Chapter 1
Fuzzy Sets and Fuzzy Logic

1.1 Fuzzy Sets and Operations on Fuzzy Sets

Definition 1.1 Fuzzy Sets. Let X be a classical set of objects, called the un-
iverse, whose generic elements are denoted x. Membership in a classical subset

A of X is often viewed as a characteristic function g, from A to {0,1} such
that

1iff xe A

ﬂA(x):{Oijfx&A

where {0, 1} is called a valuation set; 1 indicates membership while 0 - non-
membership.
If the valuation set is allowed to be in the real interval [0,1] ,then A is called a

fuzzy set denoted A [2,3,6,8,57,58,114,133], Y2 (x) is the grade of membership

ofxinA

;X —[0,1]

As closer the value of f£; (x) is to 1, so much x belongs to A.
A is completely characterized by the set of pairs.
A={(x.p1;(x)), xe X}
Fuzzy sets with crisply defined membership functions are called ordinary fuzzy
sets.

Properties of Fuzzy Sets

Definition 1.2. Equality of Fuzzy Sets. Two fuzzy sets A and B are said to be
equal if and only if

Vxe X p;(x)=p,(x) A=B.
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Definition 1.3. The Support and the Crossover Point of a Fuzzy Set. The Sin-
gleton. The support of a fuzzy set A is the ordinary subset of X that has nonzero
membership in A :

suppA=A" ={xe X, u, (x) >0}

The elements of x such as (/; (x)=1/2 are the crossover points of A.

A fuzzy set that has only one pointin X with z; =1 as its support is called a
singleton.
Definition 1.4. The Height of a Fuzzy Set. Normal and Subnormal Sets. The
height of A is

hgt(;&) =sup; (X)

ve X
i.e., the least upper bound of f; (x) .
A is said to be normalized iff Jxe X , M;(x)=1. This definition implies
hgt(A) =1. Otherwise A is called subnormal fuzzy set.
The empty set & is defined as
xe X, Uy (x)=0,0f course Vxe X u, (x)=1

Definition 1.5. o-Level Fuzzy Sets. One of important way of representation of
fuzzy sets is ¢ -cut method. Such type of representation allows us to use proper-

ties of crisp sets and operations on crisp sets in fuzzy set theory.

The (crisp) set of elements that belongs to the fuzzy set A at least to the degree
« is called the « -level set:

A“ ={xe X,ﬂA(x)Za}

A% = {xe X, 1 (x) > 0{} is called "strong ¢ -level set" or "strong « -cut".
Now we introduce fuzzy set A,, defined as
A,(x)=aA%(x) (1.1)
Then the original fuzzy set A may be defined as A= U As . U denotes the
ael0,1]

standard fuzzy union.

Definition 1.6. Convexity of Fuzzy Sets. A fuzzy set A is convex iff

M5 (Ax, + (1= A)xy) >min(u; (x,), 4;(x,)) (1.2)



1.1 Fuzzy Sets and Operations on Fuzzy Sets 3

for all x,,x, € R, A€[0,1], min denotes the minimum operator.

Alternatively, a fuzzy set A onR is convex iff all its ¢ -level sets are convex
in the classical sense.

Definition 1.7. The Cardinality of a Fuzzy Set. When X is a finite set, the sca-
lar cardinality ‘;\‘ of a fuzzy set A on X is defined as

4] = 2 0

xeA

Sometimes ‘A‘ is called the power of A. “A” = ‘A‘ / |X | is the relative cardinality.

When X is infinite, ‘;\‘ is defined as
[ o

Definition 1.8. Fuzzy Set Inclusion. Given fuzzy sets A,Be F (X ) A is said to
be included in E(A c E) or A isasubset of B if Vxe X, (%) < i (x)

When the inequality is strict, the inclusion is said to be strict and is denoted as

A<B.

Let consider representations and constructing of fuzzy sets. It was mentioned
above that each fuzzy set is uniquely defined by a membership function. In the li-
terature one can find different ways in which membership functions are
represented.

List Representation. If universal set X = {xl,xz,...,xn} is a finite set, member-
ship function of a fuzzy set Aon X M;(x) can be represented as table. Such ta-

ble lists all elements in the universe X and the corresponding membership grades
as shown below

;\:,u/i(xl)/xl +ot a5 (x,)/ x, :ZﬂA(xi)/xi

i=1

Here symbol / (slash) does not denote division, it is used for correspondence be-
tween an element in the universe X (after slash) and its membership grade in the

fuzzy set A (before slash). The symbol + connects the elements (does not denote
summation).
If X is afinite set then

A:jﬂA(x)/x.

Here symbol J. is used for denoting a union of elements of set X .
X
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Graphical Representation. Graphical description of a fuzzy set A on the un-
iverse X is suitable in case when X is one or two-dimensional Euclidean space.
Simple typical shapes of membership functions are usually used in fuzzy set
theory and practice (Table 1.1).

Fuzzy n Cube Representation. All fuzzy sets on universe X with n elements
can be represented by points in the n-dimensional unit cube — 7 -cube. Assume that

universe X containsn elements X ={x,,x,,...,x,}. Each element x,i=1n

can be viewed as a coordinate in the n dimensional Euclidean space. A subset of
this space for which values of each coordinate are restricted in [0,1] is called n-

cube. Vertices of the cube, i.e. bit list (0, l,...,O) represent crisp sets. The points

inside the cube define fuzzy subsets.

Analytical Representation. In case if universe X is infinite, it is not effective to
use the above considered methods for representation of membership functions of a
fuzzy sets. In this case it is suitable to represent fuzzy sets in an analytical form,
which describes the shape of membership functions.

There are some typical formulas describing frequently used membership functions
in fuzzy set theory and practice.

For example, bell-shaped membership functions often are used for representa-
tion of fuzzy sets. These functions are described by the formula:

N

which is defined by three parameters, a, b and c.

In general it is effective to represent the important typical membership func-
tions by a parametrized family of functions.The following are formulas for de-
scribing the 6 families of membership functions

Hi(x,e)=[1+¢ (x=a)’T" (1.3)
,Ll;‘()c,cz)=|:l+cz|x—a|:|_l (1.4)
/,lA(x,cS,d)=[1+63|x—a|d]_l (L.5)

,uj(x,q,d)=exp[—c4|x—a|d} (1.6)
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Table 1.1 Typical membership functions

Type of Graphical Analytical
Membership Representation Representation
function
Triangular S(x -
8 H5() A4 a<x<a,,
MF 1.0 a, —q
r -
Ui (x)= GH=x r, if a,<x<a,,
A a; —da,
/ 0, otherwise
dy Ly ¥
Trapezoidal (x -
pes H3() 24 if a,<x<a,,
MF 1.0 4 a, —q
r ro, if a,<x<a,,
My (x) = g —x
t—pr, if a;<x<a,,
a,—a,
u/ 0, otherwise
a a; L X,
S - shaped i (x) 0, if x<aq,
MF 14 —a Y
2 [ﬁ] , if a,<x<a, ,
a; —q
H; (x)= N
1-2 [ﬂ] , if a, < x<a,,
| a,—a,
1, if a;<x
a a, a, X ]
Bell - B (x—a)’
shaped ‘ Hix)=c-exp | = b
MF |
\
;fo,_ﬁ_‘
@ i
,uA(x,cs):max{O,[l—cs|x—a|]} (1.7)
2
(x—a)
Mz (x,c6) =cq exp{—T (1.8)
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Here ¢, >0, i=1,6, d >1 are parameters, a denotes the elements of corres-

ponding fuzzy sets with the membership grade equal to unity.

Table 1.1 summarizes the graphical and analytical representations of frequently
used membership functions (MF).

The problem of constructing membership functions is problem of knowledge

engineering.
There are many methods for estimation of membership functions. They can be
classified as follows:

1. Membership functions based on heuristics.

2. Membership functions based on reliability concepts with respect to the
particular problem.

3. Membership functions based on more theoretical demand.

4. Membership functions as a model for human concepts.

5. Neural networks based construction of membership functions.

The estimation methods of membership functions based on more theoretical
demand use axioms, probability density functions and so on.

Let consider operations on fuzzy sets. There exist three standard fuzzy opera-
tions: fuzzy intersection, union and complement which are generalization of the
corresponding classical set operations.

Lets A and B be two fuzzy sets in X with the membership functions g;

and 4; respectively. Then the operations of intersection, union and complement

are defined as given below.

Definition 1.9. Fuzzy Standard Intersection and Union. The intersection ([))
and union (UJ) of fuzzy sets A and B can be calculated by the following

formulas:

Vre X fry,(x) = min (i;(x). 1, ()

Vre X fry(0 =max (i (x). ()
where ;s (x) and i 5 (x) are the membership functions of ANB
and AU B , respectively.

Definition 1.10. Standard Fuzzy Complement. The complement A° of A is
defined by the membership function:

Vxe X p (0)=1-u;(x).

As already mentioned f;(x) is interpreted as the degree to which x belongs to
A. Then by the definition £, (x) can be interpreted as the degree to which x

does not belong to A.
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The standard fuzzy operations do not satisfy the law of excluded middle

AU A =X and the law of contradiction A[)A° = of classical set theory. But
commutativity, associativity, idempotency, distributivity, and De Morgan laws are
held for standard fuzzy operations.

For fuzzy union, intersection and complement operations there exist a broad
class of functions. Function that qualify as fuzzy intersections and fuzzy unions
are defined as t-norms and t-conorms.

Definition 1.11. t-Norms. t-norm is a binary operation in [0,1], i.e. a binary func-
tion t from [0,1] into [0,1] that satisfies the following axioms

1( 5 (x0).1) = 15 (x) (1.9)
if 44, (x) < pz(x) and 5 (x) < g5 (x) then
1 (), 5 (%) St (s (%), 5 (X)) (1.10)
1 (), 1z (x)) = 15 (%), f;(x)) (1.11)
1 (), 1 (5 (), e (X)) = 12 (5 (X), 1 (), U (X)) (1.12)

Here (1.9) is boundary condition, (1.10)-(1.12) are conditions of monotonicity,
commutativity and associativity, respectively.
The function t takes as its arguments the pair consisting of the element mem-

bership grades in set A and in set B, and yields membership grades of the ele-
ment in the A B

(ANB)(x)=1[A(x),B(x)] VxeX.
The following are frequently used t-norm-based fuzzy intersection operations:

Standard Intersection

1o (5 (), 5 (x)) = min{ ez (x), 15 (x) } (1.13)
Algebraic Product
1 (5 (), 5 (X)) = 5 (x) - f5(x) (1.14)

Bounded Difference
1, (43 (x), f5(%) = iy~ 5 (X) = max (0, g2 (x) + g3, (x) =1) (1.15)
Drastic Intersection
min{g; (x), 43 ()} if 45 (x) =1
(1 (x), 1 (x)) = or fz(x)=1 (1.16)
0 otherwise
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For four fuzzy intersections the following is true
15 (5 (), 5 (X)) < 5 (5 (), 5 () < 1, (5 (), 5 (X)) < 8y (445(x), 15(%)) - (1.17)

Definition 1.12. t-Conorms. t-conorm is a binary operation in[0,1], i.e. a binary
function § :[0,1]%[0,1] = [0,1] that satisfies the following axioms

S (,uA(x),O) = l;(x) ;(boundary condition) (1.18)
if g3 (x) < - (x) and 25(x) < f5(x) then

S (45 (x), i35 (x)) < S (4 (x), 15 (x)) ; (monotonicity) (1.19)
S (a5 (x), 15 (x)) = Sz (x), 15 (x)) ; (commutativity) (1.20)

S (3 (x), S (5 (), fe (x))) = S(S (p5 (%), f (x), 1 (X)) 5

o (1.21)
(associativity).

The function S yields membership grade of the element in the set A UB on the
argument which is pair consisting of the same elements membership grades in set
A and B

(AUB)(X)=S[A(x),B(x)] (1.22)

The following are frequently used t-conorm based fuzzy union operations.

