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Preface

Mathematical developments and breakthroughs have in many of their most shining
examples been achieved by researchers who were fluid in the language of more
than one field of mathematics and able to translate ideas from one field to another
one. An outstanding example, almost a proof, for this claim is Friedrich Gotze.
Over the past more than 30 years he obtained a series of beautiful results in both
probability theory and analytic number theory (among others), and, quite often, a
central idea of the proof of these results is to borrow a technique from another
field. This volume is dedicated to him. It consists of thirteen papers, the majority
of which are based on contributions to a workshop that took place from August 4
to 6, 2011 at Bielefeld University on the occasion of Friedrich’s sixtieth birthday.
This workshop was supported by CRC 701 “Spectral Structures and Topological
Methods in Mathematics”.

The scope of the articles in this collection is as broad as Friedrich’s interest. He
started out as a pure mathematician studying complex geometry and topology for
his diploma thesis with Friedrich Hirzebruch in Bonn. After that he changed his
field of research to statistics to do his Ph.D. with Johann Pfanzagl in Cologne. His
first papers analyze the speed of convergence and asymptotic expansions in central
limit theorems for various statistics. He soon became a worldwide acknowledged
expert for giving best-known or even optimal rates of convergence in limit theorems.
In the 1990s he broadened his spectrum by a series of articles on the geometry
of numbers. The choice of this particular subject was not a coincidence. Already
Friedrich’s analysis of the convergence rates in limit theorems for quadratic forms
led to questions in analytic number theory, in particular to the investigation of the
number of lattice points in an ellipsoid. These questions were first tackled by Hardy
and Littlewood, on the one hand, and Landau, on the other, in the 1920s, but it was
not until a series of fundamental papers by Friedrich and his coauthors that these
questions were ultimately solved with the help of probabilistic methods.

Apart from the two subjects mentioned above Friedrich has always been open for
new trends in probability, statistics, and many other fields. Over the past 2 decades
he made major contributions to the theory of random matrices and free probability,
the theory of resampling techniques, and log-Sobolev inequalities, among others.



vi Preface

Many of Friedrich’s results were derived in collaboration with colleagues and
friends, many of whom presented talks on the occasion of his sixtieth birthday and
also contributed to this volume. In total, it collects 13 papers (all of which have been
peer-reviewed) by researchers in fields in which Friedrich has become famous for
his contributions, namely number theory, probability, statistics and combinatorics,
and the theory of random matrices. Many of these papers have been stimulated
by his work, either by the choice of subject or by his techniques. The articles
are prefixed by an interview by Willem van Zwet, which illuminates Friedrich’s
achievements in the context of his personal experiences.

We thus hope to be able to shed some light on Friedrich’s preeminent scientific
work.

Miinster, Germany Matthias Lowe
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A Conversation with Friedrich Gotze

Willem R. van Zwet

Friedrich Gotze
Photo kindly provided by Friedrich Gétze (2011)

Abstract Friedrich Gétze has made signal contrbutions to mathematical statistics,
probability theory and related areas in mathematics. He also rendered many other
important services to the profession. His 60" birthday provides and excellent
opportunity for a conversation about his career and his views on various matters.

1 Early Days: A Talented Tinkerer

Interviewer: Friedrich, let us start at the beginning. You were born in 1951 in
Hameln and as a boy you must have shown great promise as a scientist. Can you tell
us about your scientific activities while you were in school?

W.R. van Zwet (0<)

Department of Mathematics, Leiden University, P.O. Box 9512, 2300 RA Leiden,
The Netherlands

e-mail: vanzwet @math.leidenuniv.nl
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2 W.R. van Zwet

F.G.: Well, I grew up in a household where my father was a small grocer, and of
course his perspective for my future was taking over his grocery. After finishing
elementary school I wanted to go to the gymnasium. My father had something more
practical in mind, but the teacher convinced him that the gymnasium would be a
better choice. From there on, I did not show much interest in the grocery store, but
rather in the libraries of our town. After a while I had all kinds of interests, especially
in soldering together radios and some electronics that I was fascinated with at that
time.

Interviewer: We have a beautiful picture of you from those days. It appeared in the
local newspaper and shows you and a friend with some fantastic looking equipment
you put together.

Friedrich and his friend Friedrich Hupe with their computer.
The photo was published in the local newspaper of Hameln: DeWeZet
(© Deister- und Weserzeitung, Hameln, 22.05.1967

F.G.: Yes, there was the centennial celebration of the school, and on this occasion
each of the students should carry out a project, for instance some chemical or physics
experiment. I was fascinated by computers, which were not available for the general
public at the time, and I thought I would make a demonstration computer. And
because the necessary components were very expensive at that time, I went to some
of the so-called scrap-shops of the telecom companies where they were throwing
out their switchboards made of electromagnetic relays. Huge numbers, which you
could buy for a few Marks, just for the weight of them. I collected them and then
we soldered them together to make accumulators and for doing some basic binary
addition, and even multiplication which was a great thing. To wire these things up
to have something like a main switchboard that would do these things and display
the result, took us more than a year and I still remember that it was very difficult to
keep all of these wirings in mind. I had a pal who was better at soldering than I was,
and he did the soldering I told him to do. So we finally made it and had this thing
displayed at the centennial celebration of our school.
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Interviewer: It could actually multiply?

F.G.: Yes, it could actually multiply, but it took a while before you could see what
had happened. It was very slow.

Interviewer: So we should consider ourselves lucky that you didn’t go into
electrical engineering or computer science.

F.G.: Of course computer science was something interesting for young people.
But what you heard about it was not happening in Europe. It was happening in
the United States. The first things we heard of—and were very fond of—where
these programmable pocket calculators. But they were extremely expensive and cost
about a thousand Marks, which was about half of the salary of an assistant. Also, it
all happened in America, with Fairchild and later with Intel. To get into computer
science you would have to go to the US.

Interviewer: Let me return for a moment to your father. Was he ultimately
convinced that an academic career would suit you better than minding the store?

F.G.: Yes, sooner or later he recognized that the store was not my cup of tea and as
my grades in school got better and better, he said okay, if that is your future. . .

2 A Wander-Student

Interviewer: So you went to the gymnasium and obviously finished there, and then
went to Gottingen in 1970 to study physics and mathematics. There was probably
very little computer soldering going on there, so you must have prepared yourself
in some other way.

F.G.: Yes, I'm afraid that my computer would not have got me very far in
Gottingen. I already mentioned my interest in libraries that would lend me physics
and mathematics books for 2 or 3 weeks. During that time I copied what I thought
was important in little notebooks. There were no copying machines in those days,
so it all had to be done by hand.

Interviewer: So in fact you constructed your own private library. It is certainly a
good way to learn. It takes a lot of time but you never forget these things anymore.

F.G.: That is right. Even though the lectures at Gottingen were more rigorous,
I think I was quite well prepared.

Interviewer: So at Gottingen you basically studied physics with a second major in
mathematics.

F.G.: With my kind of interests I might have become an electrical engineer, but I
was not sure and felt that a general physics and mathematics education could not do
any harm. Also computer science was still part of mathematics at that time. Finally,
Gottingen was only 80 km from where I lived.
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Interviewer: During your 2 years at Gottingen you switched from physics to
mathematics as a first major, and passed your pre-diploma exam in mathematics.
What had happened?

F.G.: Well, I passed through the usual physics and mathematics curricula. The
lectures were all right, but in physics there were also these dreadful experimental
sessions. I had expected to see wonderful new laboratory equipment, but instead
we merely worked with traditional old instruments dating back to the 1920s. They
really belonged in a science museum. This may well be useful to develop your skills
with basic measurement devices, to trim them to higher precision and learn physics
that way, but it was not very exciting.

Interviewer: I also moved from physics to mathematics after similar experiences.
However, that was much earlier and you might have expected these lab classes
would have been modernized a bit in the meantime.

F.G.: Well, the 1920s were the great days of Gottingen physics and, as generations
of students before us, we were supposed to learn by using the same marvellous old
instruments to repeat the experiments of those days, the outcomes of which you
should of course know from your courses.

Interviewer: Another thing that turned me off was the way in which mathematics
was handled in some physics courses. Our mathematics teachers taught us to be
rigorous, but that didn’t seem to hold for experimental physicists.

F.G.: I took lectures in quantum mechanics and I started pestering the teacher
afterwards asking what the meaning of this measurement process was, because I
had heard there was a debate among physicists about what they were describing by
this. And then I got this nice reply: “Young man, first try to learn the trade and do
your exercises. Leave this type of question to the time when you get a Nobel Prize
and then you can do philosophy”.

Interviewer: So much for physics and physicists. Anything remarkable about the
mathematics courses?

F.G.: Well, there was certainly no lack of rigor there! Our first calculus course was
taught by Brieskorn who had his first position as a full professor in Gottingen and
later became a well-known geometer. He started his calculus course by teaching
logic first, and we were trained so thoroughly that it took us three or four semesters
before we could actually write our proofs in normal mathematical style again
without using seven or eight quantors.

Interviewer: You were treated the rough way!
F.G.: Yes, but it was good training.

Interviewer: Having survived all of this, you did get your pre-diploma in mathe-
matics at Gottingen in 1972.

F.G.: Yes, I did, even though there was a slight problem. I had completely forgotten
that linear algebra was also part of the exam, and I had done nothing to prepare
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myself for this. I discovered this shortly before the exam and literally worked day
and night to catch up. As a result I overslept on the day of the linear algebra part
of the exam. It was scheduled at 9 a.m. and I showed up at noon. Luckily they still
allowed me to take the exam.

Interviewer: But then you left Géttingen and went to Bonn to continue your
mathematics study. Why?

F.G.: I had a stipend from the Studienstiftung, a foundation supporting kids that
did well at school. Among other things they held nice meetings in the semester
break, organized by professors in various disciplines who were interested in young
people and, of course, were looking for talent. I attended one of those seminars in
Alpach in the Austrian Alps that was organized by Professor Hirzebruch from Bonn.
He impressed me by the way he could explain essentially complicated matters in a
simple way. It is rather common in Germany to change universities after your pre-
diploma, so I decided to go to Bonn and study complex geometry and topology with
Hirzebruch. I got my diploma under his guidance in 1975.

Hirzebruch had an interesting style. There was the Wednesday afternoon seminar.
Everybody in the geometry group was supposed to be there. If you missed a seminar,
he would say the next day: “I didn’t see you yesterday”. Then you knew that you’d
better be there next week.

Interviewer: Sounds like Jerzy Neyman. Any other interesting characters in Bonn
at the time?

F.G.: Definitely. There was Don Zagier. He was about my age and in those days
usually dressed in a formal suit. We thought this a bit strange, but we took into
account that he finished high school at age 13, received his master’s degree at M.I.T.
at age 16, and his Ph.D. with Hirzebruch in Bonn at age 20. He was about to finish
his Habilitation when we were attending his lectures. He had clearly been a child
prodigy, but without the difficult characteristics that often go with this. I attended his
lectures on modular forms and was tremendously impressed by the speed at which
he could do calculations on the blackboard. We used to say that he would be the
only guy who could go shopping at a shopping centre for 2 weeks of supplies, and
by looking at the numbers the cashier pushed, would know the grand total before she
did. But he was also very practical and owned one of the first computers to check
up on his number theory, and he was also interested in applied matters.

Interviewer: It is interesting to hear you say this. Many years ago I gave a lecture
in Bonn on a topic in probability theory which most of the pure mathematicians
present clearly considered a waste of their precious time. Afterwards Zagier took
me out to a very pleasant dinner where we had a very sensible discussion of some
probability problems. So apparently pure and applied mathematicians can get on
quite well, but we have to realize that Don and you and I may not be the prototypical
pure and applied types!

F.G.: At that time I also met another interesting person. For the work I did for
my diploma I had to read an original paper in Russian and took a Russian course
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provided by the university. However, like many older papers, this one was written in
a verbal and descriptive style for which you need a better command of the language
than my elementary course had provided. More important, during the course I met
my future wife Irene. After I got my diploma in 1975, we got married in 1976.

Interviewer: After obtaining your diploma you were thinking of getting a Ph.D.
with Hirzebruch in Bonn.

F.G.: It was not so clear what to do. Hirzebruch was quite pleased with my diploma
thesis. However, it was also becoming clear that the expansion of the university
system in Germany was coming to a sudden end. The oil crisis had frightened
people, in particular the politicians who were no longer willing to finance further
expansion. I was thinking of having a family and it was becoming increasingly
doubtful that getting a Ph.D. in geometry would provide a stable basis for a family
income. So I thought that maybe something more practical would be better. I looked
around for advice and was told that a diploma is fine, but something more applied
would be even better for getting a job in industry or an insurance company. Also, if
you really want to have a decent career in industry in Germany it is an advantage to
have a Ph.D.

Interviewer: It seems to me that you ended up by getting the best of both worlds.
You did get a Ph.D. in an applied field and you did not end up in an insurance
company. So off to Pfanzagl in K&ln because it was close?

F.G.: Not so fast. My wife was studying medicine in Bonn and she thought I could
perhaps be a medical doctor. This went as far as her taking me once to a dissection
course in anatomy. She thought it quite interesting and very fascinating. But when
I came into this large hall where a lot of students were around and people were
opening up skulls, my lunch was protesting and I had to leave immediately. I thought
this is not my cup of tea. So far for my taking up medical studies.

Interviewer: Yes, this sounds quite drastic. I believe that even for medical students,
this is a test of stamina. Fortunately, less extreme forms of medical studies also exist.

F.G.: In view of possibilities in finance and insurance companies, I thought of
brushing up the knowledge I acquired in Gottingen in courses on ergodic theory
and measure theory of Ulrich Krengel. I was pleasantly surprised that the institute
in Goéttingen offered me a tutor position to complement my weekly allowance. It
also seemed to make sense for my new career plans to renew old acquaintances, so [
decided to return to Gottingen for a semester. Of course Krengel was there, together
with visitors like Ahlswede, an American named Lee Jones who was the life of the
party, and someone from Fribourg teaching rank tests in Hijek’s style.

Interviewer: Was that André Antille, by any chance?

F.G.: You are right: it was. Everyone was in a good mood, we used to sit around
posing problems to each other and I actually learned some statistics. Krengel was
of course doing ergodic theory and to me that looked very much like analysis, and
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rather than doing that, I might as well have stayed in geometry. I also turned down
an offer from Ahlswede to come to Bielefeld with him. I was interested in finding a
real statistician and someone told me there was someone named Pfanzagl in Kéln,
close to Bonn where Irene was studying. So one day I went to Kdln, it was late in the
evening, I didn’treally expect to find Pfanzagl there, I knocked on his office door and
said: “Hello. I'm a pure mathematician coming from Bonn, I have had some lectures
in probability and I want to study statistics”. This must have been something that
he didn’t expect and he was looking at me a little doubtfully. I handed him all my
certificates which didn’t look too bad, I would say. He was quite nice and willing to
give me a try, offered me a tutor position, and asked me to give some lectures and
seminars, which I did, and so I stayed there.

Interviewer: How long did you stay there until your Ph.D.?

F.G.: That must have been from 1976 to 1978 when I did my Ph.D. there. Of course
I learned a lot of things and I was also involved in Pfanzagl’s projects, correcting
and checking manuscripts, helping him out in seminars, etc. The work for my Ph.D.
thesis I did more or less on my own. Since Edgeworth expansions were a hot topic
at the time, I wrote about expansions in Banach spaces.

I consider myself fortunate that I learned statistics from Pfanzagl. He got his
Ph.D. with Hlawka in Vienna in number theory, worked in the statistical office of
Austria, obtained a chair in the social sciences faculty and then moved to mathemat-
ics. But he was not content to investigate the mathematical properties of standard
statistical procedures and recipes. He first wanted to discuss how appropriate such
a procedure was for a given application. He loved to do mathematics, but never
ignored his early history in applied statistics.

Interviewer: I have the same experience with my Ph.D. advisor Jan Hemelrijk,
and of course, this is what statistics is all about! Unfortunately, many of today’s
mathematical statisticians lack experience with genuine applications, and as a result
have little feeling for the validity of their models and procedures in practice.

F.G.: Pfanzagl had organized his life in an interesting way. He was at the university
2 days a week, when he had his appointments, taught his courses, attended seminars,
etc. The remainder of the week he spent at his very nice home in the countryside
on the other side of the Rhine, and during the semester breaks he was in Vienna
with his family. Of course as students we also liked this 2-day workweek, because it
gave us lots of time for research. If I would join my wife who had to be at the clinic
at 7 a.m., it was a quiet time for me too, because if you appear at a mathematics
department at 7 a.m., there is nobody there.

Interviewer: Friedrich, I think we have reached the end of your days as a student.
You said earlier in this interview that it is quite normal in Germany to study at two
universities. Now that we have seen that you moved from Géttingen to Bonn, then
back to Gottingen again and finally to K6ln, you won’t mind that we call this section
of the interview “A wander-student”.
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3 To the USA and Back

Interviewer: After getting your Ph.D. in 1978 you remained with Pfanzagl in K&ln
until you finished your Habilitation in 1983. However, in fact you spent quite a bit
of time elsewhere.

F.G.: In November 1977 I attended my first meeting in Oberwolfach. It was on
asymptotic methods of statistics organized by Pfanzagl and Witting. The meeting
was crucial for my further development because I met you and Peter Bickel, which
was the beginning of a long friendship and collaboration in various matters. At
one point Peter asked: “Why don’t you come and visit us in Berkeley?”. Irene
and I wanted to see the US anyhow, but it had to be cheap. So in 1978 we flew
Icelandic Airways and made a detour through Mexico where my wallet containing
my credit card was stolen in the underground of Mexico City. Via Atlanta we flew
to San Francisco. By that time our money was almost gone and we went to the Bank
of America where they advised us to let our bank send them a cheque for us. We
followed their advice but the cheque never showed up.

Interviewer: Well, you couldn’t have known that the European and American
banking systems together are unable to send ten cents across the ocean successfully.

F.G.: At that time I was still very shy and didn’t want to involve Peter who would
probably have helped us immediately. Finally we got the money wired in some way.
We went back via Princeton were we had friends, so apart from this one mishap, our
first visit to the US was very pleasant.

The next year I went back to Berkeley as a visiting assistant professor for the
academic year 1980-1981. When I told Pfanzagl about this plan, he looked a bit
dubious and obviously thought he’d never see me again. In Berkeley momentous
things had just happened. Neyman had died, and so had Kiefer who had just come
to Berkeley. When I started teaching I found this a bit different from what I was
used too. In a course for engineers you obviously have to follow the book, but I
sometimes tried to explain a few things on a slightly more advanced level. That
didn’t sit well with the students, so Betty Scott, who was the department chair at
the time, told me “Young man. You have to realize that we are teaching American
students. You are not in Germany”.

A fabulous occurrence during my stay was the Joint Statistical Meeting of ASA
and IMS in Las Vegas. Participants could get a suite in the MGM Grand hotel
for very much reduced prices, because the owners figured that statisticians who
always talk about coin tossing, would be fanatic gamblers. Their gambling losses
would easily make up for the reduced prices. When hardly anyone turned up at the
gambling tables, they obviously felt cheated.

When my year as a visitor in Berkeley ended, I was wondering whether I should
perhaps stay in the United States. However, at that time there were not very many
positions at my level and my stay at Berkeley had spoiled me for the rest of the US.
So I decided to go back to Kéln and continue my career in Germany by getting my
Habilitation, which I did with Pfanzagl in 1983.
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4 Bielefeld

Interviewer: After your Habilitation in November 1983 you were appointed as an
associate professor at Bielefeld in March 1984. They were obviously eager for you
to finish your Habilitation.

F.G.: Yes, shortly before my Habilitation I was invited to apply for this position.
So I went there and gave a talk on asymptotic statistics. I don’t think that the pure
mathematicians had the slightest idea of what I was talking about, until I mentioned
that a variant of the Cramér-von Mises statistic was associated with a nice theta
function. You could almost hear a sigh of relief from the audience: at least this
person has heard of theta functions! So in early 1984 I was offered the position and
accepted.

You may not remember, but earlier I had applied for a job in Amsterdam.
Piet Groeneboom was at the CWI in Amsterdam at the time, but he was visiting
Seattle and had not applied for the job. However, while the selection procedure
was underway, Piet suddenly showed up and declared an interest in the position.
At that time I was still considered very theoretical and no match for Piet, who was
appointed.

Interviewer: So if Piet hadn’t suddenly shown up, you might have been in
Amsterdam.

F.G.: Yes, I was actually thinking that maybe I should learn a bit of Dutch and
bought a dictionary. Irene and I both went to Amsterdam and I gave a talk there. But
this idea didn’t last very long.

And then I accepted the offer from Bielefeld and Irene said: “Great! Now this
uncertainty over what is going to happen is past, and we go to Bielefeld”. But once
we came here and she saw the university building, she looked at me and said “You
don’t intend to stay here very long, do you?”.

Interviewer: Well, admittedly Bielefeld University is not exactly a shining exam-
ple of modern architecture. But there is some truth in what the Russians used to say
about the architecture of Stalin’s time: “It is best to be inside these buildings, where
you can’t see the outside”.

F.G.: Yes, and when I learned a bit more about Bielefeld and the department, I was
quite pleased and felt that I had landed at a quite good place.

They didn’t have these barriers between the different kinds of mathematics that
they had at many of the classical universities: an institute of pure mathematics
here, one for applied mathematics there, and perhaps one for stochastics somewhere
else, with each group tending its own little garden. In Bielefeld they had just one
mathematics department. That didn’t mean that they didn’t have problems with
allocation of funds or the hiring of new professors, but they knew they had to talk to
each other and reach a compromise.
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Interviewer: Even at the same institute people often didn’t talk to each other.
When I was appointed in Leiden, some of my colleagues thought it was ridiculous to
have a professor of statistics. What stabilized the situation was the common interest.
In my case people began to realize that in 20 years they might not have any students
if they only taught pure mathematics. I’'m not saying that everybody liked everybody
else, but they could work together.

F.G.: Another pleasant thing about Bielefeld University was that you were
appointed as a professor of mathematics, rather than geometry or statistics. That
meant that you could change your field of research to another area of mathematics
as long as you taught your courses. It was also possible to take a double teaching
load in 1 year and be completely free for doing research the next year. Finally it was
a lively and scientifically excellent department.

Interviewer: Iunderstand that the philosophy of Bielefeld was certainly favourable
for applied mathematics. Please tell us something about the concept of ‘Mathemati-
zation’ that was so typical for Bielefeld.

F.G.: The task of founding Bielefeld University in the nineteen-seventies was
carried out under the leadership of Schelsky, a single person rather than a committee.
Mathematics was one of the founding departments of the university because
Schelsky had the idea of ‘Mathematisierung’ in mind. He wanted to change
the social sciences and all other fields where people worked qualitatively into
quantitative sciences. For that he needed all kinds of mathematics, especially applied
mathematics. But not only a mathematics department, but also some bridging
institutes such as the one for mathematics and econometrics. Such an institute was
not permanent and would have to be reviewed every 8 years.

Schelsky was a conservative sociologist—I don’t know whether this species still
exists—and at that time universities were going wild. Especially the newly founded
ones like Bielefeld were very progressive, including some of the staff. Schelsky
found this a little bit too much, and left.

Interviewer: I suppose the mathematics staff also contained its share of progres-
sives.

F.G.: We had a number of people in the staff who were joining the student
demonstrations. There is one story of a young, energetic and leftist professor who
organized a large student demonstration and marched with the students. He had his
bicycle with him and after a while he looked at his watch and said: “Oh, I'm sorry.
You march on. I have something important to do”.

We had a very progressive institution here where all the members including
secretaries and non-scientific staff had considerable voting power in all affairs of
the university. This didn’t make life any easier.

Interviewer: We have had the same in the Netherlands. It wasn’t too bad because
in the end people were usually willing to listen.

F.G.: Yes, but an older colleague told me that once in a while they had to strike
a deal. They would tell the students: “We really want to appoint so-and-so as a
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professor, whether you like it or not. But the next appointment you can make.” Of
course this would never happen, even though there was a signed agreement which
is presumably well hidden by now.

Interviewer: Ialways have to explain to people why I stayed at the same university
throughout my career. So let me put the question to you too. Why are you still here?

F.G.: In 1987 I was offered a full professorship at Kaiserslautern which I turned
down. In 1989 I turned down a full professorship at the T.U. Berlin. The day Irene
and I spent in Berlin to discuss the matter happened to be November 9, 1989. In the
afternoon, with a small child in a stroller, we went to the wall to see people sitting on
the wall and dismantling it. Then in 1990 I accepted a full professorship in Bielefeld.
Finally in 2003 I turned down a full professorship at the Humboldt University in
Berlin. A complicating factor at that time was that now that our children were
growing up, Irene had just been licensed in Bielefeld as a doctor in residence, which
allowed her to resume her medical career. It was highly unlikely that she could be
licensed in Berlin, so moving there would have been a major sacrifice on her part.

Interviewer: From what you just told me, I think there is more to it than that.
You explained that in the department in Bielefeld there were no barriers between
different kinds of mathematics. People were appointed as professors of mathematics
rather than geometry or statistics and they could change their field if they felt like it.
Well, what could be a better place for someone who had difficulty deciding whether
to get a Ph.D. in geometry or statistics and actually worked in number theory later?
It seems to me that Bielefeld and you were made for each other, even though the
Bielefeld architecture is best forgotten.

F.G.: You may have a point there.

Interviewer: And after 1989 there were the Sonderforschungsbereiche (SFB’s)
in mathematics that made Bielefeld such an attractive place to be. People tell me
that you played an important role there, as a person who had the interests of all of
mathematics at heart.

F.G.: The first SFB in Bielefeld started in 1989 and was devoted to “Discrete
structures in mathematics”. It was a broad collaborative effort to combine discrete
methods used in combinatorics, information theory, but also (numerical linear)
algebra, number theory, topology and arithmetic algebraic geometry. Many of
the younger people in the department profited from the increased possibilities of
communicating with colleagues and visitors from other fields within this SFB.
Personally, I started out working on asymptotic approximations in mathematical
statistics, but slowly moved in the direction of more discrete objects in stochastic
algorithms and number theory related to this.

However, some of the senior members of the department who enjoyed a great
reputation in a particular area of the SFB were more interested in seeing their
leadership for the whole project acknowledged than in investing time and resources
into collaborations with others. I served as chairman of the SFB for a number of
years, and it was not always easy to balance the various views and keep the peace.
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After the end of this SFB in 2000 there was an interim phase when the Bielefeld
department went through a considerable generation change. My own interests in
between pure and applied mathematics found a home in a subsequent smaller
collaborative grant from the DFG, followed in 2005 by the current SFB on “Spectral
structures and topological methods in mathematics”. The explicitly stated aim of
this SFB is to study developments connecting these rather diverging classical areas
of mathematical research. Thanks to the efforts of all of the senior and junior
colleagues who joined me on this adventurous road through largely uncharted
terrain, this collaborative program has been quite successful in two 4-year periods
so far. In the last 3 years the department has also been successful in hiring new
younger staff members, who are eager to accompany us on the path we have chosen.
Perhaps mathematicians are becoming more adventurous.

Interviewer: Well Friedrich, it looks like you are in Bielefeld to stay.

5 Oberwolfach

Interviewer: Friedrich, you mentioned earlier that we first met in Oberwolfach in
1977 and I would almost say: “Where else?”. We have both spent a significant time
of our lives there, but you have also been involved in its organization. So let’s talk
about the Mathematisches Forschungsinstitut Oberwolfach.

F.G.: I was appointed to the Beirat around 1990 and stayed there for nearly a
decade. Then I became a member of the Executive Board of Oberwolfach, which
I still am today. So I can speak about Oberwolfach during the last 20 years.

The present institute was built in the late sixties and the seventies. In a very
courageous move, director Barner started the building procedure. Before the funding
contract with the VW foundation had actually appeared in writing, he already
ordered the construction companies to start and the bulldozers arrived. Well that was
the way you did business in those days. You could count on oral agreements without
fear of sudden budget cuts. So in 1968 they first constructed the building with the
rooms for participants, kitchen, dining room, wine cellar and office, together with
the bungalows. Then in the seventies they tore down the old villa and replaced it
with the new building with lecture rooms, library, etc. Of course this was a great
improvement, but at the time many people were sad to see the villa go. The institute
had started there three decades earlier, and it had become a symbol for Oberwolfach.

The next 20 years passed without major problems. The State of Baden-
Wiirttemberg had no financial problems and Barner’s relationship with the
State administration was excellent. However, there was one inconsistency in the
financial set-up. The VW Foundation paid for erecting the buildings, but not for
their maintenance, and the State paid for the operational cost, also excluding
maintenance. So Barner agreed informally with the authorities to save a bit of
the operational cost to pay for maintenance. Again, such agreements were quite
common in those days.
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However, times changed. In the nineties the financial situation of Baden-
Wiirttemberg deteriorated, budget cuts became necessary, and of course Oberwol-
fach suffered. Perhaps even more important was the generation change in the State
government. The old guard with whom Barner had such excellent relations went
out, and a new generation arrived that was more interested in budget cutting than in
longstanding relations. They insisted on new State rules of accounting superseding
the previous arrangement that allowed Oberwolfach to save funds for maintenance.

Interviewer: Of course this is the risk of being funded by a single organization.
I seem to remember that repeated efforts were made to be funded by the Federal
Government too. Wasn’t there a list of institutes funded by both the State and the
Federal Government, the so-called blue list. Did Oberwolfach ever get on this list?

F.G.: Barner’s successor Matthias Kreck (1994-2002) started to increase the
annual budget to a level necessary for running Oberwolfach by obtaining support
from individuals, industry and the European Union. Efforts were also made to get
Oberwolfach on the blue list. The role of the blue list itself had changed with time. It
was now called the Leibniz Foundation and also served the needs of institutes in the
former DDR. To get on the list was a very difficult project that advanced only slowly,
but we suddenly got help from an unexpected quarter, namely President Rau of the
Federal Republic of Germany. On a visit to Denmark, during a dinner at a meeting
on science and technology, Rau was seated next to our friend and colleague Ole
Barndorff-Nielsen. Ole was quite indignant about the way Oberwolfach was treated
by the German authorities and raised the topic with Rau. Rau listened carefully
and on his return to Germany he sent what he had heard down the bureaucratic
channels, and lo and behold, we received a call from the Federal Ministry of Science
and Technological Development inquiring whether Oberwolfach needed something.
Of course this was only the beginning of a long bureaucratic process, because
Oberwolfach is not a standard research institute, but in the end Oberwolfach joined
the Leibniz Foundation on January 1, 2005, and the foundation is now rather proud
of us. So Oberwolfach is now supported by the Local as well as the Federal Govern-
ment, and for a start, all buildings received a major overhaul to bring them up to date.

Interviewer: I'm really happy to hear this. Congratulations!

F.G.: There were also important changes in the scientific program of Oberwolfach.
There used to be annually returning meetings with very broad topics and organized
by the same small group of people. This doesn’t happen anymore.

After Kreck left, we were fortunate to find an excellent successor in Gerd Martin
Greuel. Greuel was able to increase the amount of additional grant money from
various sources considerably. He was also responsible for making Oberwolfach
a center for mathematical documents of various kinds. This was in line with
the application to the Leibniz Foundation where Oberwolfach was presented not
only as a meeting place, but also as a keeper of records, including those of its
own history because many important mathematical results were first presented
at Oberwolfach. Starting with the excellent library which has many books that
universities cannot afford because of budget constraints, Greuel added electronic



14 W.R. van Zwet

records of the Oberwolfach meetings where one can find what was discussed at any
given meeting and who were present.

Interviewer: Yes, I have just taken a look at this on internet and I’'m impressed. It
is areal service to the profession. You can also find out how often you have attended
Oberwolfach meetings yourself, which could become a new mathematical game like
comparing Erdds numbers. Let me add that I like Greuel very much.

F.G.: Everybody does, but he has turned 65 and will be retiring when we have
found a successor. We are hopeful to find a good person.

6 Relations with Eastern Europe

Interviewer: For many years you and I have both been heavily involved in
establishing relations with fellow scientists in Eastern Europe and the former Soviet
Union. It all started when a few major scientists like Hajek and Révész showed
up in places like Berkeley and Oberwolfach and we got to know each other. Next
the European Meetings of Statisticians came to be held in Eastern Europe with
some regularity: first in Budapest in 1972, next in Prague, Varna, East Berlin and
Wroclaw. At the same time Western participation in existing locally organized
meetings in Prague, Budapest and Vilnius increased sharply. In 1975 the Bernoulli
Society was founded partly to build bridges between Eastern Europe and the West
and in 1986 the World Meeting in Tashkent proved its success. At that time you had
attended quite a few of these meetings.

F.G.: Yes, it was often the only way to meet people from Eastern Europe and
the Soviet Union, because they would be allowed to attend meetings in the West
only rarely. After the collapse of the communist regimes this was still difficult for
financial reasons. The Tashkent World Meeting was the first statistics meeting in the
Soviet Union attended by a huge number of participants from all over the world, in
particular from the United States. For many of them, used to Cold War rhetoric, it
was an eye-opener to see the circumstances in the Soviet Union for the first time
and notice the natural anarchy that was present everywhere and made even getting
there an exciting adventure.

Interviewer: These meetings were always held as far away from Moscow as
possible to avoid official interference. In that respect Vilnius was good, but Tashkent
was even better!

F.G.: At that time we didn’t have many possibilities to invite colleagues from
Eastern Europe and the Soviet Union to visit us and take part in research projects.
That changed after the collapse of the Soviet Union. First the Soros Foundation
provided funds for this and then the European Union started a program named
INTAS for scientific collaboration with the former Soviet Union. Living conditions
of scientists in the former Soviet Union were desperate: salaries were not sufficient
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to cover basic needs, if they were paid at all. Many scientists were looking for
opportunities for leaving the country and finding a position in the West. The
INTAS program was aimed at joint research projects of participants in the former
Soviet Union and in the European Union. The former participants would receive a
supplement of their salaries, whereas the latter should apply for and administer the
research program, which turned out to consist of writing an endless series of reports
and solving problems with the Brussels bureaucracy and Russian banks. Most of the
people running INTAS had no previous involvement with the former Soviet Union,
which made it difficult for them to understand what goes on in the minds of the
many different peoples who made up the Soviet Union. We also learned quickly that
calling Brussels bureaucrats before 3 p.m. was useless because they were apparently
having a good lunch. The banks turned out to be a more difficult problem. The cost
of transferring money to participants was astronomical without any guarantee that
the money would actually arrive. I understand that in some cases the money was
actually brought to Moscow by a messenger who handed it out at the airport to
people showing a passport with the right name.

Before we had even heard of the existence of INTAS, you and I both received a
request from friends in Moscow to apply for an INTAS program for collaboration
with a large group of really excellent probabilists and statisticians in the former
Soviet Union. We did and proposed a program that needed a large number of
special skills that were well represented in the group of participants. The program
immediately got funded in the first round in 1993 and was extended for another
period each time it ran out, until INTAS stopped operations in 2006.

Interviewer: Until my secretary and I both retired in 1999 we did the administra-
tion of the program in Leiden. My secretary used to refer to this job as the INTAS
disaster, or words of similar meaning. After that the job went to you in Bielefeld, so
it is clear that we truly shared the load.

One final remark: There was no provision for travel in the INTAS grants because
the INTAS philosophy was clearly that everybody should stay where they were.
No mass emigration to the West! However, there was no rule against consultations
between different groups in the program, so of course quite a few people spent quite
some time in Bielefeld and Leiden.

F.G.: After INTAS stopped, the Deutsche Forschungsgemeinschaft (D.F.G.) pro-
vided new programs for joint research with scientists in the former Soviet Union,
which allowed them to spend time in Bielefeld. Other visitors were supported by
the Humboldt Foundation and by the Sonderforschungsbereiche that we have had in
Bielefeld.

Interviewer: Yes, there used to be an entire corridor in the institute in Bielefeld
that was jokingly referred to as Moscow Boulevard.

Let me raise a further point in this connection. I have the impression that in
probability and statistics we have had excellent relations with our colleagues in the
former Soviet Union much earlier than in any other branch of mathematics. This
may well be due to the fact that we always made contact on a personal rather than
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an institutional basis. When the idea of the World Meeting in Tashkent came up,
the Bernoulli Society, with much help from the members of its Russian branch,
discussed the matter at length with all of their Russian friends, until almost everyone
was confident it was a great idea that might be possible. Then after much lobbying
the Soviet Academy of Science decided not to oppose it and it went through. If
the Bernoulli Society had chosen the institutional way and wrote a letter to the
Academy, they would certainly have received a negative reply, if any at all.

F.G.: Yes, definitely. The relations we had with the former Soviets were based on
the fact that we attended all of these meetings together, got to know each other at
a very early stage and developed a mutual trust. I have never noticed this in other
branches of mathematics to this extent.

We should also not discount the role of the various nationalities in the Soviet
Union. To organize a scientific meeting in Vilnius with a large international
participation would be strongly supported by the local government, because it
would show that Lithuania was not merely a part of the Soviet Union but also
internationally recognized.

Interviewer: You are absolutely right.

7 German Reunification

Interviewer: Under the communist regimes, scientists basically had the same
problems everywhere in Eastern Europe and the Soviet Union. Still East Germany
was a somewhat special case. How did the German reunification affect East German
science and scientists?

F.G.: The situation in East Germany was indeed very special. Two neighboring
countries with the same language, the Eastern part watching Western television and
seeing the wonderful world of Western luxury, while they couldn’t buy bananas
in the supermarket. After 1989 the original idea was that the two countries would
remain separate for the time being, each with its own currency and a cheap-labor part
in East Germany, and then slowly evolve into a single country. But it quickly became
clear to the politicians that with the heavily guarded border gone, there was nothing
to stop people moving to the more prosperous part. So they had to act fast and the
East German parliament decided to join West Germany. It was not unification of
two states and of two political systems, but of East Germany becoming part of the
West German republic, with all of the legal and bureaucratic consequences that this
implied. Of course this was easy for the West Germans because they wouldn’t have
to change anything.

But this created a problem for the sciences, because in East Germany, like in most
Eastern European countries, scientific research was organized through the Academy
of Sciences, and the East German academy employed about 30,000 people under
the heading of scientific socialist production. Presumably these people did scientific
research to enhance socialist production. This was not a happy idea, because the
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people employed by the academy were not content to do purely applied work for
industry and mostly did their own thing, whereas industry wasn’t pleased to be told
to let these people interfere with production, socialist or not! Most of this would
have to go, because there was no way to employ 30,000 people at Western salaries,
as would be a legal obligation for all civil servants.

A similar problem existed at the universities where people below the rank of
professor also had permanent positions and would have to be paid Western salaries
if they remained. Finally there were people with Party or Stasi affiliations which
should not be retained. All of these problems would have to be solved before
everybody became civil servants under West German law.

As a first step all members of the scientific staff of the Academy and the
universities were dismissed. It was decided to follow the West German model where
research is performed at the universities and at a limited number of specialized
institutions with a far smaller staff than the former Academy institutes. Every
qualified person could apply for one of the available positions, which meant that
after being dismissed one could apply for one’s previous position or any other. At the
same time scientists from outside East Germany could also apply. At the universities
there were honors committees of East German members as well as external hiring
committees to reappoint people. This created uncomfortable situations where people
like you and me had to review senior East German colleagues competing for their
own jobs with young applicants from West Germany.

Interviewer: Yes, that’s what I really found shocking.

F.G.: Another question was how to fund the specialized research institutions. Max
Planck didn’t want them. Fraunhofer didn’t view these institutes as helpful for
applied research with industry. So the only place for these institutes was the blue
list of institutes financed jointly by the local State and the Federal Government that
I mentioned earlier when speaking about Oberwolfach. For this new role the blue
list was renamed Leibniz Foundation, which certainly sounds more dignified. When
discussing which of the institutes should go to Leibniz I heard the representatives
of the Federal Government make a promise that I never heard before or after. They
told us to decide which institutes were really of a very high level, and whatever you
find good, we’ll pay for. It was amazing!

Interviewer: And did they actually keep their promise?

F.G.: Yes. Well look at the West German deficit at that time.

Of course this gave many people a very bad time. They had permanent positions
and never expected to have to look for another job. But there was no other way. It all
had to be done in a few months, which was a hectic time for all of these committees
too. I was mainly involved with the Weierstrass Institute which was cut down from
200 to about 80 people.

So this was the reunification process, but then it was argued that this would have
been a unique time for a real unification, in the sense of also cutting out some of the
fat in the West German system. But as you can imagine with these time constraints
other people argued convincingly against this.
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Interviewer: Should things have been done differently or was there really no
alternative?

F.G.: Theoretically we could have gone to a new structure together. But the West
German institutions would not have been in a great hurry to submit plans and would
certainly have fought this.

8 Visiting Committees

Interviewer: Friedrich, we have both spent a considerable amount of time on
visiting committees that show up at mathematics departments of other universities
and report what we think of them. If this opinion is not fit to be printed, we typically
confuse the reader with a mountain of generalities.

F.G.: In Germany the visiting committee is a fairly recent phenomenon that was
introduced when the golden years of expansion were over and serious cutbacks
started in the eighties. Before that time all universities were supposed to have been
created equal and it was blasphemy to try and rank them.

Interviewer: I think that this was true in most other countries too, and if it was
done earlier, it was merely an intellectual exercise without serious consequences.

F.G.: By the end of the eighties the data collected by the visiting committees on
research and teaching began to play a role in the allocation of funds.

Interviewer: Still the effect has generally been pretty minimal. The mathematics
department at Leiden is usually declared to be the best in the country, but this
never brought us a penny. It does make us more popular with the president of the
university, though.

F.G.: Yes that is true in general. But at some smaller universities founded during
the time of university expansion the staff was roughly of the same age so there was
massive retirement 2025 years later. In such a case it is probably not a good idea to
let these senior people decide on the direction the department should take, so outside
advice can be very useful.

Interviewer: Sure, such cases exist, but in most universities they are rare.

F.G.: Yes, but outside advice is becoming more and more common. A generation
change that I just mentioned is one thing, but it now happens regularly. There
is this excellence competition between universities, which forces them to choose
main areas of research. Anytime a number of positions in a department are
open for reappointment and a change of direction might be possible, the new
constitution gives the university the option to make such strategic decisions its own
responsibility. Of course they are also a bit at a loss what to do, so they call for
outside advice.
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Interviewer: I can imagine that you are concerned about this as it sounds really
rather extreme to me. Does this also exist in this extreme form in other countries? Of
course the president and rector are formally responsible for everything that goes on
in a university and there is much talk of departments choosing main research areas,
but in practice the department still decides whom to appoint in the Netherlands.
I suppose that this outside advice also leads to a new bureaucracy to handle this
advice and act on it?

F.G.: Exactly! The office of the president or the rector is acquiring a whole new
group of people who organize these reviews, help in formulating long-term policies
etc. So far these kinds of jobs seem to be more attractive to people with a background
in the humanities rather the natural sciences.

Interviewer: It sounds gruesome. I can see only one positive side to this, which is
that using visiting committees is certainly better than basing decisions on numbers
of publications and citations. Bureaucrats usually prefer these numbers assuming
that they provide “hard” evidence in contrast to peer review which is considered
“soft”.

9 Scientific Interests

Interviewer: During this interview we have repeatedly seen that your interest
in mathematics doesn’t stop with mathematical statistics and probability theory.
During the symposium held on the occasion of your sixtieth birthday, Professor
Hirzebruch who guided the work for your diploma in geometry, gave a lively
account of this work. Let us now talk about your recent work in number theory.

F.G.: Willem, as you well know I started out in mathematical statistics with
an interest in asymptotic expansions for the distributions of nonlinear statistical
procedures like goodness-of-fit procedures, such as the Cramér-von Mises test.
These may be viewed as expansions for the probabilities of ellipsoids in the Central
Limit Theorem (CLT) in function spaces. The methods I developed for obtaining
such expansions seemed to be interesting for a group of the Kolmogorov/Linnik
school in probability in Russia working on these questions since the sixties. In
the first SFB (1989-2000) in Bielefeld I originally worked on statistical problems
in Markov chain Monte-Carlo, image restoration, as well as resampling methods,
time-series and stochastic processes. But a number of researchers applied for and
received Humboldt-fellowships to work with me on Berry-Esseen type bounds
and asymptotic expansions for quadratic forms, U -statistics and Student statistics.
These were Bentkus, Bloznelis, Rachkauskas, Tikhomirov, Zalesky and Zaitsev. The
Humboldt-Foundation also helped to finance via Humboldt-Prizes the collaboration
with Rabi Bhattacharya, David Mason and you.

Of all of the remaining open probabilistic questions concerning the rate of
convergence in the high and infinite-dimensional CLT for regions defined by
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quadratic forms, I felt that one was particularly important. It was raised in the
seminal work by C.G. Esseen (1945) who proved that the error in the CLT for
balls in dimension d is O(n~%/+D) He noted that for sums of random vectors
taking values in a lattice, his result is the equivalent in probability of classical
results in analytic number theory by Landau and his students in the 1920s. They
proved asymptotic rate bounds for the difference between the number of points of
the standard lattice in ellipsoids of fixed shape blown up by a large radius factor and
their corresponding Lebesgue-volume.

Interviewer: How did you approach these problems in number theory?

F.G.: In order to find the optimal rate in he CLT I started to study the old papers
of Landau, Hardy and Littlewood and related papers by Weyl on this topic. First of
all, I found out how rewarding it is to go back to the original sources concerning
a problem. There you see the full force of the original arguments, whereas later
publications often deal with refined versions of combinations of several methods of
often undisclosed origin, which makes understanding the basic ideas and the further
development much harder. It was very interesting to see a variety of methods that
were either similar to or different from the ones I had used for the probabilistic
questions. After intensive work I found ways to combine stochastic ideas with those
of the classical analytic number theory establishing in this way a firm link of both
worlds, where distributions on lattices turned out to provide the worst cases to be
dealt with in the CLT.

I finally succeeded together with V. Bentkus to show the optimal rates of order
n~! for a sum of n vectors in the CLT, as well as in corresponding distributional
problems in number theory in dimension 9 and larger. The chain of arguments
started in number theory, improving Landau’s bounds by new ones of optimal order
and after that proceeding by representing distributional errors for sums by averages
over errors for multinomial distributions on randomly selected lattices.

Interviewer: What was the role of the dimension in this problem. Esseen did not
have any restriction in his bounds as far as I remember?

F.G.: It was clear by old results in number theory that dimensions 2-4 were
different, hence one could not expect the same rate of convergence O(n~") in the
CLT for this case. But it took nearly a decade to get from dimension 9 to the final
result for dimensions 5 and larger.

First this was done for ellipsoids in number theory in 2004, but the transfer
to probability needed results for indefinite forms in number theory, which were
obtained by means of quantitative equi-distribution results for orbits of 1-parameter
(unipotent) subgroups jointly with G. Margulis 5 years later. The final transfer of
these methods to the CLT in dimension 5 and larger with rate O(n~!) (without any
logn factors) has been achieved last year jointly with A. Zaitsev. This closes the
circle back to the original problem of Esseen.

Interviewer: Friedrich, thank you very much for taking so much of your time to
tell us something about your career and the many activities that went with it.
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Khintchine’s theorem [35]. Let ¥ : N — (0, +00) be monotonic and I be an
interval in R. Then

0, if 3% ,
W 0 L)) = FLomr i) <0 @)
w(), if 392, ¥(q) = oo.

Jarnik—Besicovitch theorem [25,34]. Letv > 1 and for g € N let ¥,(q) = q".

Then )
dim L(¢,) = ——.
m L) =

The condition that ¥ is monotonic can be omitted from the convergence case of
Khintchine’s theorem, though it is vital in the case of divergence—see [12,33,42]
for a further discussion. By the turn of the millennium the above theorems were
generalised in various directions. One important direction of research has been
Diophantine approximation by algebraic numbers and/or integral polynomials,
which has eventually grown into an area of number theory known as Diophantine
approximation on manifolds.

Given a polynomial P = a,x" + --- 4+ aix + a9 € Z[x], the number H =
H(P) = maxo<;<n |a;| will be called the (naive) height of P. Givenn € N and an
approximation function ¥ : N — (0, +00), let £, (¥) be the set of x € R such that

|P(x)| < W(H(P)) 3)

for infinitely many P € Z[x] \ {0} with deg P < n. Note that £; (V) is essentially
the same as the set £(W) introduced above. Thus, the following statement represents
an analogue of Khintchine’s theorem for the case of polynomials.

Theorem 1. Letn € NandV¥ : N — (0, 400) be monotonic. Then for any interval 1

0, ] o pn—ly ,
(I 0 Lo (W) = F Lpmy W) < 00 4)
W), i Y52, hI() = oo,

The case of convergence of Theorem 1 was proved in [17], the case of divergence
was proved in [4]. The condition that W is monotonic can be omitted from the
case of convergence as shown in [6]. Theorem 1 was generalised to the case of
approximation in the fields of complex and p-adic numbers [9, 19], to simultaneous
approximationsin RxCxQ), [22,26] and to various other settings. When ¥ = W, is
given by W,,(¢) = ¢7" Theorem 1 reduces to a famous problem of Mahler [37,41]
solved by SprindZuk. The versions of Theorem 1 for monic polynomials were
established in [27, 40]. For the more general case of Diophantine approximation
on manifolds see, for example, [5,7, 10, 15, 18,20, 36,42].
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The more delicate Jarnik-Besicovitch theorem was also generalised to the case
of polynomials and reads as follows.

Theorem 2. Letw > n and V,,(q) = q~". Then

n+1
w1

The lower bound dim L, (¥,,) > Zill was obtained by Baker and Schmidt [2]
who also conjectured (5). The conjecture was proved in full generality in [16]. It
is worth noting that the generalised Baker-Schmidt problem for manifolds remains
an open challenging problem in dimensions n > 3; the case of n = 2 was settled
by R.C. Baker [3], see also [1, 8] and [7, 11, 43] for its analogue for simultaneous
rational approximations.

The various techniques used to prove Theorems 1 and 2 make a substantial use
of the properties of discriminants and resultants of polynomials and to some extent
the distribution of algebraic numbers. The main substance of this paper will be to

overview some relevant recent developments and techniques in this area.

2 Distribution of Discriminants of Integral Polynomials

The discriminant of a polynomial is a vital characteristic that crops up in various
problems of number theory. For example, they play an important role in Diophantine
equations, Diophantine approximation and algebraic number theory [41].
Let
P(x) =apx" +ap_1x" '+ 4+ aix +ag

be a polynomial of degree n and o, s, ...,q, be its roots. By definition, the
discriminant of P is given by

D(P)=a;" [] (@—a)) 6)

I<i<j<n

The following matrix formula for D(P) is well known:

1 an—1 an—> ... Qo 0 ...
0 a ay—1 ....ap ap ...
D(P) _ (_l)n(n—l)/Z 0 0 a, ... dip Qo
nm—1Da,—1 n—2a,—... 0 0 ...
0 na, mn—Nap—1 ... ay 0 ...
0 0 na, ... aqq
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Thus, the discriminant is an integer polynomial of the coefficients of P. Conse-
quently, whenever P has rational integer coefficients the discriminant D(P) is also
an integer. Furthermore,

|[D(P)| =1 forany P € Z[x] withdeg P > 1 and D(P) # 0. @)

Clearly, by (6), D(P) # 0 if and only if P has no multiple roots.

Fix n € N. Let Q > Qo(n), where Qo(n) is a sufficiently large number.
Let P,(Q) denote the set of non-zero polynomials P € Z[x] with degP < n
and H(P) < Q. Throughout ¢;, j = 0,1,... will stand for positive constants
depending on n only. When it is not essential for calculations we will denote these
constants as c(n). Also we will use the Vinogradov symbols: A < B meaning that
A < c(n)B. The expression A < B will mean B <« A < B. Finally #S means the
cardinality of a finite set S. In what follows we consider polynomials such that

Q0 <H(P)<Q,0<c <1. (8)

Using the matrix representation for D(P) one readily verifies that |[D(P)| <
c(n)Q* 2 for P € P,(Q). Thus, by (7), we have that

1< |D(P)| <c(m)Q*? ©)
for polynomials P € P,(Q) with no multiple roots. Further, it is easily verified that
#PI’L(Q) < 22n+2Qn+l‘

The latter together with (9) shows that [1, c(n) Q?"~2] contains intervals of length
c(n) Q"3 that are not hit by the values of D(P) for any P € P,(Q) whatsoever.
For n = 4 these intervals can be arbitrarily large. Thus, the discriminants D(P) are
rather sparse in the interval [1, c(n) Q2" 2].

In order to understand the distribution of the values of D(P) as P varies within
P, (Q), for each given v > 0 we introduce the following subclass of P, (Q):

Pu(Q.v) ={P € P,(Q) : |D(P)| < 0> > and (8) holds}.  (10)

These subclasses are of course dependant on the choice of ¢y, but for the moment
let us think of ¢; as a fixed constant.

We initially discuss some simple techniques utilizing the theory of continued
fractions that enable one to obtain non-trivial lower bounds for #P,(Q, v) in terms
of Q andv.

The first observation concerns shifts of the variable x by integers. More precisely,
if m € Z then D(P(x)) = D(P(x —m)). The height of P(x — m) changes as m
varies. It is a simple matter to see that imposing (8) on P(x — m) restricts m to at
most ¢, values. Furthermore, (8) ensures that polynomials of relatively small height
cannot be in P,(Q,v).
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By (6), the fact that P belongs to P,(Q,v) with v > 0 implies that P must
necessarily have at least two close roots. This gives rise to a natural path to
constructing polynomials P in PP, (Q, v)—we have to make sure that they have close
roots. We now describe a very special procedure that enables one to do exactly this.

Take n best approximations (convergents) s—f to the number +/2 with k + 1 <

j <k + n for some k € N. Define the polynomial

k+n
T =[] (@x-p))

j=k+1

of degree n. Clearly the above mentioned best approximations to /2 are the roots
of T. Also note that the height of T' is < a,, where

a, = l_[ qi-

k+1<i<k+n

From the theory of continued fractions we know that g; < 3g;_;. Thus a, <
c(n)qy ;- On the other hand, we also know that fori < j

1 1
= < —-
qiqi+1 q;

Pi Pi+1

qi qi+1

qi qj

'&&

|

Therefore, we can estimate the following product

1\ 20k+n=i)
M= [] < T (—2) L 4iis

2
pi_pi

ktiicj<ktn 4 i kti<i<ktn—t i
where
k+n—1 n—1
o=2 % 2k+n—i)=4) L=2n(n-1).
i=k+1 =1

and see that
n(n— 2n(n—1) —¢
ID(T j5(x))| < a2V < g Vg, = 1.

This way we construct a polynomial of degree n with arbitrarily large height and
discriminant as small as c(n). However, to get quantitative bounds for #P,(Q,v)
more needs to be done. The following lemmas underpin the construction.

Lemma 1. Let I be an interval, I C R, c3 and c4 be positive constants such that
max{cs, c4} < 1. Given a sufficiently large Q, let L1 o(c3,c4) be the set of x € I
such that the system of inequalities
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lgx — pl < 307",

(11)
1 <g<c0,

has a solution in coprime (p,q) € Z x N. Then for c3c4 < A, 0 < A < %, we have
uLig(cs,cq) < 3AI.

Lemma 2. Let M, (Q) denote the set of x € I such that the following n systems of
inequalities

0! 4 4 0!
Ty < 19X = pil < =gy
3P AT g <3+ 10 1 i <

have solutions in {(pi,q:)}!—,. Then uM,(Q) > %

Lemma 1 is proved by summing up the measures of intervals given by the first
inequality of (11). Lemma 2 is a corollary of Lemma 1 (which should be applied n
times) and Minkowski’s theorem for convex bodies. See [21] for details.

Now take any point x; € M, (Q) and define

Ti(x)=[[@x—p) and Q=cm]]a.
j=I i=1

where (p;,q;) arise from Lemma 2. Estimating |D(77)| gives

P _Pil 1.

D)l < 0[]
qi  4j

I<i<j<n

We now use the fact that M, (Q) is a fairly large subset of I to produce other
polynomials with this property. For this purpose we choose points x;, x3,... €
M, (Q) that are well separated. As a result we obtain

Theorem 3 ([21]). For any sufficiently large Q there are c(n) Q% polynomials P €
Pu(Q) such that 1 < |D(P)| < c(n).

The above ideas can be generalised to give a similar bound for the number of
polynomials P € P,(Q) such that | D(P)| lies in a neighborhood of some K with
cn) < K <c(n)Q¥2.

Theorem 4 ([21]). For any 6, 0 < @ < 2n — 2, there are at least c(n)Q*/"
polynomials P € P, (Q) with discriminants satisfying the inequalities

esQ? < |D(P)| < ¢60°.
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We proceed by describing a more sophisticated method from [23] that produces
lower bounds for #P,(Q, v). The main result is as follows.

Theorem 5 ([23]). Letv € [0, %] Then there are at least ¢ (n) Q"= polynomials
P € P,(Q) with discriminants

|D(P)| < Q> 7272, (12)

Establishing upper bounds for #P,(Q,v) is likely a more difficult task. We
expect that if we impose some reasonable conditions on polynomials P from P,(Q)
(for example excluding reducible polynomials) then the lower bound given by
Theorem 5 would become sharp. We now state this formally as the following

Problem 1. Find reasonable constrains on polynomials P that chop a subclass
P1(Q) off P,(Q) such that #P'(Q) < #P,(Q) and for v € [0, 1]
#{P € P,(Q): [D(P)| < Q1) < @ FI72 (13)

Obtaining the estimates of this ilk for a larger range of v is another problem.
We wish to note that (13) is false for P, (Q)—see [32] for precise upper and lower
bounds in the case v < 3/5and n = 3.

Problem 2. For each n find the function f,(v), if it exists at all, such that for all
sufficiently large O one has the estimates

#{P € Py(Q) 1 [D(P)] < Q"1™ < Q1A (14)

It was shown in [32] that f3(v) = %v for0 <v <3/5.

2.1 Sketch of the Proof of Theorem 5

Underlying the proof of Theorem 5 is the following result, which essentially plays
the role of Lemma 1 in this more general context. In what follows, given an interval
I C[-1/2,1/2),let L,(I, Q,v,c7,cg) be the set of x € I such that

|P(x)] < 707",

(15)
[P'(x0)] < s Q'™

holds for some P € P,(Q).

Theorem 6. Let Q denote a sufficiently large number, v € [0, %] and let c7 and cg
be positive constants such that c7cg < n='27"712 Then

1
wL, (I, Q,v,c7,c8) < %



30 V. Bernik et al.

We now explain the role of Theorem 6 in establishing Theorem 5. Suppose that
P € Z|x], degP < n, |ay| > cH. If |a,| < cH then the polynomial can be
transformed into one with a large leading coefficient with the same discriminant—
see [41].
By Dirichlet’s pigeonhole principle, for any point x € / and Q > 1 the following
system
|P(x)| < Q7"

(16)
|P'(x)| < 8nQ'™

holds for some polynomial P € P,(Q).Lety = n~227" Sand I = [-1/2,1/2].
Then, by Theorem 6, the set

B =I1\L,I,0,v,1,y)UL,(I,Q,v,y,8n)

satisfies uB; = % for all sufficiently large Q. Hence for any x; € B the solution
P € P,(Q) to the system (16) must satisfy

Q™ < |P(x)| < 07,

1—v / 1—v (17)
yQ " < |P/(x1)| <8nQ"".
For all x in the interval |[x — x;| < Q_.% , the Mean Value Theorem gives
P'(x) = P'(x1) + P"(&))(x — x;) forsome & € [x,x1]. (18)

The obvious estimate |P”(£,)| < n3Q implies |P”(£1)(x — x1)| < n3Q%. But
[P’ (x1)| > Q% forv < % and therefore, by (18) and the second inequality of (17),
for sufficiently large O we have that

YOI < SIP'(x))| < |P'(x)] < 2|P(xp)| < 16nQ'™".

There are four possible combinations for signs of P(x;) and P’(x;). To illustrate
the ideas we consider the case when P;(x;) < 0 and P/(x;) > O—the others are
dealt with in a similar way. Our goal for now is to find a root of P close to x;. Once
again we appeal to the Mean Value Theorem:

P(x) = P(x1) + P'(&)(x — x1) for some &, € [x1, x]. (19)

Write x = x;+A and suppose that A > 2y~ Q™" 1+2" If P(x;) < P(x;+A) <0
then the first inequality of (17) implies

0< P(x; +A)—P(x;)) < Q"
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On the other hand we have
14 —Vy ., —n— v —n+v
P'(E)A> 2072y QT = g,

Thus in view of (19) we obtain a contradiction. This means that P;(x; + A) > 0
and there is a real root o of the polynomial P(x) between x; and x; + A. Once
again using the Mean Value Theorem and the estimates for P(x) and P’(«) we get

le _ C(| < Zy—lQ—n—l"rZV — n2n+13Q—n—l+2v‘ (20)

Note that as well as ensuring that ¢, a root of P, is close to x| inequalities (17)
keep « sufficiently away from x;. We now explain this more formally. Again we
consider only one of the four possibilities: P(x;) > 0, P'(x;) < 0. With x =
x1 + Ay, by the Mean Value Theorem, we have

P(x) = P(x1) + P'(&3)A1, & € [x1.x]. 2L

If Ay < 27%n~'yQ™~1*2" then in (21) the following holds: | P(x1)| > yQ """
and |P’(§)A1| < yQ "1 It implies that the polynomial P(x) cannot have any
root in the interval [x;, x; + A1] and therefore for any root «, we have

pTla BT gy g,
This time let & be the root of P closest to x;. By the Mean Value Theorem,
Pl(a) = P'(x1) + P"(E)(x1 — ). & € [x,a],
the estimate | P”(£)| < n3Q and (20) for sufficiently large Q we get
n~127 B < P ()| < 1600

The square of derivative is a factor of the discriminant of P. Taking into account
that for |a,| < H(P) all roots of the polynomial are bounded, see [41]. Then we
can estimate the differences |o; —«;|,2 < i < j < n, by aconstant c(n). This way
we obtain (12). Since wB; > 1/2 and x, is an arbitrary point in B; we must have
> Q"F1=% different a’s that arise from (20). Since each polynomial P of degree
< n has at most 1 roots this gives > Q"= polynomials in P,(Q, v) satisfying
(12)—see [13] for further details.

2.2 Sketch of the Proof of Theorem 6

The purpose of this section is to discuss the key ideas of the proof of Theorem 6
given in [13] as they may be useful in a variety of other tasks. We start by estimating
the measure of x such that the system



32 V. Bernik et al.

|P()| < e Q™.

22
Q'™ < |P'(x)| <cnQ'™ @

is solvable for P € P,(Q), where v, satisfies v < v; < 1 and will be specified later.

We shall see that P’(x) can be replaced with P’() in the second inequality
of (22), where « denotes the root of P nearest to x. Indeed, using the Mean Value
Theorem gives

P'(x) = P'(a) + P"(E)(x —a), & € (a,x).
We apply the following inequality for |x — |

|P(x)]
|x—05| < nm,

which was proved in [17,41]. Then

[P/(@)] = |P'(x) = P"(&5)(x — )|, &5 € (o, X).

|P//(gl)(x _ O[)I < n3chan—n—l+V+v1 — Clln4Q—n+v+V1
for sufficiently large Q we obtain
3 3 4 4
207 S P = 1P < 5P/ < e
and
3 / / 4 /
JIP @) < |P'0] = 51P @)
Therefore for sufficiently large Q inequality (22) implies

|P(x)| <cnQ™"*
70T <|P/(@)] < 3c20' (23)
laj| < Q.

Let £/, (v) denote the set of x, for which system (23) is solvable for P € P,(Q).

Now we are able to prove that L, (v) < %ll |
Consider the intervals:

o1(P) = {x < v —al < Senn@ VP @]}
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and
02(P) ={x:|x—a| <c3Q "V|P ()"}

The value of ¢;3 will be specified below. Of course, each polynomial P has up to
n roots and potentially we have to consider all the different intervals o;(P) and
0,(P) that correspond to each P. However, this will only affect the constant in the
estimates. Thus, without loss of generality we confine ourselves to a single choice
of o1 (P) and o, (P). Obviously

|o1(P)] = 3eney nQ ™" Hoa(P)). 24)
Fix a vector b = (ay,, .. ., az) of the coefficients of P. The polynomials P €
P (Q) with the same vector b form a subclass of P, (Q) which will be denoted by

P(b).
The interval o,(P;) with P € P(b) is called inessential if there is another
interval o, (P;) with P, € P(b) such that

lo2(P1) N oa(Pa)| = 5]02(Py).
Otherwise for any P, € 73(5) different from P,
l02(P1) N0z (P2)| < 3l02(Py)

and the interval o, (P») is called essential.

The case of essential intervals. In this case every point x € I belongs to at most
two essential intervals o, (P). Hence for any vector b

Yo o) <21, (25)

PeP(b)
02(P) is essential

The number of all possible vectors b is at most (2Q + 1)"~! < 2"Q"~!. Then,
by (24) and (25), we obtain

ST Je(P)] < feney n@ T T2YI12 Q" = 02" ey |1
b

PeP(b)
02 (P) is essential

Thus for ¢;3 = n2" ¢, the measure will be not larger than §|/|.

The case of inessential intervals. In this case we need to estimate the values of
|P;j(x)|, ] =1,2,for x € 02(P1) N 02(P>). By Taylor’s formula,

Pj(x) = PJ’» (@)(x —a) + %P;’(&)(x — a)? for some & € (o, x),
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where « is the root of either P, or P, as appropriate, and
Pi(x) = Pj(a) + P/ (&) (x — @) for some &; € (a, x).
The second summand is estimated by
|P"(66)(x — )| < 2nPcf, Q74

while
|P'(@)(x —a)| <30~

As 2v; < 2 — v for an appropriate choice of v < % we obtain

1Pj(x)] < g™ j =1.2. (26)
Similarly we obtain the following estimate for P ]/ (x) whenv; <2 —2v:
|P/(x)] < 5e2Q'™, j =1.2. (27)

Let K(x) = P,(x) — Pi(x) € Z[x]. Obviously K(x) is non-zero and has the
form K(x) = b1x + by. By (26) and (27), we readily obtain that

Ibix + bo| < Sci307' (28)

and
bi] = |K'(x)] < $c1p0'. (29)

Thus, the union of inessential intervals can be covered by intervals A(by,by) C
I given by (28). For fixed by and b; the length of A(b;,bo) is bounded by
13—6c13Q_H'Vb1_1. Given that x € I and (28) is satisfied we conclude that by takes at
most |1 ||b1] + 2 values. Then

D 1A bo)| < ez BTN (T ||bi| +2) < 61307 I (30)
bo

Using (29) we further obtain that

Y D IABLbo)| < 2einei3 QT = 02" oeyien|I| = 1]
b bo

for we have that ¢; ¢, < n~ 1277711, Finally, combining the estimates for essential
and inessential intervals we obtain %|I | as an upper bound for their total measure.
The case v > v; can be deal with using methods described in [17] and [36].
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3 Divisibility of Discriminants by Prime Powers

Let p be a prime number. Throughout u, denotes the Haar measure on Q,
normalized to have 11,(Z,) = 1. In this section we consider the divisibility of
the discriminant D(P), P € P,(Q) by prime powers p’. This natural arithmetical
question has usual interpretation in terms of Diophantine approximation in @Q,, the
field of p-adic number. Indeed, p’|D(P) if and only if |D(P)|, < p~!, where |- |,
stands for the p-adic norm. Thus, the question we outlined above becomes a p-adic
analogue of the problems we have considered in the previous section. Naturally, we
proceed with the following p-adic analogue of Theorem 5.

Theorem 7 ([24]). Letv € [0, %] Then there are at least ¢ (n) Q"= polynomials
P € P,(Q) with

ID(P)]p < Q7. 31
The proof of this result relies on the following p-adic version of Theorem 6.

Theorem 8 ([24]). Let Q denote a sufficiently large number and c14 and cy5 denote
constants depending only on n. Also, let K be a disc in Q,. Assume that cisci5s <
27" p=8 and v € [0, %] If M, o(c1a, c15) is the set of w € K C Q, such that the
system of inequalities

|P(W)|p < claQ™ "1,
[P’ W), <1507

has solutions in polynomials P € P,(Q), then

tp(My 0 (cra,c15)) < $up(K).

The techniques used in the proof of this theorem are essentially the p-adic
analogues of those used for establishing Theorem 6 and draw on the estimates
obtained in [39]—see [24] for more details. Skipping any explanation of the proof
of Theorem 8, we now show how it is used for establishing Theorem 7.

