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Preface

Recent years have seen a rapid development of neural network control techniques

and their successful applications. Numerous theoretical studies and actual industrial

implementations demonstrate that artificial neural network is a good candidate for

function approximation and control system design in solving the control problems

of complex nonlinear systems in the presence of different kinds of uncertainties.

Many control approaches/methods, reporting inventions and control applications

within the fields of adaptive control, neural control, and fuzzy systems, have been

published in various books, journals, and conference proceedings. In spite of these

remarkable advances in neural control field, due to the complexity of nonlinear

systems, the present research on adaptive neural control is still focused on the

development of fundamental methodologies.

The advantage of neural networks is that a suitable number of neural network

functions can model any (sufficiently smooth) continuous nonlinear function in

a compact set, and the modeling error is becoming smaller with an increase of neural

network functions. It is even possible to model discontinuous nonlinearities assuming

the right choice of discontinuous neural network functions. Thus, an adaptive neural

network approach is most suitable in an environment where system dynamics are

significantly changing, highly nonlinear, and in principle not completely known.

This book is motivated by the need for systematic design approaches for stable

adaptive control system design using neural network approximation-based

techniques. The main objectives of the book are to introduce the concrete design

method and Matlab simulation of stable adaptive RBF (Radial Basis Function)
neural control strategies.

It is our goal to accomplish these objectives:

• Offer a catalog of implementable neural network control design methods for

engineering applications.

• Provide advanced neural network controller design methods and their stability

analysis methods.

• For each neural network control algorithm, we offer its simulation example and

Matlab program.
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This book provides the reader with a thorough grounding in the neural network

control system design. Typical neural network controllers’ designs are verified

using Matlab simulation. In this book, concrete case studies, which present the

results of neural network controller implementations, are used to illustrate the

successful application of the theory.

The book is structured as follows. The book starts with a brief introduction

of adaptive control and neural network control in Chap. 1, RBF neural network

algorithm and design remarks are given in Chap. 2, RBF neural network controller

design based on gradient descent algorithm is introduced in Chap. 3, since only

local optimization can be guaranteed by using the gradient descent method, and

several adaptive RBF neural network controller designs are given based on

Lyapunov analysis from Chaps. 4, 5, 6, 7 and 8, which include simple adaptive

RBF neural network controller, neural network sliding mode controller, adaptive

RBF controller based on global approximation, adaptive robust RBF controller

based on local approximation, and backstepping adaptive controller with RBF.

In Chap. 9, digital RBF neural network controller design is given. Two kinds of

discrete neural network controllers are introduced in Chap. 10. At last, a neural

network adaptive observer is recommended and a speedless sliding mode controller

design is given in Chap. 11.

I would like to thank Prof. S. S. Ge for his fruitful suggestions. I wish to thank

my family for their support and encouragement.

In this book, all the control algorithms and their programs are described sepa-

rately and classified by the chapter name, which can be run successfully in Matlab

7.5.0.342 version or in other more advanced versions. In addition, all the programs

can be downloaded via http://ljk.buaa.edu.cn/. If you have questions about

algorithms and simulation programs, please E-mail ljk@buaa.edu.cn.
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Chapter 1

Introduction

Abstract This chapter gives the review of several kinds of neural network control

and introduces the concept of RBF neural network and RBF neural network control.

To illustrate the attendant features of robustness and performance specification of

RBF adaptive control, a typical RBF adaptive controller design for an example

system is given. A concrete analysis, simulation examples, and Matlab programs

are given too.

Keywords Neural network control • RBF neural network • Adaptive control

1.1 Neural Network Control

1.1.1 Why Neural Network Control?

Since the idea of the computational abilities of networks composed of simple

models of neurons was introduced in the 1940s [1], neural network techniques

have undergone great developments and have been successfully applied in many

fields such as learning, pattern recognition, signal processing, modeling, and system

control. Their major advantages of highly parallel structure, learning ability, non-

linear function approximation, fault tolerance, and efficient analog VLSI imple-

mentation for real-time applications greatly motivate the usage of neural networks

in nonlinear system identification and control [2].

In many real-world applications, there are many nonlinearities, unmodeled

dynamics, unmeasurable noise, multi-loop, etc., which pose problems for engineers

to implement control strategies.

During the past several decades, development of new control strategies has been

largely based on modern and classical control theories. Modern control theory such

as adaptive and optimal control techniques and classical control theory have been

based mainly on linearization of systems. In the application of such techniques,

development of mathematical models is a prior necessity.

J. Liu, Radial Basis Function (RBF) Neural Network Control for Mechanical Systems:
Design, Analysis and Matlab Simulation, DOI 10.1007/978-3-642-34816-7_1,
# Tsinghua University Press, Beijing and Springer-Verlag Berlin Heidelberg 2013
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There are several reasons that have motivated vast research interests in the

application of neural networks for control purposes, as alternatives to traditional

control methods, among which the main points are:

• Neural networks can be trained to learn any function. Thus, this self-learning

ability of the neural networks eliminates the use of complex and difficult

mathematical analysis which is dominant in many traditional adaptive and

optimal control methods.

• The inclusions of activation function in the hidden neurons of multilayered

neural networks offer nonlinear mapping ability for solving highly nonlinear

control problems where to this end traditional control approaches have no

practical solution yet.

• The requirement of vast a priori information regarding the plant to be controlled

such as mathematical modeling is a prior necessity in traditional adaptive and

optimal control techniques before they can be implemented. Due to the self-

learning capability of neural networks, such vast information is not required for

neural controllers. Thus, neural controllers seem to be able to be applied under a

wider range of uncertainty.

• The massive parallelism of neural networks offers very fast multiprocessing

technique when implemented using neural chips or parallel hardware.

• Damage to some parts of the neural network hardware may not affect the overall

performance badly due to its massive parallel processing architecture.

1.1.2 Review of Neural Network Control

Conventional methods of designing controllers for a MIMO plant like a multi-joint

robot generally require, as a minimum, knowledge of the structure and accurate

mathematical model of the plant. In many cases, the values of the parameters of the

model also need to be precisely known.

Neural networks, which can learn the forward and inverse dynamic behaviors of

complex plants online, offer alternative methods of realizing MIMO controllers

capable of adapting to environmental changes. In theory, the design of a neural

network-based control system is relatively straightforward as it does not require any

prior knowledge about the plant.

The approximation abilities of neural networks have been proven in many

research works [3–7], and many adaptive neural network controllers based on the

approximation abilities are introduced in some books [8–14]; several research

groups have involved in the developments of stable adaptive neural network control

techniques.

There have been many papers to be published about neural network control.

For example, a unified framework for identification and control of nonlinear

dynamic systems was proposed in [15], in which the parametric method of both

adaptive nonlinear control and adaptive linear control theory can be applied to
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perform the stability analysis. Through introducing the Ge–Lee operator for ease of

stability analysis and presentation, systematic and coherent treatments of the

common problems in robot neural network control are given in [8]. The typical

stable neural network approximation control schemes based on Lyapunov training

design are given in [16–18].

The popularization of back-propagation (BP) neural network and RBF neural

network have greatly boosted the development of neural control [19]. For example,

many neural control approaches have been developed with BP neural network

[20–28].

1.1.3 Review of RBF Adaptive Control

In recent years, the analytical study of adaptive nonlinear control systems using

RBF universal function approximation has received much attention; typically, these

methods are given in [29–37].

The RBF network adaptation can effectively improve the control performance

against large uncertainty of the system. The adaptation law is derived using the

Lyapunov method so that the stability of the entire system and the convergence of

the weight adaptation are guaranteed.

Many simulation examples in this book have indicated that by using RBF

control, significant improvement has been achieved when the system is subjected

to a sudden change with system uncertainty.

1.2 Review of RBF Neural Network

In 1990, artificial neural networks were first proposed for the adaptive control of

nonlinear dynamical systems [38]. Since that time, both multilayer neural networks

(MNN) and radial basis function (RBF) networks have been used in numerous

applications for the identification and control [39].

RBF neural networks were addressed in 1988 [40], which have recently drawn

much attention due to their good generalization ability and a simple network

structure that avoids unnecessary and lengthy calculation as compared to the

multilayer feed-forward network (MFN). Past research of universal approximation

theorems on RBF has shown that any nonlinear function over a compact set

with arbitrary accuracy can be approximated by RBF neural network [41, 42].

There have been significant research efforts on RBF neural control for nonlinear

systems [24, 43].

RBF neural network has three layers: the input layer, the hidden layer, and the

output layer. Neurons at the hidden layer are activated by a radial basis function.

The hidden layer consists of an array of computing units called hidden nodes. Each

hidden node contains a center c vector that is a parameter vector of the same
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dimension as the input vector x; the Euclidean distance between the center and

the network input vector x is defined by jjxðtÞ � cjðtÞjj.
The output of hidden layer can be produced through a nonlinear activation

function hjðtÞ as follows:

hjðtÞ ¼ exp � jjxðtÞ � cjðtÞjj2
2b2j

 !
; j ¼ 1; . . . ;m (1.1)

where bj notes a positive scalar called a width and m notes the number of hidden

nodes. The output layer is a linear weighted combination as follows:

yiðtÞ ¼
Xm
j¼1

wjihjðtÞ; i ¼ 1; . . . ; n (1.2)

where w are the output layer weights, n notes the number of outputs, and y notes the
network output.

1.3 RBF Adaptive Control for Robot Manipulators

The control of a multi-input multi-output (MIMO) plant is a difficult problem when

the plant is nonlinear and time varying and there are dynamic interactions between

the plant variables. A good example of such a plant is a robot manipulator with two

or more joints [44].

Robot manipulators have become increasingly important in the field of flexible

automation. Through the years, considerable research effort has been made in their

controller design. In order to achieve accurate trajectory tracking and good control

performance, a number of control schemes have been developed. Computed torque

control is one of the most intuitive schemes, which relies on the exact cancellation

of the nonlinear dynamics of the manipulator system; however, such a scheme has

the disadvantage of requiring the exact dynamic model. In practical engineering,

the payload of the robot manipulator may vary during its operation, which is

unknown in advance. To overcome these problems, adaptive control strategies for

robot manipulators have been developed and have attracted the interest of many

researchers, as shown in [45–47]. These adaptive control methods have the advan-

tage, in general, of requiring no a priori knowledge of unknown parameters, such as

the mass of the payload.

For rigid robotic manipulators, to relax the requirement for exact knowledge of

dynamics, control techniques based on neural networks have been developed. Many

books and papers have employed neural network-based schemes for stable tracking

control of rigid-link manipulators [8–14, 48–52].
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For flexible link manipulators, there are many works about neural network

adaptive control [53–55]. For example, a neural controller was proposed for joint-

position tracking of flexible link manipulators using singular perturbation

techniques [53]; the key feature of the approach is that no exact knowledge of the

dynamics of the robot arms is assumed for the controller, and no off-line training is

required for the neural network. Neural network-based controllers for tip-position

tracking of flexible link manipulators were developed by utilizing the modified

output redefinition approach [54]; the a priori knowledge of the payload mass is

not needed.

1.4 S Function Design for Control System

1.4.1 S Function Introduction

S function provides a powerful mechanism for extending the capabilities of

Simulink. An S function is a computer language description of dynamic system.

In the control system, S function can be used to describe controller algorithm,

adaptive algorithm, and the plant differential dynamic equation.

1.4.2 Basic Parameters in S Function

1. S function routine: include initialization routine, mdlDerivative routine, and

mdlOutput routine.

2. NumContStates: to express the number of continuous states.

3. NumDiscStates: to express the number of discrete states.

4. NumOutputs and NumInputs: to express the number of input and output of the

system.

5. DirFeedthrough: means that the output or the variable sample time is controlled

directly by the value of an input port.

An example of a system that requires its inputs (i.e., has direct feedthrough) is

the operation y ¼ k � u; where u is the input, k is the gain, and y is the output.
An example of a system that does not require its inputs (i.e., does not have direct

feedthrough) is the equation y ¼ x, _x ¼ u; where x is the state, u is the input, and

y is the output.
6. NumSampleTimes: Simulink provides the following options for sample times,

such as continuous sample time, discrete sample time, and variable sample time.

For continuous sample time, the output changes in minor steps.
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1.4.3 Examples

In the control system, we can use S function to describe controller, adaptive law,

and plant. Consider Sect. 1.5, we give the explanation as follows:

1. Initialization routine for the plant

Consider S function to describe the plant dynamic equation asm€x ¼ u; we notice
the plant is a second-order continuous system. For the S function, if we want to

use two inputs and three outputs and initialize the plant as [0,5,0], consider the

output is not controlled directly by the value of an input port, we can write

initialization routine as:

function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 2;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 3;
sizes.NumInputs ¼ 2;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 1;
sys ¼ simsizes(sizes);
x0 ¼ [0.5,0];
str ¼ [];
ts ¼ [0 0];

2. mdlDerivative routine for the plant

In the control system, the derivative S function can be used to describe the

dynamic plant equation or adaptive law. For example, consider the plant m€x ¼ u;
below is the program.

function sys¼mdlDerivatives(t,x,u)
m¼2;
ut¼u(2);
sys(1)¼x(2);
sys(2)¼1/m*ut;

3. mdlDerivative routine for adaptive law

In the control system, the derivative S function can be used to describe the

adaptive law. For example, to realize adaptive law _̂m ¼ �γvs; below is the

program.

function sys¼mdlDerivatives(t,x,u)
xm¼u(1);
dxm¼u(2);
ddxm¼u(3);
x1¼u(4);
dx1¼u(5);

e¼x1-xm;
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de¼dx1-dxm;

nmn¼6;
s¼de+nmn*e;
v¼ddxm-2*nmn*de-nmn^2*e;

gama¼0.5;
sys(1)¼-gama*v*s;

4. mdlOutput routine for plant

In the control system, the output routine in S function can be used to describe

controller or output of the plant. For example, to express the output of the plant,

the program is

function sys¼mdlOutputs(t,x,u)
m¼2;
sys(1)¼x(1);
sys(2)¼x(2);
sys(3)¼m;

1.5 An Example of a Simple Adaptive Control System

In this section, based on [56], we give a simulation example of a simple adaptive

control system.

1.5.1 System Description

Consider the control of a mass m by a motor force u, with the plant dynamics being

m€x ¼ u: (1.3)

Assume that a human operator provides the positioning command rðtÞ to the

control system. A reference model with command rðtÞ is

€xm þ λ1 _xm þ λ2xm ¼ λ2rðtÞ (1.4)

where λ1 and λ2 are positive constant values; ~x ¼ x� xm represent the tracking error.

1.5.2 Adaptive Control Law Design

If m is known, an ideal design adaptive control law can be designed easily as

u ¼ mð€xm � 2λ _~x� λ2~xÞ (1.5)
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where λ a strictly positive number.

Submitting (1.5) into (1.3), we can get the exponential convergent tracking error

dynamics

€~xþ 2λ _~xþ λ2~x ¼ 0: (1.6)

If m is unknown, an adaptive control law was proposed as [56]

u ¼ m̂ð€xm � 2λ _~x� λ2~xÞ (1.7)

where m̂ is estimation of m.

Let v ¼ €xm � 2λ _~x� λ2~x; submitting (1.7) into (1.3), the control law leads to

m€x ¼ m̂ð€xm � 2λ _~x� λ2~xÞ ¼ m̂v:

Let ~m ¼ m̂� m; the above equation leads to

mð€x� vÞ ¼ ~mv: (1.8)

Define s as a combined tracking error measure

s ¼ _~xþ λ~x: (1.9)

Due to the relation (1.9), we know the convergence of s to zero implies the

convergence of the position tracking error ~x and the velocity tracking error _~x:

Since €x� v ¼ €x� €xm þ 2λ _~xþ λ2~x ¼ €~xþ λ _~xþ λð _~xþ λ~xÞ ¼ _sþ λs; then (1.8)

leads to

mð _sþ λsÞ ¼ ~mv: (1.10)

Define Lyapunov function as

V ¼ 1

2
ms2 þ 1

γ
~m2

� �
:

Then

_V ¼ ms _sþ 1

γ
~m _~m ¼ ms _sþ 1

γ
~m _̂m:

An adaptive law for parameter m̂ was proposed as [56]

_̂m ¼ �γvs: (1.11)
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Consider (1.10), we get

_V ¼ ms _sþ 1

γ
~mð�γvsÞ

¼ ms _s� ~mvs ¼ ms _s� ðm _sþ λmsÞs ¼ �λms2:

Using Barbalat’s lemma, one can easily show that s converges to zero, then the

position tracking error ~x and the velocity tracking error _~x all converge to zero.

1.5.3 Simulation Example

For the system (1.3), the true mass is assumed asm ¼ 2: In the simulation, the initial

value is set as m̂ð0Þ ¼ 0; the control law (1.7) with adaptive law (1.11) is used, the

parameters is set as γ ¼ 0.5, λ1 ¼ 10, λ2 ¼ 25, λ ¼ 6, and the commanded position

is chosen rðtÞ ¼ 0 and rðtÞ ¼ sinð4tÞ; respectively, with initial conditions being

_xð0Þ ¼ _xmð0Þ ¼ 0; xð0Þ ¼ xmð0Þ ¼ 0:5:
Figures 1.1 and 1.2 show the results when the desired position is rðtÞ ¼ 0;

Figs. 1.3 and 1.4 shows the results when the desired position is rðtÞ ¼ sinð4tÞ.
About the convergence analysis of parameter error in adaptive control system,

concrete explanation was given in [56]. In this example, it is clear that the position

tracking errors in both cases converge to zero, while the parameter error converge to

zero only for the latter case. The reason for the non-convergence of parameter error

in the first case can be explained by the simplicity of the tracking task: the

asymptotic tracking of xmðtÞ can be achieved by many possible values of the

estimated parameter m̂; besides the true parameter m. Therefore, the parameter

adaptation law does not bother to find out the true parameter. On the other hand,

Fig. 1.1 Position tracking with rðtÞ ¼ 0 (M ¼ 1)
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Fig. 1.2 Parameter estimation for an unknown mass with rðtÞ ¼ 0 (M ¼ 1)

Fig. 1.3 Position tracking with rðtÞ ¼ sinð4tÞ (M ¼ 2)

Fig. 1.4 Parameter estimation for an unknown mass with rðtÞ ¼ sinð4tÞ (M ¼ 2)
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the convergence of the parameter error in Fig. 1.3 is because of the complexity of

the tracking task, that is, tracking error convergence can be achieved only when the

true mass is used in the control law.

In neural network adaptive control, neural network often be used to approximate

to unknown nonlinear system. For the same reason, the convergence of the approx-

imation error often cannot be achieved.

The Simulink program of this example is chap1_1sim.mdl; the Matlab programs

of the example are given in the Appendix.

Appendix

Programs for Sect. 1.5.3

1. Simulink main program: chap1_1sim.mdl

2. Controller program: chap1_1ctrl.m

function [sys,x0,str,ts]¼spacemodel(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}
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sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 1;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 2;
sizes.NumInputs ¼ 6;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0 ¼ [0];
str ¼ [];
ts ¼ [];
function sys¼mdlDerivatives(t,x,u)
xm¼u(1);
dxm¼u(2);
ddxm¼u(3);
x1¼u(4);
dx1¼u(5);

e¼x1-xm;
de¼dx1-dxm;

nmn¼6;
s¼de+nmn*e;
v¼ddxm-2*nmn*de-nmn^2*e;

gama¼0.5;
sys(1)¼-gama*v*s;
function sys¼mdlOutputs(t,x,u)
xm¼u(1);
dxm¼u(2);
ddxm¼u(3);
x1¼u(4);
dx1¼u(5);

e¼x1-xm;
de¼dx1-dxm;

nmn¼6;

mp¼x(1);
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ut¼mp*(ddxm-2*nmn*de-nmn^2*e);

sys(1)¼mp;
sys(2)¼ut;

3. Plant program: chap1_1plant.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 2;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 3;
sizes.NumInputs ¼ 2;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 1;
sys ¼ simsizes(sizes);
x0 ¼ [0.5,0];
str ¼ [];
ts ¼ [0 0];
function sys¼mdlDerivatives(t,x,u)
m¼2;
ut¼u(2);
sys(1)¼x(2);
sys(2)¼1/m*ut;
function sys¼mdlOutputs(t,x,u)
m¼2;
sys(1)¼x(1);
sys(2)¼x(2);
sys(3)¼m;

4. Input program: chap1_1input.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)
switch flag,
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case 0,
[sys,x0,str,ts]¼mdlInitializeSizes;

case 1,
sys¼mdlDerivatives(t,x,u);

case 3,
sys¼mdlOutputs(t,x,u);

case {2,4,9}
sys¼[];

otherwise
error([’Unhandled flag ¼ ’,num2str(flag)]);

end
function [sys,x0,str,ts]¼mdlInitializeSizes
global M
M¼2;
sizes ¼ simsizes;
sizes.NumContStates ¼ 2;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 3;
sizes.NumInputs ¼ 0;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0 ¼ [0.5,0];
str ¼ [];
ts ¼ [];
function sys¼mdlDerivatives(t,x,u)
global M
if M¼¼1
r¼0;
elseif M¼¼2
r¼sin(4*t);
end

nmn1¼10;
nmn2¼25;
sys(1)¼x(2);
sys(2)¼-nmn1*x(2)-nmn2*x(1)+nmn2*r;
function sys¼mdlOutputs(t,x,u)
global M
if M¼¼1
r¼0;
elseif M¼¼2
r¼sin(4*t);
end

nmn1¼10;
nmn2¼25;
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xm¼x(1);
dxm¼x(2);
ddxm¼-nmn1*x(2)-nmn2*x(1)+nmn2*r;

sys(1)¼xm;
sys(2)¼dxm;
sys(3)¼ddxm;

5. Plot program: chap1_1plot.m

close all;

figure(1);
plot(t,y(:,1),’r’,t,y(:,4),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’position signal’);
legend(’ideal position signal’,’position tracking’);
figure(2);
plot(t,p(:,3),’r’,t,p(:,4),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’estimation value’);
legend(’True value,m’,’estimation value’);
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Chapter 2

RBF Neural Network Design and Simulation

Abstract This chapter introduces RBF neural network design method, gives RBF

neural network approximation algorithm based on gradient descent, analyzes the

effects of Gaussian function parameters on RBF approximation, and introduces

RBF neural network modeling method based on off-line training. Several simula-

tion examples are given.

Keywords Neural network control • Gradient descent rule • Gaussian function

• RBF training

2.1 RBF Neural Network Design and Simulation

2.1.1 RBF Algorithm

The structure of a typical three-layer RBF neural network is shown as Fig. 2.1.

In RBF neural network, x ¼ ½xi�T is input vector. Assuming there are mth neural

nets, and radial-basis function vector in hidden layer of RBF is h ¼ ½hj�T; hj is
Gaussian function value for neural net j in hidden layer, and

hj ¼ exp � x� cj
�� ��2

2b2j

 !
(2.1)

wherec ¼ ½cij� ¼
c11 � � � c1m
..
. � � � ..

.

cn1 � � � cnm

2
64

3
75represents the coordinate value of center point of the

Gaussian function of neural net j for the ith input, i ¼ 1; 2; . . . ; n; j ¼ 1; 2; . . . ;m:

For the vector b ¼ ½b1; . . . ; bm�T; bj represents the width value of Gaussian function
for neural net j.

J. Liu, Radial Basis Function (RBF) Neural Network Control for Mechanical Systems:
Design, Analysis and Matlab Simulation, DOI 10.1007/978-3-642-34816-7_2,
# Tsinghua University Press, Beijing and Springer-Verlag Berlin Heidelberg 2013

19



The weight value of RBF is

w ¼ ½w1; . . . ;wm�T: (2.2)

The output of RBF neural network is

yðtÞ ¼ wTh ¼ w1h1 þ w2h2 þ � � � þ wmhm: (2.3)

2.1.2 RBF Design Example with Matlab Simulation

2.1.2.1 For Structure 1-5-1 RBF Neural Network

Consider a structure 1-5-1 RBF neural network; we have one input as x ¼ x1; and

b ¼ ½ b1 b2 b3 b4 b5 �T; c ¼ ½ c11 c12 c13 c14 c15 �; h ¼ ½ h1 h2 h3 h4 h5 �T;
w ¼ ½w1 w2 w3 w4 w5 �T; and yðtÞ ¼ wTh ¼ w1h1 þ w2h2 þ w3h3 þ w4h4 þ w5h5:

Choose the input as sin t; the output of RBF is shown in Fig. 2.2, and the output

of hidden neural net is shown in Fig. 2.3.

Fig. 2.1 RBF neural network

structure

Fig. 2.2 Output of RBF
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The Simulink program of this example is chap2_1sim.mdl, and the Matlab

programs of the example are given in the Appendix.

2.1.2.2 For Structure 2-5-1 RBF Neural Network

Consider a structure 2-5-1 RBF neural network; we have x ¼ ½x1; x2�T;
b ¼ ½ b1 b2 b3 b4 b5 �T; c ¼ c11 c12 c13 c14 c15

c21 c22 c23 c24 c25

� �
; h ¼ ½ h1 h2 h3 h4 h5 �T;

w ¼ w1 w2 w3 w4 w5½ �T; and yðtÞ ¼ wTh ¼ w1h1 þ w2h2 þ w3h3 þ w4h4 þ w5h5:

Two inputs are chosen as sin t. The output of RBF is shown in Fig. 2.4, and the

output of hidden neural net is shown in Figs. 2.5 and 2.6.

Fig. 2.3 Output of hidden

neural net

Fig. 2.4 Output of RBF
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The Simulink program of this example is chap2_2sim.mdl, and the Matlab

programs of the example are given in the Appendix.

2.2 RBF Neural Network Approximation Based

on Gradient Descent Method

2.2.1 RBF Neural Network Approximation

We use RBF neural network to approximate a plant; the structure is shown in

Fig. 2.7.

Fig. 2.5 Output of hidden

neural net for input 1

Fig. 2.6 Output of hidden

neural net for input 2

22 2 RBF Neural Network Design and Simulation



In RBF neural network, x ¼ ½ x1 x2 � � � xn �T is the input vector, and hj is
Gaussian function for neural net j, then

hj ¼ exp � x� cj
�� ��2

2b2j

 !
; j ¼ 1; 2; . . . ;m: (2.4)

where cj ¼ ½cj1; . . . ; cjn� is the center vector of neural net j.
The width vector of Gaussian function is

b ¼ ½b1; . . . ; bm�T

where bj > 0 represents the width value of Gaussian function for neural net j.
The weight value is

w ¼ ½w1; . . . ;wm�T (2.5)

The output of RBF is

ymðtÞ ¼ w1h1 þ w2h2 þ � � � þ wmhm: (2.6)

The performance index function of RBF is

EðtÞ ¼ 1

2
yðtÞ � ymðtÞð Þ2: (2.7)

According to gradient descent method, the parameters can be updated as

follows:

ΔwjðtÞ ¼ �η
@E

@wj
¼ η yðtÞ � ymðtÞð Þhj

wjðtÞ ¼ wjðt� 1Þ þ ΔwjðtÞ þ α wjðt� 1Þ � wjðt� 2Þ� �
(2.8)

Δbj ¼ �η
@E

@bj
¼ η yðtÞ � ymðtÞð Þwjhj

x� cj
�� ��2

b3j
(2.9)

Fig. 2.7 RBF neural network

approximation
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bjðtÞ ¼ bjðt� 1Þ þ Δbj þ α bjðt� 1Þ � bjðt� 2Þ� �
(2.10)

Δcji ¼ �η
@E

@cji
¼ η yðtÞ � ymðtÞð Þwj

xj � cji
b2j

(2.11)

cjiðtÞ ¼ cjiðt� 1Þ þ Δcji þ α cjiðt� 1Þ � cjiðt� 2Þ� �
(2.12)

where η 2 ð0; 1Þ is the learning rate and α 2 ð0; 1Þ is momentum factor.

In RBF neural network approximation, the parameters of ci andbimust be chosen

according to the scope of the input value. If the parameter values are chosen

inappropriately, Gaussian function will not be effectively mapped and RBF net-

work will be invalid. The gradient descent method is an effective method to adjustci
and bi in RBF neural network approximation.

If the initial cj and b are set in the effective range of input of RBF, we can only

update weight value with fixed cj and b.

2.2.2 Simulation Example

2.2.2.1 First Example: Only Update w

Using RBF neural network to approximate the following discrete plant

GðsÞ ¼ 133

s2 þ 25s
:

Consider a structure 2-5-1 RBF neural network, and we choose xð1Þ ¼ uðtÞ;
xð2Þ ¼ yðtÞ; and α ¼ 0:05; η ¼ 0:5: The initial weight value is chosen as random

value between 0 and 1. Consider the range of the first input is [0,1] and the range of

the second input is about [0,10]; we choose the initial parameters of Gaussian

function as cj ¼ �1 �0:5 0 0:5 1

�10 �5 0 5 10

� �T
; bj ¼ 1:5, j ¼ 1; 2; 3; 4; 5:

Choose the input as uðtÞ ¼ sin t : in the simulation, we only update w with fixed

cj and b in RBF neural network approximation. The results are shown in Fig. 2.8.

The Simulink program of this example is chap2_3sim.mdl, and the Matlab

programs of the example are given in the Appendix.

2.2.2.2 Second Example: Update w, cj, b by Gradient Descent Method

Using RBF neural network to approximate the following discrete plant

yðkÞ ¼ uðkÞ3 þ yðk � 1Þ
1þ yðk � 1Þ2 :
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Consider a structure 2-5-1 RBF neural network, and we choose xð1Þ ¼ uðkÞ;
x(2) ¼ y(k) and α ¼ 0:05; η ¼ 0:15. The initial weight value is chosen as random

value between 0 and 1, and the initial parameters of Gaussian function are chosen as

cj ¼ �1 �0:5 0 0:5 1

�1 �0:5 0 0:5 1

� �T
; bj ¼ 3:0, j ¼ 1; 2; 3; 4; 5.

Choose the input as uðkÞ ¼ sin t; t ¼ k � T; T ¼ 0:001: in simulation, M ¼ 1

indicates only update w with fixed cj and b and M ¼ 2 indicates update w, cj; b in

RBF neural network approximation; the initial value of the input is set as [0,1], and

the results are shown from Figs. 2.9 and 2.10.

From the simulation test, we can see that better results can be gotten by the

gradient descent method, especially the initial parameters of Gaussian function cj
and b are chosen not suitably.

The program of this example is chap2_4.m, which is given in the Appendix.

2.3 Effect of Gaussian Function Parameters

on RBF Approximation

From Gaussian function expression, we know that the effect of Gaussian function is

related to the design of center vector cj; width value bj; and the number of hidden

nets. The principle of cj and bj design should be as follows:

1. Width value bj represents the width of Gaussian function. The bigger value bj is,
the wider Gaussian function is. The width of Gaussian function represents the

covering scope for the network input. The wider the Gaussian function is, the

greater the covering scope of the network for the input is, otherwise worse

covering scope is. Width value bj should be designed moderate.

Fig. 2.8 RBF neural network approximation
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2. Center vector cj represents the center coordination of Gaussian function for

neural net j. The nearer cj is to the input value, the better sensitivity of Gaussian

function is to the input value, otherwise the worse sensitivity is. Center vector cj
should be designed moderate.

Fig. 2.10 RBF neural network approximation by updating w,b,c(M ¼ 2)

Fig. 2.9 RBF neural network approximation by only updating w(M ¼ 1)
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3. The center vector cj should be designed within the effective mapping of Gaussian

membership function. For example, the scope of RBF input value is [�3, +3],

then the center vector cj should be set in [�3, +3].

In simulation, we should design the center vector cj and the width value bj
according to the scope of practical network input value; thus, input value the can be

within the effective mapping of Gaussian membership function. Five Gaussian

membership functions are shown in Fig. 2.11.

In the simulation, we choose the input of RBF as0:5 sinð2πtÞand set the structure
as 2-5-1. By changing cj and bj value, the effects of cj and bj on RBF approximation

are given.

Now we analyze the effect of different cj and bj on RBF approximation as

follows:

1. RBF approximation with moderate bj and cj (Mb ¼ 1, Mc ¼ 1)

2. RBF approximation with improper bj and moderate cj (Mb ¼ 2, Mc ¼ 1)

3. RBF approximation with moderate bj and improper cj (Mb ¼ 1, Mc ¼ 2)

4. RBF approximation with improper bj and cj (Mb ¼ 2, Mc ¼ 2)

The results are shown from Figs. 2.12, 2.13, 2.14, and 2.15. From the results, we

can seeif we design improper cj and bj; the RBF approximation performance will

not be ensured.

The program of this example is chap2_5.m and chap2_6.m, which are given in

the Appendix.

Fig. 2.11 Five Gaussian membership function
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2.4 Effect of Hidden Nets Number on RBF Approximation

From Gaussian function expression, besides the moderate center vector cj and width
value bj; the approximation error is also related to the number of hidden nets.

In the simulation, we chooseα ¼ 0:05; η ¼ 0:3:The initial weight value is chosen
as zeros, and the parameter of Gaussian function is chosen as bj ¼ 1:5: The inputs of

RBF are uðkÞ ¼ sin t and yðkÞ: Set the structure as 2-m-1: m represents the

Fig. 2.12 RBF approximation with moderate bj and cj (Mb ¼ 1, Mc ¼ 1)

Fig. 2.13 RBF approximation with improper bj and moderate cj (Mb ¼ 2, Mc ¼ 1)
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number of hidden nets. We analyze the effect of different number of hidden nets

on RBF approximation as m ¼ 1; m ¼ 3; and m ¼ 7: According to the

practical scope of the two inputs uðkÞ and yðkÞ; for different m, the parameter cj is

chosen cj ¼ 0; cj ¼ 1

3
½ �1 0 1 �T and cj ¼ 1

9

�3 �2 �1 0 1 2 3

�3 �2 �1 0 1 2 3

� �T
,

respectively.

Fig. 2.14 RBF approximation with moderate bj and improper cj (Mb ¼ 1, Mc ¼ 2)

Fig. 2.15 RBF approximation with improper bj and cj (Mb ¼ 2, Mc ¼ 2)
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The results are shown from Figs. 2.16, 2.17, 2.18, 2.19, 2.20, and 2.21. From the

results, we can see that the more number the hidden nets is chosen, the smaller the

approximation error can be received.

It should be noted that the more number the hidden nets is chosen, to prevent

from divergence, the smaller value of η should be designed.

The program of this example is chap2_7.m, which is given in the Appendix.

Fig. 2.16 One Gaussian function with only one hidden net ðm ¼ 1Þ

Fig. 2.17 Approximation with only one hidden net ðm ¼ 1Þ
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Fig. 2.18 Three Gaussian functions with three hidden nets ðm ¼ 3Þ

Fig. 2.19 Approximation with three hidden nets ðm ¼ 3Þ
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Fig. 2.20 Seven Gaussian functions with seven hidden nets ðm ¼ 7Þ

Fig. 2.21 Approximation with seven hidden nets ðm ¼ 7Þ
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2.5 RBF Neural Network Training for System Modeling

2.5.1 RBF Neural Network Training

We use RBF neural network to train a data vector with multi-input and multi-

output or to model a system off-line.

In RBF neural network, x ¼ ½ x1 x2 � � � xn �T is the input vector, and hj is
Gaussian function for neural net j, then

hj ¼ exp � x� cj
�� ��2

2b2j

 !
; j ¼ 1; 2; . . . ;m (2.13)

where cj ¼ ½cj1; . . . ; cjn� is the center vector of neural net j.
The width vector of Gaussian function is

b ¼ ½b1; . . . ; bm�T

where bj > 0 represents the width value of Gaussian function for neural net j.
The weight value is

w ¼ ½w1; . . . ;wm�T (2.14)

The output of RBF is

yl ¼ w1h1 þ w2h2 þ � � � þ wmhm (2.15)

where ydl denotes the ideal output, l ¼ 1; 2; . . . ;N:
The error of the lth output is

el ¼ ydl � yl:

The performance index function of the training is

EðtÞ ¼
XN
l¼1

e2l : (2.16)

According to gradient descent method, the parameters can be updated as

follows:

ΔwjðtÞ ¼ �η
@E

@wj
¼ η

XN
l¼1

elhj
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wjðtÞ ¼ wjðt� 1Þ þ ΔwjðtÞ þ α wjðt� 1Þ � wjðt� 2Þ� �
(2.17)

where η 2 ð0; 1Þ is the learning rate and α 2 ð0; 1Þ is momentum factor.

2.5.2 Simulation Example

2.5.2.1 First Example: A MIMO Data Sample Training

Choosing three inputs and two outputs data as a training sample, which are shown in

Table 2.1.

RBF network structure is chosen as 3-5-1. The choice of Gaussian function

parameter values cij and bj must be chosen according to the scope of practical input

value. According to the practical scope of x1 and x2; the parameters of ci and bi are

designed as
�1 �0:5 0 0:5 1

�1 �0:5 0 0:5 1

�1 �0:5 0 0:5 1

2
4

3
5 and 10, the initial weight value is chosen as

random value in the interval of [�1 +1], and η ¼ 0:10 and α ¼ 0:05 are chosen.

Firstly, we run chap2_8a.m, set the error index asE ¼ 10�20:Error index change
is shown as Fig. 2.22, and the trained weight values are saved as wfile.dat.

Table 2.1 One training

sample
Input Output

1 0 0 1 0

Fig. 2.22 Error index change
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Then we run chap2_8b.m, use wfile.dat, the test results with two samples are

shown in Table 2.2. From the results, we can see that good modeling performance

can be received.

The programs of this example are chap2_8a.m and chap2_8b.m, which are given

in the Appendix.

2.5.2.2 Second Example: System Modeling

Consider a nonlinear discrete-time system as

yðkÞ ¼ 0:5yðk � 1Þ 1� yðk � 1Þð Þ
1þ exp �0:25yðk � 1Þð Þ þ uðk � 1Þ:

To model the system above, we choose RBF neural network. The network

structure is chosen as 2-5-1, according to the practical scope of two inputs; the

parameters of ci and bi are designed as
�3 �2 �1 0 1 2 3

�3 �2 �1 0 1 2 3

� �
and 1.5.

Each element of the initial weight vector is chosen as 0.10; η ¼ 0:50 and α ¼ 0:05
are chosen.

Firstly, we run chap2_9a.m, the input is chosen as x ¼ ½ uðkÞ yðkÞ �; uðkÞ ¼ sin

t; and t ¼ k � ts; ts ¼ 0:001 represents sampling time. The number of samples is

chosen as NS ¼ 3; 000: After 500 steps training off-line, we get the error index

change as Fig. 2.23. The trained weight values and Gaussian function parameters

are saved as wfile.dat.

Table 2.2 Test samples and

results
Input Output

0.970 0.001 0.001 1.0004 �0.0007

1.000 0.000 0.000 1.000 0.0000

Fig. 2.23 Error index change
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Then we run chap2_9b.m, use wfile.dat, the test results with input sin t are

shown in Fig. 2.24. From the results, we can see that good modeling performance

can be received.

The programs of this example are chap2_9a.m and chap2_9b.m, which are given

in the Appendix.

2.6 RBF Neural Network Approximation

Since any nonlinear function over a compact set with arbitrary accuracy can be

approximated by RBF neural network [1, 2], RBF neural network can be used to

approximate uncertainties in the control systems.

For example, to approximate the function f ðxÞ; the algorithm of RBF is

expressed as

hj ¼ g jjx� cijjj2 b2j

.� �

f ¼ W�ThðxÞ þ ε

where x is the input vector, i denotes input neural net number in the input layer,

j denotes hidden neural net number in the hidden layer, h ¼ ½h1; h2; . . . ; hn�T
denotes the output of hidden layer,W� is ideal weight vector, and ε is approximation

error, ε � εN:
In the control system, if we use RBF to approximate f, we often choose the

system states as the input of RBF neural network. For example, we can choose

Fig. 2.24 Modeling test
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the tracking error and its derivative value as the input vector, that is, x ¼ ½ e _e �T;
then the output of RBF is

f̂ ðxÞ ¼ Ŵ
T
hðxÞ (2.18)

where Ŵ is the estimated weight vector, which can be tuned by the adaptive

algorithm in the Lyapunov stability analysis.

Appendix

Programs for Sect. 2.1.2.1

Simulink main program: chap2_1sim.mdl

RBF function: chap2_1rbf.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 0;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 7;
sizes.NumInputs ¼ 1;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0 ¼ [];
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str ¼ [];
ts ¼ [];
function sys¼mdlOutputs(t,x,u)
x¼u(1); %Input Layer

%i¼1
%j¼1,2,3,4,5
%k¼1
c¼[-0.5 -0.25 0 0.25 0.5]; %cij
b¼[0.2 0.2 0.2 0.2 0.2]’; %bj

W¼ones(5,1); %Wj
h¼zeros(5,1); %hj
for j¼1:1:5

h(j)¼exp(-norm(x-c(:,j))^2/(2*b(j)*b(j))); %Hidden
Layer

end
y¼W’*h; %Output Layer

sys(1)¼y;
sys(2)¼x;
sys(3)¼h(1);
sys(4)¼h(2);
sys(5)¼h(3);
sys(6)¼h(4);
sys(7)¼h(5);

Plot program: chap2_1plot.m

close all;

% y¼y(:,1);
% x¼y(:,2);
% h1¼y(:,3);
% h2¼y(:,4);
% h3¼y(:,5);
% h4¼y(:,6);
% h5¼y(:,7);

figure(1);
plot(t,y(:,1),’k’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’y’);

figure(2);
plot(y(:,2),y(:,3),’k’,’linewidth’,2);
xlabel(’x’);ylabel(’hj’);
hold on;
plot(y(:,2),y(:,4),’k’,’linewidth’,2);
hold on;
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plot(y(:,2),y(:,5),’k’,’linewidth’,2);
hold on;
plot(y(:,2),y(:,6),’k’,’linewidth’,2);
hold on;
plot(y(:,2),y(:,7),’k’,’linewidth’,2);

Programs for Sect. 2.1.2.2

Simulink main program: chap2_2sim.mdl

RBF function: chap2_2rbf.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 0;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 8;
sizes.NumInputs ¼ 2;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0 ¼ [];
str ¼ [];
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ts ¼ [];
function sys¼mdlOutputs(t,x,u)
x1¼u(1); %Input Layer
x2¼u(2);
x¼[x1 x2]’;

%i¼2
%j¼1,2,3,4,5
%k¼1
c¼[-0.5 -0.25 0 0.25 0.5;

-0.5 -0.25 0 0.25 0.5]; %cij
b¼[0.2 0.2 0.2 0.2 0.2]’; %bj

W¼ones(5,1); %Wj
h¼zeros(5,1); %hj
for j¼1:1:5

h(j)¼exp(-norm(x-c(:,j))^2/(2*b(j)*b(j))); %Hidden
Layer

end
yout¼W’*h; %Output Layer

sys(1)¼yout;
sys(2)¼x1;
sys(3)¼x2;
sys(4)¼h(1);
sys(5)¼h(2);
sys(6)¼h(3);
sys(7)¼h(4);
sys(8)¼h(5);

Plot program: chap2_2plot.m

close all;
% y¼y(:,1);
% x1¼y(:,2);
% x2¼y(:,3);
% h1¼y(:,4);
% h2¼y(:,5);
% h3¼y(:,6);
% h4¼y(:,7);
% h5¼y(:,8);

figure(1);
plot(t,y(:,1),’k’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’y’);

figure(2);
plot(y(:,2),y(:,4),’k’,’linewidth’,2);
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xlabel(’x1’);ylabel(’hj’);
hold on;
plot(y(:,2),y(:,5),’k’,’linewidth’,2);
hold on;
plot(y(:,2),y(:,6),’k’,’linewidth’,2);
hold on;
plot(y(:,2),y(:,7),’k’,’linewidth’,2);
hold on;
plot(y(:,2),y(:,8),’k’,’linewidth’,2);

figure(3);
plot(y(:,3),y(:,4),’k’,’linewidth’,2);
xlabel(’x2’);ylabel(’hj’);
hold on;
plot(y(:,3),y(:,5),’k’,’linewidth’,2);
hold on;
plot(y(:,3),y(:,6),’k’,’linewidth’,2);
hold on;
plot(y(:,3),y(:,7),’k’,’linewidth’,2);
hold on;
plot(y(:,3),y(:,8),’k’,’linewidth’,2);

Programs for Sect. 2.2.2.1

Simulink main program: chap2_3sim.mdl

S function for plant: chap2_3rbf.m

function [sys,x0,str,ts]¼s_function(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 3,

sys¼mdlOutputs(t,x,u);
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case {2, 4, 9 }
sys ¼ [];

otherwise
error([’Unhandled flag ¼ ’,num2str(flag)]);

end

function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 0;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 1;
sizes.NumInputs ¼ 2;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys¼simsizes(sizes);
x0¼[];
str¼[];
ts¼[];
function sys¼mdlOutputs(t,x,u)
persistent w w_1 w_2 b ci
alfa¼0.05;
xite¼0.5;
if t¼¼0

b¼1.5;
ci¼[-1 -0.5 0 0.5 1;

-10 -5 0 5 10];
w¼rands(5,1);
w_1¼w;w_2¼w_1;

end
ut¼u(1);
yout¼u(2);
xi¼[ut yout]’;
for j¼1:1:5

h(j)¼exp(-norm(xi-ci(:,j))^2/(2*b^2));
end
ymout¼w’*h’;

d_w¼0*w;
for j¼1:1:5 %Only weight value update

d_w(j)¼xite*(yout-ymout)*h(j);
end
w¼w_1+d_w+alfa*(w_1-w_2);

w_2¼w_1;w_1¼w;
sys(1)¼ymout;

S function for plant: chap2_3plant.m

function [sys,x0,str,ts]¼s_function(t,x,u,flag)
switch flag,
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case 0,
[sys,x0,str,ts]¼mdlInitializeSizes;

case 1,
sys¼mdlDerivatives(t,x,u);

case 3,
sys¼mdlOutputs(t,x,u);

case {2, 4, 9 }
sys ¼ [];

otherwise
error([’Unhandled flag ¼ ’,num2str(flag)]);

end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 2;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 1;
sizes.NumInputs ¼ 1;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 0;
sys¼simsizes(sizes);
x0¼[0,0];
str¼[];
ts¼[];
function sys¼mdlDerivatives(t,x,u)
sys(1)¼x(2);
sys(2)¼-25*x(2)+133*u;
function sys¼mdlOutputs(t,x,u)
sys(1)¼x(1);

Plot program: chap2_3plot.m

close all;

figure(1);
plot(t,y(:,1),’r’,t,y(:,2),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’y and ym’);
legend(’ideal signal’,’signal approximation’);

Programs for Sect. 2.2.2.2

Matlab program: chap2_4.m

%RBF identification
clear all;
close all;
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alfa¼0.05;
xite¼0.15;
x¼[0,1]’;

b¼3*ones(5,1);
c¼[-1 -0.5 0 0.5 1;

-1 -0.5 0 0.5 1];
w¼rands(5,1);

w_1¼w;w_2¼w_1;
c_1¼c;c_2¼c_1;
b_1¼b;b_2¼b_1;
d_w¼0*w;
d_b¼0*b;
y_1¼0;

ts¼0.001;
for k¼1:1:10000

time(k)¼k*ts;
u(k)¼sin(k*ts);
y(k)¼u(k)^3+y_1/(1+y_1^2);

x(1)¼u(k);
x(2)¼y_1;

for j¼1:1:5
h(j)¼exp(-norm(x-c(:,j))^2/(2*b(j)*b(j)));

end
ym(k)¼w’*h’;
em(k)¼y(k)-ym(k);

M¼2;
if M¼¼1 %Only weight value update

d_w(j)¼xite*em(k)*h(j);
elseif M¼¼2 %Update w,b,c

for j¼1:1:5
d_w(j)¼xite*em(k)*h(j);
d_b(j)¼xite*em(k)*w(j)*h(j)*(b(j)^-3)*norm
(x-c(:,j))^2;

for i¼1:1:2
d_c(i,j)¼xite*em(k)*w(j)*h(j)*(x(i)-c(i,j))*(b(j)
^-2);

end
end
b¼b_1+d_b+alfa*(b_1-b_2);
c¼c_1+d_c+alfa*(c_1-c_2);

end
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w¼w_1+d_w+alfa*(w_1-w_2);

y_1¼y(k);

w_2¼w_1;
w_1¼w;

c_2¼c_1;
c_1¼c;

b_2¼b_1;
b_1¼b;
end
figure(1);
subplot(211);
plot(time,y,’r’,time,ym,’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’y and ym’);
legend(’ideal signal’,’signal approximation’);
subplot(212);
plot(time,y-ym,’k’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’error’);

Programs for Sect. 2.3

Program of Gaussian membership function design: chap2_5.m

%RBF function
clear all;
close all;

c¼[-3 -1.5 0 1.5 3];

M¼1;
if M¼¼1

b¼0.50*ones(5,1);
elseif M¼¼2

b¼1.50*ones(5,1);
end

h¼[0,0,0,0,0]’;

ts¼0.001;
for k¼1:1:2000

time(k)¼k*ts;

%RBF function
x(1)¼3*sin(2*pi*k*ts);
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for j¼1:1:5
h(j)¼exp(-norm(x-c(:,j))^2/(2*b(j)*b(j)));

end

x1(k)¼x(1);
%First Redial Basis Function
h1(k)¼h(1);
%Second Redial Basis Function
h2(k)¼h(2);
%Third Redial Basis Function
h3(k)¼h(3);
%Fourth Redial Basis Function
h4(k)¼h(4);
%Fifth Redial Basis Function
h5(k)¼h(5);
end
figure(1);
plot(x1,h1,’b’);
figure(2);
plot(x1,h2,’g’);
figure(3);
plot(x1,h3,’r’);
figure(4);
plot(x1,h4,’c’);
figure(5);
plot(x1,h5,’m’);
figure(6);
plot(x1,h1,’b’);
hold on;plot(x1,h2,’g’);
hold on;plot(x1,h3,’r’);
hold on;plot(x1,h4,’c’);
hold on;plot(x1,h5,’m’);
xlabel(’Input value of Redial Basis Function’);ylabel

(’Membership function degree’);

Program of RBF approximation to test the effect of b and c: chap2_6.m

%RBF approximation test

clear all;
close all;

alfa¼0.05;
xite¼0.5;
x¼[0,0]’;

%The parameters design of Guassian Function
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%The input of RBF (u(k),y(k)) must be in the effect range of
Guassian function overlay

%The value of b represents the widenth of Guassian function
overlay
Mb¼1;
if Mb¼¼1 %The width of Guassian function is moderate

b¼1.5*ones(5,1);
elseif Mb¼¼2 %The width of Guassian function is too nar-

row, most overlap of the function is near to zero
b¼0.0005*ones(5,1);

end
%The value of c represents the center position of Guassian
function overlay
%the NN structure is 2-5-1: i¼2; j¼1,2,3,4,5; k¼1
Mc¼1;
if Mc¼¼1 %The center position of Guassian function is

moderate
c¼[-1.5 -0.5 0 0.5 1.5;

-1.5 -0.5 0 0.5 1.5]; %cij
elseif Mc¼¼2 %The center position of Guassian
function is improper

c¼0.1*[-1.5 -0.5 0 0.5 1.5;
-1.5 -0.5 0 0.5 1.5]; %cij

end
w¼rands(5,1);
w_1¼w;w_2¼w_1;
y_1¼0;

ts¼0.001;
for k¼1:1:2000
time(k)¼k*ts;
u(k)¼0.50*sin(1*2*pi*k*ts);

y(k)¼u(k)^3+y_1/(1+y_1^2);

x(1)¼u(k);
x(2)¼y(k);

for j¼1:1:5
h(j)¼exp(-norm(x-c(:,j))^2/(2*b(j)*b(j)));

end
ym(k)¼w’*h’;
em(k)¼y(k)-ym(k);

d_w¼xite*em(k)*h’;
w¼w_1+ d_w+alfa*(w_1-w_2);
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y_1¼y(k);
w_2¼w_1;w_1¼w;

end
figure(1);
plot(time,y,’r’,time,ym,’b:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’y and ym’);
legend(’Ideal value’,’Approximation value’);

Programs for Sect. 2.4

Program of RBF approximation to test the effect of hidden nets number: chap2_7.m

%RBF approximation test
clear all;
close all;

alfa¼0.05;
xite¼0.3;
x¼[0,0]’;

%The parameters design of Guassian Function
%The input of RBF (u(k),y(k)) must be in the effect range of
Guassian function overlay
%The value of b represents the widenth of Guassian function
overlay

bj¼1.5; %The width of Guassian function
%The value of c represents the center position of Guassian
function overlay
%the NN structure is 2-m-1: i¼2; j¼1,2,. . .,m; k¼1
M¼3; %Different hidden nets number
if M¼¼1 %only one hidden net
m¼1;
c¼0;
elseif M¼¼2
m¼3;
c¼1/3*[-1 0 1;

-1 0 1];
elseif M¼¼3
m¼7;
c¼1/9*[-3 -2 -1 0 1 2 3;

-3 -2 -1 0 1 2 3];
end
w¼zeros(m,1);
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w_1¼w;w_2¼w_1;
y_1¼0;

ts¼0.001;
for k¼1:1:5000

time(k)¼k*ts;
u(k)¼sin(k*ts);

y(k)¼u(k)^3+y_1/(1+y_1^2);

x(1)¼u(k);
x(2)¼y(k);

for j¼1:1:m
h(j)¼exp(-norm(x-c(:,j))^2/(2*bj^2));

end
ym(k)¼w’*h’;
em(k)¼y(k)-ym(k);

d_w¼xite*em(k)*h’;
w¼w_1+ d_w+alfa*(w_1-w_2);

y_1¼y(k);
w_2¼w_1;w_1¼w;

x1(k)¼x(1);
for j¼1:1:m

H(j,k)¼h(j);
end

if k¼¼5000
figure(1);
for j¼1:1:m

plot(x1,H(j,:),’linewidth’,2);
hold on;

end
xlabel(’Input value of Redial Basis Function’);ylabel
(’Membership function degree’);

end
end
figure(2);
subplot(211);
plot(time,y,’r’,time,ym,’b:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’y and ym’);
legend(’Ideal value’,’Approximation value’);
subplot(212);
plot(time,y-ym,’r’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Approximation error’);
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Programs for Sect. 2.5.2.1

Program of RBF training: chap2_8a.m

%RBF Training for MIMO
clear all;
close all;

xite¼0.10;
alfa¼0.05;

W¼rands(5,2);
W_1¼W;
W_2¼W_1;
h¼[0,0,0,0,0]’;

c¼2*[-0.5 -0.25 0 0.25 0.5;
-0.5 -0.25 0 0.25 0.5;
-0.5 -0.25 0 0.25 0.5]; %cij

b¼10; %bj

xs¼[1,0,0];%Ideal Input
ys¼[1,0]; %Ideal Output
OUT¼2;
NS¼1;

k¼0;

E¼1.0;
while E>¼1e-020
%for k¼1:1:1000
k¼k+1;
times(k)¼k;
for s¼1:1:NS %MIMO Samples
x¼xs(s,:);

for j¼1:1:5
h(j)¼exp(-norm(x’-c(:,j))^2/(2*b^2)); %Hidden Layer

end
yl¼W’*h; %Output Layer

el¼0;
y¼ys(s,:);
for l¼1:1:OUT

el¼el+0.5*(y(l)-yl(l))^2; %Output error
end
es(s)¼el;

E¼0;
if s¼¼NS

for s¼1:1:NS
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E¼E+es(s);
end
end
error¼y-yl’;
dW¼xite*h*error;

W¼W_1+dW+alfa*(W_1-W_2);

W_2¼W_1;W_1¼W;
end %End of for
Ek(k)¼E;
end %End of while
figure(1);
plot(times,Ek,’r’,’linewidth’,2);
xlabel(’k’);ylabel(’Error index change’);
save wfile b c W;

Program of RBF test: chap2_8b.m

%Test RBF
clear all;
load wfile b c W;

%N Samples
x¼[0.970,0.001,0.001;

1.000,0.000,0.000];
NS¼2;
h¼zeros(5,1); %hj

for i¼1:1:NS
for j¼1:1:5

h(j)¼exp(-norm(x(i,:)’-c(:,j))^2/(2*b^2)); %Hidden
Layer

end
yl(i,:)¼W’*h; %Output Layer
end
yl

Programs for Sect. 2.5.2.2

Program of RBF training: chap2_9a.m

%RBF Training for a Plant
clear all;
close all;

ts¼0.001;
xite¼0.50;
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alfa¼0.05;

u_1¼0;y_1¼0;
fx_1¼0;

W¼0.1*ones(1,7);
W_1¼W;
W_2¼W_1;
h¼zeros(7,1);

c1¼[-3 -2 -1 0 1 2 3];
c2¼[-3 -2 -1 0 1 2 3];
c¼[c1;c2];

b¼1.5; %bj

NS¼3000;
for s¼1:1:NS %Samples
u(s)¼sin(s*ts);

fx(s)¼0.5*y_1*(1-y_1)/(1+exp(-0.25*y_1));
y(s)¼fx_1+u_1;

u_1¼u(s);
y_1¼y(s);
fx_1¼fx(s);
end
k¼0;

for k¼1:1:500
k¼k+1;
times(k)¼k;

for s¼1:1:NS %Samples
x¼[u(s),y(s)];

for j¼1:1:7
h(j)¼exp(-norm(x’-c(:,j))^2/(2*b^2)); %Hidden Layer

end
yl(s)¼W*h; %Output Layer

el¼0.5*(y(s)-yl(s))^2; %Output error

es(s)¼el;

E¼0;
if s¼¼NS

for s¼1:1:NS
E¼E+es(s);

end
end
error¼y(s)-yl(s);
dW¼xite*h’*error;
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W¼W_1+dW+alfa*(W_1-W_2);

W_2¼W_1;W_1¼W;
end %End of for
Ek(k)¼E;
end %End of while
figure(1);
plot(times,Ek,’r’,’linewidth’,2);
xlabel(’k’);ylabel(’Error index change’);
save wfile b c W NS;

Program of RBF test: chap2_9b.m

%Online RBF Etimation for Plant
clear all;
load wfile b c W NS;

ts¼0.001;
u_1¼0;y_1¼0;
fx_1¼0;
h¼zeros(7,1);
for k¼1:1:NS

times(k)¼k;
u(k)¼sin(k*ts);

fx(k)¼0.5*y_1*(1-y_1)/(1+exp(-0.25*y_1));
y(k)¼fx_1+u_1;

x¼[u(k),y(k)];
for j¼1:1:7

h(j)¼exp(-norm(x’-c(:,j))^2/(2*b^2)); %Hidden Layer
end
yp(k)¼W*h; %Output Layer

u_1¼u(k);y_1¼y(k);
fx_1¼fx(k);
end
figure(1);
plot(times,y,’r’,times,yp,’b-.’,’linewidth’,2);
xlabel(’times’);ylabel(’y and yp’);
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Chapter 3

RBF Neural Network Control Based on Gradient

Descent Algorithm

Abstract This chapter introduces three kinds of RBF neural network control laws

based on gradient descent rule, including supervisory control law, model reference

adaptive control law, and self-adjust control law; the weight value learning

algorithms are presented. Several simulation examples are given.

