C�1
11 ðe15 þ e31Þ2C33 � 2e33ðe15 þ e31ÞðC13 þ C44Þ � ðC13 þ C44Þ�1 ðe15 þ e31ÞC33½
n

�ðe15 þ e11ÞC11�C44e15 þ E11C44C33 þ e233C11 � E33 C13 þ C44ð Þ2 þ E33 C2
44 þ C11C33

� ��
(7.8)

Assume root λ1 is positive real and λ2 and λ3 are either a pair of conjugate

complex roots with positive real parts or positive real roots. Corresponding to each

λi, a potential function ψ j in Eq. (7.6) can be obtained:

r2ψ j þ λj
@2ψ j

@x23
¼ r2ψ j þ

@2ψ j

@z2j
¼ 0; zj ¼ sjx3; s2j ¼ 1 λj

�
; j ¼ 1; 2; 3 (7.9)

Substituting λj into Eq. (7.7), k1j and k2j can be obtained. So the general solution

of Eq. (7.3) can be expressed in potential functions:

u1 ¼ ðψ1 þ ψ2 þ ψ3Þ;1 � χ;2; u2 ¼ ðψ1 þ ψ2 þ ψ3Þ;2 þ χ;1;

u3 ¼ k11ψ1;3 þ k12ψ2;3 þ k13ψ3;3; φ ¼ k21ψ1;3 þ k22ψ2;3 þ k23ψ3;3

(7.10)

Usually the numerical method is used to solve λj in Eq. (7.8) due to its complex

roots. As an example for material PZT-6B with material constants,

C11 ¼ 168 MPað Þ; C33 ¼ 163; C44 ¼ 27:1; C12 ¼ 60; C13 ¼ 60

e31 ¼ �0:9 C m2
�� �

; e33 ¼ 7:1; e15 ¼ 4:6; E11 ¼ 36� 10�10 F m=ð Þ;
E33 ¼ 34� 10�10

The solved λ is λ1 ¼ 3:92; λ2 ¼ 0:73þ 0:87i; λ3 ¼ 0:73� 0:87i.

7.1.3 General Solution of the Dynamic Problem

Ding et al. (1996) discussed the dynamic problem. Let

u1 ¼ ψ ;2 � χ;1; u2 ¼ �ψ ;1 � χ;2 (7.11)

where ψ and χ are potential functions, but their meanings are different with that in

Sect. 7.1.2. Substituting Eq. (7.11) into the first two equations in Eq. (7.3) yields
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B;2 � A;1 ¼ 0; B;1 þ A;2 ¼ 0; B ¼ C66r2ψ þ C44ψ ;33 � ρψ ;tt

A ¼ C11r2χ þ C44χ;33 � ρχ;tt � ðC13 þ C44Þu3;3 � ðe15 þ e31Þφ;3

(7.12)

Let A ¼ H;2; B ¼ H;1 ,and Eq. (7.12) is reduced to r2H ¼ 0. One particular

solution is H ¼ constant. Adopt a particular solution

A ¼ 0; B ¼ 0 (7.13)

Using this result, substituting Eq. (7.11) into the last two equations in Eq. (7.3)

and listing the results with Eq. (7.13) together we get

C66r2ψ þ C44ψ ;33 � ρψ ;tt ¼ 0 (7.14)

DG ¼ 0; G ¼ χ; u3;φ½ �T

D ¼

C11r2 þ C44

@2

@x23
� ρ

@2

@t2
� C13 þ C44ð Þ @

@x3
� e15 þ e31ð Þ @

@x3

� C13 þ C44ð Þr2 @

@x3
C44r2 þ C33

@2

@x23
� ρ

@2

@t2
e15r2 þ e33

@2

@x23

e15 þ e31ð Þr2 @

@x3
� e15r2 þ e33

@2

@x23

� �
E11r2 þ E33

@2

@x23

0
BBBBBBBB@

1
CCCCCCCCA

(7.15)

Introduce a new function F and let Dj jF ¼ 0 or

Dj jF ¼ a
@6

@x63
þ br2 @4

@x43
þ cr4 @2

@x23
þ dr6 þ gr2 @

4

@t4
þ hr4 @

2

@t2

	

þ kr2 @2

@x23

@2

@t2
þ l

@4

@x43

@2

@t2
þm

@2

@x23

@4

@t4



F ¼ 0

(7.16)

where

a ¼ C44 e233 þ C33E33
� �

b ¼ C33 C44E11 þ ðe15 þ e31Þ2
h i

þ E33 C11C33 þ C2
44 � ðC13 þ C44Þ2

h i
þ e33 2C44e15 þ C11e33 � 2ðC13 þ C44Þðe15 þ e31Þ½ �

c ¼ C44 C11 E33 þ ðe15 þ e31Þ2
h i

þ E11 C11C33 þ C2
44 � ðC13 þ C44Þ2

h i
þ e15 2C11e33 þ C44e15 � 2ðC13 þ C44Þðe15 þ e31Þ½ �

d ¼ C11 e215 þ C44E11
� �

; g ¼ ρ2E11; h ¼ �ρ e215 þ ðC11 þ C44ÞE11
� �

k ¼ �ρ 2e15e33 þ ðC33 þ C44Þ E11 þ ðC11 þ C44ÞE33 þ ðe15 þ e31Þ2
h i

l ¼ �ρ e233 þ ðC33 þ C44ÞE33
� �

; m ¼ ρ2E33

(7.17)
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After solving F, it can be proved that the three group solutions of χ; u3;φ are

χ ¼ Ai1F; u3 ¼ Ai2F; φ ¼ Ai3F; i ¼ 1; 2; 3 (7.18)

where Aij in Eq. (7.18) is the algebraic complement of Dj j, i.e.,

A11 ¼ C44r2 þ C33

@2

@x23
� ρ

@2

@t2

� �
E11r2 þ E33

@2

@x23

� �
þ e15r2 þ e33

@2

@x23

� �2

A12 ¼ E11r2 þ E33
@2

@x23

� �
ðC13 þ C44Þ þ e15r2 þ e33

@2

@x23

� �
ðe15 þ e31Þ

 �
r2 @

@x3

A13 ¼ e15r2 þ e33
@2

@x23

� �
ðC13 þ C44Þ � C44r2 þ C33

@2

@x23
� ρ

@2

@t2

� �
ðe15 þ e31Þ

 �
r2 @

@x3

(7.19)

A21 ¼ E11r2 þ E33
@2

@x23

� �
ðC13 þ C44Þ þ e15r2 þ e33

@2

@x23

� �
ðe15 þ e31Þ

 �
@

@x3

A22 ¼ C11r2 þ C44

@2

@x23
� ρ

@2

@t2

� �
E11r2 þ E33

@2

@x23

� �
þ ðe15 þ e31Þ2r2 @2

@x23

A23 ¼ C11r2 þ C44

@2

@x23
� ρ

@2

@t2

� �
e15r2 þ e33

@2

@x23

� �
� ðC13 þ C44Þðe15 þ e31Þr2 @2

@x23

(7.20)

A31 ¼ C44r2 þ C33

@2

@x23
� ρ

@2

@t2

� �
ðe15 þ e31Þ � e15r2 þ e33

@2

@x23

� �
ðC13 þ C44Þ

 �
@

@x3

A32 ¼ ðe15 þ e31ÞðC13 þ C44Þr2 @2

@x23
� C11r2 þ C44

@2

@x23
� ρ

@2

@t2

� �
e15r2 þ e33

@2

@x23

� �

A33 ¼ C11r2 þ C44

@2

@x23
� ρ

@2

@t2

� �
C44r2 þ C33

@2

@x23
� ρ

@2

@t2

� �
� ðC13 þ C44Þ2r2 @2

@x23

(7.21)

By substitution of Eq. (7.18) into Eq. (7.11), the general solution is

u1 ¼ ψ ;2 � Ai1F;1; u2 ¼ �ψ ;1 � Ai1F;2; u3 ¼ Ai2F; φ ¼ Ai3F; i ¼ 1; 2; 3

(7.22)

The general solution of an axial-symmetric problem can be obtained from

Eq. (7.22) if let ψ ¼ 0 and F is independent of θ.

7.1.4 General Solution of the Static Problem (II)

Let all the potential functions be independent of the time the general solution of the

static problem can be obtained from the results in Sect. 7.1.3. Equation (7.14) yields

r2 þ @2 @z20
�� �

ψ0 ¼ 0 z20 ¼ s20x
2
3; s20 ¼ C66 C44= (7.23)

7.1 Potential Function Methods in Transversely Isotropic Piezoelectric Materials 343



Equation (7.16) can be reduced to

r2 þ @2

@z21

� �
r2 þ @2

@z22

� �
r2 þ @2

@z23

� �
F ¼ 0 z2i ¼ s2i x

2
3; i ¼ 1; 2; 3 (7.24)

where s2i is the root of the following equation:

as6 � bs4 þ cs2 � d ¼ 0 (7.25)

No loss of generality let s1 be real and assume Re sið Þ > 0. It is easy to prove that

Fi satisfying the following equation is the solution of Eq. (7.24):

r2 þ @2

@z2i

� �
Fi ¼ 0; z2i ¼ s2i x

2
3; i ¼ 1; 2; 3 (7.26)

The general solutions of Eq. (7.24) are

1. s21 6¼ s22 6¼ s23; F ¼ F1 þ F2 þ F3 (7.27)

2. s21 6¼ s22 ¼ s23 F ¼ F1 þ F2 þ x3F3 (7.28a)

3. s21 ¼ s22 ¼ s23; F ¼ F1 þ x3F2 þ x23F3; (7.28b)

From Eq. (7.26), it is obtained that r2 ¼ �@2 @z2i
�

; @ @x3= ¼ si@ @zi= .

Substituting these results into Eq. (7.20) yields

A21 ¼ β1r2 þ β2
@2

@x23

� �
@

@x3
¼ ðβ2s2i � β1Þsi

@3

@z3i

A22 ¼ C11 E11r4 þ β3r2 @2

@x23
þ C44 E33

@4

@x43
¼ C44 E33s4i � β3s

2
i þ C11 E11

� � @4

@z4i

A23 ¼ C11e15r4 þ β4r2 @2

@x23
þ C44e33

@4

@z43
¼ C44e33s

4
i � β4s

2
i þ C11e15

� � @4

@z4i

β1 ¼ E11ðC13 þ C44Þ þ e15ðe15 þ e31Þ; β2 ¼ E33ðC13 þ C44Þ þ e33ðe15 þ e31Þ
β3 ¼ C11E33 þ C44E11 þ ðe15 þ e31Þ2; β4 ¼ C11e33 þ C44e15 � ðC13 þ C44Þðe15 þ e31Þ

(7.29)

The general solution Eq. (7.22) can be rewritten as

u1 ¼ @ψ

@x2
þ
X3
i¼1

αi1si
@4Fi

@x1@z
3
i

; u2 ¼ � @ψ

@x1
þ
X3
i¼1

αi1si
@4Fi

@x2@z
3
1

;

u3 ¼
X3
i¼1

αi2
@4Fi

@z4i
; φ ¼

X3
i¼1

αi3
@4Fi

@z4i

αi1 ¼ β1 � β2s
2
i ; αi2 ¼ C11 E11 � β3s

2
i þ C44 E33s4i ; αi3 ¼ C11e15 � β4s

2
i þ C44e33s

4
i

(7.30)
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If let α1isi@3Fi @z3i
� ¼ ψ i; ψ0 ¼ �ψ , Eq. (7.30) can be reduced to

u1 ¼ � @ψ0

@x2
þ
X3
i¼1

@ψ i

@x1
; u2 ¼ @ψ0

@x1
þ
X3
i¼1

@ψ i

@x2
; u3 ¼

X3
i¼1

ki1
@ψ i

@zi

φ ¼
X3
i¼1

ki2
@ψ i

@zi
; ki1 ¼ αi2 αi1si= ; ki2 ¼ αi3 αi1si=

(7.31)

Equations (7.31) and (7.10) are formally the same.

7.2 A Penny-Shaped Crack in Transversely

Isotropic Material

7.2.1 Governing Equations

Consider a transversely isotropic piezoelectric material weakened by a flat imper-

meable crack of radius a occupied region S in the plane x3 ¼ 0 , subjected to

distributed pressure � p x1; x2ð Þ and surface electric charge q x1; x2ð Þ (Fig. 7.1).

In Fig. 7.1 only a pair of concentrated force and electric charge is shown. The

Cartesian coordinates x1; x2; x3ð Þ and cylindrical coordinates r; θ; zð Þ are adopted

simultaneously. Using the symmetry with respect to the crack surface, this problem

can be reduced to a mixed boundary value problem for a half space subjected to the

following boundary conditions:

σ33 ¼ �pðx1; x2Þ; D3 ¼ qðx1; x2Þ; when ðx1; x2Þ 2 S

u3 ¼ φ ¼ 0; when ðx1; x2Þ =2 S; σ31 ¼ σ32 ¼ 0; �1 < ðx1; x2Þ < 1
(7.32)

Chen and Shioya (1999) extended the method proposed by Fabrikant (1989) in

the elasticity, to solve above problem. Introduce notation Λ ¼ @ @x1= þ i@ @x2= and

complex displacement U ¼ u1 þ iu2 . Let w ¼ x3 , the generalized momentum

equations in complex displacement is

ð1 2= ÞðC11 þ C66Þr2U þ C44U;33 þ ð1 2= ÞðC11 � C66ÞΛ2 �U þ ðC13 þ C44ÞΛw;3

þ ðe15 þ e31ÞΛφ;3 ¼ 0

ð1 2= ÞðC13 þ C44Þ �ΛU þ Λ �Uð Þ;3þC44r2wþ C33w;33 þ e15r2φþ e33φ;33 ¼ 0

ð1 2= Þðe15 þ e31Þ �ΛU þ Λ �Uð Þ;3 þ e15r2wþ e33w;33 � E11r2φ� E33φ;33 ¼ 0

(7.33)
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where �U; �Λ mean the conjugate value of U;Λ. By using the complex displacement,

the general solution in potential functions, Eq. (7.31), become

U ¼ Λ
X3
i¼1

ψ i þ iψ0

 !
; w ¼

X3
i¼1

ki1
@ψ i

@zi
; φ ¼

X3
i¼1

ki2
@ψ i

@zi
(7.34)

The generalized stresses become

σ11 þ σ22 ¼ 2r2
X3
i¼1

ðC11 � C66 � C13siki1 � e31siki2Þψ i

σ11 � σ22 þ 2iσ12 ¼ 2C66Λ
2ðψ1 þ ψ2 þ ψ3 þ iψ0Þ

σ31 þ iσ32 ¼ Λ
X3
i¼1

C44ðki1 þ siÞ þ e15ki2½ � @ψ i

@zi
þ is4C44

@ψ0

@z0

( )

D1 þ iD2 ¼ Λ
X3
i¼1

e15ðki1 þ siÞ � E11ki2½ � @ψ i

@zi
þ is4e15

@ψ0

@z0

( )

σ33 ¼ �r2
X3
i¼1

γ1iψ i; D3 ¼ �r2
X3
i¼1

γ2iψ i; r2 ¼ �@2 @z2i
�

γ1i ¼ �C13 þ C33siki1 þ e33siki2; γ2i ¼ �e31 þ e33siki1 � E33siki2

(7.35)

where si is the root of the Eq. (7.25).

Fig. 7.1 A penny-shaped

crack in a transversely

isotropic piezoelectric

material
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7.2.2 Potential Theory Method of Crack Problem

The solution satisfying the boundary conditions in Eq. (7.32) can be expressed by

two harmonic functions G and H:

ψ iðziÞ ¼ ciGðziÞ þ diHðziÞ; i ¼ 1; 2; 3; ψ0ðz0Þ ¼ 0 (7.36)

where ci; di are undetermined constants.G andH can be expressed by two potentials

of a simple layer:

Gðr; θ; zÞ ¼
Z
S

ûðNÞ
ρðM;NÞ dS; Hðr; θ; zÞ ¼

Z
S

φ̂ðNÞ
ρðM;NÞ dS (7.37)

where ûðNÞ ¼ wðx1; x2; 0Þ and φ̂ðNÞ ¼ φ̂ðx1; x2; 0Þ are undetermined displace-

ment and electric potential on the crack surface, respectively. Nðr1; θ1; 0Þ is a

point on S, Mðr; θ; zÞ is a certain point in the material, and ρðM;NÞ is the distance
between N and M. According to the property of the potential of a simple layer, the

boundary conditions w ¼ φ ¼ 0 outside the crack in Eq. (7.37) are satisfied

automatically. Inside the crack we have

ð@G @z= Þz¼0 ¼ �2πû; ð@H @z= Þz¼0 ¼ �2πφ̂ (7.38)

Equations (7.34), (7.36), and (7.38) yield

X3
i¼1

ciki1 ¼ � 1

2π
;
X3
i¼1

diki1 ¼ 0;
X3
i¼1

ciki2 ¼ 0;
X3
i¼1

diki2 ¼ � 1

2π
(7.39)

The boundary conditions of σ31; σ32 in Eq. (7.32) demand

X3
i¼1

ci C44ðki1 þ siÞ þ e15ki2½ � ¼ 0;
X3
i¼1

di C44ðki1 þ siÞ þ e15ki2½ � ¼ 0 (7.40)

Combining Eqs. (7.39) and (7.40) yields

c1

c2

c3

8>><
>>:

9>>=
>>; ¼ 1

2π

s1 s2 s3

k11 k21 k31

k12 k22 k32

0
B@

1
CA

�1 1

� 1

0

8>><
>>:

9>>=
>>;;

d1

d2

d3

8>><
>>:

9>>=
>>; ¼ 1

2π

s1 s2 s3

k11 k21 k31

k12 k22 k32

0
B@

1
CA

�1 e15 C44=

0

� 1

8>><
>>:

9>>=
>>;

(7.41)
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ûðNÞ and φ̂ðNÞ can be determined from the first two boundary conditions in

Eq. (7.32):

pðN0Þ ¼ �η1r2

ð ð
S

ûðNÞ
ρðN0;NÞdS� η2r2

ð ð
S

φ̂ðNÞ
ρðN0;NÞdS;

qðN0Þ ¼ �η3r2

ð ð
S

ûðNÞ
ρðN0;NÞdS� η4r2

ð ð
S

φ̂ðNÞ
ρðN0;NÞdS

η1 ¼ �
X3
i¼1

ciγ1i; η2 ¼ �
X3
i¼1

diγ1i; η3 ¼
X3
i¼1

ciγ2i; η4 ¼
X3
i¼1

diγ2i

(7.42)

where N0ðr0; θ0; 0Þ;Nðr1; θ1; 0Þ 2 S and the integral is over all points on S .
Equation (7.42) yields

η4pðN0Þ � η2qðN0Þ ¼ � 1

4π2A
r2

ð ð
S

ûðNÞ
ρðN0;NÞdS

η1qðN0Þ � η3pðN0Þ ¼ � 1

4π2A
r2

ð ð
S

φ̂ðNÞ
ρðN0;NÞdS; A ¼ 1

4π2
ðη1η4 � η2η3Þ

(7.43)

Equation (7.43) can be applied for a crack with any shape.

7.2.3 The Solution of a Circular Penny-Shaped Crack

For a circular penny-shaped crack of diameter 2a, the solution of Eq. (7.43) is

û ¼ 2A

π

Z 2π

0

Z a

0

1

ρ
arc tan

ξ

ρ

� �
η4pðr0; θ0Þ � η2qðr0; θ0Þ½ �r0dr0dθ0

φ̂ ¼ 2A

π

Z 2π

0

Z a

0

1

ρ
arc tan

ξ

ρ

� �
η1qðr0; θ0Þ � η3pðr0; θ0Þ½ �r0dr0dθ0

ρ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r21 þ r20 � 2r1r0 cosðθ � θ0Þ

q
; ξ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2 � r21Þða2 � r20Þ

q �
a

(7.44)

Substituting Eq. (7.44) into (7.37) yields

Gðr; θ; zÞ ¼ 2A

π

Z 2π

0

Z a

0

K r; θ; z; r0; θ0ð Þ η4pðr0; θ0Þ � η2qðr0; θ0Þ½ �r0dr0dθ0

Hðr; θ; zÞ ¼ 2A

π

Z 2π

0

Z a

0

K r; θ; z; r0; θ0ð Þ η1qðr0; θ0Þ � η3pðr0; θ0Þ½ �r0dr0dθ0
(7.45)
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The kernel function K in Eq. (7.45) is

KðM;N0Þ ¼
Z 2π

0

Z a

0

1

ρðN;N0Þarc tan
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � r2ð Þ a2 � r20

� �q
aρðN;N0Þ

2
4

3
5 r1dr1dθ1

ρðM;NÞ
KðM;N0Þ ¼ Kðr; θ; z; r0; θ0Þ

(7.46)

Using the relation @K @z= ¼ � 2π ρðM;N0Þ=½ � arctan h ρðM;N0Þ=½ � (Fabrikant

1989), the derivatives of G and H in Eq. (7.45) are

@G

@z
¼ �4A

Z 2π

0

Z a

0

1

ρðM;N0Þarc tan
h

ρðM;N0Þ
 �

η4pðr0; θ0Þ � η2qðr0; θ0Þ½ �r0dr0dθ0
@H

@z
¼ �4A

Z 2π

0

Z a

0

1

ρðM;N0Þarc tan
h

ρðM;N0Þ
 �

η1qðr0; θ0Þ � η3pðr0; θ0Þ½ �r0dr0dθ0

h ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � l2ð Þ a2 � r20

� �q
a= ; l ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr þ aÞ2 þ z2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr � aÞ2 þ z2

q	 
�
2

(7.47)

So for arbitrary polynomial distributed loadings p and q , all the generalized

stresses can be expressed by elementary functions.

7.2.4 A Circular Penny-Shaped Crack Subjected
to Generalized Concentrate Loading

Assume the penny-shaped crack is subjected to a pair of normal concentrated

generalized loading �P;Qð Þ at point r0; θ0; 0�ð Þ; r0 < a (Fig. 7.1). By using the

general solution in the above section, after some manipulation, the generalized

displacements and stresses can be obtained as

u ¼ 4A
X3
i¼1

τi1f1ðziÞPþ τi2f1ðziÞQ½ �

u3 ¼ �4A
X3
i¼1

ki1 τi1f2ðziÞPþ τi2f2ðziÞQ½ �

φ ¼ �4A
X3
i¼1

ki2 τi1f2ðziÞPþ τi2f2ðziÞQ½ �

σ33 ¼ 4A
X3
i¼1

γ1i τi1f3ðziÞPþ τi2f3ðziÞQ½ �

D3 ¼ 4A
X3
i¼1

γ2i τi1f3ðziÞPþ τi2f3ðziÞQ½ �

(7.48a)
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where

f1ðziÞ ¼ 1

t0

zi
R0

arc tan
h0
R0

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � r20

p
α0

arc tan
�α0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2 � a2
p
� �( )

; f2ðziÞ ¼ 1

R0

arc tan
h0
R0

f3ðziÞ ¼ 1

R0

arc tan
h0
R0

� h0

zi R2
0 þ h20

� � r2 � l2

m2 � l2
� z2j
R2
0

 !
; �α0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � rr0e�iðθ�θ0Þ

p

R0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ r20 � 2rr0 cosðθ � θ0Þ þ z2

q
; m ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr þ aÞ2 þ z2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr � aÞ2 þ z2

q	 


τi1 ¼ ciη4 � diη3; τi2 ¼ diη1 � ciη2; h0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � l2ð Þ a2 � r20

� �q �
a; t0 ¼ re�iθ � r0e

�iθ0

(7.48b)

The generalized stress intensity factors are

KI ¼ P

π3 2=
ffiffiffi
a

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � r20

p
a2 þ r20 � 2ar0 cosðθ � θ0Þ ;

KD ¼ Q

π3 2=
ffiffiffi
a

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � r20

p
a2 þ r20 � 2ar0 cosðθ � θ0Þ

(7.49)

For the distributed loadings �p; qð Þ, the generalized stress intensity factors are

KI ¼
ffiffiffiffiffi
2π

p

π2
ffiffiffiffiffi
2a

p
Z 2π

0

Z a

0

pðr0; θ0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � r20

p
a2 þ r20 � 2ar0 cosðθ � θ0Þr0dr0dθ0

KD ¼
ffiffiffiffiffi
2π

p

π2
ffiffiffiffiffi
2a

p
Z 2π

0

Z a

0

qðr0; θ0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � r20

p
a2 þ r20 � 2ar0 cosðθ � θ0Þr0dr0dθ0

(7.50)

For homogeneous distributed loadings �p0;D30ð Þ, the generalized stress intensity
factors are

KI ¼ 2p0
ffiffiffiffiffiffiffiffi
a π=

p
; KD ¼ 2D30

ffiffiffiffiffiffiffiffi
a π=

p
(7.51)

FromEq. (7.51), it is seen that the stress intensity factor is determined independently

by the mechanical loading and the electric displacement intensity factor is determined

independently by the electric loading. Equation (7.51) obviously can be used to the case

where homogeneous generalized stresses σ33 and � D3 are applied at infinity.

There are many papers to discuss the penny-shaped crack, such as Huang (1997)

and Wang (1992).