Let K be adisc in Q,, M, o be the same as in Theorem 8, y = p~1127"~!! and

B =K\ (Myo(y.p) UM, o(l,y)).

Then, by Theorem 8, ., (B) = %,up (K). Take any w; € B. Then, using Dirichlet’s
pigeonhole principle we can find a polynomial P € P,(Q) such that |P(w)|, <
Q" and |P’(wy)|, < p?Q7". Since w; € B we have that

)/Q_n_l+v < IP(W1)|p < Q—n—1+v’

. (32)
YOV IP' W), < p’O7".
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Letwe K ={weQ,:|lw—wi, < Q_%}.By Taylor’s formula

wi)(w—wp)i !
i

"op®
Piw) = P + 30 2 "

=

Since
G = DISPOw)plw— w5 < 078,
and
IP'w)], =707 > 072,

for all w € K; we obtain that |P'(w)|, = |P’(w1)|,. Let & be the closest root of
P (w) to the point w;. Then, using the Mean Value Theorem, we get that |w; —a|, <
|Pw)l,| P’ (wi)[,". By (32),

Wi —al, <y~ (33)

To estimate the distance between w; and the root of the polynomial we can also
apply Hensel’s lemma. Since |P(w1)|, < |P’ (w1)|120 we obtain that the sequence

Py(wn)

Prowy) Converges to the root o) of P that lies in Q, and satisfies the
1 Whn

Wn+1 = Wi —
inequality

wi —ail, < [P P/ )] < y2Q "4, (34)

Since 0 < y < 1 and v > O the right hand side of (33) is less than that of (34).
This implies that the root « belongs to the disc with center w of radius less than the
radius for the disc defined for the root «;. By Hensel’s lemma, we find that o} € Q,
but estimate (33) does not guarantee that o € QQ,. Suppose that o # o} and consider
the discriminant of the polynomial P € P,(Q)

DP)=a? [] (@—a)) (35)

1<i<j<n

From |o;|, < 1 follows that |@; — a;[, < 1. The product in (35) contains the
difference (o0 — o) for some i # j. We have D(P) € Z and |D(P)| < Q*'2.
Assume for the moment that D(P) # 0. Then |D(P)|, > |D(P)|™! > Q—2"+2,
From (33) and (34) we further obtain that

lor —a|p = |y —wi +wi —al, < max{|w; —ai]p, (w1 —af,} < y 2o
Therefore

Q72 L D(P)], < fon —afy, <yt (36)

Forv < 3 and Q > Qy the inequality Q" +2 < y_4Q_2”._.2+6V is a contradiction.
Hence, o1 = «. Thus, @ € Q, and |w; — «|, satisfies condition (33).
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In the case when D(P) = 0 one has to use the above argument with P replaced
by its factor, say P.If o and a; are conjugate over (Q one can take P to be the
minimal polynomials (over Z) of «. Otherwise, P is taken to be the product of the
minimal polynomials for o and «;.

By Taylor’s formula,

P'(@) = P'w) + Y _(( = DY PO wi) (@ —w) ™" 37)

i=2
Observe that

|G = DI PO W)yl —wif, " < Q7712
Then, by (33), we obtain

|P(@)l, = P (W), < PO

Therefore

ID(P)|, = lap [ 1 — o), |y [T (@i —ej)’], < [P(@)]} < Q7.
k=2 2<i<j=n
(38)
Inequality (33) implies that in the neighborhood of the point w; € B there exists a
root ¢ of the polynomial P with discriminant satisfying (38).

By (33), wy lies in the disc K(a,c(n)Q""!'%2"). Since w; is an arbitrary
point of B and 11,(B) > %u,(K), we must have > ¢(n) Q""" (K) discs
K(o,c(n)Q™"'%2) to cover B, where a is a root of some P € 7P,(Q)
satisfying (38). Since each polynomial P € P,(Q) has at most # roots we must
have > ¢(n) Q" t1~?" different polynomials P € P,(Q) satisfying (38), that is (31).

4 Close Conjugate Algebraic Numbers

Estimating the distance between conjugate algebraic numbers of degree n (in C) has
been investigated over the last 50 years. There are various upper and lower bounds
found. However, the exact answers are known in the case of degree 2 and 3 only.
Define k, (respectively «,;) to be the infimum of « such that the inequality

loy — | > H(ay)™

holds for arbitrary conjugate algebraic numbers (respectively algebraic integers)
a1 # oy of degree n with sufficiently large height H (o). Here and elsewhere
H («) denotes the height of an algebraic number «, which is the absolute height of
the minimal polynomial of « over Z. Clearly, «,; < «, for all n.
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In 1964 Mahler [37] proved the upper bound k, < n — 1, which is the best
estimate up to date. It can be easily shown that k, = 1 (see, e.g. [30]). Evertse [31]
proved that k3 = 2. In the case of algebraic integers k3 = 0 and «j > 3/2. The
latter has been proved by Bugeaud and Mignotte [30].

For n > 3 estimates for k,, are less satisfactory. At first Mignotte [38] showed that
Kn.k, > n/4 for all n > 3. Subsequently Bugeaud and Mignotte [29, 30] proved
that

Kn>n/2 when n > 4 is even,
ky > (n—1)/2 when n >4 iseven,
kn > (n+2)/4 when n > 5 isodd,
ky > (n+2)/4 when n>5 isodd.

In a recent paper Bugeaud and Dujella [28] have further shown that

n—2
4n—1)

kn =2 =+ (39

n
2
On taking an alternative route it has been shown in [14] that there are numerous
examples of close conjugate algebraic numbers:

Theorem 9 ([13,14]). For any n > 2 we have that

1
min{k,, kK, } = " ;— ) (40)

There are at least c(n)Q = pairs of conjugate algebraic numbers of degree n (or
conjugate algebraic integers of degree n + 1) oy and oy such that

_ntl
IO(] —Oézl = H(O(l) 3

The proof of Theorem 9 is based on solvability of system of Diophantine
inequalities for analytic functions [7] on the set of positive density on any interval
J C [—% %] The interval [—% %] is taken to simplify the calculation of constants.

As above p will denote Lebesgue measure in R while A will be a non-negative
constant. Given an interval J/ C R, |J| will denote the length of J. Also, B(x, p)
will denote the interval in R centered at x of radius p.

Letn > 2 be aninteger, A > 0,0 <v < land Q > 1.Let A, ,(Q, ) be the set
of algebraic numbers «; € R of degree n and height H(«;) satisfying

vQ < H(ey) <v7'0Q (41)
and

v Q_A < | —az| < p~! Q_)k for some a, € R, conjugate to «;. 42)
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Theorem 10. For any n > 2 there is a constant v > 0 depending on n only with
the following property. For any A satisfying

1
0<a<tt (43)
and any interval J C [—%, %],for all sufficiently large QO
m U  B.o" " Hns| =3l (44)

a1 €A, ,(Q.A)

Remark. The constant % in the right hand side of (44) can be replaced by any
positive number < 1.

Corollary 1. For any n > 2 there is a positive constant v depending on n only
such that for any A satisfying (43) and any interval J C [—%, %],for all sufficiently
large Q

#(An0(Q. 1) N T) 2 GO, (45)

The deduction of the corollary is rather simple. Indeed, if we have that
By, Q") N 1J # @ then oy € J provided that Q is sufficiently large.
Then, using (44) we obtain

#(A0(Q.2) N J)2Q 712 >

(4

o 4)
>ul B0 Hnir) = 4L

a1 €A, (Q.4)

whence (45) readily follows. Taking the largest possible value of A gives Theorem 9.

The key element of the proof of Theorem 10 is a far reaching generalisation of
the arguments around (17) shown earlier. The appropriate analogue of Theorem 6
is given by Theorem 5.8 from [7]. In order to give a formal statement we first
introduce some further notation. In what follows &, ..., &, € RT will be positive
real parameters satisfying the following conditions

£ <1 when0<i<m-—1,
&> 1 whenm <i <n, (46)

ég'() <eg, ég'n > g7l

for some 0 < m < n and ¢ > 0, where the constants in the Vinogradov’s symbol <
depend on n only. We will also assume that

[[6=1 (7)
i=0
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Lemma 3. For every n > 2 there are positive constants 8y and ¢y depending on n
only with the following property. For any interval J C [—%, %] there is a sufficiently
small ¢ = ¢(n,J) > 0 such that for any &, . .., &, satisfying (46) and (47) there is
a measurable set Gy C J satisfying

w(Gy) = 3|J| (48)

such that for every x € G there are n+1 linearly independent primitive irreducible
polynomials P € Z[x] of degree exactly n such that

§o&i < |PO(X)| < cofi  foralli =0,....n. (49)

We now reprocess the main steps of the proof of this statement. Let n > 2 and
let &, ..., &, be given and satisfy (46) and (47) for some m and €. Let J C [—%, %]
be any interval and x € J. Consider the system of inequalities

PO <& when0<i<n, 0)

where P(x) = a,x" + --- 4+ a;x + ag. Let By be the set of (ag,...,a,) € R*™!
satisfying (50). Note that B, is a convex body in R”*! symmetric about the origin.
By (47), the volume of B, equals 2! [T, i Letdg <A <--- < A, be the
successive minima of B,.. By Minkowski’s theorem for successive minima,

2n+l

< Ag...A,vol B, < 2"F1
n+n = VORPx =

Substituting the value of vol By gives Ag... A, < []/_,i!, whence we get that

A=A (51)

i=1

Further we define certain subsets of J that we will ‘avoid’. The avoidance will
alow us to find the polynomials P of interest as well as to establish the lower bounds
in (49). Let Exo(J, 1) be the set of x € J suchthat g = A¢(x) < §;, where §; < 1.
By the definition of A, there is a non-zero polynomial P € Z[x], degP < n
satisfying

PO <&i&  (0<i<n). (52)

Applying Lemma 3 from [7] gives

1 Si1&0 1% 2%
/"L(Eoo(-],gl)) << (1 + —amax { I_SO’ _} )8111-‘1-1 |J|’
81 81 En
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where §; > 0 is a constant. By (46), max{&, §, '} < e. Therefore j1(Eoo(J,81)) <

8‘1)‘/ ("H)lJ | provided that ¢ < §;. Then there is a sufficiently small §; depending on
n only such that

W(Eso(J.81) < ziglJ . (53)

By construction, for any x € J \ Ex(J, §;) we have that

Combining (51) and (54) gives

Ay < cr6 = 87" ] i, (55)

i=1

where cj¢ depends on n only. By the definition of A,, there are (n + 1) linearly
independent integer points a; = (aoj,...,a, ;) (0 < j < n) lying in the body
AnBy C ci6Bx. In other words, the polynomials P;(x) = a, ;jx" + --- + ao
(0 < j < n) satisfy the system of inequalities

PP <eiski (0<i<n). (56)

Let A = (a; j)o<i,j<n be the integer matrix composed from the integer points a;

(0 < j < n). Since all these points are contained in the body cj¢ B, we have that

|det A] < vol(B,) <« 1. Thatis |det A| < c;7 for some constant c;7 depending on
n only. By Bertrand’s postulate, choose a prime number p satisfying

c17 < p <27 (57)

Therefore, |det A| < p. Since ay,...,a, are linearly independent and integer,
|det A| > 1. Therefore, det A # 0 (mod p) and the following system

Ai=b (mod p) (58)
has a unique non-zero integer solution T = '(to,....tn) € [0,p— 1]"T!, where
b := (0,...,0,1) and ' denotes transposition. For [ = 0,...,n define 7; =

',...,1,0,...,0) € Z"*!' where the number of zeros is /. Since det A # 0
(mod p), foreveryl = 0, ..., n the following system

—b +7  (mod p) (59)

Ay = —

has a unique non-zero integer solutiony = ¥, € [0, p—1]""!. Define 7, := 7 + p¥,
(0 <1 < n). Consider the (n + 1) polynomials of the form
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Pi(x) =aux" + -+ +ap:= Z i Pi(x) € Z[x], (60)
i=0

where (110, ...,M.,) = 7;.Since 7y, ..., Fy, are linearly independent modulo p, the

At=b

vectors — +7; (I =0,...,n) are linearly independent modulo p. Hence, by
(59), the vectors yy, ..., Y, are linearly independent modulo p. Hence, yy, ..., ¥»
are linearly independent over Z. Since these vectors are integer, they are also linearly
independent over R. Therefore, the vectors 77, := 7 4+ py; (0 <[ < n) are linearly
independent over R. Hence the polynomials given by (60) are linearly independent
and so are non-zero.

Let 77 = 7;. Observe that A7 is the column ’ (ay, . . ., a,) of coefficients of P. By
construction, 7 = 7 (mod p) and therefore 7 is also a solution of (58). Then, since
b="0,...,0,1)and AT = b (mod p), we have thata, # 0 (mod p)anda; = 0
(mod p) fori = 0,...,n — 1. Furthermore, by (59), we have that A7 = b + pF;
(mod p?). Then, on substituting the values of b and 7, into this congruence one
readily verifies that @y = p (mod p?) and so ap # 0 (mod p?). By Eisenstein’s
criterion, P is irreducible.

Since both 7 and ¥, liein € [0, p — 1]"T! and 5 = 7 + p¥,, it is readily seen that
[n:| < p? for all i. Therefore, using (56) and (57) we obtain that

IPO(X) <coki  (0<i<n) (61)

with ¢g = 4(n + 1)C16C’%7. Without loss of generality we may assume that the
(n + 1) linearly independent polynomials P constructed above are primitive (that
is the coefficients of P are coprime) as otherwise the coefficients of P can be
divided by their greatest common divisor. Thus, P € Z[x] are primitive irreducible
polynomials of degree n which satisfy the right hand side of (49). The final part of
the proof is aimed at establishing the left hand side of (49).

Let 8o > 0 be a sufficiently small parameter depending on 7. For every j = 0,1
let E;(J, o) be the set of x € J such that there is a non-zero polynomial R € Z[x],
deg R < n satisfying

IRO@)| = 87y &, (62)
where §; ; equals 1 if i = j and O otherwise. Let 6; = 8gi’j cé_&'j & . Then
E;j(J,80) C Ax(J;60....,6,). In view of (46) and (47), Lemma 3 from [7] is
applicable provided that ¢ < min{c, !, co8o}. Then, by the same lemma,

1 O T 1
Ei:(J,8 14+ — —_— SocM)V/ D) g )
H(E;(J,00)) < ( + 5 max{ o 5000&} )( 0c) [J]

where §; > 0 is a constant. It is readily seen that the above maximum is < §; if
e < 5]806’0. Then
1(E;(J,80)) < 7] | (63)
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provided that & < min{8;8yco, ¢y ', co8o} and 8y = 8y(n) is sufficiently small. By
construction, for any x in the set G defined by

Gy =J\||JE;j(J.8) UEc(J.8)
j=0

we must necessarily have that | P (x)| > §& foralli = 0,...,n, where P is
the same as in (61). Therefore, the left hand side of (49) holds for all i. Finally,
observe that

w(Gy) = [T = u(Ei(J.80)) — W(Eoo(J. 1))
i=0

(53) & (63)
> = 0+2) Gl =311

The latter verifies (48) and completes the proof.
The following appropriate analogue of Lemma 3 for monic polynomials can be
obtained using the techniques of [27].

Lemma 4. For every n > 2 there are positive constants 8y and ¢y depending on n
only with the following property. For any interval J C [—%, %] there is a sufficiently
small ¢ = e(n, J) > 0 such that for any positive &, .. . , &, satisfying (46) and (47)
there is a measurable set Gy C J satisfying

w(Gy) = 31J| (64)

such that for every x € G there is an irreducible monic polynomials P € Z[x] of
degree n + 1 satisfying (49).

5 On the Distribution of Resultants

In this section we discuss the distribution of the resultant R(P;, P,) of polynomials
Py and P, from P,(Q). It is well known that

R(P., Py =ayb), [ (@i —8)). (65)
1<i<n
1<j<m
where oy, ..., a, are the roots of Py and By, ..., B, are the roots of P»; a, and by,

stand for the leading coefficients of P; and P, respectively, where n = deg P; and
m = deg P,. The resultant R(P;, P,) equals zero if and only if the polynomials
P, and P, have a common root. Since the resultant can be represented as the
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determinant of the Sylvester matrix of the coefficients of P, and P; it follows that
R is integer. Furthermore,
|R(Py, Py)| < Q" (66)

for Py, P, € P,(Q). Akin to the already discussed results for the distribution of
determinants we now state their analogue for resultants.

2(n+1)
Theorem 11 ([13]). Let m € Z with 0 < m < n. Then there exist > Q nTDim+2
pairs of different primitive irreducible polynomials (Py, P,) from P,(Q) of degree

n such that
2(n 1)

1< [R(Py, P)| < Q 7. (67)

Note that the left had side of (67) is obvious since P; and P, are primitive and
irreducible. There are a few interesting corollaries of the above theorem. For m = 0
we have at least ¢; Q" ! pairs (P, P,) that satisfy |R(Py, P;)| < Q""'. Form =
n — 1 we have at least czQ% pairs ( Py, P,) that satisfy |R(Py, P2)| < c(n).

To introduce the ideas of the proof we first consider the case m = 0. By Lemma 3
given in the previous section, for any x € G there are different irreducible
polynomials P; and P, of degree n and height <« Q such that

SOQ_n < |P,'()C1)| <cQ™i=12

68
5,0 < |P/(x1)] < 0. (6%)

Denote by «; the root of P; closest to x, and by f; the root of P, closest to x.
Using (68) and the Mean Value Theorem, one can easily find that

Ix—on| K 07" x =Bl < Q" (69)
By (69), we get |o; — B1| < Q. This together with (65) gives
|R(Py, P)| < Q" (70)

For a fixed pair of (o, B1) inequalities (69) are satisfied only for a set of x of
measure < Q7""!. Since u(Gy) > |J|, we must have > Q"T! diffract pairs
(a1, B1) with the above properties. Since each polynomial in P,(Q) has at most
n root, we must have > Q"' pairs of different irreducible polynomials (P;, P;)
satisfying (70).

Nowletl <m <n-—1.Letvg,...,v;y > —landvyg+vi+---+v, =n—m.
By Lemma 3, for any x € G there exists a pair of irreducible polynomials Py,
P, € Z[x] of degree < n such that for i = 1,2 we have that

8007 < |Pi(x)] <coQ7,
5007 < [PV x)| <00, 1<) <m, (71)
50 <PV ()| <00, m+1<].



Distribution of Algebraic Numbers and Metric Theory of Diophantine Approximation 45

Let do, d, ..., dn+1 be a non-increasing sequence of real numbers such that
di =vj—1—vj, 1 =j <m, dpt1 =vn + 1. (72)
Order the roots «; with respect to x as follows:
[x —ap] < |x—ap < ... < |x —ayl-
We claim that the roots o; with 1 < j < m satisfy the following inequalities

|x —a;| K Q7= (I<j<m-—1)

(73)
|x — | € Q7L

The (j — 1)-th derivative of P(x) = a,(x —aq) -+ (x — ) is

n

PYD(x) = (j — 1)!a,,(]_[(x —a) D () (- ain,j)), (74)
i=j i

where the sum Zi/ involves all summands with factor (x — o, ), where i; < j.If
for i < j there is a sufficiently large number s; = ¢(n) such that

|x —oj] < s1]x — o] (75)
then (72) implies (73) for |[x — «; |. Otherwise, (74) implies

[PYUTD)] > [x —ay]| PV ()]

because in this case the summand (x; — «;)(x; — j4+1) - (x1 — o) in the above
expression for P~V (x;) dominates all the others. Now choose v 7 so that

vo=m4+1Dv, +mand vo=(k+ vy —kwks1 1 <k <m-—1). (76)

By the first equation of (76), we get

py =27 77
m+1

By the other equalities of (76) we have that

2vg—m + 1 (m—k+1)vy—k
_ Vi =

v__—ﬂ
m—1 m+ 1

— (1<k<m-=2). (78)
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Finally, by (77) and (78), we obtain

vo + 1
m+1

Vici—Vvi =V, +1= 0 <j<m). (79)
Taking into account the condition
votvi+-rt+vy=n—m,

by (77) and (78), we have

2n—m
Vo= ———.
m+ 2
Thus 100ts @1, &a, . . . , &y of Py lie within < Q~0FD@+D™" of » The same is

true for the roots 81, B, ..., B of P,. Hence

_ 2(m+Dm+1D
T(m) = l_[ loi —B;| < Q7 .
I1<i,j<m+1
Consequently
2(n—m—1)
|R(P1, P)| € Q m#2. (80)

It remains to give a lower bound for the number of pairs of (P;, P;) con-
structed above. Once again we use the fact that ay,...,a,, B1, B lie within
<« Q0o FDm+DT! of ¥ n other worlds x lies in the interval

APy, Py) = {x : | max{max{e; — x|, | — x[}} < Q00D+
1

Since x is an arbitrary point of G; and u(Gy) > |J|, we must have >
QUotDm+D™" gifferent pairs (P, P2) to cover G, with intervals A(Py, P,).

Substituting the value of vy we conclude that the number of different pairs (P, P,)
2(n+1)

as above is at least ¢(n) Q @FDn+D as required.
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Denote by Z”A“ the set of integer vectors in R"T! with relatively prime
coefficients, i.e., Z"T! = {m € Z"™! \ {0} : gcd(m) = 1}. The Farey points of
level Q € N are defined as the finite set
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In fact, for any bounded set D C [0, 1)* with boundary of Lebesgue measure zero
and non-empty interior,

|Fo ND| ~ vol(D) oy, 3)

which means the Farey sequence is uniformly distributed in [0, 1)".

The objective of the present paper is to understand the fine-scale statistical
properties of Fp. To this end, it will be convenient to identify [0, 1)" with the unit
torus T" = R"/Z" via the bijection [0, 1)" — T", x + x+7Z". We will consider the
following two classical statistical measures of randomness of a deterministic point
process: Given k € Zx and two test sets D C T" and A C R”, both bounded, with
boundary of Lebesgue measure zero and non-empty interior, define

vol{x € D: |(x + 0, A+ Z") N Fo| =k}

Po(k,D, A) = vol(D) “)
and
. —1/n n —
Poo (k. D, A) = {re FoND:|(r -:—];CQQn;Il+Z )N Fol = k}|' 5
The scaling of the test set .4 by a factor 05 " ensures that the expectation value
o0
EPo(k. D, A) := Y " kPq(k.D, A) (6)
k=0

is asymptotic to vol(A) for large Q. The quantity Py ¢ (0, D, A) is the natural higher
dimensional generalization of the gap distribution of sequences in one dimension,
which, in the case of the Farey sequence for A = [0, s] and D = T, was calculated
by Hall [6]. Pp (0, T, [0, s]) corresponds in one dimension to the probability that the
distance between a random point on T and the nearest element of the sequence is at
least s/2. An elementary argument shows that in one dimension the density of this
distribution is equal to Py ¢ (0, T, [0, 5]), see e.g. [11, Theorem 2.2] and (36) below.
The most comprehensive result in one dimension is due to Boca and Zaharescu [3],
who calculate the limiting n-point correlation measures. We refer the reader to the
survey article [4] for an overview of the relevant literature.

The results we will discuss here are valid in arbitrary dimension, and will also
extend to the distribution in several test sets Ay, ..., A;. To keep the notation
simple, we will restrict the discussion to one test set; the proofs are otherwise
identical, cf. [15, Sect. 6] for the necessary tools.

It is evident that the distribution of Farey sequences is intimately linked to the
distribution of directions of visible lattice points studied in [15, Sect.2]. The only
difference is in the ordering of the sequence of primitive lattice points and the way
they are projected: In the Farey case we take all primitive lattice points in a blow-up
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of the polytope {(x,y) € (0,1]"*! : x; < y}, draw a line from each lattice point
to the origin and record the intersection of these lines with the hyperplane {(x, 1) :
x € R"}. In the case of directions, we take all points in a fixed cone with arbitrary
cross-section projected radially onto the unit sphere. Since the cross section of the
cone is arbitrary, this yields (by a standard approximation argument) the statistics of
primitive lattice points in the blow-up of any star-shaped domain (with boundary of
measure zero), which are projected radially onto a suitably chosen hypersurface
of codimension one. The proof of a limit distribution for Py (k, D, .A) for Farey
fractions is therefore a corollary of the results of [15].

If the points in Fp were independent, uniformly distributed random variables in
T", we would have, almost surely, convergence to the Poisson distribution:

vol(A)¥ o vol(A)
k!

Jim Po(k, D, A) = lim Poo(k,D,A) = as. (7)

The Fp are of course not Poisson distributed. But, as we will see, the limit

distributions exist, are independent of D, and are given by probability measures

on certain spaces of random lattices in R” ™!, The reason for this is as follows.
Define the matrices

_ 1n 10 _ yl/nln tO
o= (7). e =0 ®)
and the cone
C(A) ={(x.y) eR"x (0.1 : x €07 /"y A}y c R, 9)

Then, for any (p, q) € R"*1,
)4 —1/n
~ex+oa,"A 0<g=<0, (10)
q

if and only if
(p.9h(x)a(Q) € T(A). (11

Thus, if Q is sufficiently large so that aél/nA C (0, 11", then

(x +0p' " A+ Z") N Fo| = | 2" h(x)a(Q) N E(A)]. (12)

This observation reduces the question of the distribution of the Farey sequence
to a problem in the geometry of numbers. In particular, (4) and (5) can now be
expressed as

Po(k. D, A) = vol{x € D : |Z"+1\}:(§1x(§;z)(Q) NCA)| =k} a3)




52 J. Marklof

and

|{r € Fo ND: |2 h(r)a(Q) N C(A)| = il

Pyo(k.,D, A) = Fo N D

(14)

Let G =SL(n + 1,R) and I' = SL(n + 1, Z). The quotient '\ G can be identified

with the space of lattices in R"*! of covolume one. We denote by y the unique

right G-invariant probability measure on '\ G. Let furthermore be p the right Go-

invariant probability measure on g\ Gy, with Gy = SL(n,R) and Ty = SL(n, Z).
Define the subgroups

A'D

H= MEG:(O,I)M:(O,I)}:{(OI

):AeGo,beR”} (15)

and
FHzFﬂHz{(zt'l”):yeFo,meZ”}. (16)

Note that H and I'y; are isomorphic to ASL(n, R) and ASL(n, Z), respectively. We
normalize the Haar measure (g of H so that it becomes a probability measure on
I'y\H. That is,

dun(M) = duo(A)db, M = (ﬁ f) a7

The main ingredient in the proofs of the limit theorems for Py o (k, D, .A) and
Po(k, D, A) are the following two equidistribution theorems. The first is the classic
equidistribution theorem for closed horospheres of large volume (cf. [15, Sect. 5]
for background and references), the second the equidistribution of Farey points on
closed horospheres [13, Theorem 6]. In the latter, a key observation is that [13,
(3.53)]

Th(r)a(Q) € F\FHa(%) ~ FH\Ha(%). (18)

Theorem 1. For f : T" x I'\G — R bounded continuous,

lim [ f(x, h(x)a(Q))dx =/ fe.M)ydxdu(M).  (19)

0—00 Jn T*xI'\G

Theorem 2. For f :T" x '\G — R bounded continuous,

1 1
£(r.h(r)a(Q)) /0 fT L e Ml T dx dyag () 42,
(20)

Q—>oo IfQI Z

Both theorems can be derived from the mixing property of the action of the
diagonal subgroup {a(y)},er.,- The exponential decay of correlations of this
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action was exploited by H. Li to calculate explicit rates of convergence [9]. One
can furthermore generalize Theorem 2 to general lattices I" in G and non-closed
horospheres [12]. Theorem 2 may also be interpreted as an equidistribution theorem
for periodic points of the return map of the horocycle flow (in the case n = 1) to the
section

M\ICH{a(y) 1y € Ry} > Ty\H{a(y) : y € R>1} 21

which is discussed in [1]. The identification of (21) as an embedded submanifold,
which is transversal to closed horospheres of large volume, is central to the proof of
Theorem 2 in [13].

By standard probabilistic arguments, the statements of both theorems remain
valid if f is a characteristic function of a subset S C T" x I"'\G whose boundary
has measure zero with respect to the limit measure dx du(M)ordx duy(M)dA,
respectively. The relevant set in our application is

S=Dx{M cT\G :|2Z"""'M ne(A)| > k}. (22)

The fact that S has indeed boundary of measure zero with respect to dx du(M) is
proved in [15, Sect. 6]. We can therefore conclude:

Theorem 3. Let k € Zso, and D C T", A C R" bounded with boundary of
Lebesgue measure zero. Then

innoo Po(k,D, A) = P(k, A) (23)
with .
P(k,A) = u({M € T\G : |Z""'M N C(A)| = k}), (24)

which is independent of the choice of D.

In the second case, we require that the set

IMeT\H [T MAOGA] 2k}, G(A) = EAa(T),  (25)
has boundary of measure zero with respect to (g, which follows from analogous
arguments. With this, we have:

Theorem 4. Let k € Zso, and D C T", A C R" bounded with boundary of
Lebesgue measure zero. Then

1
Qlim P07Q(k,'D,.A) = P()(k,.A) = / po(k, Q:A(A)) dX. (26)
—>00 0
where .
pok,®) = up({M € Ty\H : |Z""'M N €| = k}), 27)

which is independent of the choice of D.
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In dimension n > 2, it is difficult to obtain a more explicit description of the limit
distributions P (k,.A) and Py(k,.A). It is however possible to provide asymptotic
estimates for large and small sets .4 when k = 0 and k = 1, see [2, 18] for general
results in this direction. The case of fixed .A and large k is discussed in [10].

The geometry of '\ G is significantly simpler in the case n = 1. This permits the
derivation of explicit formulas for the limit distributions in many instances, cf. [5,
14,19]. For example, take A = (0, 5], and the cone &, (A) becomes the triangle

Agy = {(x1,%) €R?:0 < x; < Zxohs, 0 <xp <A77, (28)

where we have used 01 = ﬁ = % Furthermore 'y \ H is simply the circle
T = R/Z, g is the standard Lebesgue measure. Hence

pok. Asx) = meas({x € T: [{(p.q) € Z2: (p.px +q) € A}l =k}). (29)

It is now a geometric exercise to work out the case k = 0: With the shorthand
2
y=A"2anda = (%5)7", we deduce

1 ify <a
Po(0.Ag) = {1 -1+ & ifa<y=a(l-y™ (30)
0 y>a(l—y)~
Solving for y, we have in the case 0 < a < %

1 if y € [0,4d]

po0, A ) = 1= 1 +5 ifyefaz—/z-alUlz+/5—-a1] (3D
0 ifyeld—yi—a s+ /i-al

For } <a < 1, we have

1 if y € [0,4q]
Po(0, A ;) = L (32)
1__+_2 lfye[aal]a
y oy
and for a > 1, we have
PO(O, AS,/\) = 17 y € [Os 1] (33)

The gap distribution Py(0, [0, s]) is now an elementary integral (recall (26)), which
yields
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1 ifa € [1, 00)
P(0,[0,5]) = { =1+ 2a —2aloga ifa €[1.1]
—14+2a+2,/+—a—4dalog(3 + /1 —a) ifacl0i]

(34)

which reproduces Hall’s distribution [6]. The density of this distribution is

4 >y 0 ifa €[1,00)
— S P(0.[0.5]) = Z-a? - Po(0.10.5]) = | —2-a?loga ifa e [},1]
ds 3 da a2 2 | N ] )
—%-alog(z + /7 —a) ifae]0, ],
(35)
cf. [4, Theorem 2.1]. By [11, Theorem 2.2], we have
d
- %P(O, [0, s]) = Po(0, [0, 5]), (36)

and hence formula (34) yields directly the density of the distribution of the distance
to the nearest element. Formula (34) was rediscovered in [8, Lemma 2.6].

Theorems 1 and 2 reduce in the case n = 1 to classic statements in the theory
of automorphic forms, with precise bounds on the rate of convergence. Sarnak [16]
proved Theorem 1 for test functions f € C{° (infinitely differentiable, compactly
supported) that are independent of the first coordinate x, and showed that the
optimal rate of convergence holds if and only if the Riemann Hypothesis is true (this
phenomenon was first pointed out by Zagier [20]). The reason for the appearance of
the Riemann zeros is that the only relevant harmonics in the problem are Eisenstein
series Eoi(z, ) of even weight 2k, whose poles are located at the poles of

Shel) _tes-)) -
q=1

> L(Q2s)

where ¢(s) is Euler’s totient function and ¢ (s) the Riemann zeta function.

Under the Riemann Hypothesis, Sarnak’s rate is significantly better than what
one would expected from square-root cancellations—it is the square-root of that. If
the test function f depends on x (we assume again f is Cg°), the work of Hejhal [7]
and Strombergsson [17] shows that the convergence rate slows to the square-root of
the horocycle length (or worse) as other terms in the harmonics dominate the error
coming from of the Riemann zeros. The object replacing the Eisenstein series in this
setting is the Poincaré series Py, 2« (z, s) of weight 2k.

The proof Theorem 2 for n = 1 on the other hand quickly reduces to estimates
of sums of Kloosterman sums. To see this, note first of all that the statement of
Theorem 2 is equivalent to: For every bounded continuous function f : Tx '\H —
R (where H is the complex upper half plane, on which I' = SL(2, Z) acts by Mobius
transformations) we have
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1 2 P ﬁ Q2 [ore} 1 1 dv
lim —— =4 i= ) = x,u+iv)dxdu—.
Q%mlfQI;peZZ:;f(q q+q2) /0 /o/of( ) V2

(38)
Here Z; denotes the multiplicative group of invertible residues mod ¢, and P is
the inverse of p mod g. One way of proving (38) is to expand f € C{° in its
harmonics (Fourier series in x and u and Mellin transform in v) which leads to
Selberg’s Kloosterman zeta function

o0
K(my,mj,q)
D (39)
=1 q
q
with the Kloosterman sum
K(my,my,q) = Z eZni(mm-‘rmzﬁ)/q' 40)
pEZ;

As in the case of the equidistribution of closed horocycles, where the asymptotics
was determined by the poles of the Eisenstein and Poincaré series, the poles of
Zy, m,(s) now determine the asymptotics of (38). Note that Zj ,, (s) are precisely
the Fourier coefficients of Ey(z, 5) and, as already understood by Selberg, Z,,;, i, (s)
is the mj-th Fourier coefficient of the Poincaré series Py, o(z,s). Hence the
appearance of the Riemann hypothesis in the error term of Theorem 2 mirrors
exactly the situation in Theorem 1.
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1 The Reversibility Problem for the Entropy Power
Inequality

Given a random vector X in R” with density f, introduce the entropy functional (or
Shannon’s entropy)

hX) = - A ) log f() dx,

and the entropy power
H(X) — eZh(X)/n,

provided that the integral exists in the Lebesgue sense. For example, if X is
uniformly distributed in a convex body A C R”, we have

h(X) =logldl,  H(X)= A",

where | A| stands for the n-dimensional volume of A.
The entropy power inequality due to Shannon and Stam indicates that

H(X +Y)=H(X)+ H(Y), )

for any two independent random vectors X and Y in R”, for which the entropy is
defined ([27, 28], cf. also [14, 15, 29]). This is one of the fundamental results in
Information Theory, and it is of large interest to see how sharp (1) is.

The equality here is only achieved, when X and Y have normal distributions with
proportional covariance matrices. Note that the right-hand side is unchanged when
X and Y are replaced with affine volume-preserving transformation, that is, with
random vectors

X = Ti(X), Y =T)  (|det Ty| = |det T»| = 1). )

On the other hand, the entropy power H ()Z + f’) essentially depends on the choice
of T and 75. Hence, it is reasonable to consider a formally improved variant of (1),

inf H(X +Y)> H(X)+ H(Y), (3)

where the infimum is running over all affine maps 7y, 7> : R" — R” subject to (2).
(Note that one of these maps may be taken to be the identity operator.) Now, equality
in (3) is achieved, whenever X and Y have normal distributions with arbitrary
positive definite covariance matrices.

A natural question arises: When are both the sides of (3) of a similar order? For
example, within a given class of probability distributions (of X and Y'), one wonders
whether or not it is possible to reverse (3) to get

Tian HXX +Y)<C(H(X)+ H(Y)) “4)

with some constant C.
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The question is highly non-trivial already for the class of uniform distributions
on convex bodies, when it becomes to be equivalent (with a different constant) to
the inverse Brunn-Minkowski inequality

inf [A+ B|"" < c (A" +|BI'"). 5)

.7
Here A+ B = {x +y : x € A, y € B} stands for the Minkowski sum of
the images A = T1(A), B = T»(B) of arbitrary convex bodies A and B in R".
To recover such an equivalence, one takes for X and Y independent random vectors
uniformly distributed in A and B. Although the distribution of X 4 Y is not uniform
in A 4+ B, there is a general entropy-volume relation

1
3 A+ BPY" < HX +Y) < |A+ B*",

which may also be applied to the images A, Band X,Y (cf. [3]).

The inverse Brunn-Minkowski inequality (5) is indeed true and represents a deep
result in Convex Geometry discovered by V. D. Milman in the mid 1980s (cf.
[21-24]). It has connections with high dimensional phenomena, and we refer an
interested reader to [1, 12, 16, 17]. The questions concerning possible description
of the maps 7T and T, and related isotropic properties of the normalized Gaussian
measures are discussed in [6].

Based on (5), and involving Berwald’s inequality in the form of C. Borell [9], the
inverse entropy power inequality (4) has been established recently [2,3] for the class
of all probability distributions having log-concave densities. Involving additionally
a general submodularity property of entropy [19], it turned out also possible to
consider more general densities of the form

f@=v™P  xeR (©6)
where V are positive convex functions on R” and 8 > n is a given parameter. More

precisely, the following statement can be found in [3].

Theorem 1.1. Let X and Y be independent random vectors in R" with densities
of the form (6) with B > 2n + 1, B > Bon (Bo > 2). There exist linear volume
preserving maps T; : R" — R”" such that

H(X +7) = Cpy (H(X) + H(Y)). @)
where X = Ti(X), Y = To(Y), and where Cg, is a constant, depending on B,

only.

The question of what maps 77 and 7, can be used in Theorem 1.1 is rather
interesting, but certainly the maps that put the distributions of X and ¥ in M-
position suffice (see [3] for terminology and discussion). In a more relaxed form, one
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needs to have in some sense “similar” positions for both distributions. For example,
when considering identically distributed random vectors, there is no need to appeal
in Theorem 1.1 to some (not very well understood) affine volume-preserving
transformations, since the distributions of X and Y have the same M -ellipsoid. In
other words, we have for X and Y drawn independently from the same distribution
(under the same assumption on form of density as Theorem 1.1) that

H(X +7Y) = Cg, (H(X) + H(Y)) = 2Cp, H(X). (®)

Since the distributions of X and —Y also have the same M -ellipsoid, it is also true
that
H(X =Y) < Cgy(H(X)+ H(Y)) =2Cg, H(X). C)]

We strengthen this observation by providing a quantitative version with explicit
constants below (under, however, a convexity condition on the convolved measure).
Moreover, one can give a short and relatively elementary proof of it without
appealing to Theorem 1.1.

Theorem 1.2. Let X and Y be independent identically distributed random vectors
in R" with finite entropy. Suppose that X — Y has a probability density function of
the form (6) with § > max{n + 1, Bon} for some fixed By > 1. Then

H(X —Y) < Dg, H(X)

and

H(X +Y) < Dy H(X),
2
/30/51)1 )-

In the special case of X and Y being log-concave, a similar quantitative result
was recently obtained by [18] using a different approach.

Let us return to Theorem 1.1 and the class of distributions involved there. For
growing f, the families (6) shrink and converge in the limit as § — +oo to
the family of log-concave densities which correspond to the class of log-concave
probability measures. Through inequalities of the Brunn-Minkowski-type, the latter
class was introduced by A. Prékopa [25], while the general case 8 > n was studied
by C. Borell [10, 11], cf. also [5, 13]. In [10, 11] it was shown that probability
measures 1 on R” with densities (6) (and only they, once u is absolutely continuous)
satisfy the geometric inequality

where Dg, = exp(

K k71/K
p(tA+ (1= 0)B) = [1p(A) + (1 —)u(B)]" (10)
forall t € (0, 1) and for all Borel measurable sets A, B C R”, with negative power

1
B—n

K = —
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Such p’s form the class of so-called k-concave measures. In this hierarchy the limit
case B = n corresponds to k = —oo and describes the largest class of measures on
R”, called convex, in which case (10) turns into

pu(tA+ (1 —1)B) > min{u(A), u(B)}.

This inequality is often viewed as the weakest convexity hypothesis about a given
measure /L.

One may naturally wonder whether or not it is possible to relax the assumption on
the range of B in (7)—(9), or even to remove any convexity hypotheses. In this note
we show that this is impossible already for the class of all one-dimensional convex
probability distributions. Note that in dimension one there are only two admissible
linear transformations, X =Xand X = -X , so that one just wants to estimate
H(X 4+ Y)or H(X —Y) from above in terms of H(X). As a result, the following
statement demonstrates that Theorem 1.1 and its particular cases (8)—(9) are false
over the full class of convex measures.

Theorem 1.3. For any constant C, there is a convex probability distribution u on
the real line with a finite entropy, such that

min{ H(X +Y), H(X - Y)} > C H(X),

where X and Y are independent random variables, distributed according to [i.

A main reason for H(X + Y) and H(X — Y) to be much larger than H(X) is
that the distributions of the sum X +Y and the difference X —Y may lose convexity
properties, when the distribution  of X is not “sufficiently convex”. For example,
in terms of the convexity parameter « (instead of ), the hypothesis of Theorem 1.1
is equivalent to

1 1
KZ—(IBOT)H (ﬂ0>2), KZ—n+1

That is, for growing dimension n we require that k be sufficiently close to zero (or
the distributions of X and Y should be close to the class of log-concave measures).
These conditions ensure that the convolution of u with the uniform distribution on a
proper (specific) ellipsoid remains to be convex, and its convexity parameter can be
controled in terms of S (a fact used in the proof of Theorem 1.1). However, even if
k is close to zero, one cannot guarantee that X + Y or X — Y would have convex
distributions.

We prove Theorem 1.2 in Sect. 2 and Theorem 1.3 in Sect. 3, and then conclude
in Sect. 4 with remarks on the relationship between Theorem 1.3 and recent results
about Cramer’s characterization of the normal law.
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2 A “Difference Measure” Inequality for Convex Measures

Given two convex bodies A and B in R”, introduce A— B ={x—y:x € A, y €
B}. In particular, A — A is called the “difference body” of A. Note it is always
symmetric about the origin.

The Rogers-Shephard inequality [26] states that, for any convex body A C R”,

|[A—A| = G5, 14], 1)

where C,{‘ = #Lk), denote usual combinatorial coefficients. Observe that putting
the Brunn-Minkowski inequality and (11) together immediately yields that

1
A— Aln 1
1 AL
Al
which constrains severely the volume radius of the difference body of A relative to
that of A itself. In analogy to the Rogers-Shephard inequality, we ask the following
question for entropy of convex measures.

Question. Let X andY be independent random vectors in R", which are identically
distributed with density V=8, with V positive convex, and B > n+y. For what range
of y > 0is it true that H(X —Y) < C,H(X), for some constant C, depending
onlyony?

Theorems 1.2 and 1.3 partially answer this question. To prove the former, we
need the following lemma about convex measures, proved in [4].

Lemma 2.1. Fix By > 1. Assume a random vector X in R" has a density f = V=F,
where V is a positive convex function on the supporting set. If B > n + 1 and
B = Bon, then

log [|f11z = h(X) = cpyn +log || £l (12)

where one can take for the constant cg, = %

In other words, for sufficiently convex probability measures, the entropy may be
related to the L°°-norm || f ||co = sup, f(x) of the density f (which is necessarily
finite). Observe that the left inequality in (12) is general: It trivially holds without
any convexity assumption. On the other hand, the right inequality is an asymptotic
version of a result from [4] about extremal role of the multidimensional Pareto
distributions.

Now, let f denote the density of the random variable W = X —Y in Theorem 1.2.
It is symmetric (even) and thus maximized at zero, by the convexity hypothesis.
Hence, by Lemma 2.1,

h(W) < log| fllss + cpon = log f(0)™" + cpyn.
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But, if p is the density of X, then f(0) = [p. p(x)? dx, and hence

log f(0)™" = —IOg/Rn p(x) - p(x)dx < /R p(x)[=log p(x)] dx

by using Jensen’s inequality. Combining the above two displays immediately yields
the first part of Theorem 1.2.

To obtain the second part, we need the following lemma on the submodularity of
the entropy of sums proved in [19].

Lemma 2.2. Given independent random vectors X,Y,Z in R" with absolutely
continuous distributions, we have

hX+Y+2)+h(Z)<h(X+2Z)+h(Y + 2),

provided that all entropies are well-defined and finite.

Taking X, Y and —Z to be identically distributed, and using the monotonicity of
entropy (after adding an independent summand), we obtain

hWX+Y)+h(Z)<h(X+Y +2)+h(Z)<h(X+2Z)+h(Y + 2Z)
and hence
AX+Y)+h(X)<2h(X-Y7).

Combining this bound with the first part of Theorem 1.2 immediately gives the
second part.

It would be more natural to state Theorem 1.2 under a shape condition on the
distribution of X rather than on that of X — Y, but for this we need to have
better understanding of the convexity parameter of the convolution of two k-concave
measures when « < 0.

Observe that in the log-concave case of Theorem 1.2 (which is the case of f§ —
00, but can easily be directly derived in the same way without taking a limit), one
can impose only a condition on the distribution of X (rather than that of X —Y') since
closedness under convolution is guaranteed by the Prékopa-Leindler inequality.

Corollary 2.3. Let X and Y be independent random vectors in R" with log-
concave densities. Then

h(X -Y)<h(X)+n,

h(X +7Y)<h(X)+2n.

In particular, observe that putting the entropy power inequality (1) and
Corollary 2.3 together immediately yields that
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- HX-Y) - e2,
= —H(X) =

which constrains severely the entropy power of the “difference measure” of u
relative to that of p itself.

A result similar to Corollary 2.3 (but with different constants) was recently
obtained in [18] using a different approach.

3 Proof of Theorem 1.3

Given a (large) parameter » > 1, let a random variable X}, have a truncated Pareto
distribution p, namely, with the density

1
f(x) = Ylogh Li<x<py(X).

By the construction, u is supported on a bounded interval (1, b) and is convex.
First we are going to test the inequality

H(X, +Yy) < CH(Xp) (13)

for growing b, where Y}, is an independent copy of X;,. Note that
b
h(Xp) = / f(x) log(xlogh)dx
1
1 b log x 1
= loglogh + — ——dx = loglogh + = logb,
logh Ji x 2

so H(X,) = b log®b.
Now, let us compute the convolution of f with itself. The sum X, + Y}, takes
values in the interval (2,2b). Given 2 < x < 2b, we have

+o00

1 (f 4
== [ “ra-nio = o [T S

where the limits of integration are determined to satisfy the constraints 1 < y < b,
l<x—y<b.So,

a =max(l,x —b), B =min(b,x—1),

and using (x_ly)y = %(% + ﬁ), we find that
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1 y b
5— log
xlog™ b X =Y |z

1 8
g(x) g (log(y) —log(x — y)|"_,

= ! (lo P lo s )
~ xlog’h gx—,B 8 o)

Note that x — ¢ = x —max(1,x —b) = min(b, x — 1) = . Hence,

@) 2 ) B 2 min(b, x — 1)
X) = 0 — = e} .
& xlog’b ga xlog? b gmax(l,x—b)
Equivalently,
2
g(x) = ——— log(x — 1), for2 < x <b +1,
xlog”b

b
log Jforb+1<x <2b.
x—>b

g0x) = xlog?b

Now, on the second interval b + 1 < x < 2b, we have

2
L,
xlogh = b+ 1)logh =

g(x) < logh =

xlog?b

where the last bound holds for b > e, for example. Similarly, on the first interval
2 <x <b+1,using log(x — 1) < logb, we get

<1
xlogh = logh —

g(x) =
Thus, as soon as b > e, we have g < 1 on the support interval. From this,

b

2b
h(Xpy + Yp) =/2 g(x) log(1/g(x)) dx 2/2 g(x) log(1/g(x)) dx.

Next, using on the first interval the bound g(x) < xlgg 5 < %, valid for b > €2, we
get for such values of b that

1)1
)ngdx.

b 2 (h1
h(Xp +Yp) > / g(x)logxdx = — / og(x
2 log=b J> X

To further simplify, we may write x — 1 > 7, which gives
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b _ b 1002 b
/ log(x — 1) log x dx > / log” x dx —10g2/ log x
2 X 2 X 2 X

lo g

= (log b —log®2) — (log® b —log?2)

log® b — log? b.

W = W =

log2
2
Hence, h(Xp + Y3) > % logh —log?2, and so

1
H(X, +Y) > Zb‘*/i” (b= é?).
In particular,

H(Xp +Yp) - p'/3
H(X}) 41og’ b

— +o00, as b — +oo.

Hence, the inequality (13) may not hold for large » with any prescribed value of C.
To test the second bound

H(Xp —Yp) < CH(X,), (14)

one may use the previous construction. The random variable X; — Y}, can take any
value in the interval |x| < b — 1, where it is described by the density

+o00

1 B
h(x) = i f(x+y)f(y)dy=10gzb/ x+y)y

Here the limits of integration are determined to satisfy 1 <y <band1 <x+y <
b. So, assuming for simplicity that 0 < x < b — 1, the limits are

a=1, B=>b-—x.
Writing m = %(; — X+y) we find that

log(y) — log(x + y)’fza _ 1 log (b—x)(x + 1)'

h(x) = =
) xlog?h b

log® b (

It should also be clear that

- 1 /bdy_l—%
_logzb 1 yz_logzb‘
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1

Using log(b_x)bM < log(x + 1) < x, we obtain that i(x) < s < 1, for
b > e2.
In this range, since (b_x)bw < b, we also have that h(x) < xlggb < % Hence,

in view of the symmetry of the distribution of X, — Yp,
b—1
h(Xy—Yy) = 2/ h(x)log(1/h(x)) dx
0

b2
> 2/ h(x)logx dx
0

2 [P b— 1
= — / 08X log b-0x+1) dx.
log” b J2 x b

Butfor0 < x < b/2,

b— 1 1
log( X+ )>10gx+ > logx —log2,
b 2
o)
2 ["?1og’ x —log2 1
WXy —Y) > — / 08 X~ 087 OBX ix
log=b J> X

2 LA o3, log2 5 s
" o b (3 (log’(b/2) —log”2) - (log“(b/2) —log” 2)
1 1
— log*(h/2) — = log*(b/2
"l b (3 0g'(b/2) = 5 log'(b/ ))
wglogb.

Therefore, like on the previous step, H(X, — Y}) is bounded from below by a
function, which is equivalent to »*/3. Thus, for large b, the inequality (14) may
not hold either.

Theorem 1.3 is proved.

4 Remarks

For a random variable X having a density, consider the entropic distance from the
distribution of X to normality

D(X) = h(Z) — h(X),
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where Z is a normal random variable with parameters EZ = EX, Var(Z) =
Var(X). This functional is well-defined for the class of all probability distributions
on the line with finite second moment, and in general 0 < D(X) < +o0.

The entropy power inequality implies that

2 2

0j 03
D(X+Y)§Cylz UZZD(X)+012+022 D(X)
< max(D(X), D(Y)), (15)

where 67 = Var(X), 07 = Var(Y).

In turn, if X and Y are identically distributed, then Theorem 1.3 reads as follows:
For any positive constant ¢, there exists a convex probability measure ;1 on R with
X, Y independently distributed according to u, with

DX £Y) < D(X)—c.

This may be viewed as a strengthened variant of (15). That is, in Theorem 1.3 we
needed to show that both D(X + Y) and D(X — Y) may be much smaller than
D(X) in the additive sense. In particular, D(X) has to be very large when c is large.
For example, in our construction of the previous section

-1 21
EX, = b , EX}? = b—,
logb 2logh
which yields
3 4
D(Xp) ~ 3 logh, D(Xp +Yp) ~ 3 logb,
as b — +oo.

In [7, 8] a slightly different question, raised by M. Kac and H. P. McKean [20]
(with the desire to quantify in terms of entropy the Cramer characterization of the
normal law), has been answered. Namely, it was shown that D(X + Y) may be
as small as we wish, while D(X) is separated from zero. In the examples of [8],
D(X) is of order 1, while for Theorem 1.3 it was necessary to use large values
for D(X), arbitrarily close to infinity. In addition, the distributions in [7, 8] are not
convex.
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On Probability Measures with Unbounded
Angular Ratio

G.P. Chistyakov

Dedicated to Friedrich Gotze on the occasion of his sixtieth
birthday

Abstract The angular ratio is an important characteristic of probability measures
on Z in the theory of ergodic dynamical systems. Answering the J. Rosenblatt
question, we describe probability measures whose spectrum is not inside some Stolz
region at 1, i.e., which have unbounded angular ratio.

Keywords Angular ratio  Characteristic functions ¢ Ergodic dynamical system

2010 Mathematics Subject Classification. Primary 37-XX, 60E10; secondary
60A10.

1 Introduction

Given an ergodic dynamical system (X, B,m,t) and a probability measure p
on the integers, define puf(x) = Y oo p(k) f(z*x) for all f € L'(X). The
almost everywhere (a.e.) convergence of the convolution powers u" f(x) depends
on properties of u. Bellow et al. [2] showed that if 4« has ma(u) = > po o k?u(k)
finite and m () = Y jo_o kp(k) = 0, then forall f € LP(X), 1 < p < oo,
lim,— oo f(x) exists for a.e. x. However, if m,(u) is finite and m;(u) # O,
then there exists £ € B such that limsup,_ . #"1g(x) = 1 ae. and
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liminf, o0 "1 £(x) = 0 a.e. In the case when m(pt) is infinite and m; () = 0,
Bellow et al. [2] gave as well examples of u for which we have divergence and other
examples which show that convergence is possible. In this problem boundedness
and unboundedness of the angular ratio of the probability measure u plays an
important role.

Let u be a probability measure on Z and fi(h) := Y ro_ . Afuk), A €
C, |A| = 1, be its characteristic function. A probability measure @ on Z has a
bounded angular ratio, if u is strictly aperiodic (i.e., [A(A)] < 1if A € C, |A| =
1, A # 1) and there exist e > 0, K < cosuchthatif A e C, |A| =1, A # 1, |A —

1| < &, then ‘l"_(ﬁz(_ll)l < K. That is, if p is strictly aperiodic, then p has a bounded
MN—1]

angular ratio if and only if supj;|—; 14 % < 00. Another characterization is
that  has a bounded angular ratio if and only if ({4 € C : |A| = 1}) is contained
in some Stolz region (see Bellow et al. [1]).

Bellow et al. [2] proved that if w is strictly aperiodic probability measure on Z
such that m () exists and if m;(u) # 0, then w has a unbounded angular ratio. If
my () < oo, then p has a bounded angular ratio if and only if m, (1) = 0. However,
if my(p) = oo, p can be strictly aperiodic, m(p) can exist and m;(u) = 0, but u
fails to have a bounded angular ratio.

Moreover Bellow et al. [2] largely used probability measures on Z such
that limy_, Il"_(ﬁj(;;} co. In this paper we study the problem of describ-

ing of probability measures with such property and with the weaker property
l[am—1] _

lim sup, _,; —lam] = °°

2 Results

Let X be a random variable on a probability space (€2, B, P) with a distribution
function F and the characteristic function ¢(¢) := Ee/’X ¢t € R. Consider the
function

Ry(t,a) = [Img(1)|/(1 —Reg(1))*, 1€R,

where the parameter @ € [1/2, 1]. The inequality |¢(¢)|*> < 1, ¢ € R, implies the

simple estimate
Ime(r)| < v2(1 —Regp()), €R,

and we have the upper bound R,(z,1/2) < V2.t € R. But the function R,(t, @)
can be unbounded as t — 0 for o € (1/2,1].
Bellow et al. [2] largely used distribution functions F' such that

R,(t.1) > oo,  t—0. (1

Note that if EX? < oo, the Taylor formula easily implies that (1) holds if and
only if EX # 0. Bellow et al. [2] proved that (1) holds if E|X| < oo and
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EX # 0 and they constructed an example of X such that EX = 0 and (1) holds.
I. V. Ostrovskii proved (oral communication) that there exists a random variable X
such that E| X |# < oo with some 8 € (1,2), EX = 0, and

limsup Ry (¢, 1) = oo.
t—>0
He conjectured that random variables X such that E| X |? < oo with some 8 € (1,2)

and EX = O satisfy the relation

lim inf R (1, 1) < oo. 2)
t—

In this note we give necessary and sufficient conditions in order that (1) holds. In
particular, our result implies the Ostrovskii conjecture.

Let X be a random variable such that E| X |# < oo for some 8 € (1, 2) or for all
B € (1,2). Assume that EX = 0. We construct random variables X such that the
relation lim sup,_,, R, (¢, 1) = oo holds and try to describe the sets, where R, (t, 1)
tends to oo when t — 0.

In order to formulate our first result, we introduce the following notations:

We(x)=1—-F(x+0)+F(—x), Vr(x)=1—-F(x+0)—F(—x), x=>0;

Ukp(x)zf WK dF(u), x>0, k=12,....
[—x.x]

Theorem 2.1. Let Wr(x) > 0, x > 0, and o € (1/2, 1]. The relation

lim Ry (1, &) = oo 3)
holds if and only if
U
Ap(x,0) :=%—>oo, X = +o00, “4)
2a—1 U
Br(x,a) = w — 00, X — +o0o. (®)]
Usr (x)*

Remark 2.2. The relation (4) is equivalent to the following one

‘ fOX Vi (1) du|

Wi ()7 — 00, X — +4o00. (6)

Indeed, integrating by parts, we can write

Urr(x) = /0 Vi () dit = xVi ().
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Using this formula we easily obtain the equivalence of the relations (4) and (6).
Now we discuss consequences of Theorem 2.1.

Corollary 2.3. Let o € (1/2,1). The relation (3) holds if and only if

xWr(x)* — 0, xl_zaUzp(x)“ -0 as x — +o© @)
and EX # 0.
Let us establish the form of Theorem 2.1 in the case « = 1 under different

assumptions with respect to the random variable X. We assume in the next
corollaries that the relation (3) holds for ¢ = 1.

Corollary 2.4. Let there exist B € (1,2] such that E| X |P < 4o00. The relation (3)
holds if and only if EX # 0.

Ostrovskii’s conjecture (2) immediately follows from this corollary.

Corollary 2.5. Let X be a random variable such that E| X | < oo and let EX # 0.
Then (3) holds.

This corollary is one of the above Bellow et al. results [2].
Denote

U1 (T) = / Ix|dF(x), T >0.
|x|>T
Corollary 2.6. Assume that Wg(x) > 0, x > 0. Let EX = 0 and let (3) hold, then
the function Uyp(T) is slowly varying as T — oo.

Remark 2.7. We easily conclude from Corollary 2.6 that, for the random variables
X such that EX = 0 and (3) is valid, the following estimate holds

We(x) < crh(x)/(x + 1), x>0, ®)

where cF is a positive constant and /(x) is a slowly varying functions as x — co.

Corollary 2.8. Assume that Wg(x) > 0, x > 0. Let EX = 0 and let the relation

Uy g (T
fiming 1 2EDL g

9
T—+o0 UlF(T) ( )

hold. In order that (3) holds it is necessary and sufficient that the function Ulp(T)
should be slowly varying as T — oc.

Remark 2.9. The relation (9) holds for random variables X such that X > a a.e.
with some a € R.

Corollary 2.10. Let E|X| = oo. If the relation (3) holds, then the function
Or(T) = f_TT |x|dF(x), T >0, is slowly varying as T — oo.



On Probability Measures with Unbounded Angular Ratio 79

Remark 2.11. From Corollary 2.10 and from the relation (4) of Theorem 2.1 we
conclude that, for the distribution function of a random variable X such that E| X | =
oo and (3) holds, the inequality (8) is valid.

Corollary 2.12. Let E|X| = oc. Let the assumption

U, 7 (T
fim inf 12 (D]

— >0 10
o (10)

hold. The relation (3) is valid if and only if Q1r(T) is a slowly varying function as
T — oo.

Remark 2.13. Random variables X such that X > a a.e., where a € R, satisfy
the assumption (10).

Now we give the examples of random variables X such that E|X| < oo, EX =0
and random variables X such that E| X | = oo with characteristic functions satisfying
(3), where o = 1.

Let Fy(x) = F(x, 1, B, v, c) be a stable distribution function with the character-
istic function of the form

2 t
¢M=w@ﬁ¢M4%mmwyzw, an
T

where y € R, ¢ > 0and —1 < 8 < 1,8 # 0. It is easy to see that R (¢, 1) — oo
ast — 0.

Proposition 2.14. The characteristic function of a distribution function F from the
domain of attraction of the stable distribution function Fy satisfies the relation (3)
witho = 1.

In order to construct the examples of desired random variables X it remains to
recall the following well-known result (see [4], p. 76):

In order that a distribution function F(x) belongs to the domain of attraction of
the stable distribution function Fy, it is necessary and sufficient that, as |x| — oo,

Flx) = c —1;0(1) O +x0(1)

h(—=x), x <0, 1—F(x) =1 h(x), x >0,
X
where the function h(x) is slowly varying as x — 400 and ¢\ and ¢, are constants
with ci,c2 > 0, ¢y 7é .

Now let us discuss another problem connected with Theorem 2.1 in the case
o=1.

Let X be arandom variable such that E| X |# < oo with some B € (1,2). Assume
that EX = 0. Then, by Corollary 2.4, liminf; o R,(¢,1) < oo. Our nearest aim
is to construct random variables X such that the relation lim sup, _,, R,(¢,1) = oo
holds and to try to describe the sets, where R, (¢, 1) tends to co when ¢ — 0.
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Bellow et al. [2] raised the following question. Let ¢(¢) be the characteristic
function of a random variable X such that E|X|# < oo for all 8 € (0,2) and
[EX = 0. Does there exist a sequence of intervals (o, Br),

Br>a1>Pr>ay>--->PBr > |0,

such that

Ly [rgeB) —arge(e)l _

k=00 1 —min;e(g g, [¢(1)]

What may we say about the numbers o and B ?

In order to answer this question we introduce the following notations. Let
L(x) >0, x > 1, be a slowly varying function at infinity and L(x) — oo as
x — oo. Let {x;}£2 | be a sequence of positive numbers such that x; 1 co and

L
Dy ::M—)oo, k — oo. (12)

an=1 L(xm)

From the representation for slowly varying functions (see [3], p. 282), we note that

Xet1/Xk > D,i/ ® for any fixed ¢ > 0 and k > ko(e), and therefore from the
assumption (12) it follows x4 /xx — o0 as k — oo.
Let ¢(¢) have the form

o~ L(x)
o(t) = pre”"" + pzz ——e'"™, teR, (13)
k=1 k

where

and p;:= (Z_: L)(c)/ik) + Z_: L(Zk))_l.

o0
L(xx)
b= Pzz 3
k=1 k

We see that ¢(¢) is the characteristic function of a random variable X such that
E|X|? < ocoforall0 < 8 <2, EX? = coand EX = 0. Denote o, := 10xk_41_1 and
Bk = ka1<_41-1’ where R; > 10 and My, := min{Ry, Dy /Ry} — o0 as k — oo.
Note that o < B < ag— for all large k € N.

Theorem 2.15. Let ¢(t) be the characteristic function of the form (13). Then we
have, for considered above oy and By and for all sufficiently large k € N,

argp(B) —argg(eo] 1, (14)

1 —min;e(q g lo@)] — 11

In particular, if L(x) = log, x, then choosing xx = 22k1°g2k, we have D, =

e/1022k (1 + o(1)), ax = 1027272 404 By = Ryak, where Ry — +00
and Ry = o(k).
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In the case when there exists § € (1,2) such that E|X|f" < oo for all
B < B.E|X|? = oo and EX = 0 we have the following result. Let (X2,
be a sequence of positive numbers such that x; = 10, x; 1 oo and x;41/x; — 00.
Let ¢(¢) have the form

o0
o(t) = pse™ + py Y x P 1 eR, (15)
k=1
where
o 1-p o f L, N —p\
D3 :=p4Zxk and ps :=(Zxk +Zxk ) .
k=1 k=1 k=1
Denote oy = 10x;}, and B := N 'x;!, where Ni(x/xx41)f™' — 400 and

Nixk/xk+1 — 0 as k — oo. Note that o < Br < oy—; for all large k € N.
Denote My := min{ N (xk41/xk), Nk (x /xk4+1)? 71} It is clear that My, — oo
as k — oo.

Theorem 2.16. Let ¢(t) be the characteristic function of the form (15). Then we
have, for considered above oy and By and for all sufficiently large k € N,

|arg p(Bi) —argp(au)| _ 1

; > M. (16)
1-— miN; e (g By) |q0(l)| 13

Thus, we answered the Bellow, Jones and Rosenblatt question.

3 Proof of Theorem 2.1

In the first step we shall prove the sufficiency of the conditions (4) and (5). First we
estimate from below [Img(¢)|. We assume that ¢ > 0 and use the notation 7 = 1/¢.
Write the formula

Imop(t) = /[_ - sin(tx) dF(x) + /I sin(tx) dF(x)

x|>nT
o (_l)k[2k+l

= mUzk+l,F(ﬂ'T) + / sin(¢x) d F(x). (17)
k=0 :

|x|>nT
From this formula we obtain the desired lower bound
Ime()| = t|Uip(xT)| — we” t*Upp (xT) — Wr(xT). (18)

Using the inequality sin’ u < 2, u € R, we deduce the upper bound
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1
1 —Rep(t) < EzZUZF(nT) + 2We(nT).
By the inequality (a + b)* < a* + b*, a,b > 0, 0 < o < 1, this estimate implies
1\«
(1 —Reg(1))® < (5) 22 UL (nT) + 2°We(x T). (19)

We conclude from the estimates (18) and (19) that, for small ¢ > 0,

o n2a—l

mAr(nT, o) + 2°Bp(nT,a)

R,(t.a) > ( )_1 —2re” — 2% (20)

and, by (4) and (5) we get from (20) that R,(¢,a) — oo ast — 0. Thus we have
proved the sufficiency of the assumptions of Theorem 2.1.

Let us prove the necessity of the assumptions (4) and (5). First we prove the
necessity of the assumptions (4) and (5) in the case & = 1. We will use the relations
(3), (4) and (5) for @ = 1 until a special remark.

By (3), the function Im ¢(¢) does not vanish for sufficiently small # > 0. Let for
definiteness Im ¢(z) > O (otherwise we consider M). Then, by I’Hopital’s rule,

we have .
L[y Img(u) du
— %fot Reg(u) du

This means that the characteristic function g(¢) = % fot o(u)du, t € R, satisfies the
relation (3) as well. The function g(¢) is the characteristic function of a unimodal
distribution function G(x) with the mode 0, i.e., G(x) is convex in x < 0 and
concave in x > 0. Therefore the function G(x) is absolutely continuous and its
density p¢(x) is non-decreasing in (—oo, 0) and is non-increasing in (0, +00). It is
well-known (see [5]) that

oo, t—0.

F(x) = G(x) —xpg(x), xR\ {0}, 21
and xpg(x) > 0asx — 0.
First we shall prove that the relations (4) and (5) hold for the functions Ag(1/1¢, 1)

and Bg(1/t,1). Then, using these relations we deduce (4) and (5) for the functions
Ap(1/t,1)and Br(1/t,1).

Lemma 3.1. The following lower bound holds
1
/ sin?(1x/2) dG(x) > gWG(nT), t>0.
|x|>nT

Proof. Let

E\=(xT.5xT/3]U(U2,[(2k+1/3)x T, (2k+2-1/3)7T]), E;=(nT,00)\E.
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Since the function pg(x), x > 0, is non-increasing, by the choice of E| and E;, we
have

/E o dr | pewrax.

E

Since sin?(tx/2) > 1/4 for x € Ej, we easily obtain the estimate

/ sin®(tx/2) dG(x) > / sin?(tx/2) dG(x)
x>nT

Ey

> - dG(x) > %/xmr dG(x) = %(1 —G(nT)).