Keywords Neural network control • Gradient descent rule • Supervisory control

• Model reference adaptive control • Self-adjust control

Gradient descent rule is often used in the weight value optimization in neural

network discrete control; two typical examples are given in [1, 2].

3.1 Supervisory Control Based on RBF Neural Network

3.1.1 RBF Supervisory Control

The structure of RBF supervisory control is shown in Fig. 3.1.

The radial basis vector is h ¼ h1; . . . ; hm½ �T; hj is Gaussian function:

hj ¼ exp � jjxðkÞ � cjjj2
2b2j

 !
(3.1)

where i ¼ 1; j ¼ 1; . . . ;m; xðkÞ is the input of RBF; cj ¼ ½c11; . . . ; c1m�; and

b ¼ ½b1; . . . ; bm�T:
The weight vector is

w ¼ w1; . . . ;wm½ �T: (3.2)

J. Liu, Radial Basis Function (RBF) Neural Network Control for Mechanical Systems:
Design, Analysis and Matlab Simulation, DOI 10.1007/978-3-642-34816-7_3,
# Tsinghua University Press, Beijing and Springer-Verlag Berlin Heidelberg 2013
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The output of RBF is

unðkÞ ¼ h1w1 þ � � � hjwj � � � þ hmwm (3.3)

where m is the number of hidden layer.

The criterion on function used here is upðkÞ as follows:

EðkÞ ¼ 1

2
unðkÞ � uðkÞð Þ2: (3.4)

According to the steepest descent (gradient) method, the learning algorithm is as

follows:

ΔwjðkÞ ¼ �η
@EðkÞ
@wjðkÞ ¼ η unðkÞ � uðkÞð ÞhjðkÞ

wðkÞ ¼ wðk � 1Þ þ ΔwðkÞ þ α wðk � 1Þ � wðk � 2Þð Þ ð3:5Þ

where η is learning rate, α is momentum factor, η 2 ½0; 1�; and α 2 ½0; 1�:

3.1.2 Simulation Example

The plant is

GðsÞ ¼ 1,000

s3 þ 87:35s2 þ 10,470s
:

Discrete plant with sampling time 1 ms is

yðkÞ ¼ �denð2Þyðk � 1Þ � denð3Þyðk � 2Þ þ numð2Þuðk � 1Þ þ numð3Þuðk � 2Þ:

The structure is 1-4-1, xðkÞ ¼ ydðkÞ; the initial value of weight vector is chosen
as random value in [0,1], and the initial Gaussian parameters are

Fig. 3.1 RBF supervisory

control system
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c ¼ ½�5 �3 0 3 5 �T; b ¼ ½ 0:5 0:5 0:5 0:5 �T: Choosing η ¼ 0:30; α
¼ 0:05.

The results are shown in Figs. 3.2 and 3.3. The program of RBF supervisory

control is chap3_1.m.

Fig. 3.2 Square position tracking

Fig. 3.3 Control input of NN, PD, and overall
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3.2 RBFNN-Based Model Reference Adaptive Control

3.2.1 Controller Design

The control system is shown in Fig. 3.4.

The reference model is ymðkÞ; then the tracking error is

eðkÞ ¼ ymðkÞ � yðkÞ: (3.6)

The criterion on function used here is upðkÞ as follows:

EðkÞ ¼ 1

2
ecðkÞ2: (3.7)

The controller is the output of RBF:

uðkÞ ¼ h1w1 þ � � � hjwj � � � þ hmwm (3.8)

where m is the number of neural nets in hidden layer,wj is weight value of net j; hj is
output of Gaussian function.

In RBF, x ¼ x1; . . . ; xn½ �T is input vector, h ¼ h1; . . . ; hm½ �T; and hj is Gaussian
function:

hj ¼ exp � jjx� cjjj2
2b2j

 !
(3.9)

where i ¼ 1; . . . ; n and j ¼ 1; . . . ;m: bj>0; cj ¼ cj1; . . . ; cji; . . . ; cjn
� �

; and

b ¼ b1; . . . ; bm½ �T:
The weight vector is

w ¼ w1; . . . ;wm½ �T: (3.10)

Fig. 3.4 RBF-based model

reference adaptive control

system
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According to the steepest descent (gradient) method, the learning algorithm is as

follows:

ΔwjðkÞ ¼ �η
@EðkÞ
@w

¼ ηecðkÞ @yðkÞ
@uðkÞ hj

wjðkÞ ¼ wjðk � 1Þ þ ΔwjðkÞ þ αΔwjðkÞ ð3:11Þ

where η is learning rate, α is momentum factor, η 2 ½0; 1�; and α 2 ½0; 1�:
For the same reason, we can get

ΔbjðkÞ ¼ �η
@EðkÞ
@bj

¼ ηecðkÞ @yðkÞ
@uðkÞ

@uðkÞ
@bj

¼ ηecðkÞ @yðkÞ
@uðkÞwjhj

jjx� cijjj2
bj

3
(3.12)

bjðkÞ ¼ bjðk � 1Þ þ ηΔbjðkÞ þ α bjðk � 1Þ � bjðk � 2Þ� �
(3.13)

ΔcijðkÞ ¼ �η
@EðkÞ
@cij

¼ ηecðkÞ @yðkÞ
@uðkÞ

@uðkÞ
@cij

¼ ηecðkÞ @yðkÞ
@uðkÞwjhj

xi � cij
b2j

(3.14)

cijðkÞ ¼ cijðk � 1Þ þ ηΔcijðkÞ þ αðcijðk � 1Þ � cijðk � 2ÞÞ (3.15)

@yðkÞ
@uðkÞ is Jacobian value,which expresses the sensitivity of output and input of the

system. Jacobian value can be gotten by the sign of
@yðkÞ
@uðkÞ :

3.2.2 Simulation Example

The plant is

yðkÞ ¼ �0:10yðk � 1Þ þ uðk � 1Þð Þ 1þ yðk � 1Þ2
� �.

The sampling time is ts ¼ 1ms; the reference model is ymðkÞ ¼ 0:6ymðk � 1Þ
þydðkÞ; ydðkÞ ¼ 0:50 sinð2πk � tsÞ:

Choose ydðkÞ; eðkÞ, and uðkÞ as input of RBF, and set η ¼ 0:35; α ¼ 0:05:
The initial value of Gaussian function is

c ¼
�3 �2 �1 1 2 3

�3 �2 �1 1 2 3

�3 �2 �1 1 2 3

2
4

3
5
T

;
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and b ¼ ½2; 2; 2; 2; 2; 2�T; the initial weight value is

w ¼ �0:0316 �0:0421 �0:0318 0:0068 0:0454 �0:0381½ �.
The simulation results are shown in Figs. 3.5 and 3.6. The program of model

reference adaptive control is chap3_2.m.

Fig. 3.5 Sine position tracking

Fig. 3.6 Sine position tracking
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3.3 RBF Self-Adjust Control

3.3.1 System Description

Considering plant,

yðk þ 1Þ ¼ g½yðkÞ� þ φ½yðkÞ�uðkÞ (3.16)

where yðkÞ is output and uðkÞ is control input.
Assuming ydðkÞ is ideal position signal. If g½�� and ϕ½�� are known, then the self-

adjust controller can be designed as

uðkÞ ¼ �g½��
φ½�� þ ydðk þ 1Þ

φ½�� : (3.17)

However, the items g½�� and φ½�� are often unknown, so it is difficult to realize the
control law (3.17).

3.3.2 RBF Controller Design

If g½�� andφ½�� are unknown, we can use two RBF to identify g½�� andφ½��; and we can
get the estimated value of g½�� and φ½��; that is, Ng½��; Nφ½��: Then the self-adjust

controller can be designed as

uðkÞ ¼ �Ng½��
Nφ½�� þ ydðk þ 1Þ

Nφ½�� (3.18)

where Ng½�� and Nφ½�� are output of RBF NN identifier.

Using two RBF to approximate g½�� and φ½��, respectively, W and V are weight

vector of RBFNN, respectively.

In RBF neural network, choosing yðkÞ as input h ¼ ½ h1 � � � hm �T; hj is

Gaussian function:

hj ¼ exp � jjyðkÞ � cjjj2
2b2j

 !
(3.19)

where i ¼ 1; j ¼ 1; . . . ;m; bj > 0; cj ¼ ½c11; . . . ; c1m�; and b ¼ ½b1; . . . ; bm�T:
The weight vector of RBF is expressed as

W ¼ w1; . . . ;wm½ �T (3.20)
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V ¼ v1; . . . ; vm½ �T: (3.21)

The outputs of two RBF are

NgðkÞ ¼ h1w1 þ � � � hjwj � � � þ hmww (3.22)

NφðkÞ ¼ h1v1 þ � � � hjvj � � � þ hmvm (3.23)

where m is the number of hidden layer net.

Using the output of two RBF, the plant can be written as

ymðkÞ ¼ Ng yðk � 1Þ;WðkÞ½ � þ Nφ yðk � 1Þ;VðkÞ½ �uðk � 1Þ: (3.24)

The closed-loop neural-based adaptive control scheme with two RBF neural

networks to identify Ng½�� and Nφ½�� is shown in Fig. 3.7.

The criterion on function used here is an error square function as follows:

EðkÞ ¼ 1

2
yðkÞ � ymðkÞð Þ2: (3.25)

According to the steepest descent (gradient) method, the learning algorithm is as

follows:

ΔwjðkÞ ¼ �ηw
@EðkÞ
@wjðkÞ ¼ ηw yðkÞ � ymðkÞð ÞhjðkÞ

ΔvjðkÞ ¼ �ηv
@EðkÞ
@vjðkÞ ¼ ηv yðkÞ � ymðkÞð ÞhjðkÞuðk � 1Þ

WðkÞ ¼ Wðk � 1Þ þ ΔWðkÞ þ α Wðk � 1Þ �Wðk � 2Þð Þ (3.26)

VðkÞ ¼ Vðk � 1Þ þ ΔVðkÞ þ α Vðk � 1Þ � Vðk � 2Þð Þ (3.27)

where ηw and ηv are learning rates and α is a momentum factor.

Fig. 3.7 The closed-loop neural-based adaptive control scheme
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3.3.3 Simulation Example

The plant is

yðkÞ ¼ 0:8 sin yðk � 1Þð Þ þ 15uðk � 1Þ

where g yðkÞ½ � ¼ 0:8 sin yðk � 1Þð Þ and φ yðkÞ½ � ¼ 15:
The ideal signal is ydðtÞ ¼ 2:0 sinð0:1πtÞ: RBF neural network structure is 1-6-1.

The initial weight value and Gaussian parameters are W ¼ ½0:5; 0:5; 0:5; 0:5; 0:5; 0:5�T;
V ¼ ½0:5; 0:5; 0:5; 0:5; 0:5; 0:5�T; cj ¼ ½0:5; 0:5; 0:5; 0:5; 0:5; 0:5�T; b ¼ ½5; 5; 5; 5; 5; 5�T:

Let η1 ¼ 0:15 and η2 ¼ 0:50; α ¼ 0:05: The simulation results are shown from

Figs. 3.8, 3.9 and 3.10. The program of RBF self-adjust control is chap3_3.m.

Appendix

Programs for Sect. 3.1.2

The program of RBF supervisory control: chap3_1.m

%RBF Supervisory Control
clear all;
close all;

ts¼0.001;
sys¼tf(1000,[1,50,2000]);
dsys¼c2d(sys,ts,’z’);
[num,den]¼tfdata(dsys,’v’);

Fig. 3.8 Sine position tracking
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y_1¼0;y_2¼0;
u_1¼0;u_2¼0;
e_1¼0;

xi¼0;
x¼[0,0]’;

b¼0.5*ones(4,1);
c¼[-2 -1 1 2];
w¼rands(4,1);
w_1¼w;
w_2¼w_1;

xite¼0.30;
alfa¼0.05;

kp¼25;
kd¼0.3;
for k¼1:1:1000

time(k)¼k*ts;

S¼1;
if S¼¼1

yd(k)¼0.5*sign(sin(2*2*pi*k*ts)); %Square Signal
elseif S¼¼2

yd(k)¼0.5*(sin(3*2*pi*k*ts)); %Square Signal
end

y(k)¼-den(2)*y_1-den(3)*y_2+num(2)*u_1+num(3)*u_2;
e(k)¼yd(k)-y(k);

xi¼yd(k);

Fig. 3.9 gðx; tÞ and its estimated ĝðx; tÞ
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for j¼1:1:4
h(j)¼exp(-norm(xi-c(:,j))^2/(2*b(j)*b(j)));

end
un(k)¼w’*h’;

%PD Controller
up(k)¼kp*x(1)+kd*x(2);

M¼2;
if M¼¼1 %Only Using PID Control

u(k)¼up(k);
elseif M¼¼2 %Total control output

u(k)¼up(k)+un(k);

end

if u(k)>¼10
u(k)¼10;

end

if u(k)<¼-10
u(k)¼-10;

end
%Update NN Weight
d_w¼-xite*(un(k)-u(k))*h’;
w¼w_1+ d_w+alfa*(w_1-w_2);

w_2¼w_1;
w_1¼w;
u_2¼u_1;
u_1¼u(k);

Fig. 3.10 f ðx; tÞ and its estimated f̂ ðx; tÞ
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y_2¼y_1;
y_1¼y(k);

x(1)¼e(k); %Calculating P
x(2)¼(e(k)-e_1)/ts; %Calculating D
e_1¼e(k);
end
figure(1);
plot(time,yd,’r’,time,y,’k:’,’linewidth’,2);
xlabel(’Time(second)’);ylabel(’Position tracking’);
legend(’Ideal position signal’,’Tracking position
signal’);

figure(2);
subplot(311);
plot(time,un,’k’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’un’);
legend(’Control input with RBF’);
subplot(312);
plot(time,up,’k’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’up’);
legend(’Control input with P’);
subplot(313);
plot(time,u,’k’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’u’);
legend(’Total control input’);

Programs for Sect. 3.2.2

Programs: chap3_2.m

%Model Reference Aapative RBF Control
clear all;
close all;

u_1¼0;
y_1¼0;
ym_1¼0;

x¼[0,0,0]’;
c¼[-3 -2 -1 0 1 2 3;

-3 -2 -1 0 1 2 3;
-3 -2 -1 0 1 2 3];

b¼2;
w¼rands(1,7);

xite¼0.35;
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alfa¼0.05;
h¼[0,0,0,0,0,0,0]’;

c_1¼c;c_2¼c;
b_1¼b;b_2¼b;
w_1¼w;w_2¼w;

ts¼0.001;
for k¼1:1:3000
time(k)¼k*ts;

yd(k)¼0.50*sin(2*pi*k*ts);
ym(k)¼0.6*ym_1+yd(k);

y(k)¼(-0.1*y_1+u_1)/(1+y_1^2); %Nonlinear plant

for j¼1:1:7
h(j)¼exp(-norm(x-c(:,j))^2/(2*b^2));

end
u(k)¼w*h;

ec(k)¼ym(k)-y(k);
dyu(k)¼sign((y(k)-y_1)/(u(k)-u_1));

d_w¼0*w;
for j¼1:1:7

d_w(j)¼xite*ec(k)*h(j)*dyu(k);
end
w¼w_1+d_w+alfa*(w_1-w_2);
%Return of parameters
u_1¼u(k);
y_1¼y(k);
ym_1¼ym(k);

x(1)¼yd(k);
x(2)¼ec(k);
x(3)¼y(k);

w_2¼w_1;w_1¼w;
end
figure(1);
plot(time,ym,’r’,time,y,’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’ym,y’);
legend(’Ideal position signal’,’Tracking position
signal’);
figure(2);
plot(time,u,’r’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Control input’);
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Programs for Sect. 3.3.3

RBF NN Self-adjust Control:chap3_3.m

%Self-Correct control based RBF Identification
clear all;
close all;

xite1¼0.15;
xite2¼0.50;
alfa¼0.05;
w¼0.5*ones(6,1);
v¼0.5*ones(6,1);
cij¼0.50*ones(1,6);
bj¼5*ones(6,1);
h¼zeros(6,1);

w_1¼w;w_2¼w_1;
v_1¼v;v_2¼v_1;
u_1¼0;y_1¼0;

ts¼0.02;
for k¼1:1:5000
time(k)¼k*ts;
yd(k)¼1.0*sin(0.1*pi*k*ts);

%Practical Plant;
g(k)¼0.8*sin(y_1);
f(k)¼15;
y(k)¼g(k)+f(k)*u_1;

for j¼1:1:6
h(j)¼exp(-norm(y(k)-cij(:,j))^2/(2*bj(j)*bj(j)));

end

Ng(k)¼w’*h;
Nf(k)¼v’*h;

ym(k)¼Ng(k)+Nf(k)*u_1;

e(k)¼y(k)-ym(k);

d_w¼0*w;
for j¼1:1:6

d_w(j)¼xite1*e(k)*h(j);
end
w¼w_1+d_w+alfa*(w_1-w_2);

d_v¼0*v;
for j¼1:1:6

d_v(j)¼xite2*e(k)*h(j)*u_1;
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end
v¼v_1+d_v+alfa*(v_1-v_2);

u(k)¼-Ng(k)/Nf(k)+yd(k)/Nf(k);

u_1¼u(k);
y_1¼y(k);

w_2¼w_1;
w_1¼w;

v_2¼v_1;
v_1¼v;
end
figure(1);
plot(time,yd,’r’,time,y,’k:’,’linewidth’,2);
xlabel(’Time(second)’);ylabel(’Position tracking’);
legend(’Ideal position signal’,’Tracking position
signal’);
figure(2);
plot(time,g,’r’,time,Ng,’k:’,’linewidth’,2);
xlabel(’Time(second)’);ylabel(’g and Ng’);
legend(’Ideal g’,’Estimation of g’);
figure(3);
plot(time,f,’r’,time,Nf,’k:’,’linewidth’,2);
xlabel(’Time(second)’);ylabel(’f and Nf’);
legend(’Ideal f’,’Estimation of f’);
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Chapter 4

Adaptive RBF Neural Network Control

Abstract This chapter introduces several online adaptive RBF neural network

control methods, including adaptive control based on neural approximation, adap-

tive control based on neural approximation with unknown parameter, and a direct

robust adaptive control. For above control laws, the adaptive law is designed based

on the Lyapunov stability theory, the closed-loop system stability can be achieved.

Keywords RBF neural network• Adaptive control• Neural approximation•

Lyapunov stability

Note that using the gradient descent method to design the neural network weights

adjustment law, neural network parameters are selected by experience, only local

optimization can be guaranteed, closed-loop system stability cannot be guaranteed,

and closed-loop system control is easy to diverge. To solve this problem, there has

been online adaptive neural network control method, the adaptive law is designed

based on the Lyapunov stability theory, and the closed-loop system stability can be

achieved.

4.1 Adaptive Control Based on Neural Approximation

4.1.1 Problem Description

Consider a second-order nonlinear system

€x ¼ f ðx; _xÞ þ gðx; _xÞu (4.1)

where f is unknown nonlinear function, g is known nonlinear function, and u 2 Rn

and y 2 Rn are input and output.

J. Liu, Radial Basis Function (RBF) Neural Network Control for Mechanical Systems:
Design, Analysis and Matlab Simulation, DOI 10.1007/978-3-642-34816-7_4,
# Tsinghua University Press, Beijing and Springer-Verlag Berlin Heidelberg 2013
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The Eq. (4.1) can also be written as

_x1 ¼ x2

_x2 ¼ f ðx1; x2Þ þ gðx1; x2Þu
y ¼ x1: ð4:2Þ

We assume the ideal position signal is yd. Let

e ¼ yd � y ¼ yd � x1; E ¼ ð e _e ÞT:

We design the control law as

u� ¼ 1

gðxÞ �f ðxÞ þ €yd þ KTE
� �

(4.3)

substituting (4.3) into (4.1), we can get the closed control system as

€eþ kpeþ kd _e ¼ 0: (4.4)

We designK ¼ ðkp; kdÞT so that all the roots of the polynomial s2 þ kdsþ kp ¼ 0are

in the left part of the complex plane. Then we have t ! 1; eðtÞ ! 0 and _eðtÞ ! 0:
From (4.3), we know if the function f ðxÞ is unknown, the control law will not be

realized.

4.1.2 Adaptive RBF Controller Design

4.1.2.1 RBF Neural Network Design

In this section, we use RBF to design f̂ ðxÞ to approximate f ðxÞ: The algorithm of

RBF is described as

hj ¼ g x� cij
�� ��2 b2j

.� �

f ¼ WThðxÞ þ ε

where x is the input vector, i denotes input neural nets number in the input layer,

j denotes hidden neural nets number in the hidden layer, h ¼ ½h1; h2; . . . ; hn�T
denotes the output of hidden layer, W is weight value, ε is approximation error,

and ε � εN:
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We use RBF to approximate f, the input vector is chosen as x ¼ ½ e _e �T; the

output of RBF is

f̂ ðxÞ ¼ Ŵ
T
hðxÞ: (4.5)

4.1.2.2 Control Law and Adaptive Law Design

The fuzzy system approximation algorithm was applied to design indirect adaptive

fuzzy controller [1]. Now we used RBF to replace fuzzy system to design RBF

adaptive controller.

If we use RBF neural network to represent the unknown nonlinear function f, the
control law becomes

u ¼ 1

gðxÞ �f̂ ðxÞ þ €yd þ KTE
� �

(4.6)

f̂ ðxÞ ¼ Ŵ
T
hðxÞ (4.7)

where hðxÞ is Gaussian function and Ŵ is the estimated parameter for W.

Figure 4.1 shows the closed-loop neural-based adaptive control scheme.

We choose the adaptive law as

_̂W ¼ �γETPbhðxÞ (4.8)

4.1.2.3 Stability Analysis

Submitting the control law (4.6) into (4.1), the closed-loop system is expressed as

€e ¼ �KTEþ f̂ ðxÞ � f ðxÞ� �
: (4.9)

Fig. 4.1 Block diagram

of the control scheme
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Let

Λ ¼ 0 1

�kp �kd

� �
; B ¼ 0

1

" #
: (4.10)

Now, (4.9) can be rewritten as

_E ¼ ΛEþ B f̂ ðxÞ � f ðxÞ� �
: (4.11)

The optimal weight value is

W� ¼ arg min
W2Ω

sup j f̂ ðxÞ � f ðxÞj� �
: (4.12)

Define the modeling error as

ω ¼ f̂ ðxjW�Þ � f ðxÞ: (4.13)

Then Eq. (4.11) becomes

_E ¼ ΛEþ B f̂ ðxjÞ � f̂ ðxjW�Þ� �þ ω
	 


: (4.14)

Submitting (4.7) into (4.14), we can get closed equation as

_E ¼ ΛEþ B ðŴ �W�ÞThðxÞ þ ω
h i

(4.15)

Choose a Lyapunov function as

V ¼ 1

2
ETPEþ 1

2γ
ðŴ �W�ÞTðŴ �W�Þ (4.16)

where γ is positive constant. Ŵ �W� denotes the parameter estimation error, and

the matrix P is symmetric and positive definite and satisfies the following Lyapunov

equation:

ΛTPþ PΛ ¼ �Q: (4.17)

With Q � 0; Λ is given by (4.10).

Choose V1 ¼ 1
2
ETPE; V2 ¼ 1

2γ ðŴ �W�ÞTðŴ �W�Þ; and let M ¼ B ðŴ �W�ÞThðxÞ þ ω
h i

;

then (4.15) becomes

_E ¼ ΛEþM:
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Then

_V1 ¼ 1

2
_E
T
PEþ 1

2
ETP _E ¼ 1

2
ðETΛT þMTÞPEþ 1

2
ETPðΛEþMÞ

¼ 1

2
ETðΛTPþ PΛÞEþ 1

2
MTPEþ 1

2
ETPM

¼ � 1

2
ETQEþ 1

2
ðMTPEþ ETPMÞ ¼ � 1

2
ETQEþ ETPM:

Submitting M into above, noting that ETPBðŴ �W�ÞThðxÞ ¼ ðŴ �W�ÞT ½ETPB
hðxÞ�; we get

_V1 ¼� 1

2
ETQEþ ETPB Ŵ�W�� �T

hðxÞ þ ETPBω

¼� 1

2
ETQEþ Ŵ �W�� �T

ETPBhðxÞ þ ETPBω

_V2 ¼ 1

γ
ðŴ �W�ÞT _̂W:

Then the derivative V becomes

_V ¼ _V1 þ _V2 ¼ � 1

2
ETQEþ ETPBωþ 1

γ
Ŵ �W�� �T _̂W þ γETPBhðxÞ

h i
:

Submitting the adaptive law (4.8) into above, we have

_V ¼ � 1

2
ETQEþ ETPBω:

Since � 1
2
ETQE � 0; consider the adaptive fuzzy control system convergence

analysis in the book [1]; if we can make the approximation error ω very small by

using RBF, we can get _V � 0:

4.1.3 Simulation Examples

4.1.3.1 First Simulation Example

Consider a linear plant as follows:

_x1 ¼ x2

_x2 ¼ f ðxÞ þ gðxÞu
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where x1 and x2 are position and speed, respectively; u is control input; f ðxÞ ¼
�25x2; and gðxÞ ¼ 133:

We use ideal position signal as ydðtÞ ¼ 0:1 sin t; and choose the initial states of

the plant as ½π=60; 0�: RBF network structure is chosen as 2-5-1. The choice of

Gaussian function parameters value cij and bj must be chosen according to the scope

of practical input value, which have important role in the neural network control. If

the parameter values are chosen inappropriately, Gaussian function will not be

effectively mapped, and RBF network will be invalid.

According to the practical scope of x1 and x2; the parameters of ci and bi are
designed as ½ �2 �1 0 1 2 � and 0.20; the initial weight value is chosen as

zero.

Adopting control law (4.6) and adaptive law (4.8), choosing Q ¼ 500 0

0 500

� �
,

kd ¼ 50; kp ¼ 30; and γ ¼ 1; 200:

The results are shown in Figs. 4.2 and 4.3. The Simulink program of this

example is chap4_1sim.mdl; the Matlab programs of the example are given in the

Appendix.

4.1.3.2 Second Simulation Example

Consider a single inverted pendulum system as in Fig. 4.4.

The dynamic equation is described as

_x1 ¼ x2

_x2 ¼ f ðxÞ þ gðxÞu

Fig. 4.2 Position and speed tracking
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where f ðxÞ ¼ g sin x1�mlx2
2
cos x1 sin x1 ðmcþmÞ=

l 4 3= �m cos2 x1 ðmcþmÞ=ð Þ ; gðxÞ ¼ cos x1 ðmcþmÞ=
l 4 3= �m cos2x1 ðmcþmÞ=ð Þ ; x1 and x2 are

angle and angle speed value, respectively; g ¼ 9:8m=s2; mc ¼ 1 kg is mass of cart;

m ¼ 0:1 kg is mass of the pendulum; l ¼ 0:5m is the half length of the pendulum;

and u is control input.

Consider ideal position signal as ydðtÞ ¼ 0:1 sin t; the initial states are chosen as
½π=60; 0�. RBF network structure is chosen as 2-5-1.

According to the practical scope of x1 and x2; the parameters of ci and bi are
designed as ½ �2 �1 0 1 2 � and 0.20; the initial weight value is chosen as

zero.

Use control law (4.6) and adaptive law (4.8), and choose Q ¼ 500 0

0 500

� �
; kd

¼ 50; kp ¼ 30; and γ ¼ 1; 200:

The results are shown in Figs. 4.5 and 4.6. The Simulink program of this

example is chap4_2sim.mdl; the Matlab programs of the example are given in the

Appendix.

Fig. 4.3 f ðxÞ and f̂ ðxÞ

Fig. 4.4 Single inverted

pendulum system
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Fig. 4.5 Position and speed tracking

Fig. 4.6 f ðxÞ and f̂ ðxÞ
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4.2 Adaptive Control Based on Neural Approximation

with Unknown Parameter

4.2.1 Problem Description

Consider a second-order nonlinear system

€x ¼ f ðx; _xÞ þ mu (4.18)

where f is unknown nonlinear function, m are unknown, the lower bound of m is

known, m � �m, and �m>0:
The Eq. (4.18) can also be written as

_x1 ¼ x2

_x2 ¼ f ðxÞ þ mu

y ¼ x1: ð4:19Þ

We assume the ideal position signal is yd; and let

e ¼ yd � y ¼ yd � x1; E ¼ ½ e _e �T:

We design the control law as

u� ¼ 1

m
�f ðxÞ þ €yd þ KTE
� �

(4.20)

Substitute (4.20) into (4.18), we can get the closed control system as

€eþ kpeþ kd _e ¼ 0 (4.21)

We design K ¼ ½ kp kd �T so that all the roots of the polynomial

s2 þ kdsþ kp ¼ 0 are in the left part of the complex plane. Then we have t ! 1;

eðtÞ ! 0, and _eðtÞ ! 0:
From (4.20), we know that if the function f ðxÞ and parameter m are unknown,the

control law will not be realized.

4.2.2 Adaptive Controller Design

4.2.2.1 RBF Neural Network Design

In this section, just like Sect. 4.1, with reference to the indirect adaptive fuzzy

controller tactics given in [1], now we use RBF to replace fuzzy system to design

RBF indirect adaptive controller.
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The algorithm of RBF to approximate f ðxÞ is described as

hj ¼ g x� cij
�� ��2 b2j

.� �
f ¼ WThðxÞ þ ε

where x is the input vector, i denotes input neural nets number in the input layer,

j denotes hidden neural nets number in the hidden layer,h ¼ ½h1; h2; . . . ; hn�T denotes
the output of hidden layer,W is weight value, ε is approximation error, and ε � εN:

We use RBF to approximate f, the input vector is chosen asx ¼ ½ e _e �T; and the
output of RBF is

f̂ ðxÞ ¼ Ŵ
T
hðxÞ: (4.22)

4.2.2.2 Control Law and Adaptive Law Design

If we use RBF neural network to represent the unknown nonlinear function f, the
control law becomes

u ¼ 1

m̂
�f̂ ðxÞ þ €yd þ KTE
� �

(4.23)

f̂ ðxÞ ¼ Ŵ
T
hðxÞ (4.24)

where hðxÞ is Gaussian function and Ŵ is the estimated parameter for W.

4.2.2.3 Stability Analysis

Submitting the control law (4.23) into (4.18), the closed-loop system is expressed as

€e ¼ �KTEþ f̂ ðxÞ � f ðxÞ� �þ ðm� m̂Þu: (4.25)

Let

Λ ¼ 0 1

�kp �kd

� �
; B ¼ 0

1

" #
: (4.26)

Now, (4.25) can be rewritten as

_E ¼ ΛEþ B f̂ ðxÞ � f ðxÞ� �þ ðm� m̂Þu� �
: (4.27)
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The optimal weight value is

W� ¼ arg min
W2Ω

sup f̂ ðxÞ � f ðxÞ � �
: (4.28)

Define the modeling error as

ω ¼ f̂ xjW�ð Þ � f ðxÞ (4.29)

Then Eq. (4.27) becomes

_E ¼ ΛEþ B f̂ xjð Þ � f̂ xjW�ð Þ� �þ ωþ m� m̂ð Þu	 

: (4.30)

Submitting Eq. (4.24) into (4.13), we can get closed equation as

_E ¼ ΛEþ B Ŵ �W�� �T
h xð Þ þ ωþ m� m̂ð Þu

h i
: (4.31)

Define a Lyapunov function as

V ¼ 1

2
ETPEþ 1

2γ
Ŵ �W�� �T

Ŵ �W�� �þ 1

2
η ~m2 (4.32)

where γ is positive constant. Ŵ �W� denotes the parameter estimation error, and

the matrix P is symmetric and positive definite and satisfies the following Lyapunov

equation

ΛTPþ PΛ ¼ �Q: (4.33)

With Q � 0; Λ is given by (4.26), η>0; and ~m ¼ m� m̂:

Choose V1 ¼ 1
2
ETPE; V2 ¼ 1

2γ Ŵ �W�� �T
Ŵ �W�� �

; and V3 ¼ 1
2
η ~m2; let

M ¼ B Ŵ �W�� �T
h xð Þ þ ωþ ~mu

h i
; and then Eq. (4.31) becomes

_E ¼ ΛEþM:

Then

_V1 ¼ 1

2
_E
T
PEþ 1

2
ETP _E ¼ 1

2
ETΛT þMT
� �

PEþ 1

2
ETP ΛEþMð Þ

¼ 1

2
ET ΛTPþ PΛ

� �
Eþ 1

2
MTPEþ 1

2
ETPM

¼� 1

2
ETQEþ 1

2
MTPEþ ETPM
� � ¼ � 1

2
ETQEþ ETPM:

4.2 Adaptive Control Based on Neural Approximation with Unknown Parameter 81



Submitting M into above, noting that ETPBðŴ �W�ÞThðxÞ ¼ ðŴ �W�ÞT ½ETPB
hðxÞ�; we get

_V1 ¼� 1

2
ETQEþ ETPB Ŵ �W�� �T

hðxÞ þ ETPBωþ ETPB ~mu

¼� 1

2
ETQEþ Ŵ �W�� �T

ETPBhðxÞ þ ETPBωþ ETPB ~mu

_V2 ¼ 1

γ
Ŵ �W�� �T _̂W

_V3 ¼ �η ~m _̂m:

Then the derivative V becomes

_V ¼ _V1 þ _V2 þ _V3

¼� 1

2
ETQEþ ETPBωþ 1

γ
Ŵ �W�� �T _̂W þ γETPBhðxÞ

h i
þ ~m ETPBu� η _̂m

� �

We choose the adaptive law as

_̂W ¼ �γETPbhðxÞ: (4.34)

To guarantee ~mðETPBu� η _̂mÞ � 0; at the same time to avoid singularity in

(4.23) and guarantee m̂ � �m; we used the adaptive law tactics proposed in [2] as

_̂m ¼
1
ηE

TPBu; if ETPBu>0
1
ηE

TPBu; if ETPBu � 0 and m̂> �m
1
η ; if ETPBu � 0 and m̂ � �m

8><
>: (4.35)

where m̂ð0Þ � �m:
Reference to [2], the adaptive law (4.35) can also be analyzed as:

1. If ETPBu>0; we get ~mðETPBu� η _̂mÞ ¼ 0 and _̂m>0; thus, m̂> �m;

2. If ETPBu � 0 and m̂> �m; we get ~mðETPBu� η _̂mÞ ¼ 0;

3. If ETPBu � 0 and m̂ � �m; we have ~m ¼ m� m̂ � m� �m>0; thus, ~mðETPBu

�η _̂mÞ ¼ ~mETPBu� ~m � 0; m̂ will increase gradually, and then m̂> �m will be

guaranteed with _̂m>0:

Submitting the adaptive law (4.34) and (4.35) into above, we have

_V ¼ � 1

2
ETQEþ ETPBω:
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Since � 1
2
ETQE � 0; consider the adaptive fuzzy control system convergence

analysis in [1]; if we can make the approximation errorω very small by using RBF,

we can get _V � 0:

4.2.3 Simulation Examples

Consider a simple plant as

_x1 ¼ x2

_x2 ¼ f ðxÞ þ mu

where x1 and x2 are position and speed, respectively; u is control input; f ðxÞ ¼
�25x2 � 10x1; and m ¼ 133.

We use ideal position signal as ydðtÞ ¼ sin t; and choose the initial states of the

plant as [0,50,0].

We use RBF to approximate f ðxÞ; and design adaptive algorithm to estimate

parameter m. The structure is used as 2-5-1; the input vector of RBF is

z ¼ ½ x1 x2 �T: For each Gaussian function, the parameters of ci and bi are designed
as ½ �1 �0:5 0 0:5 1 � and 2.0. The initial weight value is chosen as zero.

In simulation, we use control law (4.23) and adaptive law (4.34) and (4.35); the

parameters are chosen as Q ¼ 500 0

0 500

� �
; kp ¼ 30; kd ¼ 50; γ ¼ 1; 200; η ¼

0:0001; �m ¼ 100; and m̂ð0Þ ¼ 120:

The results are shown from Figs. 4.7, 4.8, and 4.9. The estimation of f ðxÞ and m
do not converge to true value of f ðxÞ and m. This is due to the fact that the desired

trajectory is not persistently exciting, and this occurs quite often in real-world

application, which has been explained in the Sect. 1.5 in Chap. 1.

The Simulink program of this example is chap4_3sim.mdl; the Matlab programs

of the example are given in the Appendix.

4.3 A Direct Method for Robust Adaptive Control by RBF

4.3.1 System Description

Considering the proposed controller in paper [3] and book [4], we analyze design

and simulation method of a direct method for robust adaptive control by RBF.

Consider the SISO second-order nonlinear system in the following form:

4.3 A Direct Method for Robust Adaptive Control by RBF 83

http://dx.doi.org/10.1007/978-3-642-34816-7_1
http://dx.doi.org/10.1007/978-3-642-34816-7_1


Fig. 4.7 Position and speed tracking

Fig. 4.8 Control input
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_x1 ¼ x2

_x2 ¼ αðxÞ þ βðxÞuþ dðtÞ
y ¼ x1 ð4:36Þ

where x ¼ ½ x1 x2 �T 2 R; u 2 R; and y 2 R are state variables, system input, and

output, respectively; αðxÞ and βðxÞ are unknown smooth functions; and dðtÞ denotes
the external disturbance bound by a known constant d0>0; that is, jdðtÞj � d0:

Assumption 4.1. The sign of βðxÞ is known and βðxÞ 6¼ 0; 8x 2 Ω:
Since the sign of βðxÞ is known, without losing generality, assume that βðxÞ>0:

Assumption 4.2. There exists a known smooth function �β such that jβðxÞj � �β:
Define vector xd; e, and an augmented s item as

xd ¼ ½ yd _yd �T
e ¼ x� xd ¼ ½ e _e �T; s ¼ ½ λ 1 �e ¼ λeþ _e ð4:37Þ

where λ is chosen as λ > 0 such that polynomial sþ λ is Hurwitz.
From (4.37), we have

_s ¼ λ _eþ €e ¼ λ _eþ €x1 � €yd

¼ λ _eþ αðxÞ þ βðxÞuþ dðtÞ � €yd

¼ αðxÞ þ vþ βðxÞuþ dðtÞ
(4.38)

where v ¼ �€yd þ λ _e:

Fig. 4.9 Estimation of f ðxÞ and m
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4.3.2 Desired Feedback Control and Function Approximation

Lemma 4.1. Consider system (4.36) with Assumptions 4.1 and 4.2 satisfied and

dðtÞ ¼ 0: If the desired controller is chosen as

u� ¼ � 1

βðxÞ αðxÞ þ vð Þ � 1

εβðxÞ þ
1

εβ2ðxÞ �
_βðxÞ

2β2ðxÞ

� �
s (4.39)

where ε > 0 is a design parameter, then lim
t!1 jjeðtÞjj ¼ 0:

Proof. Substituting u ¼ u� into (4.38) and noting dðtÞ ¼ 0; we have

_s ¼ αðxÞ þ vþ βðxÞ � 1

βðxÞ ðαðxÞ þ vÞ � 1

εβðxÞ þ
1

εβ2ðxÞ �
_βðxÞ

2β2ðxÞ

� �
s

� �

¼� 1

ε
þ 1

εβðxÞ �
_βðxÞ
2βðxÞ

� �
s ¼ � 1

ε
þ 1

εβðxÞ
� �

sþ
_βðxÞ
2βðxÞ s:

Choosing a Lyapunov function as V ¼ 1
2βðxÞ s

2; then

_V ¼ 1

βðxÞ s _s�
_βðxÞ

2β2ðxÞ s
2

¼ 1

βðxÞ s � 1

ε
þ 1

εβðxÞ
� �

sþ
_βðxÞ
2βðxÞ s

� �
�

_βðxÞ
2β2ðxÞ s

2

¼ � 1

εβðxÞ þ
1

εβ2ðxÞ

� �
s2 � 0 ð4:40Þ

Since βðxÞ>0; then we have _V � 0;which implies that lim
t!1 jsj ¼ 0; subsequently,

we have lim
t!1 jjeðtÞjj ¼ 0:

From (4.40), it is shown that the smaller the parameter ε is, the more negative _V
is. Hence, the convergence rate of the tracking error can be adjusted by tuning the

design parameter ε:
From (4.39), the desired controller u� can be written as a function of x, s, and v as

z ¼ xT s
s

ε
v

h iT
2 Ωz � R5 (4.41)

where compact set Ωz is defined as

Ωz ¼ xT s
s

ε
v

� �
x 2 Ωj ; xd 2 Ωj d; s ¼ ½ λ 1 �e; v ¼ �€yd þ λ _e

n o
(4.42)
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When nonlinear functions αðxÞ and βðxÞ are unknown, u�ðzÞ is not available. In the

following, RBF neural network is applied for approximating the unknown function

u�ðzÞ:
It should be noted that though the elements s and s

ε in the input vector z are

dependent due to constant ε; they are in different scales when a very small ε is

chosen. Thus, s
ε is also fed into neural network as an input for improving the NN

approximation accuracy.

There exist an ideal constant weight vector W�; such that

u�ðzÞ ¼ W�ThðzÞ þ μl; 8z 2 Ωz (4.43)

where hðzÞ is radial-basis function vector, μl is called the NN approximation error

satisfying jμlj � μ0, and

W� ¼ arg min
W2Rl

sup
z2Ωz

WThðzÞ � u�ðzÞ � �
:

4.3.3 Controller Design and Performance Analysis

Figure 4.10 shows the closed-loop neural-based adaptive control scheme.

Let Ŵ be an estimate of the ideal NN weightW�; the direct adaptive controller is
designed as

u ¼ Ŵ
T
hðzÞ: (4.44)

The adaptive law is designed as

_̂W ¼ �Γ hðzÞsþ σŴ
� �

(4.45)

where Γ ¼ ΓT>0 is an adaptation gain matrix and σ>0 is a constant.

Substituting controller (4.44) into (4.38), error equation (4.38) can be rewritten

as

_s ¼ αðxÞ þ vþ βðxÞŴT
hðzÞ þ dðtÞ: (4.46)

Adding and subtracting on the right-hand side of (4.46) and noting (4.43), we

have

_s ¼ αðxÞ þ vþ βðxÞ Ŵ
T
hðzÞ �W�ThðzÞ � μl

� �
þ βðxÞu�ðzÞ þ dðtÞ: (4.47)
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From (4.39) we have

u� ¼ � 1

βðxÞ αðxÞ þ vð Þ � 1

εβðxÞ þ
1

εβ2ðxÞ �
_βðxÞ

2β2ðxÞ

� �
s:

Substituting above equation into (4.47) leads to

_s ¼ βðxÞ ~W
T
hðzÞ � μl

� �
� 1

ε
þ 1

εβðxÞ �
_βðxÞ
2βðxÞ

� �
sþ dðtÞ (4.48)

where ~W ¼ Ŵ �W�:

The item βðxÞ exists as a coefficient of ~W
T
in (4.48), which can make βðxÞ appear

in _V if we design 1
2
s2 as a part of Lyapunov function V, and can cause βðxÞ to be

included in the adaptive law
_̂W:

To avoid βðxÞ being included in the adaptive law
_̂W; 1

2
s2

βðxÞ : should be used

instead of 1
2
s2; then the Lyapunov function is designed as

V ¼ 1

2

s2

βðxÞ þ
~W
TΓ�1 ~W

� �
: (4.49)

Differentiating (4.49) along (4.45) and (4.48) yields

_V ¼ s _s

βðxÞ �
_βðxÞ

2β2ðxÞ s
2 þ ~W

TΓ�1 _̂W

¼ s

βðxÞ βðxÞ ~W
T
hðzÞ � μl

� �
� 1

ε
þ 1

εβðxÞ �
_βðxÞ
2βðxÞ

� �
sþ dðtÞ

� �

�
_βðxÞ

2β2ðxÞ s
2 þ ~W

T
Γ�1 �ΓðhðzÞsþ σŴÞ� �

¼� 1

εβðxÞ þ
1

εβ2ðxÞ

� �
s2 þ dðtÞ

βðxÞ s� μls� σ ~W
T
Ŵ

Fig. 4.10 Block diagram of

direct RBF control scheme
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Use the facts that

2 ~W
T
Ŵ ¼ ~W

Tð ~W þW�Þ þ ðŴ �W�ÞTŴ
¼ ~W

T ~W þ ðŴ �W�ÞTW� þ Ŵ
T
Ŵ �W�TŴ

¼ jj ~Wjj2 þ jjŴjj2 � jjW�jj2 � jj ~Wjj2 � jjW�jj2

dðtÞ
βðxÞ s �

s2

εβ2ðxÞ þ
ε

4
dðtÞ2

μlsj j � s2

2εβðxÞ þ
ε

2
μ2l βðxÞ �

s2

2εβðxÞ þ
ε

2
μ2l �β

and note that jμlj � μ0; jdðtÞj � d0; the following inequality holds

_V � � s2

2εβðxÞ �
σ

2
jj ~Wjj2 þ ε

2
μ20�β þ

ε

4
d20 þ

σ

2
jjW�jj2:

Considering ~W
TΓ�1 ~W � �γjj ~Wjj2 (�γ is the largest eigenvalue of Γ�1Þ; we obtain

_V � � 1

α0
V þ ε

2
μ20�β þ

ε

4
d20 þ

σ

2
jjW�jj2

where α0 ¼ maxfε;�γ=σg: Solving the above inequality using Lemma B.5 in [5], we

have

VðtÞ � e�t=α0Vð0Þ þ ε

2
μ20�β þ

ε

4
d20 þ

σ

2
jjW�jj2

� �Z t

0

e� t�τð Þ=α0dτ

� e�t=α0Vð0Þ þ α0
ε

2
μ20�β þ

ε

4
d20 þ

σ

2
jjW�jj2

� �
; 8t � 0: ð4:50Þ

Since Vð0Þ is bounded, inequality (4.50) shows that s and ŴðtÞ are bounded. By
(4.49) it follows that V � 1

2

s2

βðxÞ ; thus, s �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2βðxÞVp �

ffiffiffiffiffiffiffiffiffi
2�βV

p
:

Combining with (4.50), noting
ffiffiffiffiffi
ab

p � ffiffiffi
a

p þ ffiffiffi
b

p ða > 0; b > 0Þ; we obtain

jsj � e�t=2α0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�βVð0Þ

q
þ

ffiffiffiffiffiffiffiffi
α0�β

q
εμ20�β þ

ε

2
d20 þ σjjsjj2

� �1=2

; 8t � 0:
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4.3.4 Simulation Example

4.3.4.1 First Example

The plant dynamics can be expressed in the form of system (4.36) as follows

_x1 ¼ x2

_x2 ¼� 25x2 þ 133uþ dðtÞ
y ¼ x1

where αðxÞ ¼ �25x2; βðxÞ ¼ 133,dðtÞ ¼ 100 sin t; and x ¼ ½ x1 x2 �T ¼ ½ θ _θ �T:
The initial states are x ¼ ½ 0:5 0 �T; and the reference signal is yd ¼ sin t: The

input vector of RBF is z ¼ ½ x1 x2 s s=ε v �T; the network structure 5-9-1 is

used. The parameters of ci and bi must be chosen according to the scope of the input

value. If the parameter values are chosen inappropriately, Gaussian function will

not be effectively mapped, and RBF network will be invalid. In this example,

according to the practical scope of x1; x2; s, s=ε, and v, according to (4.42), for

each Gaussian function, the parameters of ci and bi are designed as

½ �2 �1:5 �1 �0:5 0 0:5 1 1:5 2 � and 5.0.

The adaptive controllers (4.44) and (4.45) are used; we set λ ¼ 5.0, Γii ¼ 500

ði ¼ 9Þ; ε ¼ 0:25 and σ ¼ 0.005, from βðxÞ expression we set �β ¼ 150; and the

initial weight value is chosen as zero.

The results are shown from Figs. 4.11 and 4.12. The Simulink program of this

example is chap4_4sim.mdl; the Matlab programs of the example are given in the

Appendix.

4.3.4.2 Second Example

A pendulum plant dynamics can be expressed in the form of system (4.36) as

follows [3]:

_x1 ¼ x2

_x2 ¼ αðxÞ þ βðxÞuþ dðtÞ
y ¼ x1

where αðxÞ ¼ 0:5 sin x1ð1þ0:5 cos x1Þx22�10 sin x1ð1þcos x1Þ
0:25ð2þcos x1Þ2 ; βðxÞ ¼ 1

0:25ð2þcos x1Þ2 ;

dðtÞ ¼d1 ðtÞ cos x1; x ¼ ½ x1 x2 �T ¼ ½ θ _θ �T; d1 ¼ cos ð3tÞ:
The initial states are x ¼ ½ 0 0 �T; and the reference signal is yd ¼ π

6
sin t: The

operation range of the system is chosen as Ω ¼ ðx1; x2Þ x1j j � π
2
; x2j j � 4π

	 

:
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Fig. 4.11 Position and speed tracking

Fig. 4.12 Control input
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The input vector of RBF is z ¼ x1 x2 s s
ε v

� �T
; the network structure 5-

13-1 is used. In this example, according to the practical scope of x1; x2; s, s=ε, and v,
according to (4.42), for each Gaussian function, the parameters of ci and bi are
designed as ½ �6 �5 �4 �3 �2 �1 0 1 2 3 4 5 6 � and 3.0.

The adaptive controllers (4.44) and (4.45) are used; we set λ ¼ 10, Γii ¼ 15

ði ¼ 13Þ; ε ¼ 0:25andσ ¼ 0.005, and fromβðxÞ expression we set �β ¼ 1:The initial
weight value is chosen as zero.

The results are shown in Figs. 4.13 and 4.14. The Simulink program of this

example is chap4_5sim.mdl; the Matlab programs of the example are given in the

Appendix.