7.2.5 A Conducting Penny-Shaped Crack

Chen and Lim (2005) discussed the conducting penny-shaped crack. For a

conducting crack, it adopts φ ¼ 0 instead of D3 ¼ qðx1; x2Þ in Eq. (7.32). The

boundary conditions are
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σ33 ¼ �pðx1; x2Þ; when ðx1; x2Þ 2 S; w ¼ 0; when ðx1; x2Þ =2 S

φ ¼ 0; σ31 ¼ σ32 ¼ 0; �1 < ðx1; x2Þ < 1 (7.52)

According toφ ¼ 0;�1 < ðx1; x2Þ < 1 in Eq. (7.52), it is concluded thatH ¼ 0

in Eqs. (7.36) and (7.37). Equation (7.42) becomes

pðN0Þ ¼ �η1r2

ð ð
S

ûðNÞ
ρðN0;NÞdS; η1 ¼ �

X3
i¼1

ciγ1i (7.53)

Equation (7.45) is reduced to

G r; θ; zð Þ ¼ 1

2π3η1

Z 2π

0

Z a

0

K r; θ; z; r0; θ0ð Þpðr0; θ0Þr0dr0dθ0 (7.54)

where K r; θ; z; r0; θ0ð Þ is still expressed by Eq. (7.46). The generalized displace-

ments and stresses for a circular penny-shaped crack subjected to a concentrated

force � P are

U ¼ P

π2η1

X3
i¼1

cif1ðziÞ; u3 ¼ � P

π2η1

X3
i¼1

ki1cif2ðziÞ; φ ¼ � P

π2η1

X3
i¼1

ki2cif2ðziÞ

σ33 ¼ P

π2η1

X3
i¼1

γ1icif3ðziÞ; D3 ¼ P

π2η1

X3
i¼1

γ2icif3ðziÞ

(7.55)

The functions in Eq. (7.55) are still expressed by Eq. (7.48b). The generalized

stress intensity factors are

KI ¼ P

π3=2
ffiffiffi
a

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � r20

p
a2 þ r20 � 2ar0 cosðθ � θ0Þ ;

KD ¼ β

π3=2
ffiffiffi
a

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � r20

p
a2 þ r20 � 2ar0 cosðθ � θ0Þ

(7.56)

where β ¼ �P3
i¼1 γi1ci η1= . Above results are assumed that Eq. (7.27) or Eq. (7.24)

has three different roots, si; i ¼ 1; 2; 3 . Chen and Lim (2005) also discussed

other cases.

7.2.6 Solve an Impermeable Penny-Shaped Crack
by Hankel Transform

In order to discuss the results of the Vickers indentation cracking of experiments,

Jiang and Sun (2001) gave a solution of an impermeable penny-shaped crack with
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boundary conditions as shown in Eq. (7.32). They discussed an axisymmetric

piezoelectric body under axisymmetric loading by using the Hankel transform

method in cylindrical coordinates. In cylindrical coordinates, the constitutive

equations are

σr

σϑ

σz

τrz

Dr

Dz

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;

¼

C11 C12 C13 0 0 �e31

C12 C11 C13 0 0 �e31

C13 C13 C33 0 0 �e33

0 0 0 C44 �e15 0

0 0 0 e15 E11 0

e31 e31 e33 0 0 E33

2
6666666664

3
7777777775

εr

εϑ

εz

γrz
Er

Ez

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;

(7.57)

The generalized geometric equations are

εr ¼ u;r; εϑ ¼ u r= ; εz ¼ w;z; γrz ¼ u;z þ w;r; Er ¼ �φ;r; Ez ¼ �φ;z

(7.58)

where u;w are the displacements along r; z directions, respectively.
The generalized equilibrium equations are

σr;r þ τrz;z þ ðσr � σϑÞ r= ¼ 0; τrz;r þ σz;z þ τrz r= ¼ 0;

@ðrDrÞ @r= þ r @ðDzÞ @z= ¼ 0
(7.59)

or

C11 u;rr þ 1

r
u;r � u

r2

� �
þ C44u;zz þ ðC13 þ C44Þw;rz þ ðe15 þ e31Þφ;rz ¼ 0

C13 þ C44ð Þ 1
r

ru;z
� �

;r
þ C44 w;rr þ 1

r
w;r

� �
þ C33w;zz þ e15 φ;rr þ

1

r
φ;r

� �
þ e33φ;zz ¼ 0

e15 þ e31ð Þ 1
r

ru;z
� �

;r
þ e15 w;rr þ 1

r
w;r

� �
þ e33w;zz � E11 φ;rr þ

1

r
φ;r

� �
� E33φ;zz ¼ 0

(7.60)

Equation (7.32) becomes

σzðr; 0Þ ¼ �pðrÞ; Dzðr; 0Þ ¼ qðrÞ; when r < a

wðr; 0Þ ¼ φðr; 0Þ ¼ 0; when r > a; τrz ¼ 0; �1 < ðx1; x2Þ < 1
(7.61)

Introduce the Hankel transform pair withJk; Jk is the Bessel’s function of the first
kind of order k:

�Fðξ; zÞ ¼
Z 1

0

Fðr; zÞrJkðξrÞdr; Fðr; zÞ ¼
Z 1

0

�Fðξ; zÞξJkðξrÞdξ (7.62)
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Applying the Hankel transform, Eq. (7,62) to Eq. (7,60) with k ¼ 1 for u and

k ¼ 0 for w and φ yields

C44�u
00 � C11ξ

2�u� ðC13 þ C44Þξ �w0 � ðe15 þ e31Þξ�φ0 ¼ 0

ðC13 þ C44Þξ�u0 þ C33 �w
00 � C44ξ

2 �wþ e33�φ
00 � e15ξ

2�φ ¼ 0

ðe15 þ e31Þξ�u0 þ e33 �w
00 � e15ξ

2 �w� E33�φ00 þ E11ξ2�φ ¼ 0

(7.63)

where a prime indicates the derivative with respect to z. The solutions are assumed

in the forms

�uðξ; zÞ ¼ ûðξÞe�η ξ z; �wðξ; zÞ ¼ ŵðξÞe�η ξ z; �φ ¼ φ̂e�η ξ z (7.64)

Substituting Eq. (7,64) into Eq. (7,63) yields

C44η2 � C11 ðC13 þ C44Þη ðe15 þ e31Þη
�ðC13 þ C44Þη C33η2 � C44 e33η2 � e15
�ðe15 þ e31Þη e33η2 � e15 �E33η2 þ E11

2
4

3
5 û ξð Þ

ŵ ξð Þ
φ̂ ξð Þ

8<
:

9=
; ¼

0

0

0

8<
:

9=
; (7.65)

In order to have nontrivial solutions for û; ŵ and φ̂ , it should obtain the

characteristic equation

η6 þ B1η
4 þ B2η

2 þ B3 ¼ 0 (7.66)

where B1;B2 and B3 are coefficients constituted of material constants. Since

coefficients in Eq. (7.66) are real, in general it has six roots. Because the upper

half space (z � 0) is discussed, without loss of generality, we take eigenvalue η1 is a
real positive number and η2; η3 are, in general, a pair of complex conjugates with

positive real part. One form of the corresponding eigenvectors is

ûiðξÞ ¼ αiηiŵiðξÞ; αi ¼
ðe15 þ e31Þ C33η2i � C44

� �� e33η2i � e15
� �ðC13 þ C44Þ

e33η2i � e15
� �

C44η2i � C11

� �þ ðe15 þ e31ÞðC13 þ C44Þη2i
φ̂iðξÞ ¼ γiηiŵiðξÞ; γi ¼ � C44η2i � C11

� �
αþ ðC13 þ C44Þ

ðe15 þ e31Þηi
; i ¼ 1; 2; 3

(7.67)

Let ŵiðξÞ ¼ ð1 ηiξ= ÞfiðξÞ. Through the inverse transform, the general solutions are

uðr; zÞ ¼
X3
i¼1

αi

Z 1

0

fiðξÞe�ηi ξ zJ1ðξrÞdξ

φðr; zÞ ¼
X3
i¼1

γi

Z 1

0

fiðξÞe�ηi ξ zJ0ðξrÞdξ

wðr; zÞ ¼
X3
i¼1

ð1 ηi= Þ
Z 1

0

fiðξÞe�ηi ξ zJ0ðξrÞdξ

(7.68)
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Using relations J1ðξrÞ½ �;r ¼ ξ J0ðξrÞ � ð1 2= ÞJ1ðξrÞ½ �; J0ðξrÞ½ �;r ¼ �ξJ1ðξrÞ, the
generalized stresses are

σzðr; zÞ ¼
X3
i¼1

C13αi � C33 � e33ηiγið Þ
Z 1

0

ξfiðξÞe�ηi ξ zJ0ðξrÞdξ

τrzðr; zÞ ¼
X3
i¼1

�C44 ηi= � C44ηiαi � e15γið Þ
Z 1

0

ξfiðξÞe�ηi ξ zJ1ðξrÞdξ

Dzðr; zÞ ¼
X3
i¼1

e31αi � e33 þ E33ηiγið Þ
Z 1

0

ξfiðξÞe�ηi ξ zJ0ðξrÞdξ

(7.69)

For discussed penny-shaped crack (Fig. 7.1), since τrz r; zð Þ0 ¼ 0 due to

symmetry, Eq. (7.69) yields

X3
i¼1

�C44 ηi= � C44ηiαi � e15γið Þfi ¼ 0 (7.70)

Eliminating f3 from Eq. (7.68), (7.69), and (7.70) and then substituting the

results into Eq. (7.61), two pairs of integral equations are obtained:Z 1

0

fiðξÞξJ0ðρξÞdξ ¼ ti1pþ ti2q; for ρ < 1; ρ ¼ r a=Z 1

0

fiðξÞξJ0ðρξÞdξ ¼ 0; for ρ > 1; i ¼ 1; 2

(7.71)

where

t11 ¼ k22a
2 H= ; t12 ¼ �k12a

2 H= ; t21 ¼ �k21a
2 H= ; t22 ¼ k11a

2 H=

k11 ¼ C13α1 � C33 � γ1η1e33 þ Δ1 C13α3 � C33 � γ3η3e33ð Þ
k12 ¼ C13α2 � C33 � γ2η2e33 þ Δ2 C13α3 � C33 � γ3η3e33ð Þ
k21 ¼ e31α1 � e33 þ γ1η1 E33 þ Δ1 e13α3 � e33 þ γ3η3e33ð Þ
k22 ¼ e31α2 � e33 þ γ2η2 E33 þ Δ2 e13α3 � e33 þ γ3η3e33ð Þ

H ¼ k11k22 � k12k21; Δ1 ¼ �C44 1 η1 þ η1α1=ð Þ þ e15γ1
C44 1 η3 þ η3α3=ð Þ þ e15γ3

;

Δ2 ¼ �C44 1 η2 þ η2α2=ð Þ þ e15γ2
C44 1 η3 þ η3α3=ð Þ þ e15γ3

(7.72)

The solution of the dual integral equations in Eq. (7.71) is

fiðξÞ ¼ 2

π

Z 1

0

μ sinðμξÞdμ
Z 1

0

ρ ti1pðρÞ þ ti2qðρÞ½ �ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ρ2

p dρ (7.73)
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When uniform pressure p0 is applied over the area of radius r ¼ c < a and

uniform charge q0 applied over the area of r ¼ b < a, we get

σz ρ; 0ð Þ ¼ � 2p0
πa

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c a=ð Þ2

q� �
arcsin 1 ρ=ð Þ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffi

ρ2 � 1
p

" #
; ρ � 1

Dz ρ; 0ð Þ ¼ � 2q0
πa

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b a=ð Þ2

q� �
arcsin 1 ρ=ð Þ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffi

ρ2 � 1
p

" #
; ρ � 1

(7.74)

The solution for a point force � P0 and point charge Q0 acted at the crack

center ðr ¼ 0Þ can be obtained by using the limiting procedure lim
c!0

πc2p0 ¼ P0 and

lim
b!0

πb2q0 ¼ Q0.

The generalized stress intensity factors for uniform loadings p0 and q0 applied

over r ¼ a are the same as shown in Eq. (7.51). For the point loadings are

KI ¼ P0 ðπaÞ= 3 2= ; KD ¼ Q0 ðπaÞ= 3 2=
(7.75)

A modified stress intensity factor K�
I for a semicircular surface crack in a

homogeneous isotropic elastic material given by Cherepanov (1979) is

K�
I ¼ κðθÞKI; κðθÞ ¼ 1þ 0:2 ðπ � 2θÞ π=½ � 2 (7.76)

In the Vicker’s indentation cracking of experiments, a semicircular surface crack

is located in an isotropic plane ðx1; x2Þ, the stress intensity factor can approximately

adopt Eq. (7.76), but it should take 2P0 instead of P0 in KI.

There were many literatures discussing the penny-shaped crack, such as Ueda

(2007) which discussed a penny-shaped crack in a functionally graded piezoelectric

strip under thermal loading.

7.3 Ellipsoidal Inclusion and Inhomogeneity

7.3.1 Basic Concept of Electroelastic Green Functions

A subdomain with prescribed eigenstrain in a matrix is usually called the inclusion,

and material properties of the inclusion are the same with the matrix. A subdomain

with different material properties from the matrix is usually called the inhomogene-

ity. The eigenstrain may be introduced by many physical phenomena, such as phase

transformation strains, thermal strains, and plastic strains. The eigenstrain will

produce self-equilibrium stresses in a constrained matrix. Eshelby’s theory (1957)
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of the inclusion and inhomogeneity problems is important in the analyses of

piezoelectric composite materials.

For convenience the notations given in Eq. (3.8) in Sect. 3.1 are adopted.

A subscript in upper case takes the value 1,2,3, and 4 and a subscript in lower case

takes the value 1,2, and 3. Figure 7.2 shows an ellipsoid inclusion occupied region

Ωin in a 3D space R3 . In Ωin there is generalized eigenstrain Z� Zij ¼ ε�ij; Z4j ¼
�

�E�
j ; i; j ¼ 1; 2; 3; without Z44Þ. The constitutive equations with eigenstrain are

ΣiJ ¼ EiJKlðZKl � Z�
KlÞ; Z�

KlðxÞ ¼ Z�
Kl; x 2 Ω; Z�

KlðxÞ ¼ 0; x =2 Ω (7.77)

where ZKl ¼ UK;l;U ¼ uk;φ½ �T. The generalized equilibrium equations are

ΣiJ;i ¼ �fJ; EiJKlUK;li ¼ EiJKlZ
�
Kl;i xð Þ � fJ (7.78)

where f1; f2; f3 are components of the body force and f4 ¼ �ρe is the body electric

charge density. From Eq. (7.78), it is seen that the role of EiJKlZ
�
Kl;iðxÞ is analogous

to the body force.

The Green function GKR;ilðx� x0Þ in an infinite body is defined as

EiJKlGKR;ilðx� x0Þ þ δJRδðx� x0Þ ¼ 0 (7.79)

where δJR is the generalized Kronecker delta and δðx� x0Þ is the three-dimensional

Dirac delta function. Except x ¼ x0; δðx� x0Þ ¼ 0, and for a regular function f ðxÞ,
Z 1

�1
f ðx0Þδðx� x0Þdx0 ¼ f ðxÞ (7.80)

The Green function defined in Eq. (7.79) satisfies the generalized equilibrium

equation. GIJðx� x0Þ and its derivative approach zero when x� x0j j ! 1.

The electroelastic Green function GIJðx� x0Þ is extensively applied to study the

inclusion and inhomogeneity problems in piezoelectric materials. Gijðx� x0Þ
denotes the elastic displacement at x in the xi direction due to a unit point force

at x0 in the xj direction; Gi4ðx� x0Þ denotes the elastic displacement at x in the xi
direction due to a unit point charge at x0;G4jðx� x0Þ denotes the electric potential at
xdue to a unit point force atx0 in thexj direction; andG44ðx� x0Þdenotes the electric
potential at x due to a unit point charge at x0.

Fig. 7.2 An elliptic inclusion
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7.3.2 Fourier Transform Method

Assume that the generalized eigenstrains and displacements can be expressed as

(Mura 1987)

Z�
KlðxÞ ¼ �Z�

KlðξÞeiξ�x; UKðxÞ ¼ �UKðξÞeiξ�x (7.81)

Analogous to elasticity, substituting Eq. (7.81) into (7.78) and neglecting the

body force yield

ΠJKðξÞ �UK ¼ ΞJðξÞ;; ΠJKðξÞ ¼ EiJKlξiξl; ΞJðξÞ ¼ �iEiJKl
�Z�
Klξi

�UK ¼ ΞJNJK D= ; NMJðξÞ ¼ 1

2
ϖIKLϖJMNΠKMΠLN; D ¼ ΠKMj j

(7.82)

where ϖJMN is the permutation tensor and NMJ is the algebraic complement of

ΠMJ in the matrix Π. For the general case, the Fourier integral transform is used

(Mura 1987; Wang 1992):

Z�
KlðxÞ ¼

Z 1

�1
�Z�
KlðξÞ eiξ�xdξ; �Z�

Kl ξð Þ ¼ 1

2π3

Z 1

�1
Z�
KlðxÞ e�iξ�xdx

UKðxÞ ¼
Z 1

�1
�UKðξÞ eiξ�xdξ; �UK ξð Þ ¼ 1

2π3

Z 1

�1
UKðxÞ e�iξ�xdx

(7.83)

Analogous to elasticity, substituting Eq. (7.83) into (7.78) and using (7.82) yield

UMðxÞ ¼ �i

Z 1

�1
EiJKl

�Z�
KlðξÞξiNMJðξÞD�1ðξÞ eiξ�xdξ or

UMðxÞ ¼ �
Z 1

�1
EiJKlZ

�
Klðx0ÞGMJ;iðx� x0Þdx0

GMJðx� x0Þ ¼ 1

2π3

Z 1

�1
NMJðξÞD�1ðξÞ eiξ� x�x0ð Þdξ

(7.84)

where GMJ;iðx� x0Þ ¼ @GMJðx� x0Þ @xi= ¼ �@GMJðx� x0Þ @x0i
�

. If GMJðx� x0Þ is
a Green function in a finite region, then

UMðxÞ ¼
Z
a

EiJKlZ
�
Klðx0ÞniGMJðx� x0Þda x0ð Þ �

Z
V

EiJKlZ
�
Kl;iðx0ÞGMJðx� x0ÞdVðx0Þ

(7.85)

7.3.3 Radon Transform Method

The Radon integral transform plays a fundamental role in the tomography, such as

CT scanning in medicine. At first the basic concepts are introduced as follows

(Deans 1983):

An arbitrary function f ðx1; x2Þ is defined on some domain Ω of a 2D plane R2.

Let L be any line in the plane, then the mapping defined by the projection or line

integral of f along all possible lines L is the 2D Radon transform of f , i.e.,
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�f ðω;ϕÞ ¼ Rf ¼
Z
L

f ðx1; x2Þ ds ¼
Z 1

�1
f ðωξ þ τηÞdτ; or

�f ðω; ξÞ ¼
Z
R2

f ðxÞδ ω� ξ � xð Þ daðxÞ
(7.86)

where ω ¼ ξ � x ¼ x1 cosϕþ x2 sinϕ is the perpendicular distance from the origin

to L, ξ ¼ cosϕ; sinϕð Þ is a unit vector along ω which defines the orientation of L,
η ¼ ð� sinϕ; cosϕÞ?ξ is along L, τ is determined by x ¼ ωξ þ τη, and ϕ is the

angle between ξ and positive x1-axis (Fig. 7.3). The last equation in Eq. (7.86) is

easy extended to three- and higher-dimensional space. If �f ðω; ξÞ is known for allω
andϕ, then �f ðω; ξÞ is a 2D Radon transform of f ðx1; x2Þ. In an n-dimensional space,

L represents ðn� 1Þ-dimensional hyperplane. Especially for a 3D space, L repre-

sents a plane. For n-dimensional space, the inversion Radon transform is

f ðxÞ ¼ 1

2ð2πiÞn�1
Δðn�1Þ 2=
x

Z
ξj j¼1

Rf ðξ; ξ � xÞdaðξÞ (7.87)

whereΔx is the Laplacian operator. Especially for 3D space, Eq. (7.87) is reduced to

f ðxÞ ¼ � 1

8π2
Δ3

Z
ξj j¼1

Rf ðξ; ξ � xÞdξ ¼ � 1

8π2

Z
ξj j¼1

@2�f ðξ; ξ � xÞ @ω2
�� �

ω¼ξ�xdaðξÞ

(7.88)

Deeg (1980), Dunn and Taya (1993), and Dunn (1994) pointed out that the Radon

transform can also be used to the electroelastic Green function GIJðx� x0Þ, i.e.,

�GIJðξ;ω� ξ � x0Þ ¼
ð ð

ξ�x¼ω
GIJðx� x0ÞdaðxÞ

GIJðx� x0Þ ¼ 1

8π2

ð ð
ξj j¼1

@2 �GIJðξ;ω� ξ � x0Þ @ω2
�� �

ξ�x¼ω
daðξÞ

(7.89)

Fig. 7.3 A sketch of Radon

transform
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where ξ;ω are variables in the transform space and the integral domain is a 2D plane

ξ � x ¼ ω. In the inverse Radon transform, the integral domain is the surface of a

unit sphere ξj j ¼ 1. Using the Radon transform to Eq. (7.79), after some mani-

pulation, yields

KJMðξÞð@2 @xk@xk= Þ �GMRðξ;ω� ξ � x0Þ þ δJRδðω� ξ � x0Þ ¼ 0 (7.90)

where KJMðξÞ ¼ EiJMnξiξn . Using the inversion Radon transform from Eq. (7.90)

yields

GMRðx� x0Þ ¼ 1

8π2 x� x0j j
ð ð

ξj j¼1

K�1
MRðξÞδðξ � tÞdaðξÞ (7.91)

where KJMðξÞK�1
MRðξÞ ¼ δJR and t is the unit vector along x� x0. Using the property

of the Dirac delta, in an orthogonal coordinate system t-m-n, Deeg (1980) reduced

the integral in Eq. (7.91) to the following contour integral:

GMRðx� x0Þ ¼ 1

8π2 x� x0j j
Z
C

K�1
MRðξÞδðξ � tÞdaðξÞ (7.92)

whereC is the contour produced by ξj j ¼ 1 inm-n plane normal to x� x0. Compared

to Fourier transform method, Eq. (7.92) is a simpler effective method to seek the

Green function. The second partial derivatives of the electroelastic Green function is

GMR;klðx� x0Þ ¼ 1

8π2 x� x0j j
@2

@xn@xn

Z
ξj j¼1

ξkξlK
�1
MRðξÞδ ξ � ðx� x0Þ½ �daðξÞ (7.93)

7.3.4 A Single Ellipsoidal Inclusion with Uniform
Eigenstrains

Let the coordinates coincide with the principle axes of the material. For an

ellipsoidal inclusion with uniform eigenstrains, the Eshelby’s method is used. At

first the inclusion is cut off from the matrix, so the inclusion and matrix are all free.

The eigenstrains of the inclusion in the free state is denoted by Z�. The following
generalized stresses are applied on the boundary of the inclusion:

TJ ¼ �Σ�
iJ � ni; Σ�

iJ ¼ EiJMlZ
�
Ml (7.94)

Then put the inclusion subjected to above generalized stresses into the matrix.

After this procedure, the original problem is transformed to a homogeneous
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material with a force � TJ ¼ EiJMlZ
�
Ml acting on the counter which originally is the

boundary of the inclusion. If Z� is uniform, Eq. (7.94) yields (Deeg 1980)

UM;nðξÞ ¼ �EiJKlZ
�
Kl

ð ð ð
Ω
GMJ;inðx� x0ÞdVðx0Þ (7.95)

Using Eq. (7.93) from Eq. (7.95) yields (Deeg 1980; Dunn and Taya 1993)

UM;nðξÞ ¼ a1a2a3
4π

EiJKlZ
�
Kl

Z
ξj j¼1

1

α3
ξkξlK

�1
MRðξÞdaðξÞ; α ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21ξ

2
1 þ a22ξ

2
2 þ a23ξ

2
3

q
(7.96)

Analogous to the elastic inclusion problem, the generalized strains inside the

ellipsoid induced by the uniform eigenstrains are also uniform and

ZMnðξÞ ¼ SMnKlZ
�
Kl

SMnKl ¼
ð1 8π= ÞEiJKl IMJin þ InJiMð Þ; M ¼ 1; 2; 3

ð1 4π= ÞEiJKlI4Jin; M ¼ 4

	

IMJin ¼ a1a2a3

Z
ξj j¼1

1 α3
�� �

GMJin ξð Þda ξð Þ; GMJinðξÞ ¼ ξiξnK
�1
MJðξÞ

(7.97)

where SMnKl is called the “electroelastic Eshelby tensor,” but it is not a tensor, i.e., it

does not obey the tensor transform rule under a coordinate transformation. The key

point to solve SMnKl is to calculate IMJinðξÞ . IMJinðξÞ can be transformed to the

following form (Mikata 2000):

IMJinðξÞ ¼
Z

ξj j¼1

GMJin y1 a1= ; y2 a12= ; y3 a3=ð ÞdaðξÞ

¼
Z 1

�1

dt

Z 2π

0

GMJin y1 a1= ; y2 a12= ; y3 a3=ð Þdϕ

y1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

p
cosϕ; y2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1� t2

p
sinϕ; y3 ¼ t

(7.98)

For transversely isotropic piezoelectric materials, Mikata (2000) pointed out that

in IMJin ξð Þ only I1212; I1313; I1314; I2323; I2324 and I11MJ ; I22MJ ; I33MJ ;MJ ¼ 11; 22; 33;
44; 34 are not zero, and the Eshelby tensor only has 36 components:

S1111; S1122; S1133; S1143; S1212 ¼ S1221 ¼ S2112 ¼ S2121; S1313 ¼ S1331 ¼ S3113 ¼ S3131;

S1341 ¼ S3141; S2211; S2222; S2233; S2243; S2323 ¼ S2332 ¼ S3223 ¼ S3232; S2342 ¼ S3242;

S3311; S3322; S3333; S3343; S4113; S4141; S4223; S4242; S4311; S4322; S4333; S4343:

For an elliptic cylindrical inclusion along the x3-axis, the Eshelby tensor with

22 components is
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S1111 ¼ α

2ð1þ αÞ2 3þ C12

C11

þ 2

α

� �
; S1122 ¼ α

2ð1þ αÞ2
ð2þ αÞC12

αC11

þ 2

α

 �
� 1;

S1133 ¼ C13

ð1þ αÞC11

; S1143 ¼ e31
ð1þ αÞC11

; S1212 ¼ α

2ð1þ αÞ2
1þ αþ α2

α
� C12

C11

� �
;

S1313 ¼ 1

2ð1þ αÞ ; S2233 ¼ αC13

ð1þ αÞC11

; S2243 ¼ αe13
ð1þ αÞC11

; S2323 ¼ α

2ð1þ αÞ ;

S2211 ¼ α

2ð1þ αÞ2 ð1þ 2αÞC12

C11

� 1

 �
; S2222 ¼ α

2ð1þ αÞ2 3þ C12

C11

þ 2α

� �
;

S4141 ¼ 1

ð1þ αÞ ; S4242 ¼ α

ð1þ αÞ ; other SMnKl ¼ 0

S1212 ¼ S1221 ¼ S2112 ¼ S2121; S1313 ¼ S1331 ¼ S3113 ¼ S3131; S2323 ¼ S2332 ¼ S3223 ¼ S3232

(7.99a)

For a penny-shaped crack perpendicular to x3 -axis, the Eshelby tensor with

18 components is

S1313 ¼ S1331 ¼ S3113 ¼ S3131 ¼ S2323 ¼ S2332 ¼ S3223 ¼ S3232 ¼ 1 2=

S1341 ¼ S3141 ¼ S2342 ¼ S3242 ¼ e15
2C44

; S3311 ¼ S3322 ¼ C13 E33 þ e31e33
C33 E33 þ e233

S3333 ¼ S4343 ¼ 1; S4311 ¼ S4322 ¼ C13e33 � C33e31
C33 E33 þ e233

; other SMJin ¼ 0

(7.99b)

7.3.5 Ellipsoid Inhomogeneity

Analogous to elastic inhomogeneity problem, the electroelastic inhomogeneity prob-

lem can be handled by the equivalent inclusion method. LetEM
iJKl andE

in
iJKl denote the

material constants in the matrix and inhomogeneity, respectively. The generalized

stress Σ0
Mn is applied at infinity. Obviously for a homogeneous material, the

generalized stress in material is also Σ0
Mn and the corresponding strain is Z0

Mn ¼
EM
iJMn

� ��1Σ0
Mn. Assume the strain due to the inhomogeneity is ZMn and then the stress

in the matrix and inhomogeneity are, respectively,

ΣM
iJ ðxÞ ¼ EM

iJMn Z0
Mn þ ZMn xð Þ� �

; Σin
iJðxÞ ¼ Ein

iJMn Z0
Mn þ ZMnðxÞ

� �
(7.100)

The key point of the equivalent inclusion method is that let the inhomogeneity

possess the same material constants with the matrix, but the artificial eigenstrain

Z�
Mn is added. Then let

Σin
iJðxÞ ¼ Ein

iJMn Z0
Mn þ ZMnðxÞ

� � ¼ EM
iJMn Z0

Mn þ ZMnðxÞ þ Z�
Mn

� �
(7.101)
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Using ZMnðxÞ ¼ SMnKlZ
�
Kl in the inhomogeneity, so Eq. (7.101) yields

Z�
Kl ¼ EM

iJMn � Ein
iJMn

� �
SMnKl þ EM

iJKl

� ��1
Ein
iJMn � EM

iJMn

� �
Z0
Mn (7.102)

Solving Z�
Kl, the problem can be solved.