Standard Union
So(; (), 3 (x)) = max{; (x), 1z (x)} (1.23)

Algebraic Sum
Sy (5 (X0, 15(x)) = 5 () + (%) = 5 (x) - 5 (x) (1.24)

Drastic Union
max {4 (x), 45 (0)} i 4;(x) =0
Sy (1 (x), 5 (x)) = or t;(x)=0 (1.25)

1 otherwise

For four fuzzy union operations the following is true
So (i (), 15 (X)) < 8, (445, (), 145, () < S, (5 (), 15 (X)) S 85 (5 (), 45,(X)) (1.26)

Definition 1.13. Cartesian Product of Fuzzy Sets. The Cartesian product of

fuzzy sets A, A,,...,A on universes X,,X,,...,X, respectively is a fuzzy set
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in the product space X, XX,X...xX, with the membership func-
1

tion,l,t/glx/gzxmXA (x)=min{,uA_ (X))l x=(x,x,...,x,),x, € le
Definition 1.14. Power of Fuzzy Sets. m-th power of a fuzzy set A" is defined as
Uy () =[g;(0]" , Vxe X, Vme R” (1.27)

where R is positively defined set of real numbers.

Definition 1.15. Concentration and Dilation of Fuzzy Sets

Let A be fuzzy set on the universe:

A ={x,,uA (x)/xe X}
Then the operator Conm;\ ={(x,[4;(x)]")/x € X} is called concentration of A
and the operator Diln;\ ={(x, #;(x) )/x € X} is called dilation of A.

Definition 1.16. Difference of Fuzzy Sets. Difference of fuzzy sets is defined by
the formula:

Vxe X, IUAHB(X) =max(0, i; (x) — i (x)) (1.28)

AH B is the fuzzy set of elements that belong to A more than to B .

Symmetrical difference of fuzzy sets A and B is the fuzzy set AVB of ele-

ments that belong more to A thanto B:
Vxe Xl () = |ty (0 = 125 () (1.29)

Definition 1.17. Fuzzy Number. A fuzzy number is a fuzzy set A on R which
possesses the following properties: a) A is a normal fuzzy set; b) A is a convex
fuzzy set; ¢) o-cut of A, A” is a closed interval for every e (0, l] ; d) the sup-

port of A, A™ is bounded.

In Fig. 1.1 some basic types of fuzzy numbers are shown. For comparison of a
fuzzy number with a crisp number in Fig. 1.2 crisp number 2 is given.
Let consider arithmetic operation on fuzzy numbers. There are different me-
thods for developing fuzzy arithmetic. In this section we present three methods.
Method based on the extension principle. By this method basic arithmetic oper-

ations on real numbers are extende to operations on fuzzy numbers. Let A and B
be two fuzzy numbers and * denote any of four arithmetic operations

{+ -, ,:}.
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Fig. 1.1 Types of fuzzy numbers
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Fig. 1.2 Crisp number 2
A fuzzy set A*B on R can be defined by the equation
VZE R ﬂ(},*é)(z)z sup min[ﬂ,&(x)’ ;Llé(y)] (130)

z=x¥y

It is shown in [57] that AxB is fuzzy number and the following theorem has
been formulated and proved.

Theorem 1.1. Let*e {+, -, - ,: }, and let A, B denote continuous fuzzy num-

bers. Then, the fuzzy set A*B defined by (1.30) is a continuous fuzzy number.
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Then for four basic arithmetic operations on fuzzy numbers we can write

M2 = i‘ﬁfy min[; (x), 4z (y)] (131)
Hig(2)= i‘iﬂ min[ /5 (x), 4;(y)] (132)
K5 (2) = sul? min[; (x), 4 ()] (1.33)
Mz (D)= sup min[; (x), 4z ()] (1.34)

Method Based on Interval Arithmetic and o-Cuts. This method is based on re-
presentation of arbitrary fuzzy numbers by their o-cuts and use interval arithmetic

to the o-cuts. Let A,E C R be fuzzy numbers and * denote any of four opera-

tions. For each &z € (0,1], the o-cut of A*B is expressed as
(A* B)* = A% % B” (1.35)
For * we assume 0¢ supp(B).
The resulting fuzzy number A* B can be defined as

A*BZ U a(A*B)” (1.36)

ae[0,1]

Next we using (1.35), (1.36) illustrate four arithmetic operations on fuzzy
numbers.

Addition. Let A and B be two fuzzy numbers and A” and B“ their o-cuts

A% =[af,a]];B” =[b],b; ] (1.37)
Then we can write
A%+ B” =[a],aS1+[b7,by1=[a +b],a5 +b;y], Ve [0,1] (1.38)
here
A% ={x/u;(x) 2 a};B* ={x/ u;(x) 2 o} (1.39)

Subtraction. Subtraction of given fuzzy numbers Aand B can be defined as

(A-B)" = A“ = B” =[a{" —b¢,a¥ — b,V e [0,1] (1.40)

We can determine (1.40) by addition of the image B A
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Vael0,1],BY =[-by,—b"] (1.41)

Multiplication. Let two fuzzy numbers Aand B be given. Multiplication A-B
is defined as

(A-B)* =A"-B” =[qa,a;1-[b.b; Ve [0,1] (1.42)

Multiplication of fuzzy number Ain R by ordinary numbers ke R" is

performed as follows
VA CR kA® =[ka ka¥] (1.43)
Division. Division of two fuzzy numbers Aand B is defined by
A% :B” =[a,a51:[b{,by]1 Vare[0,1] (1.44)

Definition 1.18. Absolute Value of a Fuzzy Number. Absolute value of fuzzy
number is defined as:

max(A,—A), for R*
0, for R’

abs(A) ={ (1.45)

Let consider Z-number and operations on Z —numbers [128]. Decisions are based
on decision-relevant information which must be reliable. Basically, the concept of
a Z -number relates to the issue of reliability of information. A Z -number, Z,
has two components, Z:(A, ]~3) The first component, A, is a restriction (con-
straint) on the values which a real-valued uncertain variable, X, is allowed to
take. The second component, B is a measure of reliability (confidence)of the first

component. Typically, A and B are described in a natural language.

The concept of a Z -number has a potential for many applications, especially in
the realms of economics and decision analysis.

Much of the information on which decisions are based is uncertain. Humans
have a remarkable capability to make rational decisions based on information
which is uncertain, imprecise and or incomplete. Formalization of this capability,
at least to some degree motivates the concepts Z -number [128].

The ordered triple (X, A,B) is referred to as a Z -valuation. A Z -valuation is
equivalent to an assignment statement, Xis (A, B). X is an uncertain random

variable. For convenience, A is referred to as a value of X, with the understand-
ing that, A is not a value of X but a restriction on the values which X can take.
The second component, B is referred to as confidence(certainty). When X is a
random variable, certainty may be equated to probability. Typically, A and B
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are perception-based and are described in NL. A collection of Z -valuations is re-
ferred to as Z -information. It should be noted that much of everyday reasoning
and decision- makmg is based on Z -information. For purposes of computation,

when A and B are described in NL, the meaning of A and B is precisiated
through association with membership functions, (; and [, respectively. Simple

examples of Z -valuations are:

(anticipated budget deficit, about 3 million dollars, likely);
(price of oil in the near future, significantly over 50 dollars/barrel, veri likely).
The Z -valuation (X, A,B) may be viewed as a restriction on X defined by:
Prob (X is A)isB.
In a Z-number, (A, B), the underlying probability distribution p, , is not

known. What is known is a restriction on p, which may be expressed as [128]:
1{#’3 ) p, (w)duis B

An important qualitative attribute of a Z -number is informativeness. Generally,
but not always, a Z -number is informative if its value has high specificity, that is,
is tightly constrained [110], and its certainty is high. Informativeness is a desidera-
tum when a Z -number is a basis for a decision. A basic question is: When is the
informativeness of a Z -number sufficient to serve as a basis for an intelligent
decision?

The concept of a Z -number is based on the concept of a fuzzy granule
[120,121,124]. A concept which is closely related to the concept of a Z -number

is the concept of a Z" -number. Basically, a Z" -number, Z", is a combination of
a fuzzy number, A, and a random number, R, written as an ordered pair
Z" =(A,B) . In this pair, A plays the same role as it does in a Z -number, and

R is the probability distribution of a random number. Equivalently, R may be
viewed as the underlying probability distribution of X in the Z -valuation

(X,A,B). Alternatively, a Z'-number may be expressed as (A, px) or
(45, Px),» where f; is the membership function of A. A Z* -valuation is ex-

pressed as (X, A, Pyx) or, equivalently, as (X, i, p, ), where py is the proba-
bility distribution (density) of X.
The scalar product of ; and py , f; py is the probability measure, P;, of

A . More concretely,

My py =P = 1{,#/; () py (u)du (1.46)

It is this relation that links the concept of a Z -number to that of a Z" -number.
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More concretely,
Z(A,B)=Z"(A,u; py is B)

What should be underscored is that in the case of a Z -number what is known is
not py buta restriction on py expressed as f; py is B.

Let X be a real-valued variable taking values in U . For our purposes, it will
be convenient to assume that U is a finite set U={u1,...,un} . We can associate
with X a possibility distribution (£, and a probability distribution p , expressed
as:

M= T + .+ lu,

p=t, \ py+.. i, \ p,

Here f,/u; means that (4, i=1,...n, is the possibility that X =u;. Similarly,
p; \u, means that p, is the probability that X =u,.

The possibility distribution, /£, may be combined with the probability distribu-
tion, p,through what is referred to as confluence. More concretely,

Wp =, p)lu+..+ W, p)lu,

As was noted earlier, the scalar product, expressed as p-p, is the probability meas-

ure of A. In terms of the bimodal distribution, the Z* -valuation and the Z -
valuation associated with X may be expressed as:

(X,A,py)

(X,A,B), MU Dy is l§,

respectively, with the understanding that B is a possibilistic restriction on
Hi Px -

A Kkey idea which underlies the concept of a Z -mouse [128] is that visual in-
terpretation of uncertainty is much more natural than its description in natural lan-
guage or as a membership function of a fuzzy set. This idea is closely related to
the remarkable human capability to precisiate (graduate) perceptions, that is, to as-
sociate perceptions with degrees.

Using a Z -mouse, a Z -number is represented as two f-marks on two different
scales. The trapezoidal fuzzy sets which are associated with the f-marks serve as
objects of computation.

Let us consider computation with Z -numbers. Computation with Z" -numbers
is much simpler than computation with Z -numbers. Assume that * is a
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binary operation whose operands are Z'-numbers, Z'x = (AX ,R,)and
Z*y =(A,,R,) By definition,

Z'x % Z% = (A, *A, Ry *R,) (1.47)
with the understanding that the meaning of * in Ry * R, is not the same as the
meaning of * in AX * Ay . In this expression, the operands of * in AX * Ay are
fuzzy numbers; the operands of * in R, * R, are probability distributions.

Assume that * is sum. In this case, AX + AY is defined by:
Mz oq, (V) =sup, (i () A gty (v—u)), A=min (1.48)

Similarly, assuming that R, and R, are independent, the probability density
function of R, * R, is the convolution, o, of the probability density functions
of R, and R, . Denoting these probability density functions as Pg, and pg ,

respectively, we have:
Preo, ) =1 Py, @) P, (v=u)du (1.49)
Thus,
Z'x+Z'y =(Ay + A, pp o py) (1.50)

More generally, to compute Z, * Z, what is needed is the extension principle of
fuzzy logic [114,115].

Turning to computation with Z -numbers, assume for simplicity that* =sum.
Assume that Z, = (AX ,EX) and Z, = (AY,EY) . Our problem is to compute the

sum Z=X+Y . Assume that the associated Z -valuations are (X, AX, éx),
(Y, A,, B,) and (Z, A,, B,).