Appendix

Programs for Sect. 4.1.3.1

1. Simulink program: chap4_1sim.mdl

Fig. 4.13 Position and speed tracking
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2. S function for controller: chap4_1ctrl.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

Fig. 4.14 Control input
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error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
global c b
sizes ¼ simsizes;
sizes.NumContStates ¼ 5;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 2;
sizes.NumInputs ¼ 2;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0 ¼ [0*ones(5,1)];
c¼ [-2 -1 0 1 2;

-2 -1 0 1 2];
b¼0.20;
str ¼ [];
ts ¼ [];
function sys¼mdlDerivatives(t,x,u)
global c b
gama¼1200;
yd¼0.1*sin(t);
dyd¼0.1*cos(t);
ddyd¼-0.1*sin(t);

e¼u(1);
de¼u(2);
x1¼yd-e;
x2¼dyd-de;

kp¼30;kd¼50;
K¼[kp kd]’;

E¼[e,de]’;

Fai¼[0 1;-kp -kd];
A¼Fai’;

Q¼[500 0;0 500];
P¼lyap(A,Q);

xi¼[e;de];
h¼zeros(5,1);
for j¼1:1:5

h(j)¼exp(-norm(xi-c(:,j))^2/(2*b^2));

end
W¼[x(1) x(2) x(3) x(4) x(5)]’;

B¼[0;1];
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S¼-gama*E’*P*B*h;

for i¼1:1:5
sys(i)¼S(i);

end

function sys¼mdlOutputs(t,x,u)
global c b
yd¼0.1*sin(t);
dyd¼0.1*cos(t);
ddyd¼-0.1*sin(t);

e¼u(1);
de¼u(2);
x1¼yd-e;
x2¼dyd-de;

kp¼30;kd¼50;
K¼[kp kd]’;

E¼[e de]’;

W¼[x(1) x(2) x(3) x(4) x(5)]’;
xi¼[e;de];
h¼zeros(5,1);
for j¼1:1:5

h(j)¼exp(-norm(xi-c(:,j))^2/(2*b^2));

end
fxp¼W’*h;

gx¼133;

ut¼1/gx*(-fxp+ddyd+K’*E);

sys(1)¼ut;
sys(2)¼fxp;

3. S function for plant: chap4_1plant.m

function [sys,x0,str,ts]¼s_function(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2, 4, 9 }

sys ¼ [];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
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end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 2;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 3;
sizes.NumInputs ¼ 1;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 0;
sys¼simsizes(sizes);
x0¼[pi/60 0];
str¼[];
ts¼[];
function sys¼mdlDerivatives(t,x,u)
F¼10*x(2)+1.5*sign(x(2));
fx¼-25*x(2)-F;

sys(1)¼x(2);
sys(2)¼fx+133*u;
function sys¼mdlOutputs(t,x,u)
F¼10*x(2)+1.5*sign(x(2));
fx¼-25*x(2)-F;
sys(1)¼x(1);
sys(2)¼x(2);
sys(3)¼fx;

4. Plot program: chap4_1plot.m

close all;

figure(1);
subplot(211);
plot(t,y(:,1),’r’,t,y(:,2),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’yd,y’);
legend(’ideal position’,’position tracking’);
subplot(212);
plot(t,0.1*cos(t),’r’,t,y(:,3),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’dyd,dy’);
legend(’ideal speed’,’speed tracking’);

figure(2);
plot(t,u(:,1),’r’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Control input’);

figure(3);
plot(t,fx(:,1),’r’,t,fx(:,2),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’fx’);
legend(’Practical fx’,’fx estimation’);
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Programs for Sect. 4.1.3.2

1. Simulink program: chap4_2sim.mdl;

2. S function for controller: chap4_2ctrl.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);

end
function [sys,x0,str,ts]¼mdlInitializeSizes
global c b
sizes ¼ simsizes;
sizes.NumContStates ¼ 5;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 2;
sizes.NumInputs ¼ 2;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
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x0 ¼ [0*ones(5,1)];
c¼ [-2 -1 0 1 2;

-2 -1 0 1 2];
b¼0.20;
str ¼ [];
ts ¼ [];
function sys¼mdlDerivatives(t,x,u)
global c b
gama¼1200;
yd¼0.1*sin(t);
dyd¼0.1*cos(t);
ddyd¼-0.1*sin(t);

e¼u(1);
de¼u(2);
x1¼yd-e;
x2¼dyd-de;

kp¼30;kd¼50;
K¼[kp kd]’;
E¼[e de]’;

Fai¼[0 1;-kp -kd];
A¼Fai’;

Q¼[500 0;0 500];
P¼lyap(A,Q);

xi¼[e;de];
h¼zeros(5,1);
for j¼1:1:5

h(j)¼exp(-norm(xi-c(:,j))^2/(2*b^2));

end
W¼[x(1) x(2) x(3) x(4) x(5)]’;

B¼[0;1];
S¼-gama*E’*P*B*h;

for i¼1:1:5
sys(i)¼S(i);

end

function sys¼mdlOutputs(t,x,u)
global c b
yd¼0.1*sin(t);
dyd¼0.1*cos(t);
ddyd¼-0.1*sin(t);
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e¼u(1);
de¼u(2);
x1¼yd-e;
x2¼dyd-de;

kp¼30;kd¼50;
K¼[kp kd]’;
E¼[e de]’;

Fai¼[0 1;-kp -kd];
A¼Fai’;

W¼[x(1) x(2) x(3) x(4) x(5)]’;
xi¼[e;de];
h¼zeros(5,1);
for j¼1:1:5

h(j)¼exp(-norm(xi-c(:,j))^2/(2*b^2));

end
fxp¼W’*h;

%%%%%%%%%%
g¼9.8;mc¼1.0;m¼0.1;l¼0.5;
S¼l*(4/3-m*(cos(x(1)))^2/(mc+m));
gx¼cos(x(1))/(mc+m);
gx¼gx/S;
%%%%%%%%%%%%%%
ut¼1/gx*(-fxp+ddyd+K’*E);

sys(1)¼ut;
sys(2)¼fxp;

3. S function for plant: chap4_2plant.m;

function [sys,x0,str,ts]¼s_function(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2, 4, 9 }

sys ¼ [];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
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sizes.NumContStates ¼ 2;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 3;
sizes.NumInputs ¼ 1;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 0;
sys¼simsizes(sizes);
x0¼[pi/60 0];
str¼[];
ts¼[];
function sys¼mdlDerivatives(t,x,u)
g¼9.8;mc¼1.0;m¼0.1;l¼0.5;
S¼l*(4/3-m*(cos(x(1)))^2/(mc+m));
fx¼g*sin(x(1))-m*l*x(2)^2*cos(x(1))*sin(x(1))/(mc+m);
fx¼fx/S;
gx¼cos(x(1))/(mc+m);
gx¼gx/S;

sys(1)¼x(2);
sys(2)¼fx+gx*u;
function sys¼mdlOutputs(t,x,u)
g¼9.8;mc¼1.0;m¼0.1;l¼0.5;

S¼l*(4/3-m*(cos(x(1)))^2/(mc+m));
fx¼g*sin(x(1))-m*l*x(2)^2*cos(x(1))*sin(x(1))/(mc+m);
fx¼fx/S;
gx¼cos(x(1))/(mc+m);
gx¼gx/S;

sys(1)¼x(1);
sys(2)¼x(2);
sys(3)¼fx;

4. Plot program: chap4_2plot.m

close all;

figure(1);
subplot(211);
plot(t,y(:,1),’r’,t,y(:,2),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’yd,y’);
legend(’ideal position’,’position tracking’);
subplot(212);
plot(t,0.1*cos(t),’r’,t,y(:,3),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’dyd,dy’);
legend(’ideal speed’,’speed tracking’);

figure(2);

100 4 Adaptive RBF Neural Network Control



plot(t,u(:,1),’r’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Control input’);

figure(3);
plot(t,fx(:,1),’r’,t,fx(:,2),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’fx’);
legend(’Practical fx’,’fx estimation’);

Programs for Sect. 4.2

1. Simulink program: chap4_3sim.mdl;

2. S function for controller: chap4_3ctrl.m;

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
global node c b
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node¼5;
sizes ¼ simsizes;
sizes.NumContStates ¼ node+1;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 3;
sizes.NumInputs ¼ 2;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0 ¼ [zeros(1,5),120];
c¼ [-1 -0.5 0 0.5 1;

-1 -0.5 0 0.5 1];
b¼2;
str ¼ [];
ts ¼ [];
function sys¼mdlDerivatives(t,x,u)
global node c b
yd¼sin(t);
dyd¼cos(t);
ddyd¼-sin(t);

e¼u(1);
de¼u(2);
x1¼yd-e;
x2¼dyd-de;

kp¼30;
kd¼50;
K¼[kp kd]’;
E¼[e de]’;

Fai¼[0 1;-kp -kd];
A¼Fai’;
Q¼[500 0;0 500];
P¼lyap(A,Q);

W¼[x(1) x(2) x(3) x(4) x(5)]’;
xi¼[e;de];
h¼zeros(5,1);
for j¼1:1:5

h(j)¼exp(-norm(xi-c(:,j))^2/(2*b^2));
end
fxp¼W’*h;

mp¼x(node+1);

ut¼1/mp*(-fxp+ddyd+K’*E);
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B¼[0;1];
gama¼1200;
S¼-gama*E’*P*B*h;
for i¼1:1:node

sys(i)¼S(i);
end

eta¼0.0001;
ml¼100;
if (E’*P*B*ut>0)

dm¼(1/eta)*E’*P*B*ut;

end
if (E’*P*B*ut<¼0)

if (mp>ml)
dm¼(1/eta)*E’*P*B*ut;
else
dm¼1/eta;
end

end
sys(node+1)¼dm;

function sys¼mdlOutputs(t,x,u)
global node c b
yd¼sin(t);
dyd¼cos(t);
ddyd¼-sin(t);

e¼u(1);
de¼u(2);
x1¼yd-e;
x2¼dyd-de;

kp¼30;
kd¼50;
K¼[kp kd]’;
E¼[e de]’;

W¼[x(1) x(2) x(3) x(4) x(5)]’;
xi¼[e;de];
h¼zeros(5,1);
for j¼1:1:node

h(j)¼exp(-norm(xi-c(:,j))^2/(2*b^2));
end
fxp¼W’*h;

mp¼x(node+1);

ut¼1/mp*(-fxp+ddyd+K’*E);
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sys(1)¼ut;
sys(2)¼fxp;
sys(3)¼mp;

3. S function for plant: chap4_3plant.m;

function [sys,x0,str,ts]¼s_function(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2, 4, 9 }

sys ¼ [];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 2;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 4;
sizes.NumInputs ¼ 3;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 0;
sys¼simsizes(sizes);
x0¼[0.5 0];
str¼[];
ts¼[];
function sys¼mdlDerivatives(t,x,u)
ut¼u(1);

fx¼-25*x(2)-10*x(1);
m¼133;

sys(1)¼x(2);
sys(2)¼fx+m*ut;
function sys¼mdlOutputs(t,x,u)
fx¼-25*x(2)-10*x(1);
m¼133;
sys(1)¼x(1);
sys(2)¼x(2);
sys(3)¼fx;
sys(4)¼m;
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4. Plot program: chap4_3plot.m

close all;

figure(1);
subplot(211);
plot(t,y(:,1),’r’,t,y(:,3),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’yd,y’);
legend(’ideal position’,’position tracking’);
subplot(212);
plot(t,y(:,2),’r’,t,y(:,4),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’dyd,dy’);
legend(’ideal speed’,’speed tracking’);

figure(2);
plot(t,u(:,1),’r’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Control input’);

figure(3);
subplot(211);
plot(t,p(:,1),’r’,t,p(:,4),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’fx’);
legend(’True fx’,’fx estimation’);
subplot(212);
plot(t,p(:,2),’r’,t,p(:,5),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’m’);
legend(’True m’,’m estimation’);

Programs for Sect. 4.3.4.1

Main Simulink program: chap4_4sim.mdl
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Control law program: chap4_4ctrl.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
global node c b lambd epc
lambd¼5;
epc¼0.25;
node¼9;
sizes ¼ simsizes;
sizes.NumContStates ¼ node;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 1;
sizes.NumInputs ¼ 3;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0 ¼ zeros(1,9);
c¼ [-2 -1.5 -1 -0.5 0 0.5 1 1.5 2;

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2;
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2;
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2;
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2];

b¼5;
str ¼ [];
ts ¼ [];
function sys¼mdlDerivatives(t,x,u)
global node c b lambd epc
yd¼sin(t);
dyd¼cos(t);
ddyd¼-sin(t);
x1¼u(2);
x2¼u(3);
e¼x1-yd;
de¼x2-dyd;
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s¼lambd*e+de;
v¼-ddyd+lambd*de;
xi¼[x1;x2;s;s/epc;v];

h¼zeros(9,1);
for j¼1:1:9

h(j)¼exp(-norm(xi-c(:,j))^2/(2*b^2));
end

rou¼0.005;
Gama¼500*eye(node);
W¼[x(1) x(2) x(3) x(4) x(5) x(6) x(7) x(8) x(9)]’;
S¼-Gama*(h*s+rou*W);

for i¼1:1:node
sys(i)¼S(i);

end
function sys¼mdlOutputs(t,x,u)
global node c b lambd epc
yd¼sin(t);
dyd¼cos(t);
ddyd¼-sin(t);
x1¼u(2);
x2¼u(3);
e¼x1-yd;
de¼x2-dyd;
s¼lambd*e+de;
v¼-ddyd+lambd*de;

xi¼[x1;x2;s;s/epc;v];

W¼[x(1) x(2) x(3) x(4) x(5) x(6) x(7) x(8) x(9)]’;
h¼zeros(9,1);
for j¼1:1:9

h(j)¼exp(-norm(xi-c(:,j))^2/(2*b^2));
end
betaU¼150;
ut¼1/betaU*W’*h;

sys(1)¼ut;
Plant program: chap4_4plant.m
function [sys,x0,str,ts]¼s_function(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
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case 3,
sys¼mdlOutputs(t,x,u);

case {2, 4, 9 }
sys ¼ [];

otherwise
error([’Unhandled flag ¼ ’,num2str(flag)]);

end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 2;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 2;
sizes.NumInputs ¼ 1;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 0;
sys¼simsizes(sizes);
x0¼[0.5 0];
str¼[];
ts¼[];
function sys¼mdlDerivatives(t,x,u)
ut¼u(1);
dt¼100*sin(t);
sys(1)¼x(2);
sys(2)¼-25*x(2)+133*ut+dt;
function sys¼mdlOutputs(t,x,u)
sys(1)¼x(1);
sys(2)¼x(2);
Plot program: chap4_4plot.m
close all;

figure(1);
subplot(211);
plot(t,y(:,1),’r’,t,y(:,3),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’yd,y’);
legend(’ideal position’,’position tracking’);
subplot(212);
plot(t,y(:,2),’r’,t,y(:,4),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’dyd,dy’);
legend(’ideal speed’,’speed tracking’);

figure(2);
plot(t,u(:,1),’r’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Control input’);
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Programs for Sect. 4.3.4.2

Main Simulink program: chap4_5sim.mdl

Control law program: chap4_5ctrl.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
global node c b lambd epc
lambd¼5;
epc¼0.25;
node¼13;
sizes ¼ simsizes;
sizes.NumContStates ¼ node;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 1;
sizes.NumInputs ¼ 3;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0 ¼ zeros(1,13);
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c¼ 2*[-3 -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 3;
-3 -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 3;
-3 -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 3;
-3 -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 3;
-3 -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 3];

b¼3;
str ¼ [];
ts ¼ [];
function sys¼mdlDerivatives(t,x,u)
global node c b lambd epc
yd¼pi/6*sin(t);
dyd¼pi/6*cos(t);
ddyd¼-pi/6*sin(t);
x1¼u(2);
x2¼u(3);
e¼x1-yd;
de¼x2-dyd;

s¼lambd*e+de;
v¼-ddyd+lambd*de;
xi¼[x1;x2;s;s/epc;v];

h¼zeros(13,1);
for j¼1:1:13

h(j)¼exp(-norm(xi-c(:,j))^2/(2*b^2));
end

rou¼0.005;
Gama¼15*eye(13);
W¼[x(1) x(2) x(3) x(4) x(5) x(6) x(7) x(8) x(9) x(10) x(11)

x(12) x(13)]’;
S¼-Gama*(h*s+rou*W);

for i¼1:1:node
sys(i)¼S(i);

end
function sys¼mdlOutputs(t,x,u)
global node c b lambd epc
yd¼pi/6*sin(t);
dyd¼pi/6*cos(t);
ddyd¼-pi/6*sin(t);
x1¼u(2);
x2¼u(3);
e¼x1-yd;
de¼x2-dyd;

s¼lambd*e+de;
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v¼-ddyd+lambd*de;

xi¼[x1;x2;s;s/epc;v];

W¼[x(1) x(2) x(3) x(4) x(5) x(6) x(7) x(8) x(9) x(10) x(11)
x(12) x(13)]’;
h¼zeros(13,1);
for j¼1:1:13

h(j)¼exp(-norm(xi-c(:,j))^2/(2*b^2));
end
ut¼W’*h;

sys(1)¼ut;
Plant program: chap4_5plant.m
function [sys,x0,str,ts]¼s_function(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2, 4, 9 }

sys ¼ [];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 2;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 2;
sizes.NumInputs ¼ 1;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 0;
sys¼simsizes(sizes);
x0¼[0 0];
str¼[];
ts¼[];
function sys¼mdlDerivatives(t,x,u)
ut¼u(1);
x1¼x(1);
x2¼x(2);
a1¼0.5*sin(x1)*(1+cos(x1))*x2^2-10*sin(x1)*(1+cos
(x1));
a2¼0.25*(2+cos(x1))^2;
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alfax¼a1/a2;

b¼0.25*(2+cos(x1))^2;
betax¼1/b;
d1¼cos(3*t);
dt¼0.1*d1*cos(x1);

sys(1)¼x(2);
sys(2)¼alfax+betax*ut+dt;
function sys¼mdlOutputs(t,x,u)
sys(1)¼x(1);
sys(2)¼x(2);
Plot program: chap4_5plot.m
close all;

figure(1);
subplot(211);
plot(t,y(:,1),’r’,t,y(:,3),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’yd,y’);
legend(’ideal position’,’position tracking’);
subplot(212);
plot(t,y(:,2),’r’,t,y(:,4),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’dyd,dy’);
legend(’ideal speed’,’speed tracking’);

figure(2);
plot(t,u(:,1),’r’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Control input’);
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Chapter 5

Neural Network Sliding Mode Control

Abstract This chapter introduces adaptive neural sliding mode control based on

RBF neural network approximation, including a simple sliding mode controller and

sliding mode control for second-order SISO nonlinear system, the chattering

phenomena is eliminated. The closed-loop system stability can be achieved based

on the Lyapunov stability.

Keywords Neural network • Sliding mode control • Neural approximation •

Lyapunov stability

Sliding mode control is an effective approach for the robust control of a class of

nonlinear systems with uncertainties defined in compact sets. The direction of the

control action at any moment is determined by a switching condition to force the

system to evolve on the sliding surface so that the closed-loop system behaves like a

lower-order linear system. For the method to be applicable, a so-called matching

condition should be satisfied, which requires that the uncertainties be in the range

space of the control input to ensure an invariance property of the system behavior

during the sliding mode.

Sliding mode control is frequently used for the control of nonlinear systems

incorporated with neural network [1, 2]. Stability, reaching condition, and

chattering phenomena are known important difficulties [3]. For mathematically

known models, such a control is used directly to track the reference signals.

However, for uncertain systems with disturbance, to eliminate chattering phenom-

ena, there is the need to design neural network compensator, and then the sliding-

mode-control law is used to generate the control input.

J. Liu, Radial Basis Function (RBF) Neural Network Control for Mechanical Systems:
Design, Analysis and Matlab Simulation, DOI 10.1007/978-3-642-34816-7_5,
# Tsinghua University Press, Beijing and Springer-Verlag Berlin Heidelberg 2013

113



5.1 Typical Sliding Mode Controller Design

Sliding mode control (SMC) was first proposed and elaborated in the early 1950s in

the Soviet Union by Emelyanov and several coresearchers such as Utkins and Itkis.

During the last decades, significant interest on SMC has been generated in the

control research community.

For linear system,

_x ¼ Axþ bu; x 2 Rn; u 2 R: (5.1)

A sliding variable can be designed as

sðxÞ ¼ cTx ¼
Xn
i¼1

cixi ¼
Xn�1

i¼1

cixi þ xn (5.2)

where x is state vector, c ¼ ½ c1 � � � cn�1 1 �T:
In sliding mode control, parameters c1; c2; . . . ; cn�1 should be selected so that the

polynomial pn�1 þ cn�1p
n�2 þ � � � þ c2pþ c1 is Hurwitz, where p is Laplace

operator.

For example, n ¼ 2; sðxÞ ¼ c1x1 þ x2; to guarantee the polynomial pþ c1
Hurwitz, the eigenvalue of pþ c1 ¼ 0 should have negative real part, that is, c1>0;
for example, if we set c1 ¼ 10; then sðxÞ ¼ 10x1 þ x2:

For another example, n ¼ 3; sðxÞ ¼ c1x1 þ c2x2 þ x3; to guarantee the polyno-

mial p2 þ c2pþ c1 Hurwitz, the eigenvalue of p2 þ c2pþ c1 ¼ 0 should have

negative real part. For example, we can design λ>0 in ðpþ λÞ2 ¼ 0; then we can

get p2 þ 2λpþ λ2 ¼ 0: Therefore, we have c2 ¼ 2λ; c1 ¼ λ2; for example, if we set

λ ¼ 5; we can get c1 ¼ 25; c2 ¼ 10; then sðxÞ ¼ 25x1 þ 10x2 þ x3:
Now we consider a second-order system; there are two steps in the SMC design.

The first step is to design a sliding surface so that the plant restricted to the sliding

surface has a desired system response. The second step is to construct a controller to

drive the plant’s state trajectory to the sliding surface. These constructions are built

on the generalized Lyapunov stability theory.

For example, consider a plant as

J€θðtÞ ¼ uðtÞ þ dt (5.3)

where J is inertia moment, θðtÞ is angle signal,uðtÞ is control input, dt is disturbance,
and jdtj � D:

Firstly, we design the sliding mode function as

sðtÞ ¼ ceðtÞ þ _eðtÞ (5.4)

where c must satisfy Hurwitz condition, c > 0:
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The tracking error and its derivative value are

eðtÞ ¼ θðtÞ � θdðtÞ; _eðtÞ ¼ _θðtÞ � _θdðtÞ

where θdðtÞ is ideal position signal.

Design Lyapunov function as

V ¼ 1

2
s2

Therefore, we have

_sðtÞ ¼ c _eðtÞ þ €eðtÞ ¼ c _eðtÞ þ €θðtÞ � €θdðtÞ ¼ c _eðtÞ þ 1

J
ðuþ dtÞ � €θdðtÞ (5.5)

and

s _s ¼ s c _eþ 1

J
ðuþ dtÞ � €θd

� �
:

Secondly, to guarantee s _s<0; we design the sliding mode controller as

uðtÞ ¼ J �c _eþ €θd � η sgn ðsÞ� �� D sgn ðsÞ: (5.6)

Then we get

s _s ¼ s c _eþ 1

J
ðuþ dtÞ � €θd

� �
;

s _s ¼ �ηjsj � D

J
jsj < 0:

Thus,

_V � 0ð _V ¼ 0 when s ¼ 0Þ:

From this example, we can see that the sliding mode control have good robust-

ness performance. However, if we use bigger D value to overcome big disturbance

dt, control input chattering phenomenon can be created, which can decorate the

control performance.

In addition, in the control law (5.6), modeling information J must be known,

which is difficult in practical engineering. In this chapter, we use RBF neural

network to approximate unknown part of the plant.
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5.2 Sliding Mode Control Based on RBF for Second-Order

SISO Nonlinear System

5.2.1 Problem Description

Consider a second-order nonlinear system as follows:

€θ ¼ f ðθ; _θÞ þ gðθ; _θÞuþ dðtÞ; (5.7)

where f ð�Þ and gð�Þ are all nonlinear functions, u∈R and y∈R are the control input

and output respectively, and dðtÞ is outer disturbance, jdðtÞj � D:
Let the desired output be θd; and denote

e ¼ θd � θ:

Design sliding mode function as

s ¼ _eþ ce; (5.8)

where c > 0; then

_s ¼ €eþ c _e ¼ €θd � €θ þ c _e ¼ €θd � f � gu� dðtÞ þ c _e: (5.9)

If f and g are known, we can design control law as

u ¼ 1

g
�f þ €θd þ c _eþ η sgn ðsÞ� �

: (5.10)

Using (5.4), (5.3) becomes

_s ¼ €eþ c _e ¼ €θd � €θ þ c _e ¼ €θd � f � gu� dðtÞ þ c _e ¼ �η sgn ðsÞ � dðtÞ:

If we choose η � D; then we have

s _s ¼ �ηjsj � s � dðtÞ � 0:

If f ð�Þ is unknown, we should estimate f ð�Þ by some algorithms. In the following,

we will simply use RBF neural network to approximate the uncertain item f ð�Þ:
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5.2.2 Sliding Mode Control Based on RBF for Unknown f ð�Þ

In this control system, we use RBF network to approximate f. The algorithm of RBF

network is

hj ¼ exp
x� cj
�� ��2

2b2j

 !

f ¼ W�ThðxÞ þ ε

where x is input of the network, i is input number of the network, j is the number of

hidden layer nodes in the network, h ¼ ½hj�T is the output of Gaussian function,W�

is the ideal neural network weights, ε is approximation error of the neural network,

and ε � εN; f is the output value of the network.

The network input is selected as x ¼ ½ e _e �T; and the output of RBF is

f
_ðxÞ ¼ Ŵ

T
hðxÞ (5.11)

where hðxÞ is the Gaussian function of RBF neural network.

Then the control input (5.10) can be written as

u ¼ 1

g
�f̂ þ €θd þ c _eþ η sgn ðsÞ� �

: (5.12)

Submitting (5.9), we have

_s ¼ €θd � f � gu� dðtÞ þ c _e ¼ €θd � f � �f̂ þ €θd þ c _eþ η sgn ðsÞ� �
� dðtÞ þ c _e

¼� f þ f̂ � η sgn ðsÞ � dðtÞ ¼ �~f � dðtÞ � η sgn ðsÞ ð5:13Þ

where

~f ¼ f � f̂ ¼ W�ThðxÞ þ ε� Ŵ
T
hðxÞ ¼ ~W

T
hðxÞ þ ε (5.14)

and ~W ¼ W� � Ŵ.

Define the Lyapunov function as

L ¼ 1

2
s2 þ 1

2
γ ~W

T ~W

where γ > 0:

5.2 Sliding Mode Control Based on RBF for Second-Order SISO Nonlinear System 117



Derivative L, and from (5.12) and (5.13), we have

_L ¼ s _sþ γ ~W
T _~W ¼ s �~f � dðtÞ � η sgn ðsÞ� �� γ ~W

T _̂W

¼ s � ~W
T
hðxÞ � ε� dðtÞ � η sgn ðsÞ

	 

� γ ~W

T _̂W

¼� ~W
T

shðxÞ þ γ _̂W
	 


� s εþ dðtÞ þ η sgn ðsÞð Þ

Let adaptive law as

_̂W ¼ � 1

γ
shðxÞ: (5.15)

Then

_L ¼ �s εþ dðtÞ þ η sgn ðsÞð Þ ¼ �s εþ dðtÞð Þ � ηjsj:

Due to the approximation error ε is limited and sufficiently small, we can design

η � εN þ D; then we can obtain approximately _L � 0:

5.2.3 Simulation Example

Consider the following single-rank inverted pendulum:

_x1 ¼x2

_x2 ¼ g sin x1 � mlx22 cos x1 sin x1 ðmc þ mÞ=

l 4 3= � m cos2 x1 ðmc þ mÞ=ð Þ þ cos x1 ðmc þ mÞ=

l 4 3= � m cos2 x1 ðmc þ mÞ=ð Þ u

where x1 and x2 are, respectively, swing angle and swing rate. g ¼ 9:8 m=s2;
mc ¼ 1 kg is the vehicle mass, andm ¼ 0:1 kg is the mass of pendulum. l ¼ 0:5 m

is one half of the pendulum length, and u is the control input.

Let x1 ¼ θ; the desired trajectory is θdðtÞ ¼ 0:1 sin ðtÞ; and the initial state of

the plant is ½π=60; 0�: We adapt control law (5.12) and adaptive law (5.15), and

we choose c ¼ 15; η ¼ 0:1 and adaptive parameter γ ¼ 0:05:
The structure of RBF is chosen as 2-5-1, ci and bi are designed as

½ �1:0 �0:5 0 0:5 1:0 � and bj ¼ 0:50; and the initial value of RBF weight

value is set as 0.10.

The curves of position tracking and uncertainty approximation are shown from

Figs. 5.1, 5.2, and 5.3.

The Simulink program of this example is chap5_1sim.mdl; the Matlab programs

of the example are given in the Appendix.
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Fig. 5.1 Position tracking

Fig. 5.2 Control input
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5.3 Sliding Mode Control Based on RBF

for Unknown f(�) and g(�)

5.3.1 Introduction

Consider a second-order nonlinear system as (5.7), and assume f ð�Þ and gð�Þ are all
unknown nonlinear functions, u∈R and y∈R are the control input and output,

respectively, and dðtÞ is outer disturbance, jdðtÞj � D.
Similarly as Sect. 5.2, let the desired output beθd; denote e ¼ θd � θ; and design

sliding mode function as s ¼ _eþ ce; where c>0:
In this control system, we use two RBF networks to approximate f ð�Þ and gð�Þ;

respectively. Figure 5.4 shows the closed-loop neural-based adaptive control

scheme.

The algorithm of RBF network is

hj ¼ exp
x� cj
�� ��2

2b2j

 !

f ð�Þ ¼ W�ThfðxÞ þ εf ; gð�Þ ¼ V�ThgðxÞ þ εg

where x is the input of RBF neural network, i is the input number of the network, j is

the number of hidden layer nodes in the network,h ¼ ½hj�T is the output of Gaussian
function, W� and V� are the ideal neural network weights, and εf and εg are the

approximation error of the neural network, jεf j � εMf ; jεgj � εMg:The items f ð�Þand
gð�Þ are the ideal output value of the network, respectively.

Fig. 5.3 f ðxÞ and f̂ ðxÞ
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The network input is selected as x ¼ ½ x1 x2 �T; and the output of RBF is

f
_ðxÞ ¼ W

_ T

hfðxÞ; ĝðxÞ ¼ V̂
T
hgðxÞ (5.16)

where hf ðxÞ and hgðxÞ are the Gaussian function of RBF neural network.

Then the control input (5.10) can be written as

u ¼ 1

ĝðxÞ �f̂ ðxÞ þ €θd þ c _eþ η sgn ðsÞ� �
(5.17)

where η � D:
Submitting (5.9), we have

_s ¼ €eþ c _e ¼ €θd � €θ þ c _e ¼ €θd � f � gu� dðtÞ þ c _e

¼ €θd � f � ĝuþ ðĝ� gÞu� dðtÞ þ c _e

¼ €θd � f � ĝ
1

ĝðxÞ �f̂ ðxÞ þ €θd þ c _eþ η sgn ðsÞ� �þ ðĝ� gÞu� dðtÞ þ c _e

¼ ðf̂ � f Þ � η sgn ðsÞ þ ðĝ� gÞu� dðtÞ ¼ ~f � η sgnðsÞ þ ~gu� dðtÞ
¼ ~W

T
ϕf ðxÞ � εf � ηsgnðsÞ þ ~V

T
ϕgðxÞ � εg

	 

u� dðtÞ ð5:18Þ

where ~W ¼ W� � Ŵ; ~V ¼ V� � V̂; and

~f ¼ f̂ � f ¼ Ŵ
T
hf ðxÞ �W�Thf ðxÞ � εf ¼ ~W

T
hf ðxÞ � εf

~g ¼ ĝ� g ¼ V̂
T
hgðxÞ � V�ThgðxÞ � εg ¼ ~V

T
hgðxÞ � εg ð5:19Þ

Define the Lyapunov function as

L ¼ 1

2
s2 þ 1

2γ1
~W

T ~W þ 1

2γ2
~V
T ~V

Fig. 5.4 Block diagram of the control scheme
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where γ1 > 0; γ2 > 0:
Derivative L, and from (5.18), we have

_L ¼ s _sþ 1

γ1
~W

T _~W þ 1

γ2
~V
T _~V

¼ s ~W
T
hf ðxÞ � εf � η sgn ðsÞ þ ~V

T
hgðxÞ � εg

	 

u� dðtÞ

	 

� 1

γ1
~W

T _̂W � 1

γ2
~V
T _̂V

¼ ~W
T

shf ðxÞ � 1

γ1

_̂W

� �
þ ~V

T
shgðxÞu� 1

γ2

_̂V

� �
þ s �εf � η sgn ðsÞ � εgu� dðtÞ� �

Let adaptive law as

_̂W ¼ �γ1shf ðxÞ (5.20)

_̂V ¼ �γ2shgðxÞu (5.21)

Then

_L ¼ s �εf � η sgn ðsÞ � εgu� dðtÞ� �
¼ �εf � εgu� dðtÞ� �

s� ηjsj

Due to the approximation error εf and εg is limited and sufficiently small, we can

design η � jεf þ εguþ dðtÞj; then we can obtain approximately _L � 0:

5.3.2 Simulation Example

Consider the following single-rank inverted pendulum

_x1 ¼ x2

_x2 ¼ f ðxÞ þ gðxÞu

where f ðxÞ ¼ g sin x1�mlx2
2
cos x1 sin x1 ðmcþmÞ=

l 4 3= �m cos2 x1 ðmcþmÞ=ð Þ , gðxÞ ¼ cos x1 ðmcþmÞ=
l 4 3= �m cos2 x1 ðmcþmÞ=ð Þ , x1 and x2

are, respectively, swing angle and swing rate,g ¼ 9:8 m=s2; mc ¼ 1 kg is the vehicle
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mass, and m ¼ 0:1 kg is the mass of pendulum. l ¼ 0:5 m is one half of the

pendulum length, and u is the control input.

Let x1 ¼ θ; the desired trajectory is θdðtÞ ¼ 0:1 sinðtÞ; and the initial state of the
plant is ½π=60; 0�:

For each Gaussian function, the parameters of ci and bi are designed as

½ �1:0 �0:5 0 0:5 1:0 � and 5.0. The initial weight value is chosen as

0.10. We use control law (5.17) and adaptive laws (5.20) and (5.21); the

parameters are chosen as γ1 ¼ 10, γ2 ¼ 1:0, and c ¼ 5:0:

The results are shown from Figs. 5.5, 5.6, and 5.7. The variation of f̂ ð�Þ and ĝð�Þ
do not converge to f ð�Þ and gð�Þ: This is due to the fact that the desired trajectory is

not persistently exciting and the tracking error performance can be achieved by

many possible values of f̂ ð�Þ and ĝð�Þ; besides the true f ð�Þ and gð�Þ; which has

been explained in Sect. 1.5, and this occurs quite often in real-world application.

The Simulink program of this example is chap5_2sim.mdl; the Matlab programs

of the example are given in the Appendix.

Appendix

Programs for Sect. 5.2.3

Main Simulink program: chap5_1sim.mdl

Fig. 5.5 Position and speed tracking

Appendix 123

http://dx.doi.org/10.1007/978-3-642-34816-7_1


Fig. 5.6 Control input

Fig. 5.7 Approximation of f ð�Þ and gð�Þ
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Control law program: chap5_1ctrl.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
global cij bj c
sizes ¼ simsizes;
sizes.NumContStates ¼ 5;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 2;
sizes.NumInputs ¼ 2;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0 ¼ 0*ones(1,5);
str ¼ [];
ts ¼ [];
cij¼0.10*[-1 -0.5 0 0.5 1;

-1 -0.5 0 0.5 1];
bj¼5.0;
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c¼15;
function sys¼mdlDerivatives(t,x,u)
global cij bj c
e¼u(1);
de¼u(2);
s¼c*e+de;

xi¼[e;de];
h¼zeros(5,1);
for j¼1:1:5

h(j)¼exp(-norm(xi-cij(:,j))^2/(2*bj^2));
end
gama¼0.015;
W¼[x(1) x(2) x(3) x(4) x(5)]’;
for i¼1:1:5

sys(i)¼-1/gama*s*h(i);
end
function sys¼mdlOutputs(t,x,u)
global cij bj c
e¼u(1);
de¼u(2);
thd¼0.1*sin(t);
dthd¼0.1*cos(t);
ddthd¼-0.1*sin(t);
x1¼thd-e;

s¼c*e+de;
W¼[x(1) x(2) x(3) x(4) x(5)]’;
xi¼[e;de];
h¼zeros(5,1);
for j¼1:1:5

h(j)¼exp(-norm(xi-cij(:,j))^2/(2*bj^2));
end
fn¼W’*h;

g¼9.8;mc¼1.0;m¼0.1;l¼0.5;
S¼l*(4/3-m*(cos(x1))^2/(mc+m));
gx¼cos(x1)/(mc+m);
gx¼gx/S;

if t<¼1.5
xite¼1.0;

else
xite¼0.10;

end
ut¼1/gx*(-fn+ddthd+c*de+xite*sign(s));
sys(1)¼ut;
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sys(2)¼fn;
Plant program: chap5_1plant.m
function [sys,x0,str,ts]¼s_function(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2, 4, 9 }

sys ¼ [];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 2;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 2;
sizes.NumInputs ¼ 1;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 0;
sys¼simsizes(sizes);
x0¼[pi/60 0];
str¼[];
ts¼[];
function sys¼mdlDerivatives(t,x,u)
g¼9.8;mc¼1.0;m¼0.1;l¼0.5;
S¼l*(4/3-m*(cos(x(1)))^2/(mc+m));
fx¼g*sin(x(1))-m*l*x(2)^2*cos(x(1))*sin(x(1))/(mc+m);
fx¼fx/S;
gx¼cos(x(1))/(mc+m);
gx¼gx/S;
%%%%%%%%%
dt¼0*10*sin(t);
%%%%%%%%%

sys(1)¼x(2);
sys(2)¼fx+gx*u+dt;
function sys¼mdlOutputs(t,x,u)
g¼9.8;
mc¼1.0;
m¼0.1;
l¼0.5;
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S¼l*(4/3-m*(cos(x(1)))^2/(mc+m));
fx¼g*sin(x(1))-m*l*x(2)^2*cos(x(1))*sin(x(1))/(mc+m);
fx¼fx/S;

sys(1)¼x(1);
sys(2)¼fx;
Plot program: chap5_1plot.m
close all;

figure(1);
plot(t,y(:,1),’k’,t,y(:,2),’r:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Position tracking’);
legend(’ideal signal’,’practical signal’);

figure(2);
plot(t,u(:,1),’k’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Control input’);

figure(3);
plot(t,fx(:,1),’k’,t,fx(:,2),’r:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’fx and estiamted fx’);
legend(’fx’,’estiamted fx’);

Programs for Sect. 5.3.2

Main Simulink program: chap5_2sim.mdl
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Control law program: chap5_2ctrl.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
global xite cij bj h c
sizes ¼ simsizes;
sizes.NumContStates ¼ 10;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 3;
sizes.NumInputs ¼ 5;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0 ¼ 0.1*ones(10,1);
str ¼ [];
ts ¼ [];
cij¼[-1 -0.5 0 0.5 1;

-1 -0.5 0 0.5 1];
bj¼5;
h¼[0,0,0,0,0];
c¼5;
xite¼0.01;
function sys¼mdlDerivatives(t,x,u)
global xite cij bj h c
thd¼u(1);
dthd¼0.1*cos(t);
ddthd¼-0.1*sin(t);

x1¼u(2);
x2¼u(3);
e¼thd-x1;
de¼dthd-x2;

s¼c*e+de;
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xi¼[x1;x2];
for j¼1:1:5

h(j)¼exp(-norm(xi-cij(:,j))^2/(2*bj^2));
end
for i¼1:1:5

wf(i,1)¼x(i);
end
for i¼1:1:5

wg(i,1)¼x(i+5);
end
fxn¼wf’*h’;
gxn¼wg’*h’+0.01;

ut¼1/gxn*(-fxn+ddthd+xite*sign(s)+c*de);

gama1¼10;gama2¼1.0;
S1¼-gama1*s*h;
S2¼-gama2*s*h*ut;
for i¼1:1:5

sys(i)¼S1(i);
end
for j¼6:1:10

sys(j)¼S2(j-5);
end

function sys¼mdlOutputs(t,x,u)
global xite cij bj h c
thd¼u(1);
dthd¼0.1*cos(t);
ddthd¼-0.1*sin(t);

x1¼u(2);
x2¼u(3);
e¼thd-x1;
de¼dthd-x2;

s¼c*e+de;

for i¼1:1:5
wf(i,1)¼x(i);

end
for i¼1:1:5

wg(i,1)¼x(i+5);
end

xi¼[x1;x2];
for j¼1:1:5

h(j)¼exp(-norm(xi-cij(:,j))^2/(2*bj^2));
end
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fxn¼wf’*h’;
gxn¼wg’*h’+0.01;

ut¼1/gxn*(-fxn+ddthd+xite*sign(s)+c*de);

sys(1)¼ut;
sys(2)¼fxn;
sys(3)¼gxn;
Plant program: chap5_2plant.m
function [sys,x0,str,ts]¼s_function(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2, 4, 9 }

sys ¼ [];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 2;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 4;
sizes.NumInputs ¼ 1;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 0;
sys¼simsizes(sizes);
x0¼[pi/60 0];
str¼[];
ts¼[];
function sys¼mdlDerivatives(t,x,u)
g¼9.8;mc¼1.0;m¼0.1;l¼0.5;

S¼l*(4/3-m*(cos(x(1)))^2/(mc+m));
fx¼g*sin(x(1))-m*l*x(2)^2*cos(x(1))*sin(x(1))/(mc+m);
fx¼fx/S;
gx¼cos(x(1))/(mc+m);
gx¼gx/S;

sys(1)¼x(2);
sys(2)¼fx+gx*u;
function sys¼mdlOutputs(t,x,u)
g¼9.8;mc¼1.0;m¼0.1;l¼0.5;
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S¼l*(4/3-m*(cos(x(1)))^2/(mc+m));
fx¼g*sin(x(1))-m*l*x(2)^2*cos(x(1))*sin(x(1))/(mc+m);
fx¼fx/S;
gx¼cos(x(1))/(mc+m);
gx¼gx/S;

sys(1)¼x(1);
sys(2)¼x(2);
sys(3)¼fx;
sys(4)¼gx;

Plot program: chap5_2plot.m

close all;

figure(1);
subplot(211);
plot(t,x(:,1),’r’,t,x(:,2),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Position tracking’);
legend(’Ideal position signal’,’Position signal

tracking’);
subplot(212);
plot(t,0.1*cos(t),’r’,t,x(:,3),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Speed tracking’);
legend(’Ideal speed signal’,’Speed signal tracking’);

figure(2);
plot(t,u(:,1),’r’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Control input’);

figure(3);
subplot(211);
plot(t,f(:,1),’r’,t,f(:,2),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’f and estiamted f’);
legend(’True f’,’Estimation f’);
subplot(212);
plot(t,g(:,1),’r’,t,g(:,2),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’g and estimated g’);
legend(’True g’,’Estimation g’);
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Chapter 6

Adaptive RBF Control Based on Global

Approximation

Abstract This chapter introduces three kinds of adaptive neural mode control laws

for n-link manipulators based on RBF, including adaptive neural network control

law, adaptive neural network control law with sliding mode robust term, and

adaptive neural network control law with HJI. The closed-loop system stability

can be achieved based on the Lyapunov stability.

Keywords RBF neural network • Adaptive control • Global approximation •

Robotic manipulators

Recently, increasing attention has been paid to the use of neural networks in robot

control. Previous use of neural networks to improve robot path following perfor-

mance has concentrated on replacing either the entire control system or the feed-

forward controller and/or prefilter with neural networks [1, 2]. Such research work

was based on the desire to obtain the benefits of model-based control without a

priori knowledge of system dynamics or without the computational burden of

classical dynamic equations.

However, in many cases, the approximate dynamic model of the robot

manipulators can be found a priori. Actually, the feasibility of model-based control

has been demonstrated [3, 4]. Therefore, a priori knowledge of the robot dynamic

models should be appropriately used rather than totally discarded. Recently, a direct

adaptive control algorithm using neural networks was proposed in [5]. Their

method is based on the BP feed-forward networks and the reinforcement learning.

In this chapter, we introduced three typical examples of neural network control-

ler design, analysis, and simulation.

J. Liu, Radial Basis Function (RBF) Neural Network Control for Mechanical Systems:
Design, Analysis and Matlab Simulation, DOI 10.1007/978-3-642-34816-7_6,
# Tsinghua University Press, Beijing and Springer-Verlag Berlin Heidelberg 2013
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6.1 Adaptive Control with RBF Neural Network Compensation

for Robotic Manipulators

In this section, in reference to paper [6], a robot tracking control scheme is

introduced. This scheme takes advantage of the computed torque methods and

incorporates a compensating controller to achieve high tracking performance. The

compensating controller is based on a radial basis function (RBF) neural network,

which is trained on-line to identify the robot modeling error. A main feature of the

proposed scheme is that the resulting closed-loop control system is guaranteed to be

stable. Another important property of the proposed compensating controller is that

the neural network-based correcting controller is an add-on device which can be

added on many existing robot control systems.

6.1.1 Problem Description

Consider dynamic equation of n� link manipulator as

MðqÞ€qþ Cðq; _qÞ _qþ GðqÞ ¼ τ þ d (6.1)

where MðqÞ is an n� n inertia matrix, C ðq; _qÞ is an n� n matrix containing the

centrifugal and Coriolis terms, GðqÞ is an n� 1 vector containing gravitational

forces and torques,q is generalized joint coordinates, τ is joint torques, andd denotes
disturbances.

However, in practice, the perfect robot model could be difficult to obtain, and

external disturbances are always present in practice. Usually, only a nominal model of

the robot could be obtained. It is supposed that the nominal model of the robot is

denoted byM0ðqÞ; C0ðq; _qÞ; G0ðqÞ; and we assumeΔM ¼ M0 �M; ΔC ¼ C0 � C;
ΔG ¼ G0 � G; then from (6.1), we have

M0ðqÞ � ΔMð Þ€qþ C0ðq; _qÞ � ΔCð Þ _qþ G0ðqÞ � ΔGðqÞ ¼ τ þ d

Hence,

M0ðqÞ€qþ C0ðq; _qÞ _qþ G0ðqÞ ¼ τ þ f ðq; _q; €qÞ

where f ðq; _q; €qÞ ¼ ΔM€qþ ΔC _qþ ΔGþ d:
Therefore, if the nominal model is used for the design of the computed torque

controller, and if f ð�Þ is known, we can design control law as

τ ¼ M0ðqÞð€qd � kv _e� kpeÞ þ C0ðq; _qÞ _qþ G0ðqÞ � f ð�Þ (6.2)
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where kp ¼ α2 0

0 α2

� �
; kv ¼ 2α 0

0 2α

� �
; α > 0:

Submitting the term (6.2) into (6.1), we can get the closed loop system as

€eþ kv _eþ kpe ¼ 0 (6.3)

where qd is ideal angle, e ¼ q� qd; _e ¼ _q� _qd:
The goal is to design a stable robust controller based on nominal modeling

information.

In practical engineering, the term f ð�Þ is always unknown. So we must estimate

f ð�Þ and compensate it. In this section, we use RBF to approximate f ð�Þ and

compensate it.

6.1.2 RBF Approximation

The algorithm of RBF is

hi ¼ g x� cik k2 b2i
�� �

; i ¼ 1; 2 . . . ; n (6.4)

y ¼ wThðxÞ (6.5)

where x is input vector, y is output, h ¼ ½h1; h2; . . . ; hn�T is the output of Gaussian

function, and w is neural network weight value.

Given a very small positive constant ε0 and a continuous function f ð�Þ; there

exists a weight vector w� such that the output f̂ ð�Þ of RBF satisfies

max f ð�Þ � f̂
�ð�Þ

��� ��� � ε0 (6.6)

where w� ¼ arg min
θ2β Mθð Þ

sup
x2ϕ Mxð Þ

f ð�Þ � f̂ ð�Þ�� ��( )
; w� is n� n matrix, denote the

optimal weight values for f ð�Þ approximation.

Define the approximation error as

η ¼ f ð�Þ � f̂
�ð�Þ (6.7)

Assume the modeling error η is bounded by a finite constant as

η
0
¼ sup f ð�Þ � f̂

�ð�Þ
��� ��� (6.8)

where f̂
�ð�Þ ¼ w�ThðxÞ:
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6.1.3 RBF Controller and Adaptive Law Design and Analysis

For the system (6.1), the following controller was proposed as [6]

τ ¼ M0ðqÞð€qd � kv _e� kpeÞ þ C0ðq; _qÞ _qþ G0ðqÞ � f̂ ð�Þ (6.9)

where ŵ is the estimation value of w�, w�k kF � wmax; and f̂ ð�Þ ¼ ŵThðxÞ:
Submitting (6.9) into (6.1), we have

MðqÞ€qþ Cðq; _qÞ _qþ GðqÞ ¼ M0ðqÞð€qd � kv _e� kpeÞ þ C0ðq; _qÞ _qþ G0ðqÞ � f̂ ð�Þ þ d

Subtracting the right and left sides of above equation with M0ðqÞ€qþ C0ðq; _qÞ _q
þ G0ðqÞ; we have

ΔMðqÞ€qþ ΔCðq; _qÞ _qþ ΔGðqÞ þ d

¼ M0ðqÞ€q�M0ðqÞð€qd � kv _e� kpeÞ þ f̂ ð�Þ
¼ M0ðqÞð€eþ kv _eþ kpeÞ þ f̂ ð�Þ

Thus,

€eþ kv _eþ kpeþM0
�1ðqÞf̂ ð�Þ ¼ M0

�1ðqÞ ΔMðqÞ€qþ ΔCðq; _qÞ _qþ ΔGðqÞ þ dð Þ

Then, we can get

€eþ kv _eþ kpe ¼ M0
�1ðqÞ f ð�Þ � f̂ ð�Þ� 	

Choose x ¼ ð e _e ÞT; then, above equation becomes

_x ¼ Axþ B f ð�Þ � f̂ ð�Þ
 �

where A ¼ 0 I
�kp �kv

� 
; B ¼ 0

M0
�1ðqÞ

� 
.

Since

f ð�Þ � f̂ ð�Þ ¼ f ð�Þ � f̂
�ð�Þ þ f̂

�ð�Þ � f̂ ð�Þ ¼ ηþ w�Th� ŵTh ¼ η� ~wTh

where ~w ¼ ŵ� w�; η ¼ f ð�Þ � f̂
�ð�Þ,

then,

_x ¼ Axþ B η� ~wTh
� 	
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In paper [6], the stability of the closed control system with the controller (6.9)

was given by defining Lyapunov function as

V ¼ 1

2
xTPxþ 1

2γ
~wk k2

where γ > 0:
The matrix P is symmetric and positive definite and satisfies the following

Lyapunov equation

PAþ ATP ¼ �Q (6.10)

where Q � 0:
Define

Rk k2 ¼
X
i;j

rij
�� ��2 ¼ trðRRTÞ ¼ trðRTRÞ

where trð�Þ is the trace of matrix; then,

~wk k2 ¼ tr ~wT~w
� 	

The derivative of V is

_V ¼ 1

2
xTP _xþ _xTPx
� �þ 1

γ
tr _~w

T
~w

� �
¼ 1

2
xTP Axþ Bðη� ~wThÞ� 	þ xTAT þ ðη� ~wThÞTBT

� �
Px

h i
þ 1

γ
tr _~w

T
~w

� �
¼ 1

2
xT PAþ ATP
� 	

xþ xTPBη� xTPB~wThþ ηTBTPx� hT~wBTPx
� 	� �þ 1

γ
tr _~w

T
~w

� �
¼ � 1

2
xTQxþ ηTBTPx� hT~wBTPxþ 1

γ
tr _~w

T
~w

� �

where xTPB~wTh ¼ hT~wBTPx; xTPBη ¼ ηTBTPx:
Since

hT~wBTPx ¼ tr BTPxhT~w
� �

then,

_V ¼ � 1

2
xTQxþ 1

γ
tr �γBTPxhT~wþ _~w

T
~w

� �
þ ηTBTPx (6.11)
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In reference to the adaptive law proposed in [6], we design two adaptive laws as

follows:

1. First adaptive law

Choose adaptive law as

_̂w
T ¼ γBTPxhT

Then

_̂w ¼ γhxTPB (6.12)

Since _~w ¼ _̂w; then submitting (6.12) into (6.11), we have

_V ¼ � 1

2
xTQxþ ηTBTPx

From known, we have

ηT
�� �� � η0k k; Bk k ¼ M0

�1ðqÞ�� ��
_V � � 1

2
λminðQÞ xk k2 þ η0k k M0

�1ðqÞ�� ��λmaxðPÞ xk k

¼ � 1

2
xk k λminðQÞ xk k � 2 η0k k M0

�1ðqÞ�� ��λmaxðPÞ
� �

where λmaxðPÞ and λminðQÞ denote the maximum eigenvalue of matrix P and the

minimum eigenvalue of matrix Q respectively.

To satisfy _V � 0; λminðQÞ � 2jjM0
�1ðqÞjjλmaxðPÞ
jjxjj jjη0jj should be satisfied, that is,

xk k ¼ 2 M0
�1ðqÞ�� ��λmaxðPÞ
λminðQÞ η0k k (6.13)

From (6.12), we can get a conclusion: the bigger value the eigenvalue ofQ is, or

the smaller value the eigenvalue ofP is, or the smaller value of η0 is, the smaller of x
radius convergence is.

The shortcoming of the first adaptive is the boundedness of ~w ¼ ŵ� w� can be

guaranteed.

2. Second adaptive law

Choose adaptive law as

_̂w
T ¼ γBTPxhT þ k1γ xk kŵT
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then,

_̂w ¼ γhxTPBþ k1γ xk kŵ (6.14)

where k1 > 0:
Submitting (6.14) into (6.11), we have

_V ¼ � 1

2
xTQxþ 1

γ
tr k1γ xk kŵT~w
� 	þ ηTBTPx

¼ � 1

2
xTQxþ k1 xk ktr ŵT~w

� 	þ ηTBTPx

According to the characteristics of norm F, we have tr½~xTðx� ~xÞ� � jj~xjjFjjxjjF�
jj~xjj2F; then,

tr ŵT~w
� � ¼ tr ~wTŵ

� � ¼ tr ~wT w� þ ~wð Þ� � � ~wk kF w�k kF � ~wk k2F

Since

� k1 ~wk kFwmax þ k1 ~wk k2F¼ k1 ~wk kF �
wmax

2

� �2

� k1
4
w2
max

then

_V �� 1

2
xTQxþ k1 xk k ~wk kF w�k kF � ~wk k2F

� �
þ ηTBTPx

�� 1

2
λminðQÞ xk k2 þ k1 xk k ~wk kF w�k kF � k1 xk k ~wk k2Fþ η0k kλmaxðPÞ xk k

� � xk k 1

2
λminðQÞ xk k � k1 ~wk kFwmax þ k1 ~wk k2F� η0k kjλmaxðPÞ

� 

¼� xk k 1

2
λminðQÞ xk k þ k1 ~wk kF �

wmax

2

� �2

� k1
4
w2
max � η0k kλmaxðPÞ

� 

To guarantee _V � 0; the following conditions must be satisfied:

1

2
λminðQÞ xk k � η0k kλmaxðPÞ þ k1

4
w2
max

or

k1 ~wk kF �
wmax

2

� �2

� η0k kλmaxðPÞ þ k1
4
w2
max
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Then we get the boundedness of the closed-loop system as

xk k � 2

λminðQÞ η0k kλmaxðPÞ þ k1
4
w2
max

� 
(6.15)

or

~wk kF �
wmax

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

k1
η0k kλmaxðPÞ þ k1

4
w2
max

� s

From (6.15), we can get a conclusion: the bigger value the eigenvalue of Q is,

or the smaller value the eigenvalue of P is, or the smaller value of η0 is, or smaller

value wmax is, the smaller radius of x convergence is.

The shortcoming of the controller is that nominal model of the robotic

manipulators must be known.

6.1.4 Simulation Examples

6.1.4.1 First Example

Consider a simple servo system as

M€q ¼ τ þ dð _qÞ

where M ¼ 10; dð _qÞ denotes friction force, and dð _qÞ ¼ �15 _q� 30sgnð _qÞ:
The desired trajectory is qd ¼ sin t; the initial value of the plant is ½ 0:6 0 �T: In

simulation,we use control law (6.9) and first adaptive law (6.12). The parameters

are chosen as Q ¼ 50 0

0 50

� �
; α ¼ 3; γ ¼ 200, and k1 ¼ 0:001:

For RBF neural network, the parameters of Gaussian functionci andbi are chosen
as ½ �2 �1 0 1 2 � and 5, and the initial weight value is chosen as zero.

In the simulation, S1 ¼ 1 denotes first adaptive law, and S1 ¼ 2 denotes second

adaptive law. S ¼ 1 denotes controller only based on nominal model, S ¼ 2

denotes controller based on precise compensation, and S ¼ 3 denotes controller

based on RBF compensation.

In the simulation, we choose S1 ¼ 1 and S ¼ 3. To test the effect of hidden nets

number on the approximation precision, we use 5 hidden nets and 19 hidden nets,

respectively; the simulation results are shown from Figs. 6.1, 6.2, 6.3, and 6.4. From

the results, it is shown that the more the hidden nets is chosen, the smaller

approximation error can be gotten.
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Only choosing S ¼ 1, the position and speed tracking without compensation is

shown in Fig. 6.5.

The Simulink program of this example is chap6_1sim.mdl; the Matlab programs

of the example are given in the Appendix.

Fig. 6.1 Position and speed tracking with RBF compensation (five hidden nets, S ¼ 3)

Fig. 6.2 f ðxÞ estimation with RBF (five hidden nets, S ¼ 3)
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6.1.4.2 Second Example

Consider a two-link manipulator dynamic equation as

MðqÞ€qþ Cðq; _qÞ _qþ GðqÞ ¼ τ þ d

Fig. 6.3 Position and speed tracking with RBF compensation (19 hidden nets, S ¼ 3)

Fig. 6.4 f ðxÞ estimation with RBF (19 hidden nets, S ¼ 3)
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where

MðqÞ ¼ vþ q01 þ 2γ cos ðq2Þ q01 þ q02 cos ðq2Þ
q01 þ q02 cos ðq2Þ q01

� �

Cðq; _qÞ ¼ �q02 _q2 sin ðq2Þ �q02ð _q1 þ _q2Þ sin ðq2Þ
q02 _q1 sin ðq2Þ 0

� �

GðqÞ ¼ 15g cos q1 þ 8:75g cos ðq1 þ q2Þ
8:75g cos ðq1 þ q2Þ

� �

and v ¼ 13:33; q01 ¼ 8:98; q02 ¼ 8:75; and g ¼ 9:8:
The disturbance is d ¼ d1 þ d2jjejj þ d3jj _ejj; d1 ¼ 2; d2 ¼ 3; and d3 ¼ 6: The

desired joint trajectory is

q1d ¼ 1þ 0:2 sin ð0:5πtÞ
q2d ¼ 1� 0:2 cos ð0:5πtÞ

(

The initial value of the plant is ½ q1 q2 q3 q4 �T ¼ ½ 0:6 0:3 0:5 0:5 �T;
and assume ΔM ¼ 0:2M; ΔC ¼ 0:2C; and ΔG ¼ 0:2G:

In simulation, we use control law (6.9) and first adaptive law (6.12), in the

program, we set S ¼ 3; and S1 ¼ 1: The parameters are chosen as

Fig. 6.5 Position and speed tracking without compensation (S ¼ 1)
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Q ¼
50 0 0 0

0 50 0 0

0 0 50 0

0 0 0 50

2
664

3
775;

α ¼ 3; γ ¼ 20; k1 ¼ 0:001:

For RBF neural network, the parameters of Gaussian functionci andbi are chosen
as ½ �2 �1 0 1 2 � and 3.0, and the initial weight value is chosen as 0.10. In

the simulation, S1 ¼ 1 denotes first adaptive law, and S1 ¼ 2 denotes second

adaptive law. S ¼ 1 denotes controller only based on nominal model, S ¼ 2

denotes controller based on precise compensation, and S ¼ 3 denotes controller

based on RBF compensation. The simulation results are shown from Figs. 6.6, 6.7,

6.8, and 6.9.

The Simulink program of this example is chap6_2sim.mdl; the Matlab programs

of the example are given in the Appendix.

6.2 RBF Neural Robot Controller Design with Sliding Mode

Robust Term

6.2.1 Problem Description

Consider dynamic equation of n-link manipulator as

MðqÞ€qþ Cðq; _qÞ _qþ GðqÞ þ Fð _qÞ þ τd ¼ τ (6.16)

Fig. 6.6 Position tracking of link 1 and link 2
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where MðqÞ is an n� n inertia matrix, Cðq; _qÞ is an n� n matrix containing the

centrifugal and Coriolis terms, GðqÞ is an n� 1 vector containing gravitational

forces and torques, q is generalized joint coordinates, τ is joint torques, and τd
denotes disturbances.

The tracking error vector is designed as eðtÞ ¼ qdðtÞ � qðtÞ; and defines the

sliding mode function as

Fig. 6.7 Speed tracking of link 1 and link 2

Fig. 6.8 Control input of link 1 and link 2
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r ¼ _eþ Λe (6.17)

where Λ ¼ ΛT ¼ ½ λ1 λ2 � � � λn �T> 0 is an appropriately chosen coefficient

vector such that sn�1 þ λn�1s
n�2 þ � � � þ λ1 is Hurwitz (i.e., e ! 0 exponentially as

r ! 0Þ:
The sliding mode tracking error r can be viewed as the real-valued utility

function of the plant performance. When r is small, system performance is good.

For the system (6.16), all modeling information was expressed as f ðxÞ by using the

sliding mode tracking error r [7].
The item (6.17) gives

_q ¼ �r þ _qd þ Λe (6.18)

and

M _r ¼ Mð€qd � €qþ Λ _eÞ ¼ Mð€qd þ Λ _eÞ �M€q

¼ Mð€qd þ Λ _eÞ þ C _qþ Gþ Fþ τd � τ

¼ Mð€qd þ Λ _eÞ � Cr þ Cð _qd þ ΛeÞ þ Gþ Fþ τd � τ

¼ � Cr � τ þ f þ τd ð6:19Þ

where f ðxÞ ¼ M€qr þ C _qr þ Gþ F; _qr ¼ _qd þ Λe:
From f ðxÞ expression, we can see that the term f ðxÞ includes all the modeling

information.

The goal is to design a stable robust controller without any modeling informa-

tion. In this section, we use RBF to approximate f ðxÞ.