As an example an ellipsoidal piezoelectric sensor embedded in an elastic

material is discussed (Fan and Qin 1995). The constitutive equations of the sensor

(as an elliptic inclusion) and matrix are, respectively,

σij ¼ Cin
ijklεkl � einkijEk; Di ¼ einiklεkl þ EinikEk; in Ωin (7.103)

σij ¼ CM
ijklεkl; Di ¼ EMik Ek; in ΩM (7.104)

Comparing Eqs. (7.103) and (7.104), one can consider the terms einkijEk; e
in
iklεkl in

Eq. (7.103) produced by some kind of eigenstrains. When the matrix is subjected to

uniform generalized stresses σ0ij;E
0
i

� �
at infinity, the generalized stresses in the

sensor are changed to

σinij ¼ σ0ij þ σ0inij ¼ Cin
ijkl ε0kl þ εkl � εEkl
� �

; Cin
ijklε

E
kl ¼ einkij Ek þ E0

k

� �
(7.105)

Din
i ¼ D0

i þ D0in
i ¼ Einik E0

k þ Ek � Eε
k

� �
; �EinikE

ε
k ¼ einikl εkl þ ε0kl

� �
(7.106)

By using the equivalent inclusion method, the original inhomogeneity problem

subjected to uniform generalized stresses at infinity can be decoupled into two

equivalent inclusion problems:

1. The elastic equivalent inclusion problem. Equation (7.105) can also be

written as

σinij ¼ σ0ij þ σ0inij ¼ CM
ijkl ε0kl þ εkl � εEkl � ε�kl
� �

(7.107)

where ε�kl is the virtual eigenstrain. Using the Eshelby inclusion theory yields

εkl ¼ Sklmnε
��
kl ; ε��kl ¼ εEkl þ ε�kl (7.108)

2. The dielectric equivalent inclusion problem. Equation (7.106) can also be

written as

Din
i ¼ D0

i þ D0in
i ¼ EMik E0

k þ Ek � Eε
k � E�

k

� �
(7.109)

where E�
k is the virtual eigen electric field. Using the Eshelby inclusion theory

yields

Ek ¼ sklE
��
l ; E��

k ¼ Eε
k þ E�

k (7.110)

362 7 Three-Dimensional and Applied Electroelastic Problems



where skl ¼ S4k4l. Comparing Eqs. (7.105) and (7.107), it is concluded that

CM
ijkl ε0kl þ Sklmnε

��
kl � ε��kl

� � ¼ Cin
ijkl ε0kl þ Sklmnε

��
kl � εEkl

� �
¼ Cin

ijkl ε0kl þ Sklmnε
��
kl

� �� einkij sklE
��
l þ E0

k

� � (7.111)

Comparing Eqs. (7.106) and (7.110), it is concluded that

Einik E0
k þ sklE

��
l � Eε

k

� � ¼ EMik E0
k þ sklE

��
l � E��

k

� �
; or

E��
l ¼ sml EMim � Einim

� �� EMik
� ��1

Einim � EMim
� �

E0
k þ einimnSmnpqε

��
pq þ einiklε

0
kl

h i (7.112)

Solving ε��kl and E��
k , the stress and electric fields are obtained in the sensor, i.e.,

σinij ¼ CM
ijkl ε0kl þ Sklmnε

��
kl � ε��kl

� � ¼ Cin
ijkl ε0kl þ Sklmnε

��
kl

� �� einkij sklE
��
l þ E0

k

� �
Din

i ¼ EMik E0
k þ sklE

��
l � E��

k

� � ¼ Einik E0
k þ sklE

��
l � Eε

k

� �
(7.113)

The stress σoutij and electric fields Eout in the matrix can be solved as follows:

σoutij ¼ σ0ij þ σ0outij ¼ σ0ij þ ½½σij�� þ σ0inij ; ½½σij�� ¼ σ0outij � σ0inij ¼ σoutij � σinij

Eout
i ¼ E0

i þ E0out
i ¼ E0

i þ ½Ei½ �� þ E0in
i ; ½Ei½ �� ¼ E0out

i � E0in
i ¼ Eout

i � Ein
i

(7.114)

The displacement u and the surface traction σ � n ¼ 0 across the interface of

inclusion and matrix must be continuous, and jump of the displacement gradient

r	 u must be normal to the interface. The continuous conditions of the electric

field and electric displacement E� n andD � n across the interface demand that the

jump of E must be normal to the interface. So

½ui½ �� ¼ uouti � uini ¼ 0; ½½ui;j�� ¼ uouti;j � uini;j ¼ λinj; ½½σij��nj ¼ 0

½Ei½ �� ¼ ηni; ½Di½ ��ni ¼ 0
(7.115)

where λ; η are proportional constants. Substituting the constitutive equations into

Eq. (7.115), it is obtained:

Cijklλknlnj ¼ �Cijklε
��
kl nj; ηEiknink ¼ �EikniE��

k (7.116)

Therefore, the stress σoutij and electric fields Eout in the matrix are

σoutij ¼ σ0ij þ Cijkl λknl þ ε��kl
� �þ σ0inij ; Eout

i ¼ E0
i þ Eik ηnk þ E��

k

� �þ E0in
i (7.117)
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7.4 Some Simpler Practical Problems

7.4.1 Extension of a Rod

Figure 7.4 shows a transversely isotropic piezoelectric long cylindrical rod with

polarized x3 -axis. The two silver-coated end faces are used as electrodes and

subjected to uniform normal traction p. Using the first kind of constitutive equation,
the solutions of this problem are as follows:

1. For shorted electrodes,

σ33 ¼ p; all other σij ¼ 0; ε33 ¼ s33p; ε11 ¼ ε22 ¼ s13p;

E3 ¼ E1 ¼ E2 ¼ 0; D3 ¼ d33p; D1 ¼ D2 ¼ 0; As ¼ σ33ε33 2= ¼ s33p
2 2=

(7.118)

2. For open electrodes,

σ33 ¼ p; all other σij ¼ 0; ε33 ¼ s33 1� d233 E33s33=
� �

p; ε11 ¼ ε22 ¼ s13pþ d31E3;

D3 ¼ D1 ¼ D2 ¼ 0; E3 ¼ � d33 E33=ð Þp; E1 ¼ E2 ¼ 0; Uo ¼ s33 2=ð Þ 1� d233 E33s33=
� �

p2

(7.119)

The rod appears to be stiffer for the open electrodes than sorted electrodes

due to d233 E33s33= > 0.

3. The longitudinal electromechanical coupling factor k33:

k233 ¼ ðUs � UoÞ Us= ¼ d233 E33s33= (7.120)

7.4.2 Torsion of a Piezoelectric Circular Cylinder

Figure 7.5 shows a transversely isotropic piezoelectric circular cylinder of length L,
inner radius a, and outer radius b with polarized θ-axis. The two silver-coated end

faces are used as electrodes and subjected to a torque M and charge Qe. Using the

second kind of constitutive equation, the general solution of this problem is

Fig. 7.4 An axial poled rod
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uθ ¼ Arz; ur ¼ uz ¼ 0; γθz ¼ Ar; σθz ¼ C44Ar � e15B;

φ ¼ �Bz; Ez ¼ B; Dz ¼ e15Ar þ E11B

M ¼
Z b

a

σθzð2πrdrÞr ¼ C44AIp � e152πB b3 � a3
� �

3= ; Ip ¼ π b4 � a4
� �

2=

Qe ¼
Z b

a

Dzð2πrdrÞ ¼ e152πA b3 � a3
� �

3= þ E11Bπ b2 � a2
� �

(7.121)

1. Shorted electrodes : B ¼ 0; A ¼ M C44= Ip (7.122)

2. Open electrodes : Qe ¼ 0;

A ¼ M C44Ip þ e215
E11

2π

3

� �2 b3 � a3ð Þ
π b2 � a2ð Þ

" #�1
(7.123)

7.4.3 A Circular Hole Under Longitudinal Shear
in an Infinite Piezoelectric Plate

Figure 7.6 shows a circular cylindrical hole of radius R in an unbounded transversely

isotropic piezoelectric material with polarized x3-axis under a uniform longitudinal

shear stress σ23 ¼ τ0 at x2 ¼ �1. The hole surface is a grounded electrode. The

governing equations and boundary conditions for an electrically open case are

r2u3 ¼ 0; r2φ ¼ 0; r > R

σrz ¼ 0; φ ¼ 0; r ¼ R; σ23 ¼ τ0; x2 ¼ �1
D2 ¼ 0; x2 ¼ �1 ðelectrically openÞ; E2 ¼ 0; x2 ¼ �1 ðelectrically shortedÞ

(7.124)

Fig. 7.5 A circular cylinder

in torsion

Fig. 7.6 An infinite plate

with a circular cylindrical
hole under longitudinal shear
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For the electrically open case, the solution is

u3 ¼ τ0
C44 1þ k2ð Þ r þ 1þ 2 k2

� �R2

r

 �
sin θ; φ ¼ τ0

C44E11 1þ k2ð Þ r � R2

r

� �
sin θ

(7.125)

where k2 ¼ e215 C44E11= . For the electrically shorted case, the solution can also be

obtained.

7.4.4 Thickness-Shear Vibration of a Quartz Plate

Figure 7.7 shows the sketch of a widely used piezoelectric resonator manufactured

by rotated Y-cut quartz plate. Surfaces at x2 ¼ �h are traction-free and electroded,

with a driving voltage V0e
iωt. Let u3 ¼ 0 and @u2 @x2= 
 0 due to the plate is thin

enough. So the displacement and potential fields can be assumed in the following

forms:

u1 ¼ U1ðx2Þeiωt; u2ðx2Þ 
 0; u3 ¼ 0; φ ¼ Φðx2Þeiωt (7.126)

Under above assumptions, the constitutive equations are

σ6 ¼ C66u1;2 þ e26φ;2; D2 ¼ e26u1;2 � E22φ;2 (7.127)

The stresses σ5 ¼ C56u1;2 þ e25φ;2; D3 ¼ e36u1;2 � E23φ;2 are omitted because

they are not used. The generalized momentum equation and boundary condition are

σ6;2 ¼ �ρω2u1; D2;2 ¼ 0

σ6 ¼ 0; at x2 ¼ �h; ΦðhÞ � Φð�hÞ ¼ V0

(7.128)

The general solutions are

U1 ¼ A1 sin λx2 þ A2 cos λx2; λ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
ρ C�

66

�q
ω; C�

66 ¼ C66 1þ k2
� �

; k ¼ e26
ffiffiffiffiffiffiffiffiffiffiffiffiffi
C66E22

p.
Φ ¼ ðe26 E22= Þ A1 sin λx2 þ A2 cos λx2ð Þ þ Bx2

(7.129)

Fig. 7.7 An electrode quartz

plate
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From the boundary conditions, we can get two group equations:

C�
66A1λ cos λhþ e26B ¼ 0; 2 e26 E22=ð ÞA1 sin λhþ 2Bh ¼ V0 (7.130)

C�
66A2λ sin λh ¼ 0 (7.131)

1. Free vibration V0 ¼ 0, symmetric modes From Eq. (7.131) it is obtained

sin λh ¼ 0; or λnh ¼ nπ 2= ; ωn ¼ ðnπ 2h= Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
C�
66 ρ=

q
; n ¼ 0; 2; 4; 6; . . . ;

(7.132)

whereωn is the nth order resonance frequency. In the same timeA2 6¼ 0; A1 ¼ B ¼ 0.

The corresponding symmetric modes are

U1 ¼ cos λnx2; Φ ¼ ðe26 E22= Þ cos λnx2 (7.133)

2. Free vibrationV0 ¼ 0, antisymmetric modes In this caseA1 6¼ 0;B 6¼ 0;A2 ¼ 0.

Nontrivial solutions may exist in Eq. (7.130) if

C�
66A1λh cos λh� e226 E22=

� �
sin λh ¼ 0; or tan λνh ¼ λνhð1þ k2Þ k2

�
; ων ¼ λν

ffiffiffiffiffiffiffiffiffiffiffiffi
C�
66 ρ=

q
(7.134)

From Eq. (7.130), it is obtained Bν ¼ � C�
66 e26=

� �
A1λν cos λνh. In this case sin

λh 6¼ 0, so A2 ¼ 0. The corresponding antisymmetric modes are

U1 ¼ sin λx2; Φ ¼ e26 E22=ð Þ sin λx2 � C�
66 e26=

� �
λν cos λνh

� �
x2 (7.135)

3. Forced vibration From Eq. (7.131) we have A2 ¼ 0. From Eq. (7.130) we get

A1 ¼ �V0

2

e26V0

C�
66λh cos λh� e226 E22=

� �
sin λh

; B ¼ V0

2

C�
66λ cos λh

C�
66λh cos λh� e226 E22=

� �
sin λh

(7.136)

Yang (2005) gave also some other interest problems except the above examples

in this section.

7.5 Laminated Piezoelectric Plates

7.5.1 Basic Concepts and Governing Equations

In the earlier work, the piezoelectric actuator structure constituted of an elastic

substrate (beam or bar), electroded piezoelectric elements, and finite-thickness

bonding layers. For a pair actuators fixed on the upper and lower surfaces, if the
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same voltage is applied to both actuators, it results in pure extension, and if the

opposite voltage is applied to both actuators, it results in bending (Fig. 7.8). In the

present time, the “intelligent structure” may be a laminated piezoelectric beam,

plate, shell and distributed actuator, sensor, and processor networks. In engineering

the classical beam, plate and shell theory are commonly used, and sometimes will

use the higher-order theories.

Consider anN-layer laminated piezoelectric plate of dimensionsL1 andL2 inx1 and
x2 directions and total thickness H in x3-direction, and the ith layer has thickness hi.
The plate is polarized along x3-axis. Except the global coordinate system, a local

coordinate system x1; x2; zið Þ in the middle plane of ith layer is also adopted

(Fig. 7.9). Layer 1 is the bottom layer and the layer N is the top layer. At each

interface with perfect bonding between layers, continuity conditions of generalize

displacements and tractions must be satisfied. For the ith interface between ith and

ðiþ 1Þth layers in the local coordinate system, the continuity conditions are

UðiÞ x1; x2; hi 2=ð Þ ¼ Uðiþ1Þ x1; x2;�hiþ1 2=ð Þ;
ΣðiÞnðiÞ x1; x2; hi 2=ð Þ ¼ Σðiþ1ÞnðiÞ x1; x2;�hiþ1 2=ð Þ; i ¼ 1� ðN � 1Þ

(7.137)

It is also noted that sometimes a bond-line may be simulated by a layer of small

thickness. For each interface, there are eight continuity conditions, so for a laminate

Fig. 7.8 A sketch of a simple intelligent beam

Fig. 7.9 A multiply laminated piezoelectric plate
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plate with N layers, there are 8ðN � 1Þ continuity conditions; on the lower surface

ðz ¼ �h1 2= Þ of the first layer and on the upper surface ðz ¼ hN 2= Þ of the Nth layer,
there are four boundary conditions, respectively. Therefore, there are total 8N
boundary conditions to determine 8N unknowns. For an orthotropic material

layer, the constitutive equation is shown in Eq. (3.69). Analogous to Eq. (7.3),

the motion equations in terms of generalized displacements are

C11u1;11 þ C66u1;22 þ C55u1;33 þ ðC12 þ C66Þu2;12 þ ðC13 þ C55Þu3;13 þ ðe15 þ e31Þφ;13 ¼ ρu1;tt

ðC12 þ C66Þu1;12 þ C66u2;11 þ C22u2;22 þ C44u2;33 þ ðC23 þ C44Þu3;23 þ ðe24 þ e32Þφ;23 ¼ ρu2;tt

ðC13 þ C55Þu1;13 þ ðC23 þ C44Þu2;23 þ C55u3;11 þ C44u3;22 þ C33u3;33 þ e24φ;22 þ e33φ;33 ¼ ρu3;tt

ðe31 þ e15Þu1;13 þ ðe32 þ e24Þu2;23 þ e15u3;11 þ e24u3;22 þ e33u3;33

� E11φ;11 � E22φ;22 � E33φ;33 ¼ 0

(7.138)

7.5.2 Bending in Simply Supported Orthotropic
Laminated Rectangular Plate

It is assumed that the bottom and lateral surfaces are free, and known normal

traction and potential are imposed on the top surface:

qðx1; x2Þ ¼ q0 sin p1x1 sin p2x2; φðx1; x2Þ ¼ Φ0 sin p1x1 sin p2x2

p1 ¼ ðnπ L1= Þ; p2 ¼ ðmπ L2= Þ; when x3 ¼ H
(7.139)

For the simply supported orthotropic laminated rectangular plate, the solution in

each layer is assumed (Heyliger 1997):

u1 ¼ u10e
sx3 cos p1x1 sin p2x2; u2 ¼ u20e

sx3 sin p1x1 cos p2x2

u3 ¼ u30e
sx3 sin p1x1 sin p2x2; φ ¼ φ0e

sx3 sin p1x1 sin p2x2
(7.140)

where ui0;φ0; s are undetermined constants and the superscript (i) is omitted.

Substituting Eq. (7.140) into (7.138) yields

ΛU0 ¼ 0; U0 ¼ u10; u20; u30;φ0½ �T; Λ ¼
C11p

2
1 þ C66p

2
2 � C55s

2 ðC12 þ C66Þp1p2 � ðC13 þ C55Þp1s � ðe15 þ e31Þp1s
ðC12 þ C66Þp1p2 C66p

2
1 þ C22p

2
2 � C44s

2 � ðC23 þ C44Þp2s � ðe24 þ e32Þp2s
ðC13 þ C55Þp1s ðC23 þ C44Þp2s C55p

2
1 þ C44p

2
2 � C33s

2 e15p
2
1 þ e24p

2
2 � e33s

2

ðe15 þ e31Þp1s ðe24 þ e32Þp2s e15p
2
1 þ e24p

2
2 � e33s

2 � E11p21 � E22p22 þ E33s2

2
6666664

3
7777775

(7.141)

Equation (7.141) will have nontrivial solution if Λj j ¼ 0. From which we can

obtained eight eigenvector si, si; i ¼ 1� 8. Corresponding each si, an eigenvector
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U0j (u10i; u20i; u30i;φ0i) with one unknown u10j is obtained. As shown in Sect. 7.5.1,

the problem can be solved uniquely.

7.5.3 Free Vibration of Laminates in Cylindrical Bending

Let L1 ! 1 in x1 direction and all variables be independent with x1 . Assuming

u1 ¼ 0, from Eq. (7.138), the generalized motion equations are

C22u2;22 þ C44u2;33 þ ðC23 þ C44Þu3;23 þ ðe24 þ e32Þφ;23 ¼ ρu2;tt

ðC23 þ C44Þu2;23 þ C44u3;22 þ C33u3;33 þ e24φ;22 þ e33φ;33 ¼ ρu3;tt

ðe32 þ e24Þu2;23 þ e24u3;22 þ e33u3;33 � E22φ;22 � E33φ;33 ¼ 0

(7.142)

The continuity conditions on interface are shown in Eq. (7.137). For the free

vibration, the mechanical boundary conditions on the top and bottom surfaces are

σ33ðx2; hN 2= Þ ¼ σ33ðx2;�h1 2= Þ ¼ σ23ðx2; hN 2= Þ ¼ σ23ðx2;�h1 2= Þ ¼ 0 (7.143)

The electrical boundary conditions have two different kinds:

ð1Þ φ x2; hN 2=ð Þ ¼ φ x2;�h1 2=ð Þ ¼ 0; or ð2Þ D3 x2; hN 2=ð Þ ¼ D3 x2;�h1 2=ð Þ ¼ 0

(7.144)

For the cylindrical bending vibration in ðx2; x3Þ plane, the boundary conditions

on the lateral surfaces are

σ22ð0; x3Þ ¼ σ22ð0; L1Þ ¼ 0; u3ð0; x3Þ ¼ u3ð0; L1Þ ¼ 0; φð0; x3Þ ¼ φð0; L1Þ ¼ 0

(7.145)

For each layer, there are six unknowns and six continuity conditions due to

u1 ¼ 0. There are also total six boundary conditions on the top and bottom surfaces.

In order to satisfy Eq. (7.145) automatically, Heyliger and Brooks (1995) took the

solution in the following form:

ðu2; u3;φÞ ¼ u20 cos px2; u30 sin px2;φ0 sin px2ð Þesx3eiωt; p ¼ nπ L2= (7.146)

Substituting Eq. (7.146) into (7.142) yields

�C22p
2 þ C44s

2 þ ρω2 ðC23 þ C44Þps ðe24 þ e32Þps
�ðC23 þ C44Þps �C44p

2 þ C33s
2 þ ρω2 �e24p

2 þ e33s
2

�ðe32 þ e24Þps �e24p
2 þ e33s

2 E22p2 � E33s2

2
4

3
5 u20

u30

φ0

8><
>:

9>=
>; ¼

0

0

0

8><
>:

9>=
>;

(7.147)
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Setting the determinant of above matrix to zero for a nontrivial solution yields

an eigen-equation. From the eigen-equation, we get six eigenvalues si; i ¼ 1� 6

for s . Corresponding each si , an eigenvector U0j (u10i; u20i; u30i;φ0i ) with one

unknown u10j can be obtained. As shown in Sect. 7.5.1, the problem can be solved

uniquely.

7.5.4 A Mindlin-Type Plate Bending Theory

Consider an orthotropic piezoelectric plate of moderate thickness. Let ðx1; x2Þ
be located on the middle surface. The basic assumptions of the Mindlin bending

theory are:

1. Straight lines normal to the x1 � x2 plane before deformation remain straight

with unchanged length after deformation, but not compulsory normal to the mid-

surface, i.e.,

ε11 ¼ u01;1 þ x3ψ1;1; ε22 ¼ u02;2 þ x3ψ2;2; γ23 ¼ u03;2 þ ψ2

γ13 ¼ u03;1 þ ψ1; γ12 ¼ u01;2 þ u02;1 þ x3ðψ1;2 þ ψ2;1Þ
(7.148)

whereu0 is the displacement in the mid-surface andψ1 andψ2 are the absolute cross-

sectional rotations.

2. Stress σ33 can be neglected. So the constitutive equation can be written as

σ1 ¼ σ11 ¼ �C11u1;1 þ �C12u2;2 þ �e31φ;3; σ2 ¼ σ22 ¼ �C12u1;1 þ �C22u2;2 þ �e32φ;3

σ4 ¼ σ23 ¼ �C44ðu2;3 þ u3;2Þ þ �e24φ;2; σ5 ¼ σ31 ¼ �C55ðu1;3 þ u3;1Þ þ �e15φ;1

σ6 ¼ σ12 ¼ �C66ðu2;1 þ u1;2Þ; D1 ¼ �e15ðu1;3 þ u3;1Þ � �E11φ;1

D2 ¼ �e24ðu2;3 þ u3;2Þ � �E22φ;1; D3 ¼ �e31u1;1 þ �e32u2;2 � �E33φ;3

(7.149)

where u3;3 has been eliminated by using σ3 ¼ 0, and

�Cij ¼ Cij � Ci3Cj3 C33= ; �eij ¼ eij � e33Cji C33= ; �Eij ¼ �Eij þ e233δi3δj3 C33=

(7.150)

are the reduced material coefficients.