We carry out the estimate of the integral over the set {x < —x T} in the same way.
The lemma is proved. O

Let us find a upper bound of |Im g(¢)|. Write the formula (17) for Im g(z). We
obtain from this formula

[Img(0)| < t|Uig(xT)| + we™t*Usg (nT) + W (xT), ¢>0.  (22)

With the help of the inequality sin®u > Qu/m)?, 0 <u < /2, and Lemma 3.1 we
deduce the lower bound

2 1
1 —Reg(t) = —t*Uss(xT) + ZWg(:tT), t> 0. (23)
b4
The inequalities (22) and (23) imply

+ e 4
—me .
2

Rq(t,1) <( ! ! + 2 ! )_l
8 = \4g Ag(nT, 1) 7 Bg(xnT,1)

Since Rg(¢,1) — oo ast — 0, we obtain the following relations

Ag(1/t,1) > 00, t—0, (24)
Bg(1/t,1) > 00, t—0. (25)

Let us show that (24) and (25) imply (4) and (5).
By Remark 2.2, the relation (24) is equivalent to the following one

t] i Vo (x)dx|

We D) —o00, t—0. (26)

In the sequel we need an analog of some well-known result (see [3], Ch. VIII, 9).

Lemma 3.2. If the relation (26) holds for the distribution function G(x), then the
Sfunction U3 (T) = fOT Ve (x) dx is slowly varying as T — +o0.
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Remark 3.3. The definition of a slowly varying function includes the assumption of
positivity of this function for large 7" > 0. In this paper we say that a function is
slowly varying, if its modulus is slowly varying.

Proof. By (26), the function U (T') does not change the sign for large 7. Leta > 1

be a constant. The following formula holds

Uz(aT) T/a Vo(sT)
1

1 = .
U () vgsT)

Since |V (w)| < Wg(w), w € R, we obtain from the last formula the inequality

Ug(aT) </“ sTWg(sT) ﬂ @7
1

1 .
log ugy | = gD s

By (26), the integrand on the right-hand side of the inequality (27) is bounded for
large T and tends to 0 as 7 — 4-oco. By Lebesgue’s theorem, we conclude that
Uk@aT)/UL(T) — las T — +o0, as was to be proved. ]

By Lemma 3.2, the function U} (T') is slowly varying as T — +o0. The function
U (T) safes the sign for large 7' and is slowly varying. This follows from the
following formula, which we obtain with the help of (21),
T T
UrT) = / Ve (x)dx —i—/ xdG(x) =2UF(T)—TVs(T), (28)
0 -T

and the relation (26). In the sequel we assume for definiteness that U (T") > 0 and
therefore UZ(T) > 0 (otherwise we would use the function —U 7 (T')). Write with
the help of (21)

Wi (T) = Wo(T) + T(p6(T) + pc(=T)).
Since the function pg(x) := pg(x) + pg(—x), x > 0, is non-increasing, we have
Wi(T) < Wo(T) 4+ 2Wg(T/2) < 3Ws(T/2). (29)

In view of (28), (29) and (26), for large 7', we obtain the relation

UR(T) _UR(T/2) _ UNT/2) _2U5(T/2) = Ve(T/2T/2 _ UZ(T/2)
Wr(T) Wr(T) — 3Wg(T/2) 3Ws(T/2) ~ 3We(T/2)

from which, by (26), (4) follows. Here we used the fact that the assumptions (4) and
(6) are equivalent. In addition here and in the sequel the sign ~ indicates that the
ratio of the two sides tends to 1.
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We now deduce the relation (5). Write with the help of (4) and (28), for large T,

Uip(T) = UR(T) = TVe(T) ~ UR(T) = 2U&(T) = TV(T) ~ 2U4(T);

T T
xWg(x)dx + 2/ x2dG(x)
=T

T
UZF(T) < 2/ )CWF(X) dx = 2/
0 0
< 3U,(T) + T*Wg(T). (30)

For large 7', we obtain from these relations the following lower bound

rUir(MI _ 1 T|\U;(T)|
Uyr(T) — 3Ux(T) + TZWG(T)'

By the relations (24) and (25) the assumption (5) holds.

Thus we have proved the necessity of the assumptions of Theorem 2.1 in the case
a=1.

Let us prove the necessity of the assumptions of Theorem 2.1 in the case @ €
(1/2,1). Now we consider the relations (3), (4)—(6) fora € (1/2,1).

Remark 3.4. The assumption (4) implies that the function U7 (T') is slowly varying
when T — +o0. Indeed, as it was noticed in Remark 2.2, (4) is equivalent to (6).
Then, by Lemma 3.2, we conclude that the function U (T) is slowly varying. Since
U r(T) = Up(T) = TVp(T), by (4) for « = 1 the function U,r(T) is slowly
varying as well.

By I’Hopital’s rule, we deduce from (3)

Lo Mme(u)|V/* du
L o1 =Rep(u) du

oo, t—0. (3D

In view of the inequality (a + b + ¢)V/* < 3V (g!/® 4 pl/* 4 cl/*) q b, c >0,
and applying (22) to Im ¢ (u), we get the upper bound

t t
/ ltm )|/ du < / WU G )] + 7™ U () + Wi (e Ju) ' du < I, + I + Iy
0 0
1 t
= 31/"‘/ u Uy p (e Ju) |V du+(3ne”)1/“/ w?Usp (7t Ju)* du
0 0

+31/”/ Wi (rt/u)'/* du. (32)
0

Since, as it is easy to see,

2
1 —Reo(u) > —ZMZUZF(rr/u), u>0,
T
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we have, for small t > 0,
TI, < 3 3 J'[ 1 =R 1/a 3 _
h < 27r e ( ep(u)) ¥ du < 27r er (1 Rep(u)) du
3 1/a
- (Enﬁen) (1 —Reg(t)). (33)
The term /3 admits the following upper bound T1; < 3Y*Wg(xT). On the
other hand, by the estimates (23) and (29), we have 1 —Re g(2t) > 1 W5(nT/2) >
11—2 Wg(xT). Therefore we finally deduce, for small ¢ > 0,
TI; <12-3"Y¢(1 —Reg(2r)) < 48-3Y%(1 —Reg(t)). (34)
From (31), by (23), (32)-(34), we obtain the relation

T fou®|Ur (/u)]"
12Uy (nT) + We(nT)

oo, t—0. (35)

Note that the relation (3) with & € (1/2, 1) implies (3) with « = 1. Therefore,
by Remark 3.4, the function |U,r (7 T)| is slowly varying as 7 — 4oc0. Now we
use the following well-known lemma [6]

Lemma 3.5. Let a function h(x) be slowly varying as x — +00. Then

= and lim — ——dx =1,

;
S h(x) T+y 540 T Jy W(T)

x—>+00

14y /oo 2 yh(“)d 1 1T h(x)

where the parametery > 0.

Since the function Uz (7 T)|"/% is slowly varying as T — oo, applying to it
Lemma 3.5 with y = 1/«, we obtain the relation

t
T/ W Uip(r/w) " du~ (1 + 1/a)" U p(x TV, 1 — 0.
0

Therefore the relation (35) is equivalent to the following two relations
ll/a IUIF(jTT)Il/a
— 00,
We(wT)

172V U p (e T) |V
Uzg(JTT)

t—0, (36)

0o, t—>0. (37)

Since |Up(nT/2)|"% ~ |Ujp(nT)|"/* as T — oo, the assumption (4) follows
from (36) with the help of the inequality (29). The assumption (5) follows from
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(37) with the help of the estimates (29), (30) and the relation (36). Theorem 2.1 is
completely proved.

4 Discussion of Theorem 2.1

Proof of Corollary 2.3. Itis obvious that the assertion of Corollary 2.3 holds in
the case Wr(x) = 0 forx > a > 0.

Let Wrp(x) > O for all x > 0. Note that if the assumptions (7) hold and
E(X) # 0, then the relations (4) and (5) hold as well and, by Theorem 2.1, the
relation (3) is valid.

Let the relation (3) hold. By Theorem 2.1, the assumptions (4) and (5) hold. It
follows from (4) and Remark 3.4 that |U, ¢ (x)| is slowly varying function. Therefore
we obtain from (4) the following upper bound, for sufficiently large x > x, > 0,

WF(X) < xs—l/a’

with some 0 < & < (1 —a)/(2a). This estimate implies that E| X |72¢T1/% < oo and
therefore E| X | < oco. Let us show that EX # 0. Assuming to the contrary EX = 0,
we would get

Uip(T) = —/ x dF(x) (38)
|x|>T
and we would have the estimate
\Uip(T)| < ¢ 7172 e x| 2601/ g 5 0,

It follows from this estimate that |U;r(x)] is not a slowly varying function (see [3],
p. 277), a contradiction. Thus, EX # 0. But then the assumptions (7) follow from
the relations (4) and (5). Corollary 2.3 is completely proved. O

Proof of Corollary 2.4. First consider the case where Wr(x) > 0 for all
x > 0. We verify the sufficiency of the assumption EX # 0. Since E|X|# < oo,
we have Wr(x) < x_5E|X|ﬁ, x > 1, and then it is easy to see under the
assumption EX # 0 that (4) holds. In addition, for considered random variables
X the inequality
Urr(T) < T*PEIX)P, T >0,

holds, therefore (5) holds as well.
Now let us prove the necessity of the assumption EX # 0. If EX = 0 then (38)
holds and the upper bound

|U\r(T)| < tP'EIX|P, ¢ >0, (39)
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is true. By Remark 3.4, the function U ¢ (T) is slowly varying as T — +o00. This
contradicts to the estimate (39). Hence the assumption EX = 0 is false.

The proof of the corollary in the case Wr(x) = 0 for |x| > a with some a > 0
easily follows from Taylor formula for the functions Im¢(#) and 1 — Re ¢(¢). O

Proof of Corollary 2.5. Without loss of generality we assume that Wr(x) > 0,
x > 0. If E|X| < oo, we have Wr(x) = o(1/x), x — +o0. Using this relation
and the assumption EX # 0, it is easy to see that (4) holds. We have, for every fixed
N >1,

Uar(T) = /

|x|<T/N

x2 dF(x)+/

TE|X
x2dF(x) < ¢+T/ |x| dF (x).
T/N<|x|<T N

|x|=T/N

Therefore tU,p(T) — 0, as t — 0, and (5) holds, if EX # 0. Then, by
Theorem 2.1, the relation (3) holds. ]

Proof of Corollary 2.6. Let EX = 0 and let (3) hold. Then, by Theorem 2.1,
the relation (4) is true and we obtain the relation
tUp(T)) We(T) = 0o, t — 0.
Therefore the assertion of the corollary follows from the following well-known
result (see [3], p. 281).

Lemma 4.1. Let Wr(x) > 0, x > 0, and the following relation holds
xWe(x)/Zp(x) =0, x — +o0, where Zp(x)= / We(u) du.
u>x
Then the function Z r(x) is slowly varying for x — +o0.

|

Proof of Corollary 2.8. The necessity of the assumption of the corollary follows
from Corollary 2.6. Let us prove the sufficiency of this assumption. Note that the
following formula

I’YF(T) :1—T/ooi2(Ale(x)
tUlF(T) T X UIF(T)

holds. Since the function U, r(x) is slowly varying, the right hand-side of this
equality tends to zero as T — +o0. This follows from Lemma 3.5.

Taking into account the condition (9) we see that the relation (4) holds. In
addition we note that

|({1F(T)|' r ‘I—Z/T lAle(x) dx
UlF(T) BF(t) 0 UIF(T)
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The right hand-side of this equality tends to 0 as 7 — oo, by Lemma 3.5.
Therefore, in view of (9), we obtain (4). Then, by Theorem 2.1, the property (3)
holds. O

Proof of Corollary 2.10. Since E|X| = oo, we have Wg(x) > 0, x > 0. Let
(3) hold. Then, by Theorem 2.1, the relation (4) holds and therefore, by (10), the
relation

tQ1r(T)/Wp(T) > 00, t—0 (40)

is true as well. The assertion of the corollary follows immediately from the following
result (see [3], p. 281).

Lemma 4.2. Let X > 0 almost surely. If the relation (40) holds, the function
01r7(T) is slowly varying for T — +o0. O
O

Proof of Corollary 2.12. One can obtain a proof of this corollary in the same
way as the proof of Corollary 2.8. Therefore we omit it. O

Proof of Proposition 2.14. The assertion of Corollary 2.14 immediately follows
from the following Ibragimov and Linnik result [4], p. 85.

Theorem 4.3. In order that the distribution with characteristic function ¢(t)
belongs to the domain of attraction of the stable law whose characteristic function
has the form (11), it is necessary and sufficient that, in the neighborhood of the
origin,

~ 2
0() = exp fiyt — clelh(e)(1 - i = p--log i)},
|t

where };(t) is slowly varying ast — 0.

5 Proof of Theorems 2.15 and 2.16

In order to prove Theorem 2.15 we need the following lemma.

Lemma 5.1. Let ¢(t) be the characteristic function of the form (13) of a random
variable X with a distribution function F. Then the inequalities

2 n T
aAp(n/Br,1)  2Br(m/Bi,1)

hold for By from Theorem 2.15 and for all sufficiently large k € N.

My —3mwe”
41

Ry(Br, 1) = ( )_1 —2me” —

Proof. The first of the inequalities (41) follows from (20) with « = 1. By the
definition of F' and the assumption (12), we easily obtain the following estimates
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o0
/ YdF() = paL(xes)xply, WrGr/Bo) < 2paL(xes)xis, and
7/ Bk

7/ Br k
B[ AF@) < Bups Y L) + i

m=1

These bounds imply, for k > k,

( 2 N P )—1 3 Jors X dF(x)
mAp(r/Bk, 1) 2Bp(w/Br. 1)/ 1B J” ”/ﬂ" xzdF(x)+ﬂikWF(n/,3k)
- L(xk+1)xk_.|l_1 My,

Z P2
3 P2Br S L(xm) + B+ ﬁ—zk21?2L(xk+1)X;:i1 =5

as was to be proved. The lemma is proved. O

Proof of Theorem 2.15. Let ¢(#) be the characteristic function of the form (13)
of a random variable X with a distribution function F. Note that the relation

arg ¢(t) = arctan

Img(t) _ Img(t) g~ (=1)" (Img(z) \2n
Rep(t) Reg(t) r;) 2n +1 (Re<p(t))

holds for small ¢. Since

1- m1n |<p(t)| <1— min Reg(?)
1€(ok-Br)

t€(ag

and
Imo(z)

Reg(t)

=Ime(t)(1 + (1 —Reg(?)) + (1 —Req(?))* +...),
we have
|arg p(Br) —argp(ap)| _ [Ime(Br) — Imp(e)|
1 — minse g,) l@1)] 1 — minse(q g,) Re@(?)

where ¢ > 0 is an absolute constant. In the sequel we denote all such constants by
c. Now we note that

-c, (42)

l2 n/t
1— min Reg(t) = max (1 —Regp(t)) < max (E/ x2dF(x)+2(1 — F(n/t)))

1€ ok Pr) E(ax tE(ak ,Br) —1
1 fax
<38 / 2 dF(x) + 201 — F(x/By)). (43)

With the help of the formula

Ime(fr) — Imep(o) =2 /_jo sin (ﬂk ;ak x) cos ('Bk —; Ok x) dF(x),
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we obtain the lower bound

Mme(Bx) — Ime(ax)| = ‘2 /:o sin (ﬂk ;ak x) dF(x)

—4/010 sin? ('Bk —;akx) sin(ﬂk ;akx) dF(x)‘

7/ (B —0tk) 7/ (Bk—0tk)
> (B — ) Y dF(x) — (B — an)? / ¥ dF(x)
—1

—1

7/ (Br—ak)
— Bk + )’ /—1 X dF(x) = 6(1 = F(r/(Br — ). (44)

We deduce from (43) and (44) that

Ime(B0) —Img@)| 5 Jerpe—an ¥ AF ) .
1 —mine, ) Reg(r) ~ L2 [T 2 dF(x) + 2(1 — F(x/Br))

(45)

It is easy to see that, for the random variable X with a distribution function F
satisfying the assumptions of Theorem 2.15, the following relations hold

o0 1 o0
(Br — o) xdF(x) > —,Bk/ x dF(x),
7/ (Br—ax) 20 Jasp
1 /o 1 7/ Bk
5/3,3 / x?>dF(x) = 5,3% / x2dF(x). (46)
—1 —1

Using (45) and (46), we finally obtain

me(Be) — Img(a)] _ 1 B [rrp, X dF(x) .
1 —mineq, g Reg(t) = 2182 (7P 32 4 F(x) 4+ 2(1 — F(/Br))
1 2 b4 =1
== + —c. @7
2<ﬂAF(ﬂ/ﬁk, 1) 2Bp(r/Bk, 1))
The statement of the theorem follows from (41), (42) and (47). |

Now we need the following lemma.

Lemma 5.2. Let ¢(t) be the characteristic function of the form (15) of a random
variable X with a distribution function F. Then the inequalities

2 n T
nAp(w/Br, 1) 2Bp(m/PBi, 1)

hold for By from Theorem 2.16 and for all sufficiently large k € N.

1 1
E > ngZ —3me”

(48)

Ry(Br, 1) = ( )_1 —2me™ —
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Proof. Let us prove (48). The first of the inequalities (48) follows from the bound
(20) with « = 1. By the definition of F', we easily obtain the following estimates

o0
/ xdF(x) = x5, Wr(t/Bo) <2pixil, and
/B

7/ Bk 5 g
,Bk/ x“dF(x) <2psfrx; " + p3Pk-
-1

These bounds imply

f;oﬁk x dF(x)

2 T -1
+ =
(”AF(”/,Bks 1) 2Br(r/pk, 1)) 1B« ffl/ﬁ" x2dF(x) + ﬁ%WF(n/ﬂk)
1-8
4 2-p 1xkJrl 4 —B = lez,
p4ﬂk-xk + §P3/3k + P4/3—kxk+1

zZp

and we arrive at the assertion of the lemma. O

Proof of Theorem 2.16. We prove this theorem, using Lemma 5.2 and repeating
the arguments of the proof of Theorem 2.15. O
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CLT for Stationary Normal Markov Chains
via Generalized Coboundaries

Mikhail Gordin
Dedicated to Friedrich Gotze on the occasion of his sixtieth
birthday

Abstract Let X = (X,),ecz be a stationary Markov chain with a stationary

probability distribution @ on the state space of X and the transition operator
Q : Ly(u) — Lp(u). Let f € Ly(u) be a function on the state space of X.
The solvability in L,(u) of the Poisson equation f = g — Qg implies that the
stationary sequence ( f(X,)),ez can be represented in the form

f(Xn) = (g(Xn+l) - (Qg)(Xn)) + (g(Xn) - g(Xn+1)) =1+ En (n € Z)

Here n = (n,)nez is a stationary sequence of square integrable martingale
differences, and ¢ = ({,)nez is an Ly-coboundary that is a difference of two
consecutive elements of a stationary sequence of square integrable random vari-
ables. This representation reduces the Central Limit Theorem (CLT) question for
(f(X,))nez to the well-studied case of martingale differences. However, in many
situations the martingale approximation as a tool in limit theorems works well,
though the above martingale-coboundary representation does not hold. In particular,
if the transition operator Q is normal in L,(1), 1 is a simple eigenvalue of Q, and
the assumptions
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—1-12
(1) 03 = [, {Hhprdz < oo,
. _1 —
(2) limyoon 2| Y02 Okl =0

hold true for a real-valued function f € L,(u), the Central Limit Theorem for
(f(X,))nez was established via the martingale approximation.

In the present paper we show that under condition (1) (f(X,)),ez admits a
generalized form of the martingale-coboundary representation as the sum of a
square integrable stationary martingale difference and a generalized coboundary.
The latter is a stationary sequence of random variables which are increments of a
stationary sequence of m-functions introduced in the paper. Furthermore, it turns out
that assumption (2) means exactly that the generalized coboundary can be neglected
in the limit. Connection with generalized solutions to the Poisson equation is also
studied.

Keywords Generalized coboundary ¢ Limit theorems ¢ Markov chain ¢ Martin-
gale approximation * Normal transition operator * Poisson equation

2010 Mathematics Subject Classification. Primary 60F05, 60J05.

1 Introduction

Let n = (n,)nez be a stationary (in the strict sense) sequence of integrable random
variables. Assume also that n is a sequence of martingale differences that is for
every n

E(’?n |77n—17 Mn—2, - ) =0.

Let, moreover, n be ergodic, real-valued and Enﬁ < ©00. Then, according
to the classical results of Billingsley [1] and Ibragimov [11], the sequence 7
satisfies the Central Limit Theorem (CLT). It is known that under the same
conditions also the Functional Central Limit Theorem (FCLT) and the Law of the
Iterated Logarithm (including its functional form due to Strassen) are valid. Under
appropriate assumptions some of these results extend to not necessarily stationary
sequences or arrays of martingale differences.

A natural idea is to use a certain approximation by martingales (that is the sums of
martingale differences) to establish limit theorems of the above-mentioned type for
the sums of dependent random variables more general than martingale differences.
More precisely, one needs to construct a martingale difference approximation of
the random sequence in question and represent the error of this approximation in a
form which allows us, under the appropriate normalization, to neglect by this error
in the limit. In the stationary setup an approach to this problem was proposed in [7]
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basing on the so-called martingale-coboundary representation. The latter means that
a stationary sequence & = (&,),ez admits the representation

én:nn“"énsnezs (1)

where n = (1,)nez is a stationary sequence of martingale differences, and { =
(¢1)nez is a so-called coboundary which can be written as

é'n = 9}1 - 9}1—17” € Za (2)

with a certain stationary sequence 6 = (6,),ez. One says in this case that ¢
is a coboundary of 9; we speak of a B-coboundary if each of 6, in the above
representation belongs to a certain Banach space B of random variables. It is
assumed that the random sequences &, 1, 0 in this representation are defined on a
common probability space so that they are jointly stationary. A convenient way to
formulate this type of interrelation between random sequences (which does not lead
to any loss of generality) is to assume that a probability preserving invertible map
T acts on the basic probability space so that

i =8 oT, nuy1=n,0T, 0,41 =0,0T (n € Z).

As to the asymptotic distributions of the sums

n—1
Y &n=1, (3)
k=0

normalized by dividing by positive reals tending to 0o, it is clear that one can neglect
by the contribution of the sequence ¢ into these sums and extend to £ = n + ¢
certain limit theorems originally known to hold for the martingale difference 7. To
deduce the martingale-coboundary representation for a stationary sequence &, some
conditions need to be imposed on . These conditions are usually stated in terms
of a compatible filtration (F,),ez (that is a family of sub-o-fields satisfying --- C
Fol € Fy € Fuyr € - and T7LF, = F,41) on the basic probability space.
Specifying such a filtration is a standard prerequisite to develop the martingale
approximation for stationary sequences. Given such a filtration (F;),ez, we need
to distinguish between a general non-adapted sequence and an adapted sequence
& = (&,) where §, is F,-measurable for every n € Z. The latter case can be treated
easier and is equivalent to the study of functions of a stationary Markov chain with
a general measurable state space. Though only very special Markov chains emerge
in this context, and, on the other hand, both adapted and non-adapted cases can
be studied, basing on the martingale-coboundary representation and without any
reference to markovianity [7], it is the whole class of general Markov chains where
the application of the martingal-coboundary decomposition can be done in a very
natural, simple and elegant way in terms of a condition related to the so-called
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Poisson equation. More specifically, let X = (X,)nez, p and Q : Lo(u) — La(p)
be, respectively, a stationary Markov chain, its stationary probability distribution
and its transition operator. Let f € L,(u) be a function on the state space of X.
Then the solvability in g € L, of the Poisson equation

f=g-0¢ “4)

implies the applicability of the above mentioned martingale-coboundary representa-
tion to the stationary sequence ( f(X},))qez (see Abstract for an explanation; notice
that the converse is also true). Moreover, in this case 7 turns out to be an L,-
coboundary (that is a coboundary of a square integrable sequence ). In the context
of limit theorems this was independently observed in [13] (for the particular case of
Harris recurrent chains) and in [8] (for the general ergodic case).

Now we will explain the topic of the present paper. It was recognized during
the last three decades that the martingale approximation as a tool in limit theorems
is still effective in an area where the martingale-coboundary representation with
an Lj,-coboundary not always holds. This means that, under some assumptions,
¢ in representation (1) needs not be an L,-coboundary to make a contribution to
(3) which is, having being divided by +/n, negligible in the limit. The first CLT
result of such kind was obtained for stationary Markov chains with normal transition
operators [2,9] (recall that a bounded operator in a Hilbert space is said to be normal
if it commutes with its adjoint). More specifically, let the chain (X)), ez introduced
above have a normal transition operator Q in L,(u) (we call such a chain normal,
too). Assuming that 1 is a simple eigenvalue of Q and, for an f € L,(u), the
equation

f=a-0)"?g (5)

(called the fractional Poisson equation of order 1/2 [3]) has a solution g € L,
the CLT holds for ( f(X},)). Independently, under the same condition the CLT and
the FCLT for stationary Markov chains with selfadjoint transition operators were
established in [12]. Moreover, in the normal case the most general known condition
for the CLT to hold was proposed in [10]. This compound condition consists of two
assumptions which appear in Theorem 4.1 of the present paper as (1) and (2).
Later the CLT [14] and the FCLT [15] (see also [16] for an alternative proof)
were established for stationary Markov chains with not necessarily normal transition
operators under a ceratin hypothesis we call the Maxwell-Woodroofe condition. This
condition (which we just mention without further discussion in the present paper) is
stronger than the requirement that (5) is solvable in L,, but is less restrictive than the
assumption of the L;-solvability of (4). These results were achieved by means of the
martingale approximation based on relation (1). Obtaining bounds for the sequences
& and ¢ in (1) is somewhat tricky, especially in proofs of the FCLT. This impressive
development, however, left open certain important questions, some part of which
will be touched in the present paper under the assumption of normality. In our
opinion, the key problem here is finding a suitable extension to a more general setup
of the known relation between the Poisson equation and the martingale-coboundary
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representation. This could clarify the structure of the sequence { and should be
helpful, in particular, when one needs to show that this sequence is negligible. One
may expect that the fractional Poisson equation (5) plays an important role in this
problem. However, some known facts show that the relation between the solvability
of (5) and the applicability of limit theorems is not so simple. For example, even for
selfadjoint transition operators a natural fractional modification of the martingale-
coboundary representation in general does not hold under the assumption that (5) is
solvable in L, (see [4] for a counterexample). Further, as we mentioned above, for a
function f of a normal Markov chain to satisfy the CLT, a weaker condition than the
L,-solvability of (5) is known (see [10] and the present paper). Moreover, without
the assumption of normality the solvability of (5) in L, does no longer imply that
the variances of sums (3) grow linearly in n [19].

These and other facts stimulate attempts to find a more precise substitute for
the Poisson condition in the context of the CLT and other limit theorems. In
this paper we analyze further the compound condition used in [10] to deduce the
CLT for normal Markov chains. To make shorter the discussion of our approach,
we only deal in this Introduction with those functions on the state space which
are completely nondeterministic. It is this class of functions to which the study of
the general case will be reduced at the cost of a certain additional assumption. We
generalize the known relation between the Poisson equation (of degree one) and
the martingale-coboundary representation. This is achieved by extending the class
of admissible solutions of the Poisson equation along with extending the class
of possible ingredients of the martingale-coboundary representation. Notice that
commonly in the first case we deal with functions defined on the state space of a
Markov chain, while in the second one we deal with functions on its path space
which forms our basic probability space. Correspondingly, we are led to two kinds
of extensions of the related L,-spaces. We call their elements ¢-functions and
m-functions, respectively (in general, they are not functions at all). We use the
martingale decomposition with respect to a given filtration to construct the space
of m-functions as an extension of the L,-space on the basic probability space.
To construct the space of ¢-functions we use a system of operators which can be
very loosely described as compressions of the system of conditional expectations
defined by the filtration mentioned above. In fact, the definition of this system
of operators involves, along with the powers of Q and Q%*, the so-called defect
operators. This way we arrive at expressions which are well-known in the theory of
non-selfadjoint operators, in particular, in connection with dilations, characteristic
functions and functional models. In the context of limit theorems, we finally obtain
two conditions parallel to (1) and (2) in the abstract. The first of them requires, for
an L,-function on the state space, the solvability of the Poisson equation (of degree
one) in ¢-functions (under the assumption of normality of Q this is exactly (1)). This
condition guarantees (and is equivalent to) the generalized martingale-coboundary
representation involving m-function. The conditions for the applicability of the CLT
to a function f can be expressed in terms of the ¢-function solving the Poisson
equation with f in the right hand side. Finally we obtain conditions for the CLT to
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apply to a function f formulated entirely in terms of this function and the transition
operator Q, without any reference to the path space of the Markov chain.

The main conclusion which can be done from the present paper is that in the nor-
mal case the (generalized) coboundary can be completely and explicitly restored in
a very simple way from the martingale difference part of the martingale-coboundary
representation. This martingale difference part (rather than the coboundary) seems
to be the most natural functional parameter in the situation of the present paper.

A natural framework for some part of our considerations is given by the
classical dilation theory of (not necessarily normal) contractions in Hilbert spaces
[17, 18]. However, there are some probabilistic aspects which can not be treated
in the framework of a purely Hilbert space theory (martingale difference nature
of wandering subspaces, limit theorems). As to our approach to constructing
extensions of Hilbert spaces in terms of filtrations, it can have some parallels
in the analytic function theory in the unit disk. Clarifying these connections and
considering the general non-normal case or other limit theorems require additional
study and will not be discussed here.

The author thanks Dr. Holger Kosters and the anonymous referee for careful
reading the first version of this paper and their suggestions which improved the

paper.

2 Contractions, Transition Operators and Markov Chains

2.1 Some Notation

Let (S, M) and Q : S x M — [0, 1] be a measurable space and a transition
probability (= Markov kernel) on it. Assume that for Q there exists a stationary
probability x on (S, M) so that [¢ O(s, A)u(ds) = u(A), A € M. By the same
symbol Q we will denote the transition (or Markov) operator defined on bounded
measurable functions f by the relation (Q f)(-) = [5 f(s)Q(-.ds). Forevery p €
[1, 00] the same formula defines in L ,(u) an operator Q of norm 1 preserving
positivity and acting identically on constants.

For every n € Z denote by S, a copy of S, and set @ = [,z Sy- Assume
that X = (X, )nez is a stationary homogeneous Markov chain which has u as the
one-dimensional distribution and Q as the transition operator. The latter means that

E(f (X)) Xn—1, Xn—2....) = (Qf)(Xn-1)

for every n € Z and every bounded measurable f. We assume that the chain
X is defined on a probability space (2, F,P) such a way that, for every n €
Z, X,(w) = s,, the n-th entry of ® = (...,s5_1,50,51,...), and also F =
o(X,,n € Z), the o-field generated by all X,,,n € Z. We denote by T the
P-preserving bi-measurable invertible self-map of 2 uniquely determined by the
relations X,(T()) = X,+1(-),n € Z. Starting with (S, M), Q and u, we can
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always construct such a chain and related objects whenever (S, M) is a standard
Borel space. It is known that the transformation 7" of (2, F, P) is ergodic (that is
there isno A € F with T~'4 = A and P(4)(1 — P(A4)) # 0) if and only if 1 is a
simple eigenvalue of the transition operator Q.

For sub-o-fields M’ € M and F’ C F the standard notations L ,(S, M’, ) and
L,(2,F,P) will be abbreviated to L,(M’, u) and L,(F',P), or even to L, (1)
or L,(P)if M"=Mor F' = F.

The Markov chain X generates on the probability space (€2, F, P) an increasing
filtration (F}),ez and a decreasing filtration (F"),ez where F, = o(Xy,k < n)
and 7" = o(Xi,k > n), n € Z. These filtrations are compatible with 7 in
the sense that 77'F, = Fuy1 2 Fpand T7'F" = F**H € F' forn € Z.
The increasing filtration (F,),ez can be completed to obtain (F,)—co<n<oco DY
setting F_oo = [ \,ez Fn a0d Foo = \/, ez Fu. Analogously, (F")—co<n<oo 18 @
completion of (F"), ez defined by setting F~>° = \/, ., F" and F® = (), F".
The above filtrations give rise to the families (E;)—co<n<oo and (E")—co<n<co Of
conditional expectations. Let U and / be a unitary operator defined by Uf = foT,
S € Ly(n), and the identity operator, respectively. We denote by |- |, and || - || , the
L ,(w)-norm and the L ,(P)-norm, respectively. The symbols (:,-) and || - || denote
the inner product in every Hilbert space and the norm in abstract Hilbert spaces.

Recall that a contraction is an operator in a Hilbert space whose norm is less than
or equal to one. The transition operator Q in the situation described above defines

a contraction in L,(u). Since the measurable map Xy : £ — S transforms the

measure [P to the measure u, the mapping Lo(u) > f +— f & foXye Ly(P)

is an isometric embedding of L, (i) to L,(IP). We have to emphasize that in many
respects we just reproduce (or go in parallel to) well-known points from the dilation
theory of contractions in Hilbert spaces [17, 18].

2.2 Normal Contractions

A bounded operator Q in a Hilbert space H satisfying the relation Q Q* = Q*Q is
said to be normal. We are mostly interested in normal contractions. If Q is a normal
contraction in i and f € H, there exists such a unique measure p s on the closed
unit disk D C C that

(0" f.0"f) = /D 2 %"0,(d2)

for every m,n > 0. In particular, if p is a stationary probability measure for a
transition probability Q, the transition operator Q : L,(t) — L»(u) has the norm
1, hence is a contraction. If, moreover, Q is normal, the above formula applies to
Q and every f € Ly(u). The spectral theory of normal operators allows us to
investigate the Poisson equation (4) for a normal Q in terms of ps. In particular, (4)
is solvable in L, () foran f € L,(w) if and only if
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1
/D =P pr(dz) < oo. (6)

Clearly, the latter condition implies that f is orthogonal to all fixed points of Q.

2.3 Unitary Part of a Transition Operator and Its Deterministic
o-Field

Let QO be a contraction in a Hilbert space H. It is known [17, 18] that the subspace
H, € H defined by the relation

Hy={feH: - =|02f|=|0"fI=Ifl=10fI=10°fI=...} (D

reduces the operator Q so that H = H, & H,,,, where H, and H,,, are completely
Q-invariant (that is both Q- and Q*-invariant), Q|p, is a unitary operator, and
H, is the greatest subspace with such properties. The operators O, = Q|p, and
Ocnu = Qlu,,, are called the unitary part and the completely non-unitary part of
0, respectively. In this notation we have

Q = Qu @ anu-

In the case of a normal contraction Q this decomposition can be immediately
deduced by means of the projection-valued spectral measure Py of the operator Q.
We say that a projection-valued measure is concentrated on a Borel set A € C if it
vanishes on every Borel set disjoint with A; the restriction of such a measure P to a
Borel set A is another such a (uniquely defined) measure which is concentrated on A
and agrees with P on every Borel subset of 4; we denote this measure by P4. Using
this terminology and notation, Py is concentrated on the closed unit disk D so that
Py = PQD.LetK ={lzl e C:z=1}and Dy = {z € C: |z] < 1} be the unit
circle and the open unit disk. Then H, = Po(K)H and H.,, = Po(Do)H. Let
Pg and PQD ° be the restrictions of Py to K and to Dy, respectively. Then we have
Py = Pg + PQD". By abuse of notation, we also have Pg = Py, and PQD" = Po,..
(here Py, and Py, are considered, due to the canonical inclusions of H, and H,,,
in H, as measures with values in orthoprojections of H rather than of H, or H.,,).

For a normal contraction there exist simple criteria for the relations f € H, and

f € Hepy.
Proposition 2.1. Let Q : H — H be a normal contraction, H = H, & H,y, the

orthogonal decomposition defined above, || - || the normin H and f € H.
Then f € H, if and only if at least one of the relations lim, . || Q" f1| = || f|I,
lim,—00 |[|Q*" f1| = || f1| holds. In fact, in this case equalities in (7) take place.

Further, f € H.py if and only if at least one of the relations lim, . || Q" f|| =
0, lim,— 00 ||Q*" f|| = 0 holds. If so, both of these relations hold simultaneously.
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Proof. Let f = f,+ fenu, wWhere f, € Hy, fenu € Henu, and let p s be the spectral
measure of f. Then we have

10" full> = 110 full? = / 2> ps(d2) = pr(K) = || ful %,
K

IIQ”ﬁ:WIIZZIIQ*"ﬁ:nuHZ:/ o) | 0.

Dy

and

Q" FIPF =110 FIP = 10" ful P + 11Q" fenul > 4 IIfull*-
n—>o00
These relations, along with the relation || £||> = || ful|> + || fenul|?, imply the
assertions of the proposition. O

Let now H = Ly(u) and Q be a transition operator with the stationary
probability w. Then, according to S. Foguel’s theorem [5, 6], the subspace H,
is of the form L,;(My.s, ), where My, is a sub-o-field of M which we will
call deterministic. (Caution: sometimes this term is used for the o-fields related
to the one-sided analogues of the condition (7)). Moreover, Q |,y ) defines
a p-preserving automorphism of M., and Mg, is the largest sub-o-field of
M with this property. In the Markov chain context we will use denotations H .,
and H,4, (from deterministic and nondeterministic) instead of H, and H.,,,
respectively. The orthogonal projection Pge; to Hyey = Ly(Myer, ) coincides
with the corresponding conditional expectation EMder @ Ly(u) — Ly(Mger, J1);
the range of the complementary projection P4, = [ —EMaer is H 4. In the normal
case the projection Pge; : Lo(it) — La(Mge, i) is exactly the spectral projection
Py (K) of the operator Q while the complementary projection P,q.; agrees with
Po(Dy).

Remark 2.2. Foran f € L,(u) the orthogonal decomposition

f = fdet + fndet

with  fyer = Pyer f and  frger = Puaerf leads to the decomposition of the
stationary random sequence (f(X,))n,ez into the sum of the sequences
(faet (Xn))nez and (frager(X))nez, the second of them having zero conditional
expectation given the first one. Without additional assumptions the sequence
(faet(Xy))nez may be an arbitrary stationary sequence of square-integrable
variables whose influence to the behavior of (f(X,)),ez is out of our control.
The sequence ( fuger(Xn))nez, unlike ( fyer (X3))nez, admits some further analysis.
Under the assumption of normality of O some problems (such as the Central Limit
Theorem) concerning ( f(X},)),ez can be treated in terms of the spectral measures
of the functions f, fye; and fuq4er. Notice that pr = py,., + P fu» Where ps,, and
P f.u are concentrated on K and Dy, respectively.
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2.4 Defect Operators and Defect Spaces of a Contraction

We present here the definition and some properties of the defect operators and the
defect spaces of a contraction Q : H — H (see [17] and [18] for proofs and more
details). The operators

Do =(I-0%0)2, Do = (I — Q0%

are called the defect operators of Q. These operators are self-adjoint non-negative
(in the spectral sense) contractions, satisfying

QD = Dp+Q, DpQ* = 0*Do-.

The spaces
Do = DgoH, Do = DoxH

are called defect spaces of Q. It follows from the above relations that
QDQ - DQ*, Q*DQ* - DQ.

In the case of a normal contraction Q the corresponding defect operators agree,
and so are the defect subspaces. In this case the defect subspace is invariant with
respect to both Q and Q*, and the restriction Dg|4,,, of the defect operator to the
completely non-unitary subspace is injective. Indeed, if f € H.y, and Do f = 0
the spectral measure p is concentrated on D by the first of these two relations,
while by the second relation (Qf. Of) = (/. f); the latter means that p is
concentrated on K, implying py = 0. Furthermore, it is easy to see from the
consideration of spectral measures that Dy = H.,, if Q is a normal contraction.

Remark 2.3. When Q is a transition operator, its defect subspaces are in a natural
unitary correspondence with the spaces of the forward and the backward martingale
differences of the Markov chain X (see the next section of the paper; compare with
[18], Sect.3.2). O

3 Quasi-functions

3.1 Quasi-functions: m-Functions and t-Functions

Looking for a generalization of the martingale-coboundary representation and the
Poisson equation, we need some more general objects than the L,(P)-functions
of the form f(Xy) in the first case and L;(u)-functions in the second one. The
first problem is solved in terms of the filtration (F,),ez determined by the Markov
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chain, while the second one is treated in terms of the transition operator and some
other auxiliary operators acting on L;(u)-functions. In both cases we obtain a
decomposition of an L,-function into a series. Removing the requirement that the
decomposition belongs to an L,-function, we arrive at a class of objects which
are given by their decompositions but, in general, are no longer functions. These
objects called quasi-functions will be considered as elements of certain Banach
spaces. These Banach spaces contain conventional L,-spaces as dense subspaces
such a way that every quasi-function can be represented in a canonical way as a limit
of L,-functions. Moreover, every operator we are interested in admits a canonical
extension from L, to the appropriate Banach space. We will consider quasi-
functions of two kinds. Quasi-functions of the first kind generalize conventional
functions defined on the path space of the Markov chain under consideration
and will be called m-functions; quasi-functions of the second kind, generalizing
conventional functions defined on the state space of the Markov chain, will be called
t-functions. It turns out that some conventional functions on the path space can have
a martingale-coboundary representation in terms of m-functions; some of them are
conventional L,-functions, but some other are not. Also the Poisson equation for
an L,-function on the state space with no L;-solution may be sometimes solved in
t-functions.

As an introductory step, we start with considering the decompositions of
functions from L,-spaces.

3.2 Functions and m-Functions

For every g € L,(u) we have the following martingale decomposition
o0
g=Y (B, —E_, g +E wf ®)
n=0

converging in the norm of L,(IP). Rewriting the summands of (8) in terms of the
operators Q, U and the embedding g + g, we have

(E—n - IE—n—l)g
— U_n]E()Ung _ U—n—l]EOUn-‘rl 5 — U—nEOEn Ung, _ U_n_lEoEn+lUn+lg
Uy é\/ng _ U—n—l Qn-‘rlg
€)

and, with the limits in the norm of L, (P),
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E_ood
= lim E_,& = lim U "EU"§ = lim U "EE'U"§
n—>oo n—>00 n—>oo
— — (10
1 —-nAn, . 1; —n yn
= Jim U9 = Jim U~ Q'

= gdet-

Deriving (9) and (10), we used the fact that g is X,-measurable, along with some
standard properties of Markov chains. In (10) we also used the decomposition g =
Zdet + Znder, the relation Q" gge: e 0 and the identity U ™! Q?de, = Zge; Which
can be explained as follows. Since the map g — g isometrically embeds L,(u)
to L,(IP), the subspace Hy.; & Lo(u) is also embedded to L,(P). Furthermore, it
can be easily verified that Hy,, is a completely invariant subspace of the unitary U,
and that U|y,,, = Q|u,,,- Another way to express this is the relation U ™! 08w =
Zder used in (10). Moreover, this relation allows us to substitute & by &4 in the
right-hand side of (9). With (10) and properly modified (9), the identity (8) can be
rewritten as

o —e—
= (U™"0"guter — U™ 0" guter) + Zuaer- (11)
n=0
Assuming now g € H,4., we have the following martingale decomposition:
0 —_— —
§g=) UTQg-UTQ" . (12)
n=0

Analyzing the right-hand side of (12), observe that all terms in this series are of
the form U " (7, —U ™' Qr,), 1y € Huges (n € 7). Terms of such form are mutually
orthogonal for differentn € Z. Set

Ly, ={U"GF—U=07):1 € Hu} (n €7)

and denote by M the closed subspace of L, (IP) generated by all L,,,n € Z. In view
of the mutual orthogonality of L, we have

M = @nGZLn (13)

(we use @ both as a symbol of an exterior operation and also for the closed span of
some orthogonal subspaces of a certain Hilbert space). The space M is a completely
invariant subspace of the operator U. The operator U | is unitarily equivalent to the
two-sided shift operator, and every L, is a wandering subspace for U |js. From now
on we will write U instead of U |y,. Denoting by \/ the linear span of some set of
liner subspaces, we also have



CLT for Stationary Normal Markov Chains via Generalized Coboundaries 105

M =\/ U"Hyger. (14)

nez

Indeed, the left-hand side is contained in the right-hand one because of the
obvious relation L, € U"H,ues \/ U""'Huyer (n € Z); the opposite inclusion is
a consequence of (12) and the complete invariance of M with respect to U. We will
also need the U ~!-invariant spaces

M, = &<uLi (= \/ Uande,),n cZ.

k<n

Since B _
[lh— U Qh||> = ((I — 0*Q)h. h),

setting for every h € H,;
I(h—U""Qh) = (I — Q*Q)?h

defines a unitary map / : Lo — Dg. As was observed in Sect. 2.4, for a normal
transition operator Q we have Dg = H,4, and therefore | maps Lo to Hyge.
Then the space M) is unitarily equivalent to the space of one-sided sequences of the
elements of H,4,, via the correspondence

My U"py < (... 1(p-1).1(p0)) € Huter ® 1a(Z), (15)

n<0

where (pn)a<o is a sequence of elements of Lo with ) _, [|pall3 < oo and
Hy4ee ® [(Z-) denotes the Hilbert space tensor product of Hilbert spaces. The
elements of H, 4, ® l,(Z_) are sequences (...,da—1,a9) with a, € Hg (n < 0)
and > _, |a,,|% < oo. By this unitary equivalence the one-sided shift o :
(...,a—1,a9) — (...,a—1,a9,0) in the space H,y; ® [o(Z_) corresponds to the
isometric operator U -1 | m,» While the co-isometric inverse shift 6*: (..., a—;, ap) —
(...,a—a,a—;) corresponds to (U ~!|,)*. Furthermore, since Q acts on the space
H,4.;, we can define its coordinatewise action on H, 4, ® l,(Z_) by

0(...,a-1,a0) = (..., Qa—1, Qao).

We set Q = 17101 : Ly — Lo, and extend it (with the same notation
and in agreement with (15)) to Q : My — M, by setting Q(ano U'p, =
ano u" Qpn-

We are in position now to give a description of those elements of M, which are
martingale decompositions (12) of certain g with g € H, 4.

Proposition 3.1. The following conditions on the series ), _,U"p, € My are
equivalent:
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(1) the series Zn50 U" p, represents a decomposition (12) of certain g with g €
Hnder; R R

(2) there exists such p € Ly that ano 110" pll5 < oo and p—, = Q" p for every
n>0;

(3) there exists such r € H,e that ano |Q"r|5 < oo and for every n > 0

[(p-n) = Q"r.

P:roof. Conditions (2) and (3) are equivalent because / is a unitary operator and
Q = 17'Ql. Let us show that (1) implies (3). According to (12), for the martingale

decomposition of an g with g € H,4,; we have forn > 0 p_, = Q_V"g—U_lm,
sothat/(p—,) = Q"(I—Q*Q)%g = Q"r,wherer = (I—Q*Q)%g. This follows
that 37,4 10"r[3 = 3,50((Q*0)'(I — 0*Q)g.8) = (g.8) < oo. Conversely,

assuming (3), let h € H,, is such that ano |Q”r|§ < oo. This is equivalent to

| =eda <.

which follows that there exists such g € H,g,, that r = (I — Q*Q)%g. Then in
the martingale decomposition § = 3 _, U" p;, we have forn <0 p, = 07"g —

U_I/Q—_"\*'_lg orl(p)) =07 — Q*Q)%g = Q~"r = I(py), and we conclude
Pp = Pn- o

Let co(Z-) be the space of all complex sequences indexed by the elements of Z_
and tending to zero, co(Z-) being supplied with the sup-norm. Then the injective
tensor product H,,4.; ®. co(Z-) is the space of all sequencesa = (...,a—_;,ap) with
ay € Hyge forn <0, |ay|2 n:)_(go and with the norm of @ = (..., a—_;, ap) defined

as sup, g |@,|2. The space H,q; @ I>(Z-), represented as a space of sequences of
elements of H,g, can be in a natural way continuously and injectively mapped
into Hyge ®¢ co(Z-). Notice that the shift operators 0, and o,; can be extended to
Hjo; ®c co(Z—). Observe that 6*"a — 0 forevery a € H,ge ®c co(Z—). We can

n—od
transfer this extension, via correspondence (15), to a space containing M. Elements

of M, are sums Znso U"p,, where p, € Lo,n <0, and ano ||p,,||% < 00. Then

the extended space denoted by M and consisting of the formal sums ), <oU"Pn

where p, € Lo,n < 0, ||pu|l2 — 0; the norm of >, _,U" p, is defined as
n——o00 =

sup, <o || Pn|l2- The operators U ™|y, and (U '|3,)* admit obvious extensions to
M which we denote U™ mer and (U~"[yen)*. Analogously, every space M,
(n € Z) can be extended to the space M. If we write the elements of M as
> i<, Uk pr with py € Lo(k < n), we obtain a growing sequence of subspaces of
the space

Mt = ZU DPn ' DPn ELo(n EZ) ||pn||2 n_) O}

nez
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The space M “" is an extension of M, and we will hold the notations U and U~
for natural extensions of these operators from M to M.

Definition 3.2. Elements of the Banach space M “" are called m-functions.

Remark 3.3. There are also other operators which can be naturally extended from
M to M. For example, so are the projections E, : Y, o, U¥ py > k<n U py,
nez. O

3.3 Functions and t-Functions

The space of ¢-functions which we are going to define extends the space Hz.; <
L, (). Functions from H,4,, admit some decomposition; z-functions will be defined
in terms of a similar decomposition. The next problem to solve will be how to embed
the space of 7-functions to the space of m-functions generalizing the embedding
g +— g o X of the space H,4 to L,(IP). This also will be done in terms of the
corresponding decompositions.

Taking in (11) the conditional expectation relative to X, (which is, in particular,
the left inverse for the embedding g — g o Xj), we obtain

g = Z(Q*n Qn _ Q*(n+1)Qn+1)gndet + Sdet- (16)

n=0

Now we again assume that g € H,4,,. Then we have

g= Z(Q*nQn _ Q*(n+l)Qn+l)g (17)
n=0
or oo
g=>Y 0%(-0%0)0"s. (18)
n=0

where the series’ converge in the norm | - .
Since Q is normal, we have

(8.8) =) (0™ - 0*0)0"g.8)
n=0

(19)
=3 (0"(I - 0*0)?g.0"(I — 0*0)?g).
n=0

Then, we have an isometric correspondence
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Huw3g < (...,00 —0*0)7¢,(I — 0*0)?g) € Huu ® h(Z_)  (20)

(the set Z_ rather than Z was chosen here for the future denotational convenience).
According to Proposition 3.1, another description of the image of H,4.; in Hyger ®
[>(Z-) by the above correspondence is as follows:

{(...,Qr,r):r EHndethlQan% < OO}

n>0

We will identify this image with H,,,. The extension Hjjé[ D H,ue is then
defined by
Hye ={(....0r.1) 11 € Hyger}

ndet

(we consider H/ as a subspace of Hger ®c co(Z-)).

Definition 3.4. Elements of the Banach spaces H are called t-functions.

It is clear from this definition that every 7-function is a sequence of functions
from H,4, with some additional properties; in case the corresponding series
converges in Ly(u) its sum gives an H,4-representative of the corresponding
t-function; otherwise a t-function is a proper generalized function; anyway, a
t-function is a limit (in the sense of H,g.; ®¢ co(Z-)) of functions from H,g,;.

Let us turn now to the embedding of #-functions to m-functions. Reformulating
the mapping f +— f = f o Xy, f € Hyger, in terms of decompositions, we obtain

Hun3g< (...(1 —0*0)1¢g, 01 —0*Q)ig,(I — 0*0)*g)

> S U0 - 0% 0)Pg) = § € M. @b
n<0
This embedding can be described differently as
(s Or ) > (... O r) = > oun( (22)

n<0

which makes sense both for H,ser — Hpuger © Mo and for HY — Hrfji‘; c M.

Proposition 3.5. Let Q : Ly(u) — Lo() be a normal transition operator for a
stationary Markov chain X and f € Hy,qe have the spectral measure p r. Then the
following conditions on the function f are equivalent:

(1) f =g— Qgwithsome g € H®! ;

ndet’

(2) f = h + g —Ug with someg € H®' and h € M, such that Egh = 0;

ndet

(3) r (I —0)7'(I = Q*0): f € Hyaer’
(4) crf = |r|2 I Ill_‘jz,ofdz< 0.
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Moreover, deducing (2) from (1) or (3) we can always seth = Ug — /Q\:g;; also,

we have ||h]3 = |r|3 = a}%.

Proof. Let (1) holds true. Then & = 3~ _, U"I~'(Q~"r) for some r € Hyger, and

~ —_— —_—

[=8-0g=Ug-0¢+g-Ug=h+g-Ug (23)

where
h=Ug—0g=>Y Ut (0™r)=Y U= (™" 'r)=U"I"'(r) € L1.
= "= (24)

and (2) follows. To establish (2) — (1), apply Ey to the relation (2), obtaining
f = g — EgUg; then check EgUg = @E by means of the represention &g =
Y u<o UMTH(O7"r) with some r € Hyger.

Let us show now that (1) and (3) are equivalent. The relation (1) holds if and only
if forsome 7 € Hy4 andeveryn >0 Q" Q1 — Q*Q)%f = Q"(I —Q)r. But this
is equivalentto Q(I — 0*Q): f = (I — Q)rortor = (I — Q)"'(I — 0*Q)% f
which is equivalent to (3). Since f € H, 4. and H,,, is invariant with respect to Q,
such r € H,g,, exists if and only if (4) holds. The last assertions follow from (23)
and (24). ]

Remark 3.6 (Unicity and reality). It is easy to see that the equation f = g — Qg
may have at most one solution g € H¢J! .

Functions we consider are in general complex-valued; so functions and quasi-
functions constitute Banach spaces over C. The involutive conjugation in these
spaces is well-defined, its fixed points are said to be real. The operators Q, Q*, their
spectral projections and conditional expectations E, (n € 7Z) preserve the reality
of functions and quasi-functions. In view of this, for example, in the orthogonal
decomposition f = fye; + fuder the summands fy., and fq,; are real-valued
provided that so is f. These facts and the unicity imply that the solution of the
Poisson equation with a real right-hand side must be real; also for a real function
the ingredients of the martingale-coboundary representation must be real. Notice
that for the spectral measure ps of a real-valued function f with respect to the
operator Q the real axis is the symmetry axis. O

4 The CLT

In addition to assumptions of Sect.2 (including the normality of the transition
operator) we assume that 1 is a simple eigenvalue of the operator Q. It is known [10]
that this implies (and is equivalent to) the ergodicity of the shift transformation 7T'.
We give now an alternative proof of a version of the Central Limit Theorem for
a stationary normal Markov chain (Thm. 7.1 in [10]). Let N(m, o) be the normal
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law with the mean value m and the variance o2, degenerate if 02 = 0. As above, D
denotes the closed unit disk in C.

Theorem 4.1. Let (X,),ez be a stationary homogeneous Markov chain which has
a probability measure [ as the one-dimensional distribution and a normal operator
Q : Ly(u) — Lo(u) as the transition operator. Assume that the eigenvalue 1 of
Q is simple. Let a real-valued function f € L»(u) with the spectral measure p s
satisfy the conditions

(1) Uf = fD |1_Z\2lofdZ < 00,

(2) lim,;eon™ :

Then the random variables (n_% ZZ;B f (Xk))nzl converge in distribution to
the normal law N (O, 012,). Moreover,

Tim n” HZ f(Xk)H (25)

Proof. Let us first reduce the proof to the case f € H,;. Since the decomposition
Lo(nw) = Hyer ® Hyuger reduces the operator Q, the assumption (2) implies for

f = fdet + fnder (fdet € Hdeta fnderE Hndet) that

n—1
. _1 k _
Jim 172} 0" fuer| =0 (26)
k=0
and
1im 7 zZQ Juder| | = 0. 27)

Since Q|p,,, is a unitary operator which agrees, after embedding Hz to L,(P),
with U, for every n > 1 we have

n—1
>0 fau, =
k=0

which follows

. _1
lim n™2
n—>oo

5 i (x|, =o. 8)
k=0

It is therefore clear that the random variables (n_% ZZ;B faet(Xi),n > 1)
converges to 0 both in probability and in the norm || - ||,. By this reason we will
assume f € H,g,, in the rest of the proof.



CLT for Stationary Normal Markov Chains via Generalized Coboundaries 111

In view of the assumption (1) and Proposition 3.5, f admits the representation
f = g— Qg with some g € H® | and we have

ndet’
n—1 n—l1
Y S0 =) UNUg-0g) +8-U"g.
k=0 k=0

Here (UX(Ug — FQE));(Z() is a stationary ergodic sequence of martingal differ-
ences whose variance is, by Proposition 3.5, 0%. Then, in view of the Billingsley-
Ibragimov theorem, we only need to show that

ng-U"gll; — o (29)
n—>o00
We have with an r € H,4, from (3) in Proposition 3.5

2
nIg - UnglR = [ Ukt e - Y vt o |
k=<0 k=<0

:n—lH 3 Un—kl—l(ri)Hi_I_n—lHZUkl—l(Q—kr)_ZUkl—l(Qn—kr)Hz
k=<0 k=0

0<k<n—1

n—1
= 10N 4 [ Uk @R - Y vk |
k=0 k=0

k=<0

n—1 n—1 n—1
2
=n' Y10 R 40T g = 0 g =t Y (04 R+ YD 0 |

k=0 k=0 k=0 (30)

The summands of the last sum tend to zero: the first one because so does |Q"r|,
and the second one by assumption (2) of the theorem. This completes the proof. 0O
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Abstract We address the question of a Berry-Esseen type theorem for the speed of
convergence in a multivariate free central limit theorem. For this, we estimate the
difference between the operator-valued Cauchy transforms of the normalized partial
sums in an operator-valued free central limit theorem and the Cauchy transform
of the limiting operator-valued semicircular element. Since we have to deal with
in general non-self-adjoint operators, we introduce the notion of matrix-valued
resolvent sets and study the behavior of Cauchy transforms on them.

Keywords Free Berry-Esseen e operator valued ¢ multivariate ¢ linearization

trick * matrix valued spectrum

2010 Mathematics Subject Classification. 46154, 60F05, 47A10.

1 Introduction

In classical probability theory the famous Berry-Esseen theorem gives a quantitative
statement about the order of convergence in the central limit theorem. It states
in its simplest version: If (X;);en is a sequence of independent and identically
distributed random variables with mean 0 and variance 1, then the distance between
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S, = ﬁ(Xl + --- 4+ X,) and a normal variable y of mean 0 and variance 1 can be
estimated in terms of the Kolmogorov distance A by

1
A(Sy,y) < C——=p,

where C is a constant and p is the absolute third moment of the variables X;. The
question for a free analogue of the Berry-Esseen estimate in the case of one random
variable was answered by Chistyakov and Gétze in [2] (and independently, under
the more restrictive assumption of compact support of the X;, by Kargin [10]): If
(X)ien is a sequence of free and identically distributed variables with mean 0 and
variance 1, then the distance between S, := ﬁ(X 1+ -+ X,;) and a semicircular

variable s of mean O and variance 1 can be estimated as

NG

where ¢ > 0 is an absolute constant and m3 and m4 are the third and fourth moment,
respectively, of the X;.

In this paper we want to present an approach to a multivariate version of a free
Berry-Esseen theorem. The general idea is the following: Since there is up to now
no suitable replacement of the Kolmorgorov metric in the multivariate case, we
will, in order to describe the speed of convergence of a d-tuple (5,5”, e, S,gd) ) of
partial sums to the limiting semicircular family (s, ..., ss), consider the speed of
convergence of p(S,El), cees S,Ed)) to p(si,...,sq) for any self-adjoint polynomial
p in d non-commuting variables. By using the linearization trick of Haagerup and
Thorbjgrnsen [5,6], we can reformulate this in an operator-valued setting, where we
will state an operator-valued free Berry-Esseen theorem. Because estimates for the
difference between scalar-valued Cauchy transforms translate by results of Bai [1]
to estimates with respect to the Kolmogorov distance, it is convenient to describe the
speed of convergence in terms of Cauchy transforms. On the level of deriving equa-
tions for the (operator-valued) Cauchy transforms we can follow ideas which are
used for dealing with speed of convergence questions for random matrices; here we
are inspired in particular by the work of Gotze and Tikhomirov [4], but see also [1].

Since the transition from the multivariate to the operator-valued setting leads to
operators which are, even if we start from self-adjoint polynomials p, in general not
self-adjoint, we have to deal with (operator-valued) Cauchy transforms defined on
domains different from the usual ones. Since most of the analytic tools fail in this
generality, we have to develop them along the way.

As a first step in this direction, the present paper (which is based on the
unpublished preprint [13]) leads finally to the proof of the following theorem:

A(Sy.s) < LT vms,
n

Theorem 1.1. Let (C,t) be a non-commutative C*-probability space with t
faithful and put A := M,,(C) @ C and E := id ®t. Let (X;);en be a sequence of
non-zero elements in the operator-valued probability space (A, E). We assume:
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e All X;’s have the same x-distribution with respect to E and their first moments
vanish, i.e. E[X;] = 0.
e The X; are x-free with amalgamation over M,,(C) (which means that the
x-algebras X;, generated by M,,(C) and X;, are free with respect to E ).
o We have sup || X;| < oo.
ieN

Then the sequence (S, ) en defined by

1 n
SnIZEZX,', neN

i=1

converges to an operator-valued semicircular element s. Moreover, we can find k >
0,c>1,C >0and N € N such that

1
|Gs(b) — Gs,(b)|| < C—=|b]| forallb € Qandn > N,
N

where
Q= {b e GL,(©) | 57" <. b+ 67" < ¢}

and where G and Gg, denote the operator-valued Cauchy transforms of s and of
Sy, respectively.

Applying this operator-valued statement to our multivariate problem gives the
following main result on a multivariate free Berry Esseen theorem.

Theorem 1.2. Let (xfk))]le, i € N, be free and identically distributed sets of d
self-adjoint non-zero random variables in some non-commutative C*-probability
space (C, t), with T faithful, such that the conditions

tx*)=0 fork=1,....d andalli €N

and ©
sup max ||x;’|| < oo
sup, max | [lx: 1

(k)

are fulfilled. We denote by ¥ = (Uk,l)zJ:l’ where or; = T(x; x,.(l)), their joint

covariance matrix. Moreover, we put

1 n
s® = szi“" fork =1,....d andalln € N.
n

i=1

Then (S,fl), e, S,fd)) converges in distribution to a semicircular family (sy, ..., Sq)
of covariance . We can quantify the speed of convergence in the following way. Let
p be a (not necessarily self-adjoint) polynomial in d non-commutating variables
and put
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Pyi=pSV,...,SD)y  and P = p(si,...,sq).

Then, there are constants C > 0, R > 0 and N € N (depending on the polynomial)
such that

1Gp(2) — G, (2)] < c%

where Gp and Gp, denote the scalar-valued Cauchy transform of P and of P,,
respectively.

forall|z| > Randn > N,

In the case of a self-adjoint polynomial p, we can consider the distribution
measures [, and p of the operators P, and P from above, which are probability
measures on R. Moreover, let 7, and J, be their cumulative distribution functions.
In order to deduce estimates for the Kolmogorov distance

Apn, p) = sup 1 F (%) = Fr ()]
X€E

one has to transfer the estimate for the difference of the scalar-valued Cauchy
transforms of P, and P from near infinity to a neighborhood of the real axis.
A partial solution to this problem was given in the appendix of [14], which we will
recall in Sect. 4. But this leads to the still unsolved question, whether p(sy, ..., Sq)
has a continuous density. We conjecture that the latter is true for any self-adjoint
polynomial in free semicirculars, but at present we are not aware of a proof of that
statement.

The paper is organized as follows. In Sect.2 we recall some basic facts about
holomorphic functions on domains in Banach spaces. The tools to deal with matrix-
valued Cauchy transform will be presented in Sect. 3. Section 4 is devoted to the
proof of Theorems 1.1 and 1.2.

2 Holomorphic Functions on Domains in Banach Spaces

For reader’s convenience, we briefly recall the definition of holomorphic functions
on domains in Banach spaces and we state the theorem of Earle-Hamilton, which
will play a major role in the subsequent sections.

Definition 2.1. Let (X, || - ||x), (¥, - [ly) be two complex Banach spaces and let
D C X be an open subset of X. A function f : D — Y is called

« Strongly holomorphic, if for each x € D there exists a bounded linear mapping
Df(x) : X — Y such that

fim W&+ Y) = f() = DF()ylly
1m

=0.
y=0 Iyl
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*  Weakly holomorphic, if it is locally bounded and the mapping

A= ¢(f(x +Ay)

is holomorphic at A = 0 for each x € D, y € Y and all continuous linear
functionals ¢ : ¥ — C.

An important theorem due to Dunford says, that a function on a domain (i.e. an
open and connected subset) in a Banach space is strongly holomorphic if and only
if it is weakly holomorphic. Hence, we do not have to distinguish between both
definitions.

Definition 2.2. Let D be a nonempty domain in a complex Banach space (X, | - ||)
and let f : D — D be a holomorphic function. We say, that f(D) lies strictly
inside D, if there is some € > 0 such that

B(f(x)) <D forallx € D

holds, whereby we denote by B, () the open ball with radius r around y.

The remarkable fact, that strict holomorphic mappings are strict contractions in
the so-called Carathéodory-Riffen-Finsler metric, leads to the following theorem of
Earle-Hamilton (cf. [3]), which can be seen as a holomorphic version of Banach’s
contraction mapping theorem. For a proof of this theorem and variations of the
statement we refer to [7].

Theorem 2.3 (Earle-Hamilton, 1970). Let @ #% D C X be a domain in a Banach
space (X, || - ||) and let f : D — D be a bounded holomorphic function. If f(D)
lies strictly inside D, then f has a unique fixed point in D.

3 Matrix-Valued Spectra and Cauchy Transforms

The statement of the following lemma is well-known and quite simple. But since it
turns out to be extremely helpful, it is convenient to recall it here.

Lemma 3.1. Let (A, || - ||) be a complex Banach-algebra with unit 1. If x € A is
invertible and y € A satisfies ||x — y| < Ullx_llll for some 0 < o < 1, then y is
invertible as well and we have

_ 1 _
Iy 1|| =< m”x .

Proof. We can easily check that

(x_l (x — y))nx_l

n=0
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is absolutely convergent in A and gives the inverse element of y. Moreover we get

oo

Ly~ < D (e e = )" I <

n=0

-1
=1l

1—0

which proves the stated estimate. O

Let (C, 1) be a non-commutative C *-probability space, i.e., C is a unital C*-
algebra and t is a unital state (positive linear functional) on C; we will always
assume that 7 is faithful. For fixed m € N we define the operator-valued C *-
probability space A := M,,(C) ® C with conditional expectation

E:=id,®t: A—>M,(C), b®c+ t(c)b,

where we denote by M,,, (C) the C *-algebra of all m x m matrices over the complex
numbers C. Under the canonical identification of M,,, (C) ® C with M,,,(C) (matrices
with entries in C), the expectation E corresponds to applying the state 7 entrywise
in a matrix. We will also identify b € M,,(C) withh ® 1 € A.

Definition 3.2. Fora € A = M,,(C) we define the matrix-valued resolvent set
pm(a) :={b € M,,(C) | b — a is invertible in A}
and the matrix-valued spectrum
om(a) := Mu(C)\pm(a).

Since the set GL(.A) of all invertible elements in A is an open subset of A
(cf. Lemma 3.1), the continuity of the mapping

fao: Mu(@C) > A, b—>b—a

implies, that the matrix-valued resolvent set p,, (@) = £, '(GL(A)) of an element
a € A is an open subset of M,,(C). Hence, the matrix-valued spectrum o,,(a) is
always closed.

Although the behavior of this matrix-valued generalizations of the classical
resolvent set and spectrum seems to be quite similar to the classical case (which
is of course included in our definition for m = 1), the matrix valued spectrum is in
general not bounded and hence not a compact subset of M,,(C). For example, we
have for all A € C, that

om(Al) = {b € M, (C) [ A € om,, ) (D)}

i.e. g, (A1) consists of all matrices b € M,,,(C) for which A belongs to the spectrum
owm,, (c) (). Particularly, 6,, (A1) is unbounded for m > 2.
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In the following, we denote by GL,, (C) := GL(M,,(C)) the set of all invertible
matrices in M,,, (C).

Lemma 3.3. Leta € A be given. Then for all b € GL,,(C) the following inclusion
holds:

b A€ pad™'a)} € pula)
Proof. Let A € pa(hb~'a) be given. By definition of the usual resolvent set this
means that A1 — b~ is invertible in A. It follows, that

Ab—a=0b(A1-b""a)

is invertible as well, and we get, as desired, Ab € p,,(a). O

Lemma 3.4. Forall0 # a € A we have

b € GL(©) | 1571 < 7} € pu(@)
fal

and

1
Um(a) a GLm((C) - {b € GLm(C) | ”b_l” = m}

Proof. Obviously, the second inclusion is a direct consequence of the first. Hence,
it suffices to show the first statement.