Fig. 6.9 f ðxÞ estimation of link 1 and link 2
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6.2.2 RBF Approximation

RBF algorithm is described as

hj ¼ exp
x� cj

�� ��2
b2j

; j ¼ 1; 2; . . . ;m

f ðxÞ ¼ WThþ ε ð6:20Þ

wherex is input of RBF,W is optimum weight value,h ¼ ½ h1 h2 � � � hm �T; and
ε is a very small value.

The output of RBF is used to approximate f ðxÞ;

f̂ ðxÞ ¼ Ŵ
T
h (6.21)

where ~W ¼ W � Ŵ; jjWjjF � Wmax:
From (6.20) and (6.21), we have

f � f̂ ¼ WThþ ε� Ŵ
T
h ¼ ~W

T
hþ ε

From f ðxÞ expression, the input of RBF should be chosen as

x ¼ ½ eT _eT qTd _qTd €qTd �:

6.2.3 Control Law Design and Stability Analysis

For the system (6.16), the control law as proposed as [7],

τ ¼ f̂ ðxÞ þ Kvr � v (6.22)

with robust term v ¼ �ðεN þ bdÞsgnðrÞ; where f̂ ðxÞ is estimation of f ðxÞ; and v is
robustness term.

The corresponding RBF adaptive law is designed as

_̂W ¼ ΓhrT (6.23)

where Γ ¼ ΓT > 0:
Inserting (6.19) yields

M _r ¼� Cr � ðf̂ ðxÞ þ Kvr � vÞ þ f þ τd

¼� ðKv þ CÞr þ ~W
T
hþ ðεþ τdÞ þ v

¼� ðKv þ CÞr þ ς1 ð6:24Þ
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where ς1 ¼ ~W
T
φþ ðεþ τdÞ þ v:

The stability proof of the closed system was given with two steps as follows [7].

Firstly, define Lyapunov function as

L ¼ 1

2
rTMr þ 1

2
tr ~W

TΓ�1 ~W
� �

Thus,

_L ¼ rTM _r þ 1

2
rT _Mr þ tr ~W

TΓ�1 _~W
� �

Secondly, inserting (6.24) into above yields

_L ¼ �rTKvr þ 1

2
rT _M � 2C
� 	

r þ tr ~W
T Γ�1 _~W þ hrT
� �

þ rT εþ τd þ vð Þ

Since:

1. According to the skew-symmetric characteristics of manipulator dynamic equa-

tion, rTð _M � 2CÞr ¼ 0;

2. rT ~W
T
h ¼ trð ~WT

hrTÞ;
3. _~W ¼ � _̂W ¼ �ΓhrT:

then,

_L ¼ �rTKvr þ rTðεþ τd þ vÞ
Consider

rTðεþ τd þ vÞ ¼ rTðεþ τdÞ þ rT �ðεN þ bdÞsgnðrÞð Þ
¼ rTðεþ τdÞ � rk kðεN þ bdÞ � 0

There results finally

_L � �rTKvr � 0

6.2.4 Simulation Examples

6.2.4.1 First Example

Consider a simple servo system as

M€qþ Fð _qÞ ¼ τ
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where M ¼ 10; Fð _qÞ denotes friction force, and Fð _qÞ ¼ 15 _qþ 30sgnð _qÞ:
From (6.16), (6.17), (6.18), and (6.19), we have f ðxÞ ¼ M€qr þ F

¼ Mð€qd þ Λ _eÞ þ F:
For RBF neural network, the structure is 2-7-1, the input is chosen as z ¼ ½ e _e �;

the parameters of Gaussian function ci and bi are chosen as

½ �1:5 �1:0 �0:5 0 0:5 1:0 1:5 � and 10, and the initial weight value is

chosen as zero. The desired trajectory is qd ¼ sin t; and the initial value of the

plant is ½ 0:10 0 �T:
In simulation, we use control law (6.22) and adaptive law (6.23), the parameters

are chosen as Λ ¼ 15, Γ ¼ 100; and Kv ¼ 110: The simulation results are shown

from Figs. 6.10 and 6.11.

The Simulink program of this example is chap6_3sim.mdl; the Matlab programs

of the example are given in the Appendix.

6.2.4.2 Second Example

Consider a plant as

MðqÞ€qþ Vðq; _qÞ _qþ GðqÞ þ Fð _qÞ þ τd ¼ τ

Fig. 6.10 Position and speed tracking with RBF compensation
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where

MðqÞ ¼ p1 þ p2 þ 2p3 cos q2 p2 þ p3 cos q2
p2 þ p3 cos q2 p2

� �
;

Vðq; _qÞ ¼ �p3 _q2 sin q2 � p3ð _q1 þ _q2Þ sin q2
p3 _q1 sin q2 0

� �
;

GðqÞ ¼ p4g cos q1 þ p5g cos ðq1 þ q2Þ
p5g cos ðq1 þ q2Þ

� �
;

Fð _qÞ ¼ 0:02 sgn ð _qÞ; τd ¼ 0:2 sinðtÞ 0:2 sinðtÞ½ �T; p ¼ ½p1; p2; p3; p4; p5�
¼ ½2:9; 0:76; 0:87; 3:04; 0:87�:

For RBF neural network, the structure is 2-7-1, the input is chosen as z ¼ ½ e _e �;
the parameters of Gaussian function ci and bi are chosen as

½ �1:5 �1:0 �0:5 0 0:5 1:0 1:5 � and 10, and the initial weight value is

chosen as zero. The desired trajectory is q1d ¼ 0:1 sin t; q2d ¼ 0:1 sin t: The initial
value of the plant is ½ 0:09 0 �0:09 0 �:

Using control law (6.22) and adaptive law (6.23), Kv ¼ diagf10; 10g; Γ ¼ diag

f15; 15g; and Λ ¼ diagf5; 5g: The simulation results are shown from Figs. 6.12,

6.13, 6.14, and 6.15.

The Simulink program of this example is chap6_4sim.mdl; the Matlab programs

of the example are given in the Appendix.

Fig. 6.11 f ðxÞ estimation with RBF
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Fig. 6.12 Position tracking

Fig. 6.13 Speed tracking
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Fig. 6.14 Control input of link 1 and 2

Fig. 6.15 jjf ðxÞjj and jjf̂ ðxÞjj
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6.3 Robust Control Based on RBF Neural Network with HJI

6.3.1 Foundation

Consider a system as

_x ¼ f ðxÞ þ gðxÞd
z ¼ hðxÞ

(
(6.25)

where d is disturbance and z is critic signal for the system.

Definition. For signal dðtÞ; its L2 is dðtÞk k2 ¼
R1
0

dTðtÞdðtÞdt
 �1
2; which denotes

the energy of dðtÞ.
To express suppression ability, the following performance index is defined as

J ¼ sup
dk k6¼0

zk k2
dk k2

(6.26)

The term J is called L2 gain of the system, which denotes the robust performance

index of the system. The smaller J is, the better robust performance is.

With theorem 2 given in [8] and the system (6.25), HJI (Hamilton–Jacobi

inequality) can be described as follows: for a positive number γ; if there exists

positive definite quasi-differentiable function LðxÞ � 0 and

_L � 1

2
γ2 dk k2 � zk k2

n o
ð8dÞ (6.27)

then, J � γ:

6.3.2 Controller Design and Analysis

HJI inequation was applied to design robust neural network controller for robots in

[9]. In reference to theorem 3 in [9], a neural network adaptive controller is

designed with HJI for n� link manipulators as follows.

Consider dynamic equation of n� link manipulators as

MðqÞ€qþ Vðq; _qÞ _qþ GðqÞ þ Δðq; _qÞ þ d ¼ T (6.28)

where MðqÞ is an n� n inertia matrix, Vðq; _qÞ is a n� n matrix containing the

centrifugal and Coriolis terms, GðqÞ is an n� 1 vector containing gravitational
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forces and torques, q is the angle vector, τ is joint torques, Δðq; _qÞ denotes

uncertainties, and d denotes outer disturbances.

Consider desired angle signal qd; the tracking error vector is e ¼ q� qd; and

design a feed-forward control law as

T ¼ uþMðqÞ€qd þ Vðq; _qÞ _qd þ GðqÞ (6.29)

where u is a feedback control law and to be designed in the following.

Submitting (6.29) into (6.28), we get closed system as

MðqÞ€eþ Vðq; _qÞ _eþ Δðq; _qÞ þ d ¼ u (6.30)

Letting Δf ðq; _qÞ ¼ Δðq; _qÞ þ d; we have

MðqÞ€eþ Vðq; _qÞ _eþ Δf ¼ u (6.31)

Use RBF to approximate Δf , then,

Δf ¼ W�
f σf þ εf (6.32)

where εf denotes the approximation error, σf denotes the Gaussian function of RBF,
and Wf is weight value.

From (6.31) and (6.32), we have

MðqÞ€eþ Vðq; _qÞ _eþW�
f σf þ εf ¼ u

Define two variables as

x1 ¼ e

x2 ¼ _eþ αe

(
(6.33)

where α > 0:
Then,

_x1 ¼ x2 � αx1

M _x2 ¼ �Vx2 þ ω�W�
f σf � εf þ u

(
(6.34)

where ω ¼ Ma _eþ Vαe:
To utilize the HJI inequation, the Eq. (6.34) should be written as (6.25),

_x ¼ f ðxÞ þ gðxÞd
z ¼ hðxÞ

(
(6.35)

where f ðxÞ ¼ x2 � αx1
1
M ð�Vx2 þ ω�W�

f σf þ uÞ
� �

; gðxÞ ¼ 0

� 1
M

� �
; and d ¼ εf :
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Since d ¼ εf ; we can consider the approximation error εf as the disturbance d;

and define zR ¼ _eþ αe; then, we can write the L2 gain as JR ¼ sup
jjεf jj6¼0

jjzjj2
jjεf jj2 :

For the system (6.34), we design adaptive law as

_̂Wf ¼ �ηx2σ
T
f (6.36)

Design feedback control law as

u ¼ �ω� 1

2γ2
x2 þ Ŵfσf � 1

2
x2 (6.37)

where Ŵf and σf are weight value and Gaussian function of RBF.

Then for the closed system (6.30), J � γ;
For the closed control system, in reference to the analysis in paper [9], the

stability can be analyzed as follows:

Firstly, define the Lyapunov function as

L ¼ 1

2
xT2Mx2 þ 1

2η
tr ~Wf

T ~Wf

� �

where ~Wf ¼ Ŵf �W�
f :

Then, using (6.34) and (6.37), and considering the skew-symmetric

characteristics of manipulator dynamic equation, we have

_L ¼ xT2M _x2 þ 1

2
xT2

_Mx2 þ 1

η
tr _~Wf

T
~Wf

� 

¼ xT2 �Vx2 þ ω�W�
f σf � εf þ u

� 	þ 1

2
xT2

_Mx2 þ 1

η
tr _~Wf

T
~Wf

� 

¼ xT2 �Vx2 �W�
f σf � εf � 1

2γ2
x2 þ Ŵfσf � 1

2
x2

� 
þ 1

2
xT2

_Mx2 þ 1

η
tr _~Wf

T
~Wf

� 

¼ xT2 �εf � 1

2γ2
x2 þ ~Wfσf � 1

2
x2

� 
þ 1

2
xT2 ð _M � 2VÞx2 þ 1

η
tr _~Wf

T
~Wf

� 

¼ � xT2εf �
1

2γ2
xT2x2 þ xT2

~Wfσf � 1

2
xT2x2 þ

1

η
tr _~Wf

T
~Wf

� 

Define

H ¼ _L� 1

2
γ2 εfk k2 þ 1

2
zRk k2 (6.38)
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Then,

H ¼ �xT2εf �
1

2γ2
xT2x2 þ xT2

~Wfσf � 1

2
xT2x2 þ

1

η
tr _~Wf

T
~Wf

� 
� 1

2
γ2 εfk k2 þ 1

2
zRk k2

Consider

1. � xT2εf � 1
2γ2 x

T
2x2 � 1

2
γ2 εfk k2 ¼ � 1

2
1
γ x2 þ γεf

��� ���2 � 0;

2. xT2
~Wfσf þ 1

η tr
_~Wf

T
~Wf

� 
¼ 0;

3. � 1
2
xT2x2 þ 1

2
zRk k2 ¼ 0:

Therefore we have H � 0; according to H definition in (6.38), we have

_L � 1

2
γ2jjεf jj2 � 1

2
jjzRjj2

Thus from theorem 1, we can get J � γ:

6.3.3 Simulation Examples

6.3.3.1 First Example

Consider a servo system as

M€q ¼ T � d

where M ¼ 1:0 is the inertia moment.

Suppose the ideal position signal as qd ¼ sin t; the disturbance signal is

d ¼ 150 sgn _qþ 10 _q; and the initial states of the plant are zero. Choose

η ¼ 1; 000; α ¼ 200, and γ ¼ 0:10; and the parameters of Gaussian function ci
and bi are chosen as ½ �1 �0:5 0 0:5 1 � and 50. Use adaptive law (6.36) and

control laws (6.29) and (6.37); the results are shown from Figs. 6.16 and 6.17.

The Simulink program of this example is chap6_5sim.mdl; the Matlab programs

of the example are given in the Appendix.

6.3.3.2 Second Example

Consider two link manipulators dynamic equation as

MðqÞ€qþ Vðq; _qÞ _qþ GðqÞ þ D ¼ T
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whereD ¼ Δðq; _qÞ þ d; M11 ¼ ðm1 þ m2Þr21 þ m2r
2
2 þ 2m2r1r2 cos q2; M12 ¼ M21

¼ m2r
2
2 þ m2r1r2 cos q2; M22 ¼ m2r

2
2 ; V ¼ �V12 _q2 �V12ð _q1 þ _q2Þ

V12q1 0

� �
; V12 ¼ m2

r1 sin q2;G1 ¼ ðm1 þ m2Þr1 cos q2 þ m2r2 cos ðq1 þ q2Þ;G2 ¼ m2r2 cos ðq1 þ q2Þ;

D ¼ 30 sgn q2

30 sgn q4

" #
; r1 ¼ 1; r2 ¼ 0:8; m1 ¼ 1; m2 ¼ 1:5:

Suppose the ideal position signals as q1d ¼ sin t; and q2d ¼ sin t; and the initial
states of the plant is zero. Choose 4-7-1 RBF structure, and set η ¼ 1,500, α ¼ 20;
γ ¼ 0:05, the parameters of Gaussian function ci and bi are chosen as

Fig. 6.16 Position and speed tracking with RBF compensation (S ¼ 2)

Fig. 6.17 Disturbance and its estimation (S ¼ 2)
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½ �1:5 �1:0 �0:5 0 0:5 1:0 1:5 � and 10. Use adaptive law (6.36)) and

control laws (6.29) and (6.37); the results are shown from Figs. 6.18, 6.19, and 6.20.

The Simulink program of this example is chap6_6sim.mdl; the Matlab programs

of the example are given in the Appendix.

Fig. 6.18 Position tracking of with RBF compensation (S ¼ 2)

Fig. 6.19 Speed tracking of with RBF compensation (S ¼ 2)
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Appendix

Programs for Sect. 6.1.4.1

Simulink main program: chap6_1sim.mdl

Fig. 6.20 Disturbance and its estimation (S ¼ 2)

Appendix 159



S function for control law and adaptive law: chap6_1ctrl.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)

switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end

function [sys,x0,str,ts]¼mdlInitializeSizes
global c b kv kp
sizes ¼ simsizes;
sizes.NumContStates ¼ 5;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 3;
sizes.NumInputs ¼ 3;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 1;
sys ¼ simsizes(sizes);
x0 ¼ 0.1*ones(1,5);
str ¼ [];
ts ¼ [0 0];
c¼0.5*[-2 -1 0 1 2;

-2 -1 0 1 2];
b¼1.5*ones(5,1);
alfa¼3;
kp¼alfa^2;
kv¼2*alfa;
function sys¼mdlDerivatives(t,x,u)
global c b kv kp
qd¼u(1);
dqd¼cos(t);
ddqd¼-sin(t);

q¼u(2);
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dq¼u(3);

e¼q-qd;
de¼dq-dqd;

A¼[0 1;-kp -kv];
D¼10;
B¼[0 1/D]’;

Q¼50*eye(2);
P¼lyap(A’,Q);
eig(P);

th¼[x(1) x(2) x(3) x(4) x(5)]’;
xi¼[e;de];

h¼zeros(5,1);
for j¼1:1:5

h(j)¼exp(-norm(xi-c(:,j))^2/(2*b(j)*b(j)));
end
gama¼1200;

S1¼1;
if S1¼¼1 % First adaptive Law

S¼gama*h*xi’*P*B;
elseif S1¼¼2 % Secod adaptive Law with UUB

k1¼0.001;
S¼gama*h*xi’*P*B+k1*gama*norm(xi)*th;

end
S¼S’;
for i¼1:1:5

sys(i)¼S(i);
end

function sys¼mdlOutputs(t,x,u)
global c b kv kp
qd¼u(1);
dqd¼cos(t);
ddqd¼-sin(t);

q¼u(2);
dq¼u(3);

e¼q-qd;
de¼dq-dqd;
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M¼10;

tol1¼M*(ddqd-kv*de-kp*e);

xi¼[e;de];
h¼zeros(5,1);
for j¼1:1:5

h(j)¼exp(-norm(xi-c(:,j))^2/(2*b(j)*b(j)));
end

d¼-15*dq-30*sign(dq);
f¼d;

S¼3;
if S¼¼1 %Nominal model based controller

fn¼0;
tol¼tol1;

elseif S¼¼2 %Modified computed torque controller
fn¼0;
tol2¼-f;
tol¼tol1+tol2;

elseif S¼¼3 %RBF compensated controller
th¼[x(1) x(2) x(3) x(4) x(5)]’;
fn¼th’*h;
tol2¼-fn;
tol¼tol1+1*tol2;

end

sys(1)¼tol;
sys(2)¼f;
sys(3)¼fn;
S function for plant:chap6_1plant.m
function [sys,x0,str,ts]¼s_function(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2, 4, 9 }

sys ¼ [];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
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function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 2;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 2;
sizes.NumInputs ¼ 3;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 0;
sys¼simsizes(sizes);
x0¼[0.6;0];
str¼[];
ts¼[];
function sys¼mdlDerivatives(t,x,u)
M¼10;
d¼-15*x(2)-30*sign(x(2));

tol¼u(1);

sys(1)¼x(2);
sys(2)¼1/M*(tol+d);
function sys¼mdlOutputs(t,x,u)
sys(1)¼x(1);
sys(2)¼x(2);
Plot program:chap6_1plot.m
close all;

figure(1);
subplot(211);
plot(t,x(:,1),’r’,t,x(:,2),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Position tracking’);
legend(’ideal position’,’position tracking’);
subplot(212);
plot(t,cos(t),’r’,t,x(:,3),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Speed tracking’);
legend(’ideal speed’,’speed tracking’);

figure(2);
plot(t,f(:,1),’r’,t,f(:,2),’b’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’f and fn’);
legend(’Practical uncertainties’,’Estimation
uncertainties’);
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Programs for Sect. 6.1.4.2

Simulink main program: chap6_2sim.mdl

Tracking command program: chap6_2input.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)

switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end

function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 0;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 4;
sizes.NumInputs ¼ 0;
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sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 1;
sys ¼ simsizes(sizes);
x0 ¼ [];
str ¼ [];
ts ¼ [0 0];

function sys¼mdlOutputs(t,x,u)
qd1¼1+0.2*sin(0.5*pi*t);
qd2¼1-0.2*cos(0.5*pi*t);
dqd1¼0.2*0.5*pi*cos(0.5*pi*t);
dqd2¼0.2*0.5*pi*sin(0.5*pi*t);

sys(1)¼qd1;
sys(2)¼qd2;
sys(3)¼dqd1;
sys(4)¼dqd2;
S function for control law and adaptive law:chap6_2ctrl.m
function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)

switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end

function [sys,x0,str,ts]¼mdlInitializeSizes
global c b kv kp
sizes ¼ simsizes;
sizes.NumContStates ¼ 10;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 6;
sizes.NumInputs ¼ 10;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 1;
sys ¼ simsizes(sizes);
x0 ¼ 0.1*ones(1,10);
str ¼ [];
ts ¼ [0 0];
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c¼ [-2 -1 0 1 2;
-2 -1 0 1 2;
-2 -1 0 1 2;
-2 -1 0 1 2];

b¼3.0;
alfa¼3;
kp¼[alfa^2 0;

0 alfa^2];
kv¼[2*alfa 0;

0 2*alfa];
function sys¼mdlDerivatives(t,x,u)
global c b kv kp

A¼[zeros(2) eye(2);
-kp -kv];

B¼[0 0;0 0;1 0;0 1];

Q¼[50 0 0 0;
0 50 0 0;
0 0 50 0;
0 0 0 50];

P¼lyap(A’,Q);
eig(P);

qd1¼u(1);
qd2¼u(2);
d_qd1¼u(3);
d_qd2¼u(4);

q1¼u(5);dq1¼u(6);q2¼u(7);dq2¼u(8);
e1¼q1-qd1;
e2¼q2-qd2;
de1¼dq1-d_qd1;
de2¼dq2-d_qd2;

w¼[x(1) x(2) x(3) x(4) x(5);x(6) x(7) x(8) x(9) x(10)]’;
xi¼[e1;e2;de1;de2];
h¼zeros(5,1);
for j¼1:1:5

h(j)¼exp(-norm(xi-c(:,j))^2/(2*b^2));
end
gama¼20;

S1¼1;
if S1¼¼1 % Adaptive Law

dw¼gama*h*xi’*P*B;
elseif S1¼¼2 % Adaptive Law with UUB

k1¼0.001;
dw¼gama*h*xi’*P*B+k1*gama*norm(x)*w;

end
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dw¼dw’;
for i¼1:1:5

sys(i)¼dw(1,i);
sys(i+5)¼dw(2,i);

end

function sys¼mdlOutputs(t,x,u)
global c b kv kp
qd1¼u(1);
qd2¼u(2);
d_qd1¼u(3);
d_qd2¼u(4);

dd_qd1¼-0.2*(0.5*pi)^2*sin(0.5*pi*t);
dd_qd2¼0.2*(0.5*pi)^2*cos(0.5*pi*t);
dd_qd¼[dd_qd1;dd_qd2];

q1¼u(5);dq1¼u(6);q2¼u(7);dq2¼u(8);

ddq1¼u(9);ddq2¼u(10);
ddq¼[ddq1;ddq2];

e1¼q1-qd1;
e2¼q2-qd2;
de1¼dq1-d_qd1;
de2¼dq2-d_qd2;
e¼[e1;e2];
de¼[de1;de2];

v¼13.33;
q01¼8.98;
q02¼8.75;
g¼9.8;

M0¼[v+q01+2*q02*cos(q2) q01+q02*cos(q2);
q01+q02*cos(q2) q01];

C0¼[-q02*dq2*sin(q2) -q02*(dq1+dq2)*sin(q2);
q02*dq1*sin(q2) 0];

G0¼[15*g*cos(q1)+8.75*g*cos(q1+q2);
8.75*g*cos(q1+q2)];

dq¼[dq1;dq2];
tol1¼M0*(dd_qd-kv*de-kp*e)+C0*dq+G0;

d_M¼0.2*M0;
d_C¼0.2*C0;
d_G¼0.2*G0;
d1¼2;d2¼3;d3¼6;
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d¼[d1+d2*norm([e1,e2])+d3*norm([de1,de2])];
%d¼[20*sin(2*t);20*sin(2*t)];
f¼inv(M0)*(d_M*ddq+d_C*dq+d_G+d);

xi¼[e1;e2;de1;de2];
h¼zeros(5,1);
for j¼1:1:5

h(j)¼exp(-norm(xi-c(:,j))^2/(2*b^2));
end

S¼3;
if S¼¼1 %Nominal model based controller

tol¼tol1;
elseif S¼¼2 %Modified computed torque controller

tol2¼-M0*f;
tol¼tol1+tol2;
elseif S¼¼3 %RBF compensated controller

w¼[x(1) x(2) x(3) x(4) x(5);x(6) x(7) x(8) x(9)
x(10)]’;

fn¼w’*h;
tol2¼-M0*fn;
tol¼tol1+1*tol2;

end

sys(1)¼tol(1);
sys(2)¼tol(2);
sys(3)¼f(1);
sys(4)¼fn(1);
sys(5)¼f(2);
sys(6)¼fn(2);
S function for plant:chap6_2plant.m
function [sys,x0,str,ts]¼s_function(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2, 4, 9 }

sys ¼ [];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
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sizes.NumContStates ¼ 4;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 4;
sizes.NumInputs ¼ 6;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 0;
sys¼simsizes(sizes);
x0¼[0.6;0.3;0.5;0.5];
str¼[];
ts¼[];
function sys¼mdlDerivatives(t,x,u)
persistent ddx1 ddx2
if t¼¼0

ddx1¼0;
ddx2¼0;

end
qd1¼1+0.2*sin(0.5*pi*t);
dqd1¼0.2*0.5*pi*cos(0.5*pi*t);
qd2¼1-0.2*cos(0.5*pi*t);
dqd2¼0.2*0.5*pi*sin(0.5*pi*t);

e1¼x(1)-qd1;
e2¼x(3)-qd2;
de1¼x(2)-dqd1;
de2¼x(4)-dqd2;

v¼13.33;
q1¼8.98;
q2¼8.75;
g¼9.8;

M0¼[v+q1+2*q2*cos(x(3)) q1+q2*cos(x(3));
q1+q2*cos(x(3)) q1];

C0¼[-q2*x(4)*sin(x(3)) -q2*(x(2)+x(4))*sin(x(3));
q2*x(2)*sin(x(3)) 0];

G0¼[15*g*cos(x(1))+8.75*g*cos(x(1)+x(3));
8.75*g*cos(x(1)+x(3))];

d_M¼0.2*M0;
d_C¼0.2*C0;
d_G¼0.2*G0;

d1¼2;d2¼3;d3¼6;
d¼[d1+d2*norm([e1,e2])+d3*norm([de1,de2])];
%d¼20*sin(2*t);
tol(1)¼u(1);
tol(2)¼u(2);
dq¼[x(2);x(4)];
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ddq¼[ddx1;ddx2];
f¼inv(M0)*(d_M*ddq+d_C*dq+d_G+d);

ddx¼inv(M0)*(tol’-C0*dq-G0)+1*f;

sys(1)¼x(2);
sys(2)¼ddx(1);
sys(3)¼x(4);
sys(4)¼ddx(2);
ddx1¼ddx(1);
ddx2¼ddx(2);
function sys¼mdlOutputs(t,x,u)
sys(1)¼x(1);
sys(2)¼x(2);
sys(3)¼x(3);
sys(4)¼x(4);
Plot program:chap6_2plot.m
close all;

figure(1);
subplot(211);
plot(t,x(:,1),’r’,t,x(:,5),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Position tracking for link 1’);
legend(’ideal position for link 1’,’position tracking for
link 1’);
subplot(212);
plot(t,x(:,2),’r’,t,x(:,7),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Position tracking for link 2’);
legend(’ideal position for link 2’,’position tracking for
link 2’);

figure(2);
subplot(211);
plot(t,x(:,3),’r’,t,x(:,6),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Speed tracking for link 1’);
legend(’ideal speed for link 1’,’speed tracking for
link 1’);
subplot(212);
plot(t,x(:,4),’r’,t,x(:,8),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Speed tracking for link 2’);
legend(’ideal speed for link 2’,’speed tracking for
link 2’);

figure(3);
subplot(211);
plot(t,tol(:,1),’r’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Control input of link 1’);
subplot(212);
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plot(t,tol(:,1),’r’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Control input of link 2’);

figure(4);
subplot(211);
plot(t,f(:,1),’r’,t,f(:,2),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’f1 and fn1’);
legend(’Practical uncertainties of link 1’,’Estimation
uncertainties of link 1’);
subplot(212);
plot(t,f(:,3),’r’,t,f(:,4),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’f2 and fn2’);
legend(’Practical uncertainties of link 2’,’Estimation
uncertainties of link 2’);

Programs for Sect. 6.2.4.1

Simulink main program: chap6_3sim.mdl

S function for control law and adaptive law: chap6_3ctrl.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);

Appendix 171



case 3,
sys¼mdlOutputs(t,x,u);

case {2,4,9}
sys¼[];

otherwise
error([’Unhandled flag ¼ ’,num2str(flag)]);

end

function [sys,x0,str,ts]¼mdlInitializeSizes
global node c b Fai
node¼7;
c¼[-1.5 -1 -0.5 0 0.5 1 1.5;

-1.5 -1 -0.5 0 0.5 1 1.5];
b¼10;
Fai¼15;

sizes ¼ simsizes;
sizes.NumContStates ¼ node;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 3;
sizes.NumInputs ¼ 3;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0 ¼ zeros(1,node);
str ¼ [];
ts ¼ [];
function sys¼mdlDerivatives(t,x,u)
global node c b Fai
qd¼u(1);
dqd¼cos(t);
ddqd¼-sin(t);

q¼u(2);
dq¼u(3);

e¼qd-q;
de¼dqd-dq;
r¼de+Fai*e;

z¼[e;de];
for j¼1:1:node

h(j)¼exp(-norm(z-c(:,j))^2/(b*b));
end

Gama¼100;
for i¼1:1:node
sys(i)¼Gama*h(i)*r;
end
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function sys¼mdlOutputs(t,x,u)
global node c b Fai
qd¼u(1);
dqd¼cos(t);
ddqd¼-sin(t);

q¼u(2);
dq¼u(3);

e¼qd-q;
de¼dqd-dq;
r¼de+Fai*e;

dqr¼dqd+Fai*e;
ddqr¼ddqd+Fai*de;

z¼[e;de];
w¼[x(1:node)]’;

for j¼1:1:node
h(j)¼exp(-norm(z-c(:,j))^2/(b*b));

end

fn¼w*h’;
Kv¼110;

epN¼0.20;bd¼0.1;
v¼-(epN+bd)*sign(r);
tol¼fn+Kv*r-v;

F¼15*dq+0.3*sign(dq);
M¼10;
f¼M*ddqr+F;

fn_norm¼norm(fn);
sys(1)¼tol;
sys(2)¼f;
sys(3)¼fn;
S function for plant:chap6_3plant.m
function [sys,x0,str,ts]¼s_function(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2, 4, 9 }

sys ¼ [];
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otherwise
error([’Unhandled flag ¼ ’,num2str(flag)]);

end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 2;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 2;
sizes.NumInputs ¼ 3;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 0;
sys¼simsizes(sizes);
x0¼[0.1;0];
str¼[];
ts¼[];
function sys¼mdlDerivatives(t,x,u)
M¼10;
F¼15*x(2)+0.30*sign(x(2));

tol¼u(1);

sys(1)¼x(2);
sys(2)¼1/M*(tol-F);
function sys¼mdlOutputs(t,x,u)
sys(1)¼x(1);
sys(2)¼x(2);
Plot program:chap6_3plot.m
close all;

figure(1);
subplot(211);
plot(t,x(:,1),’r’,t,x(:,2),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Position tracking’);
legend(’ideal position’,’position tracking’);
subplot(212);
plot(t,cos(t),’r’,t,x(:,3),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Speed tracking’);
legend(’ideal speed’,’speed tracking’);

figure(2);
plot(t,f(:,1),’r’,t,f(:,2),’b’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’f and fn’);
legend(’Practical uncertainties’,’Estimation
uncertainties’);
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Programs for Sect. 6.2.4.2

Simulink main program: chap6_4sim.mdl

Tracking command program: chap6_4input.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 0;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 6;
sizes.NumInputs ¼ 0;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 1;
sys ¼ simsizes(sizes);
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x0 ¼ [];
str ¼ [];
ts ¼ [0 0];
function sys¼mdlOutputs(t,x,u)
qd1¼0.1*sin(t);
d_qd1¼0.1*cos(t);
dd_qd1¼-0.1*sin(t);
qd2¼0.1*sin(t);
d_qd2¼0.1*cos(t);
dd_qd2¼-0.1*sin(t);

sys(1)¼qd1;
sys(2)¼d_qd1;
sys(3)¼dd_qd1;
sys(4)¼qd2;
sys(5)¼d_qd2;
sys(6)¼dd_qd2;
S function for control law and adaptive law:chap6_4ctrl.m
function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end

function [sys,x0,str,ts]¼mdlInitializeSizes
global node c b Fai
node¼7;
c¼[-1.5 -1 -0.5 0 0.5 1 1.5;

-1.5 -1 -0.5 0 0.5 1 1.5];
b¼10;
Fai¼5*eye(2);

sizes ¼ simsizes;
sizes.NumContStates ¼ 2*node;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 3;
sizes.NumInputs ¼ 11;
sizes.DirFeedthrough ¼ 1;
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sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0 ¼ zeros(1,2*node);
str ¼ [];
ts ¼ [];
function sys¼mdlDerivatives(t,x,u)
global node c b Fai
qd1¼u(1);
d_qd1¼u(2);
dd_qd1¼u(3);
qd2¼u(4);
d_qd2¼u(5);
dd_qd2¼u(6);

q1¼u(7);
d_q1¼u(8);
q2¼u(9);
d_q2¼u(10);

q¼[q1;q2];

e1¼qd1-q1;
e2¼qd2-q2;
de1¼d_qd1-d_q1;
de2¼d_qd2-d_q2;
e¼[e1;e2];
de¼[de1;de2];
r¼de+Fai*e;
qd¼[qd1;qd2];
dqd¼[d_qd1;d_qd2];
dqr¼dqd+Fai*e;
ddqd¼[dd_qd1;dd_qd2];
ddqr¼ddqd+Fai*de;

z1¼[e(1);de(1)];
z2¼[e(2);de(2)];
for j¼1:1:node

h1(j)¼exp(-norm(z1-c(:,j))^2/(b*b));
h2(j)¼exp(-norm(z2-c(:,j))^2/(b*b));

end

F¼15*eye(node);
for i¼1:1:node

sys(i)¼15*h1(i)*r(1);
sys(i+node)¼15*h2(i)*r(2);

end
function sys¼mdlOutputs(t,x,u)
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global node c b Fai
qd1¼u(1);
d_qd1¼u(2);
dd_qd1¼u(3);
qd2¼u(4);
d_qd2¼u(5);
dd_qd2¼u(6);

q1¼u(7);
d_q1¼u(8);
q2¼u(9);
d_q2¼u(10);

q¼[q1;q2];

e1¼qd1-q1;
e2¼qd2-q2;
de1¼d_qd1-d_q1;
de2¼d_qd2-d_q2;
e¼[e1;e2];
de¼[de1;de2];
r¼de+Fai*e;

qd¼[qd1;qd2];
dqd¼[d_qd1;d_qd2];
dqr¼dqd+Fai*e;
ddqd¼[dd_qd1;dd_qd2];
ddqr¼ddqd+Fai*de;

W_f1¼[x(1:node)]’;
W_f2¼[x(node+1:node*2)]’;

z1¼[e(1);de(1)];
z2¼[e(2);de(2)];
for j¼1:1:node

h1(j)¼exp(-norm(z1-c(:,j))^2/(b*b));
h2(j)¼exp(-norm(z2-c(:,j))^2/(b*b));

end

fn¼[W_f1*h1’;
W_f2*h2’];

Kv¼20*eye(2);

epN¼0.20;bd¼0.1;
v¼-(epN+bd)*sign(r);
tol¼fn+Kv*r-v;

fn_norm¼norm(fn);
sys(1)¼tol(1);
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sys(2)¼tol(2);
sys(3)¼fn_norm;
S function for plant:chap6_4plant.m
function [sys,x0,str,ts]¼s_function(t,x,u,flag)

switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2, 4, 9 }

sys ¼ [];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
global p g
sizes ¼ simsizes;
sizes.NumContStates ¼ 4;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 5;
sizes.NumInputs ¼3;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 0;
sys¼simsizes(sizes);
x0¼[0.09 0 -0.09 0];
str¼[];
ts¼[];
p¼[2.9 0.76 0.87 3.04 0.87];
g¼9.8;
function sys¼mdlDerivatives(t,x,u)
global p g

D¼[p(1)+p(2)+2*p(3)*cos(x(3)) p(2)+p(3)*cos(x(3));
p(2)+p(3)*cos(x(3)) p(2)];

C¼[-p(3)*x(4)*sin(x(3)) -p(3)*(x(2)+x(4))*sin(x(3));
p(3)*x(2)*sin(x(3)) 0];

G¼[p(4)*g*cos(x(1))+p(5)*g*cos(x(1)+x(3));
p(5)*g*cos(x(1)+x(3))];

dq¼[x(2);x(4)];
F¼0.2*sign(dq);
told¼[0.1*sin(t);0.1*sin(t)];

tol¼u(1:2);

S¼inv(D)*(tol-C*dq-G-F-told);
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sys(1)¼x(2);
sys(2)¼S(1);
sys(3)¼x(4);
sys(4)¼S(2);
function sys¼mdlOutputs(t,x,u)
global p g
D¼[p(1)+p(2)+2*p(3)*cos(x(3)) p(2)+p(3)*cos(x(3));

p(2)+p(3)*cos(x(3)) p(2)];
C¼[-p(3)*x(4)*sin(x(3)) -p(3)*(x(2)+x(4))*sin(x(3));

p(3)*x(2)*sin(x(3)) 0];
G¼[p(4)*g*cos(x(1))+p(5)*g*cos(x(1)+x(3));

p(5)*g*cos(x(1)+x(3))];
dq¼[x(2);x(4)];
F¼0.2*sign(dq);
told¼[0.1*sin(t);0.1*sin(t)];

qd1¼sin(t);
d_qd1¼cos(t);
dd_qd1¼-sin(t);
qd2¼sin(t);
d_qd2¼cos(t);
dd_qd2¼-sin(t);
qd1¼0.1*sin(t);
d_qd1¼0.1*cos(t);
dd_qd1¼-0.1*sin(t);
qd2¼0.1*sin(t);
d_qd2¼0.1*cos(t);
dd_qd2¼-0.1*sin(t);

q1¼x(1);
d_q1¼dq(1);
q2¼x(3);
d_q2¼dq(2);
q¼[q1;q2];
e1¼qd1-q1;
e2¼qd2-q2;
de1¼d_qd1-d_q1;
de2¼d_qd2-d_q2;
e¼[e1;e2];
de¼[de1;de2];
Fai¼5*eye(2);
dqd¼[d_qd1;d_qd2];
dqr¼dqd+Fai*e;
ddqd¼[dd_qd1;dd_qd2];
ddqr¼ddqd+Fai*de;
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f¼D*ddqr+C*dqr+G+F;
f_norm¼norm(f);

sys(1)¼x(1);
sys(2)¼x(2);
sys(3)¼x(3);
sys(4)¼x(4);
sys(5)¼f_norm;
Plot program:chap6_4plot.m
close all;

figure(1);
subplot(211);
plot(t,qd(:,1),’r’,t,q(:,1),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Position tracking for link 1’);
legend(’ideal position for link 1’,’position tracking for
link 1’);
subplot(212);
plot(t,qd(:,4),’r’,t,q(:,3),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Position tracking for link 2’);
legend(’ideal position for link 2’,’position tracking for
link 2’);

figure(2);
subplot(211);
plot(t,qd(:,2),’r’,t,q(:,2),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Speed tracking for link 1’);
legend(’ideal speed for link 1’,’speed tracking for
link 1’);
subplot(212);
plot(t,qd(:,5),’r’,t,q(:,4),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Speed tracking for link 2’);
legend(’ideal speed for link 2’,’speed tracking for
link 2’);

figure(3);
subplot(211);
plot(t,tol1(:,1),’k’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’control input of link 1’);
subplot(212);
plot(t,tol2(:,1),’k’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’control input of link 2’);

figure(4);
plot(t,f(:,1),’r’,t,f(:,2),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’f and fn’);
legend(’ideal fx’,’estimation of fx’);
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Programs for Sect. 6.3.3.1

Simulink main program: chap6_5sim.mdl

S function for control law and adaptive law: chap6_5ctrl.m

function [sys,x0,str,ts] ¼ Robust_RBF(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
global c b alfa
c¼[-1 -0.5 0 0.5 1;
-1 -0.5 0 0.5 1];
b¼50*ones(5,1);
alfa¼200;

sizes ¼ simsizes;
sizes.NumContStates ¼ 5;
sizes.NumDiscStates ¼ 0;
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sizes.NumOutputs ¼ 2;
sizes.NumInputs ¼ 4;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0 ¼ [zeros(5,1)];
str ¼ [];
ts ¼ [];
function sys¼mdlDerivatives(t,x,u)
global c b alfa
qd¼u(1);
dqd¼cos(t);
ddqd¼-sin(t);

q¼u(2);dq¼u(3);

e¼q-qd;
de¼dq-dqd;
x2¼de+alfa*e;

xi¼[e;de];
h¼zeros(5,1);
for j¼1:1:5

h(j)¼exp(-norm(xi-c(:,j))^2/(2*b(j)*b(j)));
end
% Adaptive Law
xite¼1000;
S¼-xite*x2*h’;
for i¼1:1:5

sys(i)¼S(i);
end
function sys¼mdlOutputs(t,x,u)
global c b alfa

qd¼u(1);
dqd¼cos(t);
ddqd¼-sin(t);

q¼u(2);dq¼u(3);

e¼q-qd;
de¼dq-dqd;
M¼1.0;
w¼M*alfa*de;
Gama¼0.10;

xi¼[e;de];
h¼zeros(5,1);
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for j¼1:1:5
h(j)¼exp(-norm(xi-c(:,j))^2/(2*b(j)*b(j)));

end
Wf¼[x(1) x(2) x(3) x(4) x(5)]’;

x2¼de+alfa*e;

S¼2;
if S¼¼1 %Without RBF compensation

ut¼-w-0.5*1/Gama^2*x2-0.5*x2;
elseif S¼¼2 %With RBF compensation

ut¼-w+Wf’*h-0.5*1/Gama^2*x2-0.5*x2;
end

T¼ut+M*ddqd;

NN¼Wf’*h;

sys(1)¼T;
sys(2)¼NN;
S function for plant:chap6_5plant.m
function [sys,x0,str,ts]¼plant(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2, 4, 9 }

sys ¼ [];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 2;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 3;
sizes.NumInputs ¼ 2;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 0;
sys¼simsizes(sizes);
x0¼[0.10 0];
str¼[];
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ts¼[];
function sys¼mdlDerivatives(t,x,u)
J¼1.0;
d¼150*sign(x(2))+10*x(2);
T¼u(1);

sys(1)¼x(2);
sys(2)¼1/J*(T-d);
function sys¼mdlOutputs(t,x,u)
d¼150*sign(x(2))+10*x(2);
sys(1)¼x(1);
sys(2)¼x(2);
sys(3)¼d;
Plot program:chap6_5plot.m
close all;

figure(1);
subplot(211);
plot(t,yd(:,1),’r’,t,y(:,1),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’position signal’);
legend(’ideal position signal’,’position tracking’);
subplot(212);
plot(t,yd(:,2),’r’,t,y(:,2),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Speed tracking’);
legend(’ideal speed signal’,’speed tracking’);

figure(2);
subplot(211);
plot(t,yd(:,1)-y(:,1),’k’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’position signal error’);
legend(’position tracking error’);
subplot(212);
plot(t,yd(:,2)-y(:,2),’k’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Speed tracking error’);
legend(’speed tracking error’);

figure(3);
plot(t,y(:,3),’r’,t,u(:,2),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’F and Estimated F’);
legend(’Practical Friction’,’Estimated Friction’);
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Programs for Sect. 6.3.3.2

Simulink main program: chap6_6sim.mdl

S function for control law and adaptive law: chap6_6ctrl.m

function [sys,x0,str,ts] ¼ Robust_RBF(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
global c b alfa
c¼0.5*[-3 -2 -1 0 1 2 3;

-3 -2 -1 0 1 2 3;
-3 -2 -1 0 1 2 3;
-3 -2 -1 0 1 2 3];

b¼10*ones(7,1);
alfa¼20;
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sizes ¼ simsizes;
sizes.NumContStates ¼ 14;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 4;
sizes.NumInputs ¼ 8;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0 ¼ [zeros(14,1)];
str ¼ [];
ts ¼ [];
function sys¼mdlDerivatives(t,x,u)
global c b alfa

qd1¼u(1);qd2¼u(2);
dqd1¼cos(t);dqd2¼cos(t);
dqd¼[dqd1 dqd2]’;
ddqd1¼-sin(t);ddqd2¼-sin(t);
ddqd¼[ddqd1 ddqd2]’;

q1¼u(3);dq1¼u(4);
q2¼u(5);dq2¼u(6);

e1¼q1-qd1;
e2¼q2-qd2;
e¼[e1 e2]’;
de1¼dq1-dqd1;
de2¼dq2-dqd2;
de¼[de1 de2]’;
x2¼de+alfa*e;

xi¼[e1;e2;de1;de2];
%xi¼[q1;dq1;q2;dq2];
h¼zeros(7,1);
for j¼1:1:7

h(j)¼exp(-norm(xi-c(:,j))^2/(2*b(j)*b(j)));
end

% Adaptive Law
xite¼1500;
S¼-xite*x2*h’;
for i¼1:1:7

sys(i)¼S(1,i);
sys(i+7)¼S(2,i);

end
function sys¼mdlOutputs(t,x,u)
global c b alfa
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qd1¼u(1);qd2¼u(2);
dqd1¼cos(t);dqd2¼cos(t);
dqd¼[dqd1 dqd2]’;
ddqd1¼-sin(t);ddqd2¼-sin(t);
ddqd¼[ddqd1 ddqd2]’;

q1¼u(3);dq1¼u(4);
q2¼u(5);dq2¼u(6);

e1¼q1-qd1;
e2¼q2-qd2;
e¼[e1 e2]’;
de1¼dq1-dqd1;
de2¼dq2-dqd2;
de¼[de1 de2]’;

r1¼1;r2¼0.8;
m1¼1;m2¼1.5;

M11¼(m1+m2)*r1^2+m2*r2^2+2*m2*r1*r2*cos(x(3));
M22¼m2*r2^2;
M21¼m2*r2^2+m2*r1*r2*cos(x(3));
M12¼M21;
M¼[M11 M12;M21 M22];

V12¼m2*r1*sin(x(3));
V¼[-V12*x(4) -V12*(x(2)+x(4));V12*x(1) 0];
g1¼(m1+m2)*r1*cos(x(3))+m2*r2*cos(x(1)+x(3));
g2¼m2*r2*cos(x(1)+x(3));
G¼[g1;g2];

w¼M*alfa*de+V*alfa*e;
Gama¼0.050;

xi¼[e1;e2;de1;de2];
%xi¼[q1;dq1;q2;dq2];
h¼zeros(7,1);
for j¼1:1:5

h(j)¼exp(-norm(xi-c(:,j))^2/(2*b(j)*b(j)));
end
Wf¼[x(1) x(2) x(3) x(4) x(5) x(6) x(7);

x(8) x(9) x(10) x(11) x(12) x(13) x(14)]’;

S¼2;
if S¼¼1 %Without RBF compensation

ut¼-e-w-0.5*1/Gama^2*(de+alfa*e);
elseif S¼¼2 %Without RBF compensation

x2¼de+alfa*e;
ut¼-w+Wf’*h-0.5*1/Gama^2*x2-0.5*x2;
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end
T¼ut+M*ddqd+V*dqd+G;

NN¼Wf’*h;
sys(1)¼T(1);
sys(2)¼T(2);
sys(3)¼NN(1);
sys(4)¼NN(2);
S function for plant:chap6_6plant.m
function [sys,x0,str,ts]¼plant(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2, 4, 9 }

sys ¼ [];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 4;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 6;
sizes.NumInputs ¼ 4;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 0;
sys¼simsizes(sizes);
x0¼[0 0 0 0];
str¼[];
ts¼[];
function sys¼mdlDerivatives(t,x,u)
r1¼1;r2¼0.8;
m1¼1;m2¼1.5;

M11¼(m1+m2)*r1^2+m2*r2^2+2*m2*r1*r2*cos(x(3));
M22¼m2*r2^2;
M21¼m2*r2^2+m2*r1*r2*cos(x(3));
M12¼M21;
M¼[M11 M12;M21 M22];

V12¼m2*r1*sin(x(3));
V¼[-V12*x(4) -V12*(x(2)+x(4));V12*x(1) 0];
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g1¼(m1+m2)*r1*cos(x(3))+m2*r2*cos(x(1)+x(3));
g2¼m2*r2*cos(x(1)+x(3));
G¼[g1;g2];

D¼[10*x(2)+30*sign(x(2)) 10*x(4)+30*sign(x(4))]’;

T¼[u(1) u(2)]’;

S¼inv(M)*(T-V*[x(2);x(4)]-G-D);

sys(1)¼x(2);
sys(2)¼S(1);
sys(3)¼x(4);
sys(4)¼S(2);
function sys¼mdlOutputs(t,x,u)

D¼[10*x(2)+30*sign(x(2)) 10*x(4)+30*sign(x(4))]’;
sys(1)¼x(1);
sys(2)¼x(2);
sys(3)¼x(3);
sys(4)¼x(4);
sys(5)¼D(1);
sys(6)¼D(2);
Plot program:chap6_6plot.m
close all;

figure(1);
subplot(211);
plot(t,yd1(:,1),’r’,t,y(:,1),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Position tracking of link 1’);
legend(’ideal position for link 1’,’position tracking for
link 1’);
subplot(212);
plot(t,yd2(:,1),’r’,t,y(:,3),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Position tracking of link 2’);
legend(’ideal position for link 2’,’position tracking for
link 2’);

figure(2);
subplot(211);
plot(t,yd1(:,2),’r’,t,y(:,2),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Speed tracking of link 2’);
legend(’ideal speed for link 1’,’speed tracking for link
1’);
subplot(212);
plot(t,yd2(:,2),’r’,t,y(:,4),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Speed tracking of link 2’);
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legend(’ideal speed for link 2’,’speed tracking for
link 2’);

figure(3);
subplot(211);
plot(t,y(:,5),’r’,t,u(:,3),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’d1’);
legend(’ideal delta_f for link 1’,’estimation of delta_f
for link1’);
subplot(212);
plot(t,y(:,6),’r’,t,u(:,4),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’d2’);
legend(’ideal delta_f for link 2’,’estimation of delta_f
for link2’);
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Chapter 7

Adaptive Robust RBF Control Based on Local

Approximation

Abstract This chapter introduces three kinds of adaptive robust RBF controllers

for robotic manipulators based on local approximation, including robust adaptive

controller based on nominal model, adaptive controller based on local model

approximation, and adaptive controller based on task space.

Keywords Neural network • Adaptive control • Local approximation • Robotic

manipulators

GL matrix was proposed and applied to analyze adaptive neural network control

system stability [1–4]. In this chapter, we use GL matrix to design adaptive

controller for n-link manipulators based on RBF local approximation.

7.1 Robust Control Based on Nominal Model for Robotic

Manipulators

7.1.1 Problem Description

Consider dynamic equation of n� link manipulator as

MðqÞ€qþ Cðq, _qÞ _qþ GðqÞ ¼ τ � τd (7.1)

where MðqÞ is an n� n inertia matrix, Cðq, _qÞ is an n� n matrix containing the

centrifugal and Coriolis terms, GðqÞ is an n� 1 vector containing gravitational

forces and torques, q is generalized joint coordinates, τ is joint torques, and τd
denotes disturbances.

In practical engineering,MðqÞ,Cðq, _qÞ andGðqÞ are often unknown, which can be
expressed as

J. Liu, Radial Basis Function (RBF) Neural Network Control for Mechanical Systems:
Design, Analysis and Matlab Simulation, DOI 10.1007/978-3-642-34816-7_7,
# Tsinghua University Press, Beijing and Springer-Verlag Berlin Heidelberg 2013
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MðqÞ ¼ M0ðqÞ þ EM

Cðq, _qÞ ¼ C0ðq, _qÞ þ EC

GðqÞ ¼ G0ðqÞ þ EG

where EM; EC, and EG are modeling error ofMðqÞ; C0ðq, _qÞ, andGðqÞ respectively.

7.1.2 Controller Design

Define position tracking error as

eðtÞ ¼ qdðtÞ � qðtÞ

where qdðtÞ is ideal position signal and qðtÞ is practical position signal.

Define sliding mode function as

r ¼ _eþ Λe (7.2)

where Λ > 0:
Define _qr ¼ rðtÞ þ _qðtÞ; then €qr ¼ _rðtÞ þ €qðtÞ; _qr ¼ _qd þ Λe, and €qr ¼ €qd þ Λ _e:

From (7.1), we have

τ ¼ MðqÞ€qþ Cðq, _qÞ _qþ GðqÞ þ τd
¼ MðqÞð€qr � _rÞ þ Cðq, _qÞð _qr � rÞ þ GðqÞ þ τd
¼ MðqÞ€qr þ Cðq, _qÞ _qr þ GðqÞ �MðqÞ_r � Cðq, _qÞr þ τd
¼ M0ðqÞ€qr þ C0ðq, _qÞ _qr þ G0ðqÞ þ E0 �MðqÞ_r � Cðq, _qÞr þ τd ð7:3Þ

where E0 ¼ EM€qr þ EC _qr þ EG:
For the system, a controller was proposed as [1]

τ ¼ τm þ Kprþ Ki

ð
rdtþ τr (7.4)

whereKp > 0; Ki > 0; τm denotes control term based on nominal model, τr denotes
robust term, and

τm ¼ M0ðqÞ€qr þ C0ðq, _qÞ _qr þ G0ðqÞ (7.5)

τr ¼ KrsgnðrÞ (7.6)

where Kr ¼ diag½krii�; krii � jEij, i ¼ 1; . . . ; n; and E ¼ E0 þ τd:
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From (7.3)–(7.6), we have

M0ðqÞ€qr þ C0ðq, _qÞ _qr þ G0ðqÞ �MðqÞ_r � Cðq, _qÞr þ E0 þ τr

¼ M0ðqÞ€qr þ C0ðq, _qÞ _qr þ G0ðqÞ þ Kpr þ Ki

ðt
0

rdtþ KrsgnðrÞ:

Thus,

MðqÞ_r þ Cðq, _qÞr þ Ki

ðt
0

rdt ¼ �Kpr � KrsgnðrÞ þ E: (7.7)

7.1.3 Stability Analysis

An integration-type Lyapunov function is designed as [1]

V ¼ 1

2
rTMr þ 1

2

ðt
0

rdτ

� �T

Ki

ðt
0

rdτ

� �
; (7.8)

Then

_V ¼ rT M _r þ 1

2
_Mr þ Ki

ðt
0

rdτ

� �
:

Considering the skew-symmetric characteristics of manipulator dynamic equa-

tion, rTð _M � 2CÞr ¼ 0, we have

_V ¼ rT M _r þ Cr þ Ki

ðt
0

rdτ

� �
:

Substituting (7.7) into above, we have

_V ¼� rTKpr � rTKrsgnðrÞ þ rTE

¼� rTKpr �
Xn
i¼1

Kriijrji þ rTE:

Considering krii � jEij; then

_V � �rTKpr � 0:
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Hence,

λminðKpÞ
ðt
0

rTr �
ðt
0

rTKpr � Vð0Þ

where λminðKpÞ is the minimum eigenvalue of Kp:

Since Vð0Þ and λminðKpÞ are positive constants, it follows that r 2 Ln2: Conse-
quently, e 2 Ln2 \ Ln1; e is continuous, e ! 0 as t ! 1; and _e 2 Ln2:

Furthermore, since _V � �rTKpr � 0, it follows that 0 � V � Vð0Þ; 8t � 0:

Hence, VðtÞ 2 L1 implies that
Ð t
0
rdτ is bounded.

From e 2 Ln2 \ Ln1; _e 2 Ln2 and _qd; €qd 2 Ln1; we can conclude that _qr 2 Ln1 and

€qr 2 Ln1; by observing that r 2 Ln2; and from qd,τr 2 Ln1; we can conclude that

_r 2 Ln1 from (7.7) and τ 2 Ln1 from (7.4).

Using the fact that r 2 Ln2 and _r 2 Ln1; thus r ! 0 as t ! 1: Hence, _e ! 0 as

t ! 1: This completes the proof.

The shortcoming of the controller is that nominal model of the robotic

manipulators must be known, and big uncertainties will need big krii; which will

deduce big control chattering. To overcome this problem, we can use RBF neural

network.

7.1.4 Simulation Example

The dynamic equation of two-link manipulator is

MðqÞ€qþ Cðq, _qÞ _qþ GðqÞ ¼ τ � τd

where

MðqÞ ¼ p1 þ p2 þ 2p3 cos q2 p2 þ p3 cos q2
p2 þ p3 cos q2 p2

� �

Cðq, _qÞ ¼ �p3 _q2 sin q2 �p3ð _q1 þ _q2Þ sin q2
p3 _q1 sin q2 0

� �

GðqÞ ¼ p4g cos q1 þ p5g cos ðq1 þ q2Þ
p5g cos ðq1 þ q2Þ

� �
; τd ¼ 20 sgn ð _qÞ:

Choose p ¼ ½ 2:90 0:76 0:87 3:04 0:87 �T; the initial states of the plant

are q0 ¼ ½ 0:09 �0:09 �T and _q0 ¼ ½ 0:0 0:0 �T; and consider M0 ¼ 0:8M;
C0 ¼ 0:8C; G0 ¼ 0:8G:
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The desired trajectory is qd1 ¼ 0:5 sin ðπtÞ and qd2 ¼ sinðπtÞ: In simulation, we

use control law (7.4), (7.5), and (7.6), and the parameters are chosen as Kp ¼
100 0

0 100

� �
; Ki ¼ 100 0

0 100

� �
; Kr ¼ 15 0

0 15

� �
; and Λ ¼ 5:0 0

0 5:0

� �
: The

simulation results are shown in Figs. 7.1 and 7.2.