Wang and Yang (2000) reviewed the higher-order theories of the piezoelectric

plates. The equivalent single-layer models for the multiply layer plate (Krommer

and Irschik 2000) are adopted here. Substituting Eq. (7.148) into (7.149) and
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integrating through the thickness yield the constitutive equation in the stress

resultants and moments:

N1

N2

N12

M1

M2

M12

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

¼

A11 A12 0 B11 B12 0

A12 A22 0 B12 B22 0

0 0 A66 0 0 B66

B11 B12 0 D11 D12 0

B12 B22 0 D12 D22 0

0 0 B66 0 0 D

2
666666664

3
777777775

u01;1

u02;2

u01;2 þ u02;1
ψ1;1

ψ2;2

ψ1;2 þ ψ2;1

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;

�

N1e

N2e

N12e

M1e

M2e

M12e

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

q2

q1

( )
¼ S44 0

0 S55

 � γ23

γ13

( )
�

q2e

q1e

( )

(7.151)

where N1;N2;N12 ¼ N6 are the membrane forces, M1;M2;M12 ¼ M6 are the

bending moments, and q1; q2 are the shear forces per unit length. The generalized

stiffness in Eq. (7.151) are

ðNi;MiÞ ¼
XN
k¼1

Z
hk

σðkÞi 1; x3;ð Þdx3; ði ¼ 1; 2; 6Þ; ðq2; q1Þ ¼
XN
k¼1

Z
hk

ðσðkÞ4 ; σðkÞ5 Þdx3

ðAij;Bij;DijÞ ¼
XN
k¼1

Z
hk

�C
ðkÞ
ij 1; x3; x

2
3

� �
dx3; Sij ¼

XN
k¼1

Z
hk

ΦiΦj
�C
ðkÞ
ij dx3

N1e M1e

N2e M2e

N12e M12e

8><
>:

9>=
>; ¼

XN
k¼1

Z
hk

�e
ðkÞ
31

�e
ðkÞ
32

0

8>>><
>>>:

9>>>=
>>>;E

ðkÞ
3 ð1; x3Þdx3;

q1e

q2e

" #
¼
XN
k¼1

Z
hk

Φ2
5�e

ðkÞ
24 E

ðkÞ
1

Φ2
4�e

ðkÞ
15 E

ðkÞ
2

8<
:

9=
;dx3

(7.152)

where Φi;Φj are shear factors which are determined by the shear stress distribution

on the cross section and N1e;M1e;N2e;M2e; N12e;M12e; q1e; q2e are introduced by

piezoelectric effect. The electric variables will be studied layer by layer, and for

each layer, there are two-type boundary conditions:

1. Electrically open Given the electric charge density σðiÞ on the upper and lower

surfaces of the layer. Usually D
ðiÞ
1 and D

ðiÞ
2 are neglected and D

ðiÞ
3 is reserved. So

D
ðiÞ
3 is constant along the thickness direction due to Gauss equation D

ðiÞ
3;3 ¼ 0:

D
ðiÞ
j nj ¼ D

ðiÞ
3 ¼ �σðiÞ; E

ðiÞ
3 ¼ �σðiÞ �EðiÞ33

.
(7.153)

2. Electrically shorted Given the potential VðiÞ on the upper and lower surfaces of

the layer. For convenience, assume the variation of the potential is linear along

the thickness direction, so

E
ðiÞ
3 ¼ VðiÞ hi= ; D

ðiÞ
3 ¼ �EðiÞ33V

ðiÞ hi= ; E
ðiÞ
1 ¼ E

ðiÞ
2 ¼ 0 (7.154)
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In Mindlin theory, the motion equations are

ρ0€u
0
1 þ ρ1€ψ1 ¼ N1;1 þ N12;2; ρ0€u

0
2 þ ρ1€ψ2 ¼ N2;2 þ N12;1; ρ0€u

0
3 ¼ q1;1 þ q2;2 þ p

ρ1€u
0
1 þ ρ2€ψ1 ¼ M1;1 þM12;2 � q1; ρ1€u

0
2 þ ρ2€ψ2 ¼ M2;2 þM12;1 � q2

(7.155)

where p is the transverse loading and

ðρ0; ρ1; ρ2Þ ¼
XN
k¼1

Z
hk

ρðkÞ0 1; x3; x
2
3

� �
dx3 (7.156)

Equations (7.148), (7.149), (7.150), (7.151), (7.152), (7.153), (7.154), (7.155),

and (7.156) are the complete governing equations.

For a symmetrically laminated, transversely isotropic and simply supported

plate, bending and extension are decouple, and the following relations are held:

�C11 ¼ �C22; �C44 ¼ �C55; �C66 ¼ 1
2
�C11 � �C12ð Þ; �e31 ¼ �e32; �e15 ¼ �e24; �E11 ¼ �E22

D11 ¼ D22; D66 ¼ ðD11 � D12Þ=2; S44 ¼ S55; M1e ¼ M2e

(7.157)

Eliminating the cross-sectional rotations ψ from Eqs. (7.151) and (7.155) for the

bending vibration, a fourth-order partial differential equation for u03 is obtained

(Krommer and Irschik, 2000):

D11r2r2u03 � D11 S44=ð Þρ0 þ ρ2½ �r2€u03 þ ρ0€u
0
3 þ ρ0ρ2 S44=ð Þ€u€30

¼ p� ðD11 S44= Þr2pþ ρ2 S44=ð Þ€p�r2M1e

(7.158)

where r2u03 ¼ u03;11 þ u03;22 and €u€3
0 ¼ @4u03 @t4

�
. When the external loadings are

p ¼ p0e
iωt and M1e ¼ M10ee

iωt, the frequency equation of the bending vibration is

D11r2r2U0
3 þ ðD11 S44= Þρ0 þ ρ2½ �ω2r2U0

3 � ρ0ω
2 1� ðρ2 S44= Þω2
� �

U0
3

¼ p0 1� ðρ2 S44= Þω2
� ��r2 ðD11 S44= Þp0 þM10e½ � (7.159)

where the common factor eiωt is omitted and u03 ¼ U0
3e

iωt.

7.5.5 Third-Order Shear Deformation Theory
of Laminate Plate

Consider the linear piezoelectric material, so the Maxwell stress and the environment

need not be considered. The variational principle δΠ ¼ 0 in Eq. (2.7) is becomes
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δΠ ¼
Z
V

σikδui;kdV þ
Z
V

Dkδφ;kdV þ
Z
V

ρ€ukδukdV �
Z
aσ

T�
k δukdaþ

Z
aρ

σ�δφda ¼ 0

(7.160)

where the body force and body electric charge are neglected. For the orthotropic

material of moderate thickness, Mitchell and Reddy (1995) adopted the displace-

ments of the equivalent single-layer plate as

u1 ¼ u01ðx1; x2; tÞ þ η1ðx3Þψ1ðx1; x2; tÞ � η2ðx3Þu03;1ðx1; x2; tÞ
u2 ¼ u02ðx1; x2; tÞ þ η1ðx3Þψ2ðx1; x2; tÞ � η2ðx3Þu03;2
u3 ¼ u03ðx1; x2; tÞ
η1ðx3Þ ¼ x3 � cx33; η2ðx3Þ ¼ cx33; c ¼ 4 3h2

�
(7.161)

where u01; u
0
2; u

0
3

� �
are the displacements of a point on the midplane and ðψ1;ψ2Þ are

the rotations of a transverse normal at x3 ¼ 0 on the midplane about the x2 and � x1
axes, respectively. h is the total thickness of the plate. The strains corresponding

to Eq. (7.161) are

ε11 ¼ u01;1 þ η1ψ1;1 � η2u
0
3;11; ε22 ¼ u02;2 þ η1ψ2;2 � η2u

0
3;22; ε33 ¼ 0

γ23 ¼ u2;3 þ u3;2 ¼ η1;3ψ2 � η2;3u
0
3;2 þ u03;2; γ31 ¼ u1;3 þ u3;1 ¼ η1;3ψ1 � η2;3u

0
3;1 þ u03;1

γ12 ¼ u1;2 þ u2;1 ¼ u01;2 þ u02;1

� �
þ η1 ψ1;2 þ ψ2;1

� �� η2 u03;12 þ u03;21

� �
(7.162)

From Eqs. (7.161) and (7.162), it is known that for η1ðx3Þ; η2ðx3Þ given in

Eq. (7.161), the transverse shear strains γ13; γ23 are zeros on the upper and lower

surfaces and vary quadratically through the thickness. It is also without the normal

strain. The potential is modeled on a discrete layer approximation as

φðx1; x2; x3; tÞ ¼
XN
k¼1

Xm
j¼1

fkðx3Þφðk;jÞðx1; x2; tÞ (7.163)

whereN is the layer number of the laminate plate,m is the number of interpolation

points in a layer, and φðk;jÞ is the potential at jth interpolation point of kth layer.

fkðx3Þ is the Lagrange interpolation function. It is noted that the potential on

the upper surface of the k � 1 layer must be equal to that on the lower surface of

the k layer.
The middle plane is denoted by A and its boundary is L. Substituting Eqs. (7.161)

and (7.163) into (7.160) and neglecting σ33 yield the following equations:
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The variation of the mechanical energy:Z
V

σikδui;kdV ¼
Z
A

N1δu
0
1;1 þM1δψ1;1 � P1δu

0
3;11

� �
þ N2δu

0
2;2 þM2δψ2;2 � P2δu

0
3;22

� �n
þ N6 δu01;2 þ δu02;1

� �
þM6 δψ1;2 þ δψ2;1

� �� 2P6δu
0
3;12

h i
þ Q4 δψ2 þ δu03;2

� �
þ Q5 δψ1 þ δu03;1

� �o
dA

¼ �
Z
A

N1;1δu
0
1 þM1;1δψ1 � P1;11δu

0
3

� �� þ N2;2δu
0
2 þM2;2δψ2 � P2;22δu

0
3

� �
þ N6;2δu

0
1 þ N6;1δu

0
2 þM6;2δψ1

� þM6;1δψ2�2P6;12δu
0
3

�þ Q4δψ2 � Q4;2δu
0
3

� �
þ Q5δψ1 � Q5;1δu

0
3

� ��
dAþ

Z
L

N1δu
0
1 þM1δψ1 � P1δu

0
3;1 � P1;1δu

0
3

� �h in
n1

þ N2δu
0
2 þM2δψ2 � P2δu

0
3;2 � P2;2δu

0
3

� �h i
n2 þ N6δu

0
2 þM6δψ2

� �
n1

þ N6δu
0
1 þM6δψ1

� �
n2 � P6δu

0
3;2n1 þ P6δu

0
3;1n2 � P6;1n2 þ P6;2n1

� �
δu03

h i
þ Q4n2 þ Q5n1ð Þδu03

�
dL

(7.164)

where the Voigt notation has been used and

Ni ¼
Z h 2=

�h 2=

σidx3; Mi ¼
Z h 2=

�h 2=

σiη1dx3; Pi ¼
Z h 2=

�h 2=

σiη2dx3; i ¼ 1; 2; 6

Qi ¼
Z h 2=

�h 2=

σi 1� 4ðz h= Þ2
h i

dx3; i ¼ 4; 5

(7.165)

The variation of the electric energy:Z
V

Diδφ;idV ¼
XN
k¼1

Z
V

Xm
j¼1

Dðk;jÞ
α δφðk;jÞ

;α þ D
k;jð Þ
3 δφðk;jÞ

;3

� �
dV

( )

¼
XN
k¼1

Z
A

�
Xm
j¼1

Pðk;jÞ
α;α � G

ðk;jÞ
3

� �
δφ k;jð ÞdAþ

Z
L

Xm
j¼1

Pðk;jÞ
α nαδφ

ðk;jÞdL

( )

Pðk;jÞ
α ¼

Z hj

hj�1

Dðk;jÞ
α fkðx3Þdx3; G

ðk;jÞ
3 ¼

Z hj

hj�1

D
ðk;jÞ
3 fk;3ðx3Þdx3

(7.166)

The variation of the kinetic energy or inertial energy:Z
V

ρ€uiδuidV ¼
Z
A

I1€u
0
1 þ I2€ψ1 � I3€u

0
3;1

� �
δu01

n
þ I2€u

0
1 þ I4€ψ1 � I5€u

0
3;1

� �
δψ1

þ I3€u
0
1 þ I5€ψ1 � I6€u

0
3;1

� �
;1
þ I3€u

0
2 þ I5€ψ2 � I6€u

0
3;2

� �
;2
þ I1€u

0
3

 �
δu03

þ I1€u
0
2 þ I2€ψ2 � I3€u

0
3;2

� �
δu02 þ I2€u

0
2 þ I4€ψ2 � I5€u

0
3;2

� �
δψ2

h io
dA

(7.167)
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where

I1 ¼
Z h 2=

�h 2=

ρdx3; I3 ¼
Z h 2=

�h 2=

ρη2ðx3Þdx3; I5 ¼
Z h 2=

�h 2=

ρη1ðx3Þη2ðx3Þdx3

I2 ¼
Z h 2=

�h 2=

ρη1ðx3Þdx3; I4 ¼
Z h 2=

�h 2=

ρη21ðx3Þdx3; I6 ¼
Z h 2=

�h 2=

ρη22ðx3Þdx3
(7.168)

In Eq. (7.167) term � RL I3€u
0
1 þ I5€ψ1 � I6€u

0
3;1

� �
n1 þ I3€u

0
2 þ I5€ψ2 � I6€u

0
3;2

� �
n2

h i
δu03 has been neglected. This term is difficult to explanation.

The variation of the work of the generalized external force is as follows: The

mechanical force acted on the equivalent single-layer plate should be distinguished

two parts—T�
i is the equivalent traction on the midplane A, and t�i is the equivalent

resultant force on the lateral surface a. The electric charge acted on the kth layer

should also be distinguished two parts: σðkÞ� is the surface electric charge density

of the k th layer, and qðkÞ� is the surface electric charge on the lateral surface.

Neglecting some secondary terms we can get

�
Z
aσ

T�
kδukdaþ

Z
aρ

σ�δφda ¼ �
Z
A

T�
1δu

0
1þ

�
T�
2δu

0
2 þ T�

3δu
0
3

�
dA

�
Z
L

t�1δu
0
1þ

�
t�2δu

0
2 þ t�3δu

0
3

�
dLþ

XN
k¼1

Z
A

σðkÞ�fkδφjdAþ
Z
L

qðkÞ�fjδφjdL

 �
(7.169)

Substitution of Eqs. (7.163), (7.164), (7.165), (7.166), (7.167), (7.168), and

(7.169) into Eq. (7.160) yields

δu10 : N1;1 þ N6;2 þ T�
1 ¼ I1€u

0
1 þ I2€ψ1 � I3€u

0
3;1

δu20 : N2;2 þ N6;1 þ T�
2 ¼ I1€u

0
2 þ I2€ψ2 � I3€u

0
3;20

δu30 : P1;11 þ P2;22 þ 2P6;12 þ Q4;2 þ Q5;1 � T�
3

¼ I3€u
0
1 þ I5€ψ1 � I6€u

0
3;1

� �
;1
þ I3€u

0
2 þ I5€ψ2 � I6€u

0
3;2

� �
;2
þ I1€u

0
3

δψ1 : M1;1 þM6;2 � Q5 ¼ I2€u
0
1 þ I4€ψ1 � I5€u

0
3;1

δψ2 : M2;2 þM6;1 � Q4 ¼ I2€u
0
2 þ I4€ψ2 � I5€u

0
3;2

δφðk;jÞ :
Xm
j¼1

Pðk;jÞ
α;α � G

ðk;jÞ
3

� �
¼
Xm
j¼1

σðjÞ�fj

(7.170)
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and the natural boundary conditions are

δu01 : N1n1 þ N6n2 þ t�1 ¼ 0; δu02 : N2n2 þ N6n1 þ t�2 ¼ 0

δu03 : P1;1n1 þ P2;2n2 þ P6;1n2 þ P6;2nþ Q4n2 þ Q5n1 þ t�3 ¼ 0

δψ1 : M1n1 þM6n2 ¼ 0; δψ2 : M2n2 þM6n1 ¼ 0

δu03;1 : P1n1 þ P6n2 ¼ 0; δu03;2 : P2n2 þ P6n1 ¼ 0

δφk
j :
Xm
j¼1

Pðj;kÞ
α nα � qðkÞ�fjðx3Þ ¼ 0

(7.171)

It is also noted that on the boundaries given generalized displacements,

we have

δu01 ¼ δu02 ¼ δu03 ¼ δu03;1 ¼ δu03;2 ¼ δψ1 ¼ δψ2 ¼ 0 (7.172)

Mitchell and Reddy (1995) adopted Hamilton principle,δΠH ¼ δΠH1 in Eq. (2.32);

their results are slightly different. It can be seen that this complex approximate theory

is difficult to exactly discuss and give some new simplified postulations are needed.

The generalized forces can be obtained from Eqs. (7.165) and (7.149). Let

Ni ¼ �Ni þ Np
i ; Mi ¼ �Mi þMp

i ; Pi ¼ �Pi þ Pp
i ; Qi ¼ �Qi þ Qp

i (7.173a)

where the elastic variables are denoted by an over-bar and variables related to

piezoelectric effect are denoted by a superscript “p,” and
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(7.173b)

�Q4

�Q5

( )
¼ F44 0

0 F55

� �
ψ2 þ u30;2

ψ1 þ u30;1

( )
(7.173c)
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Np
1 ¼

XN
k¼1

e
ðkÞ
31

Xm
j¼1

βðk;jÞ1 φðk;jÞ; Np
2 ¼

XN
k¼1

e
ðkÞ
32

Xm
j¼1

βðk;jÞ1 φðk;jÞ; Np
6 ¼ 0

Mp
1 ¼

XN
k¼1

e
ðkÞ
31

Xm
j¼1

βðk;jÞ2 φðk;jÞ; Mp
2 ¼

XN
k¼1

e
ðkÞ
32

Xm
j¼1

βðk;jÞ2 φðk;jÞ; Mp
6 ¼ 0

Pp
1 ¼

XN
k¼1

e
ðkÞ
31

Xm
j¼1

βðk;jÞ3 φðk;jÞ; Pp
2 ¼

XN
k¼1

e
ðkÞ
32

Xm
j¼1

βðk;jÞ3 φðk;jÞ; Pp
6 ¼ 0

Qp
4 ¼

XN
k¼1

e
ðkÞ
24

Xm
j¼1

βðk;jÞ4 @φðk;jÞ @x2= ; Qp
5 ¼

XN
k¼1

e
ðkÞ
15

Xm
j¼1

βðk;jÞ4 @φðk;jÞ @x1=

(7.173d)

where

AðkÞ ¼
Z hk 2=

�hk 2=

Cdx3; AðkÞ� ¼
Z hk 2=

�hk 2=

Cg1dx3; AðkÞ�� ¼
Z hk 2=

�hk 2=

Cg2dx3; BðkÞ ¼
Z hk 2=

�hk 2=

Cg21dx3

BðkÞ� ¼
Z hk 2=

�hk 2=

Cg1g2dx3; D ¼
Z hk 2=

�hk 2=

Cg22dx3; F44 ¼
Z hk 2=

�hk 2=

C44g
2
1;3dx3

F55 ¼
Z hk 2=

�hk 2=

C55g
2
1;3dx3β

ðk;jÞ
1 ¼

Z hk 2=

�hk 2=

fj;3dx3; βðk;jÞ2 ¼
Z hk 2=

�hk 2=

g1fj;3dx3;

βðk;jÞ3 ¼
Z hk 2=

�hk 2=

g2fj;3dx3; βðk;jÞ4 ¼
Z hk 2=

�hk 2=

g1;3fjdx3; C ¼
�C11

�C12 0

�C21
�C22 0

0 0 �C66

0
B@

1
CA

A;A�;A��;B;B�ð Þ ¼
XN
k¼1

AðkÞ;AðkÞ�;AðkÞ��;BðkÞ;BðkÞ�
� �

(7.174)

Equations (7.170), (7.171), (7.172), (7.173a), (7.173b), (7.173c), (7.173d), and

(7.174) are the complete governing equations.

7.5.6 Bending Theory of Timoshenko Beam

A narrow plate can be considered as a beam. The Timoshenko theory (Timoshenko

and Woinowsky-Krieger 1959) considering the shear deformation of a beam of a

moderate thickness can be obtained from the Mindlin theory. Let all variables be

independent to x2 in Mindlin theory, Eq. (7.149) is reduced to

σ1 ¼ σ11 ¼ Yu1;1 þ e31φ;3; σ5 ¼ σ13 ¼ Gðu1;3 þ u3;1Þ þ e15φ;2

D1 ¼ e15ðu1;3 þ u3;1Þ � E11φ;1; D3 ¼ e31u1;1 � E33φ;3

(7.175)
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where Y;G are elastic coefficients. Corresponding to Eq. (7.148), the deformation

in Timoshenko beam is assumed as

ε11 ¼ u01;1 þ x3ψ ;1; γ13 ¼ u03;1 þ ψ (7.176)

If ψ ¼ �u03;1 , then γ13 ¼ 0 ,Timoshenko beam is reduced to Bernoulli-Euler

beam. Corresponding to Eqs. (7.173) and (7.174), we have

N

M

( )
¼ A B

B D

� � u01;1

ψ ;1

( )
�

Ne

Me

( )
; q ¼ Gγ13 � qe

A;B;Dð Þ ¼
XN
k¼1

Z
hk

YðkÞ 1; x3:x
2
3

� �
dx3; G ¼

XN
k¼1

Z
hk

Φ2GðkÞdx3

Ne;Með Þ ¼
XN
k¼1

Z
hk

e
ðkÞ
31 E

ðkÞ
3 1; x3:ð Þdx3; qe ¼

XN
k¼1

Z
hk

Φ2e
ðkÞ
15 E

ðkÞ
1 dx3

(7.177)

Corresponding to Eq. (7.155), we have

ρ0€u
0
1 þ ρ1€ψ1 ¼ N;1; ρ0€u

0
3 ¼ q;1 þ p; ρ1€u

0
1 þ ρ2€ψ1 ¼ M;1 � q (7.178)

where ρ0; ρ1; ρ2 are shown in Eq. (7.156) and electric displacements and electric

fields are shown in Eq. (7.153) or (7.154).

7.5.7 Bending Model of Beams of Crawley

Crawley and De Luis (1987) proposed an extension-bending model to study the

simple intelligent beam structure as shown in Fig. 7.8. They assumed that the strain

is uniform through the actuator thickness, the beam obeys Bernoulli-Euler rule, and

the adhesive layer transfers loads only through shear. The formulas obtained by this

model are well for extension, but not bending, especially for a thin plate (Crawley

and Aanderson 1989).

7.6 The First-Order Approximate Theory

of an Electro-magneto-elastic Thin Plate

7.6.1 Basic Postulations

The nonlinear theory of an electroelastic thin plate is not well established, and

different authors proposed different theories. In this section, a first-order approxi-

mate theory of the quasi-static electro-magneto-elastic thin plate is recommended
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for small deformation, when the electromagnetic induction effect can be neglected.

Let the origin of the coordinate system axes x1; x2 be located on the midplane and x3
be upward normal to the midplane. The plate is bending upward. The role of x3 is
not the same as that of ðx1; x2Þ, so it will be discussed alone. For the present plate

theory, three following basic postulations are assumed (Kuang 2011):

(1) σ33 � σα3 � σαβ; ðα ¼ 1; 2Þ, so σ33 is fully neglected and the effect of σα3

is considered partly.

(2) The Kirchhoff assumption is adopted, i.e.,

uk ¼ u0k � x3u
0
3;k; u0k ¼ u0kðx1; x2; tÞ; u0k;3 ¼ 0; ðk ¼ 1; 2; 3Þ (7.179)

where u0 is the displacement on the middle surface and u is the displacement

at a certain point in the plate. According to Eq. (7.179), we have u3;α þ uα;3 ¼ 0,

but it is not appropriate for the free boundary and should be modified approximately

as shown later.

(3) The electromagnetic field obeys the 3D theory, but in order to consistent with

the classical plate theory, the resultant electromagnetic force is reduced to the

middle plane S (dS ¼ dx1dx2 ) or to the contour L of the middle plane. Usually

when we solve the electromagnetic field, the electric field due to the direct piezo-

electric effect can be approximately neglected compared to the lager applied

electric field.

7.6.2 Governing Equations Derived from the First Method

In engineering the piezoelectric plate is surrounded by air, so the plate has only the

interface with the air and does not have its own independent boundary. In air the

mechanical stresses can be neglected, so only the electromagnetic field should be

considered. It is assumed that there is no body force and body electric charge.

According to Eqs. (2.19) and (2.21), there are two methods to establish the thin

plate theory. Similar to Eq. (2.36), the first alternative form of the PVP, Eq. (2.19),

for the static electromagnetic problem is modified as

δΠ̂ ¼ δΠ̂1 þ δΠ̂2 � δWint

¼
Z
V

Sklδuk;ldV þ
Z
V

ρ€ukδukdV �
Z
aintσ

T� int
k δukdaþ

Z
V

Dkδφ;kdV þ
Z
V

Bkδψ ;kdV

þ
Z
Vair

Dair
k δφair

;k dV þ
Z
Vair

σM air
kl δuairk;ldV þ

Z
Vair

Bair
k δψair

;k dV �
Z
aairμ

B�air
i nairi δψairda

Skl ¼ σkl þ σMkl ; σMik ¼ DiEk þ BiHk � 1 2=ð Þ DnEn þ BnHnð Þδik
(7.180)

Sairkl has the similar expression. The mechanical part related to the plate of

the PVP is
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Z
aintσ

Skl � σM air
kl

� �
nl � T� int

k

� �
δukda�

Z
V

Skl;l � ρ€uk
� �

δukdV ¼ 0 (7.181)

Therefore, the thin plate theory can apply the usual elastic plate theory, but σ is

replaced bySand on the interfaceT� int is replaced byT� int þ σM air � n. According to
the textbook of elastic plate theory, the bending theory of elastic electromagnetic

thin plate can be expressed as

Field equation: M
ðSÞ
αβ;βα þ q� ¼ 0; in S (7.182)

Boundary conditions:

Clamped side u03 ¼ u0�3 ; u03;n ¼ u0�3;n (7.183a)

Hinged side u03 ¼ u0�3 ; MðSÞ
n ¼ M�

n þMM air
n ; (7.183b)

Free side M
ðSÞ
nt;t þ QðSÞ

n ¼ Q�
n þ QM air

n ; MðSÞ
n ¼ M�

n þMM air
n (7.183c)

The notations in Eqs. (7.182) and (7.183) are

M
ðSÞ
αβ ¼

Z h

�h

Sαβx3dx3; MM air
n ¼ MM air

α nα; MM air
α ¼

Z h

�h

σM air
αβ x3dx3

QðSÞ
α ¼

Z h

�h

Sα3dx3; QðSÞ
n ¼ QðSÞ

α nα; QM air
α ¼

Z h

�h

σM air
α3 dx3

(7.184)

where 2h is the thickness of the plate, q� is the distributed loading on the plate

surface, and Q�
n is the distributed loading on the lateral boundary of the midplane.