The first step involves computation of p, To begin with, let us assume that
Py and p, are known, and let us proceed as we did in computing the sum of
Z" -numbers. Then

Pz =Px° Py

Or more concretely

P, () =] py@)p, (v=1)du

In the case of Z -numbers what we know are not p, and py but restrictions on

px and py
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[u; w)pywduis By
f,uAY () py (u)du is BY

In terms of the membership functions of BX and I§Y, these restrictions may be

expressed as:

#5, (Lt @)y (w)du)
#5, (Lt () py )l

Additional restrictions on p, and p, are:

| py (wydu=1

I py (wydu=1

Iu My (u)du
1{ up, (u)du = W (compatibility)
%
[usz; (wyu
1{ up,, (u)du = W (compatibility)
R

Applying the extension principle, the membership function of p, may be ex-

pressed as:

Hy, () =5, (ty (a5 () py Qi) m gty (J gt @) py e)du)

subject to
Pz = Px ° Py

| py u)du=1
I py (wydu=1
j”ﬂAx (u)du

fupX wduy=— —
R [u; (wydu
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J.u,u/iy (w)du

R

du=%2—
IJ;MPY(M) " IyAy(u)du

The second step involves computation of the probability of the fuzzy event, Z is
A, , givenp, . As was noted earlier, in fuzzy logic the probability measure of the

fuzzy event X is A , Where Aisa fuzzy set and X 1is a random variable with
probability density py , is defined as:

L1130 py yu
Using this expression, the probability measure of AZ may be expressed as:
B, = 1{,/1,;2 () p, (u)du,
where
H;, (u) =sup, (ILlAX A H;, (u—v))
It should be noted that B, is a number when p, is a known probability density
function. Since what we know about p, is its possibility distribution, 1, (p,).

éz is a fuzzy set with membership function f; . Applying the extension prin-

ciple, we arrive at an expression for (; . More specifically,
z

1 wy=sup, 4, (p,)
subject to

w= 1Ie'u‘32 ) p,(u)du

Where 1, (p,) is the result of the first step. In principle, this completes compu-

tation of the sum of Z -numbers, Z, and Z, .

In a similar way, we can compute various functions of Z -numbers. The basic
idea which underlies these computations may be summarized as follows.

Suppose that our problem is that of computing f(Z,,Z,), where Z, and
Z, are Z-numbers, Z, =(AX,I§X) and Z, =(AY,I§Y) respectively, and
f(Z,.,Z,)= (AZ,EZ). We begin by assuming that the underlying probability
distributions py and py are known. This assumption reduces the computation of

f(Z,,Z,) to computation of f(Zy,Z,), which can be carried out through
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the use of the version of the extension principle which applies to restrictions
which are Z' -numbers. At this point, we recognize that what we know are not
pPx and p, but restrictions on py andpy . Applying the version of the exten-
sion principle which relates to probabilistic restrictions, we are led to

f(Z,,Z,). We can compute the restriction, B,, of the scalar product of
f(AX ,Ay) and f(py,py). Since AZ = f(AX ,Ay) , computation of éz com-
pletes the computation of f(Z,.Z,).

There are many important directions which remain to be explored, especially in
the realm of calculi of Z -rules and their application to decision analysis and mod-
eling of complex systems.

Computation with Z -numbers may be viewed as a generalization of computation
with numbers, intervals, fuzzy numbers and random numbers. More concretely, the
levels of generality are: computation with numbers (ground levell);computation
with intervals (levell); computation with fuzzy numbers (level 2); and computation
with Z -numbers (level3). The higher the level of generality, the greater is the capa-
bility to construct realistic models of real-world systems, especially in the realms of
economics and decision analysis.

It should be noted that many numbers, especially in fields such as economics
and decision analysis are in reality Z -numbers, but they are not treated as such
because it is much simpler to compute with numbers than with Z -numbers. Basi-
cally, the concept of a Z -number is a step toward formalization of the remarkable
human capability to make rational decisions in an environment of imprecision and
uncertainty.

We now consider fuzzy relations, linguistic variables. In modeling systems the
internal structure of a system must be described first. An internal structure is cha-
racterized by connections (associations) among the elements of system. As a rule
these connections or associations are represented by means of relation. We will
consider here fuzzy relations which gives us the representation about degree or
strength of this connection.

There are several definitions of fuzzy relation [54,113,117]. Each of them de-
pends on various factors and expresses different aspects of modeling systems.

Definition 1.19. Fuzzy Relation. Let X ,X,,...,X , be nonempty crisp sets.
Then, a R(XI,XZ,...,Xn) is called a fuzzy relation of sets X,,X,,....X,, if
R(X 1»X,5,..,X,) is the fuzzy subset given on Cartesian product
X, xX,x.xX,.

If n=2, then fuzzy relation is called binary fuzzy relation, and is denoted as
R (X,Y) . For three, four, or n sets the fuzzy relation is called ternary, quaternary,
or n-ary, respectively.
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In particular, if X, =X, =...= X, =X we say that fuzzy relation R is given
onset X among elements x,,X,,....x, € X .

Notice, that fuzzy relation can be defined in another way. Namely, by two or-
dered fuzzy sets.

Assume, two fuzzy sets 4;(x) and ;(y) are given on crisp sets X andY,

respectively. Then, it is said, that fuzzy relation R;;(X,Y) is given on sets X

and Y , if it is defined in the following way

‘uR,ié (.X, y) = n:rll‘n[:u,& (X), :ué ()’)]

for all pairs (x,y), where xe X and ye Y . As above, fuzzy relation R 15 18 de-

fined on Cartesian product.
Let fuzzy binary relation on set X be given. Consider the following three

properties of relation R :
1. Fuzzy relation R is reflexive, if
My (x,x)=1

for all xe X . If there exist x€ X such that this condition is violated, then rela-
tion R is irreflexive, and if R(x, x) =0 for all xe X , the relation R is antiref-
lective;

2. A fuzzy relation R is symmetric if it satisfies the following condition:
M (x,y) =z (y,%)

for all x,ye X . If from R(x, y)>0 and R(y,x) >0 follows x=1y for all
x,y€ X relation R is called antisymmetric;

3. A fuzzy relation R is transitive (or, more specifically, max-min transitive) if

M (x,2) 2 max min(u (x,y), g (y,2)
is satisfied for all pairs (x,z)€ X .

Definition 1.20. Fuzzy Proximity. A fuzzy relation is called a fuzzy proximity or
fuzzy tolerance relation if it is reflexive and symmetric. A fuzzy relation is called
a fuzzy similarity relation if it is reflexive, symmetric, and transitive.

Definition 1.21. Fuzzy Composition. Let A and B be two fuzzy sets on X XY
and Y X Z , respectively. A fuzzy relation Ron X XZ is defined as

R={((x,2), 1tz (x,2)1 (x,2)€ X XZ} (1.51)
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here
Uy X XY —[0,1]
(xe Z) = IUR (x’ Z) = ;Ugcg (x’ Z) = }Ey(T(laA (x’ )’)’,Ug(y, Z))) (152)

For x€ X and ze Z, T and S are triangular norms and triangular conorms,

respectively.

Definition 1.22. Equivalence (Similarity) Relation. If fuzzy relation R is reflex-

ive, symmetric and transitive then relation R is an equivalence relation or similar-
ity relation.

A fuzzy relation R isa fuzzy compatibility relation if it is reflexive and symme-
tric. This relation is cutworthy. Compatibility classes are defined by means of ¢ -
cut. In fact, using & -cut a class of compatibility relation is represented by means
of crisp subset.

Therefore a compatibility relation can also be represented by reflexive undi-
rected graph.

Now consider fuzzy partial ordering.

Let X be nonempty set. It is well known, that to order a set it is necessary to
give an order relation on this set. But sometimes our knowledge and estimates of
the elements of a set are not accurate and complete. Thus, to order such set the
fuzzy order on set must be defined.

Definition 1.23. Fuzzy Partial Ordering Relation. Let R be binary fuzzy rela-

tion on X . Then fuzzy relation R is called fuzzy partial ordering, if it satisfies the
following conditions:

1.Fuzzy relation R is reflexive;
2.Fuzzy relation R is antisymmetric;
3.Fuzzy relation R is fuzzy transitive.

If fuzzy partial order is given on set X then we will say that set X is fuzzy par-
tially ordered.

Next we consider projections and cylindric extension.

Let R be n-dimensional fuzzy relation on Cartesian product
X =X, xX,X...xX, of nonempty sets X,,X,,..., X, and (i,i,,...,i,) bea
subsequence of (1,2,...,1) .

The practice and experimental evidence have shown that decision theories de-
veloped for a perfect decision-relevant information and ‘well-defined’ preferences
are not capable of adequate modeling of real-world decision making. The reason is
that real decision problems are characterized by imperfect decision-relevant in-
formation and vaguely defined preferences. This leads to the fact that when solv-
ing real-world decision problems we need to move away from traditional decision
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approaches based on exact modeling which is good rather for decision analysis of
thought experiments.

More concretely, the necessity to sacrifice the precision and determinacy is by
the fact that real-world problems are characterized by perception-based informa-
tion and choices, for which natural language is more covinient and close than
precise formal approaches. Modeling decision making from this perspective is im-
possible without dealing with fuzzy categories near to human notions and imagi-
nations. In this connection, it is valuable to use the notion of linguistic variable
first introduced by L.Zadeh [119]. Linguistic variables allow an adequate reflec-
tion of approximate in-word descriptions of objects and phenomena in the case if
there is no any precise deterministic description. It should be noted as well that
many fuzzy categories described linguistically even appear to be more informative
than precise descriptions.

Definition 1.24. Linguistic Variable. A linguistic variable is characterized by the
set (u,T,X,G,M ), where u is the name of variable; T denotes the term-set of u
that refer to as base variable whose values range over a universe X ; G is a
syntactic rule (usually in form of a grammar) generating linguistic terms; M is a

semantic rule that assigns to each linguistic term its meaning, which is a fuzzy set
onX .

A certain €T generated by the syntactic rule G is called a term. A term con-
sisting of one or more words, the words being always used together, is named an
atomary term. A term consisting of several atomary terms is named a composite
term. The concatenation of some components of a composite term (i.e. the result
of linking the chains of components of the composite term) is called a subterm.

Here 1,,t,,... are terms in the following expression
T=t+t,+..

The meaning of M (¢) of the term t is defined as a restriction R(#;x) on the basis

variable x conditioned by the fuzzy variable X:
M(t)=R(t;x)

it is assumed here that R(#;x) and, consequently, M (¢)can be considered as a
fuzzy subset of the set X named as t.

The assignment equation in case of linguistic variable takes the form in which
t-terms in 7 are names generated by the grammar G, where the meaning as-
signed to the term t is expressed by the equality

M (t) = R(terminT)

In other words the meaning of the term t is found by the application of the seman-
tic rule M to the value of term t assigned according to the right part of equation.
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Moreover, it follows that M (¢) is identical to the restriction associated with the
term t.

It should be noted that the number of elements in 7 can be unlimited and then
for both generating elements of the set 7 and for calculating their meaning, the
application of the algorithm, not simply the procedure for watching term-set, is
necessary.

We will say that a linguistic variable u is structured if its term-set 7' and the
function M , which maps each element from the term-set into its meaning, can be
given by means of algorithm. Then both syntactic and semantic rules connected
with the structured linguistic variable can be considered algorithmic procedures
for generating elements of the set 7 and calculating the meaning of each term
inT , respectively.

However in practice we often encounter term-sets consisting of a small number
of terms. This makes it easier to list the elements of term-set 7' and establishes a
direct mapping from each element to its meaning. For axample, an intuitive de-
scription of possible economic conditions may be represented by linguistic terms
like “strong econonmic growth”, “weak economic growth” etc. Then the term set
of linguistic variable “state of economy” can be written as follows:

T(state of economy) = “strong growth” + “moderate growth” + “static situa-
tion” + “recession”.

The variety of economic conditions may also be described by ranges of the im-
portant economic indicators. However, numerical values of indicators may not be
sufficiently clear even for experts and may arise questions and doubts. In contrast,
linguistic description is well perceived by human intuition as qualitative and
fuzzy.

