
Chapter 11
Financial Market Model Based
on Heterogeneous Agent Interacting

Yang Yu

Abstract In this paper, a financial market model based on heterogeneous agent
interacting is constructed. In this model, two types of agents (fundamentalist and
trend follower) are assumed to exist in financial market, and contrarian investment
strategy and inertia investment strategy are respectively applied by them and
realized investment return is used as fitness index, so as to form a heterogeneous
expectation for the future price of risky assets. When investors convert different
faiths or investment strategies, their proportions are presented to be time-varying.

Keywords Heterogeneous agent interacting � Stock pricing � Strategy fitness �
Proportions of traders � Faith evolution

11.1 Meaning of Heterogeneity

There are two hypotheses for heterogeneity in general: differential information and
differential interpretation. In the first hypothesis, information asymmetry problem
is in existence. A group of individuals can acquire private information, but another
group of individuals can only receive public information such as history price.
Thus, information asymmetry makes heterogeneous expectation produced. The
models of this aspect include the models proposed by Grundy and Kim [1]. In the
second hypothesis, the same information is explained by investors in a different
way. This hypothesis is supported by the empirical studies made by Kandel and
Pearson [2]. Besides, this hypothesis was applied by some scholars to explain the
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reasons why stock prices steadily deviated from intrinsic values. Miller [3] pro-
posed that profits could not be made by the investors having pessimistic faiths in
stocks at the market without a short-mechanism, but optimistic investors would
buy these stocks and make stock prices continuously higher because of reflecting
optimistic faiths [3]. In addition, this hypothesis was proved empirically by Chen
et al. [4], Diether et al. [5].

There are two types of heterogeneous agent interacting model usually:
(1) rational trader or fundamentalist; (2) noise trader, chartist, or trend follower.
The first thinks that stock price is decided by intrinsic value and is a discounting
of the future cash flow of listed company, and thus certainly replies to value.
The second believes that stock price is not completely decided by intrinsic
value, and its changing trend can be continued in a short term. Therefore,
investment return can be obtained with historical stock information and tech-
nology analytical means. The study of Frankel and Froot [6] on foreign
exchange market shows that fundamentalists and chartists are symbiotic at the
real financial market [6].

In this paper, a financial market model under the interaction of heterogeneous
agents is proposed after the above analysis. In this model, realized investment
return is used by investors as fitness index, thus forming a heterogeneous expec-
tation for the future price of risky assets.

11.2 Fundamental Assumption of the Model

Financial market models of assets A and B are assumed to exist. Asset A is risk-
free, can be supplied infinitely flexibly, and also its fixed annual return rate is r;
asset B is risky and its net supply is 0, and its non-fixed cash flow paid at the end of
t is yt (an independent identically distributed random process). Risk-free asset
A and risky asset B can be chosen by traders. If pt is the ex price of asset A and also
H types of traders exist in market, the total fortune of h type of investors in trading
period t þ 1ð Þ can be expressed as follows.

Wh;tþ1 ¼ ð1þ rÞWh;t þ Rtþ1Zh;t ð11:1Þ

In Eq. (11.1), Rtþ1 is excess return and can be defined as follows.

Rtþ1 ¼ Ptþ1 þ ytþ1 � ð1þ rÞPt ð11:2Þ

Zh;t is the demand of investor h on risky asset in trading period t. Eh;t and Vh;t

are the conditional expectation and variance of investor h respectively when public
information is known. Public information is expressed with It including the public
information, such as historical stock prices, dividends, trading volume, and interest
rate information acquired by traders in t and several periods before t.

It ¼ pt; pt�1; . . .; yt; yt�1; . . .f g ð11:3Þ
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The conditional expectation and variance of investor h on fortune in t are as
follows respectively.

Eh;t Wtþ1½ � ¼ ð1þ rÞWh;t þ Eh;t Rtþ1½ �Zh;t ð11:4Þ

Vh;t Wtþ1½ � ¼ Z2
h;tVh;t Rtþ1½ � ð11:5Þ

In addition, the traders are assumed as myopic mean–variance maximizers, and
thus the problem traders are faced with can be changed as follows.

max
Zh;t

Eh;t Wtþ1½ � � ah=2ð ÞVh;t Wtþ1½ �
� �

ð11:6Þ

The demand of h type of traders on risky asset in t can be expressed as
follows.

Zh;t ¼
Eh;t Rtþ1½ �

ahVh;t Rtþ1½ � ð11:7Þ

All types of investors are assumed to be with an unchanged risk aversion
coefficient ah ¼ a [ 0ð Þ: Also, the conditional variances of all types of investors
related to Rtþ1 are identical Vh;t Rtþ1½ � � r2

� �
: Thus, the Eq. (11.7) can be sim-

plified as follows.

Zh;t ¼
Eh;t Rtþ1½ �

ar2
ð11:8Þ

The proportion of h type of traders in all traders in t is assumed to be expressed
with nh;t; and thus the total residual demand of all traders on risky asset in t is as
follows.