At first the electromagnetic fields in plate and air are solved under the assumption

that the elastic effect can be neglected. After solving the electromagnetic fields,

the entire problem is reduced to a linear problem.

7.6.3 Governing Equations Derived from the Second Method

Similar to Eq. (2.36), the second alternative form of the PVP, Eq. (2.21), for the

static electromagnetic problem is modified as

δΠ0 ¼ δΠ0
1 þ δΠ0

2 � δW0int

¼
Z
V

σklδuk;ldV �
Z
V

σMjk;j � ρ€uk
� �

δukdV �
Z
aintσ

Tint �
k þ σM env

jk nenvj � σMjk nj
� �

δukda

þ
Z
V

Dkδφ;kdV þ
Z
V

Bkδψ ;kdV þ
Z
Venv

Denv
k δφenv

;k dV þ
Z
aenv
D

σenv �δφenvda

þ
Z
Venv

Benv
k δψenv

;k dV �
Z
Venv

σM env
jk;j δuenvk dV þ

Z
aD

σ�δφda�
Z
aenvμ

Bi
�envnenvi δψenvda ¼ 0

σMik ¼ DiEk þ BiHk � 1 2=ð Þ DnEn þ BnHnð Þδik; Similar expression for σM env
ik

(7.185)
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According to postulation (3), the electromagnetic field obeys the 3D theory,

which has been discussed in Chap. 2. Here only the mechanical part related to the

plate of the variational principle is discussed in detail, which isZ
V

σklδuk;ldV �
Z
V

σMjk;j � ρ€uk
� �

δukdV �
Z
aintσ

Tint �
k þ σM env

jk nenvj � σMjk nj
� �

δukda

(7.186)

Applying postulations (1) and (2) and noting n3 ¼ 1; nα ¼ 0 on the midplane,

n3 ¼ 0 on the lateral surface, it is obtained:Z
V

σklδul;kdV ¼
Z
L

Nαβnβδu
0
αdL�

Z
s

Nαβ;βδu
0
αds�

Z
L

Mαβnβδu
0
3;αdL

þ
Z
L

Mαβ;αnβδu
0
3dL�

Z
s

Mαβ;βαδu
0
3dsZ

V

ρ€ukδukdV ¼
Z
s

ρ0€u
0
3 þ ρ1€u

0
α;α � ρ2u

0
3;αα

� �
δu03ds

þ
Z
s

ρ0€u
0
α � ρ1€u

0
3;α

� �
δu0αds�

Z
L

ρ1€u
0
k � ρ2u

0
3;k

� �
nkδu

0
3dLZ

aint
σMip niδupda ¼

Z
L

NM
αpnαδu

0
pdL�

Z
L

MM
αβnαδu

0
3;βdLþ

Z
S

pMi δu0i dSZ
V

σMip;iδupdV ¼
Z
s

NM
iα;iδu

0
αdS�

Z
L

MM
iα;inαδu

0
3dLþ

Z
s

MM
iα;iαδu

0
3dSþ

Z
s

NM
i3;iδu

0
3dSZ

aintσ

T�int
l δulda ¼

Z
S

p�intl δu0l dSþ
Z
Lσ

P�int
l δu0l dL�

Z
Lσ

M�int
l δu03;ldL

(7.187)

where 2h is the thickness of the plate. The expression of σM air
ip is similar to σMip . The

notations in Eq. (7.187) are

Nαβ ¼
Z h

�h

σαβdx3; Mαβ ¼
Z h

�h

σαβx3dx3; NM
αp ¼

Z h

�h

σMαpdx3; MM
αp ¼

Z h

�h

σMαpx3dx3

pMi ¼ NM
3i;3 ¼

Z h

�h

σM3i;3dx3 ¼ σM3i ðhÞ � σM3i ð�hÞ; MM
3i;3 ¼

Z h

�h

σM3i;3x3dx3

ρ0 ¼
Z h

�h

ρdx3; ρ1 ¼
Z h

�h

ρx3dx3; ρ2 ¼
Z h

�h

ρx23dx3;

p�intl ¼ T�int
l

��h
�h
; on S; P�int

l ¼
Z h

�h

T�int
l dx3; M�int

l ¼
Z h

�h

T�int
l x3dx3; on L

(7.188)

It is noted that when the Maxwell stresses on the upper and lower surfaces are

reduced to the midplane, a distributed couple
R
S mM

3α � mM env
3α

� �
δu03;αdS; mM

3α ¼
σM3αðhÞ þ σM3α �hð Þ� �

h 2=ð Þ may be produced, but this effect is neglected in
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Eq. (7.187) due to smallh. It is also noted that Eq. (7.179) is not fully appropriate for
the free lateral boundary. In fact from the variational formula, σα3 on the middle

plane is approximately considered by Pint �
3 , but σα3 on the free boundary should not

be considered. So on the boundaryL, a termN3β ¼
R h
�h σβ3dx3 should be added to the

variational formula.

Substituting Eqs. (7.187) into Eq. (7.186), adding a term
R
L N3βnβδu03dL, and

finishing the variational calculation, we finally get:

The mechanical governing equations of the plane problem are

Nαβ;β þ NM
αβ;β þ pM env

α � pMα þ p�intα ¼ ρ0€u
0
α �ρ1€u

0
3;α

� �
; in S

Nαβ þ NM
αβ � NM env

αβ

� �
nβ ¼ P�int

α ; on Lσ

(7.189)

The mechanical governing field equation for the bending problem is

Mαβ;βα þMM
αi;αi þ NM

α3;α þ pM env
3 � pM3 þ p�int3 ¼ ρ0€u

0
3 þ ρ1€u

0
α;α � ρ2u

0
3;αα

� �
; in SZ

L

Mαβ;α þMM
αβ;α

� �
nβ � P�int

3 þ N3β þ NM
β3 � NM env

β3

� �
nβ � ρ1€u

0
k � ρ2u

0
3;k

� �h i
δu03dL

�
Z
L

Mαβnβ þ MM
βα �MM env

βα

� �
nβ �M�int

α

h i
δu03;αdL ¼ 0

(7.190)

In Eq. (7.190) terms ρ1€u
0
α;α � ρ2u

0
3;αα

� �
and ρ1€u

0
k � ρ2u

0
3;k

� �
can be neglected.

The usual three boundary conditions for the plate bending can easily be derived

from Eq. (7.190).

According to the assumption (3), the electromagnetic field is reduced to

Di;i ¼ ρe; Bi;i ¼ 0; in V; Dini ¼ �σ�; on aD; Bi ¼ B�
i ; on aμ

Di � Denv
i

� �
ni ¼ �σ�int; Bi � Benv

i

� � ¼ Bi
�int; on aint

(7.191)

In deriving the above equations, the constitutive equations were not used, so the

governing equations can be used for all materials satisfying the basic postulations

(1) to (3).

7.6.4 Some Discussions

The soft electromagnetic plate under a uniform transverse magnetic field can be

bending or buckling when the magnetic field exceeds a critical value (Moon and

Pao 1968; Pao and Yeh 1973). The natural frequency of a soft electromagnetic plate
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can be changed under a longitudinal magnetic field (Zhou and Miya 1998). Zhou

and Zheng (1997) pointed out that there was not a unified theory to discuss the

above two problems, and they proposed a variational method attempting to unified

deal with these problems. The key problem is to get the electromagnetic force

acting on the plate. Though for the electromagnetically static problem and the

problem without magnetic field the theory discussed above is appropriate, but for

a MQS system (@D @t= ¼ 0; @B @t= 6¼ 0), such as vibration problem in a magnetic

field, it should be modified, the motional electric force should be considered. As an

example, the transverse vibration of an elastic electroconductive plate is subjected

to the external uniform magnetic field H0 ¼ H01i1 þ H02i2 parallel to the ðx1; x2Þ
plane only. The induced motional electric field e; b; j in the plate due to the plate

motion is (Librescu et al. 2004; Belubekyan et al. 2007)

e ¼ �v� B0; v ¼ v i3; b ¼ —� ðu� B0Þ; j ¼ —� h (7.192)

The corresponding Maxwell stress is

σMij ¼ σM0
ij þ σM1

ij

σM0
ij ¼ B0iH0j � ð1 2= ÞB0mH0mδij; σM1

ij ¼ biH0j þ B0ihj � B0mhmδij
(7.193)

Belubekyan et al. (2007) adopted the electromagnetic body force f ¼ — � σM,

but Librescu et al. (2004) adopted the Lorentz formula f ¼ j � B0 . The MQS

problems should be further studied.

7.7 Piezoelectric Composite Shells

7.7.1 First-Order Shear Deformation Theory

Consider a finite, simply supported, N-layered laminated circular cylindrical shell

of mean radius R , length L , and thickness H . The shell is constituted of elastic

orthotropic or radially polarized piezoelectric materials. The cylindrical coordi-

nates ðx; θ; zÞ are adopted with ðx; θÞ spanning the mid-surface and z along the

normal (radial) direction. Analogous to the Mindlin plate theory, Kapuria et al.

(1998) assumed that the displacements can be approximated as

u ¼ u0ðx; θÞ þ zψ1ðx; θÞ; v ¼ v0ðx; θÞ þ zψ2ðx; θÞ; w ¼ w0ðx; θÞ (7.194)

where u0; v0;w0 are the displacement components on the mid-surface andψ1;ψ2 are

the rotations of its normal. The corresponding strains are

εx ¼ u0;x þ zψ1;x; εθ ¼ v0;θ þþzψ2;θ þ w0
� �.

ðRþ zÞ; εz ¼ 0; γzx ¼ ψ1 þ w0
;x

γθz ¼ ψ2 þ w0
;θ � v0 � zψ2

� �.
ðRþ zÞ; γθx ¼ v0;x þ u0θ þ zψ1;θ

� � ðRþ zÞ= þ zψ2;x

(7.195)
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On the mid-surface, the resultant membrane forces Nx; Nθ; Nxθ; Nθx, transverse

forces Qx; Qθ, and resultant moments Mx; Mθ; Mxθ; Mθx are

Nx; Nθ; Nxθ; Nθx

Mx; Mθ; Mxθ; Mθx

" #
¼
Z H 2=

�H 2=

1

z

" #
σx 1þ z

R

� �
; σθ; σxθ 1þ z

R

� �
; σθx

h i
dz

Qx; Qθ½ � ¼
Z H 2=

�H 2=

σxz 1þ z R=ð Þ; σθz½ �dz

(7.196)

The constitutive equation is shown in Eq. (7.149). The equilibrium equations are

Nx;x þ Nθx;θ R= þ px ¼ 0; ðQθ þ Nθ;θÞ R= þ Nxθ;x þ pθ ¼ 0;

Qx;x þ ðQθ;θ � NθÞ R= þ pz ¼ 0

Mx;x þMθx;θ R= � Qx þ mx ¼ 0; Mθ;θ R= þMxθ;x � Qθ þ mθ ¼ 0

px; pθ; pzð Þ ¼ ð1þ z=RÞðσzx; σzθ; σzÞ½ �H 2=
�H 2= ; ðmx;mθÞ ¼ ð1þ z=RÞzðσzx; σzθÞ½ �H 2=

�H 2=

(7.197)

where px; pθ; pz;mxmθ are the external forces and moments, respectively. The

boundary conditions are defined:

Nx or u0; Nxθ or v0; Qx or w0; Mx or ψ1; Mxθ or ψ2;

at x ¼ 0 or L

Nθx or u0; Nθ or v0; Qθ or w0; Mθx or ψ1; Mθ or ψ2;

at θ ¼ 0 or θ0

(7.198)

where θ0 is the span of the cylindrical panel. Usually σz can be neglected. Using

Eqs. (7.149) and (7.150), the equilibrium equations in terms of displacements can

be obtained. Here it is omitted. The above theory is easily extended to the combined

multiply layer shell.

The electric potentialφ is assumed to vary linearly across the actuated layer, and

the electric field is computed as Ex ¼ �φ;x; Eθ ¼ �φ;θ ðRþ zÞ= ; Ez ¼ �φ;z.

For the classical shell theory, the transverse shear strains γzx; γθz are neglected.
Hence,

u ¼ u0 � zw0
;x; v ¼ v0 � z w0

;θ � v0
� �.

R; w ¼ w0ðx; θÞ;

εx ¼ u0;x � zw0
;xx; εθ ¼ v0;θ

.
Rþ w0 � zw0

;θθ

� �.
ðRþ zÞ; εz ¼ 0;

γθx ¼ v0;x þ u0θ þ zψ1;θ

� � ðRþ zÞ= þ zψ2;x; ψ1 ¼ �w0
;x; ψ2 ¼ v0 � w0

;θ

� �.
R

(7.199)
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The above thin shell theories yield poor predictions of the transverse stress

components σxz; σθz; σz , so sometimes a post-processing technique is needed. The

transverse stress can approximately be obtained from the 3D equilibrium equations

(Kapuria et al. 1998):

ðRþ zÞ2σθz ¼ �
Z z

�h 2=

ðRþ zÞσθ;θ þ ðRþ zÞ2σθx;x

h i
dzþ c1

ðRþ zÞ2σxz ¼ �
Z z

�h 2=

σθx;θ þ ðRþ zÞσx;x
� �

dzþ c2

ðRþ zÞ2σz ¼ �
Z z

�h 2=

σθ � σzθ;θ � ðRþ zÞσzx;x
� �

dzþ c3

(7.200)

where ci is determined by the boundary conditions at the outer shell surface.

Kapuria et al. (1998) compared the numerical results of the shell theory with that

of the exact 3D theory and gave some comments. Saviz et al. (2007) proposed a

layerwise model which is formulated by introducing piecewise continuous

approximations through the thickness for each state variables. They showed that

the results calculated by this model more consist with that from the 3D theory.

7.7.2 The Cylindrical Bending of a Laminated
Infinitely Long Shell

The exact analytical solution of a cylindrical shell by 3D theory is difficult, but

for some simpler cases, it is possible. Now discuss an infinitely long laminated

orthotropic cylindrical shell with simple supported edges under purely cylindrical

bending. The top and bottom layers are piezoelectric actuators, and the middle layer

is an elastic orthotropic substrate. The cylindrical coordinates r; θ; z are used, where
r; θ and z refer to the radial, circumferential, and axial directions, respectively, and

ur; uθ and uz are the corresponding displacements (Fig. 7.10).

Because the shell is infinitely long, variables can be considered as the functions of

ðr; θÞ only. The equilibrium, geometric, and constitutive equations are, respectively,

σr;r þ σrθ;θ r= þ ðσr � σθÞ r= ¼ 0; σrθ;r þ σθ;θ r= þ 2σrθ r= ¼ 0

Dr þ rDr;r þ Dθ;θ ¼ 0
(7.201)

εr ¼ ur;r; εθ ¼ ðuθ;θ þ urÞ=r; γrθ ¼ ður;θ � uθÞ r= þ uθ;r

Er ¼ �φ;r; Eθ ¼ �φ;θ r=
(7.202)

σr ¼ C11εr þ C12εθ � e33Er; σθ ¼ C12εr þ C22εθ � e31Er

σrθ ¼ C66γrθ � e15Eθ; Dr ¼ e33εr þ e31εθ þ Er Er; Dθ ¼ e15γrθ þ EθEθ

(7.203)
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where Cij is the reduced material coefficients. The boundary conditions are

1. Simply supported ur ¼ σθ ¼ σθz ¼ 0; φ ¼ 0; when θ ¼ 0; θ0
2. On the interfaces ur; uθ; σr; σrθ continuous and φ ¼ 0 (7.204)
3. Upper surface of the outer actuator σr ¼ q0 sin pθ; σrθ ¼ 0; φ ¼ V sin pθ
4. Lower surface of the inner actuator σr ¼ σrθ ¼ 0; Dr ¼ 0

where p ¼ mπ θ0= ,m is an integer, and V and q0 are given values.

In order to satisfy the boundary conditions ur ¼ σθ ¼ φ ¼ 0 on the edges, Chen

et al. (1996) adopted the following generalized displacements for actuators:

ur ¼ u0r ðrÞ sin pθ; uθ ¼ u0θðrÞ cos pθ; φ ¼ φ0ðrÞ sin pθ (7.205)

Substitution of Eq. (7.205) into Eq. (7.201) for actuators yields

C11 u00r0 þ
u0r0
r

� �
� C22 þ p2C66

� � ur0
r2

� p C66 þ C12ð Þ u
0
θ0

r
þ p C22 þ C66ð Þ uθ0

r2
� e31

φ0
0

r
¼ 0

p C12 þ C66ð Þ u
0
r0

r
þ p C22 þ C66ð Þ ur0

r2
þ C66 u00θ0 þ

u0θ0
r

� �
� p2C22 þ C66

� � uθ0
r2

þ pe31
φ0
0

r
¼ 0

e31
u0r0
r

� pe31
u0θ0
r

� Er φ00
0 þ

φ0
0

r

� �
þ p2Eθ

φ0

r2
¼ 0

(7.206)

where f 0 ¼ f;r; f 00 ¼ f;rr for any f . Let

ur0ðrÞ ¼ Arr
s; uθ0ðrÞ ¼ Aθr

s; φ0ðrÞ ¼ Aφr
s (7.207)

Substitution of Eq. (7.207) into Eq. (7.206) for actuators yields the homogeneous

equation of Ar;Aθ;Aφ . In order to have nontrivial solutions for Ar;Aθ;Aφ , the

coefficient determinate of them must be zero, so the following character equation is

obtained:

Fig. 7.10 Cylindrical

bending of an infinitely long

shell
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As6 þ Bs4 þ Cs2 þ D ¼ 0

A ¼ �C11C66 Er

B ¼ C11 p2C22 þ C66

� �þ C66 C22 þ p2C66

� �� p2 C12 þ C66ð Þ2
h i

Er

þ p2C11C66 Eθ þ C66 þ p2C11

� �
e231

C ¼ � C22 þ p2C66

� �
p2C22 þ C66

� �þ p2 C22 þ C66ð Þ2
h i

Er þ p4 C12 þ C66ð Þ2
h

�p2C11 p2C22 þ C66

� �� p2C66 C22 þ p2C66

� ��
Eθ þ 2p2 C22 þ C66ð Þ�

� p2C22 þ C66

� �
e231 � p2 C22 þ p2C66

� ��
e231

D ¼ p2 p2C22 þ C66

� �
C22 þ p2C66

� �� p4 C22 þ C66ð Þ2
h i

Eθ

(7.208)

From Eq. (7.208) s has 6 real roots sj; j ¼ 1� 6 for piezoelectric material. For

each sj, a group ðArj;Aθj;AφjÞwith one unknown is obtained, so the general solution
of Eq. (7.206) for each actuator is

ur0 ¼
X6
j¼1

Ajr
sj ; uθ0 ¼

X6
j¼1

AjHθjr
sj ; φ0 ¼

X6
j¼1

AjHφjr
sj

Hθj ¼ � p C12 þ C66ð Þsj þ C22 þ C66ð Þ� � �Ers2j þ p2Eθ
� �

� pe231s
2
j

n o.
Δ

Hφj ¼ � C66s
2
j � p2C22 � C66

� �
þ p2 C12 þ C66ð Þsj þ C22 þ C66

� �n o
e31sj

.
Δ

Δ ¼ C66s
2
j � p2C22 � C66

� �
�Ers2j þ p2Eθ
� �

þ pe231s
2
j

(7.209)

The governing equations of the middle orthotropic composite matrix can be

obtained if the electric variables in Eq. (7.206) are omitted. Let the generalized

displacements in matrix be

uðmÞr ¼ arr
s sin pθ; u

ðmÞ
θ ¼ aθr

sðrÞ cos pθ (7.210)

The character equation of ar; aθ is

B0s4 þ C0s2 þ D0 ¼ 0

B0 ¼ C11C66

C0 ¼ �C66ðC22 þ p2C66Þ � C11 p2C22 þ C66

� �þ p2 C12 þ C66ð Þ2

D0 ¼ C22 þ p2C66

� �
p2C22 þ C66

� �� p2 C12 þ C66ð Þ2
(7.211)
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where the superscript M of CM
ij is omitted. So the solution of the substrate is

ur0 ¼
X4
j¼1

ajHrjr
sj ; uθ0 ¼

X4
j¼1

ajr
sj

Hrj ¼ p ðC12 þ C66Þsj � ðC22 þ C66Þ
� �

C11s
2
j � ðC22 þ p2C66Þ

h i. (7.212)

There are 16 unknowns: 6 Aj of the outer actuator, 6 Aj of the inner actuator, and

4 aj of the middle substrate. There are also 16 boundary conditions: 4 conditions

on each interface, 3 conditions on upper surface, 3 conditions on lower surface, and

σθz ¼ 0 at θ ¼ 0; θ0. Therefore, the problem is solved.

7.7.3 Approximate Theory of a Functionally Graded Shallow
Piezoelectric Shell

Figure 7.11 shows a functionally graded shallow piezoelectric shell of thickness 2h;
ðα1; α2Þ are the orthogonal curvilinear coordinates on the mid-surface; and its

corresponding Lamé parameters are H1;H2 and radii of curvatures are R1;R2. α3
is a linear coordinate and normal to the mid-surface. For a thin shell, h � Ri;
ði ¼ 1; 2Þ , Ri is approximately independent of α3 . Let ðu1; u2; u3;φÞ be the

generalized displacements in the orthogonal curvilinear coordinates, then

ε11 ¼ @u1
H1@α1

þ u2@H1

H1H2@α2
þ u3
R1

; ε22 ¼ @u2
H2@α2

þ u1@H2

H1H2@α1
þ u3
R2

ε33 ¼ @u3
@α3

; γ23 ¼
@u2
@α3

þ @u3
H2@α2

� u2
R2

; γ13 ¼
@u1
@α3

þ @u3
H1@α1

� u1
R1

γ12 ¼
@u1

H2@α2
þ @u2
H1@α1

� u2@H2

H1H2@α1
� u1@H1

H1H2@α2

E1 ¼ � @φ

H1@α1
; E2 ¼ � @φ

H2@α2
; E3 ¼ � @φ

@α3

(7.213)

Fig. 7.11 Shallow

piezoelectric shell
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Let CijklðzÞ; ekijðzÞ; EijðzÞ, z � α3. Wu et al. (2002) assumed

u1 ¼ u01ðα1; α2Þ þ zu11ðα1; α2Þ; u2 ¼ u02ðα1; α2Þ þ zu12ðα1; α2Þ
u3 ¼ u03ðα1; α2Þ þ zu13ðα1; α2Þ; φ ¼ φ0ðα1; α2Þ þ zφ1ðα1; α2Þ þ z2φð2Þðα1; α2Þ

(7.214)

Substitution of Eq. (7.214) into Eq. (7.213) yields the generalized strains, then

substitutes the strains into the variational formula Eq. (7.160). Approximately take

1þ z R1= 
 1; 1þ z R2= 
 1. Noting dV ¼ H1H2dα1dα2dz and finishing the varia-

tional calculation, the approximate equations of the thin shell can be obtained. The

generalized momentum equation is

δu01 :
@ðH2N11Þ

@α1
þ @ðH1N12Þ

@α2
þ N12

@H1

@α2
� N22

@H2

@α1
þ N31

H1H2

R1

þ H1H2 T�þ
1 þ T��

1

� � ¼ H1H2 ρ0€u
0
1 þ ρ1€u

1
1

� �
δu02 : ðH2N12Þ;1 þ ðH1N22Þ;2 þ N12H2;1 � N11H1;2 þ N32H1H2 R2=

þ H1H2 T�þ
2 þ T��

2

� � ¼ H1H2 ρ0€u
0
2 þ ρ1€u

1
2

� �
δu03 : H2N13ð Þ;1 þ ðH1N32Þ;2 � N11H1H2 R1= � N22H1H2 R2=

þ H1H2 T�þ
3 þ T��

3

� � ¼ H1H2 ρ0€u
0
3 þ ρ1€u

1
3

� �
3

δu11 : ðH2M11Þ;1 þ ðH1M12Þ;2 þM12H1;2 �M22H2;1 þM31H1H2 R1=

� N13H1H2 þ H1H2 hT�þ
1 � hT��

1

� � ¼ H1H2 ρ1€u
0
1 þ ρ2€u

1
1

� �
δu12 : ðH2M12Þ;1 þ ðH1M22Þ;2 þM12H2;1 �M11H1;2 þM32H1H2 R2=

� N23H1H2 þ H1H2 hT�þ
2 � hT��

2

� � ¼ H1H2 ρ1€u
0
2 þ ρ2€u

1
2

� �
δu13 : ðH2M13Þ;1 þ ðH1M23Þ;2 �M11H1H2 R1= �M22H1H2 R2=

� N33H1H2 þ H1H2 hT�þ
3 � hT��

3

� � ¼ H1H2 ρ1€u
0
3 þ ρ2€u

1
3

� �
δφ0 : H2D

0
1

� �
;1
þ H1D

0
2

� �
;2
þ H1H2 σ�þ1 þ σ��1

� � ¼ 0

δφ1 : H2D
1
1

� �
;1
þ H1D

1
2

� �
;2
� H1H2D

0
3 þ H1H2 hσ�þ1 � hσ��1

� � ¼ 0

δφð2Þ : H2D
ð2Þ
1

� �
;1
þ H1D

ð2Þ
2

� �
;2
� H1H2D

1
3 þ H1H2 h2σ�þ1 � h2σ��1

� � ¼ 0

(7.215)

The natural boundary conditions are

δu01 : N11n1 þ N12n2 ¼ �T1; δu02 : N12n1 þ N22n2 ¼ �T2

δu03 : N13n1 þ N32n2 ¼ �T3; δu11 : M11n1 þM12n2 ¼ �M1

δu12 : M12n1 þM22n2 ¼ �M2; δu13 : M13n1 þM23n2 ¼ �M3

δφ0 : D0
1n1 þ D0

2n2 ¼ �σ0�; δφ1 : D1
1n1 þ D1

2n2 ¼ �σ1�

δφð2Þ : Dð2Þ
1 n1 þ D

ð2Þ
2 n2 ¼ �σ2�

(7.216)

Let T�þ
i and T��

i denote the traction on the upper and lower surfaces, respectively,

and
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�Ti; �Mið Þ ¼
Z h

�h

T�
i ð1; zÞdz; D0

i ;D
1
i ;D

ð2Þ
i

� �
¼
Z h

�h

Di 1; z; z
2

� �
dz;

σ0�; σ1�; σð2Þ�
� �

¼
Z h

�h

σ� 1; z; z2
� �

dz

ρ0; ρ1; ρ2ð Þ ¼
XN
k¼1

Z
hk

ρðkÞ 1; x3; x
2
3

� �
dx3; Nij;Mij

� � ¼ Z h

�h

ð1; zÞσijdz

(7.217)

It is noted that the generalized displacements must satisfy the boundary

conditions when the variational formula Eq. (7.160) is used. Using the constitutive

equation, the governing equations in terms of the generalized displacements are

easily obtained.