1.2 Classical and Extented Fuzzy Logic

First we consider classical fuzzy logic. We will consider the logics with multi-
valued and continuous values (fuzzy logic). Let’s define the semantic truth func-

tion of this logic. Let P be statement and T ( P ) its truth value, where

T(P)e|[0,1]
Negation values of the statement P are defined as:
T(=P) =1—T(P) .
Hence
T(——P)= T(P) .
The implication connective is always defined as follows:

T(P—Q)=T(=PvQ),
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and the equivalence as
T(PeQ)=T[(P>0Q)A(Q—>P)].

It should be noted that exclusive disjunction ex, disjunction of negations (Shiffer's
connective) |, conjunction of negations d and ~> (has no common name) are

defined as negation of equivalence <>, conjunction A , disjunction Vv , and impli-
cation —, respectively.
The tautology denoted e and contradiction denoted © will be, respectively:

°

T(ﬁj :T(PvﬁP);T(Pj =T (P A—P).
More generally

T(P.szT((Pv—‘P)V(QVQ))

T(POQJ=T((P/\—|P)/\(Q/\Q))

Semantic Analysis of Different Fuzzy Logics. Let A and B be fuzzy sets of the
subsets of non-fuzzy universe U ; in fuzzy set theory it is known that A is a sub-
setof B iff

My S iy ie. VxeU, 1 (x) < g (x).

Definition 1.25. Power Fuzzy Set. For given fuzzy implication — and fuzzy set
B from the universe U , the power fuzzy set PB from B is given by member-
ship function f;; [3,19]:

A= A (U (0) = ()
Then the degree to which A is subset of B, is
n(ACB)= ;A

Definition 1.26. If fuzzy implication operator [3,19] is given on the closed unit in-
terval [0,1] then

a<—b=b—>a

as>b=(a@a—b)r(a<b)=(a—>b)Ar(a<Db)
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Definition 1.27. Degree of “Equivalency”. Under the conditions of the definition
PB the degree to which fuzzy sets A and B are equivalent is:

ﬂ'(AE E) =7r(flg B) A ﬂ(ég ;\);
or
m(A=B)= Al x> )

For practical purposes [3,19] in most cases it is advisable to work with multi-
valued logics in which logical variable takes values from the real interval

I =[0,1] divided into 10 subintervals, i.e. by using set V;, =[0,0.1,0.2,...,1].
We denote the truth values of premises A and B through T(A)=a and
T(B) =b . The implication operation in analyzed logics [2,3,88] has the following

form:
1) min-logic
a, if a<b
a—b= _
min b, otherwise.
2) S*- logic
1, if a#l or b=l,
a—>b= 4 .
s* 0 , otherwise.

3) §-logic (“Standard sequence”)

1, if a<bh,
a—b=
s 0, otherwise.

4) G - logic ("Godelian sequence”)

1, if a<b,
a—b=
G b, otherwise.

5) G43 - logic

1, ; :O’
a%b:{ if a
G43

min(1,b/a), otherwise.
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6) L-logic (Lukasiewicz's logic)
a—>b=min(1, 1—a+b).
L

7) KD - logic

a—b=((-a)vb=max(1—a,b).
KD

In turn ALI1-ALI4 - logics, suggested by us, which will be used in further chap-
ters are characterized by the following implication operations [4,5]:

8) ALI1 - logic

l—a, if a<b,
aElb: 1, l‘f a:b’
b, if a>b
9) ALI2 - logic
1, if a<b,
a—b=
ALI2 (1-a)Ab, if a>b
10) ALI3 - logic
1, if a<b,
a—b=
ALI3 bl/la+(1-Db)], otherwise.

11) ALI4 - logic

l1-a+b

——, a>b,
aTb= 2

1, a<b.

A necessary observation to be made in the context of this discussion is that with
the only few exceptions for § -logic (3) and G -logic (4), and ALI1-ALI4 (8)-
(11), all other known fuzzy logics (1)-(2), (5)-(7) do not satisfy either the classical
“modus-ponens” principle, or other criteria which appeal to the human perception
of mechanisms of a decision making process being formulated in [74]. The pro-
posed fuzzy logics ALI1-ALI4 come with an implication operators, which satisfy
the classical principle of “modus-ponens” and meets some additional criteria being
in line with human intuition.

The comparative analysis of the first seven logics has been given in [19]. The
analysis of these seven logics has shown that only S - and G - logics satisfy the
classical principle of Modus Ponens and allow development of improved rule of
fuzzy conditional inference. At the same time the value of truthness of the impli-
cation operation in G -logic is equal either to 0 or 1; and only the value of
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truthness of logical conclusion is used in the definition of the implication opera-
tion in § -logic. Thus the degree of “fuzziness” of implication is decreased, which
is a considerable disadvantage and restricts the use of these logics in approximate
reasoning.

Definition 1.28. Top of a Fuzzy Set. The top of fuzzy set B is

HB = VL (D).
U

Definition 1.29. Bottom of a Fuzzy Set. The bottom of fuzzy set B is

PB = (x).
U

Definition 1.30. Nonfuzziness. Nonfuzziness a€ U is ka=av (1—a). Then

nonfuzziness of fuzzy set B is defined as:

kB = /\k,ul§ (x)
U

Let us give a brief semantic analysis of the proposed fuzzy logics ALI1-ALI3 by
using the terminology accepted in the theory of power fuzzy sets. For this purpose
we formulate the following.

Proposal. Possibility degree of the inclusion of set H(Ag B) in fuzzy logic
ALI1-ALI3 is determined as:

l_lLlA('x)7 if ﬂg(x)<ﬂg(x)e
m(AcB)=11, if ()= (%),
M (x), if H; (x)> Hj (x);
N I if p;(x) < (%),
r(Ach)- | .
(1= p3(0) A (), i () > 1 ();
1, if (%) < 5 (),
m,(AcB)= (%)

IUA()C)+(1—IUB()C)) ’ lf ;UA(X) >:u1§(-x)-

We note, that if 4;(x)=0 or A#, then the crisp inclusion is possible for

fuzzy logic ALI1. Below we consider the equivalence of fuzzy sets.
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Proposal. Possibility degree of the equivalence of the sets 7Z'(;\ = B) is deter-

mined as:

@)y i <.

JZ'I(AEB)= 1, if A=B,
I-[(1—y0)v 0] (0> (),
1, if A=B,
A (1= )| A gt () | (1= ()| A () | if  A#B,

oyl lesoso)ono]

: 0, ifElxIII,uA(x)=0,,ué(x)¢0 (orviceversa),
and also x|l ’UA x)=1, ,ué (x)#1 (or vice versa),

L i1, (0 < (%),

71'3(1:1';3): M (x)

(%) > 5 (x).
1+ (1, (0) if p;(x)> ps(x)

Here the set T ={xe U"qu ;é,uéx} and A =B means that Vx

M (x)= 5 (x) orin other words, T =(.

The symbol |l means "such as ". From the expression 7, (A = B), i=13, it
follows that for ALI1 fuzzy logic the equivalency 7, (A =B ) =1 takes place only

when A=B. It is obvious that the equivalence possibility is equal to 0 only in
those cases when one of the statements is crisp, i.e. either true or false, while the
other is fuzzy.

Proposal. Degree to which fuzzy set B is empty JZ'(E =(J) is determined as

EI(BE@){L I B=2.

0, otherwise;

EZ(EEQ

~—

_{1, if HB<1 or B=0,

0, otherwise;

(B @)={1’ if B=0,

0, otherwise.
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Here B = means that for V x U (x)=0, or equivalently HB=0.
We introduce the concept of disjointness of fuzzy sets. There are two kinds of
the disjointness. For a set A the first kind is defined by degree to which set A is

a subset of the complement of B° . The second kind is the degree to which the in-
tersection of sets is empty. Therefore, we formulate the following.

Proposal. Degree of disjointness of sets A and B is degree to which A and B
are disjoint

ﬂ'(A disj, B)zﬂ(AgBC)Aﬂ(BgAC),
7[(;1 disj, l§)=7r((;\ml§)=®) .

Proposal. Disjointness grade of sets A and B is determined as

1, if el (x)=1-p;(x),
7[1(;\ disj, B): (l—ﬂA(x))/\(l—ﬂB(x)), otherwise,

0, never,

1, if 1 ()S1-p (),

0, if ElxIII,uA (x)=1, but 7% (x)#0,
7, (A disj, B)= or p,(0=1, but p, (x)%0,

?[(l—ﬂg(x)),(l—,ué(x))}, otherwise;

1, lf :uA (X)Z,l,lg (x) or ,ug (x)=0,
- - 1—u. 1—u.-
V4 (A disj, B)= A Hy () , Hi ) , otherwise,
: T| 430+ (145 (0) p1 ({12,
0, never.

here T={x|||ﬂA(x)>l—,ué(x)}.

We note that, the disjointness degree of the set is equal to 0 only for fuzzy logic
ALI2, when under the condition that one of the considered fuzzy sets is normal,
the other is subnormal.

Proposal. Degree to which set is a subset of its complement for the considered
fuzzy logics 7,(A < BY) takes the following form
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1, if HA=0,
r(Ac A) =10, if HA=1,
1- HA, otherwise;

1, if HA<O0,
7, (Ac A) =10, if HA=1,
1- HA, otherwise;

1, if HA<0.5,
7 (Ac A9) =10, if HA=1,
(1- H;\) /(ZHA), otherwise;

It is obvious that for the fuzzy logic ALI1 the degree to which a set is the subset of
its complement is equal to the degree to which this set is empty. It should also be
mentioned that the semantic analysis given in [6,8,9] as well as the analysis given
above show a significant analogy between features of fuzzy logics ALI1 and KD .
However, the fuzzy logic ALI1, unlike the KD logic, has a number of advantages.
For example, ALI1 logic satisfies the condition f£;x A (4;X —> f;X) < [1;x neces-

sary for development of fuzzy conditional inference rules. ALI2 and ALI3 logics
satisfy this inequality as well. This allows them to be used for the formalization of
improved rules of fuzzy conditional inference and for the modeling of relations be-
tween main elements of a decision problem under uncertainty and interaction among
behavioral factors.

Extended Fuzzy Logic [127]

Fuzzy logic adds to bivalent logic an important capability—a capability to reason
precisely with imperfect information. In classical fuzzy logic, results of reasoning
are expected to be provably valid, or p -valid for short. Extended fuzzy logic adds
an equally important capability—a capability to reason imprecisely with imperfect
information. This capability comes into play when precise reasoning is infeasible,
excessively costly or unneeded. In extended fuzzy logic, p -validity of results is
desirable but not required. What is admissible is a mode of reasoning which is
fuzzily valid, or f -valid for short. Actually, much of everyday human reasoning

is f -valid reasoning. What is important to note is that f -valid reasoning based
on a realistic model may be more useful than p -valid reasoning based on an

unrealistic model. As John Maynard Keynes states, “It is better to be roughly right
than precisely wrong” In constructing better models of reality, a problem that has
to be faced is that as the complexity of a system, increases, it becomes
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increasingly difficult to construct a model, which is both cointensive, that is,
close-fitting, and precise. This applies, in particular, to systems in which human
judgment, perceptions and emotions play a prominent role. Economic systems, le-
gal systems and political systems are cases in point. As the complexity of a system
increases further, a point is reached at which construction of a model which is both
cointensive and precise is not merely difficult—it is impossible. It is at this point
that extended fuzzy logic comes into play. Actually, extended fuzzy logic is not
the only formalism that comes into play at this point. The issue of what to do
when an exact solution cannot be found or is excessively costly is associated with
a vast literature. Prominent in this literature are various approximation theories
[16], theories centered on bounded rationality [100], qualitative reasoning [106],
commonsense reasoning [65,78] and theories of argumentation [101]. Extended
fuzzy logic differs from these and related theories both in spirit and in substance.
The difference will become apparent in Section 1.3, in which the so-called f -

geometry is used as an illustration. To develop an understanding of extended
fuzzy logic, it is expedient to start with the following definition of classical fuzzy
logic. Classical fuzzy logic is a precise conceptual system of reasoning, deduction
and computation in which the objects of discourse and analysis are, or are allowed
to be, associated with imperfect information. In fuzzy logic, the results of reason-
ing, deduction and computation are expected to be provably valid ( p -valid) with-
in the conceptual structure of fuzzy logic. In fuzzy logic precision is achieved
through association of fuzzy sets with membership functions and, more generally,
association of granules with generalized constraints [126]. What this implies is
that classical fuzzy logic is what may be called precisiated logic.