The Simulink program of this example is chap7_1sim.mdl; the Matlab programs

of the example are given in the Appendix.

7.2 Adaptive RBF Control Based on Local Model

Approximation for Robotic Manipulators

7.2.1 Problem Description

Consider dynamic equation of n� link manipulator as

MðqÞ€qþ Cðq, _qÞ _qþ GðqÞ ¼ τ (7.9)

where MðqÞ is an n� n inertia matrix, Cðq, _qÞ is an n� n matrix containing the

centrifugal and Coriolis terms, GðqÞ is an n� 1 vector containing gravitational

forces and torques, q denotes angle signal, and τ is joint torques.
In practical engineering, MðqÞ; Cðq, _qÞ, and GðqÞ are always unknown. In this

section, we use three kinds of RBF to modelMðqÞ; Cðq, _qÞ, and GðqÞ, respectively.

Fig. 7.1 Position and speed tracking for link 1
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We assume the outputs of ideal RBF neural network areMSNNðqÞ; CDNNðq, _qÞ, and
GSNNðqÞ, respectively, that is,

MðqÞ ¼ MSNNðqÞ þ EM (7.10)

Cðq, _qÞ ¼ CDNNðq, _qÞ þ EC (7.11)

GðqÞ ¼ GSNNðqÞ þ EG (7.12)

where EM; EC, and EG are modeling error ofMðqÞ; Cðq, _qÞ, andGðqÞ, respectively.
Then we have

MðqÞ€qr þ Cðq, _qÞ _qr þ GðqÞ ¼ MSNNðqÞ€qr þ CDNNðq, _qÞ _qr þ GðqÞ þ E

¼ fWMgT � fΞMðqÞg
h i

€qr þ fWCgT � fΞCðzÞg
h i

_qr

þ fWGgT � fΞGðqÞg
h i

þ E ð7:13Þ

whereWM;WC, andWG are ideal weight value of RBF;ΞM; ΞC, andΞG are output of

hidden layer; and E ¼ EM€qr þ EC _qr þ EG:
The estimates ofMSNNðqÞ; CDNNðq, _qÞ; andGSNNðqÞ can be expressed by RBF as

M̂SNNðqÞ ¼ fŴMgT � fΞMðqÞg
h i

(7.14)

Fig. 7.2 Position and speed tracking for link 2
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ĈDNNðq, _qÞ ¼ fŴCgT � fΞCðzÞg
h i

(7.15)

ĜSNNðqÞ ¼ fŴGgT � fΞGðqÞg
h i

(7.16)

where fŴMg; fŴCg , and fŴGg are estimates of fWMg; fWCg , and fWGg;
respectively, and z ¼ ½ qT _qT �T.

7.2.2 Controller Design

Define

eðtÞ ¼ qdðtÞ � qðtÞ (7.17)

_qr ¼ rðtÞ þ _qðtÞ (7.18)

€qr ¼ _rðtÞ þ €qðtÞ (7.19)

where qdðtÞ is ideal position signal and qðtÞ is practical position signal.

Define

r ¼ _eþ Λe: (7.20)

Then we have _qr ¼ _qd þ Λe and €qr ¼ €qd þ Λ _e; Λ > 0:
Submitting (7.18) and (7.19) into (7.9), we have

τ ¼ MðqÞ€qþ Cðq, _qÞ _qþ GðqÞ
¼ MðqÞ€qr þ Cðq, _qÞ _qr þ GðqÞ �MðqÞ_r-Cðq, _qÞr
¼ fWMgT � fΞMðqÞg
h i

€qr þ fWCgT � fΞCðzÞg
h i

_qr þ fWGgT � fΞGðqÞg
h i

�MðqÞ_r � Cðq, _qÞr þ E: ð7:21Þ

For the system, the controller is proposed as [1]

τ ¼ τm þ Kprþ Ki

Z
rdtþ τr

¼ M̂SNNðqÞ€qr þ ĈDNNðq, _qÞ _qr þ ĜSNNðqÞ þ Kpr þ Ki

Z
rdtþ τr

¼ fŴMgT � fΞMðqÞg
h i

€qr þ fŴCgT � fΞCðzÞg
h i

_qr þ fŴGgT � fΞGðqÞg
h i

þ Kpr þ Ki

Z
rdtþ τr ð7:22Þ
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where Kp > 0 and Ki > 0:

The model-estimated control law is designed as

τm ¼ M̂SNNðqÞ€qr þ ĈDNNðq, _qÞ _qr þ ĜSNNðqÞ: (7.23)

The robust term is designed as

τr ¼ KrsgnðrÞ (7.24)

where Kr ¼ diag½krii�; and krii � jEij:
From (7.21) and (7.22), we have

MðqÞ_r þ Cðq, _qÞr þ Kpr þ KI

ðt
0

rdtþ τr ¼ f ~WMgT � fΞMðqÞg
h i

€qr

þ f ~WCgT � fΞCðzÞg
h i

_qr

þ f ~WGgT � fΞGðqÞg
h i

þ E ð7:25Þ

where ~WM ¼ WM � ŴM; ~WC ¼ WC � ŴC; and ~WG ¼ WG � ŴG:
The Eq. (7.25) can be rewritten as

MðqÞ_r þ Cðq; _qÞr þ KI

ðt
0

rdt ¼� Kpr� KrsgnðrÞ

þ f ~WMgT � fΞMðqÞg
h i

€qr þ f ~WCgT � fΞCðzÞg
h i

_qr

þ f ~WGgT � fΞGðqÞg
h i

þ E: ð7:26Þ

The adaptive law is designed as [1]

_̂WMk ¼ ΓMk � fξMkðqÞg€qrrk (7.27)

_̂WCk ¼ ΓCk � fξCkðzÞg _qrrk (7.28)

_̂WGk ¼ ΓGk � fξGkðqÞgrk (7.29)

where k ¼ 1; 2; . . . ; n:

7.2.3 Stability Analysis

An integration-type Lyapunov function is designed as [1]
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V ¼ 1

2
rTMr þ 1

2

ðt
0

rdτ

� �T

KI

ðt
0

rdτ

� �
þ 1

2

Xn
k¼1

~WT
MkΓ

�1
Mk

~WMk

þ 1

2

Xn
k¼1

~WT
CkΓ

�1
Ck

~WCk þ 1

2

Xn
k¼1

~WT
GkΓ

�1
Gk

~WGk ð7:30Þ

where ΓMk; ΓCk, and ΓGk are symmetric positive-definite constant matrices.

The derivative is given by

_V ¼ rT M _r þ 1

2
_Mr þ KI

ðt
0

rdτ

� �
þ
Xn
k¼1

~WT
MkΓ

�1
Mk

_~WMk þ
Xn
k¼1

~WT
CkΓ

�1
Ck

_~WCk

þ
Xn
k¼1

~WT
GkΓ

�1
Gk

_~WGk:

Considering the skew-symmetric characteristics of manipulator dynamic equa-

tion, rTð _M � 2CÞr ¼ 0, we have

_V ¼ rT M _r þ Cr þ KI

ðt
0

rdτ

� �
þ
Xn
k¼1

~WT
MkΓ

�1
Mk

_~WMk þ
Xn
k¼1

~WT
CkΓ

�1
Ck

_~WCk

þ
Xn
k¼1

~WT
GkΓ

�1
Gk

_~WGk:

Submitting (7.26) into above, we have

_V ¼� rTKpr � rTKrsgnðrÞ þ rT f ~WMgT � fΞMg
h i

€qr

þ rT f ~WCgT � fΞCg
h i

_qr þ rT f ~WGgT � fΞGg
h i

þ rTE

þ
Xn
k¼1

~WT
MkΓ

�1
Mk

_~WMk þ
Xn
k¼1

~WT
CkΓ

�1
Ck

_~WCk þ
Xn
k¼1

~WT
GkΓ

�1
Gk

_~WGk

since

rT½f ~WMgT � fΞMg�€qr ¼ ½ r1 r2 � � � rn �
f ~WM1gT � fξM1g€qr
f ~WM2gT � fξM2g€qr

..

.

f ~WMngT � fξMng€qr

2
66664

3
77775

¼
Xn
k¼1

f ~WMkgT � fξMkg€qrrk:
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For the same reason, we have

rT f ~WCgT � fΞCg
h i

€qr ¼
Xn
k¼1

f ~WCkgT � fξCkg€qrrk

rT f ~WGgT � fΞGg
h i

¼
Xn
k¼1

~WGk
T � ξCkrk:

Thus,

_V ¼� rTKpr þ rTE� rTKrsgnðrÞ þ
Xn
k¼1

f ~WDkgT � fξDkg€qrrk

þ
Xn
k¼1

f ~WCkg � fξCkg _qrrk þ
Xn
k¼1

~WGk � ξGkrk

þ
Xn
k¼1

~WT
DkΓ

�1
Dk

_~WDk þ
Xn
k¼1

~WT
CkΓ

�1
Ck

_~WCk þ
Xn
k¼1

~WT
GkΓ

�1
Gk

_~WGk

since

_~WMk ¼ � _̂WMk;
_~WCk ¼ � _̂WCk; and _~WGk ¼ � _̂WGk

Inserting adaptive law (7.27), (7.28), and (7.29) into above and considering krii
� Eij j; we have

_V ¼ �rTKpr þ rTE� rTKrsgnðrÞ � �rTKpr � 0:

Hence,

λminðKpÞ
ðt
0

rTr �
ðt
0

rTKpr � Vð0Þ

where λminðKpÞ is the minimum eigenvalue of Kp.

Since Vð0Þ and λminðKpÞ are positive constants, it follows that r 2 Ln2: Conse-
quently, e 2 Ln2 \ Ln1; e is continuous, e ! 0 as t ! 1; and _e 2 Ln2:

Furthermore, since _V � �rTKpr � 0, it follows that 0 � V � Vð0Þ; 8t � 0:

Hence, VðtÞ 2 L1 implies that
Ð t
0
rdτ; ~WMk; ŴCk , and ~WGk are bounded, that is,

ŴMk; ŴCk and ~WGk are bounded.

From e 2 Ln2 \ Ln1; _e 2 Ln2, and _qd; €qd 2 Ln1; we can conclude that _qr 2 Ln1 and

€qr 2 Ln1; by observing that r 2 Ln2; and from qd; τr 2 Ln1; we can conclude that

_r 2 Ln1 from (7.26) and τ 2 Ln1 from (7.22).

Using the fact that r 2 Ln2 and _r 2 Ln1; thus r ! 0 as t ! 1: Hence _e ! 0 as

t ! 1: This completes the proof.
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7.2.4 Simulation Examples

7.2.4.1 First Example

Consider a simple plant as

MðqÞ€qþ Cðq, _qÞ _qþ GðqÞ ¼ τ

where M ¼ 0:1þ 0:06 sin q; C ¼ 3 _qþ 3 cos _q; G ¼ mgl cos q; m ¼ 0:02; l ¼
0:05; and g ¼ 9:8.

The initial states of the plant areqð0Þ ¼ 0:15and _qð0Þ ¼ 0. The desired trajectory

is qd ¼ sin t:
For RBF neural network, the structure is 2-7-1, the input is z ¼ ½ q _q �; and the

parameters of Gaussian functions ci and bi are designed as

½ �1:5 �1:0 �0:5 0 0:5 1:0 1:5 �and 20. The initialweight value is chosen
as zero. We use control law (7.22), (7.23), and (7.24) and adaptive law (7.27), (7.28),

and (7.29), the parameters are chosen asKr ¼ 0:10; Kp ¼ 15; Ki ¼ 15, andΛ ¼ 5.0,

the gain in the adaptive law (7.27), (7.28), and (7.29) is ΓM ¼ 100, ΓC ¼ 100 and

ΓG ¼ 100; respectively. The results are shown from Figs. 7.3, 7.4, and 7.5.
The Simulink program of this example is chap7_2sim.mdl, and the Matlab

programs of the example are given in the Appendix.

Just like the explanation in section “simulation of a simple adaptive control

system,” the variation of the elements of M̂ðqÞ; Ĉðq, _qÞ, and ĜðqÞ do not converge to
MðqÞ; Cðq, _qÞ, and GðqÞ: This is due to the fact that the desired trajectory is not

persistently exciting, and this occurs quite often in real-world application.

Fig. 7.3 Position and speed tracking
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7.2.4.2 Second Example

Not considering friction and disturbance, the dynamic equation of two-link manip-

ulator is

MðqÞ€qþ Cðq, _qÞ _qþ GðqÞ ¼ τ

Fig. 7.4 Control input

Fig. 7.5 Estimation of MðqÞ; Cðq, _qÞ and GðqÞ.
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where

MðqÞ ¼ p1 þ p2 þ 2p3 cos q2 p2 þ p3 cos q2

p2 þ p3 cos q2 p2

� �

Cðq, _qÞ ¼ �p3 _q2 sin q2 �p3ð _q1 þ _q2Þ sin q2

p3 _q1 sin q2 0

� �

GðqÞ ¼ p4g cos q1 þ p5g cos ðq1 þ q2Þ
p5g cos ðq1 þ q2Þ

� �

Choose p ¼ ½ 2:90 0:76 0:87 3:04 0:87 �T; and the initial states of the

plant are q0 ¼ ½ 0:09 �0:09 �T and _q0 ¼ ½ 0:0 0:0 �T:
The desired trajectory is qd1 ¼ 0:5 sin ðπtÞ and qd2 ¼ sin ðπtÞ: In simulation,we

use control law (7.22), (7.23), and (7.24) with adaptive law (7.27), (7.28), and

(7.29), and the parameters are chosen as Kp ¼ 100 0

0 100

� �
; Ki ¼ 100 0

0 100

� �
;

Kr ¼ 0:1 0

0 0:1

� �
; and Λ ¼ 5:0 0

0 5:0

� �
: The element of the gain matrix in the

adaptive law (7.27), (7.28), and (7.29) is ΓMk ¼ 5; ΓCk ¼ 10 and ΓGk ¼ 5,

respectively .

For RBF neural network, the structure is 2-5-1. ForMðqÞ and GðqÞ; the input is
z ¼ ½ q1 q2 �. For MðqÞ and GðqÞ; the input is z ¼ ½ q1 q2 _q1 _q2 �:

The parameters of Gaussian functions ci and bi are designed as

½ �1:5 �1:0 �0:5 0 0:5 1:0 1:5 � and 10. The initial weight value is

chosen as zero. The simulation results are shown from Figs. 7.6, 7.7, 7.8, and 7.9.

For the same reason, the variation of the norm of M̂ðqÞ; Ĉðq; _qÞ, and ĜðqÞ do not
converge to the norm of MðqÞ; Cðq; _qÞ and GðqÞ:

The Simulink program of this example is chap7_3sim.mdl, and the Matlab

programs of the example are given in the Appendix.

7.3 Adaptive Neural Network Control of Robot Manipulators

in Task Space

The adaptive neural network control can be further extended to the task space or the

so-called Cartesian space [3, 4]. To apply robot manipulators to a wide class of

tasks, it will be necessary to control not only the position of the end effector but also

the force exerted by the end effector on the object. By designing the control law in

task space, force control can be easily formulated. Most controllers proposed thus

far for adaptive manipulator tracking in the task space require some sort of inverse

of the Jacobian matrix [5]. However, it is time-consuming and quite difficult to

obtain the inverse of the Jacobian matrix. By directly parameterizing the control

law, the inverse of the Jacobian matrix is not needed in this section.
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In this section, reference to the paper [4], an adaptive neural network controller

design of robot manipulators in task space is introduced. RBF neural networks are

used, uniformly stable adaptation is assured, and asymptotically tracking is

achieved.

Fig. 7.6 Position tracking of link 1 and link2

Fig. 7.7 Speed tracking of link 1 and link 2
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Fig. 7.8 Control inputs of link1 and link 2

Fig. 7.9 Norm estimation of MðqÞ; Cðq, _qÞ and GðqÞ
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7.3.1 Coordination Transformation from Task Space
to Joint Space

To express the system in the form of task space, we must express the end-effector

joint position coordinates ðq1; q2Þ in the form of Cartesian coordinates ðx1; x2Þ.
From Fig. 7.10, we have

x1 ¼ l1 cos q1 þ l2 cosðq1 þ q2Þ (7.31)

x2 ¼ l1 sin q1 þ l2 sinðq1 þ q2Þ (7.32)

From (7.31) and (7.32), we have

x21 þ x22 ¼ l21 þ l22 þ 2l1l2 cos q2

Thus

q2 ¼ cos�1 x21 þ x22 � l21 � l22
2l1l2

� �
(7.33)

From the book [6], if we let p1 ¼ arctan
x2
x1

and p2 ¼ arccos
x21 þ x22 þ l21 � l22
2l1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ x22

p ;

then

q1 ¼ p1 � p2; q2 > 0

p1 þ p2; q2 � 0:

�
(7.34)

7.3.2 Neural Network Modeling of Robot Manipulators

Consider dynamic equation of n� link manipulator as

MðqÞ€qþ Cðq; _qÞ _qþ GðqÞ ¼ τ (7.35)

Fig. 7.10 Two-degree-of-

freedom robot manipulator

208 7 Adaptive Robust RBF Control Based on Local Approximation



where MðqÞ is an n� n inertia matrix, Cðq; _qÞ is an n� n matrix containing the

centrifugal and Coriolis terms, GðqÞ is an n� 1 vector containing gravitational

forces and torques, q denotes the vector of joint variables, and τ is joint torques.
Usually, the manipulator task specification is given relative to the end effector.

Hence, it is natural to attempt to derive the control algorithm directly in the task

space rather than in the joint space. Denote the end-effector position and orientation

in the task space by x 2 Rn: The task space dynamics can then be written as [7]

MxðqÞ€xþ Cxðq; _qÞ _xþ GxðqÞ ¼ Fx (7.36)

where MxðqÞ ¼ J�TðqÞMðqÞJ�1ðqÞ; Cxðq; _qÞ ¼ J�TðqÞðCðq; _qÞ � DðqÞJ�1ðqÞ _J
ðqÞÞJ�1ðqÞ; GxðqÞ ¼ J�TðqÞGðqÞ; Fx ¼ J�TðqÞτ: JðqÞ 2 Rn�n is the

configuration-dependent Jacobian matrix, which is assumed to be nonsingular in

the finite work space Ω.
The above dynamic equation has the following useful structure properties, which

can be used in the controller design.

Property 7.1. The inertia MxðqÞ is symmetric and positive definite.

Property 7.2. Matrix _MxðqÞ � 2Cxðq; _qÞ is skew symmetric if Cxðq; _qÞ is defined
by the Christoffel symbols.

It is observed that both MxðqÞ and GxðqÞ are functions of q only; hence, static

neural networks are sufficient to model them. Assume thatMxðqÞ and GxðqÞ can be

modeled as

mxkjðqÞ ¼
X
l

θkjlξkjlðqÞ þ EmkjðqÞ ¼ θTkjξkjðqÞ þ EmkjðqÞ

gxkðqÞ ¼
X
l

βklηklðqÞ þ EgkðqÞ ¼ βTk ηkðqÞ þ EgkðqÞ

where θkjl; βkl 2 R are the weights of the neural networks, ξkjlðqÞ; ηklðqÞ 2 R are

the corresponding Gaussian basis functions with input vector q, and EmkjðqÞ; and
EgkðqÞ 2 R are the modeling errors of mxkjðqÞ and gxkðqÞ; respectively, and are

assumed to be bounded.

For Cðq; _qÞ; a dynamic neural network of q and _q is used to model it. Assume

that cxkjðq; _qÞ can be modeled as

cxkjðq; _qÞ ¼
X
l

αkjlξkjlðzÞ þ EckjðzÞ ¼ αT
kjξkjðzÞ þ EckjðzÞ

where z ¼ ½qT _qT�T 2 R2n; and αkjl 2 R are the weights, ξkjlðzÞ 2 R is the

corresponding Gaussian basis function with input vector z, and EckjðzÞ is the

modeling error of cxkjðq; _qÞ; which is also assumed to be bounded.
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Therefore, the task space dynamics of the manipulators can be described as

MxðqÞ€xþ Cxðq; _qÞ _xþ GxðqÞ ¼ Fx (7.37)

where

mxkjðqÞ ¼ θTkjξkjðqÞ þ EdkjðqÞ
cxkjðq; _qÞ ¼ αT

kjξkjðzÞ þ EckjðzÞ
gxkðqÞ ¼ βTk ηkðqÞ þ EgkðqÞ

Using the GL matrix and its product operator [3], we can write MxðqÞ as

MxðqÞ ¼ fΘgT � fΞðqÞg
h i

þ EMðqÞ (7.38)

where fΘg and fΞðqÞg are the GLmatrices with their elements being θkj and ξkjðqÞ;
respectively. EMðqÞ 2 Rn�n is a matrix with its elements being the modeling errors

EmkjðqÞ:
Similarly, for Cxðq; _qÞ and GxðqÞ; we have

Cxðq; _qÞ ¼ Af gT � ZðzÞf g� 	þ ECðzÞ (7.39)

GxðqÞ ¼ Bf gT � HðqÞf g� 	þ EGðqÞ (7.40)

where fAg; ZðzÞf g; fBg, and HðqÞf g are the GL matrices and vectors with their

elements beingαkj; ξkjðzÞ; βk, and ηkðqÞ; respectively.ECðzÞ 2 Rn�n andEGðqÞ 2 Rn

are the matrix and vector with their elements being the modeling errors EckjðzÞ and
EgkðqÞ; respectively.

7.3.3 Controller Design

Let xdðtÞ be the desired trajectory in the task space and _xdðtÞ and €xdðtÞ be the desired
velocity and acceleration. Define

eðtÞ ¼ xdðtÞ � xðtÞ
_xrðtÞ ¼ _xdðtÞ þ ΛeðtÞ

rðtÞ ¼ _xrðtÞ � _xðtÞ ¼ _eðtÞ þ ΛeðtÞ

where Λ is a positive-definite matrix.
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Lemma 7.1 (Barbalat’s Lemma) [8] . Let h: ´!´ be a uniformly continuous

function defined on [0, +1). Suppose that lim
t!1

R t
0
hðδÞdδ exists and is finite. Then

we have lim
t!1 hðtÞ ¼ 0:

Lemma 7.2 [9]. Let eðtÞ ¼ hðtÞ � rðtÞ: “*” denotes convolution product; hðtÞ ¼
L�1HðsÞ; where HðsÞ is an n� n strictly proper, exponentially stable transfer

function. If r 2 Ln
2; then e 2 Ln

2 \ Ln
1; _e 2 Ln

2; e is continuous, and e ! 0as t ! 1:
In addition, if r ! 0 as t ! 1; then _e ! 0:

Explanation of Lemma 7.1: Consider a second SISO system. We select rðtÞ ¼ c

eðtÞ þ _eðtÞ; then we have rðsÞ ¼ eðsÞðcþ sÞ and eðsÞ ¼ 1
sþc rðsÞ; and thus HðsÞ

¼ 1
sþc : To guarantee HðsÞ a strictly proper, exponentially stable transfer function,

we can design c>0: Under these conditions, if rðtÞ ¼ 0, we have ceðtÞ þ _eðtÞ ¼ 0,

and the exponentially convergence can be guaranteed.

Denote the estimate of ð̂�Þ by ð�Þ; and define ð~�Þ ¼ ð�Þ � ð̂�Þ; hence, fΘ̂g; fÂg and
fB̂g represent the estimates of the true parameter matrices fΘg; fAg, and fBg;
respectively.

Design a general controller in the form [3]

Fx ¼ fΘ̂gT � ΞðqÞf g
h i

€xr þ fÂgT � fZðzÞg
h i

_xr þ fB̂gT � fHðqÞg
h i

þ Kr

þ kssgnðrÞ (7.41)

where K 2 Rn�n > 0; ks > jjEjj; and E ¼ EMðqÞ€xr þ ECðzÞ _xr þ EGðqÞ:
The first three terms of the control law are the model-based control, whereas the

Kr term gives PD-type control, and the last term in the control law is added to

suppress the modeling error of the neural networks.

From the controller expression, it is clear that the controller does not require the

inverse of the Jacobian matrix. In real-time implementation, the practical control

input can be computed as τ ¼ JTðqÞFx:
Substituting (7.38), (7.39), and (7.40) into (7.37), we have

fθgT � fΞðqÞg
h i

þ EMðqÞ
n o

€xþ fAgT � fZðzÞg
h i

þ ECðzÞ
n o

_x

þ fBgT � fHðqÞg
h i

þ EGðqÞ ¼ Fx:

Applying the control law (7.41) into above equation yields

fθgT � fΞðqÞg
h i

þ EMðqÞ
n o

€xþ fAgT � fZðzÞg
h i

þ ECðzÞ
n o

_xþ fBgT � fHðqÞg
h i

þ EGðqÞ

¼ fθ̂gT � fΞðqÞg
h i

€xr þ fÂgT � fZðzÞg
h i

_xr þ fB̂gT � fHðqÞg
h i

þ Kr þ ks sgnðrÞ:
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Substituting _x ¼ _xr � r and €x ¼ €xr � _r into above yields

fθgT � fΞðqÞg
h i

þ EMðqÞ
n o

ð€xr � _rÞ þ fAgT � fZðzÞg
h i

þ ECðzÞ
n o

ð _xr � rÞ þ fBgT � fHðqÞg
h i

þ EGðqÞ

¼ fθ̂gT � fΞðqÞg
h i

€xr þ fÂgT � fZðzÞg
h i

_xr þ fB̂gT � fHðqÞg
h i

þ Kr þ kssgnðrÞ
:

Simplifying the above equation yields

fθgT � fΞðqÞg
h i

þ EMðqÞ
n o

_r þ fAgT � fZðzÞg
h i

þ ECðzÞ
n o

r þ Kr þ ks sgnðrÞ

¼ f~θgT � fΞðqÞg
h i

€xr þ f~AgT � fZðzÞg
h i

_xr þ f~BgT � fHðqÞg
h i

þ E:

Applying (7.38) and (7.39) into above equation yields

MxðqÞ_r þ Cxðq; _qÞr þ Kr þ ks sgnðrÞ
¼ f~θgT � fΞðqÞg

h i
€xr þ f~AgT � fZðzÞg

h i
_xr þ f~BgT � fHðqÞg

h i
þ E: ð7:42Þ

For the closed system (7.42), an adaptive law theorem is given as follows:

Theorem 7.1 [3]. For the closed-loop system (7.42), if K>0; ks>jjEjj; and the

adaptive weight value are designed as

_̂θk ¼ Γ k � fξkðqÞg€xrrk
_̂αk ¼ Qk � fξkðzÞg _xrrk
_̂βk ¼ NkηkðqÞrk (7.43)

where Γ k ¼ ΓT
k>0; Qk ¼ QT

k>0; and Nk ¼ NT
k>0; then θ̂k; α̂k; β̂k 2 L1 and

e 2 Ln2 \ Ln1; e are continuous, e ! 0; and _e ! 0 as t ! 1:

Proof:
Consider the nonnegative Lyapunov function as

V ¼ 1

2
rTMxðqÞr þ 1

2

Xn
k¼1

~θTkΓ
�1
k
~θk þ 1

2

Xn
k¼1

~αT
kQ

�1
k ~αk þ 1

2

Xn
k¼1

~βTkN
�1
k
~βk:

WhereΓ k; Qk; Nk are dimensional compatible symmetric positive-definite matrices,

computing the derivative of V yields

_V ¼ rTMx _r þ 1

2
rT _Mxr þ

Xn
k¼1

~θTkΓ
�1
k

_~θk þ
Xn
k¼1

~αT
kQ

�1
k

_~αk þ
Xn
k¼1

~βTkN
�1
k

_~βk:
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Consider the property of skew symmetric of _MxðqÞ � 2Cxðq; _qÞ; then rTð _Mx � 2

CxÞr ¼ 0; and

_V ¼ rTðMx _r þ CxrÞ �
Xn
k¼1

~θTkΓ
�1
k

_̂θk �
Xn
k¼1

~αT
kQ

�1
k

_̂αk �
Xn
k¼1

~βTkN
�1
k

_̂βk:

Substituting (7.42) into above yields

_V ¼� rTKr � ksr
T sgnðrÞ þ

Xn
k¼1

f~θkgT � fξkðqÞg€xrrk þ
Xn
k¼1

~αT
k � fξkðzÞg _xrrk

þ
Xn
k¼1

~βTk ηkðqÞrk þ rTE�
Xn
k¼1

~θTkΓ
�1
k

_̂θk �
Xn
k¼1

~αT
kQ

�1
k

_̂αk �
Xn
k¼1

~βTkN
�1
k

_̂βk:

(7.44)

Substituting the adaptive law (7.43) into (7.44),with ks>jjEjj; yields

_V ¼ �rTKr � ksr
T sgnðrÞ þ rTE � 0:

1. From _V � �rTKr � 0 and K>0; it follows that r 2 Ln
2: From Lemma 7.1,

e 2 Ln
2 \ Ln

1; _e 2 Ln
2; e is continuous, and e ! 0 as t ! 1:

2. Since _V � �rTKr � 0; it follows that 0 � VðtÞ � Vð0Þ and 8t � 0: Hence, as

VðtÞ 2 L1; this implies that r; ~θk; ~αk; ~βk 2 L1; that is, θ̂k; α̂k; β̂k 2 L1:

By observing that r 2 Ln
2; xd; _xd; €xd 2 Ln1; fΞðqÞg; fZðzÞg; and fHðqÞg are

bounded basis functions, we can conclude that _r 2 Ln
2 from (7.42). Therefore, r is

uniformly continuous. The proof is completed using the Barbalat’s Lemma: if r is
uniformly continuous and r 2 Ln

2, then r ! 0 as t ! 1; hence, _e ! 0 as t ! 1:

7.3.4 Simulation Examples

Consider dynamic equation of two-link manipulator as

MðqÞ€qþ Cðq; _qÞ _qþ GðqÞ ¼ τ

where MðqÞ ¼ m1 þ m2 þ 2m3 cos q2 m2 þ m3 cos q2
m2 þ m3 cos q2 m2

� �
;

Cðq; _qÞ ¼ �m3 _q2 sin q2 �m3ð _q1 þ _q2Þ sin q2
m3 _q1 sin q2 0:0

� �
; GðqÞ ¼ m4g cos q1 þ m5g cosðq1 þ q2Þ

m5g cos ðq1 þ q2Þ

" #
; mi

are the parameters given byMm ¼ Pþ plL withMm ¼ ½m1 m2 m3 m4 m5 �T;
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P ¼ ½ p1 p2 p3 p4 p5 �T; and L ¼ ½ l21 l22 l1l2 l1 l2 �T; where p
l
is the

payload, l1 and l2 are the lengths of link 1 and link 2, respectively, and p is the

parameter vector of the robot itself.

The true parameters of the robot used for the simulation are

P ¼ ½ 1:66 0:42 0:63 3:75 1:25 �Tkg �m2 and l1 ¼ l2 ¼ 1 m:
In order to test load disturbance rejection of the controller, a payload pl ¼ 0:5

was put on at time t ¼ 4:0:
The desired trajectory in the Cartesian space is chosen as xd1ðtÞ ¼ 1:0þ 0:2 cos

ðπtÞ; xd2ðtÞ ¼ 1:0þ 0:2 sin ðπtÞ; which represents a circle of radius 0.2 m, and its

center is located at ðx1; x2Þ ¼ ð1:0; 1:0Þm: The robot is initially rested with its end

effector positioned at the center of the circle, that is, xð0Þ ¼ ½ 1:0 1:0 �m and

_xð0Þ ¼ ½ 0:0 0:0 �m=s:
To express the system in the form of task space, we must use (7.33) and (7.34) to

express the end-effector position in the form of Cartesian coordinates.

The Jacobian matrix JðqÞ is known as

JðqÞ ¼ �l1 sin ðq1Þ � l2 sinðq1 þ q2Þ �l2 sinðq1 þ q2Þ
l1 cos ðq1Þ þ l2 cos ðq1 þ q2Þ l2 cos ðq1 þ q2Þ

� �
:

Thus,

_JðqÞ ¼ �l1 cos ðq1Þ � l2 cos ðq1 þ q2Þ �l2 cos ðq1 þ q2Þ
�l1 sin ðq1Þ � l2 sin ðq1 þ q2Þ �l2 sin ðq1 þ q2Þ

� �
_q1

þ �l2 cosðq1 þ q2Þ �l2 cos ðq1 þ q2Þ
�l2 sinðq1 þ q2Þ �l2 sinðq1 þ q2Þ

� �
_q2:

For each element of MxðqÞ and GxðqÞ; the input of RBF is q, and seven neural

nets in hidden layer are designed. For each element ofCxðq; _qÞ; the input of RBF is

ðq; _qÞ; and also seven neural nets in hidden layer are designed.

For each Gaussian function, the parameters of ci and bi are designed as

½ �1:5 �1:0 �0:5 0 0:5 1:0 1:5 � and 10. The initial weight value is

chosen as zero. We use the control law (7.41) and adaptive law (7.43), and the

parameters are chosen as K ¼ 30 0

0 30

� �
; ks ¼ 0:5: According to Lemma 7.2, we

choose Λ ¼ 15 0

0 15

� �
: The gains in the adaptive law (7.43) were given as Γ k

¼ diagf2:0g; Qk ¼ diagf0:10g; Nk ¼ diagf5:0g; respectively. The results are

shown from Figs. 7.11, 7.12, 7.13, 7.14, and 7.15.

The variation of the norm of jjM̂xðqÞjj; jjĈxðq; _qÞjj, and jjĜxðqÞjj do not converge
to jjMxðqÞjj; jjCxðq; _qÞjj , and jjGxðqÞjj: This is due to the fact that the desired

trajectory is not persistently exciting, and this occurs quite often in real-world

application.
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Fig. 7.11 Position tracking in x1 and x2 axis of end effector

Fig. 7.12 Speed tracking in x1 and x2 axis of end effector
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Fig. 7.13 Control input for link 1 and link 2

Fig. 7.14 Norm estimation of jjMxðqÞjj; jjCxðq; _qÞjj, and jjGxðqÞjj
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The Simulink program of this example is chap7_4sim.mdl, and the Matlab

programs of the example are given in the Appendix.

Appendix

Programs for Sect. 7.1.4

Simulink main program:chap7_1sim.mdl

Tracking command program:chap7_1input.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;

Fig. 7.15 Trajectory tracking of the end-effector
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case 1,
sys¼mdlDerivatives(t,x,u);

case 3,
sys¼mdlOutputs(t,x,u);

case {2,4,9}
sys¼[];

otherwise
error([’Unhandled flag ¼ ’,num2str(flag)]);

end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 0;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 6;
sizes.NumInputs ¼ 0;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 1;
sys ¼ simsizes(sizes);
x0 ¼ [];
str ¼ [];
ts ¼ [0 0];
function sys¼mdlOutputs(t,x,u)
qd1¼0.5*sin(pi*t);
d_qd1¼0.5*pi*cos(pi*t);
dd_qd1¼-0.5*pi*pi*sin(pi*t);
qd2¼sin(pi*t);
d_qd2¼pi*cos(pi*t);
dd_qd2¼-pi*pi*sin(pi*t);

sys(1)¼qd1;
sys(2)¼d_qd1;
sys(3)¼dd_qd1;
sys(4)¼qd2;
sys(5)¼d_qd2;
sys(6)¼dd_qd2;

S function for control law:chap7_1ctrl.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 3,

sys¼mdlOutputs(t,x,u);
case {1,2,4,9}

sys¼[];
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otherwise
error([’Unhandled flag ¼ ’,num2str(flag)]);

end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 0;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 2;
sizes.NumInputs ¼ 12;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0 ¼ [];
str ¼ [];
ts ¼ [];
function sys¼mdlOutputs(t,x,u)
qd1¼u(1);
dqd1¼u(2);
ddqd1¼u(3);
qd2¼u(4);
dqd2¼u(5);
ddqd2¼u(6);

q1¼u(7);
dq1¼u(8);
q2¼u(9);
dq2¼u(10);
dq¼[dq1;dq2];

e1¼qd1-q1;
e2¼qd2-q2;
de1¼dqd1-dq1;
de2¼dqd2-dq2;
e¼[e1;e2];
de¼[de1;de2];
Fai¼5*eye(2);
r¼de+Fai*e;

dqd¼[dqd1;dqd2];
dqr¼dqd+Fai*e;
ddqd¼[ddqd1;ddqd2];
ddqr¼ddqd+Fai*de;

p¼[2.9 0.76 0.87 3.04 0.87];
g¼9.8;
M¼[p(1)+p(2)+2*p(3)*cos(q2) p(2)+p(3)*cos(q2);

p(2)+p(3)*cos(q2) p(2)];
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C¼[-p(3)*dq2*sin(q2) -p(3)*(dq1+dq2)*sin(q2);
p(3)*dq1*sin(q2) 0];

G¼[p(4)*g*cos(q1)+p(5)*g*cos(q1+q2);
p(5)*g*cos(q1+q2)];

M0¼0.8*M;
C0¼0.8*C;
G0¼0.8*G;
tolm¼M0*ddqr+C0*dqr+G0;

EM¼0.2*M;EC¼0.2*C;EG¼0.2*G;
E1¼EM*ddqr+EC*dqr+EG;
told¼20*sign(dq);
E¼E1+told;

Kr¼15*eye(2); %Krii>¼Ei
tolr¼Kr*sign(r);

Kp¼100*eye(2);
Ki¼100*eye(2);

I¼[u(11);u(12)];
tol¼tolm+Kp*r+Ki*I+tolr;

sys(1)¼tol(1);
sys(2)¼tol(2);

S function for control integrator: chap7_1i.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 0;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 2;
sizes.NumInputs ¼ 10;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
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x0 ¼ [];
str ¼ [];
ts ¼ [];
function sys¼mdlOutputs(t,x,u)
qd1¼u(1);
dqd1¼u(2);
ddqd1¼u(3);
qd2¼u(4);
dqd2¼u(5);
ddqd2¼u(6);

q1¼u(7);
dq1¼u(8);
q2¼u(9);
dq2¼u(10);
q¼[q1;q2];

e1¼qd1-q1;
e2¼qd2-q2;
de1¼dqd1-dq1;
de2¼dqd2-dq2;
e¼[e1;e2];
de¼[de1;de2];
Fai¼5*eye(2);
r¼de+Fai*e;

sys(1:2)¼r;

S function for plant: chap7_1plant.m

function [sys,x0,str,ts]¼s_function(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2, 4, 9 }

sys ¼ [];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 4;
sizes.NumDiscStates ¼ 0;
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sizes.NumOutputs ¼ 4;
sizes.NumInputs ¼2;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 0;
sys¼simsizes(sizes);
x0¼[0.09 0 -0.09 0];
str¼[];
ts¼[];
function sys¼mdlDerivatives(t,x,u)
p¼[2.9 0.76 0.87 3.04 0.87];
g¼9.8;

M¼[p(1)+p(2)+2*p(3)*cos(x(3)) p(2)+p(3)*cos(x(3));
p(2)+p(3)*cos(x(3)) p(2)];

C¼[-p(3)*x(4)*sin(x(3)) -p(3)*(x(2)+x(4))*sin(x(3));
p(3)*x(2)*sin(x(3)) 0];

G¼[p(4)*g*cos(x(1))+p(5)*g*cos(x(1)+x(3));
p(5)*g*cos(x(1)+x(3))];

M0¼0.8*M;
C0¼0.8*C;
G0¼0.8*G;

tol¼u(1:2);
q¼[x(1);x(3)];
dq¼[x(2);x(4)];
told¼20*sign(dq);

ddq¼inv(M0)*(tol-C0*dq-G0-told);

sys(1)¼x(2);
sys(2)¼ddq(1);
sys(3)¼x(4);
sys(4)¼ddq(2);
function sys¼mdlOutputs(t,x,u)
sys(1)¼x(1);
sys(2)¼x(2);
sys(3)¼x(3);
sys(4)¼x(4);

Plot program:chap7_1plot.m

close all;

figure(1);
subplot(211);
plot(t,x(:,1),’r’,t,x(:,5),’b:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’position tracking for link 1’);
legend(’Ideal position signal’,’Position signal

tracking’);
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subplot(212);
plot(t,x(:,2),’r’,t,x(:,6),’b:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’speed tracking for link 1’);
legend(’Ideal speed signal’,’Speed signal tracking’);

figure(2);
subplot(211);
plot(t,x(:,3),’r’,t,x(:,7),’b:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’positiontrackingforlink1’);
legend(’Ideal position signal’,’Position signal

tracking’);
subplot(212);
plot(t,x(:,4),’r’,t,x(:,8),’b:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’speed tracking for link 1’);
legend(’Ideal speed signal’,’Speed signal tracking’);

figure(3);
subplot(211);
plot(t,tol1(:,1),’r’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’control input of link 1’);
subplot(212);
plot(t,tol2(:,1),’r’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’control input of link 2’);

Programs for Sect. 7.2.4.1

Simulink main program: chap7_2sim.mdl
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Tracking command program:chap7_2input.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 0;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 3;
sizes.NumInputs ¼ 0;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 1;
sys ¼ simsizes(sizes);
x0 ¼ [];
str ¼ [];
ts ¼ [0 0];
function sys¼mdlOutputs(t,x,u)
qd¼sin(t);
dqd¼cos(t);
ddqd¼-sin(t);

sys(1)¼qd;
sys(2)¼dqd;
sys(3)¼ddqd;

S function for control law:chap7_2ctrl.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)

switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
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otherwise
error([’Unhandled flag ¼ ’,num2str(flag)]);

end

function [sys,x0,str,ts]¼mdlInitializeSizes
global node c_M c_C c_G b Fai
node¼7;
c_M¼[-1.5 -1 -0.5 0 0.5 1 1.5];
c_G¼[-1.5 -1 -0.5 0 0.5 1 1.5];
c_C¼[-1.5 -1 -0.5 0 0.5 1 1.5;

-1.5 -1 -0.5 0 0.5 1 1.5];
b¼20;

Fai¼5;

sizes ¼ simsizes;
sizes.NumContStates ¼ 3*node;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 4;
sizes.NumInputs ¼ 9;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0 ¼ zeros(1,3*node);
str ¼ [];
ts ¼ [];
function sys¼mdlDerivatives(t,x,u)
global node c_M c_C c_G b Fai
qd¼u(1);
dqd¼u(2);
ddqd¼u(3);

q¼u(4);
dq¼u(5);

for j¼1:1:node
h_M(j)¼exp(-norm(q-c_M(:,j))^2/(b*b));

end

for j¼1:1:node
h_G(j)¼exp(-norm(q-c_G(:,j))^2/(b*b));

end

z¼[q;dq];
for j¼1:1:node

h_C(j)¼exp(-norm(z-c_C(:,j))^2/(b*b));
end
e¼qd-q;
de¼dqd-dq;
r¼de+Fai*e;
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dqr¼dqd+Fai*e;
ddqr¼ddqd+Fai*de;
T_M¼100;
for i¼1:1:node

sys(i)¼T_M*h_M(i)*ddqr*r;
end
T_C¼100;
for i¼1:1:node

sys(2*node+i)¼T_C*h_C(i)*dqr*r;
end
T_G¼100;
for i¼1:1:node

sys(node+1)¼T_G*h_G(i)*r;
end

function sys¼mdlOutputs(t,x,u)
global node c_M c_C c_G b Fai
qd¼u(1);
dqd¼u(2);
ddqd¼u(3);

q¼u(4);
dq¼u(5);

for j¼1:1:node
h_M(j)¼exp(-norm(q-c_M(:,j))^2/(b*b));

end
for j¼1:1:node

h_G(j)¼exp(-norm(q-c_G(:,j))^2/(b*b));
end

z¼[q;dq];
for j¼1:1:node

h_C(j)¼exp(-norm(z-c_C(:,j))^2/(b*b));
end

W_M¼x(1:node)’;
MSNN¼W_M*h_M’;
W_C¼x(2*node+1:3*node)’;
CDNN¼W_C*h_C’;
W_G¼x(node+1:2*node)’;
GSNN¼W_G*h_G’;

e¼qd-q;
de¼dqd-dq;

r¼de+Fai*e;
dqr¼dqd+Fai*e;
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ddqr¼ddqd+Fai*de;

tolm¼MSNN*ddqr+CDNN*dqr+GSNN;

Kr¼0.10;
tolr¼Kr*sign(r);

Kp¼15;
Ki¼15;

I¼u(9);
tol¼tolm+Kp*r+Ki*I+tolr;

sys(1)¼tol(1);
sys(2)¼MSNN;
sys(3)¼CDNN;
sys(4)¼GSNN;

S function for control integrator: chap7_2i.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 0;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 1;
sizes.NumInputs ¼ 8;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0 ¼ [];
str ¼ [];
ts ¼ [];
function sys¼mdlOutputs(t,x,u)
qd¼u(1);
dqd¼u(2);
ddqd¼u(3);
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q¼u(4);
dq¼u(5);
e¼qd-q;
de¼dqd-dq;
Fai¼5;
r¼de+Fai*e;

sys(1)¼r;

S function for plant: chap7_2plant.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 2;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 5;
sizes.NumInputs ¼ 4;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 1;
sys ¼ simsizes(sizes);
x0 ¼ [0.15;0];
str ¼ [];
ts ¼ [0 0];
function sys¼mdlDerivatives(t,x,u)
tol¼u(1);
M¼0.1+0.06*sin(x(1));
C¼3*x(2)+3*cos(x(1));

m¼0.020;g¼9.8;l¼0.05;
G¼m*g*l*cos(x(1));
sys(1)¼x(2);
sys(2)¼1/M*(-C*x(2)-G+tol);
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function sys¼mdlOutputs(t,x,u) %PID book: page 416
M¼0.1+0.06*sin(x(1));
C¼3*x(2)+3*cos(x(1));

m¼0.020;g¼9.8;l¼0.05;
G¼m*g*l*cos(x(1));

sys(1)¼x(1);
sys(2)¼x(2);
sys(3)¼M;
sys(4)¼C;
sys(5)¼G;

Plot program: chap7_2plot.m

close all;

figure(1);
subplot(211);
plot(t,x(:,1),’r’,t,x(:,4),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’position tracking’);
legend(’Ideal position signal’,’Position signal

tracking’);
subplot(212);
plot(t,x(:,2),’r’,t,x(:,5),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Speed tracking’);
legend(’Ideal speed signal’,’Speed signal tracking’);

figure(2);
plot(t,tol(:,1),’k’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Contro input’);
legend(’Control input’);

figure(3);
subplot(311);
plot(t,P(:,1),’r’,t,P(:,4),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’M and MSNN’);
legend(’Ideal M’,’Estimated M’);
subplot(312);
plot(t,P(:,2),’r’,t,P(:,5),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’C and CDNN’);
legend(’Ideal C’,’Estimated C’);
subplot(313);
plot(t,P(:,3),’r’,t,P(:,6),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’G and GSNN’);
legend(’Ideal G’,’Estimated G’);
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Programs for Sect. 7.2.4.2

Simulink main program:chap7_3sim.mdl

Tracking position command program:chap7_3input.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end

function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 0;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 6;
sizes.NumInputs ¼ 0;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 1;
sys ¼ simsizes(sizes);
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x0 ¼ [];
str ¼ [];
ts ¼ [0 0];

function sys¼mdlOutputs(t,x,u)
S¼2;
if S¼¼1

qd0¼[0;0];
qdtf¼[1;2];
td¼1;
if t<1

qd1¼qd0(1)+(-2*t.^3/td^3+3*t.^2/td^2)*(qdtf
(1)-qd0(1));

qd2¼qd0(2)+(-2*t.^3/td^3+3*t.^2/td^2)*(qdtf
(2)-qd0(2));

d_qd1¼(-6*t.^2/td^3+6*t./td^2)*(qdtf(1)-qd0
(1));

d_qd2¼(-6*t.^2/td^3+6*t./td^2)*(qdtf(2)-qd0
(2));

dd_qd1¼(-12*t/td^3+6/td^2)*(qdtf(1)-qd0(1));
dd_qd2¼(-12*t/td^3+6/td^2)*(qdtf(2)-qd0

(2));
else
qd1¼qdtf(1);
qd2¼qdtf(2);

d_qd1¼0;
d_qd2¼0;

dd_qd1¼0;
dd_qd2¼0;
end

elseif S¼¼2
qd1¼0.5*sin(pi*t);
d_qd1¼0.5*pi*cos(pi*t);
dd_qd1¼-0.5*pi*pi*sin(pi*t);

qd2¼sin(pi*t);
d_qd2¼pi*cos(pi*t);
dd_qd2¼-pi*pi*sin(pi*t);

end
sys(1)¼qd1;
sys(2)¼d_qd1;
sys(3)¼dd_qd1;
sys(4)¼qd2;
sys(5)¼d_qd2;
sys(6)¼dd_qd2;

Appendix 231



S function for control law: chap7_3ctrl.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)

switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
global node c_M c_C c_G b
node¼5;
c_M¼[-1 -0.5 0 0.5 1;

-1 -0.5 0 0.5 1];
c_G¼[-1 -0.5 0 0.5 1;

-1 -0.5 0 0.5 1];
c_C¼[-1 -0.5 0 0.5 1;

-1 -0.5 0 0.5 1;
-1 -0.5 0 0.5 1;
-1 -0.5 0 0.5 1];

b¼10;
sizes ¼ simsizes;
sizes.NumContStates ¼ 10*node;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 5;
sizes.NumInputs ¼ 15;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0 ¼ zeros(1,10*node);
str ¼ [];
ts ¼ [];
function sys¼mdlDerivatives(t,x,u)
global node c_M c_C c_G b
qd1¼u(1);
d_qd1¼u(2);
dd_qd1¼u(3);
qd2¼u(4);
d_qd2¼u(5);
dd_qd2¼u(6);
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q1¼u(7);
d_q1¼u(8);
q2¼u(9);
d_q2¼u(10);

q¼[q1;q2];
for j¼1:1:node

h_M11(j)¼exp(-norm(q-c_M(:,j))^2/(b*b));
h_M12(j)¼exp(-norm(q-c_M(:,j))^2/(b*b));
h_M21(j)¼exp(-norm(q-c_M(:,j))^2/(b*b));
h_M22(j)¼exp(-norm(q-c_M(:,j))^2/(b*b));

end

for j¼1:1:node
h_G1(j)¼exp(-norm(q-c_G(:,j))^2/(b*b));
h_G2(j)¼exp(-norm(q-c_G(:,j))^2/(b*b));

end

z¼[q1;q2;d_q1;d_q2];
for j¼1:1:node

h_C11(j)¼exp(-norm(z-c_C(:,j))^2/(b*b));
h_C12(j)¼exp(-norm(z-c_C(:,j))^2/(b*b));
h_C21(j)¼exp(-norm(z-c_C(:,j))^2/(b*b));
h_C22(j)¼exp(-norm(z-c_C(:,j))^2/(b*b));

end

W_M11¼[x(1:node)]’;
W_M12¼[x(node+1:node*2)]’;
W_M21¼[x(node*2+1:node*3)]’;
W_M22¼[x(node*3+1:node*4)]’;

T_M11¼5*eye(node);
T_M12¼5*eye(node);
T_M21¼5*eye(node);
T_M22¼5*eye(node);

e1¼qd1-q1;
e2¼qd2-q2;
de1¼d_qd1-d_q1;
de2¼d_qd2-d_q2;
e¼[e1;e2];
de¼[de1;de2];
Fai¼5*eye(2);
r¼de+Fai*e;

dqd¼[d_qd1;d_qd2];
dqr¼dqd+Fai*e;
ddqd¼[dd_qd1;dd_qd2];
ddqr¼ddqd+Fai*de;

Appendix 233



for i¼1:1:node
sys(i)¼T_M11(i,i)*h_M11(i)*ddqr(1)*r(1);
sys(i+node)¼T_M12(i,i)*h_M12(i)*ddqr(2)*r(1);
sys(i+node*2)¼T_M21(i,i)*h_M21(i)*ddqr(1)*r(2);
sys(i+node*3)¼T_M22(i,i)*h_M22(i)*ddqr(2)*r(2);

end

W_G1¼[x(node*4+1:node*5)]’;
W_G2¼[x(node*5+1:node*6)]’;
T_G1¼10*eye(node);
T_G2¼10*eye(node);
for i¼1:1:node

sys(i+node*4)¼T_G1(i,i)*h_G1(i)*r(1);
sys(i+node*5)¼T_G2(i,i)*h_G2(i)*r(2);

end

W_C11¼[x(node*6+1:node*7)]’;
W_C12¼[x(node*7+1:node*8)]’;
W_C21¼[x(node*8+1:node*9)]’;
W_C22¼[x(node*9+1:node*10)]’;

T_C11¼10*eye(node);
T_C12¼10*eye(node);
T_C21¼10*eye(node);
T_C22¼10*eye(node);

for i¼1:1:node
sys(i+node*6)¼T_C11(i,i)*h_C11(i)*dqr(1)*r(1);
sys(i+node*7)¼T_C12(i,i)*h_C12(i)*ddqr(2)*r(1);
sys(i+node*8)¼T_C21(i,i)*h_C21(i)*dqr(1)*r(2);
sys(i+node*9)¼T_C22(i,i)*h_C22(i)*ddqr(2)*r(2);

end

function sys¼mdlOutputs(t,x,u)
global node c_M c_C c_G b
qd1¼u(1);
d_qd1¼u(2);
dd_qd1¼u(3);
qd2¼u(4);
d_qd2¼u(5);
dd_qd2¼u(6);

q1¼u(7);
d_q1¼u(8);
q2¼u(9);
d_q2¼u(10);

q¼[q1;q2];
for j¼1:1:node
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h_M11(j)¼exp(-norm(q-c_M(:,j))^2/(b*b));
h_M12(j)¼exp(-norm(q-c_M(:,j))^2/(b*b));
h_M21(j)¼exp(-norm(q-c_M(:,j))^2/(b*b));
h_M22(j)¼exp(-norm(q-c_M(:,j))^2/(b*b));

end
for j¼1:1:node

h_G1(j)¼exp(-norm(q-c_G(:,j))^2/(b*b));
h_G2(j)¼exp(-norm(q-c_G(:,j))^2/(b*b));

end

z¼[q1;q2;d_q1;d_q2];
for j¼1:1:node

h_C11(j)¼exp(-norm(z-c_C(:,j))^2/(b*b));
h_C12(j)¼exp(-norm(z-c_C(:,j))^2/(b*b));
h_C21(j)¼exp(-norm(z-c_C(:,j))^2/(b*b));
h_C22(j)¼exp(-norm(z-c_C(:,j))^2/(b*b));

end

W_M11¼[x(1:node)]’;
W_M12¼[x(node+1:node*2)]’;
W_M21¼[x(node*2+1:node*3)]’;
W_M22¼[x(node*3+1:node*4)]’;

MSNN¼[W_M11*h_M11’ W_M12*h_M12’;
W_M21*h_M21’ W_M22*h_M22’];

Mm¼norm(MSNN);

W_G1¼[x(node*4+1:node*5)]’;
W_G2¼[x(node*5+1:node*6)]’;

GSNN¼[W_G1*h_G1’;
W_G2*h_G2’];

Gm¼norm(GSNN);

W_C11¼[x(node*6+1:node*7)]’;
W_C12¼[x(node*7+1:node*8)]’;
W_C21¼[x(node*8+1:node*9)]’;
W_C22¼[x(node*9+1:node*10)]’;
CDNN¼[W_C11*h_C11’ W_C12*h_C12’;

W_C21*h_C21’ W_C22*h_C22’];
Cm¼norm(CDNN);

e1¼qd1-q1;
e2¼qd2-q2;
de1¼d_qd1-d_q1;
de2¼d_qd2-d_q2;
e¼[e1;e2];
de¼[de1;de2];
Fai¼5*eye(2);
r¼de+Fai*e;
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dqd¼[d_qd1;d_qd2];
dqr¼dqd+Fai*e;
ddqd¼[dd_qd1;dd_qd2];
ddqr¼ddqd+Fai*de;

tolm¼MSNN*ddqr+CDNN*dqr+GSNN;

Kr¼0.10;
tolr¼Kr*sign(r);

Kp¼100*eye(2);
Ki¼100*eye(2);

I¼[u(14);u(15)];
tol¼tolm+Kp*r+Ki*I+tolr;

sys(1)¼tol(1);
sys(2)¼tol(2);
sys(3)¼Gm;
sys(4)¼Mm;
sys(5)¼Cm;

S function for control integrator: chap7_3i.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 0;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 2;
sizes.NumInputs ¼ 13;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0 ¼ [];
str ¼ [];
ts ¼ [];
function sys¼mdlOutputs(t,x,u)
qd1¼u(1);
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d_qd1¼u(2);
dd_qd1¼u(3);
qd2¼u(4);
d_qd2¼u(5);
dd_qd2¼u(6);

q1¼u(7);
d_q1¼u(8);
q2¼u(9);
d_q2¼u(10);
q¼[q1;q2];

e1¼qd1-q1;
e2¼qd2-q2;
de1¼d_qd1-d_q1;
de2¼d_qd2-d_q2;
e¼[e1;e2];
de¼[de1;de2];
Hur¼5*eye(2);
r¼de+Hur*e;

sys(1:2)¼r;