Let b € GL,,(C) with |71 < ”71” be given. It follows, that 4 := 1 — b~ a is
invertible, because

I1=hl =67 all < 167" - l|lall < 1.
Therefore, we can deduce, that also
b—a =b(1—b_1a) (D

is invertible, i.e. b € py,(a). This proves the assertion. O

The main reason to consider matrix-valued resolvent sets is, that they are the
natural domains for matrix-valued Cauchy transforms, which we will define now.

Definition 3.5. Fora € A we call
G, : pm(a) > M, (C), b+~ E[(b — a)_l]

the matrix-valued Cauchy transform of a.

Note that G, is a continuous function (and hence locally bounded) and induces
for all by € py(a), b € M,,(C) and bounded linear functionals ¢ : A — C a
function
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A > ¢(Ga(bo + Ab)),

which is holomorphic in a neighborhood of A = 0. Hence, G, is weakly
holomorphic and therefore (as we have seen in the previous section) strongly
holomorphic as well.

Because the structure of p,, (@) and therefore the behavior of G, might in general
be quite complicated, we restrict our attention to a suitable restriction of G,. In this
way, we will get some additional properties of G,,.

The first restriction enables us to control the norm of the matrix-valued Cauchy
transform on a sufficiently nice subset of the matrix-valued resolvent set.

Lemma 3.6. Let 0 # a € A be given. For 0 < 8 < 1 the matrix valued Cauchy
transform G, induces a mapping

. o 1
- Lo, <o — M,y 1-0 Ja|)
Ga': {b € GLu(©) [ 167" < ”a”}—>{be © 1Ibll < =5 ”a”}

Proof. Lemma 3.4 (c) tells us, that the open set

U= {b € GL,(C) | 67" <6 - L}

lall

is contained in p,, (a), i.e. G, is well-defined on U. Moreover, we get from (1)

o0
b-a)'=(1-b""a) b7 =) (b7la) b
n=0
and hence
—1 -1 = -1 n o 1
G B < 1B =ay I <15~ Y- (16~ lal)" < =0 Tal 2
n=0
for all b € U. This proves the claim. O

To ensure, that the range of G, is contained in GL,,(C), we have to shrink the
domain again.

Lemma 3.7. Let 0 # a € A be given. For0 < 0 < 1 and ¢ > 1 we define

1

Q= b eGL,©) | |57 <6 .
fal

160167 < e}

and

0 1
Q= Ly, — !
0 € GLa© | 161 < 7= 11}
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If the condition
0 o
-0 ¢
is satisfied for some 0 < o < 1, then the matrix-valued Cauchy transform G,
induces a mapping G, : Q — Q' and we have the estimates

0
1G] < (b —a)7'| < —

— orall b € Q 3)
=0 Ja
and
1Ga®) ' < 7= IIbll  forallb €. )
— 0
Proof. For all b € Q we have
o0
Gab) ~ b7 = E[(b—a)" =b7 = E[ Y (b7'a)"p™"].
n=1

which enables us to deduce

0 c 1

= 0
G,(b)—-b7"| < |Ip7" b~ "[llall)" < ——-Ib7 < ——— <o-—.
1Ga@®)=b~" 1 < 16~ 1 3 (16~ Mal)” = 517" < =5 T3 <" T

n=1

Using Lemma 3.1, this implies G,(b) € GL,,(C) and (4). Since we already know
from (2) in Lemma 3.6, that (3) holds, it follows G,(b) € €’ and the proof is
complete. O

Remark 3.8. Since domains of our holomorphic functions should be connected it is
necessary to note, that for x > 0 and ¢ > 1
Q={beGLx(O) 167"l <, 6] - 167"l < ¢}
and forr > 0
Q' = {b e GL,(C) | |b|| < r}

are pathwise connected subsets of M, (C). Indeed, if by, b, € GL,,(C) are given, we
consider their polar decomposition by = U} P; and b, = U, P, with unitary matrices
U, U, € GL,,(C) and positive-definite Hermitian matrices P;, P, € GL,,(C) and
define (using functional calculus for normal elements in the C *-algebra M,,, (C))

y: [0,1] = GL,(C), t = U} P/~'U; P}.

Then y fulfills y(0) = b; and y(1) = b,, and y([0, 1]) is contained in 2 and Q' if
by, by are elements of € and Q’, respectively.

Since the matrix-valued Cauchy transform is a solution of a special equation (cf.
[8,12]), we will be interested in the following situation:
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Corollary 3.9. Let n : GL,,(C) — M,,(C) be a holomorphic function satisfying
InIl = Miwl for allw € GL,,(C)
for some M > 0. Moreover, we assume that
bG,(b) =1+ n(G,(0))Gu(b) forallb € Q

holds. Let 0 < 6,0 < 1 and ¢ > 1 be given with

R

and let Q and Q' be as in Lemma 3.7.
Then, for fixed b € S, the equation

bw =1+ n(ww, weQ ©)

has a unique solution, which is given by w = G,(b).

Proof. Letb € Q be given. For all w € Q' we get

0 M
Inw)ll = Mw| = al

1—6 lal|

and therefore

- _ 0 M
15~ Il < 16~ lInwIl = — 0 <bo <1.

1—0 [lal?
This means, that 1 — b~!5(w) and hence b — n(w) is invertible with
B =)™ < 1B~ =™ )™

<571 167w

n=0

0 1

< T A _ ki
1—-60 |al
and shows, that we have a well-defined and holomorphic mapping

F:Q > Mu(C), w— (b—nw)™"
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with
0 1 0 1
- —_— < _—

— — _1 T
IFOI =11 =)™l < 75— lall ~ 1—=6 |al

and therefore F(w) € Q.
Now, we want to show that F(2’) lies strictly inside . We put

6'—min{1 ! (1 1_9) b 1}>0
' 2 |5l +ollal’ 1—60/ 1-6 |lal
and consider w € Q" and u € M,,,(C) with ||u — F(w)|| < €. At first, we get

M 0
16 =)l < 161 + Iinw) Il < 161 + Tal 1-6 = 11l + ollall

and thus

1 1 1 1
u—Gb =) N =lu—Fw)| <e<=- <= ,
e =G =nGo) =l =1 <=3 orsolal =2 =gl

which shows u € GL,,(C), and secondly

lull = llu= (b —=nw)™ + | FW)|
ceqp Az0 6 1
1—00 1-6 Ja|
o 1
“1=6 Ja|

which shows u € Q.
Let now w € Q' be a solution of (5). This implies that

w Fw) =w ' (b —n(w) ™" = (bw — 77(w)w)_1 =1,

and hence F(w) = w. Since F : Q' — Q' is holomorphic on the domain Q’
and F(') lies strictly inside €', it follows by the Theorem of Earle-Hamilton,
Theorem 2.3, that F has exactly one fixed point. Because G,(b) (which is an
element of Q' by Lemma 3.7) solves (5) by assumption and hence is already a fixed
point of F, it follows w = G, (b) and we are done. O

Remark 3.10. Let (A’, E’) be an arbitrary operator-valued C *-probability space
with conditional expectation E’ : A" — M,,(C). This provides us with a unital (and
continuous) *-embedding ¢ : M,,,(C) — A’. In this section, we only considered the
special embedding

t: Mu(C) - A b—b®1,
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which is given by the special structure A = M,,(C) ® C. But we can define matrix-
valued resolvent sets, spectra and Cauchy transforms also in this more general
framework. To be more precise, we put for all a € A’

om(a) := {b € M,,(C) | t(b) — a is invertible in A"}
and 0, (a) := M,,(C)\ pn(a) and
Gy : pm(a) > My(C), b~ E'[((b) —a)~"].

We note, that all the results of this section stay valid in this general situation.

4 Multivariate Free Central Limit Theorem

4.1 Setting and First Observations

Let (X;);en be a sequence in the operator-valued probability space (A, E) with
A=M,() =M,(C)®C and E = id ®t, as defined in the previous section. We
assume:

* All X;’s have the same *-distribution with respect to E and their first moments
vanish, i.e. E[X;] = 0.
e The X; are x-free with amalgamation over M,,(C) (which means that the
x-algebras A}, generated by M,,(C) and X;, are free with respect to E).
e We have sup || X;| < oco.
ieN

If we define the linear (and hence holomorphic) mapping
n: Mu(C) > M (C), b= E[X;DX],

we easily get from the continuity of E, that
2
In®)1 < (sup IX:1) ol forall b € M, (©)
ie

holds. Hence we can find M > 0 such that ||7(b)|| < M| b| holds for all b €
M,,,(C). Moreover, we have for all k € N and all by,...,b; € M,,(C)

k+1
sup | E[X;i1 X; .. bi Xl < (sup 1) Wl -+ el
ieN ieN

Since (X;);en is a sequence of centered free non-commutative random variables,
Theorem 8.4 in [15] tells us that the sequence (S, ),en defined by
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1 n
Sn::ﬁZXi’ neN

i=1

converges to an operator-valued semicircular element s. Moreover, we know from
Theorem 4.2.4 in [12] that the operator-valued Cauchy transform G; satisfies

bGs(b) = 1 + n(G,(b))Gs(b)  forallb e U,

where we put U, := {b € GL,,(C) | |b7"|| < r} € pm(s) for all suitably small
r > 0.

By Proposition 7.1 in [9], the boundedness of the sequence (X;);en guarantees
boundedness of (S,),en as well. In order to get estimates for the difference between
the Cauchy transforms G, and Ggs, we will also need the fact, that (Sy),en is
bounded away from 0. The precise statement is part of the following lemma, which
also includes a similar statement for

. 1 1 &
Sil.=§, ——X;=—Y X; foralln eNandl<i <n.
n «/ﬁ «/ﬁ /2_1: J
i
Lemma 4.1. In the situation described above, we have for alln € N and all 1 <
i<n
X 1
IS0l = lleell> and ISE = (1= e,
n
where o := E[X[ X;] € M,,,(C).
Proof. By the x-freeness of X, X,, ..., we have
E[XX;] = E[X[]- E[X;] =0, fori # j

and thus

n

> EIXFX)]

ij=1

1
1Sa 1% = 1S, Sall = IE[Sy Salll = - = [l

Similarly
ISE2 = J|(SEy* st
> | E[(SEH* s

E[S*S,] - %E[Xi*Xf]H

n—1
= [l
n

which proves the statement. O
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We define forn € N

Ryt pu(Sy) > A b (b—S,)"

andforn e Nand1 <i <n

R (ST > A, b (b— S
Lemma 4.2. Foralln e Nand 1 <i < n we have
: 1 . ) 1 ) )
R,(b) = RI(b) + TR,[,’](b)XfR,[i](b) + —R,(0)X: R B) X RIV(B)  (6)
n n

and

_ plil iy

forall b € pn(S,) N pu(SHD).
Proof. We have

(b= Sy)R,(b)(b—SI") = b— Sl

(b=S8,) + —=(b -SRI b)X;

4

1
n

(b—S8y) +—=(b—S,)RID)X; + %XiR,[f](b)X,-,

&l

which leads, by multiplication with R, (b) = (b — S,)~! from the left and with
R®b) = (b — S~ from the right, to (6).
Moreover, we have

1
X,

— gl — —p—Sil — (p— —
(b—SIR,b)b—S,)=b-S"=(b Sn)+ﬁ

which leads, by multiplication with R,(b) = (b — S,)~" from the right and with
RI(b) = (b — SM)~! from the left, to equation (7). O

Obviously, we have

G, =Gs,=EoR, and G,Ei] =Gm=FEo R;[f]-
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4.2 Proof of the Main Theorem

During this subsection, let 0 < 8,0 < 1 and ¢ > 1 be given, such that

0 1
g <omnl ) ®
holds. For all n € N we define
K '—Qmin{ ! ! ! ! }
. s I 1Sa I s st

and
Q= {b € GLu(C) | Ib~"I| < k. [b]- 167" < ¢}

Lemma 3.4 shows, that €2, is a subset of p,,(S,).

Theorem 4.3. Forall 2 < n € N the function G, satisfies the following equation
An(0)Gn(b) =1+ n(Gu(b)Gu(b), b€y,

where
Ay Q> M ©C), b—b— @,,(b)Gn(b)_l,

with a holomorphic function

®,: 2, > M,(©C)
satisfying

sup [0,(b)] <

beQ, ! —Jn
with a constant C > 0, independent of n.
Proof. (i) Letn € Nand b € p,(S,) be given. Then we have

Sy Ry (D) = bR, (b) — (b — Sy)R, (D) = DR, (D) — 1

and hence

E[S,R,(b)] = E[bR,,(b) - 1] =bG,(b) —1.
(i) Letn € N be given. For all
be Pmn = Pm(Sy) N ﬂ pm(SrEi])
i=1

we deduce from the formula in (6), that
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(iii)
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1 n
E[S, R, (b)] = 7 Z E[X; Ry (b)]

f Z ( (X, RIB)] + JEE[xi RI(b)X; R (b)]

+ %E[Xi R,(b)X: R (b) X; R,[;'](b)])

1< . 4 1 4 .
- ; (E[Xi RI(b)X; RW ()] + TEE[Xi R,(b)X; RI(b) X; RB](b)])

n

. G (b)X, 61 () + —E[ X, elil 1y v Rl )
> (E[X, GBI ]G ®) + = ELX R, (51X, R B X, REVD)]

n

S (G enGe) + ).
i=1

where

X X 1 . .
i (SN pm(SH) > M, (C), b %E[Xi R,(b)X; RV (b) X; RU(1)].

There we used the fact, that, since the (X ;) en are free with respect to E, also
X; is free from R,[,' ], and thus we have

E[X;RI ()] = E[X:JE[RI(b)] = 0

and

E[X; R D)X RU(b)] = E[X; E[RV(b)| X; | E[RV (b)].
Taking (7) into account, we get foralln e Nand 1 <i <n

Gu(b) = E[Ra(b)] = E[R}(®)] + %E[R,E"](b)x,- Ry (0)] = Gy (b) =YL (b)

and therefore ‘
Gi(b) = G,(b) + 1l (b)

forall b € p(Sy) N P (S,Ei]), where we put

1 0 (S) N pu(SIT) > My (C), b > —%E[Rm(b)x R,(b)].
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(iv) The formula in (iii) enables us to replace G,Li] in (ii) by G,,. Indeed, we get

E[SyRy(D)]

U3 (a6 enGtie) + o)
i=1

=3 (1(Ga ) + L) (Gub) + A0) + 1)
i=l

1
= 1(GuB)Gu(B) + - Y rih(®)
i=1
for all b € p,,,, where the function
it pw(Sn) 0 pu(ST) = M, (C)
is defined by
rak(b) := n(Gu (b)Y () + n(ry b (B)Ga(b) + n(rYy (b)) h(B) + 1y (b).
(v) Combining the results from (i) and (iv), it follows
bG,(b) =1 = E[S;Ru(b)] = n(Gn(b))Gn(b) + O, (D),
where we define

Ot Pmn — Mu(C), b > — Zr[’](b).

i=1

Due to (8), Lemmas 3.4 and 3.7 show that 2, € p,,, and G,(b) € GL,,(C)
for b € Q,,. This gives

(b — ©,(b)Gu(b)™")Gu(b) = 1 + n(Gy(5))G,(b)
and hence, as desired, for all b € Q,,
Ap(0)Gy (D) =1+ 1(Gu(b))Gy (D).

(v) The definition of €2, gives, by Lemma 3 and by Lemma 4.1, the following
estimates

6 1 0 1
G,(D)| < |R.(D)]| < . < - ) beQ,
I =<1 [ 16 TS =16 jap}
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and

G B < IR ®)II < T be Q.

9 ||S“]|| 1—9 J1= Lt

Therefore, we have for all b € 2, by (ii)

0B < = 1% PIRBIRIG)E < =" (L Yy
I = Z=IX IR )IRG) < i (o) 1

and by (iii)

] ) [1] )
rr- (b)) < XilllIR, (b Rn b)| < X;

and finally by (iv)

7@y < 2MIG, B 5B+ ML @) 12 + 17 @)

1 0
Sd_(l—euan )ixl-

1
2M + M + X; 2)
(200 + =g (g x|
C
D
<<

forall b € Q,, where C > 0 is a constant, which is independent of n. Hence,
it follows from (v) that

sup 16,(0)] < =

beQ,

The definition of €2,, ensures, that
G :=Gy: pp(s) > M,(©C)

satisfies
bG(b) =14+ n(G())G(b) forall b € Q,

where

= {b € GLL@) | 157 <0 . Ib]- 67" < c} 2 2.
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‘We choose

and 0<0*<(1-y)o ©)]

(note, that 0 < y < 1) and we put ¢* := ¢ — (1 + ¢)y, which fulfills clearly
1 < ¢* < c. Since we have 0* < 6 and c* < ¢, we see

o* - 0 -
c c<o
1—0* 1-0
and hence
- _o (10)
1—6* c*
Finally, we define
1 1 1 1
K*:z@*min{—, , ey }
" sl 118207 s N&

and
QF = {b € GL,(C) | 167" < &, Ib]l - |67 < c*} cQ,.

Corollary 4.4. There exists N € N such that
An(R2)) € Q, foralln > N.

Proof. Since we have by Theorem 4.3

sup [0,0)] = =

beQ,

forall 2 <n € N, we can choose an N € N such that

14
sup [©, ()| = —(1—0)
beQ, ¢

holds for all n > N. Now, we get forall b € Q;:
(i) A, (b) is invertible: Since (4) gives

1
1G, (&) < T lbll - forallh € @,

we immediately get

o, 1
o T T e

142 () = bl < 1€, D) 1G.(B) || <y
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(ii) We have ||A,(h)7"|| < k,: Using Lemma 3.1, we get from (i) that

*

K,
1A (B~ < IIb <= —, <k

iii) We have ||A,(b)||||A,(b)~!|| < c: Using

b
18000) — bl < y 120

from (i) and
_ 1 _
1A, (&)~ < T—,1° dl
-V
from (ii), we get

1A BIAB) = (151 + 1A, (b) bl IAB)]

(
( L) il

<CcC.

I—y

Finally, this shows A, (D) € Q,,. O
Corollary 4.5. Foralln > N we have

G,(b) = G(A, (b))  forallb € Q.

Proof. For all n € N we define

Kn
= {beGL.© | bl < 75 .
Letn > N and b € Q7 be given. We know, that
An(B)G(An(D)) = 1+ n(G(A,(D)))G(An(D))
holds, i.e. w = G(A, (b)) € 2 is a solution of the equation
Ap(D)yw =14+ n(w)w, weQ.
Combining (8) with Lemma 4.1, we get
0 1 LS. ?
1_—9 <O’l’nin{z, ”;;—”} < O'min{;, %, n e N}

Hence, the equation above has, by Theorem 3.9, the unique solution w = G, (b) €
Q! . This implies, as desired, G, (b) = G(A,(D)). O
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Corollary 4.6. Foralln > N we have

ne

1
IG(®) = G,(D)|| < C"—=Ib|  forallb e,
Jn
where C' > 0 is a constant independent of n.
Proof. Forallb € Q) C Q, C Q we have

G(b) = Gu(b) = G(b) = G(An(h))
= E[(b—5)"" = (Au(b) = 5)7']
= E[(b—9)7"(Au(D) = B)(Au(b) —5)7']

and therefore by (4), which gives
—1 1 .
1G,(®)" = 7= lIbl forallb € 7,

and (since A, (b) € 2, € Q) by (3)

1G(B) = Ga®)l < 16 =)' - 1A (B) = bl - [(An (D) =)~

0 1\2
<(——=-—) -110.®)| - Ga(b)~"
= (725 ) 1O 16O
1
< C'—|b|,
< ﬁll [
where c 9 | o
C'=—— — 0.
1—a<1—9 ||s||) ~
This proves the corollary. O

We recall, that the sequence (X;);ey is bounded, which implies boundedness of
the sequence (S, )nen as well. This has the important consequence, that

n

11 1 1}>*

K*z@*min{—, , ey
Il 1Sa 1l s N

for some k* > 0. If we define

Q" = {b e GLu(©) | b7 <w*, bl 67" < ¢},
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we easily see Q* C Q7 for all n € N. Hence, by renaming Q* to € etc., we
have shown our main Theorem 1.1.

We conclude this section with the following remark about the geometric structure
of subsets of M,, (C) like 2.

Lemma 4.7. Fork > 0 and ¢ > 1 we consider
Q= {b e GLW(©) | 67| <. ]+ 167" <cf.
For A, u € C\{0} we define

A0...0
Ow...0
A, p) = S € GL,,(C).

00...u

If% < || holds, we have A(A, ) € Q for all

1
ax{—,M} < |A| <elul. (11)
K C

Particularly, we have for all |\| > %, that A1 € Q.

Proof. Let u € C\{0} with % < |u| be given. For all A € C\{0}, which satisfy
(11), we get

IAG, )~ = IAQT" ™I = max {JA] ", u| ™'} < .
and

JAGL I - IAG )™ | = max A, el - max {417, 2l ™'}
At i1l <l
Allal ™ 1AL = |l
<c,

which implies A(A, u) € Q. In particular, for A € C\{0} with |A| > % we see that
u = A fulfills (11) and it follows A1 = A(A, 4) € Q. O
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4.3 Application to Multivariate Situation

4.3.1 Multivariate Free Central Limit Theorem
Let (xi(k) )z=1, i € N, be free and identically distributed sets of d self-adjoint non-
zero random variables in some non-commutative C *-probability space (C, 7), with

7 faithful, such that

r(xi(k))zo fork=1,...,dandalli € N

and
sup max ||x,.(k)|| < 00. 12)
ieNk=l1..d

We denote by ¥ = (ok,g)]”f’lz \» Where oy = t(x,-(k) xi(l) ), their joint covariance

matrix. Moreover, we put

1 n
S,Sk) ::Tfok) fork=1,...,d andalln € N.
n

i=1

We know (cf. [11]), that (S,gl), R S,gd)) converges in distribution as n — 00
to a semicircular family (s, ..., ss) of covariance X. For notational convenience
we will assume that s, ..., sy live also in (C, 7); this can always be achieved by

enlarging (C, 7).

Using Proposition 2.1 and Proposition 2.3 in [6], for each polynomial p of degree
g in d non-commuting variables vanishing in 0, we can find m € Nanday,...,a, €
M,,(C) such that

A —pSh, ..., S,Sd)) and Al — p(sy,...,8q4)

are invertible in C if and only if

AA,1)—S8, and A(A,1)—s,
respectively, are invertible in 4 = M,,(C). The matrices A(A,1) € M,,(C) were
defined in Lemma 4.7, and S,, and s are defined as follows:

d
Sp=) ax®SPeA foralln €N
k=1

and

d
s:=Zak®skeA.

k=1
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If we also put

Xi=) ax®x’eA foralli €N,

then we have

1 n
S, = WZXi.

i=1

We note, that the sequence (X;);ey is *-free with respect to the conditional
expectation £ : A = M,;,(C) — M,,(C) and that all the X;’s have the same
x-distribution with respect to E and that they satisfy E[X;] = 0. In addition, (12)
implies sup; ¢ || Xi|| < oo. Hence, the conditions of Theorem 1.1 are fulfilled. But
before we apply it, we note that (S, ),en converges in distribution (with respect to E)
to s, which is an M,,, (C)-valued semicircular element with covariance mapping

n: My (C) > M,,(C), b+ E[sbs],
which is given by
d d
n(b) = E[shs] = Z idt[(ar ® sp) (b Q 1)(a; ® 51)] = Z arba;oy.
ki=1 ki=1

Now, we get from Theorem 1.1 constants k* > 0,¢* > 0and C' > 0and N € N
such that we have for the difference of the operator-valued Cauchy transforms

Gs(b):= E[(b—5)""] and Gs,(b) := E[(b—S,)7']

the estimate
1
|Gs(b) — Gs, (b)|| < C'—|b|| forallb € Q*andn > N,
N
where we put
Q" = {b € GLa(©) | 157" <™, bl - 57" < *}.
Moreover, Proposition 2.3 in [6] tells us
(A= p(S..... S = (r @ide) (A, 1) = S) ")

and
-1 . -
(M =pGs1,-.0v50) = (r ®@ide) (AR, 1) —5)7),
where 7 : M,,,(C) — C is the mapping given by 7 ((a; ;)i j=1,..m) := ay,1. Since
T o (m ®id¢) = m o E, this implies a direct connection between the operator-
valued Cauchy transforms of S, and s and the scalar-valued Cauchy transforms of
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P, := p(S,fl), e S,Sd)) and P := p(sy,...,8q), respectively. To be more precise,
we get
Gp,(A) :=1[(A — P,)7'] = 7(Gs, (AR, 1))

and
Gr(M) :=1[(A — P)7'] = 7(G,(A(A, 1))

forall A € pc(P,) and A € pc(P), respectively.

If we choose € C such that |u| > Kl* holds, it follows from Lemma 4.7, that
A(A, ) € Q* is fulfilled for all A € A(u), where A() € C denotes the open set
of all A € C satisfying (11), i.e.

Ap) = {A eC| max{Ki*, @} <A < c*|p,|}.

If we apply Propositions 2.1 and 2.2 in [6] to the polynomial % p (which
corresponds to the operators %Sn and %S ), we easily deduce that

1
Al — ?p(S,i”, 8Dy and Al -
w

/Lg_l p(sls--'ssd)

are invertible in C if and only if
AA,pu)—S8, and A, p)—S,,
respectively, are invertible in .A. Moreover, we have

1 Gp, At ™) = 1(Gs, (A(A, 1))
and
1 G Aty = 7 (Go(AR, w))
forall A € ,oc(% P,)and A € pc(# P), respectively.
Particularly, forall A € A(u) we get A(A, n) € Q* andhence A € pc(% PN
pc(}% P) for all n > N. Therefore, Theorem 1.1 implies

BTGP (At ™) = Gp, At ™| = |7 (Go(AK, ) = G, (AR, )|
< |G (A, ) = Gs, (AL, )|

1
< C'—|AQX,
< ﬁll (A, Wl

1
< C'% max{|Al, [}

1
< C'e*|A|—
n

NG
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and hence |
IGp(Apt™") = Gp,(Aps ™| < C'e* —[Aus™"].
Jn

This means, that

1Gr(2) — G, (2)] < C’c*%

holds for all z € C with # € A(u) and all n > N. By definition of A(u), we
particularly get

|z]

1 1
|Gp(2) = Gp,(2)| < C—=  forall —|u|® <[z <c*|pu|*andn > N,
Jn c*

where we put C := C’(c*)?|u|¢ > 0. Since z + Gp(z) — Gp,(z) is holomorphic
on{z € C||z| > R} for R := Ci*lmg > 0 and extends holomorphically to oo, the
maximum modulus principle gives

1
|Gp(z) — Gp,(2)] < C— forall [zl > Randn > N.
N

This shows Theorem 1.2 in the case of a polynomial p vanishing in 0. For a general
polynomial p, we consider the polynomial p = p — po with py := p(0,...,0),
which leads to the operators P=P-— pol and 13,, = P, — pol. Since we can
apply the result above to p and since the Cauchy transforms Gp and Gp, are just
translations of G 5 and G j , respectively, the general statement follows easily.

4.3.2 Estimates in Terms of the Kolmogorov Distance

In the classical case, estimates between scalar-valued Cauchy transforms can be
established (for self-adjoint operators) in all of the upper complex plane and lead
then to estimates in terms of the Kolmogorov distance. In the case treated above,
we have a statement about the behavior of the difference between two Cauchy
transforms only near infinity. Even in the case, where our operators are self-adjoint,
we still have to transport estimates from infinity to the real line, and hence we can
not apply the results of Bai [1] directly. A partial solution to this problem was
given in the appendix of [14] with the following theorem, formulated in terms of
probability measures instead of operators. There we use the notation G, for the
Cauchy transform of the measure p, and put

D} :={zeC|Im() > 0. || > R}.
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Theorem 4.8. Let 1 be a probability measure with compact support contained in
an interval [—A, A] such that the cumulative distribution function F,, satisfies

|Fu(x +1) = Fu(x)| < plt] forall x,t € R

for some constant p > 0. Then for all R > 0 and § € (0, 1) we can find ® > 0 and
mo > 0 such that for any probability measure v with compact support contained in

[—A, A], which satisfies

sup |Gp(z) —Gy(z)| <e™™

zED;{‘_

for some m > myg, the Kolmogorov distance A(u,v) := sup|F,(x) — F,(x)]
x€R
fulfills
1
Ap,v) = O—.
m

Obviously, this leads to the following questions: First, the stated estimate for the
speed of convergence in terms of the Kolmogorov distance is far from the expected
one. We hope to improve this result in a future work. Furthermore, in order to apply
this theorem, we have to ensure that p(si,...,Ss) has a continuous density. As
mentioned in the introduction, it is a still unsolved problem, whether this is always
true for any self-adjoint polynomials p.
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Abstract We establish asymptotic distribution results for self-normalized Lévy
processes at small and large times that are analogs of those of Chistyakov and Gotze
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(Here and elsewhere 0/0 := 0.) Giné et al. [6] proved that T, converges in
distribution to a standard normal rv Z if and only if F is in the domain of attraction
of a normal law, written F € D(N), and E§ = 0. (We write “rv” to mean “random
variable” throughout.) This verified part of a conjecture of Logan et al. [9]. (Later
Mason [13] provided an alternate proof.) Chistyakov and Gotze [3] established the
rest of the Logan et al. conjecture by completely characterizing when T, converges
in distribution to a non-degenerate rv Y such that P {|Y| = 1} # 1. A bit later, as
a by-product of the study of a seemingly unrelated problem, Mason and Zinn [14]
found a simple proof of the full Logan et al. conjecture assuming symmetry.

Theorem 1.1 of Chistyakov and Gotze [3] implies the following: one has T, 2,
Y, where P(|Y| = 1) = 0, if and only if there exists a sequence of norming
constants b, > 0 such that either

bols, 2 Z. )
where Z is a standard normal rv, or for some 0 < o < 2,
-1 D o
b,'S, — U”, 3)

where U* is a strictly stable rv as defined in the Appendix. In case (2), Y 2 Z and
in case (3), Y 2 ye /~/ V% The V*rv arises in the distributional limit in (4), which
is implied by (3):
D
(b 'S, b, 2V,) — (U, V). 4)
For details see the Appendix.
Our aim is to prove analogs of the Chistyakov and Gotze [3] result for a Lévy
process X, t > 0, at small times (r \, 0) and large times ( — 00). To state
our results we must first fix notation. We abbreviate “infinitely divisible” to “inf.

div.” throughout. Let (2, F, P) be a probability space carrying a real-valued Lévy
process (X;);>o having nondegenerate inf. div. characteristic function

Eel% = VO g e R, (5)

where

1 .
V(0) =iyh — —0260% + / (e — 1 —i0x1<iy) TI(dx), (6)
2 R\{0} -

y € R, 62 > 0, and IT is a measure on R \ {0} with Jrvo (x% A DII(dx) finite.
We say that X, has canonical triplet (y,0*,T1) and X| is inf. div. with triplet
(y, 02, TI). The tails TI(x) and ﬁi (x) of IT are defined by

T (x) = I{(—o0, —x)}, ﬁJr(x) = II{(x,00)}, and TI(x) = ﬁJr(x) +T1 (x), x>0.
(7
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Assume throughout that 6> 4+ TI(04) > 0, otherwise X degenerates to a constant
drift.

Let (AX;):>0, With AX; = X; — X;—, Xo— = 0, denote the jump process of X,
and consider the Lévy process

Vi=0%+ Y (AX) 1 >0. (8)

O<s<t

V is a subordinator with drift 0 and Lévy measure satisfying I (x) = TI(y/X),
x > 0. By Theorem 2.1 of Maller and Mason [10] the joint characteristic function
of (X;, V}) is given by

EeiO1X:+6:17)
= exp {it (91]/ + 9202> — t91202/2 +t / (ei(9lx+92x2)— 1— iGIXI{\xKl}) H(dx)} .
R\{0} a

We shall say that (X,, V;) has triplet (y, 02, ).
Here is our small time (¢ N\ 0) analog of the Chistyakov and Gétze [3] result.

Theorem 1.1. Let X;, t > 0, be a Lévy process satisfying T1(0+) = oo. Assume
that

X/ 25 ¥, ast \, 0, 9)

where Y is a finite rv with P(|Y| = 1) = 0. Then either Y is standard normal or

Y 2 Ue/JVe, (10)

where (U%, V%) is a strictly stable pair of index a for some 0 < o < 2, as in (4).
Here is our large time analog (t — o0) of the Chistyakov and Gotze [3] result.

Theorem 1.2. Let X,, t > 0, be a Lévy process satisfying o> + I1(0+) > 0. We
have

X/ VV =5 Y, ast — oo, (11)
where P(|Y| = 1) = 0, if and only if either X, has expectation 0 and is in the

. . . . D ..
domain of attraction of a normal law ast — oo, in which case Y = Z, or X is in
the domain of attraction of a strictly stable law in the sense that for a sequence of
positive norming constants by,

by { X+ + X}

converges in distribution to a nondegenerate strictly stable law of index 0 < a < 2,
where X1y, X, ..., arei.id. as X\, in which case Y is as in (10).
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Remark 1. Chistyakov and Gotze [3] also show that T, converges in distribution
to a non-degenerate rv Y such that P {|Y| = 1} = 1 if and only if P {|&| > x} is
slowly varying at infinity. We do not have such a complete picture for X; as ¢t N\ 0.
Assuming TI (0+) = oo, the proof of Lemma 5.3 of Maller and Mason [12] shows

= . D
that if IT is slowly varying at zero then | X;| /+/V; —> 1. However, we do not know
whether the converse is true, except in the case when X; is symmetric. In this case,

Maller and Mason [10] prove that whenever II (04+) = oo, X;//V; N Y, as
t \. 0, where Y is equal to 1 or —1 with probability 1/2 each if and only if TI
is slowly varying at zero. Further results are given in Theorem 3.4 of Maller and
Mason [12]. Analogous statements can be said about the case t — co.

1.1 Some Needed Technical Results

To prove Theorems 1.1 and 1.2 we shall need to establish a number of technical
results about X,/ A/V;, which are also of independent interest. To do this we must
introduce some more notation and definitions. We will use some truncated mean and
variance functions, defined for x > 0 by

v(x) = y—/ yII(dy), V(x) = 02+/ y2I(dy), and U(x) = 62+2/X yTI(y)dy.
x<|yl=1 Iyl=x 0 (12)

These functions are finite for all x > 0 by virtue of the properties of the Lévy
measure I1, which further imply that lim, \_ o XTI (x) = 0, and lim, N0 Xv(x) =0.

By the relative compactness of a real-valued stochastic process (S;);>0, as t —
00, we will mean that it satisfies

lim limsup P(|S:| > x) =0,
X0 1so00

or, equivalently, every sequence f; — o0 contains a subsequence fxr — oo with §; ,
converging in distribution to an a.s. finite rv. If in addition each such subsequential
limit is not degenerate at a constant, we say that S, is stochastically compact, as
t — o0.

By the Feller class at 0 we will mean the class of Lévy processes which are
stochastically compact at 0 after norming and centering; that is, those for which
there are nonstochastic functions a(¢), b(t) > 0 (where, throughout, b(t) will be
assumed positive, but not, a priori, monotone), such that every sequence #; \ 0
contains a subsequence #; \ 0 with

(X, —a(te)) /b(te) —> Y. ask’ — oo, (13)

where Y is a finite nondegenerate rv, a.s. (The prime on Y’ denotes that in general it
will depend on the choice of subsequence #;/.) We describe this kind of convergence
as “X, € FC at0”.
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It was shown in Maller and Mason [10] that when the relation (13) holds (with
Y’ not degenerate at a constant) then it must be the case that Y is an inf. div. rv, and
b(ty) — 0 as 1y (0.

Closely related is the centered Feller class at 0. This is the class of Lévy
processes which are stochastically compact at 0, after norming, but with no
centering function needed; that is, those for which there is a nonstochastic function
b(t) > 0 such that every sequence #; \, 0 contains a subsequence #;- ~\ 0 with

X, /b(tv) —> ¥', as k' — oo, (14)

where Y’ is a finite, nondegenerate, necessarily inf. div., rv, a.s. We describe this as
“X; € FCp at0”.

The classes FC and FCj “at infinity” are defined in exactly the same ways,
but with the subsequences tending to infinity rather than to 0. Maller and Mason
[11,12] have carried out a thorough study of F'C and F'Cy at 0 and infinity and have
obtained a number of useful analytic equivalences in terms of the Lévy measure I1
of X;.

The following propositions connect the self-normalized and compactness ideas,
and will be essential ingredients in the proofs of Theorems 1.1 and 1.2.

Proposition 1.1. Suppose X,/\/V; is relatively compact as t \ 0, TI(0+) = oo
and no subsequential limit has positive mass at 1. Then X € FCy as t \| 0, or,
equivalently, by Theorem 2.3 of Maller and Mason [12]

15)

, PTL(x) + x|y (x)|
lim sup
x\(0 V(X)

Proposition 1.2. Suppose X;/+/V; is relatively compact as t — oo and no
subsequential limit has positive mass at £1. Then X € FCy ast — o0, oy,
equivalently, by Theorem 1 (ii) of Maller and Mason [11]

—
limsupx H(x%/z-)xh)(x)l < 00. (16)
X—>00 X

These two propositions will be proved in a separate section.

2 Proofs of Theorems

The proofs will require the following two limit theorems, which we state as
Lemmas 2.1 and 2.2. Recall that (X;),>¢ is Lévy with canonical triplet (y, o, IT).
Suppose that, for a sequence of integers n; — oo and positive constants B (1),

X, /B (1) —> U, (17)
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where U is inf. div. with triplet (b, a, A), b € R and a > 0. Notice that necessarily
B (n;) — oc.
Eachrv X,,, /B (ny) is inf. div. with triplet (bnk, Any A,,k), where

buy = niy/B (n), an, = nko/B* (ng) and A, (dx) = niI1 (dx/B (nx)) .

Moreover, (X,, B () Va,/ B2 (nk)) has joint characteristic function

E o161 Xuy /Br)+02Vay /B (i)

= exp {i (91})/1k + Gza,,k) — 912a,,k /2 4+ (61(9”"'9”2) —1- i61x1{|x|51}) Ay, (dx)} .

R\{0}

Lemma 2.1. Whenever (17) holds,

(Xue/B (%) . Vi / B2 (1)) —> (U, W), (18)

where (U, W) has joint characteristic function

Eei(91 U+6,W)

= exp %i(@lb + 6ha) —0%a/2 + / (ei<91x+92x2> -1 —191x1{|x|51}) A(dx)} .
R

19)

\{0}

Proof. For each h > 0 let

a"=a+ / x2A (dx) and b" = b — xA (dx), (20)
0<|x|<h

h<|x|<1

and let @) and b be defined as in (20) with A replaced by A, , a by a,,, and b by
by, . According to Theorem 15.14 of Kallenberg [8], (17) happens if and only if

A, converges vaguely to A on R \ {0} 2n
and for any 2 > 0 such that A{|x| = h} =0,

al —a"and b} — b". (22)

h

nk

By the vague convergence of A,, to A, and since a h

r>2,

— a", we also have, for any

/ X" Ay, (dx) — x"A (dx). (23)
0<|x|<h 0<|x|<h
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To verify (23), take r > 2 and 0 < § < h, with § and & continuity points of A, and
write

/ X"Ap, (dx) < (‘)’r—z/ x? Ay, (dx)
0<|x|<8

0<|x|<§
<§2 (ank + / sz,,k (dx)) .
0<|x|<h

lim lim sup / X" Ay, (dx) < lim 824" = 0.
INO koo Jo<|x|<s LANU

Thus

We also have by vague convergence of A, to A,

lim xX"Ay, (dx) = / x"A (dx).
k=00 J5<|x|<h s<|x|<h
Write L = AoT ™!, where T (x) = (x, xz). Now on account of (21) we can readily

infer that A,, o T~! converges vaguely to L on R \ {(0,0)}. Thus by using the
bivariate version of Theorem 15.14 of Kallenberg [8], we get after a little algebra
that (18) holds with (U, W) having characteristic function

exp { —0a/2+i (bh91 +ab)+ (exp (i (01x + 6,x?)) — 1 —i6,x1{|x| <h}) A (dx)} ,
R\{0}
(24)
for any & > 0 such that A{|x| = h} = 0. Note that in applying the bivariate version
of Theorem 15.14 of Kallenberg [8], we get, using afjk — a’ and (23), that

(1 s 00

f0<|x|5h x3A,, (dx) f0<|x‘§h x* Ay, (dx)

( a f0<\x|§h XA (dx))

f0<|x|§h X3A (dx) f0<\x|§h x4A (dx)

and

bh bh
ng N '
ny + Jocieizr ¥ A (d¥) @+ foopy<r XA (dX)
We see then that the resulting limiting infinitely divisible vector has in its defining

.. . . _ =2
characteristic function the Lévy measure L = A o T~! on R\ {(0,0)} and the
matrix and constant vector, respectively,

(a 0) and b
00 a+ foog<r XA @) ]
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For very similar details see the proof of Lemma 4 of Giné and Mason [5]. Since

bh=b— xA (dx),
h<|x|<1
we get that the characteristic function (24) is equal to (19). O
As in Sect.1, let &,&,..., be ii.d. nondegenerate random variables with

cumulative distribution function F, and for each integer n > 1 denote the sums
Sy =Y.' & and V, = Y '_, 2. Suppose that there exist a subsequence {ny} C
{n} and norming constants B (n;) such that

D
Sp, /B (ny) — U, (25)
where U is an inf. div. rv with triplet (b, a, A).
Lemma 2.2. Whenever (25) holds,
D
(Sue/B (i) . Vi / B (1)) — (U W), (26)

where (U, W) has joint characteristic function (19).
Proof. By Corollary 15.16 of Kallenberg [8], (25) occurs if and only if

ni L (/B (ny)) converges vaguely to A on R \ {0} 27

and for any & > 0 such that A{|x| =h} =0

neE [(€/B ()’ 1{1¢/B ()| < Y] — o 28)

and
ncE [(§/B (m) 1{|§/B ()| < h}] - b,

where a” and b" are defined as in (22). Also, as in the proof of Lemma 2.1, for every
r>2,

niE(§/B (nx)" 1{§/B (np)| = h}] — x"A (dx),

0<|x|<h
and similarly as in the proof of Lemma 2.1, ni £ (§/ B (nx) . §2/ B* (ny)) converges
vaguely to the measure L on R \ {(0,0)}. O

Remark 2. In the sequel we shall only need the special case of Lemma 2.2 when
£1,&, ..., areiid & = X, where X is inf. div. with canonical triplet (y, o2, 10).
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2.1 Proof of Theorem 1.2

It is more efficient to prove Theorem 1.2 first. By Proposition 1.2, whenever

X,/\/V,i)Y,asteoo,

where Y does not put positive mass =1, then X; is centered stochastically compact
at infinity with a norming function b,. This implies by Lemmas 2.1 and 2.2 that if
&, ..., &, are i.i.d. Xy, there exists a positive norming b,, such that

(Xon/bm. Vin/by) and (Sy/bm. Vi /bp,)

have the same nondegenerate subsequential distributional limits as m — oo. Thus

both
X/ Vmand S,/ Vi

converge in distribution to the same nondegenerate rv Y that does not put positive
mass on %1. The proof of Theorem 1.2 now follows from the Chistyakov and Gétze
[3] result. O

2.2 Proof of Theorem 1.1

Assume that (9) holds, where P {|Y| = 1} = 0. We know by Proposition 1.1 that
this forces X, to be centered stochastically compact at 0. Thus there exists a norming
function a, such that every subsequence f; converging to zero contains a further
subsequence s, with

D
(Xes, /s, Vis, 143,) 50 — (Us, Wi)iz0, as n — oo, (29)

where the Lévy process (U, W), which may depend on the subsequence s, has joint
characteristic function

E 01U +0:, 1)

=exp | it (015 + bha) — 10%a/2 + t[
R\{

(61(91x+92x2) —-1- 191x1{\x\51}> A(dx)} ,
0}
with b € R, a > 0 and A being a Lévy measure on R \ {0}. See [12] Theorem 2.3
for the functional convergence in (29).

We first claim that if U contains a normal component, i.e. a > 0, this forces ¥
to be standard normal. This will be a consequence of the following lemma.
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Lemma 2.3. If U contains a normal component (a # 0), then one can find a
subsequence t’ \ 0 such that

(XoJap. Vir/d2) => (@Z. a), (30)

where Z is standard normal.

Proof. Using (29), we see that, for each fixed m > 1,

(Xs,,/m/ (as,,/\/%) s Vs,,/m/ (a%n/m)) i) (\/%Ul/ma mI/Vl/m)v asn — oo,

where (/mUi/,, mWi,,) has characteristic function

01b 1 .
= exp %i (ﬁ + 9261) - Glza/Z + . 03 (el(ﬂ91.x+rn92.x2) —1- iﬂel)d{lxlsl}) A(dx)% ,

which as we will show converges as m — oo to exp {—67a/2 + i,a}. Thus with
some abuse of notation we can extract a sequence s,, / my converging to 0 so that as
k — oo,

(Xeserme (s /VAE) Vo i/ (a2, /i) ) = @Z. @) G1)

having characteristic function exp {—Olza /2 + iGza}. Actually to show (31) it
remains to prove that

1 .
lim —/ (el(ﬂelx'l'mezxz)—1—i\/%91x1{\x\51}) A(dx) =0.  (32)
R\{0}

m—00 m

To see why (32) is true notice that

1 . 2
lim sup — (e‘(*/’zgl"""”gz"z) — 1) A(dx)| < limsup —A (1/4/m < |x| < 00) = 0.
m—o0 M m—oo M

/l/ﬁflxkoo

Alsoforall0 <6 < 1

1 1
lim sup — / iv/mx1 A(dx)| < limsu —/ x|1 A(dx
m—)oc[:)m 1//m=<|x|<1 {hi=n (@) m—)oclz)\/m l/ﬁ§|x|§8‘ | {hi=n (@)
. 1
+ lim sup — X1 <13 A(dx)
m—>00 m |Js<|x|<1
< limsup e <13 A(dx)

m—00 J1//m=<|x|<8

= x21{|x|51}A(dx).

0<|x|<8§
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Since § > 0 can be made arbitrarily small we get

lim — / iv/mx1g, <y A(dx)| = 0. (33)
m=>oom |J1/ Jm<|x|<1
Thus to complete the proof of (32) it suffices to show that
1 .
lim — / (e“W@l”m@zxz) -1- iﬁelx1{|x|<1}) A(dx) = 0. (34)
m=>00m Jo<|x|<1//m B

Now the LHS of (34) does not exceed

1 .
— ety i (6L + mO2?) | A(dX)

m Jo<|x|<1//m
+ / 6,x% A (dx),
0<|x|<1/y/m

and for some C > 0

1

m Jo<ix|<1/ym

MO A i ((fmbx <1y + m@zxz)‘ A(dx)

C
< — |ﬁ91x +m92x2’2 A(dx),
m Jo<|x|<1/y/m

which for some D > 0 depending on 6, and 6, is

<D x?A(dx).
0<[x|<1//m

Since the limit of this as m — oo is 0, we have shown (34), which together with (33)
gives (32). O

Hence if there exists a nonzero normal component in the characteristic function
of U in (29) for convergence of (X,/a;,V, /atz) along a subsequence s,, then YV
must be standard normal. Since in this case for some subsequence ¢’ we have

X/ Vi 25 Z,ast' \ Owe get Y = Z in (9).

From now on we shall assume that Y is not standard normal, which means that
a = 0 in the characteristic function of the (U, W) appearing in (29) for convergence
of (X,/a;, V;/a?) along a subsequence s,. Also note that (U, W) may be different
for different subsequences. However, in all cases, by assumption (9),
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U /W, 2 Y, foreacht > 0.

Note that Theorem 2.1 (iii) of Maller and Mason [12] implies that P {W > 0} = 1.
Moreover, it can be shown that for any integer m > 1,

Ur p Upy+-+Um b

= Y, (35)
VW Wy +- + W

where (Uqy, Wi)), - - -, (Ugny. Wimy) are iid. (Uy, Wy). To see this, observe that for
any fixed integer m > 1,

D
(Xms, /as, Vins, fa2) — Uy + =+ + Uy, Wy + ==+ + Wem) = (U Vi) -
We claim that b
U/VW, — Y, ast — oo. (36)

This follows from (35) combined with the facts that

D P
Wint1 =W = Wy = O,(1), Wiy + -+ + Wity —> 00

and b
sup U = Uyl = sup |Us| = 0,(1),

m<t<m+1 0<t<l1

which together imply that

Ui/ VW, = Un /N W] = 0.

sup
m<t<m+1

Therefore we can apply Theorem 1.2 combined with the fact that Y is not standard
normal to conclude that U is in the domain of attraction of a strictly stable law of

index 0 < o <2, and thus Y 2 U%//V. o

Remark 3. We do not have such a complete picture of the distributional limits of
X, /~/Vi as t \ 0 as Chistyakov and Gotze [3] obtained for self-normalized sums
in their Theorem 1.1. All we can say is that if

Xt/ﬁi)Y,ast\O,

. . D D
where Y does not place positive mass on any constant then either Y = Z or Y =

U%/+/V*. Only in the case when Y 2 7 do we know that this happens if and only
if for some norming function b,,

X; /b =N Z,ast \, 0.
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This was proved in Theorem 2.4 of [12]. The story for the case Y 2 ye /N Ve is
not complete. Presently all that we can infer is that if for some 0 < o < 2,

X, /b, 5 U, ast \, 0,

then

X,/ Vi =5 U9V, as 1\, 0.

However, right now, we cannot go the other way, except under the assumption of
symmetry. See [10].

3 Proofs of Propositions 1.1 and 1.2

3.1 Proof of Proposition 1.1

Suppose X;/+/V; is relatively compact as ¢ | 0 and no subsequential limit has
positive mass at +=1. Then by Theorem 3.1 of [12] we have

lim su )l =1 f"’& < 00, 37
o UM xyo X2TI(x) 4+ V(x)
while by Proposition 5.5 of [12] we have
gl
fim sup L) (38)

< 00,
x40 V(x)

since if (38) fails then there is a subsequential limit rv of X;//V; (as t | 0) with
positive mass at ==1. Now (37) and (38) imply

o X))
im sup < 0

x{0 V(X)

which together with (38) gives (15). O

3.2 Proof of Proposition 1.2

The proof of Proposition 1.2 will be a consequence of the following two propo-
sitions and theorem, which are the large time analogs of their small time versions
given in Propositions 5.1 and 5.5 and Theorem 3.1 of [12].
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Recall the definition of U(x) given in (12). Note that, after integrating by parts,
U(x) = V(x) + x’TI(x), x > 0. (39)

The function U(x) is continuous, in fact, differentiable, at each x > 0, with

d (U(x)) _ 2 (U(x) — x*TI(x))

dx \ x2 x3 '

Further,

X

U(x) — TI(x) = 0> + 2 /0 ¥ (T~ TT(0) dy = 2 /0 ¥ (T(y) — TI()) dy.

The right-hand side here could be 0 only if TI(y) is constant on (0, x], and since
TI(c0) = 0, as long as TI(x) > 0 for some x > 0, we see that x 2U(x) is strictly
decreasing for large enough x, and x 2U(x) — ools20y + ﬁ(O—}—)l{az:O} > 0 as
x N\ 0, while x2U(x) \ (0 as x " oo.

In view of the monotonicity of x72U(x) just established, for each A > 0, once
t is large enough, depending on A, for x 2U(x) < ool + ﬁ(O—}—)l{az:O}, the
function

bi(t) :=inf{x > 0: x2U(x) < (Ar)™1}

is finite, positive, is such that b, (t) — oo as t — 0o, and is such that

UGB _ 1
o " h (40)

Further, x~2U(x) has no intervals of constancy once x is large enough, because of
its strict monotonicity, so b (¢) is continuous and strictly increasing for each A > 0,
for large enough 7.

In the sequel we shall often use the following decomposition, or a variant of it
(see [15], Theorem 19.2, p. 120, or Eq. (6.1) of [4]):

X, =tvb)+0Z + X5 + x>0 b>o0, (41)

where Z; is a standard Brownian motion, X ,(S’b) is the compensated sum of “small”
jumps, i.e.

Xt(s’b) = a.s.lim (
ed 0

> AXilecaxiizn — f/

O<s<t e<|x|<bh

xH(dx)) , >0,

and X ,(B’b) is the “big” jumps, i.e.,



Small and Large Time Limit Laws for Self-normalized Lévy Processes 155

b
X2 = Z AX1gax,spy. £ > 0.
O<s<t
(8.b) (B.b) .
Further, the processes (Z;):>0, (X; " )i>0 and (X, )s>o are all independent.

Theorem 3.1. We have that
X
: x| (x)] -

is relatively compact as 1 — oo if and only if lim sup
t xX—>00 ()C)

(42)

We will deduce Theorem 3.1 from the following analogue of Theorem 2 of [7]
and Corollary 3.1 is immediate from it.

Proposition 3.1. There is a nonstochastic function a(t) such that
(X;—a(t)/ \/7, is relatively compact as t — oo (43)

if and only if

Jim sup b)) —a®] _
t—>00 by (1) ’
for all small, and hence, all, A > 0.

(44)

Corollary 3.1 (Corollary to Proposition 3.1).

(i) (X; —tv(ba(2))/ /' V; is always relatively compact as t — oo, for any A > 0.
(ii) If X, is symmetric, then X,/ /V; is always relatively compact as t — oo.

Proof of Proposition 3.1.

(i) First suppose EX12 < oo. From (40) we see that b, (t) =< +/f ast — oo. The

convergences
X, —tEX; D
————— — N(0,1
J/tVarX, ( )
and
P
V,/t — EX?,

as t — oo can be found in [2, 15] or see [4]. So (43) holds with a(t) = tEX),
and with this choice,

0G0 —a@)] | s YY)
by (1) B b (1)
< o016
b3 (1)

= 0(1).

So Proposition 3.1 is true when EX12 < 00.
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(i1)) Next suppose EX 12 = oo. In particular, this means II(x) > 0 for all x > 0. Fix
A > 0 and then take ¢ > 0 big enough, depending on A, for b, (¢) > 1.

From (41) with b = 1 we have, fort > 0,

X, =tv(l) +0Z, + X5V 4+ xBD

=ty +XPVY + 0p(V1), ast — o0,
because X, I(S’l) is a mean 0, finite variance Lévy process. Also

V, = o’ + Z (AX,) Lax, <1y + Z (AX) Lgax, =13
O<s<t O<s<t
— ot + Vt(S’l) + I/t(BJ)

(B.1)

=V, + Op(t), ast — oo.

This is true because Vt(S’l) is a Lévy process with finite mean, so V,(S’l)/t = 0p(1)
P .
as t — oo by the weak law of large numbers. But V,(B’l)/t —> oo ast — oo since

P
EX? = 00,50 K/K(B’l) —> 1l ast — oo, and thus from

Vf(B’l)

[y, &0 NIZ A

= X9 4 op () +op(l), ast 0o, (45)

VA

we see that (43) holds if and only if

XY vy —at)y  X.—a) [V, +0P( 1 )

(X,(B’l) _'5(1)) / VI(B’I) is relatively compact as t — oo,

for some a@(t) = a(t) —ty. So we can ignore small jumps in X and assume X is
compound Poisson with no drift, no Brownian component, and all jumps exceeding
1 in magnitude.

Thus in (12) we take y = 02 = 0, and can write

N;
Xe=) Ui (46)

i=1
and

N
Vi= > (AX) gaxsny = »J7 (47)

O<s<t i=1
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. 1i.d. and distributed as H(dx)1{|x|>1}/ﬁ(l), and (N;);>o indepen-
dently distributed as a Poisson process with rate TI(1).
We decompose X; as

X, =T,(A) + R(Q), (48)
where
N; N;
T, = Y Jilysishioy = O Jili<inizho
i=1 i=1
and
Ny
RiA) =Y Ty, (49)
i=1
Then we can calculate
E(T;(A)) = (TI(1) xII(dx)/TI(1) = tv(ba(1)),
1<|x|<by (1)
and
Var(T; (1)) = t/ x2TI(dx) < tU(by(1)).
I<|x|<by (1)

We can thus write, for any L > 0,

P (|tv(ba(t)) — a(t)| > 3L*by(1))
<P (IT:(A) — ET,(AN)| > L*by(t)) + P (IT;(X) —a(t)] > 2L%by (1)), (50)

and we proceed by estimating the quantities on the right-hand side of (50).
By Chebyshev’s inequality, for any L > 0, K > 0,

T, (A
P(IT.(0) — ET,()| > LKb;(1)) < %
A

_Ubi@) 1
T L2K%b3(r) LKA

&1Y)

With K = L this gives a bound for the first term on the right-hand side of (50). The
second term on the right-hand side of (50) does not exceed

P (IT,Q) = a()] > 2L2b,(0), Lb () = VW) + P (Lba0) < VW) (52)
Let
N;
Ui(A) ==Y JF Ab (). (53)

i=1
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It’s not hard to check that
E(UM) = A7'h3(t) —tv(1).

On the event {max;<;<y, |J;| < by (¢)} we have V; = U;(4), so
P (ﬁ > be(z)) <P (m > L2b3 (1), max |Ji| < bx(l))
1<i <N,

+1-P ( max |J;| < bl(t))
1<i<N,

< P(UH) > L?b;(0) + 1= ) P"(I11| < ba()) P(N; = n)
n>0
E(U,(})) LTy, )
e R S L EL I

_ TR0 V) | meaaiese

L2b3(t)

—1

< A_IL_Z 41— e—tﬁ(b/\(l‘)) < A_IL_Z 41 _e—l

(54)

(55)

(In the last inequality, recall that x*TI(x) < U(x), so tT1(b,(¢)) < 1/A.) (55) gives

a bound for the second term in (52).
Next, to estimate R;(A) in (49), put

N
Si(4) == Z Lsi>b2003-
i=1
Then by Cauchy-Schwarz,

N, N,
IRV < (Z Jiz) (Z 1{1,~>bm)}) = V:S:(A).

i=1 i=1
Thus, for L > 0,
P (IRt(l)l > L\/Vr) < P(S,(A) > L?) < L2E(S,(}))
= LT TI(ba(1))/TI(1) < L7227

So (cf. (48)) we see that the first term in (52) does not exceed

(56)
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P (IT.() - a)] > 2LVV,)
= P (1% —a®)| > LYV) + PUR Q)| > LYV))
<P (|X, —a()| > L V,) + L2, (57)

by (56). Going back to (50), we put together (52) with K = L, and the bounds
in (55) and (57), to deduce that

P (|tv(ba(t)) — a(t)| > 3L*b1(1)) = Lgjru(oy (1)) —a()|>3L261 (1))

<AL L2 —e e p (|X, —a()| > Lﬁ) F L
Choose L so large that A= L™ + 2172171 < ¢=*' /2. Then

_1—1
Ly () —a)>3220, 0y < P(IX: —a(t)] > LVV)+1—e" /2.

Now assume (43), i.e., that | X, — a(t)|/+/V, is relatively compact as t — oo.
Letting t — oo then L — oo gives

. . _kfl
Jm Hm SUp Ly, 1) -aol>322m0p < 1 =€ /2 < 1.

So, for L > some Lg(A) > 0, and ¢ > some fy(L,A) > 0, we have
L) —a)>30260)p < 1, hence [tv(by(t)) — a(t)] < 3L*by(r). Thus for
t = to(Lo, A),
[1v(ba (1)) —a(?)|
by (1)

<3L§,

which implies (44).
For the converse, suppose (44) holds for all sufficiently small A > 0. Fix such a
A € (0, 1). Therefore by (44) we can find a 7, > 0 such that

) i sp PO —aO]

58
1> b (1) 8

Then for all # > ¢; andany L > 0
P (|Xt —at)| > 3Lﬁ) <p (|X, —tv(by(1))| > 3LV, — c(k)bk(t))
= P (1% = va@)] > 2LYV,) + P (LVV: < eba1))) (59)

To deal with the first term on the right-hand side, take K < (0,A7"/?), and
suppose ¢ > 0 is so large that V(1) < (A~' — K?)b2(¢). This is possible since
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b3(t)/t =AU(by(t)) — oo ast — oo. Recall that X; = T;(A) + R,(A) by (48),
where ET;(A) = tv(by(t)), and argue as follows:

p (|Xt — (b (1)] > 2Lﬁ) <P (|n(x) — (b (1) > L V,)
+ P (IR > LVV,)

< P(TQ) = 1v(b ()] > LKby0) + P (Vi < Kby(0))
+ P (JRW)I > LVY;)

! 1
=prm T (\/Vf < Kbi(1)) + 77z (by 51 and (56)). (60)

Recall (53) and note that V; > U;(1), so forz > 0

P (/7, > Kbl(t)) > P (U,() > K*b2(1)).
Using a second moment version of Wald’s lemma we see that
Var (U; (1)) < tTI(1)E (J}' A b3 (1))

= th} (t) TL (b (1)) + z/ ¥ (dy)

1<[y|<ba(2)

<1h (1) (bi OG0+ [ JI (dy))

=Iyl=br ()
<th; (1)U (bx (1)) = A7'b3 (1) .

Recall that we keep K2 < A™" and 1V(1) < (A™' — K?)b2(¢). There is a one-sided
Chebyshev inequality of the form P(Y — EY < x) > x?/(x? + VarY), for any
rv Y and x > 0 (e.g., [1], p- 70). Apply this with Y = —U,(1), recalling that
E(U,()) = A~b2(1) — 1V(1), by (54), to get

P(\V, > Kby (1)) = P (U,(A) > K?b3 (1))
= P (=U,(A) + E(U,(0) < A" = K)b2(1) — 1V(1))
(A" = K)b2(1) — V(1))
(A~ = K2)b2(1) — 1V (1))’ + Var(U, (1))

_ (= K2)%bi(0) = 20201 = K*)B2O V(1)
= bAO)(1 + A) + 2A2V2(1)

z

(61)
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For the second term on the right-hand side of (59), use (61) with K replaced by
K) = c(A)L~", with L > ¢(A)v/A, so K < A~'/2. Thus, finally,

P(IX, —a(t)] > 3LVV,)

- (1= K20)2b4(t) — 20A(1 — K2)b2(1) V(1)
“ake T [ B b (1 + A) + 1222V2(1) }

. [1 (L= K30)h(0) — 200(1 - ka)bf(z)V(l)} L
bHO) (1 + A) + 2A2V2(1) AL

Let t — oo, recalling that t = o(b%(z)), then L — oo, noting that K; =
c(A\)L™' — 0, then let K | 0, to see that

2X

hm hmsupP(|X,f—a(t)| >3L\/_)_ e

—>00t

Then let A |, 0 to get (43). O

Proof of Theorem 3.1. Suppose X,/+/V; is relatively compact but there is a
sequence x; — oo such that

—xklv(xk)l — 00, ask — oo
U(xy) ’

Lett;, = x]% /U(xx), so xx = by(ty), in the notation of (40). Then

v @)l vl xi v (x|

bi(t) Xk U(xk)

which contradicts (44) with a(t) = 0and A = 1.
Conversely, suppose limsup,_, ., x|v(x)|/U(x) < ¢ < co. Then witha(¢) =0
we have
msup O =GO _ b O] _ e
=00 by (1) oo AU (@)  — A

so (44) holds with a(t) = 0, and X,//V; is relatively compact as t — oo, by
Proposition 3.1. O

Proposition 3.2. Suppose T, := X;//V; is relatively compact as t — oo, and
also that .
lim sup x*TI(x)/ V(x) =
X—>00

Then there is a sequence t, — 0o such that

hinhmsupP(||7}k|—1| <é§)>0. (62)

t—>00
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Proof of Proposition 3.2: Assume that 7; is relatively compact as ¢t — oo and let
R(x) := x*TI(x)/ V(x). (63)

Suppose limsup, _, o, R(x) = oo. This implies that EX? = oo, thus by (45) again
we need only deal with the big jump process. So we take X and V' as in (46)
and (47), and set y = 0% = 0in (12).

We first show the existence of a sequence {; — oo such that

lim inf  R(A{;) = oo, foreach0 < A; <1 < Ay < o0. (64)

k—00 0<A <A<y

To thisend, fix 0 < A; < 1 < A, < 00, choose ¢, 1 oo such that R(c,) 1 oo, let
ny =min{m > 1:¢, > 2, and R(c,,) > 2%}, and then fork = 1,2, .. ., set

Nggr = min{m > ng @ ¢ /287" > 2_kc,,k +k 41, and R(c,y) > 22*+Dy,

Then put ¢ = 27%¢,,, so that { — oo as k 1 oo. Note that R(x)/x? is
nonincreasing on (0, c0). Choose A € [1, A,] and k such that 2 > 1,. Then A < 2%
and

ROG) _ GEROAL) _ GR2G)
A2 &>~ (G2

=2"%*R2% ) = 27 R(cy,) > 2,

so infi<y<i, R(ALk) > 2F — oo. Thus R(&r) > 28 — oo, and for A € [Ay, 1],
A%R(é‘k) <AR(G) < RQQ), so inf), <a<; R(A{x) — oo. Hence (64) holds.
Recall that U(x) > xZH(x) forall x > 0, so for A > 0,

0 < (A& TIAL) _Vel o ves) 1
- U(A&k) UAL) — (AG)?TI(AG)  R(A&)

0, (65)

uniformly in A € [A{, A;], where 0 < A; < 1 < A, < 0co. Now

18k U(S) - 2

/“ (G’ T(sG) ds 1 /““ dU(s) 1 (U(lzé“k))
—_— = = —1lo
A A

L UGk s 2 U

(66)
(recall that U(x) is continuous at each x > 0). The left-hand side of the last
expression tends to f;lz ds/s = log(A2/A1), so we have U(A28x)/ UML) —

(A2/A1)%. Then by (65), TI(A2&x)/TI(A1&x) — 1, and so we deduce

T(A8)

— —1
I1(Sk)

lim sup =0, foreach0 < A; < A,. (67)

k=00 0<) <A<,
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Recall the representation of X, in (46) and the definition of the J;. Let J 1(\,1) be any J;

which is largest in modulus among Ji, ..., Jy,, and let J 1(\,? denote any term among
J1, ..., Jy, of second largest modulus.
Define

N,
DY . @ _ 1)
OX =X, -Jy) =>"T-Jy
i=1

and
OV, =V, — |1

Put #; := 1/T1({), so that f; — oo. For § > 0 and 0 < A < A,, define the events
Ap = {1 = e < 2t < I
Bi(8) == {| V%, | > 8141}

and
C®) = [V, > 21 P

In the following, we will keep A{{x > 1. A straightforward calculation gives
P(A;) = (T (Astp)e W TRME) = p (41, 4y), say. (68)
Also, on Ay, we have

Ny Ny

Br(8) < Zji1{|]i|§)k1§k} > Ml ¢ = Zfik > 8Aa28k ¢ s (69)

i=1 i=1

where J¥ := Ji1{;,1<1,¢,3- Note that
EUh = [ /M),
I<|x|<A18k

and E(N,,) = tkﬁ(l), SO we can write

Ny, Ny,

SoJk =3 (- ED) + (M= EG)EGD e [ T,
i=1 <|x|=A1Ck
(70)

i=1
Now since 7T; is assumed relatively compact, we have by (42)

x| = MGPTI(x) + V(x)),
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for x > some xo, for some M € (0, 00). Further, by (65), we have V() <
(AZx)?TI(ALy), for k large, uniformly in A € [A, A,]. Thus for k large, firstly,

tk/ xIT(dx)| = tx|v(A1&x)| (recall y = 0in (12))
I<|x|<A1 gk

< 2M (A1 &) TT(A16)
< 4Mge  (by (67). and 1 = 1/TI(4)
< (8/2)A2k,

for A, > A; large enough. Secondly,

Ny
Var | Y (JF = EUD) | = E(N,)Var(Jf)

i=1

<t I1(1) x2T1(dx)/TI(1)

I<|x|=A1 8k

<t V(Ark).

Third, using Cauchy-Schwarz,

2
Var [(N,, — E(N,)) E(J)] = tTI(1) (/1 xn(dx)/ﬁ(l))

<|x|=A1&

< zk/ x2T1(dx)
I<|x|<A1gk

<t V(A1y).

Putting the three estimates into (70) and using Chebyshev’s inequality, we find that
for §; > 0 and A; > A, large enough

P(Bi(81) N Ay)

Ny
=P ( Z (J£ = EUJD) + (Ny — E(Ny)) E(J)| > (51/2)12@)

i=1

_ 8 V(A18)
(61A281)%

By a similar argument as in (69) and Markov’s inequality we get for §; > 0
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Ny
P(Cr(82) N Ax) < P [ Y 1IFP > (82228k)?
i=1
_ EWDEUS? _ V()
(622280)% T (82A280)?