At this point, a key idea comes into play. The idea is that of constructing a
fuzzy logic, which, in contrast to classical, is unprecisiated. What this means is
that in unprecisiated fuzzy logic UFL membership functions and generalized
constraints are not specified, and are a matter of perception rather than measure-
ment. A question which arises is: What is the point of constructing UFL - a logic
in which provable validity is off the table? But what is not off the table is what
may be called fuzzy validity, or f -validity for short. As will be shown in section

1.3 amodel of UFL is f -geometry. Actually, everyday human reasoning is pre-
ponderantly f -valid reasoning. Humans have a remarkable capability to perform

a wide variety of physical and mental tasks without any measurements and any
computations. In this context, f -valid reasoning is perception-based. The con-

cept of unprecisiated fuzzy logic provides a basis for the concept of extended

fuzzy logic, EFL . More specifically, EFL is the result of adding UFLto clas-
sical fuzzy logic. Basically, extended fuzzy logic. Effect, extended fuzzy logic
adds to fuzzy logic a capability to deal imprecisely with imperfect information
when precision is infeasible, carries a high cost or is unneeded. This capability is a
necessity when repeated attempts at constructing a theory which is both realistic
and precise fail to achieve success. Cases in point are the theories of rationality,
causality and decision-making under second order uncertainty, that is, uncertainty
about uncertainty. There is an important point to be made. f -Validity is a fuzzy
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concept and hence is a matter of degree. When a chain of reasoning leads to a con-
clusion, a natural question is: What is the possibly fuzzy degree of validity, call it
the validity index, of the conclusion? In most applications involving f -valid rea-

soning a high validity index is a desideratum. How can it be achieved? Achieve-
ment of a high validity index is one of the principal objectives of extended fuzzy
logic. The importance of extended fuzzy logic derives from the fact that it adds to
fuzzy logic an essential capability—the capability to deal with unprecisiated im-
perfect information.

1.3 Fuzzy Analyses and Fuzzy Geometry

In this section we concern with the necessary concepts related to the calculus of
fuzzy set-valued mappings, for short fuzzy functions. Let X be an arbitrary set. A
family 7 of fuzzy sets in X is called a fuzzy topology for X and the pair (X,7)

a fuzzy topological space if: (i) (y €7 and ;€ T; (ii) UIAl € 7 whenever

each;\,. € 7(ie I) ; and (iii) ANBe Twhenever;\,ée T [25].

Definition 1.31. Fuzzy Function [25]. A fuzzy function f from a set X into a
set Y assigns to each x in X a fuzzy subset f (x) of Y. We denote it
by f : X =Y. We can identify f with a fuzzy subset G,? of X XY and

FO =G (x,y).
If Aisa fuzzy subset of X , then the fuzzy set f (A) in Y is defined by

FA)y) =suplG(x,y) A A(x)]

xeX

The graph é/z of f is the fuzzy subset of XXY associated with f ,

G; ={(x.y)e XxY:[f(0)1(») =0 }

Let X be a fuzzy topological space. Neighborhood of a fuzzy set AcCX is any
fuzzy set B for which there is an open fuzzy set 1% satisfying AcVcB. Any
open fuzzy set V that satisfies AV is called an open neighborhood of A.

A fuzzy function f : X — Y between two fuzzy topological spaces X and Y
is: upper semicontinuous at the point x, if for every open neighborhood U of
f (x), f “(U) is a neighborhood of x in X ; lower semicontinuous at x, if for

every open fuzzy set V which intersects f(x), f'(U) is a neighborhood of x;
and continuous if it is both upper and lower semicontinuous.
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Let £" [34,62] be a space of all fuzzy subsets of R". These subsets satisfy the
conditions of normality, convexity, and are upper semicontinuous with compact
support.

Definition 1.32. Fuzzy Closeness [25]. A function f : X > Y between two
fuzzy topological spaces is fuzzy closed or has fuzzy closed graph if its graph is a
closed fuzzy subset of X XY

Definition 1.33. Composition [25]. Let f :X >Y and g:Y — Z be two fuzzy
functions. The composition g 0]; X =Z f :X —>7 is defined by
(go HD)==u{gM:[f(OIy)#0}.

Theorem 1.2. Convex Hull of a Fuzzy Set [25]. Let X, Y and Z be three fuzzy
topological spaces. Let f :X > Yand g:Y — Z be two fuzzy functions. Then

(i) (&, )" (A) = f(§"(A)
and

(ii) (§,£) (A) = f' (&' (A))
where A is an open fuzzy subset of Z.

A fuzzy set A in  E is called convex if for each
te [0,11,[tA+ (1 —-1)A](x) £ A(x). The convex hull of a fuzzy set B is smallest

convex fuzzy set containing B and is denoted by o (B).
Definition 1.34. Fuzzy Topological Vector Space [25]. A fuzzy linear topology

on a vector space E over K is a fuzzy topology 7 on E such that the two

mappings:
J:EXE—SE, f(x,y)=x+Y,
h:KXE—E, h(t,x)=1tx,

are continuous when K has the usual fuzzy topology and KX E, EXE the cor-
responding product fuzzy topologies. A linear space with a fuzzy linear topology
is called a fuzzy topological vector space. A fuzzy topological vector space E is
called locally convex if it has a base at origin of convex fuzzy sets.

Definition 1.35. Fuzzy Multivalued Functions [25]. If f ,8:X oY are two
fuzzy multivalued functions, where Y is a vector space, then we define:

(1) The sum fuzzy multivalued function f +g by

(f+Hx)=F)+g@)={y+z:ye f(x)and ze §(x)]
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(2) The convex hull of a fuzzy multivalued function ¢, ( f ) of f by

G () =E,(f(x)).

(3) If Y is a fuzzy topological vector space, the closed convex hull of a fuzzy mul-
tivalued function c/(¢,( f )) of f by

(L&, (FN)(x) = el (f(x)))

Below a definition of measurability of fuzzy mapping F:T—¢&" is given.

Definition 1.36. Measurability of Fuzzy Mapping [34,62]. We say that a map-
ping F:T—E&" is strongly measurable if for all re [0,1] the set-valued map-

ping F,:T — P, (R") defined by
F, () =[F®]"

is (Lebesgue ) measurable , when P, (R") is endowed with the topology generat-
ed by the Hausdorff metricd, .

If F:T —&" is continuous with respect to the metric d,, then it is strongly
measurable [34,62].

A mapping F:T —&" is called integrably bounded if there exists an integra-
ble function & such that |l x lI< A(¢) for all xe FO ).
Definition 1.37. Integrability of Fuzzy Mapping [34,62]. Let F:T — &" . The

integral of F over T, denoted J‘T F (t)dt or Jjﬁ (t)dt , is defined levelwise by
the equation

[ L F(t)dr) = jT F,(t)dr ={ jT fOdt! f:T —R" isameasurable selection for F,}
for all O<a<1. A strongly measurable and interably bounded mapping
F:T — E" is said to be integrable over T if J‘T F()dte E" .

Hausdorff Distance [34,62]. Let P, (R") denote the family of all nonempty

compact convex subsets of R" and define the addition and scalar multiplication
in P,(R") as usual. Let C and D be two nonempty bounded subsets of R".
The distance between C and D is defined by using the Hausdorff metric

d,(C,D) :{max(supinf ||c—d ,supinf ||c—d||)1 (1.53)
ceC d€D d J

ep c€C
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where ”” denotes the usual Euclidean norm in R” . Then it becomes clear that

(P.(R"),d,; ) becomes a metric space.

The next necessary concept that will be used in the sequel is the concept of dif-
ference of two elements of £" referred to as Hukuhara difference:

Definition 1.38. Hukuhara Difference [34,62]. Let X,Y € £". If there exists

Ze&" suchthat X =Y + Z then Z is called a Hukuhara difference of X and
Y and is denoted as X — Y

Note that with the standard fuzzy difference for Z produced of X
andY , X #Y +Z . We use Hukuhara difference when we need X =Y + Z .
Let us consider and example. Let X and Y be tr1angular fuzzy sets

X= 3,7,11) and Y= (1,2,3). Then Hukuhara difference of X and Y is
X N Y =(3,7.11)—-, (1,2,3) =(3-1,7-2,11-3) = (2,5,8) Indeed,
Y+(X-,¥) =(1,2.3) +(2.5.8) =3, 7.1)=X .

Definition 1.39. Fuzzy Hausdorff Distance [10,11]. Let A,é € &". The fuzzy
Hausdorff distance d ,» between A and B is defined as

d,(AB= ] a[dﬂ (A'B"), sup d,, (A“,B”)] (1.54)
ael0,1] a<a<l
where d,, is the Hausdorff distance [34,62] and A',B' denote the cores (& =1

level sets) of fuzzy sets A,é respectively. Let us denote by HA —h EHI

d P (A - B,@) a fuzzy norm of the Hukuhara difference. We note that

dy (A—h E,(A)):de (A, E) We will be using this difference in further
considerations.

Let us consider a small example. Let A and B be triangular fuzzy sets
A= (2,3,4) and B= (6,8,12) . Then the fuzzy Hausdorff distance d,, between

A and B is defined as a triangular fuzzy set c?m (;\, B) =(5,5,8).

Fuzzy Norms. Let X, y€ E" . We denote by ||)~C - )7” s @ fuzzy norm defined as

1¥= 3], =dwE ). (1.55)
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It is the fuzzy Haussdorf distance mentioned above.
Let it = (i, Uly,..., 1, )€ E" . We denote by Il ll, a fuzzy norm defined by

the formula

Wall, =l 1+1a, | +.+1a, 1. (1.56)

where |.| is the absolute value of a fuzzy number [3,7].

Derivatives of Fuzzy Functions and Fuzzy Derivatives [46,52]. It is necessary to

distinguish between the following cases:

—we are given a fuzzy function and our interest is to determine its derivative at a
particular point a (see Fig 1.3 (a));

—we have a function but the information about the point d at which we are to

consider the derivative is vague (uncertain) (see Fig 1.3 (b));

—we have a fuzzy function and we are interested in its derivative at a vague point

a (see Fig 1.3 (¢)).

=
~

3 %
<

I
~
=
&

d X€ER XER
i JeE' yeR
f:R>E f:R—>R
> X .
particular point & vague point vague point

&:U,Ll&(x)/xj &:U;Aa(x)/x]

(@) (b) ©
Fig. 1.3 Derivatives of fuzzy functions and fuzzy derivatives

In this paper, we analyze the situations in which the points are not exactly
known, and therefore they need to be substituted by subjective and vague esti-
mates, viz. could be treated as fuzzy sets (numbers) defined over some interval.

Strongly Generalized Differentiability [24]. Let f :(a, b) > E" and
t,€ (a,b). We say that f is strongly generalized differentiable at #, if there

exists an element f'(f,) € E" , such that
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a) for all A >0 sufficiently small, 3 f(t,+h)—, f(t,), f(t,)—, f({t, —h)
(i.e. the length of diam (( f(t))a) increases) and the limits (in the supremum
metric [34])

lim f(to + h) “h f(to) =11I1’} f(to)_h ]:lf(to — h

h—0* h h—0

) = f’(t()) >

or

b) for all h>0 sufficiently small, 3 f(z,)—, f(t, +h),
f(@,—h)—, f(t,) (e the length of diam((f(t))a) decreases) and the
limits (in the supremum metric [34]) interval

lim f(t())_h f(to + h) - lim f(to B h) " h f(to)
h—0* (=h) h—0" (=h)

= f,(to) s

(h and (—h) shown in the denominators mean 1/ A and 1/(—h) respectively).