S function for plant:chap7_3plant.m

function [sys,x0,str,ts]¼s_function(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2, 4, 9 }

sys ¼ [];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
global p g
sizes ¼ simsizes;
sizes.NumContStates ¼ 4;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 7;
sizes.NumInputs ¼ 5;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 0;
sys¼simsizes(sizes);
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x0¼[0.09 0 -0.09 0];
str¼[];
ts¼[];

p¼[2.9 0.76 0.87 3.04 0.87];
g¼9.8;
function sys¼mdlDerivatives(t,x,u)
global p g

M¼[p(1)+p(2)+2*p(3)*cos(x(3)) p(2)+p(3)*cos(x(3));
p(2)+p(3)*cos(x(3)) p(2)];

C¼[-p(3)*x(4)*sin(x(3)) -p(3)*(x(2)+x(4))*sin(x(3));
p(3)*x(2)*sin(x(3)) 0];

G¼[p(4)*g*cos(x(1))+p(5)*g*cos(x(1)+x(3));
p(5)*g*cos(x(1)+x(3))];

tol¼u(1:2);
dq¼[x(2);x(4)];

S¼inv(M)*(tol-C*dq-G);

sys(1)¼x(2);
sys(2)¼S(1);
sys(3)¼x(4);
sys(4)¼S(2);
function sys¼mdlOutputs(t,x,u)
global p g
M¼[p(1)+p(2)+2*p(3)*cos(x(3)) p(2)+p(3)*cos(x(3));

p(2)+p(3)*cos(x(3)) p(2)];
C¼[-p(3)*x(4)*sin(x(3)) -p(3)*(x(2)+x(4))*sin(x(3));

p(3)*x(2)*sin(x(3)) 0];
G¼[p(4)*g*cos(x(1))+p(5)*g*cos(x(1)+x(3));

p(5)*g*cos(x(1)+x(3))];
Gm¼norm(G);
Cm¼norm(C);
Mm¼norm(M);

sys(1)¼x(1);
sys(2)¼x(2);
sys(3)¼x(3);
sys(4)¼x(4);
sys(5)¼Gm;
sys(6)¼Mm;
sys(7)¼Cm;

Plot program:chap7_3plot.m

close all;
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figure(1);
subplot(211);
plot(t,x(:,1),’r’,t,x(:,7),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Position tracking’);
legend(’Ideal position for link 1’,’Position tracking for

link 1’);
subplot(212);
plot(t,x(:,4),’r’,t,x(:,9),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Position tracking’);
legend(’Ideal position for link 2’,’Position tracking for

link 2’);
figure(2);
subplot(211);
plot(t,x(:,2),’r’,t,x(:,8),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Speed tracking’);
legend(’Ideal speed for link 1’,’Speed tracking of link

1’);
subplot(212);
plot(t,x(:,5),’r’,t,x(:,10),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Speed tracking’);
legend(’Ideal speed for link 2’,’Speed signal tracking of

link2’);
figure(3);
subplot(211);
plot(t,tol1(:,1),’k’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Contro input’);
legend(’Contro input of link 1’);
subplot(212);
plot(t,tol2(:,1),’k’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Contro input’);
legend(’Contro input of link 2’);

figure(4);
subplot(311);
plot(t,P(:,1),’r’,t,P(:,4),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’G and GSNN’);
legend(’Ideal nrom of G’,’Estimated norm of G’);
subplot(312);
plot(t,P(:,2),’r’,t,P(:,5),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’M and MSNN’);
legend(’Ideal norm of M’,’Estimated norm of M’);
subplot(313);
plot(t,P(:,3),’r’,t,P(:,6),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’C and CDNN’);
legend(’Ideal norm of C’,’Estimated norm of C’);
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Programs for Sect. 7.3.4

Simulink main program: chap7_4sim.mdl

Ideal tracking input program:chap7_4input.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 0;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 6;
sizes.NumInputs ¼ 0;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 1;
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sys ¼ simsizes(sizes);
x0 ¼ [];
str ¼ [];
ts ¼ [0 0];
function sys¼mdlOutputs(t,x,u)
xd1¼1+0.2*cos(pi*t);
d_xd1¼-0.2*pi*sin(pi*t);
dd_xd1¼-0.2*pi*pi*cos(pi*t);
xd2¼1+0.2*sin(pi*t);
d_xd2¼0.2*pi*cos(pi*t);
dd_xd2¼-0.2*pi*pi*sin(pi*t);
sys(1)¼xd1;
sys(2)¼d_xd1;
sys(3)¼dd_xd1;
sys(4)¼xd2;
sys(5)¼d_xd2;
sys(6)¼dd_xd2;

S function for control law:chap7_4ctrl.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
global node c_M c_C c_G b ce
node¼7;
c_M¼zeros(2,node);
c_G¼zeros(2,node);
c_C¼zeros(4,node);

c_M¼[0.25 0.5 0.75 1 1.25 1.5 1.75;
0.25 0.5 0.75 1 1.25 1.5 1.75];

c_G¼[0.25 0.5 0.75 1 1.25 1.5 1.75;
0.25 0.5 0.75 1 1.25 1.5 1.75];

c_C¼[0.25 0.5 0.75 1 1.25 1.5 1.75;
0.25 0.5 0.75 1 1.25 1.5 1.75;
-1.5 -1 -0.5 0 0.5 1.0 1.50;
-1.5 -1 -0.5 0 0.5 1.0 1.50];
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b¼10;
ce¼15.0;
sizes ¼ simsizes;
sizes.NumContStates ¼ 10*node;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 5;
sizes.NumInputs ¼ 10;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0 ¼ zeros(1,10*node);
str ¼ [];
ts ¼ [];
function sys¼mdlDerivatives(t,x,u)
global node c_M c_C c_G b ce
xd1¼u(1);
d_xd1¼u(2);
dd_xd1¼u(3);
xd2¼u(4);
d_xd2¼u(5);
dd_xd2¼u(6);

x1¼u(7);
d_x1¼u(8);
x2¼u(9);
d_x2¼u(10);

xx¼[x1;x2];
for j¼1:1:node

h_M11(j)¼exp(-norm(xx-c_M(:,j))^2/(b*b));
h_M12(j)¼exp(-norm(xx-c_M(:,j))^2/(b*b));
h_M21(j)¼exp(-norm(xx-c_M(:,j))^2/(b*b));
h_M22(j)¼exp(-norm(xx-c_M(:,j))^2/(b*b));

end

for j¼1:1:node
h_G1(j)¼exp(-norm(xx-c_G(:,j))^2/(b*b));
h_G2(j)¼exp(-norm(xx-c_G(:,j))^2/(b*b));

end

z¼[x1;x2;d_x1;d_x2];
for j¼1:1:node

h_C11(j)¼exp(-norm(z-c_C(:,j))^2/(b*b));
h_C12(j)¼exp(-norm(z-c_C(:,j))^2/(b*b));
h_C21(j)¼exp(-norm(z-c_C(:,j))^2/(b*b));
h_C22(j)¼exp(-norm(z-c_C(:,j))^2/(b*b));

end
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W_M11¼[x(1:node)]’;
W_M12¼[x(node+1:node*2)]’;
W_M21¼[x(node*2+1:node*3)]’;
W_M22¼[x(node*3+1:node*4)]’;

e1¼xd1-x1;
e2¼xd2-x2;
de1¼d_xd1-d_x1;
de2¼d_xd2-d_x2;
e¼[e1;e2];
de¼[de1;de2];
Hur¼ce*eye(2);
r¼de+Hur*e;

dxd¼[d_xd1;d_xd2];
dxr¼dxd+Hur*e;
ddxd¼[dd_xd1;dd_xd2];
ddxr¼ddxd+Hur*de;

T_M11¼2*eye(node);
T_M12¼2*eye(node);
T_M21¼2*eye(node);
T_M22¼2*eye(node);
for i¼1:1:node

sys(i)¼T_M11(i,i)*h_M11(i)*ddxr(1)*r(1);
sys(i+node)¼T_M12(i,i)*h_M12(i)*ddxr(2)*r(1);
sys(i+node*2)¼T_M21(i,i)*h_M21(i)*ddxr(1)*r(2);
sys(i+node*3)¼T_M22(i,i)*h_M22(i)*ddxr(2)*r(2);

end

W_G1¼[x(node*4+1:node*5)]’;
W_G2¼[x(node*5+1:node*6)]’;
T_G1¼5*eye(node);
T_G2¼5*eye(node);
for i¼1:1:node

sys(i+node*4)¼T_G1(i,i)*h_G1(i)*r(1);
sys(i+node*5)¼T_G2(i,i)*h_G2(i)*r(2);

end

W_C11¼[x(node*6+1:node*7)]’;
W_C12¼[x(node*7+1:node*8)]’;
W_C21¼[x(node*8+1:node*9)]’;
W_C22¼[x(node*9+1:node*10)]’;

T_C11¼0.5*eye(node);
T_C12¼0.5*eye(node);
T_C21¼0.5*eye(node);
T_C22¼0.5*eye(node);
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for i¼1:1:node
sys(i+node*6)¼T_C11(i,i)*h_C11(i)*dxr(1)*r(1);
sys(i+node*7)¼T_C12(i,i)*h_C12(i)*ddxr(2)*r(1);
sys(i+node*8)¼T_C21(i,i)*h_C21(i)*dxr(1)*r(2);
sys(i+node*9)¼T_C22(i,i)*h_C22(i)*ddxr(2)*r(2);

end

function sys¼mdlOutputs(t,x,u)
global node c_M c_C c_G b ce
xd1¼u(1);
d_xd1¼u(2);
dd_xd1¼u(3);
xd2¼u(4);
d_xd2¼u(5);
dd_xd2¼u(6);

x1¼u(7);
d_x1¼u(8);
x2¼u(9);
d_x2¼u(10);

xx¼[x1;x2];
for j¼1:1:node

h_M11(j)¼exp(-norm(xx-c_M(:,j))^2/(b*b));
h_M12(j)¼exp(-norm(xx-c_M(:,j))^2/(b*b));
h_M21(j)¼exp(-norm(xx-c_M(:,j))^2/(b*b));
h_M22(j)¼exp(-norm(xx-c_M(:,j))^2/(b*b));

end

for j¼1:1:node
h_G1(j)¼exp(-norm(xx-c_G(:,j))^2/(b*b));
h_G2(j)¼exp(-norm(xx-c_G(:,j))^2/(b*b));

end

z¼[x1;x2;d_x1;d_x2];
for j¼1:1:node

h_C11(j)¼exp(-norm(z-c_C(:,j))^2/(b*b));
h_C12(j)¼exp(-norm(z-c_C(:,j))^2/(b*b));
h_C21(j)¼exp(-norm(z-c_C(:,j))^2/(b*b));
h_C22(j)¼exp(-norm(z-c_C(:,j))^2/(b*b));

end

W_M11¼[x(1:node)]’;
W_M12¼[x(node+1:node*2)]’;
W_M21¼[x(node*2+1:node*3)]’;
W_M22¼[x(node*3+1:node*4)]’;
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MSNN_g¼[W_M11*h_M11’ W_M12*h_M12’;
W_M21*h_M21’ W_M22*h_M22’];

norm_Mp¼norm(MSNN_g);

W_G1¼[x(node*4+1:node*5)]’;
W_G2¼[x(node*5+1:node*6)]’;

GSNN_g¼[W_G1*h_G1’;
W_G2*h_G2’];

norm_Gp¼norm(GSNN_g);

W_C11¼[x(node*6+1:node*7)]’;
W_C12¼[x(node*7+1:node*8)]’;
W_C21¼[x(node*8+1:node*9)]’;
W_C22¼[x(node*9+1:node*10)]’;

CDNN_g¼[W_C11*h_C11’ W_C12*h_C12’;
W_C21*h_C21’ W_C22*h_C22’];

norm_Cp¼norm(CDNN_g);

e1¼xd1-x1;
e2¼xd2-x2;
de1¼d_xd1-d_x1;
de2¼d_xd2-d_x2;
e¼[e1;e2];
de¼[de1;de2];
Hur¼ce*eye(2);
r¼de+Hur*e;

dxd¼[d_xd1;d_xd2];
dxr¼dxd+Hur*e;
ddxd¼[dd_xd1;dd_xd2];
ddxr¼ddxd+Hur*de;

Ks¼0.5;
K¼30*eye(2);
Fx¼MSNN_g*ddxr+CDNN_g*dxr+GSNN_g+K*r+Ks*sign(r);

sys(1)¼Fx(1);
sys(2)¼Fx(2);
sys(3)¼norm_Mp;
sys(4)¼norm_Cp;
sys(5)¼norm_Gp;

S function for plant:chap7_4plant.m

function [sys,x0,str,ts]¼s_function(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
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case 1,
sys¼mdlDerivatives(t,x,u);

case 3,
sys¼mdlOutputs(t,x,u);

case {2, 4, 9 }
sys ¼ [];

otherwise
error([’Unhandled flag ¼ ’,num2str(flag)]);

end
function [sys,x0,str,ts]¼mdlInitializeSizes
global J Mx Cx Gx l1 l2
l1¼1;l2¼1;
sizes ¼ simsizes;
sizes.NumContStates ¼ 4;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 9;
sizes.NumInputs ¼ 2;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys¼simsizes(sizes);
x0¼[1 0 1 0];
str¼[];
ts¼[];
J¼0;Mx¼0;Cx¼0;Gx¼0;
function sys¼mdlDerivatives(t,x,u)
global J Mx Cx Gx l1 l2

P¼[1.66 0.42 0.63 3.75 1.25];
g¼9.8;
L¼[l1^2 l2^2 l1*l2 l1 l2];
if t<4.0 %Simulate time-varying load

pl¼0;
else

pl¼0.5;
end
Mm¼P+pl*L;
Q¼(x(1)^2+x(3)^2-l1^2-l2^2)/(2*l1*l2);
q2¼acos(Q);
dq2¼-1/sqrt(1-Q^2);

A¼x(3)/x(1);
p1¼atan(A);
d_p1¼1/(1+A^2);

B¼sqrt(x(1)^2+x(3)^2+l1^2-l2^2)/(2*l1*sqrt(x(1)^2+x
(3)^2));
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p2¼acos(B);
d_p2¼-1/sqrt(1-B^2);

if q2>0
q1¼p1-p2;
dq1¼d_p1-d_p2;

else
q1¼p1+p2;
dq1¼d_p1+d_p2;

end
J¼[-sin(q1)-sin(q1+q2) -sin(q1+q2);

cos(q1)+cos(q1+q2) cos(q1+q2)];
d_J¼[-dq1*cos(q1)-(dq1+dq2)*cos(q1+q2) -(dq1+dq2)*cos

(q1+q2);
-dq1*sin(q1)-(dq1+dq2)*sin(q1+q2) -(dq1+dq2)*sin
(q1+q2)];

m1¼Mm(1);m2¼Mm(2);m3¼Mm(3);m4¼Mm(4);m5¼Mm(5);

M¼[m1+m2+2*m3*cos(q2) m2+m3*cos(q2);
m2+m3*cos(q2) m2];

C¼[-m3*dq2*sin(q2) -m3*(dq1+dq2)*sin(q2);
m3*dq1*sin(q2) 0];

G¼[m4*g*cos(q1)+m5*g*cos(q1+q2);
m5*g*cos(q1+q2)];

Mx¼(inv(J))’*M*inv(J);
Cx¼(inv(J))’*(C-M*inv(J)*d_J)*inv(J);
Gx¼(inv(J))’*G;

Fx¼u(1:2);
dx¼[x(2);x(4)];

ddx¼inv(Mx)*(Fx-Cx*dx-Gx); %ddx

sys(1)¼x(2);
sys(2)¼ddx(1);
sys(3)¼x(4);
sys(4)¼ddx(2);
function sys¼mdlOutputs(t,x,u)
global J Mx Cx Gx l1 l2
norm_M¼norm(Mx);
norm_C¼norm(Cx);
norm_G¼norm(Gx);
Fx¼u(1:2);

sys(1)¼x(1);
sys(2)¼x(2);
sys(3)¼x(3);
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sys(4)¼x(4);
sys(5)¼norm_M;
sys(6)¼norm_C;
sys(7)¼norm_G;
sys(8:9)¼J’*Fx; %Practical control input

Plot program: chap7_4plot.m

close all;

figure(1);
subplot(211);
plot(t,x(:,1),’r’,t,x(:,3),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’position tracking of x1

axis’);
legend(’Ideal position of x1’,’Position tracking of x1’);
subplot(212);
plot(t,x(:,2),’r’,t,x(:,4),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’position tracking of x2

axis’);
legend(’Ideal position of x2’,’Position tracking of x2’);

figure(2);
subplot(211);
plot(t,dx(:,1),’r’,t,dx(:,3),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’velocity tracking of x1

axis’);
legend(’Ideal speed of x1’,’Speed tracking of x1’);
subplot(212);
plot(t,dx(:,2),’r’,t,dx(:,4),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’velocity tracking of x2

axis’);
legend(’Ideal speed of x2’,’Speed tracking of x2’);

figure(3);
plot(t,tol(:,1),’r’,t,tol(:,2),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Conrol input tol1 and tol2’);
legend(’Control input for link 1’,’Control input for link

2’);

figure(4);
subplot(311);
plot(t,M(:,1),’r’,t,M(:,2),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’M and estimated M’);
legend(’Ideal norm of Msx’,’Estimated norm of Mx’);
subplot(312);
plot(t,C(:,1),’r’,t,C(:,2),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’C and estimated C’);
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legend(’Ideal norm of Cx’,’Estimated norm of Cx’);
subplot(313);
plot(t,G(:,1),’r’,t,G(:,2),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’G and estimated G’);
legend(’Ideal norm of Gx’,’Estimated norm of Gx’);
figure(5);

plot(x(:,1),x(:,2),’r’,’linewidth’,2);
xlabel(’x1 axis’);ylabel(’x2 axis’);
hold on;
plot(x(:,3),x(:,4),’k:’,’linewidth’,2);
xlabel(’x1 axis’);ylabel(’x2 axis’);
legend(’Ideal trajectory’,’Tracking trajectory’);
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Chapter 8

Backstepping Control with RBF

Abstract This chapter introduces backstepping controller design with RBF neural

network approximation. Several controller design examples for mechanical systems

are given, including backstepping controller for inverted pendulum, backstepping

controller for single-link flexible joint robot, and adaptive backstepping controller

for single-link flexible joint robot.

Keywords RBF neural network • Backstepping control • Single-link flexible joint

robot

8.1 Introduction

Many physical systems do not satisfy the matching condition, which includes some

uncertain flexible joint robots in particular.

The backstepping control approach has shown itself very effective in dealing

with systems with multiple dynamics and with mismatched uncertainties, such as

mechanical systems driven by electrical systems or multiple coupled mechanical

systems [1, 2].

The idea of backstepping design is that some appropriate functions of state

variables are selected recursively as pseudocontrol inputs for lower dimension

subsystems of the overall system. Each backstepping stage results in a new

pseudocontrol design, expressed in terms of the pseudocontrol designs from the

preceding design stages. When the procedure terminates, a feedback design for the

true control input results, which achieves the original design objective by virtue of a

final Lyapunov function, formed by summing the Lyapunov functions associated

with each individual design stage [3]. The backstepping design provides a system-

atic framework for the design of tracking and regulation strategies, suitable for a

large class of state feedback linearizable nonlinear systems.

J. Liu, Radial Basis Function (RBF) Neural Network Control for Mechanical Systems:
Design, Analysis and Matlab Simulation, DOI 10.1007/978-3-642-34816-7_8,
# Tsinghua University Press, Beijing and Springer-Verlag Berlin Heidelberg 2013
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A major problem with the backstepping approach is that certain functions must

be “linear in the unknown parameters” and some very tedious analysis is needed to

determine “regression matrices.”

The possible solution of the problem is to use neural networks (NNs) to estimate

certain nonlinear functions. A stable neural controller design using backstepping

can be found in [4], where rigorous stability proofs are also provided.

A unified and general approach to backstepping control of nonlinear systems

using neural networks is presented in [5]. By using the NNs in each stage of the

backstepping procedure to estimate certain nonlinear functions, one can design

control law using the backstepping approach, but the linear-in-the-parameters (LIP)

assumption is not needed, and no regression matrices need to be found. The NNs

weights are also tuned online, with no learning phase required. The boundedness of

the tracking error and weight updates is guaranteed.

The very rapid developments described in adaptive and robust control

techniques are accompanied by an increase in the use of neural networks for system

identification-based control [6–9]. With the help of neural networks, the linear-in-

the-parameters assumption of nonlinear function and the determination of regres-

sion matrices can be avoided.

A large number of backstepping design schemes are reported that combine the

backstepping technique with adaptive neural network [10–13]. For example, an

adaptive neural network control via backstepping design was presented for a class

of minimum-phase nonlinear systems with known relative degree [4], and the

combination of NN with backstepping has been proposed for multiple-

input–multiple-output nonlinear systems in block-triangular form [14]. Based on

implicit function theory, adaptive neural network control using backstepping was

constructed for two special classes of non-affine pure-feedback systems [15].

In this chapter, we take single-rank inverted pendulum and single-link flexible

joint robot as two typical examples to explain backstepping controller design with

RBF.

8.2 Backstepping Control for Inverted Pendulum

The basic idea of backstepping design is that a complex nonlinear system is

decomposed into the subsystems and the degree of each subsystem doesn’t exceed

that of the whole system. Accordingly, the Lyapunov function and medial fictitious

control are designed respectively, and the whole system is obtained through

“backstepping.” Thus, the control rule is designed thoroughly. The backstepping

method is called as the back-deduce method, and the desired dynamic indexes are

satisfied.
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8.2.1 System Description

Suppose the plant is a nonlinear system as follows:

_x1 ¼ x2

_x2 ¼ f ðx; tÞ þ gðx; tÞu

(
(8.1)

where f ðx; tÞ and gðx; tÞ are the nonlinear functions and gðx; tÞ 6¼ 0

Define e1 ¼ x1 � x1d; where x1d is the ideal position signal, the goal is e1 ! 0

and _e1 ! 0

8.2.2 Controller Design

Basic backstepping control is designed as follows:

Step 1
_e1 ¼ _x1 � _x1d ¼ x2 � _x1d (8.2)

To realize e1 ! 0; design Lyapunov function as

V1 ¼ 1

2
e1

2 (8.3)

Then

_V1 ¼ e1 _e1 ¼ e1ðx2 � _x1dÞ

To realize _V1<0; if we choose x2 � _x1d ¼ �k1e1; k1>0; then
_V1 ¼ �k1e

2
1:

Step 2 To realize x2 � _x1d ¼ �k1e1; that is, x2 ¼ _x1d � k1e1; we choose virtual

control as

x2d ¼ _x1d � k1e1 (8.4)

To realize x2 ! x2d; we get a new error

e2 ¼ x2 � x2d (8.5)

Then, _e2 ¼ _x2 � _x2d ¼ f ðx; tÞ þ gðx; tÞu� _x2d
To realize e2 ! 0 and e1 ! 0; design Lyapunov function as

V2 ¼ V1 þ 1

2
e22 ¼

1

2
e21 þ e22
� �
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Then

_V2 ¼ e1ðx2 � _x1dÞ þ e2 _e2

¼ e1ðx2d þ e2 � _x1dÞ þ e2 _e2

¼ � k1e
2
1 þ e1e2 þ e2 f ðx; tÞ þ gðx; tÞu� _x2dð Þ

To realize _V2 < 0; we choose

e1 þ f ðx; tÞ þ gðx; tÞu� _x2d ¼ �k2e2; k2>0 (8.6)

Then

_V2 ¼ �k1e
2
1 � k2e

2
2

From (8.6), consider _x2d ¼ €x1d � k1 _e1; and we can get the control law

u ¼ 1

gðx; tÞ �k2e2 þ _x2d � e1 � f ðx; tÞð Þ (8.7)

In addition, if e1 ! 0 and e2 ! 0; then we can get _e1 ¼ x2 � _x1d ¼ e2
þx2d � _x1d ¼ e2 � k1e1 ! 0.

To realize the control law (8.7), exact values of modeling information

gðxÞ; f ðxÞ are needed, which are difficult in practical engineering. We can

use RBF to approximate them.

8.2.3 Simulation Example

Consider one link inverted pendulum as follows:

_x1 ¼ x2

_x2 ¼ f ðxÞ þ gðxÞu

where f ðxÞ ¼ g sin x1�mlx22 cos x1 sin x1 ðmcþmÞ=
l 4 3= �m cos2x1 ðmcþmÞ=ð Þ ; gðxÞ ¼ cos x1 ðmcþmÞ=

l 4 3= �m cos2x1 ðmcþmÞ=ð Þ ; and x1 and x2
are oscillation angle and oscillation rate, respectively. g ¼ 9:8 m=s2; mc ¼ 1 kg is

the vehicle mass, mc ¼ 1 kg; m is the mass of pendulum bar, m ¼ 0:1 kg; l is one
half of pendulum length, l ¼ 0:5 m; and u is the control input.

Consider the desired trajectory as xdðtÞ ¼ 0:1 sinðπtÞ; adopt the control law as

(8.7), and select k1 ¼ 35 and k2 ¼ 15 The initial state of the inverted pendulum is

½π=60; 0� Simulation results are shown in Figs. 8.1 and 8.2.

The Simulink program of this example is chap8_1sim.mdl, and the Matlab

programs of the example are given in the Appendix.
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8.3 Backstepping Control Based on RBF for Inverted Pendulum

8.3.1 System Description

Suppose the plant is a nonlinear system as follows:

_x1 ¼ x2

_x2 ¼ f ðx; tÞ þ gðx; tÞu

(
(8.8)

Fig. 8.1 Position and speed tracking

Fig. 8.2 Control input
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where f ðx; tÞ and gðx; tÞ are the nonlinear functions and gðx; tÞ 6¼ 0

Define e1 ¼ x1 � x1d; where x1d is the ideal position signal, the goal is e1 ! 0

and _e1 ! 0

8.3.2 Backstepping Controller Design

Basic backstepping control is designed as follows.

Step 1
_e1 ¼ _x1 � _x1d ¼ x2 � _x1d (8.9)

To realize e1 ! 0; design Lyapunov function as

V1 ¼ 1

2
e21 (8.10)

Then

_V1 ¼ e1 _e1 ¼ e1ðx2 � _x1dÞ

To realize _V1 < 0; if we choose x2 � _x1d ¼ �k1e1; k1 > 0; then we

would have _V1 ¼ �k1e
2
1:

Step 2 To realize x2 � _x1d ¼ �k1e1; that is x2 ¼ _x1d � k1e1; we choose virtual

control as

x2d ¼ _x1d � k1e1 (8.11)

To realize x2 ! x2d; we get a new error

e2 ¼ x2 � x2d (8.12)

Then, _e2 ¼ _x2 � _x2d ¼ f ðx; tÞ þ gðx; tÞu� _x2d
To realize e2 ! 0 and e1 ! 0; design Lyapunov function as

V2 ¼ V1 þ 1

2
e22 ¼

1

2
e21 þ e22
� �

Then

_V2 ¼ e1 x2 � _x1dð Þ þ e2 _e2

¼ e1 x2d þ e2 � _x1dð Þ þ e2 _e2

¼ � k1e
2
1 þ e1e2 þ e2 f þ gu� _x2dð Þ

¼ � k1e
2
1 þ e1e2 þ e2 f þ ĝuþ ðg� ĝÞu� _x2dð Þ
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where ĝ is estimation of g.

To realize _V2<0; we design control law as

u ¼ �e1 � f̂ þ _x2d � k2e2
ĝ

; k2>0 (8.13)

where f̂ is estimation of f.
Then, we can get

_V2 ¼ �k1e
2
1 � k2e

2
2 þ e2 f � f̂

� �þ e2 g� ĝð Þu (8.14)

8.3.3 Adaptive Law Design

The unknown functions of f̂ and ĝ can be approximated by neural network.

Figure 8.3 shows the closed-loop neural-based adaptive control scheme.

We use two RBFs to approximate f and g respectively as follows:

f ¼ WT
1h1 þ ε1

g ¼ WT
2h2 þ ε2

(
(8.15)

where Wi is the ideal neural network weight value, hi is the Gaussian function, i

¼ 1; 2; εi is the approximation error, and jjεjj ¼ jj½ ε1 ε2 �Tjj<εN; jjWijjF � WM

Define

f̂ ¼ ŴT
1h1

ĝ ¼ ŴT
2h2

(
(8.16)

where Ŵ
T
i is the weight value estimation.

Fig. 8.3 Block diagram

of the control scheme

8.3 Backstepping Control Based on RBF for Inverted Pendulum 257



Define

Z ¼ W1

W2

� �
; jjZjjF � ZM; Ẑ ¼ Ŵ1

Ŵ2

� �
; ~Z ¼ Z� Ẑ

Design Lyapunov function as

V ¼ 1

2
ξTξ þ 1

2
tr ~Z

T
Γ�1~Z

� �
(8.17)

where V2 ¼ 1
2
ξTξ; η > 0; Γ is a positive-definite matrix with proper dimension,

Γ ¼ Γ1

Γ2

� �
; and ξ ¼ ½ e1 e2 �T

Let adaptive law as

_̂Z ¼ ΓhξT � nΓ jjξjjẐ (8.18)

where h ¼ ½ h1 h2 �T and n is a positive number.

From (8.14), (8.15), and (8.16), we have

_V ¼ ξT _ξ þ tr ~Z
T
Γ�1 _~Z

� �
¼ � k1e

2
1 � k2e

2
2 þ ~WT

1h1 þ ε1
� �

e2 þ ~WT
2h2 þ ε2

� �
e3 þ tr ~Z

T
Γ�1 _~Z

� �

where ~WT
i ¼ WT

i � ŴT
i ; i ¼ 1; 2

Then

_V ¼� ξTKeξ þ ξTεþ ξT~Zhþ tr ~Z
T
Γ�1 _~Z

� �
þ ~me4u

¼� ξTKeξ þ ξTεþ tr ~Z
T
Γ�1 _~Zþ ~Z

T
hξT

� �
þ ~me4u

where Ke ¼ ½ k1 k2 �T and ε ¼ ½ ε1 ε2 �T
Since _~Z ¼ � _̂Z; submitting the adaptive law (8.18), we have

_V ¼ �ξTKeξ þ ξTεþ njjξjjtr ~Z
TðZ� ~ZÞ

� �
(8.19)

According to Schwarz inequality, we have tr ~Z
TðZ� ~ZÞ

� �
� jj~ZjjFjjZjjF � jj~Z

jj2F; since Kminjjξjj2 � ξTKξ; Kmin is the minimum eigenvalue of K, (8.19) becomes
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_V �� Kminjjξjj2 þ εNjjξjj þ njjξjj jj~ZjjFjjZjjF � jj~Zjj2F
� �

�� jjξjj Kminjjξjj � εN þ njj~ZjjF jj~ZjjF � ZM
� �� �

Since

Kminjjξjj � εN þ n jj~Zjj2F � jj~ZjjFZM
� �

¼ Kminjjξjj � εN þ n jj~ZjjF �
1

2
ZM

� 	2

� n

4
Z2
M

this implies that _V < 0 as long as

jjξjj> εN þ n
4
Z2
M

Kmin

or jj~ZjjF>
1

2
ZM þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2
M

4
þ εN

n

r
(8.20)

From the above expression, we can see that the tracking performance is related

to the value of εN; n and Kmin

In addition, if e1 ! 0 and e2 ! 0; then we can get _e1 ¼ x2 � _x1d ¼ e2 þ x2d
� _x1d ¼ e2 � k1e1 ! 0

8.3.4 Simulation Example

Consider one link inverted pendulum as follows:

_x1 ¼x2

_x2 ¼ g sin x1 � mlx22 cos x1 sin x1 ðmc þ mÞ=

l 4 3= � m cos 2x1 ðmc þ mÞ=ð Þ þ cos x1 ðmc þ mÞ=

l 4 3= � m cos 2x1 ðmc þ mÞ=ð Þ u

where x1 and x2 are the oscillation angle and oscillation rate, respectively. g ¼ 9:8

m=s2; mc ¼ 1 kg is the vehicle mass, mc ¼ 1 kg; m is the mass of pendulum bar,

m ¼ 0:1 kg; l is one half of pendulum length, l ¼ 0:5 m; and u is the control input.
Consider the desired trajectory as xdðtÞ ¼ 0:1 sin t; adopt the control law as

(8.13) and adaptive law (8.18), and select Γ1 ¼ 500 and Γ2 ¼ 0:50, n ¼ 0:10; and
k1 ¼ k2 ¼ 35

Two RBF neural networks are designed, for each Gaussian function, the

parameters of ci and bi are designed as ½ �0:5 �0:25 0 0:25 0:5 � and 15.

The initial weight value of each neural net in hidden layer is chosen as 0.10.

In the control law (8.13), to prevent from singularity, we should prevent the item

ĝ value from changing frequently; thus, we should choose small Γ2 in adaptive law

(8.18).
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The initial state of the inverted pendulum is ½π=60; 0�: Simulation results are

shown from Figs. 8.4, 8.5, and 8.6. The variation of f̂ ð�Þ and ĝð�Þ do not converge to
f ð�Þ and gð�Þ. This is due to the fact that the desired trajectory is not persistently

exciting and the tracking error performance can be achieved by many possible

values of f̂ ð�Þ and ĝð�Þ; besides the true f ð�Þ and gð�Þ; which has been explained in

Sect. 1.5, and this occurs quite often in real-world application.

The Simulink program of this example is chap8_2sim.mdl, and the Matlab

programs of the example are given in the Appendix.

8.4 Backstepping Control for Single-Link Flexible Joint Robot

8.4.1 System Description

The dynamic equation of single-link flexible joint robot is

I€q1 þMgL sin q1 þ Kðq1 � q2Þ ¼ 0

J€q2 þ Kðq2 � q1Þ ¼ u

(
(8.21)

where q1 2 Rn and q2 2 Rn are the link angular and motor angular respectively, K is

the stiffness of the link, u 2 Rn is control input, J is motor inertia, I is link inertia,M
is the link mass, and L is the length from the joint to the center of the link.

Choose x1 ¼ q1; x2 ¼ _q1; x3 ¼ q2; x4 ¼ _q2; and then the system (8.21) can be

written as

Fig. 8.4 Position and speed tracking
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_x1 ¼ x2

_x2 ¼ � 1

I
MgL sin x1 þ Kðx1 � x3Þð Þ

_x3 ¼ x4

_x4 ¼ 1

J
u� Kðx3 � x1Þð Þ

8>>>>>>><
>>>>>>>:

(8.22)

Also, the simplified system equation can be written as

Fig. 8.5 Control input

Fig. 8.6 f ðxÞ; gðxÞ and their estimation
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_x1 ¼ x2

_x2 ¼ x3 þ gðxÞ
_x3 ¼ x4

_x4 ¼ f ðxÞ þ mu

8>>><
>>>:

(8.23)

where x ¼ ½ x1 x2 x3 x4 �T is the state vector, gðxÞ ¼ �x3 �MgL sinðx1Þ I= �
Kðx1 � x3Þ I= ; f ðxÞ ¼ Kðx1 � x3Þ J= ; and m ¼ 1 J= .

Let e1 ¼ x1 � x1d; and e2 ¼ _x1 � _x1d: The control goal is x1 track x1d; _x1 track

_x1d; that is, e1 ! 0, and e2 ! 0. If we design Lyapunov function asV ¼ 1
2
e21 þ 1

2
e22;

then we have _V ¼ e1 _e1 þ e2 _e2; and since the control input u does not appear in _V
expression, the control input cannot be designed.

8.4.2 Backstepping Controller Design

Reference to the main idea of adaptive backstepping sliding controller design for

single-link flexible joint robot proposed in [16], we discuss backstepping controller

design for single-link flexible joint robot in several steps as follows:

Step 1 Define e1 ¼ x1 � x1d; and x1d is the ideal position signal, and then

_e1 ¼ _x1 � _x1d ¼ x2 � _x1d

To realize e1 ! 0, define a Lyapunov function as

V1 ¼ 1

2
e21 (8.24)

Then

_V1 ¼ e1 _e1 ¼ e1ðx2 � _x1dÞ

To realize _V1 < 0; if we choose x2 � _x1d ¼ �k1e1, k1 > 0; then we

would have _V1 ¼ �k1e
2
1

Step 2 To realize x2 � _x1d ¼ �k1e1; that is, x2 ¼ _x1d � k1e1; we choose virtual

control as

x2d ¼ _x1d � k1e1 (8.25)

To realize x2 ! x2d; we get a new error

e2 ¼ x2 � x2d

Then _e2 ¼ _x2 � _x2d ¼ x3 þ gðxÞ � _x2d; and
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_V1 ¼ e1ðx2 � _x1dÞ ¼ e1ðx2d þ e2 � _x1dÞ ¼ e1ð _x1d � k1e1 þ e2 � _x1dÞ
¼ � k1e

2
1 þ e1e2

To realize e2 ! 0 and e1 ! 0; design Lyapunov function as

V2 ¼ V1 þ 1

2
e22 ¼

1

2
e21 þ e22
� �

(8.26)

Then

_V2 ¼ �k1e
2
1 þ e1e2 þ e2 x3 þ gðxÞ � _x2dð Þ

To realize _V2 < 0; if we choose

e1 þ x3 þ gðxÞ � _x2d ¼ �k2e2; k2 > 0

then we would have _V2 ¼ �k1e
2
1 � k2e

2
2

Step 3 To realize e1 þ x3 þ gðxÞ � _x2d ¼ �k2e2; that is, x3 ¼ _x2d � gðxÞ � k2e2
�e1; we choose virtual control as

x3d ¼ _x2d � gðxÞ � k2e2 � e1 (8.27)

To realize x3 ! x3d; we get a new error

e3 ¼ x3 � x3d

Then _e3 ¼ _x3 � _x3d ¼ x4 � _x3d
To realizee3 ! 0and e1 ! 0ande2 ! 0; design Lyapunov function as

V3 ¼ V2 þ 1

2
e23 ¼

1

2
e21 þ e22 þ e23
� �

(8.28)

Then

_V3 ¼� k1e
2
1 þ e1e2 þ e2 x3 þ gðxÞ � _x2dð Þ þ e3 _e3

¼� k1e
2
1 þ e1e2 þ e2ðe3 þ x3d þ gðxÞ � _x2dÞ þ e3 _e3

¼� k1e
2
1 � k2e

2
2 þ e2e3 þ e3ðx4 � _x3dÞ

¼ � k1e
2
1 � k2e

2
2 þ e3ðe2 þ x4 � _x3dÞ

To realize _V3 < 0; we choose

e2 þ x4 � _x3d ¼ �k3e3; k3 > 0
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Then we would have

_V3 ¼ �k1e
2
1 � k2e

2
2 � k3e

2
3

Step 4 To realize e2 þ x4 � _x3d ¼ �k3e3; that is, x4 ¼ _x3d � k3e3 � e2; we

choose virtual control as

x4d ¼ _x3d � k3e3 � e2 (8.29)

To realize x4 ! x4d; we get a new error

e4 ¼ x4 � x4d

Then, _e4 ¼ _x4 � _x4d ¼ f ðxÞ þ mu� _x4d
To realize e4 ! 0 and e1 ! 0; e2 ! 0, and e3 ! 0; design Lyapunov

function as

V4 ¼ V3 þ 1

2
e24 ¼

1

2
ðe21 þ e22 þ e23 þ e24Þ (8.30)

Then

_V4 ¼ �k1e
2
1 � k2e

2
2 þ e3ðe2 þ x4 � _x3dÞ þ e4 f ðxÞ þ mu� _x4dð Þ

Since

e3ðe2 þ x4 � _x3dÞ ¼ e3ðe2 þ x4d þ e4 � _x3dÞ
¼ e3ðe2 þ _x3d � k3e3 � e2 þ e4 � _x3dÞ
¼ e3e4 � k3e

2
3

then

_V4 ¼� k1e
2
1 � k2e

2
2 þ e3e4 � k3e

2
3 þ e4 f ðxÞ þ mu� _x4dð Þ

¼ � k1e
2
1 � k2e

2
2 � k3e

2
3 þ e4 e3 þ f ðxÞ þ mu� _x4dð Þ

To realize _V4 < 0; we choose

e3 þ f ðxÞ þ mu� _x4d ¼ �k4e4; k4>0 (8.31)

Then

_V4 ¼ �k1e
2
1 � k2e

2
2 � k3e

2
3 � k4e

2
4
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From (8.31), we can get the control law

u ¼ 1

m
�f ðxÞ þ _x4d � k4e4 � e3ð Þ (8.32)

To realize the control law (8.32), modeling information gðxÞ; f ðxÞ, and
m are needed, which are difficult in practical engineering. We can use

RBF to approximate them.

8.5 Adaptive Backstepping Control with RBF for Single-Link

Flexible Joint Robot

For the system (8.23) in Sect. 8.4, we consider gðxÞ; f ðxÞ, and m are unknown, the

lower bound of m is known, m � �m, and �m > 0

The unknown functions of f̂ ; ĝ, and d̂ can be approximated by neural network,

and m̂ can be estimated by adaptive law. Figure 8.7 shows the closed-loop neural-

based adaptive control scheme.

8.5.1 Backstepping Controller Design with Function Estimation

Reference to the main idea of adaptive neural network backstepping sliding con-

troller design for single-link flexible joint robot proposed in [16], we discuss RBF-

based backstepping controller design for single-link flexible joint robot in several

steps as follows:

Step 1 Define e1 ¼ x1 � x1d; and x1d is the ideal position signal, and then

_e1 ¼ _x1 � _x1d ¼ x2 � _x1d (8.33)

To realize e1 ! 0, define a Lyapunov function as

V1 ¼ 1

2
e1

2 (8.34)

Then

_V1 ¼ e1 _e1 ¼ e1ðx2 � _x1dÞ

To realize _V1 < 0; if we choose x2 � _x1d ¼ �k1e1; k1 > 0; then we

would have _V1 ¼ �k1e
2
1:
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Step 2 To realize x2 � _x1d ¼ �k1e1; that is, x2 ¼ _x1d � k1e1; we choose virtual

control as

x2d ¼ _x1d � k1e1 (8.35)

To realize x2 ! x2d; we get a new error

e2 ¼ x2 � x2d

Then _e2 ¼ _x2 � _x2d ¼ x3 þ gðxÞ � _x2d, and

_V1 ¼ e1ðx2 � _x1dÞ ¼ e1ðx2d þ e2 � _x1dÞ ¼ e1ð _x1d � k1e1 þ e2 � _x1dÞ
¼ � k1e

2
1 þ e1e2

To realize e2 ! 0 and e1 ! 0; design Lyapunov function as

V2 ¼ V1 þ 1

2
e22 ¼

1

2
e21 þ e22
� �

(8.36)

Then

_V2 ¼ �k1e
2
1 þ e1e2 þ e2 x3 þ gðxÞ � _x2dð Þ

To realize _V2 < 0; if we choose

e1 þ x3 þ gðxÞ � _x2d ¼ �k2e2; k2 > 0

then we would have _V2 ¼ �k1e
2
1 � k2e

2
2

Step 3 To realize e1 þ x3 þ gðxÞ � _x2d ¼ �k2e2; that is, x3 ¼ _x2d � gðxÞ � k2e2
�e1; we choose virtual control as

x3d ¼ _x2d � ĝðxÞ � k2e2 � e1 (8.37)

Fig. 8.7 Block diagram

of the control scheme
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To realize x3 ! x3d; we get a new error

e3 ¼ x3 � x3d

Then _e3 ¼ _x3 � _x3d ¼ x4 � _x3d.
To realizee3 ! 0and e1 ! 0ande2 ! 0; design Lyapunov function as

V3 ¼ V2 þ 1

2
e23 ¼

1

2
e21 þ e22 þ e23
� �

(8.38)

Then

_V3 ¼� k1e
2
1 þ e1e2 þ e2 x3 þ gðxÞ � _x2dð Þ þ e3 _e3

¼� k1e
2
1 þ e1e2 þ e2 e3 þ x3d þ gðxÞ � _x2dð Þ þ e3 _e3

¼� k1e
2
1 � k2e

2
2 þ e2e3 þ e3ðx4 � _x3dÞ þ e2 gðxÞ � ĝðxÞð Þ

¼ � k1e
2
1 � k2e

2
2 þ e3ðe2 þ x4 � _x3dÞ þ e2 gðxÞ � ĝðxÞð Þ

To realize _V3 < 0; we choose

e2 þ x4 � _x3d ¼ �k3e3; k3 > 0

Then, we would have _V3 ¼ �k1e
2
1 � k2e

2
2 � k3e

2
3 þ e2 gðxÞ � ĝðxÞð Þ:

Step 4 Design control law

To realize e2 þ x4 � _x3d ¼ �k3e3; that is, x4 ¼ _x3d � k3e3 � e2; we

choose virtual control as

x4d ¼ _̂x3d � k3e3 � e2 (8.39)

where _x3d ¼ _x3d1 � d; _̂x3d ¼ _x3d1 � d̂; and

_x3d ¼� _̂gþ €x2d � k2 _e2 � _e1

¼� _̂gþ x���1d � k1€e1 � k2ðx3 þ g� _x2dÞ � ðx2 � _x1dÞ
¼ � _̂gþ x���1d � k1ðx3 þ g� €x1dÞ � k2ðx3 þ g� _x2dÞ � x2 þ _x1d

¼ _x3d1 � d

where _x3d ¼ _x3d1 � _x3d2; _x3d1 ¼ x���1d � k1ðx3 � €x1dÞ � k2ðx3 � _x2dÞ þ _x1d

�x2 and _x3d2 ¼ _̂gþ k1gþ k2g; _x3d1 is composed of known values, and _x3d2
is the unknown part of _x3d; and let _x3d2 ¼ d:

To realize x4 ! x4d; we get a new error

e4 ¼ x4 � x4d
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Then

_e4 ¼ _x4 � _x4d ¼ f þ mu� _x4d1 � _x4d2

where

_x4d ¼ €x3d1 � _̂
d � k3 _e3 � _e2

¼ x���_1d � k1ð _x3 � x���1dÞ � k2ð _x3 � €x2dÞ þ €x1d � _x2 � _̂
d � k3ðx4 � _x3d1 þ _x3d2Þ � ð _x2 � _x2dÞ

¼ x���_1d � k1ðx4 � x���1dÞ � k2 x4 � x���1d þ k1ð _x2 � €x1dÞð Þ þ €x1d � x3 � g� _̂
d

� k3ðx4 � _x3d1 þ _x3d2Þ � ðx3 þ g� _x2dÞ
¼ x���_1d � k1ðx4 � x���1dÞ � k2 x4 � x���1d þ k1ðx3 � €x1dÞð Þ þ €x1d � x3 � k3ðx4 � _x3d1Þ

� ðx3 � _x2dÞ � k1k2g� g� _̂
d � k3 _x3d2 � g

¼ _x4d1 þ _x4d2

where _x4d is composed of known values _x4d1 and the unknown part of _x4d2

_x4d1 ¼ x���_1d � k1ðx4 � x���1dÞ � k2 x4 � x���1d þ k1ðx3 � €x1dÞð Þ
þ€x1d � x3 � k3ðx4 � _x3d1Þ � ðx3 � _x2dÞ

_x4d2 ¼ � k1k2g� g� _̂
d � k3 _x3d2 � g

8>><
>>: (8.40)

Define �f ¼ f � _x4d2; and then

_e4 ¼ �f � _x4d1 þ mu ¼ �f � _x4d1 þ ðm� m̂Þuþ m̂u

where m̂ is estimation value of m.
To realize e4 ! 0 and e1 ! 0; e2 ! 0, and e3 ! 0; design Lyapunov

function as

V4 ¼ V3 þ 1

2
e24 ¼

1

2
e21 þ e22 þ e23 þ e24
� �

(8.41)

Then

_V4 ¼� k1e
2
1 � k2e

2
2 þ e3ðe2 þ x4 � _x3dÞ þ e2 gðxÞ � ĝðxÞð Þ

þ e4 �f � _x4d1 þ ðm� m̂Þuþ m̂uð Þ

Since

e3ðe2 þ x4 � _x3dÞ ¼ e3ðe2 þ x4d þ e4 � _x3dÞ
¼ e3ðe2 þ _x3d1 � d̂ � k3e3 � e2 þ e4 � _x3d1 þ dÞ
¼ e3e4 � k3e

2
3 þ e3ðd � d̂Þ
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then

_V4 ¼� k1e
2
1 � k2e

2
2 þ e3e4 � k3e

2
3 þ e3ðd � d̂Þ þ e2ðg� ĝÞ þ e4 �f � _x4d1 þ ðm� m̂Þuþ m̂uð Þ

¼ � k1e
2
1 � k2e

2
2 � k3e

2
3 þ e2ðg� ĝÞ þ e3ðd � d̂Þ þ e4ðm� m̂Þuþ e4ðe3 þ �f � _x4d1 þ m̂uÞ

To realize _V4 < 0; we choose the control law as

u ¼ 1

m̂
ð� �̂f þ _x4d1 � k4e4 � e3Þ (8.42)

then

_V4 ¼ �k1e
2
1 � k2e

2
2 � k3e

2
3 � k4e

2
4 þ ðm� m̂Þue4 þ ðg� ĝÞe2

þ ðd � d̂Þe3 þ ð�f � �̂f Þe4 (8.43)

If m̂ ¼ m; ĝ ¼ g; d̂ ¼ d, and �̂f ¼ �f ; we can get _V4 < 0

8.5.2 Backstepping Controller Design with RBF Approximation

We use three kind of RBF neural network to approximate g, d and �f respectively as

follows

g ¼ WT
1h1 þ ε1

d ¼ WT
2h2 þ ε2

�f ¼ WT
3h3 þ ε3

8><
>:

where Wi is the ideal neural network weight value, hi is the Gaussian function,

i ¼ 1; 2; 3; εi is the approximation error and jjεjj ¼ jj½ ε1 ε2 ε3 �Tjj<εN;
jjWjjF � WM

Define

ĝ ¼ ŴT
1h1

d̂ ¼ ŴT
2h2

�̂f ¼ ŴT
3h3

8>><
>>: (8.44)

where ŴT
i is weight value estimation.
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Define

Z ¼
0

W1

W2

W3

2
664

3
775; jjZjjF � ZM

Ẑ ¼
0

Ŵ1

Ŵ2

Ŵ3

2
664

3
775; ~Z ¼ Z� Ẑ

Design Lyapunov function as

V ¼ 1

2
ξTξ þ 1

2
trð~ZT

Γ�1~ZÞ þ 1

2
η ~m2 (8.45)

where V4 ¼ 1
2
ξTξ; η > 0; Γ is a positive-definite matrix with proper dimension,

Γ ¼
0

Γ2

Γ3

Γ4

2
664

3
775; ξ ¼ ½ e1 e2 e3 e4 �T; and ~m ¼ m� m̂:

Let adaptive law as

_̂Z ¼ ΓhξT � nΓ jjξjjẐ (8.46)

where h ¼ ½ 0 h1 h2 h3 �T; n is a positive number, and m̂ð0Þ � �m

From (8.43), (8.44), and (8.45), we have

_V ¼ ξT _ξ þ trð~ZT
Γ�1 _~ZÞ þ η ~m _~m

¼ � k1e
2
1 � k2e

2
2 � k3e

2
3 � k4e

2
4 þ ð ~WT

1h1 þ ε1Þe2 þ ð ~WT
2h2 þ ε2Þe3

þ ð ~WT
3h3 þ ε3Þe4 þ trð~ZT

Γ�1 _~ZÞ þ ~me4uþ η ~m _~m

where ~WT
i ¼ WT

i � ŴT
i ; i ¼ 1; 2; 3

Then

_V ¼� ξTKeξ þ ξTεþ ξT~Zhþ trð~ZT
Γ�1 _~ZÞ þ ~me4uþ η ~m _~m

¼� ξTKeξ þ ξTεþ trð~ZT
Γ�1 _~Zþ ~Z

T
hξTÞ þ ~me4uþ η ~m _~m

where Ke ¼ ½ k1 k2 k3 k4 �T; and ε ¼ ½ 0 ε1 ε2 ε3 �T.
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Since
_~Z ¼ � _̂

Z; and _~m ¼ � _̂m; submitting the adaptive law (8.46), we have

_V ¼ �ξTKeξ þ ξTεþ njjξjjtr ~Z
TðZ� ~ZÞ

� �
þ ~mðe4u� η _̂mÞ (8.47)

To guarantee ~mðe4u� η _̂mÞ � 0; at the same time to avoid singularity in (8.42)

and guarantee m̂ � �m; we use an adaptive law for m̂ given in [16] as follows:

_̂m ¼
η�1e4u, if e4u > 0

η�1e4u, if e4u � 0 and m̂ > �m
η�1, if e4u � 0 and m̂ � �m

8<
: (8.48)

where m̂ð0Þ � �m:

The adaptive law (8.48) can be analyzed as:

1. If e4u > 0; we get ~mðe4u� η _̂mÞ ¼ 0 and _̂m > 0; thus, m̂ > �m

2. If e4u � 0 and m̂ > �m; we get ~mðe4u� η _̂mÞ ¼ 0

3. If e4u � 0 and m̂ � �m; we have ~m ¼ m� m̂ � m� �m>0; thus, ~mðe4u� η _̂mÞ
¼ ~me4u� ~m � 0; and m̂ will increase gradually, and then m̂> �m will be

guaranteed with _̂m > 0

According to Schwarz inequality, we have tr ~Z
TðZ� ~ZÞ

� �
� jj~ZjjFjjZjjF � jj~Zj

j2F; since Kminjjξjj2 � ξTKξ; Kmin is the minimum eigenvalue of K, (8.47) becomes

_V �� Kminjjξjj2 þ εNjjξjj þ njjξjj jj~ZjjFjjZjjF � jj~Zjj2F
� �

þM

�� jjξjj Kmin ξk k � εN þ njj~ZjjFðjj~ZjjF � ZMÞ
� �

Since

Kminjjξjj � εN þ n jj~Zjj2F � jj~ZjjFZM
� �

¼ Kminjjξjj � εN þ n jj~ZjjF �
1

2
ZM

� 	2

� n

4
Z2
M

this implies that _V < 0 as long as

jjξjj > εN þ n
4
Z2
M

Kmin

or jj~ZjjF >
1

2
ZM þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z2
M

4
þ εN

n

r
(8.49)

From the above expression, we can see that the tracking performance is related

to the value of εN; n, and Kmin
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8.5.3 Simulation Examples

8.5.3.1 First Example

For the system (8.23), we choose f ðxÞ ¼ 0, gðxÞ ¼ 0, and m ¼ 3:0; and then (8.23)

can be written as

_x1 ¼ x2
_x2 ¼ x3
_x3 ¼ x4
_x4 ¼ mu

8>><
>>:

We assume f ðxÞ ¼ 0 and gðxÞ ¼ 0 are known and only m is unknown, and then

Lyapunov function becomes V ¼ 1
2
ξTξ þ 1

2
η ~m2; thus, only adaptive law (8.48) can

be used.

The ideal position signal is x1d ¼ sin t; and the initial value is

xð0Þ ¼ ½ 0:5 0 0 0 �. We use the control law (8.42) with adaptive law (8.48).

The parameters are chosen as k1 ¼ k2 ¼ k3 ¼ k4 ¼ 35: In the adaptive law, we

choose �m ¼ 1:0; m̂ð0Þ ¼ 500, and η ¼ 150. The results are shown from Figs. 8.8,

8.9, and 8.10.

The Simulink program of this example is chap8_3sim.mdl and the Matlab

programs of the example are given in the Appendix.

Fig. 8.8 Position and speed tracking
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8.5.3.2 Second Example

Consider a dynamic equation of single-link flexible joint robot as

I€q1 þMgL sin q1 þ Kðq1 � q2Þ ¼ 0

J€q2 þ Kðq2 � q1Þ ¼ u

�

where M ¼ 0:2 kg; L ¼ 0:02 m; I ¼ 1:35� 10�3kg �m2; K ¼ 7:47 Nm=rad; and

J ¼ 2:16� 10�1kg �m2.

Fig. 8.9 Control input

Fig. 8.10 Estimation of m

8.5 Adaptive Backstepping Control with RBF for Single-Link Flexible Joint Robot 273



The ideal position signal is x1d ¼ sin t; and the initial value is

xð0Þ ¼ ½ 0 0 0 0 � . Control law (8.42) is used with adaptive law (8.46) and

(8.48). The parameters are chosen as k1 ¼ k2 ¼ k3 ¼ k4 ¼ 3:5; n ¼ 0:01; Γ2 ¼ Γ3

¼ Γ4 ¼ 250; and Γ ¼ diagf0; Γ2; Γ3; Γ4g: Since J ¼ 2:16� 10�1kg �m2; we

choose �m ¼ 1:0.
We use three RBFs to approximate g, d, and f, respectively. The structure is used

as 4-5-1, and the input vector of RBF is z ¼ ½ x1 x2 x3 x4 �T. For each Gaussian
function, the parameters of ci and bi are designed as ½ �1 �0:5 0 0:5 1 � and
1.5. The initial weight value is chosen as zero.

In the adaptive law (8.48), since there exists strong coupling between m̂ and u,
the choice of initial value of m̂ is important. If m̂ð0Þ is chosen as very small, u

become very big, and then _̂mwill become very big, which will cause big chattering

of m̂; and may cause m̂ to become zero, and control input will be singular. For the

same reason, if m̂ð0Þ is chosen as very big, uwill become very small, and then _̂mwill

become very small, which will cause small change of m̂; and may cause u failure.

