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Abstract. An antimagic labeling of a finite simple undirected graph
with ¢ edges is a bijection from the set of edges to the set of integers
{1,2,---, ¢} such that the vertex sums are pairwise distinct, where the
vertex sum at vertex w is the sum of labels of all edges incident to such
vertex. A graph is called antimagic if it admits an antimagic labeling. It
was conjectured by N. Hartsfield and G. Ringel in 1990 that all connected
graphs besides K5 are antimagic. Another weaker version of the conjec-
ture is every regular graph is antimagic except K>. Both conjectures
remain unsettled so far. In this article, certain classes of regular graphs
of odd degree with particular type of perfect matchings are shown to
be antimagic. As a byproduct, all generalized Petersen graphs and some
subclass of Cayley graphs of Z,, are antimagic.
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1 Introduction

All graphs in this paper are finite simple, undirected, and without loops unless
otherwise stated. In 1990, N. Hartsfield and G. Ringel [9] introduced the concepts
called antimagic labeling and antimagic graphs.

Definition 1. For a graph G = (V, E) with q edges and without any isolated
vertex, an antimagic edge labeling is a bijection f: E — {1,2,---,q}, such that
the induced vertex sum f* :V — ZT given by f(u) = S {f(wv) : uv € E} is
injective. A graph is called antimagic if it admits an antimagic labeling.

N. Hartsfield and G. Ringel showed that paths, cycles, complete graphs K,
(n > 3) are antimagic. They conjectured that all connected graphs besides K»
are antimagic, which remains unsettled. In 2004 N. Alon et al [I] showed that
the last conjecture is true for dense graphs. They showed that all graphs with
n(> 4) vertices and minimum degree {2(logn) are antimagic. They also proved
that if G is a graph with n(> 4) vertices and the maximum degree A(G) > n—2,
then G is antimagic and all complete partite graphs except Ko are antimagic. In
2005, T.-M. Wang [15] studied antimagic labeling of sparse graphs, and showed
that the toroidal grid graphs are antimagic. In 2008, T.-M. Wang et al. [16]
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showed various types of graph products are antimagic. In 2009, D. Cranston [7]
proved that all regular bipartite graphs are antimagic. While many various types
of graphs have been shown to be antimagic [2I3/4BI6ITOTIIT7ITS], the question
of antimagic-ness of regular graphs still remains open. In this paper, we consider
the antimagic labeling of certain classes of regular graphs with perfect matchings.
For more conjectures and open problems on antimagic graphs and related type of
graph labeling problems, please see the dynamic survey article of J. Gallian [§].

2 Antimagic Labeling of 3-Regular Graphs

In 2000, M. Miller and M. Baca studied antimagic labelings of arithmetic type
for generalized Petersen graphs [2], which are referred as (a, d)-antimagic label-
ings. Note that (a,d)-antimagic labelings are requiring all vertex sums form an
arithmetic progression, hence also antimagic. M. Miller and M. Baca showed
(a, d)-antimagic-ness of GP(n,2) for certain n, and also listed conjectures for
other generalized Petersen graphs.

In this section we show the generalized Petersen graphs are antimagic by
proving a more general theorem regarding 3-regular graphs with a particular
type of perfect matchings, which contain generalized Petersen graphs as special
cases. A r-factor of a graph is a r-regular spanning subgraph, and a 1-factor is
a perfect matching. A factorization of a graph is a decomposition of the graph
into union of factors so that the edge set is partitioned.

Theorem 2. Let G be 3-regular with 2n vertices {uy,us, -+, Un,V1,V2,*,Vpn}
and M = {uv;| 1 < i < n} be a perfect matching of G. Assume additionally
that {u1,ua,- -, un}t and {vi,ve, -, v,} induce two 2-reqular subgraphs of G
respectively. Then G is antimagic.

Proof. Let G = M@ F = M @P(F1 U Fy), where the 2-factor F' is a disjoint
union of two 2-regular subgraphs Fy and Fy, each with n vertices. Let V(Fy) =
{u,uz, -, up} and V(Fy) = {v1,va,-+,v,}. Now we give an edge labeling f
by the following steps. First we label the edges of M via f(u;v;) = 3¢ for each
1 < i < n. Then labeling over edges of F' = F;UF5 as follows. Since F and F» are
2-regular graphs, we assign an orientation so that over each connected component
(connected 2-cycle) the flow is either clockwise or counter-clockwise. We labeling
over F by setting f°%!(w) and f"(w) respectively to be the outgoing edge label
from the vertex w and the incoming edge label to the vertex w, according to the
given orientation. Precisely we give the labeling as follows:

o (u;) = 3n+1—3i, fov;) = 3n +2 — 3i

for each 1 < i < n. We claim this labeling f is antimagic. Note that the vertex
sum f7*(u;) for each vertex w; is f+(u;) = fo%(u;) + f(wivi) + f(u;), which
is (3n + 1 — 3i) + (3i) + fi™(u;) = 3n + 1 + f"(u;) for each 1 < i < n. Also
note that f(u;) = fo“(ug,) for a unique k;, where 1 < k; # i < n, and
{1,---,n} = {k1, -+, kn}. Therefore f*(u;) = 3n+ 1+ f"(u;) = 6n+2 — 3k;
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are pairwise distinct for 1 <4 < n. Similarly we obtain f*(v;) = 3n+2+ fi*(v;)
which are pairwise distinct for 1 < ¢ < n. Then f is antimagic since for each
1<i<n,wesee fT(u;) =2 (mod 3) and fT(v;) =1 (mod 3). ]

Definition 3. Let n, k be integers such that n > 3 and 1 < k < L”;lj. The
generalized Petersen graph GP(n,k) is defined by V(GP(n,k)) = {u;,v;] 1 <
i <n}, and E(GP(n,k)) = {u;uit1,uivi, vvipx| 1 < i < n} where the subscripts

are taken modulo n. (See Figure[l) We call uy,us,- -+, u, an outer cycle, and
V1, Vo, , Uy an inner cycle.
w Us W
B
us. ’ 4‘? )
U4 Us Us Us
GP(5,1) GP(6,2)

Fig. 1. Examples of generalized Petersen graphs

Note that all generalized Petersen graphs are 3-regular with 2n vertices, 3n edges,
and admitting perfect matchings {u;v;| 1 < i < n}. Obviously {u1,us, -, un}
and {v1,ve, -, v, } induce two 2-regular subgraphs respectively. Therefore, as a
byproduct of the above Theorem

Corollary 4. Every generalized Petersen graph GP(n, k) is antimagic.

Example 5. In the following Figure [4 antimagic labelings of GP(5,2) and
GP(6,2) are given.

3 Antimagic Labeling of Odd Regular Graphs

In this section, we extend previous Theorem [2] to a more general situation for
regular graphs of odd degree. First we state a result we need here and also in
later sections:

Theorem 6. (J. Petersen, 1891) Let G be a 2r-regular graph. Then there
exists a 2-factor in G.
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GP(8,2)

Fig. 2. GP(5,2) and GP(6,2) are antimagic

Notice that after removing edges of the 2-factor by the Petersen Theorem, we
will get an even regular graph again and again. Thus an even regular graph has
a 2-factorization.

Theorem 7. Let 7 > 1 and let G be a (2r + 1)-regular graph with 2n vertices
{ur,ug, -, Upn,v1,v2, -, 0} and M = {u;v;] 1 < i < n} be a perfect matching
of G. Assume additionally that {uy,us, -, u,} and {v1,va, -, v,} induce two
2r-reqular subgraphs of G respectively. Then G is antimagic.

Proof. Let G = M (F1UF3), where Fy and F; are two 2r-regular subgraphs Fy
and Fy, each induced by n vertices, {u1,uz, -, un} and {vy,ve,- -+, v,} respec-
tively. Note that by Petersen’s Theorem Bl F; and F5 can be factored as unions
of 2-factors, say Iy = Fi D FI @ - - @D F and Fr, = F; DFi @D --- P Fy re-
spectively, where Ff and ng are 2-factors foreach 1 < j <randeachl1 <k <r
respectively.

Now we give an antimagic labeling f by the following steps. Note that G has
(2r+1)n edges. First we split all edge labels 1,2, - -+, (2r+1)n into 2r+1 groups as
follows: {1,2,---,n},{n+1,n+2,---,2n},------ {2rn+1,2rn+2,---, (2r+1)n}.
Then we will put these groups of labels in order over the edges of F\l, F?, ---,
FI, F}, F?, ---, F}, and M respectively in below.