Putting these together gives

PUBG) N AR UIGE) N A = (5 + ) TR oy
=: Nk (81, 62), say.
Now, since V, = DV, + |J/£,i)|2 > IJZ(\,1)|2, we can write, for § > 0,
P( | X | -1 >8)
Vi
(EARNIAEENA
= P (1%l = VW] = 8101 OV = 6722194 P
u{Ov, > 6/ PY).
The latter does not exceed
P({|Xu = a0 | > 80012 u {0V = 6220 0R)) a2

because, /(VV,, < (5/2)|J](\,ik) |, thus |/ Vs, — IJN,) || < (5/2)|J](\,i)| together with

Xl = Ve | > 81001 > [V -

imply

(1)
‘th - JN,k

> |1 Xl = 11| 2 || 1%l = VVa

— |7 - 1|

> (8- 8/213)| = 81741/2.

Al

= )|Xl‘k|_ VVl‘k
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Observe that (72) does not exceed P(By(6/2) U Cr(5/2)). Argue that, by (71)
and (68),

P(Bi(81) U Cr(82)) < P ({Bi(61) N Ar} U {Cr(82)) N Ax})
F1— P(A)
< M(81,682) + 1 — pr(A1, A2).

Thus by (72)

P IthI
Vi

Now by (65) and (67)

-1

> 5) = M(8/2,8/2) + 1 = (A1, A2). (73)

6V (k) = o (kGFTI(A L)) = 0(8D).

s0 Nk (81,82) — 0 as k — oo, while, by (67), px (A1, A2) — e~ ! as k — oo. Letting
k — oo in (73) gives

X
lim sup P (‘I A -1

1 —>00 1/ I/l‘k

so (62) holds. |

We are now ready to complete the proof of Proposition 1.2. Suppose X, /+/V is
relatively compact as ¢ — oo and no subsequential limit has positive mass at £1.
Then by Theorem 3.1 we have

>8)§1—e_1<1,

: x| x| (x)]
lim su = p——=—""" <00, (74)
x—oo  U(x) x—oo X2TI(x) + V(x)
while by Proposition 3.2 we have
=
I
lim sup * () (75)

< 00,
X—>00 V()C)

since if (75) fails then there is a subsequential limit rv of X,/+/V; with positive mass
at 1. Now (74) and (75) imply

L@
im sup

M Ve - (76)

which together with (75) gives (16). O
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3.2.1 Comments on Proofs of Propositions 3.1 and 3.2

The proofs of Propositions 3.1 and 3.2 parallel very closely, after notational changes,
those of Propositions 5.1 and 5.5 of [12], which are their small time versions.
Therefore for the sake of brevity, but at the sacrifice of readability, we could have
replaced the foregoing proofs by the following road maps:

For the proof of Proposition 3.1 proceed exactly as it is given above until right
before equation (50), and then continue on as in the proof of Proposition 5.1
of [12] starting at its equation (5.8) with the role of & suppressed, i.e. T; (¢, 1),
R (e,A),S: (e, 1), Ni(g,A), Ui (e, 1), V;(e),V (¢) and X, (¢), are replaced by
T, (A), R, (A), S; (A), N, (L), U, (X), V;, V (1) and X;, respectively. Also replace
tv (¢) by 0 and «; (g, A) by T; (1), and use the definition of ¢(A) given in (58).

From (65) the proof of Proposition 3.2 goes exactly as that of Proposition 5.5 of
[12] beginning from its equation (5.38) with the role of ¢ suppressed in the notation
analogously as it was done in the proof of Proposition 1.1 and with #; \ 0 changed
toty — oo, frv (fx)to0and e < A& to 1 < A&,

4 Appendix: Strictly Stable Bivariate Laws

Theorem 1.1 of [3] says that T, =N Y, where P {|Y| = 1} = 0, if and only there

exists a sequence of norming constants b, such that either b'S, L2 Zor £ is
in the domain of attraction of a stable law of index 0 < o < 2. Moreover, in the
normal case £ = 0,inthecase | <o <2, E§ = 0andinthecasea = 1, £ is in
the domain of attraction of Cauchy’s law and Feller’s condition holds, that is,

lim E sin(§/b,) exists and is finite.
n—o0

This means in the stable law of index 0 < o < 2 case that necessarily for some
function L slowly varying at infinity,

1—F(x):=P{§] >x}=x"%L(x), forx >0,
andsome 0 < p < 1l,as x — oo,
P{E>x}/P{El>x} > pand P{§ < —x} /P{l§|>x} > 1—p. (T7)

By applying Theorem 15.14 of [8] much as we did in the proofs of Lemmas 2.1
and 2.2, we can show that with a norming sequence b, of the form

by ~ F7'(1/n) = n'*L* (1/n),
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with L* slowly varying at zero, one has (b, 'S,, b, *V,) N (U, V%), where U“
has characteristic function with Lévy measure A on R \ {0} of the form:

— —+ — _ _
AY)=A ()+A )=y “+ay *y>0,

for some ¢; > 0 and ¢, > 0, with at least one non zero and ¢/ (¢ + ¢3) = p as
in (77). Moreover, (U%, V%) has joint characteristic function

0 (s,1) = Eexp(isU* +itVY),
of the following form with
r, y>0
K. (y) =70,y =0,
l,y<0

where r = cje and ] = ¢ :

Casel: O<a<l1

o Kr
@q (5,1) = exp (/ (exp (isy +ity?) — 1) ly'lllg_);) dy) .

—0o0

Case2: ao=1

@1 (s.1) = exp (/_ (exp (iry*) cos (sy) — 1) %dy) )

(o]

Case 3: l<a<?2

o0 Kr
Qo (5,1) = exp (/ (exp (isy +ity?) — 1 —isy) 'lllg_);) dy) .

—00 ly

An easy calculation verifies that foralln > land 0 < o < 2

o (s/nl/“,t/nz/“) =@y (5,1).
Thus if (Uf‘ Vl"‘) AU (U,f‘ Vn"‘) arei.i.d. (U%, V%) then foralln > 1
(n—l/ot Z Uia’ n—Z/oz Z Via) g (Ua’ Va) ]
i=1 i=1

This says that (U%, V%) is a strictly bivariate stable random vector and in the stable
0<a<2caseS,//V, LN Y, where Y 2 ue/Jve.
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A Nonparametric Theory of Statistics
on Manifolds

Rabi Bhattacharya

Dedicated to Friedrich Gotze on the Occasion of his Sixtieth
Birthday

Abstract An expository account of the recent theory of nonparametric inference
on manifolds is presented here, with outlines of proofs and examples. Much of the
theory centers around Fréchet means; but functional estimation and classification
methods using nonparametric Bayes theory are also indicated. Applications in
paleomagnetism, morphometrics and medical diagnostics illustrate the theory.

Keywords Fréchet mean e intrinsic inference e extrinsic inference ¢ shape
spaces
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62G10, 62H35, 62P10

1 Introduction

Statistical inference on manifolds such as circles and spheres has a long history,
dating back at least to early twentieth century. But a great deal of activity was
inspired by the seminal 1953 paper of R.A. Fisher on the shifts of the earth’s
magnetic poles over geological time scales. Statistical inference on landmarks based
shape manifolds, which are of special interest in this article, came later and owes
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much of its development to the pioneering work of Kendall [32-34], providing the
appropriate geometric foundation for these spaces, and to Bookstein [13—15], who
in a somewhat different vein created methodologies for applications of statistics of
shapes to biology and medical imaging. We must also mention the work of Karcher
[31] on the uniqueness of Fréchet means of probability measures on Riemannian
manifolds, and the work of Ziezold [46] on the almost sure convergence properties
of Fréchet mean sets on metric spaces. Parametric inference for these spaces grew
quite rapidly during the past two decades or so. In addition to the work already
mentioned, important contributions were made by many authors, such as Kent
[36, 37], Goodall [26], Dryden and Mardia [18], Prentice and Mardia [43], and
others. A comprehensive account of this theory with extensive references to original
work until 1998 may be found in the book by Dryden and Mardia [19].

In the present article we provide an expository account of the recent
nonparametric theory on general manifolds, with special emphasis on shape
manifolds. This theory is largely based on the notion of the Fréchet mean of a
probability measure Q, namely, the minimizer, if unique, of the expected squared
distance from a point on the manifold. If the distance on the manifold M is the
geodesic distance with respect to a Riemannian metric, the Fréchet mean is said to
be intrinsic. If the distance is the Euclidean distance inherited from an embedding
of M in a Euclidean space, then the Fréchet mean is called extrinsic. Hendriks
and Landsman [27, 28], provided asymptotics of the extrinsic mean on regular
submanifolds of Euclidean spaces, with the embedding given by the inclusion
map. Independently of this, a theory of extrinsic inference for Fréchet means on
general manifolds originated in the 1998 dissertation of Patrangenaru, and further
developed in [10, 11]. The latter articles also provided a general theory of intrinsic
inference. While the emphasis in applications in the latter articles are to the sphere
S and Kendall’s planar shape spaces, embeddings of projective shape spaces
and 3D shape spaces and inference for Fréchet means on them are developed in
[2,3,8,9,39]. Further progress in both intrinsic and extrinsic inference may be found
in [4,5] and in the monograph Bhattacharya and Bhattacharya [6]. Our goal here is
to present the core of this emerging field in a reasonably accessible manner.

Because references to Bhattacharya and Patrangenaru and Bhattacharya and
Bhattacharya occur frequently, we would henceforth refer to them as BP and BB,
respectively.

Here is an outline of the contents of the paper. In Sect.2, basic properties
of Fréchet means on metric spaces are established, including consistency
(Theorem 2.1), and a general result on the asymptotic distribution of sample Fréchet
means on manifolds (Theorem 2.5). The latter turns out to be crucial for intrinsic
inference developed in later sections. Consistency and asymptotic distribution of
extrinsic sample means are established in Sect. 3 (Theorems 3.1, 3.3), while Sect. 4
provides the corresponding results for intrinsic sample means (Theorem 4.1). The
groundwork for statistical inference on general manifolds is laid in Sect. 5, including
the construction of confidence regions and two-sample and match pair tests, based
on the asymptotic Normal and chisquare distributions derived in earlier sections.
Section 6 describes the geometries of landmarks based shape spaces. Here an
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observation, called a k-ad, consists of k landmarks, chosen with expert help,
on an object of interest such as a brain scan, or some other digital image. The
goal may be medical diagnosis, classifying biological species and subspecies, or
computer vision/robotics. Because of differences in equipments used and/or their
positioning relative to the object while recording images, etc., one considers for
analysis the k-ad modulo an appropriate Lie group of transformations. In particular,
the similarity shape of a k-ad is its orbit (or maximal invariant) under Euclidean
rigid motions of translation and rotation, as well as scaling. The space of such
shapes of k-ads in R™ is Kendall’s shape space X (k > m). Form = 2, it
is more convenient for analytical and computational purposes to represent the k
points of the k-ad in R? as points in the complex plane. The planar shape space
Z’; can then be identified with the complex projective space CP*=2, which is a
manifold of considerable interest in differential geometry. Its natural Riemannian
structure is described in Sect.6.1.1. Sect.6.1.2 considers the intrinsic geometry
of an in dimensions m > 2. Unfortunately, here the Lie group action is not
free, resulting in orbits of different dimensions in different regions of an. If one
removes the regions of singularity, the manifold is no longer complete in the
Riemannian metric, and its curvature grows unboundedly as one approaches the
singular sets, making inference difficult. For some recent progress in overcoming
this in extending principal components analysis to Riemannian manifolds, see
[29]. Sub-section 6.1.2 is devoted to the extrinsic geometry of Z’; under the
so-called Veronese-Whitney embedding, which is equivariant under the unitary
group SU(k — 1).

As a matter of notation, a k-ad x in R™ is represented as an m x k matrix, with
the k points appearing as k column vectors in R™. The transpose of a matrix A is
expressed as A,

Section 6.2 defines the so-called reflection similarity shape ro(x) of a k-ad x in
R™, identified with the orbit of the centered and scaled k-ad z under the group
O(m) of all orthogonal transformations. When restricted to the non-singular
part of an using only k-ads each of which is of full rank m, the reflection-
similarity shape space Ran is a manifold, although not complete. But its
extrinsic analysis is facilitated by the embedding ro(x) — Zz'z into the space
S(k,R) of all symmetric k x k matrices, or into S(k — 1,R) if one reduces
the k-ad to a (k — 1)-ad by Helmertization to remove translation. Here z is the
preshape of x obtained by scaling (to norm 1) the translated, or Helmertized
k-ad. This new shape space and its embedding were originally introduced by
Bandulasiri and Patrangenaru [8], and also arrived at independently by Dryden
et al. [20]. The geometry and extrinsic inference for it was further developed
in [2, 3, 6,9]. This is a significant step in the analysis of 3D shapes. In the
remaining two Sects. 6.3 and 6.4 we introduce affine and projective shapes.
These are of much importance in problems of scene recognition and machine
vision.
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A proper extrinsic analysis requires a good equivariant embedding, whereby a
reasonably large isometric group action on a Riemannian manifold M is replicated
on its image (in an N -dimensional Euclidean space E "), by the action of a subgroup
of the general linear group GL(N, R), via a group homomorphism. Often this latter
is also a group of isometries on the image of M under the embedding when endowed
with the metric tensor induced from E . This helps preserve much of the geometry
of M. In view of this, in most examples of data analysis the results of extrinsic and
intrinsic inference turn out to be nearly identical although they are based on different
methodologies. The embeddings of the shape spaces considered in this article are
equivariant under appropriately large group actions.

To illustrate the general theory, in Sect.7 we develop in some detail intrinsic
and extrinsic inference procedures on two specific manifolds—the sphere S¢ and
the planar shape space E’;. Section 8 provides a brief introduction to density
estimation and classification using the nonparametric Bayes theory. Finally, Sect. 9
provides three examples of data analysis using the nonparametric theory presented
in this article, and contrasts these, where possible, with results of parametric
inference carried out in the literature. As is well recognized, nonparametric methods
provide inference whose validity is model independent, while parametric models
may be miss-specified and lead to conclusions not quite right. However, this
advantage is often accompanied by larger confidence regions and smaller powers
of tests. It, therefore, comes as a pleasant surprise that in most examples where
data are available and for which parametric inference has been carried out,
the model-independent procedures for shape spaces described in this article yield
sharper inference-narrower confidence regions and much smaller p-values -than
their parametric counterparts.

Finally, mention should also be made of the work of Ellingson et al. [21] for the
estimation of the extrinsic mean of distributions of planar contours representing
continuous planar shapes, via an infinite dimensional version of the Veronese-
Whitney embedding of Z%.

We conclude this section with a sketch of the estimation of the extrinsic mean
on M = S¢. Here the embedding J is the inclusion map of S¢ into R¢*!. The
extrinsic mean pg of Q on S? is given by g = u’ /|’ |, where u” is the mean
of Q viewed as a measure on R?*!. We assume p”/ # 0, which is the necessary and
sufficient condition for the uniqueness of the extrinsic mean on S¢. The extrinsic
sample mean of i.i.d. observations X1, --- , X,, is, similarly, iz = X/|X|, where
X = (X; 4+ --- 4+ X,,)/n. Itis easy to check that when /i and jx are viewed as
vectors in RYT!, fi is asymptotically Normal N (g, ¥/n), where the (d + 1) x
(d + 1) matrix X is singular, since [tz lies nearly on 7}, (S )-the tangent space
of S? at jur. The tangential component of iz, expressed in d coordinates with
respect to a chosen orthonormal basis of 7}, (S ), has the asymptotic distribution
N(0,X;/n). Here X, is a d xd matrix which is nonsingular if the covariance matrix
of O (on R?*!) is nonsingular. One may use this result for estimation and testing
on S¢. For details of this and for intrinsic inference on S¢ see Example 7.1.
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2 Asymptotic Distribution Theory for Fréchet Means

Let (M, p) be a metric space and Q a probability measure on the Borel sigma-field
of M. Consider a Fréchet function of Q defined by

Flx) = / p(e.0)Ody). x €M, )

for some o > 1. We will be mostly concerned with the case « = 2. Assume that
F is finite at least for one x. A minimizer of F, if unique, serves as a measure of
location of Q. In general, the set Cp of minimizers of F is called the Fréchet mean
set of Q. In the case the minimizer is unique, one says that the Fréchet mean exists
and refers to it as the Fréchet mean of Q. If X1,---, X, are i.i.d observations with
common distribution Q, the Fréchet mean set and the Fréchet mean of the empirical
On = 1/n) j<n Ox; are named the sample Fréchet mean set and the sample
Fréchet mean, respectively. For a reason which will be clear from the result below,
in the case the Fréchet mean of Q exists, a (every) measurable selection from Cyp,
is taken to be a sample Fréchet mean.

The following is a general result on Fréchet mean sets Cg and Cp, of Q and O,
and consistency of the sample Fréchet mean.

Theorem 2.1 (Ziezold [46], BP [10], BB [6]). Let M be a metric space such that
every closed and bounded subset of M is compact. Suppose o > 1 in (1) and F(x)
is finite for some x. Then (a) the Fréchet mean set Cg is nonempty and compact,
and (b) given any € > 0, there exists a positive integer valued random variable
N = N(w, €) and a P-null set Q2(€) such that

Co, €CH={xeM:p(x,Cg) <e}Vn =N, Vo € (Q(e))". 2)

(¢) In particular, if the Fréchet mean of Q exists then the sample Fréchet mean,
taken as a measurable selection from Cop,, converges almost surely to it.

Remark 2.2. Unfortunately, it does not seem possible in general to estimate the
Fréchet mean set Co consistently by Cp,, that is, the Hausdorff distance between
the two does not necessarily go to zero with probability one, as n goes to infinity.
Consider, for example, the simple case of M = S, with p as the chord distance
and o = 2. Take an absolutely continuous Q for which Cyp is not a singleton, as
would be the case for the uniform distribution in particular. It is easy to see that the
sample Fréchet mean set Cp, is, with probability one, a singleton.

Unless stated otherwise, we will assume in this article that the manifold M is
connected and satisfies the property that its closed bounded subsets are compact.
Obviously this is true if M is compact. The assumption also holds for all Riemannian
manifolds which are complete under the geodesic distance, by the Hopf-Rinow
theorem (see [17], pp. 146—-147).
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Remark 2.3. 1t has been shown by Karcher [31] for the case @ = 2 in (1) that, if the
Fréchet function of Q is finite, then on a Riemannian manifold M with non-positive
sectional curvature the Fréchet mean always exists as a unique minimizer.

We give a proof of Theorem 2.1 for a compact metric M, which is the case in
many of the applications of interest here. Part (a) is then trivially true. For part (b),
for each € > 0, write

n=inf{F(x):x e M} = F(q)VqeCp,
n+d8(e) = inf{F(x) : x € M\Cp}. 3)
If C5 = M, then (2) trivially holds. Consider the case C; # M, so that

8(e) > 0.
Let F,(x) be the Fréchet function of Q,, namely,

F) = Y0 X)),

1<j<n
Now use the elementary inequality,

1p%(x, y) = p*(x", )| < ap(x. X )" (x,y) + p* 7' (x", ¥)] < cap(x,x’),

with ¢ = 2max{p*~'(x, y),x,y € M}, to obtain

|F(x) — F(X")| < cap(x,x), |F,(x) — F,(x")| < cap(x,x), Vx,x'. (4)

For each x € M\C}, find r = r(x,€) > 0 such that cap(x, x') < é(€)/4 Vx'
within a distance r from x. Let m = m(¢) of these balls with centers xy,--- , x;; (in
M\C o) cover M \C o- By the SLLN, there exist integers N; = N; (w) such that,
outside a P-null set 2;(¢), |F,(x;) — F(x;)| < 6(e)/4V n > N;(i =1,---,m).
Let N/ = max{N; :i = 1,--- ,m}.If n > N’, then for every i and all x in the ball
with center x; and radius r(x;, €),

Fu(x) > Fy(x;) —8(e)/4 > F(x;) —8(e)/4—8(e) /4
>n+8(e)—68(€)/2=n+68()/2.

Next choose a point ¢ € Cyp and find N” = N”(w), again by the SLLN, such
that, if n > N” then |F,(q) — F(q)| < 8(¢)/4 and, consequently, F,(q) < n +
8(€)/4, outside of a P-Null set Q" (¢). Hence (2) follows with N = max{N’, N”}
and Q(e) = {UQi(e) : i = 1,---,m} U Q"(¢). Part (¢) is an immediate
consequence of part (b).
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Remark 2.4. For a compact metric space M, the conclusions of Theorem 2.1
hold for a generalized Fréchet function F by letting the integrand in (1) be an
arbitrary continuous function f(x, y) on M x M instead of p“(x, y). Only a slight
modification of the above proof is required for this.

For noncompact M, the proof of Theorem 2.1 is a little more elaborate and may
be found in [6] or, for the case @ = 2, in [10].

We now proceed to derive the asymptotic distribution of sample Fréchet means
on a d-dimensional differentiable manifold M. Let Q be a probability measure on
M such that Q(U) = 1 for some open subset U of M which is C? diffeomorphic
to an open set VV of RY.

Consider a generalized Fréchet function F on U:

F(p) = /U F(p. p)0OWp'). p €U 5)

where f : U x U — R, and the integral is finite for all p in U. Assume that
F is twice differentiable in a neighborhood of the minimizer p of F, assumed
unique, and let /1, be a consistent Fréchet sample mean. Let ¢ : U — V be a C?
diffeomorphism. Write 2(x,y) = f(¢ 'x,¢"'y) forx,y € V. Thenv = ¢(u)
and v, = ¢ (j1,) are the Fréchet minimizers of Q o ¢! and Q, 0 ¢!, respectively,
of the Fréchet functions

H(x) = /V h(x. )0 0 7 (dy). ©)

1 n
H,(x) = /Vh(x,y)Qn o¢ ' (dy) = - > h(x.Y)). x €V,
j=1

where Y; = ¢(X;). Write ¥ (x,y) = D;h(x,y) = (0/0x,)h(x,y) (r =
1,---,d) and and let D stand for the gradient. For example, Dy (x, y) is the
vector (DY (x,y), -+, Dg¥"(x,y)). By assumption, H is twice differentiable
in a neighborhood of ¢ () and a Taylor expansion yields

1 r
0=— > YY)

1<j<n

== Y Ve Y DY) bay | VaG—. O)

\/ﬁ R N
l<j=n I<j=n

where - denotes inner product in R? and, for some 6, , lying on the line segment
joining v, and v,

1 1
6’”:; Z Dlﬂr(en,rayj)_; Z Dy (v, Y)).

I<j=n I<j=n
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The following result, which is a slight extension of Theorem 2.1 in [11], now
follows from (7).

Theorem 2.5. Let Q be a probability measure on a d-dimensional manifold M .
Assume that

(i) there exists an open subset U of M such that Q(U) = 1,

(ii) for a given function f on U x U, the generalized Fréchet function F of Q in
(5) is finite and has a unique minimizer u in U, and there is a neighborhood
of won which p — f(p, p') is twice continuously differentiable for every p’,

(iii) there exists a C>-diffeomorphism ¢ : U — V where V is an open subset of R?
such that for the function ¥ (x,y) = D,h(x,y) = (3/0x,) f(¢ ' x, ¢ 'y)
onV xV onehas EQ"(v,Y1))> <ooVr =1,---.d, withv = ¢(u) and
Y1 having the distribution Q o ¢!,

(iv) sup{E|DY (v, Y1) = Dy " (v, Y1)|: |y —v| <€} — 0,ase | 0, and, finally,

(v) the d x d matrix AN = (ED;y"(v,Y;))) = (EDgDh(v,Y}))) is
nonsingular.

Then v, = ¢(i1,) has the asymptotic distribution given by
(v, —v) = N0, ATYSA) in distribution as n — oo, ®)

where X is the covariance matrix of (" (v, Y;),r =1, ,d).

Remark 2.6. Suppose M is a Riemannian manifold and Q a probability on M.
If g € M and C(q) is the cut locus of g (see Sect.4 for definition), and if
Q(M\C(q)) = 1, then one may take U in Theorem 2.5 to be M \C(q). The inverse
exponential map on M\ C(g) may be taken to be the required diffeomorphism ¢ on
U = M\C(qg) onto its image V in the tangent space 7, M.

Note that Q(M\C(g)) = 1 if Q is absolutely continuous with respect to a
volume measure on M (see [24], p. 141).

Remark 2.7. On a Riemannian manifold M the Fréchet mean of Q for the case
f(p.p") = p*(p. p') with geodesic distance p is called the intrinsic mean of Q.
For manifolds M of nonnegative curvature, a recent criterion due to Afsari [1] under
which Q is known to have an intrinsic mean is that the support of Q lie in a geodesic
ball of radius r*/2 where r* = min{inj(M), =/ x/E}, inj(M) being the injectivity
radius of M (see Sect.4), and C the least upper bound of sectional curvatures of
M (see [31,38]). Hence one may take U in Theorem 2.5 to be this geodesic ball in
this case. For manifolds of non-positive curvature, the intrinsic mean always exists
provided the Fréchet function is finite [31].

Remark 2.8. On a general differentiable manifold M, it is often useful and
convenient to consider the extrinsic mean of Q which is the minimizer, if unique,
with respect to the Euclidean distance p induced by an appropriate equivariant
embedding of M in a Euclidean space EV. For the case @ = 2 in (1), a broad
verifiable necessary and sufficient condition for the existence of a unique minimizer
is often available (see the next section). If the assumptions of Theorem 2.5 hold then
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one may still apply it to the extrinsic sample mean, as would be the case, e.g., of
the sphere S¢ = {x € RY*! : |x|?> = 1} with the embedding given by the inclusion
map in RYF!, if one takes ¢ to be the inverse exponential map on S¢\{—p,} for a
suitable point po. But a more broadly applicable CLT for the sample Fréchet mean
is provided in the next section (see Theorem 3.3).

3 Asymptotic Distribution of the Extrinsic Sample Mean
on a Manifold

Let M be a d-dimensional differentiable manifold and Q a probability measure
on it. Consider an embedding J : M — EV, where EV is an N-dimensional
real vector space, which we may identify with RV . The extrinsic distance px on
M with respect to the embedding is given by the induced Euclidean distance on
J(M) : pe(p.q) = |J(p) — J(q)|, where |.| denotes the norm on EV and <, >
denotes the inner product. Letting Q7 = Q o J~! denote the induced distribution
on EV, and p” its mean, the Fréchet function on the image J(M ) of M is given by

F’(x)=/|x—y|2Q’(dy)=/|x—uf—(y—u’)|2Qf(dy) ©)
=Ix—M’|2+/Iy—MJIZQ’(dyHZ<x—M’,/(y—u’)Q’(dy)>
- |x—u’|2+[|y—u’|2Q’(dy>, (x € J(M))

the integration being over EV. The last sum is minimized (over J(M)) by taking
x as the orthogonal projection P(u”) of u’ on J(M), i.e., the point in J(M), if
unique, which is at the minimum Euclidean distance from /ﬂ . Hence we have the
following useful result.

Theorem 3.1 (Patrangenaru [40], Hendriks and Landsman [28], BP [10]).
Assume that the projection P(u’) is unique. Then the extrinsic mean of Q is
pe = J7 P(u’).

Remark 3.2. 1t is known that the set of points x of non-uniqueness of the projection
x — P(x) on EV (onto J(M)) has Lebesgue measure zero [10]. As an example,
consider the case M = S, and the embedding in R?*! given by the inclusion map.
Then the only point of non-uniqueness of the projection map P is the origin 0 in
R4+, in which case the extrinsic mean set is all of S¢. The projection P in this
case is defined by P(x) = x/|x| for x # 0. Thus the extrinsic mean of Q on the
sphere is iz = pu’ /|’ |, which exists if and only if the Euclidean mean 1’ of the
induced distribution Q7 on E¥ is nonzero.
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We now derive the asymptotic distribution of the extrinsic sample mean fi . Let
Y, = J(X;), where X; (i = 1,---,n) are i.i.d. observations from the distribution
Q on M. The mean of the probability Q) = % >'_, 8y, induced on EV by the
empirical 0, = 137§y, on M isY = L(¥; +---+Y,) = [ y0](dy). Then
J(fig) = P(Y). By calculus, and the CLT,

n'2[P(Y) - P(u')] = n'?[(Jacob P),, (¥ — n')] + 0,(1) = N(0,C), (10)

in distribution as n — o0. Here (Jacob P), is the N x N Jacobian matrix
of P (at x) considered as a transformation on R¥Y ~ EV into R, and C =
(Jacob P),s E(JacobP)L ;» % being the N x N covariance matrix of Y;. Since

P maps a neighborhood V' of 17/ into the image manifold J(M) of dimension d
(smaller than N), the rank of (Jacob P) w is d, and the asymptotic distribution
in (10) is singular. For purposes of inference it is therefore important to consider
the differential d,s P of P at u’ as a map on the N-dimensional tangent space
T, RY) =~ Rﬁ into the d-dimensional tangent space Tp(,/y(J(M)) of the
manifold J(M) at P(u”), rather than as a map on 7,; (RY) into Tp,s,(R") as
considered in (10). Consider a standard basis, or frame, {¢; : i = 1,---,N}
of EN ~ R¥ (in which Y;s are expressed) and an orthonormal basis (frame)
{F1(),--+, Fa(y)} of the tangent space T, (J(M)) for y in a neighborhood of
P(u’)in J(M).

Theorem 3.3 (BP [11], BB [6]). Assume that the extrinsic mean is unique and the
projection operator P is continuously differentiable in a neighborhood of i’ . Then
one has

}’ll/z(dﬂl P)Y — ') — N(O,T) in distribution, D
withT = BXB', and

nl/z(dy P)Y —u’) — N(0,T) in distribution. (12)

Here B = B(u’) = ((bij(1”))) is the d x N matrix of d,,; P with respect to an
orthonormal basis {e; : i = 1,--- N} of T s EN ~ RN and a smooth orthonormal
basis { Fi(P(u”)),---, F;(P(u'))} of Tp(uy(J(M)), i.e., for y in a neighborhood
of P(’) in J(M), (dy P)e; = 3, bjs(P(x)) F; (P(x)).

Note that (12) follows from (11) using a Slutsky type argument.

Remark 3.4. 1f, for z € J(M), one views T.(J(M)) as a subspace of T.(E")
spanned by {¢; : i = 1,---, N}, then B(P(y)) = F(P(y))(Jacob P),, where
the d x N matrix F(P(y)) has row vectors Fi(P(y)),---, Fy(P(y)) which form
an orthonormal basis of Tp(y)(J(M)).

Remark 3.5. The matrix I" in (11) is nonsingular if the support of the distribution of
(dys P)(Y; — u”) does not lie in a subspace of Tp(,ry(J(M)) (of dimension smaller
than d). In particular, this is the case if Q has an absolutely continuous component
with respect to the volume measure on M .
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Example 3.1. Consider the sphere S¢ = {x € R?*! : |x|?> = 1} and the inclusion
map as the embedding J. Then P(x) = x/|x| (x # 0). It is not difficult to check
that the Jacobian matrix of the projection, considered as a map on R?*! into R¢*!,
is given by

(Jacob P)x = x|~ [Ta+1 — x| (xx")] (x #0). (13)

Let A(x) be a d x (d + 1) matrix whose rows form an orthonormal basis
of To(S%) = {v € RI*! : x'y = 0. Then the differential of P(x), as a
map on R?*! into S, is expressed in coordinates of this basis as (d,P)u =
A(x)(Jacob P).u(u € RY*1!). The left sides of (11) and (12) are then obtained
by letting x = pu’ and X, respectively, and u = Y — /. For d = 2, and
x = (x',x2,x%)" # (0,0,%1)", and x> # 0, one may choose the two rows of
A(x) as (—x2,x',0)/v/(x2)2 + (x1)2 and ((x!, x%, —((x*)*> + (x")?)/x?)/c, where
¢ normalizes the second vector to unity. For x = (0,0, £1), one may simply take
the basis vectors of T, (S?) as (1,0,0), and (0,1,0). If x> = 0 and x' # 0, x> # 0,
then the second vector in the basis may be taken as (0,0,1). Permuting the indices,
all cases are now covered.

4 Asymptotic Distribution of the Intrinsic Sample Mean
and the Role of Curvature

In this section we apply Theorem 2.5 to the intrinsic mean p; on a Riemannian
manifold M with metric tensor g. That is, ; is the Fréchet mean with respect to
the geodesic distance p = p, (with @ = 2 in (1)).

On the tangent space T,(M) at p of a complete Riemannian manifold M, one
defines the exponential map Exp, : T,(M) — M, by letting Exp ,(v) be the point
q = y(|v|) reached at time ¢ = |v| by the unit speed geodesic y(¢) = y(t; p,v)
with y(0) = p and initial speed y(0) = v/|v|if v # 0, and Exp ,(0) = p. For each
unit vector vin T,,(M), let o = ty(p, v) be the supremum of all ¢ such that the unit
speed geodesic y(.; p,v) is length minimizing on [0, z]. Then y (¢; p, v) is called a
cut point of p and the set of all cut points of p (as v varies over all unit vectors
in T,(M) ) is called the cut locus of p and denoted by C(p). Forg € M\C(p),
the inverse Exp;l(q) of the exponential map is defined as v = v(q) € T,(M)
such that Exp,(v) = q. It is known that Exp]_,1 is a diffeomorphism on M \C(p)
onto its image in 7,(M ), which is homeomorphic to an open ball in 7, (M) with
center 0 (p. 271) [17]. The quantity inj(M) = inf{p,(p,C(p));: p € M} is called
the injectivity radius of M . The inverse exponential map Exp;1 (g) gives rise to the
so-called normal coordinates of g (with pole p), ¢ € M\C(p), when expressed in
terms of an orthonormal basis of T,(M).

Let Q be a probability with support contained in a geodesic ball B,(p) of
radius r centered at p. If a unique minimizer of the Fréchet function F(g) =
S/ ,oéz,(q, q)0(dq’), q € B.(p), exists (in B,(p)), it is called a local intrinsic mean
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of Q in B,(p). We will denote by C the least upper bound of sectional curvatures
of M, if this L.u.b. is positive, and zero if the l.u.b is negative or zero. Part (a) of the
following theorem, which is an extension of Theorem 2.2 in [11], and Theorem 4.2
in [4], now follows from Theorem 2.5. Part (b) is derived in [5]. For its notation we
use the order A > B for symmetric d X d matrices A,B to mean that A — B is
nononegative definite. The function f appearing in (16) is defined as

1 ifC =0
f(x) = {V/Cxcos(vCx)/sin(+/Cx)  ifC >0 (14)
VCx cosh(x/Ex)/ sinh(x/Ex) if C <0

with C , as defined earlier, the l.u.b. of the sectional curvatures of M if positive,
or zero otherwise. Theorem 2.5 is a CLT for the local intrinsic sample mean u,
around the local intrinsic mean p; of a probability Q, based on i.i.d. observations
Xy, , X, with common distribution Q. Actually we look at vector valued ¥; =
¢(X;), where ¢ is the inverse exponential map E)cp;l on an appropriate open subset
of T,(M), and derive a CLT for v, = ¢(jt,,) around v = ¢ (y47). Estimation of fi;
is then achieved via ¢!

Theorem 4.1. Let Q have support in a geodesic ball B,(p) with B.(p) C

M\C(p).
Assume the following conditions (A1)—(AS):

(Al) The local intrinsic mean [y exists in B,(p).

(A2) Let ¢ denote the inverse exponential map Exp;l, h(z,y) = ,og, (@ 'z.07 1),
withz,y €V = E)cp;1 (Br(p)) expressed in normal coordinates with respect
to an orthonormal basis of T,(M); then z — h(z,y) is twice continuously
differentiable for all y.

(A3) With y"(z,y) = D'h(z.y) = (0/0)d}(¢7"'2.¢7"y), one has
EWDW,Y))? <ooVr = 1,---,d, where v = Expljl(ul) and Y| has
the distribution Q o ¢~ .

(A4) One has sup{ E|D(y " (y,Y)) = D(Yy (v, Y1) : |y —v| <€} = 0ase | 0.

(AS) A = (EDsy" (v, Y1) = ({ED; D, (2, Y1)}:=)) is nonsingular.

Then,
(a) Denoting by |, the local intrinsic sample mean, ¢(i,) has the asymptotic
distribution given by

Vi [p(un) — ()] — N (0,A7'EAT") (15)

in distribution as n — oo, where © = Cov({y P (v, Y1) :r = 1,---,d}).
(b) If one takes p = g, thenv = 0, and
(i) (0. y) = =2y"
(i) EY) = [yQ 09~ (dy) =0,



A Nonparametric Theory of Statistics on Manifolds 185

(iii) & = 4Cov(Y)) = 4E(YY})),
(iv) The matrix A = ((Ars))1<rs<a Satisfies the order relation

A= (QE((I1 = fAINDI/IMPYTY] + f(YiD8))i<rs<a.  (16)

with equality in (16) in the case of constant sectional curvature.

Remark 4.2. If Q has a density component with respect to the volume measure on
M , then X is nonsingular.

Remark 4.3. 1t has been proved by W.S. Kendall [35] that if the support of Q
is contained in B,+/>(p) where r* = min{inj(M), x/ NLel }, then a local Fréchet
mean p; of Q exists in B« />(p). The result of Afsari [1] shows that this 4, is the
global minimizer on M. If, in addition, the support of Q is contained in B,= ;»(itr),
then all the assumptions of Theorem 4.1 are satisfied [5, 6]. For manifolds with
nonpositive curvature, the central limit theorem (15) holds for all Q, provided the
Fréchet function of Q is finite and E|Y;|?> < oo (see [11], Remark 2.2)

Example 4.1. The sphere S¢ = {x € R?*! : |x|> = 1} is a compact Riemannian
manifold under the metric induced by the inclusion map. Its geodesics are the
big circles, the geodesic starting at p with an initial velocity v being given by
y(&; p,v) = (cost|v]) p+(sint|v|)v/|v|, withv € T,(S9) = {v € RI*1: p'v = 0}.

The cut locus of p is C(p) = {—p}. The exponential map and its inverse are
given by
Expy(0) = p. Expy(v) = cos(|v) p + sin(v)v/|v]. v # 0, (v € Tp(S9)): (17)

Exp,'(p) =0, Exp},'(q) = arccos(p'q)/(1 — (p')>)"/*[q — (p'9)P). (q # p.—p).

The geodesic distance between p and q is pg(p,q) = arccos(p’q) € [0, ],
so that the injectivity radius is inj(S¢) = . Because of isotropy, the sectional
curvature is the same for every section of 7, (S ), for all p, and the unit sphere has
therefore the constant curvature 1. Thus the quantity r* appearing in Remark 4.3
has the value 7, so that the conclusions of Theorem 4.1 hold if the support of Q is
contained in B/>(p) as well as in By /»(j47). Here the function f in (14)is f(u) =
u(cosu)/(sinu). The normal coordinates y',---,y? at pu; of x = Exp,, (y),
where y is expressed as y = y'v; + --- + y9v, with respect to an orthonormal
basis{v, :r =1,---,d}of Ty, (S9), are now given by (see (17)):

y, = arccos(ubx)/(1 — (uhx))2x'v,, (r =1,---,d),x € S*.  (18)
Now A, is computed from its definition in (AS), with Y}, given by the right hand

side of (18) obtained by substituting X (with distribution Q) for x, and, similarly,
Y|, is obtained by changing r to s.
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5 Nonparametric Inference on General Manifolds

Theorems 2.5 and 3.3 allow us to construct nonparametric confidence regions for
intrinsic and extrinsic means of probability measures O on a manifold M, and to
carry out nonparametric two-sample tests for the equality of such means of two
distributions Q| and O, on M. The latter tests are really meant to distinguish Q)
from Q5. On high dimensional spaces, such as the shape spaces of main interest
here, the means are generally good indices for this purpose, as the data examples in
Sect. 9 show.

For the construction of an extrinsic confidence region for the extrinsic mean
wg of O one may use the corresponding region for u’ using (11) or (12) and
then transform by J ~'. In general (12) is simpler to use. The following asymptotic
chisquare distribution is an easy consequence:

n[(dy PY(Y — )] (BEB) ™' [(dy P)(Y — p’)] = 1% in distribution, (19)

where )(5 is the chisquare distribution with d degrees of freedom. Here B = B(Y)
estimates B = B(,uj ), and 3 is the sample covariance matrix of Yi,---,Y,.
The statistic does not depend on the choice of the orthonormal basis of Ty (J(M))
for computing B. The relation (19) may be used to construct a confidence region for
the extrinsic mean pug. Bootstrapping, which leads to a smaller order of coverage
error in the case of an absolutely continuous ¢, may not always be feasible if N
is large and the sample size n is not sufficiently large to ensure that, with high
probability, the bootstrap sample is not degenerate.

Turning to the (local) intrinsic mean p; of Q, (15) leads to the asymptotic
chisquare distribution

nld () — d DI AS T Alp () — ()] > 22(d) 20)

in distribution as n — oo, where " denotes an estimate with Q replaced by the
empirical Q,; that is, the distribution Q o ¢~! of Y; is replaced by Q, o0 ¢! =
n~! > | <i<n Oy, This leads to a confidence region for ;. One arbitrariness here
is the choice of the point p in computing ¢. It seems reasonable to take p close
to u,. Another idea is to use p = s, in which case ¢(u;) = 0. To use (20) in
this case to obtain a confidence region would be computationally more intensive.
It would involve finding those values p such that, with ¢ = E xp;l, the left side
in (20) (with ¢(u;) = 0) is smaller than )(3(1 — «), the (1 — @)-th quantile of
)(?,. This requires computing the quantities in (20), including ¢ (u,), for each p.
But, unlike the case of the extrinsic mean where the ambient vector space E N has
generally a large dimension and the bootstrap estimate of the covariance matrix ¥
tends to be singular, S in (20) is a d x d matrix. If Q is absolutely continuous,
which is a reasonable assumption in most shape data, the bootstrap construction
of the confidence region will tend to have a smaller coverage error than the one
using y3.
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We next consider the the two-sample problem of distinguishing two distributions
Q| and Q, on M, based on two independent samples of sizes n; and ny,
respectively: {Y;1 = J(Xj1) : j =1, m}, {¥jo = J(Xj2) 1 j = 1,-- ,no}.
Hence the proper null hypothesis is Hy : Q1 = @». For high dimensional M
it is often sufficient to test if the two Fréchet means are equal. For the extrinsic
procedure, again consider an embedding J into EV. Write p; for u/ for the
population means and Y; for the corresponding sample means on EV (i = 1,2). Let
n =n;+nyandassumen;/n — p,ny/n—>py=1-p,0<p;, <10 =1,2),
asn — oo. If uy # o then Q1 # Q5. One may then test Hy : 0 = pa(= w,say).
Since N is generally quite large compared to d, the direct test for Hy : p; = o
based on Y| — Y, is generally not a good test. Instead, we compare the two extrinsic
means (g and gy of O and Q, and test for their equality. This is equivalent to
testing if P(u;) = P(u2). Then, by (12), assuming Hy,

n'2dy P(Y) — Y2) — N(0, B(p1Z1 + p23,)B') Q1)

in distribution, as n — oo.

Here Y = P1 }_’1 + pz?z is the pooled estimate of the common mean y; = u, =
W, say, B = B(u) (see (11)), and X, X, are the covariance matrices of Y;; and
Y;,. This leads to the asymptotic chisquare statistic below:

nldy P(Y) — V) [B(pi21 + ;2 20) B dy POV, — Vo)l — 12 (22)

in distribution, as n — 00.

Here B = B(Y), S is the sample covariance matrix of ;. One rejects the null
hypothesis H at a level of significance 1 — « if and only if the observed value of
the left side of (22) exceeds x3(1 — ).

For the two-sample intrinsic test, let (47, (72 denote the intrinsic means of Q|
and Q; and consider Hy : i3 = p2. Denoting by 1, (y2 the intrinsic sample
means, (15) implies that, under Hy,

n'2p(n) — d(un2)] = NO. pIAT'SIAT 4+ p2 AT ' SA5Y)  (23)

in distribution, ~

where ¢ = Exp;1 for some convenient p in M, and A;, X; are as in
Theorem 4.1 with the empirical Q,; in place of Q;(i = 1,2). For p choose u,
on the geodesic from (1,1 to pyn With Pg(ty, in1) = p2 Pe(fnt, hn2), and with this

choice we write q§ for ¢. The test then rejects Hy : Q| = Q», if

1 (at) — )l [PIAT S1AT! + paAT AT 7 B () — dpan)] > 13 (1 —;2.
(24)
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Finally, consider a match pair problem with1i.i.d. observations (X1, X ;») having
the distribution Q on the product manifold M x M. If J is an embedding of M
into EV, then J(x,y) = (J(x),J(y)) is an embedding of M x M into EV x
EVN. Let WEL, LE2 be the extrinsic means of the (marginal) distributions @ and
0, of Xj; and X, respectively. Once again, we are interested in testing Hy :
Q1 = Q; by checking if gy = pg». Note that the extrinsic mean of Q is fig =
(MEL, LE2). If Y, Y, are the sample means of Y;| = J(X;1), Y;j» = J(Xj2), j =
1,---,n,on EN with E(Y;;) = u; and E(Y}2) = pa, and ¥ = (¥}, ¥>), then the
extrinsic sample mean in the image space J (M x M) is (P (Y1), P(Y)). Also, write
Y = (171 + }_’2)/2. Under Hy, (11 = uy = [, say, and one has

n'2d;(P(Y)) — P(Y2)) = N(0, 211 + 200 — 212 — Zy). (25)

On the right, £, and X, are the d x d covariance matrices of (d,, P)(Y;1 —p1) and
(d P)(Yj2—p2), while X1, is the d xd cross covariance matrix of (d,, P)(Y;1—u1)
and (d, P)(Yj> — i2), and Xp; = X),. As above, one derives a chisquare test for
Hy, using (25) and sample estimates of the covariance matrices.

6 Geometry of Shape Spaces and Equivariant Embeddings

The manifolds of main interest to us are shape spaces of landmarks based k-ads.
A k-ad is a set of k labeled landmarks, k > m, not all the same, measured on an
object or scene of interest. In general, the k-ad (x1,--- , xx) is a k-tuple of points
in R™, represented as an m x k matrix, although only m = 2 and 3 are of practical
interest for the most part. The shape of a k-ad is the k-ad modulo a Lie group of
transformations or, equivalently, it is the maximal invariant, or orbit, of the k-ad
under this group. The appropriate Lie group depends on the particular statistical
goal and the way the measurement of a k-ad may vary, for example, because of
differences in equipment, the position and angle from which the observations are
taken or recorded, etc.

6.1 Kendall’s Similarity Shape Space X%

The similarity shape of a k-ad x = (x1,---, xx) in R™, not all points the same, is
its orbit under the group generated by translations, scaling and rotations. Writing
Xx= 4+ -+x)/k, <x >= (x,---, X), the effect of translation is removed
by looking at (x; — X,--+,x;y — X) = x— < X >, which lies in the mk — m

dimensional hyperplane L of R”¥ made up of m x k matrices with the m row sums
all equal to zero. To get rid of scale, one looks at u = (x— < X >)/|x— < X > |,
where |.| is the usual norm in R, This translated and scaled k-ad is called the
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preshape of the k-ad. It lies on the unit sphere in L, and is isomorphic to $”*=D=1,
An alternative representation of the preshape is obtained as p = xH/|xH |, where
H is the k x (k — 1) Helmert matrix comprising k — 1 column vectors forming
an orthonormal basis of 1+, namely, the subspace of R¥ orthogonal to (1,---, 1)’
A standard H has the j-th column given by (a(j),---,a(j),—ja(j),0,---,0),
wherea(j) = [j(j + D]7Y?(j = 1,--- .k —1). Then p is an m x (k — 1) matrix
of norm one. The shape o(x) = o(p) of x is then identified with the orbit of p
under all rotations:

o(x)=0a(p)={Ap: A e SO(m)}, (26)
[SO(m) = {A: AA" = I,,,det(A) = 1}].

SO(m) is called the special orthogonal group acting on R™. The set of all shapes
o (x) is Kendall’s similarity shape space ¥, R > m.

6.1.1 Intrinsic Geometry of X%

For the case m = 2, it is convenient to regard a k-ad x = ((x1, y1),-+* , (Xk, Yk))
as a k-tuple z = (z3,--+ , zx) of numbers z; = x; 4+ iyy, -+ ,2% = X; + iyk in the
complex plane C, and let p = (z— < z >)/|z— < z > |. Then the shape of x, or z,
is identified with the orbit O,

o(z) =o(p)=14{e'p:0e(~n x|} =0,. (27)

One may equivalently, consider the shape as the orbit {A((z— <z >) : A € C}.
That is, the shape of x, or z, is identified with a complex line passing through the
origin in the subspace of C¥ of complex dimension k — 1 defined by L = {g =
(g1, qx) € C\{0} : 1 + --- 4+ qx = 0} ~ CF=1\{0}. The shape space is then
identified with the complex projective space CP*~2, of (real) dimension 2k — 4.

Note that {¢’® : § € (—m, n]} is a I-dimensional compact group G(~S')
of isometries of the preshape sphere CS*~! = {qg = (q1.---.qx) : |q| = 1,
g1 + --- + g = 0}. By Helmertization, we will use the representation of CS*~!
as {p = (p1.-++.pr—1) € CF1 : |p| = 1}, which is isomorphic to S%*—3,
and T = CS*¥7!/G. Recall that the metric tensor on S*73 ~ CS*~! is that

inherited from the inclusion map into R**=D = {(x, y;, X2, y2, -+, Xk—1, Yk—1) :
(xj,y;) € RZ Vj} ~ C!' = {(z1,20,- vzx—1) : z; = x; +iy; € C Vj},
namely, (v,w) = Re(vw*), when v,w are expressed as complex 1 x (k — 1)

matrices (row vectors) in CS¥~!. The projection map is then 7 : p — o(p).
The vertical subspace V), is obtained by differentiating the curve 6 — ¢ p, say
at 0 = 0, yielding ip. That is, V,, = {cip : ¢ € R}. Thus the horizontal subspace
is H, = {V : Re(pv*) = 0, Re((ip)v*) = 0} = {¥ : pv* = 0}. The geodesics
y(t;0(p),v) forv = (d,m)v (for v in H,), and the exponential map Exp,(,) on
E’g are specified by this isometry between Tg(p)(Elg) and H, for all shapes o(p)
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(see Example 4.1). Thus, identifying vectors v in H,, with vectors v in Ty, (Z5),
one obtains

To(p)(Z5) = {v = (d,7)¥ : Vv such that p7* = 0} (28)
Expy,)0 = 0(p), Expy,v = o(cos(|7]) p + sin([7))V/[7]) (v # 0, pi™ = 0);
y(t;0(p),v) = oa((cost)p + (sint)v/]9]), (t € R, pv* =0), v # 0.

Denoting by p, and p, the geodesic distances on CS*k=! and E’z‘ , respectively,
and recalling that (see Example 4.1) p,,(p. g) = arccos(Repg*), one has

pg(0(p).0(q)) = inf{pgs(p'.q") : p' € 0p.q" € Oy} (29)
= inf{arccos(Ree' pg*) : 6 € [0,27)}
= arccos(| pg*|) € [0, 7/2].

It follows that the geodesics are periodic with period 7, and the cut locus of o (p)
is {o(g) : all q such thatarccos(|pg*|) = 7/2}, and that the injectivity radius of
Z’g is /2. The inverse exponential map is given by Exp;(lp) (o(q)) = v, where
v=(d,m)v (v € Hp,), and v satisfies (Use (17) with the representation of S2=3 a5
(CSk_l)

V= Exp;l(qe”’) (30)
= [arccos(Re(pg*e™")](1 = [Re(pg*e ™))™ 2qe” — (pg*e™") p,
where 0 is so chosen as to minimize ,ogs(p,qe"@) = arccos(Re(pg*e™%)). That
is, (pg*e™%) = |pq*|, or e’ = pq*/|pq*| ( for pg* # 0, i.e., for o(g) not in
C(o(p)).
Hence, writing p = (arccos)p, (o (p),0(q)), p # 0, one has
v = [arccos(| pg*DI(1 = | pg* 1)~ {(pa*/1pg* g — |pa*Ipy  (BD)
= [p/ sin pl{ge’ — (cos p) p} (¢'” = pg*/ cos p).

This horizontal vector (€ H ) represents Exp;(lp) (0(g)) = v.

The sectional curvature of Z’z‘ at a section generated by two orthonormal vector
fields Wy and Wy is 1 + 3~cosz¢ where cos ¢ = (U;,iU,), U; and U, being the
horizontal lifts of W, and W, (see [17]).
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6.1.2 Extrinsic Geometry of Z;‘ Induced by an Equivariant Embedding

One problem with carrying out an intrinsic analysis of the Fréchet mean is that
no broad sufficient condition is known for its existence (i.e., of the uniqueness
of the minimizer of the corresponding Fréchet function). Also, often such an
analysis, assuming uniqueness, is computationally much more intensive than an
extrinsic analysis. However, for an extrinsic analysis to be very effective one should
choose a good embedding which retains as many geometrical features of the shape
manifold as possible without making it cumbersome. Let I" be a Lie group acting
on a differentiable manifold M, and denote by GL(N,R) the linear group of
nonsingular transformations on a Euclidean space EV of dimension N onto itself.
An embedding J on M into EV is said to be I'-equivariant if there exists a group
homomorphism ® : y — ¢, of I' into GL(N,R) such that J(yp)) = ¢,(Jp)
Vp € M,y € T'. Often, when there is a natural Riemannian structure on M, I is
a group of isometries of M . Consider the so-called Veronese-Whitney embedding J
of 215 into the (real) vector space S(k — 1,C) of all (k — 1) x (k — 1) Hermitian
matrices B = B*, defined by

Jo(p) = p*p [o(p) ={e'?p.0 €[0.27), p € CS*']. (32)

The Euclidean inner product on S(k — 1, C), considered as a real vector space,
is given by (B, C) = Re(Trace(BC?*)). Let SU(k — 1) denote the special unitary
group of all (k —1) x (k —1) unitary matrices A (i.e., A*A = I, det(A) = 1) acting
on S(k —1,C) by B — A*BA. Then the embedding (32) is I'-equivariant, with
[ ={y4: A€ SU(k—1)}and the group action on X% givenby: y40(p) = a(pA).
For Jo(pA) = A*p*pA = ¢(y4)(Jo(p)), say, where the group homomorphism
on " onto SU(k — 1) is given by y4 — ¢(ya4) : ¢(ya)B = A*BA. Note that
SU(k — 1) is a group of isometries of S(k — 1, C). If Z’Z‘ is given the metric tensor
inherited from S(k — 1, C) by the embedding (32), then the embedding is isometric
as well as equivariant.

A size-and-shape similarity shape so(z) is defined for Helmertized k-ads
z=1(z1,"** ,2%—1) as its orbit under SO(m). An equivariant embedding for it
is s0(z) — 2*z/|zl, on the size-and-shape-similarity shape space SZX into
Sk —1,C).

6.2 Reflection Similarity Shape Space RX*, m > 2

For m > 2, let N S ~D=1 be the subset of the centered preshape sphere S *—D-1
whose points p span R”, i.e., which, as m x (k — 1) matrices, are of full rank. We
define the reflection similarity shape of the k-ad as

ro(p) ={Ap: A€ Om)} (p € NS" D71, (33)
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where O(m) is the set of all m x m orthogonal matrices A : AA" = I,
det(A) = +1. The set {ro(p) : p € NS"* D=1\ is the reflection similarity shape
space REX = NS" =D=1/0(m). Since NS”"* D=1 is an open subset of the
sphere S”* D=1 it is a Riemannian manifold. Also O(m) is a compact Lie group
acting on it. Hence there is a unique Riemannian structure on RZ,’; such that the
projection map p — O(p) is a Riemannian submersion.

We next consider a useful embedding of RZ,’; into the vector space S(k — 1, R)
of all (k — 1) x (k — 1) real symmetric matrices (see [3,8,9,20]). Define

J(ra(p)) =p'p (p e NS"ED7), (34)

with p an m x (k — 1) matrix with norm one. Note that the right side is a function of
ro(p). Here the elements p of the preshape sphere are Helmertized. To see that this
is an embedding, we first show that J is one-to-one on REJ,’j1 into S(k — 1, R). For
this note that if J(ra(p)) and J(ro(q)) are the same, then the Euclidean distance
matrices ((|p; — pj|)1<i<j<k—1 and ((Ig; — q;[))1<i<j<k—1 are equal. Since p and
q are centered, by geometry this implies that g; = Ap;(i = 1,--- ,k — 1) for some
A € O(m),ie., rao(p) = ro(q). We omit the proof that the differential dJ is
also one-to-one. It follows that the embedding is equivariant with respect to a group
action isomorphic to O(k — 1).

For m > 2, a size-and-reflection shape sro(z) of a Helmertized k-ad z in R™ of
full rank m is given by its orbit under the group O (m). The space of all such shapes
is the size-and-reflection shape space SRZX . An O(k — 1)-equivariant embedding
of SRE into S(k — 1,R) is : J(sro(z)) = 7'z/|z|.

6.3 Affine Shape Space ATk

Let k > m + 1. Consider the set of all k-ads in R™, with full rank m as m x k
matrices. The affine shape of a k-ad x may be identified with its orbit under all
affine transformations:

o(x)={Ax+c: A€ GL(m,R),c e R"}. (35)

If the k-ad is centered as u = x— < X >, then the affine shape of x, or of u, is
given by

o(x)=0) ={Au: A € GL(m,R)}, (ucentered k —ad ofrank m). (36)

The space of all such affine shapes is the affine shape space Aan. Note that two
Helmertized k-ads u and v (as m x (k — 1) matrices of full rank) have the same shape
if and only if the rows of « and v span the same m-dimensional subspace of RF~,
Hence we can identify Aan with the Grasmannian G,, (k — 1), namely, the set of all
m-dimensional subspaces of Rk1 (Sparr [45]. For the Grassmann manifold, refer to
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Boothby [16], pp. 63, 168, 362, 363). For extrinsic analysis on AZ],; ~ Guk—1),
consider the embedding of AX¥ into S(k — 1,R) given by

J(o(u)) = FF', (37)

where F = (f1--- fi) isa (k — 1) x m matrix and { f1,-- - , f»} is an orthonormal
basis of the m-dimensional subspace L, say, of R~! spanned by the rows of u. Note
that the (k — 1) x (k — I)matrix FF' is idempotent and is the matrix of orthogonal
projection of R¥! onto L. It is independent of the orthonormal basis chosen. The
embedding is O(k — 1)-equivariant under the group action o (#) — o(u0) (O €
O(k — 1)) on AXK  with O(k — 1) acting on S(k — 1,R) by 4 — OAO".

6.4 Projective Shape Space PX. ,’j,

First, recall that the real projective space RP™ is the space of all lines through the
origin in R"*! Tts elements are [p] = {Ap : A € R\{0}} forall p € R"*\{o}.Ttis
also conveniently represented as the quotient S” /G where G is the two-point group
{e, —e}, e being the identity map and —ep = —p (p € S™). That is, a line through
p is identified with {p/|p|.—p/|p|} ( p € R™"t!\{0}). As a consequence, there is
a unique Riemannian metric tensor on RP” = S™ /G such that p — {p,—p}isa
Riemannian submersion, with (i, v)g pm = u'v for all vectors u, v in T, RP™. The
geodesic distance is given by p.([p], [¢]) = arccos(|p’q]|) € [0, /2], and the cut
locus of [p] is C([p]) = {[q] : cos(|p'q|) = m/2}, so that the injectivity radius of
RP™ is 7 /2. Its sectional curvature is constant +1 (as it is of S”*). The exponential
map of 77,/ RP™ (and its inverse on R P\ (C([p])) can be easily expressed in terms
of those for the sphere S™. We will use [ ] for both representations.

The so-called Veronese-Whitney embedding of RP™ into S(m+ 1, R) is given by

J(pD) = pr'. (p=(p1.-+ . pms1) € S™). (38)

It is clearly O(m + 1)-equivariant, with the group action on RP™ as : A[p] =
[Ap] (A € O(m + 1)).

Turning to landmarks based projective shapes, assume k > m + 2.
A frame of RP™ is a set of m + 2 ordered points ([pi1], -, [pm+2]) such
that every subset of m + 1 of these points spans RP™, i.e., every subset of
m + 1 points of {p1,--+, pm+2} spans R™T!. The standard frame of RP™ is
([e1]. [e2], -+ [ems1].[er + ez + -+- + ens1]), where ¢; (€ R™T!) has 1 in the
ith position and zeros elsewhere. A k-ad y = (y1,---,yr) = ((p1],---,[px]) €
(RP’")k is in general position if there exist iy < i < --+ < iy such that
(Viys*** s Yipgo) 18 a frame of RP™. A projective transformation o on RP™ is
defined by

afp] = [Ap]. (p € R"T'\{0}) (39)
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where A € GL(m+ 1, R). The usual operation of matrix multiplication on GL(m +
1,R) then leads to a corresponding group of projective transformations on RP"™.
This is the projective group P GL(m). Note that, for a given A in GL(m + 1,R),
cA determines the same element of P GL(m) for all ¢ # 0. The projective shape
ofak-ady = (y1,---, ) = ([p1].-+- . [p]) € (RP™)¥ in general position is its
orbit under PGL (m):

o(y) ={ay = («[pi].---,alpe]) -« € PGL(m)}, (40)
(y = ([p1l,--- . [pk] in general position).

The projective shape space P GZ,’; is the set of all projective shapes of k-ads in
general position. Following Mardia and Patrangenaru [39] and Patrangenaru et al.
[41], we will consider a particular dense open subset of PGE],;. Fix asetof m 4 2

indices I ={i; : j =1,--- ., m+2},1 <ij <ip <:+ <ipys < k. Define
PG XK as the set of shapes o(y) in PGZX .y = (y1,-+, ) = ([p1]. -+, [px]),

such that every subset of m + 1 points of {[p;;], j = 1,--+,m + 2} spans RP".

The shape space PGy E],; (with I = {1,2,---,m + 2}) may be identified with
(RP™)k=m=2 (see [39]). It has been shown in [12] that the full projective shape
space PG Xk in a differentiable manifold.

7 Inference on Shape Spaces

In this section we indicate how Theorems 2.5, 3.3, 4.1 and the inference procedures
for general manifolds described in Sect. 5 may be applied to shape spaces, using the
sphere S¢ and the planar shape space Z’z‘ as illustrations.

For intrinsic analysis, consider the function h(z,y) = péz,(E xppz, Exppy)
for z, y in T, M, with an appropriate choice of p. One first needs to express
explicitly the quantities D,h(z,y), D, Dsh(z, y) in normal coordinates at p, i.e.,
atz = 0 = Exp;lp. (See Theorem 4.1.) For this let y(s) be a geodesic starting
at p, and m € M. Define the parametric surface c(s,t) = Exp,(tExp,ly(s)),
s € [0, €), € > 0 small. Note that ¢(s,0) = m for all s, c(s, 1) = y(s), and that, for
allfixed s € [0,¢€),t — c(s,1) is a geodesic starting at m and reaching y(s) att = 1.
Writing T'(s,t) = (9/9¢t)c(s,t), S(s,t) = (d/0ds)c(s,t), one then has S(s,0) = 0,
S(s,1) = y(s). Also, (T'(s,t), T(s,t)) does not depend on ¢ and, therefore,

1
P = [ (T, 60N, (41)

Differentiating this respect to s and recalling the symmetry (D/0ds)T (s, t) =
(D/0dt)S(s,t) on a parametric surface (see [17, p. 68, Lemma 3.4]), and
(D/0t)T(s,t) = 0, one has
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1
(a’/a’s)pg,(y(s),m) = 2/0 ((DJ0s)T (s,t), T(s,t))dt 42)

1
= 2[1((D/81)S(s,t),T(s,t))dt = 2/ (d/dt){(S(s, 1), T(s.1))dt
0 0

= 2(S(s, 1), T(s, 1)) = =2((5), Expi,ym).

Setting s = 0 in (42) and letting y(0) = v,, with {v, : r = 1,---,d} an
orthonormal basis of 7}, M, one shows that the normal coordinates y, of m (i.e., the
coordinates of y = Exp;lm with respect to {v, : r = 1,--- ,d}) satisfy

—2y" = =2(Exp,'m,v;) = [(d/ds)pz(y(s), m)ls=o. (43)
From this one gets
Drh(0,y) = =2y"(r = 1,--- . d). (44)

If Q(C(p)) = 0, then writing O for the distribution induced from Q by the map
Ex p;l on T, M, the Fréchet function may be expressed as

Flg) = [ eitamm = [ 100w = Fo. @ = Expyla). @)

Since a (local) minimum of this is attained at g =y, F must satisfy a first order
condition D, F(z) = 0 at z = v. In particular, letting p = p; and, consequently,
v = 0, one has [ D,h(0, y)O(dy) = 0, so that (44) yields

/ny(dy) —0(¢=1.d). (G=00¢ " .p=Exp.). (46)

Note that (44) and (46) are the relations stated in Theorem 4.1(b)(i),(ii).
By Theorem 4.1, the asymptotic distribution of the sample intrinsic mean pu,, is
that of ' (v,,), where ¢ = Exp;l, and (see (7))

Vi, —v) >~ ATN(1/n) Y Dh(.Y))], (Aps = ED,Dsh(v. Y1).1 < 1.5 <d),
l<j=n
(47)
with Y; = ¢(X;), where X; are i.i.d. with distribution Q. By (44), the right side of
(47) simplifies to A~'[=2(1//n) 3" 1<;<, Y;1,if p = p; (and v = 0).

Example 7.1 (Confidence region for the intrinsic/extrinsic mean of Q on the sphere
S?). Let u; be the intrinsic mean of Q on S?. Given n ii.d. observations
Xi,-++, X, on ¢ with common distribution 0, let u, be the intrinsic sample mean.
Write ¢ = Exp;ll, and ¢, = Exp;l, so that ¢, = ¢. By Theorem 4.1,
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Vi) — o (ur)) = V/ne(u,) — N(O, A_lflA_l) in distribution as n — o0,
g (48)
where the d x d matrices A and X are given by

$ = 4Cov(¢(X))). (49)
Any =2E[(1 = (X{p)?) 1 — (1= (X{)®) ™% (X pur) arccos (X ) }(X v, (X{vy)

+ (1= (X{ )72 (X{ pr)(arccos (X[ pup)))8ys]. 1 < s < d.

Here {v, : 1 <r < d} is an orthonormal basis of Tde.
A confidence region for jt, of asymptotic level 1 — «, is then given by

(p e S ingy () A, S5 R gy () < 31— )}, (50)

where A, ) p are obtained by replacing i by p in the expressions for A and S in
(49). The ‘hat’ (7) indicates that the expectations are computed under the empirical
O, rather than Q. As mentioned in Sect. 5, it would be computationally simpler to
choose a particular p = py, say, and let ¢ = E xp;ol. Then (20) yields a simpler
confidence region:

{p €S nlp(un) — PN Ay 5 Apold (1)) — d(pp)] < x3(1 =)} (1)

We now turn to the distribution of the extrinsic mean X /| X |. The (d +1)x(d +1)
Jacobian matrix (Jacob), P of the projection map P : x — x/|x|, viewed as a map
on R?+1\{0} into R?*!, is given by (13). Let B(x) be the d x (d + 1) matrix of
the differential &, P (on T,RY*! into Tp()S? = {u € RYT! : P(x)'u = 0}) whose
d rows form an orthonormal basis of Tp(y)S“. Then the differential of the projection
map is

(dyP)u = [B(x)(Jacob), Plu. (52)

If u = EX; # 0, then, by (19), a confidence region for the extrinsic mean /||
is given by

(x/|x| € ST n[(dg P)(X — )] (BSB)'[(dg P)(X —x)] < x2(1 —a)}. (53)

Here B = B(X), £ = Cov(X)), and 3 is obtained by replacing Q by Q, in
computing expectations.

Example 7.2 (Inference on the planar shape space 215 ). To apply Theorem 4.1,
we use (47) where ¢ = Exp;(lp) and p is a suitable point in CS*~!. To derive a
computable expression for A, write the geodesic y in the parametric surface c(s, )
asy = m o 7, where 7 is a geodesic in CS*~! starting at fi € 7~'{u;}. Then, with
T(s,1) = (dyym HT(s, 1),
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(d/ds)p(y(s).m) =2 < T(s.1).7(s) >=2 < T(s, 1).5(s) >, (54)
(d?/ds™)py(y(s).m) =2 < DT (s, 1), 7(s) > .