7.7.4 Free Vibration of a Functionally Graded Piezoelectric
Hollow Cylinder Filled with Compressible Fluid

Consider an orthotropic piezoelectric hollow cylinder of inner radiusR, thickness h,
and length L . Chen et al. (2004) adopted the cylindrical coordinates r; θ; z and

adopted the state space method to analyze the free vibration of a functionally graded

piezoelectric hollow cylinder filled with compressible fluid. Assumed all material

constants and mass are the functions of r . From the constitutive equations,

geometric equations, and motion equations, the state equation can be obtained as

Y; r ¼ MY; Y ¼ ½uz; uθ; σr;Dr; σrz; σrθ; ur;φ�T (7.218)

where Y is the state vector and M is 8� 8 matrix. Chen et al. (2004) discussed the

simply supported case with the boundary conditions:

ur ¼ uθ ¼ σz ¼ Dz ¼ 0; at z ¼ 0; L (7.219)

In order to satisfy Eq. (7.219), they assumed that the solution of state vector can

be expanded in double trigonometric series:

uz
uθ
σr
Dr

σrz
σrθ
ur
φ

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

¼
X1
m¼0

X1
n¼0

R0�uzðηÞ cosmπς cos nθ

R0�uθðηÞ sinmπς sin nθ

Cout
44 �σrðηÞ sinmπς cos nθffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cout
44 E

out
33

p
�DrðηÞ cosmπς cos nθ

Cout
44 �σrzðηÞ cosmπς cos nθ

Cout
44 �σrθðηÞ sinmπς sin nθ

R0�urðηÞ sinmπς cos nθ

R0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cout
44 Eout33

�q
�φðηÞ cosmπς cos nθ

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

eiωt (7.220)
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where R0 ¼ Rþ h 2= , η ¼ r R0= , and ς ¼ z L= ; m and n are integers; and ω is the

angular frequency. Variables at the outer cylindrical surface r ¼ Rþ h are denoted
by right superscript “out,” and at the inner surface r ¼ R will be denoted by right

superscript “inn.” Substitution of Eq. (7.220) into Eq. (7.218) yields

�Y; η ¼ N�Y; �Y ¼ �uz; �uθ; �σr; �Dr; �σrz; �σrθ; �ur; �φ½ �T (7.221)

where �Y is a constant vector and N is a 8� 8 matrix and is not constant, so the

solution cannot be obtained directly from Eq. (7.221). The approximate laminated

model, for which the cylinder is divided intoN thin layers, is adopted. For ith layer,
Ni can be assumed constant and takes its value at midplane. Using the transfer

matrix method as shown in Section 6.4.1,Yout ¼ TYinn can be obtained, through the

transfer matrix T, and the variables on the outer surface are expressed by the inner

variables. The boundary condition on the inner cylindrical surface is solved by the

fluid-solid coupling theory. For a nonviscous fluid, the connected conditions on the

inner surface are

vr ¼ vfr; pf þ σr ¼ 0; σrz ¼ σrθ ¼ 0; at r ¼ R (7.222)

where vfr; vr are the radial components of the velocity of the fluid and solid,

respectively, and pf is the fluid pressure. Finally, the boundary conditions on the

inner and outer surfaces are

σinnr ¼ �Ω2QðβÞurρf ρout= ; σinnrz ¼ σinnrθ ¼ 0; σoutr ¼ σoutrz ¼ σoutrθ ¼ 0

Ω2 ¼ R2ω2ρout Cout
44

�
; β ¼ ωR c2f

� � mπR L=
(7.223)

where, ρf ; ρ
out; cf are the fluid density, solid density at r ¼ Rþ h, and the sound

velocity in fluid, respectively.

The electrically boundary conditions on r ¼ R; Rþ h are as follows:

Electrically open, Dr ¼ 0, or electrically shorted, φ ¼ 0, at

r ¼ R; Rþ h (7.224)

Substituting the boundary conditions at the inner and outer surfaces into

Eq. (7.221), the frequency equation can be obtained. The frequency equations for

the electrically shorted case and the electrically open case are different.

References

Belubekyan M, Ghazaryan K, Marzocca P, Cormier C (2007) Localized magnetoelastic bending

vibration of an electroconductive elastic plate. J Appl Mech 74:1071–1077

Chen W-Q, Lim CW (2005) 3Dpoint force solution for a permeable penny-shaped crack embed-

ded in an infinite transversely isotropic piezoelectric medium. Int J Solids Struct 131:231–246

392 7 Three-Dimensional and Applied Electroelastic Problems

http://dx.doi.org/10.1007/978-3-642-36291-0_6


Chen W-Q, Shioya T (1999) Fundamental solution for a penny-shaped crack in a piezoelectric

media. Int J Solids Struct 47:1459–1475

Chen C-Q, Shen Y-P, Wang XM (1996) Exact solution of orthotropic cylindrical shell with

piezoelectric layers under cylindrical bending. Int J Solids Struct 33:4481–4494

Chen W-Q, Bian ZG, Lv C-F, Ding HJ (2004) 3Dfree vibration analysis of a functionally graded

piezoelectric hollow cylinder filled with compressible fluid. Int J Solids Struct 41:947–964

Cherepanov GP (1979) Mechanics of brittle fracture. McGraw-Hill, New York

Crawley EF, Aanderson E (1989) Detailed models of piezoceramic actuation of beams, In:

Proceedings of the 30th AIAA/ASMI/ASCH/AHS/AHC structures, structural dynamics and

materials conference, Washington, DC

Crawley EF, De Luis J (1987) Use of piezoelectric actuators as elements of intelligent structures.

AIAA J 25:1373–1385

Deans SR (1983) The radon transform and some of its applications. Wiley, New York

Deeg WF (1980) The analysis of dislocation, crack and inclusion problems in piezoelectric solids.

Ph.D. dissertation, Stanford University

Ding H-J, Chen B, Liang J (1996) General solutions for coupled equations for piezoelectric media.

Int J Solids Struct 33:2283–2298

Dunn ML (1994) Electroelastic Green’s functions for transversely isotropic piezoelectric media

and their application to the solution of inclusion and inhomogeneity problems. Int J Eng Sci

32:119–131

Dunn ML, Taya M (1993) An analysis of piezoelectric composite materials containing ellipsoidal

inhomogeneities. Proc R Soc Lond A 443:265–287

Eshelby JD (1957) The determination of the elastic field of an ellipsoidal inclusion, and related

problems. Proc R Soc Lond A 241:376–396

Fabrikant VI (1989) Applications of potential theory in mechanics, a selection of new results.

Kluwer Academic Publishers, Dordrecht/Boston/London

Fan H, Qin S (1995) A piezoelectric sensor embedded in a non- piezoelectric matrix. Int J Eng Sci

33:379–388

Heyliger P (1997) Exact solutions for simply supported laminated piezoelectric plates. J Appl

Mech 64:299–306

Heyliger P, Brooks S (1995) Free vibration of piezoelectric laminates in cylindrical bending. Int J

Solids Struct 32:2945–2960

Huang JH (1997) A fracture criterion of a penny-shaped crack in transversely isotropic piezoelec-

tric media. Int J Solids Struct 34:2631–2644

Jiang LZ, Sun CT (2001) Analysis of indentation cracking in piezoceramics. Int J Solids Struct

38:1903–11918

Kapuria S, Sengupta S, Dumir C (1998) Assessment of shell theories for hybrid piezoelectric

cylindrical shell under electromechanical load. Int J Mech Sci 40:461–477

Krommer M, Irschik H (2000) A Reissner-Mindlin-type plate theory including the direct piezo-

electric and the pyroelectric effect. Acta Mech 141:51–69

Kuang Z-B (2011) Physical variational principle and thin plate theory in electro-magneto-elastic

analysis. Int J Solids Struct 48:317–325

Librescu L, Hasanyan D, Ambur DR (2004) Electromagnetically conducting elastic plates in a

magnetic field: modeling and dynamic implications. Int J Nonlinear Mech 39:723–729

Mikata Y (2000) Determination of piezoelectric Eshelby tensor in transversely isotropic piezo-

electric solids. Int J Eng Sci 38:605–641

Mitchell JA, Reddy JN (1995) A refined hybrid plate theory for composite laminates with

piezoelectric laminae. Int J Eng Sci 32:2345–2367

Moon EC, Pao YH (1968) Magnetoelastic buckling of a thin plate. J Appl Mech 35:53–68

Mura T (1987) Micromechanics of defects in solids, 2nd rev. edn. Martinus-Nijhoff, Deventer

Pao YH, Yeh CS (1973) A linear theory for soft ferromagnetic elastic bodies. Int J Eng Sci

11:415–436

References 393



Saviz MR, Shakeri M, Yas MH (2007) Electroelastic fields in a layered piezoelectric cylindrical

shell under dynamic load. Smart Mater Struct 16:1683–1695

Timoshenko S, Woinowsky-Krieger S (1959) Theory of plates and shells. McGraw-Hill Book

Company, New York

Ueda S (2007) A penny-shaped crack in a functionally graded piezoelectric strip under thermal

loading. Eng Fract Mech 74:1255–1273

Wang B (1992) Three-dimensional analysis of an ellipsoidal inclusion in a piezoelectric material.

Int J Solids Struct 29:293–308

Wang J, Yang J (2000) Higher-order theories of piezoelectric plates and applications. Appl Mech

Rev 53:87–99

Wang Z-K, Zheng B-L (1995) The general solution of three dimensional problems in piezoelectric

media. Int J Solids Struct 32:105–115

Wu X, Chen C, Shen Y, Tian X (2002) A high order theory for functionally graded piezoelectric

shells. Int J Solids Struct 39:5325–5344

Yang J (2005) An introduction to the theory of piezoelectricity. Springer, New York

Zhou Y-H, Miya K (1998) A theoretical prediction of natural frequency of a ferromagnetic beam

plate with low susceptibility in an in-plane magnetic field. J Appl Mech 65:121–126

Zhou Y-H, Zheng X-J (1997) A general expression of magnetic force for soft ferromagnetic plates

in complex magnetic field. Int J Eng Sci 35:1405–1417

394 7 Three-Dimensional and Applied Electroelastic Problems



Chapter 8

Failure Theories of Piezoelectric Materials

Abstract In this chapter failure experiments and theories in piezoelectric materials

are discussed. In present time the precision of experiments should still be improved.

The failure theory in solids is very complicated and there is no unified critical

criterion. It is clear that the critical energy for different failure version is different.

Especially the version of brittle tension failure is significantly different with other

versions. In piezoelectric ceramics the failure energy density of an electric field

is much higher than that in mechanical loading. In this chapter the generalized

stress intensity factor criterions; total, mechanical, and local energy release rate

criterions; strain energy density factor criterion; modal strain energy density factor

theory; small-scale domain switching theory; failure criterion of conductive cracks

with charge-free zone model are studied. Some simple electric breakdown theories

of solid dielectrics are also discussed.

Keywords Failure theories • Generalized stress intensity factor • Energy release

rate • Modal strain energy • Charge-free zone model • Electric breakdown

8.1 Experimental Studies

The change of the microstructure, including plastic yielding, phase transformation,

and failure theory, in solids is very complicated, and in present time there is no

unified critical criterion to show these changes exactly. In general the change

of the internal microstructure in the materials is caused by deformation, electromag-

netic field and temperature. Experiments show that except the failure under tension,

before failure the continuous deformation is revealed and then follows the change of

the microstructure, so the failure and plastic yielding, etc. often posses the similar

criterion. However, the failure of a brittle material under tension is less connected to

the continuous deformation, so it should often be discussed in different theory. The

experiments are necessary to get the practical failure criterions in engineering. Many

experiments for failure have been carried out. Because the piezoelectric specimens

are thin and small, manufacturing an ideal crack is very difficult. Usually the crack

Z.-B. Kuang, Theory of Electroelasticity, DOI 10.1007/978-3-642-36291-0_8,
© Shanghai Jiao Tong University Press, Shanghai and Springer-Verlag Berlin Heidelberg 2014
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is a narrow slit with a circular end. The precision of the experimental results is not

very well, and the experiments are needed in the future. The fatigue failure is not

discussed in this book.

8.1.1 Test on Compact Tension Specimens

Park and Sun (1995) carried out the mode-I fracture tests of the compact tension (CT)

specimen for PZT-4 ceramic. Two silver-coated faces at the upper and

lower surfaces of the sample were used as electrodes. The sizes of the specimen

are 25:5� 19:1� 5:1mm3 with crack length 11.5 mm as shown in Fig. 8.1. The

polarization x3-axis is perpendicular to the crack. The crack was created by cutting

with a 0.46 mm thick diamond wheel and further cut by a sharp razor blade with

diamond abrasive. Because the electric field exceeded 5Kv m= the electric

discharging between electrodes through the air was observed, the specimen was

immersed in a tube filled with silicone oil. The tests were to increase the tensile load

until failure occurred under a certain electric field. Some experimental results can

be found in Fig. 8.13. The results showed that the positive electric fields enforce the

crack propagation or decrease the apparent fracture toughness KIc, while negative

electric field impede crack propagation or increase the apparent fracture toughness.

Fang et al. (2004) carried out the tensile tests of the plate specimen with a central

crack for PZT-5 ceramic. The sizes of the specimen are 40� 20� 3mm3 with the

polarization x3-axis. Their results are similar to that of Park and Sun.

8.1.2 Three-Point Bending Test with Asymmetric Crack

Park and Sun (1995) carried out the mixed-mode fracture tests on the three-point

bend specimen with unsymmetrical crack for PZT-4 ceramic. The sizes of the

specimen are 19:1� 9� 5:1mm3, and the poling direction was perpendicular to

Fig. 8.1 Compact tension (CT) specimen
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the crack as shown in Fig. 8.2. The length of the crack is 4:0mm and located at

the midspan, 2mm; 4mm from the midspan, respectively. The center-cracked

specimens produced mode-I fracture, and other two kinds of specimens exhibited

mixed-mode fracture. The experimental results showed that the fracture in this test

exhibits the same behaviors as that in CT specimens. It is also shown that the crack

deviated from the midspan will increase the fracture load.

8.1.3 Three-Point Bending Test of Smooth Specimens

Fu and Zhang (2000) carried out three-point bending tests of smooth specimens to

study the effect of an electric field on bending strength for PZT-841 ceramic

(Fig. 8.3). The sizes of the specimen are 10� 4� 3:2mm3 and the span distance

was 6:0mm. The poling direction was perpendicular to the load. Two silver-coated

faces at the ends of the sample were used as electrodes. The specimens were

thermally depoled at 400 �C for 30 min. Both the loading jig and supports were

insulated from the loading system. The generalized stresses will be calculated by

the finite element method. Under a mechanical load of 340 N, the electric field was

monotonically increased until fracture occurred. The results are shown in Fig. 8.4.

Results show that for the depoled specimens, the positive and negative fields all

decrease the bending strength.

8.1.4 Test on Conducting Crack

Heyer et al. (1998) carried out the mode-I fracture tests of the four-point bending

specimen for PZT-PIC 151 ceramic. Two silver-coated faces at the upper and lower

Fig. 8.2 Specimen for

mixed-mode fracture test

Fig. 8.3 Three-point smooth

bending test specimen
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surfaces of the sample were used as electrodes. The thickness is 3 mm. The crack is

filled with NaCl solution and its depth a ¼ 0:9 � 2:2 mm as shown in Fig. 8.5. The

generalized stress intensity factors are calculated by numerical method. The results

are shown in Fig. 8.6.

Fig. 8.4 Variations of

bending strength with electric

field (Reprinted from Fu and

Zhang 2000, with permission

from Acta Materialia)

Fig. 8.5 Four-point bending

specimen

Fig. 8.6 Plot of the stress and electric field intensity factors (Reprinted from Heyer et al. 1998,

with permission from Acta Materialia)
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8.1.5 Vicker Indentation Test

The Vicker indentation test technique is pressing a square diamond pyramid into

a specimen with a given external force. The resulting wedge force drives radial

half penny-shaped cracks. The crack growth version in a Vicker indentation test is

quite different with that in the CT test. In the direction perpendicular to the poling

direction, the crack length is longer than that in the direction parallel to poling

direction (Fig. 8.7). Experiment results (Jiang and Sun 2001) pointed out that for

small loading ð9NÞ, increasing the positive electric field increased the crack and

increasing the negative electric field (absolute value) decreased the crack. For a

larger loading ð49NÞ, increasing the positive or negative electric field increased

the crack, but in a negative electric field, the crack growth is smaller than that in

the positive electric field. In the test of Wang and Singh (1997), the results are

somewhat different.

8.2 Some Practical Failure Criterions

8.2.1 Generalized Stress Intensity Factor Criterion

In the linear- and small-scale yielding fracture mechanics for mode-I problem, the

stress intensity factor KI or the energy release rate G or JI integral is used as the

fracture criterion. For mixed fracture problem, the combination ofKI;KII andKIII is

used. These theories are successful in engineering, but what combination should

be used is still a problem. It is natural to extend these theories to electroelastic

fracture problem, i.e., for the mixed fracture problem in piezoelectric material, the

fracture criterion takes the following form:

f ðKI;KII;KIII;KDÞ ¼ Kc (8.1)

However, it should be noted that the role ofKD is not fully the same as that ofKI;KII

andKIII. Many experiments show that the electric energy at failure of a piezoelectric

Fig. 8.7 Vicker indentation test
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material is much larger than that in the mechanical fracture. Otherwise the large

electric field can produce electric sparking to breakdown the dielectric. As

examples Heyer et al. (1998) gave a fracture criterion fitting their measured data

in the range � 50 < KE < 25 ðKVm�1 2= Þ for material PET-PIC 151 is

KIðMPam1 2= Þ ¼ 0:90� 0:01KEðKVm1=2Þ � 0:00002K2
E (8.2)

Fang et al. (2004) gave a fracture criterion fitting their measured data in the range

KI < 1:5Pam1 2= and � 2:5� 104Vm�1 2= < KE < 4� 104Vm�1 2= for material

PET-5 is

KIðPam1=2Þ þ 18:193KEðVm�1=2Þ � 2:641� 10�4K2
E ¼ 803505:949 (8.3)

8.2.2 Energy Release Rate Criterion

1. Total Energy Release Rate Criterion
For linear electroelastic theory, the original energy criterion of the crack extension

is

G ¼ R; G ¼ �@ðU �WÞ @a= ; R ¼ dðγs þ γiÞ da= (8.4)

where G is the energy release rate, R is crack extension resistance, U is the internal

energy, W is the work done by the external force, γs is the energy to formed a new

surface, and γi is the irreversible work at the crack tip. But we often use the electric

enthalpy release rate ~G as the energy release rate. If the crack tip is selected at the

coordinate origin, ~G is (Suo et al. 1992)

~G ¼ lim
Δ!0

1

2Δ

�
Z Δ

0

σ2jðrÞ½uþj ðΔ� rÞ � u�j ðΔ� rÞ�þD2ðrÞ φþðΔ� rÞ � φ�ðΔ� rÞ½ �
n o

dr

(8.5)

where Δ is the crack virtual extension, r is the distance in front of the crack tip on

axis x1 and Δ� r is the distance behind the crack tip.

The J integral expressed with the electric enthalpy is defined as

J ¼
Z
Γ
ðgn1 � σijnjui;1 � niDiφ;1Þ dl; g ¼ ð1 2= Þðσijui;j þ Diφ;iÞ (8.6)

where Γ is the integration contour around the crack tip and g is the electric enthalpy

density. In the linear- or small-scale yielding case, it can be proved that ~G ¼ J:
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For the mode-I fracture tests of the compact tension (CT) specimen, as shown in

Sect. 8.1.1, Park and Sun (1995) gave

~GI ¼¼ ðπa 2= Þ 2:29� 10�11 σ133
� �2 þ 2:35� 10�11σ133E

1
3 � 8:78� 10�9 E1

3

� �2h i
N m=

(8.7)

Equation (8.7) shows that when the contribution of an electric field is larger than

that of the mechanical stress, the total energy release rate becomes negative and the

crack cannot be extended. For the small stress and large electric field, the electric

field always impedes crack propagation. It is contrary to the experimental results.

2. Mechanical Strain Energy Release Rate Criterion

Park and Sun (1995) proposed a mechanical strain energy release rate GM
I

criterion for the piezoelectric materials. For the CT test, they got

GM
I ¼ lim

Δ!0

1

2Δ

Z Δ

0

σ33ðrÞ uþ3 ðΔ� rÞ � u�3 ðΔ� rÞ� �� �
¼ ðπa 2= Þ 2:28� 10�11 σ133

� �2 þ 1:21� 10�11σ133E
1
3

h i
N m=

(8.8)

Equation (8.8) shows that the positive electric field (the direction of the external

electric field is consistent with the poling electric field) increases the mechanical

strain energy rate and decreases the fracture toughness. The results calculated from

this criterion are consistent with that in test, as shown in Fig. 8.13. However, if the

stresses are all zeros, Eq. (8.8) shows that the crack cannot be extended; it is also

contrary with the experiment. It can be considered that for larger mechanical stress

this criterion is well.

3. Strain Energy Density Factor Criterion
In elastic fracture mechanics, Sih (1973) proposed the strain energy density

factor as the fracture criterion. Zuo and Sih (2000) and Shen and Nishioka (2000)

extended this theory to the piezoelectric materials. The strain energy density factor

S is defined as

S ¼ lim
r!0

rdU dV= ¼ lim
r!0

rA; A ¼ dU dV= ¼ σijεij 2= þ DiEi 2= (8.9)

where A is the strain energy density. The strain energy density factor criterion is

assumed:

(a) At the crack tip, the minimum strain energy density Smin happened at θ ¼ θ0,
ð@S @θ= Þθ¼θ0

¼ 0 , and ð@2S @θ2
� Þ

θ¼θ0
> 0 , where θ is the polar angle. Crack

initiation will start at the direction of the max Smin.

(b) When max :Smin reaches the critical value Sc, the crack begins propagation.

This theory is based on the stress state before crack extension. This theory is

not related to the crack virtual extension which is demanded by the energy release

rate theory.
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According to Eq. (3.222) in general case, the stress asymptotic field near the

crack tip for a piezoelectric material with polarized x3-axis is

Σ1 ¼ � 1
ffiffiffiffiffiffiffi
2πr

p.
 �
ReB μk

ffiffiffiffiffiffi
Θk

p.D E
B�1K; Σ2 ¼ 1

ffiffiffiffiffiffiffi
2πr

p.
 �
ReB 1

ffiffiffiffiffiffi
Θk

p.D E
B�1K

Θk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos θ þ μk sin θ

p
; KI ¼ σ133

ffiffiffiffiffi
πa

p
; KII ¼ σ131

ffiffiffiffiffi
πa

p
; KIII ¼ σ132

ffiffiffiffiffi
πa

p
; KD ¼ D1

3

ffiffiffiffiffi
πa

p

(8.10)

Discuss the plane strain problem in the ðx1; x3Þ plane. In this caseE2 ¼ 0; ε22 ¼ 0,

so σ22ε22 ¼ 0;D2E2 ¼ 0. The strain energy density factor becomes

S ¼ lim
r!0

rA ¼ ð1 2= Þ lim
r!0

r ΣT
1ε1 þ ΣT

2ε2
� �þ ðσ31ε31 þ σ23ε23Þ
� �

ε1 ¼ ðε11; ε12; ε13;E1ÞT; ε2 ¼ ðε21; ε22; ε23;E2ÞT
(8.11)

where generalized strains can be obtained from the constitutive equations, so S can be
expressed by the generalized stress intensity factors. Their numerical calculation results

show that for the material PZT-4 in the range � 0:6 ðkV cm= Þ < E3 < 0:8 ðkV cm= Þ,
the theoretical results are consistent with previous experimental results.

8.2.3 Small-Scale Domain Switching Theory

Experiments show that under mechanical and electrical loadings, the intensified

generalized stresses near a crack-like flaw lead to domain reorientation. An electric

field can rotate the polar direction of a domain by either 180� or 90� , but a stress

field rotates it only by 90�. Let the initial poling direction of a domain form an angle

ϕwithx1-axis and the variation of the polarization vectorΔPs and the transformation

strain tensor Δε0 after a 90� rotation of a domain (Fig. 8.8) be, respectively,

ΔPs ¼
ffiffiffi
2

p
Ps

cosðϕ� 3π 4= Þ
sinðϕ� 3π 4= Þ
� 

; Δε0 ¼ ε0
� cos 2ϕ sin 2ϕ
sin 2ϕ cos 2ϕ

� 
(8.12)

where Ps is the spontaneous polarization, ε0 is the spontaneous strain, and � 3π 4=
are corresponding to the anticlockwise and clockwise, respectively.

The domain switching plays an important role in the crack extension theory.