Let f:(a,b) = E' be a differentiable function. We introduce the notation
0] Z[ﬁa(t),f,a (t)] Then f,”(t) and f”(t) are differentiable and

(F0) = [min[(fﬂ(r))' ,(f,”‘<r>)'j,max((ﬁ“<r>)',(f,"‘m)'ﬂ.

t
If f is continuous then g(t)ZJf(T)dT is differentiable on (a,b) and

g'(t)=f(t), Vte (a,b). Moreover, if f is differentiable on (a,b) and
f’() is integrable on (a,b) then for all € (a,b) we have

f(t)=f(to)+j.f'(r)dr, a<t,<t<b.

Iy
Possibility Measure [3,110,121]. Given two fuzzy sets defined in the same un-

iverse of discourse X, a fundamental question arises as to their similarity or prox-
imity. There are several well-documented approaches covered in the literature.

One of them concerns a possibility measure. The possibility measure, denoted by

POSS(A,X) describes a level of overlap between two fuzzy sets and is ex-

pressed in the form
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Poss(A, X)) =sup,_y [A(x)ti (X)J ’

where ¢ is a f-norm. Computationally, we note that the possibility measure is
concerned with the determination of the intersection between A and X s
A(x)t)z (x), that is followed by the optimistic assessment of this intersection. It
is done by picking up the highest values among the intersection grades of A and
X that are taken over all elements of the universe of discourse X . For example,

let a and I; be fuzzy sets with trapezoidal membership functions:

1-47% 0 ifa—o<x<aq 12ATX e B <xsh
o B
L ifa<x<a, 1, ifb<x<b
H=1" 1 #o=1" ’
1-22% ifa,-a <x<a, 1-222 b, <x<b,
o, B
0, otherwise 0, otherwise

The graphs of the corresponding membership functions £;(x) and f4;(x)are
shown in Fig.1.4.

Then the possibility measure of the proposition “d is equal to b is defined as
follows:

() 4 (%) 4

v

—a %4—04J "y “Tbl biem x

Fig. 1.4 Trapezoidal fuzzy numbers d and b

a-b .
1—=, O<a-b<g+f.
oy if0<a—b<g+f
(a=h)=Poss(@/ B) =muxin 14,(x), 14 () = L bl_im(al’bl)smaz’bz) (1.57)
I——=, if0<h—a, <o+
oy, h—a <o +f4
0, otherwise
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Fuzzy Geometry

In general, fuzzy geometry may be considered as extension of conventional geo-
metry to the fuzzy case [29,77,90-94,96,107]. Fuzzy geometry includes the topo-
logical concepts of area, perimeter, compactness, length, adjacency etc. These
measures can be used to reflect the ambiguity in decision relevant information.

Definition 1.40. Fuzzy Point. Fuzzy point X, is a convex fuzzy subset of R'.

Fuzzy point in R is characterized by kernel x, whose precise location is only ap-
proximately known.

A crisp point X, € R' is the kernel, from which membership function decreases in

all directions monotonically [17]. In Fig. 1.5 and Fig. 1.6 fuzzy points with hyperpy-
ramidal (Fig.1.5) and hyperparaboloidal (Fig. 1.6) membership functions are shown.
In first case imprecision of location of fuzzy point is expressed by intervals for the
components, in second case by definite matrix in all directions of the space.

u

1__

A
=

X1

Fig. 1.5 Fuzzy points with hyperpyramidal membership

u

Fig. 1.6 Fuzzy points with hyperparaboloidal membership
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Definition 1.41. Fuzzy Interval. If fuzzy domain I of the real line R is bounded
by two normalized convex fuzzy sets then it is called fuzzy interval. In Fig. 1.7
fuzzy interval with fuzzy ends f; (x) and 4 (X) is given. A crisp interval [a, b] is
the kernel, from which the membership function decreases to zero [17].
Analogously, fuzzy region in R' is represented as a crisp region, which is
surrounded by a fuzzy transition zone, in which the membership function
decreases monotonically to zero [18].

ui(x)

a

Fig. 1.7 Fuzzy interval

Definition 1.42. Length of a Fuzzy Interval. Length of fuzzy interval I is de-
fined as

L= [ (xdx

10
Here I, =cl {x | g, (x)> 0} is support of fuzzy interval.

Definition 1.43. Distance between Fuzzy Points. A distance between two
points d(X,,X,) by using the extension principle translates to a fuzzy distance
between fuzzy sets.

The fuzzy distance between two fuzzy sets A and B on X ( X is metric space)
is defined as [18,81]

ﬂd(A,g)(y) = sup  min(;(x), Hz(x,))
(x1,X% ) XXX
d(x,x%)=y

Example. Fuzzy distance in case when X =R', d(x,,x,) = |)Cl - x2| is shown in

Fig 1.8.
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Some distances frequently used in practical problems are given below (for R'):
d(x,.x,)= (%, —)(2)2 Euclidean distance
d(x,,x,)= (Ix,-x,I")"" Minkowski metric
d(x,,x,)=c Ix,-x,| Tschebyscheff metric
d(x,,x,)= Ix,-x,| Hamming distance

Definition 1.44. Fuzzy Area. The area of fuzzy subset is defined as the area of
fuzzy subset A given on R? is defined as

Haam

Fig 1.8 Fuzzy distance between fuzzy sets

S(A) = [[ g1 x, y)dxdy (1.58)
y

Here AO ={(x,y)Im;(x,y) >0} is support of fuzzy region A.

For fuzzy region, represented by piecewise membership function, the area is
defined as [96]

S(A)=3" u(i) (1.59)

Definition 1.45. Perimeter. In case of fuzzy set A when M; is piecewise con-

stant, the perimeter of fuzzy set A is defined as

Py =3 | (i) p(j)|*L(i. j.k) (1.60)

i,j.k
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Here u (l) and U ( ]) are the membership values of two adjacent regions,

L(i, j,k)is length of a k-th arc of these regions.

Definition 1.46. Compactness. The compactness of a fuzzy set A with area S 1

and perimeter P; is defined as

S

C(;‘)=P_? (1.61)

A

Definition 1.47. Length and Breadth of a Fuzzy Set. The length of a fuzzy set
A is defined as

l(lzi)=m::1x{.l.,uA (x,y)dy}, (1.62)

X

where the integral is taken over the region with f/; (x, y) > (0. For discrete case

formula (1.62) takes form
! (A)=mf‘><{2ﬂg(x,y)} (1.63)
S
The breadth of a fuzzy set A is defined as

b(A)zm;ax”ﬂA(x,y)dx} (1.64)

or

b(4) =m§"‘{zﬂg (x’y)} (1.65)
Definition 1.48. Index of Area Coverage (IOAC). IOAC of a fuzzy set A is
defined as

~ S-
I0AC(A)=——2—— (1.66)

((A)-b(4)
This index for fuzzy region represents the fraction of the maximum area (covered
by the length and breadth of the region) actually covered by the region.
Now let us consider f -Geometry and f-transformation suggested by Zadeh
[127].
In the described above geometry the underlying logic is precisiated fuzzy
logic. In the world of f -geometry, suggested by Zadeh [127] the underlying



42 1 Fuzzy Sets and Fuzzy Logic

logic is unprecisiated fuzzy logic, UFL . This f -Geometry differs both in spirit

and in substance from Poston’s fuzzy geometry [87], coarse geometry [89], fuzzy
geometry of Rosenfeld [94], fuzzy geometry of Buckley and Eslami [29], fuzzy
geometry of Mayburov [71], and fuzzy geometry of Tzafestas [102].

The counterpart of a crisp concept in Euclidean geometry is a fuzzy concept in
this fuzzy geometry. Fuzzy concept may be obtained by fuzzy transformation ( f -

transform) of a crisp concept.
For example, the f -transform of a point is an f -point, the f -transform of a

line is an f -line, the f-transform of a triangle is an f -triangle, the f -transform
of a circle is an f -circle and the f -transform of parallel is f -parallel (Fig.
1.9). In summary, f -geometry may be viewed as the result of application of f -
transformation to Euclidean geometry.

Fig. 1.9 Examples of f -transformation

A key idea in f -geometry is the following: if C is p-valid then its f -
transform, f -C, is f-valid with a high validity index.

An important f -principle in f -geometry, referred to as the validation prin-
ciple, is the following. Let p be a p-valid conclusion drawn from a chain of pre-

mises *p,,...,*p,. Then, using the star notation, *pis an f -valid conclusion

drawn from *p,,...,*p, , and *p has a high validity index. It is this principle that is
employed to derive f -valid conclusions from a collection of f-premises.
A basic problem which arises in computation of f -transforms is the follow-

ing. Let g be a function, a functional or an operator. Using the star notation, let an
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f-transform , *C , be an argument of g . The problem is that of computing g(*C) .
Generally, computing g(*C) is not a trivial problem.
An f -valid approximation to g(*C) may be derived through application of

an f -principle which is referred to as precisiation / imprecisiation principle or P/I

principle, for short [123]. More specifically, the principle may be expressed as
gFC)*=%*g(C)

where*=should be read as approximately equal. In words, g(*C)is approximate-
ly equal to the f -transform of g(C).

1.4 Approximate Reasoning

In our daily life we often make inferences where antecedents and consequents a
represented by fuzzy sets. Such inferences cannot be realized adequately by the
methods, which are based either on two-valued logic or many-valued logic. In or-
der to facilitate such an inference, Zadeh [114,118,119,122,123,125] suggested an
inference rule called a “compositional rule of inference”. Using this inference rule,
Zadeh, Mamdani [68], Mizumoto et al [38,74,75], R.Aliev and A.Tserkovny
[7,9,12,13] suggested several methods for fuzzy reasoning in which the antecedent
contain a conditional proposition involving fuzzy concepts:

Ant 1:If x is P then y is Q
Ant2: xis P/ (1.67)

Cons: yisQ.

Those methods are based on implication operators present in various fuzzy logics.
This matter has been under a thorough discussion for the last couple decades.
Some comparative analysis of such methods was presented in [20-
23,38,40,47,50,51,53,69,70,74,75,98,111,112]. A number of authors proposed to
use a certain suite of fuzzy implications to form fuzzy conditional inference rules
[7,9,38,39,59,68,74,75]. The implication operators present in the theory of fuzzy
sets were investigated in [7,9,14,26-28,30-33,35,36,41,42,45,48,55,60,61,63,66,
67,69,72,73,76,79,80,82,84,86,99,103,104,108,109,112,129,131,132].On the other
hand, statistical features of fuzzy implication operators were studied in [83,105] In
turn, the properties of stability and continuity of fuzzy conditional inference rules
were investigated in [37,39,49,56]. We will begin with a formation of a fuzzy
logic regarded as an algebraic system closed under all its operations. In the sequel
an investigation of statistical characteristics of the proposed fuzzy logic will be
presented. Special attention will be paid to building a set of fuzzy conditional in-
ference rules on the basis of the fuzzy logic proposed in this study. Next, continu-
ity and stability features of the formalized rules will be investigated. Lately in
fuzzy sets research the great attention is paid to the development of Fuzzy Condi-
tional Inference Rules (CIR) [1,5,36,56,64,72,80,95]. This is connected with the
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feature of the natural language to contain a certain number of fuzzy concepts (F-
concepts), therefore we have to make logical inference in which the preconditions
and conclusions contain such F-concepts. The practice shows that there is a huge
variety of ways in which the formalization of rules for such kind of inferences can
be made. However, such inferences cannot be satisfactorily formalized using the
classical Boolean Logic, i.e. here we need to use multi-valued logical systems.
The development of the conditional logic rules embraces mainly three types of
fuzzy propositions:

P=IFxisATHENy is B
P, =IF xis ATHEN yis B
OTHERWISE C

P, =IF x,isA ANDx,isA,..AND...ANDx is A,

THEN yis B
The conceptual principle in the formalization of fuzzy rules is the Modus Ponens
inference (separation) rule that states:

IF (o — f)is true and & is true THEN [ is true.