_ The final inner products are in TCS*!, namely, (v, W) = Re(?Ww*). Note that
T(s,1) = —Expi_(i)q, g € m~'m, may be expressed by (30) and (31) as

T(s.1) = —(p(s)/ sin p(s))[e""Vgq — (cos p(s)) 7 (5)], (55)

where p(s) = pg(y(s), m) and e’ = (1/ cos p(s))7(s)q*. The covariant deriva-
tive DT (s, 1) is the projection of (d/ds)T (s, 1) onto Hj ). Since (i, 7(0)) = 0,
(54) then yields

[(d?/ds™)p}(y(s). m)]s=0 = 2([(d/d5)T (5. 1)]s=0.7(0)). (56)
Differentiating (55) one obtains
[(d/ds)T (s, D)]s=0 = [(d/ds)(p(s) cos p(s))/ sin p(s))]s=0/t (57)
+ [(p(s)cosp(s))/sinp(s))]s=07 (0) — [(d/ds)(p(s)/(cos p(s))(sin p(s))]s=0(fiq™)q
— [p(s)/ (cos p(s)) (sin p(5))]ls=0(7(0)g *)q.

From (54), 2p(s)p(s) = 2(T (s, 1), 7(s)), which along with (55) leads to

[(d/ds)p(s)]s=0 = —(1/ sinr)((7ig*/ cosr)q. 7(0)). (r = pg(m.u1)).  (58)
One then gets (see BB [5,6])

([(d/ds)T (s, D]s=0. 7(0)) = {(r cos r)/(sinr)}|7(0)|? (59)
—{(1/sin®*r) — (r cosr)/ sin® r}(Re(x))* + r/((sinr)(cos r))(Im(x))>,
(x = gy (0)*, " = fig*/ cosr).

One can check that the right side of (59) depends only on 7(it) and not any
particular choice of ji in 7~ {u;}.

Now let {v{,-+-,vg—2,ivy, -+ ,ivg—2} be an orthonormal basis of Tg(p)le‘
where we identify % with C P*~2, and choose the unit vectors v, = (v}, .-+, vF71),
r =1,---,k—2,to have zero imaginary parts and satisfy the conditions p*v, = 0,
viv, =0 forr # s.

Suppose now that o(p) = uy, ie, y(0) = p;. If y(0) = v, then y(s) =
Expy, (sv), so that p; (y(s),m) = h(sv, y) with y = Exp 'm. Then, expressing v
in terms of the orthonormal basis,

[(d?/ds?)pg(y(s),m)]s=0 = [(d*/ds*)h(sv, y)]s=0 = Ev;v; D; D;h(0, ). (60)
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Integrating with respect to O now yields
Zv,-vinj = E[(d*/ds*)p;(y(s). X)]s=0. (X with distribution Q). ~ (61)

This identifies the matrix A from the calculations (56) and (59). To be spe-
cific, consider independent observations Xi,---,X, from Q, and let ¥; =

Exp;l1 X;(j = 1,---,n). In normal coordinates with respect to the above basis

of T,,, =%, one has the following coordinates of Y

(Re(Y}),--+ . Re(Y ™), Im(Y}). - . Im(Y} 7)) e R*. (62)

A A12)
A =
(A21 A

in blocks of (k — 2) x (k — 2) matrices, one arrives at the following expressions
of the elements of these matrices, using (59)—(62). Denote pf, (w7, X1) = h(0,Y))
by p. Then

(A1)rs = 2E[p(cot p)8,s — (1/p*)(1 — peot p)(ReY{)(ReY])  (63)
+ o~ (tan p)(Im ¥ ) (I m Y

(Ax)rs = 2E[p(cot p)Srs — (1/p2)(1 = peot p)(ImY{)(ImY})
+ ™' (tan p)(Re Y] ) (ReY})];

(A12)rs = 2E[p(cot p)8,s — (1/p°)(1 — peot p)(Re Y )(ImY})
+ ! (tan p)(Im¥])(ReY?)];

(A2)rs = (A12)sr-(r,s = 1,-- [k =2).

Writing

One now arrives at the CLT for the intrinsic sample mean p,, by Theorem 4.1, or
the relation (20). A two-sample test for Hy : Q1 = >, is then provided by (30).

We next turn to extrinsic analysis on XX, using the embedding (34). Let 1/ be
the mean of Q o J~! on S(k — 1, C). To compute the projection P(u’), let T be
a unitary matrix, T € SU(k — 1) such that Tu/ T* = D = diag(Ay,--- , Ar—1),
Al <+ < Aj—g < Ag—y. Foru € CS*¥1, u*u € J(E];), write v = Tu*. Then
Tu*uT* = vv*, and

llw*u— g ||> = ||w* — D||* = Z lviv; — X8| (64)
i.j

= (v P+ 23 =24,v; P
J

=D A5 +1-2) Alvil
i 7
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which is minimized on J(Z%) by v = (v!,--- ,v¥71) for which v/ = 0 for j =
1,---,k—2,and |vk_l| = 1. That is, the minimizing «* in (64) is a unit eigenvector
of u’ with the largest eigenvalue A;—;, and P(u”’) = u*u. This projection is unique
if and only if the largest eigenvalue of p” is simple, i.e., Ax—y < Ax—1.

Assuming that the largest eigenvalue of u”’ is simple, one may now obtain
the asymptotic distribution of the sample extrinsic mean wu, g, namely, that of
J(in. ) = v;v,, wWhere v, is a unit eigenvector of X = > X j/n corresponding
to its largest eigenvalue. Here )Zj = J(X;), for i.i.d observations X, --, X, on

Z’Z‘. For this purpose, a convenient orthonormal basis (frame) of 7,S(k — 1,C) ~
S(k — 1, C) is the following:

Vap = 2712 (eqel + epel) fora < b,v,, = eqe’; (65)

Wap = i2_1/2(eae§) —epe’) forb <a(a,b=1,---,k—1),

where ¢, is the column vector with all entries zero other than the a-th, and the a-th
entry is 1. Let Uy, - - - , Ux—; be orthonormal unit eigenvectors corresponding to the
eigenvalues A; < --- < Ag_» < Ar—;. Then choosing T = (Uy,---,Us—1) €
SU(k —1) Tu’ T* = D = diag(Ay,-- , Ax—1), such that the columns of Tv, ,T*
and Tw,,T* together constitute an orthonormal basis of S(k — 1,C). It is not
difficult to check that the differential of the projection operator P satisfies

ifl<a<b<k—1 ora=b=k—1,

d, P)Tv, , T* =
(ﬂ ) “b (Akfl_la)_lTVakalT* if 1 f(l<k_1,b=k_l,

(66)

0 ifl<a<b<k-—1,
(dys P)Twa)T* = Hl=a=o=
ot = Aa) " Towara T* if 1 <a <k —1.

To check these, take the projection of a linear curve c(s) in S(k — 1, C) such that
¢(0) is one of the basis elements v, 5, or w, 5, and differentiate the projected curve
with respect to s. It follows that {Tv, y—1 T*, Twap—1T* :a =1,--- ,k — 2} form
an orthonotmal basis of Tp(,s)J (212‘). Expressing X = w” in the orthonormal basis
of S(k—1,C),and d,;s P()Zj — ) with respect to the above basis of Tp(ury J(E’g),
one may now apply Theorem 3.3.

For a two-sample test for Hy : Q; = @3, one may use (22), as explained in
Sect. 5.
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8 Nonparameric Bayes for Density Estimation
and Classification on a Manifold

8.1 Density Estimation

Consider the problem of estimating the density g of a distribution Q on a
Riemannian manifold (M, g) with respect to the volume measure A on M.
According to Ferguson [22], given a finite non-zero base measure & on a measurable
space (X, X), a random probability P on the class P of all probability measures on
X has the Dirichlet distribution D, if for every measurable partition {B, ..., Bx}
of X, the D, - distribution of (P(By), ..., P(Br)) = (61, ..., 6k), say, is Dirichlet
with parameters («(Bj),...,«(Bx)). Sethuraman [44] gave a very convenient
“stick breaking” representation of the random P. To define it, let u;(j = 1,...)
be an i.i.d. sequence of beta(l,«(X)) random variables, independent of a
sequence Y;(j = 1,...) having the distribution G = (ﬁ on X. Sethuraman’s
representation of the random probability with the Dirichlet prior distribution Dy, is

P = ijsyj, (67)

where wi = u,w; = u;(1 —uy)...(1 —u;—1)(j = 2,...), and dy; denotes the
Dirac measure at Y;. As this construction shows, the Dirichlet distribution assigns
probability one to the set of all discrete distributions on X', and one cannot retrieve
a density estimate from it directly. The Dirichlet priors constitute a conjugate
family, i.e., the posterior distribution of a random P with distribution D, given
observations X, ..., X, from P is Da+21<;<n 8x; - A general method for Bayesian
density estimation on a manifold (M, g) may be outlined as follows. Suppose
that g is continuous and positive on M. First find a parametric family of densities
m — K(m;p,t) on M where £ € M and t > 0 are “location” and “scale”
parameters, such that K is continuous in its arguments, K(-; u, 7)d A(-) converges
to 8, as v | 0, and the set of all “mixtures” of K(-;u, ) by distributions on
M x (0,00) is dense in the set C) (M) of all continuous densities on M in the
supremum distance, or in L'(d1). The density ¢ may then be estimated by a
suitable mixture. To estimate the mixture, use a prior Dg with full support on the
set of all probabilities on the space M x (0, 00) of “parameters” (i, 7). A draw
from the prior may be expressed in the form (67), where u; are i.i.d. beta(l,b)
with b = B(M x (0, 00)), independent of Y; = (m,t;), say, which are i.i.d. g on
M x (0, 00). The corresponding random density is then obtained by integrating the
kernel K with respect to this random mixture distribution,

ZWjK(m;H’Zj,lj). (68)
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Given M -valued (Q-distributed) observations Xi,...X,, the posterior
distribution of the mixture measure is Dirichlet Dg, , where By = B+ 1., ., 0z,
with Z; = (X;,0). A draw from the posterior distribution leads to the random
density in the form (68), where u; are i.i.d. beta(1, b + n), independent of (m;, ;)
which are i.i.d. (bﬂTXn) One may also consider using a somewhat different type of
priors such as D, x w where D, is a Dirichlet prior on M, and = is a prior on
(0, 00), e.g., gamma or Weibull distribution.

Consistency of the posterior is generally established by checking full Kullback-
Liebler support of the prior Dg (see [25], pp. 137-139). Strong consistency has
been established for the planar shape spaces using the complex Watson family of
densities (with respect to the volume measure or the uniform distribution on Z’z‘ )
of the form K([z]; u,7) = c(t)expM in [6, 7], where it has been shown, by
simulation from known distributions, that, based on a prior Dg X 7 chosen so as
to produce clusters close to the support of the observations, the Bayes estimates of
quantiles and other indices far outperform the kernel density estimates of Pelletier
[42], and also require much less computational time than the latter. In moderate
sample sizes, the nonparametric Bayes estimates perform much better than even the
MLE (computed under the true model specification)!

8.2 Classification

Classification of a random observation to one of several groups is one of the
most important problems in statistics. This is the objective in medical diagnostics,
classification of subspecies and, more generally, this is the target of most image
analysis. Suppose there are r groups or populations with a priori given relative sizes
or proportions 7;(i = 1,...,r),Y . m; = 1, and densities g;(x) (with respect
to some sigma-finite measure). Under 0 — 1 loss function, the average risk of
misclassification (i.e., the Bayes risk) is minimized by the rule: Given a random
observation X, classify it to belong to group j if

w;jq;(X) = max{mq;(X) : i = 1,...,r}. Generally, one uses sample
estimates of m;-s and g;-s, based on random samples from the r groups (training
data). Nonparametric Bayes estimates of g;-s on shapes spaces perform very well
in classification of shapes, and occasionally identify outliers and misclassified
observations (see, [6,7]).

9 Examples

In this section we apply the theory to a number of data sets available in the literature.

Example 9.1 (Paleomagnetism). The first statistical confirmation of the shifting
of the earth’s magnetic poles over geological times, theorized by paleontologists
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based on observed fossilised magnetic rock samples, came in a seminal paper by
R.A. Fisher [23]. Fisher analyzed two sets of data—one recent (1947-1948) and
another old (Quaternary period), using the so-called von Mises-Fisher model

fx:ip. 1) = c(r) expl{rx’ u}(x € S?), (69)

Here (€ S?), is the mean direction, extrinsic as well as intrinsic (u = u; =
1E), and T > 0 is the concentration parameter. The maximum likelihood estimate
of wis i = X/|X|, which is also our sample extrinsic mean. The value of the
MLE for the first data set of n = 9 observations turned out to be ji = i =
(.2984, .1346, .9449), where (0,0,1) is the geographic north pole. Fisher’s 95%
confidence region for 11 is {it € S? : pg(ft, w) < 0.1536)}. The sample intrinsic
mean is ii; = (.2990,.1349,.9447), which is very close to fi g.The nonparametric
confidence region based on {1, as given by (50), and that based on the extrinsic
procedure (53), are nearly the same, and both are about 10% smaller in area than
Fisher’s region. (See [6], Chap.2.)

The second data set based on n = 29 observations from the Quaternary period
that Fisher analyzed, using the same parametric model as above, had the MLE
o= X/|X| = (0172, —.2978, —.9545), almost antipodal of that for the first data
set, and with a confidence region of geodesic radius .1475 around the MLE. Note
that the two confidence regions are not only disjoint, they also lie far away from
each other. This provided the first statistical confirmation of the hypothesis of shifts
in the earth’s magnetic poles, a result hailed by paleontologists (see [30]). Because
of difficulty in accessing the second data set, the nonparametric procedures could
not be applied to it. But the analysis of another data set dating from the Jurassic
period, with n = 33, once again yielded nonparametric intrinsic and extrinsic
confidence regions very close to each other, and each about 10 % smaller than the
region obtained by Fisher’s parametric method (see [6], Chap. 5, for details).

Example 9.2 (Brain scan of schizophrenic and normal patients). We consider an
example from Bookstein [15] in which 13 landmarks were recorded on a midsagittal
two-dimensional slice from magnetic brain scans of each of 14 schizophrenic
patients and 14 normal patients. The object is to detect the deformation, if any,
in the shape of the k-ad due to the disease, and to use it for diagnostic purposes.
The shape space is E?. The intrinsic two-sample test (22) has an observed value
95.4587 of the asymptotic chisquare statistic with 22 degrees of freedom, and a
p-value 3.97 x 10~". The extrinsic test based on (24) has an observed value
95.5476 of the chisquare statistic and a p-value 3.8 x 107!, The calculations
made use of the analytical computations carried out in Example 7.2. It is remarkable,
and reassuring, that completely different methodologies of intrinsic and extrinsic
inference essentially led to the same values of the corresponding asymptotic
chisquare statistics (a phenomenon observed in other examples as well). For details
of these calculations and others we refer to [6]. This may also be contrasted with the
results of parametric inference in the literature for the same data, as may be found in
[19], pp. 146, 162-165. Using a isotropic Normal model for the original landmarks
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data, and after removal of “nuisance” parameters for translation, size and rotation,
an F-test known as Goodall’s F-test (see [26]) gives a p-value .01. A Monte Carlo
test based permutation test obtained by 999 random assignments of the data into two
groups and computing Goodall’s F -statistic, gave a p-value .04. A Hotelling’s T2
test in the tangent space of the pooled sample mean had a p-value .834. A likelihood
ratio test based on the isotropic offset Normal distribution on the shape space
has the value 43.124 of the chisquare statistic with 22 degrees of freedom, and a
p-value .005.

Example 9.3 (Glaucoma detection- a match pair problem in 3D). Our final
example is on the 3D reflection similarity shape space RZ‘§ . To detect shape
changes due to glaucoma, data were collected on twelve mature rhesus monkeys.

One of the eyes of each monkey was treated with a chemical agent to temporarily
increase the intraocular pressure (IOP). The increase in IOP is known to be a cause
of glaucoma. The other eye was left untreated. Measurements were made of five
landmarks in each eye, suggested by medical professionals. The data may be found
in [11]. The match pair test based on (25) yielded an observed value 36.29 of
the asymptotic chisquare statistic with degrees of freedom 8. The corresponding
p-value is 1.55 x 107> (see [6], Chap.9). This provides a strong justification for
using shape change of the inner eye as a diagnostic tool to detect the onset of
glaucoma. An earlier computation using a different nonparametric procedure in [11]
provided a p-value .058. Also see [9] where a 95 % confidence region is obtained
for the difference between the extrinsic size-and-shape reelection shapes between
the treated and untreated eyes.
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1 Introduction

1.1 Preliminaries

Throughout this paper X, X»,... and Y}, 7>, ... are two independent sequences
of ii.d. random variables drawn from a finite alphabet A and having the same
distribution. Since we mostly study the finite strings of length n, let X =
(X1, X2,...Xy) and let Y = (Y}, Y,,...Y,) be the corresponding n-dimensional
random vectors. We shall usually refer to X and Y as random sequences.

The problem of measuring the similarity of X and Y is central in many areas
of applications including computational molecular biology [4, 7, 18, 20, 24] and
computational linguistics [13, 16, 17,25]. In this paper we adopt the same notation
asin [11], namely we consider a general scoring scheme, where S : A x A — R™ is
a pairwise scoring function that assigns a score to each couple of letters from A. We
assume S to be symmetric, non-constant and we denote by F' and E the largest and
the second largest possible score, respectively. Formally (recall that S is symmetric
and non-constant)

F:= max S(a,b), E:= max  S(a,b).
(a.b)€EAXA (a.b):S(a.b)#F
An alignment is a pair (w,u) where # = (m,m,...,m%) and 4 =
(1, U2, ..., g ) are two increasing sequences of natural numbers, i.e. 1 < m; <

M <...<m<nandl < pu; < uy <...< ur <n.Theinteger k is the number
of aligned letters, n — k is the number of gaps in the alignment and the number

"=k 0.1

q(m, p) ==

is the proportion of gaps of the alignment (m, ). The average score of aligned
letters is defined by

k
() o= D0 S V).
i=1
Note that our definition of gap slightly differs from the one that is commonly used
in the sequence alignment literature, where a gap consists of maximal number of
consecutive indels (insertion and deletion) in one side. Our gap actually corresponds
to a pair of indels, one in X-side and another in Y -side. Since we consider the
sequences of equal length, to every indel in X -side corresponds an indel in Y -side,
so considering them pairwise is justified. In other words, the number of gaps in
our sense is the number of indels in one sequence. We also consider a gap price §.
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Given the pairwise scoring function S and the gap price §, the score of the alignment
(r, ) when aligning X and Y is defined by

k
Ul (X Y) := )" S(Xr,. V) + 8(n — k)

i=1

which can be written down as the convex combination

Ul (X Y) = 0 (t(r, 10)(1 = q(, 1) + 8¢ (. ) - (1)

In our general scoring scheme § can also be positive, although usually § < 0
penalizing the mismatch. For negative 8, the quantity —§ is usually called the gap
penalty. We naturally assume § < F. The optimal alignment score of X and Y is
defined to be

Ly(®) := max Ut ) (X.Y).

where the maximum above is taken over all possible alignments. The alignments
achieving the maximum are called optimal. For every § € R, let us denote

B, ) = 2. @)

Note that to every alignment (77, ;) corresponds an unique pair (¢ (r, 1), g (7, 1)),
but different alignments can have the same ¢ (7, ) and ¢ (s, i), thus from (1) we
get that

Bn(8)=( (t(mu)(l—q(mu))+5q(mu))=g}3§(1(1—q)+8q), 3)

ax
)
where in the right hand side the maximum is taken over all possible pairs (z,q)
corresponding to an alignment of X and Y . In the following, we identify alignments
with pairs (z,q), so a pair (¢,q) always corresponds to an alignment (7, 1) of X
and Y. Let O,(§) denote the set of optimal pairs, i.e. (¢,q) € O,(§) if and only if
t(1 —q) 4+ 8qg = B,(8). Note that the set O, () is not necessarily a singleton. Let
us denote

q,(8) :=min{g : (1.q) € O, (8)}
q,(8) :=max{q : (.q) € O,(8)}.
By Kingman’s subadditive ergodic theorem, for any § there exists a constant »(§)

so that
B,(6) = b(§), as.. @
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1.2 The Organization of the Paper and Main Results

In this paper, we use a novel approach regarding the quantities of interest like the
proportion of gaps, the rescaled score B, etc., as functions of §. In Sect. 2, we derive
some elementary but important properties of B,(§) and we explore the relation
between the proportion of gaps of any optimal alignment and the derivatives of
B, (8). In particular, we show (Claim 2.2) that for any n and 4,

B,(6+) =7,(). B,(6-)=gq, ). )

In a sense these equalities, which almost trivially follow from the elementary
calculus, are the core for the rest of the analysis.

In Sect.3, we show that when the limit score function b is differentiable at §,
then a.s. g, (6) and q, (8) both converge to b’(§) (by using expression (5)) so that
b’ (8) can be interpreted as the asymptotic proportion of gaps. The section ends with
an example showing that if b is not differentiable at §, then the extremal proportions
q,(8) and q, (6) can still a.s. converge to the corresponding one-side derivatives,
namely g (8) — b'(§+) a.s.and g, (8) — b'(8-) ass.

Section 4 deals with large deviations bounds for the (optimal) proportion of gaps.
The main result of this section is Theorem 4.1, which states that for every ¢ > 0
there exists a ¢ > 0 such that for every n big enough the following large deviation
inequality holds

P(b'(5-) —& <4 (6) <G, (6) <b'(54) +¢) = 1 — dexp[—c(e)n].

Combining this last inequality with the result on the speed of convergence proven
in [11], we obtain the confidence intervals for the in general unknown quantities
b’(8+) and b’(5-) in terms of B, (§) (the inequalities (27) and (27), respectively).

In Sect. 5 we obtain results on the fluctuations of the score of optimal alignments,
namely we show that under some asymmetry assumption on the score function there
exists a ¢ > 0 so that for n large enough Var[L,(§)] > cn provided that the gap
penalty —§ is big enough (Theorem 5.2). This result implies that Var[L,(§)] =
®(n), because as shown by Steele in [21], there exists another constant C such that
Var[L,(8)] < Cn. Our proof is based on the existence of the asymptotic proportion
of gaps and, therefore, differs from the previous proofs in the literature.

Finally, Sect. 6 is devoted to the problem of determining the sufficiently large gap
penalty 8, so that the conditions of Theorem 5.2 are fulfilled. We show that when
knowing the asymptotic upper bound 7(§) of the average score of aligned letters,
then §, can be easily found (Claim 6.1). Theorem 6.1 shows how the upper bound
7(8) can be found. The proof of Theorem 6.1 uses similar ideas that the ones used
in the proof of Theorem 5.2. The section ends with a practical example (Sect. 6.2).

It is important to notice that we could not find in the literature complete results on
the fluctuations of the score in random sequences comparison. Though, a particular
model for comparison of random sequences has had an interesting development in
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the past 4 decades: the longest common subsequence problem (abbreviated by LCS
problem). In our setting, the LCS problem corresponds to choose S(x,y) = 1 if
x = yand S(x,y) = —oo if x # y. Already in 1975, Chvatal and Sankoff [5]
conjectured that the fluctuations of the length of the LCS is of order o(n*/3). But in
1994, Waterman [23] conjectured that those fluctuations should be of order ®(n).
This last order had been proven by Matzinger et al. [2,8—10] in a series of relatively
recent papers treating extreme models with low entropy. In 2009, the Ph.D. thesis
of Torres [14, 15, 22] brought an improvement, proving that the length of the LCS
of sequences built by i.i.d. blocks has also fluctuations of order ®(n), turning it to
be the first time Waterman’s conjecture was proven for a model with relatively high
entropy. Unfortunately, the block-model of Torres does not have enough ergodicity
as to extend the result to the still open original Waterman’s conjecture. We believe
that the results on the fluctuations of the score of optimal alignments showed in the
present paper are an important source of new evidence that Waterman’s conjecture
might be true, even in more general models of sequence comparison than the LCS
problem, provided the score function does not have a certain symmetry.

Note that the LCS problem can be reformulated as a last passage percolation
problem with correlated weights [1]. For several last passage percolation models,
the order of the fluctuations has been proven to be power 2/3 of the order of
the expectation. But as the previous models and simulations have showed (for
simulations, see e.g. [3]), this order seem to be different as the order of the
fluctuations of the score in optimal alignments.

2 Basic Properties of B,

We start by deriving some elementary properties of the function § — B, (§):

Claim 2.1. For every X and Y, the function § +— B,(8) is non-decreasing,
piecewise linear and convex.

Proof. The non-decreasing and piecewise linear properties follow from the defini-
tion. For the convexity, with A € (0,1) let § = A8; + (1 — )8, and (¢, q) € O,(6).
Note that the pair (¢, g) is not necessarily optimal for the proportions §; and 8,, so
that from (3) it follows

B,(Ad1 + (1 =21)82) = t(1 —q) + (A61 + (1 = A)d2)g

=A(t(1 —q) + 81g) + (1 = 1) ((1 —g) + 62q)
< AB,(81) + (1 = A)B,(82).
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Claim 2.2. Forany § € R we have

B = 1im 28I =B @) _
sN\O S =n

B! (84) := lim Bi8+9) = B.O) _ 7,(5).
sN\O N

Thus, O, (8) is singleton if and only if B, (8) is differentiable at 6.
Proof. Fix§ e Rands > 0. Let (¢,q) € O,(6§), thus

B,(8+5) zt(1 —q) +q(8+5) = Bu(8) +¢s
B,(—5) zt(1 —q) +q(8—5) = Bu(8) —gs.

Hence,
B, (6) — B,(6§ —5) B, (6 +s)— B,(5)
=q = .
s s

The inequalities above hold for any optimal (¢, ¢) and for any s, so letting s \, 0
we have

B,(8-) = q,(8) =4,() < B,(8+). ©)

Thus, if B, is differentiable at §, then q, (6) = ¢,(8) meaning that O, (§) is a
singleton, say O, (8) = (#,(8), gn(8)). To prove that B/ (§+) = g,(8), it is enough to
show that there exists a pair (¢, ¢) € O,(8) such that B/ (§;) = ¢. Indeed, since B,
is piecewise linear, for every ¢ > 0 small enough B, is differentiable at § + ¢ and the
derivative equals to B] (6+). Hence, for every ¢ > 0 small enough ¢ := ¢,(§ +¢) =
B/ (8+). Lett := t,(8 + ¢). Thus, for every ¢ > 0 small enough there exists a pair
(t,q) € O,(8+¢) suchthatg = B} (8+). This means ¢ (1—q)+q8+qge = B,(§+¢).
Since B, is continuous, we see that lim,_,o4 B,(§ + ¢) = B,(§) = t(1 — q) + ¢6,
ie. (¢,q) € O,(8). With similar arguments one can show that q, 6)=B/(5-). O

Function B, (8) for large §. With fairly simple analysis, it is possible to determine
B, (§) for large 8. Recall the definition of F. Clearly, when 6 > F, the optimal
alignment only consists of gaps, namely 6 > F = B,(8) = §. If we decrease the
value of §, say § € (E, F), the optimal alignment tries to align as many pairs of
letters which score F as possible, thus minimizing the number of gaps. Formally,
such optimal alignment can be obtained by defining a new score function

FifS(a,b)=F

Si(a,b) = . ’
@PY= 00 i S(ab) < F

Let B!(8) be the corresponding expression (2) for the score function Sy. If (!, g})

is such that B! (0) = 1/ (1 —¢})) +0-¢}, thent! = F and 1 — ¢! is the maximal

proportion of pairs that score F. Thus (z!,¢}) is unique and, therefore, B is

differentiable at 0. For the original B,, if § € [E, F], then we have
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1 1 1 1
Bﬂ(g)zF(l_qn)_'_(SQn :Bn(0)+8qn’

from where we have

B,(F)=F = BN0) + Fq. (7

If § is slightly smaller than E, then the candidate alignments to be optimal
alignments are obtained by aligning only those pair of letters that score £ or F;
amongst such alignments an optimal one will be the one having minimal number of
gaps. Formally, we consider the score function

Fif S(a,b) =F
S»(a,b) = Eif S(a,b) = E
0 otherwise

Let B2(8) be the corresponding expression (2) for the score function S,. Let (2, ¢2)

be such that B2(0) = 12(1 — ¢2) + 0 - g> with the additional property that > < ¢

for any other optimal pair (¢, ¢) for B2(0). By Claim 2.2, ¢> = (B2)’(0_). Hence,

if § is slightly smaller than E, then B, (8) = 12(1 — ¢2) + 8q2 = B2(0) + 8¢>.
Hence, we can write down

8 if§ > F
B,8) =14 Fll—q))+ 8¢  if E<§<F (8)
12(1—¢>) +8q2ifE—e<8<E

for a small & > 0 which depends on X, Y. Indeed, if § is much smaller than E
but still above the value of the next score, then the optimal alignment (¢, ¢) might
align less F-valued letters for in order to achieve less gaps. In other words, the
optimal alignment (#,¢) can be such that #(1 — ¢) < B2(0). But it is not so
for § = E and due to the piecewise linearity of B,, the ¢ > 0 described above
exists.

By Claim 2.2, for any n we have that

g (F)=q, q,(F)=1, ¢ (E)=gq;. q,(E)=gq,. ©)
Finally, note that by taking § = E, we obtain that
B.(E) = B;(0) + Eq, (10)

and
B!(0) — BX(0) = E(q2 —q)). (11)
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3 The Asymptotic Proportion of Gaps

(From the convergence in (4), we see that the limit function b(-) inherits properties
from B,(-). More precisely, the (random) function B,(-) is convex and non-
decreasing, so the same holds for b(-). Moreover, due to the monotonicity, the
convergence in (4) is uniform on 4, i.e.

sup|B,(8) —b(8)| = 0 as.asn — oo. (12)
R

But we need to be a bit more careful in deriving properties of the derivative b’ from
B/, since the uniform convergence of convex functions implies the convergence of
one side derivatives at x only when the limit function is differentiable at x. Indeed,
let f, and f be convex functions that converge pointwise, i.e. f,(x) — f(x) as
n — oo, for every x. Then, in general [19] it holds

Jn(x —5) — fu(x)

f'(x2) := lim lim < liminf lim

Jn(x —5) — fa(x)
s

s\ 7n—>00 n—>00 §\0 S
R C ) B /162 SN/ 10 el /163 BTN
n—>00 s\0 N s\ 71—>00 s

and these inequalities can be strict. In our case these inequalities are

b'(8-) < lim infg (8) <limsupg,(d) < b'(84), as. (13)

Lemma 3.1. Let b be differentiable at §. Then
g (8) > ') and q,(8) - b'(6) as asn— oco. (14)

Remark 3.1. An interesting question is the following: If b is not differentiable at §,
there exist ¢, g € (0, 1) with g > b"(6—) and g < b'(+) such that

gn(8) —g¢q and ¢,(0) >¢ as.asn— oo? (15)

Numerical simulations of the difference g, — g, asn — o0 do not conclusively
show convergence nor boundedness, so perhaps such ¢, g do not exist.

Thus, if b is differentiable at §, the random proportion of gaps of optimal alignments
tends to an unique number ¢(§) := b’(8) that we can interpreted as the asymptotic
proportion of gaps at §. If the function b is not differentiable at §, then it is not
known whether the maximal or minimal proportion of gaps converge. However, as
we shall now see this might be the case.

Asymptotic proportion of gaps for large §. In general, it seems hard to determine
where b is not differentiable and the asymptotic proportion of gaps does not exist.



Proportion of Gaps and Fluctuations of the Optimal Score in Random Sequence . . . 215

However, based on the elementary properties of B, and b, we can say something
about the differentiability of b for large §’s. Recall B! and B2, let b! and b* be
the corresponding limits. The following claim shows that the proportions g, (§) and
q, (6) might converge even if b is not differentiable at 6.

Claim 3.1. The following convergences hold as n — oo:
1. 4,(F) = 1 =0b'(Fy), a.s.
2. q (F) > "2@Q = p/(F), as.
_ _pl
3.4,(E) > @ = (B, as
4. gn(Ev) N b(E);:b (0) — b (O)Eb (0) + F—?‘ (0) > b/(E_), a@s..

Ifb%(0) > b'(0) > O, then b is not differentiable at § = E and § = F.

Proof. We are going to use the fact that the convergence (12) does not depend on
the score function, so there exist constants »'(0) and 5%(0) such that B! (0) — b'(0)
and B2(0) — b*(0) as n — oo, a.s.. Hence, from (7)

,  F=0'(0)
% S

q, 7 , o as..

From (10), it follows that

. b(E)—b*0) b 0)—b*0) F—b'(0)
q4r — = +—

n E 5 >b'(E-), as., (16)

where the equality comes from (11) and the last inequality comes from (13). So that
from (9) the convergences (1)—(4) now follow.
Let us now compare the limits with corresponding derivatives. From (8), we
obtain
8 if6 > F

b(§) =
© bl(0)+ 8 2O E<s<F

a7

Hence, b'(Fy) = 1, b'(F-) = b'(E4) = £ 1f b, (0) > 0, then b'(Fy) >
b'(F-) so that b is not differentiable at . When h%(0) > b'(0), then

b'(O)=b0) | F=b'(0) _ F~b'(0)
E F F

b'(E-) < =b'(E4).

so that b is not differentiable at E. O
We conclude with an important example (see [14, 15, 22]) showing that the case
b2(0) > b'(0) > 0 is realistic.

Example 3.1. Letm > 0 be an integer, A = {1,...,m} and S(a,b) = a A b. Then
E =m —1and F = m. Let every letter in A having a positive probability. Since
S(a,b) = miffa = b = m, obviously b'(0) = mP(X; = m) so that
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b(F-) = b'(E4) =

m_Tbl(O)Zl—P(Xlzm)<1:b/(F+)'

Since B2(0) is bigger than the score of the alignment obtained by aligning as many
m-s as possible, thus B! (0), and aligning so many m — 1’s as possible without
disturbing already existing alignment of m’s, clearly h%(0) > b'(0).

4 Large Deviations

In this section, given § € R, we derive large deviations principle for B}, (6+) resp.
B! (8-) by using McDiarmid’s inequality. From there, we also derive confidence
bounds for b'(§+) resp. b’(8—). Recall that S is symmetric. Let

A:= max |S(x,y)— S(x,2)|. (18)
Xx,y,2EA

For the sake of completeness, let us recall McDiarmid’s inequality:

Let Zy,...,Z,, be independent random variables and f(Z,...,Z,,) be a
function so that changing one variable changes the value at most K > 0. Then
for any o0 > 0 we have

2

P(f(Zl,...,ZZm)—Ef(Zl,...,ZZm) > 0) <exp [— g

sz] (19)

For the proof, we refer to [6]. Another inequality which will be useful later is the so
called Hoffding’s inequality, which is the consequence of McDiarmid’s inequality
when f(Zi,...,Zy) = > i—, Zi,ie. forany ¢ > 0 we have

m

P(%izi—lszl >g) :P(ZZ,-—E(iZ,-)>sm)

2 2
< exp [— (ZZZ i| = exp [—%m} . 20)
2

In our case, for any § € R changing the value of one of the 2n random variables
Xi,..., Xy, Y1, ..., Y, changes the value of L, (8) at most A, hence for every & > 0
inequality (19) is translated into

2
P(L,,(é’) —EL,(6) > sn) < exp [—%n}

2

P(L,(8) — EL,(§) < —en) < exp I:—%ni| . Q1)
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Let us define b,(§) := EB,(8). For every § € R, by dominated convergence we
have b, (§) — b(§) and by monotonicity the convergence is uniform, i.e.

sup b, (8) —b(8)| = 0 asn — oo.
SR

Theorem 4.1. Let § € R. Then, for every ¢ > 0 there exists N(¢) < oo and a
constant c(g) > 0 such that

P(b'(8-)—e=q,8 =q,08) <b'($+) +¢) = 1 —dexp[—c(e)n]  (22)

foreveryn > N(e).

Proof. Given § € R and &>0, we are looking for bounds on P(B,;(5+)—
b'(8+) > €). For any s > 0 and any function ¢ : R — R let us define

Ap = ¢(8 + 5) — ¢(5). (23)
Now, choose a small 1 > s > 0 depending on ¢ such that

Ab e
|— =b'6)l =5
s 4
and take n large enough (also depending on ¢) such that
e
|Ab, — Ab| < ST

Thus for those s and n chosen as before we have

Af" —-b'(64) = (Afn - Abn) + (Abn - A—b) + (ATb —b/(5+))

S S S

(ABn Abn) p
< el (24)

K K 2

From (21), it follows
P (B (8) — by (8) < —sf) <exp N expl—ci (£)n]
" m=T) = 1642 !

P (Bn 6 +5)—by(S +5) > s%) < expl—ci1 ()] 25)

where ¢ (&) := £252/(16A4?) is a positive constant depending on ¢ (recall that our s
depends on ¢). Hence
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P (ABn _ Ab,
S N

> 5) = P (Bu® = bu® < —52) + P (B, +9) = b, +9) = 57)
< 2exp[—ci(e)n]. (26)

Since B, is convex, it holds that B/ (64+) < AB,/s so that for ¢ and s chosen as
before (24) and (26) yield

P (B;(5+) —-b'(5+) > 8) <P (Afn —b'(8+) > 5) <2exp[—ci(e)n]. (27)

By similar arguments, there exists a positive constant ¢;(g) > 0 so that
P(B,(5-) = b'(8-) < &) < 2exp[—ca(e)n]. (28)

for every n big enough. Finally, by taking ¢ := min{ci, ¢z}, the inequality (6)
implies the inequality (22). O

Note that if b is differentiable at §, the inequality (22) is satisfied for ¢(8) instead of
b'(8-) or b’ (6+), namely

Corollary 4.1. Let b be differentiable at 8. Then, for every ¢ > 0 there exists
N(e) < oo and a constant c(g) > 0 such that

P(q) —e<gq (6 =q,(6) <q(8) +¢) = 1 —dexp[-c(e)n] (29

for every n > N(g), where q(8) is the unique asymptotic proportion of gaps.

We now derive confidence bounds for b'(84) resp. b’(6—). Recall the definition
b,(8) = EB,(8) = EL,(8)/n and the notation (23). From [11] we have

bu(8) = b(8) = bu(8) + v(n)

for n € N even, where

2 n+1 F
v(n).—A\/n_1<n_l —i—ln(n—l))—f—m,

so it follows
Ab —v(n) < Ab, < Ab 4+ v(n).

Suppose that k samples of X' = X{,..., X, andY' = Y] ..., Y], i =1,... .k
are generated. Let L! (§) be the score of the i-th sample. Let

B,(8) := ﬁ > L)
i=1
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From (25) we have
P(AB, — Ab, < —c) = P(B,(8 +5) — b, (8 + 5) + b,(8) — B,(8) < —c)

(B S+ 5)— b8 +5) < ——) +P (b,l(z?) B,5) < —%)

*k
< 2exp —711

By convexity sb’(§+) < Ab for every s > 0, so from the last inequality it follows

P(AB, + ¢ +v(n) = sb'(6+)) = P(AB, + ¢ +v(n) = Ab) = P(AB, + ¢ = Ab —v(n))
> P(AB, + ¢ = Ab,) = P(AB, — Ab, > —¢)

2k
>1—2exp [—ﬁn} s

from where we obtain that with probability 1 — ¢

1n(2/s)

b (5+) < %(Bn(a +5)— B,(8) +24 +v(n )) (30)

Since (30) holds for every s > 0, we have that with probability 1 — ¢

In(2/¢) n v(n)).

b(8+)<m1n1(B (6 +5)— By(8) + 24
kn

€19

Similarly, we have that with probability 1 — ¢
1 In(2
b'(6-) = max - (B 6 —s)— Bn(S)—ZA,/n(ki— v(n )) (32)

5 Fluctuations of the Score in Optimal Alignments

In this section we prove Var[L,(5)] = ®(n). The ®(n) notation means that there
exist two constants 0 < ¢ < C < oo such that cn < Var[L,(§)] < Cn for n large
enough. The upper bound follows from an Efron-Stein type of inequality proved by
Steele in [21], so we aim to provide conditions on the scoring function that guarantee
the existence of the lower bound. In this section we show that when § < 0 and |§] is
large enough in the sense of Assumption 5.1 (see below), then there exists ¢ > 0 so
that Var(L,(§)) > cn for n large enough. In comparison with previous results, here
we solve—for the first time—the problem of the fluctuations of the score in optimal
alignments for rather realistic high entropy models.
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5.1 Order of the Variance

All above mentioned fluctuations results are based in the following strategy: the
inequality Var[L,(§)] > cn is satisfied as soon as we are able to establish that
changing at random one symbol in the sequences has a biased effect on the optimal
alignment score. In details, we choose two letters a, b € A and fix a realization of
X =X...X,and Y =7Y,...Y,. Then among all the a’s in X and ¥ we choose
one at random (with equal probability). That chosen letter a is replaced by a letter
b. The new sequences thus obtained are denoted by X and Y. The optimal score for
the strings X and Y is denoted by

L) := max U (X, 7).
T 7

The following important theorem postulates the mentioned strategy. In full general-
ity, it is proven in [12], for special case of two colors and S corresponding to LCS,
see Sect. 3 in [10]; for a special case of S(a,b) =aAband A = {m—1,m,m+1},
see Theorem 2.1 in [14].

Theorem 5.1. Assume that there exist ¢ > 0, d > 0 and ny < oo such that
P(E[L,()—L,(®IX.Y]=e)=1—e" (33)
for all n > ng. Then, there exists a constant ¢ > 0 not depending on n such that

Var[L,(8)] = cn for every n large enough.

Now, our aim is to show that if § is small enough and the scoring function
satisfies some asymmetry property, then there exist letters a,b € A so that the
condition (33) is fulfilled. Typically, to satisfy the assumptions, § should be negative
so that the main result holds if the gap penalty || is large enough. Let us introduce
our asymmetry assumption on the scoring function:

Assumption 5.1. Suppose there exist letters a,b € A such that

Y P(Xy =0)(S(h.c) - S(a.c)) > 0. (34)

cEA
Remark 5.1. For the alphabet A = {a, b}, condition (34) says
(S(b,a) — S(a,a))P(X, = a)+ (S(b.b) — S(b,a))P(X; = b) > 0.

Since S is symmetric and one could exchange a and b, the condition (34) actually
means

(S(b,a) — S(a,a)) P(X, = a) + (S(b,b) — S(b,a)) P(X; = b) # 0.
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When S(b,b) = S(a,a), then Assumption 5.1 is satisfied if and only if P(X; =
a) # P(X; = b). For, example when S(b,b) = S(a,a) > S(b,a) (recall that S
is assumed to be symmetric and non-constant), then (34) holds if P(X, = a) #
P(X, =b).

In the present paper, the main result on the fluctuations of the score in optimal
alignments can be formulated as following:

Theorem 5.2. Suppose Assumption 5.1 holds. Then, there exist constants §y and
¢ > 0 not depending on n such that

Var[L, (8)] = cn

forall § < 8y and for n large enough.

Before proving the above-stated theorem, we need a preliminary lemma. Suppose
Assumption 5.1 holds, then take a,b € A satisfying (34) and define the functions
Y AxAr Rand ¢’ : A X A — R in the following way:

Yp ) = | SC.Y) =Slay)ifx=a
e { 0 otherwise
Cy(xv y) = % g(x’b) - S(xaa) 1fy :a

otherwise.

Note that S(x,y) = S(y,x) implies ¥ (x,y) = ¢*(y,x). We now define the
random variable Z by

Z =X )+ 80X ) =5 (XL ) + (L X)), (35)
Note that (5.1) ensures that Z has strictly positive expectation:

pi=EZ = E("(X1,Y1) + (X1, Y1) = 2EL* (X1, 11)

= 2E[("(a, Y)|X1 = a]P(X; =a) =2 " (a,c)P(Y) = ¢)P(X) = a)
ceA

=2P(X1 =a) Y (S(b.c)— S(a.c))P(X; =c) > 0.
ceA

Let A* be the Legendre-Fenchel transform of the logarithmic moment generating
function of —Z, namely

A*(c) = sup (ct —In E[exp(—=Z1)]) Ve eR.
teR

It is known that the supremum above can be taken over non-negative ¢’s and, for any
¢ > E(—Z) = —p, itholds A*(c) > 0. Since p > 0, we have forc = 0
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A*(0) = — inf In E[exp(—tZ)] = — inf In E[exp(—tZ)] = —In inf E[exp(—tZ)] > 0.
1R >0 >0

Let Zy,..., Z; be ii.d. random variables distributed as —Z, then for any ¢ > —p
the following large deviation bound holds

k
P (Z Z; > ck) < exp[—-A*(c)k]. (36)
i=1

Finally, denote (g) the binary entropy function 4(q) := —¢Ing —(1—¢q) In(1—gq)
and note that the inequality

2h(q) < A*(0)(1 —q)
holds when ¢ > 0 is small enough, since A* and & are both continuous and
A*(0) > 0.

In what follows, let for any ¢ € (0, 1), A" (g) be the set of all alignments with no
more than gn gaps, i.e.

A'(g) :=A{(r. ) 1 q (. 1) < g3

We are interested in the event that the sequences X and Y are such that for every
alignment (7, 1) with no more than gn gaps we have a biased effect of the random
change of at least & > 0. Let Dy (¢) denote that event i.e.

Dl(e) = ﬂ D, (@) (37)

(r.p)eA"(q)

where

D(nmu) () :=

k
E [Z (S(Xn;. Y) — S(Xx,, Yr)) | X, Y] > e} .

i=1
Now, we are ready to state the key lemma.

Lemma 5.1. Suppose Assumption 5.1 is fulfilled and take a, b € A satisfying (34).
Let g > 0 small enough such that

2h(q) < A*(0)(1 —q). (38)
Then, there exist ¢ > 0, « > 0 and n, < 0o, all depending on q, such that
P((D}(£))) < exp[—an] (39)

foreveryn > nj.
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Proof. Let x = xj,...,x, and respectively y = yj,...,y, be fixed realizations
of X and Y, respectively. Let n, be the number of a’s in both sequences. Let 7 =
(1, 7m0, ... ) and g = (Ug, Wa, - - ., i) be a fixed alignment of X and Y. Recall
that X and ¥ are obtained by choosing at random one @ among all the a’s in x and
y. Hence, such an a is chosen with probability 1/n,. Our further analysis is based
on the following observation:

k
[0 5 st =y <]
i=1

1 k
= Z(é‘x(x”i’yﬂi)+§y(x7ri7y;,ti))-

n
4 i=1

Thus, it holds

i=1

k
P((D}, ) (©)) =P (E [Z (S(Xr,. Y) — S(Xar. Yﬂ,.))‘x, Y:| < e)

k
=P (Z Z; < Nas) , (40)

i=1

where N, is the (random) number of a’s in X and Y and the random variables
Zi,...,Z are defined as follows:

Zi = Cx(Xﬂi’Ylti) + é-y(X”i’YIli) = éX(Xﬂiv Yﬂi) + CX(YMHXJU)

fori = 1,...,k. Let us mention again that the random variables Z; depend
on fixed alignment (m,u) (which is omitted in the notation) and, since
Xi,..., Xn, Y1,..., Y, are i.i.d., so are the random variables Z, ..., Z. Clearly,

Z; is distributed as Z defined in (35). Suppose now that the fixed alignment (7, )
has the proportion of gaps less or equal than ¢, i.e. (7, u) € A"(q). Then % >1—gq
and, since obviously N, < 2n, we have

k k k ‘
{ZZ,<8Na}g{ZZ’<82n}: {ZZ, <k28%} E{ZZ; <k(12_8q)}

i=1 i=1 =l =
41)

Fix now ¢ satisfying (38). Since A™* is continuous, there exists ¢, depending on the
chosen ¢ so that the following two conditions are simultaneously satisfied

—2¢
l—¢q

>—p and —2a:=2h(q) — A* (—%) (1—-q)<0. (42
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—25

Using the large deviations bound (36) with ¢ = and the fact that .- k>1-—gq,we

( 2.7 (1—q>)<exp[_“(1_—22)k}

<exp |:—A’k (— 0 2_€q) (1- q)n:| . 43)

By (37), (40), (41) and (43), we obtain

PDLEN) < X @lexp| <" (<2 amam . @

In order to bound |.4"(gq)|, note that the number of different alignment with exactly
(n — k) gaps is bounded above by (nfk)2 so that for ¢ < 0.5 we have

2
A @) = > () <y ( ) (q"n) < exp[2h(q)n + In(gn)]. (45)

i<gn i<gn

where /1(q) is the binary entropy function. In the second inequality the relation ¢ <
0.5 was used, while the last inequality is based on the well-known relation (y"n) <
explh(y)n], for any y € (0, 1). Thus, from (42), (44) and (45) we have

P((Dy(£)) < exp [(Zh(q) —A* ( ) (d—q)+ 1n(qn)) }

= exp [ — (Za — ln(qn))n]. (46)

n

This implies that there exists n, big enough (recall ng > 1) such that (39) holds.
O

Proof of Theorem 5.2. Let O(X,Y) denote the set of all optimal alignments of
(X,Y),ie.

k
(1. ) € OX.Y) & Ly(8) = U, (X.Y) =Y S(X,.Y,,) + 8q(. pn.
i=1

Note that the difference L, (§) — L, (8) is bounded from below by

k

Ly(8) = Ly(®) = UL,y (X. V) = Ul ) (X.Y) =D (S(Xn,. ¥y) = S (X, V).
i=l1
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Thus, for every ¢ > 0 we have

k
{a(n, W) € OX,Y): E [Z (S(Xy. ¥y) = S (X YM,.))‘X, Y} > s}

i=1

< {EIL,(8) ~ Lu®)|X. Y] = ¢f. 4T)

Recall that the event Dj(¢) means that every alignment (7, ) with no more than
gn gaps has a biased effect of the random change at least €. Now, it is clear that
the right side of (47) holds if Dy (¢) holds and there exists an optimal alignment
contains no more than gn gaps, i.e. we have the inclusion

{0(X.Y) € 4@} N Do) € {EIL,(G) — Li®)IX.Y] = ] @48)

Recall that 5(8) is convex and increasing, b'(§) = 1if § is big enough and b’(§) = 0
if § is small enough. Hence, for every ¢ > 0 there exists § so that »'(§+) < g. Let
8 be such and denote & := g — b’(6+). Then by Theorem 4.1, there exist ¢(g1) and
ny(g1) such that

P(g,(8) <q) = 1—2explc(en)n] (49)

for every n > n. Therefore we have
P(O(X.Y) € A"(g)) = 1 = 2explc(e1)n] (50)

forn > n. From Lemma 5.1, it follows that if ¢ > 0 is small enough to satisfy (38),
then there exist ¢ > 0, @ > 0 and n, < o0, all depending on g so that

P((D})(¢))) < exp[—an] (51)

for every n > n,. To finalize the proof, let us take ¢ satisfying (38) and y be such
that 5'(80+) < q. Then, there exist ¢ > 0, @ > 0 and ny := max{n,, n1} so that (50)
and (51) hold. Thus, from (48) we have

P(E[Ly(8) — Ly(®)|X. Y] = €) = 1 — 2exple(e1)n] — expl—an]

for every n > ng. Hence, the assumptions of Theorem 5.1 are satisfied. O

An alternative to Lemma 5.1. Recall that §; in Theorem 5.2 was chosen to be such
that b'(80+) < ¢, where ¢ satisfies assumptions of Lemma 5.1, namely (38). This
assumption comes from the large deviations bound (43). Although, asymptotically
it is a sharp inequality, the rate-function A* might not always be easy to compute.
Clearly, the statement of Lemma 5.1 holds true for any other type of large deviations
inequality giving the same exponential decay. An alternative would be to use
Hoftding’s inequality (20) to get a version of Lemma 5.1 which does not rely on
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the computation of A*. The Hoffding’s inequality gives smaller ¢, and, therefore,
larger 6.

Lemma 5.2. Suppose Assumption 5.1 is fulfilled and take a, b satisfying (34). Let
q > 0 small enough such that

(1—q)p?
h - 52
@< —5n (52)
Then there exist ¢ > 0, « > 0 and ny < 00, all depending on q, such that
P((Dj(e))°) < exp[—an] (53)

foreveryn > nj.

Proof. Recall the definition of A from (18). Let ¢ > 0 be small enough sat-
isfying (52). Then, there exists ¢ > 0 small enough such that both conditions
simultaneously hold:

(1) 2¢ < (1 —gq)p, which means thato := p — (12_—511) > 0;
(2)
(1 —q)p —2¢)?
]’l(q) — W = —ot(s) < 0.

Hence, there exists n, < oo such that

(1-g)p—2¢)> Ingn) _ «

M) =m0y m -2

(54)

for every n > nj. Recall that k > (1 — g)n. To apply Hoffding’s inequality, we
need to bound the random variable Z. Recall the definition of Z from (35). From
the definition, ¢*(x, y) and ¢” (x, y) are simultaneously non-zero if and only if x =
y = a, this means that the difference between the maximum and minimum value
of Z; is at most 3A. For instance, if S(b,a) < S(a,a) then —24 < 2(S(b,a) —
S(a,a)) < Z; < max.+,(S(b,c) — S(a.c)) < A. Then, by using (20), the large
deviations bound (43) can be written down as (recall (1))

P —Xk:z - ) =p le:—z-Jr ~ 2 ) o[-k
Y A Vi A T —‘”‘p[ (3A)2]

20%(1 — q)n} - [_ 2((1=q)p— 28)2n]
942 P 942(1 — q) '

< exp |:—
Finally, the inequality (46) can be now written down as

((1—q)p—2¢)*  In(gn)
94%(1 —q) 2n

P(D(e)) < exp [2(h(q) - )n] — exp[—an], (55)

where the result is proven by using (54). O
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6 Determining §

In the last section, we discuss how to determine &y in Theorem 5.2. Recall, once
again, the proof of that theorem: &y is so small that '(8yp4) < ¢, where ¢ is small
enough to satisfy condition (38). This condition depends on A*, but knowing the
distribution of X, A* can be found. When A* is unknown, then condition (38) can
be substituted by (more restrictive) condition (52). The latter does not depend on A*
and can be also used when the distribution of X is unknown. Hence finding ¢ is not
a problem. The problem, however, is to determine the function b or its derivatives. In
Sect. 4, we found confidence upper bound for b'(84) (31). That bound is random and
holds only with certain probability. In the following, we investigate deterministic
ways to estimate b’ (§+).

Let (t,,4,) € O,(8) be an optimal pair: B, = t,(1 — ¢g,) + 8¢,. Clearly, when
(t],q;) is another optimal pair and ¢/, > ¢,, then?, > t,. Hence (7,,,q,) € O,(5),
where 7, = max{z : (¢,q) € O0,(8)}. Forevery g € (0, 1), let 7(¢) be an asymptotic
upper bound for 7, in the sense that if b'(§+) < ¢ (i.e. limsup, G, (§) < g almost
surely) then

P(eventually 7, <7(q)) = 1.

Thus, ¢ > 7(g) is non-decreasing. In what follows, let b be the lower bound of b(8)
for every §. Since the asymptotic proportion of gaps goes to zero as § — —oo, b can
be taken as the limit of gapless alignments. This limit is obviously ES (X, Y;) =:
y. If the distribution of X is unknown, then b can be any lower bound for y.

Let now g, € (0,1) be fixed. We aim to find §, := 8(g,) > 0 such that
b'(8+) < g, for every § satisfying —§ > §,. The following claim shows that §,
can be computed as follows:

5 — @)1 —q)—b
» = sup —M8m8M8M8M—.
9= q

(56)

Claim 6.1. Let § < O be such that —6 > §,, where 8, is as in (56). Then
b'(8+) = qo.
Proof. Take § < 0 so small that —§ > §,. Without loss of generality, we can assume

that b is differentiable at §. Thus b is differentiable at § implies that g, — b'(§) > 0
a.s. Let now ¢ := |§] — §, and let ¢’ > b’(§) be such that

i?(q’)(l —4¢)—b 1(gH(1-b'()) - Q|
q b'(8)

Suppose b’(8) > ¢,. Then, ¢’ > ¢, and by definition of §,

g1 —-4q")—vy
q/

8(q0) >
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so that

1(¢)1=0'¢) b

18] =8, + &> o)

7(q")(1 = b'(8)) — [8]b'(8) < b.

(57)
Since b'(8) < ¢’, then eventually 7, < 7(q’) a.s. By the convergence g, — b’(3)
from the r.h.s. of (57), follows then that eventually

B,

tn(1—q,) —8g, <b

almost surely. We have a contradiction with the almost surely convergence B, —
b(8) > b. O
Remark 6.1. If(q) = 7 is constant, then (56) is

;(1 B qo) —b

8(go) i= —— . (58)
o

6.1 Findingt(q)

For applying (56) the crucial step is to find 7. Since the maximum value of the
scoring function is F, a trivial bound is 7(¢) = F and §, can be found from (58).
However, using the same ideas as in the proof of Theorem 5.2, we could obtain a
realistic bound for 7(g) as follows. In the following theorem, let A* be Legendre-
Fenchel transform of A(¢) := In E exp[t Z], where Z := S(X,Y). Clearly Z is a
nonnegative random variable Z < F and EZ was denoted by y.

Theorem 6.1. Let q; € (0, 1) and let T(q1) satisfy one of the following conditions

2h(g1 A 0.5)
l—q

(q) = F,/M +7. (60)
—q1

Then for every § such that b'(§+) < q\, the following holds

= A*(1(q1))- (59)

or

P (eventually 7,(8) <7(q1)) = 1.

Proof. Let g, € (0, 1) be fixed. Let § be such that 5'(§+) < ¢;. Note that we can
find ¢ such that b'(§4+) < ¢ and the following conditions both hold
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2h(g A 0.5)

- < A*(t(q1)). (61)
and
_ h(g A0.5
i(q) > F % +7. (62)
—q
Note that (62) implies

7 N2
h(g A0.5) < (_(411):—2)/)(1 —q). (63)
Let (7y,..., ) and (@1, ..., 1) be a fixed alignment, and let Z1, ..., Z; be i.i.d.
random variables, where Z; = S(X,,,Y,,). Clearly Z; is distributed as Z defined
above. If the alignment (7, ) is optimal, then

1 k
Zn == %ZZ,
i=1

Recall that y = EZ;. Since A*(y) = 0, the conditions (59) and (60) both guarantee
7 > y.Let us define

=1

k
Di(q)) = [ { 1 Y Zi ff(ql)} :

() €A (q) i=l1

The event Dy (t(q1)) states that the average score of aligned letters is smaller
than 7(q,) for every alignment with proportion of gaps at most ¢. If all optimal
alignments are so, then also 7,,(8) < 7(q;), namely

{O(X.Y) € A(q)} N D)(7) S {1,(8) <T(q1)}.

In order to bound P(Dy (t(q1))), we proceed as in Lemma 5.1. Using the large
deviations bound

i=1

k
Is (Z Zi > f(ql)k) < exp[—A™({(q1)k] < exp[-A ([ (q1))(1 —¢g)n]  (64)

we obtain the following estimate

P((Dg(@)°) = |A"(@)| exp[=A"(T(g)(1 - g)n] (65)
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For g < 0.5, we estimate |A"(¢g)| as in Lemma 5.1 by

A (g)] < exp[(2h< )+ 1“("”)) }

For ¢ € (0.5, 1) note that

2 2
[A"(q)] < Z (’:) < qn(lnn> < exp [(2}1(0.5) + ln(zn)) ni| .
; 2

1<gn

Hence

n(gn

P((DZ@)C)SGXP[(%(C]/\O@JF At C(ql»(l—q)) ] (66)

Since (61) holds, then just like in the proof of Theorem 5.2, there exists @ > 0 and
n,, both depending on 7(q,), so that

P(7,(8) > 7(q1)) < exp[—an], Vn > n,. (67)
Thus,by Borel-Cantelli we have
P (eventually 7, (8) < 7(q1)) =
With Hoffding’s inequality the bounds (64) and (66) are

k —
P (Zzi >?(q1)k) < enp [ 2D IR ] < onp [ 200 2P 1]
i=1

In(gn)  (I(q1) — V)z( q))Zn} .

P((D;’(T))C) < exp [Z(h(q A0.5) + ™ 2

respectively, and the existence of @ > 0 and n, comes from (63). O

6.2 Example

Consider a two letter alphabet A = {a, b} with probabilities P(X; = b) = P(Y; =
b) =0.7, P(X; = a) = P(Y; = a) = 0.3. Let the scoring function S assign 1 to
identical letter pairs and O to unequal letters. Then the letters a, b satisfy (5.1). The
random variable Z as in (35) is distributed as follows:

P(Z =—2) = (0.3)> =0.09, P(Z=0)=(0.7)>=049, P(Z=1)=2-0.3-0.7 = 0.42.
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Hence EZ = p = 0.24 and
E exp[—tZ] = (0.09) exp[2¢] + 0.49 + 0.42 exp[—1].
This function achieves its minimum at a ¢* that is the solution of the equation
(2-0.09) exp[2¢] = exp[—1]0.42

that is 1 4
t*=—-Iln— ~ 0.28.
3 18

Then
—A*(0) = In[(3+0.09) exp[2t*] + 0.49] = —0.03564

so that ¢ satisfies (38) if and only if ¢ < g, := 0.00255, because ¢, is a solution of
the equation

A*(0)

higo) = =

(I—q,) <%  h(g,) =0.01782(1 — g,).

Let us see, how much g, changes when we assume the stronger condition (52).
Clearly A = 1, so to satisfy (52), the proportion of gaps should satisfy the inequality
q < ¢, = 0.000784674, because ¢, is the solution of the inequality 9%h(g,) =
(1 — ¢,)(0.24)? that is

h(g,) = 0.0064(1 —gq,).

Determining §g. Let us find 8y so that »'(8p+) < go = 0.00255. In this example
F =1,y = (0.3)> 4+ (0.7)> = 0.58. Taking 7 = 1, from (58) with g, = 0.00255,

we get
_ (1—g,)—0.58  (1—0.00255) - 0.58

K < 164.
4o 0.00255
The inequality (60) is
— h(g A 0.5)
) === — 7
—q
Thus, from (56), we get
- h(gA0.5
s o f@i—0-y _ EE A9y
o = SUp —— X X = sup
a=q, q q=q, q

Vhig ~0.5)(1—q)
sup — 7.
9>q0 q
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Since

Vg 7 0.5)(1=q)
q
q
is decreasing, we get a much better bound

Vi) T =q, . —o.
5 @) (1 —q,) ) V/h(0.00255)(1 = 0.00255) 058 < 52,
o 0.00255

The random variable Z := S (X1, Y;) has Bernoulli distribution with parameter y,
so it is well known that

A*(t):zln(i)+(1—z)1n(1_l),
Y l—y

provided ¢t > y. Therefore, the maximum value of A*(¢) is achieved for r = 1 and
that is the solution of (59) for ¢; = 0.0698. Hence, (59) has solution 7(g;) for every
q1 € [0,0.0698] and in the range [0, 0.0698] the function

R @) (1—q)—vy
q

is decreasing. This means that §, can be taken as

— 1(go)(1 —qo) —y
o '

8o

Since, 7(0.00255) = 0.709053, we thus get

5 _ 1(0.00255)(1 —0.00255) ~0.58 _ 0.709053(1 —0.00255) — 0.58

4 =49.9 < 50.
0.00255 0.00255

Hence in this example, the bound (59) gives only a slight improvement over the
bound (60). The reason is that, for Bernoulli random variables with parameter close
to 0.5, the Hoffding’s inequality is almost as good as the one given by the large
deviations principle.
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1 Quadratic Forms

All three gems in probability theory—the law of large numbers, the central limit
theorem and the law of the iterated logarithm—concern the asymptotic behavior of
the sums of random variables. It would be natural to extend the results to functionals
of the sums, in particular to quadratic forms. Moreover, in mathematical statistics
there are numerous asymptotic problems which can be formulated in terms of
quadratic or almost quadratic forms. In this article we review the corresponding
results with rates of convergence. Some of these results are optimal and could not
be further improved without additional conditions. The review does not pretend to
completely illuminate the present state of the area under consideration. It reflects
mainly the authors interests.

Let X, X, X», ... be independent identically distributed random elements with
values in a real separable Hilbert space H . The dimension of H, say dim(H ), could
be either infinite or finite. Let (x, y) for x, y € H denote the inner productin H and
put |x| = (x, x)'/2. We assume that E|X;|?> < oo and denote by V' the covariance
operator of X:

(Vx,y) = E(X, —EX;,x)(X, —EX\, y).

Let 012 > 022 > ... be the eigenvalues of V' and let ej, e;, ... be the corresponding
eigenvectors which we assume to be orthonormal.
For any integer k > 0 we put

k k
aW)y=]]o", @)= (o H* "/~ e
1 1

In what follows we use ¢ and c(-), with or without indices, to denote the absolute
constants and the constants depending on parameters in brackets. Except for ¢; (V)
and ¢; (V') the same symbol may be used for various constants.

We define

n
Sy =n""267" Y "(X; —EX)),
i=1
where 0> = E|X; — EX;|*>. Without loss of generality we may assume that
EX; = 0 and E|X;|?> = 1. The general case can be reduced to this one considering
(X; —EX;)/o instead of X;,i = 1,2,.... Let Y be H-valued Gaussian (0, V)
random element. We denote the distributions of S, and Y by P, and Q respectively.
The central limit theorem asserts that

2

Py(B) — Q(B) =0

for any Borel set B in H provided Q(d0B) = 0, where dB is the boundary of B.
The estimate of the rate of convergence in the central limit theorem is an estimate
of the quantity sup 4 | P,(A4) — Q(A)| for various classes .A of measurable sets A.
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The most famous is the Berry-Esseen bound (see [5,9]) when H = R, ie.
dim(H) =1,and A = A; = {(—o0,x), x € R}:

E| X,

sup |Pu(4) — Q(A)| = ¢ 2

The bound is optimal with respect to dependence on n and moments of X;. The
lower bound for the constant ¢ in (2) is known (see [11]):

The present upper bounds for ¢ : ¢ < 0.47... (see [41,43]) still differ from the
lower bound slightly.

In the multidimensional case when H = RY, i.e. dim(H) = d > 1, it is possible
to extend the class A to the class of all convex Borel sets in H and to get a bound
(seee.g. [2,33])

E|X;|’
o Jn’

If we consider an infinite dimensional space H and take A as the class of all
half-spaces in H then one can show (see e.g. pp. 69-70 in [34]) that there exists a
distribution of X such that

Sjpan(z‘l)—Q(z‘l)I > 1/2. 3)

sup | P, (A) — Q(A)| < e Vd
A

Therefore, in the infinite dimensional case we can construct upper bound for
sup 4 | P,(A) — Q(A)| provided that A is a relatively narrow class, e.g. the class
of all balls B(a,x) = {y : y € Hand|y —a|® < x} with fixed center a or the class
of all balls with fixed bounded radius +/x. However, the good news are that the
numerous asymptotic problems in statistics can be reformulated in terms of these or
similar classes (see e.g. Sect. 2).

Put foranya € H

F(x) = Py(B(a,x)), Fo(x) = Q(B(a,x)), 8,(a) = sup|F(x) = Fo(x)].

According to (3) it is impossible to prove upper bound for sup, 6, (a) which tends
to 0 as |a| — oo. The upper bound for §,(a) should depend on a and becomes in
general bad as |a| grows.

The history of constructing bounds for §, (@) in the infinite dimensional case can
be divided roughly into three phases: proving bounds with optimal

— Dependence on n;
— Moment conditions;
— Dependence on the eigenvalues of V.

The first phase started in the middle of 1960s in the twentieth century with
bounds of logarithmic order for &, (a) (see [27]) and ended with the result:
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8u(a) = Om™"?),

due to Gotze [12], which was based on a Weyl type symmetrization inequality (see
Lemma 3.37 (i) in [12]):
Let X, Y, Z be the independent random elements in H. Then

Eexp{it|X + Y + Z*} < (Eexp{2it(X,Y))"/*, 4

where X is the symmetrization of X, i.e X = X — X/ with independent and
identically distributed X and X’. The main point of the inequality is that it enables
us to reduce the initial problem with non-linear dependence on X in power of exp
to linear one. The inequality since then has been successfully applied and developed
by a number of the authors.
The second phase of the history finished with a paper by Yurinskii [48] who
proved
c(V)
n

Su(a) < (1 + lal’) ELX [,
where ¢(V') denotes a constant depending on V' only. The Yurinskii result has the
optimal dependence on n under minimal moment condition but dependence of ¢ (V)
on characteristics of the operator V' was still unsatisfactory.