Therefore, in simulation, we should design initial value of m̂ as big as possible. In

this simulation, we set m̂ð0Þ ¼ 500. In addition, to guarantee not big of _̂m value, we

choose big η; that is, η ¼ 150

The results are shown from Figs. 8.11, 8.12, and 8.13. The estimation of ĝðxÞ and
m̂ do not converge to true value of gðxÞ and m. This is due to the fact that the desired
trajectory is not persistently exciting and the tracking error performance can be

achieved by many possible values of ĝðxÞ and m̂; besides the true gðxÞ and m, which

Fig. 8.11 Position and speed tracking
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has been explained in Sect. 1.5, and this occurs quite often in real-world

application.

The Simulink program of this example is chap8_4sim.mdl, and the Matlab

programs of the example are given in the Appendix.

Fig. 8.12 Control input

Fig. 8.13 Estimation of gðxÞ and m
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Appendix

Programs for Sect. 8.2.3

Simulation programs:

Simulink program: chap8_1sim.mdl

S function for control law:chap8_1ctrl.m

function [sys,x0,str,ts] ¼ spacemodel(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end

function [sys,x0,str,ts]¼mdlInitializeSizes
global M V x0 fai

sizes ¼ simsizes;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 1;
sizes.NumInputs ¼ 3;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 1;
sys ¼ simsizes(sizes);
x0¼[];
str ¼ [];
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ts ¼ [0 0];
function sys¼mdlOutputs(t,x,u)
k1¼35;
k2¼15;

x1d¼u(1);
dx1d¼0.1*pi*cos(pi*t);
ddx1d¼-0.1*pi^2*sin(pi*t);
x1¼u(2);
x2¼u(3);

g¼9.8;mc¼1.0;m¼0.1;l¼0.5;
S¼l*(4/3-m*(cos(x1))^2/(mc+m));
fx¼g*sin(x1)-m*l*x2^2*cos(x1)*sin(x1)/(mc+m);
fx¼fx/S;
gx¼cos(x1)/(mc+m);
gx¼gx/S;

e1¼x1-x1d;
de1¼x2-dx1d;

x2d¼dx1d-k1*e1;
dx2d¼ddx1d-k1*de1;
e2¼x2-x2d;
ut¼(1/gx)*(-k2*e2+dx2d-e1-fx);

sys(1)¼ut;

S function for plant:chap8_1plant.m

function [sys,x0,str,ts]¼s_function(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2, 4, 9 }

sys ¼ [];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 2;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 2;
sizes.NumInputs ¼ 1;
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sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 0;
sys¼simsizes(sizes);
x0¼[pi/60 0];
str¼[];
ts¼[];
function sys¼mdlDerivatives(t,x,u)
g¼9.8;mc¼1.0;m¼0.1;l¼0.5;

S¼l*(4/3-m*(cos(x(1)))^2/(mc+m));
fx¼g*sin(x(1))-m*l*x(2)^2*cos(x(1))*sin(x(1))/(mc+m);
fx¼fx/S;
gx¼cos(x(1))/(mc+m);
gx¼gx/S;

sys(1)¼x(2);
sys(2)¼fx+gx*u;
function sys¼mdlOutputs(t,x,u)
sys(1)¼x(1);
sys(2)¼x(2);

Plot program: chap8_1plot.m

close all;

figure(1);
subplot(211);
plot(t,y(:,1),’r’,t,y(:,3),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Position tracking’);
legend(’Ideal position’,’Position tracking’);
subplot(212);
plot(t,y(:,2),’r’,t,y(:,4),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Speed tracking’);
legend(’Ideal speed’,’Speed tracking’);

figure(2);
plot(t,ut(:,1),’k’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Control input’);

Programs for Sect. 8.3.4

Simulink program: chap8_2sim.mdl
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S function for control law: chap8_2ctrl.m

function [sys,x0,str,ts] ¼ MIMO_Tong_s(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
global c b k1 k2 node
node¼5;
sizes ¼ simsizes;
sizes.NumContStates ¼ 2*node;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 3;
sizes.NumInputs ¼ 5;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0 ¼ [0.1*ones(2*node,1)]; %m(0)>ml
str ¼ [];
ts ¼ [];
c¼0.5*[-1 -0.5 0 0.5 1;

-1 -0.5 0 0.5 1];
b¼15;
k1¼35;k2¼35;
function sys¼mdlDerivatives(t,x,u)
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global c b k1 k2 node
x1d¼u(1);
dx1d¼0.1*cos(t);
ddx1d¼-0.1*sin(t);

x1¼u(2);x2¼u(3); %Plant states
z¼[x1,x2]’;
for j¼1:1:node

h(j)¼exp(-norm(z-c(:,j))^2/(2*b^2));
end

e1¼x1-x1d;
de1¼x2-dx1d;
x2d¼dx1d-k1*e1;
e2¼x2-x2d;
dx2d¼ddx1d-k1*de1;

Kexi¼[e1 e2]’;

n¼0.1;
Gama1¼500;Gama2¼0.50;
Gama¼[Gama1 0;

0 Gama2];
%dZ¼Gama*h*Kexi’-n*Gama*norm(Kexi)*Z;
w_fp¼[x(1:node)]’; %fp weight
w_gp¼[x(node+1:node*2)]’; %gp weight
for i¼1:1:node
sys(i)¼Gama(1,1)*h(i)*Kexi(1)-n*Gama(1,1)*norm(Kexi)

*w_fp(i); %f estimation
sys(i+node)¼Gama(2,2)*h(i)*Kexi(2)-n*Gama(2,2)*norm

(Kexi)*w_gp(i); %g estimation
end
function sys¼mdlOutputs(t,x,u)
global c b k1 k2 node
x1d¼u(1);
dx1d¼0.1*cos(t);
ddx1d¼-0.1*sin(t);

x1¼u(2);x2¼u(3);
z¼[x1,x2]’;

for j¼1:1:node
h(j)¼exp(-norm(z-c(:,j))^2/(2*b^2));

end

w_fp¼[x(1:node)]’; %fp weight
w_gp¼[x(node+1:node*2)]’; %gp weight
fp¼w_fp*h’;
gp¼w_gp*h’;
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e1¼x1-x1d;
de1¼x2-dx1d;
x2d¼dx1d-k1*e1;
e2¼x2-x2d;
dx2d¼ddx1d-k1*de1;

ut¼1/(gp+0.01)*(-e1-fp+dx2d-k2*e2);

sys(1)¼ut;
sys(2)¼fp;
sys(3)¼gp;

S function for plant: chap8_2plant.m

function [sys,x0,str,ts]¼s_function(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2, 4, 9 }

sys ¼ [];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 2;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 4;
sizes.NumInputs ¼ 3;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 0;
sys¼simsizes(sizes);
x0¼[pi/60 0];
str¼[];
ts¼[];
function sys¼mdlDerivatives(t,x,u)
g¼9.8;mc¼1.0;m¼0.1;l¼0.5;

S¼l*(4/3-m*(cos(x(1)))^2/(mc+m));
fx¼g*sin(x(1))-m*l*x(2)^2*cos(x(1))*sin(x(1))/(mc+m);
fx¼fx/S;
gx¼cos(x(1))/(mc+m);
gx¼gx/S;
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sys(1)¼x(2);
sys(2)¼fx+gx*u(1);
function sys¼mdlOutputs(t,x,u)
g¼9.8;mc¼1.0;m¼0.1;l¼0.5;
S¼l*(4/3-m*(cos(x(1)))^2/(mc+m));
fx¼g*sin(x(1))-m*l*x(2)^2*cos(x(1))*sin(x(1))/(mc+m);
fx¼fx/S;
gx¼cos(x(1))/(mc+m);
gx¼gx/S;

sys(1)¼x(1);
sys(2)¼x(2);
sys(3)¼fx;
sys(4)¼gx;

Plot program: chap8_2plot.m

close all;

figure(1);
subplot(211);
plot(t,y(:,1),’r’,t,y(:,3),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Position tracking’);
legend(’Ideal position’,’Position tracking’);
subplot(212);
plot(t,y(:,2),’r’,t,y(:,4),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Speed tracking’);
legend(’Ideal speed’,’Speed tracking’);

figure(2);
plot(t,ut(:,1),’r’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Control input’);

figure(3);
subplot(211);
plot(t,p(:,3),’r’,t,p(:,6),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’fx and its estimated value’);
legend(’fx’,’estiamted fx’);
subplot(212);
plot(t,p(:,4),’r’,t,p(:,7),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’gx and its estimated value’);
legend(’gx’,’estiamted gx’);

Programs for Sect. 8.5.3.1

Programs:

Simulink program: chap8_3sim.mdl
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S function for control law and adaptive law: chap8_3ctrl.m

function [sys,x0,str,ts] ¼ MIMO_Tong_s(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
global k1 k2 k3 k4
sizes ¼ simsizes;
sizes.NumContStates ¼ 1;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 2;
sizes.NumInputs ¼ 6;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0 ¼ [10]; %Let m(0)>>ml
str ¼ [];
ts ¼ [];
k1¼35;k2¼35;k3¼35;k4¼35;
function sys¼mdlDerivatives(t,x,u)
global k1 k2 k3 k4
x1d¼u(1);
dx1d¼cos(t);
ddx1d¼-sin(t);
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dddx1d¼-cos(t);
ddddx1d¼sin(t);
x1¼u(2);x2¼u(3);x3¼u(4);x4¼u(5); %Plant states
mp¼x(1);

e1¼x1-x1d;
x2d¼dx1d-k1*e1;
e2¼x2-x2d;
dx2d¼ddx1d-k1*(x2-dx1d);

x3d¼dx2d-k2*e2-e1;
dx3d1¼dddx1d-k1*(x3-ddx1d)-k2*(x3-dx2d)+dx1d-x2;

e3¼x3-x3d;
x4d¼dx3d1-k3*e3-e2;
e4¼x4-x4d;

dx4d1¼ddddx1d-k1*(x4-dddx1d)-k2*(x4-dddx1d+k1*(x3-
ddx1d))+ddx1d-x3-k3*(x4-dx3d1)-(x3-dx2d);

ut¼(1/mp)*(dx4d1-k4*e4-e3);

eta¼150;
ml¼1;
if (e4*ut>0)

dm¼(1/eta)*e4*ut;
end
if (e4*ut<¼0)

if (mp>ml)
dm¼(1/eta)*e4*ut;
else
dm¼1/eta;
end

end
sys(1)¼dm;
function sys¼mdlOutputs(t,x,u)
global k1 k2 k3 k4
x1d¼u(1);
dx1d¼cos(t);
ddx1d¼-sin(t);
dddx1d¼-cos(t);
ddddx1d¼sin(t);
x1¼u(2);x2¼u(3);x3¼u(4);x4¼u(5); %Plant states
mp¼x(1);

e1¼x1-x1d;
x2d¼dx1d-k1*e1;
e2¼x2-x2d;
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dx2d¼ddx1d-k1*(x2-dx1d);
x3d¼dx2d-k2*e2-e1;
dx3d1¼dddx1d-(k1)*(x3-ddx1d)-(k2)*(x3-dx2d)+dx1d-x2;

e3¼x3-x3d;
x4d¼dx3d1-k3*e3-e2;
e4¼x4-x4d;

dx4d1¼ddddx1d-(k1)*(x4-dddx1d)-(k2)*(x4-dddx1d+(k1)*
(x3-ddx1d))-(k3)*(x4-dx3d1)-(x3-dx2d)+ddx1d-x3;

ut¼(1/mp)*(dx4d1-k4*e4-e3);
sys(1)¼ut;
sys(2)¼mp;
S function for plant:chap8_3plant.m
function [sys,x0,str,ts]¼MIMO_Tong_plant(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2, 4, 9 }

sys ¼ [];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 4;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 5;
sizes.NumInputs ¼ 1;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 0;
sys¼simsizes(sizes);
x0¼[0.5 0 0 0];
str¼[];
ts¼[];
function sys¼mdlDerivatives(t,x,u)
m¼3.0;
ut¼u(1);
sys(1)¼x(2);
sys(2)¼x(3);
sys(3)¼x(4);
sys(4)¼m*ut;
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function sys¼mdlOutputs(t,x,u)
m¼3.0;

sys(1)¼x(1);
sys(2)¼x(2);
sys(3)¼x(3);
sys(4)¼x(4);
sys(5)¼m;
Plot program:chap8_3plot.m
close all;

figure(1);
subplot(211);
plot(t,y(:,1),’r’,t,y(:,3),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Position tracking’);
legend(’Ideal position’,’Position tracking’);
subplot(212);
plot(t,y(:,2),’r’,t,y(:,4),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Speed tracking’);
legend(’Ideal speed’,’Speed tracking’);

figure(2);
plot(t,ut(:,1),’r’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Control input’);

figure(3);
plot(t,m(:,5),’r’,t,m(:,6),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’m and its estimated value’);
legend(’m’,’estiamted m’);

Programs for Sect. 8.5.3.2

Simulink program: chap8_4sim.mdl
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S function for control law and adaptive law: chap8_4ctrl.m

function [sys,x0,str,ts] ¼ MIMO_Tong_s(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
global c b k1 k2 k3 k4 node
node¼5;
sizes ¼ simsizes;
sizes.NumContStates ¼ 3*node+1;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 3;
sizes.NumInputs ¼ 7;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0 ¼ [zeros(3*node,1);500]; %m(0)>ml
str ¼ [];
ts ¼ [];
c¼[-1 -0.5 0 0.5 1;

-1 -0.5 0 0.5 1;
-1 -0.5 0 0.5 1;
-1 -0.5 0 0.5 1];

b¼1.5;
k1¼0.35;k2¼0.35;k3¼0.35;k4¼0.35;
function sys¼mdlDerivatives(t,x,u)
global c b k1 k2 k3 k4 node
x1d¼u(1);
dx1d¼cos(t);
ddx1d¼-sin(t);
dddx1d¼-cos(t);
ddddx1d¼sin(t);

x1¼u(2);x2¼u(3);x3¼u(4);x4¼u(5); %Plant states
z¼[x1,x2,x3,x4]’;
for j¼1:1:node
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h(j)¼exp(-norm(z-c(:,j))^2/(2*b^2));
end
th_gp¼[x(1:node)]’; %gp weight value
th_dp¼[x(node+1:node*2)]’; %dp weight value
th_fp¼[x(node*2+1:node*3)]’; %fp weight value
gp¼th_gp*h’;
dp¼th_dp*h’;
fp¼th_fp*h’;
mp¼x(3*node+1);

e1¼x1-x1d;
x2d¼dx1d-k1*e1;
e2¼x2-x2d;
dx2d¼ddx1d-k1*(x2-dx1d);

x3d¼-gp+dx2d-k2*e2-e1;

%D3¼dddx1d-k1*(x3-ddx1d)-k2*(x3-dx2d)+dx1d-x2;
dx3d1¼dddx1d-k1*(x3-ddx1d)-k2*(x3-dx2d)+dx1d-x2;

e3¼x3-x3d;
x4d¼dx3d1-dp-k3*e3-e2;
e4¼x4-x4d;

%D4¼ddddx1d-k1*(x4-dddx1d)-k2*(x4-dddx1d+k1*(x3-
ddx1d))+ddx1d-x3-k3*(x4-D3)-(x3-dx2d);

dx4d1¼ddddx1d-k1*(x4-dddx1d)-k2*(x4-dddx1d+k1*(x3-
ddx1d))+ddx1d-x3-k3*(x4-dx3d1)-(x3-dx2d);

ut¼(1/mp)*(-fp+dx4d1-k4*e4-e3);
Kexi¼[e1 e2 e3 e4]’;

n¼0.01;
Gama2¼250;Gama3¼250;Gama4¼250;
Gama¼[0 0 0 0;

0 Gama2 0 0;
0 0 Gama3 0;
0 0 0 Gama4];

eta¼150;
ml¼1;
if (e4*ut>0)

dm¼(1/eta)*e4*ut;
end
if (e4*ut<¼0)

if (mp>ml)
dm¼(1/eta)*e4*ut;
else
dm¼1/eta;
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end
end
for i¼1:1:node

sys(i)¼Gama(2,2)*h(i)*Kexi(2)-n*Gama(2,2)*norm
(Kexi)*th_gp(i); %g estimation

sys(i+node)¼Gama(3,3)*h(i)*Kexi(3)-n*Gama(3,3)
*norm(Kexi)*th_dp(i); %d estimation

sys(i+node*2)¼Gama(4,4)*h(i)*Kexi(4)-n*Gama(4,4)
*norm(Kexi)*th_fp(i); %f estimation

end
sys(3*node+1)¼dm;
function sys¼mdlOutputs(t,x,u)
global c b k1 k2 k3 k4 node
x1d¼u(1);
dx1d¼cos(t);
ddx1d¼-sin(t);
dddx1d¼-cos(t);
ddddx1d¼sin(t);

x1¼u(2);x2¼u(3);x3¼u(4);x4¼u(5);
z¼[x1,x2,x3,x4]’;
for j¼1:1:node

h(j)¼exp(-norm(z-c(:,j))^2/(2*b^2));
end

th_gp¼[x(1:node)]’; %gp weight
th_dp¼[x(node+1:node*2)]’; %dp weight
th_fp¼[x(node*2+1:node*3)]’; %fp weight
gp¼th_gp*h’;
dp¼th_dp*h’;
fp¼th_fp*h’;
mp¼x(node*3+1);

e1¼x1-x1d;
x2d¼dx1d-k1*e1;
e2¼x2-x2d;
dx2d¼ddx1d-k1*(x2-dx1d);
x3d¼-gp+dx2d-k2*e2-e1;
%D3¼dddx1d-(k1)*(x3-ddx1d)-(k2)*(x3-dx2d)+dx1d-x2;
dx3d1¼dddx1d-(k1)*(x3-ddx1d)-(k2)*(x3-dx2d)+dx1d-x2;

e3¼x3-x3d;
x4d¼dx3d1-dp-k3*e3-e2;
e4¼x4-x4d;
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%D4¼ddddx1d-(k1)*(x4-dddx1d)-(k2)*(x4-dddx1d+(k1)*
(x3-ddx1d))-(k3)*(x4-D3)-(x3-dx2d)+ddx1d-x3;

dx4d1¼ddddx1d-(k1)*(x4-dddx1d)-(k2)*(x4-dddx1d+(k1)*
(x3-ddx1d))-(k3)*(x4-dx3d1)-(x3-dx2d)+ddx1d-x3;

ut¼(1/mp)*(-fp+dx4d1-k4*e4-e3);
sys(1)¼ut;
sys(2)¼gp;
sys(3)¼mp;

S function for plant: chap8_4plant.m

function [sys,x0,str,ts]¼MIMO_Tong_plant(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2, 4, 9 }

sys ¼ [];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 4;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 6;
sizes.NumInputs ¼ 3;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 0;
sys¼simsizes(sizes);
x0¼[0 0 0 0];
str¼[];
ts¼[];
function sys¼mdlDerivatives(t,x,u)
M¼0.2;L¼0.02;I¼1.35*0.001;K¼7.47;J¼2.16*0.1;
g¼9.8;

gx¼-x(3)-M*g*L*sin(x(1))/I-(K/I)*(x(1)-x(3));
fx¼(K/J)*(x(1)-x(3));
m¼1/J;
ut¼u(1);
sys(1)¼x(2);
sys(2)¼x(3)+gx;
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sys(3)¼x(4);
sys(4)¼fx+m*ut;
function sys¼mdlOutputs(t,x,u)
M¼0.2;L¼0.02;I¼1.35*0.001;K¼7.47;J¼2.16*0.1;
g¼9.8;
gx¼-x(3)-M*g*L*sin(x(1))/I-(K/I)*(x(1)-x(3));
m¼1/J;

sys(1)¼x(1);
sys(2)¼x(2);
sys(3)¼x(3);
sys(4)¼x(4);
sys(5)¼gx;
sys(6)¼m;

Plot program: chap8_4plot.m

close all;

figure(1);
subplot(211);
plot(t,y(:,1),’r’,t,y(:,3),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Position tracking’);
legend(’Ideal position’,’Position tracking’);
subplot(212);
plot(t,y(:,2),’r’,t,y(:,4),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Speed tracking’);
legend(’Ideal speed’,’Speed tracking’);

figure(2);
plot(t,ut(:,1),’r’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Control input’);

figure(3);
subplot(211);
plot(t,p(:,5),’r’,t,p(:,8),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’gx and its estimated value’);
legend(’gx’,’estiamted gx’);
subplot(212);
plot(t,p(:,6),’r’,t,p(:,9),’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’m and its estimated value’);
legend(’m’,’estiamted m’);
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Chapter 9

Digital RBF Neural Network Control

Abstract This chapter introduces adaptive Runge–Kutta–Merson method for

digital RBF neural network controller design. Two examples for mechanical

controls are given, including digital adaptive control for a servo system and digital

adaptive control for two-link manipulators.

Keywords Neural network control • Digital control • Adaptive

Runge–Kutta–Merson

9.1 Adaptive Runge–Kutta–Merson Method

9.1.1 Introduction

By simulation, we mean to simulate the actual situation as close as possible. In

actual implementation of feedback control using digital computer, zero-order

holders are usually used which keep the input constant during the sampling interval

Ts; that is, uðtÞ ¼ uðnTsÞ for nTs � t � ðnþ 1ÞTs: It is clear that, in solving

the dynamic response of the system numerically, the control inputs should be

kept constant during the sampling interval and only be updated at the fixed

intervals of Ts:
Thus, we shall discuss the numerical solution of

_xðtÞ ¼ f ðxðtÞÞ; _xð0Þ ¼ x0 (9.1)

at the discrete time instants

0,Ts; 2Ts; . . . ; nTs:

The algorithm will then generate the values as x1; x2; x3; . . . ; to approximate

x1ðt1Þ; x2ðt2Þ; x3ðt3Þ; . . . :

J. Liu, Radial Basis Function (RBF) Neural Network Control for Mechanical Systems:
Design, Analysis and Matlab Simulation, DOI 10.1007/978-3-642-34816-7_9,
# Tsinghua University Press, Beijing and Springer-Verlag Berlin Heidelberg 2013
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To solve the differential equations numerically, Runge–Kutta method is

commonly used. One of the most popular is the fourth-order method given as follows:

given an initial value problem (9.1), the values of x at time t ¼ t0 þ ðnþ 2ÞT can be

computed from the values of x at time t ¼ t0 þ nT using the following formulae:

xnþ1 ¼ xn þ 1

6
k1 þ 2k2 þ 2k3 þ k4ð Þ (9.2)

where

k1 ¼ Tf ðtn; xnÞ

k2 ¼ Tf tn þ 1

2
T; xn þ 1

2
k1

� �

k3 ¼ Tf tn þ 1

2
T; xn þ 1

2
k2

� �
k4 ¼ Tf tn þ T; xn þ k3ð Þ

and T is the size of each step.

The fourth-order Runge–Kutta method is explicit and requires four derivative

function evaluations per step.

To robustly solve the differential equations, one variant of the Runge–Kutta

method, Runge–Kutta–Merson (RKM) method, is used over the step length T
applying the technique of adaptive step size [1, 2]. This means that the step size

for the numerical method changes according to a certain criterion for robust

numerical analysis.

The Runge–Kutta–Merson (RKM) method is presented below as

xnþ1 ¼ xn þ 1

6
k1 þ 4k4 þ k5ð Þ (9.3)

where

k1 ¼ Tf ðtn; xnÞ

k2 ¼ Tf tn þ 1

3
T; xn þ 1

3
k1

� �

k3 ¼ Tf tn þ 1

3
T; xn þ 1

6
k1 þ 1

6
k2

� �

k4 ¼ Tf tn þ 1

2
T; xn þ 1

8
k1 þ 3

8
k3

� �

k5 ¼ Tf tn þ T; xn þ 1

2
k1 � 3

2
k3 þ 2k4

� �
:
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The digital control algorithm block diagram is shown in Fig. 9.1.

9.1.2 Simulation Example

We choose f ðxðtÞÞ ¼ 10 sin t � x and discrete _x ¼ 10 sin t � xwith the sampling time

Ts ¼ 0:001; by using the Runge–Kutta–Merson (RKM) method, the result is shown

in Fig. 9.2.

The program of this example is chap9_1.m, which is given in the Appendix.

9.2 Digital Adaptive Control for SISO System

9.2.1 Introduction

Consider the Sect. 6.1, that is, “Adaptive Control with RBF Neural Network

Compensation for Robotic Manipulators.”

For the first example, we assume the plant as a simple servo system as

Fig. 9.1 Digital control

algorithm block diagram
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M€q ¼ tþ dð _qÞ (9.4)

where M ¼ 10; d denotes friction force, and d ¼ �15 _q� 30sgnð _qÞ:
Choose x1 ¼ q; and x2 ¼ _q; then the above equation becomes

_x1 ¼x2

_x2 ¼ 1

M
ðτ þ dÞ; and d ¼ �15x2 � 30sgnðx2Þ: ð9:5Þ

To realize digital control, we use the Runge–Kutta–Merson (RKM) algorithm

(9.3) to discrete the neural adaptive law (5.14), that is, _̂w ¼ γhxTPBþ k1γjjxjjŵ:
Consider without the time variable “tn” in the adaptive law, the discrete expression

in Matlab is as follows:

w(i,1)¼w_1(i,1)+1/6*(k1+4*k4+k5);
k1¼ts*(gama*h(i)*xi’*P*B+k1*gama*norm(xi)*w_1(i,1));
k2¼ts*(gama*h(i)*xi’*P*B+k1*gama*norm(xi)*(w_1(i,1)

+1/3*k1));
k3¼ts*(gama*h(i)*xi’*P*B+k1*gama*norm(xi)*(w_1(i,1)

+1/6*k1+1/6*k2));
k4¼ts*(gama*h(i)*xi’*P*B+k1*gama*norm(xi)*(w_1(i,1)

+1/8*k1+3/8*k3));
k5¼ts*(gama*h(i)*xi’*P*B+k1*gama*norm(xi)*(w_1(i,1)

+1/2*k1-3/2*k3+2*k4));

Fig. 9.2 Discrete value of x
with RKM
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9.2.2 Simulation Example

For the continuous plant (9.4), we use Runge–Kutta (Matlab function “ode45”) to

get discrete value with sampling time T ¼ 0:001:

The desired trajectory is qd ¼ sin t; and the initial value of the plant is ½ 0 0 �T:
In simulation, we use control law (6.9) and second adaptive law (6.14). The

parameters are chosen as Q ¼ 50 0

0 50

� �
; α ¼ 3; γ ¼ 500, k1 ¼ 0:001:

For RBF neural network, the parameters of Gaussian functionci andbi are chosen
as �1 �0:5 0 0:5 1½ � and 1.5; the initial weight value is chosen as zero.

In the simulation, we use two kinds of discrete methods to discrete the adaptive

law and three kinds of controllers. The first discrete method is difference method

(S ¼ 1), the other discrete method is RKM method (S ¼ 2). The first controller is

the model-based controller without RBF compensation (F ¼ 1), the second con-

troller is the controller with precise compensation (F ¼ 2), and the third controller

is the model-based controller with RBF compensation (F ¼ 3). If we choose S ¼ 2,

F ¼ 3, the simulation results are shown from Figs. 9.3 to 9.4. If we only choose

F ¼ 1, the simulation result is shown in Fig. 9.5.

The program of this example is chap9_2.m, which is given in the Appendix.

Fig. 9.3 Position and speed tracking with RBF compensation (S ¼ 2, F ¼ 3)
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9.3 Digital Adaptive RBF Control for Two-Link Manipulators

9.3.1 Introduction

Consider to realize digital adaptive control for the Sect. 7.2, that is, “Adaptive RBF

Control Based on Local Model Approximation for Robotic Manipulators.”

Fig. 9.4 f ðxÞ estimation with RBF (S ¼ 2, F ¼ 3)

Fig. 9.5 Position and speed tracking without compensation (F ¼ 1)
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We assume the plant as a two-link manipulators. The dynamic equation is

MðqÞ€qþ Cðq, _qÞ _qþ GðqÞ ¼ τ: (9.6)

Choose x1 ¼ q; x2 ¼ _q; and then the above equation becomes

_x1 ¼ x2

_x2 ¼ M�1ðx1Þ τ � Cðx1; x2Þx2 � Gðx1Þð Þ: ð9:7Þ

To simplify, we only use difference method to discrete the adaptive law (7.27),

(7.28), and (7.29).

9.3.2 Simulation Example

For the continuous plant (9.7), we use Runge–Kutta (Matlab function “ode45”) to

get discrete value with sampling time T ¼ 0:001:
The desired trajectory isqd1 ¼ qd2 ¼ sinð2πkTÞ; and the initial value of the plant

is q0 ¼ ½ 0 0 �T; _q0 ¼ ½ 0 0 �T: In simulation, we use control law (7.22) and

adaptive law (7.27), (7.28), and (7.29). The parameters are chosen as

Kp ¼ 100 0

0 100

� �
; Ki ¼ 100 0

0 100

� �
; Kr ¼ 0:10 0

0 0:10

� �
; Λ ¼ 5 0

0 5

� �
:

For RBF neural network, we choose the structure as 2-5-1; the number of the

nodes in the hidden layer is chosen as 5. For Gaussian function, the parametersci and
bi are chosen as ½ �1 �0:5 0 0:5 1 � and 10; the initial weight vector is chosen
as zero. In the adaptive law (7.27), (7.28), and (7.29), we set ΓMkði; iÞ ¼ 5:0;
ΓCkði; iÞ ¼ 10; ΓGkði; iÞ ¼ 5:0; i ¼ 1; 2; 3; 4; 5: The simulation results are shown

from Figs. 9.6, 9.7, and 9.8.

The program of this example is chap9_3.m, which is given in the Appendix.

Appendix

Programs for Sect. 9.1.2

Program: chap9_1.m

clear all;
close all;
ts¼0.001; %Sampling time

x_1¼0.5;
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Fig. 9.7 Speed tracking with RBF compensation

Fig. 9.6 Position tracking with RBF compensation
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for k¼1:1:10000 %dx¼10*sint*x
t(k)¼k*ts;
k1¼ts*10*sin(t(k))*x_1;
k2¼ts*10*sin(t(k))*(x_1+1/3*k1);
k3¼ts*10*sin(t(k))*(x_1+1/6*k1+1/6*k2);
k4¼ts*10*sin(t(k))*(x_1+1/8*k1+3/8*k3);
k5¼ts*10*sin(t(k))*(x_1+1/2*k1-3/2*k3+2*k4);
x(k)¼x_1+1/6*(k1+4*k4+k5);

x_1¼x(k);

end
figure(1);
plot(t,x,’r’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’x’);

Programs for Sect. 9.2.2

Main program: chap9_2.m

%Discrete RBF control for Motor
clear all;
close all;
ts¼0.001; %Sampling time

Fig. 9.8 Control input
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node¼5; %Number of neural nets in hidden layer
gama¼100;
c¼0.5*[-2 -1 0 1 2;

-2 -1 0 1 2];
b¼1.5*ones(5,1);
h¼zeros(node,1);

alfa¼3;
kp¼alfa^2;
kv¼2*alfa;
q_1¼0;dq_1¼0;tol_1¼0;
xk¼[0 0];
w_1¼0.1*ones(node,1);

A¼[0 1;
-kp -kv];

B¼[0;1];
Q¼[50 0;

0 50];
P¼lyap(A’,Q);
eig(P);
k1¼0.001;
for k¼1:1:10000
time(k)¼k*ts;

qd(k)¼sin(k*ts);
dqd(k)¼cos(k*ts);
ddqd(k)¼-sin(k*ts);

tSpan¼[0 ts];
para¼tol_1; %D/A
[t,xx]¼ode45(’chap9_2plant’,tSpan,xk,[],para); %Plant
xk¼xx(length(xx),:); %A/D

q(k)¼xk(1);
%dq(k)¼xk(2);
dq(k)¼(q(k)-q_1)/ts;
ddq(k)¼(dq(k)-dq_1)/ts;

e(k)¼q(k)-qd(k);
de(k)¼dq(k)-dqd(k);

xi¼[e(k);de(k)];
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for i¼1:1:node
S¼2;
if S¼¼1

w(i,1)¼w_1(i,1)+ts*(gama*h(i)*xi’*P*B+k1*gama*
norm(xi)*w_1(i,1)); %Adaptive law

elseif S¼¼2
k1¼ts*(gama*h(i)*xi’*P*B+k1*gama*norm(xi)*

w_1(i,1));
k2¼ts*(gama*h(i)*xi’*P*B+k1*gama*norm(xi)*

(w_1(i,1)+1/3*k1));
k3¼ts*(gama*h(i)*xi’*P*B+k1*gama*norm(xi)*

(w_1(i,1)+1/6*k1+1/6*k2));
k4¼ts*(gama*h(i)*xi’*P*B+k1*gama*norm(xi)*

(w_1(i,1)+1/8*k1+3/8*k3));
k5¼ts*(gama*h(i)*xi’*P*B+k1*gama*norm(xi)*

(w_1(i,1)+1/2*k1-3/2*k3+2*k4));
w(i,1)¼w_1(i,1)+1/6*(k1+4*k4+k5);

end
end
h¼zeros(5,1);
for j¼1:1:5

h(j)¼exp(-norm(xi-c(:,j))^2/(2*b(j)*b(j)));
end
fn(k)¼w’*h;
M¼10;

tol1(k)¼M*(ddqd(k)-kv*de(k)-kp*e(k));

d(k)¼-15*dq(k)-30*sign(dq(k));
f(k)¼d(k);

F¼3;
if F¼¼1 %No compensation

fn(k)¼0;
tol(k)¼tol1(k);

elseif F¼¼2 %Modified computed torque controller
fn(k)¼0;
tol2(k)¼-f(k);
tol(k)¼tol1(k)+tol2(k);

elseif F¼¼3 %RBF compensated controller
tol2(k)¼-fn(k);
tol(k)¼tol1(k)+1*tol2(k);

end
q_1¼q(k);
dq_1¼dq(k);
w_1¼w;
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tol_1¼tol(k);
end
figure(1);
subplot(211);
plot(time,qd,’r’,time,q,’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Position tracking’);
legend(’ideal position’,’position tracking’);
subplot(212);
plot(time,dqd,’r’,time,dq,’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Speed tracking’);
legend(’ideal speed’,’speed tracking’);

figure(2);
plot(time,tol,’r’,’linewidth’,2);
xlabel(’time(s)’),ylabel(’Control input of single link’);
if F¼¼2|F¼¼3

figure(3);
plot(time,f,’r’,time,fn,’k:’,’linewidth’,2);
xlabel(’time(s)’),ylabel(’f and fn’);
legend(’Practical uncertainties’,’Estimation

uncertainties’);
end

Program for plant: chap9_2plant.m

function dx¼Plant(t,x,flag,para)
dx¼zeros(2,1);

tol¼para;

M¼10;
d¼-15*x(2)-30*sign(x(2));

dx(1)¼x(2);
dx(2)¼1/M*(tol+d);

Programs for Sect. 9.3.2

Main program: chap9_3.m

%Discrete RBF control for two-link manipulators
clear all;
close all;

T¼0.001; %Sampling time
xk¼[0 0 0 0];
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tol1_1¼0;
tol2_1¼0;
ei¼0;

node¼5;
c_M¼[-1 -0.5 0 0.5 1;

-1 -0.5 0 0.5 1];
c_C¼[-1 -0.5 0 0.5 1;

-1 -0.5 0 0.5 1;
-1 -0.5 0 0.5 1;
-1 -0.5 0 0.5 1];

c_G¼[-1 -0.5 0 0.5 1;
-1 -0.5 0 0.5 1];

b¼10;

W_M11_1¼zeros(node,1);W_M12_1¼zeros(node,1);
W_M21_1¼zeros(node,1);W_M22_1¼zeros(node,1);

W_C11_1¼zeros(node,1);W_C12_1¼zeros(node,1);
W_C21_1¼zeros(node,1);W_C22_1¼zeros(node,1);

W_G1_1¼zeros(node,1);W_G2_1¼zeros(node,1);

Hur¼[5 0;0 5];
for k¼1:1:5000
if mod(k,200)¼¼1

k
end
time(k) ¼ k*T;

qd1(k)¼sin(2*pi*k*T);
qd2(k)¼sin(2*pi*k*T);
dqd1(k)¼2*pi*cos(2*pi*k*T);
dqd2(k)¼2*pi*cos(2*pi*k*T);
ddqd1(k)¼-(2*pi)^2*sin(2*pi*k*T);
ddqd2(k)¼-(2*pi)^2*sin(2*pi*k*T);

para¼[tol1_1 tol2_1]; %D/A
tSpan¼[0 T];

[t,xx]¼ode45(’chap9_3plant’,tSpan,xk,[],para);
%A/D speed

xk ¼ xx(length(xx),:); %A/D position
q1(k)¼xk(1);
dq1(k)¼xk(2);
q2(k)¼xk(3);
dq2(k)¼xk(4);

q¼[q1(k);q2(k)];
z¼[q1(k);q2(k);dq1(k);dq2(k)];
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e1(k)¼qd1(k)-q1(k);
de1(k)¼dqd1(k)-dq1(k);
e2(k)¼qd2(k)-q2(k);
de2(k)¼dqd2(k)-dq2(k);

e¼[e1(k);e2(k)];
de¼[de1(k);de2(k)];

r¼de+Hur*e;
dqd¼[dqd1(k);dqd2(k)];
dqr¼dqd+Hur*e;
ddqd¼[ddqd1(k);ddqd2(k)];
ddqr¼ddqd+Hur*de;
for j¼1:1:node

h_M11(j)¼exp(-norm(q-c_M(:,j))^2/(b^2));
h_M21(j)¼exp(-norm(q-c_M(:,j))^2/(b^2));
h_M12(j)¼exp(-norm(q-c_M(:,j))^2/(b^2));
h_M22(j)¼exp(-norm(q-c_M(:,j))^2/(b^2));

end
for j¼1:1:node

h_C11(j)¼exp(-norm(z-c_C(:,j))^2/(b^2));
h_C21(j)¼exp(-norm(z-c_C(:,j))^2/(b^2));
h_C12(j)¼exp(-norm(z-c_C(:,j))^2/(b^2));
h_C22(j)¼exp(-norm(z-c_C(:,j))^2/(b^2));

end
for j¼1:1:node

h_G1(j)¼exp(-norm(q-c_G(:,j))^2/(b^2));
h_G2(j)¼exp(-norm(q-c_G(:,j))^2/(b^2));

end

T_M11¼5*eye(node);
T_M21¼5*eye(node);
T_M12¼5*eye(node);
T_M22¼5*eye(node);
T_C11¼10*eye(node);
T_C21¼10*eye(node);
T_C12¼10*eye(node);
T_C22¼10*eye(node);
T_G1¼5*eye(node);
T_G2¼5*eye(node);

for i¼1:1:node
W_M11(i,1)¼W_M11_1(i,1)+T*T_M11(i,i)*h_M11(i)

*ddqr(1)*r(1);
W_M21(i,1)¼W_M21_1(i,1)+T*T_M21(i,i)*h_M21(i)

*ddqr(1)*r(2);
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W_M12(i,1)¼W_M12_1(i,1)+T*T_M12(i,i)*h_M12(i)
*ddqr(2)*r(1);

W_M22(i,1)¼W_M22_1(i,1)+T*T_M22(i,i)*h_M22(i)
*ddqr(2)*r(2);

W_C11(i,1)¼W_C11_1(i,1)+T*T_C11(i,i)*h_C11(i)
*dqr(1)*r(1);

W_C21(i,1)¼W_C21_1(i,1)+T*T_C21(i,i)*h_C21(i)
*dqr(1)*r(2);

W_C12(i,1)¼W_C12_1(i,1)+T*T_C12(i,i)*h_C12(i)*
ddqr(2)*r(1);

W_C22(i,1)¼W_C22_1(i,1)+T*T_C22(i,i)*h_C22(i)*
ddqr(2)*r(2);

W_G1¼W_G1_1+T*T_G1(i,i)*h_G1(i)*r(1);
W_G2¼W_G2_1+T*T_G2(i,i)*h_G2(i)*r(2);

end
MSNN_g¼[W_M11’*h_M11’ W_M12’*h_M12’;

W_M21’*h_M21’ W_M22’*h_M22’];
GSNN_g¼[W_G1’*h_G1’;

W_G2’*h_G2’];
CDNN_g¼[W_C11’*h_C11’ W_C12’*h_C12’;

W_C21’*h_C21’ W_C22’*h_C22’];

tol_m¼MSNN_g*ddqr+CDNN_g*dqr+GSNN_g;

Kp¼[20 0;0 20];
Ki¼[20 0;0 20];
Kr¼[1.5 0;0 1.5];

Kp¼[100 0;0 100];
Ki¼[100 0;0 100];
Kr¼[0.1 0;0 0.1];

ei¼ei+e*T;
tol¼tol_m+Kp*r+Kr*sign(r)+Ki*ei;
tol1(k)¼tol(1);
tol2(k)¼tol(2);

W_M11_1¼W_M11;
W_M21_1¼W_M21;
W_M12_1¼W_M12;
W_M22_1¼W_M22;
W_C11_1¼W_C11;
W_C21_1¼W_C21;
W_C12_1¼W_C12;
W_C22_1¼W_C22;
W_G1_1¼W_G1;
W_G2_1¼W_G2;
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tol1_1¼tol1(k);
tol2_1¼tol2(k);
end
figure(1);
subplot(211);
plot(time,qd1,’r’,time,q1,’k:’,’linewidth’,2);
xlabel(’time(s)’),ylabel(’Position tracking of link 1’);
legend(’ideal position’,’position tracking’);
subplot(212);
plot(time,qd2,’r’,time,q2,’k:’,’linewidth’,2);
xlabel(’time(s)’),ylabel(’Position tracking of link 2’);
legend(’ideal position’,’position tracking’);
figure(2);
subplot(211);
plot(time,dqd1,’r’,time,dq1,’k:’,’linewidth’,2);
xlabel(’time(s)’),ylabel(’Speed tracking of link 1’);
legend(’ideal speed’,’speed tracking’);
subplot(212);
plot(time,dqd2,’r’,time,dq2,’k:’,’linewidth’,2);
xlabel(’time(s)’),ylabel(’Speed tracking of link 2’);
legend(’ideal speed’,’speed tracking’);
figure(3);
subplot(211);
plot(time,tol1,’r’,’linewidth’,2);
xlabel(’time(s)’),ylabel(’Control input of link 1’);
subplot(212);
plot(time,tol2,’r’,’linewidth’,2);
xlabel(’time(s)’),ylabel(’Control input of link 2’);

Program for plant: chap9_3plant.m

function dx¼Plant(t,x,flag,para)
%%%%%%%%%%%%%% x(1)¼q1; x(2)¼dq1; x(3)¼q2; x(4)¼dq2;

%%%%%%%%%%%%
dx¼zeros(4,1);

p¼[2.9 0.76 0.87 3.04 0.87];
g¼9.8;

M0¼[p(1)+p(2)+2*p(3)*cos(x(3)) p(2)+p(3)*cos(x(3));
p(2)+p(3)*cos(x(3)) p(2)];

C0¼[-p(3)*x(4)*sin(x(3)) -p(3)*(x(2)+x(4))*sin(x(3));
p(3)*x(2)*sin(x(3)) 0];

G0¼[p(4)*g*cos(x(1))+p(5)*g*cos(x(1)+x(3));
p(5)*g*cos(x(1)+x(3))];
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tol¼para(1:2);
dq¼[x(2);x(4)];

ddq¼inv(M0)*(tol’-C0*dq-G0);
%%%%%%% dx(1)¼dq1; dx(2)¼ddq1; dx(3)¼dq2; dx(4)¼ddq2;

%%%%%%%%%%%%%
dx(1)¼x(2);
dx(2)¼ddq(1);
dx(3)¼x(4);
dx(4)¼ddq(2);
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Chapter 10

Discrete Neural Network Control

Abstract This chapter introduces two kinds of adaptive discrete neural network

controllers for discrete nonlinear system, including a direct RBF controller and an

indirect RBF controller. For the two control laws, the adaptive laws are designed

based on the Lyapunov stability theory; the closed-loop system stability can be

achieved.

Keywords Discrete RBF neural network • Discrete system • Adaptive control

10.1 Introduction

The discrete-time implementation of controllers is important. There are two methods

for designing the digital controller. One method, called emulation, is to design a

controller based on the continuous-time system, then discrete the controller. The

other method is to design the discrete controller directly based on the discrete system.

In this section, we consider the second approach to design the NN-based nonlinear

controller.

Discrete-time adaptive control design is much more complicated than the

continuous-time adaptive control design since the discrete-time Lyapunov derivatives

tend to have pure and coupling quadratic terms in the states and/or NN weights.

There have been many papers to be published about adaptive neural control for

discrete-time nonlinear systems [1–15], where a direct adaptive neural controller

for second-order discrete-time nonlinear systems was proposed in [14], and a NN-

based adaptive controller without off-line training is presented for a class of

discrete-time multi-input multi-output (MIMO) nonlinear systems [15].

In this chapter, we introduce two typical examples for discrete neural network

controller design: analysis and simulation.

J. Liu, Radial Basis Function (RBF) Neural Network Control for Mechanical Systems:
Design, Analysis and Matlab Simulation, DOI 10.1007/978-3-642-34816-7_10,
# Tsinghua University Press, Beijing and Springer-Verlag Berlin Heidelberg 2013
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10.2 Direct RBF Control for a Class of Discrete-Time Nonlinear

System

10.2.1 System Description

A nonlinear model is

yðk þ 1Þ ¼ f yðkÞ; uðkÞð Þ: (10.1)

Assumption.

1. The unknown nonlinear function f ð�Þ is continuous and differentiable.

2. The neural number of hidden neurons is l.

3. Assume that the partial derivative g1 � @f
@u

��� ���>ε>0; where both E and g1 are

positive constants.

Assume that ymðk þ 1Þ is the system’s desired output at time k þ 1: In the ideal

case, there is no disturbance; we can show that if the control input u�ðkÞ satisfying

f yðkÞ; u�ðkÞð Þ � ymðk þ 1Þ ¼ 0: (10.2)

Then the system’s output tracking error will converge to zero.

Define the tracking error as eðkÞ ¼ yðkÞ � ymðkÞ; and then the tracking error

dynamic equation is given as follows:

eðk þ 1Þ ¼ f yðkÞ; uðkÞð Þ � ymðk þ 1Þ

10.2.2 Controller Design and Stability Analysis

For the system (10.1), a RBF neural network was designed to realize the controller

directly [12, 16]. Figure 10.1 shows the closed-loop neural-based adaptive control

scheme.

The ideal control input is u�; and

u�ðkÞ ¼ u�ðzÞ ¼ w�ThðzÞ þ EuðzÞ: (10.3)

On the compact setΩz; the ideal neural network weights w
� and the approxima-

tion error are bounded by

jjw � jj � wm; jεuðzÞj � εl (10.4)
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where wm and εl are positive constants.
Define ŵðkÞ as the actual neural network weight value, the control law is

designed as by using RBF neural network directly

uðkÞ ¼ ŵTðkÞhðzÞ (10.5)

where hðzÞ is Gaussian function output and zðkÞ is input of RBF.
By noticing (10.3), we have

uðkÞ � u�ðkÞ ¼ ŵTðkÞhðzÞ � w�ThðzÞ þ εuðzÞ
� �

¼ ~wTðkÞhðzÞ � εuðzÞ ð10:6Þ

where ~wðkÞ ¼ ŵðkÞ � w� is the weight approximation error.

The weight update law was designed as follows [12, 16]:

ŵðk þ 1Þ ¼ ŵðkÞ � γ hðzÞeðk þ 1Þ þ σŵðkÞð Þ (10.7)

where γ > 0 is a positive number and σ > 0:
Subtracting w� to both sides of Eq. (10.6), we have

~wðk þ 1Þ ¼ ~wðkÞ � γ hðzÞeðk þ 1Þ þ σŵðkÞð Þ (10.8)

Mean Value Theorem. If a function f ðxÞ is continuous on the closed internal ½a; b�
and differentiable on the open interval ða; bÞ; then there exists a point c in ða; bÞ
such that

f ðbÞ ¼ f ðaÞ þ ðb� aÞf 0ðcÞjc2ða;bÞ: (10.9)

Using mean value theorem, let a ¼ u�ðkÞ; b ¼ uðkÞ ¼ u�ðkÞ þ ~wTðkÞhðzÞ�
εuðzÞ; c ¼ ζ; noticing Eqs. (10.2) and (10.6), then

f yðkÞ; uðkÞð Þ ¼ f yðkÞ; u�ðkÞ þ ~wTðkÞhðzÞ � εuðzÞ
� �

¼ f yðkÞ; u�ðkÞð Þ þ ~wTðkÞhðzÞ � εuðzÞ
� �

fu

¼ ymðk þ 1Þ þ ~wTðkÞhðzÞ � εuðzÞ
� �

fu

Fig. 10.1 Block diagram of

direct RBF control scheme
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where fu ¼ @f
@u u¼ζ

�� ; ζ 2 u�ðkÞ; uðkÞð Þ:
Then we get

eðk þ 1Þ ¼ f yðkÞ; uðkÞð Þ � ymðk þ 1Þ
¼ ~wTðkÞhðzÞ � εuðzÞ

� �
fu

and

~wTðkÞhðzÞ ¼ eðk þ 1Þ
fu

þ εuðzÞ: (10.10)

The stability analysis of the closed system is given by Zhang et al. [16] as

follows.

Firstly the Lyapunov function is designed as

JðkÞ ¼ 1

g1
e2ðkÞ þ 1

γ
~wðkÞT ~wðkÞ: (10.11)

Then we have

Δ JðkÞ ¼ Jðk þ 1Þ � JðkÞ
¼ 1

g1
e2ðk þ 1Þ � e2ðkÞ� �þ 1

γ
~wðk þ 1ÞT ~wðk þ 1Þ � 1

γ
~wðkÞT ~wðkÞ

¼ 1

g1
e2ðk þ 1Þ � e2ðkÞ� �þ 1

γ
~wðkÞ � γ hðzÞeðk þ 1Þ þ σŵðkÞð Þð ÞT

~wðkÞ � γ hðzÞeðk þ 1Þ þ σŵðkÞð Þð Þ � 1

γ
~wðkÞT ~wðkÞ

¼ 1

g1
e2ðk þ 1Þ � e2ðkÞ� �� 2~wðkÞThðzÞeðk þ 1Þ � 2σ ~wðkÞTŵðkÞ

þ γhTðzÞhðzÞe2ðk þ 1Þ þ 2γσŵTðkÞhðzÞeðk þ 1Þ þ γσ2ŵðkÞTŵðkÞ:

Since

jhiðzÞj � 1; jjhðzÞjj �
ffiffi
l

p
� l; hTðzÞhðzÞ ¼ jjhðzÞjj2 � l; i ¼ 1; 2; . . . ; l

2σ ~wðkÞTŵðkÞ ¼ σ ~wðkÞT ~wðkÞ þ w�ð Þ þ σ ŵðkÞ � w�ð ÞTŵðkÞ
¼ σ jj~wðkÞjj2 þ jjŵðkÞjj2 þ ~wðkÞTw� � w�ŵðkÞ

� �
¼ σ jj~wðkÞjj2 þ jjŵðkÞjj2 � jjw�jj2

� �

γhTðzÞhðzÞe2ðk þ 1Þ � γle2ðk þ 1Þ
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2γσŵTðkÞhðzÞeðk þ 1Þ � γσl jjŵðkÞjj2 þ e2ðk þ 1Þ
h i

γσ2ŵTðkÞŵðkÞ ¼ γσ2jjŵðkÞjj2;

we obtain

Δ JðkÞ � 1

g1
e2ðk þ 1Þ � e2ðkÞ� �� 2

eðk þ 1Þ
fu

þ εuðzÞ
� 	

eðk þ 1Þ

� σ jj~wðkÞjj2 þ jjŵðkÞjj2 � jjw�jj2
� �

þ γle2ðk þ 1Þ

þ γσl jjŵðkÞjj2 þ e2ðk þ 1Þ
h i

þ γσ2jjŵðkÞjj2

¼ 1

g1
� 2

fu
þ γð1þ σÞl

� 	
e2ðk þ 1Þ � 1

g1
e2ðkÞ � 2εuðzÞeðk þ 1Þ

� σjj~wðkÞjj2 þ σjjw�jj2 þ σð�1þ γlþ γσÞjjŵðkÞjj2:

Noticing Assumption (10.3), from 0 < ε < fu � g1; we can derive that

1

g1
� 2

fu
� 1

g1
� 2

g1
¼ � 1

g1
< 0

�2εuðzÞeðk þ 1Þ � k0ε
2
l þ

1

k0
e2ðk þ 1Þ

where k0 is a positive number. Thus, we have

Δ JðkÞ � � 1

g1
þ γð1þ σÞlþ 1

k0

� 	
e2ðk þ 1Þ þ σ γlþ γσ � 1ð ÞjjŵðkÞjj2

� 1

g1
e2ðkÞ � σjj~wðkÞjj2 þ σw2

m þ k0ε
2
l

¼� 1

g1
� ð1þ σÞlγ � 1

k0

� 	
e2ðk þ 1Þ þ σ ðlþ σÞγ � 1ð ÞjjŵðkÞjj2

� 1

g1
e2ðkÞ � β
� �� σjj~wðkÞjj2

where β is a positive number as

β ¼ g1ðσw2
m þ k0ε

2
l Þ (10.12)

Choosing the positive constants ask0; λ andσ; these constants must be satisfied the

following inequalities: 1
g1
� 1

k0
� 0; 1

g1
� ð1þ σÞlγ � 1

k0
� 0; ðlþ σÞγ � 1 � 0;

that is,
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0<g1 � k0 (10.13)

0<ð1þ σÞlγ � 1

g1
� 1

k0
(10.14)

0<ðlþ σÞγ � 1 (10.15)

Then we have Δ JðkÞ � 0 once e2ðkÞ � β: This states that for all k � 0; JðkÞ is
bounded because

JðkÞ ¼ Jð0Þ þ
Xk
j¼0

Δ JðiÞ<1

Define compact setΩe ¼ eje2 � β

 �

; then we can see that the tracking erroreðkÞ
will converge to Ωe if eðkÞ is out of compact Ωe:

10.2.3 Simulation Examples

10.2.3.1 First Example: For Linear Plant

Consider a linear discrete-time system as

x1ðk þ 1Þ ¼ x2ðkÞ
x2ðk þ 1Þ ¼ uðkÞ

yðkÞ ¼ x1ðkÞ:

Its model is described as the following form

yðk þ 1Þ ¼ f yðkÞ; uðkÞð Þ:

In the program, we setM ¼ 1 for linear plant. Since g1 � @f
@u ¼ 1; from simulation

test, we can set g1 ¼ 5, and from (10.13), we can choose k0 ¼ 10:

From (10.14), we have 0<ð1þ σÞlγ � 1
5
� 1

10
¼ 1

10
¼ 0.10; from (10.15), we have

0<ðlþ σÞγ � 1,; if we choose l ¼ 9; we can get the conditions as: 0<9ð1þ σÞγ
� 0:10 and 0<ð9þ σÞγ � 1:

To satisfy (10.14) and (10.15), we can choose γ ¼ 0.01, σ ¼ 0:001:

For RBF neural network, the structure is 2-9-1, the input is chosen as zðkÞ
¼ x1ðkÞ x2ðkÞ½ �T; the parameters of Gaussian function ci and bi are chosen as

½ �2 �1:5 �1:0 �0:5 0 0:5 1:0 1:5 2 � and 2.0, and the initial weight

value is chosen as random value in the range ð0,1Þ: The initial value of the plant is
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½ 0 0 �: The reference signal is ymðkÞ ¼ sin π
1000

k
� �

: The simulation results are

shown from Figs. 10.2, 10.3, and 10.4.

The program of this example is chap10_1.m (M ¼ 1), which is given in the

Appendix.

10.2.3.2 Second Example: For Nonlinear Plant

Consider a nonlinear discrete-time system as

x1ðk þ 1Þ ¼ x2ðkÞ

x2ðk þ 1Þ ¼ x1ðkÞx2ðkÞ x1ðkÞ þ 2:5ð Þ
1þ x21ðkÞ þ x22ðkÞ

þ uðkÞ þ 0:1u3ðkÞ:

yðkÞ ¼ x1ðkÞ

Its model is described as the following form

yðk þ 1Þ ¼ f yðkÞ; uðkÞð Þ:

In the program, we setM ¼ 2 for nonlinear plant. Since g1 � @f
@u ¼ 1þ 0:3u2ðkÞ;

from simulation test, we can set g1 ¼ 5, and from (10.13), we can choose k0 ¼ 10:

From (10.14), we have 0<ð1þ σÞlγ � 1
5
� 1

10
¼ 1

10
¼ 0.10, from (10.15), we

have 0 < lþ σð Þγ � 1, if we choose l ¼ 9; we can get the conditions as:

0 < 9ð1þ σÞγ � 0:10 and 0 < ð9þ σÞγ � 1:
To satisfy (10.14) and (10.15), we can choose γ ¼ 0.01, σ ¼ 0:001:

Fig. 10.2 Position tracking (M ¼ 1)
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For RBF neural network, the structure is 2-9-1, the input is chosen as

zðkÞ ¼ x1ðkÞ x2ðkÞ½ �T; the parameters of Gaussian function ci and bi are chosen as

½ �2 �1:5 �1:0 �0:5 0 0:5 1:0 1:5 2 � and 2.0, and the initial weight

value is chosen as random value in the range ð0,1Þ: The initial value of the plant is

½ 0 0 �: The reference signal is ymðkÞ ¼ sin π
1000

k
� �

: The simulation results are shown

from Figs. 10.5, 10.6, and 10.7.