The methodological base for this formalization is the compositional rule suggested
by L.Zadeh [114,116]. Using this rule, he formulated some inference rules in
which both the logical preconditions and consequences are conditional proposi-
tions including F' -concepts. Later E.Mamdani [68] suggested inference rule,
which like Zadeh's rule was developed for the logical proposition of type P;. In
other words the following type F -conditional inference is considered:

Proposition 1: IF x is ATHEN y is B

Proposition 2: x isA (1.68)

Conclusion: y is B,

where A and A' are F -concepts represented as F -sets in the universe U ; B

is ' -conceptions or F' -set in the universe V . It follows that B' is the conse-

quence represented as a I -set in V. To obtain a logical conclusion based on
the CIR, the Propositions 1 and 2 must be transformed accordingly to the form of

binary F -relation R(Ai(x)),AQ(y)) and unary F -relation Ié(A1 (x)).
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Here A/(x) and A,(y) are defined by the attributes x and y which take values

from the universes U and V , respectively. Then

R(A(x)=A (1.69)
According to Zadeh-Mamdani's inference rule IQ(A1 (%)), A,(y)) is defined as
follows.
The maximin conditional inference rule
R,(A(x), A()=(AxB)U(-AXV) (1.70)
The arithmetic conditional inference rule
R, (A(x),A,(y)=(—AXV)® (U xB) (1.71)
The mini-functional conditional inference rule
R(A(x), A(y)=AxB (1.72)

where X, U and — are the Cartesian product, union, and complement operations,
respectively; @ is the limited summation.

Thus, in accordance with [68,114,116] the logical consequence R(Az(y)) ,
(é "in (1.72)) can be derived as follows:

R(A, ()= A"o[(AX B)] U[-AXU)]

R(A,(y) = A'o[(-AXV)] ®[-U X B)]
or
R(A,(y)=A'o(AxB)
where o —is the F' -set maximin composition operator.

On the base of these rules the conditional inference rules for type F, were sug-
gested in [15]:

R,(A(x),4,(y)) =

. . . . (1.73)
=[(AXV)® (U XB)]N[(AXV)® U xC)]
Ry(A (x), A, (y) = o
=[(-AXV)U U X B)]N[(AXxV)U (U xC)] (1.74)
Ry(A (), A(»)=[(AXxB)U(-AxC)] (1.75)

Note that in [15] also the fuzzy conditional inference rules for type P, were

suggested:
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R (4. A= A4 xV)| @1 xB) (1.76)
R(A G, A()=| A AxV) [UUxB) 1.7
R,(A(x), A(y)=(-AXV)®UxB)=
= [ 1A Q= @)+ ;0D 1(w,v) (1.78)

In order to analyze the effectiveness of rules (1.68)-(1.78) we use some criteria for F -
conditional logical inference suggested in [38]. The idea of these criteria is to compare
the degree of compatibility of some fuzzy conditional inference rules with the human
intuition when making approximate reasoning. These criteria are the following:

Criterion I Precondition 1: IF xis A THEN yis B
Precondition 2: x is A

Conclusion: y is B

Criterion II-1 Precondition 1: IF xis A THEN y is B
Precondition 2: x is very A

Conclusion: y is very B

Criterion II-2 Precondition 1: IF x is A THEN yis B
Precondition 2: x is very A

Conclusion: y is B

Criterion IIT Precondition 1: IF xis A THEN yis B
Precondition 2: x is more or less A

Conclusion: y is more or less B

Criterion IV-1 Precondition 1: IF xis A THEN yis B
Precondition 2: x is not A

Conclusion: y is unknown

Criterion IV-2 Precondition 1: IF x is A THEN yis B
Precondition 2: x is not A

Conclusion: y is not B
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In [38] it was shown that in Zadeh-Mamdani's rules the relations Em i{ and RL,

do not always satisfy the above criteria. For the case of mini-operational rule R, it

has been found that criteria I and II-2 are satisfied while criteria II-1 and III are
not.

In [38] an important generalization was made that allows some improvement to
the mentioned F -conditional logical inference rules. It was shown there that for
the conditional proposition arithmetical rule defined by Zadeh

P=IFxisATHENy is B
the following takes place
Ry(A(x), A,(y)=(=AXV)®UxB)=
= [ 1A=, )+ 1, W) )

Uxv

The membership function for this F-relation is
A (L= () + 5 ()

that obviously meets the implication operation or the Ply-operator for the multi-
valued logic L (by Lukasiewicz), i.e.

NP?QJ@) (1.79)

where T (P — Q),T(P) and T(Q) - are the truth values for the logical proposi-
L

tions P — Q,P and Q respectively.
L

In other words, these expressions can be considered as adaptations of implica-
tion in the L-logical system to a conditional proposition.
Having considered this fact, the following expression was derived:

R(Ax), A(y)=(—AXV)®UxB)=

= [ 1A=+ 0D vy =
Uxv (1.80)

= [ (= ;) 1wv) = (AxV) - U X B)

UeV

In [38] an opinion was expressed that the implication operation or the Ply-operator
in the expression (1.80) may belong to any multi-valued logical system.

The following are guidelines for deciding which logical system to select for de-
veloping F' -conditional logical inference rules [38]. Let F' -sets A from U and
B from V are given in the form:
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A= {1y 1u, B = [y ()1 v

Then, as mentioned above, the conditional logical proposition P, can be trans-

formed to the F -relation I%(A1 (x),A,(y)) by adaptation of the Ply-operator in
multi-valued logical system, i.e.

R(A(0),4,(») = AXV 5 UxB= [ (u;0) = s ODIwv) (g1

Uxv

where the values f/; (1) — 4;(v) are depending on the selected logical system.

Assuming I’é(A1 (x)) =A we can conclude a logical consequence R(Az(y))
then using the CIR for R(A (x)) and R(A (x),A,(y)) , then

R(A, ()= Ao R(A (x),A,(y)) =

= [y tue [ w;0) = ;) Mu,v) =
U Uxv (1.82)

= Jqu[ﬂA(u) A () = w1 (v)]

14

For the criterion I to be satisfied, one of the following equalities must hold true

R(A,(y)) =B,

u\e/V[ﬂA () A ;) = ;)= (v),

or
[ () A (5 () = 1 (V)] S 1z (v) (1.83)
the latter takes place for any ue U and ve V or in terms of truth values:
T(PA(P—Q)<T(Q) (1.84)

The following two conditions are necessary for formalization of F -conditional
logical inference rules: the conditional logical inference rules (CIR) must meet the
criteria I-IV; the conditional logical inference rules (CIR) satisfy the inequality
(1.84). Now we consider formalization of the fuzzy conditional inference for a dif-
ferent type of conditional propositions. As was shown above, the logical inference

for conditional propositions of type P, is of the following form:

Proposition 1: IF x is A THEN y isB

Proposition 2: x is A (1.85)

Conclusion: Y is B
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where A , B, and 1:1' are F -concepts represented as F -sets inU , V , andV ,
respectively, which should satisfy the criteria I, II-1, III, and IV-1.
For this inference if the Proposition 2 is transformed to an unary F -relation in

the form R(Al (x)= A’ and the Proposition 1 is transformed to an F -relation
R(A1 (x),R(Az( y)) defined below, then the conclusion R(Az(y)) is derived by
using the corresponding F -conditional logical inference rule, i.e.

R(A,(y)=R(A (x))° R(A (x)) (1.86)

where R(Az(y)) is equivalent to B in (1.85).

Fuzzy Conditional Inference Rule 1

Theorem 1.3. If the F -sets A from U and B from V are given in the tradi-

tional form:

AzjuA(u)/u,l§=.fﬂg(V)/v (1.87)
U 14

and the relation for the multi-valued logical system ALI1

R (A (x),A(y)=AXV ———UXB=

ALI1

I /JA(M)/(M V) ALI1 _[ ,ué(v)/(u,v)z

Uxv Uxv (1.88)
= [ ) — ;0D v
Uxv

where
l_ﬂ;; (M),,LIA (u) < Hi )
faA )~ ALIl lué )= 1, faA (u) =faf} o)
Uy (v), s (w) > gz (v)

then the criteria I-1V are satisfied.
We will consider ALI4 in detailes.

Consider a continuous function F(p,q)= p —q which defines a distance be-
tween p and ¢ where p,qassume values in the unit interval. Notice that
F(p,q)e[-1,1], where F(p,q)™ =—1 and F(p,q)™ =1. The normalized
version of F(p,q) is defined as follow

F(p.g)=F(p.9™ _F(p.@)+l_p-g+1

F(p,)"™" = — — = = 1.89
F(p.q)™ —F(p.q) 2 2 (1.89)
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It is clear that F(p,q)""™ € [0,1]. This function quantifies a concept of “close-
ness” between two values (potentially the ones for the truth values of antecedent
and consequent), defined within unit interval, which therefore could play signifi-
cant role in the formulation of the implication operator in a fuzzy logic.

Definition 1.49. An implication is a continuous function [ from [0,1]x[0,1] into
[0,1] such that for Vp, p’, q, ¢’ re[0,1] the following properties are
satisfied

) If p<p’, then I(p,q)=1(p’,q) (Antitone in first argument),

(I2)If g<q’, then I(p,q) <I1(p,q") (Monotone in second argument),

(I3) 1(0,q) =1, (Falsity),

I4) I1(1,q) < g (Neutrality),

as) 1(p,I(q,r))=I(q,1(p,r)) (Exchange),

de) I(p,q)=1(n(q),n(p)) (Contra positive symmetry), where n() - is a nega-
tion, which could be defined as n(q) =T (—=Q)=1-T(Q)

Let us define the implication operation

1 _ F(p’q)n())'ﬂ’l’ p > q}

I(p.q)= .
(p.q) {1’ p<a (1.90)

norm

where F(p,q) is expressed by (1.89). Before showing that operation I(p,q)

satisfies axioms (I7)-(16), let us show some basic operations encountered in pro-
posed fuzzy logic.

Let us designate the truth values of the antecedent P and consequent Q as
T(P)=pandT(P)=gq respectively. The relevant set of proposed fuzzy logic
operators is shown in Tat;le 1.2.

To obtain the truth values of these expressions, we use well known logical
properties such as

pP—>qg=—pVqg,pAqg=—(—pV-—q)and alike.

In other words, we propose a new many-valued system, characterized by the set of
union (V) and intersection (M) operations with relevant complement, defined as

T(=Q)=1-T(Q). In addition, the operators 1 and T are expressed as nega-

tions of the U and U , respectively. It is well known that the implication opera-
tion in fuzzy logic supports the foundations of decision-making exploited in
numerous schemes of approximate reasoning. Therefore let us prove that the pro-
posed implication operation in (1.90) satisfies axioms (/1)-(16). For this matter, let
us emphasize that we are working with a many-valued system, whose values for
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our purposes are the elements of the real interval R =[0,1]. For our discussion the
set of truth values V,, ={0,0.1,0.2,...,0.9,1} is sufficient. In further investiga-

tions, we use this particular setV], .

Table 1.2 Fuzzy logic operators

Name Designation Value
Tautology P 1
Controversy P 0
Negation —P
o . —_—, p +q#1,
Disjunction PvQ
l p+g=1
. . —_—, p +q#1,
Conjunction PAQ
0 p+g=1
1-
cati Pl p=a
Implication P—-Q
Lp=q
min £q,
Equivalence P {1 (p=a)(g=pP)p#*q
P24 piqel,
Pierce Arrow PlQ
0,p+qg=1
+q
1-274 ,pt+q#1,
Shaffer Stroke PTO 2 pra
Lp+g=1

Theorem 1.4. Let a continuous function 1(p,q) be defined by (1.90) i.e.

norm 1_ +

_|1=F(p.9"™".,p>q B P74 psyg

I(p.q)= | < [P>4= 2 (1.91)
’ p=4 Lp<q

where F(p,q)"™ is defined by (1.89). Then axioms (11)-(16) are satisfied and,

therefore (1.91) is an implication operation.
It should be mentioned that the proposed fuzzy logic could be characterized by
yet some other three features:
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pA0=0,psl, Whereasp/\lzp’pzoand PP,

As a conclusion, we should admit that all above features confirm that resulting
system can be applied to V, for every finite and infinite n up to that
(V};,—A,V,—) is then closed under all its operations.