At the end of the third phase it was proved (see [28,36,39])

8.(a) < (1+ |al’) E[X, ], ®)

¢ cs(V)
Jn

where c¢(V') is defined in (1). It is known (see Example 3 in [38]) that for any
¢o > 0 and for any given eigenvalues 07, ...,0¢ > 0 of a covariance operator V
there exist a vectora € H = R’, |a| > ¢y, and a sequence X1, X»,... of i.i.d.

random elements in H = R’ with zero mean and covariance operator V' such that
liminf /n 8,(a) > ¢ cs(V) (1 + |a|®) E| X]>. (6)
n—od

Due to (6) the bound (5) is the best possible in case of the finite third moment of | X |.
For further refinements see e.g. [40]. For the results for the case of non-identically
distributed random elements in H see [44].

At the same time better approximations for F'(x) are available when we use for
approximation an additional term, say Fj(x), of its asymptotic expansion. This term
F)(x) is defined as the unique function satisfying F}(—oco0) = 0 with the Fourier-
Stieltjes transform equal to

2
At) = —it/ﬁEe{tlY —aP}(3X.Y —a)| X P
+2it(X,Y —a)?). (7

Here and in the following X and Y are independent and we write e{x} = exp{ix}.
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In case dim(H) < oo the term Fj(x) can be defined in terms of the density
function of the normal distribution (see [6]). Let ¢ denote the standard normal
density in R?. Then the density function p(y) of the normal distribution Q is
defined by p(y) = o(V=/2y)/+/detV, y € R?. We have

1
Fi(x) = o/ x(A), Ac={ueR’:|ju—al> <x}
with the signed measure

x(4) = / Ep”(y)X*dy forthe Borel sets A C RY
A

and
P Mt = pMGV i wy(V yu) — (V7 w))

is the third Frechet derivative of p in the direction u.
Introduce the error

An(a) = sup | F(x) — Fo(x) — Fi(x)].

Note, that F} (t) = 0 and hence Fi(x) = 0 whena = 0 or X has a symmetric
distribution, i.e. when X and —X are identically distributed. Therefore, we get

An(0) = 6,(0).

Similar to the developments of the bounds for §,(a) the first task consisted in
deriving the bounds for A, (a) with the optimal dependence on n. Starting with a
seminal paper by Esseen [10] for the finite dimensional spaces H = R?, d < oo,
who proved

A, (0) = O(n~4/Ed+D)y, ®)

a comparable bound
A (0) = 0O@n™)

with y = 1 — ¢ for any ¢ > 0 was finally proved in [12, 13], based on the Weyl type
inequalities mentioned above. Further refinements and generalizations in the case
a # 0 and y < 1 are due to Nagaev and Chebotarev [29], Sazonov et al. [35].

Note however, that the results in the infinite dimensional case did not even
yield (8) as corollary when o441 = 0, i.e. dim(H) = d. Only 50 years after
Esseen’s result the optimal bounds (in 7) were finally established in [3]
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800 = O g ©)

(13, V)
n

Ana) < & (1 + [al% E[X,[*, (10)

where c(i, V) < exp{cai_z}, i = 9,13, and in the case of the bound (9) it was
additionally assumed that the distribution of X; is symmetric. In order to derive
these bound new techniques were developed, in particular the so-called multiplica-
tive inequality for the characteristic functions (see Lemma 3.2, Theorem 10.1 and
formulas (10.7)—(10.8) in [4]):

Let (), t > 0, denote a continuous function such that 0 < ¢ < 1. Assume that

o(t) ot +7) < OM(x,N)

forallz > 0 and T > 0 with some 6 > 1 independent of ¢ and t, where

M(t,n) =1/)tln + t| for |¢] > 0.

Then forany0 < B <land N > 1

1
/ Y0 4r < e 6 W+ BYRY?) for d>8. (D)
B/VN 1

The previous Weyl type inequality (4) gave the bounds for the integrals

/ Ee{t|S, —al|*} Jt
D(n,y) Itl

for the areas D(n,y) = {t : n'/> < |t| < n”} with y < 1 only, while (11) enables
to extend the areas of integrationup to y = 1.

The bounds (9) and (10) are optimal with respect to the dependence on n [14]
and on the moments. The bound (9) improves as well Esseen’s result (8) for the
Euclidean spaces RY with d > 8. However, the dependence on covariance operator
V in (9), (10) could be improved. Nagaev and Chebotarev [30] considered the case
a = 0 and got a bound of type (9) replacing c(9, V') by the following function c(V'):

c(V) =c (ei3(V) + (co(V)*%05°)

where ¢13(V) and ¢o9(V) are defined by (1). The general case a # 0 was considered
in [31] (see their Theorem 1.2). The Nagaev and Chebotarev results improve the
dependence on the eigenvalues of V' (compared to (10)) but still require that 073 > 0
instead of the weaker condition o9 > 0 in (9). However, it follows from Lemma 2.6
in [17] that for any given eigenvalues 012, . ,0122 > 0 of a covariance operator V
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there exist a € H = R, |a| > 1, and a sequence X, X,, ... of i.i.d. random
elements in H = R'3 with zero mean and covariance operator V' such that

liminfn A,(a) > ¢ (V) (1 + |a]®) E| X% (12)
n—>00

The bound with dependence on 12 largest eigenvalues of the operator V was
obtained only in [46] (for the first version see Corollary 1.3 in [17]). Moreover,
in [46] the dependence on the eigenvalues is given in the bound in the explicit form
which coincides with the form given by the lower bound (12):

Theorem 1.1. There exists an absolute constant ¢ such that for any a € H

An(a) < % (V) - (BIX)[* + E(X). a)*)
x(l + (Va,a)), (13)

where c12(V) is defined in (1).

According to the lower bound (12) the estimate (13) is the best possible in the
following sense:

— It is impossible that A, (a) is of order O(n~"') uniformly for all distributions of
X, with arbitrary eigenvalues 012, 022, R
— The form of the dependence of the right-hand side in (13) on the eigenvalues of

V,onn and on E| X, |* coincides with one given in the lower bound.

For earlier versions of this result on the optimality of 12 eigenvalues and a
detailed discussion of the connection of the rate problems in the central limit
theorem with classical lattice point problems in analytic number theory, see the
ICM-1998 Proceedings paper by Gotze [14], and also Gotze and Ulyanov [17].

Note however, that in the special ‘symmetric’ cases of the distribution of X; or
of the center, say a, of the ball, the number of the eigenvalues which are necessary
for optimal bounds may well decrease below 12. For example, when E(X,5)? = 0
for all b € H, by Corollary 2.7 in [17], for any given eigenvalues 012, cees 82 >0
of a covariance operator V' there exists a center a € H = R°, |a| > 1, and a
sequence X, X1, X»,... of i.i.d. random elements in H = R® with zero mean and
the covariance operator V' such that

liminfn A, (a) > ¢ cs(V) (1 + |a|*) E| X, |*.
n—o0

Hence, in this case an upper bound of order O(n™") for A, (a) has to involve at least
the eight largest eigenvalues of V.

Furthermore, lower bounds for nA, (@) in the case a = 0 are not available. A
conjecture, see [14], said that in that case the five first eigenvalues of V' suffice.
That conjecture was confirmed in Theorem 1.1 in [19] with result A, (0) = O(n™")
provided that o5 > 0 only. Note that for some centered ellipsoids in RY with d > 5
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the bounds of order O(n~") were obtained in [18]. Moreover, it was proved recently
(see Corollary 2.4 in [20]) that even for a # 0 we have A,(a) = O(n~") when
H = R?, 5 < d < oo, and the upper bound for A, (a) is written in the explicit
form and depends on the smallest eigenvalue o, (see Theorem 1.4 in [21] as well).
It is necessary to emphasize that (13) implies A, (a) = O(n~") for general infinite
dimensional space H with dependence on the first twelve eigenvalues of ' only.

The proofs of the recent results due to Gotze, Ulyanov and Zaitsev are based on
the reduction of the original problem to lattice valued random vectors and on the
symmetrization techniques developed in a number of papers, see e.g. Gotze [12],
Yurinskii [48], Sazonov et al. [35-37], Gotze and Ulyanov [17], Bogatyrev et al.
[7]. In the proofs we use also the new inequalities obtained in Lemma 6.5 in [20]
and in [16] (see Lemma 8.2 in [20]). In fact, the bounds in [20] are constructed
for more general quadratic forms of the type (Qx, x) with non-degenerate linear
symmetric bounded operator in R¥.

One of the basic lemma to prove (13) is the following (see Lemma 2.2 in [17]):

LetT >0, b € R, b # 0, be an integer, /| > 1, Y = (Y,...,Yy)
be a Gaussian random vector with values in R¥; Y; 1, ..., Y2 be independent and
EY; =0, EY? =o? fori =1,2,...,2l;0} >0} >--->02 >0and a € R”.
Then there exists a positive constant ¢ = ¢ (/) such that

T 2l
| / s'""Eexp{is|Y + al|*}e'"ds|< ¢ l—[ o7
-T :
j=1

For non-uniform bounds with 12 eigenvalues of covariance operator V' see [7].

For estimates for the characteristic functions of polynomials (of order higher
than 2) of asymptotically normal random variables see [22], for related results see
also [23].

2 Applications in Statistics: Almost Quadratic Forms

In this section we consider the accuracy of approximations for the distributions of
sums of independent random elements in k& — 1-dimensional Euclidian space. The
approximation is considered on the class of sets which are “similar” to ellipsoids. Its
appearance is motivated by the study of the asymptotic behavior of the goodness-
of-fit test statistics—power divergence family of statistics.

Consider a vector (Y7, ..., Y,)" with multinomial distribution M (n,m),i.e.

k nj .
n!]_[j=1(7tj’/nj!), nj=01,....,n(j=1,....,k)
PI'(Y]Z}’ll,...,Yk :nk): andZIJC':lnj =n,

0, otherwise,
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where 7 = (m,...,m) .7, > 0, Z];=1 n; = 1. From this point on,
we will assume the validity of the hypothesis Hyp:w = p. Since the sum of
n; equals n, we can express this multinomial distribution in terms of a vector
Y = (Y1,...,Yx—1) and denote its covariance matrix 2. It is known that so defined
Q equals (8 p; — pi p;) € R¥=DXE=D The main object of the current study is the
power divergence family of goodness-of-fit test statistics:

k

A
__2 e ()
0= s | () <1 [ ren

n
j=1 p]

When A = 0, —1, this notation should be understood as a result of passage to the
limit.

These statistics were first introduced in [8] and [32]. Putting A = 1,1 = —1/2
and A = 0 we can obtain the chi-squared statistic, the Freeman-Tukey statistic, and
the log-likelihood ratio statistic respectively.

We consider transformation

X;=;—np)/Jn, j=1...kr=k-1,X=(X.....X)".
Herein the vector X is the vector taking values on the lattice,

m-—n
L= x=(x1,...,x,)T;x= ﬁp,p=(p1,...,p,.)T,m=(n1,...,n,.)T},

where n; are non-negative integers.
The statistic £, (Y') can be expressed as a function of X in the form

2n k Xj A+l
R YPE) ;Pf((wp,») ‘1)’ .

and then, via the Taylor expansion, transformed to the form

S (X2 -0 A=A -2)X; 3
L(X)=Y" (; B (n )) :

i=1

As we see the statistics 7 (X)) is “close” to quadratic form

k
X2
Ti(X) = —-,
i=1

considered in Sect. 1.
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We call a set B C R” an extended convex set, if for forall [ = 1,...,r it can be
expressed in the form:

={x=(p....x): L (x*) <x; <6 (x*) and

X* = (X],...,)C]_],XZ.I,_],...,xr)T € Bl}v

where B; is some subset of R"~' and A;(x*), §;(x*) are continuous functions on
R’~!. Additionally, we introduce the following notation

9 ,*
[GOYC = e X, 0() X1 xy)
—h(xt, . x—L A () X X)),

It is known that the distributions of all statistics in the family converge to chi-
squared distribution with k — 1 degrees of freedom (see e.g. [8], p. 443). However,
more intriguing is the problem to find the rate of convergence to the limiting
distribution.

For any bounded extended convex set B in [47] it was obtained an asymptotic
expansion, which in [42] was converted to

PiX eB)=Ji+,+0mn™"). (15)

with

Jy = /.../qu(x){l + %hl(x) + %hz(x)} dx, where

1 k X 1 k xi\?
hx)=--Y""L+-3% x~(—’),
2P 64D "\ pj
k k 2 3
1 1 1 X 1 X
h —h e L e R D ol B 71 el I
=g (T4 +4j=l(p,) e (pj

Z nTRy 2
I=1 Xi41€L14 xr €Ly

|:// [S1(V/nx; +np/)¢(x)]kll((i*)) dxy, .- ,dx,_1:|; (16)
B
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nj—npj

NG

Si(x) =x — |x] —1/2, | x] is the integer part of x;

1 I 7
qb(x):Wexp(—zx Q X).

In [47] it was shown that J, = O(n~'/?).

Using elementary transformations it can be easily shown that the determinant of
the matrix 2 equals ]_[f-(:l Di-

In [47] it was also examined the expansion for the most known power divergence
statistic, which is the chi-squared statistic. Put B* = {x | Ty(x) < c}. It is easy to
show that B! is an ellipsoid, which is a particular case of a bounded extended convex
set. Yarnold managed to simplify the item (16) in this simple case and converted the
expansion (15) to

Ly =4Jx:x; = , njand p; defined as before} ;

i 1/2
Pr(X € B") = G,(c) + (N' — nr/le)e_c/z/ ((27m)r ]‘[ . p,)
j=
+0n™), (17)
where G, (c) is the chi-squared distribution function with r degrees of freedom; N
is the number of points of the lattice L in B'; V! is the volume of B'. Using the
result from Esseen [10], Yarnold obtained an estimate of the second item in (17) in
the form O(n~*=1/¥)_If we estimate the second term in (17) taking the result from
Gotze [15] instead of Esseen’s one from Esseen [10] we get (see [18]) in the case of
the Pearson chi-squared statistics, i.e. when A = 1, that forr > 5
Pr(X € BY) = G,(c) + O(n7").
In [42] it was shown that, when A = 0,4 = —1/2, we have

Ji =G (c)+ O(n™")
1/2
Jo = (N* —n"?V*) e=/2/ ((27‘[}1)" ]_[I;=l p,-) +o(1), (18)
Vr=virom™).

These results were expanded by Read to the case A € R. In particular, Theorem 3.1
in [32] implies

Pr(Th <c)=Pr(y}<c)+L+0(n"). (19)

This reduces the problem to the estimation of the order of J5.
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It is worth mentioning that in [42] and in [32] there is no estimate for the
residual in (18). Consequently, it is impossible to construct estimates of the rate
of convergence of the statistics 7} to the limiting distribution, based on the simple
representation for J, initially suggested by Yarnold.

In [45] and in [1] the rate of convergence for the residual in (18) was obtained
for any power divergence statistic. Then we constructed an estimate for J, based on
the fundamental number theory results of Hlawka [25] and Huxley [26] about an
approximation of a number of the integer points in the convex sets (more general
than ellipsoids) by the Lebesgue measure of the set.

Therefore, one of the main point is to investigate the applicability of the afore-
mentioned theorems from number theory to the set B*.

In [45] it is shown that B* = {x | Ty(x) < c} is a bounded extended convex
(strictly convex) set. As it has been already mentioned, in accordance with the results
of Yarnold [47]

J=0 (n'?).

For the specific case of r = 2 this estimate has been considerably refined in [1]:
J2 =0 (n—3/4+s (logn)315/146) (20)

with e = 3/4—50/73 < 0,00651. As it follows from (18), the rate of convergence of
J> to 0 cannot be better than the results in the lattice point problem for the ellipsoids
in number theory, where for the case r = 2 we have the lower bound of the order
0 (n_3/ 4 loglog n) (see [24]). Therefore, the relation (20) gives for J; the order that
is not far from the optimal one.

In [1] it was used the following theorem from Huxley [26]:

Theorem 2.2. Let D be a two-dimensional convex set with area A, bounded by a
simple closed curve C, divided into a finite number of pieces each of those being 3
times continuously differentiable in the following sense. Namely, on each piece C;
the radius of curvature p is positive (and not infinite), continuous, and continuously
differentiable with respect to the angle of contingence . Then in a set that is
obtained from D by translation and linear expansion of order M, the number of
integer points equals

N = AM? + O (IM*(log M)")
4
PR IE)
73 146

where I is a number depending only on the properties of the curve C, but not on the
parameters M or A.

In [45] the results from Asylbekov et al. [1] were generalized to any dimension.
The main reason why two cases when r = 2 and r > 3 are considered separately
consists in the fact that for » > 3 it is much more difficult than for » = 2 to check
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the applicability of the number theory results to B*. In [45] we used the following
result from Hlawka [25]:

Theorem 2.3. Let D be a compact convex set in R™ with the origin as its inner
point. We denote the volume of this set by A. Assume that the boundary C of this
set is an (m — 1)-dimensional surface of class C*, the Gaussian curvature being
non-zero and finite everywhere on the surface. Also assume that a specially defined
“canonical” map from the unit sphere to D is one-to-one and belongs to the class
C®°. Then in the set that is obtained from the initial one by translation along an
arbitrary vector and by linear expansion with the factor M the number of integer
points is
N = AM" + O (IM"’—”#)

where the constant I is a number dependent only on the properties of the surface
C, but not on the parameters M or A.

Providing that m = 2, the statement of Theorem 2.3 is weaker than the result of
Huxley.

The above theorem is applicable in [45] with M = /n. Therefore, for any fixed
A we have to deal not with a single set, but rather with a sequence of sets B*(n)
which are, however, “close” to the limiting set B! for all sufficiently large n (see the
representation for 7 (X)) after (14)). It is necessary to emphasize that the constant /
in our case, generally speaking, is /(n), i.e. it depends on n. Only having ascertained
the fulfillment of the inequality

[1(n)| < Co.

where Cj is an absolute constant, we are able to apply Theorem 2.3 without a change
of the overall order of the error with respect to n.

In [45] we prove the following estimate of J, in the space of any fixed dimension
r=3.

Theorem 2.4. For the term J, from the decomposition (19) the following estimate
holds
Jo=0 (n_r/(rH)), r =3,

The Theorem implies that for the statistics #,(Y) and 73 (X) (see formula (14))
it holds that

Pr(5,(Y) < ¢) = P(To(X) < ¢) = G, (c) + O (f“#) =3
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Abstract We establish a moderate deviations principle (MDP) for the log-
determinant log | det(M,,)| of a Wigner matrix M, matching four moments with
either the GUE or GOE ensemble. Further we establish Cramér-type moderate
deviations and Berry-Esseen bounds for the log-determinant for the GUE and
GOE ensembles as well as for non-symmetric and non-Hermitian Gaussian random
matrices (Ginibre ensembles), respectively.
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1 Introduction

In random matrix theory, the deferminant is naturally an important functional.
The study of determinants of random matrices has a long history. The earlier papers
focused on the determinant det A,, of a non-Hermitian iid matrix A,, where the
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entries of the matrix were independent random variables with mean 0 and variance 1.
Szekeres and Turdn [23] studied an extremal problem. Later, in a series of papers
moments of the determinants were computed, see [20] and [4] and references
therein. In [24], Tao and Vu proved for Bernoulli random matrices, that with
probability tending to one as n tends to infinity

Vnlexp(—cy/nlogn) < |detA,| < V/n! w(n) (1)

for any function w(n) tending to infinity with n. This shows that almost surely,
log | det A,]is (%—%—o(l))n log n. In [11], Goodman considered the random Gaussian
case, where the entries of A, are iid standard real Gaussian variables. Here the
square of the determinant can be expressed as a product of independent chi-square
variables and it was proved that

log(| det A,|) — %logn! + %logn
V3 logn

where N(0, 1)r denotes the real standard Gaussian (convergence in distribution).
A similar analysis also works for complex Gaussian matrices, in which the entries
remain jointly independent but now have the distribution of the complex Gaussian
N(0, 1)c. In this case a slightly different law holds true:

— N, D, 2)

log(| det A,|) — %logn! + %logn
,/%logn

Girko [9] stated that (2) holds for real iid matrices under the assumption that the
fourth moment of the atom variables is 3. In [10] he claimed the same result under
the assumption that the atom variables have bounded (4 4 §)-th moment. Recently,
Nguyen and Vu [19] gave a proof for (2) under an exponential decay hypothesis
on the entries. They also present an estimate for the rate of convergence, which is
that the Kolmogorov distance of the distribution of the left hand side of (2) and the

standard real Gaussian can be bounded by log_%+”(1) n. In our paper we will be able

— N, Dr. 3)

to improve the bound to log_% n in the Gaussian case.

In the non-Hermitian iid model A,, it is a crucial fact that the rows of the matrix
are jointly independent. This independence no longer holds true for Hermitian
random matrices, which makes the analysis of determinants of Hermitian random
matrices more challenging. The analogue of (1) for Hermitian random matrices was
first proved in [25, Theorem 31] as a consequence of the famous Four Moment
Theorem. Even in the Gaussian case, it is not simple to prove an analogue of the
Central Limit Theorem (CLT) (3). The observations in [11] do not apply due to the
dependence between the rows. In [18] and in [15], the authors computed the moment
generating function of the log-determinant for the Gaussian unitary and Gaussian
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orthogonal ensembles, respectively, and discussed the central limit theorem via the
method of cumulants (see [15, (40) and Appendix D]): consider a Hermitian n x n
matrix X, in which the atom distribution {;; are given by the complex Gaussian
N(0,1)c for i < j and the real Gaussian N(0, 1)g for i = j (which is called
the Gaussian Unitary Ensemble (GUE)). The calculations in [15] should imply a
Central Limit Theorem (see Remark 2.4 in our paper):

log(| det X,,|) — %logn! + ilogn
V3 logn

Recently, Tao and Vu [26] presented a different approach to prove this result
approximating the log-determinant as a sum of weakly dependent terms, based
on analyzing a tridiagonal form of the GUE due to Trotter [27]. They have to
apply stochastic calculus and a martingale central limit theorem to get their result.
This method is quite different and also quite involved. More important for us, the
techniques due to Tao and Vu seem not to be applicable to get finer asymptotics like
Cramér-type moderate deviations, Berry-Esseen bounds and moderate deviations
principles. The reason for this is the quality of the approximation by a sum of weakly
dependent terms they have chosen is not sharp enough. Let us emphasize that Tao
and Vu proved the CLT (4) for certain Wigner matrices, generating a Four Moment
Theorem for determinants.

The aim of our paper is to use a closed formula for the moments of the
determinant of a GUE matrix, giving at the same time a closed formula for the
cumulant generating function of the log-determinant. We will be able to present
good bounds for all cumulants. As a consequence we will obtain Cramér-type
moderate deviations, Berry-Esseen bounds and moderate deviation principle (for
definitions see Sect.2) for the log-determinant of the GUE, improving results in
[15] and [26]. Moreover we will obtain similar results for the GOE ensemble. Good
estimates on the cumulants imply such results. To do so we apply a celebrated
lemma of the theory of large deviations probabilities due to Rudzkis et al. [21,22]
as well as results on moderate deviation principles via cumulants due to the authors
[6]. Applying the recent Four Moment theorem for determinants due to Tao and
Vu [26], we are able to prove the moderate deviation principle and Berry-Esseen
bounds for the log-determinant for Wigner matrices matching four moments with
either the GUE or GOE ensemble. Moreover we will be able to prove moderate
deviations results and will improve the Berry-Esseen type bounds in [19] in the cases
of non-symmetric and non-Hermitian Gaussian random matrices, called Ginibre
ensembles.

Remark that the first universal result of a moderate deviations principle was
provedin [7] and [8] for the number of eigenvalues of a Wigner matrix, based on fine
asymptotics of the variance of the eigenvalue counting function of GUE matrices,
on the Four Moment theorem and on localization results.

— N(0, D, “)
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2 Gaussian Ensembles and Wigner Matrices

Among the ensembles of n x n random matrices X,, Gaussian orthogonal and
unitary ensembles have been studied extensively and are still being investigated.
Their probability densities are proportional to exp(— tr(X?2)), where tr denotes the
trace. Matrices are real symmetric for the Gaussian orthogonal ensemble (GOE)
and Hermitian for the Gaussian unitary ensemble (GUE). The joint distributions of
eigenvalues for the Gaussian ensembles are ([1, Theorem 2.5.2], [17, Chap. 3])

1 n
Pn,,gal,...,x,,);:Zﬁexp(_gzxf) [T m-xf  ©

i=l1 I<j<k<n

where B = 1,2 for the orthogonal and unitary ensembles, respectively, and Z, g
is the normalizing constant, sometimes called the Mehta integral (see [1, Theorem
2.5.2, formula (2.5.4), and Corollay 2.5.9, Selberg’s integral formula]).

Let us denote by X, f the random matrices of the two Gaussian ensembles. We
are interested in the moments of | det X, ,’f | for these ensembles, that is

M, 4(s) := (| det X/ ) = /R Pupiee. ) [TIA1 d.

i=1

All information about the distribution of log | det X f | can be obtained from the

generating function M, g(s). The moments of log | det X, f | may be obtained from
the coefficients in the Taylor expansion of M), g evaluated at s = 0,

’

(log | det XP)/)s
Mn,ﬂ(s):Z< g| - Vll) )ﬂ SJ
Jj=0 I

the corresponding cumulants I';(n, ) = (—i)/ jTC log ]E[efflogldetxfl] |,_, are
related to the Taylor coefficients of log M, g via

log M, g(s) = Z M st

i
j=0 J:

In the literature the Mellin transform of the probability density of | det X, (4 | was
calculated for the Gaussian ensembles, giving an explicit formula for M, g(s). To
be more precise, if g, g(-) denotes the probability density of the determinant of a
GOE or a GUE matrix and g;jﬁ (y) := %(gn,ﬂ (¥) + gn.p(—y)) be the even part, the

Mellin transform of g’i 8 is defined by
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o0
A4nﬁ(s):::j£ Y ler s (n)dy.
For the GOE and GUE ensembles we obtain
1 o0 o0
M, p(s) = —/ / Prg(Ai, ..., An)lA AT A - d A,
2 —00 —00
and an obvious consequence is the relation

M, p(s) =2M, (s + 1). (6)

It is quite involved to calculate the Mellin transform even for the Gaussian
ensembles. The case § = 1 was calculated in [15, formulas (31), (19) and (26)]
(see also [17, Chap.26.5]). Here the Mellin transform is a Pfaffian of an anti-
symmetric matrix applying the method of (skew) orthogonal polynomials. With (6),
forn = 2p + 1 one obtains

L TG+ 5 +0bh)
Mspi11(s) = 4/ l—[ 1-2*(1 j_bl )m
2 m

m=1

(N

with b} = %L’”_lj + i. If n = 2 p one obtains

sz.1(5)=2 2 F

(1 (s-l—l _i.n-l-l-i-s.l) T((s + 1)/2)T((n + 1)/2) lﬁl T(s+m+1)

2 2 2 "2) TN ((+1+9/2) 2 Tm+3)
3
where F is the (Gaul}) hypergeometric function
o
o (a)("’)(b)(”’) 7"
F(a,b;c;z) -—mZ::OWﬁ 9)

with (x)™ := x(x 4+ 1)(x +2) - - - (x + m — 1) denoting the Pochhammer symbol.
F is convergent for arbitrary a, b, ¢ and for real —1 < z < 1. In [3], an alternative
derivation for (7) and (8) is presented using terminating hypergeometric series. The
case B = 2 was calculated in [18, Sect.2]. Here a knowledge of determinants and
orthogonal polynomials is needed. One obtains

L TG+ 5 +b2)

M, 5(s) = 2"/? (10)
2(s5) Wl,—=[1 rd+52)

with b2 = |5 ]. As a consequence of (10) we obtain the following results for the
cumulants T'; (n, 2) of log | det X?2|:
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Lemma 2.1 (Bounds for the cumulants of log | det X2|, GUE). For the Gaussian
unitary ensemble § = 2 we obtain

I®»,2) = —%(1 +log2) + %10g(2[n/2j) + const+0(1/n)
and
5 1 1
03 i=[>(n,2) = S log(21n/2]) + S(y +log2 + 1) + O(1/n),
where y denotes the Euler-Mascheroni constant. Moreover for any j > 3 we have
IT;(n,2)| < const j!. (11)

Proof. Let us remark that some of our calculations can be found in [15]. We work
out all the details to get good bounds on the cumulants, which is not the aim in [15].
With ¢ (x) := dd—x log I'(x) we denote the digamma function. From (10) we obtain

[y(1.2) = -1og M)

n 1

= —log2+ = 1/2+b}). 12
=l +2;w(/ +6).  (12)
Forany n = 2k + 1 we obtain 3 Y_/_, ¥(1/2+b7) = Z];:l v(1/2+4 )+ 3v(3)
and forn = 2k we have 2 Y0_ y(1/2+b2) = Y5_ v (1/2+ j) + 2y (1/2) -
Iy (). With T(1 + x) = xI'(x) it follows that ¥(1 + x) = ¥(x) + 1 and
therefore recursively ¥ (1/2 4+ j) = ¥(1/2) + 2(2{:1 ﬁ), see [14, Sect. 1.3,
(1.3.9)]. Using

k

k
22221 _2(k+1)Z 1—2 —(2k+1)(Z-—ZZl) —k
I= I=1

j=11=1

we obtain Z];'=l v(1/24j) =ky(1/2) —k + 2k + 1)(21 17 Zl 1 21)
Applying

"1 1 1
Y o=y +logn+ = + 0(=). (13)
— / 2n n

it follows that (2k + 1)( D %): 2k + Di(y + 2log2)
+ 2k + 1)5 logk + O(E)' With ¥(1/2) = —2log2 — y we have

k 1 1 1
;wa/z + )+ 5w(l/z) =—k+ (k+ E)logk + O(E). (14)
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In the case n = 2k we have to consider in addition the term %1//(1 /2 + k) =
% logk + 0(%) Summarizing we obtain for every n:

I'n?2 = —%(logZ + 1) + %log(Zk) + const+0O(1/n).

From (10) and (12) we obtain forn = 2k + 1

k
d 1 . )
— (OAnd)) (OAnd)) i
L2 = g7 logMua)| = 5y + 3 '§_1w (1/2+1)
(15)
with the polygamma function y® (x) = % log I'(x). For n = 2k one has to

subtract from the right hand side the term 2—5-1#“ _1)(#). We remind the repre-
sentation of I'(x)~ ! due to Weierstrass (see for example [14, Sect. 1.3, (1.3.17)]):
= xe" [z, (1 + k)e_F Differentiating — log I (x) leads to

w(x)___lJril_ Ly +§: L
—TVTX —\k x+k -7 —\n+1 x+n)

Therefore one obtains

I‘(x)

1
() (o — (L 1yk+1 S
Y = (DA ,;)(ern)"“' "
It follows that
1
;wu D(1/2+i) = (1)) (j — 112/ ;; 2m + 1)/

k k k [e%e)
=(—1)](j_1)!2]_1(222=:(2 + 1)/ 2; Zk: 2m+1)1)

i=1m=i

=T+ T
. k k 1 _ xk 1 k 1 :
With23 ) D i Gy = 2om=1 Grg 7T — 2om=1 Grgyy7 We Obtain

1

W =0/ (-t

T = (1)) (j =112/~ ‘Z

k
o - 1
VGRS Gy
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Further we get

1
T, =(=1)/ (j =112/ 2% Z L
= 2m + 1)/

Hence using (16) for ¢~ we obtain

1 1 ., 1
lillﬂ(; Da/24i) = (1)) (j =112/~ IZ(2m+1)/ 1_51/,(1 1)(5)
1
+ (=D (-2 2k + 1) E: TEEa

—k+1
(17)

In particular for j = 2, we have

k

2 a2+ = 2(% log(k) + %(y +210g(2))) — %w‘”(l/z)

i=1

l (D E
+2(2k + Dy W (k + 2)

= log(k) + y + 21log(2) — %W(l)(l/z) +1+ 0(%)
(18)

With (15) we obtain for n = 2k + 1 that

k

Lj(n.2)=(=1/ G-

— 2m +1)J" +=1/ (- 1)'(2k+1)z

k+1(2 +1)]

The first term is —2'~/ (j — 1)¥Y =2 () + O(1/k). The second term is 27/ (2k +
1y~ +k +1). Forn = 2k we have to subtract 2~/ ¢V =D (1 4 k). Finally we
will apply some bounds for the polygamma functions /). Therefore we will apply
the following integral-representation (see for example [14, Sect. 1.4, (1.4.12)]):

Y(x) = log()c)—/0 e™x (tf(t) + )dl with

f(l)—(l—l—f- ! );,tZO. (19)

t el —1
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Differentiating we see that for j > 1:
. . . . o0 . 1
v (x) = (=17 + (—1)1—1/ e (tf(t) + 5) dt. (20)
0

Notice that 0 < (t f@) + %) < 1 forevery ¢t > 0; hence we obtain for every x > 0
and every j > 1:

WP @) < ™ 4 jix 1)
Let us consider the variance 67 = I'»(n,2). With (21) we have [y V(1/2 + k)| <
(L +k) 7"+ (L + k)2 Hence we have 07 = 1 S5 y O (1/2+1) + 1y (1/2) +

O(1/ k) and with (18) we obtain
, 1 1
0y = Elogk + E()/ +2log2+ 1) + O(1/k).

For j > 3 the cumulants can be bounded by: With (21) we obtain

I (n.2)| <

21— 1)1/;0—2)(1/2)' + ‘2‘/‘ 2k + DyYD(A/2+ k + 1)'

+ ‘2—/w<f—1>(1/2 + k)‘ + O(1/k)

G-t 1 G=D'1
2i=1 ki 2 Th

<6(j—D+ const( )f const(j — 1)

Therefore the cumulants satisfy the stated bounds. O

With some more technical effort we obtain similar results for the Gaussian
orthogonal ensembles:

Lemma 2.2 (Bounds for the cumulants of log | det X! |, GOE). For the orthogo-
nal Gaussian ensemble (8 = 1) we obtain

I, 1) = %log(ZLn/ZJ) — % + const+0(1/n)

and
2

62 1= Ty(n. 1) = log(2|n/2]) + % F1-2K + ﬂT +0(1/n),

o (="

where K denotes Catalan’s constant K = Y~ IETTESNEL

and forany j >3

|Fj(n, 1)| < const j!.
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Proof. For § = 1 and n = 2k + 1, formula (7) for the Mellin transform implies

d
[i(n.1) = S-1og Mys(9)] _y = 5 log() + 5 Zw +3 L J+§)
k—1 k
—nlog(2)+Zl// )+ 1#( )
=nlog(2) + = 1// Z( 1)"‘ 1/f( ))

The last transformation is useful since we are now able to apply Legendre’s
duplication formula I'(z)T'(z + 1/2) = 2'"%2/7'(2z) (see for example [14,
Sect. 1.2]). This implies

1 1 1
El/f(z) + Ellf(z + 5) = ¥(22) — log(2). (22)

With z = 3/4 4+ i/2 — 1/2 we obtain
1 3 K
Ti(n,1) = nlog(2) + EW(Z) + ;w(l/z +i) —klog(2). (23)

The summand v (3) equals via the same identity ¥ (1) —log(2)—1v (3) = v(3)—

log(2) + 7 + 3 3 5 log(2) + 2)/ =7- %log(Z) - %y. As in the GUE case, we have

P lw(l/z +i) = =3y (%) —k + (k + 3)log(k) + O(}), see (14). Now (23)
implies that

n n T+ 2 1
I 1) = o).
1 1) =3 2" T ;)
The jth cumulant, j > 2, is given by
Dy 1) = 2 a’ — log My, (5)] _ly N T Ly R
" 2J 2 "2k 4

i=1
_ Lkii i3y Ly Ly Lk
S 2! i=01/f 1T TaY 4 27

Differentiating (22) implies ¥V =" (27) = Ly U () + Ly =D(z + 1) and
therefore
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L. 1) = 55 w“ V(5 +Zw“ D(1/2 +i) (24)
i=1
hold. The duplicity formula for z = L implies —w(l)( ) = 1//(1)(%) (— %W(l)(%),
l J— — 1 — m _
where W()() o 162’”:0 (4m+1)2 - 82m-0((2m+1)2 + (2m+1)2) =
1
2% o (m+ ot T 8 > o (zfnJr)l)z = 2y (}) + 8K with Catalan’s constant

K, resulting in 3V (3) = T — 2K. With (24) and (18) we can conclude

Ty(n.1) = w“) +Zw“> 1/2 + 1)
i=1
2

1
ﬂT — 2K + log(k) + % +log(2) + 1+ O(-). (25)

For every j > 3, the first summand can be bounded using (21)

-1

j 2 2
15 Lyu- 1)( )|<(J—1)'( )~ +(J—1)'2( ) (J—l)'—(—) ,
and the remaining sum in (24) is the same as in the GUE case: With (17) we have

k
Syl (1/2 4 1) + %W(j_l)(%)
i=1

=-2(j — 1)1//0—2)(%) + Qk+ DyYUTV(1/2+k + 1) + 0(%).

Applying (21) we obtain 'Zle YyUDA/24 i) + SyUD ()| < const(j — 1!,

which implies the bound for the jth cumulant, j > 3.
In the case of n = 2k even, we have to study the asymptotic behaviour of

s+1 s.n+l+s. .
the hypergeometric function (see (9)): F(i, -3 +2+ ; %) =1+ ano:l Xm,

T4\ ) 5\0m)
(3%)"(=3)
(n+l+s)(m) 2y

denoting ' by x,,. Each x,, is of order O(n™") and, for s €

[0,2) and n large enough, the hypergeometric function takes values in the interval
(=1, 1). Therefore we can study the power series of the logarithm and get

s+1 s n+1+s1
logF( T 2, > ) log(l—}-g Xm)
o0

=2t ) D' (2 xn
m=1 =
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We differentiate each x,, via the quotient rule and the product rule in the enumerator.
Setting s = 0, the only remaining term in the enumerator is the one where we
differentiate the factor —3. Thus the square of the denominator cancels out. The
derivative of x,, equals a constant times 55— —— ;. It follows that the sum over /

2"’m‘ (”-; )(m)

is of order O(n™"), too. Similarly we obtain that for every j > 1

= 0(1/n).

d’ a F(s+1 s.n—i—l—i—s.l)
s=0

dsi 2 2 2 2

Thus with (8) and (14) it follows that

T, 1) =2

+1 d s+1 s n+1+4+s 1
log(2 —log F ,—— ;=
0g(2) + 75 log ( 2 2 2)

s=0

M*w

+%w(%) v (1/2+m)
+1 1 1 1 +1
= tozd) + 0(;) + 5‘”(5) ‘EW —)

I 1 n n+1 n
3V g ee3)

1
- %log(n) - % + 5 log(2) + O(1/n)

and by (17)

d’ s+1 s n+l+s 1
F](n,l)zwlogF( B ,_E, ) 55)

| B 1
(G=D(Z
R

=

1 n+1
_Ewu 1)( ZI//(J 1) 1/2+m)

m=1

n+1
(——

_ %w(j—l)(l) W(J ) +Z yU(1/2 +m) + O(1/n).

m=1

Note that the only difference to the case n = 2k + 1, see (24), is the summand
¥ U=D (%), which is of order O(1/n). Therefore the second and higher
cumulant satisfy the stated bounds for all n. O

Good estimates on cumulants imply asymptotic results for the log-determinant
of GUE and GOE ensembles, respectively. Before we state our results, we remind
the reader on Cramér-type moderate deviations and a moderate deviation principle.
The classical result due to Cramér is the following. For independent and identically
distributed random variables X1, ..., X, with E(X;) = 0 and E(X}) = 1 such that
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Ee®!X1l < ¢ < oo for some #) > 0, the following expansion for tail probabilities
can be proved:
P(W, > x)
1 —®(x)

for 0 < x < n'/® with W, := (X; + --- + X,,)//n, ® the standard normal
distribution function, and O(1) depends on ¢ and #y. This result is sometimes called
a large deviations relation. Let us recall the definition of a large deviation principle
(LDP) due to Varadhan, see for example [5]. A sequence of probability measures
{(n),n € N} on a topological space X equipped with a o-field B3 is said to satisfy
the LDP with speed s, /" oo and good rate function /(-) if the level sets {x : I(x) <
a} are compact for all & € [0, 00) and for all I € B the lower bound

=1+ 01 +x%/Jn

1
liminf —log p,,(I') > — inf I(x)
n—o0 Sn

x€int(T")

and the upper bound

1
limsup — log 1, (T") < — inf 7(x)
s

n—oo Sn xé&cl(I)

hold. Here int(I") and cl(I") denote the interior and closure of I" respectively.
We say a sequence of random variables satisfies the LDP when the sequence
of measures induced by these variables satisfies the LDP. Formally a moderate
deviation principle is nothing else but the LDP. However, we will speak about a
moderate deviation principle (MDP) for a sequence of random variables, whenever
the scaling of the corresponding random variables is between that of an ordinary
Law of Large Numbers and that of a Central Limit Theorem.
We consider

8
log | det X/ | — T (n,
W, = oelde Ulﬁ 1B g g2 (26)

as well as
~ logldetX,’fl—glogn—i—%
W,,.ﬂ =
,/%logn

Theorem 2.3. For § = 1,2 we can prove:

for B=1,2. 27)

(1) Cramér-type moderate deviations:  There exist two constants C; and C,
depending on B, such that the following inequalities hold true:

P(Wn,ﬁ > )C) -

1+ x3
1— @(x) 2

op

‘ log




266 H. Déring and P. Eichelsbacher

and
P(W,p < —x) -c 1+ x3
d(—x) = g

log

forall0 < x < Cy04. On all cases og is of order \/logn.
(2) Berry-Esseen bounds: — We obtain the following bounds:

sup [P(W,, 5 < x) — ®(x)| < C(B)(logn)™"/?,
x€R

sup |P(W,.5 < x) — ®(x)| < C(B)(logn)™"/>.

x€R

(3) Moderate deviations principle:  For any sequence (ay), of real numbers such
that 1 < a, <K og the sequences (“iWn,ﬁ)n and (aLW”*ﬂ)n satisfy a MDP

, . 2 .
with speed aﬁ and rate function 1(x) = -, respectively.

Remark 2.4. The Berry-Esseen bound implies the Central Limit Theorem stated
in (4). The statement of the central limit theorem in [15] was given differently. In
section 3, they considered a variance of order 202 = ﬁ—ln, meaning that the spectrum
of the GUE model is concentrated on a finite interval (the support of the semicircular

law). Then the D is the determinant of the rescaled (!) GUE model, given a g logn+
nlog 2 summand in addition to the expectation —n(% +log2)+ 0(%) they stated in
[15, (43)]. This is actually the expectation in (4). Choosing the variance 0> = ﬁ in
the case f = 2 implies that we have to rescale each matrix-entry ¢;; by &;; /(2+/n)
and hence the determinant of the rescaled matrix is 2"n"/? times the determinant of

the matrix X 2.

Proof. With the bound on the cumulants (11) we obtain that |F j (Wn,2)| < 7’—/'
%
With 07 > %()/ +2log2 + 1) we get

. j—2 Al
1 72 5)/ _ !

r;w, < jl— < jl— 5<'!(_ -
| it n’2)|_j (;2]_2()/+210g2+1) =J 02/_2 =J 0 - A2

with A = 0, /5 for all n > 2. With Lemma 2.3 in [22] one obtains

P(Wn,sz)_ x+1
RE O exp(L(x))(l + 014 (x) A )
and PO, )
n2 = —X _ _ x+1
RS =1+ e )

for0 < x < Ay, where A| = +/2A /36,

0(1 + 10A2 exp(—(l — x/Al)JA_l))
1—X/A1 ’

6
P(x) =
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q1, g are constants in the interval [—1, 1] and L is a function defined in [22, Lemma

2.3, (2.8)] satisfying \L(x)\ < % for all x with |x| < A;. The Cramér-type
moderate deviations follow applying [7, Lemma 6.2]. The Berry-Esseen bound

follows from [22, Lemma 2.1] which is

18 1

sup |P(Wh2 <x)—® < — = const ————.

up|P (2 <x) = 00 < (logn)' 72

The same Berry-Esseen bound follows using the asymptotic behavior of the first
two moments. Finally the MDP follows from [6, Theorem 1.1] which is a MDP

for (al W,,,z)n for any sequence (a,), of real numbers growing to infinity slow
enough such that a,/A — 0 as n — oco. Moreover (- W), and (L ﬁl/,,,z)n

an
are exponentially equivalent in the sense of [5, Definition 4.2.10]: with W, , :=
log | det X2|—% logn+4%
7
that (i W), and (i W,2), are exponentially equivalent. By Taylor we have

al(Wn,z — Wn,2)| = o(1) Wn,z and hence the result follows with [5, Theorem
4.2.13]. O

we have that |W,, — W,,,2| — 0 asn — oo, and it follows

Next we will consider the following class of random matrices. Consider two
independent families of i.i.d. random variables (Z; ;)i<i<; (complex-valued) and
(Yi)1<i (real-valued), zero mean, such that IEZ%2 =0,E|Z,|> = 1and IEYI2 = 1.
Consider the (Hermitian) n xn matrix M, with entries M,"(j,i) = M, (i, j) = Z; ;
fori < jand M (i,i) = M, (i,i) = Y;. Such a matrix is called Hermitian Wigner
matrix. The GUE matrices are the special case with complex Gaussian random
variables N (0, 1)c in the upper triangular and real Gaussian random variables
N(0, 1)r on the diagonal.

We say that a Wigner Hermitian matrix obeys Condition (C;) for some constant
C if one has

E|Z;;|I° <C and E[Y;|€ <C (28)

for some constant C; independent on n. Two Wigner Hermitian matrices M, =
(i j)i<ij<n and M, = @,{,j)lsi.,jsn match to order m off the diagonal and to order
k on the diagonal if one has

E((Re(&i.))* (Im(&:,;)") = E((Re(&] )" (Im(&; ;))")

forall 1 <i < j <n and natural numbers a,b > 0 witha +b < m fori < j and
a+b<kfori=j.

Applying [26, Theorem 5], the Four Moment Theorem for the determinant,
we are able to prove an MDP for the log-determinant even for a class of Wigner
Hermitian matrices. For any Wigner Hermitian matrix M,, consider

W log | det M,| — %logn! + %logn

n - 1
y/ 3 logn
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Theorem 2.5 (Universal moderate deviations principle). Let M, be a Wigner
Hermitian matrix whose atom distributions are independent of n, have real and
imaginary parts that are independent and match GUE to fourth order and obey
Condition (C), (28), for some sufficiently large C, then for any sequence (a,), of
real numbers such that 1 <K a, < +/logn the sequence (# W,,)n satisfies a MDP

with speed a2 and rate function I(x) = X—; If M,, matches GOE instead of GUE,

then one instead has that ( . llzgg:z w, ) satisfies the MDP with same speed and rate

function.

Proof. Let M, be the Wigner Hermitian matrix whose entries satisfy the conditions
of the theorem and M, denotes the GUE matrix. Then [26, Theorem 5] says that

there exists a small ¢y > 0 such that for all G : R — R4 with \ G(x)| = 0(n)
forj =0,...,5, we have

[E(G (log | det(M,)])) — E(Glog| det(M;)]))| < ™

We consider for any b, ¢ € R the interval I, := [b,, ¢,] with

/1 1 1 /1 1 1
b, =bha, Elogn—}-zlogn!—‘—l logn and ¢, :=ca, Elogn—i-z logn!—z logn

With IF := [b, — n=/10 ¢, + n=0/"% and I~ := [b, + n=/10 ¢, — p=0/10]
we construct a bump function G, : R — R, which is equal to one on
the smaller interval I, and vanishes outside the larger interval ;7. It follows
that P(log|det(M,)| € I,) < EG,(log|det(M,)|) and EG,(log|det(M,)|) <
P(log | det(M))| € I,7). One can choose G, to satisfy the condition |%Gn (x)| =
O(n®) for j =0,...,5 and hence

P(log|det(M,)| € I,) < P(log|det(M))| € I}) +n~. (29)
By the same argument we get
P(log|det(M,))| € I,) —n~ < P(log|det(M,)| € 1,). (30)

With P( W, € [b.c]) = P(log|det(M,)| € I,). With (29) and [5, Lemma
1.2.15] we see that

1
hmsup—log P(W Ja, € [b, c])

n—oo a;

< max(hm sup —2 log P(log | det(M))| € I+) hm sup logn C").

n—oo dj
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For the first object we have

lim sup log P(log|det(M,)]| € I+)

n—o0

n—00 a

1 1 ~
= limsup — logP(a—Wn,z elb—nn),c+ 77(")])

with n(n) := n_"O/lo(an,/%logn)_1 — 0 asn — oo. Since ¢y > 0 and
logn/a? — oo for n — oo by assumption, applying Theorem 2.3 we have

2

hlfri)solipizlogP(W Jan € [b.c]) < —xér[}]fc] x?
Applying (30) we obtain in the same manner that
lim sup 1 logP(W /a, € [b, c]) > — inf x_2
n—oo A2 x€lb,c] 2
The conclusion follows applying [5, Theorem 4.1.11 and Lemma 1.2.18]. O

Remark 2 6. The bump function G, in the proof of Theorem 2.5 can be chosen to
fulfill [45.G,(x)| = O(n®) for j = 0,....5 uniformly in the endpoints of the
interval [b c]. Hence the Berry-Esseen bound in Theorem 2.3 can be obtained for
Wigner matrices considered in Theorem 2.5:

sup ‘P(Wn <x)-— ¢(x)| < const ((log }1)_1/2 4 n—Co)'

x€R

We omit the details.

3 Non-symmetric and Non-Hermitian Gaussian Random
Matrices

As already mentioned, recently Nguyen and Vu proved in [19], that for A, be an
n X n matrix whose entries are independent real random variables with mean zero
and variance one, the Berry-Esseen bound

sup |P(W, < x) — ®(x)| < log™'*+°0p

x€R

with



270 H. Déring and P. Eichelsbacher

log(| det A,|) — %log(n - !

W, =
,/%logn

holds true. We will prove good bounds for the cumulants of W}, in the case where the
entries are Gaussian random variables. Therefore we will be able to prove Cramér-
type moderate deviations and an MDP as well as a Berry-Esseen bound of order
(logn)~'/? (and it seems that one cannot have a rate of convergence better than
this). In the Gaussian case, again the calculation of the Mellin transform is the main
tool. Fortunately, the transform can be calculated much easier.

Let A, be an nxn matrix whose entries are independent real or complex Gaussian
random variables with mean zero and variance one. Denote by AZ the transpose
or Hermitian conjugate of A, according as A4, is real or complex. Then A, A} s
positive semi-definite and its eigenvalues are real and non-negative. The positive
square roots of the eigenvalues of A4, AZ are known as the singular values of A,,.
One has that

€1V

]‘[A2 = det(A,Al) = |det A4,|* = l—[|x,|2

i=1 i=1

where A; are the singular values and x; are the eigenvalues of A,. Now A4, AZ is
called Wishart matrix. For the real case we consider independent N (0, 1)r dis-
tributed entries, for the complex case we assume that the real and imaginary parts are
independent and N (0, 1)k distributed entries. These ensembles are called Ginibre
ensembles. One obtains for the joint probability distribution of the eigenvalues of
A, A} on R, the density

2-1
—eXp ——Zyz ]—[y,ﬁ/ [Ty —vil?
i=1 i=l1 i<j
with B = 1 for the real and B = 2 for the complex case and Zn,,g being the

normalizing constant (see for example [2, Chap. 7]). As a result the Gaussian joint
probability density for the singular values A; gets transformed to

1 - B
Quphis- s hn) = — exp(—%Zkf)nkf =231

np(n) i=1 i=1 i<j
with
Zuspr o= [ [ ool [T [0 - 53¢ [Tan
i=1 i=1 i<j i=1

Now the Mellin transform of the probability density of the determinant of A4, is
given by
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Zypm+s—1)

M, (s =/ / A A T Qu gL A dA; =
pO)= [ [ Al Qup b )1 7oyt

i=1

But using the Selberg identity of the Laguerre form, [17, formula 17.6.5], we obtain
for the moment generating function M, g(s) = M, g(s — 1):

M, 5(s) = (5 IR (P

33
3 (33)

This formula makes even sense for § = 4, where A, is a quaternion matrix and A,J;
denotes the dual of A, (see [17, Sect. 15.4] for a discussion of the definition of a
determinant in this case). We will concentrate on the real case § = 1. The results
of the following theorem can be stated and proved similarly in the two other cases
B = 2,4. We omit the details. We consider W, as in (31) and

7o log|det A,| —E(log|det A,])
e V(log | det 4, |)!/2

(34)

Theorem 3.1. Let A, be an n x n matrix whose entries are independent real
N(0, 1)g random variables. Then we have:

(1) Cramér-type moderate deviations:  There exists two constants Cy and C,
depending on B, such that the following inequalities hold true:

P(W, > 1+ x3
log W, =>x) <c + x
1—®(x) op
and ~ 3
P(W, <—x) 14+ x°
log————=| <C
Y S

forall0 < x < C,V(log|det A,|)"/>.
(2) Berry-Esseen bounds:  We obtain the following bounds:

sup |[P(W; < x) — d(x)| < C(B)(logn) ™2,
x€R

sup |[P(W, < x) — @(x)| = C(B)(logn)™""2.

x€R

(3) Moderate deviations principle:  For any sequence (an), of real numbers such
that 1 < a, < op the sequences (% W")n and (é W,,)n satisfies a MDP with
speed a2 and rate function I(x) = %2 respectively.

Proof. With (33) we are able to estimate the cuamulants I'; (1) of log | det A,,|. The

calculations will benefit from a few results presented in the proofs of Lemmas 2.1
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and 2.2. Therefore we restrict ourselves to the major steps of the proof. We denote
by ¥ the digamma function and by ¥*), k € N, the polygamma function (see
Lemma 2.1). With (33) we have

Ti(n) = —10gn + - Zl//(z/Z) and T;(n) = Zl//(j_l)(i/Z) for j > 2.
i=1

Forn = 2k + 1 we have 1 Y0/_ (i/2) = L(Zi_ov(1/2 + i) + X, v(i)).
Using (14) the first summand is equal to —% + %logk + %10gk + %1//(1/2) +
O(1/k). With (1 + x) = ¥ (x) + - 1 + (see Lemma 2.1) one obtains that W(i) =
(1) + Z' ! 1 . Thus applying (13) we have 3 Zl @) =% 5log(k — 1) — 3 +
const + 0(1 / k) Summarizing we get

1
@2k +1)=—k + klogk + 7 logk + const+O(1/k)

1
- —%(1 +log2) + %log(n — 1) — 7 log(n — 1) + const+O(1/n).

Therefore the leading term of the expectation of log | det 4, | is log((n -1) !). In the
case n = 2k one obtains the same order. For I'; (2k 4 1) with j > 2 we proceed as
following:

| 2
. - =D
ik +1) = ; yUi/2)
- (w“ D(1/2) + Zw“ IR S 1>(,))
i=1
Take the representation (16) to see that U~V (i) = (=1)/(j — 1)! Yo m/ , such
that

k ' ' k 1 00 1
le—”(i)=(—1)f(j—1)!(Z1 T Tk 2 W)
i= m= m=k+1

=—( —DyY20) + 0(1/k) + kyU Dk + 1).

With the help of (17) we obtain for j > 3 that

D) = 5799 ™01/2) = 3G - 1)(w<f—2>(1/2) FyU()

2]+1(2k + Dy a2+ k+ 1)+ — 5 kw—”(k +1) + 0(1/k).
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With (21) we are able to bound the cumulants in a similar way as in the proof of
Lemma 2.1 and obtain |I';(n)| < const j!. Moreover with (18) we obtain for the
variance

1 1 n?
Ih(n) = 5 logn + 5()/ +1+4 ?) + 0(1/n).
Therefore the leading term of the variance of log|det A,]| is %logn. Now the
theorem follows exactly as in the proof of Theorem 2.3. O

Remark 3.2. Let A, be an n x n matrix whose entries are independent complex
and quaternion, respectively. Then W, and W, as defined before satisfy Cramér-
type moderate deviations, Berry-Esseen bounds and a moderate deviations principle.
This can easily be checked noting that, for 8 = 1,2, 4,

2 Ly yien(
I (n) = 5 log (F)u=n+ 37 29" l)(%)

i=1

is of order ﬁ log(n): For B = 2 we have already bounded these summands in the
proof above. In the case 8 = 4 use (22) and its derivatives to see, that the cumulant
can be represented via sums of YU~V (i) and U=V (i 4+ 1/2).

Remark 3.3 (Trace-fixed ensembles). In [16], the authors considered fixed-trace
Gaussian random matrix ensembles (real-symmetric and Hermitian ones). Here the
trace of the matrix is kept constant with no other restriction on the matrix elements.
These ensembles are shown to be equivalent as far as finite moments of the matrix
elements are concerned. Especially, the Mellin transform of the fixed-trace Gaussian
matrices can be deduced from the Mellin transform of the Gaussian orthogonal
and unitary ensemble, respectively, see [16, formulas (17), (20) and (22)]. Hence
it is expected that the distribution of the log-determinant of these ensembles is
asymptotically Gaussian with a variance of order log n. We would be able to deduce
the results in Theorem 3.1 for the Gaussian trace-fixed ensembles by the same
technique. We omit the details. Remark, that universal limits for the eigenvalue
correlation functions in the bulk of the spectrum for fixed trace matrix ensembles
are considered in [12, 13]. In this case, the class of matrices are of nondeterminantal
structure.
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Abstract We investigate the spectral distribution of random matrix ensembles with
correlated entries. The matrices considered are symmetric, have real-valued entries
and stochastically independent diagonals. Along the diagonals the entries may be
correlated. We show that under sufficiently nice moment conditions and sufficiently
strong decay of correlations the empirical eigenvalue distribution converges almost
surely weakly to the semi-circle law. The present note improves an earlier result
(see [Friesen and Lowe, J. Theor. Probab., 2011]) by the authors using similar
techniques.
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1 Introduction

Large-dimensional random matrices were first considered in the context of appli-
cation in statistics and in theoretical physics, among others, in particular they
served as a model when studying the properties of atoms with heavy nuclei.
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However, nowadays the field of random matrices is considered to be interesting
in its own rights, since it gave rise to many interesting results, such as Wigner’s
semi-circle law for the limiting spectral distribution of a symmetric or Hermitian
random matrix or the Tracy-Widom distribution as the limiting distribution of the
(appropriately scaled) largest eigenvalue of a random Hermitian matrix. Moreover,
there are connections to many questions in pure mathematics as well as applications
in a multitude of areas outside of mathematics, e.g. telecommunications.

As indicated by the results mentioned above, one of the most interesting and best
studied problems, has been to investigate the properties of the eigenvalues of random
matrices. The most prominent example is Wigner’s semi-circle law. Wigner, in his
seminal paper [17] showed that the spectral distribution of symmetric Bernoulli
matrices under appropriate scaling converges to the semi-circle law. In [18] he
remarked that this result may be generalized to the spectral distribution of a wide
class of random matrices, among them symmetric or Hermitian random matrices
with independent Gaussian entries, otherwise.

A result in this spirit was proved by Arnold [3] in the situation of symmetric
or Hermitian random matrices filled with independent and identically distributed
(i.i.d.) random variables with sufficiently many moments. Other generalizations of
Wigner’s semi-circle law concern matrix ensembles with entries drawn according to
weighted Haar measures on classical (e.g., orthogonal, unitary, symplectic) groups.
Such results are particularly interesting, since such random matrices also play a
major role in non-commutative probability (see e.g. [10]); other applications are in
graph theory, combinatorics or algebra. For a broad overview the interested reader is
referred to Mehta’s classical textbook [14] or to the rather recent work by Anderson
et al. [2].

This note addresses a question that is much in the spirit of Arnold’s generalization
of the semi-circle law. Even though a couple of random matrix models include
situations with stochastically correlated entries (see especially [6], where the case
of random Toeplitz and Hankel matrices is treated), the dependencies are not very
natural from a stochastic point of view. A generic way to construct random matrices
with dependent entries could be to consider a two dimensional (stationary) random
field indexed by Z? with correlations that decay with the distance of the indices and
to take an n x n block as entries for a random n X n matrix.

This setup would, of course, be very general, and the present note is just a first
step to study the asymptotic eigenvalue distribution of such matrix ensembles. Here
we will deviate from the independence assumption by considering (real) random
fields with entries that may be dependent on each diagonal, but with stochastically
independent diagonals. For such matrices we will prove a semi-circle law under a
sufficiently fast decay of correlations along the diagonals. It should be noted, that
a similar result under an arbitrarily slow decay of correlations cannot be expected,
since in such a situation one should already get into the realm of Toeplitz matrices
as treated in [6].

The setup of the present note may look at first glance a bit more artificial than
a situation where the matrices are filled with row- or columnwise independent
random variables (e.g. with row- or columnwise independent Markov chains).
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Note, however, that in order to guarantee for real eigenvalues we will need to
restrict ourselves to symmetric random matrices. This would imply that a matrix
with rowwise independent entries above the diagonal has columnwise independent
entries below it. Not only is this a rather strange setup, also can one see from
simulations that their asymptotic eigenvalue distribution is probably not the semi-
circle law.

It should also be remarked that the conditions in this note are weaker than those
in earlier article (see [8]) and therefore the results are more general then our previous
ones. Example 4.3 below shows that these weaker assumptions extend the validity of
Theorem 2.2 to a set of rather natural examples that could not be treated by means of
the main theorem in [8]. Moreover, we also find an indication that the rather strong
moment conditions we impose (see (C1) below) may be relaxed. Theorem 2.4 below
is a first step into this direction.

It also should be mentioned that a similar situation has been studied by
Khorunzhy and Pastur in [12]. They consider the eigenvalue distribution of so called
deformed Wigner ensembles that consist of matrices which can be written as a sum
of Wigner matrix (a symmetric matrix with independent entries above the diagonal)
and a deterministic matrix. It is proven that in this situation the empirical eigenvalue
density converges in probability to a non-random limit. This setup, yet similar, is
different from ours.

The question, whether stochastically dependent entries could be allowed in order
for the semi-circle law to hold, is not new. For example, Bai [4] p. 626 raises the
question of whether Wigner’s theorem is still holding true when the independence
condition in the Wigner matrix is weakened. Also Gotze and Tikhomirov [9],
Hofmann-Credner and Stolz [11], and Schenker and Schulz-Baldes [16] consider
a situation where the entries of a random matrix are in a natural way stochastically
dependent. However, their conditions do not cover our situation.

On the other hand, some extra conditions apart from a weak dependence structure
are necessary. Indeed, Anderson and Zeitouni [1] show that convergence to the
semicircle law does not hold in general under finite range of dependence.

The rest of the note is organized as follows. In the second section we will
formalize the situation we want to consider and state our main result. Section 3
is devoted to the proof, that is based on a moment method. These naturally lead
to some combinatorial problems, that need to be solved. Section 4 contains some
examples. In particular we consider Gaussian random fields as well as Markov
chains on a finite state space.

2 The Main Result

In this section we will state our main theorem, a semi-circle law for symmetric
random matrices with independent diagonals (for a precise formulation see Theo-
rem 2.2 below). These random matrices are constructed as follows:
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Let {a,(p,q),1 < p < q < oo} be a real valued random field. For any n € N,
define the symmetric random n x n matrix X, by

1
Xu(q.p) =Xu(p.q) = —=an(p.q). 1=p=q=n,
NG
We will have to impose the conditions on X,,. To be able to formulate them introduce

myg :=sup max E [|an(p,q)|k] k eN. (1)

neN 1=p=q=n

We will assume the following.

(€D Elan(p.g)] = 0,E[ay(p,q)’] = 1 and
m < oo, VkeNlN. (2

(C2) The diagonals of X,, i.e. the families {a,(p,p +r),p € N}, r € Ny, are
independent,

(C3) The covariance of two entries on the same diagonal can be bounded by some
constant depending only on their distance, i.e. for any 7 € Nj there is a
constant ¢(t) > 0 such that

|Cov(an(p,q),an(p + 7,9 + 7))| < c(7), p.q €N,

(C4) The entries on the diagonals have a quickly decaying dependency structure,
which will be expressed in terms of the condition

lim c(7) t° =0,
T—>00

for some ¢ > 0.

Remarks 2.1. (i) The choice of the first two moments in (Cl) is just for
standardization, while (2) is a condition one might eventually want to relax.
This, however, not that easy in general. We will see that for a weaker form of
our main result the weaker condition

(C1) Efan(p.q)] = 0.E[a,(p.q)*] = 1and
ny < o0 (3)

suffices.

(ii) Note that condition (C4) implies that Y " _, ¢(t) = o(n) since

12":()< IXH:C(‘C)‘C‘E 0
— c(t — — 0, asn — oco.
n = ~ nt T

=1
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(iii) In particular (C4) is an improvement over the condition of summable

correlations
o0

Y le()] < o0

=0

we imposed in [8].

As noted, we will show that the empirical eigenvalue distribution of the (appro-
priately scaled) random matrices introduced above converges to a limit law u, the
so-called semi-circle distribution. We choose its density to be concentrated on the
interval [—2, 2]. Then its density is given by

dp [ NVA—x2if —2<x<2

dx 0 otherwise.

To state our main theorems denote the ordered (real) eigenvalues of X, by
(n) (m)
AT <A <A,

Let w, be the empirical eigenvalue distribution, i.e.

1 n
Mn = Z;Sl}j)'

With these notations we are able to formulate the central result of this note.

Theorem 2.2. Assume that the symmetric random matrix X, as defined above
satisfies the conditions (C1), (C2), (C3), and (C4). Then, with probability 1, the
empirical spectral distribution of X,, converges weakly to the standard semi-circle
distribution, i.e.

Hn = W asn — oo

both, in expectation and P — almost surely. Here “=>" denotes weak convergence.

Remark 2.3. As stated in the introduction for the semi-circle law to hold, it is not
possible to renounce condition (C4) without any replacement. To understand this,
consider for example a Toeplitz matrix, that is a Hermitian matrix with identical
entries on each diagonal. If the variance of the entries is positive, we clearly have

e(r) = 0(1).

Indeed, it was shown in [6] that the empirical distribution of a sequence of
Toeplitz matrices tends with probability 1 to a nonrandom probability measure with
unbounded support.

If we assume (C1’) instead of (C1) we still obtain a convergence result.
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Theorem 2.4. Assume that the symmetric random matrix X, as defined above
satisfies the conditions (C1’), (C2), (C3), and (C4). Then, the empirical spectral
distribution of X, converges weakly in probability to the semi-circle distribution.

3 Proof of Theorems 2.2 and 2.4

The basic tool in our proofs will be the method of moments. Naively, one could
expect an approach using Stieltjes transforms to work as well (and in this case one
would probably be able to work with weaker moment conditions than those imposed
in (C1)). This method is rather standard in random matrix theory (see e.g. Chap. 2.4
in [2]). However, if the entries of a random matrix are not independent, this method
seems to have serious technical difficulties.

The method of moments, on the other hand, also is traditional in the proof of
a semicircle law. Among others, Wigner used this method to derive the semicircle
distribution as the limiting spectral distribution for scaled Bernoulli matrices, see
[17]. Also Arnold’s generalization of the semicircle law [3] relies on the same
technique. A recent example for matrices with dependent entries is [16]. Our proof
is particularly inspired by the latter of these paper. An excellent reference to this
method is also provided by Bose and Sen, cf. [5].

A key observation for the following is that the techniques in [8] suffice to prove
Theorem 2.2 also under the weaker assumption (C4). For the reader’s convenience
we will give this proof next (following the lines in [8], of course).

To this end, let Y be distributed according to the semi-circle distribution. For
the proof of the theorem it will be important to notice that the moments of Y are
given by

o 0, ifkisodd,
E(Y") = 4
C%, if k is even,
where £l
C =
L5+ )

denote the Catalan numbers. Note that these moments determine the semicircle
distribution uniquely.