EDt ¼ Dt � St ¼
XH

h¼1

nh;tZh;t � St ð11:9Þ

In Eq. (11.9), St is the total supply of risky asset at market in t. Also, attention

should be paid to
PH

h¼1 nh;t ¼ 1:

11.3 The Trading System Applied in the Model

Heterogeneous agent models in current financial market of foreign countries are
almost based on market maker rule. In typical market maker rule, the buying and
selling prices of traded bonds are given by market makers, and there are no direct
transactions between clients and bonds that are bought and sold from market
makers. However, the bidding system is applied in China’s stock market. That is,
business entrustments submitted by buyer and seller respectively, and then
transaction is complete after entrustment prices are summarized together through a
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trading center. Therefore, a bidding system is applied in this model as price
discovery mechanism, namely EDt ¼ 0: The total supply St and the total demand
Dt can be seen as the function of price pt; and thus the equilibrium price can be
solved by ordering total supply which is equal to total demand. The total supply
St ¼ 0 of risky asset is assumed to be solved as follows in the known information
set.

XH

h¼1

nh;t
Eh;t ptþ1 þ ytþ1 � ð1þ rÞpt½ �

ar2
¼ 0 ð11:10Þ

From Eq. (11.10), the equilibrium price can be solved as follows.

ð1þ rÞpt ¼
XH

h¼1

nh;tEh;t ptþ1 þ ytþ1ð Þ ð11:11Þ

Now, considering only one type of rational traders exists in market, the equa-
tion below can be established according to the equilibrium price formula.

ð1þ rÞp�t ¼ Eh;t p�tþ1 þ y�tþ1

� �
ð11:12Þ

If all traders at market are expected rational traders, asset price is completely
decided by the fundamental value of asset. The fundamental value can be
expressed with the discounting of expected future dividend.

p�t ¼
X1

k¼1

EtðytþkÞ
ð1þ rÞk

ð11:13Þ

Obviously, fundamental value p�t relies on dividend process ytf g: ytf g is
assumed to be an independent identically distributed random process, and also
Et ytþk½ � ¼ �y is a constant. Thus, the equation below can be established.

p�t ¼
X1

k¼1

EtðytþkÞ
ð1þ rÞk

¼
X1

k¼1

�y

ð1þ rÞk
¼ �y

r
ð11:14Þ

11.4 Formation of Heterogeneous Agent Expectation

In the following, heterogeneous expectations of different types of traders on future
price and dividend are discussed. The price expectations of all traders are assumed
to be as follows.

Eh;t ptþ1 þ ytþ1½ � ¼ Et p�
tþ1
þ ytþ1

h i
þ fhðxt�1; . . .xt�LÞ ð11:15Þ
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In Eq. (11.15), L is the decision time window of traders. The equation below
can be obtained after Eq. (11.15) is substituted into equilibrium price formula.

ð1þ rÞpt ¼
XH

h¼1

nh;tEh;t ptþ1 þ ytþ1½ � ¼
XH

h¼1

nh;t p�
t
þ �yþ fh xt�1; . . .xt�Lð Þ

� 	

¼ ð1þ rÞp�
t
þ
XH

h¼1

nh;tfh;t

ð11:16Þ

To make Eq. (11.16) simpler, xt is used for expressing the deviation value of
price pt relative to fundamental price p�t ; namely.

xt ¼ pt � p�t ð11:17Þ

The equation below is gained after Eq. (11.17) is substituted into Eq. (11.16).

ð1þ rÞxt ¼
XH

h¼1

nh;tfh;t ð11:18Þ

The expectation fh;t of all traders on future stock price deviation features the
following linear form.

fh;t ¼ ghxt�1 ð11:19Þ

This type of traders is called as positive traders if gh [ 0 and strongly positive
traders if gh [ 1þ r: However, it is called as reverse traders if gh\0 and strongly
reverse traders if gh\� 1þ rð Þ:

In this paper, the analysis framework of fundamentalist h ¼ 1ð Þ and chartist
h ¼ 2ð Þ is applied. Fundamentalist thinks that asset possesses a fundamental value,

and asset price will return to the fundamental value if deviating from it; asset can
be sold with a price higher than its fundamental value if bought with a price lower
than the fundamental value. The expectation of fundamentalist on asset price in
t þ 1 is assumed to be as follows.

E1;t ptþ1½ � ¼ p�t þ v pt � p�ð Þ ð11:20Þ

In Eq. (11.20), v is the estimate of traders on the returning speed of price to
fundamental value, and used for measuring the faith of traders in the returning of
price to fundamental value. The expected price is equal to current price in t ? 1 if
v = 1. This suggests that fundamentalist believes market is effective, and thus
current price is the best prediction on future price. However, the expected price is
equal to the fundamental value of asset in t ? 1 if v = 0. Therefore, it can be seen
that the faith of traders in the returning of price will be more intense and price will
more quickly return to fundamental value if v is closer to 0. For easy discussion,
the extreme conditions (v = 0) is applied.
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E1;t ptþ1½ � ¼ p�t ð11:21Þ

Combining the Eq. (11.15), the equation below can be solved.

f1;t xtþ1½ � � 0 ð11:22Þ

According to historical price information, technical traders make expected price
formed through extrapolating current price. According to Eq. (11.19), the equation
below can be solved.

f2;t xtþ1½ � ¼ gxt�1 ð11:23Þ

Equation (11.8) can be re-written according to Eqs. (11.22) and (11.23), as
follows.