Zhu and Yang (1997) and Yang and Zhu (1998) proposed a small-scale domain

switching theory to qualitatively discuss the fracture toughness variation which is

related to the fracture criterion. In their discussion, they assumed outside the

switching zone, the interaction between the stress and electric field is neglected

and the material is assumed isotropic. In Sect. 5.1.3, the electric field of a permeable

elliptic cavity in an electrostrictive material was studied under the assumption that

the effect of the stress on the electric field was neglected, so the results in Sect. 5.1.3
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can be used here. When the external electric field is onlyE1
2 , the electric asymptotic

field near the right end of a narrow ellipse in a local coordinate system with the

origin at the focus of the ellipse is (see Eq. (5.34))

E2 � E1
2

1

1þ �δ

ffiffiffiffiffi
a

2r

r
e�iθ 2= þ 1þ 2�δ

2ð1þ �δÞ
� �

(8.13)

In Eq. (8.13) the first term is a singular electric field, while the second term is a

homogeneous electric field. When �δ is small, the singular electric field is dominant,

while �δ is large, the homogeneous field is dominant. Outside the switching zone,

the stress asymptotic field is

σij ¼ Kapp

ffiffiffiffiffiffiffi
2πr

p.
 �
fijðθÞ (8.14)

where Kapp is the apparent stress intensity factor. The domain switching criterion

can approximately expressed as (Hwang et al. 1995)

σ : Δεþ E : ΔP 	 2PsEc (8.15)

whereEc is the coercive electric field. Substitution of Eqs. (8.12), (8.13), and (8.14)

into Eq. (8.15) roughly yields the boundary of the switching zone R0 as:

ffiffiffiffiffi
R0

p
¼ ffiffiffi

ρ
p

Rðθ; β;�δÞ > 0; ρ ¼ 1

8π

Kappε0
PsEc

� �
; β ¼ KEPs

Kappε0
; KE ¼ E1 ffiffiffiffiffi

πa
p

R ¼
ffiffiffi
2

p

1þ �κ
β sin ϕ� 3π

4
� θ

2

� �
þ sin θ sin 2ϕþ 3θ

4

� �� 
1� E1

2ffiffiffi
2

p
Ec

�δ

1þ �δ
sin ϕ� 3π

4

� �� �1

(8.16)

In mono-domain switching case, numerical results showed that when �δ ¼ 103,

the uniform electric field is dominant and a positive electric field reduces the

Fig. 8.8 90� switching
domain near the crack tip
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size of the switching zone, while the negative electric field enlarges the size. When
�δ ¼ 10�3, the singular electric field is dominant, and both the positive and negative

electric fields enlarge the size of the switching zone.

At the crack tip region, the domain switching occurred. Solved the shape and the

size of the switching zone, the toughness increment can be obtained by the

transformation theory (Eshelby 1957; McCmeeking and Evans 1982; Budiansky

et al. 1983). Zeng and Rajapakse (2001) and Rajapakse and Zeng (2001) discussed

the toughness increment by domain switching also. Huang and Kuang (2003)

discussed the influence of the switching wake on the facture toughness of ferro-

electric materials. The domain switch theory need be improved.

8.3 The Local Energy Release Rate Theory

Usually a piezoelectric material has high mechanical strength, brittleness, and small

deformation, but the electric saturation can be occurred under large electric field.

Analogous to the Dugdale model in elastoplastic fracture mechanics, Gao et al.

(1997) proposed the strip electric saturation model and local energy release rate

theory to explain the effect of the electric field on the failure of a crack specimen in

piezoelectric material. This model considers that near the crack tip the mechanical

deformation is elastic, but the electric field is saturated on a line in front of the crack

tip or treats dielectric ceramic as mechanically brittle and electrically ductile

(Fig. 8.9). The fracture behavior is determined by the local J integral around the

crack tip x1 ¼ a only and does not enclosed the electric saturation end x1 ¼ c.
1. Poling Axis Perpendicular to the Crack
Discuss an infinite plate with a central crack of length 2a located on the axis x1.

The polarization x3-axis is perpendicular to the crack (Fig. 8.9). In order to clearly

explain the physical phenomenon, Gao et al. (1997) adopted the following

simplified constitutive equation:

σ11

σ22

σ33

σ32

σ31

σ12

D1

D2

D3

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

¼

M 
 
 0 0 0 0 0 e


 M 
 0 0 0 0 0 e


 
 M 0 0 0 0 0 �e

0 0 0 M 0 0 0 �e 0

0 0 0 0 M 0 �e 0 0

0 0 0 0 0 
 0 0 0

0 0 0 0 e 0 E 0 0

0 0 0 e 0 0 0 E 0

�e �e e 0 0 0 0 0 E

2
6666666666666664

3
7777777777777775

ε11

ε22

ε33

2ε32

2ε31

2ε12

E1

E2

E3

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

(8.17)

where 
 means that the corresponding material constant does not appear in this

model and is omitted. Here the plane strain problem is discussed.
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In Eq. (8.17) there are only three independent material constants M; e; E.
Assume the displacement only along x3 direction, i.e.,

u1 ¼ 0; u3 ¼ u3ðx1; x3Þ; Ei ¼ �φ;i (8.18)

The equilibrium equation along direction x1 is satisfied automatically due to u1 ¼ 0,

so σ11 is not needed. Substitution of Eq. (8.18) into Eq. (8.17) yields

σ13 ¼ Mu3;1 þ eφ;1; σ33 ¼ Mu3;3 þ eφ;3

D1 ¼ eu3;1 � Eφ;1; D3 ¼ eu3;3 � Eφ;3
(8.19)

Inserting Eq. (8.19) into generalized equilibrium equation σij;j ¼ 0 and Di;i ¼ 0

yields

r2u3 ¼ 0; r2φ ¼ 0 (8.20)

Introduce complex potentials UðzÞ and ΦðzÞ, and let

u3 ¼ Im UðzÞ½ �; φ ¼ Im ΦðzÞ½ �; σ33 þ iσ31 ¼ MU0ðzÞ þ eΦ0ðzÞ
D3 þ iD1 ¼ eU0ðzÞ � EΦ0ðzÞ; E3 þ iE1 ¼ �Φ0ðzÞ; z ¼ x1 þ ix3

(8.21)

Now discuss the strip electric saturation model. Assume in front of the crack that

electric field reaches saturation on a < x1 � c; x3 ¼ 0. The boundary conditions are

σ33 þ iσ31 ¼ σ1; E3 þ iE1 ¼ E1; when zj j ! 1
σ33 ¼ 0; D3 ¼ 0; when x1j j < a; x3 ¼ 0

u3
þ ¼ u3

�; D3 ¼ Ds; when a < x1j j � c; x3 ¼ 0

(8.22)

whereσ1 andE1 are real constants. It is noted thatσ31 cannot be zero in x1j j < adue
to u1 ¼ 0 is assumed. The solution satisfying Eq. (8.22) is

U0ðzÞ ¼ c1zffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p ; Φ0ðzÞ ¼ c3zffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p þ c4zffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � c2

p � Ds

E
ωðzÞ

c1 ¼ eE1 þ σ1

M
; c3 ¼ eðeE1 þ σ1Þ

EM
; c4 ¼ �ðe2 þ EMÞE1 þ eσ1

EM

ωðzÞ ¼ 2

π
arccot

a

z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � c2

c2 � a2

r !
� zffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2 � c2
p arccos

a

c


 �" # (8.23)

Fig. 8.9 The local J integral
model
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whereωðzÞ is similar to that in the Dugdale model and has the following behaviors:

ωðzÞ ! 0; when z ! 1; ImωðzÞ ¼ 0; when x1j j > c

ReωðzÞ ¼ 0; when x1j j < a; ReωðzÞ ¼ 1; when a < x1j j < c
(8.24)

The condition that the stresses are finite at x1j j ¼ c yields the size of the saturation
zone

ρ ¼ c� a ¼ a sec
π

2

ðe2 þ EMÞE1 þ eσ1

MDs

� �
� a ¼ a sec

π

2

D1

Ds

� �
� a (8.25)

Near the crack tip the stress field is singular, but the electric field is finite.

The singular parts of the stresses are

σ33 ¼ Re MU0ðzÞ þ eΦ0ðzÞf g ¼ M
c1ðaþ rÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 2ra

p þ e
c3ðaþ rÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 2ra

p � Ds

E
ωðzÞ

� 
u3 ¼ Im UðzÞf g ¼ c1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
; �a < x < a

(8.26)

The local J integral Ja at the crack tip (Fig. 8.9) is:

Ja ¼
Z
Γa

ðgn1 � σijnjuj;1 � Djnjφ;1Þ ds ¼
πa

2M
1þ e2

EM

� �
ðeE1 þ σ1Þ2 (8.27)

where g ¼ ð1 2= Þðσijεij � DiEiÞ is the electric Gibbs free energy. Equation (8.26)

can also be obtained by substituting Eq. (8.23) into Eq. (8.5) (Fang et al. 1999).

The apparent J integral Jc whose integral path encloses the crack tip and the end of

the strip electric saturation is

Jc ¼
Z
Γc

ðgn1 � σijnjuj;1 � Djnjφ;1Þds ¼ Jc þ Dsðφþ � φ�Þjx1¼a

¼ πa

2M
1þ e2

EM

� �
ðeE1 þ σ1Þ2 � 4Dsa

πE
ln sec

π

2

e2 þ EMð ÞE1 þ eσ1

MDs

� �� 

� πa

2M
ðσ1Þ2 � ðe2 þ EMÞðE1Þ2
h i

(8.28)

When ρ � a , the approximate equality is held in Eq. (8.28), which is just the

solution for the linear problem. It is obvious that Jc 6¼ Ja . If using Jc ¼ Jcr as

the fracture criterion, where Jcr is the critical value at fracture of J integral, both the
positive and negative electric fields decrease Jc, so increases the fracture toughness.
If using Ja ¼ Jcr as the fracture criterion, the positive electric fields decrease the

apparent fracture toughness, while negative electric field increases the apparent

fracture toughness. This is consistent with the experiment facts.
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2. Poling Axis Parallel to the Crack
Let the crack be located on the axis x3 (polarized axis) (Fig. 8.10). Take

u3 ¼ 0; u1 ¼ u1ðx1; x3Þ; D1 ¼ �ψ ;3; D3 ¼ ψ ;1 (8.29)

In the coordinate system shown in Fig. 8.10, the constitutive equations are

σ13 ¼ �Mu1;3 þ �eψ ;3; σ11 ¼ �Mu1;1 þ �eψ ;1

E3 ¼ �eu1;1 � �Eψ ;1; E1 ¼ ��eu1;3 þ �Eψ ;3

�M ¼ M þ e2 E= ; �e ¼ e E= ; �E ¼ �1 E=

(8.30)

According to E1;3 ¼ E3;1 and σ11;1 þ σ13;3 ¼ 0, it can still be derived that u3 and ψ
are all the harmonic functions. Introduce complex potentials UðzÞ and ΨðzÞ
and let

u1 ¼ Im UðzÞ½ �; ψ ¼ Im ΨðzÞ½ �; σ11 þ iσ13 ¼ �MU0ðzÞ þ �eΨ 0ðzÞ
E3 � iE1 ¼ �eU0ðzÞ � �EΨ 0ðzÞ; D3 � iD1 ¼ Ψ 0ðzÞ; z ¼ x3 þ ix1

(8.31)

The solution for a central crack is

U0ðzÞ ¼ σ1z

�M
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p þ �eð �ME1 � �eσ1Þ
�Mð �M�Eþ �e2Þ ; Ψ 0ðzÞ ¼ �

�ME1 � �eσ1

�M�Eþ �e2
(8.32)

and

Jc ¼ Ja ¼ πaσ12 2 �M= ¼ πa E σ12 2MðEM þ e2Þ� ��
(8.33)

Equation (8.33) shows that the parallel electric field does not influence the fracture

when the poling direction is parallel to the crack. It is also consistent with the

experiment facts. If let x3 ¼ x; x1 ¼ y, the above formulas are identical with that in

the paper of Gao et al. (1997).

Wang (2000) and Fulton and Gao (1997) discussed the fracture problem for the

strip electric saturation model in a more general situation and pointed out that

the local J integral criterion is consistent with the experimental results obtained by

Park and Sun in a certain electric field range.

Fig. 8.10 A crack parallel to

the poling direction
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8.4 Failure Criterion of Conductive Cracks with Charge-Free

Zone Model

8.4.1 Basic Concept of the Charge-Free Zone

In electronic and electromechanical devices made of piezoelectric ceramics, the

embedded soft electrodes are widely used. These soft electrodes may be considered

as conducting cracks. When an external electric field is parallel to the conducting

crack, the induced charge will be produced on the crack surface in order to make the

electric field inside the conducting crack remains zero. The same sign charges will

be on the upper and lower surfaces near the crack tip, so the repellent force will

open the crack. Zeller and Schneider (1984) proposed a model; they assumed that

the charge mobility has a finite value when E > Ec , while the charge mobility is

zero when E < Ec, where Ec is a critical value. Zhang et al. (2003, 2004) based on

the above model proposed a charge-free zone (CFZ) model to discuss the failure

behavior of conducting crack: When the electric intensity factor at the crack tip

reaches a critical value, charges could be emitted from the tip. The emitted charges

may form a charge cloud around the tip and shield the external electric field, so

form a charge-free zone in front of the tip. Therefore the generalized stress field is

singular at the crack tip because there is no electric charge in charge-free zone and

the failure criterion can be expressed by the generalized stress intensity factors. The

CFZ model is the extension of the dislocation-free model in elastic–plastic fracture

mechanics (Ohr 1985; Majumdar and Burns 1983; Kuang et al. 1998).

8.4.2 Interaction of the Crack and a Point Charges
in Front of It

Discuss an infinite piezoelectric material polarized along positive x1 -axis with a

semi-infinite crack located on the minusx1-axis subjected to a point electric chargeq
at z0 (Fig. 8.11). The crack tip is selected as the origin of the coordinate system.

At first discuss the interaction of a single point electric charge in front of the crack

tip. Zhang et al. (2004) adopted the simplified constitutive equations shown in

Eq. (8.17) with appropriate rearrangement, because the polarized axes are different.

In order to discuss the problem qualitatively, it is assumed that

u1 ¼ 0; u3 ¼ u3ðx1; x3Þ (8.34)

σ13 ¼ Mu3;1 þ eφ;3; σ33 ¼ Mu3;3 � eφ;1

D1 ¼ �eu3;3 � Eφ;1; D3 ¼ eu3;1 � Eφ;3
(8.35)
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where u3 and φ are all harmonic functions, so they can be expressed by complex

functions UðzÞ and ΦðzÞ:

u3 ¼ Im UðzÞ½ �; φ ¼ Im ΦðzÞ½ �; z ¼ x1 þ ix3

σ33 þ iσ31 ¼ MU0ðzÞ þ ieΦ0ðzÞ; ε33 þ i2ε31 ¼ U0ðzÞ
D1 � iD3 ¼ �eU0ðzÞ þ iEΦ0ðzÞ; E3 þ iE1 ¼ �Φ0ðzÞ

(8.36)

The boundary conditions on a conducting crack surface are

σ33 ¼ 0; E1 ¼ 0; when x1 < 0; x2 ¼ 0 (8.37)

The solution satisfying the boundary conditions is

U ¼ 0; Φ ¼ � iq

2πE
ln

ffiffi
z

p � ffiffiffiffi
z0

p� �þ iq

2πE
ln

ffiffi
z

p � ffiffiffiffi
�z0

p� �
(8.38)

Substitution of Eq. (8.38) into Eq. (8.36) yields

E1 � iE3 ¼ iΦ0ðzÞ ¼ q

4πE

ffiffiffiffi
z0

p þ ffiffiffiffi
�z0

pffiffi
z

p
zþ ffiffi

z
p ffiffiffiffi

�z0
p � ffiffiffiffi

z0
p� �� ffiffiffiffiffiffiffiffi

z0�z0
p� �

σ33 þ iσ31 ¼ eðE1 � iE3Þ; D1 � iD3 ¼ EðE1 � iE3Þ; ε33 þ i2ε31 ¼ 0

(8.39)

When z0 ¼ x01 is on the x1-axis, Eq. (8.39) yields

E1 � iE3 ¼ q

2πE

ffiffiffiffiffiffi
x01

pffiffi
z

p
z� x01½ � ; KE ¼ lim

z!0

ffiffiffiffiffiffiffi
2πz

p
ðE1 � iE3Þ ¼ � q

E
ffiffiffiffiffiffiffiffiffiffiffiffi
2π x01

p

Kσ ¼ lim
z!0

ffiffiffiffiffiffiffi
2πz

p
ðσ33 þ iσ31Þ ¼ eKE; KD ¼ lim

z!0

ffiffiffiffiffiffiffi
2πz

p
ðD1 � iD3Þ ¼ EKE

(8.40)

8.4.3 The Condition to Form a Charge-Free Zone

Neglecting the effect of the deformation on the electric field the solution of an

infinite material subjected to a point electric charge q is

U ¼ 0; Φ ¼ � iq

2πE
lnðz� z0Þ; E1 � iE3 ¼ q

2πE
1

z� z0
(8.41)

Fig. 8.11 A semi-infinite

crack parallel to the poling

direction

8.4 Failure Criterion of Conductive Cracks with Charge-Free Zone Model 409



The image field E
ðiÞ
1 ;E

ðiÞ
3 introduced by the crack is Eq. (8.39) minus (8.41), i.e.,

E
ðiÞ
1 � iE

ðiÞ
3 ¼ q

2πE

ffiffiffiffi
z0

p þ ffiffiffiffi
�z0

p

2
ffiffi
z

p
zþ ffiffi

z
p ffiffiffiffi

�z0
p � ffiffiffiffi

z0
p� �� ffiffiffiffiffiffiffiffi

z0�z0
p� �� 1

z� z0

" #
(8.42)

When z0 ¼ x01, the image field of a point z1 ¼ x1 near the crack tip is

E
ðiÞ
1 ¼ q

2πE

ffiffiffiffiffiffi
x01

pffiffiffiffiffi
x1

p ½x1 � x01� �
1

x1 � x01

� 
¼ � q

2πE
1ffiffiffiffiffi

x1
p ffiffiffiffiffi

x1
p þ ffiffiffiffiffiffi

x01
p� � (8.43)

and image force acted on q is

Fi ¼ qE
ðiÞ
1 ¼ � q2

2πE
1

2x01
(8.44)

So the image force is always to push the electric charge towards the crack. On the

other hand, the external field exerts a driving force Fa on the charge. For simplicity

discuss a charge, which is on the axis x01. The driving force is given by

Fa ¼ KEq
ffiffiffiffiffiffiffiffiffiffiffi
2πx01

p.
(8.45)

where KE is electric field intensity factor produced by the external field. According

to Zeller and Schneider’s model (1984), when the algebraic sum of the driving force

and image force is larger than qEc, the charge will be emitted from the crack tip, or

the condition to form a charge-free zone is

Fa þ Fi 	 qEc;
KEqffiffiffiffiffiffiffiffiffiffiffi
2πx01

p � q2

4πE
1

x01
	 qEc (8.46)

There are two points x1 ¼ a and x2 ¼ b (Fig. 8.12) satisfying Eq. (8.46):

ffiffiffiffiffiffiffi
x1;2

p ¼ 1

2
ffiffiffiffiffi
2π

p
Ec

KE � K2
E �

2qEc

E

� �1 2=
" #

(8.47)

According to Zeller and Schneider’s model (1984), a charge moves forward in the

region ðx1; x2Þ due to Fa þ Fi > qEc and stops at point x2 due to Fa þ Fi ¼ qEc .

When more and more charges are emitted from the crack tip, charges will pile up

and form a charge trap zone ðb; cÞ followed by the charge-free zone ðo; bÞ. It is
assumed that b and c are constants.

410 8 Failure Theories of Piezoelectric Materials



8.4.4 Failure Criterion of Charge-Free Zone Model

Assume the charge density in the charge trap zone is f ðxÞwith f ðbÞ ¼ f ðcÞ ¼ 0. The

critical electric field is Ec , and the external applied stress intensity factor is K
ðaÞ
E .

Using Eqs. (8.40) and (8.45) the equilibrium condition in the charge trap zone is

K
ðaÞ
Effiffiffiffiffiffiffiffiffiffi
2πx1

p þ q

2πE

Z c

b

f x01
� � ffiffiffiffiffi

x01
p

ffiffiffiffiffi
x1

p
x1 � x01
� �dx01 ¼ Ec; b � x1 � c (8.48)

In order to guarantee the existence and uniqueness of the solution of f ðxÞ in

Eq. (8.48), it must be f ðbÞ ¼ f ðcÞ ¼ 0 or (Majumdar and Burns 1983)

Z c

b

Ec

ffiffiffiffiffi
x01

p � K
að Þ
E

ffiffiffiffiffi
2π

p�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c� x01
� �

x01 � b
� �q dx01 ¼ 0 (8.49)

Equation (8.49) yields

K
ðaÞ
E ¼ 2

ffiffiffiffiffiffiffiffi
2πc

p
EcE π 2= ; kð Þ=π (8.50)

where Eðπ 2= ; kÞ is the complete elliptic integral of the second kind and

k ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b c=

p
. The solution of Eq. (8.48) is

f x01
� � ¼ � 4EEcb

ffiffiffiffiffi
x01

p
πq

ffiffiffi
c

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
c� x01

p
x01 x01 � b
� �Π π

2
;
x01ðc� bÞ
c x01 � b
� � ; k

" #
(8.51)

where Π π 2= ; n2; k½ � is the complete elliptic integral of the third kind. Using

Eq. (8.40) the electric intensity factor produced by the electric charges is

K
ðiÞ
E ¼ �

ffiffiffiffiffi
2π

p q

2πE

Z c

b

f x01
� �ffiffiffiffiffi
x01

p dx01 ¼ �2

ffiffiffi
2

π

r
Ec

ffiffiffi
c

p
E

π

2
; k


 �
�

ffiffiffi
b

p
F

π

2
; k


 �h i
¼ Ω� 1ð ÞKðaÞ

E

KðiÞ
σ ¼ eðΩ� 1ÞKðaÞ

E ; K
ðiÞ
D ¼ EðΩ� 1ÞKðaÞ

E ; Ω ¼
ffiffiffi
b

c

r
F

π

2
; k


 �
E

π

2
; k


 �.
(8.52)

Fig. 8.12 A charge-free zone

model
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where F π 2= ; kð Þ is the complete elliptic integral of the first kind. The local electric

field intensity factor at the crack tip is the sum of the applied intensity factor and the

intensity factor produced by the charges in the charge trap zone. So we can get

KE ¼ K
ðaÞ
E þ K

ðiÞ
E ¼ ΩK

ðaÞ
E ; KD ¼ K

ðaÞ
D þ EðΩ� 1ÞKðaÞ

E ¼ E 1þ e2

EM

� �
K

ðaÞ
E � e

M
KðaÞ
σ

Kσ ¼ KðaÞ
σ þ eðΩ� 1ÞKðaÞ

E ; Kε ¼ KðaÞ
ε ¼ KðaÞ

σ � eK
ðaÞ
E

h i
M=

(8.53)

Using Eq. (8.53) the local J integral Ja is obtained:

Ja ¼ ð1 2= Þ KσKε þ KDKEð Þ ¼ 1 2M=ð Þ KðaÞ
σ � eK

ðaÞ
E


 �2
þ E 2=ð Þ ΩK

ðaÞ
E


 �2
(8.54)

Assuming Jcr is the critical value of Ja, Eq. (8.54) yields the fracture criterion:

2MJa ¼ KðaÞ
σ � eK

ðaÞ
E


 �2
þ EM ΩK

ðaÞ
E


 �2
¼ 2MJcr (8.55)

Under purely mechanical loading we can get the critical stress intensity factor

Kσcr and under purely electrical loading we can get the critical electric field intensity

factor KE cr, or

K2
σ cr ¼ 2MJcr; EMΩ2 þ e2

� �
K2
E cr ¼ 2MJcr; or

Kσ cr ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2MJcr

p
; KE cr ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2MJcr EMΩ2 þ e2

� ��q (8.56)

where KE cr can be taken as positive or negative value. Using Eq. (8.56), Eq. (8.55)

can be rewritten in dimensionless form:

KðaÞ
σ

Kσ cr

� �2

 2e

EMΩ2 þ e2
� �1 2=

KðaÞ
σ

Kσ cr

� �
K

ðaÞ
E

KE cr

 !
þ K

ðaÞ
E

KE cr

 !2

¼ 1 (8.57)

where the negative sign is for positive electric loading, while the positive sign

for negative electric loading. From the derivation process, it is known that the

following relation should be held:

K2
σ cr ¼ EMΩ2 þ e2

� �
K2
E cr (8.58)

The above relation may not be held for a real material. So from the engineering

view, this constraint condition may be abandoned. It may be considered that Kσ cr

and KE cr are two independent experimental parameters and introduce weight
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coefficients in Eq. (8.57). If so, the criterion is more like the generalized stress

intensity factor criterion Eq. (8.1), but it has certain theoretical foundation. For the

problem with general constitutive equations, the results are also consistent with that

in experiments (Zhang et al. 2003, 2004).