This implies, that the weak convergence of the expected empirical distribution
will follow from the convergence of the empirical moments, i.e. from the relation

1 0 if k is odd
lim —E[ir (X5)]={" ’
nl>nolon [r( ”)] C%, if k is even,

where tr(-) denotes the trace operator. The first part of the proof is to verify this
convergence.
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To start with, consider the set 7, (k) of k-tuples of consistent pairs, that is
elements of the form (Pi,..., Px) with P; = (p,.q;) € {1,... ,n}* satisfying
qj = pj+iforany j =1,... k, where k 4 1 is identified with 1. Then, we have

lE[tr(x’,;)]z 1% > Elau(P)-...-au(Po)].

n i+
(P1,.... P )ET, (k)

Further, define P (k) to be the set of all partitions 7 of {1, ..., k}. Any partition &
induces an equivalence relation ~, on {1, ...,k} by

i~y J 4= iandj belong to the same set of the partition 7.
We say that an element (P, ..., Py) € 7,(k) is a w-consistent sequence if
lpi —ail =|p;j—q;| <= i~aj
At this stage, the independence of the diagonals enters crucially. Indeed, due to
condition (C2), this implies that a, (P;,), . . . , a, (P;,) are stochastically independent

if iy, ...,i; belong to [ different blocks of 7. The set of all -consistent sequences
(Py,..., Py) € T,(k) is denoted by S, (7). Thus, we can write

1 1
;E[tr(Xﬁ)]: T D Y Elan(P) ... can(Po).
2 2ePk) (P.... P)ES, ()

Now fix ak € N. Forany 7w € P(k) let#r denote the number of equivalence classes

of m.

We distinguish different cases. This will show that eventually only those =&
k

satisfying #7 = 3 count.
First case: #m > %

Since 7 is a partition of {1, ..., k}, there is at least one equivalence class with a
single element /. Consequently, for any sequence (P, ..., Py) € S, () we have

Efay(P)-..ay(PO) = E[ [Tan(P) |- Elan(P)] = 0,
i#l

due to the independence of elements in different equivalence classes.
Hence, we obtain

1 1
;E[tr(x’,;)]z e > > Elan(Py)-...-an(Pp)].
2 2eP(k). (Py....P)ES, ()

#Jrf%
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Second case: r =#n < %

We need to calculate #S,, (7). To fix an element (P, ..., Py) € S,(x), we first
choose the pair P; = (py, q1). There are at most n possibilities to assign a value to
p1 and another n possibilities for ;. To fix P, = (pa, ¢2), note that the consistency
of the pairs implies p, = ¢q;. If now 1 ~, 2, the condition |p; — q1| = |p2 — ¢2]
allows at most two choices for g,. Otherwise, if 1 £, 2, we have at most n
possibilities. We now proceed sequentially to determine the remaining pairs. When
arriving at some index i, we check whether i is equivalent to any preceding index
1,...,i—1.If thisis the case, then we have at most two choices for P; and otherwise,
we have n. Since there are exactly r different equivalence classes, we can conclude
that

#Sn(]f) < I12 . nr—l . Zk—r < C . nl‘+l

with a constant C = C(r, k) depending on r and k.
Now the uniform boundedness of the moments and the Holder inequality together
imply that for any sequence (P, ..., Px),

1 1
Bla(P) - an(Pll < [Elan(POI]" - [Blan (POl < 5)
Consequently, taking account of the relation r < g, we get

o
wal 1 =o(1).
2

1

e > Y Efan(P) .. an(P] = C -
02 nePk), (Pry.n, Pr)ES (1) n
#n<%

Combining the calculations in the first and the second case, we can conclude that

lim ~E [tr (X5)]

n—oo n

ig > Y. Ela(P)-...-an(P)],

n 7E€P(k), (Py.....Pt)ESy ()

#n=7

if the limits exist.
Now consider the case where k is odd. Since then the condition #7 = % cannot
be satisfied, the considerations above immediately yield

1 X
Jim -~ [tr (X})] = 0.
It remains to cope with even k. Denote by PP(k) C P(k) the set of all
pair partitions of {1,...,k}. In particular, #7 = % for any m € PP(k). On
the other hand, if #7 = % but 7 ¢ PP(k), we can conclude that 7 has
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at least one equivalence class with a single element and hence, as in the first case,
the expectation corresponding to the s-consistent sequences will become zero.
Consequently,

lim ~E [tr (X5)]

n—00

= lim ! Z Z Ela,(Py) ... a,(Py)],

n—o0 ,1+4%
nE€PP k) (Py,....PL)ESy ()

if the limits exist. We have now reduced the original set P (k) to the subset PP (k).
Next we want to fix a w € PP (k) and cope with the set S, (7).

Lemma 3.1 (cf. [6], Proposition 4.4.). Ler S (w) C S, () denote the set of n-
consistent sequences (Py, ..., Py) satisfying

i~z ] =— qi—Ppi=pj—4q;

foralli # j. Then, we have

#(Su(O\S; (1) = 0 (n' 7).

Proof. We call apair (P;, P;) withi ~ j,i # j,positiveifqi—p; =q;j—p; >0
and negative if ¢; — p; = q; — p; < 0. Since Zﬁ;l qi — pi = 0 by consistency,
the existence of a negative pair implies the existence of a positive one. Thus, we
can assume that any sequence (Pi,..., Px) € S,(w)\S,; (7) contains a positive
pair (P;, P,). To fix such a sequence, we first determine the positions of [ and m
and then, we fix the signs of the remaining differences ¢; — p;. The number of
possibilities to accomplish that depends only on k and not on n. Now we choose
one of n possible values for p;. In a next step, we fix the values of the differences
|g: — pi| for all P; except for P; and P,,. We have n%_l possibilities for that, since
7 is a pair partition and for any i ~, j it holds that |p; — ¢;| = |p; — q;| by
definition. Then, Zf:l qi — pi = 0 implies that

k
0<2(qi=p)=q —pi+Gm—pmn= Y Pi—4qr
i=1,
i#lm

Since we have already chosen the signs of the differences as well as their
absolute values, we know the value of the sum on the right hand side. Hence,
the difference ¢; — p1 = ¢qm — pm is fixed. We now have the index p;, all
differences |g; — pi|,i € {1,...,k}, and their signs. Thus, we can start at P; and
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go systematically through the whole sequence (P, ..., Py) to see that it is uniquely
determined. Consequently, our considerations lead to

k

#(S,00\S; () < C-nt =0 ('+F).

As a consequence of Lemma 3.1 and relation (5), we obtain

lim ~E [tr (X5)]

n—oo n

—m—— Y Y El(P)ean(P).

n—o0 ,l1+%
n€PP(k) (Pr.....Pr)ES¥ ()

if the limits exist.

We call a pair partition & € PP (k) crossing if there are indices i < j <[ <m
withi ~, [ and j ~, m. Otherwise, we call w non-crossing. The set of all non-
crossing pair partitions is denoted by N'PP (k).

Lemma 3.2. For any crossing m € PP(k)\NPP(k), we have

Z E[an(Pl)-...-a,,(Pk)]=0(n%+1).

(P ,...,Pk)ES,;k(ﬂ)

Proof. Let m be crossing and consider a sequence (P, ..., Px) € Sy (). Note that
ifthereisan/ € {1,...,k} with! ~, [ + 1, where k + 1 is identified with 1, we
immediately have

a,(P1) = a,(P+1),

since ¢; = p;4+1 by consistency and then p; = g;4; by definition of S (;). In
particular,
Ela,(P) - an(Pi+1)] = 1.

The sequence (P, ..., Pi—1, Pi+2, ..., Px) is still consistent because of the relation
qi—1 = pI = qi+1 = pi+2. Since there are at most n choices for g; = p;+1, it
follows

#S* () < n-#S*¥xW),

where 7 € PP(k — 2)\NPP(k — 2) is the pair partition induced by 7 after
eliminating the indices / and / + 1. Let r denote the maximum number of pairs of
indices that can be eliminated in this way. Since 7 is crossing, there are at least two
pairs left and hence, r < % — 2. By induction, we conclude that

#S* () <n" - #S* (@),
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where now 7" € PP(k — 2r)\N'PP(k — 2r) is the still crossing pair partition
induced by 7. Thus, we so far have

Yo [Ela(P) .. an (PO

(P1,..., Pk)GSn*(ﬂ)

<n 3 )]E [an(Pl(r)) . .an(Pk("))]) .

P, P VeSEE™)

(6)
Choose i ~, i + j such that j is minimal. We want to count the number
of sequences (P\”,..., P\, ) € §*(x) given that p\” and %(142 ; are fixed.

Therefore, we start with choosing one of n possible values for qi(r). But then, we
can also deduce the value of

rn _ 0 (r) (r)
Pit; =4; —Di T4y
Since j is minimal, any element in {i 4+ 1,...,i + j — 1} is equivalent to some
element outside the set {i,...,i 4+ j}. There are n possibilities to fix P,.(:_)l as

pi(:fl = ql-(r) is already fixed. Proceeding sequentially, we have n possibilities for

the choice of any pair P’ with [ € {i +2,...,i + j — 2} and there is only one
choice for Pi(j_) j—1 since 61,(2 o1 = p,(:z ; 1s already chosen. For any other pair that
has not yet been fixed, there are at most n possibilities if it is not equivalent to one
pair that has already been chosen. Otherwise, there is only one possibility. Hence,

assuming that the elements pi(") and %(142 ; are fixed, we have at most

P— k_,_; k_,_
n.nj 2.}12 r ]:nZ r—1

possibilities to choose the rest of the sequence (Pl(r), el Pk(r_)zl,) € S,
Consequently, estimating the term in (6) further, we obtain

Y Efan(P) ... an(PO)|

(P1,....,PL)ES ()

D S |
PP YesF™)

n

L (r) (r)
=n2 Z C(|qi:-j - pir )
r) (r)

i g =1

n—1

=Cont Y e =o(n'*h),

=0

-
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since ZZ;(I) c(t) = o(n) by condition (C4) and Remark 2.1 (ii). |

Lemma 3.2 now guarantees that we need to consider only non-crossing pair
partitions, that is

lim ~E [tr (X5)]

n—oo n

Sim = Y Y Ela)-al,

2 XeNPPK) (Pr....P)ESH ()

if the limits exist.

Lemma 3.3. Let 1 € NPP(k). For any (Pi,..., P;) € S¥(x), we have

Efa,(P1) ... -an(Pp)] = 1.

Proof. Letl < m with m ~, [. Since 7 is non-crossing, the number / — m — 1
of elements between [/ and m must be even. In particular, there is [ <i < j <m
withi ~; j and j =i + 1. By the properties of S, we have a,(P;) = a,(P;),

and the sequence (Py,..., P;,..., Piy, Piyo,..., Py,..., Py) is still consistent.
Applying this argument successively, all pairs between / and m vanish and we see
that the sequence (P, ..., P;, Py, ..., Py) is consistent, that is ¢; = p,. Then, the

identity p; = ¢, also holds. In particular, a,,(P;) = a,(P,,). Since [, m have been
chosen arbitrarily, we obtain

Elay(P1)-...-an(P)] = [ Elan(P) - an(Pn)] = 1.

l<m
I~m

It remains to verify
Lemma 3.4. For any r € NPP(k), we have

. #SY(m)
lim =

n—»o0o n%+l

1.

Proof. To calculate the number of elements in S (), first choose P;. There are
n? possibilities for that choice. If 1 ~, 2, then P, is uniquely determined since
P2 = ¢ and by definition of S} (), g2 = p;. If 1 5, 2, then there are n — 1
possibilities to fix P,. Proceeding in the same way, we see that if i € {2,...,k}
is equivalent to some element in {1,...,i — 1}, there is always only one value P;
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can take. Otherwise there are asymptotically n choices. The latter case will occur
exactly ’% — 1 times. In conclusion,

k_ K
#S¥(m) ~n*-n27 = plta,

Lemmas 3.3 and 3.4 now provide that

lim LE [tr (XE)]

n—oon
, 1
= lim — > Y Elan(Py)- ... an(Po)]
N2 2eNPPK) (Py.....P)ESH ()
1
= lim — > #S¥(w) = #NPP(k).
TR L eNPPK)

Since the number of non-crossing pair partitions #NPP(k) equals exactly
the Catalan number Cx, we can conclude that the expected empirical spectral
distribution of X, tends to the semi-circle law. This is the asserted convergence
in expectation.

It remains to deduce almost sure convergence. Therefore, we want to follow the
ideas of [6]. To this end, we need

Lemma 3.5. Suppose the conditions of Theorem 2.2 hold. Then, for any k,n € N,

E[(tr (%)) — E[ir (X})])'] = € -

Proof. Fix k,n € N. Using the notation

P=(P,....P) = ((pr.q1) .. (P2 qi)),  an(P) = an(P1) - ...~ an(Py),

we have that
E [ (or (X5) — B [or (X5)]) ]
:n% 3 » E[li[(an(P(j))—E[an(P(j))])]. )

70, a@ePk) POeS,(x0).i=1..4 J=I

Now consider a partition 7« of {1,...,4k}. We say that a sequence
(PD, ..., P™W)is m-consistent if each P i = 1,...,4,is a consistent sequence
and
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a1 = 7’| = lai’ = piP| = I+ G =Dk~ m+( =Dk
Let S, (7) denote the set of m-consistent sequences with entries in {1, ..., n}. Then,
(7) becomes

E[ (X} - E[oX!])’)

4

:n% 3 > B[ [T@®)-ElaeE))] ®

T €P(4k) (PO ... PH)eS, (r) j=1

We want to analyze the expectation on the right hand side. Therefore, fix a & €
P(4k). We call & a matched partition if

(1) Any equivalence class of m contains at least two elements and
(i) Foranyi € {1,...,4}thereisa j #iand/,m € {1,... k} with

I+ (G —Dk ~x m+(j — k.

In case & is not matched, we can conclude that

4

3 E[H (an(PY) —E[an(P(“)])] - 0.

(PD ... . PH)eS, () j=1

Thus, we only have to consider matched partitions to evaluate the sum in (8).
Let & be such a partition and denote by r = #m the number of equivalence classes
of 7. Note that condition (i) implies r < 2k. To count all x-consistent sequences
(PD, ..., P®), we first choose one of at most n” possibilities to fix the r different

equivalence classes. Afterwards, we fix the elements pil), e, p§4) , which can be

done in n* ways. Since now the differences |ql(i) — p,(i) | are uniquely determined by
the choice of the corresponding equivalence classes, we can proceed sequentially to

see that there are at most two choices left for any pair P,(i) . To sum up, we have at
most
2 b — O

possibilities to choose (P, ..., P™®).If now r < 2k — 2, we can conclude that
#S,(m) < C -n*+2, )

Hence, it remains to consider the case where r = 2k — 1 and r = 2k, respectively.

To begin with, let r = 2k — 1. Then, we have either two equivalence classes
with three elements or one equivalence class with four. Since & is matched, there
must existan i € {1,...,4}andan/ € {1,...,k} such that P,(’) is not equivalent
to any other pair in the sequence P ). Without loss of generality, we can assume
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that i = 1. In contrast to the construction of (P, ..., P™®) as above, we now alter
our procedure as follows: We fix all equivalence classes except of that P,(l) belongs

to There are n"~! possibilities to accomplish that. Now we choose again one of

n* possible values for p(l) ...,p§4) Hereafter, we fix q(l) m=1,...,] —1,and

(1)
Py
Each of these steps leaves at most two choices to us, that is 2¢~! choices in total. But
now, P[(l) is uniquely determined since p[( = ql(l)l and q(l) = pl(izl by consistency.
Thus, we had to make one choice less than before, implying (9).

Now, let r = 2k. In this case, each equivalence class has exactly two elements.

Since we consider a matched partition, we can find here as well an / € {1,...,k}

then start from qk = pll) to go backwards and obtain the values of p(l) e

such that P,(l) is not equivalent to any other pair in the sequence P ). But in addition
to that, we also have an m € {1,...,k} such that, possibly after relabeling, P,ilz) is
neither equivalent to any element in P! nor to any other element in P®. Thus, we
can use the same argument as before to see that this time, we can reduce the number
of choices to at most C -n” T2 = C -n**2_In conclusion, (9) holds for any matched
partition x. To sum up our results, we obtain that

E[ (X~ E[uX!])]

1 .
= — 3 3 “‘[ W(PY)—E[a (Pm)])]
n€771(411§)d(P(1) ..... P@W)eS, () j=

< C -n?

= 3

~

which is the statement of Lemma 3.5. O

From Lemma 3.5 and Chebyshev’s inequality, we can now conclude that for any
k L
—uX, —E| —trX]
n

e >0andanyk,n € N,
1 C
P > < .
(n 8)_54}12

Hence, the convergence in expectation part of Theorem 2.2 together with the Borel-
Cantelli lemma yield that

1
lim —trXf =F [Yk ] almost surely,

n—00

where Y is distributed according to the standard semi-circle law. In particular, we
have that, with probability 1, the empirical spectral distribution of X, converges
weakly to the semi-circle law. This finishes the proof of Theorem 2.2.

Theorem 2.4 can be proved along the lines of the proof of Theorem 2.1.21 in
[2]. Indeed, by a result of Hoffman and Wielandt for any two symmetric n X n
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matrices A and B and their ordered eigenvalues )Vl* <...< Aﬁ and A]f <...< Af,
respectively, it holds

> — AP < (A - B

i=1
Since for random matrices the right hand side just depends on the second moments
of the entries of A and B, this bound can be used to establish a truncation technique
and first show a semicircle law in probability for the truncated matrices (as above)
and then extend it to matrices satisfying (C1’). For details we refer to the proof of
Theorem 2.1.21 in [2].

4 Examples

4.1 Gaussian Processes

Let {a(p,p+7r),peN}, r € Ny, be independent families of stationary
Gaussian Markov processes with mean 0 and variance 1. In addition to
this, we assume that the processes are non-degenerate in the sense that
Ela(p,p +1)lalg,q +71),q < p—1] # a(p, p + r). In this case, the conditions
of Theorem 2.2 are satisfied. Indeed, for fixed r € Ny and any p € N, we can
representa, := a(p, p +r) as

P
ap = Xp § :YJ'gj’
Jj=1

where {E j} is a family of independent standard Gaussian variables and
Xp,Y1,...,Yp € R\ {0}. Then, we obtain

Xp+t
c(zr) :=|Cov(a,,apic)| = re
P
implying ¢(z) = c¢(1)" for any 7 € Ny. By calculating the second moment of

ay = X226 + Cov(ay,az)a;, we can conclude that ¢ (1) < 1. Thus, condition (C4)
is satisfied for any ¢ > 0.

4.2 Markov Chains with Finite State Space

We want to verify that condition (C4) holds for stationary N -state Markov chains
which are aperiodic and irreducible. Let { Xx, k € N} be such a Markov chain on the
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state space S = {s1, ..., sy} with mean 0 and variance 1. Denote by 7 its stationary
distribution. In [13], Theorem 4.9, it is stated that for some constant C > 0 and some
a € (0,1),

max }|P(Xk =5 | X1 =s;)—n()| <Cd™", keN

i,j€{l,N
In particular, we obtain

N
ICov(Xi, X)| = | D sis; (P(Xe =i | X1 = 57) — 7(i)) m(j)| < Ca* .

ij=1

Thus Cov(Xk, X1) decays exponentially to 0 as k — oo and condition (C4) is
satisfied.

4.3 Fractional Brownian Motion

We want to consider a stochastic process that exhibits long-range dependence but
satisfies condition (C4) nevertheless. To this end, consider fractional Brownian
motion (B/?), with Hurst parameter (or index) H. Recall that B/ is a continuous
stochastic process, starting in 0, obeying EB/! = 0 for all 7 and

1
Cov(BH,BH) = E(IZH + 52— — 5.

In particular,
V(B/) =

implying that for Hurst parameter H = % the process is a Brownian motion. A
standard reference for fractional Brownian motion is the textbook by Samorodnitsky
and Taqqu [15], Chap. 7.

Now for each diagonal, we take independent fractional Brownian motions with
index H € (0, 1) and for the entries { Xy, k € N} on a (fixed) diagonal, we take the
integer times of fractional Gaussian noise, i.e. Xy = B,f — B,f_l. Thus the { X, k €
N} are stationary with mean zero and variance one. Using the above covariance
formula it can be further shown that for H # 1/2,

Cov(Xi41, X1) = = ((k + D =227 + (k — 1)*") ~ HQH — 1)k*" 2,

=

as k — oo (cf. [7], Proposition 3.1). Hence, condition (C4) is satisfied. In particular,
the sum Y72 |Cov(Xy+1, X1)| diverges if 1/2 < H < 1 implying that we have a
long-range dependence.
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1 Introduction

In this note we describe some results obtained jointly with F. Gotze in the
last 10 years. We consider limit theorems for Wigner matrices (Wigner matrix
means symmetric real matrix or Hermitian matrix with independent entries up to
symmetry), limit theorems for sample covariance matrices and limit theorems for
powers and products of independent Ginibre-Girko matrices (that means matrices
with all independent entries without any symmetry). We consider results about
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the rate of convergence to the semi-circular law and Marchenko—Pastur law for
the empirical spectral distribution function of Wigner matrices and of sample
covariance matrices, respectively. For Girko—Ginibre matrices and their powers
and products we discuss the results on convergence to the limit distributions. We
consider also random matrices with dependent entries and describe Stein’s method
for random matrices with some martingale structure of dependence of entries.

2  Wigner Matrices

Let X i (1 < j <k < n)beindependent random variables (possibly complex) with
EXjx = 0 and E|Xx|*> = 1, defined on the same probability space {Q2, R, P}. We
define the Hermitian (symmetric in real case) matrix X with entries [X] ;x = \/LEX Jk
for 1 < j < k < n. Consider the eigenvalues of the matrix X denoted in non-
increasing order by A; > --- > A, and define the empirical spectral distribution
function of this matrix as

R = Y T <,
i=1

where [{A} denotes indicator of the event A. Introduce also the expected spectral
distribution function F,(x) := EF,(x) of matrix X. Wigner [39] considered the
symmetric random matrix X with entries X ;; = &1 with probability % and proved
that
A, :=sup|F,(x) — G(x)] >0, as n — oo, (1)
X

where G(x) is the distribution function of the semi-circular law with the density
G'(x) = ﬁ\/ 4 — x2I{|x| < 2}. This problem has been studied by several
authors. Wigner’s result [39] was extended later to different classes of distributions
of random variables X ;. In particular, Wigner in [40] proved that (1) holds for
symmetric random matrices with sub-Gaussian entries. (A random variable £ is
called subgaussian random variable if there exists a positive constant 8 > 0 such
that P{|§| > x} < exp{—PBx?} for any x > 0.) Later it was shown that the semi-
circular law (the statement (1)) holds under the assumption of Lindeberg condition
for the distributions of matrix entries, i €.,

1 n n
L(r) = — DO EIX I X k| = tv/n} —> 0 asn — oo, 2)
j=lk=j

for any T > O (see, e.g., [16]). It was shown also that under the same assumptions

AY :=sup|F,(x) —G(x)| = 0 in probability as n — oo. 3)
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We have investigated the rate of convergence in (1) and (3). This problem has
been studied by several authors. In particular, Bai [5] proved that A, = O(n_%)
assuming that sup, _; I[?,|Xjk|4 < M4 < oo. Later Bai et al. [9] under the condition
that sup; ;<4 E|X;k|® < Mg < oo proved that A, = O(n_%) and EA} =
O(n_%). Girko [18] proved that A, = O(n_%) assuming sup; _; E|Xk|* <
My < oo. A very interesting result was obtained recently by Erdos et al. in [13]. It
follows from their results that for random matrices whose entries have distributions
with exponential tails, i.e., P{|X x| > t} < Aexp{—t*} for some A, » > 0, the
following holds

P{A; < cn—l(logn)“nm"} > 1 = C exp{—(logn)° "} &)

with some positive constants C and ¢ depending on A4, x only.
We state the results obtained jointly with F. Gotze in several theorems below.

Theorem 2.1 (Gotze and Tikhomirov [20]). LetEX ; =0
and E|X ji|> = 1. Let

sup IE|Xjk|4 < M, < oo. 5)
1<j<k

Then there exist a numerical constant C > 0 such that

1
Ay <CMZn3. (6)
If in addition
sup E|X k| < Myp < oo,
1<j=<k
then 1
EA* < CM{n™7. )

Assuming instead of (5) the condition (8) below, we have obtained the following
result.

Theorem 2.2 (Tikhomirov [37]). Let X j; be independent random variables with
EX jx = 0and E|X jx|* = 1. Assume that for some 0 < § < 2 the following relation
holds
sup ]ElXjkl2Jr5 =: Mr4s < 0. ®)
1<j<k
Then there exists a numerical C > 0 such that

(=84

.
M2+b'
2448
An=C—— :
n2ts

where (1 — §); = max{l —§,0}.
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Under stronger assumptions on the distribution of X j; we get bounds for A, of order
O(n_%_”) with some positive y > 0. In particular, in the paper of Bobkov et al.

[13] we consider random variables X ;; with distributions satisfying a Poincaré-
type inequality. Let us recall that a probability measure 1 on RY is said to satisfy
a Poincaré-type, PI(c?), or a spectral gap inequality with constant o if for any
bounded smooth function g on R? with gradient Vg

Var(g) < o2 /Rd |Vgl?dpu, )

2
where Var(g) = [p. g2dp — (f]Rd gd,u) .

Theorem 2.3 (Bobkov et al. [13]). If the distributions of X;i’s satisfy the
Poincaré-type inequality P1(c?) on the real line, then

Ay <CnP,
where the constant C depends on o only. Moreover,
EAY < Cn™?log’(n + 1).
For any positive constants o > 0 and » > 0 define the quantities
lyo :=logn (loglogn)® and B, := (l,,,a)%Jr%. (10)

The best known result for the rate of convergence in probability to the semi-circular
law is the following:

Theorem 2.4 (Gotze and Tikhomirov [28]). Let EX;; = 0, ]EXJ2 = 1. Assume
that there exist constants A and »x > 0 such that

P{Xjk| = 1} < Aexp{—1"}, (11)

forany 1l < j <k < nandanyt > 1. Then, for any positive « > 0 there exist
positive constants C and ¢ depending on A and »x and o only, such that

]P’{ sup | F(x) — G(x)| > n_lﬂﬁ} < C exp{—clyq}.

Remark 2.5. In the result of (4) [13] A} = Op(n~'(logn)©0°elem) In our result
Ax = Op(n~'(logn)°M).

Remark 2.6. If X belongs to Gaussian Unitary Ensemble (GUE) [23] or Gaussian
Orthogonal Ensemble (GOE) [38] then there exists an absolute constant C > 0 such
that

A, <Cn7". (12)
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3 Sample Covariance Matrices

In this section we consider the so called sample covariance matrices and their
generalization. Let X be rectangular matrices of order [n x p] with independent
entries (possible complex) X i, j = 1,...,n; k = 1..., p. We shall assume that
EX;x = 0 and E|X;x|> = 1. Consider the matrix W = 1XX*. Such matrices
are called sample covariance matrices and they were first considered in 1928 by
Wishart [41]. He obtained the joint distribution of entries of the matrix W as X ¢
are standard Gaussian random variables. We shall be interested in the asymptotic
distribution of the spectrum of the matrix W. Note that the matrix W is semi-positive
definite and its eigenvalues are non-negative. Denote the eigenvalues of the matrix
W in decreasing order by sf > > s,f > 0. (Note that the numbers s1,...,s,
are called singular values of matrix «/LEX') Define the empirical spectral distribution

function of the matrix W by the equality
1 n
H(x) =~ Zlﬂ{sﬁ < x}. (13)
i=

Let H,(x) be the distribution function with the density

(b—x)(x—a)

H! =
y () 2mxy

1
+0- ;)+80(x), (14)

where a = (1 — /y)% b = (1 + /¥)* and §,(x) denotes Dirac §-function, a4 =
max{a, 0} for any real a. This distribution is called Marchenko—Pastur distribution
with parameter y. Assuming that p = p(n) where lim, o, 2 = y, and assuming
the moment condition (5), Marchenko and Pastur [29] have shown that there exists

Jim B, (x) = H,y (x), 15)

The result of Marchenko—Pastur was improved by many authors. As a final result
we have the following Theorem.

Theorem 3.1. Let the random variables X, 1 < j < n, 1 < k < p be
independent for any n > 1 and have zero mean and unit variance. Assume that
p = p(n) such that lim,_s % = y. Further suppose that the Lindeberg condition
holds, i.e.,

1 &
Lu(r) = — 3 ) EX P X ] = t3/n} — 0,

j=lk=1

forany © > 0. Then

sup [EH, (x) — Hy(x)| = 0, as n — oo.
X
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Moreover, Hy(x) converges to the Marchenko—Pastur distribution in probability.

The proof of this result may be found in [8]. We have investigated the rate of
convergence of the expected and empirical spectral distribution function of sample
covariance matrix to the Marchenko—Pastur law. This question was considered also
in the papers of Bai [6], and in Bai and co-authors [10]. Bai et al. in [10] and
independently Gotze and Tikhomirov in [21] established the bound of the rate of
convergence in Kolmogorov distance A, = sup, |EH,(x) — H,(x)| = O(n_%),
assuming that

max E| X x|® < C (16)

Jk=>1

for some positive constant C > 0 independent of n. G6tze and and Tikhomirov [21]
proved as well that AY = Esup, |H,(x) — Hy(x)| = on~2), assuming

max E| X x|"? < C (17)
k=1

for some positive constant C > 0 independent of n. Somewhat later these bounds
were improved in the paper of Gotze and Tikhomirov [26] and in the paper of
Tikhomirov [36]. We formulate the following result.

Theorem 3.2. Let the random variables X, 1 < j < n, 1 < k < p be
independent for any fixed n > 1 and have zero mean and unit variance. Assume
that p = p(n), where % =y < 1. Let for some 0 < § <2

. 2448
M2+5 .= sup E|Xjk| < Q.
Jik.n

Then there exist a positive constant C = C(8), depending on § only , such that

8 .
A, < CMFn~%5. (18)

The bound (18) for § = 2 was obtained in [26], the bound for the case 0 < § < 2 in
[36]. The question about optimality of the above mentioned bounds is still open.
But assuming that the random variables X ;; are independent standard complex
Gaussian random variables (so-called Laguerre unitary ensemble) the optimal bound
of the rate of convergence of the expected spectral distribution of the matrix W
was obtained. It turns out that A, = O(n~!), which was proved by Gétze and
Tikhomirov [23]. Recall that the distribution of a random variable X has so-called
exponential tail means that there exist constants A > 0 and x > 0 such that

P{|X| >t} < Aexp{—t"}. 19)

Assuming that the entries of the matrix X have distribution with exponential tails,
Gotze and Tikhomirov have proved in [27] that
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P{ sup [, (x) = Hy ()] > n' 2} < C exp{—clpal. (20)

for any « > 0. Here §, and [, , were defined in (10). The constants C > 0 and
¢ > 0 depend on A4, x and o only. It would be interesting to extend the results
about sample covariance matrices to more general situations. First we consider the
singular values of powers of random matrices. And then we consider the asymptotic
distribution of singular values of products of independent random matrices.

3.1 Powers of Random Matrices

LetX = (X jk);’.’ ¢— be a square random matrix of order # with independent entries

such that EX;; = 0 and E|X;%|*> = 1. In this section we shall investigate the
asymptotic distribution of the singular values of the matrix W = n~2 X" or the
eigenvalues of the matrix V.= WW*. For m = 1 it is the case of sample covariance
matrix with parameter y = 1. Denote by S12 > .= sﬁ the eigenvalues of the
matrix V. (Note that s; > ... > s, are the singular values of the matrix W.) Let

M) = - 3 st < ) e
i=1

denote the empirical spectral distribution function of the matrix V. Let FC(k,m) =
pm kl T (mkk+k) denote the kth Fuss—Catalan number with parameter m, for k >
1. These numbers are the moments of some distribution which we denote by
H ™ (x). It is well known that the Stieltjes transform of this distribution, s (z) =

/ XL_ZdH (M) (x), satisfies the equation

1+ 25" (2) + (=) T (s )+ = o,

In the joint papers of Alexeev et al. [2] and [1] the following was proved:

Theorem 3.3. Let random variables X ji be independent for any fixed n > 1 and
forany 1 < j k < n. Assume that EXjx = 0 and E|X jx|*> = 1 forany j.k > 1
and

sup E|Xx|* < C, (22)
jk>1

for some positive constant C > 0. Assume also that for any T > 0

n

1
Ly() = — > EIXj*HIX k| = tv/n} -0 asn — oo. (23)
jk=1

Then
lim sup [EH") (x) — H™(x)| = 0. (24)
n—o0o0
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For the proof of this result we use the method of moments, see [2]. The proof of
Theorem 3.2 by the method of Stieltjes transform is given in [4].

3.2 Product of Random Matrices

Let m > 1 be a fixed integer. For any n > 1 consider an (m + 1)-tuple of integers
(pos -, pm) wWith pg = n and p, = p,(n) forv =1,...,m, such that

lim —— =y, € (0, 1]. (25)
n—00 pv(n)

Furthermore, we consider an array of independent complex random variables

X](Z) 1<j<py-1,1<k<p,v=1,...,mdefined on a common probability
2

space {2, F,,, P} with EX;V) = 0and IE|XJ(1;{)| = 1. Let X) denote the p,—; x p,

matrix with entries [X(”)]jk = Lx" for1 <j < po-1,1 <k < p, The

N/ L
random variables X](Z) may depend on n but for simplicity we shall not make this
explicit in our notations. Denote by s; > ... > s, the singular values of the random
matrix W := [/, X® and define the empirical distribution of its squared singular

values by
n

H™ (x) = %Zﬂ{skz < x}.

k=1
We shall investigate the approximation of the expected spectral distribution
HY"(x) = EH"™ (x) by the distribution function Hy(x) which is defined by its
Stieltjes transform sy(z) in the following way:

L+ 25y@) — 5y [ (1 =y — 218y (2)) = 0, (26)
=1

where 0 < y; < 1.

Remark 3.4. Inthe case y; = y, = --- = y,, = 1 the distribution Hy has moments
M(k,m) = FC(k,m). The Stieltjes transform of the distribution Hy (x) satisfies in
this case the equation

14+ 2z5(z) + (=)™ Tls(x)" ! = 0.

The main result of this subsection.

Theorem 3.5. Assume that condition (25) holds. Let IEXJ(Z) =0, E|X;Z)|2 =1
Suppose that the Lindeberg condition holds, i.e.,
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1 Pv—1 Dv

)2
> > EIX Lx®pseymy =0 asn— o0, 27)
j=1k=1

L,(tr) := max

forany © > 0. Then

lim sup |H™ (x) — Hy(x)| = 0.
n—>00

Remark 1. For m = 1 we get the well-known result of Marchenko-Pastur for
sample covariance matrices [29].

Remark 2. We see that the limit distribution for the distribution of singular values of
product of independent square random matrices is the same as for powers of random
matrices with independent entries, see [2].

The statement of Theorem 3.5 was published in [1] and a proof of this result is given
in [3].

4 Circular Law and Its Generalization

4.1 Circular Law

Let Xjx,1 < j,k < oo, be complex random variables with EX;; = 0 and
IE|X]~k|2 = 1. For a fixed n > 1, denote by Ay,..., A, the eigenvalues of the n x n
matrix
1
X: (Xn(j7k))’]1‘,k=17 Xl‘l(.]’k): _Xjk fOrl S.]vk fl’l, (28)

n

and define its empirical spectral distribution function by

Galxy) = D TiRe A} < v, Imid;) < ). 29)

J=1

We investigate the convergence of the expected spectral distribution function
EG, (x, y) to the distribution function G(x, y) of the uniform distribution in the
unit disc in R

The main results which was obtained in [19] is the following.

Theorem 4.1. Let X j; be independent random variables with

EXjx =0, EXjx*=1 and E|Xj*e(Xjk) < x,
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where (x) = (In(1 + |x]))'°*" for some n > 0. Then EG, (x, y) converges weakly
to the distribution function G(x, y) as n — oo.

We shall prove the same result for the following class of sparse matrices. Let
gjk, jok = 1,...,n denote Bernoulli random variables which are independent in
aggregate and independent of (X jk)’},k=l with success probability p, := P{ej; =

1}. Consider the matrix X© = Jn;T(SikXik)’}.k=l' Let A(lg), A9 denote the

(complex) eigenvalues of the matrix X®) and denote by G,gs) (x, y) the empirical
spectral distribution function of the matrix X® i e.

1 . & &
Gy (x.y) = ~ 3 I{Re{A} < x. Im{2f} < y}. (30)
j=1

Theorem 4.2. Let X j; be independent random variables with
EXjx =0, EXyl>?=1 and E|Xp|*e(Xx) < x,

where ¢(x) = (In(1 + |x]))"**7 for some n > 0. Assume that p;' = O(n'~?) for
some 1 > 6 > 0. Then IEG,(,S) (x, y) converges weakly to the distribution function
G(x,y)asn — oo.

Remark 4.3. The crucial problem of the proofs of Theorems 4.1 and 4.2 is to
find bounds for the smallest singular values s, (z) respectively s,(f) (z) of the shifted
matrices X —zI respectively X(®) —zI. These bounds are based on the results obtained
by Rudelson and Vershynin in [32]. In the version of paper [25] we have used the
corresponding results of Rudelson [31] proving the circular law in the case of i.i.d.
sub-Gaussian random variables. In fact, the results in [25] actually imply the circular
law fori.i.d. random variables with E| X j; |* < x4 < ooin view of the fact (explicitly
stated by Rudelson in [31]) that in his results the sub-Gaussian condition is needed
for the proof of P{||X|| > K} < C exp{—cn} only. This result was written by Pan
and Zhou in [30].

The strong circular law assuming moment condition of order larger than 2 and
comparable sparsity assumptions was proved by Tao and Vu in [33] based on their
results in [34] in connection with the multivariate Littlewood Offord problem. In
[35] Tao and Vu proved the circular law without sparsity assuming a moment
condition of order 2 only.

The investigation of the convergence of the spectral distribution functions of real
or complex (non-symmetric and non-Hermitian) random matrices with independent
entries has a long history. Ginibre in 1965, [14], studied the real, complex and
quaternion matrices with i.i.d. Gaussian entries. He derived the joint density
for the distribution of eigenvalues of matrix and determined the density of the
expected spectral distribution function of random matrix with Gaussian entries with
independent real and imaginary parts and deduced the circle law. Using the Ginibre
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results, Edelman in 1997, [12], proved the circular law for matrices with 1i.1i.d.
Gaussian real entries. Girko in 1984, [15], investigated the circular law for general
matrices with independent entries assuming that the distributions of the entries have
densities. As pointed out by Bai [7], Girko’s proof had serious gaps. Bai in [7] gave a
proof of the circular law for random matrices with independent entries assuming that
the entries have bounded densities and finite sixth moments. It would be interesting
to consider the following generalization of the circular law.

4.2 Asymptotic Spectrum of the Product of Independent
Random Matrices

Let m > 1 be a fixed integer. For any n > 1 consider mutually independent
identically distributed (i.i.d.) omplex random variables X](.Z) , 1 < jk < n,

2
v=1,...,m, with EX](.Z) = 0and E|X](Z)| = 1 defined on a common probability

space (2, F,,P). Let X) denote the n x n matrix with entries [X")];x = JLZX;Z),
for 1 < j,k < n.Denote by A{,...,A, the eigenvalues of the random matrix

w:=TI"_, X® and define its empirical spectral distribution function by

1 n
Falx,y) = FM(x,y) = ~ 3 HRe < x,ImAy <y},
k=1

where I{ B} denotes the indicator of an event B. We shall investigate the conver-
gence of the expected spectral distribution F,,(x, y) = EF,(x, y) to the distribution
function F(x, y) corresponding to the m-th power of the uniform distribution on the
unit disc in the plane R? with Lebesgue-density

o) = — 4y <1y

mm(x? + y?)

We consider the Kolmogorov distance between the distributions F,(x,y) and
F(x, ),
A, = sup|F,(x,y) — F(x,y)|.
x.y

We have proved the following.

Theorem 4.4. Let EX ) = 0, E|X )2 = 1. Then, for any fixedm > 1,

lim A, = 0.

n—o0

The result holds in the non-i.i.d. case as well.



306 A. Tikhomirov

Theorem 4.5. Let EX|) = 0, E[X[)]> = Lv = 1....m, j.k = 1.....n.

Assume that the random variables X ](Z) have uniformly integrable second moments,
i. e

max E[XVPH XY > M} -0 as M — . (31)
v,j.k.n J J
Then for any fixed m > 1,
lim A, =0.
n—o0

Definition 4.6. Let 11, (-) denote the empirical spectral measure of an n x n random
matrix X (uniform distribution on the eigenvalues of matrix X) and let u(-) denote
the uniform distribution on the unit disc in the complex plane C. We say that the
circular law holds for the random matrices X if Eu,(-) converges weakly to the
measure /(-) in the complex plane C.

Remark 4.7. For m = 1 we recover the well-known circular law for random
matrices [19, 35].

S Bounds on Levy and Kolmogorov Distance in Terms
of Stieltjes Transform

One of the first bounds on the Kolmogorov distance between distribution functions
via their Stieltjes transforms was obtained by Girko in [17]. Bai in [5] proved a
new inequality bounding the Kolmogorov distance of distribution functions by their
Stieltjes transforms. The proofs of Theorems 2.1-3.3 are based on a smoothing
inequality for the Kolmogorov distance between distribution functions in terms of
their Stielties transform. Recall that the Stieltjes transform Sr(z) of a distribution
function F(x) is defined by the equality

Sr(z) == /R Z_LxdF(x),

forall z = u + iv with u € R and v > 0. For any distribution functions F and G
define the Levy distance as

L(F,G):=inf{§ >0: F(x—8)—8 <G(x) < F(x+6)+46, forallx e R}.
(32)
In [13] the following result was proved.

Theorem 5.1. Let F and G be distribution functions. Given v > 0, let an interval
[, B] C R be chosen to satisfy G(a) < vand 1 — G(B) < v. Then
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L(F,G) < sup / (Sr(x +iv) — Sg(x +iv))dx
x€la—2v,p4+2v] ' /=00

+ 4v 4 50Im S (x + iv). (33)

The following corollaries are very important for applications.

Corollary 5.2 (Bobkov et al. [13]). Let F and G be arbitrary distribution func-
tions. With some universal constant ¢ > 0, for any vi > vy > 0,

cL(F,G) §v0+vosupImSg(x+ivo)+/ |Se(w~+ivy) — Sp(u+ivy)|du
R

x€R

vi
+ sup / [Se(x +iv) — Sp(x +iv)|dv, (34)
X€[a—2v,B4+2v] Jvg

where o < 8 are chosen to satisfy G(a) < vo, and 1 — G(B) < vo.

Corollary 5.3. If G is the distribution function of the standard semi-circular law,
and F is any distribution function, we have for all vy > vy > 0, up to some universal
constant ¢ > 0,

c||F — G| :=csup|F(x) — G(x)| <wo +/ [Se(m+ivi) — Sp(u+ivy)|du
R

x€R

Vi
+ sup / |Se(x +iv) — Sp(x +iv)|dv (35)
X€la—2v,+2v] Jvo

This result improved a similar inequality (2.4) in [20]. The main idea of such type
of inequalities belongs to F. Gotze. We consider the first integral in the right hand
side of (35) (“horizontal”) far from the real line. A distance from a real line in the
second integral (“vertical”) has an order O(n~" logn”) in one point only. To obtain
a bound of order O(n~" logn”) for A, we need some modification of the last result.

Lety = v4 — x2.

Theorem 5.4. Letv > 0 and a and € > 0 be positive numbers such that

1 1 3
o= —/ ———du="1, (36)
T Jjul<a U +1 4

and

2va < e\/y. (37)

If G denotes the distribution function of the standard semi-circular law, and F is
any distribution function, there exists some absolute constant ¢ > 0, such that
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o0
c|IF — G| < / ISp(u+iV) = Sgu+iV)|du+v+e?
o0

|4
+ sup / [SF(x +iu) — Sg(x + iu)|du, (38)
X€[a—2v,f+2v] JV

where a, B are defined in Theorem 5.2 and v' = v/ /7.

In the inequality (38) the right hand side is “sensitive” to the closeness of the point
x to the end points of the support of semi-circular distribution function.

6 Stein’s Method for Random Matrices

One of the more interesting direction of our joint work with F. Gotze was a
development of Stein’s method for random matrices. This idea belongs exclusively
to F. Gotze. The obtained results were published in several papers [22, 24, 25],
and we give a short review of them in this section. The goal of this review is to
illustrate the possibilities of Stein’s method for the investigation of the convergence
of the empirical spectral distribution function of random matrices. We consider
two ensembles of random matrices: real symmetric matrices and sample covariance
matrices of real observations. We give a simple characterization of both semicircle
and Marchenko-Pastur distributions via linear differential equations. Using con-
jugate differential operators, we give a simple criterion for convergence to these
distributions. We state also the general sufficient conditions for the convergence of
the expected spectral distribution functions of random matrices.

6.1 Real Symmetric Matrices

Let X, 1 < j <k < oo, be a triangular array of random variables with EX ;; = 0
and EXj?k = 07, andlet X;; = X, for1 < j < k < oo. For a fixedn > 1,
denote by A; < ... < A, the eigenvalues of a symmetric n X n matrix

1
Wo = Wa(Gk)ja=1> Wa(jk) = WXjkv forl <j <k =<n, (39)

and define its empirical spectral distribution function by

1 n
Falx) =~ > LA, < x}. (40)
j=1
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We investigate the convergence of the expected spectral distribution function,
F,(x) := EF,(x), to the distribution function of Wigner’s semicircle law.

Let g(x) and G(x) denote the density and the distribution function of the
standard semicircle law, i.e.

X

g0 = 3 VI— R I <2} G = / gdu. @1)

—00

6.2 Stein’s Equation for the Semicircle Law

Introduce a class of functions

Ciy={fR>R:feC'R\{-2,2);

1imyy |- 00| ¥/ (»)| < 00; lim sup 14— 2 f ()] < C}.

y—>=+

By C(R) we denote the class of continuous functions on R, by C'(B), B C R,
we denote the class of all functions f : R — R differentiable on B with bounded
derivative on all compact subsets of B. We state the following

Lemma 6.1. Assume that a bounded function ¢(x) without discontinuity of second
order satisfies the following conditions

@ (x) is continuous at the points x = +2 (42)
and )
/_pr(u)mmt = 0. (43)
Then there exists a function f € C%—Z,Z} such that, for any x # %2,
(4= x%) f'(x) = 3xf(x) = p(x). (44)

If o(£2) = O then there exists a continuous solution of (44).
As a simple implication of this Lemma we get

Proposition 6.2. The random variable & has distribution function G(x) if and only

if the following equality holds, for any function f € C%—z,z}’

E((4—£)f'(€) —3£f(§) = 0. (45)
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6.3 Stein Criterion for Random Matrices

Let W denote a symmetric random matrix with eigenvalues A; < A, < ... < A,.
If W = U 'AU, where U is an orthogonal matrix and A is a diagonal matrix, one
defines f(W) = U™! f(A)U, where f(A) = diag(f(A1)..... f(An)).

We can now formulate the convergence to the semicircle law for the spectral
distribution function of random matrices.

Theorem 6.3. Let W,, denote a sequence of random matrices of order n X n such

that, for any function [ € (C%—Z,Z}

1
—ETr(41, — W) f'(W,) — EETrWn f(W,) =0, asn—oco. (46)
n n

Then
A, :=sup|EF,(x) — G(x)| > 0, asn — oo. (47)
X

6.4 Resolvent Criterion for the Spectral Distribution Function
of a Random Matrix

We introduce the resolvent matrix for a symmetric matrix W and any non-real z,
R(z) = (W—z2D)7", (48)

where I denotes the identity matrix of order n X n.

Proposition 6.4. Assume that, for any v # 0,
1 PN 3

Ri(W)(z) := —ETr(41 — W*)R“(z) + —ETrWR(z) — 0, asn - o0  (49)
n n

uniformly on compact sets in C\R. Then

A, — 0, asn — oo. (50)

6.5 General Conditions of the Convergence of the Expected
Distribution Function of Random Matrices to the Semi
Circular Law

We shall assume that EX;; = 0 and 0}2,, = IEXJZ,,, for1 < j <[ < n.Introduce
o-algebras F/! = o{Xym: 1 <k <m <n, {k,m}y#{j,1}},1<j <l <n,and
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Fl=0{Xim:1<k<m<n, k#jandm # j},1 < j < n. We introduce as
well Lindeberg’s ratio for random matrices, that is for any 7 > 0,

1 & 5
Ln(0) = — 3 EXGhx, ey (51)
ji=1

Theorem 6.5. Assume that the random variables Xj;,1 < j <l <n, n > 1
satisfy the following conditions

E{X;|F/"y =0, (52)

1 .
gl =— Z EIE{X}|F/} =07 >0 as n— oo, (53)

1<j<i<n

there exists 6> > 0, such that

1
2 .— 2 2
e = — Z lof; =0l =0 as n— oo, (54)
l<j<l<n
and
for any fixed T > 0,
L,(t) >0 as n— oo. (55)
Then
A, =sup|EF,(x) —G(xo )| =0 as n— oo. (56)

Corollary 6.6. Let Xl(;)’ 1 <1 < j < n be distributed uniformly in the ball of the
radius /N in RN with N = @ , foranyn > 1. Then

A, =0, as n— oo. 67

6.6 Sample Covariance Matrices

Let Xjx,1 < j,k < oo, be random variables with EX ;; = 0 and EX]?k = cr]?k. For
fixedn > 1 and m > 1, we introduce a matrix n X m

X= (le)lslsn, l<j<m (58)
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Denote by A; < ... < A, the eigenvalues of the symmetric n X n matrix

1

W, = —XX7, (59)
p

and define its empirical spectral distribution function by
Fy(x) 1§n]1{/\<} (60)
X) = — i < Xx}.
n n =~ j =

We investigate the convergence of the expected spectral distribution function
EF, (x) to the distribution function of the Marchenko-Pastur law.

Let g,(x) and G4(x) denote the density and the distribution function of the
Marchenko-Pastur law with parameter & € (0, 00), that is

1 X
@ubjgwwwm—mnmmpcmm=/ gewdu,  (61)

—00

wherea = (1 — )2, b = (1 + Ja).

6.7 Stein’s Equation for the Marchenko-Pastur Law

Introduce a class of functions

(C%a’b} ={f:R—>R: feC(R\{a b))

(a —b)
4

limyyj 007/ (¥)] < 003 limsup |(

—b 4 atb
y

b
—0 =R m <

At first we state the following

Lemma 6.7. Let o # 1. Assume that a bounded function ¢(x) without discontinu-
ity of second order satisfies the following conditions

¢(x) is continuous in the points x = a,x = b (62)

and

b
/ o(u)go(u)du = 0. (63)

Then there exists a function f € (C%a py Such that, for any x #aorx #b,
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b
(v = )b = 0xf'(0) = 3x(x = 22) ) = (o). (64)

If p(a) = 0 (p(b) = 0) then there exists a continuous solution of the equation (64).

Proposition 6.8. The random variable £ has distribution function G (x) if and only
if the following equality holds, for any function f € (C;a’b},

b
B(E-06-08r© - 3E - 0/0) =0 69

6.8 Stein’s Criterion for Sample Covariance Matrices

Let W denote a sample covariance matrix with eigenvalues 0 < A; < A, < ... <
Ap. fW = UT'AU, where U is an orthogonal and A a diagonal matrix, one defines

f(W) =U"" f(A)U, where f(A) = diag(f(A1)..... f(An).
We can now formulate the convergence to the Marchenko-Pastur law for the
spectral distribution function of random matrices.

Theorem 6.9. Let W, denote a sequence of sample covariance matrices of order
. 1
n X n such that, for any function f € (C{u,b}

%ETr(Wn —al,) (b1, — W, )W, f'(W,)

_3Emw,w, — #In)f(w,,) 0, asn— oo.
n
(66)

Then
A, i=sup|EF,(x) — Gy(x)| = 0, asn — oo. (67)

6.9 Resolvent Criterion for Sample Covariance Matrices

Denote by R(z) the resolvent matrix for the sample covariance matrix W.

Proposition 6.10. Assume that, for any v # 0,
1
Rp(W)(2) :=—ETrW(W — al) (b1 — W)R?(z)
n

3 b
+ —ETr(W — %I)WR(z) — 0, asn — o0 (68)
n
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uniformly on compacts sets in C\R. Then

A, — 0, asn — oo. (69)

6.10 Convergence to the Marchenko-Pastur Distribution

We shall assume that EX;; = Oandcr[ = IEXJl,forl <j<nandl <] <m.

Introduce o-algebras F/! = 0{Xig 1 <k <n,1<q=<m, tk.q} #1{j1}},
l<j<nl<l<madF =o{X;;:1<j<nl1<s<ms#I}
1 <[ < m. We introduce as well Lindeberg’s ratio for random matrices, that is for
any T > 0,

La(t) = — ZZ]EXZ,JI{|X,,| > t/n}, (70)

j=1i=1
as well as the notation X( - = X K{|X ;| < t/n}—EX;I{|X/| < t/n}, E(I) :
E{X}t)‘]—'(ﬂ)} Introduce also the vectors X;” = (X{7.....X{))7 and | =
7. e

Theorem 6.11. Let m = m(n) depend on n, such that

m(n)

——>ot€(01) asn — oo. (@AY)

Assume that the random variables X;;,1 < j <n,1 <[ <m,
n,m > 1 satisfy the following conditions

E{X;|F/'} =0, (72)

1 m
e = — Y EIE{X}|F} =0} >0 as n— oo, (73)
j=li=1

there exists 6% > 0, such that

n m

1
e =— > > lof —o? = 0. (74)

j=11=1

(0= L3 S B[R~ B PO — B | o,
=1 j k=1

(75)
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el nW}ij E|E(E)? - BE

I=11<j#k=<n
X (€712 —EE)|FY - 0. asn — oo, 76)
and
L,(t) - 0, foranyfixedt >0, as n — oo. an
Then
A, = sup |EF,(x) — Go(xa )| -0 as n— oc. (78)

Remark 6.12. Note that condition (74) implies that

1
lim —ETrW, = ¢ < co. (79)

n—oo n

Corollary 6.13. Assume (71). Let, foranyn,m > 1, X,
1 <j<n,1=<1<m,beindependentand EX; = 0, EX?[ = o2, Suppose that,
for any fixed T > 0,

L,(t) =0, as n— oo. (80)

Then the expected spectral distribution function of the sample covariance matrix W
converges to the Marchenko-Pastur distribution,

A, = sup|EF,(x) — Go(xa™ )| = 0, as n— oo. (81)

Acknowledgements Alexander Tikhomirov partially was supported by SFB 701, by grants of
RFBR N 11-01-00310-a, N 11-01-122104-0fi-m-2011, and by Program of Basic Research of Urals
Division of RAS.

References

1. N. Alexeev, F. Gotze, A.N. Tikhomirov, On the singular spectrum of powers and products of
random matrices. Dokl. Math. 82(1), 505-507 (2010)

2. N. Alexeev, F. Gotze, A.N. Tikhomirov, Asymptotic distribution of singular values of powers
of random matrices. Lithuanian math. J. 50(2), 121-132 (2010)

3. N. Alexeev, F. Gotze, A.N. Tikhomirov, On the asymptotic distribution of singular values
of products of large rectangular random matrices. J. Math. Sci. 408, 943 (2012 (Zapiski
nauchnyh seminarov POMI (in Russia)). arXiv:1012.2586

4. N. Alexeev, F. Gotze, A.N. Tikhomirov, On the asymptotic distribution of the singular values
of powers of random matrices. Preprint, arXiv:1012.2743

5. Z.D. Bai, Convergence rate of expected spectral distributions of large random matrices.
I. Wigner matrices. Ann. Probab. 21(2), 625-648 (1993)

6. Z.D. Bai, Convergence rate of expected spectral distributions of large random matrices.
II. Sample covariance matrices. Ann. Probab. 21(2), 649-672 (1993)



316 A. Tikhomirov

7. Z.D. Bai, Circular law. Ann. Probab. 25, 494-529 (1997)

8. Z.D. Bai, Methodologies in spectral analysis of large-dimensional random matrices, a review.
With comments by G. J. Rodgers and Jack W. Silverstein; and a rejoinder by the author. Statist.
Sinica 9(3), 611-677 (1999)

9. Z.D. Bai, B. Miao, J. Tsay, Convergence rates of the spectral distributions of large Wigner
matrices. Int. Math. J. 1(1), 65-90 (2002)

10. Z.D. Bai, B. Miao, J.-F. Yao, Convergence rates of spectral distributions of large sample
covariance matrices. SIAM J. Matrix Anal. Appl. 25(1), 105-127 (2003)

11. S.G. Bobkov, F. Gotze, A.N. Tikhomirov, On concentration of empirical measures and
convergence to the semi-circle law. J. Theoret. Probab. 23(3), 792-823 (2010)

12. A. Edelman, The probability that a random real Gaussian matrix has k real eigenvalues, related
distributions, and circular law. J. Mult. Anal. 60, 203-232 (1997)

13. L. Erdos, H.-T. Yau, J. Yin, Rigidity of eigenvalues of generalized Wigner matrices. Adv.
Math. 229(3), 1435-1515 (2012) arXiv:1007.4652.

14. J. Ginibre, Statistical ensembles of complex, quaternion, and real matrices. J. Math. Phys. 6,
440-449 (1965)

15. V.L. Girko, The circular law. (Russian) Teor. Veroyatnost. i Primenen. 29(4), 669—-679 (1984)

16. V.L. Girko, Spectral theory of random matrices. (Russian) Uspekhi Mat. Nauk 40 1(241),
67-106 (1985)

17. V.L. Girko, Asymptotics of the distribution of the spectrum of random matrices. (Russian)
Uspekhi Mat. Nauk 44 4(268), 7-34, 256 (1989); translation in Russ. Math. Surv. 44(4), 3-36
(1989)

18. V.L. Girko, Extended proof of the statement: convergence rate of expected spectral functions
of the sample covariance matrix ﬁmn (n) is equal to O(n~'/?) under the condition % <c<l1
and the method of critical steepest descent. Random Oper. Stoch. Equat. 10(4), 351-405 (2002)

19. E. Gotze, A. Tikhomirov, The circular law for random matrices. Ann. Probab. 38(4),
1444-1491 (2010)

20. F. Gotze, A.N. Tikhomirov, Rate of convergence to the semi-circular law. Probab. Theor. Relat.
Fields 127, 228-276 (2003)

21. F. Gotze, A.N. Tikhomirov, Rate of convergence in probability to the Marchenko-Pastur law.
Bernoulli 10(3), 503-548 (2004)

22. F. Gotze, A.N. Tikhomirov, Limit Theorems for Spectra of Random Matrices with Martingale
Structure. Stein’s Method and Applications. Lect. Notes Ser. Inst. Math. Sci. Natl. Univ.
Singap., vol. 5 (Singapore University Press, Singapore, 2005), pp. 181-193

23. F. Gotze, A.N. Tikhomirov, The rate of convergence for spectra of GUE and LUE matrix
ensembles. Cent. Eur. J. Math. 3(4), 666-704 (2005)

24. F. Gotze, A. Tikhomirov, Limit theorems for spectra of positive random matrices under
dependence. Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 311, Veroyatn.
i Stat. 7, 92-123, 299 (2004); translation in J. Math. Sci. (N. Y.) 133(3), 1257-1276 (2006)

25. E. Gotze, A.N. Tikhomirov, Limit theorems for spectra of random matrices with martingale
structure. Teor. Veroyatn. Primen. 51(1), 171-192 (2006); translation in Theor. Probab. Appl.
51(1), 42-64 (2007)

26. F. Gotze, A.N. Tikhomirov, The rate of convergence of spectra of sample covariance matrices.
Teor. Veroyatn. Primen. 54(1), 196-206 (2009); translation in Theor. Probab. Appl. 54(1),
129-140 (2010)

27. F. Gotze, A.N. Tikhomirov, On the Rate of Convergence to the Marchenko—Pastur Distribution.
Preprint, arXiv:1110.1284

28. F. Gotze, A.N. Tikhomirov, The rate of convergence to the semi-circular law, in High Dimen-
sional Probability, VI. Progress in Probability, vol. 66 (Birkhaeuser, Basel, 2013), pp. 141-167.
arXiv:1109.0611

29. V. Marchenko, L. Pastur, The eigenvalue distribution in some ensembles of random matrices.
Math. USSR Sbornik 1, 457-483 (1967)

30. G. Pan, W. Zhou, Circular law, extreme singular values and potential theory. J. Multivariate
Anal. 101(3), 645-656 (2010). arXiv:0705.3773



Limit Theorems for Random Matrices 317

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

M. Rudelson, Invertibility of random matrices: norm of the inverse. Ann. Math. (2) 168(2),
575-600 (2008). http://arXiv:math/0507024.

M. Rudelson, R. Vershynin, The Littlewood—Offord problem and invertibility of random
matrices. Adv. Math. 218(2), 600-633 (2008). http://arXiv.org/abs/math.PR/0703307.

T. Tao, V. Vu, Random matrices: the circular law. Comm. Contemp. Math. 10(2), 261-307
(2008)

T. Tao, V. Vu, Inverse Littlewood-Offord theorems and the condition number of random
discrete matrices. Ann. Math. 169(2), 595-632 (2009). http://arXiv:math/0511215.

T. Tao, V. Vu, Random matrices: universality of ESDs and the circular law. With an appendix
by Manjunath Krishnapur. Ann. Probab. 38(5), 2023-2065 (2010)

A.N. Tikhomirov, On the rate of convergence of the expected spectral distribution function of
a Wigner matrix to the semi-circular law. Siberian Adv. Math. 19(3), 211-223 (2009)

A.N. Tikhomirov, The rate of convergence of the expected spectral distribution function of
a sample covariance matrix to the Marchenko-Pastur distribution. Siberian Adv. Math. 19(4),
277-286 (2009)

D.A. Timushev, A.N. Tikhomirov, A.A. Kholopov, On the accuracy of the approximation of
the GOE spectrum by the semi-circular law. (Russian) Teor. Veroyatn. Primen. 52(1), 180-185
(2007); translation in Theor. Probab. Appl. 52(1), 171-177 (2008)

E.P. Wigner, Characteristic vectors of bordered matrices with infinite dimensions. Ann. Math.
(2) 62, 548-564 (1955)

E.P. Wigner, On the distribution of the roots of certain symmetric matrices. Ann. Math. (2) 67,
325-327 (1958)

J. Wishart, The generalised product moment distribution in samples from a normal multivariate
population. Biometrika 20A(1-2), 32-52 (1928)


http://arXiv:math/0507024
http://arXiv.org/abs/math.PR/0703307
http://arXiv:math/0511215

	Preface
	Contents
	A Conversation with Friedrich Götze
	1 Early Days: A Talented Tinkerer
	2 A Wander-Student
	3 To the USA and Back
	4 Bielefeld
	5 Oberwolfach
	6 Relations with Eastern Europe
	7 German Reunification
	8 Visiting Committees
	9 Scientific Interests

	Part I Number Theory 
	Distribution of Algebraic Numbers and Metric Theory of Diophantine Approximation
	1 Introduction
	2 Distribution of Discriminants of Integral Polynomials
	2.1 Sketch of the Proof of Theorem 5
	2.2 Sketch of the Proof of Theorem 6

	3 Divisibility of Discriminants by Prime Powers
	4 Close Conjugate Algebraic Numbers
	5 On the Distribution of Resultants
	References

	Fine-Scale Statistics for the Multidimensional Farey Sequence
	References


	Part II Probability Theory
	On the Problem of Reversibility of the Entropy Power Inequality
	1 The Reversibility Problem for the Entropy Power Inequality
	2 A ``Difference Measure'' Inequality for Convex Measures
	3 Proof of Theorem 1.3
	4 Remarks
	References

	On Probability Measures with Unbounded Angular Ratio
	1 Introduction
	2 Results
	3 Proof of Theorem 2.1
	4 Discussion of Theorem 2.1
	5 Proof of Theorems 2.15 and 2.16
	References

	CLT for Stationary Normal Markov Chains via Generalized Coboundaries
	1 Introduction
	2 Contractions, Transition Operators and Markov Chains
	2.1 Some Notation
	2.2 Normal Contractions
	2.3 Unitary Part of a Transition Operator and Its Deterministic σ-Field
	2.4 Defect Operators and Defect Spaces of a Contraction

	3 Quasi-functions
	3.1 Quasi-functions: m-Functions and t-Functions
	3.2 Functions and m-Functions
	3.3 Functions and t-Functions

	4 The CLT
	References

	Operator-Valued and Multivariate Free Berry-Esseen Theorems
	1 Introduction
	2 Holomorphic Functions on Domains in Banach Spaces
	3 Matrix-Valued Spectra and Cauchy Transforms
	4 Multivariate Free Central Limit Theorem
	4.1 Setting and First Observations
	4.2 Proof of the Main Theorem
	4.3 Application to Multivariate Situation
	4.3.1 Multivariate Free Central Limit Theorem
	4.3.2 Estimates in Terms of the Kolmogorov Distance


	References

	A Characterization of Small and Large Time Limit Laws for Self-normalized Lévy Processes
	1 Introduction and Statements of Main Results
	1.1 Some Needed Technical Results

	2 Proofs of Theorems
	2.1 Proof of Theorem 1.2
	2.2 Proof of Theorem 1.1

	3 Proofs of Propositions 1.1 and 1.2 
	3.1 Proof of Proposition 1.1
	3.2 Proof of Proposition 1.2
	3.2.1 Comments on  Proofs of Propositions 3.1 and 3.2


	4 Appendix: Strictly Stable Bivariate Laws
	References


	Part III Statistics and Combinatorics
	A Nonparametric Theory of Statistics on Manifolds
	1 Introduction
	2 Asymptotic Distribution Theory for Fréchet Means
	3 Asymptotic Distribution of the Extrinsic Sample Mean on a Manifold
	4 Asymptotic Distribution of the Intrinsic Sample Mean and the Role of Curvature
	5 Nonparametric Inference on General Manifolds
	6 Geometry of Shape Spaces and Equivariant Embeddings
	6.1 Kendall's Similarity Shape Space Σmk
	6.1.1 Intrinsic Geometry of Σ2k
	6.1.2 Extrinsic Geometry of Σ2k Induced by an Equivariant Embedding

	6.2 Reflection Similarity Shape Space RΣmk, m>2
	6.3 Affine Shape Space AΣmk
	6.4 Projective Shape Space PΣmk

	7 Inference on Shape Spaces
	8 Nonparameric Bayes for Density Estimation and Classification on a Manifold
	8.1 Density Estimation
	8.2 Classification

	9 Examples
	References

	Proportion of Gaps and Fluctuations of the Optimal Score in Random Sequence Comparison
	1 Introduction
	1.1 Preliminaries
	1.2 The Organization of the Paper and Main Results

	2 Basic Properties of Bn
	3 The Asymptotic Proportion of Gaps
	4 Large Deviations
	5 Fluctuations of the Score in Optimal Alignments
	5.1 Order of the Variance

	6 Determining δ
	6.1 Finding t(q)
	6.2 Example

	References

	Some Approximation Problems in Statistics and Probability
	1 Quadratic Forms
	2 Applications in Statistics: Almost Quadratic Forms
	References


	Part IV Random Matrices
	Moderate Deviations for the Determinant of Wigner Matrices
	1 Introduction
	2 Gaussian Ensembles and Wigner Matrices
	3 Non-symmetric and Non-Hermitian Gaussian Random Matrices
	References

	The Semicircle Law for Matrices with Dependent Entries
	1 Introduction
	2 The Main Result
	3 Proof of Theorems 2.2 and 2.4
	4 Examples
	4.1 Gaussian Processes
	4.2 Markov Chains with Finite State Space
	4.3 Fractional Brownian Motion

	References

	Limit Theorems for Random Matrices
	1 Introduction
	2 Wigner Matrices
	3 Sample Covariance Matrices
	3.1 Powers of Random Matrices
	3.2 Product of Random Matrices

	4 Circular Law and Its Generalization
	4.1 Circular Law
	4.2 Asymptotic Spectrum of the Product of Independent Random Matrices

	5 Bounds on Levy and Kolmogorov Distance in Terms of Stieltjes Transform
	6 Stein's Method for Random Matrices
	6.1 Real Symmetric Matrices
	6.2 Stein's Equation for the Semicircle Law
	6.3 Stein Criterion for Random Matrices
	6.4 Resolvent Criterion for the Spectral Distribution Function of a Random Matrix
	6.5 General Conditions of the Convergence of the Expected Distribution Function of Random Matrices to the Semi Circular Law
	6.6 Sample Covariance Matrices
	6.7 Stein's Equation for the Marchenko-Pastur Law
	6.8 Stein's Criterion for Sample Covariance Matrices
	6.9 Resolvent Criterion for Sample Covariance Matrices
	6.10 Convergence to the Marchenko-Pastur Distribution

	References