We define recursively that Gy = M @(Ff UF3)@ - - @FF U FF) for 1 <
k < r, and it is not hard to see G = G,. Therefore G1 = M @(F} U F}),
Gy =G I @FEUF}), - till G, = Gr_1 P(FT UFY) = G. Since F{ and F¥
are 2-factors for each 1 < j < r and each 1 < k < r respectively, as before we
assign an orientation so that over each connected component (connected 2-cycle)
the flow direction is either clockwise or counter-clockwise. We set f2"!(w) and
fir(w) respectively, for each 1 < k < r, to be the outgoing edge label over the
2-factor (FF U F¥) from the vertex w and the incoming edge label to the vertex
w according to the given orientation. On the other hand, we denote f*(w) to
be the induced vertex sum at the vertex w, and we use f,j(w) to stand for the
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partial vertex sum at w for Gy, for each 1 < k < r. Then we may start labeling
recursively over G1, Go, -+, G, = G.
Precisely we give the labeling in the following steps:

Step 1: For G; = M @(F} U F}): first for the edges of the perfect match-
ing M we set f(u;v;) = 2rn + i for each 1 < i < n. Then over (F}! U Fy) we set
fout(u;) = 14 (2r+1)n— f(usv;) and f"“t( i) = Tn—|—1+ (2r+1)n— f(uv;) re-
spectively for each 1 < i < n. Therefore fi" (u;) = fi™(ui) + f(wivi) + [ (ui) =
1+ (2r +1)n+ f{"(u;). Also note that f{*(u;) = f{"(u;) for a unique j, where
1 < j # i < n. Therefore f; (u;) =1+ (2r + D)n + fin(u;)) =i+ 1+ (2r + 1)n,
for 1 < i < n, which form a sequence of consecutive integers. Similarly f; (v;) =
1+ @Br+1)n+ fi*(v;) =i+ 1+ (3r+1)n, for 1 <4 < n, which form a sequence
of consecutive integers.

Step 2: For Gs, Gs, ..., G, we proceed recursively as follows: For 2 < k < r,
over (FF U FF) we set f"“t( )= @r+1+k—kn+k— £ (wv) and

oul(v;) = (2kr +r+k*—k+1)n+k— f;F | (v;) respectively for each 1 < i < n.
Therefore f;f (u;) = ’”(u,)—I—f,c L)+ P (w) = 2r+14+k2—k)n+k+ £ (w;).
Also note that 2" (u;) = fi™(u;) for a unique j, where 1 < j # i < n. Therefore
fi (w;) =i+ k+ (2r+k*)n for 1 <i < n, which form a sequence of consecutive
integers. Similarly f,:r(vz) =i+ k+ (2kr +2r + k*)n for 1 <i < n, which form
a sequence of consecutive integers.

Then this labeling f is antimagic, since the vertex sum at the vertex wu; is
fH(u) = i+r+2r+r?)nfor 1 <i < n, and similarly f¥(v;) = i+r+(2r+3r%)n
for 1 < i < n, which shows that the vertex sums form a strictly monotone se-
quence fT(up) < fH(uz) < -+ < fF(up) < fH(v1) < fH(v2) < - < fH(vy,). A

To obtain more examples, we consider the Cayley graphs of Z,,, which are also
known as circulant graphs as follows:

Definition 8. A circulant graph CIR, (S) with n vertices, with respect to S C
{1,2,---,[ 5]}, s a graph with the vertex set V(CIR,(S)) = {0,1,2,---,n—1},
and the edge set is formed by the following rule:

E(CIR,(S))={ij: i—j=+s (modn), s€ S}

Note that the circulant graph CIR,,(S) is also called a Cayley graph of the finite
cyclic group Z, generated by S.

Example 9. Note that for n > 5, the circulant graphs CIRa,({a,b,n}) (where
0<a#b<mn,n odd, and ged(2n,a) = ged(2n,b) = 2) are 5-regular graphs
with perfect matchings, which satisfy the assumption in Theorem [1 Therefore
CIR3n({a,b,n}) are antimagic. See Figurel3 for the ezample CIR14({4,6,7}).

In a similar fashion, we may construct an infinite class of circulant graphs
which represent the class of odd (2r + 1)-reqular graphs, for each r > 2, with
perfect matchings, as stated in Theorem [7
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Fig. 3. Circulant graph CIR14({4,6,7}) (Cayley graph of Z14 generated by {4,6,7})

4 Concluding Remark

In this article, we obtain antimagic labelings of a class of odd regular graphs with
particular types of 1-factors, which contain the generalized Petersen graphs and
certain circulant graphs as subclasses. Hopefully these results may be helpful to
resolve more general situations regrading the conjecture that every regular graph
except Ko is antimagic, or helpful to resolve the Hartsfields-Ringel conjecture
that every connected graph except K5 is antimagic.
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