The program of this example is chap10_1.m (M ¼ 2), which is given in the

Appendix.

Fig. 10.3 Control input (M ¼ 1)

Fig. 10.4 Weight norm (M ¼ 1)
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10.3 Adaptive RBF Control for a Class of Discrete-Time

Nonlinear System

10.3.1 System Description

Consider a nonlinear discrete system as follows:

yðk þ 1Þ ¼ f xðkÞð Þ þ uðkÞ (10.16)

Fig. 10.5 Position tracking (M ¼ 2)

Fig. 10.6 Control input (M ¼ 2)
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where xðkÞ ¼ yðkÞ yðk � 1Þ . . . yðk � nþ 1Þ½ �T is the state vector, uðkÞ is the control
input, and yðkÞ is the plant output. The nonlinear smooth function f : Rn ! R is

assumed unknown.

10.3.2 Traditional Controller Design

The tracking error eðkÞ is defined as eðkÞ ¼ yðkÞ � ydðkÞ: If f xðkÞð Þ were known, a
feedback linearization-type control law can be designed as

uðkÞ ¼ ydðk þ 1Þ � f xðkÞð Þ � c1eðkÞ: (10.17)

Submitting (10.17) into (10.16), we can get an asymptotical convergence error

dynamic system as

eðk þ 1Þ þ c1eðkÞ ¼ 0 (10.18)

where jc1j<1:

10.3.3 Adaptive Neural Network Controller Design

If f ðxðkÞÞ: is unknown, RBF neural network can be used to approximate f ðxðkÞÞ:
The network output is given as

Fig. 10.7 Weight norm (M ¼ 2)
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f̂ xðkÞð Þ ¼ ŵðkÞTh xðkÞð Þ (10.19)

where ŵðkÞdenotes the network output weight vector andh xðkÞð Þdenotes the vector
of Gaussian basis functions.

Given any arbitrary nonzero approximation error bound εf ; there exist some

optimal weight vector w� such that

f ðxÞ ¼ f̂ x;w�ð Þ � Δf ðxÞ (10.20)

where Δf ðxÞ denotes the optimal network approximation error, and jΔf ðxÞj<εf :
Then we can get the general network approximation error as

~f xðkÞð Þ ¼ f xðkÞð Þ � f̂ xðkÞð Þ
¼ f̂ x;w�ð Þ � Δf xðkÞð Þ � ŵðkÞTh xðkÞð Þ
¼ � ~wðkÞTh xðkÞð Þ � Δf ðxðkÞÞ ð10:21Þ

where ~wðkÞ ¼ ŵðkÞ � w�:
The control law with RBF approximation was proposed in [17] as follows

uðkÞ ¼ ydðk þ 1Þ � f̂ xðkÞð Þ � c1eðkÞ: (10.22)

Figure 10.8 shows the closed-loop neural-based adaptive control scheme.

Substituting (10.22) into (10.16), yields

eðk þ 1Þ ¼ ~f xðkÞð Þ � c1eðkÞ:

Thus,

eðkÞ þ c1eðk � 1Þ ¼ ~f xðk � 1Þð Þ: (10.23)

The term (10.23) can also be expressed as

eðkÞ ¼ Γ�1 z�1
� �

~f xðk � 1Þð Þ (10.24)

where Γ z�1ð Þ ¼ 1þ c1z
�1; z�1 denotes the discrete-time delay operator.

Define a new augmented error as [17]

e1ðkÞ ¼ β eðkÞ � Γ�1 z�1
� �

vðkÞ� �
(10.25)

where β > 0:
Substituting (10.24) into (10.25) yields
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e1ðkÞ ¼ βΓ�1 z�1
� �

~f xðk � 1Þð Þ � vðkÞ� �
¼ β

1

1þ c1z�1
~f xðk � 1Þð Þ � vðkÞ� �

which leads to the relation as

e1ðk � 1Þ ¼ β ~f xðk � 1Þð Þ � vðkÞ� �� e1ðkÞ
c1

: (10.26)

The adaptive law as was proposed in [17] as

ΔŵðkÞ ¼
β
γc2

1

h xðk � 1Þð Þe1ðkÞ ifje1ðkÞj > εf =G

0 ifje1ðkÞj � εf =G

(
(10.27)

where ΔŵðkÞ ¼ ŵðkÞ � ŵðk � 1Þ; , γ and G are strictly positive constants.

10.3.4 Stability Analysis

The discrete-time Lyapunov function is designed by [17] as

VðkÞ ¼ e21ðkÞ þ γ~wTðkÞ~wðkÞ (10.28)

The first difference is

ΔVðkÞ ¼ VðkÞ � Vðk � 1Þ
¼ e21ðkÞ � e21ðk � 1Þ þ γ ~wTðkÞ þ ~wTðk � 1Þ� �

~wðkÞ � ~wðk � 1Þð Þ:

The stability proof was given with the following three steps [17].

Firstly, using (10.26) for e1ðk � 1Þ; it follows that

Fig. 10.8 Block diagram

of the control scheme
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ΔVðkÞ ¼e21ðkÞ �
e21ðkÞ þ β2 ~f xðk � 1Þð Þ � vðkÞ� �2 � 2β ~f xðk � 1Þð Þ � vðkÞ� �

e1ðkÞ
c21

þ γ ŵðkÞ � w�ð ÞT þ ŵðk � 1Þ � w�ð ÞT
� �

ŵðkÞ � w�ð Þ � ŵðk � 1Þ � w�ð Þð Þ

¼ � V1 þ
2β ~f xðk � 1Þð Þ � vðkÞ� �

e1ðkÞ
c21

þ γ ΔŵTðkÞ þ 2~wTðk � 1Þ� �
ΔŵðkÞ

where V1 ¼
e21ðkÞ 1� c21

� �
c21

þ β2 ~f xðk � 1Þð Þ � vðkÞ� �2
c21

� 0:

Secondly, substituting for ~f xðk � 1Þð Þ via (10.21) yields

ΔVðkÞ ¼ � V1 þ
2β �~wðk � 1ÞTh xðk � 1Þð Þ � Δf xðk � 1Þð Þ � vðkÞ

� �
e1ðkÞ

c21

þ γΔŵTðkÞΔŵðkÞ þ 2γ~wTðk � 1ÞΔŵðkÞ

¼ � V1 þ 2~wTðk � 1Þ γΔŵðkÞ � β

c21
h xðk � 1Þð Þe1ðkÞ

� 	

� 2β

c21
Δf xðk � 1Þð Þ þ vðkÞ� �

e1ðkÞ þ γΔŵTðkÞΔŵðkÞ:

Thirdly, substituting the adaptive law (10.27) into above, ΔVðkÞ is

ΔVðkÞ ¼

� V1 � 2β

c21
Δf xðk � 1Þð Þ þ vðkÞ� �

e1ðkÞþ

βffiffiffi
γ

p
c21

� 	2

hT xðk � 1Þð Þh xðk � 1Þð Þe21ðkÞ, ifje1ðkÞj > εf =G

� V1 � 2β

c21
~wTðk � 1Þh xðk � 1Þð Þ� �� þ

vðkÞ þ Δf xðk � 1Þð Þe1ðkÞ

, ifje1ðkÞj � εf =G

8>>>>>>>>>><
>>>>>>>>>>:

(10.29)

The auxiliary signal vðkÞ must also be designed so that e1ðkÞ ! 0 could deduce

eðkÞ ! 0: The auxiliary signal is designed as [17]

vðkÞ ¼ v1ðkÞ þ v2ðkÞ (10.30)

with v1ðkÞ ¼ β
2γc2

1

hT xðk � 1Þð Þh xðk � 1Þð Þe1ðkÞ and v2ðkÞ ¼ Ge1ðkÞ:
If je1ðkÞj > εf =G; substituting for vðkÞ in (10.30) to (10.29), it follows that
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ΔVðkÞ ¼ � V1 � 2β

c21
Δf xðk � 1Þð Þ þ Ge1ðkÞ
� �

e1ðkÞ

� � 2β

c21
Δf xðk � 1Þð Þ þ Ge1ðkÞ
� �

e1ðkÞ:

Since jΔf ðxÞj<εf and je1ðkÞj>εf =G; then je1ðkÞj> jΔf xðk�1Þð Þj
G and

e21ðkÞ>� Δf xðk�1Þð Þe1ðkÞ
G ; thus Δf xðk � 1Þð Þ þ Ge1ðkÞ

� �
e1ðkÞ>0; then ΔVðkÞ<0:

If je1ðkÞj � εf =G; tracking performance can be satisfied andΔVðkÞ can be taken
on any value.

In the simulation, we give three remarks as follows:

Remark 1. From (10.25), we have e1ðkÞ ¼ β eðkÞ � 1
1þc1z�1 vðkÞ

� �
; then e1ðkÞ�

1þ c1z
�1ð Þ ¼ β eðkÞ 1þ c1z

�1ð Þ � vðkÞð Þ; therefore,

e1ðkÞ ¼ �c1e1ðk � 1Þ þ β eðkÞ þ c1eðk � 1Þ � vðkÞð Þ (10.31)

Remark 2. If k ! 1; e1ðkÞ ! 0; from (10.30), we have vðkÞ ! 0; and then from

(10.31), eðkÞ þ c1eðk � 1Þ ! 0; considering jc1j<1; we get eðkÞ ! 0:

Remark 3. Consider vðkÞ as a virtual variable, for (10.30), let v01ðkÞ ¼ β
2γc2

1

hT

xðk � 1Þð Þh xðk � 1Þð Þ; then we get vðkÞ ¼ v01ðkÞ þ Gð Þe1ðkÞ; substituting vðkÞ
into (10.31), we have e1ðkÞ ¼ �c1e1ðk � 1Þ þ β eðkÞð þc1e k � 1ð Þ � v01ðkÞ þ Gð Þ
e1ðkÞÞ; then

e1ðkÞ ¼ �c1e1ðk � 1Þ þ β eðkÞ þ c1eðk � 1Þð Þ
1þ β v01ðkÞ þ Gð Þ : (10.32)

10.3.5 Simulation Examples

10.3.5.1 First Example: Linear Discrete-Time System

Consider a linear discrete-time system as

yðkÞ ¼ 0:5yðk � 1Þ þ uðk � 1Þ

where f xðk � 1Þð Þ ¼ 0:5y k � 1ð Þ:
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We use RBF to approximate f xðk � 1Þð Þ: For RBF neural network, the structure

is set as 1-9-1; from f xðk � 1Þð Þ expression, only one input is chosen as yðk � 1Þ;
the parameters of Gaussian function ci and bi are chosen as

�1 �0:5 0 0:5 1½ � and 15 i ¼ 1; j ¼ 1; 2; . . . ; 5ð Þ; and the initial weight

value is chosen as random value in the range ð0,1Þ: The initial value of the plant is
set as zero. The reference signal is ydðkÞ ¼ sin 2πt: Using the control law (10.22)

with adaptive law (10.27), e1ðkÞ is calculated by (10.32); the parameters are chosen

as c1 ¼ �0:01; β ¼ 0:001; γ ¼ 0:001; γ ¼ 0:001;G ¼ 50000; εf ¼ 0:003: The

results are shown in Figs. 10.9, 10.10, and 10.11.

Fig. 10.9 Position tracking

Fig. 10.10 Control input
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The program of this example is chap10_2.m, which is given in the Appendix.

10.3.5.2 Second Example: Nonlinear Discrete-Time System

Consider a nonlinear discrete-time system as

yðkÞ ¼ 0:5y k � 1ð Þ 1� yðk � 1Þð Þ
1þ exp �0:25yðk � 1Þð Þ þ uðk � 1Þ

where f ðxðk � 1ÞÞ ¼ 0:5yðk � 1Þð1� yðk � 1ÞÞ
1þ expð�0:25yðk � 1ÞÞ :

Firstly, we assume f xðk � 1Þð Þ is known, use the control law (10.17), and set

c1 ¼ �0:01; the results are shown in Figs. 10.12 and 10.13.

Then we use RBF to approximate f xðk � 1Þð Þ: For RBF neural network, the

structure is set as 1-9-1; from f xðk � 1Þð Þ expression, only one input yðk � 1Þ is

chosen; the parameters of Gaussian function ci and bi are chosen as

½ �2 �1:5 �1:0 �0:5 0 0:5 1:0 1:5 2 � and 15 i ¼ 1; j ¼ 1; 2; . . . ; 9ð Þ; and the

initial weight value is chosen as random value in the range ð0,1Þ: The initial value of
the plant is set as zero. The reference signal is ydðkÞ ¼ sin t: Using the control law

(10.22) with adaptive law (10.27), e1ðkÞ is calculated by (10.32); the parameters are

chosen as c1 ¼ �0:01; β ¼ 0:001; γ ¼ 0:001; γ ¼ 0:001;G ¼ 50000; εf ¼ 0:003:

The results are shown in Figs. 10.14, 10.15, and 10.16.

The program of this example is chap10_3.m and chap10_4.m, which are given in

the Appendix.

Fig. 10.11 f xðk � 1Þð Þ and its estimation
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10.3.5.3 Third Example: Nonlinear Discrete-Time System

Consider a nonlinear discrete-time system as

yðkÞ ¼ f ðxðk � 1ÞÞ þ uðk � 1Þ

where f xðk � 1Þð Þ ¼ 1:5yðk�1Þyðk�2Þ
1þy2ðk�1Þþy2ðk�2Þ þ 0:35 sin yðk � 1Þ þ yðk � 2Þð Þ:

Then we use RBF to approximate f xðk � 1Þð Þ: For RBF neural network, the

structure is 2-9-1; from f xðk � 1Þð Þ expression, two inputs are chosen as yðk � 1Þ
and yðk � 2Þ; the parameters of Gaussian function cij and bj are chosen as

�2 �1:5 �1:0 �0:5 0 0:5 1:0 1:5 2

�2 �1:5 �1:0 �0:5 0 0:5 1:0 1:5 2

" #
and 15 i ¼ 1; 2; j ¼ 1; 2; . . . ; 9ð Þ; and

Fig. 10.12 Position tracking

Fig. 10.13 Control input
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the initial weight value is chosen as random value in the range ð0,1Þ: The initial

value of the plant is set as zero. The reference signal is ydðkÞ ¼ sin t: Using the

control law (10.22) with adaptive law (10.27), e1ðkÞ is calculated by (10.32);

the parameters are chosen as c1 ¼ �0:01; β ¼ 0:001; γ ¼ 0:001; γ ¼ 0:001;
G ¼ 50000; εf ¼ 0:003: The results are shown in Figs. 10.17, 10.18, and 10.19.

The program of this example is chap10_5.m, which is given in the Appendix.

Fig. 10.14 Position tracking

Fig. 10.15 Control input

328 10 Discrete Neural Network Control



Appendix

Programs for Sect. 10.2.3

Simulation program: chap10_1.m

%Discrete neural controller
clear all;
close all;
L¼9; %Hidden neural nets

c¼[-2 -1.5 -1 -0.5 0 0.5 1 1.5 2;
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2];

Fig. 10.16 f xðk � 1Þð Þ and its estimation

Fig. 10.17 Position tracking
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b¼2;
w¼rand(L,1);
w_1¼w;

u_1¼0;
x1_1¼0;x1_2¼0;
x2_1¼0;
z¼[0,0]’;

Gama¼0.01;rou¼0.001;

L*(1+rou)*Gama %<¼1/g1-1/k0
(L+rou)*Gama %<¼1.0

for k¼1:1:10000
time(k)¼k;

Fig. 10.18 Control input

Fig. 10.19 f xðk � 1Þð Þ and its estimation
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ym(k)¼sin(pi/1000*k);
y(k)¼x1_1; %tol¼1
e(k)¼y(k)-ym(k);

M¼2;
if M¼¼1 %Linear model
x1(k)¼x2_1;
x2(k)¼u_1;
elseif M¼¼2 %Nonlinear model
x1(k)¼x2_1;
x2(k)¼(x1(k)*x2_1*(x1(k)+2.5))/(1+x1(k)^2+x2_1^2)

+u_1+0.1*u_1^3;
end

z(1)¼x1(k);z(2)¼x2(k);
for j¼1:1:L

h(j)¼exp(-norm(z-c(:,j))^2/(2*b^2));
end
w¼w_1-Gama*(h’*e(k)+rou*w_1);
wn(k)¼norm(w);

u(k)¼w’*h’;
%u(k)¼0.20*(ym(k)-x1(k)); %P control
x1_2¼x1_1;
x1_1¼x1(k);

x2_1¼x2(k);
w_1¼w;
u_1¼u(k);
end
figure(1);
plot(time,ym,’r’,time,x1,’k:’,’linewidth’,2);
xlabel(’k’);ylabel(’ym,y’);
legend(’Ideal position signal’,’Position tracking’);
figure(2);
plot(time,u,’r’,’linewidth’,2);
xlabel(’k’);ylabel(’Control input’);
figure(3);
plot(time,wn,’r’,’linewidth’,2);
xlabel(’k’);ylabel(’Weight Norm’);

Programs for Sect. 10.3.5.1

Simulation program: chap10_2.m
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%Discrete RBF controller
clear all;
close all;
ts¼0.001;

c1¼-0.01;
beta¼0.001;
epcf¼0.003;
gama¼0.001;
G¼50000;

b¼15;
c¼[-1 -0.5 0 0.5 1];
w¼rands(5,1);
w_1¼w;
u_1¼0;
y_1¼0;
e1_1¼0;
e_1¼0;
fx_1¼0;
for k¼1:1:2000
time(k)¼k*ts;

yd(k)¼sin(2*pi*k*ts);
yd1(k)¼sin(2*pi*(k+1)*ts);
%Nonlinear plant
fx(k)¼0.5*y_1;
y(k)¼fx_1+u_1;

e(k)¼y(k)-yd(k);
x(1)¼y_1;
for j¼1:1:5

h(j)¼exp(-norm(x-c(:,j))^2/(2*b^2));
end
v1_bar(k)¼beta/(2*gama*c1^2)*h*h’;

e1(k)¼(-c1*e1_1+beta*(e(k)+c1*e_1))/(1+beta*(v1_bar
(k)+G));

if abs(e1(k))>epcf/G
w¼w_1+beta/(gama*c1^2)*h’*e1(k);

elseif abs(e1(k))<¼epcf/G
w¼w_1;

end
fnn(k)¼w’*h’;

u(k)¼yd1(k)-fnn(k)-c1*e(k);
%u(k)¼yd1(k)-fx(k)-c1*e(k); %With precise fx
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fx_1¼fx(k);
y_1¼y(k);

w_1¼w;
u_1¼u(k);
e1_1¼e1(k);
e_1¼e(k);
end
figure(1);
plot(time,yd,’r’,time,y,’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’yd,y’);
legend(’Ideal position signal’,’Position tracking’);
figure(2);
plot(time,u,’r’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Control input’);
figure(3);
plot(time,fx,’r’,time,fnn,’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’fx and fx estimation’);
legend(’Ideal fx’,’fx estimation’);

Programs for Sect. 10.3.5.2

Simulation program with known f(x(k � 1)): chap10_3.m

%Discrete controller
clear all;
close all;
ts¼0.001;

c1¼-0.01;
u_1¼0;y_1¼0;
fx_1¼0;
for k¼1:1:20000
time(k)¼k*ts;

yd(k)¼sin(k*ts);
yd1¼sin((k+1)*ts);
%Nonlinear plant
fx(k)¼0.5*y_1*(1-y_1)/(1+exp(-0.25*y_1));
y(k)¼fx_1+u_1;

e(k)¼y(k)-yd(k);

u(k)¼yd1-fx(k)-c1*e(k);

y_1¼y(k);
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u_1¼u(k);
fx_1¼fx(k);
end
figure(1);
plot(time,yd,’r’,time,y,’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’yd,y’);
legend(’Ideal position signal’,’Position tracking’);
figure(2);
plot(time,u,’r’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Control input’);

Simulation program with unknown f(x(k � 1)): chap10_4.m

%Discrete RBF controller
clear all;
close all;
ts¼0.001;

c1¼-0.01;
beta¼0.001;
epcf¼0.003;
gama¼0.001;
G¼50000;

b¼15;
c¼[-2 -1.5 -1 -0.5 0 0.5 1 1.5 2];
w¼rands(9,1);
w_1¼w;

u_1¼0;
y_1¼0;
e1_1¼0;
e_1¼0;
fx_1¼0;
for k¼1:1:10000
time(k)¼k*ts;

yd(k)¼sin(k*ts);
yd1(k)¼sin((k+1)*ts);
%Nonlinear plant
fx(k)¼0.5*y_1*(1-y_1)/(1+exp(-0.25*y_1));
y(k)¼fx_1+u_1;

e(k)¼y(k)-yd(k);

x(1)¼y_1;
for j¼1:1:9

h(j)¼exp(-norm(x-c(:,j))^2/(2*b^2));
end
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v1_bar(k)¼beta/(2*gama*c1^2)*h*h’;
e1(k)¼(-c1*e1_1+beta*(e(k)+c1*e_1))/(1+beta*(v1_bar

(k)+G));
if abs(e1(k))>epcf/G

w¼w_1+beta/(gama*c1^2)*h’*e1(k);
elseif abs(e1(k))<¼epcf/G

w¼w_1;
end
fnn(k)¼w’*h’;

u(k)¼yd1(k)-fnn(k)-c1*e(k);
%u(k)¼yd1(k)-fx(k)-c1*e(k); %With precise fx

fx_1¼fx(k);
y_1¼y(k);

w_1¼w;
u_1¼u(k);
e1_1¼e1(k);
e_1¼e(k);
end
figure(1);
plot(time,yd,’r’,time,y,’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’yd,y’);
legend(’Ideal position signal’,’Position tracking’);
figure(2);
plot(time,u,’r’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Control input’);
figure(3);
plot(time,fx,’r’,time,fnn,’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’fx and fx estimation’);

Programs for Sect. 10.3.5.3

Simulation program: chap10_5.m

%Discrete RBF controller
clear all;
close all;
ts¼0.001;

c1¼-0.01;
beta¼0.001;
epcf¼0.003;
gama¼0.001;
G¼50000;
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b¼15;
c¼[-2 -1.5 -1 -0.5 0 0.5 1 1.5 2;

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2];
w¼rands(9,1);
w_1¼w;

u_1¼0;y_1¼0;y_2¼0;
e1_1¼0;e_1¼0;
x¼[0 0]’;
fx_1¼0;
for k¼1:1:10000
time(k)¼k*ts;

yd(k)¼sin(k*ts);
yd1(k)¼sin((k+1)*ts);
%Linear model
fx(k)¼1.5*y_1*y_2/(1+y_1^2+y_2^2)+0.35*sin(y_1+y_2);
y(k)¼fx_1+u_1;

e(k)¼y(k)-yd(k);

x(1)¼y_1;x(2)¼y_2;
for j¼1:1:9

h(j)¼exp(-norm(x-c(:,j))^2/(2*b^2));
end

v1_bar(k)¼beta/(2*gama*c1^2)*h*h’;
e1(k)¼(-c1*e1_1+beta*(e(k)+c1*e_1))/(1+beta*(v1_bar

(k)+G));
if abs(e1(k))>epcf/G

w¼w_1+beta/(gama*c1^2)*h’*e1(k);
elseif abs(e1(k))<¼epcf/G

w¼w_1;
end
fnn(k)¼w’*h’;

u(k)¼yd1(k)-fnn(k)-c1*e(k);
%u(k)¼yd1(k)-fx(k)-c1*e(k); %With precise fx
%u(k)¼0.10*(x1d(k)-x1(k)); %P control

fx_1¼fx(k);
y_2¼y_1;
y_1¼y(k);
w_1¼w;
u_1¼u(k);
e1_1¼e1(k);
e_1¼e(k);
end
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figure(1);
plot(time,yd,’r’,time,y,’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’yd,y’);
legend(’Ideal position signal’,’Position tracking’);
figure(2);
plot(time,u,’r’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’Control input’);
figure(3);
plot(time,fx,’r’,time,fnn,’k:’,’linewidth’,2);
xlabel(’time(s)’);ylabel(’fx and fx estimation’);
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Chapter 11

Adaptive RBF Observer Design and Sliding

Mode Control

Abstract This chapter introduces a kind of adaptive observer with RBF neural

network approximation. Using this observer, a speedless sliding mode controller is

designed. Stability analysis of the observer and the closed control system are

presented. Simulation examples for single-link manipulator are given.

Keywords RBF neural network • Observer • Sliding mode control • Neural

network approximation

11.1 Adaptive RBF Observer Design

With neural network observer, speedless adaptive controller can be realized without

modeling information. Several works have been published about neural network

observer and control [1–4].

An adaptive observer for a class of single-input single-output (SISO) nonlinear

systems is proposed by [1] with a dynamic recurrent neural network. The neural

network weights are tuned online. No exact knowledge of nonlinearities in the

observed system is required.

In this section, we use RBF neural network to realize the adaptive observer

Matlab simulation.

11.1.1 System Description

Consider a second order SISO nonlinear system as

_x ¼ Axþ b f ðxÞ þ gðxÞuþ dðtÞ½ �
y ¼ CTx ð11:1Þ

J. Liu, Radial Basis Function (RBF) Neural Network Control for Mechanical Systems:
Design, Analysis and Matlab Simulation, DOI 10.1007/978-3-642-34816-7_11,
# Tsinghua University Press, Beijing and Springer-Verlag Berlin Heidelberg 2013
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where x ¼ ½ x1 x2 �T; A ¼ 0 1

0 0

� �
; b ¼ ½ 0 1 �T; C ¼ ½ 1 0 �T; y 2 R; u 2 R;

dðtÞ is disturbance, and jdðtÞj � bd; f ðxÞ, and gðxÞ are unknown nonlinear functions.

11.1.2 Adaptive RBF Observer Design and Analysis

The adaptive RBF observer for the system (11.1) was given by [1] as

_̂x ¼ Ax̂þ b f̂ x̂ð Þ þ ĝ x̂ð Þu� vðtÞ� �þ K y� CTx̂
� �

ŷ ¼ CTx̂ ð11:2Þ

Where x̂ is observer value of x, K is the gain vector, K ¼ ½ k1 k2 �T; f̂ ðx̂Þ and ĝðx̂Þ
are estimation of f ðxÞ and gðxÞ; and vðtÞ is robust term.

In the observer (11.2), f ðxÞ and gðxÞ were estimated by using neural network.

The continuous unknown nonlinear functions in the system can be represented by

RBF with constant “ideal” weights W� and a sufficient number of basis functions

hðxÞ; that is,

f ðxÞ ¼ W�T
1 h1ðxÞ þ E1ðxÞ; E1ðxÞ � E1;N

gðxÞ ¼ W�T
2 h2ðxÞ þ E2ðxÞ; E2ðxÞ � E2;N ð11:3Þ

where E1ðxÞ and E2ðxÞ are the neural-net reconstruction errors.

It is assumed that the ideal weightsW�
1 andW

�
2 are bounded by known values as

W�k ki;F � Wi;M; i ¼ 1,2: (11.4)

Let the NN functional estimates for f ðxÞ and gðxÞ be given by

f̂ ðx̂Þ ¼ ŴT
1h1ðx̂Þ; ĝðx̂Þ ¼ ŴT

2h2ðx̂Þ (11.5)

where Ŵ1 and Ŵ2 are estimated weight value, ~Wi ¼ W�
i � Ŵiði ¼ 1; 2Þ:

The following theorem was given in [1] for the adaptive RBF observer stability

proof.

Theorem 11.1. Suppose the control input uðtÞ is bounded by a positive constant as
juðtÞj � ud: Design the observer as

_̂x ¼ Ax̂þ b ŴT
1 ĥ1 þ ŴT

2 ĥ2u� v1 � v2
� �þ K y� Cx̂ð Þ

ŷ ¼ CTx̂ ð11:6Þ
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where the robust terms are given by

viðtÞ ¼ �Di
~y

j~yj ; i ¼ 1,2 (11.7)

where D1 � β1σM; D2 � β2σMud; σM ¼ σmax L
�1ðsÞ½ �; σmax½�� is the maximum

singular value. L�1ðsÞ is a proper transfer function with stable poles, and LðsÞ is

chosen so that HðsÞLðsÞ is SPR.
The adaptive laws of RBF are designed as

_̂W1 ¼ F1
�̂h1~y� κ1F1j~yjŴ1

_̂W2 ¼ F2
�̂h2~yu� κ2F2j~yjŴ2 ð11:8Þ

where Fi ¼ FT
i > 0; κi > 0; i ¼ 1; 2:

Then the state estimation error ~xðtÞ and the NN weight estimation errors ~W1ðtÞ
and ~W2ðtÞ are UUB.

The stability proof of the theorem has been given in the paper [1]. Now we

complement the convergence analysis of ~x as follows.

Remark 1.
The analysis is divided into two steps.

Step 1 The solution of ~x
The Eq. (11.6) can be written as

_~x ¼ A� KCT
� �

~xþ b~u: (11.9)

The solution of _~x ¼ A� KCT
� �

~x is

~xðtÞ ¼ ~xð0Þe
R t

0
A�KCTð Þdt:

Then the solution of (11.9) is

~xðtÞ ¼ ~xð0Þe
R t

0
A�KCTð Þdt þ e

R t

0
A�KCTð Þdt

ðt
0

b~uðτÞe�
R τ

0
A�KCTð Þdτdτ

Choose Φðt; 0Þ ¼ e
R t

0
A�KCTð Þdt; Φðt; τÞ ¼ e

R t

0
A�KCTð Þdt�R τ

0
A�KCTð Þdτ;

then above equation becomes

~xðtÞ ¼ Φðt; 0Þ~xð0Þ þ
ðt
0

Φðt; τÞb~uðτÞdτ: (11.10)
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Since

e
R t

0
A�KCTð Þdt�R τ

0
A�KCTð Þdτ ¼ e A�KCTð Þeðt�τÞ ¼ eAðt�τÞ � e�KCTðt�τÞ

¼ m0e
�αðt�τÞ

wherem0 ¼ eAðt�τÞ; α ¼ KCT; thenΦðt; τÞ is bounded bym0e
�αðt�τÞ; with

m0 and α positive constants.

Step 2 Convergence analysis of ~x
From Lemma 2 [1] and (11.9) yields

~xðtÞk k � k1 þ k2 ~uk kα2 ; 8t � 0 (11.11)

where ~uk kα2¼ ~WT
1 ĥ1 þ w1 þ E1 þ ~WT

2 ĥ2 þ w2 þ E2
� �

uþ d þ v1 þ v2
�� ��α

2
:

Define c ¼ w1 þ E1 þ ½w2 þ E2�uþ d þ v1 þ v2; then

~uk kα2¼ ~WT
1 ĥ1 þ ~WT

2 ĥ2uþ c
�� ��α

2
� ~WT

1 ĥ1
�� ��α

2
þ ~WT

2 ĥ2u
�� ��α

2
þc04

where ck kα2� c04:

Since jjAxjj2 � jjAjjFjjxjj2 and jjxjjα2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR t
0
e�αðt�τÞxTðτÞxðτÞdτ

q
;

then

~WT
1 ĥ1

�� ��α
2
� ~WT

1

�� ��α
F
ĥ1

�� ��α
2
¼ ~WT

1

�� ��α
F

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ t

0

e�αðt�τÞĥ1ĥT1 dτ

s

¼ ~WT
1

�� ��α
F
ĥ1

�� ��
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ t

0

e�αðt�τÞdτ

s

¼ ~WT
1

�� ��α
F
ĥ1

�� �� 1ffiffiffi
α

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ t

0

e�αðt�τÞd �αðt� τÞð Þ
s

¼ ~WT
1

�� ��α
F
ĥ1

�� �� 1ffiffiffi
α

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e�αt

p
� ~WT

1

�� ��α
F

1ffiffiffi
α

p c05

Similarly,

~WT
2 ĥ2u

�� ��α
2
� ~WT

2

�� ��α
F

1ffiffiffi
α

p c06

where c05 ¼ ĥ1
�� �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� e�αt
p

; c06 ¼ ĥ2
�� �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� e�αt
p

ud:

Then

~uk kα2 � ~WT
1

�� ��α
F

1ffiffiffi
α

p c05 þ ~WT
2

�� ��α
F

1ffiffiffi
α

p c06 þ c04: (11.12)

342 11 Adaptive RBF Observer Design and Sliding Mode Control



Substituting (11.12) into (11.11) yields

~xðtÞk k � k1 þ k2 ~WT
1

�� ��α
F

1ffiffiffi
α

p c05 þ ~WT
2

�� ��α
F

1ffiffiffi
α

p c06 þ c04


 �

¼ c3 þ c4 þ c5 ~W1

�� ��α
F
þc6 ~W2

�� ��α
F

�  1ffiffiffi
α

p

wherec3 ¼ k1; c4 ¼ k2c
0
4; c5 ¼ k2c

0
5; c6 ¼ k2c

0
6; c4; c5, and c6 are positive

constants.

From Lemma 2 in the paper [1], c3 is a term decaying exponentially

to zero owing to the initial conditions.

11.1.3 Simulation Examples

Two examples are given for the same nonlinear SISO system as

_x ¼ Axþ b½f ðxÞ þ gðxÞuþ dðtÞ�
y ¼ CTx ð11:13Þ

where x ¼ x1 x2½ �T;A ¼ 0 1

0 0

� �
; b ¼ 0 1½ �T;C ¼ 1 0½ �T; dðtÞ ¼ 0:

11.1.3.1 First Example

Using the model in paper [1], consider a single-link robot equation as

Mqþ 1

2
mgl sin q ¼ u; y ¼ q

where q is the angle, u is the control input, M is the moment of inertia, g is the

acceleration, and m and l are the mass and the length of the link.

Letting x1 ¼ q; x2 ¼ _q yields the state-space equation as

_x1 _x2½ � ¼ 0 1

0 0

� �
x1x2½ � þ 01½ � � 1

2

mgl sin x1
M

þ 1

M
u


 �
y ¼ x1

From (11.13), we can get f ðxÞ ¼ � 1
2
mgl sin x1

M and gðxÞ ¼ 1
M :
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The input vector of RBF is ½ x̂1 x̂2 �T; , and the network structure 2-7-1 is used.

In this example, according to the practical scope of x1 and x2; for each Gaussian

function, the parameters are designed as c1 ¼ 1
3
�3 �2 �1 0 1 2 3½ �; c2

¼ 2
3
�3 �2 �1 0 1 2 3½ �, and bj ¼ 5:0; j ¼ 1; . . . ; 7:

In the simulation, the robot parameters are m ¼ 1; l ¼ 1; M ¼ 0:5; g ¼ 9:8;

choose L�1ðsÞ ¼ 1
sþ3

; K ¼ ½400 800�; F1 ¼ diag½5� 105�; F2 ¼ diag½5� 104�; κ1
¼ κ2 ¼ 0:001; D ¼ 0:8; xð0Þ ¼ ½0 0:5�T; x̂ð0Þ ¼ ½0:1 0�T; uðtÞ ¼ sinð2tÞ þ cos

ð20tÞ: The adaptive observer (11.6) and (11.7) are used; the initial weight value is

chosen as zero. The results are given in Figs. 11.1 and 11.2.

In the simulation, we give two remarks as follows:

Remark 2. HðsÞ is strictly positive real (SPR), s ¼ σ þ jω; if three conditions as

follows are satisfied:

1. When s is real, HðsÞ is real.
2. The poles of HðsÞ is not in the right half plane.

3. For any real ω; the real part of HðjωÞ is positive, that is, Re½HðjωÞ� � 0:

In the simulation, from HðsÞ expression in (11.7), we have HðsÞ ¼
CT sI � A� KCT

� �� ��1
b ¼ 1

s2 þ 400sþ 800
: Obviously, when s is real, HðsÞ is

real; the poles of HðsÞ are �397.99 and �2.01, which are in the left part of; but

Re H jωð Þ½ � ¼ 2400� 403ω2

2400� 403ω2ð Þ2 þ 2000ω� ω3ð Þ2 may be negative. Therefore,

HðsÞ is not SPR.

Fig. 11.1 States estimation of x1 and x2
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In order to use Lemma 1 [1] in the stability analysis, LðsÞ is chosen so that HðsÞ
LðsÞ is SPR. Choose L�1ðsÞ ¼ 1

sþ 3
; then sysðsÞ ¼ HðsÞLðsÞ ¼ sþ 3

s2 þ 400sþ 800
;

the poles of sysðsÞ are negative. The real part of sys jωð Þ is Re sys jωð Þ½ �
¼ 397ω2 þ 2400

800� ω2ð Þ2 þ 4002
; which is positive. Then HðsÞLðsÞ is SPR.

Remark 3. To solve in the adaptive law (11.8), from �̂h ¼ L�1ðsÞĥ; then �̂h ¼ 1

sþ 3

ĥ; _̂h ¼ ĥ� 3�̂h; which can be regarded as an adaptive law and realized by combing

with (11.8) in the simulation.

The programs of this example are chap11_1.m and chap11_2sim.mdl; the

Matlab programs of the example are given in the Appendix.

11.1.3.2 Second Example

Consider a single-link inverted pendulum equation as

_x1 ¼ x2

_x2 ¼ g sin x1 � mlx22 cos x1 sin x1= mc þ mð Þ
l 4=3� mcos2x1= mc þ mð Þð Þ þ cos x1= mc þ mð Þ

l 4=3� mcos2x1= mc þ mð Þð Þ u

where x1 and x2 are angle and speed signal, respectively; g ¼ 9:8 m=s2; the mass of

cart is mc ¼ 1 kg; the mass of the pendulum is m ¼ 0:1 kg; the length of the

pendulum is l ¼ 0:5 m; and u is the control input.

Fig. 11.2 Estimation of f ðxÞ and gðxÞ
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The above equation yields the state-space equation as

_x1 _x2½ � ¼ 0 1

0 0

� �
x1x2½ � þ 01½ � f ðxÞ þ gðxÞuð Þ:

y ¼ x1

From (11.13), we can get f ðxÞ ¼ g sin x1 � mlx22 cos x1 sin x1= mc þ mð Þ
l 4=3� mcos2x1= mc þ mð Þð Þ and

gðxÞ ¼ cos x1= mc þ mð Þ
l 4=3� mcos2x1= mc þ mð Þð Þ .

The input vector of RBF is ½ x̂1 x̂2 �T; and the network structure 2-7-1 is used. In
this example, according to the practical scope of x1 and x2; for each Gaussian

function, the parameters are designed as c1 ¼ 6
3
�3 �2 �1 0 1 2 3½ �; c2

¼ 8
3
�3 �2 �1 0 1 2 3½ � and bj ¼ 5:0; j ¼ 1; . . . ; 7:

In the simulation, choose L�1ðsÞ ¼ 1

sþ 0:5
; K ¼ ½1000 1000�; F1 ¼ diag½15�

104�; F2 ¼ diag½15� 104�; κ1 ¼ κ2 ¼ 0:001; D ¼ 1:5; xð0Þ ¼ ½�π=60; 0�T; x̂ð0Þ
¼ ½0 0�T; uðtÞ ¼ 0:01 sinð2tÞ þ 0:01 cosð20tÞ:Using remark 2,HðsÞLðsÞ is SPR. The
adaptive observer (11.6) and (11.7) are used; the initial weight value is chosen as zero.

The results are given in Figs. 11.3 and 11.4.

In the two above examples, the variation of ĝð�Þ do not converge to gð�Þ; This is
due to the fact that the input signal is not persistently exciting, and the observer

error convergence can be achieved by many possible values of ĝð�Þ; besides the true
gð�Þ value, which has been explained in Sect. 1.5.

Fig. 11.3 States estimation of x1 and x2
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The Simulink program of this example is chap11_3sim.mdl; the Matlab

programs of the example are given in the Appendix.

11.2 Sliding Mode Control Based on RBF Adaptive Observer

With neural network observer designed in Sect. 11.1, we can design speedless

adaptive controller without modeling information. Figure 11.5 shows the closed-

loop neural-based sliding mode control scheme with RBF observer.

11.2.1 Sliding Mode Controller Design

Consider a second-order nonlinear SISO system as

_x ¼ Axþ b f ðxÞ þ gðxÞuþ dðtÞ½ �
y ¼ CTx ð11:14Þ

where x ¼ ½ x1 x2 �T; A ¼ 0 1

0 0

� �
; and b ¼ ½ 0 1 �T; C ¼ ½ 1 0 �T; dðtÞ ¼ 0:

Fig. 11.4 Estimation of f ðxÞ and gðxÞ
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The tracking error and its derivative value are e ¼ x̂1 � x1d and _e ¼ x̂2 � _x1d;
where x1d is ideal position signal.

Firstly, we design the sliding mode function as

sðtÞ ¼ ceðtÞ þ _eðtÞ (11.15)

where c must satisfy Hurwitz condition, c>0:
Design Lyapunov function as

Vc ¼ 1

2
s2: (11.16)

Therefore, we have

_sðtÞ ¼ c _̂x1 � _x1d
� �þ _̂x2 � €x1d

� �
: (11.17)

From the observer (11.6), we get

_̂x1 ¼ x̂2 þ K1 x1 � x̂1ð Þ (11.18a)

_̂x2 ¼ f̂ ðxÞ þ ĝðxÞu� vðtÞ þ K2 x1 � x̂1ð Þ: (11.18b)

Substituting (11.18a) and (11.18b) into (11.17), we can get

_sðtÞ ¼ c x̂2 þ K1ðx1 � x̂1Þð Þ � _x1dð Þ þ f̂ ðxÞ þ ĝðxÞu� vðtÞ þ K2 x1 � x̂1ð Þ � €x1d:

To guarantee _Vc ¼ s _s < 0; we design the sliding mode controller as

u ¼ 1

ĝ
�c x̂2 þ K1 x1 � x̂1ð Þ � _x1dð Þ � f̂ þ vðtÞ � K2 x1 � x̂1ð Þ þ €x1d � ηsgnðsÞ� �

(11.19)

where η > 0:

Fig. 11.5 Block diagram of

the control scheme with RBF

observer
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Then we get

s _s ¼ �ηjsj<0:

Thus

_V � 0 _V ¼ 0 when s ¼ 0
� �

:

Define Lyapunov function as

V ¼ Vo þ Vc:

Then _V ¼ _Vo þ Vc � 0:

11.2.2 Simulation Example

Using the model in paper [1], consider a single-link robot equation as

Mqþ 1

2
mgl sin q ¼ u; y ¼ q

where q is the angle, u is the control input, M is the moment of inertia, g is the

acceleration, and m and l are the mass and the length of the link.

Letting x1 ¼ q; x2 ¼ _q yields the state-space equation as

_x1

_x2

� �
¼ 0 1

0 0

� �
x1

x2

� �
þ 0

1

� �
� 1

2

mgl sin x1
M

þ 1

M
u


 �
y ¼ x1

From (11.13), we can get f ðxÞ ¼ � 1

2

mgl sin x1
M

and gðxÞ ¼ 1
M :

The input vector of RBF is ½ x̂1 x̂2 �T, and the network structure 2-7-1 is used. In
this example, according to the practical scope of x1 and x2; for each Gaussian

function, the parameters are designed as c1 ¼ 1
3
�3 �2 �1 0 1 2 3½ �; c2

¼ 1
3
�3 �2 �1 0 1 2 3½ �, andbj ¼ 5:0; j ¼ 1; � � � ; 7:The initial weight

value is chosen as zero.

In the simulation, the robot parameters are m ¼ 1; l ¼ 1; M ¼ 0:5; g ¼ 9:8:

The adaptive observers (11.18a) and (11.18b) are used; choose L�1ðsÞ ¼ 1
sþ0:5 ; K

¼ ½400 800�; F1 ¼ diag½500�; F2 ¼ diag½0:5�; κ1 ¼ κ2 ¼ 0:001; D ¼ 0:8; xð0Þ ¼
½0:2 0�T; x̂ð0Þ ¼ ½0:1 0�T:

The ideal position signal is xdðtÞ ¼ sinðtÞ; and the controller is (11.19); choose

c ¼ 20; η ¼ 0:10: The results are shown from Figs. 11.6, 11.7, 11.8, and 11.9.
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In the two above examples, the variation of f̂ ð�Þ and ĝð�Þ do not converge to f ð�Þ
and gð�Þ: This is due to the fact that the input signal is not persistently exciting and

the observer error convergence can be achieved by many possible values of f̂ ð�Þ and
ĝð�Þ; besides the true f ð�Þ and gð�Þ value, which has been explained in Sect. 1.5.

The Simulink program of this example is chap11_4sim.mdl; the Matlab

programs of the example are given in the Appendix.

Fig. 11.6 Position and speed tracking

Fig. 11.7 States estimation of x1 and x2
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Appendix

Programs for Sect. 11.1.3.1

The program for SPR testing of H(s): chap11_1.m

%System Analysis
clear all;
close all;

A¼[0 1;0 0];
K1¼400;K2¼800;

Fig. 11.8 Estimation of f ðxÞ and gðxÞ

Fig. 11.9 Control input
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K¼[K1 K2]’;
b¼[0 1]’;
C¼[1 0]’;

%For dot(x)¼Ax+Bu,y¼Cx, see >help ss2tf
A¼A-K*C’;
B¼b;C¼C’;D¼0;

[num,den]¼ss2tf(A,B,C,D);
H¼tf(num,den) %Plant
pole(H)
L¼tf(1,[1 3]) %Low filter
sys¼series(H,inv(L)) %Series with Low filter

Main Simulink program: chap11_2sim.mdl

Input program: chap11_2input.m

function [sys,x0,str,ts]¼obser(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2, 4, 9 }

sys ¼ [];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 0;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 1;
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sizes.NumInputs ¼ 0;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 0;
sys¼simsizes(sizes);
x0¼[];
str¼[];
ts¼[];
function sys¼mdlOutputs(t,x,u)
sys(1)¼sin(2*t)+cos(20*t);

Observer program: chap11_2obv.m

function [sys,x0,str,ts] ¼ obser(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {1,2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 2;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 2;
sizes.NumInputs ¼ 4;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0¼[0 0];
str¼[];
ts¼[];
function sys¼mdlDerivatives(t,x,u)
K1¼400;K2¼800;
y¼u(1);
ut¼u(2);
fxp¼u(3);
gxp¼u(4);

A¼[0 1;0 0];
b¼[0 1]’;
C¼[1 0];
K¼[K1 K2]’;
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ye¼y-x(1);
D¼1.50;
v¼-D*sign(ye);

dx¼A*x+b*(fxp+gxp*ut-v)+K*(y-C*x);
sys(1)¼dx(1);
sys(2)¼dx(2);
function sys¼mdlOutputs(t,x,u)
sys(1) ¼ x(1);
sys(2) ¼ x(2);

RBF Approximation program: chap11_2rbf.m

function [sys,x0,str,ts] ¼ obser(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {1,2,4,9}

sys¼[];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
global c b
sizes ¼ simsizes;
sizes.NumContStates ¼ 21;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 2;
sizes.NumInputs ¼ 4;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0¼zeros(1,21);
str¼[];
ts¼[];
c1¼1/3*[-3 -2 -1 0 1 2 3];
c2¼2/3*[-3 -2 -1 0 1 2 3];
c¼[c1;c2];
b¼5;
function sys¼mdlDerivatives(t,x,u)
global c b
y¼u(1);
ut¼u(2);
x1p¼u(3);
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x2p¼u(4);
xp¼[x1p x2p]’;
yp¼x1p;
ye¼y-yp;

h¼zeros(7,1);
for j¼1:1:7

h(j)¼exp(-norm(xp-c(:,j))^2/(2*b^2));
end
h_bar¼x(15:1:21);

F1¼500000*eye(7);
F2¼50000*eye(7);

k1¼0.001;k2¼0.001;
W1¼[x(1) x(2) x(3) x(4) x(5) x(6) x(7)];
W2¼[x(8) x(9) x(10) x(11) x(12) x(13) x(14)];

dW1¼F1*h_bar*ye-k1*F1*abs(ye)*W1’;
dW2¼F2*h_bar*ye*ut-k2*F2*abs(ye)*W2’;
for i¼1:1:7

sys(i)¼dW1(i);
sys(i+7)¼dW2(i);

end
for i¼15:1:21

sys(i)¼h(i-14)-3*x(i);
end

function sys¼mdlOutputs(t,x,u)
global c b
W1¼[x(1) x(2) x(3) x(4) x(5) x(6) x(7)];
W2¼[x(8) x(9) x(10) x(11) x(12) x(13) x(14)];
h_bar¼x(15:1:21);

fxp¼W1*h_bar;
gxp¼W2*h_bar;

sys(1)¼fxp;
sys(2)¼gxp;

Plant program: chap11_2plant.m

function [sys,x0,str,ts]¼obser(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
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case {2, 4, 9 }
sys ¼ [];

otherwise
error([’Unhandled flag ¼ ’,num2str(flag)]);

end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 2;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 4;
sizes.NumInputs ¼ 1;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 0;
sys¼simsizes(sizes);
x0¼[0.2 0];
str¼[];
ts¼[];
function sys¼mdlDerivatives(t,x,u)
m¼1;l¼1;M¼0.5;g¼9.8;
fx¼-0.5*m*g*l*sin(x(1))/M;
gx¼1/M;

sys(1)¼x(2);
sys(2)¼fx+gx*u;
function sys¼mdlOutputs(t,x,u)
m¼1;l¼1;M¼0.5;g¼9.8;
fx¼-0.5*m*g*l*sin(x(1))/M;
gx¼1/M;

y¼x(1);
sys(1)¼y;
sys(2)¼x(2);
sys(3)¼fx;
sys(4)¼gx;

Plot program: chap11_2plot.m

close all;
figure(1);
subplot(211);
plot(t,xp(:,1),’r’,t,xp(:,5),’k:’,’linewidth’,2);
xlabel(’time’);ylabel(’x1 and its observer value’);
legend(’Practical x1’,’x1 estimation’);
subplot(212);
plot(t,xp(:,2),’r’,t,xp(:,6),’k:’,’linewidth’,2);
xlabel(’time’);ylabel(’x2 and its observer value’);
legend(’Practical x2’,’x2 estimation’);
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figure(2);
subplot(211);
plot(t,F(:,1),’r’,t,F(:,3),’k:’,’linewidth’,2);
xlabel(’time’);ylabel(’fx and estimation’);
legend(’Practical fx’,’fx estimation’);
subplot(212);
plot(t,F(:,2),’r’,t,F(:,4),’k:’,’linewidth’,2);
xlabel(’time’);ylabel(’gx and estimation’);
legend(’Practical gx’,’gx estimation’);

Programs for Sect. 11.1.3.2

Main Simulink program: chap11_3sim.mdl

Input program: chap11_3input.m
Observer program: chap11_3obv.m
RBF Approximation program: chap11_3rbf.m
Plant program: chap11_3plant.m
Plot program: chap11_3plot.m

Programs for Sect. 11.2.2

Main Simulink program: chap11_4sim.mdl

Observer program: chap11_4obv.m

function [sys,x0,str,ts] ¼ obser(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
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case 3,
sys¼mdlOutputs(t,x,u);

case {1,2,4,9}
sys¼[];

otherwise
error([’Unhandled flag ¼ ’,num2str(flag)]);

end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 2;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 2;
sizes.NumInputs ¼ 4;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0¼[0.1 0];
str¼[];
ts¼[];
function sys¼mdlDerivatives(t,x,u)
K1¼400;K2¼800;
y¼u(1);
ut¼u(2);
fxp¼u(3);
gxp¼u(4);

A¼[0 1;0 0];
b¼[0 1]’;
C¼[1 0];
K¼[K1 K2]’;

ye¼y-x(1);
D¼0.8;
v¼-D*sign(ye);

dx¼A*x+b*(fxp+gxp*ut-v)+K*(y-C*x);
sys(1)¼dx(1);
sys(2)¼dx(2);
function sys¼mdlOutputs(t,x,u)
sys(1) ¼ x(1);
sys(2) ¼ x(2);

RBF Approximation program: chap11_4rbf.m

function [sys,x0,str,ts] ¼ obser(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
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case 1,
sys¼mdlDerivatives(t,x,u);

case 3,
sys¼mdlOutputs(t,x,u);

case {1,2,4,9}
sys¼[];

otherwise
error([’Unhandled flag ¼ ’,num2str(flag)]);

end
function [sys,x0,str,ts]¼mdlInitializeSizes
global c b
sizes ¼ simsizes;
sizes.NumContStates ¼ 21;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 2;
sizes.NumInputs ¼ 4;
sizes.DirFeedthrough ¼ 1;
sizes.NumSampleTimes ¼ 0;
sys ¼ simsizes(sizes);
x0¼zeros(1,21);
str¼[];
ts¼[];
c1¼1/3*[-3 -2 -1 0 1 2 3];
c2¼1/3*[-3 -2 -1 0 1 2 3];
c¼[c1;c2];
b¼5;
function sys¼mdlDerivatives(t,x,u)
global c b
y¼u(1);
ut¼u(2);
x1p¼u(3);
x2p¼u(4);
xp¼[x1p x2p]’;
yp¼x1p;
ye¼y-yp;

h¼zeros(7,1);
for j¼1:1:7

h(j)¼exp(-norm(xp-c(:,j))^2/(2*b^2));
end
h_bar¼x(15:1:21);

F1¼500*eye(7);
F2¼0.50*eye(7);

k1¼0.01;k2¼0.01;
W1¼[x(1) x(2) x(3) x(4) x(5) x(6) x(7)];
W2¼[x(8) x(9) x(10) x(11) x(12) x(13) x(14)];
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dW1¼F1*h_bar*ye-k1*F1*abs(ye)*W1’;
dW2¼F2*h_bar*ye*ut-k2*F2*abs(ye)*W2’;
for i¼1:1:7

sys(i)¼dW1(i);
sys(i+7)¼dW2(i);

end
for i¼15:1:21

sys(i)¼h(i-14)-0.5*x(i);
end

function sys¼mdlOutputs(t,x,u)
global c b
W1¼[x(1) x(2) x(3) x(4) x(5) x(6) x(7)];
W2¼[x(8) x(9) x(10) x(11) x(12) x(13) x(14)];
h_bar¼x(15:1:21);

fxp¼W1*h_bar;
gxp¼W2*h_bar;

sys(1)¼fxp;
sys(2)¼gxp;

Plant program: chap11_4plant.m

function [sys,x0,str,ts]¼obser(t,x,u,flag)
switch flag,
case 0,

[sys,x0,str,ts]¼mdlInitializeSizes;
case 1,

sys¼mdlDerivatives(t,x,u);
case 3,

sys¼mdlOutputs(t,x,u);
case {2, 4, 9 }

sys ¼ [];
otherwise

error([’Unhandled flag ¼ ’,num2str(flag)]);
end
function [sys,x0,str,ts]¼mdlInitializeSizes
sizes ¼ simsizes;
sizes.NumContStates ¼ 2;
sizes.NumDiscStates ¼ 0;
sizes.NumOutputs ¼ 4;
sizes.NumInputs ¼ 1;
sizes.DirFeedthrough ¼ 0;
sizes.NumSampleTimes ¼ 0;
sys¼simsizes(sizes);
x0¼[0.2 0];
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str¼[];
ts¼[];
function sys¼mdlDerivatives(t,x,u)
m¼1;l¼1;M¼0.5;g¼9.8;
fx¼-0.5*m*g*l*sin(x(1))/M;
gx¼1/M;

sys(1)¼x(2);
sys(2)¼fx+gx*u;
function sys¼mdlOutputs(t,x,u)
m¼1;l¼1;M¼0.5;g¼9.8;
fx¼-0.5*m*g*l*sin(x(1))/M;
gx¼1/M;

y¼x(1);
sys(1)¼y;
sys(2)¼x(2);
sys(3)¼fx;
sys(4)¼gx;

Plot program: chap11_4plot.m

close all;

figure(1);
subplot(211);
plot(t,y(:,1),’r’,t,y(:,2),’k:’,’linewidth’,2);
xlabel(’time’);ylabel(’Position tracking’);
legend(’xd’,’x1’);
subplot(212);
plot(t,cos(t),’r’,t,y(:,3),’k:’,’linewidth’,2);
xlabel(’time’);ylabel(’Speed tracking’);
legend(’dxd’,’x2’);

figure(2);
subplot(211);
plot(t,y(:,2),’r’,t,y(:,4),’k:’,’linewidth’,2);
xlabel(’time’);ylabel(’x1 and its observer value’);
legend(’x1’,’x1p’);
subplot(212);
plot(t,y(:,3),’r’,t,y(:,5),’k:’,’linewidth’,2);
xlabel(’time’);ylabel(’x2 and its observer value’);
legend(’x2’,’x2p’);

figure(3);
subplot(211);
plot(t,F(:,1),’r’,t,F(:,3),’k:’,’linewidth’,2);
xlabel(’time’);ylabel(’fx and estimation’);
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legend(’Practical fx’,’fx estimation’);
subplot(212);
plot(t,F(:,2),’r’,t,F(:,4),’k:’,’linewidth’,2);
xlabel(’time’);ylabel(’gx and estimation’);
legend(’Practical gx’,’gx estimation’);

figure(4);
plot(t,ut,’r’,’linewidth’,2);
xlabel(’time’);ylabel(’Control input’);
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