8.5 Modal Strain Energy Density Factor Theory

8.5.1 Normalized Generalized Stress and Strain Vectors
in Piezoelectric Materials

As in the elastic case, the first kind of constitutive equations in Eq. (2.83) can be

expressed in terms of Voigt vector, i.e.,

Γ ¼ s � Σ
Γ ¼ ½εx; εy; εz; γyz; γzx; γxy;Dx;Dy;Dz�; Σ ¼ ½σx; σy; σz; τyz; τzx; τxy;Ex;Ey;Ez�

(8.59)

where γyz; γzx; γxy are the engineering shear strain. Analogous to Eq. (1.40) the

normalized generalized stress vector �Σ and strain vector �Γ in piezoelectric materials

are defined as

�Γ ¼ P�1 � Γ ; �Σ ¼ P � Σ; P ¼ PT ¼ diag 1 1 1
ffiffiffi
2

p ffiffiffi
2

p ffiffiffi
2

p
1 1 1

h i
�Γ ¼ �s � �Σ; �s ¼ P�1 � s � P�T

(8.60)

where �s is the normalized generalized compliance matrix. Let the transform matrix

of the coordinate systems ϕ0 and ϕ be Q ¼ ½Qkl�, Qkl ¼ cos ik; i
0
k

� �
, then

Σ0 ¼ A � Σ; Γ 0 ¼ B � Γ ; �Σ0 ¼ P � A � P�1 � �Σ; �Γ 0 ¼ P�1 � B � P � �Γ (8.61)

where

A ¼
A11 2A12 0

A21 A22 0

0 0 Q

0
@

1
A; B ¼

A11 A12 0

2A21 A22 0

0 0 Q

0
@

1
A; AT ¼ B�1 (8.62)

where A11;A12;A21;A22 are shown in Eq. (1.39). It is easy to show that

H ¼ P � A � P�1 ¼ P�1 � B � P; HT ¼ H�1

�Σ0 ¼ H � �Σ; �Γ 0 ¼ H � �Γ ; �Γ 0 ¼ H � �Γ ¼ �s0 � �Σ0
; �s0 ¼ H � �s �H�1

(8.63)

Equation (8.63) shows that �Σ and �Γ are vectors in a nine-dimensional space with the

orthogonal coordinate transform tensor H.
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8.5.2 Eigen Material Constants and Material Modes

Equation (8.60) shows that each component of �Γ are related to all nine components

of �Σ. Kuang et al. (2003) extended the Kelvin theory (Chen 1984; Ruhlevskii 1984;
Arramon et al. 2000) to piezoelectric materials. In material there is a direction M,

along which �Γ and �Σ are parallel in the nine-dimensional space. The coordinates

paralleling to M are called the material principle coordinates. In the material

principle coordinates, �Γ is denoted by Γ̂ , �Σ by Σ̂, and

�s� ΛIð Þ �M ¼ 0; Γ̂ ¼ Λ � Σ̂; Λ ¼ diag Λi½ � ¼ Λih i
�s� ΛIj j ¼ 0; or P�1 � s � P�T � ΛI

�� �� ¼ 0
(8.64)

For the nondegenerate case, Eq. (8.64) has nine different Λi, where Λi is called ith
eigen-compliance and Λ is called the eigen-compliance matrix. Usually ŝ is real

symmetric, so Λ takes real value. For each Λi there is an eigenvector or material

mode Mi with one arbitrary component. Mi and Mj are orthogonal to each other

when i 6¼ j. The normalized orthogonal eigenvectors M̂ can be established by

M̂ ¼ M̂i

� � ¼ M̂1; M̂2; . . . ; M̂9

� �
; M̂i ¼ Mi Mij j= ; M̂M̂

T ¼ I (8.65)

M̂ is called the material mode matrix. The space spanning by basis vectors along M̂
is called the mode space. Usually the eigen-equation in Eq. (8.64) is degenerate due

to the certain symmetry in the real materials, so the number of independent

eigenvalues is less than nine, i.e., there are repeated roots in Λ . However, the

eigen-matrix in Eq. (8.64) is semisimple for the real material, so for a multiple root

Λi, the number of the independent eigenvectors is the same as its multiplicity. Under

the coordinate transformationϕ toϕ0we have ŝ0 ¼ HŝH�1, i.e., ŝ0 and ŝare the similar

matrix, so in coordinate systems ϕ and ϕ0 , the eigen-compliance matrix Λ is the

same, but the eigenvector changes to M0 ¼ H�1M.

Analogous to the above discussion, we can also discuss the eigen elastic

coefficient matrix λ:

Σ̂ ¼ λ � Γ̂ ; λ ¼ Λ�1 (8.66)

8.5.3 Modal Stress, Modal Strain, and Modal Energy Density

Any normalized generalized stress vector �Σ and strain vector �Γ can be decomposed

in a modal space:

�Σ ¼
Xm
j¼1

Σ̂j ¼
Xm
j¼1

Σ̂jMj; �Γ ¼
Xm
j¼1

Γ̂ j ¼
Xm
j¼1

Γ̂jMj (8.67)
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where Σ̂j; Γ̂ j are the j-th modal stress and strain vectors, respectively and Σ̂j; Γ̂j are

their norms, respectively. Obviously Γ̂ j ¼ ΛjΣ̂j. The modal strain energy densityAi

of ith mode is

Ai ¼ Σ̂T
i Σ̂i 2= ¼ ΛiΣ̂

2
i 2= ; no sum on i (8.68)

8.5.4 Modal Energy Density Factor (MEDF) Theory

It is believed that the energy possesses the central role in the change of the

microstructure and failure. Because the resistance against the change of the micro-

structure is different in different deformation direction and mechanism, the role of

the energy produced in different deformation version and mechanism is different.

This fact shows that in the change of the microstructure and failure process, the

energy possesses material structure anisotropic behavior. In the small-scale electric

saturation case for the self-similarity extended crack, the failure criterion can be

determined by the generalized stresses near the tip, so the modal energy density

theory can be used. The MEDF failure theory can be expressed as follows:

Assume Λp is an r-repeated root and its corresponding independent modes are

Mpi; i ¼ 1; 2; . . . ; r. The subspace spanning by the basic vectors consisted of Mpi

is an isotropic subspace for Λp . Experiences show that the contribution to the

failure of each deformation version in this subspace can be considered the same, so

Mp1 þMp2 þ � � � þMpr can be considered as one independent mode. Therefore, in

the modal strain energy density, the modified number of the independent mode is

N � 9 . For the failure problem, the direction (tension or compression) of the

generalized stress is also important. Experiments also show that the mechanism

of the tension failure is somewhat different with other failure version, so the tension

failure criterion should be given alone. Considering these factors, the modal strain

energy density theory can be given as

XN
i¼1

aþi A
þ
i þ βia

�
i A

�
i

� � ¼ Aþ
cr þ βA�

cr (8.69)

whereN is the modified number of the independent modes, aþi and a�i are the weight

coefficients considering the different modal energy, and the superscripts “þ ” and

“� ” express the different direction,β and βi are the weight coefficients considering
deformation direction. For the plastic deformation aþi ¼ a�i , β ¼ βi ¼ 1 . If all

coefficients a�i ¼ 1; β ¼ βi ¼ 1 , Eq. (8.69) is the total energy density criterion.

If the generalized stress field is singular with singularity 1
ffiffi
r

p
= , Eq. (8.69) needs

multiply r.
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8.5.5 Eigen-Compliances and Material Modes
of Some Materials

In practical calculation, Eq. (8.64), P�1 � s � P�T � ΛI
� �

M ¼ 0, is often used.

1. Transverse Isotropic Material with Polarized x3-Axis

Λ ¼

s11 � Λ s12 s13 0 0 0 0 0 d31
s12 s11 � Λ s23 0 0 0 0 0 d31
s13 s23 s33 � Λ 0 0 0 0 0 d33
0 0 0 1

2
s44 � Λ 0 0 0 1ffiffi

2
p d15 0

0 0 0 0 1
2
s44 � Λ 0 1ffiffi

2
p d15 0 0

0 0 0 0 0 s11 � s12ð Þ � Λ 0 0 0

0 0 0 0 1ffiffi
2

p d15 0 E11 � Λ 0 0

0 0 0 1ffiffi
2

p d15 0 0 0 E11 � Λ 0

d31 d31 d33 0 0 0 0 0 E33 � Λ

2
66666666666664

3
77777777777775

(8.70)

The first and second eigen-compliances are repeated roots Λ1 ¼ Λ2 and associated

with two material modes

Λ1;2 ¼ 2E11 þ s44 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2E11 � s44ð Þ2 þ 8d215

q� �.
4

MT
11 ¼ 0; 0; 0; 0; �2E11 þ s44 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2E11 � s44ð Þ2 þ 8d215

q� �
2
ffiffiffi
2

p
d15

.
; 0; 1; 0; 0

� 

MT
12 ¼ 0; 0; 0; �2E11 þ s44 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2E11 � s44ð Þ2 þ 8d215

q� �
2
ffiffiffi
2

p
d15

.
; 0; 00; 1; 0

� 
(8.71)

These two material modes represent the combined version of the shear strains

out of the plane ðx1; x2Þ and the electric field in the plane ðx1; x2Þ. The third and

fourth eigen-compliances are repeated roots Λ3 ¼ Λ4 and associated with two

material modes

Λ3;4 ¼ s11 � s12

MT
31 ¼ ½�1; 1; 0; 0; 0; 0; 0; 0; 0�; MT

32 ¼ ½0; 0; 0; 0; 0; 1; 0; 0; 0� (8.72)

These two material modes represent the 2D plane strain in ðx1; x2Þ and uncoupled

with the electric field. The fifth and sixth eigen-compliances are repeated roots

Λ5 ¼ Λ6 and associated with two material modes

Λ5;6 ¼ 2E11 þ s44 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2E11 � s44ð Þ2 þ 8d215

q� �.
4

MT
51 ¼ 0; 0; 0; 0; �2E11 þ s44 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2E11 � s44ð Þ2 þ 8d215

q� �
2
ffiffiffi
2

p
d15; 0; 1; 0; 0

.� 

MT
52 ¼ 0; 0; 0; �2E11 þ s44 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2E11 � s44ð Þ2 þ 8d215

q� �
2
ffiffiffi
2

p
d15; 0; 0; 0; 1; 0

.� 
(8.73)
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These two material modes are the counterparts of the first two material modes. The

last three eigen-compliances are single roots

Λ7 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� q

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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2


 �2
þ p

3


 �3r
3

s
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� q

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q

2


 �2
þ p

3


 �3r
3

s
� a

3

Λ8 ¼ ω
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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� q
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þ p
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(8.74)

where

p ¼ b� a2 3= ; q ¼ 2a3 27= � ab 3= þ c; a ¼ �ðs33 þ s11 þ s12 þ E33Þ
b ¼ �2s213 þ s33s11 þ s33s12 þ s33E33 þ s11E33 þ s12E33 � d233 � 2d231

c ¼ 2E33s213 þ s11 þ s12ð Þ d233 � s33E33
� �� 4s13d31d33 þ 2d231s33; ω ¼ �1þ i

ffiffiffi
3

p
 �.
2

(8.75a)

and the corresponding material modes are

MT
7 ¼ 1; 1;

s11 þ s12 � Λ7ð Þd33 � 2s13d31
s33 � Λ7ð Þd31 � s13d33

; 0; 0; 0; 0; 0;
s11 þ s12 � Λ7ð Þd33 � 2s13d31

E33 � Λ7ð Þs13 � d31d33

� 

MT
8 ¼ 1; 1;

s11 þ s12 � Λ8ð Þd33 � 2s13d31
s33 � Λ8ð Þd31 � s13d33

; 0; 0; 0; 0; 0;
s11 þ s12 � Λ8ð Þd33 � 2s13d31

E33 � Λ8ð Þs13 � d31d33

� 

MT
9 ¼ 1; 1;

s11 þ s12 � Λ9ð Þd33 � 2s13d31
s33 � Λ9ð Þd31 � s13d33

; 0; 0; 0; 0; 0;
s11 þ s12 � Λ9ð Þd33 � 2s13d31

E33 � Λ9ð Þs13 � d31d33

� 
(8.75b)

These three material modes represent the axial symmetric strains and the electric

field out of the plane ðx1; x2Þ.
2. Eigen-compliances of a cubic crystal

Λ1 ¼ s11 þ 2s12; Λ2;3 ¼ s11 � s12;

Λ4;5;6 ¼ 1
2
E11 þ 1

4
s44 þ 1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 E211 � 4s44 E11 þ s244 þ 8d214

q
;

Λ7;8;9 ¼ 1
2
E11 þ 1

4
s44 � 1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4E211 � 4s44 E11 þ s244 þ 8d214

q (8.76)
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3. Eigen-compliances of a hexagonal crystal

Λ1 ¼ E33; Λ2;3 ¼ s11 � s12;

Λ4 ¼ 1
2
s11 þ 1

2
s12 þ 1

2
s33 þ 1

2
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ð�s11 � s12 � s33Þ2 � 4 �2E213 þ s11s33 þ s12s33

� �q
;

Λ6;7 ¼ 1
2
E11 þ 1

4
s44 þ 1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4E211 � 4s44 E11 þ s244 þ 8d214

q
;

Λ8;9 ¼ 1
2
E11 þ 1

4
s44 � 1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4E211 � 4s44 E11 þ s244 þ 8d214

q
(8.77)

4. Eigen-compliances of a tetragonal crystal

Λ1 ¼ 1
2
s66; Λ2 ¼ E33; Λ3 ¼ s11 � s12;

Λ4 ¼ 1
2
s11 þ 1

2
s12 þ 1

2
s33 þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s11 � s12 � s33ð Þ2 � 4 �2E213 þ s11s33 þ s12s33

� �q
;

Λ5 ¼ 1
2
s11 þ 1

2
s12 þ 1

2
s33 � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s11 � s12 � s33ð Þ2 � 4 �2E213 þ s11s33 þ s12s33

� �q
Λ6;7 ¼ 1

2
E11 þ 1

4
s44 þ 1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4E211 � 4s44E11 þ s244 þ 8d214

q
;

Λ8;9 ¼ 1
2
E11 þ 1

4
s44 � 1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4E211 � 4s44E11 þ s244 þ 8d214

q
(8.78)

5. Eigen-compliances and material modes of an isotropic elastic material

Λ1 ¼ s11 þ 2s12 ¼ 1 K= ; Λ2;3;4;5;6 ¼ s11 � s12 ¼ 1 2G= ;

MT
1 ¼ 1

ffiffiffi
3

p.
; 1

ffiffiffi
3

p.
; 1

ffiffiffi
3

p.
; 0; 0; 0

h i
; MT

21 ¼ 0; 1
ffiffiffi
2

p.
;�1

ffiffiffi
2

p.
; 0; 0; 0

h i
;

MT
22 ¼

ffiffiffiffiffiffiffiffi
2 3=

p
;�

ffiffiffiffiffiffiffiffi
1 6=

p
;�

ffiffiffiffiffiffiffiffi
1 6=

p
; 0; 0; 0

h i
; MT

23 ¼ ½0; 0; 0; 1; 0; 0�;
MT

24 ¼ ½0; 0; 0; 0; 1; 0�; MT
25 ¼ ½0; 0; 0; 0; 0; 1�

MT
0 ¼ MT

21 þMT
22 þMT

23 þMT
24 þMT

25

¼
ffiffiffiffiffiffiffiffi
2 3=

p
;
ffiffiffiffiffiffiffiffi
1 2=

p
�

ffiffiffiffiffiffiffiffi
1 6=

p
;�

ffiffiffiffiffiffiffiffi
1 2=

p
�

ffiffiffiffiffiffiffiffi
1 6=

p
; 1; 1; 1

h i
(8.79)

where K and G are the volume compression modulus and shear modulus. In many

cases MT
2i; i ¼ 1 � 5 can be replaced by MT

0 . Therefore, for an isotropic elastic

material, there are only two different deformation versions: M0 and M1

corresponding to shape and volume changes, respectively. This is the theoretical

foundation of the plastic yielding and the failure theory of the elastoplastic

materials. The modal energy density theory is more complex, but more rational.
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8.5.6 Example

The CT failure test of PZT-4 (Park and Sun 1995) is used as a numerical example to

demonstrate the suitability of the MEDF theory. Material constants can be obtained

from Sect. 4.4.1 by conversion. The eigen-compliances are

Λ1;2 ¼ 1:3025� 10�8 m2 N=
� �

; Λ3 ¼ 1:1494� 10�8; Λ4;5 ¼ 1:634� 10�11;

Λ6 ¼ 9:9855� 10�12; Λ7;8 ¼ 9:0006� 10�12; Λ9 ¼ 3:5413� 10�12

and the corresponding material modes are

M11 þM12 ¼ ½0; 0; 0;�0:02011; 0:02011; 0; 0:7068;�0:7068; 0�T

M3 ¼ ½�0:01174;�0:01174; 0:02068; 0; 0; 0; 0; 0; 0:9995�T

M41 þM42 ¼ ½�0:5; 0:5; 0; 0; 0; 0:70711; 0; 0; 0�T

M6 ¼ ½0:3617; 0:3617;�0:8587; 0; 0; 0; 0; 0; 0:03091�T

M71 þM72 ¼ ½0; 0; 0;�0:7068;�0:7068; 0; 0:02011; 0:02011; 0�T

M9 ¼ ½0:6075; 0:6075; 0:5118; 0; 0; 0; 0; 0; 0:000918�T

It is seen that the deformation versions are three kinds:M11 þM12 andM71 þM72

represent the shear strain out of the plane and the in-plane electric field. In

M11 þM12 the role of the electric field is larger, but inM71 þM72 the shear strain is

larger;M41 þM42 represents the in-plane stress;M3;M6 andM9 represent the axial

symmetric strain and the electric fields out of the plane.

For the CT specimen in Park and Sun’s test (1995), the generalized stress

intensity factors are

KI ¼ σ13
ffiffiffiffiffi
πa

p
; σ13 ¼ 4:4F tc= ¼ 6:16� 104FðMPaÞ; KD ¼ D1

3

ffiffiffiffiffi
πa

p

The normalized generalized stress �Σ is

ffiffi
r

p
�Σ

¼
ffiffiffiffiffiffiffiffi
a 2=

p
8093F� 1:298E1

3 ; 6922Fþ 10:2E1
3 ; 6163F; 0; 0; 0; 0; 0; 1440Fþ 0:974E1

3

� �T
whereE1

3 ¼ D1
3 � 108 � 1479F is obtained from the constitutive equations. Under

the above loading the modal energy densities ofM3;M41;M42 andM6 are not zero,

and they are

ðr=aÞA3 ¼ 5� 10�12σ12
3 þ 0:417σ13 E1

3 þ 8:69� 10�9E12
3

� �
4=

ðr=aÞ A41 þ A42ð Þ ¼ 1:47� 10�13σ12
3 � 1:79� 10�11σ13 E1

3 þ 5:4� 10�10E12
3

� �
2=

ðr=aÞA9 ¼ 1:4� 10�11σ12
3 þ 7:64� 10�11σ13 E1

3 þ 1:039� 10�10E12
3

� �
4=

ðr=aÞA6 ¼ 5:44� 10�15σ12
3 þ 1:51� 10�12σ13 E1

3 þ 1:055� 10�10E12
3

� �
4= � 0
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where A6 can be neglected. The following criterions (by fitting the test data)

are used:

ðr=aÞA9 ¼ Acr or

1:4� 10�11σ12
3 þ 7:64� 10�11σ13 E1

3 þ 1:039� 10�10E12
3

� �
4= ¼ 117:9

(a)

ðr=aÞ 0:02A3 þ 0:05A4 þ 0:93A9ð Þ ¼ Acr; or

1:29� 10�11σ12
3 þ 8:78� 10�11σ13 E1

3 þ 5:82� 10�10E12
3

� �
4= ¼ 112:9

(b)

ðr=aÞ A3 þ A4 þ A6 þ A9ð Þ ¼¼ Acr; or

1:95� 10�11σ12
3 þ 4:59� 10�10σ13 E1

3 þ 9:98� 10�9E12
3

� �
4= ¼ 152:1

(c)

Figure 8.13 shows that the theoretical results calculated from Eqs. (a) and (b)

are consistent with the results in experiments when � 6kV cm= < E1
3 < 6kV cm= ,

but after E3 > 6kV cm= , the difference is obvious. It can be modified that after

E3 > 6kV cm= , we let E3 ¼ 6kV cm= due to saturation. After this modification,

the results calculated from Eqs. (a) and (b) are consistent with the results of

experiments (Park and Sun 1995) in entire applied loading range. The formula (c) is

the same as the total strain energy density factor theory, and the results calculated

from it may be appropriated in a narrow loading region only.

8.6 Electric Breakdown of Solid Dielectrics

8.6.1 Energy Criterion

In electric apparatus electric breakdown is often happened. The breakdown is very

complicated, here we only qualitatively discuss this problem from the view of the

Fig. 8.13 Variations of the fracture load with the electric field
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fracture mechanics. The breakdown strength is sensitive to defects, electrodes, and

environment. An insulating crack can intensify the field applied perpendicular to the

crack, while a conducting crack intensifies the field applied parallel to the crack.

Usually dielectric breakdown causes damage along a fine tubular channel. The

tubular channel extends forward under external loading. Extending the Griffith theory

(1921), Suo (1993) proposed an energy criterion to discuss the electric breakdown in

dielectrics. Suo (1993) pointed out that the applied work is partly reversibly stored in

the body and partly irreversibly spent to form the thin channel, i.e.,

f � duþ φdρe ¼ dAþ γdl; dA ¼ σijdεij þ EidDi (8.80)

where f ;φ; ρe;A are the body force, electric potential, electric charge density, and

internal energy density; γ is the work to create a unit length of channel; and dl is the
increment of the channel. On the other hand, the driving force of the channel can be

obtained by solving the electroelastic boundary problem, i.e.,

dΠ ¼ �G dl; G ¼ �@Π @l= ; dΠ ¼ dA� f � du� φdρe (8.81)

where Π is the total potential energy. The energy criterion demands

G 	 γ (8.82)

As an example, Fig. 8.14 shows a slender dielectric cylinder of radius a, inserted a

needle-shaped inner electrode and on the cylindrical surface coated metal as the

external electrode. The voltage between two electrodes isV.When the voltage reaches

a critical value, a conductive channel, radius b and lengthL, emanates from the needle

tip.When L � a, this problem can be considered as a coaxial transmission line, so the

electric potential at a distance r from the center of the channel is

φ ¼ φ1 �
q

2πE
ln
r

b
; q ¼ 2πEðφ1 � φ2Þ

lnða b= Þ (8.83)

where φ1 and φ2 are the potentials on the inner channel and external cylindrical

surface and q is the electric charge on the channel of a unit length and is constant

duo to constantφ1 � φ2. The work done by the external electric field isqðφ1 � φ2ÞL,
so we obtain

Π ¼ �ðφ1 � φ2Þ
qL

2
¼ � πELðφ1 � φ2Þ2

lnða b= Þ (8.84)

Fig. 8.14 An extending

electric tubular channel

model
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The energy release rate is

eG ¼ � @Π

@L
¼ πEðφ1 � φ2Þ2

ln a b=ð Þ ¼ πEV2

ln a=bð Þ (8.85)

According to the energy criterion Eq. (8.82) when eG 	 γ , the channel will be

extended.

8.6.2 J Integral Method

Beom and Kim (2008) discussed the application of J integral to breakdown

analysis. From Eq. (2.143), it is known that the following conservation integral is

held if the closed integral surface S is not enclosed singular point:Z
V

Pij;jdV ¼
I
a

gδij � ΣαjUα;i

� �
njda ¼ 0 (8.86)

where P is the energy-momentum tensor, g is the Gibbs free energy density, and ni
is the outward normal of the surface S. From this theory, it is easy to derive the

three-dimensional J integral. For the pure electric loading case we have

Ji ¼
Z
S

gδij � Djφ;i

� �
njda (8.87)

where the surface Swith outward normal n is initiated from and stopped on a curve

located on the surface defect. Analogous to 2D problem, J integral is equal to the

energy release rate. When the channel is fixed, according to the virtual work

principle it yieldsZ
V

δg dV �
Z
SþSc

Tiδui da�
Z
SþSc

Diniδφ da ¼ 0 (8.88)

When the channel extends with velocity v in a similar version, the variation of the

total potential energy Π is

δΠ ¼ δ

Z
V

g dV �
Z
aσ

Tiδui da�
Z
aD

Diniδφ da

¼
Z
V

δg dV þ
Z
Sc

gviδtmi daþ
Z
Su

Tiδui daþ
Z
Sφ

Diniδφ da

¼
Z
Sc

gviδtmi daþ
Z
Su

Tiδui daþ
Z
Sφ

Dimiδφ da

(8.89)
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wherem is the external normal of the defect head, so comparing with n in Eq. (8.87)

we have m ¼ �n . On Su, ui is given; on Sφ, φ is given. Using the relation

δφ ¼ �φ;iviδt; on Sc; vi ¼ 0; δφ ¼ 0; on S� Sc (8.90)

So Eq. (8.89) can be written as

δΠ δt= ¼
Z
Sc

gvjmj daþ
Z
Sc

DimivjEj da (8.91)

Let the channel of length l is located on axisx1 and extends alongx1, sovi ¼ δi1dl dt= .

Noting the outward normal n ¼ �m of the channel head, so the energy release

rate ~G is

~G ¼ � δΠ

δl
¼ � 1

_l

δΠ

δt
¼
Z
Sc

gn1 þ niDiE1ð ÞdS (8.92)

Equation (8.92) is identical with Eq. (8.87), i.e., J ¼ ~G. Using Eq. (8.87) or (8.92),

the effect of the defect shape can be considered.

As an example we discuss a semi-infinite medium with a conductive hemispher-

ical defect of radius a ¼ c ¼ R subjected to a remote uniform electric field E0 as

shown in Fig. 8.15. The solution of a conductive sphere embedded in an infinite

dielectric under a remote uniform electric field can be seen in many textbooks.

Using the symmetry, the solution of the hemisphere is

φ ¼ �E0 r � R3

r3

� �
cos θ; Er ¼ E0 1þ 2

R

r

� �3
" #

cos θ; Eθ ¼ �E0 1� R

r

� �3
" #

(8.93)

where r; θ are the sphere coordinates, r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ x22 þ x23

p
, and θ is the polar angle

measured from the positive x1-axis. In this case,

g ¼ �ð1=2Þ E E2
r þ E2

θ

� �
; Dr ¼ EEr; Dθ ¼ EEθ (8.94)

and

J ¼ ð9=4Þπ E c2E2
0 (8.95)

Using the J integral, the electric breakdown can be further discussed.

Fig. 8.15 Conducting

hemispheroid defect
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For a semi-infinite medium with a conductive hemispheroid defect of major

semiaxis a and minor semiaxis c subjected to a remote uniform electric field E0

parallel to x1-axis. Beom and Kim (2008) adopted the ellipsoid coordinate to solve

this problem (Stratton 1941). Finally they got

J ¼ πEc2E2
0HðλÞ

HðλÞ ¼ ð1� λ2Þ ð1� λ2Þ þ 2λ2 ln λ
� �

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� λ2

p
� λ

π

2
� tan�1 λffiffiffiffiffiffiffiffiffiffiffiffiffi

1� λ2
p

� ��  ; when 0 < λ ¼ a

c
< 1

H λð Þ ¼ 2 λ2 � 1
� �

λ2 � 1
� �þ 2λ2 ln λ
� �

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 � 1

p
þ λ ln

λ�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 � 1

p

λþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 � 1

p
 !" # ; when λ ¼ a

c
> 1

(8.96)

when λ ¼ a c= ! 1, the semi-ellipsoid reduces to a semi-penny-shaped crack and

J ¼ πEc2E2
0 λ ln λ=ð Þ; λ ¼ a c= (8.97)

For more complex cases, the finite element method is an appropriate method.
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