Z1;t ¼
1

ar2
f1;t � ð1þ rÞxt

� �
¼ � 1

ar2
ð1þ rÞxt ð11:24Þ

Z2;t ¼
1

ar2
ðf2;t � ð1þ rÞxtÞ ¼

1
ar2
ðgxt�1 � ð1þ rÞxtÞ ð11:25Þ

11.5 Fitness of Trading Strategy

Investment return realized by traders from t to t ? 1 is calculated below.

Rtþ1 ¼ ptþ1 þ ytþ1 � ð1þ rÞpt

¼ xtþ1 þ p�
tþ1
þ ytþ1 � ð1þ rÞðxt þ p�t Þ

¼ xtþ1 � ð1þ rÞxt þ p�
tþ1
þ ytþ1 � Et p�

tþ1
þ ytþ1

h i
þ Et p�

tþ1
þ ytþ1

h i
� ð1þ rÞp�t

¼ xtþ1 � ð1þ rÞxt þ dtþ1

ð11:26Þ

Because of Et p�
tþ1
þ ytþ1

h i
� ð1þ rÞp�t ¼ 0; there is dtþ1 ¼ p�

tþ1
þ ytþ1 �

Et p�
tþ1
þ ytþ1

h i
: It can be seen dtþ1 is a difference sequence relative to information

set It; namely E dtþ1 Itjð Þ ¼ 0:
The fitness of strategy is defined below. The total investment return realized by

trader h in t is expressed with ph;t; namely

ph;t ¼ Rtþ1Zh;t ¼ xtþ1 � ð1þ rÞxt þ dtþ1ð ÞZh;t�1 ð11:27Þ

The total fitness Uh;t is equal to the weighted average of total earnings of trader
h from beginning to t; namely

Uh;t ¼ ph;t þ gUh;t�1; g� 0 ð11:28Þ
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The profit-making ability of traders to use certain investment strategy can be
measured with Uh;t: g� 0 suggests that fitness has a certain form of ‘‘memory’’.
For easy analysis, the case g ¼ 0ð Þ is only discussed. That is, fitness only has a tie
with the profit realized in the previous trading period.

11.6 Update of the Proportions of Traders

In each trading period, investors will adjust the strategy taken in next period
according to the asset profit-making of last period. In this way, the proportions of
all kinds of investors will change along with the change of the profit-making
abilities of various trading strategies. Because traders possess a limited rationality,
they tend to apply the most powerful profit-making strategy used in previous
trading activities. Here, through the application of discrete choice probability, the
rule of updating the proportions of traders can be obtained.

nh;t ¼
exp b Uh;t�1 � Ch

� �� �

Zt
ð11:29Þ

Zt ¼
XH

h¼1

exp b Uh;t�1 � Ch

� �� �
ð11:30Þ

In above, Ch is the trading cost paid by trader h in the trading process. To
the fundamentalist and technical trader in the model, C1 ¼ C [ 0 and C2 ¼ 0
are ruled. In Eq. (11.29), b is called as intensity of choice. If b ¼ 0; trading
strategies are randomly selected by traders, namely the selection of trading
strategies has nothing to do with the profit-making ability of strategies; if
b ¼ 1; all traders are perfectly rational and select the trading strategies with
the largest profit-making ability in history; if 0\b\1; investors are with
limited rationality. Because profit-making ability is history information, traders
may not select the strategy with the largest profit-making ability in previous
period.

11.7 Faith Evolution System

From Eqs. (11.18), (11.29) and (11.30), the relational expression of faith evolution
system can be obtained as follows.
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ð1þ rÞxt ¼ n2;t�1gxt�1

n1;t ¼ exp b
1

ar2
ð1þ rÞxt�1 ð1þ rÞxt�1 � xtð Þ � C


 �� �
Zt

n2;t ¼ exp b
1

ar2
xt � ð1þ rÞxt�1ð Þ gxt�2 � ð1þ rÞxt�1ð Þ


 �� �
Zt

ð11:31Þ

mt ¼ n1;t � n2;t ¼ Tanh
b
2
� 1

ar2
gxt�2 xt � ð1þ rÞxt�1ð Þ � C


 �� 
ð11:32Þ

In above,

Zt ¼ exp b
1

ar2
ð1þ rÞyt ð1þ rÞyt � xtð Þ � C


 �� 

þ exp b
1

ar2
xt � ð1þ rÞytð Þ gzt � ð1þ rÞytð Þ


 ��  ð11:33Þ

11.8 Conclusion

In this paper, financial market is assumed to comprise of two types of traders
different expectations on future price: (1) fundamentalist; (2) chartist. These two
types of traders are mutually converted, and their proportions are presented to be
time-varying. This will trigger the fluctuation of asset prices, and subsequently
premium rate effect can be produced.
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