Let us investigate Statistical Properties of the Fuzzy Logic. In this section, we
discuss some properties of the proposed fuzzy implication operator (1.91), assum-
ing that the two propositions (antecedent/consequent) in a given compound propo-
sition are independent of each other and the truth values of the propositions are
uniformly distributed [64] in the unit interval. In other words, we assume that the
propositions P and Q are independent from each other and the truth values v(P)

and v(Q)are uniformly distributed across the interval [0,1] . Let p=v(P)
and g =v(Q) . Then the value of the implication / =v(p — ¢g) could be repre-
sented as the function I =1(p,q) .

Because p and ¢ are assumed to be uniformly and independently distributed

across[0,1], the expected value of the implication is
E()=[[1(p.q)dpdg, (1.92)
R

Its variance is equal to

Var(I) = E[(I = E()Y1= [ ((p.q) = E(D))’dpdg = EL° 1= EII’] (.93,

where R={(p,q):0< p<1,0< ¢ <1} From (1.92) and given (1.93) as well as
the fact that
I b b > b
I(p, )={ (PP >4 we have the following
12(p’q),p S q,

E)=[[ 1(p.q)dpd, =Hl"%dpdq =%M<l— p+q)dp)dp =
R 00 00

(1.94)
1] p’ p=1 1|1 4 1
== £ dol==| =+21- .
oo ofal-alse
Whereas E([,)=1Therefore E(I)=(E(l,)+E(1,))/2=0.75
From (1.93) we have

g=1

q=0] 2

1 1
112(17,q)=z(1—17+q)2 =Z(1—2p+2q+p2 -2pg+4q°)
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1 11
EUD) = [[1(p.q)dpdg, = [ (| (1 =2p+24+ p* ~2pq + " )dp)dg =
R 0 0

11 p2 p% p2 R p_l 11 1 )
— —-2—+—-2—qg+2q+ dg=—|(=+q+q)dq=
4![,9 3 54 q9+q] 0q4£(3qq)q

2 =
2 3 =1

_Na, qa g |9='_T1

413 2 3 lg=0 24

Here E(I;)=1 Therefore E(12)=(E(112)+E(122))/2=i—; From (1.93) and

(1.94) we have Var(I) = é =0.0833

Both values of E(I) and Var(l) demonstrate that the proposed fuzzy implica-

tion operator could be considered as one of the fuzziest from the list of the exiting
implications [45]. In addition, it satisfies the set of important Criteria I-IV, which
is not the case for the most implication operators mentioned above.

As it was mentioned in [38] “in the semantics of natural language there exist a
vast array of concepts and humans very often make inferences antecedents and
consequences of which contain fuzzy concepts”. A formalization of methods for
such inferences is one of the most important issues in fuzzy sets theory. For this

purpose, let U and V (from now on) be two universes of discourses and P and
Q are corresponding fuzzy sets:

P={upiu. = uym1v (1.95)

Given (1.95), a binary relationship for the fuzzy conditional proposition of the
type: “If x is P then y is Q ” for proposed fuzzy logic is defined as

R(A (), 4,()) =PXV 5 UxB= [ ;@) /w,v) = | 1,0 /(u,v) =

Uxv Uxv (196)
= [ ) = ) )
Given (1.90), expression (1.96) reads as
L= g5 (u)+ 45, (v)
] e () > 5 (v)
My () = 5 (v) = 2 (1.97)
L (u) < Hp )

It is well known that given a unary relationship R(A1 (x)) one can obtain the con-
sequence R(Az( y)) by applying a compositional rule of inference (CRI) to
R(A(x)) and R(A (x),A,(y)) of type (1.91):
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R(A, ()= P o R(A (), A, (3) = [ 1) o [ g1, () > g1, 0) M, v) =

(1.98)
[ St A Gt ) = p2g )11

In order to have Criterion I satisfied, that is R(Az(y))Zerom (1.98), the
equality

[ QL) A () = 15 0D = p15(0) (1.99)

has to be satisfied for any arbitrary v in V. To satisfy (1.99), it becomes neces-
sary that the inequality

M () A () = iy (V) < iy (V) (1.100)

holds for arbitrary u€ U andve V . Let us define a new method of fuzzy condi-
tional inference of the following type:

Ant 1:If x is P then y is Q
Ant 2: xis ﬁ/ (1101)
Cons: yisQ.

where P, P’ c U and Q,Q' c V . Fuzzy conditional inference in the form given
by (1.101) should satisfy Criteria I-IV. It is clear that the inference (1.100) is de-
fined by the expression (1.98), when R(A,(y))=Q’.

Theorem 1.5. If fuzzy sets PcU and Q cV are defined by (1.96) and (1.97),

respectively and

IQ(A1 (x),A,(y)) is expressed as
R(A(x),4,(y)) = PXV ———UXxQ =
= [ @ 1) —m> | 1,0 v) =

= [y ) — 11, 0D /(v

where
1- Hp (u) TH; )
M )= (V) = 2
1 @) < 415 ()

*Mp > %)
M (u) > 5 (v) (1.102)
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then Criteria I, II, Il and IV-1 [38] are satisfied [13].
Theorem 1.6. If fuzzy sets PcU and Q cV are defined by (1.96) and (1.97),

respectively, and

I’é(A1 (%), A, (y)) is defined as

R (A/(x), A, (») = (PXV ——=—UXQ) N (=PXV ———U Xx—0) =

ALI4

= [ (s @) —= 1, 0D A (= 1, ) — U= gy O vy (1103)

Uxv

where

(s ) =7 s (V) A (L=t () —z == 145 (v)) =

1= g1 () + g1, ()
T K 0> (),
=L 41 (u) = p1, (),
1= 15, (u) + p1, ()
a ”2 Ho? M () < f1, (),

Then Criteria I, 11, 11l and IV-2 [38] are satisfied.

Theorems 1.4 and 1.5 show that fuzzy conditional inference rules, defined in
(1.103) could adhere with human intuition to the higher extent as the one defined
by (1.102). The major difference between mentioned methods of inference might
be explained by the difference between Criteria IV-1 and IV-2. In particular, a sat-
isfaction of the Criterion IV-1 means that in case of logical negation of an original
antecedent we achieve an ambiguous result of an inference, whereas for the case
of the Criterion IV-2 there is a certainty in a logical inference. Let us to investigate
stability and continuity of fuzzy conditional inference in this section. We revisit
the fuzzy conditional inference rule (1.101). It will be shown that when the mem-
bership function of the observation P is continuous, then the conclusion 0 de-
pends continuously on the observation; and when the membership function of the
relation R is continuous then the observation QO has a continuous membership
function. We start with some definitions. A fuzzy set A with membership func-
tion fL; :R —[0,1]=1 is called a fuzzy number if A is normal, continuous,

and convex. The fuzzy numbers represent the continuous possibility distributions
of fuzzy terms of the following type

A=, (0 x
R
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Let A be a fuzzy number, then for any 6 >0 we define w, () the modulus of
continuity of A by

;(0) = ‘xf{lgéJﬂg (x) = 45 (xz)| (1.104)

An  -level set of a fuzzy interval A is a non-fuzzy set denoted by [A]”and is

defined by [A]” ={te R|,uA ()2} for ¢=(0,1] and [A]*° =cl( U [A]"j

ae(0,1]

for & =0 . Here we use a metric of the following type

D(A,B) = sup d([A]",[B]")

oel0,1]

(1.105)

where d denotes the classical Hausdorff metric expressed in the family of com-
pact subsets of R”,i.e.

d([A]",[BI") = max{|a,() — by (@)]|a, (@) b, ()]}
whereas

[A]" =[a,(@),a,(@)],[ B]* =b,(c),b,(cr). When the fuzzy sets A and B

have finite support {X,,...,x,} then their Hamming distance is defined as
H (A, B) =Y |, (x) = 5,(x)|
i=1

In the sequel we will use the following lemma.

Lemma 1.1 [28]. Let & = 0 be a real number and let A, B be fuzzy intervals. If
D(A,B)< 6, Then

sug|uA (1) = 1, ()] < max{a; (8), ; (5)}

Consider the fuzzy conditional inference rule with different observations P

andi”:

Ant 1:If x is P then y is Q
Ant2: xis P

Cons: Yis Q

Ant 1:If x is P then y is Q
Ant2: xis P/

Cons: yis Q(
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According to the fuzzy conditional inference rule, the membership functions of the
conclusions are computed as

Hy () = DL 0) A () = g1y 0D,

My (V)= MKEJR[,U;:'(M) A (s () =t (V)]
or

15 (v) =Supl2510) A (14 (1) = p15 V)],
(1.106)
1y (v) =supl L, () A (i 0) = 415 V)],

The following theorem shows the fact that when the observations are closed to
each other in the metric D(.) of (1.105) type, then there can be only a small devia-

tion in the membership functions of the conclusions.

Theorem 1.7. (Stability theorem) Let & =0 and let P , P be fuzzy intervals and
an implication operation in the fuzzy conditional inference rule (1.106) is of type

(1.97). If D(P,P)< &, then
Sup| 1, (v) = 1 ()| < max (@, (8), @, (9))

Theorem 1.8. (Continuity theorem) Let binary relationship R(u,v) =

=M (n) —ma My (V) be continuous. Then Q is continuous and @y (0) < w; ()

foreach 6 2 0.

While we use extended fuzzy logic to reason with partially true statements we
need to extend logics (6) for partial truth. We consider here only extension at the
Lukasewicz logic for partial truth. In order to deal with partial truth Pavelka [85]
extended this logic by adding truth constants for all reals in [0,1] Hajek [43]
simplified it by adding these truth constants 7 only for each rational re€ [0,1]

(so 7 is an atomic formula with truth value r). They also added 'book - keeping
axioms'

r=>s=r — s forr, s rational € [0,1] .

This logic is called Rational Pavelka logic (RPL). RPL was introduced in order to
reason with partially true statements. In this section we note that this can already
be done in Lukasiewicz logic, and that the conservative extension theorems allow
us to lift the completeness theorem, that provability degree equals truth
degree from RPL to Lukasiewicz logic. This may be regarded as an additional
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conservative extension theorem, confirming that, even for partial truth, Rational
Pavelka logic deals with exactly the same logic as Lukasiewicz logic - but in a
very much more convenient way. RPL extends the language of infinite valued
Lukasiewicz logic by adding to the truth constants O and 1 all rational numbers r

of the unit interval [0,1] A graded formula is a pair (@,r) consisting of a for-

mula ¢ of Lukasiewicz logic and a rational element 7 € [0,1], indicating that the

truth value of ¢ is at leastr, @ > r [107]. For example, ( p(x),%) expresses the

fact that the truth value of p(x), x€ Dom , is at least )4 . The inference rules of
RPL are the generalization rule

%
PRV 1.107
(Vx)(@) (1107
and a modified version of the modus ponens rule,
(p,r),(@p—>y,s)
(1.108)

(W, r®s)

Here ® denotes the Lukasiewicz t-norm. Rule (1.108) says that if formula ¢ holds
at least with truth value r, and the implication ¢ — i holds at least with truth val-
ue s, then formula ¥ holds at least with truth value » ® s . The modified modus

ponens rule is derived from the so-called book-keeping axioms for the rational truth
constants r. The book-keeping axioms add to the axioms of Lukasiewicz logic and
provide rules for evaluating compound formulas involving rational truth constants
[44]. The use of fuzzy reasoning trades accuracy against speed, simplicity and inter-
pretability for lay users. In the context of ubiquitous computing, these characteristics
are clearly advantageous.
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